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Preface

The aim of this volume is to present new results in the theory of Toeplitz operators,
algebras of Toeplitz operators, and its applications. In particular, the book is devoted
to the topic of boundedness and compactness of Toeplitz operators in p-Fock spaces
and to the study of commutative C*-algebras of Toeplitz operators in various spaces
and over various multidimensional domains. Moreover, new results in the theory of
Dirac operators, in the theory of algebras of singular integral operators on general
Lebesgue spaces, and in the field of pseudodifferential arithmetic are presented. A
number of related topics are discussed too. In total, 20 research papers are included.

The volume is dedicated to professor Nikolai Vasilevski on the occasion of
his 70th birthday, and it begins with personal notes written by Wolfram Bauer,
Raul Quiroga-Barranco, and Grigori Rozenblum covering the activities of Nikolai
Vasilevski over the past 1015 years. This introductory part ends with an article
by Sergei Grudsky, Yuri Latushkin, and Michael Shapiro, which appeared earlier
on the occasion of the 60th birthday of professor Vasilevski and is devoted to the
mathematical achievements and the path of the life of our hero.

Hannover, Germany W. Bauer
Thilisi, Georgia R. Duduchava
Mexico, Mexico S. Grudsky

Amsterdam, The Netherlands M. A. Kaashoek
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Biographical Material



The Life and Work of Nikolai Vasilevski m)

Check for
updates

Sergei Grudsky, Yuri Latushkin, and Michael Shapiro

Nikolai Leonidovich Vasilevski was born on January 21, 1948 in Odessa, Ukraine.
His father, Leonid Semenovich Vasilevski, was a lecturer at Odessa Institute of
Civil Engineering, his mother, Maria Nikolaevna Krivtsova, was a docent at the
Department of Mathematics and Mechanics of Odessa State University.

In 1966 Nikolai graduated from Odessa High School Number 116, a school
with special emphasis in mathematics and physics, that made a big impact at his
creative and active attitude not only to mathematics, but to life in general. It was a
very selective high school accepting talented children from all over the city, and
famous for a high quality selection of teachers. A creative, nonstandard, and at
the same time highly personal approach to teaching was combined at the school
with a demanding attitude towards students. His mathematics instructor at the high
school was Tatjana Aleksandrovna Shevchenko, a talented and dedicated teacher.
The school was also famous because of its quite unusual by Soviet standards system
of self-government by the students. Quite a few graduates of the school later became
well-known scientists, and really creative researchers.

The article consists of the main text of the paper Sergei Grudsky, Yuri Latushkin, Michael Shapiro.
The life and work of Nikolai Vasilevski. Operator Theory: Advances and Applications, 210 (2010).

S. Grudsky (P<)
Departamento de Matematicas, CINVESTAV del I.P.N., Mexico, Mexico
e-mail: grudsky @math.cinvestav.mx

Y. Latushkin
University of Missouri, Columbia, MO, USA

M. Shapiro
HIT - Holon Institute of Technology, Holon, Israel
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In 1966 Nikolai became a student at the Department of Mathematics and
Mechanics of Odessa State University. Already at the third year of studies, he began
his serious mathematical work under the supervision of the well known Soviet
mathematician Georgiy Semenovich Litvinchuk. Litvinchuk was a gifted teacher
and scientific adviser. He, as anyone else, was capable of fascinating his students
by new problems which have been always interesting and up-to-date. The weekly
Odessa seminar on boundary value problems, chaired by Prof. Litvinchuk for more
than 25 years, very much influenced Nikolai Vasilevski as well as others students of
G. S. Litvinchuk.

N. Vasilevski started to work on the problem of developing the Fredholm theory
for a class of integral operators with nonintegrable integral kernels. In essence,
the integral kernel was the Cauchy kernel multiplied by a logarithmic factor. The
integral operators of this type lie between the singular integral operators and the
integral operators whose kernels have weak (integrable) singularities. A famous
Soviet mathematician F. D. Gakhov posted this problem in early 1950-th, and it
remained open for more than 20 years. Nikolai managed to provide a complete
solution in the setting which was much more general than the original. Working on
this problem, Nikolai has demonstrated one of the main traits of his mathematical
talent: his ability to achieve a deep penetration in the core of the problem, and to see
rather unexpected connections between different theories. For instance, in order to
solve Gakhov’s Problem, Nikolai utilized the theory of singular integral operators
with coefficients having discontinuities of first kind, and the theory of operators
whose integral kernels have fixed singularities—both theories just appeared at that
time. The success of the young mathematician was well recognized by a broad circle
of experts working in the area of boundary value problems and operator theory. In
1971 Nikolai was awarded the prestigious M. Ostrovskii Prize, given to the young
Ukrainian scientists for the best research work. Due to his solution of the famous
problem, Nikolai quickly entered the mathematical community, and became known
to many prominent mathematicians of that time. In particular, he was very much
influenced by the his regular interactions with such outstanding mathematicians as
M. G. Krein and S. G. Mikhlin.

In 1973 N. Vasilevski defended his PhD thesis entitled “To the Noether theory
of a class of integral operators with polar-logarithmic kernels”. In the same year he
became an Assistant Professor at the Department of Mathematica and Mechanics
of Odessa State University, where he was later promoted to the rank of Associate
Professor, and, in 1989, to the rank of Full Professor.

Having received the degree, Nikolai continued his active mathematical work.
Soon, he displayed yet another side of his talent in approaching mathematical
problems: his vision and ability to use general algebraic structures in operator
theory, which, on one side, simplify the problem, and, on another, can be used in
many other problems. We will briefly describe two examples of this.

The first example is the method of orthogonal projections. In 1979, studying the
algebra of operators generated by the Bergman projection, and by the operators of
multiplication by piece-wise continuous functions, N. Vasilevski gave a description
of the C*-algebra generated by two selfadjoint elements s and n satisfying the
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properties s> + n*> = e and sn + ns = 0. A simple substitution p = (e + s — n)/2
and g = (e — s — n)/2 shows that this algebra is also generated by two selfadjoint
idempotents (orthogonal projections) p and ¢ (and the identity element e). During
the last quarter of the past century, the latter algebra has been rediscovered by many
authors all over the world. Among all algebras generated by orthogonal projections,
the algebra generated by two projections is the only tame algebra (excluding the
trivial case of the algebra with identity generated by one orthogonal projection).
All algebras generated by three or more orthogonal projections are known to be
wild, even when the projections satisfy some additional constrains. Many model
algebras arising in operator theory are generated by orthogonal projections, and
thus any information of their structure essentially broadens the set of operator
algebras admitting a reasonable description. In particular, two and more orthogonal
projections naturally appear in the study of various algebras generated by the
Bergman projection and by piece-wise continuous functions having two or more
different limiting values at a point. Although these projections, say, P, Q1, ..., On,
satisfy an extra condition Q1 + ... + Q, = I, they still generate, in general, a
wild C*-algebra. At the same time, it was shown that the structure of the algebra
just mentioned is determined by the joint properties of certain positive injective
contractions C¢, k = 1, ..., n, satisfying the identity ZZ: 1 Ck = 1, and, therefore,
the structure is determined by the structure of the C*-algebra generated by the
contractions. The principal difference between the case of two projections and the
general case of a finite set of projections is now completely clear: for n = 2 (and
the projections P and Q + (I — Q) = I) we have only one contraction, and the
spectral theorem directly leads to the desired description of the algebra. For n > 2
we have to deal with the C*-algebra generated by a finite set of noncommuting
positive injective contractions, which is a wild problem. Fortunately, for many
important cases related to concrete operator algebras, these projections have yet
another special property: the operators PQ1 P, ..., P Q, P mutually commute. This
property makes the respective algebra tame, and thus it has a nice and simple
description as the algebra of all n x n matrix valued functions that are continuous
on the joint spectrum A of the operators PQ1P, ..., PQ, P, and have certain
degeneration on the boundary of A.

Another notable example of the algebraic structures used and developed by N.
Vasilevski is his version of the Local Principle. The notion of locally equivalent
operators, and localization theory were introduced and developed by I. Simonenko
in mid-sixtieth. According to the tradition of that time, the theory was focused on
the study of individual operators, and on the reduction of the Fredholm properties
of an operator to local invertibility. Later, different versions of the local principle
have been elaborated by many authors, including, among others, G. R. Allan, R.
Douglas, I. Ts. Gohberg and N. Ia. Krupnik, A. Kozak, B. Silbermann. In spite
of the fact that many of these versions are formulated in terms of Banach- or C*-
algebras, the main result, as before, reduces invertibility (or the Fredholm property)
to local invertibility. On the other hand, at about the same time, several papers on
the description of algebras and rings in terms of continuous sections were published
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by J. Dauns and K. H. Hofmann, M. J. Dupré, J. M. G. Fell, M. Takesaki and
J. Tomiyama. These two directions have been developed independently, with no
known links between the two series of papers. N. Vasilevski was the one who
proposed a local principle which gives the global description of the algebra under
study in terms of continuous sections of a certain canonically defined C*-bundle.
This approach is based on general constructions of J. Dauns and K. H. Hofmann, and
results of J. Varela. The main contribution consists of a deep re-comprehension of
the traditional approach to the local principles unifying the ideas coming from both
directions mentioned above, which results in a canonical procedure that provides the
global description of the algebra under consideration in terms of continuous sections
of a C*-bundle constructed by means of local algebras.

In the eighties and even later, the main direction of the work of Nikolai
Vasilevski has been the study of multidimensional singular integral operators with
discontinuous coefficients. The main philosophy here was to study first algebras
containing these operators, thus providing a solid foundation for the study of
various properties (in particular, the Fredholm property) of concrete operators.
The main tool has been the described above version of the local principle.
This principle was not merely used to reduce the Fredholm property to local
invertibility but also for a global description of the algebra as a whole based on
the description of the local algebras. Using this methodology, Nikolai Vasilevski
obtained deep results in the theory of operators with Bergman’s kernel and piece-
wise continuous coefficients, in the theory of multidimensional Toeplitz operators
with pseudodifferential presymbols, in the theory of multidimensional Bitsadze
operators, in the theory of multidimensional operators with shift, etc. In 1988 N.
Vasilevski defended the Doctor of Sciences dissertation, based on these results, and
entitled “Multidimensional singular integral operators with discontinuous classical
symbols”.

Besides being a very active mathematician, N. Vasilevski has been an excellent
lecturer. His lectures are always clear, and sparkling, and full of humor, which so
natural for someone who grew up in Odessa, a city with a longstanding tradition
of humor and fun. He was the first at Odessa State University who designed and
started to teach a class in general topology. Students happily attended his lectures in
Calculus, Real Analysis, Complex Analysis, Functional Analysis. He has been one
of the most popular professor at the Department of Mathematics and Mechanics
of Odessa State University. Nikolai is a master of presentations, and his colleagues
always enjoy his talks at conferences and seminars.

In 1992 Nikolai Vasilevski moved to Mexico. He started his career there as
an Investigator (Full Professor) at the Mathematics Department of CINVESTAV
(Centro de Investagacion y de Estudios Avansados). His appointment significantly
strengthen the department which is one of the leading mathematical centers in
Mexico. His relocation also visibly revitalized mathematical activity in the country
in the field of operator theory. Actively pursuing his own research agenda, Nikolai
also served as the organizer of several important conferences. For instance, let us
mention the (regular since 1998) annual workshop “Andlisis Norte-Sur”, and the
well-known international conference IWOTA-2009. He initiated the relocation to
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Mexico a number of active experts in operator theory such as Yu. Karlovich and S.
Grudsky, among others.

During his tenure in Mexico, Nikolai Vasilevski produced a sizable group of
students and younger colleagues; five of young mathematicians received PhD under
his supervision.

The contribution of N. Vasilevski in the theory of multidimensional singular inte-
gral operators found its rather unexpected development in his work on quaternionic
and Clifford analysis, published mainly with M. Shapiro in 1985-1995, starting still
in the Soviet Union, with the subsequent continuation during the Mexican period
of his life. Among others, the following topics have been considered: The settings
for the Riemann boundary value problem for quaternionic functions that are taking
into account both the noncommutative nature of quaternionic multiplication and the
presence of a family of classes of hyperholomorphic functions, which adequately
generalize the notion of holomorphic functions of one complex variable; algebras,
generated by the singular integral operators with quaternionic Cauchy kernel and
piece-wise continuous coefficients; operators with quaternion and Clifford Bergman
kernels. The Toeplitz operators in quaternion and Clifford setting have been
introduced and studied in the first time. This work found the most favorable response
and initiated dozens of citations.

During his life in Mexico, the scientific interests of Nikolai Vasilevski mainly
concentrated around the theory of Toeplitz operators on Bergman and Fock spaces.
In the end of 1990-th, N. Vasilevski discovered a quite surprising phenomenon
in the theory of Toeplitz operators on the Bergman space. Unexpectedly, there
exists a rich family of commutative C*-algebras generated by Toeplitz operators
with non-trivial defining symbols. In 1995 B. Korenblum and K. Zhu proved that
the Toeplitz operators with radial defining symbols acting on the Bergman space
over the unit disk can be diagonalized with respect to the standard monomial basis
in the Bergman space. The C*-algebra generated by such Toeplitz operators is
therefore obviously commutative. Four years later N. Vasilevski also showed the
commutativity of the C*-algebra generated by the Toeplitz operators acting on the
Bergman space over the upper half-plane and with defining symbols depending only
on Im z. Furthermore, he discovered the existence of a rich family of commutative
C*-algebras of Toeplitz operators. Moreover, it turned out that the smoothness
properties of the symbols do not play any role in commutativity: the symbols can
be merely measurable. Surprisingly, everything is governed by the geometry of the
underlying manifold, the unit disk equipped with the hyperbolic metric. The precise
description of this phenomenon is as follows. Each pencil of hyperbolic geodesics
determines the set of symbols which are constant on the corresponding cycles, the
orthogonal trajectories to geodesics forming the pencil. The C*-algebra generated
by the Toeplitz operators with such defining symbols is commutative. An important
feature of such algebras is that they remain commutative for the Toeplitz operators
acting on each of the commonly considered weighted Bergman spaces. Moreover,
assuming some natural conditions on “richness” of the classes of symbols, the
following complete characterization has been obtained: A C*-algebra generated
by the Toeplitz operators is commutative on each weighted Bergman space if and
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only if the corresponding defining symbols are constant on cycles of some pencil of
hyperbolic geodesics. Apart from its own beauty, this result reveals an extremely
deep influence of the geometry of the underlying manifold on the properties of
the Toeplitz operators over the manifold. In each of the mentioned above cases,
when the algebra is commutative, a certain unitary operator has been constructed.
It reduces the corresponding Toeplitz operators to certain multiplication operators,
which also allows one to describe their representations of spectral type. This gives
a powerful research tool for the subject, in particular, yielding direct access to the
majority of the important properties such as boundedness, compactness, spectral
properties, invariant subspaces, of the Toeplitz operators under study.

The results of the research in this directions became a part of the monograph
“Commutative Algebras of Toeplitz Operators on the Bergman Space” published by
N. Vasilevski in Birkhauser in 2008.

Nikolai Leonidovich Vasilevski passed his sixties birthday on full speed, and
being in excellent shape. We, his friends, students, and colleagues, wish him further
success and, above all, many new interesting and successfully solved problems.
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The Mathematician Nikolai Vasilevski m)

Check for
updates

Wolfram Bauer

Nikolai Vasilevski’s scientific productivity and his influential ideas are reflected by
his many fundamental contributions to mathematics. In particular, this concerns the
field of Toeplitz and integral operators or operator algebras. Taking a look at his
achievements in different aspects of a “mathematical life” is rather impressive. Let
me just name a few: Nikolai has published more than 130 scientific papers with
more than 25 coauthors. He is a member of the Editorial Board of 5 journals and
has supervised over 20 Master and 10 Ph.D. students. He has been organizer of
more than 15 workshops and conferences. During his time at CINVESTAV, Mexico,
he has been—and still is—very influential on his students and the mathematical
community. Many researches in the field have studied Nikolai’s papers and his
results had an impact on their works and approaches to mathematics. Due to the
expertise and guidance of Nikolai and his colleagues a “Mexican school on Toeplitz
operators” has emerged during the last years and is rather visible.

I met Nikolai for the first time in 2005 at a special session on Toeplitz and Toeplitz
like structures at the Fifth ISAAC Congress in Catania, Italy. It was the beginning of
a close collaboration which lasts until today. Since our first projects, I acknowledged
and admired Nikolais deep insight into mathematics and his rigorous way of
thinking. To my impression all his approaches are based on a clear mathematical
philosophy. Even in case of a concrete and specific problem his way of thinking
is lead by more general principles, which allow him to keep track of the relevant
questions. In combination with his wide mathematical knowledge this makes it a
joy and a challenge to work with Nikolai. Another aspect which I would like to
mention is his ability to hold the mathematical community together and pass his
enthusiasm for mathematics to the next generation. Typically, he has been organizer
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of a special session on Toeplitz operators or related topics at IWOTA. These events
support the interaction between different worldwide groups working in the field
of operator theory. In particular, they provide a valuable platform for the young
researchers to share their ideas and to connect to the established experts.

I value Nikolai not only as a mathematician but also as a person. He has an open
and friendly personality and a great sense of humor, which one can also sense during
his well structured talks.

Dear Nikolai, congratulations to your 70th birthday. I wish you and your family
all the best. Surely, the mathematical journey will go on. I am convinced that your
endless curiosity combined with your intellectual capacity will lead to many new
and fundamental discoveries.
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Check for
updates

Raiil Quiroga-Barranco

Nikolai Vasilevski has been an inspiring source for many of us. I will try to resume
the influence Nikolai has had on my own work.

I first met Nikolai Vasilevski as a fellow researcher in Cinvestav, Mexico City.
Nikolai was already a well known and established mathematician. I had just arrived
at Cinvestav to start my own career. I consider myself a Lie group theorist focusing
on smooth actions on geometric manifolds. In particular, this involves everything
related to the geometry of Riemannian symmetric spaces.

It was probably around 2004 that Nikolai approached me looking for a solution
to a geometric problem that caught his attention. This problem can be formulated as
follows. Suppose there is a pencil of hyperbolic geodesics on the unit disk D, can
you describe the structure of the pencil? A pencil is simply a family of curves that
partitions (in this case) the unit disk ID so that it is locally equivalent to the partition
of R? by horizontal lines. One allows to have finitely many singular points where
the local description just described fails. There are three very well known examples
of such pencils corresponding to the three types of Mdbius transformations on the
unit disk: elliptic, parabolic and hyperbolic. For a Mobius transformation of each
one of these types one can consider a corresponding 1-parameter group (g;); of
biholomorphisms. The orbits of one such (g;); is a pencil of curves, and by taking
the orthogonal curves to these orbits we obtain a new pencil whose curves are
hyperbolic geodesics in D.

At that time, Nikolai and his collaborators Sergei Grudsky and Alexey Kara-
petyants had already discovered that the 1-parameter groups described above
gave rise to commutative C*-algebras generated by Toeplitz operators. More
precisely, the family of symbols invariant by one of such subgroups provided
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Toeplitz operators generating a commutative C*-algebra. After that, Nikolai and
Sergei had conjectured that these ought to be the only possible commutative C*-
algebras generated by Toeplitz operators, under the additional assumption that the
commutativity held for every weighted Bergman space on the unit disk ID. One also
has to assume some condition ensuring that the C*-algebras are large. Using Berezin
quantization they had proved that, under such conditions, the symbols had to have
the same level lines as well as the same gradient lines, and that the latter had to
be hyperbolic geodesics. Hence, the classification of (non-trivial) commutative C*-
algebras generated by Toeplitz operators on the unit disk was reduced to the above
mentioned problem on pencils of geodesics.

It turns out that one has to apply with further detail Berezin quantization
to have more information and solve these problems. Once this was done, the
three of us discovered that the common level sets of the symbols had constant
curvature. Then, using differential geometry we proved that a geodesic pencil in
D, whose normal curves have constant curvature, is always given (as described
above) by a 1-parameter subgroup of biholomorphisms. And this solved the original
conjecture: a (non-trivial) family of symbols gives Toeplitz operators generating
a commutative C*-algebra if and only if the symbols are invariant under some 1-
parameter subgroup of biholomorphisms.

The solution of this problem was a real breakthrough in the way Toeplitz
operators are now studied. It pointed out the fact that the geometry of the domain
and its biholomorphisms are the basis to understand Toeplitz operators on bounded
symmetric domains.

Nikolai and I got down to work on similar results for higher dimensional
irreducible bounded symmetric domains. More precisely, the problem was to
construct commutative C*-algebras generated by Toeplitz operators from symbols
that have some invariance with respect to biholomorphisms for some domain other
than the unit disk D. Our first attempt was to consider the n-dimensional unit ball
B". The first problem we encountered was how to move from one-dimensional
geometry to the n-dimensional case. At the moment, our best guess was to consider
n-dimensional subgroups of biholomorphisms of B”, and we thought it was natural
to ask them to be Abelian. Notice that this condition is trivial in the case n = 1 of
the unit disk D.

The group of biholomorphism of the unit ball B" is realized by the special
pseudo-unitary group SU(n, 1). Lie theorists had already classified all maximal
Abelian subalgebras of the Lie algebra su(n, 1), and this provides the classification
of all connected maximal Abelian subgroups (MASG’s) of SU(n, 1). There are
exactly n + 2 conjugacy classes of MASG’s in SU(n, 1). Nikolai and I proved that
any subgroup H in one of such conjugacy classes gives rise to commutative C*-
algebras: the Toeplitz operators with H-invariant symbols commute with each other
on every weighted Bergman space over B”.

In these results, we were able to provide very important and deep information,
both geometric and analytic. On one hand, it turns out that the orbits of MASG’s
have constant curvature in the intrinsic (sectional) and extrinsic (second funda-
mental form) sense. The normal bundle to the orbits is integrable thus defining
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a foliation. This and the orbit foliation are both Lagrangian. On the other hand,
the proof that the Toeplitz operators with H-invariant symbols commute with each
other is obtained by simultaneously diagonalizing the operators. This was done
through a Bargmann type transform, where some Fourier transforms (both discrete
and continuous) are applied while restricting the values of the functions involved to
the subgroup orbits.

The latter idea turns out be the key to understand the higher rank cases of
bounded symmetric domains. It was this sort of computation that paved the way
to the introduction of representation theory and its very powerful tools to find a
plethora of commutative C*-algebras generated by Toeplitz operators. We know
now that multiplicity-free restrictions of the holomorphic discrete series yield,
and in some cases characterize, commutative C*-algebras generated by Toeplitz
operators. Also, representation theory and the general Segal-Bargmann transform
developed by Gestur Olafsson and Bent @rsted allow to describe the spectra of
invariant Toeplitz operators.

This development, this surprising turn of events, has been possible thanks to
Nikolai’s mathematical curiosity, enthusiasm, and hard work. To my good friend
Nikolai goes my appreciation and admiration.



Nikolai’s Spaces m)

Check for
updates

Grigori Rozenblum

Oh, it is a hard job to write an article for a jubilee of such a great person. Surely, it is
not his first jubilee, and all the nice words have been already said, and all the proper
jokes are already laughed at. Thus, about Nikolai, there are two excellent detailed
reports [1, 2].

So, nothing can be added about early and earlier life and mathematics of Nikolai.
And this means that almost nothing can be added at all—because his early life
continues. Everyone knows him and he knows everyone. At least everyone of
importance in Analysis. His mathematical creativity has developed even more since,
with further expansions of the research field, deepening of understanding, and
improvement of technical abilities. His students and descendants strive to be worthy
of such a leader.

I will not write about mathematical details, since it is not interesting to write
about the things I participated in, while I understand nothing of the numerous
Nikolai’s works I did not participate in.

So, just a few personal remarks. We could not decide when we met first. It
might have happened in the Voronezh Winter School, when we were very young
(WRONG! I was very young—Nikolai is still and forever young!), there was such a
highly informal meeting of well advanced mathematicians with the youngest ones,
with some dissident flavor, headed by the most brilliant Selim Krein. Probably, on
the other hand, we met at a seminar in Lenigrad, in the same 70s, at an operator
theory seminar headed by Birman and Solomyak. Hard to say now. But it happened
somehow long-long ago. Having moved to the West, we continued meeting each
other at some conferences, but, unexpectedly, it turned out that there exist some
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topics of common interest too. And thus we started working together. As usual, it
all started with some great ideas that, surely, turned out to be wrong. I remember that
on some of my visits to CINVESTAV we spent 2 or 3 weeks discussing hopelessly
some netlenka (a non-translatable Russian expression meaning something like
‘imperishable’ or ‘unforgettable’ result) for Bergman-Toeplitz operators in the disk,
and on the last day, during some of the final minutes of my visit, we found out
that for the Fock space all obstacles disappear, and an important paper had arisen.
(One must note that later the corresponding theory for the Bergman space has been
established as well.) And so it went. I think that we published 7 or 8 joint papers, and
our co-operation was almost conflict-free. Just two points where we keep quarreling.
First: Does an operator act IN the space—or ON the space? Second. To denote the
scalar product in a Hilbert space as (., .) or {(.,.)? A task for readers. Browse our
joint papers and decide who of us had upper hand in these quarrels.

Among friends it is a bad idea to develop some feeling of envy. I, personally,
do not envy Nikolai’s mathematical achievements—you cannot envy the Sun that it
shines that bright. But there is one thing that I envy him in so much. You cannot see
it in his papers or books. But you can see it any time he talks to you, directly, or via
Skype.

Guess!
What is it?
Well!
Yes!
His great moustache!
No one has anything comparable!!.
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Non-geodesic Spherical Funk Transforms  m)
with One and Two Centers s

M. Agranovsky and B. Rubin

Dedicated to Professor Nikolai Vasilevski on the occasion of his
70th anniversary

Abstract We study non-geodesic Funk-type transforms on the unit sphere S” in
R+ associated with cross-sections of S by k-dimensional planes passing through
an arbitrary fixed point inside the sphere. The main results include injectivity
conditions for these transforms, inversion formulas, and connection with geodesic
Funk transforms. We also show that, unlike the case of planes through a single
common center, the integrals over spherical sections by planes through two distinct
centers provide the corresponding reconstruction problem a unique solution.

2010 Mathematics Subject Classification Primary 44A12; Secondary 37E30

1 Introduction

Let S” be the unit sphere in R"*!. Given a point a inside S, we denote by Gr, (n +
1,k), 1 <k < n, the Grassmann manifold of k-dimensional affine planes in Rt
passing through a. The aim of the paper is to study injectivity of the generalized
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Funk transform

(Faf)(x) = / fx)do(x), T € Gry(n+1,k), (1.1

StNt

and obtain inversion formulas for F, in suitable classes of functions.

The classical case F, = F,, when a = o is the origin, goes back to the
pioneering works by Funk [2, 3] (n = 2), which were inspired by Minkowski
[10]. A generalization of the Funk transform F, to arbitrary 1 < k < n is due to
Helgason [8]; see also [9, 18, 20] and references therein. Operators of this kind play
an important role in convex geometry, spherical tomography, and various branches
of Analysis [4, 6, 7, 13, 14, 20].

The case when a differs from the origin is relatively new in modern literature,
though Funk-type transforms on S? for noncentral plane sections were considered
by Gindikin et al. [7] in the framework of the kappa-operator theory. One should
also mention non-geodesic Funk-type transforms studied by Palamodov [14, Section
5.2]. Inversion formulas for these transforms were obtained in terms of delta
functions and differential forms. Operators (1.1) with a # o are non-geodesic too,
however, they differ from those in [14]. In particular, they are non-injective. Non-
geodesic Funk-type transforms over subspheres of fixed radius were studied by the
second co-author in [17], where the results fall into the scope of number theory.

The case a # o in (1.1) with k = n was considered by Salman; see [23] for
n = 2 and [24] for any n > 2. To avoid non-uniqueness, he imposed restriction
on the support of the functions that makes his operator different from ours. The
stereographic projection method of [23, 24] makes it possible to reduce inversion
of Salman’s operator to the similar problem for a certain Radon-like transform over
spheres in R”.

The next step was due to Quellmalz [15] for n = 2, who expressed F, through
the totally geodesic Funk transform F, and thus explicitly inverted this operator on
a certain subclass of continuous functions. If a = o this subclass consists of even
functions on S”. The results from [15] were generalized by Quellmalz [16] and
Rubin [21] to any n > 2 with k = n. The paper [21] also contains an alternative
inversion method for Salman’s operators.

Our aim in the present article is twofold. First, we characterize the kernel (the
null subspace) of F, and the subclass of all continuous functions on which F, is
injective. We also obtain inversion formulas for F, on that subclass forany 1 < k <
n and thus generalize the corresponding results from [21].

Second, to achieve uniqueness in the reconstruction problem, we consider
sections by planes through fwo distinct centers. To the best of our knowledge,
this approach is new. We shall prove that for any pair of distinct points a and
b inside the sphere, the kernels of the corresponding transforms F, and Fj have
trivial intersection. The latter means that, unlike the case of a single center, the
collection of data from two distinct centers provides the reconstruction problem a
unique solution. We also develop an analytic procedure of the reconstruction, that
reduces to a certain dynamical system on S”.



Non-geodesic Spherical Funk Transforms with One and Two Centers 31

The results of this paper extend to the case when the point a lies outside S”, and
to arbitrary pairs of distinct centers a, b in R"*!. We plan to address these cases
elsewhere.

Plan of the Paper Section 2 contains notation and necessary preliminaries related
to Mdbius-type automorphisms of the sphere. In Sect. 3 we describe the kernel of
the operator F, on continuous functions and characterize the subclass of functions
on which F, is injective. We also obtain an explicit inversion formula for F,, on that
subclass. Section 4 deals with the system of two equations, F,, f = g, Fp f = h,
corresponding to distinct centers a and b inside the sphere. Unlike the case of a
single common center, such a system determines f uniquely and the function f can
be reconstructed by a certain pointwise convergent series. Norm convergence of this
series is studied in Sect. 5. It turns out that the series does not converge uniformly
on the entire sphere S” (only on some compact subsets of S"), however, it converges
in the L?(§")-norm for all 1 < p < po, po = n/(k — 1), and this bound is sharp.
In Sect.6 we prove Theorem 3.1, which was formulated without proof in Sect. 3.
This theorem plays a key role in the paper. It states that the shifted transform F; is
represented as F, = N, F,M,, where N, and M, are the suitable bijections and F,
is the classical Funk transform corresponding to a = o.

The main results are contained in Theorems 3.4, 4.2, 5.2, and 5.4.

2 Preliminaries

2.1 Notation

In the following, B"t! = {x € R**! : |x| < 1} is the open unit ball in R"*!, §" is
its boundary, x - y is the usual dot product. The notation C(S") and L?(S") for the
corresponding spaces of continuous and L? functions on S" is standard. If x is the
variable of integration over S", then dx stands for the O (n + 1)-invariant surface
area measure on S”, so that fS" dx = 27D/2/T((n + 1)/2). We write do (x)
for the induced surface area measure on lower dimensional spherical sections. The
letter x can be replaced by another one, depending on the context.

We denote by 91, ,,, the space of real matrices having n rows and m columns;
M’ is the transpose of the matrix M, I, is the identity m x m matrix. For n > m,
St(n,m) = {M € M, : M'M = 1,,,} denotes the Stiefel manifold of orthonormal
m-frames in R"; Gr,(n, m) is the Grassmann manifold of m-dimensional affine
planes in R” passing through a fixed point . We will be mainly dealing with the
manifolds St(n+1, n+1-k), Gr,(n+1, k), and Gr,(n+1, k) (i.e.a = 0),1 <k <n.
Given a frame & € St(n+1, n+1—k), the notation £ stands for the k-dimensional
linear subspace orthogonal to &; {£} denotes an (n 4+ 1 — k)-dimensional linear
subspace spanned by £. All points in R"*! are identified with the corresponding
column vectors.
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2.2 Spherical Automorphisms

We recall some basic facts; see, e.g., Rudin [22, Section 2.2.1)], Stoll [25, Section
2.1]. Given a point a € B! \ {0}, we denote by P, and Q, = I,+1 — P,
the orthogonal projections of R”*! onto the direction of a and the subspace at,

respectively. If x € R"*!, then

a- X
Pax=|a|2a.
Let
_P.x —
pax = @7 Tex Qe i, @1
l—x-a

which is a one-to-one Mobius transformation satisfying

ga0)=a,  @ia)=o0,  gi(@ax) =x, 2.2)
» (=l —|x]?) .
I —|gax|” = I—x.ap x-a#l. (2.3)

If x € S”, then

1—a-(pax:1—|a|2. 2.4)
l+a-gux  |a—x|?

Properties (2.2)—(2.3) can be checked by straightforward computation. By (2.3), ¢,
maps the ball B"*+! onto itself and preserves S”.

Remark 2.1 Tt is known that the ball B"*! with the relevant metric can be
considered as the Poincaré model of the real (n + 1)-dimensional hyperbolic space
H"*!. There is an intimate connection between the Mobius transformations of B"*1
and the group O(1, n + 1) in the hyperboloid model of H"*!. In the present article
we do not exploit this connection. An interested reader may be referred, e.g., to
Beardon [1, Section 3.7], Gehring et al. [5, Section 3.7], Mostow [12, Theorem
1.1].

Lemma 2.2 Forany f € L'(S"),

n [ (fowa)(y)
S[f(x)dx - Sagn d—ayy dy,  sa= \/1 ~ |al2. 2.5)
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Proof We write x in spherical coordinates

x=v1—u6 +ua, a=|a|, <1, 0eS"Nat,
a

to obtain

/f(x)dx /(1 u?) = 2>/2du/ (\/1—u29+ud) de. (2.6)

StNat
By (2.1),

oux = —J1— 020 +va,  v= A7 2.7)
1—lalu

Note that the map # — v is an involution. Changing variable

_ lal=v
T 1—Jalv
and taking into account that
du _ JaP? -1 2 _ (=l = v?)
= , — U =
dv  (1—lalv)? (1 - lalv)?
we have
1 —p2)(n— 2)/2
/f(x)dx—(l la |2)"/2/( v
— lalv)"
1= lal2/1 = v2 —
x /f VIclaPVi=a?, lal=v o) g,
1—|alv 1—lalv
S"nat
E{o%)();z y, as desired.
—a-y
O
We also define the reflection 7, : S" — S" about the point a € B"*!:
2
—1 2(1 —
x = (lal )x +2(1 —x- a)a 2.8)

lx —al?
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It assigns to x € S" the antipodal point 7,x € S” that lies on the line passing
through x and a. A similar reflection map about the origin o is denoted by t,, so
that 7,x = —x.

The map ¢, intertwines reflections t, and 7,, that is,

PaTa = ToPa- (29)

Indeed, ¢, maps chords of the ball onto chords. Hence, for any x € S”, the segment
[x, Tzx] is mapped onto the segment [¢,x, ¢,T,x]. Since the first segment contains
a, the second one contains ¢,(a) = o. The latter means that the points ¢,x and
©aTqx are symmetric with respect to the origin, that is, ¢, T,x = To@aX.

Lemma 2.3 If f € L'(S") and a € B""!, then

1—la?\"
/f(tax)dxsz(x) L) dx (2.10)
la — x|
NG N

(5)

ff(X)dx =ff(tax) dx. (2.11)
la — x|?

NE NG

Proof By (2.9) and (2.5),

/f(raX)dx = /f(watawaX)dx (setx = @a70Yy)
Sn

Sll
(foga)(y) (1—a-y\"
1 12\n/2
= =lal) (I—a-y" <1+a')’> @
Sn

l1—a- "
:/f(x) ( a4 (pax> dx
1+a-@pux
Sn
It remains to apply (2.4). The second equality follows from the first one: just replace

f(x) by f(r,x) and use 7,7,x = x. |

3 The Shifted Funk Transform

3.1 Inversion Procedure

The following theorem establishes connection between the shifted Funk transform

(Faf)() = / f(x)do(x), T e€Gry(n+1,k), 3.1

StNt
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and the classical Funk transform F, = F,|,—, that takes functions on S" to
functions on Gr,(n + 1, k). Given a function f on S" and a function ® on
Gr,(n + 1, k), we denote

k—1
(Maf)(y)=<1_sz.y) (feead(y), (Na®)(T) = P(@at), (3.2)

where s, = \/1 — |a|? and ¢, is an automorphism (2.1).

Theorem 3.1 Let 1 <k <n,a e B"H . If f € C(S"), then
Faf:NaFoMaf- (33)

The proof of this theorem is given in Sect. 6.

The Funk transform F, is injective on the subspace C*(S") of even functions,
whilst the subspace C~(S") of odd functions is the kernel of F, in C(S"); see, e.g.,
[9, 18-20]. We denote by 17",, the restriction of F, onto C*(S").

There exist several different approaches to inversion of F,. We recall one of them.
Given ¢ = F, f, f € CT(S"), consider the mean value operator

(Fio)(r) = / @(&)dm(z), 0<r<l, (3.4
{¢€Gry (n+1,k):d (x,8)=r)

where integration is performed with respect to the relevant probability measure over
the set of all planes ¢ € Gr,(n + 1, k) at geodesic distance d(x, {) = cos~ ! r from
X.

Theorem 3.2 (cf. [~19, Theorem 5.3]) A function f € CT(S") can be recon-
structed from ¢ = F, f by

fx) = (F, o) (x) (3.5)

— 19\ | n 2 PRI d
_siml<2s as) F(k/Z)/(S M E ) rtdr

In particular, for k even,

1 d

k2 k-1
2 as) [s" 7 (Fyo)(s)] (3.6)

~ 1
-1 T

The limit in these formulas is understood in the sup-norm.
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Now we proceed to inversion of F,, which, by Theorem 3.1, is factorized as
F, = N,F,M,. Here the operators M, and N, are injective, so that

M H) = —a-90) (fopa)),  N'®=Pogs (37
The following definition is motivated by the factorization F, = N, F,, M, and nicely
agrees with the case a = o.

Definition 3.3 A function f € C(S") is called a-even (or a-odd) if M, f is even
(or odd, resp.) in the usual sense. The subspaces of all a-even and a-odd continuous
functions on " will be denoted by C; (S") and C,; (S"), respectively. The restriction
of F, onto C;7(S") will be denoted by F,.

Theorem 3.4 Let 1 < k < n. Then ker (F,) = C, (S") and the restricted operator
Fyis injective. A function f € C}F(S") can be uniquely reconstructed from g = Faf
by

f=Fl¢e=M"FE"'N g, (3.8)

where Ma_l, FU_I, and Na_1 are defined by (3.7) and Theorem 3.2.

This statement is an immediate consequence of (3.3) and the corresponding
results for F,,.

Remark 3.5 In the case k = 1, which is not included in Theorem 3.4, the plane 7 is
a line and the integral (1.1) is a sum of the values of f at the points where this line
intersects the sphere. If x is one of such points and L,  is the line through a and x,
then

(Fa f)(Lax) = f(x) + f(Tax). (3.9)

The a-odd functions, for which f(x) = — f(z,x), form the kernel of the operator
(3.9). An a-even function f, satisfying f(x) = f(z,x), can be reconstructed from
(Fua f)(La,x) by the formula

1
f) =, (Faf)(Lax)- (3.10)

3.2 Alternative Description of the Subspaces Cf,': (S")

We set

la —x|?

L= (a2 k-1
Pal(x) = ) (Wa f)(x) = pa(x) f(Tax), (3.11)

where 7, is the reflection (2.8).
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Lemma 3.6 The operator W, is an involution, i.e., W, W, f = f.

Proof The statement is obvious for a = o, when (Wy f)(x) = f(—x). It is also
obvious for any a € B" if k = 1. In the general case, taking into account that
T,4TaX = x, we have

—jal? 1—ap? 1"
(W Wy f)(x) = S ).

la —x|? la — tax|?
By (2.4) and (2.9), the expression in square brackets can be written as

(I=a-pax) (I —a-@itax) _ (1 —a-gax)(1+a-@ax) _

= = 1.
(A+a-guax) (I +a-gitax) (I4a-@ax) (1 —a-pax)

This gives the result. O

Theorem 3.7 A function f € C(S") is a-even (or a-odd) if and only if f = W, f
(or f = =W, f, respectively).

Proof By Definition 3.3, f € C(S") is a-even if and only if (M, f)(y) =
(M, f)(—y) forall y € S". The latter is equivalent to

1—a-y

k—1
1+a.y) (f 0 9)(=¥),

(fopa)(y) = (

or (set y = ¢,x and use (2.4) and (2.9))

1—a-@p.x k=1
fx) = <1 ‘ ) f(@ax) = pa(x) f(tax) = (Wa f)(x).
+a-@qx
The proof for the a-odd functions is similar. O

Corollary 3.8 Every function f € C(S") can be represented as a sum of its a-even
and a-odd parts. Specifically,

L fEWS

f=l+l fa 5 (3.12)

Proof The first equality follows from the second one. Further, by Lemma 3.6,

o Waf £WaWaf _ Waf %+ f

+
W £, 5 5 ==xf.

Hence, by Theorem 3.7, fj is a-even and f, is a-odd. m]
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4 Reconstruction from Two Centers

As we have seen in Sect. 3, a generic function f € C(S") cannot be reconstructed
from F, f. Because F, f = F, f.F, one can reconstruct only the a-even part f," of
f, whilst the a-odd part is lost. Our aim is to show that complete reconstruction
becomes possible if we consider two distinct centers instead of one. Specifically, let
a,beBtl g = b. Consider the system of two equations

F.f =g, Fpf =h, 4.1)

and suppose that a function f € C(S") satisfies this system. Then ﬁa fa+ =g,
be,;r = h, and therefore, by (3.12),

where
(Wa f)(x) = pa(x) f (Tax), Wy [)(x) = pp(x) f(Tpx). (4.2)
Setting
g1 =2F"g, hy =2F, 'h,
we obtain a pair of functional equations

f=g—W.f, f=h1—Wf. 4.3)

Then we substitute f from the second equation into the right-hand side of the first
one to get

f=Wf+gq, W =W, W, q =g — Wsh. “4.4)

Iterating (4.4), we obtain

m—1
f=wrf+y wig: m=12,.... (4.5)
j=0

This equation generates a dynamical system on S”.
Lemma 4.1 Let a™ and b* be the points on S" that lie on the straight line through a
and b. Suppose that a is closer to a™ than b. If W = W, Wp, then limoo(W’" Hx) =
m—
Oforall x € S"\ {a*}and 1 < k < n. Ifk = 1 and x € S" \ {a*}, then
lim (W™ f)(x) = f (%)
m—



Non-geodesic Spherical Funk Transforms with One and Two Centers 39
Proof We observe that

(W x) = WaWp [)(x) = pa(x) pp(TaX) f(TpTaX). (4.6)

Denote

(1—lal®) (1 =%

k_
, T= . 4.7
la—x2|b— raxP] fhta @7

p(x)zpa(x)/)b(fax):[

Then (Wf)(x) = p(x) f(Tx) and, by iteration,
(W™ F)(x) = 0n(x) fF(T"5),  op) =[] p(Tx). (4.8)
j=0

For any x # a*, the mapping T preserves the circle Cy 4 p in the 2-plane spanned by
x, a and b, and leaves the points a* and b* fixed. A simple geometric consideration
in the 2-plane shows that the distance from the points Tix € C v.a.b to b*
monotonically decreases, and therefore, the sequence T/x has a limit. This limit
must be a fixed point of the mapping T, and hence T/x — b* as j — oo. Because
p is continuous, it follows that

lim p(T/x) = p(b*). (4.9)
j—o00

Using this fact, let us show that if k > 1, then

Iim w,(x)=0. (4.10)
m—0o0
Once (4.10) has been proved, the statement of the lemma for £ > 1 will follow
because the factor f(T"*!x) has finite limit f(b*).
To prove (4.10), it suffices to show that

p(b%) < 1, @.11)

where, by (4.7),

4.12
la — b*|* la* — b|? 12

2 2 k—1

Let

a=a*+t(b*—a*), b=a"+sb*—a"), O0<t<s<l. (4.13)
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Taking into account that |a*| = |b*| = 1 and using (4.13), we obtain

I—la? =2t(1=0)(1—a*-b*),  1—|b>=2s(1—s)(1—a*-b*),  (4.14)

la—b*|> = 2(1—1)*(1—a*- b"), la*—b|? = 25>(1—a*- b*).
Hence
o [ta=97"
o(b*) = [s(l _t)} <1 (4.15)

The last inequality is an immediate consequence of the assumption 0 <t < s < 1.
The case k = 1 is simpler. In this case p(x) = 1, and therefore, (W™ f)(x) =
F@Hx) > f(b*)asm — oo, x € S"\ {a*}. O

The above reasoning yields the following preliminary conclusion. If a # b, then,
by Theorem 3.4, the kernel of the map f — (F.f, Fp f), f € C(S"),is C,(S") N
C, (S™). Butif f is odd with respect to both a and b, then, by Theorem 3.7, Wf =
f. By Lemma 4.1 it follows that f(x) = 0 for all x € S" \ {a*}. However, since f
is continuous, we must have f = 0 everywhere on S". In particular, it follows that
f can be reconstructed from the knowledge of F, f and F} f, or, what is the same,
from £, and f,'.

More precisely, we have the following result.

Theorem 4.2 Let W, and Wy, be involutions (4.2), 1 < k < n. If the system of
equations F, f = g and Fp f = h has a solution f € C(S"), then this solution is
unique and can defined by the pointwise convergent series

fe) =) Wiqr), x#ad", (4.16)
=0

where W = W, Wy, g = Z[Fa’lg — Waﬁbflh], Fa’l and 1:“};1 being defined as in
(3.8). Alternatively,

f)=) Wir(),  x#b, (4.17)
j=0

where W =WyW,andr = Z[i’:‘bilh - Whﬁa_lgl

Proof To prove (4.16), it suffices to pass to the limit in (4.5), taking into account
that, by Lemma 4.1, the remainder (W™ f)(x) of the series (4.16) converges to zero
for every x # a*. An alternative formula (4.17) then follows if we interchange a
and b, g and h. O
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Remark 4.3 In the case k = 1, a function f € C(S") can be reconstructed from
the system F, f = g, Fp f = h as follows. By Lemma 4.1, (W" f)(x) — f(b*) as
m — o0. Hence

fO) =) qM)+ £, x#a*, T=n, (4.18)
j=0

where ¢ (x) = 2 [(F; 'g)(x) — (F; ' h)(z4x)]. By (3.10),

- 1 - 1
(E7'9)(x) = 5 8Las), (Fy "h)(tax) = 5 Lbo).

where the line L, , passes through a and x and Ly, ., passes through b and 7,x. It
follows that

q(x) = g(La,x) — h(Lp,z,x)- (4.19)

Similarly, (W™ f)(x) = f(a*), and we have

o]

fE) =) r@M) + f@), x#£b*. T=1m, (4.20)

Jj=0
r(x) =h(Lp,x) — g(La,z,x)- (4.21)

The series (4.18) and (4.20) reconstruct f up to unknown additive constants
f(a@*) or f(b*), where a* and b* are the endpoints of the chord through a and
b. However, complete reconstruction is still possible, if we apply symmetrization,
by summing (4.18) and (4.20). This gives the following result.

Theorem 4.4 Letk = 1. Then

20(0) =) q(@ )+ > (M) + Fa(Lap),  x#d*b*.  (4.22)
j=0 j=0

where q and r are defined by (4.19) and (4.21), respectively, L, j, is the line through
aandb, and F,(Lyp) = f(a*) + f(b*) (= Fp(La.p)) is known. The values of f at
the points a* and b* can be reconstructed by continuity.

5 Norm Convergence of the Reconstructing Series

Reconstruction of f by the pointwise convergent series (4.16) and (4.17) gives a
little possibility to control the accuracy of the result because the rate of the pointwise
convergence depends on the point. Therefore, it is natural to look at the convergence
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in certain normed spaces. Below we explore such convergence in the spaces C(S")
and L?(S"). As above, we keep the notation a* and b* for the endpoints of the chord
through a and b.

Consider the most interesting case k > 1. By (4.5), the convergence of the series
(4.16) to f is equivalent to convergence of its remainder W” f to 0 as m — oo.
Thus, it suffices to confine to W™ f.

We first note that the series (4.16) may diverge at the point a*. Indeed, because

m .
(W™ £)(@*) = f(T"a*) [T p(T/a*) and a* is a fixed point of the mapping T,
j=0
we have

la — a*2|b — b*|?

o il o . [a—apa-pp]
W™ £)@) = p@)™ @), pa) = .

Suppose that a and b are symmetric with respect to the origin and |a| = |b| = 1/2.
Then

o [A4laba+pn7t
= — 9 s
@) [(1 —lal(1 - |b|>}

and therefore (W™ f)(a*) = 9*=D0n+D r(4*) — o0 as m — oo whenever
f(a*) # 0. The latter means that if f(a*) # 0, then the series (4.16) diverges
at a* and its uniform convergence on the entire sphere fails. Below it will be shown
that the uniform convergence of this series fails for any a, b € B"*!.

To understand the type of convergence, we need a deeper insight in the dynamics
of involved reflections.

5.1 Dynamics of the Double Reflection Mapping T = 11,

We know that the trajectory {T"x : m = 0, 1,2, ...} of any point x € S" \ {a*}
converges to the point b*, which is the endpoint of the chord containing a and b.
Let us specify the character of this convergence.

Lemma 5.1 The mapping T = tpt, maps the punctured sphere S, = S" \ {a*} onto
itself. The point b* is the attracting point of the dynamical system T™ : S} — S}
uniformly on compact subsets, that is, for any open neighborhood U C S, of b* and
any compact set K C S/} there exists m such that T" K C U for allm > m.

Proof The first statement is obvious, because Ta* = a* and T~ 'a* = t,1pa* =
a*. The second statement follows by a standard argument for monotone pointwise
convergence on compacts. In fact, it suffices to prove this statement for the sets U
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and K having the form
U=U. =B ¢), K = Ks =8"\ B(a*, ),

where B(a*, ¢) and B(b*, §) are geodesic balls in S” of sufficiently small radii.
The pointwise convergence yields that for any fixed xo € K; there exists a

number mg such that T"xg € U,. By continuity, the same is true for every x in

some neighborhood V,, of xo. Thus, the compact K5 is covered by open sets Vi,

x € Ks, and therefore we can cover K by a finite family {Vy,, ... Vy,,}. For each
x;i, there is a number m; such that T" x; € U,. Setting m = max{my, ..., my}, we
have

T"Ks C Us.

A simple geometric consideration shows that the sequence T"*! K5 monotonically
decreases, i.e., "1 K5 ¢ T"Kj. Hence T" K5 C U, forall m > m. |

5.2 Uniform Convergence on Compact Subsets
of the Punctured Sphere

Theorem 5.2 If f € C(S"), then the series (4.16) converges to f uniformly on
compact subsets of the punctured sphere S" \ {a*}.

Proof Consider the remainder (W™ f)(x) of the series (4.16). By (4.8),
(W™ )(x) = om () fT"0), ow@) =[] p(T0).
j=0

Because p(b*) < 1 (see (4.15)), for a fixed y satisfying p(b*) < y < 1, there is an
open neighborhood U C S" \ {a*} of the point b* such that 0 < p(y) < y for all
y € U. On the other hand, Lemma 5.1 says that there exists m such that T" K5 C U
form > m and hence 0 < p(T"x) < y forall x € Ks and m > m. Thus

m
om () < y" ™" max [T p(T/x)
S .
j=0

forall m > m and all x € K. It follows that w;,(x) — 0 as m — oo uniformly on
Ks. Since | f(T™x)| < || fllc(sny, we conclude that W™ f — 0 uniformly on Ks.
This gives the result. O
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5.3 LP-Convergence

Lemma 5.3 The operators Wy, Wy, W = W, Wp,, and W = W, W, are isometries
of the space LP°(S") with po =n/(k — 1).

Proof The statement about W, follows from (2.11), which reads

[ a0y sz = [ georan.
Sn

Sn

The equality holds for any f € L'(S") and therefore, if f € LP°(S"), then, using
| f(x)|?0 instead of f, we obtain || W, £l p, = || fl po- The statement for W;, follows

analogously. The operators W and W are also isometries, as the products of two
isometries. |

Theorem 5.4 Let f € C(S"), po = n/(k — 1). The series (4.16) and (4.17)
converge to f in the norm of LP(S") for any 1 < p < po. The convergence to
f fails in any space LP (S™) with py < p < oo.

Proof 1t is clear that f belongs to LP(S") forany 1 < p < oo. Fix § > 0 and
consider the function W" f = (W, W)™ f. Suppose that p < po and set r =
po/p > 1. We write

||W’"f||ﬁ = / |(W’"f)(x)|1’dx+/|(W’"f)(x)|”dx
B(a*,8) Ks
=I1Ii(m,$) + Ir(m, §), 5.1

where, as above, Ks = S" \ B(a*, §). By Holder’s inequality,
1/r r/(r—1)
,
1, 8) = ( [ (1) dx) ( / dx) :
B(a*,5) B(a*.9)
Owing to Lemma 5.3, the operator W™ preserves the L°-norm, and therefore

. 1/r 1/r
( [ (1 per) dx) =( / |<W’"f><x)|P°dx>

B(a*,8) B(a*,d)
< [W" £ = | £11D,-
Hence

Ii(m, 8) < AG) =V £15,, (5.2)
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where A(§) is the n-dimensional surface area of the geodesic ball B(a*, §). For the
second integral in (5.1) we have

I(m,8) < oy sup [(W" f)(x)]7, (5.3)

xeKs

where o, is the area of the unit sphere S”.

Now we fix sufficiently small ¢ > 0. Using (5.2), let us choose § > 0 so that
Ii(m,8) < ¢/2 for all m > 0. By Theorem 5.2, the inequality (5.3) implies that
there exists m = m(8) such that I(m, §) < ¢/2 for all m > m. Hence, by (5.1),
||W’”f||§ < ¢ for m > m, and therefore W™ f tends to 0 as m — oo in the L?-
norm. The latter gives the desired convergence of the series (4.16).

On the other hand, if p > po, then, by Holder’s inequality, || fll,, =
W™ fllpg < cllW™ fllp, ¢ = const > 0. It follows that the L”-norm of the
remainder W™ f of the series does not tend to 0 as m — oo, unless f = 0.

The proof for W f is similar. O

Remark 5.5 As we can see, the iterative method in terms of the series (4.16)
and (4.17) does not provide uniformly convergent reconstruction of continuous
functions. The reconstruction is guaranteed only in the LP-norm with 1 < p <
po = n/(k — 1). For instance, in the case of the hyperplane sections, when k = n
and po = 1 4 1/(n — 1), the L?>-convergence fails because py does not exceed 2.
The less the dimension k is, the greater exponent p can be chosen. The case p = 1
works forall 1 < k <n.

6 Proof of Theorem 3.1

We recall that a € B"!, s, = /1 — |a|?, and ¢, is an automorphism (2.1). The
following lemma allows us to exploit the language of Stiefel manifolds when dealing
with affine planes.

Lemma 6.1 Let 1 < k < n. The map ¢, extends as a bijection from Grg(n + 1, k)
onto Gry(n + 1, k). Specifically, if t € Gry(n + 1, k) is defined by

T={x eR": &x =¢ua), £ € St(n+1,n+1—k), 6.1)
then ¢ = ¢4t € Gry(n + 1, k) has the form

c={yeR"*:yy=0}, neStn+1,n+1-k), (6.2)
where

n=—A8a 2 A=s5P,+Qs  a=(AE)(AL). (6.3)
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Conversely, if ¢ € Gro(n + 1, k) is defined by (6.2), then t = ¢,¢ has the form
(6.1) with

E=Amp 2 AI=Pi+sQs  B=(Am (Am). (6.4)
Proof Let t € Gr,(n + 1, k) be defined by (6.1). Then
¢ =gat ={y e R"™": E'(9ay —a) = 0}.
By (2.1),

SaAy

Yay —a = (6.5)

l1—y-a

Hence ¢ = {y € R*! : (A&)y = 0}. Now (6.2) follows if we represent the
(n+1) x (n + 1 — k) matrix A& in the polar form

At =na'? o= (A8 (AE), n=(A&)a/? (6.6)

see, e.g., [11, pp. 66, 591].
Conversely, let ¢ € Gr,(n + 1, k) be defined by (6.2). Then

T =g ={x e R g =0}
By (2.1), the equality n’g,x = 0 is equivalent to
(Pan +54Qan)'x =n'a or (A1m)'x =n'a. (6.7)
We write A7 in the form A;np = £BY% with B = (A1n)(A1n) and £ =

(A1) B~1/2 € St(n+1, n+1—k). Then (6.7) yields £’x = B~'/?n'a. To complete
the proof, it remains to note that 8~1/?5’a = £’a. Indeed,

ta= p2Am)a= B72Pun+54Qun)a
= B2 (Paa + 541’ Qua) = B0 a.

O

Proof of the Theorem The case k = 1 is almost obvious; cf. Remark 3.5.
Assuming 1 < k < n, let t € Gr,(n + 1, k) have the form (6.1) and write

(Faf)(r) = (Fa f)(E)= / f@)do(x), & eStn+1,n+1-k).
{xeS":&' (x—a)=0}
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We make use of the standard approximation machinery. Given a sufficiently small
e > 0,let

(Fa.e f)(§) = / F) @p(§'(x — a)) dx, (6.8)
SVl

where w; is a smooth bump function supported on the ball in R"+!=* of radius &

with center at the origin, so that lin}) f‘ tl<e @e (t) g(t) dx = g(o) for any function g
E—>

which is continuous in a neighborhood of the origin.

Step I Let us show that
lim (Fy.e )(E) = (1 = [§'al) " 2 (Fa (). (6.9)

We pass to bispherical coordinates (see, e.g., [20, p. 31])

x:[fz;‘;%], peS'NEL, Y eS' N}, 0<6<n/2, (6.10)

dx = sin"~' 0 cos" % 0 dodedy,

and set s = cos 6. This gives

1
(Fae ))E) = / sk = sH D2 / do
0

Stngt

2
y / f [Wl s] e (sY — E'a)dp

sy
Stnig}
= / H(y) we(y — &'a) dy, (6.11)
Rn—k+1

where
_vl2
H(y) = (—|yP) &2 f ¥ |:<P Vi=]y| ] do
y
Stnet
if |y| < 1 and H(y) = 0, otherwise. Passing to the limit, we obtain

lim (Fq.e f)(&) = H('a),
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where
&2
H(E'a) = (1—|&a}H*=2/2 / f [‘/’ ‘/15, l&"al ] do. (6.12)
a
SrngL
If the argument of f is denoted by x, then x — a lies in the subspace perpendicular

to &. Further, the integration in (6.12) is performed over the (k — 1)-dimensional

sphere of radius \/ 1—|&’a|?. Switching to the surface area measure, we can write
(6.12) as

HEa) = (1—|Ea?)™1? / f(x)do(x),
{xeSt: &' (x—a)=0}
as desired.

Step II Let us obtain an alternative expression for the limit (6.9), now in terms of
the automorphism ¢,. By Lemma 2.2,

w [ (fowd)(y)

aSn (I—a-y) we (&' [pay —al) dy,

(Fae)(E) =s

where

Sa%'/Ay _ Sa (AS)/)’

= s A =5,Pq + Qqu;
1—a-y 1l—a-y

E'[@ay —al = —

see (6.5). Denote

_ a2 (fowady)

f(y)—sa(l_a_y),,-

Then

. (AE)

(Faef)(E) = f FO) we (sl (A5) y) dy.
Ty

Sn

As in (6.6), the polar decomposition yields

AE =na'? o= (A8 (AE), n=(A&a /2 (6.13)
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Then we pass to bispherical coordinates (cf. (6.10))

y:[ﬁie@}’ peS Ny, yeS'nin, 0<6<n/2,

dy = sin* 16 cos" %0 dodpdy,

and set s = cos 6. This gives

1

(Fae ) () = / s"R (1 = sHED g / do

0 Stnpt
<1 V1 =152 sq o/ 2syr
& d k)
* / ! [ ¥ ] w<1—a'(~/1—s2¢+s1/f) v
S"N{n}

or (setz = s € {n) ~R"T1=% 7] < 1)

(Fae )(€) = / (1 — |z)H*2/2g,

lz]<1

- 12 1/2

y / 7 \/1 |z|*¢ - sqalez J
z l—a-(J/1-1z2¢+72)
St
We set
1/2 A

t=1(z) = Sa &L ¢ (6.14)

l—a-W1-lRg+2 1-h@

A=s.a"?  h@)=a- (\/1 — 2129 +2).

so that r = o if and only if z = o, where o is the origin in the corresponding space.
Further, we write (6.14) as

P(t,z) =Az—t+1th(z) =0

and denote m = n + 1 — k. Because the m x m matrix (09;/9z;)(0,0) = A
is invertible, there exists an inverse function z = z(¢), which is well-defined and
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differentiable in a small neighborhood of = 0. Hence, for sufficiently small ¢ > 0,

(Fae [)(E) = /’a——uan%“—””a@anda@%nndt

|t]<e
[ V1= 12002
X / f [ 2() do,
Stnpt
where

-1
acl>(t,z)} 3®(t,z)’ 2= 20,

Z(t)z_[ 9z a1

Passing to the limit, we obtain
Eligb(Fa,sf)(E)=Idet(Z’(O))I / f () do,
Snan

where

/ _ _ -1 _ -1 _ —-1/2 _ /

7@ =0—-a- A =5, (1—a-p)a /7, a = (A§) (Af).
This gives

sa ! (f 0 9a) (@)

det(a) !/ (1 —a-gk-1 Y
Srnpt

lim (Fa.¢ f)(§)=

Note that
o = (A8) (AE) = (s4Paé + Q&) (saPu€ + Qué)
= Lit1—k — §'ad’g,

and therefore det(ae) = det(l,+1—x — &'aa’€). The last expression can be trans-
formed by making use of the known fact from Algebra (see, e.g., [11, Theorem
A3.5]). Specifically, if U and V are m x n and n x m matrices, respectively, then

det(I, + UV) = det(I, + VU). (6.15)
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By this formula, det(a) = 1 — (a’€)(£’a) = 1 — |&’a|?. Thus, changing notation,
as in (3.2), we have

lim (Fy.e )(€) = (1 = |&al?)~1/2 f (Mo f)(y)do(y), (6.16)

Stnpt

where = (A£) o= 1/2; cf. (6.13).

Step III Comparing (6.9) with (6.16) and switching backward to the Grassmannian
language (use Lemma 6.1), we obtain the statement of the theorem.

Acknowledgments The authors are thankful to the referee for his valuable remarks and sugges-
tions.
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Abstract We give a simplified proof of the Berger-Coburn theorem on the bound-
edness of Toeplitz operators and extend one part of this theorem to the setting of
p-Fock spaces (1 < p < 00). We present an overview of recent results by various
authors on the compactness characterization via the Berezin transform for certain
operators acting on the Fock space. Based on these results we present three new
characterizations of the Toeplitz C* algebra generated by Toeplitz operators with
bounded symbols.
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1 Introduction

The present paper combines a survey part with some new results in the area
of Toeplitz operators on Fock and Bergman spaces. They are among the most
intensively studied concrete operators on function Banach or Hilbert spaces. Basic
questions concern boundedness and compactness criteria, membership in operator
ideals or their index and spectral theory. For a list of classical and more recent
results we refer to [1, 7, 8, 14, 15, 27, 28] and the literature cited therein. Instead
of considering single operators, the study of C* or Banach algebras generated
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by Toeplitz operators with specific types of symbols has attracted attention and
essential progress has been made during the last years [6, 21, 23-25].

On the one hand the purpose of this paper is to present an outline of some
known classical and recent results on boundedness and compactness of Toeplitz
operators on p-Fock spaces. Moreover, we highlight some relations between them
that became apparent by applying more recent observations. On the other hand we
add some new aspects to the theory. We present a simplified proof of one part of
the Berger-Coburn theorem from [8]. Our proof uses little “machinery” and even
extends the boundedness criterion of the theorem to the setting of p-Fock spaces or
weighted L?-spaces for any 1 < p < co. In the second part we discuss compactness
characterizations of bounded operators on Bergman and Fock spaces via the Berezin
transform starting from the classical result by S. Axler and D. Zheng [1] in the case
of the Bergman space over the unit disc and its Fock space version in [11].

Theorem 1.1 (S. Axler, D. Zheng [1]) Let A be an element of the non-closed
algebra generated by Toeplitz operators with bounded symbols acting on the
Bergman space over the unit disc. Then A is compact if and only if its Berezin
symbol A vanishes at the boundary.

Subsequently Theorem 1.1 has been extended to larger operator algebras, such
as operators acting on a scale of Banach spaces in the Fock space when p = 2
[4], C* algebras generated by sufficiently localized operators [26], or the full
Toeplitz algebra. The latter is the C* algebra generated by all Toeplitz operators
with essentially bounded symbols [5, 20, 23]. Surprising identities between these
algebras or their completions in [25] show that these generalizations in fact are
manifestations of the same result. More precisely, they just provide different
characterizations of the Toeplitz algebra.

In the Fock space setting and p = 2 we prove three new characterizations of
the Toeplitz algebra. One of the results (Corollary 4.13) involves bounded Toeplitz
operators with (in general unbounded) symbols in the space BMO of functions
having bounded mean oscillation. This observation links the discussion to the first
part of the paper. In particular, Corollary 4.13 gives an extension of a compactness
characterization in [10] from single Toeplitz operators to elements in the generated
algebra.

Recently there have been great advances by combining ideas from operator
theory on function spaces with techniques that originally have been developed for
the spectral theory of band and band-dominated operators (see [5, 1315, 17, 23]).
This has provided efficient tools in the analysis. We will discuss how the space
of band-dominated operators gives rise to a new characterization of the Toeplitz
algebra. Throughout the text we have collected various open questions which we
believe are interesting and may be subject of a future work.

The paper is organized as follows. In Sect.2 we introduce definitions and
notation. As for a comprehensive source on the analysis of Fock spaces we refer
to the textbook [28].
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A simple proof of an upper bound for the norm || T’ | of a Toeplitz operator T
with (possibly unbounded) symbol f acting on p- Fock space or weighted L?-space
is given in Sect. 3. This result generalizes a theorem in [8]. We recall examples
of Toeplitz operators with highly oscillating unbounded symbols which are well-
known in the literature (e.g. [8]) and illuminate the result. Finally, we comment on
some progress in [3] on a conjecture by C. Berger and L. Coburn in [8] concerning
a boundedness characterization of Toeplitz operators.

Section 4 starts with a (certainly non-complete) survey of the literature on
compactness characterizations via the Berezin transform. In particular, we relate
the results by applying surprising characterizations of the Toeplitz algebra T in
[25]. By combining some of these results and using an inequality of Sect. 2 we can
provide three new characterizations of 7. In particular, our observation generalizes a
theorem in [10] on a compactness characterization of Toeplitz operators with BMO-
symbols.

2 Preliminaries
On C” consider the one-parameter family of probability measures

d ()— ! e l‘zlzd () t>0
= t V
,LLtZ ( l) Z),

where V denotes the usual Lebesgue measure on C" = R?". Here we write |z| =

(z1l>+ ...+ |zn|2)5 for the Euclidean norm of z € C". Throughout the paper we
write No = {0, 1, 2, ...} for the non-negative integers. Let | < p < ooand?¢ > 0
and define

LY .= LP(C", uyp) and  FP := LY N Hol(C").

Here Hol(C") denotes the space of holomorphic functions on C". Further, for
measurable g : C" — C we use the notation

llgllzee = ess sup|g(z)e™ 22l |

zeCn

and set

Ly :={g:C"— C : g measurable, | g|l . < oo},

F® := L NHol(C").

Recall that th is a reproducing kernel Hilbert space equipped with the standard L,z-
inner product (f, g); := f(cn f()g@)dus(z) for f, g € F,z, the derived Ltz-norm
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I £l = (f, £))'/? and reproducing kernel
Kl(w)=K'(w,z2)=e"i" € F~.

In particular, the orthogonal projection P : L,2 — F,2 is given by

P'f() =(f Kl), = [C f)e’ dpy(w).

For p # 2, the integral operator

P = [ fe dp

PA\" zw 1,.p_ 2

=(5) [ rawe™ et =01  ap, )
2 cn

still defines a bounded projection P* : LY — FF [19, Theorem 7.1]. Given a

suitable measurable function f : C* — C and any ¢ > 0 we define the Toeplitz

operator T : F/ — F' vy

T} =P'M;y.
If not further specified we will consider T} on the domain
D(Tp) ={he F/: fhelLl}.

In the case t = 1 we shortly write P = P! and Ty = T}. Especially for p = 2
Toeplitz operators on the Fock space are well-studied under different aspects (see
[18, 28] and the literature therein). However, due to a number of open problems, in
particular concerning their algebraic and analytic properties, they remain interesting
objects of current research.

Denote by

K'(w,z)

JK'(z2) where z,w € C" 2.1

ki(w) =

the normalized reproducing kernel. Again, for ¢+ = 1 we write k;, = k; and K; =
K zl We define the Berezin transform of an operator A € ﬁ(th) by

AV (2) == (AKL KL), (2.2)

YAR4
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and we use the short notation A = A, Note that (2.2) defines a complex valued
function on C" which is bounded whenever A is a bounded operator. The Berezin
transform of a measurable function f with the property that fK! € er for all
z € C" is denoted by

FO@) = (£, kL),

~ .. . . ~ )
£ coincides with the heat transform of f on C" at time ¢. Observe that T =

FO,

3 On the Berger-Coburn Theorem

One of the simple properties of Toeplitz operators is the fact that boundedness of
the symbol implies boundedness of the operator. The converse in general is false.
Indeed, one of the important questions in the theory of Toeplitz operators is a
characterization of the boundedness of the operator in terms of its (unbounded)
symbol. In the case p = 2 we recall the classical Berger-Coburn theorem on the
boundedness of Toeplitz operators on the Fock space:

Theorem 3.1 (Berger-Coburn [8]) Assume that f € Ltz. Then the following norm
estimates hold true for T;- : F? — FZ:
CONTH = 1 Vlloor 2t > 5 > 1/2

cOIf oo = ITF /2> s > 0.

Here, C(s), c(s) > 0 are universal constants depending only on s, t and n.

Berger and Coburn proved this result for + = 2. However, the proof directly
generalizes to the case ¢+ > 0. We start by a short outline of the original proof of
Theorem 3.1 in [8]:

The first estimate is obtained by a trace-estimate of an operator product. More

precisely, in [8] a trace-class operator S(ES) is constructed depending on a € C" and
s in the above range such that

trace (T S8 = 79 (a).
Then the standard trace estimate

|trace(AB)| < [|A[l[| Bll«
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can be applied, where A is a bounded operator, B a trace class operator and || - ||
denotes the frace norm. The second inequality provides a boundedness criterion for
Toeplitz operators and its proof consists of the following steps:

1. Transform T’ into a Weyl-pseudodifferential operator on L*(R") via the

Bargmann transform B : F; > — L?*(R"), which defines a bijective Hilbert
space isometry.

2. Estimate the symbol of the pseudodifferential operator W, (r) = B; T} B L

3. Apply the Calderén-Vaillancourt Theorem.

Here we will present a proof of the second inequality based on simple estimates
for integral operators. In particular, we avoid the theory of pseudodifferential
operators and the application of the Calder6n-Vaillancourt Theorem. Instead of
working on L?(R") all calculations will be done in the Fock space setting. Our
proof has also the advantage that it generalized to the case of the p-Fock space F
for 1 < p < oo. Moreover, it applies to Toeplitz operators interpreted as integral
operators on the enveloping space L? .

In the following we assume that f : C" — C is a measurable function such
that f K ; € L2(C", ;) forall z € C". In particular, the Berezin transform and its
off-diagonal extension

fm(z, w) = (fk; k,’ﬂ)
exist for all z, w € C".
Without any further assumptions T’ is an unbounded operator in general. Let

= 2 and note that T’ is densely deﬁned since {K'(-,z) : z € C"}is a total set in

F 2 Hence we can con51der its adjoint (T )* Recall that
h e D((T})*) ¢ 3C > 0: [(Thg. h)i| < Cligll; Vg € D(T}).
Forz € C" and g € D(T ) it holds

(Trg. K2l = (g, FKD)l < lgllell FK I,

and therefore span{K! : z € C"} € D((T ) ). In particular, the adjoint operator
(T )* is densely defined as well.
We compute a useful representation for the integral kernel of T;- on F,2:

Tig(z) = (Thg. KI)

= (g, (TP K = f@ ((TP*KL)(w)g(w)dp (w). (3.1)
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This integral kernel can further be computed as
(TH*KL)(w) = (TH*KL, Ky = (Kyy, (T KDy
= VK (w, w)K' (2, 2){fkiy, ks
— ezlt(\w\2+|z\2)f(t)(w’ 2)

— pnlamwP+] Re(zw) 1)y 7y,

Inserting this expression above gives:
1 2,1 ~
Tig() = /@ ea|iul ReGw) FO 4y 2) g (w)dpy (w), (32)

which can be considered as an integral operator either on F? or L?.

Recall that P’ is defined on L? for each 1 < p < oo by the same integral
expression, hence T} : FY — FP and T} : F? — F? act in the same way on the
space span{K! : z € C"}. Therefore, the integral kernel gives the same operator for
the F/-version of the Toeplitz operator on F N th, which is a dense subset of F
(for p < 00).

We are now going to derive estimates for f(’)(w, 7). Easy computations show
that f K7 € L?(C", ) for 0 < s < t. Hence f(s)(w, 7) exists for all s in the range
(0, t]. Moreover, from the semigroup property of the heat transform it follows that:

k) = P00 = (7) @ = (PR K,

forall 0 < s < ¢. In particular,

_ s 2, ~ _ _
(FKIK!), = e e FOKI=S gI=5) (3.3)
We can extend this relation to off-diagonal values:
Lemma 3.2 Forz,w € C"and 0 < s < t it holds:
f(t)(w, ) = o215 lw—zP=, 2, Im(z'w)(f(S)le;S’ k278>t—s‘ (3.4)

Proof Recall that (f K}, K!); is anti-holomorphic in w and holomorphic in z. The
same holds for

e*t(,is)zw(f(s)Kltvfs’ K£7s>

t—s"
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Since both functions agree on the diagonal w = z by Eq. (3.3), they agree for all
choices of w,z € C" by a well-known identity theorem [12, Proposition 1.69].
Hence,

(P K, = e = (ORGSR,

N

Division by the normalizing factors implies (3.4). O

Lemma 3.3 Let g € L*(C") andt > 0. Then, it holds

L2
gkt kL), | < llglloce™ 4 7<I",
Proof Let z, w € C", then:

1 1
Kk | = § (wwtzu) g
|<g w z>r| VK w, w)K' (2, 2) ‘ /n g(ue e (u)

1.2 2 !
S 672t(|z‘ +|w| )”g”OO/ et Re(u‘w+z~u)dut(u)
CV!
— 1 (el Ly ) u-
= ¢~ 2 (2w )||g||oo et Wty u (wH)dl/«t(M)
CV!

1 zPw)?
— o2 (2wl )||g||oo(K(tw+Z)/2’ K(tw+z)/2>t

— ™2 WP e K ((w + 2)/2, (w + 2)/2)
— o2 (PHW P+ w2l o

1

= llglloce™ 4=,

Theorem 3.4 Assume that f is such that f(s) is bounded for some s € (0, t/2).

(i) For 1 < p < oo, the integral operator

Il

E L’ — FF

defined by
1 1 ~
I8(2) = ﬁc eu VPR FO ), 2)g (w)d s (w)
is bounded. Moreover,

Ml pr < CHFD oo

for some constant C which only depends on t, s and n.
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(il) In particular, for 1 < p < oo the Toeplitz operator T;- : FY' — F? is bounded
with the same norm bound ‘

T g pr < CUF oo

Proof We prove (i) first. By Lemmas 3.2 and 3.3 we obtain
FOw, 21 = 17 fooeon a6 Jl0=2F,
Set o,y — 4(I£S) = —ys,, and observe that
t
ysi>0& 5 < )
For p = o0, it holds
1\n ~
gl < () 179 loox
’ mwt
1 2,1 1 2_1 2
X/ elb e R PP 4y g )
1\n ~
=( ) ”f(S)”OO/ |g(w)|e_2lr‘w‘ze_y&’lw_ledV(w)
Tt Cn
1\~ B o
< (1) 17 el [ ey )
t Cr
~ 1 n
=17 cllglzz ()"
Vs it
This proves
~ 1 n
It o_,poo < (s) ( ) .
Il pee < ILf " lloo Vot
For p = 1, we obtain the following:

Iigllp = | Hpg@ldua(z)
J t cn
1 n
- (2t27r2) x
<

/ el w ] Rew =P 1k 70y 20 (u)d V (w)]dV ()
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1 \n N L
= © ~2F gy (w)dv
= (2t2n2) /Cn /Cn lg (I (w, z)[e™ (w)dV (z)
1 N\ ~ - 5
=< ) / / _2,|w| —Vs,tlw—z| dV dV
_<2t27'[2> 1f* Moo o e lg(w)le e (w)dV (2)
1 " s - —z? 2
= (5202) ”f(b)”w/ / e = qv @) gw)le " av (w)
1 \7 ~
=(,, ) 17 kel
s,t
Therefore,

~ 1 n
I < 1 F® ( ) )
1l < 170,
Using complex interpolation (i.e. the fact that [L,l, L*)y = L? and [F,l, F>lp =
F,pg, where pg = 1/(1 — 0), c.f. [19, 28]), one obtains

150y e < 179 )
f t >y — Vs,tt

For (ii) observe that for 1 < p < oo, Tf’- acts by the same integral expression as
I}, hence it holds T} =1 }l Fp- Therefore, the Toeplitz operator inherits the norm
estimate from / ; |

Remark 3.5

1. From the proof we see that the constant in the estimate essentially behaves as

(z/zt—s)n when s — t/2.

2. For p = 2 one can obtain a direct proof of the statement without interpolation,
using Lemmas 3.2 and 3.3 and Schur’s test (cf. the proof of Lemma 4.9 below,
which uses a similar argument).

There are various problems left open concerning the characterization of bounded
operators. Here, we mention some of them:

Question 1 Does an L -version of the first estimate in Theorem 3.1 hold?

Question 2 Can one give a reasonable characterization of boundedness for products
of Toeplitz operators with unbounded symbols.

Recall that for p = 2 and under certain growth conditions of the symbols at infinity
finite products of unbounded Toeplitz operators have been well-defined in [2]. They
can be interpreted as elements in an algebra of operators acting on a scale of Banach
spaces in the Fock space. We mention that boundedness of products T¢T; on the
2-Fock space with holomorphic symbols f, g has recently been characterized in [9].
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The following conjecture in the case t = ; was made by C. Berger and L. Coburn

in [8].

Conjecture 1 T;- is bounded if and only if f(é) is bounded.

There are indications that this conjecture may actually hold true. The authors of [8]
accompanied their conjecture with the following example:

Example 1 ([8]) Let A € C be a parameter. Consider the functions
g =, e

for Rer < 21;- The latter condition guarantees that the heat transforms g3 ) exist
for all 0 < s < 2¢. Moreover, since g, is radial, a simple calculation shows that the
Toeplitz operator Téfk acts diagonally on the standard orthonormal basis {e!, : m €

N} of F,2, where
3.5)

Here, we used standard multiindex notation. One has

T! el = (1 —ta)~ImHm el |

£.5m
This implies that Téfk is bounded on th ifand only if [1 —fA| > 1.

Using the well-known formula

a 2w 2
/gbx2x2dx=\/ nega’ a,bG(C, Re(a) >0’
R a

one can show that

o 1
a9 w) = (1 A)nelfm‘w‘z, 0<s <2
— S

This function is obviously bounded if and only if
A
Re( )§O<=>Il—2sklzl.
1—sA

In particular, Ty is bounded if and only if &.(2) is a bounded function.

There are two other known cases for which the conjecture has been verified. The
first concerns operators with non-negative symbols.
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Proposition 3.6 (Berger-Coburn [7]) Let f > 0 be such that f € L. Then, T}
Ft2 — th is bounded if and only iff(é) is bounded.

Since this result is not directly stated in [7] (even though [8] refers this fact to that
article), we give a short proof based on a lemma from that paper:

Proof In the case of t = 2, [7, Lemma 14] states and proves the following estimate,
which holds with the same proof for general ¢ > 0:

<)

|igP? AR

t
w0 = [Tl = 4" 1g1? | .
If f > 0, letting g = 4/ f and applying this inequality proves that T} is bounded if
and only if /) is bounded. A simple estimate yields f)(z) > 21,, F) (). Further,
f () < ||f(§)||Oo can be seen to hold by the semigroup property of the heat
transform. Therefore, £ is bounded if and only if (2) is bounded. O

The second result is about symbols with certain oscillatory behaviour at infinity.
Forz € C"let ;(w) = z — w, w € C". For f € Llloc((C"), we say that f is of
bounded mean oscillation and write f € BMO if

sup / If ot — FO@)Idp, < o0.

zeCr

This notion can be seen to be independent of ¢ > 0, cf. [3] for details. As is known
BMO contains unbounded function. One has:

lheorem 3.7 (Bauer-Coburn-Isralowitz [3, Theorem 6]) Letr f € BMO. Then,
£ is bounded for one t > 0 if and only if it is bounded for all t > 0. In particular,
T} : th — th is bounded if and only iff(é) is bounded.

We will come back to the last result when discussing different characterizations of
the Toeplitz algebra.

4 Characterizations of the Toeplitz Algebra

From now on we only consider the case p = 2 and t = 1. Itis tautological to say that
operator-theoretic properties of Toeplitz operators are tightly related to properties
of their symbols. One of the most basic results of this kind is the following: Let
f € C(C") be such that

f@—>0 as |z|] > oo.
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Then, Ty is compact. As is well-known the Berezin transform is one-to-one on
the algebra L(F 12) of all bounded operators. This indicates that operator theoretic
properties are also tightly connected to properties of the Berezin transform, e.g. if
T is compact, then it holds

7’-:J/‘(Z)=]CN(Z)—>0 as |z| = oo.

Conversely, it is an obvious question how compactness of an operator can be
characterized in terms of the symbol (in case of a Toeplitz operator) or its Berezin
transform. The first significant progress in this context was made for certain
operators acting on the Bergman space over the unit disc A*(ID). We will not
introduce all objects involved and refer to [27] for an introduction to Toeplitz
operators on AZ(D).

Theorem 4.1 (Axler-Zheng [1, Theorem 2.2]) Let A € L(A*(D)) be a finite sum
of finite products of Toeplitz operators with essentially bounded symbols. Then

Ais compact <= B(A)(z) > 0 as z — JD.

Here, B(A) denotes the Berezin transform of A.

The corresponding statement for the weighted Bergman spaces over the unit ball
in C" or even general bounded symmetric domains (with some extra conditions on
the weights) was derived shortly afterwards [11, 22]. In [11] also the Fock space is
treated:

Theorem 4.2 (Engli$ [11, Theorem B]) Let A € E(Flz) be a finite sum of finite
products of Toeplitz operators with essentially bounded symbols. Then, the following
are equivalent:

A is compact < X(Z) — 0 as|z| > oo.

The next progress made towards a characterization of compactness for an even
larger set of operators acting on F, 12 followed several years later. Although we put
t = 1 in our discussion most of the remaining statements hold true in the more
general case ¢ > 0 with almost identical proofs.

Set

1 .
co:=0, cjp1:= M1 —¢)) where j €Ny

and note that the sequence (c;); is monotonely increasing with ¢; < é Let f :
C" — C be measurable and define:

a2
| fllp,. :=esssup|f(z)e cjlzl l.
! zeCn
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Then, letting

D.. = {f : C" — Cmeasurable : ||f||pyj < oo},

J

the norm || - ||p, . induces the structure of a Banach space on D;. By varying j € No
J
we obtain an increasing scale of Banach spaces:

LOO(C")ZDCOCDCI"'CDC/- Cc---CD:= U ch CL%.
Jj€Noy

Setting now
Hc; = Dc; NHol(CY),

equipped with the norm of D.; we obtain a second scale of Banach spaces in the
Fock space F 12:

C=HogCHey Co- CHe, € CHi= | He, C FL. (4.1)
JjeNy

For z € C" we define the Weyl operators W, : F12 — F12 through

W () (w) =k (w) f(w —2).

The operators W, are well known to be unitary. Further, it holds for all z, w € C":

Lwr=w"=w_
2. W, W, = e im@wy

For a linear operator A on F’ 12 and z € C we set

Ay = WIAW,.

Definition 4.3 A bounded R-linear operator A : F12 — F12 with A(H) C H is
said to act uniformly continuously on the scale (4.1) if for each j; € Ny there exists
J2 = j1 and d > 0 independent of z € C" such that forall f € H;;:

Az fllp., =dlflp,, -
2 J1

We denote the spaces of C-linear operators and the C-antilinear operators acting
uniformly continuously on the scale (4.1) by F! and F¢, respectively.
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Several properties of 7/ and F¢/ are known:
Proposition 4.4 (Bauer-Furutani [4])

1. Flis a x-algebra,
2. F' contains all Toeplitz operators with essentially bounded symbol,
3. Fa contains the operators w f-

Here, for f € L®(C"), we define the antilinear operator w s on F' 12 by
wr(g) == P(fCg),

where Cg(z) = g(z) denotes complex conjugation. Those operators are closely
related to the little Hankel operators. In [4] they played a role in compactness
characterizations of Toeplitz operators on the pluriharmonic Fock space. Since w ¢
is not a finite sum of finite products of Toeplitz operators, the following result was
an improvement (in the case ¢t = 1) of Theorem 4.2:

Theorem 4.5 (Bauer-Furutani [4, Theorem 3.11]) Let A € F' U F*. Then, A is
compact if and only if A(z) — 0 as |z] — oo.

Recall that the (full) Toeplitz algebra is the C* algebra generated by Toeplitz
operators with bounded symbols, i.e.

T=C*({Tf : feL®CMY),

where C*(M) denotes the C* algebra generated by a given set M C L(F 12).

The next step forward was a complete characterization of compact operators
in terms of the Toeplitz algebra and the Berezin transform. This result was
first obtained in [23, Theorem 9.5] and [20, Theorem 1.1] in the setting of the
Bergman space and standard weighted Bergman space over the unit ball B,, in C",
respectively. There also is a version for the p-Fock space which we state next in the
special case p = 2.

Theorem 4.6 (Bauer-Isralowitz [5, Theorem 1.1]) Let A € L(F 12). Then, it holds
A is compact <= A € T and A(z) > Oas |z] = oo.

Remark 4.7 Theorem 4.6 and its versions on Bergman spaces over B, have been
proven in the general setting of standard weighted p-Bergman spaces A% (B,,) over
the unit ball B, C C" (here the parameter « refers to the weight) and p-Fock spaces
F! for 1 < p < oo in the original papers. For simplicity, we have only quoted the
Hilbert space result. Moreover, a version of this theorem on p-Bergman spaces over
bounded symmetric domains has recently been studied in [15].

One could think that this is the end of the story for characterizing compact operators
on F 12 However, there is a link between Theorems 4.5 and 4.6 which we will discuss
next. If a priori an operator A is not given as a finite sum of finite products of Toeplitz
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operators it may be difficult to either check whether A € 7' U F% or A € T as is
assumed in the above theorems. On the other hand, there are well-known examples
in the literature of operators A € L(F 12) which are not compact but with A (z) =0
as |z| — oo. For completeness we will present such an example which even is a
bounded Toeplitz operator (with unbounded symbol) below. Hence some additional
assumptions are required to ensure that vanishing of the Berezin transform at infinity
implies compactness of the operator. It is therefore desirable to extend Theorem 4.6
to a class A C L(F, 12) containing the Toeplitz algebra and for which membership
A € Ais easier to check. On the Fock space a new approach appeared in [17, 26]:

Definition 4.8 An operator A € L(F 12) is said to be sufficiently localized if there
exist constants 8, C with 2n < 8 < oo and 0 < C such that

C

s

4.2)

We denote the set of all sufficiently localized operators by Ay;.

We note at this point that boundedness of an operator A with k; € D(A) for all
z € C" and with (4.2) already follows under certain natural assumptions on the
domain of A*:

Lemma 4.9 Let A be a densely defined operator on F12 such that
span{K, : z € C"} C D(A) N D(A¥).
If there is a positive function H € L'(C", V) with
I(Akz, kw)1| = H(z —w)

forall z, w € C", then A is bounded. In particular, (4.2) implies boundedness of A
since

(1+|Z|)ﬂeL1((C”,V) if B> 2n.

Proof Similarly to the computation in (3.1) one obtains:
(Af)(w) = /c S (@) (A*Ky)(2)dp1(2)

= /(Cn 1K K w1 (A, kw), f (@) (2).

Letting

Az, w) = (Akz, k),
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this implies

22+ w? ~

(Af)(w):/ e 2 Az, w)f(2)dui(2).

Cn

Observe that it suffices to prove boundedness of the integral operator with kernel
22 +lw

~ 2
1A wle 2" Ttholds

1 ~ 1212+ |w|? \w\z
nnA:M@J@V $ M el gy ) =

21 ~
_ / A w)ldV (w)
h Cn
122 1
<e?2 H(z — w)dV(w)
T[n (Cn

Iz
|H||L1(C”,V)e 2,

T |
Analogously:
Iz|2+ w\z w|2

1 ~ w2 222 1 [
o fc Az, w)le 2 e2e Fav(z) < alHILicnvye >

w 2
Using Schur’s test [16, Theorem 5.2] with the function 2(w) = eI ) , one therefore
obtains

1
1Al <, IHlLicn vy

For the particular case

with 8 > 2n, one easily sees that H € L' (C", V) using polar coordinates. O

Checking localizedness of an operator in the above sense is indeed simpler than
checking membership in the Toeplitz algebra. In fact, (4.2) reduces (in principle)
to some integral estimate. Further, any Toeplitz operator with bounded symbol is
indeed sufficiently localized according to the simple estimate in Lemma 3.3. Hence
we obtain:

T - C*(Avl)

We now relate the notion of localized operators to the result in Theorem 4.5.



70 W. Bauer and R. Fulsche

Lemma 4.10 Let A € F'. Then, A is sufficiently localized.

Proof With z, w € C" we obtain:
(Akg, k)1 = (AW 1, W W W 1)
= (A1, W_,W, 1)
= (A1, Wy_.1) e ImEwW)

= (A1, ky_;) e ImE@w),

Using this, we obtain for a suitable index k € Ny and from ||1 ”D% =1:

1 2
[(Ak, k)| < nn/@ (A1) () [e ™ aV (u)
1 Re((w—2)w)— "5 —(1—colul?
< on [, 14:1ID, € 2 dv (u)

d
n

IA

2
f eRe((w—z)~u)—(1—Ck)\ulzdv(u) e—‘w?l ,

where d > 0 is the constant from the uniformly continuous action of A on the
scale (4.1). Recall that for a € C", y > 0 and by applying the properties of the
reproducing kernel:

eIl = [E le? P py ()
:/ ezyRe(a'“)dul/y(u).

Lettingy =1 —¢x anda = ’”2;2 gives

n —w|?
/ Rew=u—(-ellPyy oy = T gdate,
n (I — e
We hence obtain
d lz—wl® _ lz—w)?
[(Ake, k), | < ™ 2
(1 —co)"
— d *(é*4(1lz>k))|1*w|2

(1 —co)"

d  Geenl-wl

(I ="

Since cx41 < é the statement follows. |
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We can slightly relax the boundedness assumption of the operator symbol and
still obtain sufficiently localized Toeplitz operators. More precisely:

Lemma 4.11 Let f € BMO be such that the Toeplitz operator Ty is bounded.
Then, Ty is sufficiently localized.

Proof According to Lemma 3.2 and for 0 < s < 1 we have the identity

N a2 s 1 . s 1—s 1—s
(k. k), — 21—y Emwl = (2 Im(w Z)(f(Y)kZ k),

—s"

Applying Lemma 3.3 with g € L°°(C") shows
l—s 71—s - l, lz—wl|?
(k! ™" k)| < ligllooe™ 40070,

By Theorem 3.7 the heat transform f ) is bounded for each 0 < s < 1. Choosing
now s < 1/2, we obtain from the above estimates

~ 25—1 .12
(fher k)| < 17 oged-0 700,
where 27! < 0. O

4(1—s)

It was proven by J. Xia and D. Zheng that C*(Ay;) is not too large in the sense
that it still allows the desired compactness characterization:

Theorem 4.12 (Xia-Zheng [26, Theorem 1.2]) Let A € C*(Ay)). Then, A is
compact if and only if A(z) — 0as z — oo.

At this point we want to mention that the compactness characterization was
already known to hold for bounded single Toeplitz operators with (possibly
unbounded) symbol in BMO. This has been achieved by N. Zorboska in [29] for
the Bergman space A%(ID) and later by L. Coburn, J. Isralowitz and B. Li in the
setting of the Fock space [10]. By combining Lemma 4.11 and Theorem 4.12, we
obtain a generalization of the latter result:

Corollary 4.13 Let A € E(Flz) be a finite sum of finite products of bounded
Toeplitz operators with (possibly unbounded) symbols in BMO. Then, A is compact
if and only if A(z) — O as |z| — oo.

A next step was taken in [17]:

Definition 4.14 An operator A € L(F, 12) is called weakly localized if:

SUP/ [{(Akz, kw)1ldV (w) < oo,

zeCn

SUP/ (A kz, kw)11dV (w) < oo,

zeCr
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lim sup/ [(Akz, ky)11dV (w) =0,
lz—w|>r

r—>0o0 zeCn

lim sup/ [(A*k;, ky)1]1dV (w) = 0.
lz—w|>r

r%ooze(cn

The set of all weakly localized operators is denoted by A,,;.

It is easy to see that Ag; € Ayy. The analogue of Theorem 4.6 for the setting
C*(Ayy) was proven in [17] in case of the Fock space as well as for the Bergman
space over the unit ball.

Finally, the following surprising result was obtained by J. Xia [25] in the setting
of the Bergman space A%(B,) as well as for the Fock space F 12:

Theorem 4.15 (Xia [25, Section 4]) It holds
TH =T = C*(Ax) = C*(Auw).

Here, 7" denotes the norm closure of {Ty : f € L*}. Theorem 4.15 indicates
that indeed all the generalizations of Theorem 4.6 were just new characterizations
of the Toeplitz algebra. Based on the observations in Lemmas 4.10 and 4.11 we can
add two other characterizations:

Theorem 4.16 Denote by F! the operator norm closure of F', which is a C*
algebra. It then holds:
T =F =C*({Ty: f € BMO and Ty bounded}).

Proof Obviously, F! defines a C* algebrain L(F 12) and since all Toeplitz operators
with essentially bounded symbols are uniformly continuously acting on the scale
(4.1) (cf. [4] for a calculation) it follows that 7 C F’. Since elements in F' are
sufficiently localized according to Lemma 4.10 we have:

FlcC* A =T.
The last identity follows from J. Xia’s result in Theorem 4.15. The assertion 7 = F/
is obtained by combining both inclusions.
As for the second characterization of the Toeplitz algebra recall that L C
BMO. It follows, using Lemma 4.11
T C C*({Ty; f € BMO and Ty bounded}) C C*(Ag).

Equality again follows from Theorem 4.15. O
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It is worth mentioning, that there are bounded Toeplitz operators (necessarily
with symbols not in BMO) which do not satisfy the desired compactness character-
ization. In particular, they cannot define elements in the Toeplitz algebra. We give
one such example (which has been previously known in the literature):

Example 2 Consider again the function g, (z) = e from Example 1. Let . € C
be such that

Re()) < ; 4.3)
1—1l=1 (4.4)
I1—2x] > L. (4.5)

It is easy to see that such A exist. Assumption (4.3) guarantees that I’; is well-
defined. Recall that it is given by

1
a—=nr

A
el—xr |Z‘2

Te (2) =

Assumption (4.5) is equivalent to Re(A/(1 — 1)) < 0. Hence, it implies that
T;(z)—>0 as |z] = oo.
Further, recall that T, acts on the standard orthonormal basis in (3.5) as:

1 1

n
(1 = aympan éme M € No-

I _
Tgxem -

— 1 ; 1 ; .
Putv =, . Since ¢,, is a homogeneous polynomial of degree |m| we have:

Tgkenﬂ(z) =" -en11(vz).

As assumption (4.4) implies that Ty, is bounded, this equation extends to all of F’ 12:

To f(2) =V"- f(vz),  fe€FL

Because of |v| = 1 the Toeplitz operator Ty, is unitary, hence cannot be compact.

Let us return to the initial proof of Theorem 4.6 in [5] (which is similar to the
proof in the case of the Bergman space A%(B,) [20, 23]). Among other ideas the
arguments used results on limit operators. Based on such limit operator techniques,
a characterization of the Fredholm property of operators in 7 has been proven in
[13] (subsequently to [14] which contains the analysis in the case of the standard
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weighted Bergman spaces A% (B,)). There, the so-called band-dominated operators
were introduced:

Definition 4.17

1. An operator A € E(L%) is called a band operator if there is a number w > 0
such that My AM, = O forall f, g € L°°(C") with

d(supp f, supp g) > w.

Here d denotes the Euclidean distance and we write M ¢ for the multiplication
operator by f. The infimum of all such w will be called the band-width of A.

2. The set BDO of band-dominated operators is defined as the norm-closure of all
band operators in ﬁ(L%).

The following properties of BDO have been derived, which relate compressions
to F 12 of band-dominated operators to the Toeplitz algebra.

Proposition 4.18 (Fulsche-Hagger [13])

1. BDO is a C* algebra of operators on L% containing P and multiplication
operators My for f € L.
2. PBDO P C L(F?) contains T.

In principle, a similar limit operator approach as in [5] can be used to derive
a compactness characterization for operators from P BDO P. This has not been
worked out for the Fock space, but was done for the Bergman space over bounded
symmetric domains in [15, Theorem A]. After the preceding discussions, this
naturally leads to the question whether P BDO P = 7. That this is indeed true
will be the content of the last part of this work. Lemma 4.19 and the main result in
Theorem 4.20 were communicated to us by Raffael Hagger.

Lemma 4.19 Forall z € C" andr > 0 it holds

2
_r
”lexg(“)kz”l < Cpe 2,
where C,, > 0 is some constant depending only on the dimension n. Here, B(z,r) C

C" is the Euclidean ball of radius r around z and xp(;.r) is the indicator function of
that ball.

Proof For z € C" and r > 0 denote by Q(z, r) the set

0@, r):={weC" : |wj—zj| <rforal j=1,...,n}

n
=[1pGj.n,
j=1
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where D(zj,r) C Cis the disc around z; € C of radius r. It is immediate that
0@, ;) C BO,n.

We estimate the norm for z = O first:

1

.12
”MFXB(O,r)kO”% =1- n / e ! dV(z)
T JB(0,r)

1
1 - / e av ()
T Jow, )

IA

n

1

1- / ePaviay |
T JD, j)

where in the last integral V| denotes the Lebesgue measure on C. Using polar
coordinates, one easily sees that

1 2
f P avign =1—e .
D(O,

b \;n)
This gives
2\ " " /n )
_r k __kr
||M1XB<0,,)ko||1sl—<1—e ) =1—Z<k)<—1)e g
k=0
n n
I’l) k+1 7kr2 n 7r2
=> ", )J=DFe 52()e
k=1 <k k=1 k

For general z € C", we obtain
”lexg(zv,)kz”l = ”szlexB(m WszHI
_V2
= ”Ml—XB(()‘r)kO”l S Cne 2n )

where we used the facts that W_; is an isometry and k; = W_ ko in the first equality
and W_,M;W, = My.,_, for arbitrary functions f € L°(C") in the second
equality. O

Theorem 4.20 It holds T = P BDO P.

Proof 1t suffices to prove that PBDO P C 7. We will do this by proving that
PBO P C Ay, the result then follows from Xia’s Theorem 4.15.
Let A € BO have band-width w. Let z, w € C" be such that |z — w| < 3w. Then,

w2 wz wz |Z*w\2
[(PAPkz, k)| < Al = [|Alle2»e™ 2 < [[Alle2ne™ 1n .
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For |z — w| > 3w we putr = |Zgw| . Observe that this implies

d(B(z,r), B(w,r)) > w. 4.6)
We obtain

|(PAPkZa kw>1| = |<AkZa kw>1|
= |(AMXB(z,r)kZ’ MXB(w,r) ku)t
+ <AM1_XB(Z,.r)kZ’ MXB(w.r)kw>1 + (Ak., Ml—XB(w.r>kw>1 |

The first term vanishes by Eq. (4.6). For the other two terms, we apply Lemma 4.19
and obtain the estimate

P

|z
[(PAPk;, ku)1] <2Cy|Alle 18n

Adjusting the constants, we obtain a uniform estimate for |(P A Pk, ky)1| for all
z, w € C" which proves that A is sufficiently localized. O

Since many of the introduced objects also exist in the setting of p-Fock spaces
and several of the mentioned results carry over to this setting one may also ask:

Question 3 Ts there an F-analogue of Theorem 4.15?

Acknowledgement We wish to thank Raffael Hagger who has communicated to us Lemma 4.19
and Theorem 4.20.
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Toeplitz Operators on the Domain )
{Z € M3,»(C) | ZZ* < I} with s
U(2) x T2-Invariant Symbols

Matthew Dawson, Gestur Olafsson, and Raul Quiroga-Barranco

Dedicated to Nikolai Vasilevski on the occasion of his 70th
birthday

Abstract Let D be the irreducible bounded symmetric domain of 2 x 2 complex
matrices that satisfy ZZ* < I,. The biholomorphism group of D is realized by
U(2, 2) with isotropy at the origin given by U(2) x U(2). Denote by T? the subgroup
of diagonal matrices in U(2). We prove that the set of U(2) x T2-invariant essentially
bounded symbols yield Toeplitz operators that generate commutative C*-algebras
on all weighted Bergman spaces over D. Using tools from representation theory, we
also provide an integral formula for the spectra of these Toeplitz operators.

1 Introduction

In this work we consider the problem of the existence of commutative C*-algebras
that are generated by families of Toeplitz operators on weighted Bergman spaces
over irreducible bounded symmetric domains. More precisely, we are interested in
the case where the Toeplitz operators are those given by symbols invariant by some
closed subgroup of the group of biholomorphisms. See [1, 6, 11-13] for related
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previous works. This problem has turned out to be a quite interesting one thanks in
part to the application of representation theory.

An important particular case is given when one considers the subgroup fixing
some point in the domain, in other words, a maximal compact subgroup of the
group of biholomorphisms. In [1], we proved that for such maximal compact
subgroups, the corresponding C*-algebra is commutative. On the other hand, there
is another interesting family of subgroups to consider: the maximal tori in the group
of biholomorphisms. By the results from [1] (see also [2]) it is straightforward to
check that the C*-algebra generated by the Toeplitz operators whose symbols are
invariant under a fixed maximal torus is commutative if and only if the irreducible
bounded symmetric domain is biholomorphically equivalent to some unit ball.

These results have inspired Nikolai Vasilevski to pose the following question.
Let D be an irreducible bounded symmetric domain that is not biholomorphically
equivalent to a unit ball (that is, it is not of rank one), K a maximal compact
subgroup and 7 a maximal torus in the group of biholomorphisms of D. Does there
exist a closed subgroup H such that T C H C K for which the C*-algebras
(for all weights) generated by Toeplitz operators with H-invariant symbols are
commutative? The goal of this work is to give a positive answer to this question
for the classical Cartan domain of type / of 2 x 2 matrices. In the rest of this work
we will denote simply by D this domain.

The group of biholomorphisms of D is realized by the Lie group U(2, 2) acting
by fractional linear transformations. A maximal compact subgroup is given by
U(2) x U(2), which contains the maximal torus T2 x T2, where T2 denotes the
group of 2 x 2 diagonal matrices with diagonal entries in T. We prove that there are
exactly two subgroups properly between U(2) x U(2) and T? x T?, and these are
U(2) x T2 and T2 x U(2) (see Proposition 3.3), for which it is also proved that the
corresponding C*-algebras generated by Toeplitz operators are unitarily equivalent
(see Proposition 3.4). In Sect.4 we study the properties of U(2) x T2-invariant
symbols. The main result here is Theorem 5.3, where we prove the commutativity
of the C*-algebras generated by Toeplitz operators whose symbols are U(2) x T?-
invariant. As a first step to understand the structure of these C*-algebras we provide
in Sect. 6 a computation of the spectra of the Toeplitz operators. The main result
here is Theorem 6.4.

We would like to use this opportunity to thank Nikolai Vasilevski, to whom this
work is dedicated. Nikolai has been a very good friend and an excellent collaborator.
He has provided us all with many ideas to work with.

2 Preliminaries

Let us consider the classical Cartan domain given by

D ={Z € M2,»(C) : ZZ* < D},
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where A < B means that B — A is positive definite. This domain is sometimes
denoted by either Dé ,0r Doy,
We consider the Lie group

UQ2,2) ={M e GL4,C) : M* I, M = I},

where

and the Lie group
SUR2,2) ={M € U(2,2) : det M = 1}.

Then SU(2, 2), and hence also U(2, 2), act transitively on D by

AB -1
(C D) -Z=(AZ+B)(CZ+ D) ",
where we have a block decomposition by matrices with size 2 x 2. And SU(2, 2)
is, up to covering, the group of biholomorphic isometries of D and the action of
SU(2, 2) is locally faithful. We observe that the action of U(2, 2) on D is not faithful.
More precisely, the kernel of its action is the subgroup of matrices of the form ¢4,
wheret € T.

The maximal compact subgroup of U(2, 2) that fixes the origin 0 in D is given
by

A0

UQ2) x UQ) = (o 5

) :AeUQR),BeUQ)
For simplicity, we write the elements of U(2) x U(2) as (A, B) instead of using their
block diagonal representation. A maximal torus of U(2) x U(2) is given by

T* = (D, D2) € UQ2) x U(2) : Dy, D diagonal}.

The corresponding maximal compact subgroup and maximal torus in SU(2, 2) are
given by

S(UQ2) x U(2)) = {(A, B) € U(2) x U(2) : det(A) det(B) = 1},
T3 = (D1, D>) € T* : det(D;) det(D5) = 1}.



82 M. Dawson et al.

For every A > 3 we will consider the weighted measure v, on D given by
dv,(Z) = ¢y det(l, — ZZ*)*~*dZz

where the constant ¢, is chosen so that v, is a probability measure. In particular, we
have, see [4, Thm. 2.2.1]:

(=322 -1

A > 3.
74

Ch

The Hilbert space inner product defined by v, will be denoted by (-, -);. We
will from now on always assume that A > 3. The weighted Bergman space H% (D)
is the Hilbert space of holomorphic functions that belong to L?(D, vy). This is a
reproducing kernel Hilbert space with Bergman kernel given by

k(Z, W) =det(l, — ZW*)™*,

which yields the Bergman projection By, : L*(D, v;) — 7—[% (D) given by

B, f(2) =/Df(W)kx(Z, W)dv;, (W).

We recall that the space of holomorphic polynomials P(M32x2(C)) is dense on
every weighted Bergman space. Furthermore, it is well known that one has, for every
A > 3, the decomposition

H}(D) = P P! (M2,2(C))
d=0

into a direct sum of Hilbert spaces, where P4(M>4>(C)) denotes the subspace of
homogeneous holomorphic polynomials of degree d.

For every essentially bounded symbol ¢ € L>°(D) and for every A > 3 we define
the corresponding Toeplitz operator by

TV (f) = Bilof). f € H;(D).
In particular, these Toeplitz operators are given by the following expression

o(W) f (W) det(l, — WW*)»—4

dw.
det(l, — ZW*)*

T () = /D
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On the other hand, for every A > 3 there is an irreducible unitary representation
of U(2, 2) acting on ’H%(D) given by

m.: U2,2) x H2(D) — H2(D)
(M) )2 = je", 2)4 f(g' 2),

where j (g, Z) denotes the complex Jacobian of the transformation g at the point Z.

We note that every g € U(2) x U(2) defines a linear unitary transformation of D
that preserves all the measures dv,.

If A/4 is not an integer, then j(g, Z)*/* is not always well defined which makes
it necessary to consider a covering of U(2, 2). We therefore consider the universal
covering group U(2, 2) of U(2, 2) and its subgroup R x SU(2) x R x SU(2), the
universal covering group of U(2) x U(2). Here the covering map is given by

(x,A,y, B) — (¢*A, ¢V B).
Hence, the action of R x SU(2) x R x SU(2) on D is given by the expression
(x,A,y,B)Z =" VAzZB™.

It follows that the restriction of m, to the subgroup R x SU(2) x R x SU(2) is given
by the expression

(m.(x, A, y, BY)(Z) = O™ f(e! 00 AT ZB).

It is well known that this restriction is multiplicity-free for every A > 3 (see [1, 8-
10]).
It is useful to consider as well the representation

7 2 (UQ2) x UQ2)) x H3 (D) — H3(D)
(T (2D = f(g™'2),

which is well-defined and unitary as a consequence of the previous remarks. Note
that the representations 7, and 7, are defined on groups that differ by a covering,
but they also differ by the factor ¢'*©' =) Tt follows that 7] is multiplicity-free with
the same isotypic decomposition as that of ;.
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3 Toeplitz Operators Invariant Under Subgroups of
U2) x U(2)

For a closed subgroup H C U(2) x U(2) we will denote by A the complex vector
space of essentially bounded symbols ¢ on D that are H-invariant, i.e. such that for
every h € H we have

p(hZ) = ¢(Z)

for almost every Z € D. Denote by 7™ (Af) the C*-algebra generated by Toeplitz
operators with symbols in A/ acting on the weighted Bergman space ’H%(D). We
have U(2) x U(2) = T(S(U(2) x U(2))) and the center acts trivially on D. We also
point to the special case that will be the main topic of this article.

Let us denote

t 0

UQ)xT=1{(A,1)= A(M

) :AeU@2),teT

We now prove that U(2) x T-invariance is equivalent to U(2) x T2-invariance.
Lemma 3.1 The groups U(2) x T2 and U2) x T have the same orbits. In other
words, for every Z € D, we have

(UQR) x T)Z = (UQ2) x T} Z.
In particular, an essentially bounded symbol ¢ is U(2) x T?-invariant if and only if
it is U(2) x T-invariant.
Proof We observe that U(2) x T? is generated as a group by U(2) x T and the
subgroup

{Ih} x TI,.

But forevery t € T and Z € D we have

(2, th)Z =tZ = (th, h)Z

which is a biholomorphism of D already realized by elements of U(2) x T. Hence,
UQR) x T2and UQ2) x T yield the same transformations on their actions on D, and
so the result follows. m|

The following is now a particular case of [1, Thm. 6.4] and can be proved directly
in exactly the same way.
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Theorem 3.2 For a closed subgroup H of U(2) x U(2) the following conditions
are equivalent for every A > 3:

(1) The C*-algebra T™ (A is commutative.
(2) The restriction m, |y is multiplicity-free.

As noted in Sect. 2, the unitary representation 7, is multiplicity-free on S(U(2) x
U(2)) and thus the C*-algebra generated by Toeplitz operators by S(U(2) x U(2))-
invariant symbols is commutative for every weight A > 3. Such operators are also
known as radial Toeplitz operators.

On the other hand, it follows from Example 6.5 of [1] that the restriction ;) |3
is not multiplicity-free, where T3 is the maximal torus of S(U(2) x U(2)) described
in Sect. 2. Hence, we conclude that 7™ (AT3) is not commutative for any A > 3.

We now consider subgroups H such that T ¢ H C S(UR) x UR)) or,
equivalently, subgroups H such that T* ¢ H ¢ U(2) x U(2). For simplicity, we
will assume that H is connected.

Proposition 3.3 Let T* denote the subgroup of diagonal matrices in U(2) x U(2).
Then the only connected subgroups strictly between U(2) x U(2) and T* are U(2) x
T2 and T? x U(2). In particular, the only connected subgroups strictly between
S(U2) x U(2)) and T3 are S(U2) x T2) and S(T? x U(2)).

Proof 1t is enough to prove the first claim for the corresponding Lie algebras.
First note that (x1, x» € R, z € C)

ix; 0 0 z\| __ 0 i(x1 —x2)z
0 ixa) \=z0) | \=i(x1 —x2)z 0 ’

which proves that the space
0z
V= :zeC

is an irreducible iR2-submodule of 1(2). Hence, the decomposition of u(2) x u(2)
into irreducible i R*-submodules is given by

u2) x u2) = iR* @ (V x {0}) & ({0} x V).

We conclude that u(2) x iR2 and iR% x u(2) are the only i R*-submodules strictly
between 1(2) x u(2) and iR*, and both are Lie algebras. |

There is natural biholomorphism
F:D— D
ZwZ'
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that clearly preserves all the weighted measures dv,. Hence, F induces a unitary
map

F*: L*(D,vy) — L*(D, vy)
F*(f)y=foF™!

that preserves ’H% (D). And the same expression
g F*(@)=¢poF!

defines an isometric isomorphism on the space L° (D) of essentially bounded
symbols.

Furthermore, we consider the automorphism p € Aut(U(2) x U(2)) given by
p(A, B) = (B, A). Thus, we clearly have

F((A, B)Z) = F(AZB~Y)Y = BZTA™' = p(A, BYF(2),

forall (A, B) € U(2) x U(2) and Z € D. In other words, the map F intertwines the
U(2) x U(2)-action with that of the image of p.

We observe that p(U(2) x T?) = T? x U(2). Hence, the previous constructions
can be used to prove that both groups define equivalent C*-algebras from invariant
Toeplitz operators.

Proposition 3.4 The isomorphism of L*°(D) given by F* maps AVOXT oo
ATXUQ), Furthermore, for every weight A > 3 and for every ¢ € AVDXT? 0
have

) _ (1) -1
TF*((p) =F*o T(p o (F*™".

In particular, the C*-algebras T()‘)(AU(z)XTz) and TH (ATzXU(z)) are unitarily
equivalent for every A > 3.

Proof From the above computations, for a given ¢ € L°°(D) we have
9o(A,B)oF l=¢poF 'op(A,B)

for every (A, B) € U(2) x U(2). Hence, ¢ is U(2) x T2-invariant if and only if
F*(p) is T? x U(2)-invariant. This proves the first part.
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On the other hand, we use that the map F* is unitary on L2(D, v,) to conclude
that for every f, g € ’H,i (D) we have

(1, (H)-8) = (F @ f.g),

= (r7 o P (. (),
<

F*o T o (F)7'(f).g) .

and this completes the proof. O

4 UQ)x T2-Invariant Symbols

As noted in Sect.2, the subgroup U(2) x U(2) does not act faithfully. Hence,
it is convenient to consider suitable subgroups for which the action is at least
locally faithful. This is particularly important when describing the orbits of the
subgroups considered. We also noted before that the most natural choice is to
consider subgroups of S(U(2) x U(2)), however for our setup it will be useful to
consider other subgroups.

For the case of the subgroup U(2) x T2 it turns out that U(2) x T2-invariance
is equivalent to S(U(2) x T?)-invariance. This holds for the action through
biholomorphisms on D and so for every induced action on function spaces over
D.

To understand the structure of the U(2) x T-orbits the next result provides a
choice of a canonical element on each orbit.

Proposition 4.1 For every Z € May»(C) there exists r € [0,00)3 and (A, 1) €

U®R) x T such that
ry ra
A, 0NZ = .
anz=(37)

Furthermore, if Z = (Z1, Z>) satisfies det(Z), (Z1, Z2) # O, then r is unique and
(A, t) is unique up to a sign.

Proof First assume that det(Z) = 0, so that we can write Z = (au, bu) for some
unitary vector # € C? and for a, b € C. For Z = 0 the claim is trivial. If either a
or b is zero, but not both, then we can choose A € U(2) that maps the only nonzero
column into a positive multiple of e and the result follows. Finally, we assume that
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a and b are both non-zero. In this case, choose A € U(2) such that A(au) = |ale;
and ¢ € T such that

» _ albl
blal’

Then, one can easily check that

_ {lal b
(tA,Z = (0 0).

Let us now assume that det(Z) # 0. From the unit vector
a\ _ Z
b | Z1|’

A= (_"b Z) e SU(2).

Then, it follows easily that we have

1
AZ = |Z1] ‘Zl|(ZZaZl> .
0 ‘leldet(Z)

we define

If s, t € T are given, then we have

2
t0 Atlz= |Z1] \£l| <Z27 Zl)
0s 0 3 det(2)

Hence, it is enough to choose s, t € T so that r, = 12 (Z>, Z1) and r3 = st det(Z)
are both non-negative to complete the existence part with r; = |Z1].

For the uniqueness, let us assume that det(Z), (Z1, Z») # 0 and besides the
identity in the statement assume that we also have

(A, 1)Z = i
9 0 ré 9

with the same restrictions. Then, we obtain the identity

Pl g i [ 7
(A'A ,zt)(()r3>_<()ré . (4.1)
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This implies that A’A~! is a diagonal matrix of the form

()

witha, b € T. Then, taking the determinant of (4.1) we obtain abrir3 = r{rj, which
implies that ab = 1. If we now use the identities from the entries in (4.1), then one
can easily conclude that r = r" and (A, t') = £(A, 1). ]

The following result is an immediate consequence.

Corollary 4.2 Let ¢ € L>®(D) be given. Then, ¢ is U(2) x T?-invariant if and only

iffora.e. Z € D we have
rr
¢(2>=¢<01 2)
r3

where r = (r1,r2,13) are the (essentially) unique values obtained from Z in
Proposition 4.1.

5 Toeplitz Operators with U(2) x T2-Invariant Symbols

As noted in Sect. 2, for every A > 3 the restriction of ) to R x SU(2) x R x SU(2)
is multiplicity-free. We start this section by providing an explicit description of the
corresponding isotypic decomposition.

Let us consider the following set of indices

N2 2
N ={=(,1n)€Z v 2 >0}

Then, for every v € ﬁz, we let F, denote the complex irreducible SU(2)-module
with dimension v; — vy + 1. For example, F, can be realized as the SU(2)-
module given by Sym"!~"2(C?) or by the space of homogeneous polynomials in
two complex variables and degree v; — v,. Next, we let the center T, of U(2) act
on the space F, by the character t +— "17V2 It is easy to check that the actions
on F, of SU(2) and TI, are the same on their intersection {£/;}. This turns F,
into a complex irreducible U(2)-module. We note (and will use without further
remarks) that the U(2)-module structure of F, can be canonically extended to a
module structure over GL(2, C).

We observe that the dual F}} as U(2)-module is realized by the same space with
the same SU(2)-action but with the action of the center T/> now given by the
character t > ¢~ V172,
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If Visany R x SU(2) x R x SU(2)-module, then for every A we consider a new
R x SU(2) x R x SU(2)-module given by the action

(x,A,y,B)-v=e"0"x A, y, B (5.1)

where (x, A, y, B) € RxSU(2) x Rx SU(2), v € V and the action of (x, A, y, B)
on v on the left-hand side is given by the original structure of V. We will denote by
V) this new R x SU(2) x R x SU(2) module structure.

In particular, forevery v € N N2 the space F' ® F) is an irreducible module over
U(2) x U(2) and, for every A > 3, the space (F;" ® F}); is an irreducible module

over R x SU(2) x R x SU(2). Note that two such modules defined for v, V" € R@
are isomorphic (over the corresponding group) if and only if v = V',

Proposition 5.1 For every A > 3, the isotypic decomposition of the restriction of
7 to R x SUR2) x R x SU(2) is given by

H;(D) = P (F; ® Fuy,

—
veN?2

and this decomposition is multiplicity-free. With respect to this isomorphism and for
every d € N, the subspace P?(M3x2(C)) corresponds to the sum of the terms for
v such that |v| = d. Furthermore, for the Cartan subalgebra given by the diagonal
matrices of W(2) x w(2) and a suitable choice of positive roots, the irreducible R x
SUQR) xR x SU(2)-submodule of’Hi (D) corresponding to (F; Q@ F,); has a highest
weight vector given by

p(Z) = 2|} ?det(2)™,

N2
foreveryv € N

Proof By the remarks in Sect.2 we can consider the representation r;. Fur-
thermore, it was already mentioned in that section that pd (M42(C)) is R x
SU(2) x R x SU(2)-invariant and so we compute its decomposition into irreducible
submodules. In what follows we consider both 7, and 7] always restricted to
R x SUQ2) x R x SU(2). We also recall that for 71)1 we already have an action
for U(2) x U(2) without the need of passing to the universal covering group.

Note that the representation 71)1 on each P? (M3 x2(C)) naturally extends with the
same expression from U(2) x U(2) to GL(2, C) x GL(2, C). This action is regular
in the sense of representations of algebraic groups. By the Zariski density of U(2)
in GL(2, C) it follows that invariance and irreducibility of subspaces as well as
isotypic decompositions with respect to either U(2) or GL(2, C) are the same for
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7} in P4(M>>(C)). Hence, we can apply Theorem 5.6.7 from [3] (see also [5]) to
conclude that

Pl(Mya(C©) = P Fr @ F,
ve N2
[v|=d
as U(2) x U(2)-modules for the representation ;. Since the representations 7, and
7, differ by the factor ¢"*0'=*) for elements of the form (x, A, y, B), taking the
sum over d € N we obtain the isotypic decomposition of H% (D) as stated. This is
multiplicity-free as a consequence of the remarks in this section.
Finally, the claim on highest weight vectors is contained in the proof of
Theorem 5.6.7 from [3], and it can also be found in [5]. O

We now consider the subgroup U(2) x T2. Note that the subgroup of R x SU(2) x
R x SU(2) corresponding to U(2) x T? is realized by R x SU2) x R x T with
covering map given by the expression

i v [t 0
7A7 7t le! l-y
(x v, )= |e e (0 t)

In particular, the action of R x SU(2) x R x T on D is given by

(X, A, y,)Z =" VAZ (6 (t)) ,

and the representation ), restricted to R x SU(2) x R x T is given by

(T, A, 3, 0 f)(Z) = 2070 f [ 004717 (6 (r))

We recall that for any Cartan subgroup of U(2) we have a weight space
decomposition

)

Fo= @ R —vm—2)),
j=0

where F), (k) denotes the one-dimensional weight space corresponding to the weight
k= —vi+v,—vi+v2+2,...,v1 —v2 —2,v1 — vp. For simplicity, we will
always consider the Cartan subgroup T2 of U(2) given by its subset of diagonal
matrices. We conclude that F, (k) is isomorphic, as a T2-module, to the one-
dimensional representation corresponding to the character (71, 1) + tfzté‘ . We
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will denote by C;, m,) the one-dimensional T2-module defined by the character
(11, 1) > 1" 13", where (m1, m) € Z?. In particular, we have F, (k) = Cy, x) for
everyk =—vi+ v, —vi+wvm+2,...,v1 —v2 —2,v] — ).

Using the previous notations and remarks we can now describe the isotypic
decomposition for the restriction of m; to R x SU(2) x R x T. As before, for a
module V over the group R x SU(2) x R x T we will denote by V; the module over
the same group obtained by the expression (5.1).

Proposition 5.2 For every A > 3, the isotypic decomposition of the restriction of
7, to R x SUR2) x R x T is given by

)

H%(D) ; @ @ (F: ® (C(l)z,l)lfl)272j)))w

veN2 J=0

and this decomposition is multiplicity-free. Furthermore, for the Cartan subalgebra
given by the diagonal matrices of u(2) x iR? and a suitable choice of positive
roots, the irreducible R x SU(2) x R x T-submodule of ’H%(D) corresponding
to (F) ® Cvy,vy—v,—2j))2 has a highest weight vector given by

P (Z) = 277 det(2)",

ﬁ
foreveryve N%2and j =0,...,v; — va.

Proof We build from Proposition 5.1 and its proof so we follow its notation.
As noted above in this section we have a weight space decomposition

vi—12 Vi—v2
F, = @ F,(vi—vn—2j)= @ (C(UZ,U17U272j)a
Jj=0 j=0

where the isomorphism holds term by term as modules over the Cartan subgroup T?
of diagonal matrices of U(2). It follows from this and Proposition 5.1 that we have
an isomorphism

vi—v2

H%(D) = @ @ F: ®(C(V2,V1—V2—2/)f

veN2 Jj=0

of modules over U(2) x T? for the restriction of 7} to this subgroup. Hence, with the
introduction of the factor ¢!* =) from (5.1) we obtain the isomorphism of modules
over R x SU(2) x R x T for the restriction of ; to this subgroup. This proves the
first part of the statement.
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We also note that the modules (F;' ® Cy,, v, —v,—2;))1 are clearly irreducible over
R x SU(2) x R x T and non-isomorphic for different values of v and j. Hence, the
restriction of my to R x SU(2) x R x T is multiplicity-free.

On the other hand, the proof of Theorem 5.6.7 from [3], on which that of
Proposition 5.1 is based, considers the Cartan subalgebra defined by diagonal
matrices in u(2) x u(2) and the order on roots for which the positive roots correspond
to matrices of the form (X, Y) with X lower triangular and Y upper triangular.
With these choices, for every v € _N>2, the highest weight vector p,(Z) from
Proposition 5.1 lies in the subspace corresponding to the tensor product of two
highest weight spaces. Hence, p,(Z) lies in the subspace corresponding to (F, ®
C(vy,v;—my))2- In particular, p, (Z) is a highest weight vector for (Ff @ C(y,, v;—vy))a-

It is well known from the description of the representations of s[(2, C) that the

element
00
Y = 2
(1 0) e sl(2,0)

F,(vi —v2—2j) > F,(vi —vp —2j —2)

acts on F), so that it maps

isomorphically for every j = 0, ..., v; — v» — 1. This holds for the order where
the upper triangular matrices in s((2, C) define positive roots. Since the action of
U(2) x {I} commutes with that of Y it follows that the element (0, Y) € s[(2, C) x
sl(2, C) maps a highest weight vector of ) ® C(,,,y,-1,—2/) onto a highest weight
vector of Ff ® Cy, v, —v,—2j-2). Hence, a straightforward computation that applies
Jj-times the element (0, Y) starting from p,(Z) shows that the vector

P (Z) =27 2 det(2)™

defines a highest weight vector for the submodule corresponding to space F;' ®
C(vy,v—1n—2j) for the representation 7, restricted to R x SU(2) x R x T. Again,
it is enough to consider the factor from (5.1) to conclude the claim on the highest
weight vectors for m; restricted to R x SU(2) x R x T. |

As a consequence we obtain the following result.

Theorem 5.3 For every A > 3, the C*-algebra T™ (AU(Z)XTZ) generated by
Toeplitz operators with essentially bounded U(2) x T2-invariant symbols is com-
mutative. Furthermore, if H is a connected subgroup between T* and U(2) x U(2)
such that T (AM) is commutative, then H is either of U(2) x U(2), U(2) x T?
or T2 x U(2). Also, for the last two choices of H, the corresponding C*-algebras
T®(AHRY are unitarily equivalent.
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Proof The commutativity of 7*) (.AU(Z)XTZ) follows from Proposition 5.2 and
Theorem 3.2. The possibilities on the choices of H follows from Proposition 3.3
and the remarks from Sect. 2. The last claim is the content of Proposition 3.4. O

We also obtain the following orthogonality relations for the polynomials p,, ;.

Proposition 5.4 Letv € ﬁ)z be fixed. Then, we have

3k VI — 1)
Dy, j(A)pyi(A)dA = .
uQ) vi—v+1 J

forevery j,k=0,...,v] — .

Proof We remember that the irreducible U(2)-module F, can be realized as the
space of homogeneous polynomials of degree v; — v, in two complex variables. For
this realization, the U(2)-action is given by

(0 (A)p)(2) = det(A)" p(A~'2)

for A € U(2) and z € C2.

Also, the computation of orthonormal bases on Bergman spaces on the unit ball
(see for example [14]) implies that there is a U(2)-invariant inner product (-, -) on
F,, for which the basis

1
vy — V2 2 vi—wv—j _J .
vj(z1,z2)=( j )zl ' =01, .0 — oy,

is orthonormal. We fix the inner product and this orthonormal basis for the rest of
the proof.
With these choices it is easy to see that the map given by

Z > (m,(Z)vj, vo),
for Z € GL(2,C), is polynomial and is a highest weight vector for the U(2) x

T2-module corresponding to F} ® C(y, v, —v,—2j) in the isomorphism given by
Proposition 5.2. Hence there is a complex number «,, ; such that

Pv.i(Z) = ayj (1,(Z2)v;j, vy)

forall Z e GL2,C)and j =0,...,v; — vy.
By Schur’s orthogonality relations we conclude that

8kl j1?

i(Z Z)dZ =
A(z)pv,]( )Pv.i(Z) v — v+ 1
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forevery j,k=0,...,v1 — .
Next we choose

11
Ag= |2 Y2 ] esu.
V2 V2

and evaluate at this matrix to compute the constant oy, ;.
First, we compute

1
(ﬂv(Aal)UO)(Zl, ) = v «{2 1\/2 (zl>
V2 o2 ) \®2

1 1
=g (\/2 (z1 — 22), \/2(z1 +zz)>

1
= Jovin (z1 —z22)

1 e v — 1 "
_ § : j vi—wn2—j_J
B \/2"1—”2 (_1)J< J )Zl 2

j=0

vi—v2

which implies that

. 1
_ (=D7 (v — )2
(Tfu(A())Uj,Uo>=(Uj,JTu(Aol)v0>= \/2111—V2< lj 2) .

Meanwhile,

P\ 1\’ n (=D
Pv,j(Ao) = 2 ) det(Ao) =\/2V17v2,

thus implying that

This completes our proof. O
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6 The Spectra of Toeplitz Operators with
U(2) x T?-Invariant Symbols

We recall that the Haar measure p on GL(2, C) is given by
dp(Z) = | det(Z2)|7*dZ = det(ZZ*) "2 dZ.

where dZ denotes the Lebesgue measure on the Euclidean space M7y (C).
Furthermore, we have the following expression for the integration with respect to
the Haar measure:

Lemma 6.1 For every function f € C.(GL(2, C)) we have

/ f(Z)du(Z)=// f Flal® ) a;2dAadadz.
GL(2,C) ¢ J 0,002 Ju) 0 a

Proof For the moment let

We start with the Iwasawa decomposition of GL (2, C) that allows us to decompose
any Z € GL(2,C) as

Z = Adiag(ar, b)n;

where A € U(2), a1, a> > 0and z € C. Then, by [7, Prop. 8.43] and some changes
of coordinates we obtain the result as follows.

/ f(Z)du(Z)
GL(2,0)

o0 o0 a 0
:// / / flA ! n; a%a;szdaldazdz
cJJo Jo Juw 0 a
o0 o0
=/f / / £ A% | aday? dA da) das dz
cto Jo Juw 0 a
o0 o0 a z
=// f f rlalf! ay*dAdadazdz. O
cJJo Jo Juw 0 a
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By the remarks above, the weighted measure v, on D can be written in terms of
the Haar measure on GL(2, C) as follows

dv; (Z) = cx| det(Z2)|* det(l, — ZZ*)* 4 du(Z) 6.1)

= ¢, det(ZZ*)? det(l, — ZZ*) 4 du(2).
We use this and Lemma 6.1 to write down the measure v, in terms of measures
associated to the foliation on M>,(C) given by the action of U(2) x T2 (see

Proposition 4.1). The next result applies only to suitably invariant functions, but
this is enough for our purposes.

Proposition 6.2 Let ) > 3 be fixed. If f € C.(M2x2(C)) is a function that satisfies
f(thtgl) = f(2Z) for every Z € My42(C) where

2mif
e 0
lp = ( 0 ezme) . 0€eR,

then we have

/M o [ D@D =2mer / /U o (” ’i) rirarb(r)**dA dr,
2x2

where b(r) =1 — r1 — r22 — r3 +r1r3 forr € (0, oo)3

Proof First we observe that for every A € U(n), aj, a; > 0 and z € C we have

2 2
det B —a (@ 2) (@ O0)ar | =der | pp 41T @z
0 ap z az az a3

1—d? 2 g
= det Il 2Z2
—anz 1 —a;3

2
=1-a —a2 |z| ~|—a1a2

= b(ay, 2], a2),
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where b is defined as in the statement. Using this last identity, (6.1) and Lemma 6.1
we compute the following for f as in the statement. We apply some coordinates
changes and use the bi-invariance of the Haar measure of U(n).

/ f(Z)dv,(2)
M>x2(C)

el o[+
¢ J0,002 Ju@) 0 a

x ai‘a§b(a1, I2], a2)*~* dA da dz

1 r 227[[9
(O 00)3 ( ) a

X a?a%rb(al, 7, az))‘74 dA da dr d6

—2nc;\// / Atg )2 Iy,
(0,00)? U(z) / 0“ %

X a?a%rb(al, 7, az))‘74 dA da dr do

1
_ ay r
IZNCA/ / / flt 1At92
0 J0,003 JU@) 62702\ 17)

X a?a%rb(al, 7, az))‘74 dA da dr d6

1
=2nc;\/ / / flA ar
0 J0,003 JU@) 0 a

X a?a%rb(al, 7, az))‘74 dA da dr db.

In view of Proposition 6.2 the following formula will be useful.

—
Lemma 6.3 Foreveryv € Nzandj =0,...,v1 — vy we have

J .
ryr _ J vy —j / —k_vr+k
Dv,j A<0 r3) —Z<k>ka(A)rl ';2

k=0

forevery A € UQ2) and r € (0, 00)°.
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Proof Let A € U(2) be given and write

a=( % P
-yByal’

where «, B, y € C with |a|?> 4 |8|> = 1 and |y | = 1. Hence, we have

A rir2) _ [arp ary + Br3
0r)  \ x% * ’
and so we conclude that

ryr
ilA
Pv,j (O r3)

= (a@r))"' 2 (ary + Br3) det | A (’1 r2)

V2

0r3

V2

J .
= (ar))" 7277 ]; (i) (ar2)! *(Br3)k det | A (Vol r2)

r3

< ) Vl_VZ_kﬂk det(A)vszI*]réfkr;Z‘i‘k

( )puk(A)r” T

Note that in the last line we have used the expression obtained in the first line. O

We now apply the previous results to compute the spectra of the Toeplitz
operators with U(2) x T2-invariant symbols.

Theorem 6.4 Let A > 3 and ¢ € AVDXT? po given. With the notation of Proposi-
tion 5.2, the Toeplitz operator T, acts on the subspace of H% (D) corresponding to
(Fy ® C(uy,01—vy—2j))2 as a multiple of the identity by the constant

ppov = P Do
(Pv.j> Pr.j

j .
Z( ) <v1 B vz)/ 10 <r1 r2) a(r,v, j, k)b(r))‘*4 dr
@ \0r;
k=0
J .
Z( ) (‘” - ”2)/ a(r, v, j, k)b(r)*~*dr
Q

k=0
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—>
foreveryv € Nzandj =0,...,v1 — vy, where

0rs

Q= re(O,oo)3:(r1r2)eD

with the functions a(r, v, j, k) = rlz(vl_j)+4r22(j_k)+lrg(vﬁk)“,forO <k<j, and
b(ry=1-— rl2 — r22 — r_% + r12r32f0rr € (0, 00)3.

—
Proof Let ¢ € AU(Z)XT2 be given and fix v € N2 and j =0,...,v1 — vy First,
we observe that we have

1pv,j(tZt ™D = Ipu (212

forall Z € M>4»(C) and ¢ € T2. The symbol ¢ is bi-T2-invariant as well. Hence,
we can apply Proposition 6.2 to ¢|p,, ; 2 to compute as follows

(@Pvjs o), = fD 9(2)|pv.j(2)]* dvr(2)

=27‘rc// olal’r" Al
Yo UQ 0r3 Pr.j 0r;
x rirorib(r)*~* dAdr

J -\ 2
J ry r2 2
=2 A)|“dA
mkgo(k) fﬂw(o r3> /w)mv,k( )l

x a(r,v, j,k)b(r) ~*dr

_ 27TCA Z]: ] 2 Vi — V2 /(p ry n
vi—v +1 k k Q 0rs

k=0

2

xa(r,v, J, k)b(r))‘*4 dr.

The second identity applies Proposition 6.2. For the third identity we apply
Proposition 5.4 and the invariance of ¢. In the last identity we apply again the
orthogonality relations from Proposition 5.4.

The proof is completed by taking ¢ = 1 in the above computation. O
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Abstract The separately radial Fock-Carleson type measures for derivatives of
order k are introduced and characterized on the Fock space. Also, we study the
separately radial Toeplitz operators generated by derivatives of k-FC type measure
and give a criterion for Toeplitz operators to be separately radial. Finally, we
show that the C*-algebra generated by these Toeplitz operators is isometrically
isomorphic to a C*-subalgebra of the bounded sequences.
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where a, € C, n € Z. In 1911 Otto Toeplitz proved that the matrix T defines a
bounded operator on ¢3(Z.), where Z, = N U {0}, if and only if the numbers a,
are the Fourier coefficients of a functiona € Loo(S'), where S! is the unit circle.

The classical Hardy space F can be viewed as the closed linear spanin Ly(S')
of {z": n > 0}.Forg € Lo(S"), the Toeplitz operator T, defined by T, = P(gh),
where P denotes the orthogonal projection from L(S') onto H?, is bounded and
satisfies | Tyl < [gllco. The matrix of T, with respect to the orthonormal basis
{z": n = 0} is the Toeplitz matrix T with a, being the Fourier coefficients of g.
Thus, the Toeplitz operators are a generalization of the Toeplitz matrices 7.

Let X be a function space and let P be a projection of X onto some closed
subspace Y of X. Then the Toeplitz operator Ty : Y — Y with defining symbol g
is given by T, f = P(gf). The most studied cases are when Y is either the Bergman
space, the Hardy space, or the Fock space. More recently Toeplitz operators have
been also studied on many other spaces, for example on the harmonic Bergman
space [29].

The Toeplitz operators have been extensively studied in several branches of
mathematics: complex analysis, theory of normed algebras, operator theory [4,
23, 27, 36], harmonic analysis [1, 11], and mathematical physics, particularly in
connection with quantum mechanics [7, 10], etc. Recently, G. Rozenblum and N. L.
Vasilevski considered a new approach of Toeplitz operators that permits to enrich the
class of Toeplitz operators and turn into Toeplitz operators that failed to be Toeplitz
in the classical sense [30, 31].

For a Hilbert space (H, (-,-)) and a reproducing kernel Hilbert subspace A
of H with reproducing kernel K, at the point z, Rozenblum and Vasilevski [30]
introduced Toeplitz operators Tg acting on A defined by bounded sesquilinear
forms F on A. Here, the Riesz theorem for bounded sesquilinear form is used to
justify the existence of an operator A € B(#*(C")) with F(-,-) = (A-, -), and thus
to consider a wider class of Toeplitz operators given by

(Tef)(z) =F(f, K;) = (Af, K2). (1.1)

Unlike, classical Toeplitz operators which multiply and project back into the
subspace, the set of all Toeplitz operators generated by sesquilinear forms is a *-
algebra, noncommutative in general, but it is a very important property that in the
classical sense we could not have, see [30, Theorem 4.1].

In the classical sense, one of the common strategies in the study of commutative
C*-algebras generated by Toeplitz operators is to select a specific class of defining
symbols: radial [3, 5, 13, 20, 22, 23, 25, 35], vertical, angular [12, 14, 21, 24, 26, 34]
and horizontal [15, 16], depending if they are acting on Bergman spaces or Fock
spaces.

Many mathematicians work in search for new families of symbols to get wider
the class of Toeplitz operators, see [30] and the references given there. We mention
one case among others in Fock spaces, Isralowitz and Zhu [27] introduced Toeplitz
operators T, with Borel regular measures p as symbols. The Rozenblum and
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Vasilevski’s approach extend this point of view and even permit to take coderivatives
of order k of Fock-Carleson measures, see for example [30].

In the study of new commutative C*-algebras generated by Toeplitz operators,
Esmeral et al. [15] extended to the n-dimensional case the definition of the
coderivative of a measure j, denoted by 9% 1. In particular, they characterized
the C*-algebra generated by all horizontal Toeplitz operators Tf, , , where

Frap(f.) =n" [C 0 (@0Pg(@)e I du), (1.2)

and k, B, a are multi-index such that 2k = o + 8.

In present paper, we introduce the separately radial Fock-Carleson type measures
w for derivatives of order k and we characterize the C*-algebra generated by all
Toeplitz operators T, , ,, where the sesquilinear forms F,, o g are given by these
measures.

The paper is organized as follows. Sections 2 and 3 present some preliminaries:
here we fix notation and establish some basic properties of separately radial
operators, Fock-Carleson measures, such type measures for derivatives of order k
and Toeplitz operators generated by sesquilinear forms. In Sect.4 we introduce
separately radial Fock-Carleson type measures p for derivatives of order k£ and
we show that the Toeplitz operators Tyayp M generated by such Fock-Carleson
type measures p are “almost diagonal”. Then we give an explicit formula for the
sequences of the eigenvalues (Proposition 4.3). As a by-product of such proposition,
we show that Tya yp M is separately radial if and only « = 8 = k € Z'|. Finally, in
Sect. 5 we proceed with the study of separately radial Toeplitz operators Ty 50 M

generated by separately radial k-FC measures p for F2(C") and we establish a
criterion for such Toeplitz operators to be separately radial (Theorem 5.2). We prove
further that the C*-algebra generated by Toeplitz operators given by coderivatives
of separately radial k-FC type measures is commutative an isometrically isomorphic
to a C*-subalgebra of £ (Z} ) (Theorem 5.3).

2 Separately Radial Operators

In this section we fix notation and we compile some basic facts on separately
radial operators on the Fock space F2(C™). The results presented here are a natural
extension to higher dimensions of the radial case, see for example [13, 22, 36],
and their proofs can be found in [28]. We use the following standard notation:
z = x+iy € C", where x = (Rezy,...,Rezy) and y = (Imzyq,...,Imz,).
For z, w € C" we write

n

n n
z-w=szwk, 22=Z'Z=ZZ/%, |z|2=z~z=2|zk|2,1=(1,1,.-~,1)€Zﬁ-
k=1 k=1 k=1
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al=aplogl ol lo| =Y e a<pea;<pjforj=12...napell.

k=1
%1 01 01 %1
o _ 0] (o77] o __ o] [o o o _
1 Z?l Zgn Zlal Znan

The Fock space [17], denoted by F2(C™") (also known as the Segal-Bargmann space,
see [2, 33]), of all entire functions that are square integrable on C" with respect to

the Gaussian measure dg, (z) = (7)™" e 1Py vn(z), where vy, is the usual Lebesgue
measure on C”. It is well-known that 72 (C") is a closed subspace of L, (C", dgy),
thus there exists a unique orthogonal projection P from Ly(C, dg,) onto F>(C").
This projection has the integral form

PHE) = /@z S (W) Kz (w)dgn(w), 2.1)

where the function K,: C" — C is the reproducing kernel at a point z, and it is
given by the formula

K.(w) =ev" weC". 2.2)

As it was mentioned in Introduction, given ¢ € Lo (C"), the Toeplitz operator T,

with defining symbol ¢ acts on the Fock space F(CM) by the rule T, f = P(f¢),
where P is (2.1), for details see for example [8, 36].

Let Hy be the Haar measure of the compact group U(n, C). Denote by Uy (n, C)
the compact subgroup of U(n, C) consisting of all unitary matrices that are diagonal.
For X € U(n,C), we denote by Vx the linear operator Vx: Lo(C",dg,) —
L,(C", dgy) given by

XN = fX*2), zeC" (2.3)

Since X* = X! ¢ U(n, C), Vx is a unitary operator, with V¢ = Vx-1.

Definition 2.1 (Separately Radial Operator) Let S € B(F>(C")). The operator
S is said to be separately radial if it commutes with Vx for all X € Uy (n, C). i.e.,

SVx = VxS. (2.4)

The separately radialization of a bounded operator S is defined by

SRad($) = / Vi SVy d Hy(X), 2.5)
Uy(n,C)

where the integral is taken in the weak sense. Note that § is separately radial if and
only if SRad(S) = S.
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Next, we consider separately radial functions and some of its properties, see
details in [28].

Definition 2.2 (Separately Radial Function) A function ¢ € Lo (C") is called
separately radial if there exists a € Loo(R’}) such that ¢(z1,22,...,2,) =
a(lz1l, 1z2l, ..., lznl) a.e. z € C".

Definition 2.3 (The Radialization of a Function) Let ¢ € L (C). The function
srad(¢) given by

srad(¢)(z) = ¢(Xz) d Hy(X) (2.6)

o
Q2m)" Ju,m,c)

is called the separately radialization of ¢.

By the periodicity of the mapping ¢ > ¢'’, the formula (2.6) can rewritten as

|z1]

|z2]

srad(¢)(z) = X : d Hy(X). 2.7)

2” /
( ) Ud (}’l s C)

|Zn |

Lemma 2.4 (Criterion for a Function to be Radial) A function ¢ € Ly (C") is
radial if and only if ¢(z) = srad(p)(z) a.e. z € C".

It is well known [36] that the set consisting of all normalized monomials e, (z) =
7%/ Val, a e 7!, , form an orthonormal basis of 7 (C™"). The following result states
a criterion for a bounded operator on F2(C") be separately radial.

Proposition 2.5 (Criterion of Separately Radial Operators) Let T ¢
$(772 (C™)). The following conditions are equivalent.

1. T is separately radial.
2. T is a diagonal operator with respect to the monomial basis.
3. The Berezin transform [6]

~ TK,, K
T(z) = \TK. Z>, zeC".
(K2, Ke)
is a separately radial function.
An easy computation shows that srad(@) = srad(¢) = Tgraa(e), for each

¢ € Loo(C"). Thus, by Proposition 2.5 and by injectivity of Berezin transform
the following criterion holds.

Proposition 2.6 Let ¢ € Loo(C"). The Toeplitz operator Ty, is separately radial if
and only if ¢ is a separately radial function.
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3 k-FC Type Measures and Toeplitz Operators

In this section we summarize some results on Fock-Carleson type measures, such
measures for derivatives of order k and Toeplitz operators defined by sesquilinear
forms, for details see [15, 30, 36]. From now on, we denote by Borel(C") the Borel
o-algebra of C" and by B,.,(C") the set of all complex regular Borel measures
w: Borel(C") — C with total variation

|ul(B) = sup Y | (B,

neN

where the supremum is taken over all partitions B, of B, that satisfy the condi-
tions:

e |u| is locally finite: |u|(K) < oo for each compact K C €2;

e uisregular,i.e.,

[11(A)| = sup {|n(%)|: Kis compact X C A} = inf{|u(U)|: A C Uand U is open}.

3.1 Fock-Carleson Type Measures

As it was mentioned in Introduction, Isralowitz and Zhu introduced Toeplitz
operators T, acting on the Fock space Vi (C") with u € B, (C") as symbols
[27]:

T f()=n" /

Cl

e fwye M duw), zeC”, 3.1
thus, for any f, g € 72(C"),

—n —lw 2 —n _ 2
(T.f.g) =7 /C (Kw. g) fw)e " duw) == /C fge " dpw).
If v is a complex Borel regular measure satisfying the Condition (M), namely

M= sup/ 1K (w)2e P d|u)(w) < oo, (3.2)

zeCn

then the operator T, given in (3.1) is well-defined on the dense subset of all
finite linear combinations of kernel function. It is important to mention that if p
is absolutely continuous with respect to the usual Lebesgue measure, all the results
can be reformulated in terms of the density function and T, is a Toeplitz operator
in the classic sense. From now on we will assume that p satisfies (3.2).
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It is well-known that the Berezin transform of a function ¢ € Lo (C") coincides
with the Berezin transform of the Toeplitz operator Ty, and we will denote it by @.
By the integral representation of the classical Toeplitz operator T, Isralowitz and
Zhu in [27] extended to positive Borel measures the classical Berezin transformation
as follows:

fi()=n" / Ik (w)2e " dp(w) = 7" f P apw), e,
Cll (Cn
3.3)

where

12
ke(w) = K- (w)(Kz(2) /2 = e 2 (34
is the normalized reproducing kernel of ¥ (C™"). In particular, if T, is bounded on
772((C”), then /& is the Berezin transform of T),.

Definition 3.1 (Fock-Carleson Type Measures) A positive measure u is said to
be a Fock-Carleson type measure for 7 (C™") (FC measure, in short), if there exists
a constant w(u) > 0 such that for every f € F(C")

/@ Af)Pe " dpw) < 0G0 112

The next result provides a criterion for a Toeplitz operator T,, with a positive
measure u as defining symbol to be bounded. For more details we refer the reader
to [27, Theorems 2.3 and 3.1].

Proposition 3.2 Let © be a positive Borel regular measure on C". Then the
following conditions are equivalent:

1. The Toeplitz operator T, is bounded on F(CM).
2. The sesquilinear form

F(f.g) =n"" ﬁc ) F@g@e du)

is bounded in F(C").
3. 1 is bounded on C".
4. For any fixedr = (r]-)’}:1 with rj > 0,

w(Br(z)) < C, forallz € C,
or some constant C > 0, where By(z) denotes the polydisk centered at z with
poty

radius r.
5. w is a Fock-Carleson type measure.
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A natural generalization is to admit a complex valued Borel measure p such that
its variation |u| is a FC measure. In such a case, as a by-product of Proposition 3.2,
the results of [27] imply that the following norms for p are equivalent:

Lol = 1Tl
2. lll2 = sup [ul(z).
zeCr
3. |Ilrllz = sup |n|(Br(z)), where r is any fixed positive number.
zeCr
_ 2
4. |lplla = sup {/ |f (w)Pe " dlul(w)}-
P O
refa@m
IF1=1

3.2 Fock-Carleson Type Measures for Derivatives of Order k

Next, we make a slight change to the approach of Esmeral, Rozenblum and
Vasilevski [15] to define the measures (1, and thus studying the separately radial
Fock-Carleson type measures for derivatives of order k.

Proposition 3.3 Let f € F2(C") and k € 7!, . Then for every z € C"
k . 20k /2 ol
7@ = CRI g o) [T+ 12
j=

with the constant C > 0 not depending on k € 7!}

Proof The proof is almost literal as that of Proposition 3.2 in [15]. We only take
rj=(1+1z;H " instead of r; = (1 +xH) /21 + yH /2. O

Definition 3.4 (k-FC Measures) Let k € Z', . A positive Borel regular measure
is called a Fock-Carleson type measure for derivatives of order k (k-FC, in short)
for F2(C") if there exists wg () > 0 such that for every [ € F(C)

[.

If |k| = 0, then any 0-FC type measure is just a FC-measure for F(CH). A complex
regular Borel measure is called k-FC if (3.5) is satisfied for u replaced by |u|.

k 2 —|w|? 2 —|w?
0 f(w)‘ e du(w) < wr(p) - |f(w)|"e dvay(w). (3.5)

Denote by 1, the Borel measure on C" given by

w8 = [ Tla+150mdne). Bec (3.6)
j=1
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The following results relate the k-FC and Fock-Carleson type measures for F2(C).
The proofs are almost literally the same as [30, Theorem 5.4 and Corollary 5.5]. It
is enough to replace Proposition 5.1 of [30] by the above Proposition 3.3 and take
the product of the lattices used in the proof of [30, Theorem 5.4].

Proposition 3.5 Let k € Z'}. A positive measure . is a k-FC type measure if and
only if, for some (and, therefore for any) r > 0, the following quantity is finite:

Cr(p, ) = (k)? sup i (B, (2)).

zeCn
For a fixed r, the constant wi () in (3.5) can be taken as wr () = C(r)Cr (1, 1)
where C(r) depends only on r. For a complex measure , the ‘if’ part holds true.

Proposition 3.6 For any p,k € Z', a positive Borel measure  is a k-FC type
measure if and only if the measure i p is a p-FC type measure. Furthermore,

Ck—p(ﬂp, r) = Cy(u,r).

Following [15], by means of (3.6) and Proposition 3.6 we consider k-FC type
measure for half positive integer multi-indices k.

Definition 3.7 (k-FC Measures: Extended Version) If k € (Z/2)", then we say
that p is a k-FC type measure if the quantity

Ci (1) = (k1)* sup |kl (B, (2))

zeCn

is finite. Here B/, (z) denotes the polydisk in C" centered at z = (z1, ..., 2n) and
radius |1| = /n (the value of 1 = (1, 1, ..., 1) is taken here just for convenience.)

Remark 1 Note that any measure with compact support is a k-FC type measure for
each k. On the other hand, given k € (Z/2)", the Borel measure

du(z) = ﬁ drjdfjk., z2=(21,22,....2n), andz; = rje'’i,
joi (LT

is, by Proposition 3.6, a k-FC type measure for #>(C"). In fact,

i (B) = /B [T +12i»5du) = va(B).
j=1

for every Borel set B C C". Here ux = v, is the usual Lebesgue measure of C".
Therefore py is a FC for F2(C").



112 K. Esmeral
3.3 Toeplitz Operators Generated by k-FC Type Measures

Next, Subsection 3.3 of [15] is summarized in order to have the necessary tools to
study the separately radial Toeplitz operators generated by k-FC types measures.

Let it € Byeg,m(C") be a k-FC type measure for 772((C"), where k € (Z4/2)".
For a, B € 7", with 2k = a + B, the coderivative 3“3/3,u is given by Esmeral et
al. [15] and Rozenblum et al. [30]: for a function 2 = fg € L{(C", e"w'zdvn(w))
with f, g € F2(C")

@ . h) = (=D (G, 0%9%h) = (~ DM (LG, 0 fobg), G(z) =,

(where (-, -) is the intrinsic pairing between measures and functions and (— 1)"“"/S =
]_[;le (D% +/5/'), provided that the right-hand side makes sense. The sesquilinear

form F; 4 g on F2(C™") associated with the coderivative 3*8* 1 is given by
Fuep(f0) = @0 o) = 0 [ o @atge Faue),

For o, 8 € Z", k € (Z+/2)", 2k = a + B, and the coderivative 3"‘3’3,u of a
k-FC type measure p, the Toeplitz operator Ty s " generated by the sesquilinear

form (1.2) and the Berezin transform of the coderivatives %87 i of a k-FC type
measure have the following integral representation

(Tyupe, /)@ = Fuap(f. Ko) =72 /C na“f(w)e“”e"w‘zdu(w), feF @
3.7

—_~

%3P u(z) = zﬁz"‘/ e_‘z_w‘zdu(w), zeC". (3.8)
(Cn

In particular, if the Toeplitz operator Ty 55 " is bounded, then %98 = %,
ie.,

—— (TaaaﬁMKz» Kz>

%P u(z) = K. K| = e P F,0p(K. K2), zeC. 3.9)
2 Z

Lemma 3.8 Let  be a positive regular measure on C" and k € (Z+/2)". Then for
anyr = (rj)?:1 with rj > 0, there exists a positive constant C = C(r, k) > 0 such
that

—~—

i (Be(2)) < C (89981 (2)|. (3.10)

foreachz € C* with |z;| > 1, j=1,2,...,n.
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Proof Letr; > 0andz; € C with |z;| > 1. Then (1 +|w;|)% < (1+r;+]|z;)?k
for each |w; — z;| < r; and hence

i (Br(2)) = / [TO + hwi®duw)

By (2) j:l

n

<o f [Te 21+ oy P diato)
Be(@) i

n n

< PTTa+r+ |Zj|)2’<.f/ [Te 5" dpw)
. B
j=1

r(2) j=1

no {2

— P 1—[

j=1 \U=0

n 2k;j n
<P 1_[ Z 2k, (14r)) f 1_[ IZjlz"fe"Zf*wf'zdu(w)
j=1 \U=0 ! Br@ j=1

2k; . W
1] (147 z;) % / l—[e =il gy (w)
Br(2) j=I1

—_~

< [3%9Pu(z)

n

2 .
[[rei@+rp™ ). -
=1

The next result provides a_criterion for a Toeplitz operator Ty yp " defined by
the derivatives of the k-FC type measure i1 € 9B,.4(C") to be bounded and it is
analogous to Proposition 3.2.

Theorem 3.9 Let i be a positive regular measure on C" and k € (Z/2)". Then
forevery o, B € Z4 with a + B = 2k the following conditions are equivalent:

1. The sesquilinear form
Fuap(f.g) =" fc 0% f (0P g(@)e (2,

is bounded in F*(C").
2. The Toeplitz operator Tyays , is bounded on F(CM).

e~

(O8]

. 8%3P u is bounded on C".
4. Foreveryr = (rj);'.zlwith rj > 0, there exists C = C(r, k) > 0 such that

ur(Br(z)) < C, forallz € C". (3.11)

5. pis a k-FC type measure.
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Proof The proof of (1) = (2), (2) = (3), 4) = (5) and (5) = (1) follow easily
by (3.7), (3.9), [30, Theorem 5.4] and [30, Proposition 6.1] respectively. It remains
to prove that (3) implies (4).

If |zj| > 1 forevery j =1,2,...,n then the boundedness holds by Lemma 3.8.
Now, if there exists jo € {1, 2,...,n}suchthat |z;| < 1.Then |wj,| < rj,+|zj| <
rj, + 1 for every w € By(z) and hence

2
.12
(«/2+zrj0 )—wjo

n

k. —_
[T+ 1w (1+|w,~0|2) e
j=1
#io

i (Br(z)) < f

Br(2)

2
.12
(«/2+1rj0 )7w.,'0

6‘ dp(w)

n
2_.2 . 2
< 7" i T T2 1_[(2 +rj)%i /

n
2%k —lzi—w;:|?
1_[ |z 1%k e~ 12wl

Br(Z) j=1

J#Jo

=1

2

7‘(«/2+ir1/2)7wj0

e du(w)

2
12
2kj, ef‘(«/2+trjo )7w.,'0

o du(w)

n
< C(r,k) f I1 |21 ¢l wil? )\/2+ir!/2
cnr )
=1
o

. 172
i)ai)ﬂu(zl,zz,...,zj0_1,«/2+lrj0/ > Zjotls s z,,)

—~

= C(r, k) < Cr, k) [13%98 plloo. O

As in FC type measure, we may to admit complex valued Borel measures p
such that their variation |u| are k-FC measures. In such a case, as a by-product of
Proposition 3.9, the results imply that the following norms for u are equivalent:

Lo llille = ITgagg,, II-
2. Nlmllz = 113908 ] [l oo
3. Iz = sup |pk|(Br(2)), where r = (rj)?:1 is any fixed positive radius.

zeCr

_ 2
4. |lplla = sup {/ |08 f (w) e dlul(w)}-
Fen T
1 @m



Separately Radial Fock-Carleson Type Measures for Derivatives of Order k 115
4 Separately Radial k-FC Type Measures

Let T" be the n-dimensional torus. Given complex Borel regular measures o €
Beg(RY}) and 1 € Bjeo (T") we denote by 4 = ¢ ® 7 the tensor product of the
measures ¢ and 7). i.e., forany A € Borel(R’}) and any B € Borel(T"), (A x B) =
0(A)n(B), with the usual extension to all Borel sets in C".

Definition 4.1 (Separately Radial Measures) We say that u € B,.,(C") is
separately radial if there exists 0 € B,.g(R") such that 4 = ¢ ® m where m
is the Haar measure of T". Furthermore, if 4 = 0 ® m is a k-FC type measure for
F2(C") we say that p is k-srFC, in particular, for 0-srFC we say srFC for short.

Proposition 4.2 Let k € (Z4/2)". A complex Borel measure  is k-srFC type
measure for F(C") if and only if jx—q is a-srFC for any o € zr

Proof Suppose that j1 is k-stFC. ie., 4 = ¢ ® m for some ¢ € B, (R) and ||
is k-stFC. Then, |ptlk—o = |fx—«! is @-FC for any o € Z" by Proposition 3.6. For
every A € Borel(C"),

Mi—a(A) = /A 1_[(1 + |wj|2)kffafd,u(w)
j=1

n
[Ta+rph—

j=1

= . B i0 - n
/{(rl,rz,...,rn,e’el ..... 6’9"):(0'6’9’) leA}

do(rydm((e'™)i_)
= (Ok-o ® M)(A).

n
Here dok—o(r) = l_[(l + rjz-)kf ~%/"| do(r). Conversely, for any « € Z', suppose
j=1
that py_q is separately radial. i.e., g = A ® m for some A € B, (R’ ). Then
for every A € Borel(C")

n(A) = fA [T+ 1w i d o (w)
j=1

n
2\ j—k;
= e [Ta+rpet
/(rlyrz,m,rml”el,E’ez,m,e‘g")Z(rjete) €A el J
j=1 Jj=

dr(r)dm((e’®)1_))

= (Ag—k ® m)(A).
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n
Here dhq_i(r) = l_[(l + V%)aﬁk"' do(r). O
j=1
Next, we show that every Toeplitz operator with coderivatives of a separately

radial measure as symbol is unitarily equivalent to the composition of the multipli-
cation operator by some £.-sequence and the shift operator acting on £>(Z'}).

Proposition 4.3 Let o, B € Z!, and k € (Z4 /2)" be such that 2k = o + B. If p =
o0 @ mis a k-srFC type measure on F2(C"), then Tyeae em = Yoap(M)emtp—a
forany m € 7, where

2" (m — o+ B)! . mj—oj) —p2 .
Jﬁngm_agp P AT e ) dew). irm = a.

Yo.a,p(M) = A=l

0 otherwise.
4.1)

Proof Leta, B € 7',k € (Z+/2)" be such that 2k = o + 8 and u = o ® m. Then
by (3.7) for any m, v € Z",

0, ifa>morB >v
(Taaaﬁuemvev> = Julm! /‘
7 (m —a)!(v— p)!

2 .
=B g1 (z),  otherwise.

n

2 2 . . n 46
Now, since / fw)dm(w) = / / f(e’el, ety 1_[ ', we have that
T 0 0 i 27

0, ifa>morB>v

n
Yo.o.p) [ | 8m;—aj.v;—p;» otherwise.
j=1

Therefore, since span {e,,: m € Z".} = 7(C") we have for every m € Z" that

TaaaﬁMEm = Z <T3a3/3,u.em’ €v>€v = VQ,Ol,ﬂ(m)em-i-/S—a- a
veZl

Corollary 4.4 Leto, B € 7, k € (Z4/2)" be suchthat2k = a+f and u = o@m

be a k-srFC type measure for F2(C"). Then the operator Taaaﬁ'u is separately radial
ifandonly ifa = g =k € 7.
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Corollary 4.5 Let o, € Z", k € (Z+/2)" be such that 2k = o + f and ¢ €
BregRY). Then p = @ @ m is a k-FC type measure for F2(C") if and only if
Yo,a.p € Ew(Zﬁ) where Yo 0.8 = (7/Q,Wg(rl))nezn+ is given in (4.1).

Corollary 4.6 Let k € (Zy/2)" and ¢ € Breg(RY). Then youx = Yok €
Loo(ZY) if and only if yo,_,.a € Loo(Zl}) for every a € 7. Here doy—o(r) =

n

[Ja+rpf=e | dow).

j=1
Proof Let ¢ € Beq(R). If yor € £oo(Z)) then p = o ® m is a k-FC
type measure for F(C™) by Corollary 4.5 and hence py—¢ = Ok—o ® m, where

n
dok—q(r) = l_[(l + rjz-)kf % | do(r), is a a-srFC type measure for F(C") by

Jj=1
Proposition 4.2. Therefore, ¥y, _,.« € £co(Z’}) by Corollary 4.5. The rest of the
proof runs as before. O

Example 2 (Unidimensional Case[30]) Given k,a, B € Z4, consider the k-FC
type measure

dv(z)

W= (4

4.2)

and the corresponding sesquilinear form F;, 4 g :

—lzf?

e
214 |Z|2)kdv(z).

Fiap(f, g)=(—1)°‘+’3/©3“f(z)3ﬂg(Z)

The exact formula for y, ¢ g is rather complicated, but its asymptotic behaviour for
large values of n is quite simple. Forn > « + k,

F __peth (n—a) e
wapen entpa) = (=1) (n—a —k)k * <n> .

Thus, vp.0.8 = (Vo.a.p("))nez, is bounded if and only if « + B < 2k, and if
a = f8 = k then T iy M is a compact perturbation of the identity, for details see [30,
Example 6.7].
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Remark 1 Leta,B € Z" ,k € (Z+/2)" besuchthat2k = o+ and u = o @ m be
a k-stFC type measure for 72(C"). By Proposition 4.3, for any m € 7l witha < m
and any v € Z}

(Ta“aﬁnem, e,,> = Yo.a.8(M) (emtp—a: €0) = Vo0, p(V + & — B)Sm,vta—p
= Yo.up 0+ = B)om.vta—p = (em Vow.p(V)ev1a—p),
where
Yo.a,(m) = Yo.a.p(m + o — B). (4.3)

Therefore,

Yo.w.p(Memta—p, ifm > B,

T, ., em = “4.4)
3 , otherwise.
Let S: 72(C") — F2(C") be the shift operator given by
-1, ifa=>1
Seq = {7t HH=1 4.5)
0, otherwise
Z(l
where ey (2) = Jal’ This operator is bounded with ||S|| = 1, its adjoint operator
ol
S* is given by
S'ey =eqt1, a €l (4.6)
and it is a partial isometry with SS* = Id. Furthermore, for any g € Z/,
—g, ifa>p,
SPe, = P Y= p (SYeq =eqip, acZl. 4.7

0, otherwise.

Corollary 4.7 Let o, B € Z", k € (Z+/2)" be such that 2k = o + B and p =
o0 @ m be a k-srFC type measure for F2(C™). Then the operator SﬂTaa aﬂM(S*)“ is
separately radial.

Proof Let {e,: v € Z' } be the monomial basis of F2(C™). Then by Proposition 4.3
and (4.7) we have that Taaa,gﬂ(S*)“ev = Yoap(V + @evipg = Voapv +
)(S8*)Pe, and hence SﬂTaaaﬁu(S*)"‘ev = Yo.a.p(v + a)e, foreach v € 71 . ie.,
SP Tyage, (S™)* is separately radial by Proposition 2.5. ]
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Proposition 4.8 Let o, 8 € Z", k € (Z+/2)" be such that 2k = o + 8 and p =
0 @ m be a k-srFC type measure for F2(CM). If the Toeplitz operator Taﬁaﬁﬂ is
bounded then Taaaﬂﬂ is bounded for a < B. Analogously, If the Toeplitz operator
Ta“aau is bounded then Taaaﬁﬂ is bounded for B < a.

Proof By (4.1) and Proposition 4.3 it follows that for any o, 8 € 7"}, k € (Z4/2)"
with2k = a + B and any v € Z| withv > a,
v+ p—a)!
Tao{aﬂﬂeu - \/ v! (S*)ﬂSaTaaaa'uev.
9998

v+oa—pB)! o
T* evz\/( ¥ A (S SﬂTaﬁaﬁﬂev.

Suppose that @ < 8 and Taﬂaﬁﬂ is bounded on 772((C”). Then for every f € 72 (Cm,

) 2 2
HTaaaﬁMfH = Z (Taaaﬂuf, €v> = Z (f, T;aa/gﬂev>
veZl veZl
— B) 2
— Z (U +a ﬂ) ‘(f, (S*)aSﬂTaﬂaﬂ eu>
v! s
v>p
L (vj +a; — ) 2
< sup > (Tf;/saﬁﬂ(S*)ﬂS"‘f, eu>
j=1 szﬂ_[ v/' vezh
= +
(vj +aj — B! 2
(A I FAEE
j=1Yi=Pi
Now, by Stirling approximation, forany j = 1,2,...,n
\/(vj b B
v;!

and hence

n

. B
sup (vj +aj = At <

| +oo
vi=p; vj:

j=1
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for @ < B. Thus, the statement holds since any linear operator T is bounded if and
only if T* is bounded. The rest of the proof runs as before since for « > g and
Tyoye M bounded on F2(C") we have

(vj + Bj —aj)!

| .
1 U >/3 U] .
The following result follows from Corollary 4.5 and Proposition 4.8.

Corollary 4.9 Let a € 71, k € (Z4/2)" be such that 2k — a € 7 and @ be a
Borel measure on R} such that p = ¢ ® m is a complex regular Borel measure on

3“3"‘

a“aﬁufH (S*)"‘SﬂfH

C", where wm is the Haar measure on T". If the sequence 0, = (@a (v))vEZ" belongs
+
10 Lo (Z1}), where
2 y!
Y / P20 o), ifv > a,
. [0 — ! Jpr
0a(v) = (4.8)
0 otherwise.

then U = o @ m, is a k-srFC radial type measure on F(CM).

S Separately Radial Toeplitz Operators

Leta,B € Z", k € (Z4+/2)" be such that 2k = « + B. If u is a k-srFC then
by Corollary 4.4 the Toeplitz operator Tyays " is separately radial if and only if
o = B =k € Z' . In this section we explore this situation and give a criterion for a
Toeplitz operator T ya ye . 0 be separately radial.

The following lemma is analogous to the injectivity property of the Berezin
transform for measures satisfying the (M)-condition.

Lemma 5.1 Letk € (Zy/2)" and . € B,05(C") be a complex measure satisfying
the (M)-condition (3.2). If

n

[Tr=1 / e P dpw) =0
Cn

j=1

for any z in C" then p is the zero measure.
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n

Proof 1f lej-lzkf /ef‘sz‘zdu(w) = 0 for any z € C" then
, cn
j=1

f e P g (w) = 0 for any z with [Tj—1zj # 0.Let ®: C" x C* — C
be the mapping given by

(D(Z, U)) :/ eZ‘§ ew‘§e*‘§|2du({).

If u satisfies the (M)-condition (3.2) for any z € C" by Cauchy—Schwarz inequality

we have,
) 1/2
< (/C"|Kz(z>|2e“ d|u|<;))

) 1/2
([E |Kp(¢) 2] d|u|(c>)

<M.

/ e e du ()

Therefore, the Toeplitz operator T, given in (3.1) is well-defined and bounded on
the dense subset of all finite linear combinations of kernel function and hence ® is
well-defined and continuous on C* x C" since ®(z, w) = T, Ky, (z). On the other
hand, note that for any triangle A ; in C by the Fubini’s Theorem one gets that

n

/ ®(z, wydz = / JRURS l_[ezz~4“1 / ezj.deZj du@)=0
3A; n 3A

=1 J
I#]

/ @(z,w)dw:/ o=t
3Aj n

Thus, by Morera’s Theorem @ is a separately analytic on C* x C" and hence by
the Hartogs’s Theorem @ is analytic on C" x C". Now, observe that the mapping
W: C" x C" — C given by W(z, w) = zXwk ®(z, w) is analytic on C" x C" and

n
newz-g / ewj~4“jdwj du)=0
! EIN

=1 J
I#]

n

W(z,2) = el l_[ |2;12% / ei‘gizlzdﬂ(é“) =0.
CVl

j=1



122 K. Esmeral

Then ¥ = 0 by [19, Proposition 1.69] and hence ®(z, w) = 0 for all (z, w)
belonging to any ball B,((0, 0)) centered at (0, 0) and radius r > 0. Therefore,
by identity Theorem for several complex variables, & = 0 in C" x C". Now, letting

dc(u, v) = e+ d1(u + iv) we have for any x, y € R”,
/ eii(x’y)A(u’U)dg(M, V) = / e(7y+ix).(u+iv)+(y+ix)~(u7iv)d§(u’ v)
R xR" R xR"

2/ eTIHCHOHLC I gy (1)
=®(y+ix,—y+ix)=0.

i.e., the Fourier-Stieltjes transformation of the bounded complex measure ¢ in
R” x R" is 0. Thus by the injectivity of Fourier-Stieltjes transform, ¢ = 0, see
[9, Proposition 3.8.6], and hence u = 0. |

Theorem 5.2 Let k € Z! and 1 be a positive k-FC type measure for F2(C"). then
the following conditions are equivalent:
L. Tykye,, is separately radial.

e~

2. The Berezin transform 89% . of 9°9% u is a separately radial function.
3. w is invariant under the action of Uy (n, C), i.e., for every A € Borel(C") and
every X € Uy(n, C),

n (XA) = u(A).
4. For any Borel sets Y € Borel(R'}) and Z € Borel(T"), and every X € Uy (n, C),
w(X[Y x Z]) = u(Y x Z)

5. w is separately radial. i.e., there exists a positive regular Borel measure g on R’}
such that p = 0 @ m.

Proof (1) = (2) Let X € Uy(n, C). Then for every z € C" that

e~

VET

_ 2
akar, Vx(@) = e (TakakMKxZ,KxJ:Takaku (Xz). (5.1)

P

Thus, if Ty g " is a separately radial operator, then, by (3.9), 3k3k,u(Xz) =

%9k 1u(z) for every z € C". Now, since X € Uy(n, C) is arbitrary, we have

that the function 9¥9% . is separately radial by Lemma 2.4, i.e., it depends only
on (lz1l, lz2l, ..., lzaD). 2) = (3) Let X € Uy(n,C), A € Borel(C") and



Separately Radial Fock-Carleson Type Measures for Derivatives of Order k 123
ux(A) =pn (XA) By the chain rule for every f € 772(((?") andevery X € Uy (n, C),
(V)ZkTakakuVXf, g> = (TakamVXf, ng> = /C (VX 1) ()% (Vxg) (2)d ()

= /C O f) (X*w) (9Fg) (X*w)dp(w) = /C O f () dkg (w)dpx (w)

= <Tak8kuxf, g>, for all g € F(C).

—_~ —_~—

Therefore 8k3kux(z) = akaku (Xz) However, since a¥d%u depends only on

(Iz1l, |1z2l, . - ., |zn]) € R™, we have for almost all z € C",
;—\_/ n |Zj|2kj )
0=29"3%1x(2) = l_[ / e P dax(w), where Ax = ux — .
bis 0

j=1

Since |AX|(E) < |ux|(E) + |u|(E) for any E € Borel(C") by (3.5) it is easy to see
that for each f € F2(C™)

[C 19* )Pe " dlax](w) < /@ 198 )P d x| (w)
+ [ 10k il o

= [C kv w) Pl ©)
+ fc 9k F)Pe P d plw)

= o (IV 12+ 1712) = 20112

Now, it follows that Ax = 0 by Lemma 5.1. i.e., u(XA) = n(A) for every Borel set
A C C" and every X € Uy (n, C).

(3) = (4) It is immediately.

(4) = (5 For every Borel set ¥ < Borel(R’}) define the mapping
Wy: Borel(T") — [0, +o00o] by ¥y(Z) = u(Y x Z). Then Wy is a locally
finite regular Borel measure on T” by Rudin [32, Theorem 2.18]. By hypothesis we
have that for every Z € Borel(T") and X € U, (n, C)

Wy (XZ) = pu (XY x 2)) = pnY x Z) = ¥y(Z).
Thus Wy is invariant under the matrix product and hence by uniqueness of the Haar

measure, [18, Theorem 2.20], there exists a number o(Y) such that (Y x Z) =
o(Y)Ym(Z) for every Z € Borel(T"). Now, since T" is a compact group we have
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that m(T") = 1 and hence u(¥Y x T") = o(Y¥) for each ¥ € Borel(R”}.). Thus by
Rudin [32, Theorem 2.18], o is a positive regular Borel measure on Ri and hence
W is separately radial.

(5) = (1) If 4 = ¢ ® m then by Proposition 4.4 the Toeplitz operator Ty« i " is
separately radial. O

Since a complex regular Borel measure p is a k-FC type measure if and only if
its variation || is a k-FC measure, it follows that Theorem 5.2 remains valid for
such type of measures.

Letk € (Zy/2)*. If k € Z'} then we denote by 77, (ksr FC) and by & 7, the

C*-algebra generated by the set !TakakM: nis k-erC} and {y,k: 0 ® mis k-FC}

respectively, we write 7(sr FC) for |k| = 0. In addition, if k € ((Z+ /2) \Z+)n
we denote by 77z, 2(ksr FC) and by &, z, /> the C*-algebra generated by the set
{T,; : wis k-stFC} and {yp, : ok ® mis FC} respectively. Observe that y,,0 = y, =
Yoo-

Theorem 5.3 For any k € (Z/2)" the C*-algebras Tisyrc and Tz, j2(ksr FC)
are commutative. In particular, if k € 7} then Ty, pc is isometrically isomorphic
to Gz, and if k € ((Z+/2) \Z+)n then TisrFc is isometrically isomorphic to
&,z 2.

For any k € (Z4+/2)", by Proposition 4.2 a Borel regular measure p is k-srFC
if and only if uy is a FC type measure for F2(C"), where py is given in (3.6).
Therefore, it follows that the C*-subalgebras & z, /> and & 7, are isomorphic.

Corollary 5.4 For any k € (Zy/2)" the C*-algebras &y 7. o and &7, are
isomorphic to the C*-algebra & generated by the set {)/Q ro@mis FC} .
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Toeplitz Operators with ’]I‘q’”-Invariant )
Symbols on Some Weakly Pseudoconvex e
Domains

Hernandez-Marroquin Mauricio, Dupont-Garcia Luis Alfredo,
and Sanchez-Nungaray Armando

Dedicated to Nikolai Vasilevski on the occasion of his 70
birthday.

Abstract In this paper, we study the Banach algebra 7 (T, ) which is generated by
Toeplitz operators whose symbols are invariant under the action of the T}, subgroup
of the maximal torus T", which are acting on the Bergman space on weakly
pseudo-convex domains £2,. Moreover, we proved that the commutator of the C *-
algebra T (Ri(S27)) is equal to the Toeplitz algebra T(T%), where T (Rie(£27))
is the C*-algebra generated by Toeplitz operators where the symbols are k-quasi-
radial. Finally, using this relationship we found some commutative Banach algebras
generated by Toeplitz operators which generalize the Banach algebra generated by
Toeplitz operators with quasi-homogeneous quasi-radial symbols.

1 Introduction

In recent years, a subject of study has been the connection between commutative
C*-algebras generated by Toeplitz operators and the action of subgroups of
biholomorphisms on the underlying manifold. In particular, there is a classification
of commutative C*-algebras generated by Toeplitz operators acting on the weighted
Bergman space which were described for the case of the unit ball in C" and the
complex projective space. The important point to note here is following statement:
Given a maximal Abelian group G of biholomorphisms of the unit ball or the
complex projective space, the C*-algebra generated by Toeplitz operators whose
symbols are invariant under the action of G is commutative on each weighted
Bergman space. There are five different models of maximal Abelian subgroups of
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biholomorphisms of the unit ball: quasi-elliptic, quasi-parabolic, quasi-hyperbolic,
nilpotent, and quasi-nilpotent, giving in total n 4 2 subgroups, see [9, 12-14] for
further results and details.

On the other hand, several authors showed that there exist many Banach (not C*)
algebras generated by Toeplitz operators which are commutative on each weighted
Bergman space for all balls or Siegel Domains of dimension » > 2. The main
idea is to provide a family of functions, which, in a sense, were subordinated to
one of the previously mentioned models associated to maximal Abelian groups
G of biholomorphisms and we obtain commutative Banach algebras generated by
Toeplitz operators with symbols in this family of functions. In all of so far described
commutative cases the symbols were invariant under a certain action of a subgroup
of the corresponding group G, see [3—7, 15-18], for details.

Another step to finding Banach (not C*) algebras generated by Toeplitz operators
was given in [19], here N. Vasileski introduced T"-invariant symbols that are
invariant under the action of the group T™, with m < n, being a subgroup of the
quasi-elliptic group T" of biholomorphisms of the unit ball B" or complex space
C". Note that this set of all T -invariant symbols produces a non-commutative C*-
algebra. Moreover, they characterized the action of the Toeplitz operators with T -
invariant symbols, which leave invariant the space of homogeneous polynomials.
Using this result the author obtained a new class of commutative Banach algebras
generated by Toeplitz operators with T" -invariant symbols.

In [11], they introduced quasi-homogeneous quasi-radial symbols on a family of
weakly pseudoconvex domains €27,. Such family of domains contains the unit ball
B" as a particular case. This was a generalization of the symbols considered in [16]
for the unit ball B" as well as those considered in [10] for the complex projective
space.

In [1, 8], T. Le considered ¢ a bounded separately radial polynomial on the unit
ball or the complex space and he characterized bounded functions ¢ such that the
Toeplitz operator T commutes with T, on the Bergman or Fock space respectively.
In particular, the functions ¢ are invariant under the action of a subgroup of the
maximal torus. However, this result is valid only for polynomials, in this work we
extend the latter results to some quasi radial functions.

In this paper, we study the Banach algebras T (T7,) which are generated by
Toeplitz operators whose symbols are invariant under the action of the T}, subgroup
of the maximal torus T", which are acting on the Bergman space over weakly
pseudoconvex domains QZ. We consider the C*-algebra T(Rk(QZ)), which is
generated by Toeplitz operators with quasi-radial symbols and we prove that the
commutator restricted to Toeplitz operators of this C*-algebra is equal to the Banach
algebra T (T},). Finally, using this relationship we found some commutative Banach
algebras generated by Toeplitz operators which generalize the Banach algebra
generated by Toeplitz operators with quasi-homogeneous quasi-radial symbols.

The paper is organized as follows. Section 2 contains preliminary material. In
Sect. 3 we studied Toeplitz operators with T¢,-invariant symbols and showed that
this kind of operators leave invariant each subspace of the weighted homogeneous
polynomials. Moreover, we studied the C*-algebra T, which is generated by
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Toeplitz operators with quasi-radial symbols and showed that every of these
operators are multiple of identity on each subspace of weighted homogeneous
polynomials. Finally, in Sect.4 we found some new Banach algebras generated by
Toeplitz operators.

2 Preliminaries

Given a multi-index @ = («1, aa, ..., o) € N* we will use the standard notation

lof = a1 +a2+ -+,

al =aplan! - ap!,
o o
¢ :Z11Z22"'Zgn-

For p € Z! a fixed multi-index, we define the following sets

sz’;(r)z{(m,...,zn)eCH > Jzil? <r2}, @2.1)
=1

S0 ={@ oz € C1 Y1z P =2 2.2)
j=1

For the case r = 1, we simply write €7 and S’;), respectively. Note that for p =
(1,..., 1), we have that Q’;, = B" is the unit ball and S;@ = §”" is the unit sphere in
C", both centered at the origin.

For every z € C", we also denote

r=lzllp = Iz PP 4 [z P,

Zj Zj
£ = ! = 1o
Iz, "
forall j =1, ..., n. In particular we have
n
> I =1,
Jj=1
which implies that§ = (&1, ...,§,) € SZ. Note that these expressions define a set of

coordinates (r, &) for every z € C", this coordinates are called p-polar coordinates.



130 H.-M. Mauricio et al.

We let dv denote the Lebesgue measure on Q;’, normalized so that v(SZ’;,) =
1. Also we let o denote the hypersurface measure on S, also normalized so that
G(S’;,) =1.

The next lemma relates the measures v and o, for the proof we refer to [19].

Lemma 2.1 The measures on v and o satisfy

n 1 n 1y_
| r@de = 2y ! [ [ pesda @
Q = Pj 0 sn,

for every non-negative measurable function f on SZ’;,

Remark 2.2 For the case p = (1, ..., 1) we have the well known result

1
f(2)dv(z) =2n / o=t / f(r,&)do (£)dr,
0 Sll

B~

for every non-negative measurable function f on B".

The Hilbert spaces LZ(Q;',) and LZ(S;',) are those associated to the usual
Lebesgue measure dV on SZ’;, and the hypersurface measure d.S on S;l,. We denote
by AZ(Q’;,) the closed subspace of LZ(Q’;,) consisting of those functions which

are holomorphic in SZ’;,, and we let P, : LZ(Q’;,) — AZ(Q’;,) be the orthogonal
projection. If a € LOO(Q;',) then the Toeplitz operator 7, with symbol a is the

bounded operator on AZ(Q’;,) defined by T,,(f) = Pp(af).
The following identity is proved in [2],

(2%, 2P) = 8u p (2.3)

n n
[Te|r {2 4

j=1 Jj=l1
As a consequence of 2.3 a monomial orthonormal basis in AZ(Q’;) is given by

n n i
IEALI DAY
j=1

= P

n"ﬁr(a"fl)

j=1 Pj

ey =

%, aeZl. (2.4)
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Ifa, B € N for S’;, we have the formula

/ EYEPdo (E) = Su p - : (2.5)
sy n

or equivalently

n
i+ 1
2n”nF<a1+ )

EYEPAS(E) = Sup ) (2.6)

s
7 l—[p/ Olj—i-l

For a proof of formulas 2.5 and 2.6 we refer the reader to [19]. Note that when
p=(1,...,1) we have

27" !
§“EPAS(€) = bap .
S n—144|a])!
3 Tg —Invariant Symbols
Letk = (k1,...,kn) € Zﬂ such that |k| = n. Rearrange the n coordinates of
z € B" in m groups z(;) of lenght k;, j = 1,..., m. We use the notation z(;) =
(Zj1s s 2jk;)s J=1,...,m, with
21,1 = 21, 21,2 = 22, e X1,k = Zkys
22,1 = Zky+1, e 22.ky = Zky4kos cees
im,1 = Zn—kyp+1> -+ Zmky, — Zn-

In general for any n—tuple u we will use alternative representations

u = (ul, ...,un) = (u(l), ...,u(m)).
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We denote
kj
ri =llzgplp = Z |2j.512P, (3.1
s=1
forevery j = 1, ..., m. Further more for every z € C" we denote
Z .’1 Zj,k'
ep=1" ..., ], (3.2)
Pj1 Pj,kj
J T
. kj .
forevery j =1,...,m. Note that &) € Sp’(j) forevery j =1,...,m.

For afixedg = (q1,...,9n) € Z, and each k = (k1, ..., kp) € Z7} let HI be
the finite dimensional subspace of the Bergman space AZ(Q;',) defined by

H! :=spanfeq : (0(j), q(jy) = kj, Jj=1,---,m};
k; .
where (a(;), q(j)) = Z&:l qjsjs, j =1,...,m.Then we have
o
2
A = €P HY.
lic|=0
We consider the subgroup T¢' of T" which consist of elements of the form

91,k m, m,km
n= o L by oy gm € T

. 2 . .
The action of Ty on A%(R) is given by

2=(21,...,20) —> 3.3)

q1,1 q1,k qm,1 qm k
NZ=00 " 201s -0 Zhkps oo M Tmds e os M Zom ki)

where n € ']I‘Z’.

Definition 3.1 Let k = (ky,...,ky,) € Z be a partition of n. A ']T;"-invariant
symbol is a function b : SZ’;, + C such that b(nz) = b(z) for every n € ']I‘;" and
every z € Q", where the action 7z is given by 3.3.
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Lemma 3.2 Let b € Loo(S2)) be invariant under the action of the group Tf' on
AZ(Q’;,). Then the Toeplitz operator Ty, leaves invariant all spaces HY.

Proof Making the change of variable w = 7z, we calculate

(Tyea, ep) = (beq, ep) = /Q b(z)ea(z)ep(2)dv(z)

p

= /Q’ b(nz)eq(2)ep(2)dv(z)

1
P

m
= [w oo / b(w)ea (w)ep (w)dv(w)
. Qn
j=1 P
S by B )
e ar
— l—[ njp(.l) (J) (J) (Tbea, 3/3>
j=1

Itis clear that (Tpeq, eg) = 01if (p(;), agj)) # (p¢), B()) forsome j =1,...,m,
which proves the lemma. O

When p = ¢ = (1,..., 1), this lemma is the same result for the unit ball
B" that we can find in [11]. A direct implication of Lemma 3.2 is the following
corollary which describes the action of the Toeplitz operator as a direct sum of
Toeplitz operator restricted to each finite dimensional subspace Hy/ .

Corollary 3.3 Let b a Ty -invariant function, then the Toeplitz operator T, acts in
the Bergman space AZ(Q’;,) as follows

o0
Ty =P Tlys

k|=0

Definition 3.4 Let k = (ky,...,ky) € Zf,”_ be a partition of n. A k-quasi-radial
symbol is a function a : Q7 — C that can be written as a(z) = a(ry, ..., m)
whererj, j =1,...,m,is given by 3.1. We will denote by R (£27,) (or simply Ry)
the set of k-quasi-radial symbols on £27;.

The C*-algebra generated by Toeplitz operators with symbols in Ry will be
denoted by 7 (Ry).

From now on, we consider g = (q1, ..., qn) = (g(1)s - - -» 4m)) € Z’}r as follows

kj
qjs =[] pis- (34)
i
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foreverys =1,...,kjand j =1,...,m, where p € Z’jr is the multi-index which
defines the pseudo convex domain €27,.

The following lemma is a result from [19], it shows that the Toeplitz operators
with k-quasi-radial symbols are diagonal operators.

Lemma 3.5 Let k € Z be a partition of n. Then, for any k-quasi-radial bounded
measurable symbol a € Ry (Q’I’,), we have

Taz® = Ya(0)z",
for every o € N, where

n

(3| T3,
ya’k(a) _ j=1 s=1 °

m (22@1(“;}?“)—1)
s s
X/M a(i’l,---,rm)l_[rj drj, 3.5
m j:1
and Ay = {(r1,....rm) € Ry :rf + -+ 712 < 1}.
Example 3.6 Consider the symbol of the form a;(ry,...,rmm) = rjz for j =
1, ..., m, then we have that the spectral function of the Toeplitz operator T, i has
the following form
kj m ki
~ojs+1 1
(2 T2
s=1 Pis o 52 Pis
Va,‘,k(a) = n . 3.6)
’ o +1
> +1
pi

=1
Remark 3.7 We observe that the function y, () only depends in the values
kj

Zaj’s—‘rl

s=1 Pj.s
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forevery j = 1,...,m. Then

ki km
ars +1 Om,s +1
Va k(@) = yax() ljl D D

)8 Pm,s

s=1 s=1

k1 km
Bis+1 Bms +1
=Va,k(z ' a"'aZ e )
=1 Pl,s s—1 Pm,s

= Yak(B)
if
Lo+l B 1
SZ:; Pis ; Pj.s
forevery j =1,...,m.

Remark 3.8 Let g € 7| defined by 3.7, if e, and eg belongs to the subspace H{!
then

(agy.q0h) = By 9, J=1.....m,
it follows that

kj kj

Z““H =Zﬁ“‘+1, j=1,...,m,

s=1 Pjs s=1 Pjs

finally, by the preceding remark y, (o) = Ya .k (B)-

In view of the previous remarks, we have that the Toeplitz operator with k-quasi-
radial symbol acts as a constant operator in each subespace H{ where g is given
by 3.7, thus we have the following corollary.

Corollary 3.9 Let a € Ry(S2},), then the Toeplitz operator acts in the Bergman
space AZ(Q’;,) as follows

o0 o
To= P Tulys = B var()

k|=0 lk|=0
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where I, = | He s the identity operator restricted to the subspace H{ and
Yak(kK) = vak(a) for some o which satisfies (o}, q(j)) = k; for every j =
1,...,m. Here q is defined by

kj
qjs=[]pris 3.7)
i

foreverys =1,...,kjand j = 1,..., m. The function y, () is given by

. L a4 1 m (5
4mr Z O+ ]_[ Z .
=1 Pj =1 \s=1 Pj.s
Va,k((x)z ” k; o
[z

Pj.s

ki o o+1
J 5
<2 ZS:I( é);"v >_1>
drj,

m
a(rl,...,rm)l—[rj
j=1

j=1 s=1

J,

with A" = {(r1,...,rm) €Ry 1+ 4712 < 1}

n
m

Now we present the following theorem which is a direct consequence of
Corollaries 3.3 and 3.9.

Theorem 3.10 Let g € 7" defined by 3.7. If a € Rk(Q’;,) is a k-quasi-radial
symbol and b is a symbol invariant under the action of ’IFZF Then the Toeplitz

operators T, and Ty commute in the Bergman space Az(Q’;)).

Proof Leta € Ri(§2)) and b a k-quasi-homogeneous symbol. Then we have
o

LT = | @ r@bwl | | D Tlys

xc|=0 |k]=0

= P r@ BTyl

|kc|=0
(o) (o)
=D iy | | B r@ b
|kc|=0 lKc|=0
=TpT,.
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We denote by T (Ry (Q;)) the commutator of the set of k-quasi-radial symbols,
that is

TRe(2p) =Ty : [Ta, Tyl = TaTp — TpTa = 0,  Va € Re(Q))}.
It follows by the previous theorem that 7}, € T(Rk(QZ)) ifbisa ']TZi-invariant

symbol.

Lemma 3.11 Letb : @), — C be a symbol. Then the Topelitz operator Ty belongs
to the commutator T (R (§2%)) if and only if Ty, leaves invariant each subspace Hy.

Proof Leta : Q) — Cbe a symbol such thata = a. Then we have

[Ty, Talew, eg) = {((TpTy — TuTp)eq, ep)
= (TpTaeq, ep) — (TuTpz", ep)
= (Tpva,x(@)ea, eg) — (Thea, Ya k(B)ep)
= (Ya. k(@) — Ya k(B (Theq, ep). (3.8)

Note that, from the above equation we have that [T}, T,] = 0 is equivalent to the
following statement

(Va k(@) = vak (B)(Tp2%, 2P) = 0, (3.9)

In particular, if we considered the symbols of the Example 3.6 and e, and eg do
not belong to the same subspace Hy, then there exists a symbol a jo such that

Vajy k(@) = Yay k() 7 0.

Therefore, from the above equation and Remark (3.12) we can conclude that
(Tpeq, eg) = 0 if ey and eg do not belong to the same subspace HY, which is
equivalent to 7}, leaves invariant each subspace H.

Conversely, suppose that 7}, leaves invariant each subspace H, . Consider ey, eg
in Bergman space thus we have two cases: First case, we have that ey, eg € HY for
some «, which implies that y, x (o) — y4.k(B) = 0. Second case, we have that ey
and eg do not belong to the same subspace H,{, which implies that (Tpeq, eg) =0.
Therefore, from Remark (3.12) and above mentioned we obtain that [T}, T,,] = 0.

O
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Remark 3.12 Forn € ’IFZ we define b"(z) = b(nz). Making the change of variable
w = nz we have

(Tyneq, ep) = (bey, eg) = /Q b(nz)eq(2)ep(z)dv(z)

P

m
[T 7o) [ bawentwepuidviw)
j=1 2

PGB —e)

S Bon—a;
— 1_[ njp(]) ) ) (Tbeav eﬁ),

j=1

Lemma 3.13 Let b : Q) — C a symbol. Then the Toplitz operator Ty leaves

invariant each subspace H{ if and only if b is a T?-invariant symbol.

Proof Suppose that T}, leaves invariant each subspace H,!. Consider multi-indices «
and B such that e, and eg do not belong to the same subspace H{, by Remark 3.12
we have

(Tpneq, ep) =0,

then Tpn leaves invariant each subspace HY, and we can write

o
Tyn = @ Tbn|H’g.
|k|=0

Let ey and eg be elements of HY, by Remark 3.12 we have (Tpney, eg) =
(Tpeq, eg). Then

Tyn| o = Tplye

forall k € Z". It follows that Tpn = T}, which implies b7 = bi.e. b is a']l“g-invariant
symbol.

Conversely, suppose that b is a Tg'-invariant symbol, by Theorem 3.10 the
Toeplitz operator T} is in the commutator C (Rk(Q;@)) and by Lemma 3.11 the

Toeplitz operator T}, leaves invariant each subspace H,/. O

As a direct consequence of Lemmas 3.11 and 3.13, we have the following
theorem which is the fundamental result of this text.

Theorem 3.14 Let b : Q) — C a symbol. Then the Toplitz operator T, belongs to
the commutator T (Ry (Q’;,)) if and only if b is a T?-invarian symbol.
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4 Commutative Results for Quasi-Homogeneous Symbols

We fix a multi-index « € Z. Since a Toeplitz operator with a T¢'-invariant symbol

g leaves invariant each subspace H,! as Lemma 3.2 asserts, the action of T, on basis
elements e, in HY is as follows

Teey = Z (Tgeq, eplep
e/géH,?

We give an alternative representation for points z in the pseudoconvex domain
Q’;, First, for each coordinate of z, we denote

zj=lzjlt; or zj;=lziltj1,

where #; and ¢; ; belong to T. As before we introduce the radius

kj
ri=laglly = | Y lzjsl?Pis 4.1)
s=1
forevery j =1, ..., m. Now we represent the coordinates of z;) in the form
1/pji 1/pji
zja=r; & =r""" st
where
2.1
S],l = rl/pj,l7
j
forl = 1,...,k;, sothat sy € S . = S ARY. Note that &y € S5
orl = 1,....kj,sothat s;j) € S, 4 = Sp, |'. Note that §;y € Sy,

j=1,...,m.
For a fixed j, we consider symbols of the form g(z) = d;(§(;)), where d; =

k; .
dj (é;'(j)) S LOO(S[,]) and dj (7]5;'(/')) = dj (E(/’)) for all ne T;”. In this case (Tgea, 6/3)
does not equal to 0 if and only if e, and eg are from the same H, and have the form

&= (1) -y O =1)5 O O -5 Em)s

B=(aD),...,cG—1), B()s AG+1)s -+ > A(m))-
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We describe the action of the Toeplitz operator T, in H, . First we compute
(Ta;2%, 2P) = (djz*, 2P

= / dj(&)2*2Pdv(z).
o

1
Consider the change of variables z; ; = rtp"l &iforl=1,...,k,andt =1,...,m
Then we obtain

( ke o +Bp 42 1)
=1 Prl -
Td ¢ ,z / l_[2 T dry

m[l

1’(t) Sp(j)

H/ gogas /kj d; (e g’ ds;
t#/

ke o +B 2 1
=1 Pl -
| | 2 T dry
n

m=1 Pr.l

2t i (%)

L)
(g rgVds;
1 fk AV J
1= 1[1“[1 1Ptl]r( ft:l at,}l:,r ) Sr()

s

1#]j
Ikr1“r1+/3rl+2 1)
/ l_[rt ol dry
m =1
22m—kj pm— l—[ <al+1> ﬁ[’/l ﬁ 2’:
=1 = t= =1
X
kj
oot F(a,,z+1>
Lo T (S T ()

t;é/

x /kj dj(é(j))ga(j)éﬁ(j)de,

P(j)
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where A} = {(r1,...,rm) € R : r12+ ---+r2 < 1}. Recall that the Beta function

of m + 1 variables is defined by

Xm41—1

m
i—1
B(xl,...,xm_H):/ l—[yxj 1=y, dy1 - - dym,
A ;
m j=I1

where Ay = {(y1,...,ym) € R : y1 + -+ + yp < 1} is the standard m-
dimensional simplex; recall as well that

INCIDERER NEPNED)

B(x1,...,x = .
( 1 m+l) l"(x1+---+xm+1)

Since z* and z# are in H{ by Remark 3.8 and changing the variables ”12 by r; we
have

ke o B +2 sk g+l

I=1 Py _ 2l -1
/ l—[rt dr,_2 / " dr,
A

mtl m =1

_ymp ial,l‘Fl’.“’iam,l‘Fl’l

= Pul = Pmi
m ke
— o+ 1
2 ml_[F Z ,
. t=1 =1 Pl
a 1
F(Z? 10”; + 1)
Finally
(Ty;2%. 2P)
il aj +1\ o +1 il iy
anrir (S T (") T TT{ X
B =1 Pil = =1 \I=
= n j a'l+1
r (i) T TTe (™)
= I=1 Pl
x / o diEGnErrg’as;. (4.2)

P(j)
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In order to describe the action of Toeplitz operator 7; on the space H{ we use
the same notation introduced in [11]:

Ol(’/?) = (051, e G YD)y s Ot(m)),

being the tuple o with the part «(;) omitted, and oGy M oag) = a, being the tuple
o restored by it parts o and agj).
Given « such that e, € HZ, let

Hi(ai) = {ep = agy % By = (B a)) =&}

be the a(T)-level of H{. The equality 4.2 implies that

Tyeq = Z (Tajeq, eplep,
elgeH,?(a(JA.))

i.e. the Toeplitz operator Ty i leaves invariant each a(T)-level HY (oz(T)) c HY.
. kj .
Note that symbols of the form b (sj))c;(¢j)) with s¢;) € Sp’(j)’Jr and 7, € T

. kj . .
are a special case of symbols d;(&(j)), &j) € Sp; that we have consider in the

latter calculations. Then the preceding discussion and Theorem 3.14 leads to the
following result which coincides with Theorem 4.3 of [11] when p = (1,..., 1).

Theorem 4.1 Let

g(z) =a(ry,...,rm) l_[ bj(S(j))Cj (t(j)),
j=1

. . . ki
where a € Rk(Q';,) is a k-quasi-radial symbol, b; = b;(s(j) € Loo(Sp’(j)’_F), cj =

cj(t)) € Loo(Tkj), and cj(nt(jy) = cj(t)) foralln € T:I”, j=1...,m
The operators T, and T c;, for j =1, ..., m, mutually commute and

Tg = TaTb1c1 tt Tbjc'j-

The restriction of T, on Hlisa multiplication operator y, (k) I, which is described
in Corollary 3.9, while the action of Tp,c; on basis elements of H{ is given by 4.2.
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1 Introduction

From the mid-1980s R.L. Ellis, I. Gohberg and D.C. Lay wrote several papers on
systems of orthogonal matrix polynomials and matrix functions, culminating in the
monograph [3] by Ellis and Gohberg, where additional background and further
references can be found. Inverse problems related to these orthogonal systems were
first considered in [2] for scalar-valued Wiener functions on the circle, both for
unilateral systems (onefold problem) and bilateral systems (twofold problem). In
later work extensions of the onefold inverse problem on the circle were considered
for square matrix-valued polynomials in [5] and for square matrix-valued Wiener
functions in [4]. Nonsquare versions were only recently dealt with in [12] and [13]
for the onefold problems on the circle and real line, respectively, while nonsquare
twofold problems on the circle and real line were solved in [9] and [10], respectively.
In this paper we further develop the solution to the twofold inverse problem on
the real line from [10] to the case of rational matrix functions. In particular, we
present necessary and sufficient conditions for the existence and uniqueness of a
solution, which are computationally more attractive then the results for Wiener class
matrix functions in [10]. For this purpose, we represent the rational data functions
in realized form, which allows us to reduce the inverse problem to a linear algebra
problem and to give the solutions in state space form.

In order to introduce the inverse problem some notation and terminology has
to be introduced. This is done in the next section where also the main result
(Theorem 2.1) is presented.

The paper consists of five sections (the present introduction included) and an
appendix. The second section presents the main theorem and a simple scalar
example illustrating the main theorem. Section 3 consists of three subsections which
together yield the proof of the main theorem. In Sect. 4 alternative formulas for the
unique solution to the twofold rational Ellis-Gohberg inverse problem are derived
in two special cases. In Sect. 5 an example is presented showing that the conditions
in the main theorem cannot be weakened. In the Appendix we review Theorem 1.2
in [10]. The latter theorem plays an important role in the proofs given in Sect. 3.

2 Main Theorem

The data of the inverse problem we are dealing with are proper rational matrix
functions «, 8, y, § with

a(h) e CP*P B(A) e CP*,  y(h) € CI*P,  §(1) € CT79, (2.1)
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a and B having only poles in the open lower half plane C_, y and § having poles
only in the open upper half plane C, and with values at co given by

a(oo) =1,, B(oo) =0, p(co)=0, B&(co)=1I,.

The word “proper” refers to the fact that the four functions are analytic at infinity
(see, e.g., [1, page 9] or [6, page 377]). Moreover, the functions 8 and y are strictly
proper, which means that these two functions are proper and the value at infinity
is zero (see, e.g., [1, page 26]). When the above properties are fulfilled we call
{, B, v, 8} an admissible rational data set.

Given an admissible rational data set {c, 88, y, 8} the rational version of the
twofold Ellis-Gohberg inverse problem is to find a strictly proper p x g rational
matrix function g which has all its poles in C_ such that

a(r) + gy (A) — I, has poles only in C;

g(M)*a (L) 4+ y () has poles only in C_;
] 2.2)
8(A) + g(A)*B (1) — I, has poles only in C_;

g(A)8(X) 4+ B(A) has poles only in C.

We shall refer to the above problem as the twofold Rat-EG inverse problem.

In what follows we will write g*(%) instead of g(1)*. More generally, for any
rational matrix function ¢ (1) the function ¢(1)* will be denoted by ¢* (1) and will
be called the adjoint of the function ¢(A).

In this paper, using Theorem A.1, we exploit the fact that our data functions are
rational matrix (Wiener class) functions to derive computationally effective solution
criteria and a more explicit description of the solution. To achieve this, we assume
our data functions are given in the form of finite dimensional state space realizations:

a() =1, +iCi( 0y, —iA) T B, B =iCo(hly, —iA2) ' By,
(2.3)
y(A) = —iC3(My, +iA3) " 'By, 8(A) = I, — iCa(hly, +iAs)" " By.

Here Aj, 1 < j < 4, is a square matrix which is assumed to be stable, e.g., all
eigenvalues of A; are in the open left half plane Cief;. These stability conditions are
automatically fulfilled if the realizations are minimal. In the latter case the McMillan
degrees of «, B, v, § are equal to ny, ny, n3, nq, respectively. Although the functions
a, B, v, § in an admissible rational data set can always be represented in this way,
we shall not require the realizations in (2.3) to be minimal.
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To state our solution to the twofold Rat-EG inverse problem we shall use the
solution P;;, for i, j € {1,2} ori, j € {3, 4}, to the following Lyapunov equation
associated with the pairs (A;, C;) and (A}, C)):

AfPj+ PjA;+CiCj =0, i,jef{l,2}ori,je(3,4) 2.4)

Fori = j we abbreviate P;; to P;. We also need the solution Q;, for1 < j < 4,to
the Lyapunov equation

AjQj+QjA;+B;jB; =0, 1<j<4 2.5)

Since the matrices A;, 1 < j < 4, are all stable, the solutions P;; and Q; to the
Lyapunov equations (2.4) and (2.5) are unique, and given explicitly by

o (e.¢]
* ) ) A
P = f S CrCiettids and Q) = / A BjB;'feAAJ ds.
0 0

From the latter identities it follows that the matrices P; = Pj; and Q;,1 < j < 4,

are nonnegative. Furthermore, we have P, = P, and P, = P43. See Section 3.8

in [15] for the basic theory of Lyapunov equations; see also Theorem 1.5.5 in [7].
Since P, and Q> are nonnegative, the matrix /,, + Q2 P is invertible. Indeed,

I, + P21 /2 0> P21 /2 > I,,, and therefore is invertible. But then

I, + Q2Ps = I, + (Q2P)/*) P)/? is also invertible.

Similarly, we see that I,,; + Q3 P3 is invertible because P3 and Q3 are nonnegative.
Using the matrices defined above, we set

Ni:= Py — Pia(Ip, + Q2P) "' Q2 Pay,

X (2.6)
Ny : = Py — Py3(ly; + Q3P3) Q3 P34.

Now we are ready to formulate our main result.

Theorem 2.1 The twofold Rat-EG inverse problem associated with the rational
data set {a, B, y, 8} given by state space realizations (2.3) has a solution if and
only if the following conditions are satisfied:

R (Cy+ BfP) (M, —iA)7'B) = Bi (M, — i A}) "' P3Bs;
(R2)  (C4+ B Py)(Mln, +iA8) "By = B (Aly, +iA35) " PyBy;
(R3) the following two identities hold:
(@) Bf My, +iA) "' P1aBy = B Pay(hly, +iAs)"' By,
(b) (C2+ BfPio)(Aly, —iA2)"'By =
= By (M, —iA3) ' (C5 + PsaBu);
(R4)  the matrices I, — Q1N and I,, — Q4N4 are invertible.
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Moreover, in that case the solution is unique, and the unique solution g is given by
g(0) = —iCL (i, — iA) 'Yy — iCo(hlyy, — iAy)~! <Y2 - Y2> . @.7)

Here Yy and Y are matrices of size no X g, and Y1 is a matrix of size n1 X q, and
these three matrices are defined by

Y1 = (I, — Q1N Q1 Pia(ln, + Q2P2) "' By, (2.8)
Y2 = (I, + Q2P) "' By, (2.9)
Y2 = (In, + Q2P) ' Q2 Py V1. (2.10)

This unique solution g is also given by
g(W) = —iX{ (M, —iADTICE — i (X2 _ )?'2) (lny —iADTICE (2.11)

In this case X, and X» are matrices of size p X n3, and X1 is a matrix of size p X na,
and these three matrices are defined by

X1 = Bi(Iy, + P303) "' P34 Qu (L, — NsQa) ™, (2.12)
X2 = Bi(In, + P303) ", (2.13)
X2 = X1 Pi3Q3(In, + P303) L. (2.14)

We conclude this section with a simple scalar example to illustrate the above
theorem. Let the data «, 8, y, & be the scalar rational functions given by

A —5i
a(r) = ., B =

A+ 50
. . sy ="
A+ 3i A+ 30

, - 2.15
3i A — (&15)

oo 4
rn=, _

Note that «* = § and B* = y. Therefore, and since the functions are also scalar, the
first two conditions in (2.2) are equivalent to the last two. Hence, for (2.2) to hold,
it suffices to verify the first two, or last two, of the conditions in (2.2). That «* = §
and 8* = y is not by accident, in the scalar case it is necessary for a solution to
exist, as explained at the end of this example. In the matrix case this need not occur,
which makes the scalar problem relatively simple compared to the matrix problem.
We shall now use Theorem 2.1 to show that the twofold Rat-EG problem is solvable
and to obtain the solution g.
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The realizations of the functions «, 8, y, § in (2.15) are obtained by taking
Al=A2=A3=A4=-3, Bi=By=B3=B4=1,
Ci=C=-8, Cr=-4i, C3=4i.

Obviously, Ay, Ay, A3, A4 are stable 1 x 1 matrices. With this choice of the
realizations the solutions to the Lyapunov equations (2.4) and (2.5) are given by

3 8 16 ;
Pi=P=7%5, Po=P3=75, Pn=P="Pas=P;5=731,

01=0=03=04=.
Moreover the conditions (R1)~(R3) reduce to:
RD (=8+F)A+3)7" =0 +30)7';
R2) (=84 ) =307 = —3)715;
®R3)@ =371 (%i) = (i) -3
R3)(b) (—4i + i) +3) = +3)7(—4i+ 0i).

Clearly (R1)—(R3) are satisfied. Next we determine Nj and N4 in order to check
(R4). A straightforward calculation yields

Ni=3—Ba+H7 =1 and Ny=N.
Then
I= QN =1=0Na=1- ¢} =7,

The latter shows that condition (R4) is satisfied too. The next step is to determine
the function g by using (2.7). In this case we have

n=a+57 =0 n=—) D =5
== YEEn =5
and hence
() = —i(—8)(0h +30) 7 (= 8i) + i (—4) (A + 3D (= - ) =
=12 +3i)" .

Thus, by Theorem 2.1, the rational function g is a solution of the twofold Rat-EG
inverse problem corresponding to the data {«, 8, v, §} given by (2.15).
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An Additional Remark As we remarked above, the data set {«, 8, v, §} in this
example is such that o® = § and y* = B. These identities are in fact necessary for
a solution of the scalar twofold EG inverse problem to exist. Indeed, if a solution
to the twofold EG inverse problem associated with the data set {«, 8, y, 8} of scalar
functions exists then, according to [14, Theorem 2.1], the functions « and §* have
the same zeros in C,. Lemma 2.2 in [14] implies that in that case « and §* have
the same zeros in C; if and only if «* = § and hence also § = y*. Here we
use that the existence of a solution to the twofold EG inverse problem implies that
afa —y*y =1,8% — B*B =1 and a*B = y™§. (See also Theorem A.1 below.)

3 Proof of the Main Theorem

We split the section into three subsections. Throughout {, 8, y, 8} is an admissible
rational data set. We assume that «, 8, y, § are given by the finite dimensional state
space realizations (2.3) with A, Az, A3, A4 being stable matrices.

3.1 The Conditions (R1), (R2), (R3)

This first subsection concerns the conditions (R1), (R2), and (R3) appearing in
Theorem 2.1. We shall prove the following propositions.

Proposition 3.1 Condition (R1) holds if and only if
" Ma(h) =y Wy ) = 1. (3.1

Proposition 3.2 Condition (R2) holds if and only if
S M) = BB = 1. (3.2)

Proposition 3.3 Condition (R3) holds if and only if
a*MBQR) = yFMSM). (3.3)

The following two elementary lemmas will be used to prove the above propositions.

Lemma 34 Let F, G, H, K be matrices, F € C"*", G € C"*P, H € CP*™ and
K € C"™*" and assume that there exists a matrix X € C"*™ suchthat FX—XK =
GH. Then

W, — F)'\GHO\I, — K) ' =0, — F)"'X = XL, — K)~\. (3.4)
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Proof The fact that FX — XK = G H implies that
GH=(F —M)X —X(K —Aly) =XL, — K)— (A, — F)X.

Multiplying the latter identity from the left by (A1, — F)~! and from the right by
AL, — K)~! yields the identity (3.4). |

Lemma 3.5 Let ¢1, @2, n1 and na be strictly proper rational n x m matrix functions.
Assume that @1 and n1 have all poles in C_, and ¢, and 1y have all poles in C,.
Then @1 = n1 and o2 = np if and only if 1 + @2 = n1 + 2.

Proof 1f o1 = n1 and @2 = o, then clearly ¢ + @2 = n1 + n2. Conversely, if
01+ @2 = n1 + n2, then 1 — n; = ¥ = —@2 + n2. Since all poles of ¢ and n; are
in C_, the same is true for v. Similarly, using that all poles of ¢, and 7, are in C,,
all poles of ¢ are in C. Hence the rational function v has no poles in C. But v is
also strictly proper. Thus ¢ = 0, and therefore ¢; = 11 and ¢ = 2. O

Proof of Proposition 3.1 We split the proof into three parts. First we compute the
product a® (L) () and next the product y *(1)y (1), using Lemma 3.4 in both cases.

Part 1 Since « is given by (2.3), we have
a*(W) =1, —iBf (M, +iAT)TICT. (3.5)
It follows that
a* M) — I, = —iBfhdy, +iAD T CF +iC1(My, —iA) T B+
+ B My, +iADTICFCI (M, —iA) T By (3.6)

To compute the product (A1, + iA’lk)’lcfcl()dn1 —iA)~! appearing in (3.6) we
apply Lemma 3.4 with

F=-iA}, G=-C{, H=C, K=iA;, X=iP.

In this case, using (2.4) with j = 1 and P;; = P, we see that FX — XK = GH,
and hence Lemma 3.4 shows that

My +iADHCFCH (M, —iA) ! =
= My, +iAD T (=i P+ G Py — AT

Using the later identity in (3.6) we obtain

a*Ma@) — I =p1(d) + @2(1)
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with
. . —1
1)) =i (C1+ BfP) (A, —iA)™' B and ¢ = ¢,

Note that ¢ is a rational p x p matrix function that has all its poles in C_.

Part 2 In this part we compute the product y*(1)y (1) in the same way as a* (L) (A)
has been computed. Note that

Y*) =By, — iADTICE,

and thus y*(A)y (\) = B} (A1, — i A3) 71 C3C3(Al,, +iA3)~" B. To compute this
product we apply Lemma 3.4 with

F=iA;, G=C;, H=C3, K=-iA3, X=iPs.
One checks that FX — XK = G H, and thus we can apply Lemma 3.4 to obtain
My —iADTICIC3 (M, +iA3) 7! =

= My — iA5) TG P3) — (i P3) (Mg +iA3) 7"
Hence

Y Ry ) =) +n2(r)
with

M) = iBi(Myy —iA 7 'PsBy and 1y = 1.

Part 3 Note that ¢1, @2, n1 and 1 as defined in the Parts 1 and 2 of this proof satisfy
the conditions in Lemma 3.5. Hence we see that a*(M)a(A) — I = y*(A)y(A) if
and only if ¢; = 7y and ¢ = ny. Since 12 = 7} and 92 = @] we have that
a*MNa() —I = y*(A)y(A) if and only if ¢; = 7y, i.e., condition (R1) is satisfied.

O

Proof of Proposition 3.2 This proposition can be proved using arguments similar
to those used to prove Proposition 3.1. Actually, one can obtain Proposition 3.2 as
a corollary of Proposition 3.1 by applying the latter proposition using the data set
{@, B, 7,5) given by

) =8(=n), BO) = y(=1), T(A) = B(=1), (1) = a(—1).

That this is an admissible rational data set and how its solution relates to the
original data set {c, B, y, 6} is explained in detail in Lemma 3.9 below. Given these
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additional facts, the proof proceeds analogously to the Proof of Proposition 3.1. We
omit further details. m|

Proof of Proposition 3.3 As for Proposition 3.1 we split the proof into three parts.
But now we first compute the product ™ (1) 8(A) and then continue with y*(A)§ ().
Part 1. Recall that «* (1) is given by (3.5) and B(1) by (2.3). It follows that

a*(W)BA) =iCa(Mly, —iA2) ' Byt

+ Bf My, +iADTICICo (M, —iA2) 7 Bo.

To compute the product (A, + iA*f)_1CTC2()LI,,2 — iA2)~! we will apply
Lemma 3.4 with

F:—iAT, G:—CT, H=Cy), K=iA,, X=iPp.

In this case, using (2.4), we see that FX — XK = GH, and hence we can apply
Lemma 3.4 to show that

Odyy +iADTICFCI (M, —iA) ™! =
= iPlo(Myy, —iA2) " — iy, +iAT) T Pra.
Hence
a*(WB(L) = iCr(Aly, —iA2) ' Bo+
+iBf Pia(hyy, —iA2) ' By — i Bf (M, +iAD) T PaBy
= 01(A) + ¢2(V),
where

@1(A) = i(Ca2 + B} P12)(My, —iA2) "' Ba, o
@2(1) = —i Bf A\, +iA}) " PiaBy.

Part 2. Since y and § are given by (2.3), we have
Y*) =By, — iADTICE,
and
Y*O8(A) — ¥ (W) = —iy* () Ca(My, +iA4) "' By

= Bf(Myy — iA3) T CECa(My, +iAg) " By.
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To compute the product (Al,;, — iA§)71C§‘C4()LI,,4 + iAg)~" we will apply
Lemma 3.4 with

F=iA;, G=C;, H=C4 K=—-iAs, X=iPyn.

In this case, using (2.4), we see that FX — XK = GH, and hence we can apply
Lemma 3.4 to show that

Wy — i A TICECs My + 407! =
= i(Myy — iA3) T Py — i Py (M, +iA2) ™)
We conclude that
Y*(W)8() = iBj(hlny — iAY) ' C+
B (il — 1A Pra = i Pauly +i40) ™" ) By
=) +n2(A)
with

M) =By, —iA}) 7 (C5 + P34Ba) 48)
mO) = —i B} Psy(hln, +iAs)"" Ba.

Part 3. Note that @1, @2, n1 and 2 as defined in (3.7) and (3.8) satisfy the conditions
in Lemma 3.5. Therefore «*8 = y*§ if and only if ¢; = n; and @3 = o, ie.,
a*B = y*§ if and only if the conditions (b) and (a) in (R3) are satisfied. O

The three identities (3.1), (3.2), (3.3) play an important role in solving Ellis-
Gohberg inverse problems. In fact (see, e.g., Proposition 2.1 in [11]) these identities
are necessary conditions for the twofold inverse problems to be solvable. Thus the
three propositions proved above tell us that conditions (R1), (R2), (R3) are necessary
for the twofold Rat-EG problem to be solvable. Moreover, these three conditions
are equivalent with condition (W1) appearing in Theorem A.1 provided the data set
{ae, B, v, 8} is an admissible rational data set, i.e., the matrix functions «, 8, y, § are
of the type described in the first paragraph of Sect. 2.

3.2 The Condition (R4)

In this subsection we shall show that for our given data set the condition (R4)
is equivalent to condition (W2) appearing in Theorem A.l. This requires some
preliminaries.
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First we introduce some additional notation and auxiliary results. We define
operators

I :C" - L2(Ry)P, Ay :L*(R_)P - C™M,
Ih:C"” - L2(Ry)?, Ar:L*(R_)? — C™,
[3:C" - L2 (R_), Asz: L*(Ry)? — C™B,
[y:C™ - L2 R, Ag: L*(Ry) — C™,

by setting
0
(Tjx) (1) = Cje'tix (t 2 0), Ajf =/ e ABif(s)ds  (j=1,2);
—00
(0.¢]
(Cjx)(t) = Cje " Mix (1 <0), A, f 2/0 SAIB f(s)ds (=3, 4).
The adjoints of these operators are given by
00 ik *
i f =f0 SNCTf(s)ds, (M) =Bjex (1=0) (j=1,2)
0 A% A%
F;ff :/ e’ /'C;‘f(s)ds, (A;fx)(t) = B;ket ix (=0 (j=3,4).
—0oQ

Note that the operators Pj, j = 1,2, 3,4, P12, P21, P34, P43 and the operators O,
j =1,...,4, which have been defined by (2.4) and (2.5) as solutions of Lyapunov
equations, are also defined by the identities:

Pj = ijl“j and Qj = AjAj forj = 1,2,3,4,
Pij =TiT; for (ij) = (12), 21), 34), (43).
Next we consider the operators E11 and Ej, given by
Eil =1+ ToAATS —T1AAT] =1+ 20205 —T1 01T, 3.9

o =1+ F3A3A§l—“3k — F4A4AZFI =I1+7T13 Q3F§( — F4Q4FI. (3.10)
These operators E1; and Ej; act on L2(R+)” and LZ(R_)‘?, respectively. For
reasons that will become clear further on, we are interested in invertibility of these

operators. For that purpose we need the operators:

Ry = I+F2Q2F§ and R, = I~|—F3Q3F§(.
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Note that R acts on L2(R+)p and R, acts on Lz(R_)q, and both operators are
positive definite and thus invertible.

Lemma 3.6 The inverses of the operators R, and R, are given by

R, =1 —To(ly, + Q2P) "' 0213,

| 1 G.11)
R =1—-T3(Iy + Q3P3)" Q3I;.

Furthermore,
TR, 'T1 =Ny and TiR;'T4=Na, (3.12)

where N1 and Ny are the operators on CP and C1, respectively, defined by (2.6).

Proof To prove the first identity in (3.11) we use (see, e.g., Section 2.2 in [1]) the
classical identity

(D+cB)'=p'-Dp'cu+BD'C)"'BD!, (3.13)

where D is assumed to be invertible. We apply the above identity with D = 1,
C =120, and B = I';. This yields
Ry = (I+T20oT%) " =1 -T20,( + T3T202)7' T}
=1 —T2(l, + Q2P2) ' Qa3 (3.14)

The second identity in (3.11) is proved in a similar way.
To prove the first identity in (3.12), note that

¥R, Ty = IiT) — i, (In2 4 Q2P2)’1> 0,3,
=P — P12 (Inz + Q2P2)_1) Q2P = Ni.

In a similar way one proves the second identity in (3.12). O
The next two lemma’s relate the invertibility of E1; and Ej to the invertibility

of I — Q1Nj and I — Q4 Ny, respectively.

Lemma 3.7 Let Ny be the operator on the finite dimensional space C"' given by
(2.6). Then E11 given by (3.9) is invertible if and only if the finite dimensional
operator I, — Q1N is invertible, and in that case

Bl =R, + R, 'Ti(ly, — /N ' QIR (3.15)



158 S. ter Horst et al.

Proof According to (3.9) the operator E11 = D+ C B, where D = Ry, is invertible,
C =-TI'1Q1,and B = F]“. Again using (3.13) we see that E1; is invertible if and
only if 7 + BD~!C is invertible. Note that

I+BD'C=1-T}{R,'T1Q1=1-NQ.

Thus I + BD~1C is invertible if and only if I — N1 Qg is invertible. Moreover, in
that case
g'=p'-p'ctt+BD'C)"'BD!
=R, + R, 'T1Q1(y, — N1Q1)'TTR,
=R, + R, 'T1(L, — QIND ' QITTR,

Hence (3.15) is proved too. |
The following lemma is proved in a similar way.

Lemma 3.8 Let Ny be the operator on the finite dimensional space C** given by
(2.6). Then Er; given by (3.10) is invertible if and only if the finite dimensional
operator I — Q4 Ny is invertible, and in that case

By = R+ RZ'Taln, — Q4Ng) ' QuT R (3.16)

The inversion results presented by Lemmas 3.7 and 3.8 can be viewed as
generalizations of the inversion result presented in Section 2 of [§].

Related Hankel Operators The operators I'j A j, j =1, 2, 3, 4, are the finite rank
Hankel integral operators associated with the rational matrix functions «, 8, y, §.
More precisely, using the notation introduced in the second paragraph of the
Appendix (see formulas (A.2)) we have

A1 =Hyo, ToA2=Hipg, As3I'zs=H_,, T4Ays=H_3,
Furthermore, taking adjoints, we have
Ny =H_y«, H_pg=AT5, Hy,~=AI';, His=ATy.

Since the defining functions are rational matrix functions, the associate Hankel
operators can be considered as operators on L!-spaces as well as operators on L?-
spaces.

Using the above notation we see that

En=1+HypH_p — Hy o H- o+,
3.17)
Bpn=I1+H_ ,H  ,~—H_ sH s
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It follows that in the present context, where «, 8, y, § are rational matrix functions,
the operator E11 defined by (3.9) is equal to the operator M1 defined by (A.4), and
the operator E,, defined by (3.10) is equal to the operator M»; defined by (A.4). But
then Lemmas 3.7 and 3.8 show that for our data set the condition (R4) is equivalent
to the condition (W2) in Theorem A.1 appearing in the Appendix. We proved the
first part of Theorem 2.1.

To finish the proof of Theorem 2.1 it remains to prove formulas (2.7) and (2.11)
for the solution of the twofold rational EG inverse problem. This will be done in the
next subsection.

3.3 The Formulas for the Solution g

In this section we assume that the conditions (R1)—(R4) are satisfied. The aim is
to prove formulas (2.7) and (2.11) for the solution g. This will be done by applying
Theorem A.1. Recall (see the text after (3.17)) that in the present setting E11 = M1
and Eop = M»p).

First we derive (2.7). From the identities (A.5) and (3.15) we know that the
solution g is given by

(0.¢]
i - o o 1 =l
gV = /0 e h(t)dt, with h being givenby h := —M|;'b = —E['b.

Here b and g are related through (A.7). Since B is given by (2.3), we have
b(t) = C2¢'42B>, t > 0, and hence b = ', B,.
Using (3.11) we obtain
R,'p = R, 'T2By = To(In, — (In, + Q2P2) "' Q2P2) B>
=T2(In, + 02P2) "' By = Ta Yy,
with Y; given by (2.9). Employing this formula together with (3.15) gives
—h = M;|'T2B, = B[/ 2B,
= (R, + R, 'T1(I,, — OINDT'OITR, )b
=R, 'b+ R 'T (I, — Q1N)'OITER, b
=T2Y2 + R, 'Ti (I, — Q1N ™' Q1 PiaYa

=Y, +R;1F1Y1,
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with Y7 as in (2.8). Again using the formula for R;l in (3.14) we obtain

R,'Ty = (I = Ta(ln, + Q2P) ' Qa3
=T —Tally, + Q2P) ' 02131

=Ty = Doy, + 02P2) ' 02 Pay.

Hence R;lFlYl =IY — szz, where 172 is given by (2.10). Note that 172 is a
matrix of size ny x g. We find that

h=—T2Yy — (T'1Y] — Ta¥2) = —Ta(Y2 — Y2) — [ V).
Thus & = hq + hy with k1 and h; being given by
hi(t) = —C1e™Y) and  hy(r) = —Cae' (Y2 — Y2) (1 > 0).

It follows that the functions

OO .
glu):/ eMhy(t)dt = —iCy (M, — A7V,
0

o0
() = / eMhy(t)dt = —iCa(My, — iA2)~1(Ys — 12).
0

are rational matrix functions, and g = g1 + g2 is the unique solution. Hence we
obtain (2.7).

Next we will derive formula (2.11) from (A.6) and (3.16). The computations are
close to those in the previous paragraph, and therefore we leave out some details.
The function c in (A.6) is determined by y via (A.8). Since y is as in (2.3), we have
c(t) = Cze'43 B3 = '3 Bz. From the identity (3.16), the identity Eyp = M>pp, and
c(t) = C3e'3 B3 = '3 By it follows that

My e = RI'T3By 4 R 'Ty Xt with X asin (2.12).

Furthermore, using R;1F3 B3 =T'3(1,; + 03 P3) By = '3 X5 with X3 asin (2.13)
one obtains that

My, e = TyX} + T3X5 — T3(X2)* with X5 as in (2.14).
Then the identity (A.6) yields
€5 () = iCaOudyy +iA) ™' XF +iC3(lyy +iA3) 7 (X5 — (X2)).

By taking adjoints we obtain (2.11).
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All together this completes the Proof of Theorem 2.1. (]

We conclude this subsection with a remark about formulas (2.7) and (2.11) for
the solution g. In fact, we shall show that formula (2.11) can be derived from
formula (2.7) by a direct computation not using Theorem A.1. To do this we need
the following lemma.

Lemma 3.9 Let {«, B, v, 8} be an admissible rational data set, and put
A0)=8(-1), BO)=y(=1, FW =B(=1), M) =a(=1. (3.18)

Then the quadruple {d, E, v, g} is also an admissible rational data set. Moreover,
if the twofold Rat-EG inverse problem for the data set {«, B, v, 8} is solvable, then
the twofold Rat-EG inverse problem for the data set {c, E, y, g} is also solvable.
Furthermore, if g is the (unique) solution of the twofold Rat-EG inverse problem for
the data set {«, B, y, 8}, then the solution h of the twofold Rat-EG inverse problem
for the data set {&, B, 7, 8} is given by

h(A) = g*(=A) and h*(A) = g(—1). (3.19)

Applying the construction of the above lemma to the admissible rational data set
{@, B, ¥, 8} we recover the original data set {«, 8, y, §}. Hence the statements of the
above lemma are in fact “if and only if” statements between these data sets.

Proof Since {«, B, v, 6} is an admissible rational data set, (2.1) tells us that
a(\) € CI*, B(r) e CI*P, Y1) e CPX,  §(1) € CP*P,

Moreover, the fact that y and § have poles only in the open upper half plane C
implies that the functions & and B have poles only in the open lower half plane
C_. Similarly, one shows that ¥ and § have poles only in the upper half plane C .
Finally

d(0) =1;, B(0)=0, P(c0)=0, 8(c0)=1I.

Thus {&, B, v, 8} is an admissible rational data set.

Next assume that the twofold Rat-EG inverse problem for the data set {«, 8, y, 6}
is solvable, and let g be the (unique) solution. Let 4 (A) be the rational function
defined by the first identity in (3.19). Then the second identity also holds true,
because

R*(G) = h()* = [g"(=M]* = [g(=M]" = g(—1).
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We will show that with appropriate modifications the four statements in (2.2) hold
true. More precisely, we shall prove that

(L) + h(1)y (1) — I, has poles only in C4; (3.20)
h(X)*& (L) + (1) has poles only in C_; (3.21)
8(A) + h()*B (1) — I, has poles only in C_; (3.22)
h(k)g(k) + E(A) has poles only in C . (3.23)

Let us prove statement (3.22). From the first line in (2.2) we know that
a(d) + gy () — I, is analyticon C_. (3.24)

Using the identities in (3.18) we see that g(—)\) + g(A)E(—A) — I, is analytic on
C_. Hence

(3.24) = 8(A) 4+ g(=M)B () — I, is analytic on C.
— 5(1) +h*(WB() — I, is analytic on C
— 3(A) + h(A)*B(A) — I, is analyticon C; = (3.22).

Next let us show that the second line in (2.2) implies (3.23). From the second
line in (2.2) we know that

g(M)*a (L) + y (1) is analytic on C, . (3.25)

Using the identities in (3.18) we see that g(i)*g(—k) + E(—A) is analytic on C.
Hence

(3.25) = g(—2)*3(A) + B(1) is analyticon C_
= h(M)3(L) + B(A) is analyticon C_ = (3.23).

In a similar way one shows that the third line in (2.2) implies (3.20), and that the
fourth line in (2.2) implies (3.21), as desired. |

The Identity (2.11) as a Corollary of the Identity (2.7) In what follows we
assume that the functions «, B, y, d are given by the finite dimensional state space
realizations (2.3). Then the functions {&, 8, ¥, 8} are given by

) = Iy +iCa(My, —iAs) "' By, B(A) =iC3(Alyy —iA3) "' Bs,

Y = —iCo(hy, —iA2) ' By, 80 =1, —iCi(Ay, +iA1) " By.
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Now assume that the twofold Rat-EG inverse problem for the data set {«, 8, y, §}
is solvable, and let g be the (unique) solution. Then we know from Lemma 3.9 that
the twofold Rat-EG inverse problem for the data set {@, E v, S’} is also solvable,
and that the (unique) solution A is given by the first identity in (3.19). Applying
Theorem 2.1 with {a, ,3 y, 8} in place of the data set {«, B, y, d}, we can use
formula (2.7) to obtain a formula for the function /. In fact

h(A) = —iCaMlyy — iAg) " U — iC3(Myy — iA3) ™1 (U — U), (3.26)
where
Ui = (I, — Q4Na) "' Q4Py3(In, + Q3P3) ' Bs,
Uz =(Iny + Q3P3)"'B3, and Uz = (In; + Q3P3) "' B3 P3U.

According to the second identity in (3.19), we have g(A) = h(—A)*. From (3.26)
we know that

h(=3) = iCaGllny +iA) ™ UL +iC3Cly +i49) ™ (U1 = T2)
Taking adjoints and using g(1) = h(—A)* we see that
§0) = —iUf(hdyy —iADT'C — i (Uf — Us*) (M, —iADT'CS

= —iX{ (M, —iADTICE — i (X1 — X2) WD, —iAYTICE,

where
X1 =Uf = B}(n; + P303) "' P34Q4(In, — NsQ4) ™",
X2 =Uj = B{(n; + P303) 7",
Xo = Us* = X1 Pi3Q3(In, + P303) "
Thus g is given by (2.11) as desired. (|

4 Two Special Classes of Admissible Rational Data Sets

In this section we present alternative formulas for the unique solution to the
twofold Rat-EG inverse problem in two special cases. Throughout {e, 8, y, &} is
an admissible rational data set. In the first subsection we assume that 1 is not a
singular value of the Hankel operators H, o and H_ s. In other words, the operators
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I — Hf yHiq and I — H* (H_ 5 are assumed to be invertible. In the second

subsection we assume that the rational functions «(x)~! and 8§(1)~! have poles
only in C_ and C,, respectively. These additional properties of « and § allow us to
simplify considerably the formulas for the solution g given by (2.7) and (2.11).

4.1 The Case When 1is Not a Singular Value of H, o and
H_;

We first show that 1 is not a singular value of H, , (resp. of H_ 5) is equivalent to
the matrix I,,, — Q1 P (resp. the matrix /,,, — Q4 P4) being invertible. Let us prove
this for a. Recall that 1,,, — Q1 Py = I — A AJT{T'y. Thus I,,; — Q1 Py is invertible
if and only if

I — ATTT1Ay =1 — HY ,Hy 4 is invertible.
Hence, invertibility of 1,, — Q1 P; is equivalent to 1 not being a singular value of
Hy 4.

Proposition 4.1 Let {«, B, y, 8} be an admissible rational data set for the twofold
Rat-EG inverse problem given by state space realizations (2.3). Assume I, — Q1 Py
and I, — Q4 Py are invertible. Define N1 and N4 as in (2.6), and set

Ny = Py + Pyi(Iy, — Q1P1) "' Q1 P12 and N3 = P3 + P3a(In, — Qs Ps) "' QaPu3.

Then I, — Q1N is invertible if and only if I, + Q2 N7 is invertible, and I, — Q4 N4
is invertible if and only if I,,; + Q3 N3 is invertible. In particular, condition (R4) of
Theorem 2.1 is equivalent to:

(R4)'  the matrices I, + Q2 N2 and I, + Q2N3 are invertible.

Furthermore, if conditions (R1)—(R4) of Theorem 2.1 are satisfied, then the unique
solution g to the twofold Rat-EG inverse problem is given by

g0 = —iCi(My, —iA) Y1 —iCo(Myy — iA2) " (In, + Q2N2) ' By
= —iX Oy, — iADTICE = iBi(Iyy + N3Q3) " (W, — A TICE.

Here Y1 and X1 are given by (2.8) and (2.12), respectively.
Proof We start with the claim related to the invertibility of 7, + Q2 N>. Define

My = Pia(In, + Q2P2)™' and Ma = Py(I, — Q1P) ),
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so that

Ni =P —MQ2P1 and Nr= Py — M0 Pr2.
Note that for matrices 71 € C"*™ T, € C™*" and T3 € C"*™ with T} invertible

we have that 77 + 7> T3 is invertible if and only if I,, + T3 Tl_l T> is invertible, and
in this case

Ty(Ti + TT3) ' T = I — (L + BT 1)~ 4.1)
Apply this identity with

=1, —0i1h, Th=0iM, T3=0Py.
By assumption 77 is invertible. Note that

h+DTIz=1,—01P+O01M Q2P =1, — O1Ny.
On the other hand
L, + T3T1_1T2 = Iy, + Q2P (I, — O1P) ' Q1 M,
= In, + Q2 P21 (I, — Q1P) ™' Q1 Pia(ly, + Q2 Py~

= (Iny + Q2(Ps + Po1(In, — Q1P) "' 01P12)) (U, + Q2P2) !
= (Iny + Q2N2) (I, + Q2 P2) 1.

Hence we obtain that /,,, — Q1 N is invertible if and only if 1,,, + Q2 N> is invertible.
Similarly it follows that I,, — Q4N4 is invertible if and only if ,; + Q3N3 is
invertible.

Now assume (R1)—(R4) are satisfied, and hence (R4)’ is satisfied. By Theo-
rem 2.1 a unique solution g for the twofold Rat-EG inverse problem exists and
is given by (2.7) as well as by (2.11). It remains to show that

Yo—Y2=—(n+ Q2N2)"'Ba, Xo— X =—Bi(I,, + N303)~', (4.2

where 172, Y, )72 and X» are given by (2.10), (2.9), (2.14) and (2.13), respectively.
The above computations along with (4.1) yield

Q2P (I, — Q1N QI My = Ly — ((Iny + Q2aN2) (I, + Q2 P2) )7}

= Iy, — (Iny + Q2 P2)(In, + Q2N2) 1.
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Using this identity we obtain

Ya = (In, + 02P2) ' Q2 Po1(In, — Q1N1) " Q1 P12y, + Q2P2) ' By
= (I, + 02P2) ' Q2 Po1 (I, — Q1N ' Q1 M1 B,
= (Iny + Q2P2) "' By — (I, + Q2N2) "' Ba = Yo — (I, + Q2N2) ' By.

This proves the first identity in (4.2). The second identity follows by similar
computations. O

4.2 The Special Case When o (L)1 has Poles Only in C_ and
6()\)_1 has Poles Only in C

Let {a, B, v, §} be an admissible rational data set given by the state space realiza-
tions (2.3). As before, we assume that A;, 1 < j < 4, is a stable matrix. It is well
known that in that case

_ . . -1
a7 =1, —iCi(M,, —i(Ay — BiCy) ™ By,

8O0~ = I, +iCs(Aly +i(As — B4Cs)) ' Bu.

In this subsection we consider the case when (1)~ has poles only in C_ and
§(A)~! has poles only in C . In other words a(AM)"Fand (1)~ are analytic on C
and C_, respectively. This implies that A — B;C| and A4 — B4C4 are also stable.
Let us prove the latter statement for A1 — B1Cy; the proof for A4 — B4Cy4 is similar.
Note (cf., the third formula in [7, Lemma XIII.5.3]) that

(M, —i(A1 = BiCp) ™' =
= My, —iAD T =iy, —iAD T Bla) T CL (M, — AT (4.3)

Since A is stable, (A1, — i A1)~ ! is analytic on C ;. By assumption the same is true
for (1) ~!. Then (4.3) tells us that (AL,, —i(A| — Blcl))71 is analytic on C too,
which implies that all eigenvalues of A; — B|Cy are in Cjef, and hence A| — B1Cy
is stable.

Under the above assumptions, Theorem 9.1 of [14] presents alternative formulas
for the solution to the twofold EG inverse problem. In the following theorem we
derive the state space realizations analogues of these formulas for the case when the
data functions are rational.

Theorem 4.2 Let {«, B, v, 8} be an admissible rational data set, and let «, B, y
and § be given by the state space realizations (2.3). Furthermore, assume that
a (M)~ has poles only in C_ and 8(A)~" has poles only in C... Then the twofold
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Rat-EG inverse problem has a solution if and only if the conditions (R1), (R2),
(R3) appearing in Theorem 2.1 are satisfied, and the solution, if it exists, is unique.
Moreover, the unique solution g, if it exists, is given by the formulas:

g(h) = —i(Bf — Bf P}y (AL, —iAY)TICE, (4.4)
= —iCy(Aly, — iA) "By — Py, By). 4.5)
Here P and Py, are the unique solutions of the Lyapunov equations
(A1 — BiC)*P5 + P5AS = —C{ B3, (4.6)
Py, (A4 — B4Cy) + A2 Py, = —BCy, 4.7
which are well-defined because A1 — B1C1 and A4 — B4Cy are stable.

Proof Note that the rational function —(a*(k))_ly*(k) has no poles on the real
line and is zero at infinity. This allows us to decompose this function as follows:

- (06*(?»))_1)/*()») =g +hR) (4.8)

where g has all its poles in C_, the function 4 has all its poles in C, and both are
zero at infinity. According to the Propositions 3.1-3.3 the conditions (C1)—(C3) in
[10, Theorem 9.1] are satisfied. Thus we conclude from [10, Theorem 9.1] that the
rational function g appearing in the right hand side of (4.8) is the unique solution of
the twofold EG inverse problem associated with the data set {«, B, y, 8}.

Next we will show that g given by (4.8) is also given by (4.4). Note that

(@) =1, +iBf (Mo +i(A1 — BICD*) ™' €,
Y () = i B (Mo, —iA%) 7' CF.

This yields

— (@*W) 'y = —iBY (May —iAY) T

— iBf (M, +i(A1 — BIC))*) ™ C}iB} (M —iA}) ™ C3. (4.9)
It follows from (4.6) that
Py —iAY) — (M, +i(A1 — BIC)*) P = iCTBj.

Using this in the second term in the right hand side of Eq. (4.9) we get

—(@* M) 'y ) == (iBf —iBIPX) Dy, — iAD) T CiF

— iBf (M, +i(A1 — BiC)*) ' PACE (4.10)
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The first term in the right hand side of (4.10) has all poles in the open lower half
plane and the second term has all poles in the open upper half plane. Therefore we
see from (4.8) that g(}) is given by (4.4).

From Theorem 9.1 in [10] it also follows that g is given by

—BRSM) T = g(n) + k),

where g is the solution of the Rat-EG inverse problem and & has all its poles in the
open lower half plane. Similar computations as above show that this formula for g
yields (4.5). |

Remark 4.3 Note that explicit formulas for the unique solution g of the Rat-EG
inverse problem are given in (2.7) and (2.11), and under additional conditions also
in the present Sects. 4.1 and 4.2; see Proposition 4.1 and Theorem 4.2. Given these
explicit formulas, it is natural to try to prove the main parts of the theorems by direct
computation, not using the roundabout by the way of Theorem A.1. So far this has
not been done. We leave it as an open problem.

5 An Example

Assuming conditions (R1), (R2), (R3) in Theorem 2.1 are satisfied, we show in this
section that it can happen that the matrix /,, — Q1N appearing in (R4) is invertible
while the matrix 7,,, — Q4N4 is not invertible. In other words, Theorem 2.1 is not
true if in (R4) the word “and” is replaced by“‘or”, i.e., the two invertibility conditions
in (R4) are independent. The example we present to prove the above statement is
closely related to [14, Example 3].

The rational data functions we shall use are the scalar functions

L ki .

a) = 3 PO =, L5
4+ O+ 5D+

YW= o Sso—in M T assa-i

One easily verifies that these functions satisfy the conditions (3.1)—(3.3) and
therefore, according to Propositions 3.1-3.3, the conditions (R1)-(R3) in Theo-
rem 2.1 are satisfied for any choice of the state space realizations of «, 8, y, 8 in
(2.3). In this example we use the realizations (2.3) with

Al=Ar=-3, Bi=By=1, Ci=-8, Cp=-4i,

A3=A4=|:_03 _01] B3=B4=|}], C3=[8i —4i], c4=[—166].
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The solutions of the Lyapunov equations (2.4) and (2.5) are then given by

F

P=% 0= =% o=l Po=pP;="

32 1 128

-8 24

P = 3 = 4 P = 3 =
3 |:—8 8]’ 03 [ éi| 4 |:_24 18:|’ 04 |:
. 15 4
P}, = Py = 4i
34 43 l 3 _3

Recall that the operators N1 and N4 appearing in condition (R4) in Theorem 2.1 are
given by (2.6). Thus, in the present setting we have

N —h -

I

B —Oy —
B —y =

Ni =Py — Pa(1 4+ Q2P) ' Qo Py

3216 AN\"'116 96
— _ 1+ = and
33 9/ 63 13
Ny = Py — Pyi3(+ Q3P3) ' Q3 P34
—1
128 16 7 2 11 16

|3 2 —16|~ 3 4 9 3 6all=5 3
—24 18 3 -3([-33 iall 4 -3

_ 4 276 —90
29 | _9g 1;7 :

It follows that

3 9 3
1—QiNi=—__ and L—0sNa=| B8 ¥P|.
13 29 29

Hence 1 — Q1N is invertible while I, — Q4 N4 is not invertible.

Although the twofold Rat-EG inverse problem associated with the above data is
not solvable (because I» — Q4N4 is not invertible), formula (2.7) can be used to
define a candidate function g, namely,

12

A = .
s = 13

G.D

However, for formula (2.11) this is not the case because I, — Q4 Ny is not invertible
and hence formula (2.11) does not make sense. Note that in the formula (2.7) only
the realizations of the functions o and B appear. Since these two functions in this
example are identically equal to their namesakes in the example in Sect.2, it is
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clear that the function g determined here should be identical to the function g in the
example in Sect. 2.

We conclude with another remark. In the present setting the functions « and y*
have no common zero in C... Therefore, we know from [13, Theorem 4.1] that there
exits a unique function k£ with poles only in C_ such that @ + ky — 1 has poles only
in C4 and k*« + y has poles in C_ only. Similarly, since 8 and §* have no common
zero in C4, Theorem 4.1 in [13] shows that there exits a unique function & with
poles only in C such that § + 28 — 1 has poles only in C_ and #*§ + B has poles
in C only. Since condition (R4) is not satisfied it follows that 7 # k*. Actually, we
have

24 4 24 6
h(L) =

k(L) = - , - .
@) A+3i A+ A=3i A—i

From this it follows that the function g in (5.1) determined by Eq.(2.7) cannot
satisfy both of the first two equations in (2.2) nor both of the last two equations
in (2.2). In terms of the terminology used in [13], the function k is a left onefold
solution and  a right onefold solution but neither k£ nor 4* is a twofold solution.

Appendix A Wiener Space Twofold EG Inverse Theorem
on R

In this appendix we recall Theorem 1.2 in [10] (see also the first paragraph of the
introduction), which is one of our main sources. We shall present the theorem in the
language of Wiener class functions rather than in terms of L functions as is done in
[10]. The transition from L functions to Wiener functions fits better with the fact
that our rational matrix functions are also Wiener class functions.

We first introduce the required notations and terminology. Let s, r be positive
integers and write L' (R)**” for the space of s x r matrix functions with entries from
L' (R). We define the subspaces LY(R4)* and LY (R_)**" consisting of functions
in L' (R)**" with support on Ry = [0, 00) or R_ = (—00, 0], respectively.

The Wiener class W(R)*" is defined as the space of functions ¢ of the form

e = f°+/ M f@yde, AreR, (A.1)

—00

with fo € C**" and f € L'(R)**". The subspaces W(R)Y; consist of the
functions ¢ in W(RR)**" for which in the representation (A.1) the constant fy = 0



The Twofold Ellis-Gohberg Inverse Problem for Rational Matrix Functions 171

and f € L'(Ry)**". With ¢ given by (A.1) we associate the Hankel operators
H_,:L'Ry)" — L'(R_) and Hy , : L"(R_)" — L'(R4)* given by

(H-4h) (1) = /OO ft —vh(t)dr, t<0, heL'(Ry),
00 (A.2)
(Hyoh) (1) = / f@t—1th(t)dr, t>0, heL'(R_).

For the twofold EG inverse problem for Wiener functions on the real line, as
defined in Subsection 3.3.1 of [10], our data functions «, 8, y, § are
awee, +WRTY, vy e WwR?Y,
(A.3)
BeWRYT,  seeg+WRTY.
Here e), and ¢, denote the functions identically equal to the unit matrix I, and I,

respectively. The twofold EG inverse problemis to find g € W(R)i’xoq such that the
following four inclusions are satisfied:

a+gy—ep, e WR)Y and gfa+y e WR)EY:

S+¢"B—eq e WRTY and gs+pe WR.
If g has these properties, we refer to g as a solution to the twofold EG inverse
problem associated with the data set {a, 8, y, 8}.
With the given data set {«, B, y, §} we associate the following operators:
My =1+ Hy pH- pr — Hy o H- o,
My=I+H_ ,Hy,~—H_ sHy s

(A4)

Notice that these operators are uniquely determined by the data. We are now ready
to state Theorem 1.2 in [10] in terms of Wiener class functions.

Theorem A.1 Let {«, B, y, 8} be the Wiener matrix functions given by (A.3). Then
the twofold EG inverse problem associated with the data set {a, f,y, 8} has a
solution if and only the following two conditions are satisfied:

W1) a*a—y*y =ep, §*6—B*B=ey a*f=y*s;

(W2) the operators M11 and M»; defined by (A.4) are one-to-one.

Furthermore, in that case M1, and Ma> are invertible, the solution is unique, and
the unique solution g and its adjoint g* are given by

g(h) = — /Oo eI (M;llb) (t)dt, Imi>0: (A.5)
0
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0
() = — / el (M;;c) (t)dt, Imi<0. (A.6)

—00

Here b and c are the matrix functions determined by
0 .
B\ = f eMb(t)dt, whereb e L'(Ry)P*4; (A7)
0

0 .
y() = / eMe(t)dt, wherec e L'(R_)4*P. (A.8)
—0o0

The above theorem is used in Sect. 3 where we prove our main result.

Erratum Regarding Formula (10.5) in [10] We take the opportunity to correct
the three identities in formula (10.5) in [10]. The correct identities are as follows:

aay ot — Bdy Bt = ey, 8dy'8* —yay 'yt =e.  way'y* = pdy's*,
as can be seen from Remark 2.3 in [10].
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1 Introduction

LetIT = {z = x +iy : x € R, y > 0} be the upper half plane in the complex
plane C, dA(z) = dxdy is the Lebesgue area measure, and dA;(z) = (A +
1) 232)* dA(z), » > —1. We denote by L?(IT) = L*(IT; d A;) the space of square
integrable functions on IT with respect to the measure dA,. Then the Bergman
space A%(l’[), known also as Bergman-Jerbashian space, (see [6, 7, 20, 21]), is the
subspace of holomorphic functions in L%(l’[) . Note that A = 0 corresponds to the
unweighted case. The corresponding orthogonal projection B%[, from Lf (IT) onto
AP (IT), is given by the formula

Bhif(2) = /H K (z, w) f(w) dAy(w) = —; / s dA;(w), z €Tl,

o (z — w)2+)‘

and is bounded for 1 < p < oo.

In this study, we consider Toeplitz operators with symbols ¢ = g(2y), where
y = Jz, acting on Ai (IT). These operators may be unbounded, but anyway, at least
forg e L}\ (IT) they are densely defined by the rule

T} f = Bhgf. (1)

We refer to the books [10, 15, 24-26] for a general modern theory of Bergman
type spaces and operators on Bergman type spaces. More specifically, a very
comprehensive study of special classes of Toeplitz operators, including the class
in which we are interested in this paper, is presented in N.Vasilevski’s monograph
[24].

Using the well-known structural properties of Ai(l’[) in [11] (see also [12] and
[24]), the Toeplitz operator TgA with vertical symbol g is reduced to the operator of

multiplication Mg = yéf‘ (x)I which acts on the space L%(R,.). More details will be
given by Theorem 2 below.

We shall exploit this idea to study the product (in a sense of composition) of
two Toeplitz operators with vertical symbols. We recall our main problem which is:
given two Toeplitz operators 7> and T} is there a symbol / such that T} T}* = T}*?
It appears that the solution to this problem is closely related to Laplace transform
techniques and the theory of fractional integrodifferentiation in the general weighted
cases.

It is worth mentioning here that products of Toeplitz operators in different
holomorphic spaces have been studied extensively since the last two decades.
Nevertheless and despite all the partial results obtained by different authors, we are
still far from a complete answer to the question when the product of two Toeplitz
operators is another Toeplitz operators. For more thorough treatments of this subject,
the reader might refer to the following references [1-5, 8, 9, 14, 16-18].
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Recently, a particular attention was paid to the so-called quasihomogeneous
Toeplitz operators. A Toeplitz operator Ty is said to be quasihomogeneous if its
symbol g can be written under the form g(re’?) = ¢'?? ¢ (r), where p is an integer
and ¢ is a radial function. Quasihomogeneous symbols are considered to be a
generalization of the class of radial symbols (i.e. when p = 0). Such operators
act on the orthogonal basis of the Bergman space of the unit disk as a shift operator
with holomorphic weight. Various promising results were obtained for this class
of operators. We refer the reader to [4, 14, 16-19]. Furthermore, in [13] a partial
answer to whether there exists or not a symbol & such that 7} T* = T;* was given
in the case of the unit ball of C, was obtained by Fourier analysis and the Wiener
ring theory. Vertical Toeplitz operators certainly admit realization in the framework
of the unit disk (see Sect.2), but the corresponding symbols will not be radial (or
quasihomogeneous) functions. At our best knowledge, we are not aware of any
manuscript in the current literature dealing with the product of two vertical Toeplitz
operators in the specific context of the mentioned above main problem.

The paper is organized as follows. In Sect. 2 we collect auxiliary facts. Section 3
is devoted to the specified above main problem. For the sake of clarity, we consider
the unweighted and weighted cases separately, the former being a simplification of
the latter. Finally, we state some open questions.

2 Auxiliary Statements and Definitions

2.1 The Class AC*(a, B)

By AC Ya, B) = AC(a, B) we denote the class of absolutely continuous functions
on the interval (¢, B). It is known that f € AC Ya, B) if and only if it is a primitive
of a Lebesgues integrable function on («, 8). By ACk((x, B), k =2,3,..., we
denote the class of continuously differentiable up to the order k — 1 functions f
on (a, B) with f*=1 e AC!(a, B). The following known fact sheds a light on the
functions from AC(«, B).

Lemma 1 ([23], Lemma 2.4) The class AC*(«, B) consists only of functions f for
which the following representation holds

k—1

t
f t - omdr + ) Cijt —a),
0

j=0

1

f@ = k- 1!

1 .
for some ¢ € L' (a, B), and some constants C;.
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2.2 On Spectral Representation of Toeplitz Operators
with Vertical Symbols

In order to simplify formulas here and in what follows, we take g = g(2y) for the
(so-called vertical) symbol of Toeplitz operator TgA acting on Ai(l’[). In [11] (see
also [12] and [24]), it was shown that any such Toeplitz operator Tg)‘ with vertical
symbol g can be reduced to the operator of multiplication by the function

N x1+A 00 . .
= 1) t" e *dt, Ry, 2
Ve (x) F(1+A)/o gty it e xeRy )

which acts on the space L>(R ). The closure of the range of this function provides
the spectrum for the corresponding Toeplitz operator. Precisely, the following
theorem holds.

Theorem 2 ([11]) Toeplitz operator Tg)‘ with the symbol g = g(2y) acting on
Ai(l’l), is unitary equivalent to the operator of multiplication Mg = g}‘I, acting
on L*(R,.). Moreover, spTg)‘ ={yeC:y= yéf‘(x), all x € Rﬂr}.

Using Theorem 2, we can understand the action of the Toeplitz operator (1) on
L% (IT) considering it as being unitary equivalent to the operator of multiplication by
7/;‘1 , acting on L2(R,). Thus we may consider bounded and unbounded Toeplitz
operators. However, we prefer to deal with operators which are initially bounded on
L% (IT). We shall specify the corresponding assumptions in the beginning of Sect. 3.

Recall that vertical Toeplitz operators have the following realization in the
framework of the unit disk (see [24]). Let D = {z = x + iy : |z|] < 1} stand
for the unit disk, and 9D stand for its boundary (unit circle). Consider the space

1
L2(D) = L2, A + D — |z]>)*  dxdy), where z=x +iy,
T

and let A% (D) be the corresponding Bergman space. For a given point zo € 9D,
consider all Euclidean circles tangent to dID at zp. Consider the class of all Toeplitz
operators Té‘ acting on L%(D) with the symbols g which are constant on the above
mentioned circles. All such classes are reduced (up to a rotation) to the class of
operators corresponding to zo = i. The conformal map z = ®(w) = 1“:1’1) , from I1
onto D, maps the lines {z € I1 : z = x +iyp, x € R, yp > 0is fixed} into the
circles tangent to 0D at the point zo = i . The unitary operator U : L% D) —» L% (IT)

24+
2
Uf(z)=< v ) fo@(w), 3)

1—iw
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provides the following relation

TgoCI> =U" T)L U (4)

between the Toeplitz operator Tg)‘ with vertical symbol acting on L%(l’[) and the

Toeplitz operators Tgﬁ acting on L% (D) with the symbol g = g o ® which is constant
on the mentioned above circles. We note that the inverse map is given by the relation:

w+1

241
Ulw(w>=( @ ) poW(w), Ww)= ' .
1+iw 14+iw

2.3 On Fractional Integrodifferentiation and Laplace
Transform

For fractional integrodifferentiation we refer to the books [22, 23]. We will use
fractional integrals on the whole real axis which are defined by

o I T @)
I{o(x) = F(a) /_OO (x — 1yl dt, x e R, 5)
IZ9(x) = / v dt, xeR (6)
- ['(a) (t —x)l—« ’
or as for the convolution
ITp(x) = F(la) /OOO t"‘_lgo(x Ft)dt, x € R. @)

Fractional integrals I¢ are defined for functions ¢ € LP(R) if 0 < R < 1 and

l<p< It is known that

‘)\a
18e50% = 97%e*0%  for MO > 0 and R > 0. (8)
We will also need the following fractional integration on the half-axis

o)

e Jy gyt ¥R ©)

Ij ex) =

The Laplace transform of a function ¢, defined for all real numbers ¢ > 0, is the
function Lg, given by:

Lo(z) = / M) e ' dt, z=x+iy. (10)
0
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The meaning of L¢ depends on the class of functions of interest. A necessary
condition for existence of the integral is that ¢ must be locally integrable on R}r.
For locally integrable ¢ that is of exponential type, the integral can be understood
as a (proper) Lebesgue integral. For instance, if |¢(7)| < aeP! for some nonnegative
constants «, 8 and all t > sp, then the Laplace transform L is correctly defined as
a functionin {z = x + iy € C : x > B}. The Laplace convolution product of two
functions ¢ and ¥ is defined by the integral

X
vou = [ eOue—ndr xers,
so that the Laplace transform of the convolution is given by

L(poy) () =(Le) ) (LY) (2),

as long as the objects in the above formula exist.

3 Product of Vertical Toeplitz Operators

3.1 Statement of the Main Problem

We formulate the main problem as follows. Given two vertical Toeplitz operators
Ta)‘ and Tb)‘ bounded on Ai(l‘[) with the symbols a and b, find a function (symbol)
h such that

T 1) =T} (11

Here and everywhere below we consider operator relations on a dense set of
polynomials in A%(l'[). In view of the Theorem 2, the above problem is equivalent
to the problem of finding a function % such that

Y@y () =y (), x eRL. (12)

Here and in what follows, we impose the following admissibility conditions on a
symbol g of vertical Toeplitz operator T; :

(i) g(t)t)‘ e L'(0, B), for all positive constants B;
(ii) for any & > O there exist A, > 0, f, > 0, such that |g(¢)| < Aze®, allt > t,.
(iii) Toeplitz operator Tg)‘ is bounded on Ai (ID).

We say that a symbol g of a Toeplitz operator TgA is admissible provided g
satisfies the above stated conditions (i)—(iii).
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3.2 Unweighted Case (. = 0)

We start with the unweighted case A = 0. For the unweighted case we will avoid
using the index "0" in the notation and simply write Ty, yg, Az(l'l), instead of 79,

vgs A,

Theorem 3 Let T, and Ty, be vertical Toeplitz operators on A*(IT) with admissible
symbols a and b. If there exists a function h on Rﬁr satisfying (i)—(ii) and such that

t
/O [h(r) —a(r)b(t —7)]dT =0, all 1€ Ri, (13)
then
T.Ty = Tp,. (14)

Proof In view of Theorem 2, for a Toeplitz operator Ty, we consider the corre-
sponding function y, given by

Ye(x) = x/oog(t) e dt = x? /OO g(®) /00 e *Tdt
0 0 1

o0 T o
= x2/ e*“dtf g(dt = x2/ g(t) e "ldr,
0 0 0

where we denoted

t
g = / g(rydr.
0
Hence, the relation

Va(X)yp(x) = yr(x), x e RL,

becomes

(/Ooa(t)e—“dt) (/OO b(t)e‘”dt) = /oo h(tye™'dr, x e RL,
0 0 0

which, in terms of Laplace transform, reads as

(La) (x) (L£b) (x) = (LE) (), x eRL.
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It suffices to check the above equality for E(t) = fot h(t)drt. In virtue of (13) we
have for such 4 and for x € R}r,

o0 o0 t
(ﬁﬁ) (x) = /0 h(t)e™'dr = /O e dt /O h(t)dt

o t o0 o
= / ef’”dt/ a(m)b(t — t)dt = / a(t)dr/ b(t —t)e Mdt
0 0 0 T

= /Ooa(r)e_“dt /OO b(t)e dt = (Ea) (x) (Eb) x), x€ Ri,
0 0

where the change of order of integration is justified by Fubini’s theorem. This
formula, in view of Theorem 2, proves the statement of the theorem. O

Theorem 4 Let T, and T}, be vertical Toeplitz operators on A*(TT) with admissible
symbols a and b. Assume either a or b is differentiable and has finite limit value at
the origin (for instance, let it be the function b). Then the function h defined by

t
h(t) = a(0)b(0) + / a(e) bt — 1) d
0
is such that
T.Tp, = Ty,.

Proof By differentiating equation (13) we obtain

t

h(t) = K (1) = a(t)b(0) + / a(r) b'(t — 1) dt.
0

This formula, in view of Theorem 2, proves the statement of the theorem. m]

3.3 Weighted Case \ > —1

Lemma 5 [fa function g satisfies (i)—(ii), then the following relation holds

N x1+)\ 2 oo~ xt |
AR /O F.()e*de, x e RL,

where

~ _ ! 8(5)§A N 144 A
70 = /0 SO e =ra s (118 o (15)
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Proof We start with the integral on the right side of (2). Taking into account
equation (8), we have

o0 o0 1
/ g’ e ™ dt = x1“/ g(r* e d
0 0 X

:xH*/mgmﬁ(d“fﬁ)mm
0

_ o [T ! foo e
= [ s (F(1+A) N

1+A oo & A
X / E_ng%' g(t)ti dt
ra+J o E—n*

x1+k oo~ -
= F(1+A)/0 gr(§)e "> d§.

The change of order of integration is justified by Fubini’s theorem. Comparing the
obtained formula with (2) completes the proof.

O

Theorem 6 Let ) > —1 and let Ta}‘ and Th)‘ be vertical Toeplitz operators on Ai (IT)
with admissible symbols a and b. If there exists a function h on Rﬁr satisfying (i)—
(ii) and such that

A%Mﬂ—a@%@—tﬂtﬁﬁ—ﬂ%rzo,teRL (16)
then
i) =T (17)
Proof In view of Lemma 5, (12), i.e.,
Yo V) () =y (), x € RY,

becomes

(caa)ﬂ)(x)(zba)ﬂj(x)==Fuf+x)<c(qbﬂh(sg*)(w)(xy
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It suffices to check the above equality for / satisfying (16). We have for x € R,
142 b _ [T (e b —xt
Fa+2) (c (10 ners”) (t)) 0 = [ () e
[e.¢]
— / (Igj*a(s)b(z - s)sl) (t)e ' dt
0

o] t
= / e‘x’dt/ a()T bt — o)t — )t dt
0 0
= (La) (x) (Cb) (x), x e RL,
where the change of order of integration is justified by Fubini’s theorem.This

formula, in view of Theorem 2, proves the statement of the theorem. m]

In what follows, we shall give necessary and sufficient conditions for the product
of two vertical Toeplitz operators to be again a vertical Toeplitz operator using
Riemann-Liouville operators. For simplicity, we introduce the following notations:

@ (1) = h(n)t,

_ 1 ' A A
L) = I‘(l—}—k)/o a(t)t* bt — 1)t —1)" dT.

First, we consider the case —1 < A < 0.
Theorem 7 Let —1 < A < 0 and let Ta)‘ and Tb)‘ be vertical Toeplitz operators on
Ai (IT) with admissible symbols a and b. There exists admissible symbol h such that
Ta)L Tb)t = Th)t
if and only if
1 toA@
L= Jo (=D
_ 1 "fD)

1,7 £1(0) = d
0+ /2(0) (=) /o (t — )47

Proof As in Theorem 6, we see that our problem reduces to the well-known Abel
equation

I()_Jrkfk(t) = dt € AC(0, B), forany B > 0, and (18)

=0. (19)
t=0

I o) = f@).
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considered on an arbitrary interval (0, B), B > 0, and where we should replace ¢
with ¢, and f with fj :

I on(t) = fu(0), 1 €(0,B).

Certainly, if we solve the Abel equation with ¢ = ¢, and f = f; for an arbitrary
B > 0, then we recover the function 4. It is known that if the solution ¢ of the Abel
equation exists, then it must be of the form

o=p O[O
U= rnydr Jy 0 —o)1+

Thus the solution ¢ is unique for any arbitrary B, and hence it is uniquely defined on
R}r. Moreover, it is well-known that the Abel equation has a solution ¢ € L! 0, B)
(for any arbitrary B > 0) if and only if the conditions (18) and (19) are satisfied.
Therefore, ¢, (t) = h(t)t* € L'(0, B) for arbitrary B > 0, and also satisfies (ii),
and the operator identity 7;*T* = T}, considered on a dense set of polynomials in
A% (IT), is valid by construction. Hence, i generates bounded operator which means
that the symbol % is admissible. This finishes the proof. O

Remark 1 If f € AC(«, B), then Ig+f € AC(a, B), forany 6 € (0, 1). Therefore,
the condition fr. € AC(0, B) is sufficient for the validity of the condition (18) (i.e.
for I, f;L € AC(0, B)).

Since the unweighted case A = 0 was considered separately at the beginning of
this section, we therefore turn our attention to the case A > 0. We shall denote by
[A] the entire part of A.

Theorem 8 Let ). > 0 and let T} and Tb)‘ be vertical Toeplitz operators on Ai(l‘[)
with admissible symbols a and b. Then there exists an admissible symbol h such that

Ta)\ TbA = Th)\
if and only if

N /X¢2)
T+ =2 Jo (¢ —1)-l+A

for any B > 0, and

A\ 112 1 A\ Hh@© _
<dt> [0 = C+[A]l—2) <<dt> 0 (t—r)—WMdr t=0_0,

fork=0,1,...,[A].

1+[xJ ) = dr € AC'T(0, B), (20)

Proof The proof follows the lines of the proof of Theorem 7 with the use of
Theorem 2.3 from [23]. We leave it to the reader. O
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Remark 2 The condition f; € AC'tI*(0, B) is sufficient for the validity of the
condition (20) (i.e. for [y £ € AC'+*(0, B)).

4 Conclusion

We strongly believe that the technique developed here will help in studying particu-
lar problems and questions related to the product of vertical Toeplitz operators, such
as the existence of Brown-Halmos type theorem i.e., a description of symbols a and
b such that T}T} = T}, or the nonzero zero divisor i.e., are there nonzero symbols
a and b such that T} Tb)‘ = 07? Partial results to these two problems were obtained
for some specific classes of Toeplitz operators (e.g. quasihomogeneous Toeplitz
operators) in the unit disk, the ball of C" and other domains (see the references
provided below). However, we believe that for the case of vertical Toeplitz operators
more challenging computations may occur.

Acknowledgments Alexey Karapetyants is partially supported by the Russian Foundation for
Fundamental Research, projects 18-01-00094. Part of this research was conducted during his
Fulbright Research Scholarship research stay at SUNY-Albany and under support of the Fulbright
Outreach Lecturing Fund.

References

1. P. Ahern, On the range of the Berezin transform, J. Funct. Anal.215, No. 1, 206-216 (2004).

2. P. Ahern and Z. Cugkovié, Products of Toeplitz operators on the Bergman space, Illinois J.
Math.45 (1) (2001), 113-121.

3. P. Ahern and Z. Cuckovié, A theorem of Brown-Halmos type for Bergman spaceToeplitz
operators, J. Funct. Anal.187 (2001), 200-210.

4. P. Ahern and Z. Cuckovié¢, Some examples related to the Brown-Halmos theorem for the
Bergman space, Acta Sci. Math. (Szeged) 70 (2004), 373-378.

5. S. Axler, Toeplitz operators, http://www.axler.net/ToeplitzOperators.pdf

6. Bergman S. Uber die kernfunctionen eines bereiches und verhalten am rande, I. J. Reine
Agnew. Math. 1933;169:1-42.

7. Bergman S. The kernel function and conformal mapping. 2nd ed. Vol.5 AMS, Providence (RI):
Mathematical Surveys and Monographs; 1970.

8. A. Brown and P. Halmos, Algebraic properties of Toeplitz operators, J. reine angew. Math.,
213 (1964), 89-102.

9. 7. Cugkovi¢ and N. V. Rao, Mellin transform, monomial symbols and commuting Toeplitz
operators. J. Funct. Anal.154 (1), 195-214 (1998).

10. Duren P., Schuster A. Bergman spaces. Vol. 100. Providence (RI): Mathematical Surveys and
Monographs; 2004.

11. Grudsky S.M., Karapetyants A.N., Vasilevski N.L. Dynamics of properties of Toeplitz
operators on the upper half plane: parabolic case. J. Operator Theory. 2004. Vol. 52, no 1.
pp. 185-214.

12. Grudsky S.M., Karapetyants A.N., Vasilevski N.L. Dynamics of properties of Toeplitz
operators in the weighted Bergman spaces. Siberian Electronic Mathematical Reports.
2006;3:362-383.


http://www.axler.net/ToeplitzOperators.pdf

Fractional Integrodifferentiation and Toeplitz Operators with Vertical Symbols 187

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Grudsky S.M., Karapetyants A.N., Vasilevski N.L. Toeplitz operators on the unit ball in C"
with redial symbols. Journal of Operator Theory, Vol. 49, No. 2 (Spring 2003), pp. 325-346
S. Grudsky and N. Vasilevski, Bergman-Toeplitz operators: Radial component influence,
Integral Equation Operator Theory 40 (2001), 16-33.

Hedenmalm H., Korenblum B., Zhu K. Theory of Bergman spaces. New York: Springer Verlag,
Inc.; 2000.

1. Louhichi, Powers and roots of Toeplitz operators, Proc. Amer. Math. Soc.135 (2007), no. 5,
1465-1475.

I. Louhichi and N. V. Rao, Roots of Toeplitz operators on the Bergman space, Pacific J.
Math.252 (2011), no. 1, 127-144.

I. Louhichi, E. Strouse, L. Zakariasy, Products of Toeplitz operators on the Bergman space,
Integral Equations Operator Theory 54 (2006), no. 4, 525-539.

1. Louhichi, N. V. Rao, and A. Yousef, Two questions on products of Toeplitz operators on the
Bergman space, Complex Anal. Oper. Theory 3, No. 4, 881-889 (2009).

Jerbashian M.M. On canonical representation of functions meronorphic in the unit disc. DAN
of Armenia. 1945;3:3-9.

Jerbashian M.M. On the representability problem for analytic functions. Soobsh. Inst. Math.
and Mech. AN of Armenia. 1948;2:3-40.

V.S. Kiryakova, Generalized Fractional Calculus and Applications. Longman Sci. Techn. and
John Wiley and Sons, Harlow-N. York (1994).

S. Samko, A. Kilbas, O. Marichev, Fractional Integrals and Derivatives, Gordon and Breach
Science Publishers, 1993.

Vasilevski N.L. Commutative Algebras of Toeplitz Operators on the Bergman Space. Vol.185:
Operator Theory: Advances and Applications; 2008.

Zhu K. Operator theory in function spaces. Marcel Dekker, New York: Monographs and
textbooks in pure and applied mathematics; 1990.

Zhu K. Spaces of holomorphic functions in the unit ball. Graduate texts in Mathematics,
Springer 2004.



Toeplitz Operators with Radial Symbols )
on Weighted Holomorphic Orlicz Space ik

Alexey Karapetyants and Jari Taskinen

Dedicated to the occasion of 70th birthday of Professor
N.Vasilevski.

Abstract We consider a class of Toeplitz operators with special radial symbols
on weighted holomorphic Orlicz space. For an operator from such class we prove
necessary and sufficient conditions of boundedness on holomorphic Orlicz space in
terms of behaviour of averages of the radial symbol of the operator. In the case when
either symbol or its certain average is nonnegative, we obtain characterization for
boundedness of the corresponding Toeplitz operator.

1 Introduction

The weighted holomorphic Orlicz space Af (D) on the unit disc D in the complex
plane C is defined to consists of the functions from the weighted Orlicz space
Lg’ (D) which are also holomorphics in D (for details see Sect. 2). This is a direct
generalization of the weighted classical Bergman space, sometimes called Bergman-
Jerbashian space. We refer to the books [4, 8, 24,27, 28] for a general modern theory
of Bergman type spaces and operators on Bergman type spaces. For the definition of
Orlicz space and some properties we refer to the corresponding section in this paper
and also to the books [9, 13, 14, 18, 19].

Recently, the study of classical operators of complex analysis, such as Toeplitz,
Hankel and composition operators, has attracted considerable attention in the
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framework of the holomorphic Orlicz spaces and their modification, see e.g.
[1,2,10-12, 23].

Toeplitz operators form an important and much studied subclass of the classical
operators. Given a symbol a € L i(D) on the unit disc and A > —1, the Toeplitz
operator T is defined by the formula

T® f = Pi(af), (1.1)
where
S (w)
Pif(z) = /D (1 ppiandAi) €D, (12)

is the classical Bergman projection; here, dA) = (1 — 1z|)*d A and d A is the area
measure on the complex plane normalized so that the measure of the disc equals 1.
For an arbitrary a € Li (D) the operator Ta()") may fail to map the standard weighted
Bergman space Af (D) into itself but anyway it is densely defined, namely on the
subspace H*° (D) of bounded analytic functions.

The question of characterizing symbols a € Li (D) such that the corresponding
Toeplitz operator is bounded in Af (D) is still open even in the simplest case p =
2, A = 0. There are however special cases, when a satisfactory or even complete
answer is known. Bounded Toeplitz operators with positive symbols on A%(D) and
more general spaces were characterized in [17] and [26]. An extensive study of
Toelpitz operators with (unbounded) radial symbols can be found in the [5-7], see
also the monograph by Vasilevski, [24]. Zorboska [29] considered L' (D)-symbols
that satisfy the condition of bounded mean oscillation and determined the bounded
Toeplitz operators in terms of the boundary behavior of the Berezin transform of
their symbols.

The purpose of this work is to extend to weighted Orlicz space Af (D) setting

certain results concerning the boundedness of Ta()‘) for radial symbols. It is well
known (see Theorem 7.5 in [28]), that the boundedness can be characterized in
the case of standard weighted Bergman spaces and positive symbols. In [15],
generalizing the results in [5, 24], the positivity requirement was considerably
relaxed by a much weaker assumption on the positivity of certain repeated integrals
of the (radial) symbol. The proof used certain estimates of the kernel of the Berezin
transform. Here, we will give a further generalization of this argument to the case
of Orlicz spaces, see Theorems 3.3, 3.4 and 3.5, where the result is formulated
as a characterization of the boundedness of the Toeplitz operator and its Berezin
transform.

The paper is organized as follows. In Sect. 2 we give some necessary definitions
and collect auxiliary results. Section 3 is devoted to our main results. In Theorem 3.3
we give sufficient conditions for boundedness of Toeplitz operator with radial
symbol in holomorphic Orlicz space in terms of behaviour of averages of the symbol
under some additional conditions on Young function, which, roughly speaking,
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allow power-like Young functions. We also notice that in that case the Berezin
transform of the Toeplitz operator is a bounded function. Without these power-like
additional conditions for Young function, but under condition of positivity either of a
symbol or a certain average of the symbol we prove the necessity: i.e., boundedness
of Toeplitz operator and finiteness of Berezin transform imply certain behavior of
average, see Theorem 3.4. In Theorem 3.5 we collect the above information in one
statement, so presenting a characterization for boundedness of Toeplitz operators
with radial symbols and with a condition that either symbol or certain average of this
operator is a nonnegative function. We also present a reformulation for the weighted
Lebesgue case, i.e. when the Young function is given by ®(¢) = 7.

2 Preliminaries

2.1 Notations

Given 1 < p < ocoand —1 < A < co we denote by Lf (D) the standard Lebesgue
space of complex valued functions on the disc D that are p—integrable with respect
to the measure dA,. By Af (D) we denote the standard weighted Bergman space,
which is the closed subspace of L)I: (D) consisting of analytic functions in . The
index A is suppressed from the notation, if it equals 0. By C3°(ID) we denote the
space of compactly supported C*-functions on the disc. Given an analytic function
fandm € N = {1,2,3,...} we write f™ for the m-th complex derivative of
f. By C, C; etc. we denote generic positive constant(s), the value of which may
change from place to place but not in the same group of inequalities. We use the
Landau notation so that for example “f(r) = O(g(r)), r — 1” means that the
quantity f(r)/g(r) remains bounded in the limit » — 1.

2.2 Orlicz Spaces

Let us recall the definition of the weighted Orlicz space Lg’ (D) and some properties
of Young functions ®. For more details we refer the reader to the books [9, 13, 14,
18, 19]. Let @ : [0, oo] — [0, oo] be a Young function, i.e., a convex function such
that ®(0) = 0, limy_, oo P(x) = ®(00) = 00. From the convexity and ®(0) = 0
it follows that any Young function is increasing. To each Young function ® one
identifies the complementary function W, which possesses the same properties, by
the rule W(y) = supx>0{xy — ®(x)}. Note that

t <O MW 1) <2r forallr > 0. 2.1



192 A. Karapetyants and J. Taskinen

Let L;? (D) be the weighted Orlicz space consisting of all measurable functions f
on D such that

/ k| f(z))dAx(z) < oo, forsomek > 0.
D

The functional
No(f) = 1£llm) = inf{k ~0: chb ('ff”) dA,(2) < 1}

defines a norm in Lg’ (D). By definition, Lg’ (D) is a lattice, i.e.

fe L;D(]D)) and |g(z)| < |f(z)| forae.zeD =
g € LY D) and gl o) < /1l 2m)- (2.2)

We will need the following indices

po = sup{s > 0: ¢t *®(¢) is non — decreasing for t > 0};

qo = inf{s > 0 : 1 *®(¢) is non — increasing for t > 0}.

These indices were used first by Yamamuro [25] (see also [16]).

The following density result is a reformulation of Theorem 3.7.15 of [9], where
the unweighted version is presented, and it can be proved by the same arguments as
in the reference.

o) -

Lemma 2.1 Let ® be a Young function and there exists g < 0o such that =’ is

almost decreasing. Then the space Ci° (D) is a dense subspace of Lf\) D).

Proof Our space Lf(D) equals the space L¥(A, du) in Proposition 3.5.1 of [9],
when D, ® and dA, are taken as A, ¢ and du, respectively. Thus, according to
the citation, simple functions (see e.g. Section 3.5. of [9]) on the unit disc form a
dense subspace Lg’ (D). Furthermore, by classical, elementary arguments, simple
functions can be approximated by functions of C3°(ID) simultaneously with respect
to the norms of Lf (D) and LK (D). Now, according to Lemma 3.7.7 of [9], the space
Lf D) N LK (D) embeds continuously into Lg’ (D). This yields the result. |
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2.3 Classical Operators

Along with the weighted Bergman projection P, we will use the following
operators, which are modifications of the classical Bergman projections:

P f(@) :/DH—fz(ZTMdA*(w’ (2.3)
Tusf (@) = (1= |z} /D (1_§ ;’;’§+a+,,dAh(w), (2.4)
Sunf (D) = (1 — |z /D |1—§ i}“l)z)ﬂﬁ,dAh(w). 2.5)

Theorem 2.2 ([3,20]) Let A, B > —1. Let ® be a Young function and assume that
1< po <qo <ococandr+1 < pe(B+1). Then

1. Pg is bounded in LY (D);
2. P; is bounded in LY (D).

The Theorem 2.2 was proved in [3] (and generalized to the weighted setting
in [20]) for the case of the Bergman projection and under some slightly different
assumption for Young function. In the citations the authors use the so-called lower
and upper indices, introduced and used first by Simonenko [21] in the context of
interpolation and extrapolation of Orlicz spaces. Here we use different Yamamuro
type indices po, go, and we do not assume continuity of Young function. But, the
proof of this modified version is the same as the proof in [20], moreover it clearly
holds for the maximal Bergman operator.

We also need some slight generalization of the above result.

Theorem 2.3 Let ® be a Young function and assume that 1 < pgp < qo < 00. Let
az0,A>—-1,b>—1,and A+ 1 < po(B+1). Then

1. Ty is bounded in L (D):;
2. Sa.p is bounded in Lg’ (D).

Proof There exists pg, | < po < po, such that —pga < L + 1 < po(b + 1).
Certainly, there exists p; > g¢ such that —pja < A+ 1 < p1(b + 1). Therefore by
Theorem 2.10 from [27] the operators T, ;, and S, ;, are bounded on Lf“ (D) and on
Lf (D). The rest of the proof follows by interpolation using Theorem 6.5, part (c)
from [16]. O

Theorem 2.4 Let ® be a Young function and assume that 1 < pgp < qo < 00. Let
A > —1,m € Nandlet f be an analytic function on D and denote

gn(@) =Y (1 -z ).
k=0
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If f e Af (D), then g, belongs to A;? (D) and there holds the norm bound
”gm”Lg’(D) < C@,A,m”f”Lg’(D), (2.6)

for some positive constant Co 5, . depending on ®, A, and m.

Proof Assume first f € Af (D). We choose b > Osolargethat A + 1 < pp(b+ 1)
and differentiate the reproducing formula

(1= [w?)”
F@=Co | s S0 dAW)
with respect to z under the integral sign several times to write forallk = 1,...,m
2yb
N YR YN (1 —lwl%) k
(1= [z P @) = Cep1 = 12 fD (1 puyreies WS AA@W),

Here, the function z* f belongs Lg’ (D), by (2.2), hence the right hand side also does

by Theorem 2.3, since it is equal to Tk,b(zk f). The norm bound (2.6) is clear due to
2.2). |

2.4 Berezin Transform

Recall that, on the unit disc, the weighted Berezin transform of a function f is
defined by

B, f(2) = filz) = /Df(wz(w))dAx(w) =/Df(w)lk?(w)I2dAx(w)- 2.7)

Here

(1 _ |Z|2)1+)\/2

A _
k) =" e

2.8)

are the normalized weighted reproducing kernels of the classical weighted Bergman
space .A% (D) and ¢, (w) = (z — w)/(1 — zw) is the Moebius transform of the unit
disc. The (weighted) Berezin transform of a bounded operator T : .A% (D) — .A% (D)
is defined as

T(x) = (Tk} kM) = / Tkl (w)k:(w)d Ay (w). (2.9)
D
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The Berezin transform fa(k) of the bounded Toeplitz operator Ta()") in A% (D) with
symbol a coincides with the Berezin transform of the symbol ;. See [8, 27, 28] for
details.

If -1 < A < oo and X is any Banach space of analytic functions on the disc
such that all bounded analytic functions are contained both to X and its dual X*
(determined by the integral duality with respect to the measure dA;),and T : X —
X is a bounded operator, we define the Berezin transform Tof T by the same
formula (2.9).

Remark 2.5 It is known in the case of standard Bergman spaces that if the Toeplitz
operator Ta(l) maps .Af (D) boundedly into itself, then its Berezin transform is a
bounded function on the disc D. In fact, this follows directly from the boundedness

of Ta()‘) and the definition of fa()"), since the norm of k;‘ in Af (D), respectively in
A A2
A‘{ (D) with 1A/ pk—iz— 1/g = 1, is proportional to (1 — |z|?) =247 , respectively
1 +.
a—1z/» =3+ ; see also Theorem 7.5 of [28] and paper [22]. We do not known

in what generality this result extends to Orlicz spaces.

3 Toeplitz Operators with Radial Symbols on A;I’ (D)

We start by an elementary technical statement, but we prefer to prove it explicitly in
order to show the dependence of the estimates on the constants.

Lemma 3.1 For w € D, denote w = po, where p = |w| and o = |$|. There exist
a constant C such that

1 1 |do| C 1
, < < 1 (3.1
Cly —D{A~-plzD)” Tll—zwl¥ "~y —10-plz])¥

Proof If r = |z] < é the two sided estimate (3.1) is obvious even with only
constants in the left and right side.
Letr > ; We have with the notation § = 1 — p|z] :

[SE]

|do| |do| da
Ly (z, p) = = =4 PN
T |1 —zwl|¥ T lo — zp|¥ 0 (824 4rsin‘a)2

For the estimate from below we note that sina < « on [0, 7; ], hence

8% + 4rsin « < 8% + dra? <6+ 2\/}’05)2,
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and

T )/*1
Iﬂam>4/2 L P
o G+2ra)yy VL r(y —1) S+ ma/r

y—1
1 2 8 Cy 1

> > :
=1y —1) 5+ 7, y —1(1—plzh7~!

For the estimate from above we note that since Sig o

has sina > 72105 on [0, 7], and then we obtain

is decreasing on [0, 727 ] one

16 (5+4Jra)2
2 : 2 2 2 T
8 +4rsin“a =6 + S > ) .

Hence,
y+1

247 2 do 227 1 s \v!
Iy(z,p) <2772 , < -
0 G+ 2yray: (=D §+2

Cy 1
< X
y — 1 —plz¥~
Remark 3.2 1t is a matter of calculus to show that

Ci 1 am /' 1 C 1
T

< do| < )
(v =D (A =plzhrtm=t = 9p™ Jy [1 = zpol¥ ad (v =D 1 —plzphrim-t

form=0,1,2,....

We also make a remark that will be needed later: foralln € N, and A > —1 there
exists a constant Ce , 5 > O such that

PO < Conill £l ) (3.2)

forall f € Af (D). Indeed, for every 0 < r < 1 one has by the Cauchy integral
formula

n! (27 f(re't)

it
. Coret'idt
27 0 pnt+1eint

70 =
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which yields for example forall 1/4 <r < 3/4

2 it 27
o) < " / |/ (re )'dr<0/ f(réD) (1 = r2Yr di
27 Jo 0

r}’l

for some constant C > 0 depending on n and A. Integrating both sides over (i, 3)
with respect to r, we obtain

3 2
FP0)] < 2€ f " ar / eI = Y di
! 0

< CI/D|f<z>| dA2(2) < Cillfll o,

Here we used the Holder inequality and the fact that the weight (1 —r2)* is bounded
from below and above by positive constants for the given r-interval.

Now we are in position to formulate and prove our main results. Let us introduce
the averages:

BY) () = a(r),

1
B\ () =/ at)(1 — 2 edt,

:
1
j i—1 .
B[E{;(r)zf BY V(dr, j=2.3,....
r

Theorem 3.3 Let ® be a Young function with 1 < pe < go < 00. If there exists
m € N U {0} such that

(i) By =0 (a=nm), r—1,
then

(ii) the Toeplitz operator Ta()‘)~: .Af D) — .Af (D) is well-defined and bounded,
and its Berezin transform T, is a bounded function.

Proof We first prove the boundedness of the Toeplitz operator. By Lemma 2.1 we
know that polynomials form a dense set in .A;D (D), hence at least for f being a
polynomial we have:

a(w) f(w)

p (1 — Zw)2+l

1
)~+1/|d0|/ a(p) f(po) (1= P2 pdp
T o (

T 1 — zpo)2+*

TP f(z) = dA; (w)



198 A. Karapetyants and J. Taskinen

A+l B 3! f(po)
oo /T[Z (O)<apf1(1 paw)

j=1

(m) " f(po)
i /0 2 (apm (- Zm)m) & }'d(’" 3

p=0

We note that

0 floo) g o 37—k 1
307 (1 = zpoyes = 2 (apkf CO )\ apit (1= zpopts

k=0
J
= Ak 0) [P (po)

(1— Zp0)2+)\+j7k ’

where Ay j 3 (z,0) = Ck’j’)\Zjiko‘zkij with some constants Cy, ;.. Therefore,

A+1
1@ ="" ZB(fi<0>Zf("><0> / Avj12( 0)ldo]

j=1
A+1 (m) am  f(po)
d B d
toa /'“'/ apm (1 — zpoy2+ ) 4F

and the first double sum is nonzero only if j is even and k = 2
Regarding the second term, taking into account that

(1= pHm* 1
|1 — zpo |2HA+m—k = 1 — zpo |2H*

uniformly in z € D, 0 € T, we calculate

¢ " fpo)
[naf ()] = ‘/ |d‘7|/ B, (apm (1—zp6)2“>dp‘
1 [ m 1— pH*
c 1 — o2k £ (I=» d
[1ao [ D= || T
Yo (1= [w? | £ O ()l

D |1 _Zw|2+k

=C P;rgm(Z), (3.4)

=C d A (w)
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where P/\+ is as in (2.3) and we denoted
m
gn(@) =Y (1 -z P
k=0

The function g,, belongs to Lf(]D)) dueto f € .A;D (D) and Theorem 2.4, and we
have the bound

< —
Ignll g ) < CILFl gy 1< P <00, > —1.
This, together with Theorem 2.2 imply P;“ 8m € .A;D (D) and
+ —
12 gl 4o ) < Cllgmll goy. 1< p <00, 2> 1. (3.5)

Gathering all estimates (3.3)—(3.5), we arrive at the conclusion that the Toeplitz
operator Ta()‘) is bounded,

(1) <
1T Fllgo ) < T lLgo g,

since the constant C > 0 can be chosen independently of f € .A;D (D).
As for the boundedness of the Berezin transform, we have for all z € D, by the
Fubini theorem and the reproducing kernel property,

TP (2)
B f f a)(1 — [wH)* (1 — |22 (1 — |z|2)1H4/2
B DJD

(1-— ;w)z—'rk (1— zw)2+k a- ZE)ZH‘

B / a()(1 = [wH* (1 — |zH)*
D

(1 _ ZID)Z'H‘ (1 _ zw)2+k

(1 —[¢1H*dAw)dAQ)

dA(w) = (1 —z2H™PTPEA(2) (3.6)

The estimate

ak N (1 _ |Z|2)1+)»/2
‘awkkz (w)‘ = C 11— ZlZ)|2+)L+k (3.7

follows just by differentiating the formula (2.8). For a fixed z € D, we take f = ké‘
in (3.3)—(3.4) and apply this to (3.6) so that together with (3.7) we obtain the bound

TP (@) = (1 — 2D TPk o)

m 2\k k
2\144/2 (I =Jw[)" | 3% 5
< (1 —|zH*H /D§ |1_Zwlzﬂ‘awkkz(w)‘dAx(w)
k=0
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m L2k (1 1512y144/2
2 1+1/2 (I = |w)* (A —1z]7)
= (1_|Z| ) /DZ |1—zw|2+)‘ |1_Zu—)|2+l+de)‘(w)
k=0

(1 |2)2+A/ i (1 — Jw[»HF+* dA(w) (38)
=u-k _ o jatantk A W) :
D=0 1= zw]
By the Forelli-Rudin-estimates
m 2y Atk
(I —=Jwl) 2\ —2—x
/D; 1 — ik @A) S Cu(—12) 77 2 €D,
so that |Ta()‘) (z)| has an upper bound independent of z, as claimed. O

Theorem 3.4 Let ® be a Young function, and assume that there exists m € NU {0}

such that the average BZ';) is nonnegative a.e. in (0, 1).

If

(ii) the Toeplitz operator T(l()‘)~: .Af D) — .Af (D) is well-defined and bounded,
and its Berezin transform T, is a bounded function,

then we have
(i) BV =0 (=), r s

Proof We assume that Ta()‘) maps Af (D) boundedly into itself and the Berezin

transform fa()‘) is a bounded function of z € D. We have by the definition of Berezin
transform

TM(z) = a(z) = / a(w)|k} (w)2d Az (w)
D
A+l 1
=4 / |do| / a(p)|k; (po)I*(1 = p*)* pdp
T T 0

A+1 22+/\/ /1 (1—pH*
= 1— d dp.
. (I—1z9) T| ol A a(ﬂ)|1_zpo|4+nﬂ o

Here we denoted w = po, where p = |w| and 0 = \5\‘ If m = 0, then using
Lemma 3.1 we estimate

=~ 41 : (1= p?*
TP =" T a—h /;T do| /0 a(p) | _ e PdP
A+ 22+A/1 242 / |do|
= 1- 1- d
. (I —1z") A a(p)(1 — p°)"pdp 11— zpo 25

1
> C(1—[zH~ /0 a(p)(1 — p*)*pdp



Toeplitz Operators with Radial Symbols on Weighted Holomorphic Orlicz Space 201

1
>C(1 = [z / a(p)(1 = p*) pdp
4
= -z B 2D
This along with the boundedness of the function fa()‘) on D implies the validity of
(i) form = 0.

Let now m € N. Integrating by parts and neglecting the outer terms when p =1,
we have

1
Jap(z.0) = fo a(p) |k} (po)*(1 — p*)*pdp
= (1—[zH** B ) + f B“;(p) |kx(p(,)|2dp

—ZB“(O)(BJ1 (po)\) +f0 ('")(p)

= Ja(,lx)(z) + J(z) (z,0)

2
Z(pa)‘ dp

The term

j—1
(1) _ 24A ( 1
Jon@) = (1= 12" §jB’<0><a, e MVMM

j=1

is bounded for each z € D, and when |z| — 1 it behaves as
@ =0(a=1zP*). 21— 1.

Further,

/ I12(z, 0)ldo| = / \do| / B(’”)m)
_ / B("”(p)dp /
0

= (1 — [z} / B(’")(p)dp o / ! do|.
0 T |1 _ |4+2A

00

2
Z(pa)‘ dp

2
Hpo)| 1do|
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Hence,

‘/ I8 @ o)ldo|

1
2 C 1_ Z2 2+)~/ (m) d
(I —1z") A (p)( _ plz|)HH2rtm o

>C( - |z|2)2“/ B (p)

2| ( _ p|z|)3+2x+m d,O

> C(1 = |2y m-1- / B (p)dp
2]
= C(1 -z 1BV (1z)).

Therefore, as above, we see that the condition (i) must be satisfied. This concludes
the proof of the necessity of the condition (i). O

We reformulate the previous results as the following necessary and sufficient
condition concerning the boundedness of the Toeplitz operator. Of course, condition
(ii) can be simplified in the (many) cases, where one can deduce the boundedness
of the Berezin transform from the boundedness of the Toeplitz operator; see also
Remark 2.5.

Theorem 3.5 Let © be a Young function with 1 < pq> qo < oo and assume that
there exists m € N U {0} such that the average B( . s nonnegative a.e. in O, 1).
Then, the following are equivalent:

(i) B" V=0 ((1 - r)m+1+*>, ros 1,

(ii) the Toeplitz operator Ta()‘) : .Af D) — .Af (D) is well-defined and bounded,
F(2)
T,

and its Berezin transform T,”’ is a bounded function.

As a corollary we reformulate the Theorem 3.5 for the case of the weighted
Lebesgue space (i.e., () = tP).

Theorem 3.6 Let 1 < p < 00, and there exists m € N U {0} such that the average

B(m) is nonnegative a.e. in (0, 1). Then, the following are equivalent:

(i) B" V) =0 ((1 - r)m+1+*>, ros 1,

(ii) the Toeplitz operator Ta()") : .Af (D) — .Af (D) is well-defined and bounded.
The reader will have no difficulty to reformulate Theorems 3.3 and 3.4 for the

case of the weighted Lebesgue space with ®(¢) = 7.
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Abstract Let B, ,, be the Banach algebra of all bounded linear operators on the
weighted Lebesgue space L? (T, w) with p € (1, oo) and a Muckenhoupt weight
w € Ap,(T) which is locally equivalent at open neighborhoods u, of points t € T to
weights W, for which the functions T +— (t — r)(In W;)'(t) are quasicontinuous on
us, and let PQC be the C*-algebra of all piecewise quasicontinuous functions on
T. The Banach algebra

Apw =alglal,ST: ae€ POC} C Bpw

generated by all multiplication operators a/ by functions a € PQC and by
the Cauchy singular integral operator St is studied. A Fredholm symbol calculus
for the algebra 2, ,, is constructed and a Fredholm criterion for the operators
A € 2, in terms of their Fredholm symbols is established by applying the
Allan-Douglas local principle, the two idempotents theorem and a localization of
Muckenhoupt weights W, to power weights by using quasicontinuous functions and
Mellin pseudodifferential operators with non-regular symbols.
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1 Introduction

Let B(X) denote the Banach algebra of all bounded linear operators acting on a
Banach space X, let (X) be the closed two-sided ideal of all compact operators
in B(X), and let B (X) = B(X)/K(X) be the Calkin algebra of the cosets A" :=
A + K(X), where A € B(X). An operator A € B(X) is said to be Fredholm, if
its image is closed and the spaces ker A and ker A* are finite-dimensional (see, e.g.,
[6] and [12]). Equivalently, A € B(X) is Fredholm if and only if the coset A" is
invertible in the algebra B™ (X).

A measurable function w : T — [0, oo] defined on the unit circle T := {z €
C : |z| = 1} is called a weight if the preimage w~! ({0, co}) of the set {0, oo} has
measure zero. For p € (1, 00), a weight w belongs to the Muckenhoupt class A ,(T)

if
1 YVr /1 1/q
Cpw = sup< /w”(r)ldrl) ( /w_q(r)|dt|) < 00,
r \|J; 11 J;

where 1/p + 1/g = 1, and supremum is taken over all intervals / C T of finite
length |7]. In what follows we assume that p € (1, 00), w € A,(T), and consider
the weighted Lebesgue space L? (T, w) equipped with the norm

1/p
Il llLrr,w) == (/Tlf(f)l”w”(f)ldfo .

As is known (see, e.g., [3, 11]), the Cauchy singular integral operator ST given by

e .

\(te""g,teis) T—1

(St (@) = lim / e T,
T

e—0 i

is bounded on every space L” (T, w) if and only if p € (1, 00) and w € A,(T).
Let F : L2(R) — L%(R) denote the Fourier transform,

(FAx) = / F(e"dr, x € R,
R
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A functiona € L*®°(R) is called a Fourier multiplier on L” (R, w) if the convolution
operator WO(a) := F~'aF maps the dense subset LZ(R) N L? (R, w) of L? (R, w)
into itself and extends to a bounded linear operator on L” (R, w). For a weight
w € Ap(R), let M, o, stand for the unital Banach algebra of all Fourier multipliers
on LP(R, w) equipped with pointwise operations and the norm |a|ly
IWO(@) | B(Lr(R.w) (see [2, Corollary 2.9]).

Letting B = B(L?(T, w)) and KCp o, := K(L? (T, w)) for p € (1, 00) and
w € Ap(T), we consider the Banach algebra

p.w

Apw :=alglal,Sr: a € POC} C Byu (1.1)

generated by all multiplication operators al (a € PQC) and by the Cauchy
singular integral operator St, where the C*-algebra PQC C L°°(T) of piecewise
quasicontinuous functions is defined in Sect. 2. As is well known (see, e.g., the proof
of [21, Theorem 4.1.5]), the ideal XCj, ,, is contained in the Banach algebra 2, ,, for
all p € (1, 00) and all w € A, (T).

A Fredholm criterion and an index formula for Toeplitz operators with piecewise
quasicontinuous symbols on the Hardy space H? on the unit circle T were
established by D. Sarason in [26]. A Fredholm criterion for Toeplitz operators
with piecewise quasicontinuous symbols on weighted Hardy spaces H? (o) with
p € (1,00) and weights of the form o(#) = ]_[;;1 [t — t;|*/, where t € T,
t1, ..., ty are pairwise distinct point on T and 1, ..., i, are real numbers subject
to the condition u; € (=1/p,1 — 1/p) for all j, which means that ¢ € A,(T),
was obtained by A. Bottcher and .M. Spitkovsky in [7]. Banach algebras of
singular integral operators with piecewise quasicontinuous coefficients on weighted
Lebesgue spaces L? (T, p) were studied in [5].

Fredholm criteria and index formulas are also established for singular integral
operators with coefficients having semi-almost periodic discontinuities [23, 24] and
for Wiener-Hopf operators with semi-almost periodic presymbols [9] (see also [4]
and the references therein). Note that Fredholm results for semi-almost periodic data
and piecewise quasicontinuous data essentially differ.

The present paper deals with studying the Fredholmness of singular integral
operators with piecewise quasicontinuous coefficients on weighted Lebesgue spaces
LP(T, w) for a much larger class of Muckenhoupt weights w that are locally
equivalent at open neighborhoods u; of points ¢ € T to weights W; for which the
functions T + (t —1)(In W;)'(z) are in QC|,,. A Fredholm symbol calculus for the
Banach algebra %A, ,, given by (1.1) is constructed and a Fredholm criterion of the
operators A € 2, ,, in terms of their Fredholm symbols is established by applying
the Allan-Douglas local principle, the two idempotents theorem and a localization
of Muckenhoupt weights W; to power weights by using quasicontinuous functions
and Mellin pseudodifferential operators with non-regular symbols.

The paper is organized as follows. In Sect. 2 the C*-algebras SO¢, QC and PQC
of slowly oscillating, quasicontinuous and piecewise quasicontinuous functions are
considered and their maximal ideal spaces are described. In Sect. 3, modifying



208 Y. I. Karlovich

[18, Section 6.2], we introduce a slightly different class of Muckenhoupt weights
locally equivalent to slowly oscillating weights that are obtained by a procedure
of smoothness improvement. In Sect. 4 we recall results on the boundedness and
compactness of Mellin pseudodifferential operators with non-regular symbols and
give an application of such operators to weighted Cauchy singular integral operators.
Section 5 deals with an application of the Allan-Douglas local principle (see, e.g.,
[8, Theorem 7.47] and [6, Theorem 1.35]) to local studying the quotient Banach
algebra ng’w = Ap,w/Kp,w. By [26], the maximal ideal space M(QC) of QC is
the union of three pairwise disjoint sets 1\71’(QC), M°(QC) and 1\71+(QC) given
by (2.3). In particular, in Sect. 5.3 we describe the structure of the local algebras
for all £ € M(QC) and present the invertibility criteria in local algebras for all
£ € M*(00).

In Sect. 6, applying quasicontinuous functions and Mellin pseudodifferential
operators with non-regular symbols and modifying [17, Section 6], we localize
Muckenhoupt weights satisfying assumption (A) (see Sect. 3) and describe the
spectra in local algebras of elements related to the operator wStw T € B(LP(T)).
As a result, the localization reduces considered weights w € A,(T) to power
weights we € A,(T) parameterized by points & € M®(QC). Section 7 deals
with the two idempotents theorem (see, e.g., [10, 13] and [3, Theorem 8.7]) and
its application to studying the invertibility in local algebras for £ € M°(QC). In
particular, we identify here the spectra of cosets [ X ,]’;’w’ ¢ being crucial in the two
idempotents theorem. Section 8 contains the main results of the paper: a Fredholm
symbol calculus for the Banach algebra 2, ,, with p € (1, oo) and Muckenhoupt
weights w satisfying condition (A), the inverse closedness of the quotient algebra
27, in the Calkin algebra BY ,,, which means that for every coset A™ € A7  its
spectra in the algebras ng’w and B;w coincide (see, e.g., [4, p. 3]), and a Fredholm
criterion for the operators A € 2, , in terms of their Fredholm symbols.

2 The C*-Algebras SO°, QC and P QC

2.1 The C*-Algebra S O° of Slowly Oscillating Functions

Let L°°(T) be the C*-algebra of all bounded measurable functions on the unit
circle T. Let C := C(T) and PC := PC(T) denote the C*-subalgebras of
L°°(T) consisting, respectively, of all continuous functions on T and all piecewise
continuous functions on T, that is, the functions having finite one-sided limits at
each pointz € T.

Following [1, Section 4], we say that a function f € L*°(T) is slowly oscillating
atapointt € T if

lir%ess sup{|f(r) —f®)|: 1,5 € ’H’,S,S(z‘)} =0
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for every r € (0, 1) (equivalently, for some r € (0, 1)), where
Tre,o(t) :={z€T: re <|z—t| <e} for 1 € T.

Foreacht € T, let SO;(T) denote the C*-subalgebra of L°>°(T) given by
SO,(T) := { feCy(T\{1]): f slowly oscillates at t},

where Cp(T \ {t}) := C(T\ {¢t}) N L>°(T). Let SO® be the minimal C*-subalgebra
of L°°(T) that contains all C*-algebras SO;(T) for ¢ € T. In particular, C C SO°.

Given a commutative unital C*-algebra A, we denote by M (A) the maximal
ideal space of A. Since M (C) can be identified with T, we conclude that

M(SO°) = UMI(SOO), M(S0°) :={& € M(50°) : &|c =1}, 2.1
teT

where M, (SO®) are called the fibers of M (SO°) over points ¢t € T.

2.2 The C*-Algebra QC of Quasicontinuous Functions

For each arc I C T and each f € L'(T), the average of f over I is given by
1(f) :== |II7" [, f(©)ldz|, where |I| := [, |dt| is the Lebesgue measure of 1. A
function f € L'(T) is said to have vanishing mean oscillation on T if

1
lim ( sup /I 1f @) = 1) |dr|) —0.

8=0\ rcr, 111<5 |11

The set of functions of vanishing mean oscillation on T is denoted by VM O.

Let H° be the closed subalgebra of L°°(T) that consists of all functions being
non-tangential limits on T of bounded analytic functions on the open unit disc
D := {z € C: |z] < 1}. According to [25] and [26], the C*-algebra QC of
quasicontinuous functions on T is defined by

QC:=(H®+C)NH>®+C)=VMONL>®(T).
By the proof of [19, Theorem 4.2], we immediately obtain the following.
Theorem 2.1 The C*-algebra SO is contained in the C*-algebra QC.
Since C C QC, it follows similarly to (2.1) that

M(QC) = UMt(QC), M (QC) = {§ € M(QC): &lc =1},

teT
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where M;(QC) are fibers of M (QC) over pointst € T. Foreach (A, 1) € (1, 00)xT
with t = %, the map

A 6+7 )
B0 QC = C [ b)) = / Fledx,
T 9_11

defines a linear functional in QC*, which is identified with the point (%, ).
Let Mto (QC) denote the set of functionals in M;(QC) that lie in the weak-star
closure in QC* of the set (1, co) x {t}. Fort € T, we also consider the sets

MF(QC) :={& € M,(QC): £&(f) =0 if f € QC and limsup|f(z)| = 0},

z—>tt

M;(QC) :={& € M,(QC): £&(f) =0 if f € QC and limsup|f(z)| = 0}.

=1

For each t € T, it follows from [26, Lemma 8] that
M (QC)NM; (QC) = M(QC), M (QC)UM,; (QC) = Mi(QC).  (2.2)
Hence, the fiber M;(QC) splits into the three disjoint sets: Mto (QC) and
M} (QC) := M} (QC) \ MP(QC), M, (QC) := M, (QC) \ M(QC).
We also define the sets

M*(QC) = MF(00), M°QC) =M (QC), M*(QC) =] MF(Q0).
teT teT teT
2.3)

Regarding functions in L°°(T) as extended harmonically into the open unit disc
D, we deduce from [26, p. 821] that the restriction g; of a function f € QC to
the radius y; = [0, 1), where ¢ € T, is a bounded continuous function on y; that
slowly oscillates at the point ¢. Then the function f defined on T by f(te'*) =
gilt(1—|x]/m)]1 (0 < |x| < 7) belongsto SO; C SO° C QC, and limy_,1[g;(rx)—
f(@x)] = 0in view of [26, Lemma 5]. By [26, p. 823], this allows one for every
a € SO° and every ¢ € T to relate the values a(¢) for ¢ € M;(SO?) with values
a)for& e M,O(QC) by setting a(£) = a(¢) whenever £|spo = ¢.

2.3 The C*-Algebra P QC of Piecewise Quasicontinuous
Functions

Let PQC := alg(QC, PC) be the C*-subalgebra of L°°(T) generated by the
C*-algebras QC and PC. The functions in P QC are referred to as the piecewise
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quasicontinuous functions. Since QC C P QC, we have

MPQC)= | ] M:(PQC), Me(PQC):={ye M(PQC): yloc =§&}.
§eM(QC)

As is known, M(PC) = T x {0, 1}. There is a natural map w of M(PQC)
into M(QC) x {0, 1}, which is given as follows: defining £ = y|gpc,t = y|c and
v = y|pc for every y € M(PQC), we conclude that w(y) = (£,0) if v = (¢,0)
and w(y) = (£, 1) if v = (¢, 1). We have the following characterization of fibers
M:(PQC) for& € M(QC) (see [26] and also [6, Theorem 3.36]).

Lemma 2.2 Lett € T and & € M;(QC). Then
(1) Me(PQC) = {(§, 1)} whenever& € Z\Z,JF(QC);
(i) Mg(PQC) ={(§,0)} whenever& € M, (QC);
(iii) Mz(PQC) = {(£,0), (&, 1)} whenever € € M>(QC). In this case, if t = €'’
and {A,} C (1, 00) is such that (A, t) — & in the weak-star topology on QC*,
then for every f € PQC,

0+ o
¢ 1)f = lim A"/ " fe)dx, (£,0)f = lim A"/ f(e™)dx.
n—>o00 g Jp n—oo Jr 0_)3;

Fora € POQC and & € M(QC), we put

a(§”)=a(,0) if £ e M~ (Q0), aE™) =a( 1) if £ e MT(QO).

3 Muckenhoupt Weights Equivalent to Slowly Oscillating
Weights

Letl < p <ocandw =e’ € Ap(T). Thenv =Inw € BMO(T) (see, e.g., [11,
p- 258] or [3, Theorem 2.5]). For every t € T, we define the real-valued functions
vy and V; on the interval U := (—n /2, w/2) by

v (x) = v(teix) for almostall x € (—xw/2,7/2), 3.1

Vi(x) := )16 /Ox v (s)ds forall |x|e (0,7/2). 3.2)

Then v, € BMO(U) and V; € C(U \ {0}), where U denotes the closure of U in T.
In what follows we assume that
(A) for every t € T there is a symmetric neighborhood U, C U of zero such that
the function ¥, : x — xV/(x) belongs to the C*-algebra QC(U;) := VMO (U;) N
L (Uy).
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Since QC(Uy) C BM O (U;) and since
xV/(x) = v;(x) — Vi(x) foralmostall x € U, (3.3)

we infer from (A) that V; € BM O(U,) along with v; € BM O (U;) foreveryt € T.

By (A) and the definition of VM O (U;) in [11, Chapter VI], the functions ¥, :
x — xV/(x) belong to VM Oo(U;) N L*®°(U;) for all ¢t € T, where VM Oy(U;)
consists of all functions v € L' (U;) such that

lim 1/x|v(s)—lx(v)|ds=0, L. (v) :=1/x v(s)ds (x € Uy \ {0})
x—=0 x Jo X Jo

and limy o (I (v) — I_x(v)) = 0.
Consequently, by [18, Lemma 6.1], for every ¢ € T the function

X I/XtV,/(t)dr (x € Uy \ {OD)
x Jo

belongs to the set SOy (U;) = §50(Ut) N L*°(U;), where @O(U,) consists of all
functions f € C(U; \ {0}) such that

EIEO max{lf(y) —f@l: y,ze[—2x,x]U[x, 2x]} =0. (3.4)

Following [18], we say that a weight w is locally equivalent to a weight W at
a neighborhood u; C T of a point + € T if w/W, W/w € L*®(u,). Setting
Wi (te™™) = "1™ for x € U; and t € T, we deduce from (A) and (3.3) that
the weight w = eV is locally equivalent to the weights W; at the neighborhoods
U = {te”‘ : x € Uy} of points ¢ € T, and the functions 7 > (r — )(In W;)'(7) are
in OC (uy).

For every t € T, we also define the function

~ 1 X
Vi(x) := B /0 Vi(t)dt (x € U\ {0}). (3.5)
In view of (3.2), (3.3) and (3.5), we infer that for each r € T and all x € U; \ {0},
xV/(x) = Vi(x) = Vi(x) = i /x tV/(t)dr. (3.6)
0

Hence the function f], X x?[’ (x) belongs to SOy (U;) along with the function
X = )1( f(;‘ 3;(t)dt by [17, Lemma 4] and [18, Lemma 6.1]. Then the weights w
and W; are locally equivalent on u; to the weight W, given by W, (te’*) = Vi
for x € U;. The weights W; defined for each 7 € T are called slowly oscillating
weights. Since w € A ,(T), it follows that W;, W, € A,(u;) and "' € A, (U,).
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Since the functi0n~‘~/t is continuously differentiable on U; \ {0} and since the
function ¥; : x — xV/(x) is in SOp(U;), we deduce from [17, Theorem 4] (cf. [3,
Theorem 2.36]) that the weight eVt belongs to A, (U;) if and only if

—1/p < liminf (xV/(x)) < limsup (xV, (x)) < 1/q. 3.7)
X x—0

Given p € (1,00) and a weight w € A,(T) satisfying condition (A), we
associate with w and every point 7 € T the locally equivalent weight W; = eV e
Ap(u), where V, (1) = Vi (—iIn(z/1)) for all T € u,. Then the function o; given by

o1(t) = (t —)V(r) forall T €u\ {1}, (3.8)
belongs to SO; (u;) = SO;(T)|,,. Since x V/(x) = xV/(te*)tie™* for x € U, and

lir%[(teix —1)/(xtie™)) =1,

we conclude that the function &; : x x‘7t’ (x) is equivalent at the point O to the
function oy (te’*) = (te’* — 1)V (te'*) for every t € T. Hence o; € SO;(u,) if
and only if f)t € §0o(Uy). This allows us to identify the points ¢ € M,(SO®) and
n € My(SOo(Uy)) by the rule ¢ (a) = n(a o te!®)) for all a € SO°. Identifying the
points ¢ € M,(SO®) and £ € M?(QC) as in Sect. 2.2, and the points £ € M?(QC)
and € € MJ(QC(U;)) by the rule £(a) = & (aore!)) foralla € QC, we can define
the numbers
8¢ 1= E(0r) = ¢(0r) = () =E(E,) =&V/(€) forevery & € M)(QC).
(3.9)

4 Mellin Pseudodifferential Operators

If a is an absolutely continuous function of finite total variation on R, then a’ €
L'(R)and V(a) = fR la’(x)|dx (see, e.g., [20, Chapter VIII, § 3; Chapter IX, § 4]).
The set V(R) of all absolutely continuous functions a of finite total variation on R
forms a Banach algebra when equipped with the norm ||a|ly := ||la|| =~ ®) + V (a).
Following [14, 15], let Cp (R4, V(R)) denote the Banach algebra of all bounded
continuous V (R)-valued functions b on Ry = (0, oo) with the norm

I6C, c,®y, vy = sup 1b@, )lv.

rER+

As usual, let C§°(R ) be the set of all infinitely differentiable functions of compact
supporton Ry . Letdu(t) = dt/t fort € R,.
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Mellin pseudodifferential operators are generalizations of Mellin convolution
operators. The following boundedness result for Mellin pseudodifferential operators
was obtained in [15, Theorem 6.1] (see also [14, Theorem 3.1]).

Theorem 4.1 If b € Cp(R4, V(R)), then the Mellin pseudodifferential operator
Op(b), defined for functions f € Cg°(Ry) by the iterated integral

[Op(b) £](r) = / dx [R b(r, x)( ) f(Q) ® for reRy,
+

extends to a bounded linear operator on every space L? (R, dp) with p € (1, 00),
and there is a number C), € (0, 00) depending only on p such that

OpB)IBLr®R:,dwy) < Cpllbllc,®y.vR))-

Following [26], a function f € Cp(R) is called slowly oscillating (at 0 and c0)
if for each (equivalently, for some) A € (0, 1),

}Ln&max{lf(r) —f@l: r,oex,x]} =0 (s €{0,o00}).

Obviously, the set SO(R4) of all slowly oscillating (at 0 and oco) functions in
Cp(R1) is a unital commutative C*-algebra. This algebra properly contains C(R.),
the C*-algebra of all continuous functions on Ry := [0, 4+00].

Let SO(R4, V(R)) denote the Banach subalgebra of C, (R, V(R)) consisting
of all V(R)-valued functions b on R that slowly oscillate at O and oo, that is,

. Ciy 1 Cipy _
)}13%) cmy (b) = xh;go cmy (b) =0,
where
Cipy .
cmS (b) = max {||b(r, -) — b(o, -)||LOQ(R) : 10 € [x,2x]}.

Let £(R4, V(R)) be the Banach algebra of all V (R)-valued functions b belonging
to SO(R4, V(R)) and such that

lim sup b, ) =", ], =

|h|—=0

where b (r, 1) := b(r, A + h) for all (r, 1) € Ry x R.
The following result on compactness of commutators of Mellin pseudodifferen-
tial operators was obtained in [16, Theorem 3.5] (see also [14, Corollary 8.4]).

Theorem 4.2 Ifa,b € E(R,, V(R)), then the commutator [Op(a), Op(b)] is a
compact operator on every space LP (R4, du) with p € (1, 00).
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Consider the isometric isomorphism
T : B(LP(Ry)) — B(LP(Ry,dp)), A GAG™', 4.1
where G is the isometric isomorphism of L”(Ry) onto L? (R4, du) given by
G ) =r"Pf@r) for r € Ry. (4.2)

Theorem 4.3 ([17, Theorem 7]) Let p € (1,00) and let w = ¢ € ApRy),
where the function x — xV'(x) belongs to SO(R4) and

—1/p < irﬁ{ @xV'(x)) < sup xV'(x)) < 1—1/p.
XelR4

XER+

Then T(wSR+w’11) = Op(b) + K, where K € K(L? (R4, dw)) and the function
b e ER4, V(R)) is given by

b(r, 1) := coth (7‘[)\ +mi(l/p+ rV’(r))) forall (r,r) e Ry xR.

5 Local Study of the Banach Algebra A7

5.1 An Application of the Allan-Douglas Local Principle

Given p € (1,00) and w € A,(T), we consider the unital Banach algebra
Zpw:=1{al: ae QC} C By (5.1)

and its quotient Banach algebra Z7 | := (Zpw + Kp,uw)/Kp,w consisting of the
cosets [al]" :=al + K, foralla € QC. By [17, Theorem 2], Zg’w is a central
subalgebra of the quotient Banach algebra A7 ,, = Ap /K w, where 2Ap o is
defined by (1.1) (recall that KCp, ,, C A, ).

Let A, denote the Banach subalgebra of B, ,, consisting of all operators in
Bp,w that commute modulo compact operators with every operator A € Z, ,.
Clearly, Ap y, contains the Banach algebra 2, ,, and Z7  is a central subalgebra
of the quotient Banach algebra A7\, := Ay w/Kp,w.

By [17, Lemma 1], M(Z;,”w) = M(QC). For every £ € M(QC), let ng’g be
the smallest closed two-sided ideal of the Banach algebra A7 ,, that contains the
maximal ideal

I7 e ={lall" : a € QC, a(€) =0}
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of the central algebra Z7 , of A7 . Consider the quotient Banach algebra
AL e = A/ T e Let A” w.E be the smallest closed subalgebra of A”
that contains the cosets A™ we = e + T e forall A € 2y .

By the Allan-Douglas local principle (see e. g., [6, Theorem 1.35]), we immedi-
ately obtain the following result.

pw.§

Lemma 5.1 Given p € (1,00) andw € A,(T), an operator A € U, y, is Fredholm
on the weighted Lebesgue space LP (T, w) (equivalently, the coset A" € Ql”
invertible in the Banach algebra Ql w) If and only if for every & € M(QC) the

coset Ap we € Ap we U invertible i m the Banach algebra Ap wE

5.2 Local Representatives

Let us identify the cosets Ag,w,s forall A € A, and all § € M(QC), where

p € (l,00)and w € Ap(T). Fort € T, let x, and x,+ denote the characteristic
functions of the intervals (—#, t) and (¢, —t), respectively.

Lemma 5.2 Ifa € PQC, t € T and one of the following conditions holds:

aE)=0if £e M7 (QC), aE") =0 i &eM"(Q0),

(5.2)
aE*) =0 if £eM)QO),

then[al]pws [O]pws j”wsforglvenéjeM,(QC)

Proof Obviously, it suffices to prove the lemma only for functions a € PQC that
have finite sets of piecewise quasicontinuous discontinuities on T. If ¢ € T is a point
of such discontinuity for a functiona € P QC of that class, then there exist unique
functions a,i € QC such that the function

d:=a—a x, —a'yx"ePQC (5.3)
vanishes at an open neighborhood u; C T of ¢t. Consider a smaller open
neighborhood #; of ¢ such that the closure of u; is contained in u,. For every
& € M;(QC), we now take a function 1 g € QC suchthatcg(§) =0and ce(n) =1
forall n € U,emz, M:(QC). Then @ = dc, which implies that [a1]" € T, .
and hence, by (5.3),

[alT} e = a7 x; +af xHIT; ¢ forevery & € Mi(QC). (5.4)
If¢ e M?(QC), then we infer from (5.4) and (5.2) that

af € =aE") =0 and a; (§) =a(E") =0, (5.5
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since x, (§%) = x, (7)) = land ;" (§7) = X7 (§%) = 0 by [26, Lemma 13].
Hince, by (5.4) and (5.5), [(a; x; + a; ;)" € T} e and then [al]7 . =
quw,S' -

Further, if £ € M;"(QC), then the coset [x, 11" € j;w’s. Indeed, take a

function g € QC suchthat g(§) = 1and g =0 on M,O(QC). Then, by the proof of
[26, Lemma 13], x, g € QC and (x, g)(§) = x, (17)g(§) = 0. Hence,

x, 1177 =[x, gI1" — [x; (g —g@ENIT",

where [x, gI]" € Iz,w,g and [x, (g — géNIT" € j;f’w’g, which means that
X 1T € J7 ¢ Similarly, [, 11" € J7, . if & € M (QC). Thus, by (5.4),
(@ —a)IT" =@ —a))x 11" € T}, if &€ M (QO),

- (5.6)
[(a—a T =Wa; —a)x 1" € Ty, if &€ M (QO),

which implies in view of (5.2) that
a; (£) =a(E") =0 if & € M (QC), a () =a(E") =0 if & € M;7(QC).

Hence, [atil]” € Iz,w,s if & € 1\71ti(QC), respectively, and therefore, by (5.6),

[all} e =T7, forall§ € M*(QC) as well. O

Theorem 5.3 For every t € T and every § € M;(QC), the mapping Be : A —
Az,w,g given on the generators al (a € PQC) and St of the algebra A, ., by

GRLI if £ € M (QO),

Bz (al) := o o (5.7)
[@EHx" +aE XD, . if § € MP(QO),

Be(Sm) =[St]} ¢ if & € Mi(QC), (5.:8)

extends to a Banach algebra homomorphism Bg : 2, , — AZ wE Moreover,

pwg —

sup  IBe(A)lar . <Al := inf [[A+ K| forall AecAp,.
£eM(QC) Kekpw
Proof Let& € M(QC). Consider the Banach algebra homomorphisms
Be: Apw —> ALy > AL e A AT > AT

Obviously, forevery A € 2, .,
SuP{IIA‘J%(A)IIAZMé D E e M(QO)) < 1A

It remains to prove (5.7) fora € P QC because (5.8) for St € 2, 4, is evident.
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Fixt € Tand £ € M;(QC). For every a € P QC, the function

~_Ja—aE if &eM(QOC),
a—aE )y —aGEhHy" if & e M2(QO),

belongs to P QC. Moreover, by Lemma 5.2, [az 1" € jg,w,é' This gives (5.7). O

5.3 Structure of the Local Algebras .A’; &

Clearly, P+ := (I £ St)/2 are projections on the space L”(T, w). Theorem 5.3
directly implies the following result on the structure of the local algebras .A”

Lemma 5.4 Given p € (1,00), w € A,(T) andéj € M(QC), the local algebras

Ap w.E generated by the cosets [ST][) w,E and [al] w.E foralla € PQC have the

following structure:

(1) fteTandé € MO(QC) then .A ls generated by the unit I

Do and two
idempotents

;ww’? = [P+]p w,&’ Qg,w,é = [ I]p w S’ (59)

(i) ift e Tandé € 1\71i(QC) then Ag’w’s is generated by the unit I;;T,w,s and one
idempotent P we [P+]p wE

IféEeM i(QC ), then the Banach algebra A" Do according to Lemma 5.4(ii) is

commutative, any coset in this algebra has the form [cJr Pi+c_P_ ] w.t (c+ € C),

where [P+] wE = Pp,w,S’ [P_]j; wE = I wE " Pp,w,g’ and the rnap O¢ defined
by
®$(I17)T,w,§) = diag{l, 1}, ®g(P;w’§) = diag{1, 0}, (5.10)

extends to a Banach algebra isomorphism O : A’;’w’ ¢ — diag{C, C} of the Banach
algebra A” we onto the C*-algebra of diagonal 2 x 2 complex-valued matrices.
Since, for arbltrary functions at € PQC,

[asPr+a_P ]}, =[a+EOIPr +a_EHP-] i & e M*(QO),
€

pw§
respectively, and therefore, by (5.10),
O ([a+ Py +a_P_ ]p we) = diag layE®), a- )}, (5.11)

we immediately obtain the following.
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Theorem 5.5 Given p € (1,00), w € Ap(T) and § € 1\71i(QC), the Banach
algebra A” w.¢ 18 inverse closed in the Banach algebra A” w.g» and a coset An,w,é

is mvemble in the Banach algebra Ap w.E if and only lfdet @g( b S) # 0.

It remains to study the invertibility of the cosets A7 g in the Banach algebra
A% ¢ forevery & € M°(Q0).

6 The Local Study of the Banach Algebra A, ,,
for £ € M*(QC)

6.1 Required Quotient Banach Algebras and Their Ideals

Let p € (1, 00) and let w € A,(T) satisfy condition (A). Taking w = 1 in B, ,, and
Kp,w, we abbreviate B, := Bp 1and K :=Kp 1. Let AT := A7 | be the Banach
algebra of all cosets in the quotient Banach algebra B := B, /K, that commute
with each coset in the Banach algebra Z” = {al + le ae QC}C B” Hence,
Z7 is a central subalgebra of A7.

For every £ e M 9(Q0), let T [’f £ be the smallest closed two-sided ideal of the
Banach algebra A’[ﬁ that contains the maximal ideal

pS ={[all" : a € QC, a(§) =0}

of Z7, and let A” = A”/j”

Let E be one ofthe sets U, =[-6,8] C R,y =[0,8] C Ry or Ry, and let
QC(E) := VMO(E) N L*(E). Given p € (1,00) and a set E, let A,(E) be
the Banach algebra of all operators A € B(L?(E)) for which [al, A] € K,(E)
for all a € QC(E), where IC,(E) is the ideal of compact operators on the space
LP(E), and let A’;(E) = A,(E)/K,(E). Relating characters £ € M?(QC) and
€ € M(QC(U)) by &(ay) = £(a), where a,(x) = a(te'™) fora € QC and x € U,
and identifying charactersg € Mg (QC(E)) for all E, we consider the closed two-
sided ideal [ ; FE of the Banach algebra A’,Z (E), which is generated by the maximal

ideal IZEE ={al +K,(E) : a € QC(E), a(g) = 0} of the central subalgebra

ZI(E) = {al + K,(E) : a € QC(E)} of A} (E). Let AZ,E,E = AT +J;§’E and
T o— g J'[~

let Apf(E) = A,,(E)/Jp’g’E
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6.2 Localization of Muckenhoupt Weights Satisfying
Condition (A)

Let us simplify the cosets [wSTw™ 1I]’;s = [wSTw™ 11]”+J” foré € MY(QC).
Modifying [17, Theorem 8], we establish the following.

Theorem 6.1 Let p € (1,00) and let w = e* € A,(T) be a weight satisfying
condition (A). Ift e Tand & € M[O(QC), then

[wSrw ™ 117, = [we STw 117 ¢ (6.1)

where wg (1) = |1 — t|% for all T € T, and the number d¢ e (—=1/p,1 —=1/p)is
given by (3.8) and (3.9).

Proof Fix t € T, and define the real-valued functions v;, V; and f/; on the interval
U := (—m/2,/2) by formulas (3.1), (3.2), and (3.5), respectively. Then it follows
that v, € BMOU), V; € BMO(Uy), the function XX > xV’(x) isin QC(Uy)
by condition (A), and the function S x> xV (x) belongs to SOo(U;), where
U; C U is a symmetric closed neighborhood of zero. Let V;(t) = V, (—ilog(t/1))
for all T € u;, where u; = {teix x € U;}. Then we 1nfer from (3.3) and (3. 6) that
v —V; € QC(u;) because the function x > v (x) — V,(x) =xV/(x) + XV (x)
belongs to QC(U;). Hence, for w = ¢" and W, = er it follows that

ey wSTW ™ 0, 1T = [y We STW, s, I1° (6.2)

because eV~ V' € QC(u;) and therefore e’V Spe¥ V1 — St € Kp.
Let y = [0, &], where U; = [—6,6] and 0 < § < m/2. Consider the isometric
isomorphism

) } xey, (6.3)

T Lp(”t) - Lg()’), Y fHx) = {f(te_ix) ’

where the norm of vector-functions ¢ = {cpk}%: 1 € Lg (y) with entries in L?(y) is

. 1 . .
given by llgll = (191117, + le2l] )" Ttis casily seen that

~ _ Vs, e Vi R, eI
[Yf(X“thSTWz IX”’)Y’ 1]” - |:[[ V'R e_VrI]] { ’Sy ‘701%”]’ ©4

where \7;’ (x)= Vt(—x) for x € y, the operators S, and R, are given by

1 d 1 d
/ Y(y)dy / W(y)xy ey,

Sy ¥)(x) = o (RyY)(x) =
i - X i
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Since lim, o (¥, (=x) — V;(x)) = 0 in view of (3.4) and therefore ¢~V € C(y)
with value 1 at zero, we infer from (6.4) that

~ o~ - VS, e VT —[eViR, eV ]
[T’(X“tW’STWt 1X”’)Yt 1]n - |:||::€‘7tR);e_‘7rI::||ﬂ _ltevtS::@_VfI]]n] . @

Similarly, defining ﬁg x) = x% forall x € y, we obtain

-1 1T [wésng_ll]n _[EJSRng_lI]n
[TI(XuthSTwS X)X ] = [[wsRyﬁsll]n —[wsSyﬁgll]n ' €0

Take the function oy € SO;(u,) defined by (3.8) with V;(t) = V,(—i log(t/1))
for t € u,. Identifying the points & € M?(QC) and E € Mg(QC(y)) by the rule
g(a o tei(')) = &(a) for all a € QC, we conclude from (3.9) that the values o (£)
are given by §¢ = &(0y) = 5'17;(’5) for all £ € M,O(QC). Thus, to prove (6.1), it
remains to show in view of (6.2), (6.5) and (6.6) that

[e"Sye VI = [eS, i 1] . 6.7)
[e"Rye V1T = [@eR, i 1Tz 6.8)

0 g AT T
forevery t € T and every § € M,/ (QC), where Ap,E,y = A" + Jp’s’y.

Extending the function V, from ¥ \ {0} to a continuous function on R4 that
vanishes at a neighborhood of +00 and denoting this extension by V; again, we
conclude that " € A »(R4). Hence, by [17, Theorem 4],

0 < 1/p+liminf (xV/(x)) < 1/p +limsup (xV, (x)) < 1. 6.9)

X— x—0
Moreover, setting Ry = [0, +-00] and replacing eV by an equivalent weight Vi
such that eV~V € C(Ry), limy_ (Vi (x) — V;(x)) = 0 forall s € {0, o0}, and

therefore [¢V~V I, Sr 1€ Kp(Ry), we may assume without loss of generality that

0<1/p+ inf (xV/(x)) < 1/p+ sup (xV/(x)) < 1
XelR4

X6R+

instead of (6.9). Then it follows from Theorem 4.3 that
T Sp, e V1) = Op(h) + K, (6.10)
where 7 is given by (4.1)—(4.2), the function be€& (R4, V(R)) is given by

b(r, 1) := coth (wx + wi(1/p +rV/(r)),
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and K € K(LP(Ry,dw)). Let T, : LP(y) — x, LP (R, d ) be the restriction of
T to y. By (6.10), we obtain

[T5(e" S, e " )" =[x, T(e" S e " 1)y 11" =[xy OpB)x, 1" (6.11)

Since [al,e"S,e™""I] € K(LP(y)) for all a € QC(y), we infer that the
commutators [al, x, Op(b) x, I] belong to (L (y,dw)) forall a € QC(y). By
[17, Lemma 4] and the proof of [17, Theorem 8], for any function 6 € SO N(RJF)
being a sufficiently small perturbation in S O (R_) of the function fr tx e xV/(x),
the function b given by b(r, 1) := coth (n)» + mi(l/p + 9(r))) belongs to
ER4, V(R)), and the commutators [al, x,, Op(b)x, 1] belong to K(LP(y,dw))
foralla € QC(y).

G1ven§ € MO(QC(V)) and takmgé = §|S0(R+) € MO(SO(R+)) we choose
a function & € SO(R;) such that 8(n) = Zt(n) = nV’(n) = SV (é) for all  in
an open neighborhood Ug C M(SORy)) of a point E € Mp(SO(R,)), and the

norm |0 — 6| L (r,) is sufficiently small. Then b(n, ) = E(n, A) = 5(5, A) for all
n € Uz and all 2 € R. Hence there exists a functiond € SO(R) such that

dE) =0 and d(b—b)=b—b. (6.12)

Slnce lal, Xy Op(b —b)xy1l € K(LP(y,dp)) for all a € QC(y), it follows that
1(Op(b b)) xy1 € Ap(y). On the other hand, by (6.12) and Theorem 4.2,

Xy Op(E—me = %y Op(d(b—b))xy I = dx, Op(b—b)x, 1 = x, Op(b—b)x,dI,

where d(é) =0and A >~ B means that A — B € (L (y, d,u)) Hence the coset
[x, T~ 1(Op(b b)) xy 117 belongs to the ideal J” for glvens € MO(QC(y))

Finally, since the function b — b(§~) can be approx1mated in the norm of
Cp(R4, V(R)) by functions of the form b — b in view of the estimate

1B = blicy®,.vey < CIE = 0llix,)
(see [17, Lemma 5]), we conclude that
[ T (0p(® — bE. N)xy 117 € Tz forall § € MG(QC()).  (6.13)
where the function E(E, ) € ER4, V(R)) is given by
b(€, 1) := coth (mi + mwi(1/p + &V, (E))).
Hence, we infer from (6.11) and (6.13) that

[e"S,e V12 = [T ©OpBE Moz, (6.14)
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Similarly to (6.11), we obtain
[T, (@S, @ ' D]" = [ T(@e e, @ 1) 1y 117 = [y OPBE. Ny 117

which implies that

T

pEy (6.15)

[wgsyﬂ;gll]”

5y =T OpBE, My 1]

Applying (6.14) and (6.15), we obtain (6.7). Equality (6.8) is proved analogously,
which completes the proof of (6.1). O

6.3 Spectra of Necessary Cosets

Consider the C*-algebra of quasicontinuous on R := R U {oo} functions given by
QC(R) := (H™ + C(R)) N (H® + C(R)),

where H is the closed subalgebra of L°°(R) that consists of all functions being
non-tangential limits on R of bounded analytic functions defined on the upper half-
plane.

Given p € (1,00), £ € MX(QC), 8¢ € (—1/p,1/q) and e (x) = x% for
x € Ry, we consider the Banach subalgebra of B(L? (R)) of the form

Ap i (Ry) = alglal, e Sp, W; 1 :a € QC(R)}, (6.16)

which is generated by the multiplication operators al for alla € QC(R,) and by
the operator wgsRﬁgll, where QC(Ry) = QC(R)|R+. The ideal IC(LP(Ry))
of all compact operators in 5(L”(R)) is contained in 2 p.i: (Ry) (see, e.g., [21,
Theorem 4.1.5]). Since the commutator [al, ﬁgSR . @g 'y ] is a compact operator
on the space LP(Ry) for every a € QC(Ry), it follows that the quotient Banach
algebra Ql’;’wg (Ry) == Ap 5 R4)/K(LP(R4)) is commutative.

For p € (1, 00), let M, be the Banach algebra of all Fourier multipliers b on the
space L”(R) with the norm [|b]|a, = [IW(B)IIB(Lr(®)). Where WO(b) = F~'bF
is the convolution operator with symbol b € M, and let C,(R) be the closure in
M, of the set of all continuous functions on R := [—00, +00] of bounded total
variation. By [27, Lemma 1.2] (also see [21, Proposition 4.2.10]), for every v €
(0, 1), the Banach algebra C, (R) is generated by the functions 1 and b, € V(R),
where

by(A) :=coth(wx A + wiv) for A € R.
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For every p € (1, 00), we introduce the isometric isomorphism
E,: LP(Ry) — LP(R), (E,f)(x) = 1P f(e) (x €R). (6.17)
A straightforward calculation shows that
E,,(wgSRgT)glI)E;l = Wo(b.)s), (6.18)

where by, (1) := coth(w A + mivg) and vg := 1/p + 8¢ € (0, 1). Hence, by (6.18),

San(L,;(R+))[wgSR+1$S_1]]7T = SpB(Lp(R+))(w§SR+w§_11) = Evgv (619)

where sp 4 A means the spectrum of an element A € A in a unital Banach algebra
A, and

Ly, := by, (R) = {coth(TA + mive) : & € R}. (6.20)
Consider the commutative Banach subalgebra

WT[

m={[E,'WOD)E,)" : be Cp(R)} (6.21)

ofﬁlg’wg (Ry), where A™ := A+K(LP(Ry)), E, is given by (6.17) and 2, 3, (R.4)
is defined by (6.16). As Cp(R) is generated by the functions 1 and b,, € V(R), we

conclude that the algebra W} is generated by the cosets [We Sk, @g "7 and 17,
Hence the maximal ideal space M (W}) of the algebra W is homeomorphic to the

spectrum spB;T(Lp(R+))[ﬁg SR, {I)'gll]” (see, e.g., [0, Section 1.19]):
MOV?) = spgr (1o, [We Sk, B 117 = L. (6.22)

Let n € Mg (QC(R4)) and let AZJ’(RJF) be the smallest closed subalgebra
of A” ,(R4) that contains the cosets Ag,n,ﬂh = AT + j;n,ﬂh for all A €

Ap. i (R+) where j T is the closed two-sided ideal of the Banach algebra
A” (R4) generated by the maximal ideal

ok, = {lall": a € QCRy), a(n) =0}

of the central algebra Z” Ry) :={[al]" : a € QC(R})} of AZ (R4). Consider
the Banach algebra le Ty = le e (R-F)/J;r;,Ry where J;nsﬂh is the closed
two-sided ideal of the Banach algebra ng’wé (R4) generated by the ideal I” Ry

M T T /g
We save the notation A PR for the cosets A" + J nRy in the algebra le e
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Theorem 6.2 If p € (1, 00), 8¢ € (—1/p, 1/q) and W (x) = x% e Ap(Ry), then
for every n € MJ(QC(Ry)),
~ ~—1 .17 ~ ~—1,17
SPax o[ DeSr. Wy 1], 5 = SPar o [BeSe, B 1], .
= ‘Cvga
(6.23)

— e I Pat
= spm;%vn [wg N We I:|[M;’]R+
where L, is defined in (6.20) and vg = 1/p + 8.

Proof Obviously, the invertibility of the coset A™ + J T Ry in the Banach algebra

Q[Z,wg,n implies the invertibility of the coset A™ + J. l’f 2Ry in the Banach algebras
A% ,(Ry) and A7 (Ry). Consequently,

~ ~—1,7 ~ ~_1 7
sPax ) [BeSe B 1], CsPar @[ WeSr. Wy 1], 5.

C Spﬁ;};ﬁgvn[@gSR+wg11];n’R+. (6.24)
It follows from [5, Theorems 5.2, 5.3] that
Pz [wgsﬂwzs*I];mIR+ =Ly, forall ne MJ(QCRY)). (6.25)
Hence, by (6.24),
SPA7 | (Ry) [ﬁgSRgTngl];M& C Ly,
Put A = w:Sr, ﬁgll and suppose that there is a point u € Ly \

SpAZ,n(RﬁA;n,R# Then the coset [ul — Al is invertible in the Banach

PRy
algebra A7 | (R4).

By (6.19), L, is the spectrum of the coset A" := [wgs&wgll]” in the
Banach algebra B7 (L”(R,)). Consider the Banach algebra Wg given by (6.21)
and consider the Gelfand transforms of the cosets in Wg , which are continuous
functions defined on L,,. Then there exists a coset B” € WZ being a small
perturbation of the coset [« — A]" and such that its Gelfand transform vanishes
at a neighborhood u,, of the point ;4 on ﬁué (this follows from [27, Lemmas 1.1,
1.2] and [21, Proposition 4.2.10], since the function A > coth(w A+ wive) in (6.20)
belongs to M), while the coset B” Ry remains invertible in the quotient algebra

Ap R

Take a coset D™ € WZ such that its Gelfand transform has support in u,
and equals 1 at the point u € L,,. Then B*D"™ = 07, which implies that
BT D7 0 in .A »(R4). Since the coset BZ R, is 1nvert1b1e in the

p.n.Ry " p.n, R+ PRy
Banach algebra A (R+) the coset D” Ry should be the zero coset in A o (R+)
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which means that D™ € j;%,ﬂh' As D™ € 5[” (R+) and j”n R, ﬂé‘lg’ws Ry) =
J [7)’ Ry it follows that D™ should belong to the 1deal JT PRy which is impossible
because the Gelfand transform of the coset D" + J T Ry 1n the commutative Banach
algebra Ql” c01nc1des in view of [5] with the Gelfand transform of the coset D™
in the commutauve Banach subalgebra Wg of Ql’;’wg (R), and therefore does not
vanish identically on £,,. This can be shown by applying the Fredholm symbol
calculus for the Banach algebra alg{al,Sgr : a € PQC(R)} C B(LP(R, wg))
generated by multiplications by all functions in P QC (R) and the Cauchy singular
integral operator Sg, which can be constructed by analogy with [5, Theorems 5.6,
7.1 and Subsection 7.4]. Consequently,

SPA7 (&) [wssﬂwz;I]’;’mIR+ =Ly, forall ne MJ(QC(RY)). (6.26)

Finally, since the spectrum L., of the coset [ ¢ Sk, i, i ]Z ».}, in the subalge-

bra A7 | (Ry) of AT, (Ry) has empty interior in the complex plane C by (6.26), it
follows from [22, Corollarles of Theorem 10.18] that

~ ~_1,7 ~ ~_1 7
SPA;T,,”(&)[WSS&% 0,5, = pAg,,(R+)[w€SR+ws ] N

which completes the proof of (6.23). O

7 Application of the Two Idempotents Theorem

7.1 Spectra of Cosets [ X t]” Related to the Two Idempotents
Theorem

If ¢ € M°QC), where M°(QC) is given by (2.3), then it follows from
Lemma 5.4(i) that the symbol calculus for the Banach algebra .A” w,e can be
obtained by applying the two idempotents theorem (see, e.g., [3, 21] and the
references therein).

For every t € T and every § € MIO(QC ), we consider the operator

Xei=1— (1 —Ps)?€Upu CApw (7.1)
and the related to the two idempotents theorem coset

XT% e =1 = T = PO+ T7 e € AT e (7.2)

pwE
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Theorem 7.1 Let p € (1,00) and let w = e’ € A,(T) be a weight satisfying
condition (A). Ift e Tand & € M[O(QC), then

spar LXelpwe = spar | [XiT) we = Lpawves (7.3)

p.w,E

~

Lpwve = {(1 + coth[m x +m'v5])/2 X €E R}, ve =1/p+ 6. (7.4)
Proof Fixt € Tand§ € M,O(QC), where M?(QC) is given by (2.2). Obviously,

S
PA?;Ms

[Xt]g,w,g =SPar, [thwill]g,g =SPat, [Xu,thwil)(u,l];g,
(7.5)

where J7, = {lwAw='I1" : A" € j”ws} and [(xu, — DIT" € T,
Applying (7.1), we infer from Theorem 6.1 that

Dt wXow™ s, 115 = [t we Xewg 'y, 1T ¢ (7.6)

Let y = [0, é], where U; = [—6,6] and 0 < § < m/2. Consider the isometric
isomorphism Yy : LP (u;) — Lg(y) given by (6.3). It follows from (6.6) that

T

[0 [ we (T = 7T = PO w0 1] ]

= diag {[Xy271(1 + @gSR+ﬁgll)xyl]n, [)@,271(1 + ﬁgSR+1'I)'gll)xyI]n}.
1.7)

Identifying the points & € M,O(QC) and points g in M8(QC(J/)) and
Mg(QC(R+)), we conclude that if A™ € *71711,5’ then

2

T (Xu, AT Xu; I)T;l = [XVI]H [Airj]

l,j=1 [X)/I]nv

where A” € J 7. foralli,j = 1,2. Hence, by (7.5)-(7.7) and the property
[(xy — 1)1]” € J” TR, the coset [X,]” w.E is invertible in the Banach algebra
A g if and only 1f the dlagonal matrix

diag {[27( + B S, 7 DY o 2710+ WS, ' D] 2|

with entries in AZ g(RJF) is invertible in the Banach algebra A” ~(R+) Conse-
quently, making use of the spectral mapping theorem, we obtain

SPat [Xt]pws_spAn (R+)[2 (I + We S, Wy 1)] IR,

=21 (1+ SPAJ;E(RHWS Sr, wé_ I]pf’&)’
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which implies in view of Theorem 6.2 that
SPAT . (X5 we = 2711+ L) = Zp,w,ué:,

where Zp,w,vs and vg are given by (7.4).
Finally, since the set Zp,w,vg does not separate the complex plane C, the first
equality in (7.3) follows from [22, Corollaries of Theorem 10.18]. O

7.2 Corollary of the Two Idempotents Theorem

Since the spectra of the cosets [X,17 , . = I7 . (P;,’w . Z,w,g)z given
by (5.9) and (7.2) for all £ € M®(QC) are described in the Banach algebras
A” w.E and A” w.E by Theorem 7.1, and since the points 0 and 1 are not isolated
in sp AT, [Xt] ow,ge WE can apply to mentioned algebras the version of the two
1demp0tents theorem given in [3, Theorem 8.7] and followed from [10] and [13].

We immediately obtain from Theorem 7.1 and [3, Theorem 8.7] the following.

Theorem 7.2 Let p € (1, 00), letw = e’ € A, (T) be a weight satisfying condition
(A), and let ¢ € M°(QC) fort € T. Then the Banach algebra Ag,w,s is inverse
closed in the Banach algebra A;w’s, and

P7T

(i) for every n € Z,,,w,vé, the map mw, = {I7 £

pw,§’
by

. 10 x 10 p e
Ty g) = [O 1] T (Ppuwg) = |:O 0}’ n(Cpowg) = |:Q(M) I—Mj| ’

where o(i) 1= /(1 — ) is an arbitrary value of the square root, extends to
a Banach algebra homomorphism wr, : A7 | . — C?x2;
(i) a coset A” we € Ap w.E is invertible in the Banach algebra A” Wi (equiva-
lently, in the Banach algebra A” w.g) If and only if det [nﬂ( b S)] #+ 0 for

all,ueﬁpw,,s

Qg’w’s} — C?*2 given

8 The Fredholm Study of the Banach Algebra 2(,, ,,
With the Banach algebra 2, ,,, we associate the sets

mi=Jm, = 07O U (U 18 x Ly ) UL (QO),

1eT £eMP(QC)
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where Z,,,wﬁué and vg are given by (7.4). Consider the sets Mi(QC) and MO(QC)

defined by (2.3). Let B(M, C>*?) stand for the C*-algebra of all bounded matrix
functions G : M — C>*2,

Applying results of Sects. 4 and 7, we establish the main result of the paper
containing a symbol calculus for the Banach algebra 2(, , and a Fredholm criterion
for the operators A € 2L 4.

Theorem 8.1 Let p € (1, 00) and let a weight w € A,(T) satisfy assumption (A).
Then the map Sym : {al : a € PQC} U {St} — BN, C**?) given by the matrix
functions

diag{a (€, 0), a(€,0)} forall m =& € M—(QC),

a, Du+a, 01 —w) [a@, 1) —ai, 0)]o(w)
(Symal)(m) := [a(§, 1) —a(§,0)]o(w) a(g, A —p)+al,0u
forallm = (&, w) with & e M°(QC) and . € Zp,w,vg,
diag{a (&, 1), a(€, 1)} forall m =& € MT(QC),

8.1)
(Sym ST)(¢) := diag{l, —1} forall m € M, (8.2)
where a(§, n) is the Gelfand transform of a function a € PQC for (§,u) €
M(PQC) and o(p) = /(1 —p) for all p € USEMO(QC) Lpw.ve, extends to
a Banach algebra homomorphism
Sym : A, , — BN, C>2)
whose kernel contains all compact operators on LP (T, w). The Banach algebra
A7 ) is inverse closed in the Calkin algebra 1B}, ., and an operator A € Up ) is
Fredholm on the space L? (T, w) if and only if
det[(Sym A)(m)] #£ 0 forall m € M. (8.3)
Proof Fixt € T.Foré& € 1\71ti(QC ), Theorem 5.3 and Lemma 5.4(ii) imply that
Beal) = aGO; e Be(ST) = [S1]] e =2Pp e = 7 uwe-
Taking the map ©; : A, ¢ — diag{C, C} deﬁned by (5.10)—(5.11), we conclude
that for each & € Mi(QC) the map O¢ o fg : %A, — diag{C, C} is a Banach
algebra homomorphism whose kernel contains the ideal K, ,,. One can easily see

from (8.1)—(8.2) for the generators A of the Banach algebra 2, ,, that

(O 0 Be)(A) = (Sym A)(m) forall m =& € M*(QC). (8.4)
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If¢€ e Mt()(QC) and u € Z,,,wﬁué, then we infer by Theorem 5.3, Lemma 5.4(i)

and Theorem 7.2 that the map 7, o B¢ : A, — C>*? also is a Banach
algebra homomorphism whose kernel contains the ideal C, ,,. Applying (5.7), (5.8),
Theorem 7.2(i) and (8.1)—(8.2), we again see that for every generator A of the
Banach algebra 2(, .,

(T 0 Be)(A) = (Sym A) (&, p) forall £ € MX(QC) andall p € Ly ..
(8.5)

Thus, by (8.4) and (8.5), the map

O o fs if €€ M (QC)UM™T(QO),

Sym := ~
muope if £€MYUQC) and e Ly,

is a Banach algebra homomorphism of 2, ,, into B(IN, C2x2),

Moreover, Lemma 5.1 and Theorems 5.5 and 7.2 imply that the Banach algebra
27, 1s inverse closed in the Calkin algebra 7 ,,, and that an operator A € 2y, is
Fredholm on the space L” (T, w) if and only if (8.3) holds. |
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1 Introduction

Connes’ noncommutative differential geometry [2, 3] provides in particular a
geometric approach to the construction of K-homology classes of a C*-algebra
A: for the commutative C*-algebra of continuous functions on a compact smooth
manifold, the phase F := |g‘ of an elliptic first order differential operator D
on a vector bundle defines such a class, and for a noncommutative algebra, the
fundamental task is to represent .4 on a Hilbert space H and to find a self-adjoint
operator D that has compact resolvent (so it is “very” unbounded) but at the same
time has bounded commutators with the elements of A.

In classical geometry, equivariant differential operators on Lie groups provide
examples that can be described purely in terms of representation theory, so since
the discovery of quantum groups, many attempts were made to apply Connes’
programme to these C*-algebras. The fact that their representation theory resembles
that of their classical counterparts so closely allows one indeed to define straightfor-
wardly an analogue say of the Dirac operator on a compact simple Lie group, but it
turns out to have unbounded commutators with the elements of A.

Many solutions to this conundrum were found and studied, focusing on various
approaches and motivations ranging from index theory [1, 4-7, 13, 15, 16] over the
theory of covariant differential calculi [10, 17] to the Baum-Connes conjecture [19].
However, it seems fair to say that there is still no sufficient general understanding of
how Connes’ machinery applies to algebras obtained by deformation quantisation
in general and quantum groups in particular.

The aim of the present note is to use the fundamental example of SU(2)
for discussing yet another mechanism for obtaining bounded commutators. In a
nutshell, the idea is to have a representation of .4 ® A°P on H and to use differential
operators D with “coefficients” in A°P to achieve bounded commutators with A.
Our starting point is a noncommutative analogue of a dense coordinate chart on
SU(2) that is compatible with the symplectic foliation of the quantised Poisson
manifold SU(2). The noncommutative analogue is obtained by replacing a complex
unit disc by the quantum disc. We use a quantised differential calculus on this chart
to define quantisations of left invariant vector fields that act on the function algebra
by twisted derivations. This is where it becomes necessary to consider coefficients
from A°P.

We then build two twisted Dirac operators using these twisted derivations and
show that they are related by a gauge transformation that arises from a rescaling of
the volume form. A fruitful direction of further research might be to investigate the
spectral and homological properties of these and similar operators.



Twisted Dirac Operator on Quantum SU(2) 235
2 The Dirac Operator on SU(2)

The C*-algebra A we are going to consider is a strict deformation quantisation of
the algebra of continuous complex-valued functions on the Lie group

SUQ) = ( ;ﬂ>|aﬁec wa + BB =1

that we identify as usual with S* ¢ C?, identifying the above matrix with (e, 8).
We denote by

i 0 01 0i
Xo = X = X5 =
0 (0 —i)’ ! (-10)’ g (io)

the standard generators of the Lie algebra su(2) of SU(2), and, by a slight abuse of
notation, also the corresponding left invariant vector fields on SU(2).

In this section, we describe the Dirac operator D of SU(2) in local coordinates
that are adapted to the quantisation process. To define the local coordinates, consider
the map

DxS'—> S’ (z,v)— (z,V1—zZv), 2.D

where D := {z € C : |z] < 1} is the open unit disc, D is its closure, and S' = 9D is
its boundary. Restricting the map to (D x sh \ (D x {—1}) ED x (—m, 7) defines
a dense coordinate chart

x:Dx (—m, ) — S3, x(z, 1) = (z, V1 — zze 2.2)

that is compatible with the standard differential structure on SU(2) = S3. The pull-
back of the bi-invariant volume form on S? assigns a measure to D x (—m, 7) and
the resulting Hilbert space of L;-functions will be denoted by .

We write f(z,1) := f ox(z, t) for functions f on S and thus identify these with
continuous functions on D x [—r, 7] satisfying the boundary conditions

f, )= fw,0), f(z,—n)=f(zn) YueS, zeD, re[-n, 7]
(2.3)

Let (D (SU(2)) denote the set of CV-functions (continuously differentiable ones)
on D x [—m, 7] satisfying (2.3). The corresponding functions on S® are not
necessarily C(I), but absolutely continuous, and can therefore be considered as
belonging to the domain of the first order differential operators Xo, X1 and X».
Here, derivations are understood to be taken in the weak sense. Therefore we may
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consider

H:=—-iXo, E:=)(Xi1-iX2), F:=-1(Xi+iX2)
as first order differential operators on H with domain I‘(l)(SU(Z)). A direct

calculation shows that these operators take in the parametrisation (2.2) the following
form:

H=z831—2332+i§t, 24

E=—V1—-Zze ) — P e 3 (2.5)
21—z

FeoJl—3zetd _ 1 L i d (2.6)

0z 2 «/1 — 7z ot

Since SU(2) is a Lie group, its tangent bundle is trivial and hence admits a trivial
spin structure. We consider rMes) :=rMYsuER)er®(Su(R)) as a vector space
of differentiable sections (in the weak sense) of the associated spinor bundle. The
Dirac operator with respect to the bi-invariant metric on SU(2) is then given by the
closure of

_[(H-2 E )
D._< F —H—Z)'F S CHOH — HOH,

see e.g. [8].

3 A Representation of Quantum SU(2) by Multiplication
Operators

The quantised coordinate ring of SU(2) atg € (0, 1) is the universal unital *-algebra
O(SU,(2)) containing elements a, ¢ such that

ac =gqca, ac*=gqc*a, cc*=c"c,

aa*—i—qzcc’k =1, a*a+cc*=1.

It admits a faithful Hilbert space representation p on ¢2(N) ® €>(Z) given on
orthonormal bases {e, },en C £2(N) and {bi}rez C €2(Z) by

p(@)(en ®b) = /1 — g2 en 1 @ b, @3.1)

p(c)(en ® b) = q" en ® bi—1. (3.2)
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The norm closure of the *-algebra generated by p(a), p(c) € B(£2(N) ® €2(Z)) is
isomorphic to C(SUy (2)), the universal C*-algebra of O(SU,(2)), see e.g. [14].

The starting point of this paper is a quantum counterpart to the chart (2.1). To
define it, let z € B({2(N)) and u € B(£2(Z)) be given by

ze, = \/1 —qznen_l, neN, uby :=by_1, kel, 3.3)

y :=+/1 —z*z € B(£2(N)). (3.4)
Then y is a positive self-adjoint trace class operator on £, (N) acting by
yen =q"en
and satisfying the relations
zy =qyz, yz*=qz*y. (3.3)
Note that one can now rewrite Egs. (3.1) and (3.2) as
pla) = (z®1)(en ® by), p(c) = (y @u)(en & by). (3.6)

The bilateral shift # generates a commutative C*-subalgebra of B(£,(Z)) which
is isomorphic to C(Sh. The operator z € B(£>(N)) satisfies the defining relation of
the quantum disc algebra O(D,),

2 —q*r=1—¢q% 3.7
Itis known [11] that the universal C*-algebra of the quantum disc O(ID, ), generated
by a single generator and its adjoint satisfying (3.7), is isomorphic to the Toeplitz
algebra 7 which can also be viewed as the C*-subalgebra of B(£,(N)) generated
by the unilateral shift

se, =eyt+1, neN. (3.8)
Moreover, the bounded operator z defined in (3.3) also generates the Toeplitz
algebra 7 C B({2(N)), and the so-called symbol map of the Toeplitz extension
(18]

0 —> K(ra(N) —= T — CcS!") —= 0 (3.9)

can be given by 7(z) = t(s) = u, where u denotes the unitary generator of C (ShH
and KC(¢2(N)) stands for the C*-algebra of compact operators on £ (N).
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Returning to the map (2.1), observe that SU(2) ~ S s homeomorphic to the
topological quotient of I x S! given by shrinking the circle S' to a point on the
boundary of D. This can be visualised by the following push-out diagram:

S3
x1(z,v) == (z,4/1 — zZV) V ¥\X2 x2(u) = (u,0)

D xS! S!

(¢, id)(u, v) := (u, v) (:d)\ A pri(u, v) == u.

St x st

Applying the functor that assigns to a topological space the algebra of continuous
functions, we obtain a pull-back diagram of C*-algebras. Quantum SU(2) is now
obtained by replacing in this pull-back diagram the C*-algebra C (D) by the Toeplitz
algebra C (Hj)q) := T, regarded as the algebra of continuous functions on the
quantum disc. The restriction map * : C(D) — C(SY), *(f) = flst, s replaced
by the symbol map 7 : 7 — C(S!) from (3.9). The resulting pull-back diagram
has the following structure:

P = (CDy)®CEShH) x cEhH

(m1,72)
/ K
C(Dy) ® C(Sh c@sh
m:=1 ®id m:=id®1

cSHecsh

Note that (f ® f,g) € Pifandonlyif t() ® f = g®1 € C(S"H®C1 C
C(S" ® C(Sh). Since C1 = C({pt}), the interpretation of 7(r) ® f = g ® 1 is
that, whenever we evaluate t € C (]]_))q) on the boundary, the circle S! in ]]j)q x S!
collapses to a point.

Moreover, it can be shown [9, Section 3.2] that pr; yields an isomorphism of
C*-algebras P = pri(P) = C(SU,(2)) C B(2(N) ® £2(Z)) such that p(a) =
pr;((z® 1, u)) and p(c) = pr; ((y ® u, 0)), see (3.6).

Viewing C(SU,(2)) as a subalgebra of C(Dy) ® C (S") allows us to construct
the following faithful Hilbert space representation of the C*-algebra C(SU,(2)) in
which it acts by multiplication operators on a noncommutative function algebra.
This leads to an interpretation as an algebra of integrable functions on the quantum
space Dy x S'. First note that, since z*z = 1 — y% and zz* = 1 — ¢y, any element
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p € O(Dy) can be written as

N M
PZZZ*nPn(y)+Zp_n(y)z”, N, M €N,

with polynomials p, and p_,. Using the functional calculus of the self-adjoint
operator y with spectrum spec(y) = {¢" : n € N} U {0}, we define

N M
FDp) =12 2" i+ Y f-aN": NM N, fi € Loo(spec(y)

Using the commutation relations

) = flgy)z, fMZ"=2"f(gy), [ € Loo(spec(y)),

one easily verifies that F(Dy) is a *-algebra. Let s denote the unilateral shift
operator on £, (N) from Eq. (3.8). For all functions f € Ly (spec(y)), it satisfies
the commutation relations

sSTf) = flay)s™, f()s =sfgy).
Writing z in its polar decomposition z = s*|z| = s*\/ 1 — y2, one sees that
N M
FD) =1 " fa)+ Y fas™: NyMEN, fi € Loo(spec(y))
n=0 n=1

Since y*e, = g*"e,, the operator y“ is trace class for all @ > 0. Therefore the
positive functional

/ ()dug : F(Dy) — C, / fdue = 1 =) T, (fy*).  (3.10)
D, D,

is well defined. Explicitly, it is given by

/

N M
DS D faS™ | dia = (1= 9) Y folg)g®"
n=0 n=1

q neN
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Using Try, ) (s"s** f(y)y) = 0if k # n, one easily verifies that it is faithful. In
terms of the Jackson integral fol fMdgy =0 —q) Y ,cn f(@Mg", we can write

J

N M
an In(y) + Z Fon(0)s™ | dpeg
n=0 n=1

1 pr N ] M .
= /0 f Do+ fae P dg y gy, (Bu1D)
=0 n=1

Note that the commutation relation between y* and functions from F(ID,) can
be expressed by the automorphism ¢ : F(ID,;) —> F(IDy) given by

c%(s)=q %s, (™) =q"s", *(f(y) = f), f € Lolspec(y)),

(3.12)
where a € R. Then, for all h, g € F(ID,),
gy* =y"0%@g),
and therefore
/D ghdue = (1—q)Tre, ) (ghy®) = (1 = @) Trey ) (0% (h) gy*)
q
_ / 0% (h)g dita. (3.13)
Dq
Note that we also have
@ (N =0"f"), [feFDy. (3.14)

We use the faithful positive functional f]D,, (-) duy to define an inner product on
F(Dg) by

(f.g) :=/ frgdug.
Dq

The Hilbert space closure of F(ID,) will be denoted by L;(IDy, jie). Left multipli-
cation with functions x € F(ID,) defines a faithful *-representation of F(ID,;) on
LDy, pte) since

(xf,g) =/ frx*gdue = (f, x*g).
Dq
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Observe that F(ID,) leaves the subspace

N M
FoDy) := Zs"fn(y) + Z fon(¥)s™ € F(Dy,) : supp(fe) is finite

(3.15)

of Ly(IDy, fe) invariant. Since Fo(Dy) contains an orthonormal basis (see [20,
Proposition 1]), it is dense in Ly(Dy, pe). We extend F(Dy) by the unbounded
element y~! and define OF (Dy) as the *-algebra generated by the operators y~!
and all f € F(IDy), considered as operators on F((ID,). Furthermore, let (’)+(]D)q)°P
denote the *-algebra obtained from O (DD,) by replacing the multiplication with
the opposite one, i.e. a - b := ba. Then we obtain a representation of OF (D,)°P on
FoDy) C L2(Dy, pe) by right multiplication,

a®f = fa, aecOtD)P, f e Fo(Dy,).

Clearly, this representation commutes with the operators of Ot (ID,), as these act
by left multiplication. However, it is not a *-representation. More precisely, (3.13)
and (3.14) give

(x°Pf,g) = (fx,g) =/

D X freduy = /D 8o (xM) dpa = (f, (0% (x)")Pg),

therefore
(xP)* = (0" (x)")P. (3.16)

Note that y > 0 and o(y) = y imply that the multiplication operators y# and
(y#)°P = (y°P)#, B € R, determine well defined (unbounded) self-adjoint operators
on Ly(Dyg, ).

Next we use the isomorphism ¢2(Z) = L(SYH given by b, : !

) = V2r
identify u from (3.3) with the multiplication operator uf (¢) := €' f(¢). In this way
we obtain a faithful *-representation 5 : O(SU,;(2)) — B(L2(Dy, pe) ® L>(ShH)
by multiplication operators. On generators, it is given by

e’ and

Pa)(f®g  =z2f®g, pl):=yfQug.

The closure of the image of p is again isomorphic to C(SU,(2)).
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4 Quantised Differential Calculi

Taking as its domain the absolutely contmuous functions AC(S') with the weak
derivative in L(S'), the partial derivative i 31‘ becomes a self-adjoint operator on
L>(S!) satisfying the Leibniz rule

. 3 . .
i (pg) = (i 018 +9ile, ¢ec?sh, gedomi)).

We consider a first order differential *-calculus d : O(D;) — Q(D,), where
QD,) =dzOMy,) + dz*O(D,) with O(D,)-bimodule structure given by

dzz* = ¢%z*dz, dz¥z=q %zdz*, dzz =q 2zdz, dz*z* = ¢%z*dz,

see [12] for definitions and background on differential calculi. With o* from (3.12),
it follows that

dz f =0 2(f)dz, dz*f =0"2(f)dz*, feOD,).
We define partial derivatives .’ oz and - by
d(f) =dz ) (f) +dz* 2(f). [ €OMy).

Recall that y? = 1 — z*z and zz* — 2z = (1 — ¢?)y? by (3.7) and (3.4). Using
=20 = e, 1= LEH= v e
= ,.( qu .z = ,5:(z _l—qzy 2,771,

the Leibniz rule for the commutator and y ~>p = o?(p)y =2 forall p € OD,), one
verifies by direct calculations on monomials z”z*" that

-1 1
o (p) = 2 o). L(p) = 1_q2y’2[z,p], p € OMy).

We extend the partial derivatives aaz and aaz to

FDMDy) == {f € FDy) : y 22" fle FDy), y Iz, f1€ F(D,))

by setting

-1 1
AGE P YRS L = 2 Y72l f1. f e FOMDy).
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Note that O(Dy) C F m(Dq). By the spectral theorem for functions in y = y*,
one readily proves that O(ID,) is dense in Ly (IDy, jty). Thus aaz and 832 are densely
defined linear operators on Ly (Dy, (tq).

Moreover, it is easily seen that the automorphism % from (3.12) preserves
FD(D,). For instance, y~2[z*, o (s" f(y))] = ¢~ "y *[z*,s" fF()] € F(D,)
for all 5" f(y) € F1(D,). Similarly one shows that F(V(Dy) is a *-algebra. For
example,

y722%, fel = y 2zt flg + y 2y iy e gl
=y7", flg + o (f)y 2", gl € F(Dy)

and
Y, = 7z fly D = =20z oA (DT € F(Dy)

for f, g € FD(D,).

5 Twisted Derivations

5.1 Twist: ¢!

Our aim is to replace the first order differential operators H, E and F from (2.4)—
(2.6) by appropriate noncommutative versions. First we consider g-analogues of
the operators V1 -7z 3‘2 and V1 -2z 3‘)2 and define 7; : f(l)(Dq) — F(Dy),
i=1,2,by

3 N 3 1 -1
Tlf:=yazf=1_q2y (2", f1, Tzf:=yazf=1_q2y [z, f1.

(5.1
Observe that 77 and T3 satisfy a twisted Leibniz rule: for all f, g € F (1)(]D)q),
Ti(f9) =, :lqz v fel = :1612 v flg + fyy Tz &)

= (Tif)g +0' () Tig (5.2)

and similarly

To(fg) = (Taf)g + o' (f) Trg. (5.3)
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Setting T1=T1®1l, T, =Th®landé' :=0' ® 1, we get
Ti(py) = (Tip)y + 6@ Ty,  Tady) = (D) + 6 () Doy (5.4)

forall ¢, y € FHV(DM,) ® CV(S!) by (5.2) and (5.3).

Next consider the operator f"o = y! gt on the domain dom(y~!) @ CV(Sh)
in Ly(Dy, fte) ® L>(SY). Note that, for all f, g € F(Dy,) with g € dom(y™1),
one has y~! fg = o' (f)y~'g € La(Dy, 11a), hence fg € dom(y~!). Now, for all
p, £ e CD(Sh,

To(fg®¢E) =y ' fe® 2 (pE)
=y 'fe@QoEt+y " fyy e @08
= (To(f®9)(g®&) + (' () @) (To(g ® ).

Therefore, for all ¢, € F(Dy) ® Cc(Sh with € dom(y~! ® 1), we have

To(y) = (Top)¥ + 6 (¢) (Toy). (5.5)

As a consequence, fo, Tl and f"z satisfy the same twisted Leibniz rule.

In the definition of the Dirac operator, we will multiply To, Ty and T» with
multiplication operators from the opposite algebra. The following lemma shows that
these multiplication operators do not change the twisted Leibniz rule. Our aim is to
prove that the Dirac operator has bounded twisted commutators with functions of an
appropriate *-algebra, where the twisted commutator of densely defined operators
T on Ly(Dy, 1te)®L2(S') with ¢ € F(D,) ® C(S') is defined by

(T, ¢l :=T¢ — o' ($)T.

The purpose of the following lemma is to clarify the setup for the algebraic
manipulations to be carried out, and to ensure that these make sense in their Hilbert
space realisation.

Lemma 5.1 Let A be a unital *-algebra, [ : A — C a faithful positive functional,
H the Hilbert space closure of A with respect to the inner product {(a, b) == [ a*b,
and assume that left multiplication by an element in A defines a bounded operator
on H. Let T be a densely defined linear operator on H, A' ¢ A a *-subalgebra
and D C H a dense subspace such that D + A' ¢ dom(T), T(AY) c A, and T
satisfies the twisted Leibniz rule

T(fy) =Ty +o(HTY, feA, yeD+ Al

for an automorphism o : A — A. Assume finally that X is a densely defined linear
operator on H with D C dom(X), and that f¥ € D and x f = fx{ hold for all
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feAandy € D. Then

IT(fg) =X(THg +a(f)XT(g), fgeAl (5.6)

as operators on D and

[RT, flo¥ = 2Ty, feA, ¥ eD.

Proof The only slightly nontrivial statement is that each term in the following
algebraic computations is well-defined as an operator on the domain D: Let ¢y € D
and f, g € A!. From the twisted Leibniz rule, we get

(T(fNY =T(fg¥) —o(fOTY =(THHgy) +a(HTY) —a(fHo(@Ty
= (THgy) +o(NHTY.

Since o (f) € Aforall f € A, it follows that
XT(fNy = (X(THg +o(HET)Y,

which proves (5.6). AsXT(fy) =X (THV+Xo(HTY =X (THHy+o(HXTY,
we also have [£ T, flow = £(T)Y +0())ETY — o (/)ETY = £ (Tf)y. O

By (5.4) and (5.5), the lemma applies in particular to the operators Ty, T1 and T»
with A := F(D,)RC(SH, Al := FO M) @CV (S, H := Lr(Dy, na)RL2(SH)
(where integration on S! is taken with respect to the Lebesgue measure), the
automorphism 6! and the operators X coming from O (Dy)°P. As the dense
domain, we may take

D= Fo(Dy) ® CV(Sh. (5.7)

5.2 Twist: >

First we show that aaz and aaz satisfy a twisted Leibniz rule for the automorphism
o2 Let f, g € FV(D,). Then

~1
AR .2 v el = P Y, fleg + [y y Tl g
= (g Ne+0Xf) g (5.8)

and similarly

L) =(LHg+of) s (5.9)
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Setting 3’1 = az ®1, 3’2 = 3‘92 ®1land 6% =02 ® 1, we get for all ¢, ¢ €
FO(D,) @ cHO(Sh

S1(pv) = 10 + XD S1v,  $2(d¥) = (S29) ¥ + 62(p) SHrvr

by (5.8) and (5.9).

Next consider the operator 3’0 =y2 S’I on the domain dom(y~2) ® CV(S!) in

LoDy, 11a)®L2(S'). Again fg € dom(y~2) forall f € F(D,) and g € dom(y~?)
since y 2 fg = 02(f)y2g € Lo(Dy, o). Now, for all ¢, & € C(Sh),

So(fg® &) =y fg® 2 (¢§)
=y e@ (2 pE+y 2y e @ (2 E)
=(S(f®9)(g®&) + (@)@ e)(So(g ®8)).

Therefore, for all ¢, ¥ € F(Dy) ® CV(S!) with ¢ € dom(y~! ® 1), we have

So(pv) = Sop)¥ + %(9) (Sovr).

As a consequence, 3’0, 3’1 and 3’2 satisfy the same twisted Leibniz rule for the twist
62, and so do xfpS,- for xfp € {y°P, (y°P)2, z°P, z*°P} by Lemma 5.1.

6 Adjoints

6.1 oa=2

Seta = 2in (3.10),
Do :={f € FV(Dy)Ndom(y~HNdom((y™)P) : T1(f), Ta(f) € dom((y~")*P)}
and

D:=Dy®CVS") c LoDy, ne) & La(Sh). (6.1)
It follows from Fo(IDy) C Dy that D is dense in Lo (D, pta) ® Ly (SY). Let T} and

T, be the operators from (5.1) with domain Dy. Using (3.5) and the trace property,
we compute for all f, g € Dy,

(Tlf’g> = -

1—g¢g _ _
| _ g T (2 'ey? — 2"y ey
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1—¢q _ _ _ _
== _ 2T Ly ley? —q T Py ey
_A=g9)(gr—q7H
1 — g2

(1-q)q" _ _
- Trem(y 'zgy? — [y ey

Tro,an (f*y " g2y?)

q7? 1 1
= opy=l _ o=1p
<f,(1+qz y q - Trg),
therefore
-2
T oyl gy Ty (6.2)
14+g¢g

From (3.16), it also follows that

q *op,,—1 *
Z —qh CT,.
1+4¢ y q 2

Similarly, using zz* — z*z = (1 — ¢?)y?,
(@ HPTif, 8) = - 11__;2 Tre,an (' 2 fray ey® =y ey T e
=- 11_—;2 Tro,a (v 22" = 2" f*y ey + v T ey’ — v Py e
=—(1-gq) TrKZ(N)(f*y_lgyyz) - 11__;2 Tr@(N)(f*y_l(zg - gz)z*y_lyz)
=(f. (=o' = @y )PT)g),
where 0! (g) = y~lgy = y~!y%Pg forall g € FDy) N dom(y~"). Hence
—o' =@y T C (v HP )" (6.3)

Since y~! and y°P are self-adjoint and thus ! is symmetric, we also get from the

above calculations
1 —1yop *  —1yop *
—o! — @ HPT C (Y HP ) (6.4)

Recall that ig’t is a symmetric operator on C MShH ¢ Ly(S"). Also, for all
¢ € CD(Sh), we have

€l e=id o) =ep+e il (6.5)
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From this, (3.16) and the self-adjointness of y~!, it follows that

q72zopyfleflt+q72zopyfleﬂti§t c (Z*opyfleltigt)*,

where the left-hand side and z*°Py~leii g’t are operators on D. Analogously,
_q2z*opy—1eit + QZZ*OPy_leitigt c (ZOPy_le_iti(f?t)*- (6.6)

Now we are in a position to state the main result of this section.

Proposition 6.1 Consider the following operators on Ly(Dy, 1a) ® Lo(SY) with
domain D defined in (6.1) above:

Hi=@y H%Py ) — @ )y L+ yPy i),

-1

N . q I
E = —e 1ty882_ 1dl—qzopy le 1t1§t’
oo ot 3 q *op ., —1 4ir: 3
F:=gqge yaz—1+qz y ey

Then I-AICI-AI*, Fc E*and E C F*.

1

Proof Since y°P, y~' and i (,ft are commuting symmetric operators on D, we have

yPy~li2 < (yPy~1i2)*. Now it follows from (6.3) and (6.4) that

A~

1.9

H* > —ol = (z*y )Py 332 +ol + @y Hory aaz +yPy i) = H.
Furthermore, from (6.2) and (6.6), we obtain
A wa ! 1 it 9 vq! gt 1 —it: 9 =
F* 5 e 1 opy—1 _ it | et op,,—1 _ op,—la—it — E.
1~|—qZ Y Y oz 1+qZ Y 1~|—qZ Y Lo

The last relation also shows that F* is densely defined, thus F c F™ c E*. O

6.2 a=1

Consider now

D:=Dy® CVS") c LaDy, ne) & La(ShH) 6.7)
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with Dy := FD(D,) N dom(y=2). Forall £, g € FV(D,),

l—gq _ _
Py S 8) =T Tre, ) (yf*2y 28y — yaf*y 2gy)
_ _zl—qT S ) k=2 _ 2
=TT _p e, STy TzgyT — Ty TgzyY)
— g2 T9nq * —2 2
=T p e, (f7y [z, g1y7)

=(f.—q >y Lg).

thus
—qg7'yP L C gy L) and gy® D C (gy®P )™ C (=g yP )",
(6.8)
Next,
—-q - _
(2P f 8 = =) _ g2 e G S "2y ey — "2y gy)
l_q —1 px =2 * *, =2 _x
== g2 Trem (@ ety = [Ty e ey)
l_q —1, %, —2 * * =2 *
=T Tre,av (g~ (f*y"282%y — f*y™"g22"y)
+q 7y gty — fFy g ey)
—1_s%op 8 —1(1_‘1)2 %, —2 " )
— TS —a T Tre, ) (f*y gy +af vy *gy?y)
(6.9)
and

l—gq _ _
(P f.8) = iy Tro, v (2f*2*y gy — 22* f*y 2gy)

g ) )
= | _ g Taen(s’y *2*gzy — f*yPgazy)

-2

l—g¢ . _ _
= | _ g T (q(f*y 2z%gzy — f*y gz zy) + qf *y Pgzt ey — f*y Pgzz*y)

1— 2
—(f. @z 2 )g) — (1 _;’i Tre,an (f*y 728y + af*y 7 ey*y).- (6.10)
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From (6.9) and (6.10),

((qz® 0 =" P L) f. g) = (f. (qz® L — 2*P L)g) (6.11)

—2;9

*op " is symmetric. As (y%)°Py iy is the product of

: op 9
i.e., the Qperator qz f’az —z
commuting symmetric operators

OHPy A (GHPyEHL)" (6.12)

is also symmetric.
By (3.16) and (6.5),

-2 a

e—lt_l_zopyopy—Ze—u‘ia C (Z*opyopy—Zeuié’)t)*.

(o) (0]
ZPyPy f

Similarly,
*opyopy 2ell‘ “FZ*OP}’ y Zeltl‘;’) C (Zopyopy72e 1t1§t) )
Since z°Py°P C (z*°Py°P)* by (3.16),

-2 2 —it: 9

e—it_l_zopyopy i c (- *opyopy Ze1t+z*opyopy 26”18)*.
(6.13)

1_op,,0
5 2Py Py

Analogously, using z*°Py°P C (z°Py°P)*,

1 *opyopy 2€1t+z*opyopy -2 1t (’?t C (;ZOPyOPy 2€—it_'_zopyopy—2e it 8)*
(6.14)

As in the previous section, we summarise our results in a proposition.

Proposition 6.2 Let y, be a non-zero real number. Consider the following
operators on Ly(Dg) ® L>(SY) with domain D defined in (6.7) above:

| = CIZOP 9 _ Z¥oP 8 + (yZ)op —2:0

>

3z Lars
Ao —1 =it op —2 —it: 9 _ Va4 _op.o ~2¢ it
El:=—q VP g — vgzPyPy e 13,—2zpypy

it _op 0 *0p,,0p,,—2 ,it: 0 Yq *0 0 2.
Fii=qeyP J — y 2" Py Py e} 4 PyoPy ~2ell,

2
Then 1:11 - 1:11* Fl - E’f and El - Ff‘

Proof H, C Hj follows from (6.11) and (6.12), Ey C F;* follows from (6.8)
and (6.13), and Fy C E} follows from (6.8) and (6.14). O
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7 The Dirac Operator

Classically, the left invariant vector fields H, E and F act as first order differential
operators on differentiable functions on SU(2). In the noncommutative case, we will
use the actions of H s E and F to define an algebra of differentiable functions.

For x; = x?p Qn; € (’)+(]D)q)°P ® C®(ShH, i = 0,1, 2, consider the action on
f®¢eFDD,) ® CD(S!) given by

GoTo + 21T + 22T2) (f ® @)

=y fxo®@n0 (@) + Ti(Hx1 @ne+ Ta(fHx2 @ ne,
(7.1)

where the right-hand side of (7.1) is understood as an unbounded operator on
Ly(Dy, pa) ® L>(S") with domain of definition containing the subspace D intro-

duced in (5.7). Note that the operators H s E and F are of the form described in (7.1),
and that the operators X; and 7; satisfy the assumptions of Lemma 5.1. We define

rsu,2) = ¢ e FYm,) @ V(s :

H(p), E(¢), F(#), H("), E@*), F(¢*) are bounded}.
(7.2)

From (5.2), (5.3), (5.5) and Lemma 5.1, it follows that

T (o) = Ty + 6 (@) (TY), (7.3)

for all o, € TM(SU,(2)) and T € {H, E, F}. In particular, T (¢y) is again
bounded so that I'D (SU4(2)) is a *-algebra.

Finally note that the classical limit of H, E and F for q — 11is formally H,
E and F, respectively. This will also be the case if we rescale E and F by a real
number ¢ = ¢(g) such that lim; 1 ¢(g) = 1. Such a rescaling might be useful in
later computations of the spectrum of the Dirac operator.

Theorem 7.1 Leta = 2. Set H := (L2(Dy, ne)®L2(SH)B(L2(Dy, )L (SH))
and define

7 : TV (SU,Q2) — BH), 7n(p)=¢d¢

as left multiplication operators. Then, for any c € R, the operator

cF —H-2
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is symmetric on D @ D with D from (6.1). Furthermore,

[D, n($)s1 1= Dr(p) — n(6'(¢)) D

is bounded for all ¢ € TV (SU,(2)).

Proof D C D* follows from Proposition 6.1. Forall ¢ € 'V (SU, (2)) and yr1 ©
in the domain of D,

(D, m(@))g1 (Y1 @ ¥2) = H(@Y1) — 6" @)VHW1) + c(E(pyn) — & () E(¥2)
@ c(F(pyn) — 6 @) F(1)) — (H(py2) — 61 () H(¥n))
= (Hp)Y1 + c(EQ)Yn & c(Fop)yi — (Hp)yn

by (7.3), 50 [D, (¢)],1 is bounded by the definition of 'V (SU, (2)). O

Theorem 7.2 Let H and 7 be defined as in Theorem 7.1 but with the measure
on D, given by setting o = 1 in (3.10). Let Hy, F\ and E; be defined as in
Proposition 6.2 and F(l)(SUq (2)) as in (7.2) with I:I, F and E replaced by I-All,
Fi and E\, respectively. Then, for any ¢ € R, the operator

Dy = H1A—2 €E1
cFh —-H -2

is symmetric on D @ D with D from (6.7). Furthermore,

[D1, 7($)]s2 == Di7(¢p) — n(6%()) Dy

is bounded for all ¢ € F(l)(SUq 2)).

Proof Using the results for 3’0, S 1 and .§2 from Sect. 5.2 and Proposition 6.2, the
proof is essentially the same as the proof of the previous theorem. O

To view the Dirac operator of Theorem 7.2 as a deformation of the classical
Dirac operator, one may choose a continuously varying positive real number y,
such that limy 1y, = é For instance, if y, = lj’rq, then the Dirac operator
of Theorem 7.2 resembles the one of Theorem 7.1, the main difference being the
additional functions (0-order differential operators) in the definitions of E 1 and F 1.
In the classical case g = 1, the operator D can be obtained from the Dirac operator
D in Theorem 7.1 by the “gauge transformation” Dy = ,/y D\/yfl.

On the other hand, if one rescales the volume form to vol; := !'vol with a
non-constant function y without changing the Riemannian metric, then the Dirac
operator ceases to be self-adjoint but the above gauge transformed Dirac operator
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will remedy the problem. To see this, let f, g, \/yflf, \/yflg € dom(D). Then
_ _ 1 _ _
WDV sy = [ WDV ). dvol = [0y g5 gravel

1 1 _
- / (VDY) vl = £y DY 05 1y

For this reason and in view of (3.11), we may regard D; as the Dirac operator
obtained from D by rescaling the volume form yd,yd¢ — d,yde¢.
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1 Introduction

The Fock (Bargmann-Segal) space was introduced independently by Bargmann
and Segal in [2] and [21], respectively. Berger and Coburn in [5] developed the
basic theory of Toeplitz operators and applied them to Quantum Mechanics. In [6],
the authors described the biggest *-subalgebra of L°°(C) that generates Toeplitz
operators with compact semicommutators.

Concerning the study of C*-algebras generated by Toeplitz operators acting on
the Fock space, in [11] and [12], Esmeral, Maximenko and Vasilevski, described
the only two commutative C*-algebras generated by Toeplitz operators. One of
these algebras is generated by Toeplitz operators with radial symbols. These
operators turned out to be radial (invariant under rotation operators). The other
one is generated by Toeplitz operators with horizontal symbols. These operators
are invariant under Weyl operators.

Toeplitz operators with radial symbols behave quite well. In fact, they are diag-
onal operators with respect to the corresponding monomial basis of the Bergman,
the harmonic Bergman, the pluriharmonic Bergman, the Fock and the pluriharmonic
Fock spaces (see [1, 13, 15, 18, 19], for example).

Very interesting results related to Toeplitz operators acting on the Fock space
are found in the following works [2-6, 8, 10, 22]. As far as we know, the study of
Toeplitz operators acting on harmonic Fock spaces began with the work [1], where
the author studied algebraic properties of Toeplitz operators with radial and quasi
homogeneous symbols on the pluriharmonic Fock space of C*. If n = 1 quasi
homogeneous symbols are radial functions.

Inspired by the results obtained for Toeplitz operators acting on the Fock space
and considering the differences between Toeplitz operators acting on the Bergman
space and Toeplitz operators acting on the harmonic Bergman space [18, 19], in
this work we consider Toeplitz operators with radial symbols and Toeplitz operators
with horizontal symbols acting on the harmonic Fock space.

The harmonic Fock space is invariant under rotation operators, and we can follow
the proofs given in [11] to describe the behavior of Toeplitz operators with radial
symbols acting on this space, just with slightly modifications. In both cases, Fock
and harmonic Fock settings, the C*-algebra generated by Toeplitz operators with
radial symbols is commutative. Even more, both algebras are isomorphic to the
algebra RO(Z, ) consisting of all uniformly continuous sequences with respect to
the square root metric. Nevertheless, the corresponding Toeplitz operators are not
unitarily equivalent. One important result for Toeplitz operators with radial symbols
acting on the Fock space is that a Toeplitz operator is radial if and only if its symbol
is radial [11]. This result also holds for Toeplitz operators with radial symbols acting
on the harmonic Fock space.

On the other hand, a Toeplitz operators acting on the Fock is horizontal if
and only if its definig symbol is horizontal. Since the harmonic Fock space is
not invariant under Weyl operators, horizontal operators cannot be defined here.
However, up to compact perturbation, Toeplitz operators with horizontal symbols
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have a similar behavior to the corresponding Toeplitz operators acting on the Fock
space. In fact, we prove that the Calkin algebra of the C*-algebra generated by
Toeplitz operators with horizontal symbols is isomorphic to the algebra consisting
of all bounded uniformly continuous functions with respect to the standard metric
on R, which, at the same time, is isomorphic to the C*-algebra generated by Toeplitz
operators with horizontal symbols acting on the Fock space.

In summary the main results of this work are the following:

1. A Toeplitz operator acting on the harmonic Fock space is radial if and only if
its symbol is radial. The C*-algebra generated by Toeplitz operators with radial
symbols is isomorphic to the algebra consisting of all uniformly continuous
sequences with respect to the square root metric.

2. In general, two Toeplitz operators with horizontal symbols do not commute.

3. The commutator of two Toeplitz operators with horizontal symbols is compact.
However, its semicommutator is not compact in general.

4. The Calkin algebra of the C*-algebra generated by Toeplitz operators with
horizontal symbols is isomorphic to the algebra consisting of all bounded
uniformly continuous functions with respect to the standard metric on R.

2 The Harmonic Fock Space

Let L?(C, dA) be the Hilbert space of all the square integrable functions with respect
to the Gaussian measure

1
dr(z) = ne_msz(z), z€C,

where d A denotes the usual Lebesgue measure in the complex plane C. The Fock
space F? is the closed subspace of L*(C, d)) consisting of all analytic functlons
thatis, f : C — C is in the Fock space F2 if f € L?(C, dA) and af = d{c +z =
0.

A very important result related to the Fock space is its relation with the space
L*(R) = L*(R, dx), where dx is the usual Lebesgue measure. This relation is given
through the Bargmann transform B : L?*(C, dA) — L?*(R) which was introduced in
[2]. The formula for this transform is the following

(Bf)(x) =7~ '/* / F@eV 5 75 ). 2.1)

The Bargmann transform, restricted to the Fock space, is a unitary operator from JF2
onto L2(R).
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It is well known (see for example [5]) that the Fock space F 2 is a Hilbert space.
The set consisting of all the functions

1
en(z) = \/n'z”, neZy, (2.2)

where Z, = NU{0}, forms an orthonormal basis for F2. The orthogonal projection
P : L*(C,dA) — F?is given by the integral operator

Pf(z) = [C e f(w)dr(w), f e L3(C,dx). (2.3)

It is also true that
B*B =P :L*(C,d\) - F?, andthat BB* =1:L*(R) > L*(R). (2.4)

On the other hand, a complex-valued function f is called anti-analytic if ?f; =
gi - ig§ = 0. Notice that f(z) is anti-analytic if and only if f(z) is an analytic
function. Thus, the unitary operator J : L>(C, di) — L*(C, d) given by

Jf @) = f(2), (2.5)

maps an analytic function into an anti-analytic function and vice versa. So, the image
J(F* = F2?is a closed subspace of L%(C, d)) called the anti-Fock space. The
orthogonal projection P : L>(C, d1) — JF?2 is given by the integral operator

Pf(z) = [C e f(w)di(w), f e L*(C,dxn). (2.6)

A twice continuously differentiable function f : C — C is harmonic if

0*f(2) | 9f@) _

Af(z) = 932 + 0y2 0, z=x+iyeC.

The harmonic Fock space H? is the subspace of L>(C,dA) consisting of all

. . . 2 2
complex-valued harmonic functions. Since A = }.& = 1.9 "the Fock space
4 9z0z 4 0z0z

F? and the anti-Fock space F2 are subspaces of 72. Then
F24+ F2 cH2 (2.7)
In fact, the converse inclusion holds (see for example [1]), such as in the case of

harmonic spaces in different domains (for example [18, 19]). For completeness, we
include the proof of this fact in what follows.
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For a function f = uy + iup € ’7’-[,2, both u and u; are real-valued harmonic
functions. Define vy and vy as one of the harmonic conjugate functions of #; and
uy, respectively. Then,

f=2g1+g.
where g1, g» are the analytic functions defined by

up — v +i(v1 + u2) uyp +vy —i(vy —uz)
81 = and g = A
2 2
Besides, it is clear that since f € 2 then both ui, up are in Lz((C, dA). The
upcoming lemma shows that if u1, up belong to Lz((C, dA) then their harmonic
conjugates v, vz also belong to L2((C, d\). This fact implies that g1, g» are in the
Fock space. Thus, using (2.7) we have that

HP = F2+ F2 (2.8)
In order to prove Lemma 2.1, we adapt the proof of the result given in ([7], p. 53)

for bounded disks.

Lemma 2.1 Let u be a harmonic real-valued function. Ifu € L*(C, dA) then every
conjugate harmonic function v of u is also in L>(C, d)).

Proof Suppose, without loss of generality, that v(0) = 0. The function f = u +iv
is entire, and therefore, it can be expanded in its power series

o]

f@ =) et

n=0

For eachn € Z, let a, and —b,, be the real and imaginary parts of c,, respectively.
Notice that the condition v(0) = 0 implies that b9 = 0. In polar coordinates we
have

o o
fre'?) =ap+ Zr”(an cosnb + by sinnd) + i Zr”(—bn cosnf + a, sinnb).
n=1 n=1
That is, u(re'?) = ap + Y., r"(amcosnd + b,sinnd) and
. o0
v(rel?) = > r"(=b, cosnd + a,sinnb). Fixing r > 0 and using Parseval’s

n=1
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Theorem we have that for the functions u, v

1 [ . 1 &
/ lu(re'?)|?do = al + 5 > r¥(al + b,
0

2m =

1 o i6y12 1 - 2 2 2

. /0 [v(re'”)|“do = 5 Zr "(a; + by),
n=1

respectively. Thus, for all r > 0

27 ) 27 )
/ lu(rei?))?do < f lu(re'®)>ds.
0 0
Now, since u € L2((C, d)), we have that

1 p p2w ) 1 p 2w )
f f rlo(re®)2e™ dodr < / / rlu(reé®) e dodr < u|?,
T Jo 0 T Jo 0

for all p > 0. Using Tonelli’s Theorem and Monotone Convergence Theorem we
conclude that

1 [P [ ; 2
/ [v(2)|?dA(z) = lim / / rlv(re!®)|?e ™" dodr < ||lu|?.
C p=ee T Jo Jo

Thatis, v € L%(C, d}). O

In order to get an orthogonal decomposition of the harmonic Fock space,
denote by zF2 the closed subspace of F2 consisting of all functions that vanish

.. . . 2. .
at the origin. If f is entire and f(z)e™¥I" integrable, then from straightforward
calculations we conclude that

/(Cf(Z)d)»(Z) = f(0).

Therefore, the space zF?2 is orthogonal to the Fock space F2. Using (2.8) we lead
to the following theorem.

Theorem 2.2 The harmonic Fock space admits the orthogonal decomposition

H? = F2 @ F2. (2.9)
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The following results are direct consequences of the last theorem and Eqs. (2.3)
and (2.6):

1. The harmonic Fock space 7—£2 is a closed subspace of L2(C, d2).
2. The orthogonal projection P from L?(C, d)) onto H? is the integral operator

Ff(Z) = / (ezw + eV — 1) f(w)dr(w), fe Lz((C, dir).
C
3. The set {n,},ecz, With

, € Zy,
T (2.10)
€|, NE€E Z\Z+,

where e, is given in (2.2), is an orthonormal basis for the harmonic Fock space
H.

3 Toeplitz Operators on the Harmonic Fock Space

Denote by L% (C) the algebra of essentially bounded functions on C with respect
to the usual Lebesgue measure. For a function a € L%°(C) define the Toeplitz
operators with symbol a, T : F2 > Fland T, : H? > H?, as

T,.f(z) = P(af)(2) = /Cezwa(w)f(w)dk(w), feF
T,h(z) = P(ah)(z) = /(ezw + " — Da(w)h(w)dr(w), h e H>.
C

It is well known that 7, = O if and only if ¢ = 0 and that every compact
supported function generates a compact Toeplitz operator on the Fock space [5,
theorems 4 and 5]. The following proposition, which proof is essentially the same
of [5, theorems 4 and 5], shows that these facts hold for Toeplitz operators acting on
H>.

Proposition 3.1 Let a € L°°(C). The following statements hold.

1 The Toeplitz operator Ta is zero if and only if a(z) = 0, a.e.
2 If a has compact support then the Toeplitz operator T, is a compact operator.

From the decomposition (2.9), a Toeplitz operator acting on the harmonic Fock
space H> can be represented as a 2 x 2 matrix-valued operator. Indeed, given a
symbol a € L*®(C), the Toeplitz operator T, acting on F2> @ zF?2 is the matrix-
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valued operator

fa Pal}-z Pa|z_7:2
(P—1®Dalr (P —1® Dal_z

where (1 ® 1) f = (f, 1)1. Define J : L3(C,d)\) & L*(C,dx») — L3(C,d\) &

L*(C, dx) by
~ (10

where J is given in Eq. (2.5). Notice that Tisa unitary operator satisfying T =17,
Even more, J| | Peur : F2 @ zF? — F? @ zF? is a unitary operator with inverse
Vi P F2- We use J to denote the operator and its restrictions indistinctly. Using

J, the Toeplitz operator T, acting on F2 @ zF2 can be unitarily transformed into an
operator acting on F2 @ zF2.

Theorem 3.2 Let a € L*°(C). The Toeplitz operator Ty is unitarily equivalent to

FRF - T, PJal,z
(PJ —1® Dalr (Ts — (1@ Da)|, z

acting on F> @ zF2, where a(z) = a(z) and 1 ® 1) f = (f, 1)1.
Proof Since P = JPJ and J? = I, we have

j"'i’_ Pal}—z PaJ|Z]:2
“CT\I®P-1®Dalgp J(P-1® Dall.x
Pa|r Pal|,r 3.1
(PJ—J(1®@alp (P—J(A®)all,zm) '

Now,J(1®1)=(1®1)J = (1®1)andaJ = Ja, then Eq. (3.1) becomes

ffafz Pal}-z PJaIZ]:zA i
(PJ =A@ D)alp (P— A& 1)al

which is what we wanted to prove. O

Similar results for the harmonic Bergman spaces are found in [17, Theorem 2.1]
and [19, Theorem 3.1].
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4 Toeplitz Operators with Radial Symbols and Radial
Toeplitz Operators on the Harmonic Fock Space

A function @ € L%°(C) is called radial if a(z) = a(|z|). Denote by L*°(R)
the algebra of bounded radial functions defined on the complex plane. Toeplitz
operators with radial symbols acting on the Fock space are diagonal with respect
to the monomial basis (2.2). Indeed, by direct calculations it can be proved that if
a € L*°(R,) is a radial function, then T,(e;) = y,(n)e, where

Va(m) = ! / a(/rye " r"dr, m € Z. 4.1
Ry

m!

(see for example [16]). As a consequence, the C*-algebra generated by these
operators is commutative and isomorphic to a C*-subalgebra of the algebra of
bounded sequences £° = £°(Z.).

Theorem 4.1 ([11]) The C*-algebra T (L*°(Ry)), generated by Toeplitz operators
with bounded radial symbols acting on the Fock space, is C*-isomorphic to
RO(Z ), where RO(Zy) C LS consists of all the sequences y = {y (k)}kez, € €3
such that y is uniformly continuous with respect to the square root metric p(m, n) =

lvm = /nl.

The following lemma follows by straightforward calculations. This result can be
generalized to higher dimensions, for example, the pluriharmonic Fock space (see

(1D.

Lemma 4.2 Let a € L®(Ry). The Toeplitz operator T, acting on the harmonic
Fock space, is diagonal with respect to the monomial basis (2.10) and

~

Tutn = Ya(n) 0, n €z,

where Y, (n) = y4(|n|), and y, is given by (4.1).

Last lemma implies that the set of eigenvalues of the operator T, is

{va(m) :m e Zy},

and its spectrum is given by

Sp (fa) = {Va(m) :m € Z}.

Carrying out a proof that follows the reasoning that concludes in Theorem 3.1 of
[16], Lemma 4.2 can be extended to Toeplitz operators acting on the harmonic Fock



264 M. Loaiza et al.

space with a wider class of symbols. Such class of symbols, L°(R, e™" 2), consists
of all the measurable functions (not necessarily bounded) a : Ry — C that satisfy

/ la(r)|r™e™"dr < oo,
Ry

for every m € R,. A detailed treatment of this is in [20]. The next theorem
summarizes these results.

Theorem 4.3 Given a symbol a € L{°(Ry, efrz), the Toeplitz operator T, is
unitarily equivalent to the multiplication operator I : €>(Z) — £*(Z), where

5 1 _
Va(lnl) = f a(vrer"dr, nez
Inl! Jr,

Returning to Toeplitz operators with bounded radial symbols, from Lemma 4.2,
the C*-algebra T(L®(Ry)) is C*-isomorphic to the C*-algebra generated by
all sequences {y,la € L°°(R4)}. Thus, the following result is an immediate
consequence of Theorem 4.1.

Theorem 4.4 The C*-algebra %(LOO(RJF)) is C*-isomorphic to RO(Z4.).

Even when the associated sequence y, in RO(Z;) is the same for both
operators T, and T,, these operators are not unitarily equivalent. Indeed, denote
by Eigen(A, 1) the eigenspace of the operator A associated to the eigenvalue A, and
by dim Eigen(A, 1) its dimension. Thus, it is clear that, if m # 0,

dim Eigen(T,, ya(m)) = 2 dimEigen(T,, y4(m)).

As an example, consider the characteristic function of thg interval [0,1], denoted
by x[0,1]- The m-th eigenvalue of the operators T} [o,1] and T [0, 1] is given by

ot
)/X[(),l](m) / rme rdr
0

m!

1 1 & m!
|
m! n eZ

m = !

Since yy[0,11(m) # yx10,11(n) for n # m, when m # 0, the eigenspace

Eigen(Ty (0.1, ¥y[0.11(m))

associated to yy[o,11(m) is generated by the vectors 1, n—,. On the other hand,
the corresponding eigenspace Eigen(Ty 0,11, ¥x[0,1](m)) for the operator T[o, 1], is
generated by the single element e, given in Eq. (2.2). This implies that the operators
Ty10,1) and TxlO, 1] are not unitarily equivalent.
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4.1 Radial Toeplitz Operators

A bounded linear operator is called radial if it commutes with rotation operators.
Using the techniques developed by Zorboska in [23] for Bergman spaces, Esmeral
and Maximenko in [11] proved that a bounded operator acting on F? is radial if and
only if it is diagonal with respect to the monomial basis given in Eq. (2.2). Even
more, they proved that a bounded Toeplitz operator acting on F? is radial if and
only if its generating symbol is a radial function. In this section, we prove that this
result is also valid for radial Toeplitz operators on H?.

Recall that for & € R, the rotation operator Uy : L>(C,dx) — L*(C,dA) is
defined by

(U )(2) = f(ze ), zeC.

Rotation operators Uy, 8 € R, are unitary and satisfy Ugp = Ugyoz,, n € Z. Besides,
for every element on the monomial basis of H?

Upnin(2) = ma(ze ™) = ¢ "y (2), Vn € Z.
Therefore, 72 is invariant under rotation operators and Ug |242 is unitary. From now

on, we write Uy instead of Ug|y2. A bounded operator S : H? — M2 is called
radial if

SUp = Uy S, for all 6 € [0, 27).

It is easy to see that the set of all radial operators acting on H? is a C*-algebra.
Given a bounded operator S : 1> — H?2, define its radialization by

1 2
Rad($) = / U_gSUydo,
0

where the integral is understood in the weak sense, thatis, Rad(S) f = g, f, g € H?,
if

2w
(g, h) =/ (U_gSUpg f, h)d6, forall h € H>.
0

Then a bounded operator S : H?> — H? is radial if and only if Rad(S) = S.
Furthermore, the operator Rad(S) acts on the monomial basis (2.10) for 2 in the
following way

0, n#m,

Vn,m € Z.
Snnv 77m>» n = mv

(Rad($) 1, nm) = {<
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As a consequence, the next lemma follows.

Lemma 4.5 A bounded operator S : H*> — H? is radial if and only if it
is diagonal with respect to the monomial basis {n,}n,cz. Thus, the C*-algebra
generated by radial operators is isomorphic to the algebra of bilateral bounded
sequences £°°(Z).

Radial functions can be characterized similarly. Let a be a bounded function. The
radialization of a is given by

2
rad(a)(z) = 2; /0 a(e®2)do.

A function a € L®(C) is radial if and only if @ = rad(a) almost everywhere. The
following theorem allows us to use radial Toeplitz operators and Toeplitz operators
with radial symbols indistinctly.

Theorem 4.5 Let a € L% (C). The Toeplitz operator T, is radial if and only if a is
a radial function.

Detailed proofs of Lemma 4.5 and Theorem 4.5 follow from the proofs of [11,
theorems 2.4, 2.5 and 2.6] with slightly modifications.

5 Toeplitz Operators with Horizontal Symbols
and Horizontal Operators

This section is devoted to study Toeplitz operators on the harmonic Fock space
H? with horizontal symbols. A function ¢ € L% (C) is said to be horizontal if
a(z) = a(Rez). We denote the algebra of horizontal functions by L*°(R). In [12],
Esmeral and Vasilevsli proved that the Toeplitz operator 7,, with horizontal symbol
a € L*°(R) is unitarily equivalent to the multiplication operator BT, B* = y,I
acting on L2(R), where

Va(x) = n_l/sza <j2> Gy, (5.1)

and B is the Bargmann transform defined in Eq. (2.1).

Besides, after identifying BT,B* = y,I with the function y, € L*(R),
they obtained the description of the C*-algebra 7 (L*>°(R)) generated by Toeplitz
operators with horizontal symbols acting on the Fock space.

Theorem 5.1 ([12, Corollary 5.6]) The C*-algebra T (L*°(R)) is C*-isomorphic
to the C*-algebra Cp ,(R) of bounded uniformly continuous functions with respect
to the standard metric on R.
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Similar to the radial case, Toeplitz operators with horizontal symbols acting on
the Fock space are intimately related to horizontal operators (see [12]). We recall
that for n € C, the Weyl operator W, : L2(C, d)) — L2(C, dx) is defined as

2
W, f() = e fz—n). f e LX(C, dn).

The Weyl operator W), is a unitary weighted translation operator on L%(C, dp).

The Fock space F?2 is an invariant subspace of each Weyl operator and, even
more, the restriction Wy|z : F 2 — FZis unitary. A bounded operator S : F2 —
JF? is said to be horizontal if it commutes with Weyl operators W;,, for all € R. It
turns out that a Toeplitz operator is horizontal if and only if its generating symbol is
horizontal [12, Proposition 3.10].

Contrary to the radial case, the study of Toeplitz operators with horizontal
symbols on #? differs a lot from the analytic case. To begin with, Toeplitz operators
with horizontal symbols on the harmonic Fock space do not commute in general. For
example, consider the following two symbols a(z) = e'R*, b(z) = ¢~'R®* and the
constant function f(z) = 1. Straightforward calculations, using the formula

b2
/e_x2+bxdx =./me .
R 4
imply that
! / / elex+dy (eZ(X_"y) + P FY) _ 1) e_(xzﬂz)dxdy
T JRJR
—2442 i(c—d)z i(c—d)z
=e 4 e 2 +e 2 —1]).
Then,

TafZ — 1 / / eix (ez(xfiy) + ez(xfiy) _ 1) e*(x2+y2)dxdy
T JRJR
— effrac14 (eizZ +ei22 _ 1)

1 / / i (ez(xfiy) + 20T 1) ef(xzﬂz)dxdy
7 JrJR

— effrac14 (eizz _I_e"zz _ 1)

bez

1
~ ~ e 4 i 1 . .
T,T,f(z) = / / e 2% 2Y (ez(x—ty) 4 ety 1) e_(xzﬂz)dxdy
T JRJR

1
+€ 4 / / e_éx'f‘éy (ez(x—iy) + eZ(X—iy) _ 1) e_(x2+y2)dxdy
7T JRJR
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/ / Z(X iy) + et —iy) _ 1) e—(XZ'H’Z)dxdy
2672 ((e4—1)<92 —|—e2)—|—1) 5.2)

LT f () = /f62+ Z(" i) 4 g7la=iy) _ 1)ef<x2+y2)dxdy

// -3 z(x ) 4 prlx—iy) _ 1)e*(x2+y2)dxdy
*4 . . . 2,.2
/ / oix (ez(xfty) + ez(xfty) _ 1) e*(x +y )dxdy
RJR
o ((e—z 1) (F ) 1)) (53)

Evaluating 5.2 and 5.3 at the point z = 7 we obtain,
Ty T, f () = 2¢™2 (ei - 1) = —ImT, Ty f ()

Notice that the Weyl operator W), does not preserve the harmonic Fock space.
Indeed, for f € H?

32 2 29f(z —
ew— mzl f(Z - 77) = 477€Zn_ Mz‘ f(Z n) k]
9z0z 0z

AW, f(z) =4
which is not always equal to zero. For example, consider the function in H2, f) =
z, then

In?

AW, f(z) = 4ne?™ 2

and AW, f(z) is not harmonic. In conclusion, horizontal operators are not well
defined on the harmonic Fock space H? (see also the point 5.6 of the concluding
remarks in [9]).

We might try to use the unitary representation of the harmonic Fock space
T (H?) = F? @ zF? to define a Weyl type operator . This suggests the next matrix-
valued operator

Wy 0}, 2 2 2 >
(0 W,,)']: Dz F°—> F- @z F-.
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However, it is not well defined since W,, does not preserve z.- 2. In order to have a
well defined operator, this operator must have the following form

W, (ADLhHWw,
0 I-(1e1))w,]"

But this operator is not unitary.

Leaving the horizontal operators aside, we focus on the study of Toeplitz
operators with horizontal symbols acting on the harmonic Fock space. To do this,
we use the decomposition of the Bargmann transform B given in [12, Theorem 2.1].
Let U; be the unitary transformation from L?(C, d) to L*(R?) given by

1/2

x2+y2
Up(x) =7 ""e” 2 o(x,y), z=x+1iy,

and U = I ® F : L*(R?) = L*(R) ® L*(R) —» L*(R) ® L*(R), where F :
L?(R) — L%(R) is the Fourier transform

Fo(y) = 2n)~ /2 /R (e dn.

Consider the operator U3 : L%(R?) — L%(R?) given by the formula

U3§0(-x7 )’) =@ (x\;l—zy’ szy) .

At last, define the function

2

loy)=e "2,
Denote by By : Lz(R) — Lz(Rz) the embedding
Bop(x, y) = ¢(x)lo(y),

with adjoint By : L?(R?) — L?(R) given by

Bo =7 [ g ntoay.
The Bargmann transform is written as
B = Bg Us;U,U;.

The next diagram summarizes this process.
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L2(C.dn) — B2,

l m

Following [12], consider the operator B: L*(C,d)) ® L*(C,dA») — L*(R) @
L*(R) defined by
~ B O
B = .

Let Lo C L*(R) be the vector space spanned by £. Direct calculations show that
£y is the image of the constant function no(z) = 1 under the Bargmann transform,
that is, Bnog = £o. Therefore, the Bargmann transform restricted to z.F Zisa unitary
operator from z.F 2 onto L&. In conclusion, the restriction

L2(R2)

L2(R>

Bl :FPoFP2 > L*R) @ Lg (5.4)

is a unitary operator from the harmonic Fock space F2 @ zF2 onto L*>(R) @& L(J)-.

Using the operator BT defined in Eq. (5.4) and Theorem 3.2, the next result is
obtained.

Theorem 5.2 Let a € L°°(R) be a horizontal symbol. The Toeplitz operator Ta

acting on the harmonic Fock space F? @ zF2 is unitarily equivalent to the operator
BJT,JB* : L*(R) ® L(J)‘ - L*R) @ L(J)‘ given by the matrix-valued operator

Ya Ag
Aa - (EO ® EO))’a (I - EO ® EO)VaI ’

where

A (x) =n_1/2/ a (xj2y> 2?zfp(y)dy,

and y, is given in Eq. (5.1).

Proof Since a is horizontal then @ = a, BT,B* = y,I and BT;B* = y,1, from
Theorem 3.2 and Eq. (5.1). Therefore, it suffices to prove that BPJaB* = A, and
B(1® 1)aB* = (£o ® £o)yal.

First, by direct calculations using Eq. (2.4) we have

BPJaB* = B(B*B)JaB* = BjU3JaUj By.
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Since

Uzlabgw(x y) =a oy, x)
I ’ 9 b
) \/2

then

2442
BgU3JaU3"Bocp(x)=n*1/2[a YY) oe 1 ay.
R V2

In conclusion
242
BPJaB*:n_l/Z/a rhy o(e™ 3 dy.
R V2

On the other hand, we notice that 1 ® 1 = PP = P P. Thus
1 1=PJPJ=JPJP.
Therefore,
B(1®1)aJB*=BPJPJaB* = BJPJB*BPaB* = BJPJB"y,lI.

Since B*¢ € F? for every ¢ € L>(R), it follows that BJPJB* = BJPJPB* =
B(1 ® 1)B* = £y ® £y, and then

B(1® DaB* = (£ ® £o)yal.

Which is what we wanted to prove. O

Theorem 5.1 obviously implies that the commutator of two Toeplitz operators
with horizontal symbols acting on the Fock space is compact. The same result holds
for Toeplitz operators with this kind of symbols acting on the harmonic Fock space.
Indeed, £p ® £y is clearly compact. In addition, the operator A, is compact since it
is an integral operator which kernel is a square integrable function. Therefore, every
Toeplitz operator T, with horizontal symbol is unitary equivalent to

S e I 0
BIT,JB* =" e
¢ ( 0 —€0®£0))’a>

where K is a compact operator. Observe that (I — £y ® {p) is the orthogonal
projection from L?(R) onto L(J)-. Thus, up to compact perturbation, the last formula
cannot be reduced. Using that the restriction of a compact operator is also a compact
operator, it is easy to conclude that the commutator is compact.
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Proposition 5.3 Given two horizontal symbols a,b € L*®(R), the commutator
[Ta, Tb] = T Th — ThT is compact. However, the semicommutator [Ta, Tb) =
T,Ty, — Typ is not compact in general.

Proof 1t suffices to give an example of two Toeplitz operators with no compact
semicommutator. Let a and b be the characteristic functions of the intervals [0, c0)
and (—oo0, 0], respectively. Since ab = 0, then y,, = 0, and Tab = 0. By direct
calculations we have that y,(x) = é(l +erf(x)) and yp(x) = é(l — erf(x)), where
erf(x) is the error function

2 To_p
erf(x)an A e ' dt.

Thus y,yp(x) = }‘(1 — erf? (x)). From Theorem 5.2 and the discussion above

BIT,T,JB* = BJT,JB*BJT,J B*
)
(1 erf“(x))I + K11 K2 (5.5)
K> R+ K>»
where
1 1

R=(I—to® L), (I +erf0) (I =L ® o) (1 —erfx)].

and

Ki1=Au(Ap — (Lo ® Lo)ypl),
Kio=valAp + Al — Lo @ Lo)ypl,
Ky1=(Aa— Lo ®L)Val)ypd + (I — Lo @ Lo)vad (Ap — (Lo ® Lo)ypl),
K2 = (Ag — (bo @ Lo)val)Ap,
are compact operators.

The operator given in Eq. (5.5) cannot be compact since this would imply that
the multiplication operator }1(1 —erf?(x))1 is compact. |

Throughout this work, we will denote as K the ideal of compact operators on
the Hilbert space under study. To analyze the C*-algebra 7 (L*°(R)) generated
by Toeplitz operators with horizontal symbols acting on H?, we identify it with
BJT(L*(R))JB*. Recall that Cp ,(R) is the C*-algebra of bounded and uni-
formly continuous functions with respect to the standard metric on R.

Theorem 5.4 The sequence

0 K— BITW*®R)YTB* +K 2 Cpu(R) — 0,
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is a short exact sequence. Then, the quotient algebra (E.T’?(LZ(R)).Tg* + K)/K
is C*-isomorphic to Cp,(R), where ® is the Fredholm symbol acting on the
generators in the following form

Yal Aq
= Ya
Ag — (Lo ® Lo)Va (I — Lo ® £0)Va

Proof Denote by Ry the x-algebra generated by the set BIT(LAR)JB* + K :
a € L*®R), K € K}. Every element I' € R has the form

r— (7! 0 " K1 K>
0 (I -2 Lyl K3 K4’
where y € Cp ,(R) and K , j = 1,2, 3, 4, are compact operators.
We define ® on R as follows

o) = y.

Note that @ is a *-homomorphism from Ry to Cp , (R).
To prove that ® is bounded, we notice that for every I' € Ry,

i = (7 2
K3 (I —£4y®Ly)yl + Ka

2
yI+Ki K> S
K3 vyl 4+ Ky 0

I T+ KD FI?+ 1K fII?
> (vl + KD fI2,

2

v

forevery f € L%(R) with || f||= 1. Therefore,

(T]= ”Slﬁp v+ KD fll= Nyl + Kill = lnf Ly I+ Kl =11y llo-

The last equality is true since the quotient (Cp_, (R) + K))/K is C*-isomorphic to
Ch.u(R). Thus, Iy loo=inf lly I + K.

In conclusion, ||<I>(F)|| = [IlYllo < JIT'll, and we can extend ® to a bounded
x-homomorphism from BT ’T(LZ(R))J B* + K to Cp_, (R), also denoted by .
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Let Ap be the x-algebra generated by {y, : a € L°°(R)}. Thus, for every yp €
Cp 4 (R) there is a sequence {yn}nen C Ao such that ||[yo — Ynllco— 0, when n —
oo. Note that for every y € Cp ,(R) we have that

2
)/I 0 f 2 2
(0 (1—eo®eo)y1> (g) < Iy f IR+l gl + 6o ® to)ygl)

< 4y I AL F IR+,

which implies that

24 0 -
2117 lloo-
(o (I—€o®€o)y1> < 20 lleo

Therefore

((J/o — vl 0

<201y — yalloo = 0.
0 (I—eomo)(yo—ynﬂ) Yo Pnllee

when n — oo. Since for every n € N

Yl 0
0 (I—4o® Loyl

belongs to R then

vol 0
0 (I—+4o® Loyl

is in B7~'(L2(R))B* + K. In conclusion, y € <I>(§J~7~'(L2(R))J~§* + K) and @ is
surjective.

Obviously K C ker(®), then it is enough to prove that ker(®) € K. Let I'g €
ker(®). Then there is a sequence

Vnl 0
r, = K, € Ro,
' (0 (1—zo®zo)yn1>+ n e

where K, are compact operators, such that ', — I'gp when n — oo. Then, to see
that ['g € K it is sufficient to prove that ¥, — 0 when n — oo. But this is clear
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since by definition,

lim y, = lim & (T,)

n—oo n—o00

= (o)

This completes the proof. O

Corollary 5.5 The Fredholm symbol algebra of %(LOO(R)), i.e., the image of
T(L*®(R)) in the Calkin algebra

SymT (L®(R)) = (T (L®(R)) 4+ K)/K = T(L®(R))/(T (L*(R)) N K),

where K is the ideal of compact operators, is C*-isomorphic to Cp ,(R). Under this
identification the Fredholm symbol map

sym: T(L®(R)) — Cpuy(R)
is generated by the following map
sym(Ta) = va.

As an immediate consequence, we have that the essential spectrum ess — sp(fa)
of a Toeplitz operator 7, with horizontal symbol a acting on the harmonic Fock
space H? is given by the next formula

ess — sp(Ta) = va(R).

where y, is given in Eq. (5.1).
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1 Introduction and Main Results

The theory of bounded linear operators in spaces of analytic functions has been
intensively developed since the 1980s. In particular, the general theory of operators
on the Bargmann-Segal-Fock space (for the sake of brevity, we will say just
“Fock space”) is explained in the book of Zhu [36]. Nevertheless, the complete
understanding of the spectral properties is achieved only for some special classes
of operators, in particular, for Toeplitz operators with generating symbols invariant
under some group actions, see Vasilevski [34], Grudsky et al. [11], Dawson et al. [8].
The simplest class of this type consists of Toeplitz operators with bounded radial
generating symbols. Various properties of these operators (boundedness, compact-
ness, and eigenvalues) have been studied by many authors, see [13, 20, 24, 37]. The
C*-algebra generated by such operators was explicitly described in [12, 32] for the
nonweighted Bergman space, in [6, 15] for the weighted Bergman space, and in [10]
for the Fock space. Loaiza and Lozano [21, 22] studied radial Toeplitz operators in
harmonic Bergman spaces.

The spaces of polyanalytic functions, related with Landau levels, have been used
in mathematical physics since 1950s; let us just mention a couple of recent papers:
[3, 14]. A connection of these spaces with wavelet spaces and signal processing is
shown by Abreu [1] and Hutnik [16, 17]. Various mathematicians contributed to
the rigorous mathematical theory of square-integrable polyanalytic functions. Our
research is based on results and ideas from [2, 4, 5, 30, 33].

Hutnik, Hutnikov4, Ramirez-Ortega, Sanchez-Nungaray, Loaiza, and other
authors [18, 19, 23, 26, 29] studied vertical and angular Toeplitz operators in
polyanalytic and true-polyanalytic spaces, Bergman and Fock. In particular, vertical
Toeplitz operators in the n-analytic Bergman space over the upper half-plane are
represented in [26] as n x n matrices whose entries are continuous functions on
(0, +00), with some additional properties at 0 and +-oc0.

Recently, Rozenblum and Vasilevski [27] investigated Toeplitz operators with
distributional symbols and showed that Toeplitz operators in true-polyanalytic Fock
spaces are equivalent to some Toeplitz operators with distributional symbols in the
analytic Fock space.

In this paper, we analyze radial operators in Fock spaces of polyanalytic or true-
polyanalytic functions. We denote by u the Lebesque measure on the complex plane
and by y the Gaussian measure on the complex plane:

dy(z) = 711 e du(z).

In what follows, we principally work with the space L?(C, y) and its subspaces,
and denote its norm by || - ||. A very useful orthonormal basis in L*(C, y) is formed
by complex Hermite polynomials b x, j, k € No := {0, 1, 2, ...}; see Sect. 2.
Givenn in N = {1, 2, ...}, let F,, be the subspace of L2((C, y) consisting of all
n-analytic functions belonging to L>(C, y). It is known that F,, is a closed subspace
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of L?(C, y); moreover, it is a RKHS (reproducing kernel Hilbert space). We denote
by F () the orthogonal complement of 7, in F,.

ForeverytinT :={z € C: |z| = 1}, let R, ; be the rotation operator acting in
Fu by the rule

(Rue )(2) = f(z"'2).

The family (R, ¢)-eT is a unitary representation of the group T in the space F,,. We
denote by R, the commutant of {R, : Tt € T} in B(F},), i.e. the von Neumann
algebra that consists of all bounded linear operators acting in JF, that commute
with R, ; for every t in T. In other words, the elements of R, are the operators
intertwining the representation (R )reT of the group T. The elements of R,, are
called radial operators in F,.

In a similar manner, we denote by R(;) ; the rotation operators acting in F ;) and
by R () the von Neumann algebra of radial operators in F,).

The principal tool in the study of R, is the following orthogonal decomposition
of F,:

Fo= B Daimininnia)- ey
d=—n+1

Here the “truncated diagonal subspaces” Dy ,, are defined as the linear spans of
bjx with j —k = d and 0 < j,k < m. Another description of Dy ,, is given in
Proposition 3.7.

The main results of this paper are explicit decompositions of the von Neumann
algebras R, and R, into direct sums of factors. The symbol = means that the
algebras are isometrically isomorphic.

Theorem 1.1 Let n € N. Then R,, consists of all operators belonging to B(F,)
that act invariantly on the subspaces Dy minin,n+d}, for d > —n + 1. Furthermore,

00 00
Rn = @ B(Da,mintn,n+dy) = @ Mmin{n, n+d)-
d=—n+1 d=—n+1

Theorem 1.2 Let n € N. Then Ry, consists of all operators belonging to B(F,))
that are diagonal with respect to the orthonormal basis (b ,,,,,_1);0:0. Furthermore,

Ry = £ (Np).

In particular, Theorems 1.1 and 1.2 imply that the algebra R,, is noncommutative
forn > 2, whereas R, is commutative for every n in N.

In Sect. 2 we recall the main properties of the complex Hermite polynomials
bp.q. In Sect. 3 we give direct proofs of the principal properties of the spaces JF,
and F(,). Section 4 contains some general remarks about unitary representations
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in RKHS, given by changes of variables. Section 5 deals with radial operators,
describes the von Neumann algebra of radial operators in L?(C, y), and proves
Theorems 1.1 and 1.2. Finally, in Sect. 6 we make some simple observations about
Toeplitz operators generated by bounded radial functions and acting in the spaces
.7:" and .7:(,,).

Another natural method to prove (1) and Theorems 1.1, 1.2 is to represent
L?(C, y) as the tensor product L>(T, dju7) ® L2 ([0, +00), e’ 2r dr) and to apply
the Fourier transform of the group T. We prefer to work with the canonical basis
because this method seems more elementary.

Comparing our Theorem 1.1 with the main results of [23, 26, 29], we would like
to point out three differences.

1. We study the von Neumann algebra R,, of all radial operators, instead of C*-
algebras generated by Toeplitz operators with radial symbols (such C*-algebras
can be objects of study in a future).

2. The dual group of T is the discrete group Z, therefore matrix sequences appear
instead of matrix functions.

3. In [23, 26, 29], all matrices have the same order n, whereas in our Theorem 1.1
the matrices have orders 1,2,...,n —1,n,n,....

2 Complex Hermite Polynomials

Most results of Sects. 2 and 3 are well known to experts [2, 5, 33]. Nevertheless, our
proofs are more direct than the ideas found in the bibliography.
Given a function f: C — C, continuously differentiable in the R?-sense, we

define AT f and A" f by
. 9 9
T _ — _ @iz —zz
Af—<z az>f et (e ).

A= (Z_ aaz) f=oe aaz (7).

The operators A" and A" are known as the (nonnormalized) creation operators with
respect to z and z, respectively. For every p, g in Ny, denote by m , , the monomial
function m 4(z) = z” z%. Following Shigekawa [30, Section 7] we define the
normalized complex Hermite polynomials as

bpg = Jp!q!(AT)q(AT)pmo,o (p.q € No). @)

Notice that [30] defines complex Hermite polynomials without the factor ¢,}qu'
These polynomials appear also in Balk [5, Section 6.3]. Let us show explicitly some
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of them:
boo(z) =1, boa(2) =z, bo2@) = 2.
bio(2) =z, b11(Z)=|Z|2—1, bia@ = ), 2(z* = 2),
bro@) = ),2% ba1@) = J, 21z = 2). baa(2) = 5 (Izf* — 41z* +2).

For every p, @ in Ny, we denote by Lgx) the associated Laguerre polynomial. Recall
the Rodrigues formula, the explicit expression, and the orthogonality relation for
these polynomials:

x~%e* d"

L@ =" g€, 3
n—+aua
Ly (x) = Z( 1)k( ) )
+00 |
/0 L@ (0L (x) x¥ e dx = :'“)' S 5)
Lemma 2.1 Letn,o € N. Then
an
e (efxy x"”‘) = n!x"‘L,(f‘)(xy). (6)

ax"
Proof Apply Rodrigues formula (3) and the chain rule:

n

g (€700 = b e ) L () "

Canceling the factor y" in both sides yields (6). O

Proposition 2.2 For every p, g in Ny,

| _ — .
\/Zi(_l)qu qu(zp q)(|z|2)’ ifp=>q

, )
JOEDP I PLETP (P, ifp <g.

bpq(2) =

In other words,

. min{p,q} .
_ [ min{p, g}! max{p, q} (=1)°
b""’_\/ max(p. gl 2 ( s )(min{p,q}—s)!m’”"”' ®
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Proof Let p,q € No, p > q. Notice that [ |z|* =  (zz) = z. By (2) and (6),

— (=Pt 2z 97 97 -2z

bra@ =" 1 € 9za 90 ©

(=17 2z 9 -2z ,p q! —q 7 (p—q)
= e e = —1)dzPaL )

Vp!q! qu( ') p!( )z ¢ (@2
In the case when p < g, we first notice that the operators AT and AT commute on the
space of polynomial functions. Reasoning as above, but swapping the roles of z and
z, we arrive at the second case of (7). Finally, with the help of (4), we pass from (7)
to (8). Formula (8) can also be derived directly from (2), by applying mathematical
induction and working with binomial coefficients. O

Denote by E,(,‘f ) the normalized Laguerre function:

(94 = \/(m”fr!a)' e P L@ (m,a € Np). )

Corollary 2.3 For every p, q in Ny,

bp.q(rr) = (—=Dmintpalgp=a g2 gb-ab 2y >0, reT).  (10)

It is convenient to treat the family (mp 4) . 4eN, as an infinite table, and to think
in terms of its columns or diagonals (parallel to the main diagonal). Given d in Z and
n in Ny, let Dy , be the subspace of L2((C, y) generated by the first # monomials in
the diagonal with index d:

Dy =span{mp4: p,q € No, min{p,q} <n, p—q =d}.

Proposition 2.4 The family (bp4)p qeN, is an orthonormal basis of L%(C, y).
This family can be obtained from (m P,q);ch:o by applying the Gram—Schmidt
orthogonalization.

Proof

1. The orthonormality is easy to verify by passing to polar coordinates and using (7)
with the orthogonality relation (5).

2. Formula (8) tells us that the functions b, , are linear combinations of m g 4—s
with 0 < s < min{p, q}. Inverting these formulas, m, , results a linear
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combination of b,_s 4,5 with 0 < s < min{p, q}. So, for every d in Z and
every n in Ny,

Dyn =span{by 4: p,q € No, min{p,q} <n, p—q =d}. (11

pqg—o- this means that the family

by applying the orthogonalization in

Jointly with the orthonormality of (b, 4)
(bp,q)?fq:o is obtained from (m.¢)7°
each diagonal.

3. Due to 2, it is sufficient to prove that the polynomials in z and z form a dense
subset of L?(C, y). Notice that the set of polynomial functions in z and z
coincides with the set of polynomial functions in Re(z) and Im(z). Suppose that
f € L*(C, y) and f is orthogonal to the polynomials Re(z)/ Im(z)* for all j, k
in Ny. Denote by g the function g(x,y) = f(x +1y) e=**=¥” and consider its
Fourier transform:

2, v) :/ e iUty p(x 4 iy e dx dy
R2

00 00 . i .k

(—2miu)! (—2miv) . . 322

=22 k! [ fin e dedy =0,
j=0k=0 o

By the injective property of the Fourier transform, we conclude that g vanishes

a.e. As a consequence, f also vanishes a.e. -

Remark 2.5 The second part of the proof of Proposition 2.4 implies that for every
d in Z, every g > max{0, —d} every k in Z with max{0, —d} < k <gq,

Va'd+q), k=gq;
(Matkk, batq,q) = (12)
, k<gq.

Formula (11) means that the first n elements in the diagonal d of the table

(bp.q) p,qeN, generate the same subspace as the first n elements in the diagonal d of
the table (mp 4) p qeN,- For example,

D_1,3 = span{mo,1, m1,2, my3} = span{bo, 1, b1 2, b2 3},

D,» = span{m2 o, m3,1} = span{b o, b3,1}.

In the following tables we show generators of D 2 (green) and D_j 3 (blue).
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mo,0 Mo,1 Mo,2 M3 Mo 4 - bo,o bo,1 bo2 bo3 boa -
miomymipmi3m4 - biobi,ibiabizbig
My my | My Ma3 Ma4 - by bri brabr3boyg
M3, m3| M3 M33m34 - b3 b31 b32 b33 b3s’
M4 M4, Ma M43 Mas " bao ba1 ban ba3 bas

Given d in Z, we denote by Dy the closure of the subspace of L?(C, y) generated
by the monomials m 4, where p — g = d:

Dy = clos(span{mp,q: p,q €Ny, p—q= d}).

Proposition 2.4 implies the following properties of the “diagonal subspaces” Dy,

del.

Corollary 2.6 The sequence (bq'i‘dsq);O:max{O,fd} is an orthonormal basis of Dy.

Corollary 2.7 The space Dy consists of all functions of the form
Fot)=1h(t? (>0, teT), where he L*(]0,+00),e dx).

13)
Moreover, || f Il = 17l 120, 400).e~* dx)-

Corollary 2.8 The space L*>(C, y) is the orthogonal sum of the subspaces Dy:

L*(C,y) =P Da. (14)

del

Here we show the generators of D; (green) and D_; (blue):

mo,0 mo,1 Mo,2 M3 - bo,0 bo,1 bo2 bo,3
myomy m2m3 - b1ob1,1b12b13
mp 0 mp M2 My3 - baoby1brobrs -

m3om3 m32 m33 - b3,0 b3,1 b3 b33
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3 Bargmann-Segal-Fock Spaces of Polyanalytic Functions

Fix n in N. Let J; be the space of n-polyanalytic functions belonging to L>(C, y),
and F ;) be the true-n-polyanalytic Fock space defined in [33] by

]:(n) = {f € Fn: f 1 ]'—n—l}-

Proposition 3.1 Let R > 0. Then there exists a number Cp, g > 0 such that for
every f in F, and every z in C with |z| < R,

If @] = CarllfI. 15)

Proof Let P, be the polynomial in one variable of degree < n — 1 such that

1
/ Po)x/dx =8;0  (je€{0,...,n—1}). (16)
0

The existence and uniqueness of such a polynomial follows from the invertibility of
the Hilbert matrix [1/(j + k + 1)]’]’.;1:0. Put

12
1
Cpr = ( max |Pn(x)|> ( / elvl? d,u(w)) .
x€l0,1] T J(R+1)D

Let f € F, and z € C, with |z| < R. It is known [5, Section 1.1] that f can be
expanded into a uniformly convergent series of the form

oo n—1

fa) =" ajrw—2)(w -2,

j=0 k=0

where a ; are some complex numbers. Using the change of variables w = z+r el?
and the property (16), we obtain the following version of the mean value property
of polyanalytic functions:

1
F) = / F)Py(lw — 2P) dpw). (17)
T Jz+D

After that, estimating | P,| by its maximum value, multiplying and dividing by
elwl?/ 2, and applying the Schwarz inequality, we arrive at (15). O
Remark 3.2 The constant C, g, found in the proof of Proposition 3.1, is not

optimal. The exact upper bound for the evaluation functionals in F, is given in
Corollary 3.16.
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Proposition 3.3 F, is a RKHS.

Proof Let (gn)nen be a Cauchy sequence in F,,. By Proposition 3.1, this sequence
converges pointwise on C and uniformly on compacts to a function f. By [5,
Corollary 1.8], the function f is n-analytic. On the other hand, let /# be the limit
of the sequence (g,),eN in L%(C, y). Then for every compact K in C, the sequence
of the restrictions g, |x converges in the L?*(K, y)-norm simultaneously to f|g and
to |k . Therefore h coincides with f a.e. and f € L*(C, y), i.e. f € Fy. So, Fn
is a Hilbert space. The boundedness of the evaluation functionals is established in
Proposition 3.1. O

Proposition 3.4 The family (bp ) peNy,q<n is an orthonormal basis of F.

Proof We already know that this family is contained in F;, and is orthonormal. Let
us verify the total property. Our reasoning uses ideas of Ramazanov [25, proof of
Theorem 2].

Suppose that f € F, and (f, b, 4) = O for every p € No, ¢ < n. We have to
show that f = 0. By the decomposition of polyanalytic functions [5, Section 1.1],
there exists a family of numbers (c; 1) jeN,, k<n such that

n—1 oo

f@ =) ajumji(),

k=0 j=0

where each of the inner series converges pointwise on C and uniformly on compacts.
For every v in Ng, we denote by S, the partial sum S, = ZZ;(I) 1])'=0 o kM k.
Given r > 0, the sequence (S,),cN, converges to f uniformly on rD. For every
p,q in Ng with ¢ < n, using the orthogonality on rID between b, , and m j ; with
j —k # p — g, we obtain

n—1

qudy:lim/Sb,dyz (¥k+—,k/mk+—,kb,d)/-
/rD P-4 V00 r]D)qu kg(:) rP—q D P—4.K7 P9

The functions f by 4 and myyp—g.x bp 4 are integrable on C with respect to the
measure y. Therefore their integrals over C are the limits of the corresponding
integrals over rID, as r tends to infinity. Since {f, bp 4) = 0, the coefficients «; x
must satisfy the following infinite system of homogeneous linear equations:

n—1

Y miipgkbpgdhipgr =0  (peNo, 0<q <n). (18)
k=0
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Now we fix d > —n and restrict ourselves to the equations (18) with p — g = d,
which yields an s x s system represented by the matrix M, where s = min{n, n+d},
and

n—1
My = [(derk,k» bd+(1"1>]q,k=max{0,7(1} .

By (12), M, is an upper triangular matrix with nonzero diagonal entries, hence My
is invertible. So, all coefficients o are zero. O

Corollary 3.5 F,) is a RKHS, and the sequence (bp n—1) peN, is an orthonormal
basis of F).

We denote by P, and P, the orthogonal projections acting in L*(C, y), whose
images are F, and JF ), respectively. They can be explicitly defined in terms of the
corresponding reproducing kernels:

(Puf)(2) = (f, Kn,z), (Pny [)(@) = (f, Kn).2)-

Corollary 3.6 If f € F, then

oo n—1

F=Y 0 {fbjubjx,

j=0 k=0

where the series converges in the L>(C, y)-norm and uniformly on compact sets. In
particular, if f € F), then

o]

F=Y (fbjn-1)bjn-1. (19)

j=0

For example, (b)2) peN, is an orthonormal basis of F3), and (bp,q) peNy,q<3 iS
an orthonormal basis of F3:

bo,0 bo,1 bo2 bojs - .. bo,o bo,1 bo2 bos ...
biobi1biobrs ... biobi1b12b13 ...
brobr1brpbo3... bro b1 b22b23 ...

b3 b31b32b33 ... b3 b31b32b33 ...

Using Proposition 3.4, Corollary 2.6, and formula (11) gives

Dy minfn,ntd), d=-—n+1;
{01, d<-n+l.

DyNF, = (20)

Here is a description of the subspaces Dy ;, in terms of the polar coordinates.
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Proposition 3.7 For every m in Ny and every d in Z with d > —m + 1, the space
Dy,m consists of all functions of the form

fen =200t =0, T e,
where Q is a polynomial of degree < m — 1. Moreover,
1A= 11C N L2(10,+-00) x4l e= dx)-

Proof Apply formula (11) and the orthonormality of the polynomials L,(Cld‘) in the
space L2([0, +00), x4 e=* dx). |

The decomposition of F, into a direct sum of “truncated diagonals’” shown below
follows from Proposition 3.4 and plays a crucial role in the study of radial operators.

Proposition 3.8
(0.¢]
Fo= B Damininnia)- 1)
d=—n+1
Let us illustrate Proposition 3.8 for n = 3 with a table (we have marked in

different shades of blue the basic functions that generate each truncated diagonal):

bo,0 bo,1 bo2 bo3 ...
biobii1bipbi3...

brobr1brobrs ...
b3ob31b32b33 ...

The upcoming fact was proved by Vasilevski [33]. We obtain it as a corollary from
Proposition 2.4 and Corollary 3.5.

Corollary 3.9 The space L*>(C,y) is the orthogonal sum of the subspaces Fm)s
m e N:

L*(C.y) = @ Fim-

meN

For every f in F(y), define A} f by

1 1 d
AlH@ = ATHE = (z - ) f@).
n 9z

Vi Vn
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Definition (2) of the family (b ¢) p,qeN, implies that

Albp -1 =bp,. (22)
The next picture shows the action of A; on basic elements:

b(),o bO,l = b(),z b(),3 e
bl,O bl,l = b1,2 b1,3 e
b2,0 b2’1 = b2’2 b2’3 A
b3’0 b3’1 = b3’2 b3’3 A

Proposition 3.10 AZ is an isometric isomorphism from F,) onto F(,41).

Proof Vasilevski [33] proved this fact by using the Fourier transform. Here we give
another proof. Write f as in (19). It is known [5, Corollary 1.9] that the derivative
aaz can be applied to the each term of the series. Therefore

o o
AVF =Y (fbjn1) Albjn1 =Y (fbjn-1)bjn.
j=0 j=0
and ||Ajlf|| = || f|l. Also, using the decomposition into series, we see that A:l is
surjective. O

Now we are going to prove explicit formulas (26) and (27) for the reproducing
kernels of F(,) and F,, respectively. These formulas were published by Balk [5,
Section 6.3], without using the terminology of Laguerre polynomials, and by Askour
et al. [4], though they defined the space ;) in a different (but equivalent) way. Our

proof uses the operators AZ and thereby continues the work of Vasilevski [33].

Lemma 3.11 Let H be a RKHS and (e/')?io be an orthonormal sequence in H.
Then the series Z?io le; (2)|? converges.

Proof Denote by K 7 ; the reproducing kernel of H. From the reproducing property
and Bessel’s inequality,

o0 o0
Y lej@P =Y Kuz e < 1Ku:l* = Kn.o(z) < 0. o
j=0 Jj=0
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Lemma 3.12 For every n in Ng and every z, w in C,

1 d 0
Knin.(w) = (z - Bz) (w - aw) K (n).z (w). (23)

Proof 1t is well known that the reproducing kernel of a RKHS H with an
orthonormal basis (¢;) jen, can be derived from the series

K (w) =) ej(x)ej(w). (24)

j=0

In our case, we use the orthonormal basis (bp,,) pen, of the space F(,41). For a
fixed z in C, put o), = b, 4(z). So,

o0 (o) o
.
Kote =Y bpn@bpn =Y apbpn= ) apAl by,
p=0 p=0 p=0

From Lemma 3.11 we know that («)77 € ¢, thus the series Z;io apbpn—1

converges in F ;). Since Ajlfl is a bounded operator in F(;), we can interchange it
with the sum operator. Therefore

1 3\ —
Kn+t1),2(2) = \/n (w - aw> ;)bp,n(z)bp,nl(w)~

Now we fix w in C, write bp, , as Aqu[J,n—lv and use the fact that the series
Z;io |bp,n,1(w)|2 converges. Following the same ideas as above, but swapping

the roles of z and w, we factorize (z — aaz> from the series:

1 3 3\ —
Kty .(w) = . <Z - 82) <w - aw) pr,nfl(z)bp,nfl(w)
p=0

The last sum equals K, ;(w), which yields (23). |
Corollary 3.13 For every n in Ny and every z, w in C,

1 9 n—1 9 n—1
Kz = (Z_Bz) (w—aw) e (25)
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Proposition 3.14 The reproducing kernel of F,) is given by
Kw,:(w) = e Ly—1(Jw — ). (26)

Proof Using the definition of creation operators, formula (25) and identity (6) for
Laguerre polynomials we have

Pred gn—1 gn—1
—2Z ,WW —ww ,w
Kn),(w) = (n— 1! azn—l e e w1 (e ™)

Pred 3n—1

— (e—z(z—w)(Z _ w)”_l)

(n—1Dlgz+ 1t
—w)(z— -1
_ e(Z—w)(z—w) 9" (e_(z—w)(Z—w)(Z _ w)n—l)
(n—1D! dz—wyr!
= e Ly_1(lz — w). o

Corollary 3.15 The reproducing kernel of F, is
Kn:(w) = e LY (w — 2?). @7

Proof Use (26) and the formula LY’ (x) = Y7 Li(x). O
Corollary 3.16 For every f in F, and every z in C,

I<?

If@l<vne2 |fll. (28)

The equality is achieved when f = K, ;.
2 (1 2
Proof Indeed, K, . ||> = K, .(z) = e" LV (0) = nell’. -

We finish this section with a couple of simple results about the Berezin transform
and Toeplitz operators in F,. Given a RKHS H over a domain €2 with a reproducing
kernel (K;);cq, the corresponding Berezin transform Bery acts from B(H) to the
space B(£2) of bounded functions by the rule

(SKz. Ko)u _ (SK3)(2)

B S = -
D=k Kow T K

Stroethoff proved [31] that Berg is injective for various RKHS of analytic functions,
in particular, for H = J7. Engli§ noticed [9, Section 2] that Bery is not injective
for various RKHS of harmonic functions. The reasoning of Engli§ can be applied
without any changes to n-analytic functions with n > 2.

Proposition 3.17 Let n > 2. Then Berz, is not injective.
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Proof Let u and v be some linearly independent elements of F;, such that f, g €
Fu. For example, u(z) = boo(z) = 1 and v(z) = b1,0(z) = z. Following [9,
Section 2], consider S € B(F,) given by

Sf = {fou)v — (f, v)u. (29)
With the help of the reproducing property we easily see that the function Berz, (S)
is the zero constant, although the operator S is not zero. O

Given a measure space 2 and a function g in L°°(2), we denote by M, the
multiplication operator defined on L2(2) by M, f == gf.If H is aclosed subspace
of L*(R), then the Toeplitz operator Ty, ¢ is defined on H by

Tho(f) = Pu(gf) = PuM,f.

For H = F, and H = F,), we write just T,, ; and T{;) ¢, respectively.
Proposition 3.18 Let g € L>°(C) and Ty, ¢ = 0. Then g =0 a.e.

Proof For n = 1, this result was proven in [7, Theorem 4]. Let us recall that proof
which also works for n > 2. The condition T, ; = 0 implies that for all j, k in Ny

(g.mjx) = / g(2) 2725 dy (2) = (gmy.0, mj o) = (Tn.gmi.0.mjo) = 0.
C

Since {mjx: j,k € Ny} is a dense subset of L*(C,y),g =0ae. |

4 Unitary Representations Defined by Changes of Variables

This section states some simple general facts about unitary group representations
in RKHS, defined by changes of variables. Suppose that (€2, v) is a measure space,
H is a RKHS over €2, with the inner product inherited from Lz(Q), (K7)zeq is the
reproducing kernel of H, and Py € B(L?*(S)) is the orthogonal projection whose
image is H:

(Pu [)(@) = ([, K2)12(0)-

Furthermore, let G be a locally compact group, and « be a group action in 2. So,
for every T in G we have a “change of variables” «(tr): Q — €, which satisfies
a(1172) = a(11) o ae(T2). Suppose that the function p, defined by the following rule,
is a strongly continuous unitary representation of the group G in the space L2():

p(f = foar™  (felL*Q), t€G).
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In other words, we suppose that p(t) f € L% (), lo(@ fliLze = I1fllL2q), and
p(t) f depends continuously on 7.

Proposition 4.1 The following conditions are equivalent.

(a) p(r)(H) C H forevery tinG.

®) p(t)Py = Pup(t) foreverytinG.

(c) The reproducing kernel is invariant under simultaneous changes of variables in
both arguments:

Ko@) (@(m)(w)) = K;(w)  (t€G, z,w € Q).

(d) p(v)K; = Ky(r)(p) for every z in Q and every T in G.
Proof Obviously, (a) is equivalent to (b). Suppose (a) and prove (c):

Ka(r)(z)(a(f)(w)) = (P(T_l)Ka(r)(z)a Kw)LZ(Q) = (Kot(r)(z)a p(T)Kw>L2(Q)
= (p(T)Kw)(a(7)(2)) = Ky (z2) = K (w).

Suppose (c) and prove (d):

(0(DK)w) = K (a(t™ )W) = Koy o) (@(T) (@™ ())) = Koy(r))(w).

Suppose (d) and prove (a). Let f € H. Then

(P @ = fla@™)@) = (f: Kye-1y) 120

= (p(O) [, PO Ky (1)) 122) = (PO, K2) 12(0)- O

Suppose that conditions (a)—(d) of Proposition 4.1 are fulfilled. For every t in G
we denote by py (7) the compression of p(7) to the invariant subspace H. Then py
is a unitary representation of G in H. Let us relate this unitary representation with
the Berezin transform of operators.

Proposition 4.2 Let S € B(H) andt € G. Then

Bery (o (t ™) Spm (1)) (2) = Bery () (a(7)(2)) (z € Q). (30)
Proof

(pr(x™HSpr (1K) (2)
K (2)

_ (SKa(o)0)(@(1)(2))

Koy z)(a(t)(2))

Bery (o (t ™D Spu (1)) (z) =

= Berg(S)(a(r)(z)). O
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Corollary 4.3 Let S € B(H) such that Sp(t) = p(t)S for every T in G. Then the
function Bery (S) is invariant under «, i.e. Bery (S) o a(t) = Bery (S) for every t
inG.

If Bery is injective, then the inverse of the Corollary 4.3 is also true.

The rest of this section does not assume that H has a reproducing kernel; it can
be just a closed subspace of L>(2).

We are going to state some elementary results about the interaction of py with
Toeplitz operators. These results are well known for many particular cases; see [8,
Lemma 3.2 and Corollary 3.3] for the case when H is a Bergman space of analytic
functions. Recall that T is defined on H by T, f = Py (gf).

Lemma 4.4 Let g € L°(Q) andt € G. Then
Mgp(t) = p(T)Mgou(r)-
Proof Put u = g o a(7). Given f in L*(R),

Mep(D)f = @woa(r™ ) (foar™) = @f)oat™) = p(t)M,f. O
Proposition 4.5 Let g € L®°(Q) and t € G. Then

Tg)OH (t) = pu (T)Tgoa(r)- (3D

Proof Use Lemma 4.4 and the assumption Py p(t) = p(7) Py:

Tepu(T)f = PaMgp(v) f = Prp(T)Mgou(r) f
= ;O(T)PHMgoot(r)f = pH(T)Tgoa(r)f- a

Corollary 4.6 Let g € L*°(2) such that g o a(t) = g for every v in G. Then T,
commutes with py (t) for every T in G.

Corollary 4.7 Suppose that the mapping L*°(2) — B(H) defined by a +— T, is
injective. Let g € L*°(X) such that Ty commutes with py (t) for every T in G. Then
g oa(r) and g coincide a.e. for every T in G.

5 Von Neumann Algebras of Radial Operators

The methods of this section are similar to ideas from [12, 24, 37]. We start with two
simple general schemes, stated in the context of von Neumann algebras, and then
apply them to radial operators in L*($2, ), in F,, and in F(n). Proposition 5.2
uses the concept of the (bounded) direct sum of von Neumann algebras [28,
Definition 1.1.5].
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Definition 5.1 Let H be a Hilbert space, U be a self-adjoint subset of B(H), and
(W;)jes be a finite or countable family of nonzero closed subspaces of H such
that H = P;c; W;. We say that this family diagonalizes U if the following two
conditions are satisfied.

1. For each j in J and each U in U, there exists Ay ;j in C such that W; C
ker(Ay jI —U),i.e. U(v) = Ay ;v for every vin W;.
2. Forevery j, kin J with j # k, there exists U in U such that Ay ; # Ay k.

Proposition 5.2 Let H, U, and (W;) jes be like in Definition 5.1. Denote by A the
commutant of U. Then

A={(SeB(H): YjelJ SW; <W, (32)

and A is isometrically isomorphic to @ ;¢ ; B(W;).
Proof

1. Since U is a self-adjoint subset of B(H), its commutant .4 is a von Neumann
algebra [35, Proposition 18.1].

2. Notice that if U € U and j € J, then Ay+ ; = Ay, ;. Indeed, for every v in
W\ {0}

A vl = (o v, v)g = (Uv, vy = (v, U g = (v, A= jv) i = Ag=j lvll%.

3.LetSe A jelJ, fe W, Weare going to prove that Sf € W;. If k € J \ {/j}
and g € W, then there exists U in U such that Ay ; # Ay, and

Ay (ST, 8w = (SUS. gl = (USf. g)u = (Sf.U"g)n = hua(Sf. &)

which implies that (Sf, g)yz = 0. Since H = @@,y W;, the vector Sf expands

into the series of the form Sf = qu] hg with by € Wy. Forevery kin J \ {j},

0= (Sf.hiym = (hihiyu + Y (g hi)m = [Ihil ;.
geJ\{k}

Thus, Sf = h; € W;.
4. Now suppose that S € B(H) and S(W;) € W; for every j € J. Then for every
Uinl, jin J,and g in W},
USg =U(Sg) = ru,jSg = S(u,jg) = SUg.

In general, if f in H, then f = ZjeJ gj with some g; in W}, and

USf =Y USgj =) SUgj=SUFf.

jelJ jeJ
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5. Using (32) we are going to prove that A is isometrically isomorphic to the
direct sum €P;.; B(W;). Given S in A, for every j in J we denote by A;
the compression of S onto the invariant subspace W;. Then the family (A ;) ey
belongs to @, ; B(Wy), and ||S| = supje; lA;ll.

Conversely, given a bounded sequence (A ;) jes with A in B(W;), we put

S[Y e | =D 4585 (g ewp.

jeJ jeJ

Then S(W;) € W; forevery j in J, thus § € A. Thereby we have constructed
isometrical isomorphisms between A and jes B(W;). 0

Proposition 5.2 implies that the von Neumann algebra generated by U/ consists of
all operators that act as scalar operators on each W;, and can be naturally identified
with @je] (CIWj.

Proposition 5.3 Let H, U, and (W;)jecy be like in Definition 5.1, and Hy be a
closed subspace of H invariant under U. For every U in U, denote by U; the
compression of U onto the invariant subspace Hy, and put

Uy ={U,: U el}, Ji={jeJ: W;n H #{0}}.
Then

Hy = @ (W, N Hy), (33)
J€J1

and the family (W; N Hy) jey diagonalizes U.

Proof Denote by P; the orthogonal projection that acts in H and has image Hj.
The condition that Hj is invariant under I/ means that P; € A. By (32), for every j
in J the subspace P;(W;) is contained in W; and therefore coincides with W; N Hj.
This easily implies (33).

IfU eldand j € J,then W; N Hy C ker(Ay,j Iy, — Uy). So, the eigenvalues
Ay, j coincide with Ay ; for every j in Jj.

If j,k € Jy and j # k, then there exists U in U such that Ay ; # Ay k, which
means that Ay, ; # Ay, . O

5.1 Radial Operators in L*(C, y)

For each 7 in T, denote by R, the rotation operator acting in L>(C, y):

R: )(2) = f(z7'2). (34)
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The family (R;);eT is a unitary representation of the group T in L2((C, y). Notice
that we are in the situation of Sect. 4, with Q = C,v =y, G =T, a(r)(z) = 1z,
p(f) = R:.

Denote by R the set of all radial operators acting in L>(C, y):

R={SeBL*C,y): VreT R.S=SR.}.
Since the set {R;: t € T} is an autoadjoint subset of B (L3(C, y)), its commutant

‘R is a von Neumann algebra.

Lemma 5.4 The family (Dg)acz diagonalizes the collection {R,: t € T} in the
sense of Definition 5.1.

Proof 1f t € T and d € Z, then

Dy C ker(r ™41 — R;). (35)

Indeed, for every p,q € Z with p — q = d the basic function b, , is an
eigenfunction of R, associated to the eigenvalue 7 ~¢:

Rebpg =1"""by g =1,,, (36)

and by Corollary 2.6 the functions b, ;, with p — g = d form an orthonormal basis
of D,. Another way to prove (35) is to use Corollary 2.7.
If dy, d; € Z and d| # d,, then ! #* 7% for many values of t, for example,

2w it

1T
fort =ed~2 orfort =e with any irrational ¢ O

Proposition 5.5 The von Neumann algebra R consists of all operators that act
invariantly on Dy for every d in Z, and is isometrically isomorphic to @ ;. B(Da).

Proof This is a consequence of Proposition 5.2 and Lemma 5.4. O
Now we will describe all radial operators of finite rank.

Remark 5.6 It is well known that every linear operator of finite rank m, acting in a
Hilbert space H, can be written in the form

m
Sf = ZSk(f, Uk) H Uk, (37)
k=1
where &1,...,&, € C\ {0}, uy,...,up and vy, ..., v, are some orthonormal lists

of vectors in H.

Corollary 5.7 Letm € Nand S € B(L*(C, y)) such that the rank of S is m. Then
S is radial if and only if there exist dy, ..., dy in Z such that S has the form (37),
where uj, vj, §; are like in Remark 5.6, and additionally uj, vj € Dq; for every j
in{l,...,m}.
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Proof This is a simple consequence of Proposition 5.5. Suppose that S is radial. For
every d in Z let A, be the compression of S to D,. There is only a finite set of d
such that Ay # 0. Apply Remark 5.6 to each of the nonzero operators Ay and join
the obtained decompositions. O

Following Zorboska [37], we will describe radial operators in term of the
“radialization” Rad: B(L?(C, y)) — B(L?*(C, y)) defined by

Rad(S) := / R:SR,-1 dur(1),
T

where pt is the normalized Haar measure on T. The integral is understood in
the weak sense, i.e. the operator Rad(S) is actually defined by the equality of the
corresponding sesquilinear forms:

(Rad(5) f, g) =/T<RTSRf71f, g) dur (7).

Making an appropriate change of variables in the integral and using the invariance of
the measure p, we see that Rad(S) € R. This immediately implies the following
criterion of radial operators in terms of the radialization.

Proposition 5.8 Let S € B(L*(C, y)). Then S € R if and only if Rad(S) = S.

5.2 Radial Operators in F,

Let n € N. Obviously, the reproducing kernel of F,, given by (27), is invariant
under simultaneous rotations in both arguments:

Kpo:(tw) = Ky - (w) (z,weC, tel). (38)

Therefore, by Proposition 4.1, F,, is invariant under rotations, and P, € R. For
every T in T, we denote by R, ; the compression of R onto the space F,,. In other
words, the operator R, . acts in F, and is defined by (34). The family (R, ¢)ceT
is a unitary representation of T in F,. Let R, be the von Neumann algebra of all
bounded linear radial operators acting in .

Denote by 21, the following direct sum of matrix algebras:

00 -1
M= P Muinppntay=| B Mara| ® | P M

d=—n+1 d=—n-+1 d=0
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The elements of 9, are matrix sequences of the form A = (A4)52 where

Ag € Myyqifd <0,Aqy € My ifd > 0, and

_n_;’_l,

sup ||Aqll < 4o0.
d>—n+1

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 By Propositions 5.2, 5.3 and formula (20), R, is isometri-
cally isomorphic to the direct sum of B(Dy min{n,n+4}), With d > —n + 1. Using
the orthonormal basis (deFk’k)Z;rlnax{O,— ) of the space Dy, min{n,n+d}, WE represent
linear operators on this space as matrices. Define ®,,: R,, — 9, by

n—1 o0
0 (S) = ([(de+k,k, ba.j)] ) : (39)

Jok=max{0,—d} J ;__, 1

Then ®,, is an isometrical isomorphism. O

Similarly to Corollary 5.7, there is a simple description of radial operators of
finite rank acting in F,,. Of course, now dy, ..., d, > —n + 1.

By Corollary 4.3, if S € Ry, then Berg, (S) is a radial function. For n = 1, the
Berezin transform Ber £, is injective. So, if S € B(F) and the function Ber , (S) is
radial, then § € Ry. For n > 2, there are nonradial operators S with radial Berezin
transforms.

Example 5.9 Let n > 2. Define u, v, and S like in the proof of Proposition 3.17.
Then Ber(S) is the zero constant. In particular, Ber(S) is a radial function. On the
other hand, Sbg,o = b1,0, the subspace Dy is not invariant under S, and thus S is not
radial.

5.3 Radial Operators in F )

Let n € N. By Proposition 4.1 and formula (26), the subspace F{;,) is invariant
under the rotations R; for all t in T. Denote the corresponding compression of R
by R(u),r. Let R, be the von Neumann algebra of all radial operators in F).

Proof of Theorem 1.2 Corollaries 2.6 and 3.5 give

Cbatn—1,n—1, d=—-n+1,

'Ddﬂ]:(n) =

(40)
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By Propositions 5.2, 5.3 and formula (40), R consists of the operators that act
invariantly on Cbg4y—1.n—1,d > —n + 1, i.e. are diagonal with respect to the basis
b p,nfl)?ao:o- Therefore the function @,y : R,y — €°°(Np), defined by

o0

CD(n)(S) = ((pr,nflv bp,n71>)p:07 41)

is an isometric isomorphism. O

Similarly to Corollary 5.7, there is a simple description of radial operators of
finite rank acting in F ).

6 Radial Toeplitz Operators in Polyanalytic Spaces

A measurable function g: C — C is called radial if for every t in T the equality
g(tz) = g(z) is true for a.e. z in C. If g € L?(C, y), then this condition means that
R.g = gforevery T inT.

Given a function a in L*° ([0, +00)), let @ be its extension defined on C as

az) =a(lz|) (z € O).
It is easy to see that a function g in L°°(C) is radial if and only if there exists a in
L ([0, +00)) such that g = 4.

By Lemma 4.4, the multiplication operator My, acting in L2((C, y), is radial. Let
us compute the matrix of this operator with respect to the basis (bp ) p.4en,. Put

Ba,d,jk = (@bjid,j, bitd,k) (deZ, jk,j+d k+deN).

Passing to the polar coordinates and using (10) we get

oo (1d) (1d)
Ba.a.jk Z/o a(v/1) Cmingj, j+dy O Cminge k+ay (1) 7- 42)
Proposition 6.1 Leta € L*°([0, +00)). Then Mz € R, and

<M5bp,qa bj,k> = (abp,q, bj,k) = 8[J—q,j—k.3a,p—q,q,k-
Proof Use the fact that M7 is radial and the orthogonality of the “diagonal
subspaces”. Then apply the definition of B, 4, . O

Denote T, , the Toeplitz operator acting in F,, with generating symbol g and
T(n),¢ the Toeplitz operator acting on F{;,) with generating symbol g.

Proposition 6.2 Let g € L°°(C). Then the opeator T, ¢ is radial if and only if the
function g is radial.
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Proof Apply Proposition 3.18 and Corollaries 4.6, 4.7. O

Proposition 6.3 Let a € L*°([0, +00)). Then T,y 5 € Ry, the operator T, 7 is
diagonal with respect to the orthonormal basis (b p,nfl);ozo, and the sequence Aq
of the corresponding eigenvalues can be computed by

+00
- 2
Aa,n(p) = ,Ba,pfnJrl,nfl,nfl = [} a(\/t) (ngn{,’,l;!)“(f)) dt (p e No).
(43)

Proof From Corollary 4.6 we get T(5)7 € R(n). Due to Proposition 6.1 and
Theorem 1.2,

)\a,n(p) = (cD(n)(T(n),E))p = <T(n),5bp,nfls bp,n71> = ,Ba,pfnJrl,nfl,nfl- a

Given aclass G € L°°(C) of generating symbols, we denote by 7(,)(G) the C*-
subalgebra of B(F,)) generated by the set {T(;),,: g € G}. Let RB be the space
of all radial bounded functions on C, and RBC be the space of all radial bounded
functions on C having a finite limit at infinity.

We are going to describe the algebra 7,) (RBC).

Lemma 6.4 Let m € Ng and x > 0. Then

lim sup [£9()] =0.

—>00<r<x

Proof For eacht < x, we write Zf,',l ) (1) explicitly by (9) and (4), then apply simple
upper bounds:

1+

! d _t m! L (m+d
e(d)t — m 12 ) L(d)t < _t/z
om0 \/(m—l—d)!l © b OI= 0 an© /Z:(:) m—j) j!

m m m d
S\/ S DL g DT A0S

(m—i—d)!j:O d+ j)H! V(m +d)!
Then,
Lom + 1 dy" (1 4 x)"+5
up |€,(j)(l)|§\/m (m +1) (m +d)" (14 x)""2
0<t<x V(m +a)!
and the last expression tends to 0 as d tends to co. O

The following lemma and proposition are similar to [34, Lemma 7.2.3 and
Theorem 7.2.4].
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Lemma 6.5 Leta € L*®([0, +00)), v € C, and lim a(r) = v. Then
r—>400

lim ,Ba,d,j,k = 8/',/(1) (j, k € Np). (44)
d——+o00
In particular,
lim Ay ,(p) =v (n € N). 45)
p—>00

Proof
1. First, suppose that v =0 and j = k. Forevery x > O andd > 0,

X +0o0
|Bad.j.jl < /O la(/n)] (€ 0))* dr + / la(/n)] (€ 0))* dr

2
sxnauw( sup wﬁ%n) +sup la(v/1)].
0<t<x 1>x

Let ¢ > 0. Using the assumption that a(r) — 0 as r — 400, we choose x such
that the second summand is less than /2. After that, applying Lemma 6.4 with
this fixed x, we make the first summand less than ¢ /2.

2. If v =0, j,k € No, then we obtain limg— oo Ba.d,j,k = O by applying the
Schwarz inequality and the first part of this proof.

3. For a general v in C, we rewrite a in the form (a — v1(0,+o0)) + V1(0,+00)- Since

T @) )
B0, 100)d. i k Zfo e () dr =6k,

the limit relation (44) follows from the second part of this proof. O
Proposition 6.6 The C*-algebra T(,)(RBC) is isometrically isomorphic to ¢(Np).

Proof Recall that @, is an isometrical isomorphism R,y — £°°(Np) defined
by (41). By Proposition 6.3, ®(,)({T,: b € RBC}) = £, where

L i={hgn: a € L%([0,+00)), v e C lirf a(r) = v}.
r—>+00

So, T(n)(RBC) is isometrically isomorphic to the C*-subalgebra of £*°(Np) gene-
rated by the set £. By Lemma 6.5, £ € c¢(Np). Our objective is to show that the
C*-subalgebra of ¢(Np) generated by £ coincides with ¢(Np). The space c¢(Np) may
be viewed as the C*-algebra of the continuous functions on the compact NoU{+o0}.
The set £ is a vector subspace of ¢(Np) which contains the constants and is closed
under the pointwise conjugation. In order to apply the Stone—Weierstrass theorem,
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we have to prove that the set £ separates the points of Ny U {4-00}. For every u in
(0, +o0], define a,, to be the characteristic function 19 ). Then

2

u
—n+1 2
rayn(p) = / (zx(r‘lfn{;ljzj)l}(t)) dr.
0
Let p,q € No, p # q. If Agy n(p) = Ag, n(q) forallu > O, then forallz > 0

(£(|P—”+1D ([))2 — (e(lq_""'ll) (t))z,

min{p,n—1} min{g,n—1}

which is not true. So, the set £ separates p and g.
Now let p € Ng and ¢ = +-o00. Putu = 1. Then A4, »(p) > 0, but A4, ,(+00) =
lim,_, 15 a1 (r) = 0. So, the set £ separates p and +o0. O

Recall that @, : R,, — N, is defined by (39).

Proposition 6.7 Let a € L*°([0, +00)). Then T, 7 € Ry, and the d-th component
of the sequence ®, (T, 3) is the matrix

n—1

(Dn(Tn,Z)d = [’Ba’d’j’k]j,k=max{0,fd}'

Proof Apply Corollary 4.6 and Proposition 6.1. O
Let €, be the C*-subalgebra of 91, that consists of all matrix sequences that

have scalar limits:

C,={AeM,: FweC lim Ag =vl,}.
d——+00

Proposition 6.8 @, (7,(RBC)) C €,,.
Proof Follows from Lemma 6.5. O
We finish this section with a couple of conjectures.

Conjecture 6.9 The C*-algebra 7T(,,)(RB) is isometrically isomorphic to the C*-
algebra of bounded square-root-oscillating sequences.

The concept of square-root-oscillating sequences and a proof of Conjecture 6.9
for n = 1 can be found in [10].

Conjecture 6.10 ©,(T,(RBC)) = €.

Various results, similar to Conjecture 6.10, but for Toeplitz operators in other
spaces of functions or with generating symbols invariant under other group actions,
were proved by Loaiza, Lozano, Ramirez-Ortega, Sdnchez-Nungaray, Gonzélez-
Flores, Lopez-Martinez, and Arroyo-Neri [22, 23, 26, 29].
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Abstract We study Toeplitz operators on Hilbert spaces of holomorphic functions
on symmetric domains, and more generally on certain algebraic subvarieties,
determined by integration over boundary orbits of the underlying domain. The main
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theory [22-24], closely related to harmonic analysis (holomorphic discrete series of
representations of G) and index theory. In this paper we study Hilbert spaces over
non-symmetric G-orbits contained in the boundary of Q2. These Hilbert spaces do
not belong to the holomorphic discrete series, but the associated Toeplitz operators
are still G-homogeneous in the sense of [17]. We study the C*-algebra generated by
these Toeplitz operators on boundary orbits and construct its irreducible representa-
tions, similar as in the symmetric case, via a refined analysis of the boundary faces
of these orbits. The most interesting discovery is that for the boundary Toeplitz C*-
algebra, the irreducible representations do not always belong to boundary orbits, but
comprise also some distinguished parameters in the discrete series (relative to the
face).

Recently, certain algebraic varieties in symmetric domains, called Jordan-
Kepler varieties, have been studied from various points of view [7, 24]. Although
these varieties are not homogeneous, there exist natural K -invariant measures giving
rise to Hilbert spaces of holomorphic functions and associated Toeplitz operators.
In [25] the corresponding Toeplitz C*-algebra and its representations have been
investigated using asymptotic properties of hypergeometric functions. As a second
main result of this paper, we combine both settings and treat Kepler-type varieties
related to boundary orbits. The associated Toeplitz operators are subnormal, but
the explicit description of the underlying boundary measure requires some effort. It
seems that our setting is the natural level of generality, where methods of harmonic
analysis based on Jordan algebraic concepts still yield a complete structure theory
of Toeplitz C*-algebras.

Compared to the paper [25], to which we frequently refer, the main new result
concerns the description of the measures and inner product for the underlying
Hilbert space, and the expression of the reproducing kernel in terms of generalized
hypergeometric series. For boundary orbits this is not straightforward. Also, the
concept of “hypergeometric measure” introduced in Sect.4 serves to clarify and
streamline the exposition, especially in the proof of Theorem 6.2.

2 Subnormal and Homogeneous Operator Tuples

To put the results of this paper in perspective, recall that a commuting n-tuple
of operators S = (Si,...,S,) is said to be subnormal if it is the restriction
of a commuting tuple of normal operators N, acting on a Hilbert space H, to
an invariant subspace Ho C H. There are several intrinsic characterizations of
subnormality; the one closest to the spirit of this paper is the following C*-algebraic
characterization. Let C*[S] be the C*-algebra generated by {Id, Sy, ..., S,}
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Theorem 2.1 ([16, Theorem 2]) A commuting n-tuple of operators S is subnormal
if and only if for every subset {Ty : I € F} of C*[S], F finite, it follows that

> 1s’ts'T = o,
1,JeF

where Ty = T;, - -+ T, andSlei1~--S,il".

An immediate corollary is that if S is a subnormal commuting n-tuple and =x
is a x-representation of the C*-algebra C*[S], then 7 (S) is also subnormal. For
n = 1, these results were obtained by Bunce and Deddens [5]. Natural examples of
subnormal operators are obtained by restricting the multiplication by the coordinate
functions on the Hilbert space L>($2, m) to the subspace of holomorphic functions
H?*(Q2, m), where Q C C¢ is a bounded domain and m is a finite measure supported
in the closure © of 2. Determining when a commuting tuple of operators is
subnormal, in general, is not easy. For instance, let €2 be a bounded symmetric
domain of genus p, and let B be the Bergman kernel of €2. Then the set of positive
real v for which B"/P remains a positive definite kernel is known (cf. [8]) and is
designated the Wallach set of Q2. For a fixed but arbitrary v in the Wallach set, let
H ™ denote the Hilbert space determined by B"/?. The biholomorphic functions
of the domain © form a group, say G. Thus g € G acts on 2 via the map
(g, z) = g(z). This action lifts (g = Uy, g € G) to the Hilbert space H":

(U;i)lf)(Z) = Jg(z)v/P<f(g(Z))’ geG, zeQ, fe H(V),

where Jg(z) := det(Dg(z)). It is easy to verify, using the transformation rule for
the Bergman kernel, that U, is unitary. The map g — U g(.v) is not a homomorphism,
in general, however U;Z) = c(g, h)UéV)U,EU), where ¢ : G x G — T is a Borel
multiplier. Thus U defines a projective unitary representation of the group on H.

The automorphism group G admits the structure of a Lie group. Consider the
bounded symmetric domain €2 in its Harish-Chandra realization (cf. [11, Section
2.1]). The construction of the discrete series representations due to Harish-
Chandra is well known, see [12, Theorem 6.6]. The (scalar holomorphic) discrete
series representations (when realized as sections of homogeneous holomorphic line
bundles) occur among the projective unitary representations U"). Harish-Chandra
had determined a cut-off vy such that for all v > vy, the representation U ™) is in
the discrete series and the Hilbert space H) is realized as the space H 2(SZ, dm,y),
where dm, (z) = B(z, 2)'7"/? dv(z), clearly, supp(m) = Q. However, we also have
the so-called limit discrete series representations and their analytic continuation. It
is therefore natural to ask if there are other values of v for which the inner product
in the Hilbert space H") is given by an integral with respect to a measure supported
on possibly some other G-invariant closed subset of 2. The answer to this question
involves the G-invariant boundary strata of 2 introduced below, namely, €2 ,,
1 < k < r, wherer is the rank of the bounded symmetric domain €2. In this notation,
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Q. is the Shilov boundary and Q¢ , = 2. For v in {vy, ..., v.}, where
vi={+50—0),

there exists a quasi-invariant measure

21)1-
dmi(gz) = |Jg@)| P dm;i(z), z € Q, supp(m;) = Qi,, 1 <i <r,

such that Lz(Qi, r, dm;) contains the representation space H) as a closed subspace.
(Here, \ﬂt\h a slight abuse of notation, we let o, = €2.) The representation U )
lifts to U on L2(Q,',,, dm;), again, as a multiplier representation, see [2, theorem
6.1]. The existence of the quasi-invariant measure (in the unbounded realization of
G/K) is in [13, 20], see also [3, Lemma 5.1]. (The generalization to the case of
vector valued holomorphic functions appears in [11, Theorem 4.49].) However, the
fact that these are the only quasi-invariant measures with support in €2 was proved
for the domains €2 of type I, »,, m > n > 1, in [3] and was extended to all bounded
symmetric domains in [2]. Furthermore, it can be shown that these are the only
commuting tuples of “homogeneous” subnormal operators in the Cowen-Douglas
class of rank 1 on €.

Thus the commuting tuple M® := (M(", ..., M{") of multiplication by the
coordinate functions on the Hilbert space (" is subnormal if and only if v is in the
set

Wb :={v: v="450¢—j), 1<j<rjUfv:iv>p—1}.

For v as above, this is evident since the Hilbert space " is a closed subspace of
the Hilbert space Lz(dmv) for some quasi-invariant measure m, . The converse is
Theorem 3.1 of [3] for tubg type domains and Theorem 5.1 of [2] in general.

The commutlng tuple M of multiplication by the coordinate functions on the
Hilbert space L? (dm) induces a *-homomorphism D, : C(R2i,) — L(L%(dmy)),
namely, <I> Hr=1f (M) f € C(;,,), the space of continuous functions on €; ,
and v € Wyyp. The quasi-invariance of the measure m, ensures that U om is unitary
and therefore the triple (L*(dm,), U s M, & ) is a system of imprimitivity in the
sense of Mackey [26, chapter 6]:

UM, 0" =g-®,, g€, 2.1)

where ((g - 51)) (@) = f(g-2). Since the representation U™ leaves the subspace
H™ jnvariant as well, we see that

HY, UW, ®,) = (L (dm,), UL, By) g0, v € Wi,

is the restriction of an imprimitivity.
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Recall that the *-homomorphism ® must be given by the formula 5( = M F=
fMD), f € C(Ri,),0 <i <r,viathe usual functional calculus. The group G acts
on the space of continuous functions via @' N = flg-2) = (f o).
Therefore,

(g f) =Myog = (f 0 g)(M).

Choosing f to be the coordinate functions, we see that the imprimitivity condi-
tion (2.1) of Mackey is equivalent to the homogeneity of the commuting tuple M,
relative to the group G, of the commuting tuple M, namely,

UMU} == (UM{U}, ... .UiMqUp) =g -M, g € G, 2.2)

where g - M = (g1(M), ..., ga(M)). Here g;, | < i < d, are the components
of g in G, when it is thought of as an injective biholomorphic map on 2. This
notion for a single operator is from [17] and for a commuting tuple is from [18], see
also [3, 4]. For v in the Wallach set, the multiplication by the coordinate functions
acting on the Hilbert space of holomorphic functions (") are bounded if and only
if v e (5(r — 1), 00), the continuous part of the Wallach set, see [2, Theorem 4.1]
and [3, Theorem 1.1]. Since the kernel function of the Hilbert space (") is a power
of the Bergman kernel, it also transforms like the Bergman kernel ensuring that the
operator M on this Hilbert space is G-homogeneous for all v in the continuous part
of the Wallach set. A simple computation involving the curvature shows that these
are the only G-homogeneous operators in the Cowen-Douglas class B;(£2). The
details are in [18] for the case of rank r = 1. The proofs in the general case can
be obtained using [2, Proposition 4.4] and spectral mapping properties of the Taylor
spectrum of the commuting tuple M.

It is clearly of interest to study homogeneity, or equivalently, imprimitivity
relative to subgroups of the group G. This already occurs in the study of spherically
balanced tuples of operators [6, Definition 1.1]. In this case, the domain is the
Euclidean unit ball B; and the group is the maximal compact subgroup K of the
automorphism group G of B,. The group K can be identified with the unitary group
U(d), it acts on B, by the rule: (U,z) +— U(z),z € By, U € U(d). Let T be
a commuting d-tuple of operators acting on a complex separable Hilbert space H.
The usual functional calculus gives

d d
U-T= (Y UyTy.... > UaiTy), U €K
=1 =1

The commuting d-tuple of operators T is said to be “spherically symmetric”, or
equivalently, K-homogeneous if I';;TI'y = U - T for each U in K and some
unitary 'y on H. In general, I need not be a unitary representation. However, we
will assume that a choice of I'y exists such that the map U — @'y is a unitary
homomorphism. What we have said about the Euclidean ball applies equally well to
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the case of a bounded symmetric domain. So, we speak freely of K-homogeneous
operators, where 2 = G /K. To describe this more general situation, we recall some
basic notions from the representation theory of the group K.

Let m € N’_ be a partition of length r. Let Py, denote the space of irreducible
K -invariant homogeneous polynomials of isotypic type m, having total degree |m|.
These are mutually inequivalent as K -modulesand P = > Py, is the Peter-Weyl

meN/,

decomposition of the polynomials P under the action of the+gr0up K. Now, equip
the submodules Py, with the Fischer-Fock inner product (p|q)m = (¢*(3)(p))(0),
where ¢*(z) = ¢(z). Let E™ be the reproducing kernel of the finite dimensional
space Pp,. Then the Faraut-Koranyi formula for the reproducing kernel K ) of the
Hilbert space H") is

K®'= ) mmE™, (2.3)
meN’,
,
where (W), = [[ (v — g( J— Dm ; are the generalized Pochhammer symbols.

=1
We have pointedj out that the commuting tuple of multiplication operators M on
the Hilbert space %" is G-homogeneous, therefore, it is also K-homogeneous.
What are the other K-homogeneous operators? Since P, is a K irreducible module,
it follows that the Hilbert space H'®, obtained by setting K@ = Y g, E™
meN/,

for an arbitrary choice of positive numbers a,, is a weighted direct sum 0+f the K
modules Py,. Hence the commuting tuple of multiplication operators M on H@ is
K-homogeneous. It is shown in [10], under some additional hypothesis, that these
are the only K-homogeneous operators.

If the rank » = 1, then a full description of all multi-shifts within the class of
spherically symmetric operators is given in [6, Theorem 2.5]. In the present set-up,
this characterization amounts to saying that a multi-shift on a Hilbert space H with
reproducing kernel K : B; x B; — C is spherically symmetric if and only if the
kernel is of the form

Zan (z, w)"

n

for z, w € By. It then follows that several properties of the commuting tuple of
multiplication operators M on the Hilbert space are determined by the ordinary shift

An+1

1/2
with weight sequence {( an ) }, n > 0, see [6, Theorem 5.1].
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3 Spectral Varieties and Boundary Orbits

In this section we describe the Jordan theoretic background needed for the rest of
the paper. For details, cf. [9, 15]. Let V be an irreducible hermitian Jordan triple of
rank r. Every element z € V has a spectral decomposition

-
z= Z)»ici
i=1

where the singular values A1 > A, > ... > A, > 0 are uniquely determined by
z, and ¢y, ..., ¢, is a frame of minimal orthogonal tripotents. The largest singular
value ||z|| := X1 defines a (spectral) norm on V and the (open) unit ball

Q={zeV: |zl <1}

is a bounded symmetric domain. It is a fundamental fact [ 15] that, conversely, every
hermitian bounded symmetric domain can be realized, in an essentially unique way,
as the spectral unit ball of a hermitian Jordan triple. In this paper we use the Jordan
algebraic approach to study analysis on symmetric domains and related geometric
structures.

The compact group K acts transitively on the set of frames. Hence, for fixed
A= (A1, A2, ..., Ap), the level set

,
V) i={z=)Y_ ki : (c) frame) (3.1)
i=1
is a compact K -orbit. As a special case we obtain the compact manifold
Sp = vk, 0

of all tripotents of rank k, where 0 < k < r. Every union of such level sets (3.1) is
K -invariant but may be an orbit of a larger group. As an example, for0 < ¢ < r,
the Jordan-Kepler manifold

Vi=  J  VOu.a 079,

A== A>0

consisting of all elements of rank ¢, is a complex manifold which is an orbit under
the complexified group K €. Its closure

vi= U Vo0 =

Ar==he>0 O=j=t
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consists of all elements of rank < ¢ and is called the Jordan-Kepler variety. Its
regular (smooth) part coincides with \O/g. For £ = r we have V, = V and XO/r =V
is an open dense subset, consisting of all elements of maximal rank. As another
example the set

U, = U VAR, gt A

I1>Ag41>... 24,20

is an orbit under the identity component G of the biholomorphic automorphism
group of Q2. For k = 0, we have Qq , = 2. For k > 0 we obtain a boundary orbit
which is not a complex submanifold. It has the closure

,
Qr = U VAR ) = Qi
1>2Afgp1>.. 24,20 i=k
The intersection
Sk = ‘O/k N Q. r

is the common center of IO/k and Q. In particular, Sp = {0} is the center of 2. The
triple

‘7/{ D Sk C L,y

is a special case of Matsuki duality, which gives a 1-1 correspondence between G-
orbits and K C-orbits in a flag manifold (which in our case is the so-called conformal
hull of V), determined by the condition that the intersection is a K -orbit. For k = r
we obtain the Shilov boundary

Q=8 =1S

which is the only closed stratum of 92 and is its own center. Generalizing both the
Jordan-Kepler varieties and the boundary orbits, we define for 0 < k < £ < r the
K -invariant set

fzk,g = ‘O/( NQ,r = U V(lk,)»k+1,...,)»g,0rfe).

I>X41>...20>0

It has the closure

Qre=VeNQ, = U VA Aty A, 0770 = U Qi

1>A 412> 4e>0 k<i<j<t
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We also use the ‘partial closure’

14
Qre:=VeNQ = U V(lk,)»kJrl,---,)%Oriz): Uék,j-

1> 41> 22=0 j=k
Then
Qp:=Qpr =V, N

is the so-called Kepler ball.
Our first goal is to describe a facial decomposition of the K -invariant sets Q2 ¢.
For a tripotent ¢ we consider the Peirce decomposition [14, 15]

V=VieVie V.

Define V¢ := V;j and Q¢ := QN V. This is itself a bounded symmetric domain of
rank r — k, when ¢ € §;.

Proposition 3.1 There exist fibrations (disjoint union)

12
Qo= e+ =+ =%, (3.2)
i=k

ceSy ceSy

Proof 1f z € fzk,e then

z=cit+.ta+t Y ke

k<i<t

for some frame (¢;) and 1 > Agy1 > ... > Ag > 0. It follows thatc :=c;1 + ...+
ck € Sk and

w = Z rici € Q°N ‘O/g_k = fZ%_k.

k<i<t

For different tripotents ¢, ¢’ € Sy the boundary components ¢ + Q¢ and ¢’ + Q< are
disjoint [15, Section 6]. This proves the first assertion. If z € € , then we require
only A, > 0. Therefore

12
weRNV_ = Qg—k = U fo_k.
i=k
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It follows that

12 12 12
Qie = UC—}—Q%_k: U UC—Ffo_k:U UC—Ffo_k:USDZk,,'.
i=k

ceSk ceSy i=k i=k ceSi
O

For k <i < [ the set fzk,,- is called the i-th stratum of €2 ,. In the special case
£ = r we obtain a stratification

,
= J e+ =1
cESk i=k

of the boundary G-orbit.

4 Hypergeometric Measures

If V is an irreducible hermitian Jordan triple of rank r, with automorphism group
K, define the K -average

A = /dk fkt)

K

fort e RfHr ={teR": 1 >...>1t >0}. Any K-invariant measure © on V (or
a K-invariant subset) has a polar decomposition

/M(dZ) f(Z)=f/1(dt1,---,dtr) FAWn V)

for a uniquely defined measure /i on R’ | (or a suitable subset), called the radial
part of w. In the following we use various unspecified constants, all of which are
explicitly known.

Proposition 4.1 The Lebesgue measure dz =: Ar(dz), for the normalized K-
invariant inner product on V, has the radial part

,
Ar(dti, ..., dt;) = const. l_[dti t? ]—[ (t —1))° 4.1)
i=1 I<i<jsr

on R, . Here a,b denote the so-called characteristic multiplicities of V [14,
Section 17].
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Proof We start with the well known formula

/ dx f(x) = const. f dn---dt. ] —tp)" f dh f(ht) 4.2)

l<i<j<r
X R’ J=

for a Euclidean Jordan algebra X with automorphism group L [9, Theorem VI.2.3].
Let A, be the symmetric cone of the Peirce 2-space V; for some maximal tripotent
e € Sy [9]. Then

/ dz f(z) = const. / dx N,(x) / dk f(k+/x) 4.3)
\%4 Ae K

by [9, Proposition X.3.4] (for the tube domain case b = 0) and [1, (2.1.1)] (for the
general case). Applying (4.2) to the right hand side of (4.3) we obtain

/dz f(z) = const. /l_[dt, ! ]—[ (ti — 1)) VD).

i=1 1<i<j<r
\%4 Rr++ si<j=

Proposition 4.2 For £ < r, consider the map
o RiJr — Rer, a(ty, ..., tg) :=(t1,..., t@,Or_Z).

Then the Riemann measure A¢ on the Kepler variety Vi, induced by the inner
product (z|w), has the radial part Ag = O(*Mg, where

L
Mo(dty, . .., dt;) = const. l_[ dt; tl.dl/e l_[ (ti —1;)° (4.4)

i=1 1<i<j<t

anddi/t =b+a(r —€).If £ =, then d{ = rb and (4.4) reduces to (4.1).
Proof By [7, Theorem 3.4] we have

/ Le(dz) f(z) = const. / dx N.(x)4/ £2(/x)

Vi AZ
¢ ds /e
= const. / 1_[ dt; tl.l/ l_[ t — 1) f1(W1)
= I<i<j<t
Ry

by applying (4.2) to the Peirce 2-space V; and its positive cone A.. O
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Let P(V) denote the polynomial algebra of a hermitian Jordan triple V, endowed
with the Fischer-Fock inner product (p|g)y for the normalized K -invariant inner
product (z|w) on V. Let

PV) =) Pu(V)

be the Peter-Weyl decomposition of P(V) under the group K [8, Theorem 2.1].
Here m runs over the set N, of all integer partitions

m=(my=...zm)

of length < r. For a complex parameter v let

O =[J0 =G =D,

j=1

denote the multivariate Pochhammer symbol. Then the identity

WMmtn = @ +n)m (V)n 4.5)
holds for any integer n > 0.

Let x1,...xn, Yo, ...Yn be positive parameters. We say that a K-invariant
measure p supported on 2 (or a K-invariant subset) is hypergeometric of type
(o) i

h
l_[ (Xi)m
i=1
(Pl = /M(dz) r@q@ =", (ple)v (4.6)
l_[ idm
i=0

forallm NfF and p,q € Pu(V). More generally, for £ < r, a K-invariant mea-
sure p supported on €2, (or a K -invariant subset) is £-hypergeometric if (4.6) holds
for all partitions m € Nﬂ of length < ¢. By the Stone-Weierstrass approximation
theorem and K -invariance, the condition (4.6) determines the measure p uniquely,
but not every choice of parameters defines such a measure (a kind of multi-variate
moment problem).

Let A(z, w) be the Jordan triple determinant [8].
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Proposition 4.3 Let p :=2+a(r — 1) + b be the genus of 2, and letv > p — 1.
Then the probability measure M, on 2, defined by

/Mu(dZ) f(@) =00nst-/d€ AP f©) (4.7)
Q

Q

is hypergeometric of type (”)

Proof This follows from the Faraut-Kordnyi binomial formula (2.3) proved in [8].
O

Proposition 4.4 For 1 < k <rlet py :=2+a(r —k — 1) + b be the genus for
rank r — k, and put

d
=1 —=p-1-Gh-D=14b+%Cr—k-1
rt2 2 2
:pk+;(k+1)_1. (4.8)

Then the probability measure My, on the k-th boundary orbit Qy ,, defined in terms
of the fibration (3.2) by

/ M ,(dz) f(2) =const./dc/d§ A, OPE fc+ ) 4.9)

Qe r Sk Q¢

is hypergeometric of type (”").

Proof For the special case a = 2, corresponding to the matrix Jordan triple V =
C"*5, this is proved in [3] using combinatorial properties of Schur polynomials. The
general case [1, Theorems 6.7 and 6.8] uses transformation properties under certain
non-unimodular groups acting on the boundary. O

For the Shilov boundary k = r M, ,(dz) is the unique K-invariant probability
measure on 2,, = S, since ¢ + Q¢ = {c} is a singleton for each ¢ € § = §;.
For k = 0 we have 2, = Q and pp = p. In this case (4.9) reduces to (4.7) for
vo = p— 1+ 7. However, in this case we may take any parameter v > p — 1. Given
a frame of minimal orthogonal tripotents ey, .. ., e, of V put

ck:=e1+...+e.
Define
I ={seR : 1>s51>...>5 >0}

The explicit realization (4.9) of My , implies the following proposition:
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Proposition 4.5 For 1 < k < r consider the map
BilTF =X, Bltist, .. tr) =5 npr, ).

Then the K-invariant measure My , on Qi has the radial part Mk y = ,B* Vk,
where

,
M@ty ... dty) =const. [[ t#(—w)"Pedy [ -t  (4.10)
i=k+1 k<i<j<r

is the radial part, relative to the Peirce 0-space V of rank r — k, of the weighted
Bergman measure Mﬁ,f for parameter vi. Thus

/Mk,r(dZ)f(Z) :/Mk,r(dtlv-“sdtr) fiWn, )
/(ﬁ*M‘k)(dth---,dtr) AW, V)

= f M (dtyr, ... dt) fAO5 Vi )

r—k
I+

:const./ [ #a—wvras [ —t)® £FO5 Vi ... V).

ook i=k+1 k<i<j<r
I+

Now let £ < r. For v > p — 1 define the probability measure
M, ¢(dz) := const. A(z,2)"" P Ae(dz) (4.11)
on the Kepler ball ;. For £ = r we have Q, =  and recover the “full” measure

M, , = M, . Finally, combining boundary orbits and Kepler varieties, we define the
probability measure

f My o(d2) £ () = f de / ME (D) fe+0)

Sk Q_y

=const./dc / A dD) AC. O P fle+E)  (4.12)

Sk Q_y
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on ¢, written in terms of the fibration (3.2). Here Aj_, is the Riemann measure
on the ‘little” Kepler ball f_, = QN V,_; induced by the hermitian metric (z|w)
restricted to V€.

Consider the commuting diagram

Ii_k L- Iﬁ_

Y

| —— L

where
/ . k
(24 (tk-‘rla '-'7t£) = (1 7tk+1a '-'7t£)
—L
,B/(tk-i-la-'-atg) = (tk-'rla'-'atfaor )
t 1) = (15,1 1,07
y(k+11"'7 Z)_( s lk+15 - o5 ey )'

Proposition 4.6 The K -invariant measure My o on Qi ¢ has the radial part Mk’g =
V«My o, for the measure

14

M o(dtii1, . .., dtg) := const. l_[ dt; (1 — ;)" Pk tl.d‘/Z l_[ (t — 1)
i=k+1 k<i<j<t
(4.13)
on Ii_k. Thus
/ My o(dz) f(z) = /Mk,z(dt) iD= /(V*Mk,e)(dt) AW
Qe I I
= / M o(dtist, ..o dte) £AO5 Vg, oo /10,0776
1
- d< /e
= const. / [ dt =) ey, i/ [T =t P05 Vtigrn o V10779
1k i=k+1 k<i<j<t
‘-

Consider the Fischer-Fock kernel E™ (z, w) = E (z) of P, (V). Then
(ET'|Ey)v = E™(z, w).

Define d,; = dim Py, (V).
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Lemma 4.7 Forallt € IQ_ and w € V we have

E™(w, w)

m2\1 _
(EpIH) (1) = d

EX(1).
Proof Schur orthogonality implies

(ERP () = /dk |E™ (k/t, w)|* = fdk (B} IEDvI?
K K
LEDIS IE™ 13

_ . pm m 2
_/dk|(k E\/tle)V| = dy

K

Since ||[E™|?, = E™(w, w) and ||Eyt||2 = E™(\/t, /t) = E™(t, e), the assertion

follows. |
Proposition 4.8
d d
l_[ t2(1 — ;)" Pr dy; l_[ t — 1) E™(5, tgr, .o ) = (v"; .
r i=k+1 k<i<j<r k/m
(4.14)

Proof From (4.10) it follows that

,
b - k
[ #a-w»ran [ @-tp® EFQ  aga,....0)
-k i=k+1 k<i<j<r
A

= / My . (dt) E™(t, e)
Ir

+

- dm Y m 2\ _ dm m ’
— g o) [ st qEZR W = [ 1)
I Q

— dm
IEZ"

dm

2
IEZ I, = :
17 (vm

O

Remark 4.9 1In the special case V = C"** the polynomials E2* are proportional to
the Schur polynomials, and the identity (4.14) was shown directly in [3]. A direct
proof of (4.14) in the general case would be of interest.

The following theorem is our first main result.
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Theorem 4.10 For 1 < k < { < r the probability measure My, on Q¢ is £-

rs, vk

d
hypergeometric of type ( "pa )
2 9

Ve

Proof Let ¢ = c¢. Put h := df /€ = b + a(r — £). Applying (4.14) to the Jordan
triple V; (of tube type) we obtain for m € Nﬁ, putting dy;, = dim Py, (Vy),

J4
const. []a-wwredy [ &—tp* E2OF tepr. .10
—k i=k+1 k<i<j<t
Lr

(A+5QE—k=1)m %~

since

1+‘2’(2z—k—1)+h - 1+‘2’(2z—k—1)+b+a(r—e) - 1+b+‘2’(2ik—1) _—

For z € V5 we have Ef"(z) = E™(c,c) ®y,(z), where &, € Pp(Vy) is the
spherical polynomial normalized by @, (c) = 1. Therefore

E™(c, c)

E™th(y).
E’”"‘h(c, c) ¢ @

Ne@" EM(2) = E™ (¢, &) Ne(@)" ®%,(2) = E™ (¢, ¢) D%y, (2) =

We have

FHOO9= 04 aw— 1

and, similarly,

c .
dm +h _ drcn

Em+h(C, C) — u — ,
A+50¢=Dmsn Ve = WDmtn

since
a a a .
1+2(£—1)~|—h=1~|—2(5—1)+b~|—a(r—£)=1~|—b+2(2—[—1):1)/3.

It follows that

L
[T QEMP A5 Vg, Vi, 0079
i=k+1
E™(c,c)
= Ne(%, tigr, oot EM (K g, . 1)

dm
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E™(c,c) E™(c,c)
= d Em+h(c ) Ezrl—’_h(lkatk—i-l, cees te)
m )

_ E"™(c,c) (ve — Wmyn

E™h Ak e, t).
d (o — by O (1%, fky1 )

Applying (4.14)tom + h € Nﬂ we obtain
1 2

1

E™ - My ¢(dz) |[E™(2)|?

IEC NS, e Const_/ k,e(dz) |[ES(2)]
Q¢

const.

14

=f [T da—wxran ] @—tp)* QEMHA5 Vi, .. V1,079

ooy i=k+1 k<i<j<t
I

_ E™(c,0) (Ve — Mm+n ‘ AVk— .
T dn = hm / [T a-mwran

Do skt 1
I+
Bk
| | (t —t)* EMPN A5 g, o te)

k<i<j<t

_E™c,0) e =Wmin Dy

 dm e Mm%k — D
_E™c.0) (v — PWman @l/2)m (ve — )m
k= Wman e—Wm @r/Dm ([d/P)m

using the identity

Aoy dS @D A+ 4E =D (@l/2m (v — M)
dn  dw  @/Dm  d/Dm @/Dm @)

as computed in the proof of [7, Theorem 5.1]. Simplifying and using (4.5) we finally
obtain

(Ve)m (@l/2)m

Em 2 :Em s
” c ”k,[ (C C) (Vk)m (d/r)m (aV/Z)m

since My ¢ is a probability measure. It follows that for m € Nﬁ and p,q € Pp(V)
we have

ve)m (al/2)m

= | My (d = .
(P1@k.¢ / ke(dz) p(2) q(z) = (plg)v WOm @/ Pm @r/2m

Qe
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5 Holomorphic Function Spaces and Toeplitz Operators

We now define Hilbert spaces of holomorphic functions and Toeplitz type operators
associated with hypergeometric measures of rank £ < r, keeping in mind the
examples My ¢ on 2 ¢ constructed above. For £ < r define

PV =) PuV),

¢
meN

involving only partitions of length < £. Then the restriction map p — ply, is
injective and yields a linear isomorphism between P¢(V) and the regular functions
on the Kepler variety V. For a K -invariant £-hypergeometric measure p on €2 ¢ let
H,.,¢ denote the Hilbert space of all holomorphic functions on the Kepler ball €2,
which are square-integrable under the measure . This is the completion of P¢(V),
restricted to 2¢, for the measure u.

This general definition covers all classical examples. Consider first the “full” case
£ = r. For a discrete series Wallach parameter v > p — 1, the weighted Bergman
space H, consists of all holomorphic functions on € which are square-integrable
under the measure M,. For 1 < k < r the embedded Wallach parameters vy
defined in (4.8) belong to the continuous Wallach set

V> ;’(r—l) (5.1)

but not to the discrete series since k > 1 implies vy < 14+b+ 3 (2r—2) = p—1.The
associated Hardy type spaces # , consist of all holomorphic functions on €2 which
are square-integrable under the measure My . Then v, = ‘f is the “true” Hardy
space parameter, corresponding to the Shilov boundary S = €2, . The left endpoint
v; = p—1 of the holomorphic discrete series corresponds to the probability measure
M, on the dense open boundary orbit €21 ,. As explained in Sect. 3, the parameters
v are of special importance for subnormal G-homogeneous Toeplitz operators. By
Propositions 4.3 and 4.4, these measures are of hypergeometric type.

Now consider the “partial” case £ < r. If v > p — 1, the partial weighted
Bergman space H, ¢ consists of all holomorphic functions on the Kepler ball €2,
which are square-integrable for the probability measure M, ;. The inner product is

@1V, = / M, (dz) ¢(2) ¥(2) = COHSt-/M(dZ) Az, 2)"77 ¢(2) ¥ (2).
Q¢

Qg

For ¢ = r we have Q, = Q and M, , = M,. Thus we recover the ‘full’ weighted
Bergman space H,, = H,. For 1 < k < £ < r, the partial Hardy type space
Hek.e consists of all holomorphic functions on the Kepler ball €2, which are square-
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integrable for the probability measure M ¢. The inner product is

(@I )k,e = / My ¢(dz) ¢(2) ¥ (2) =/d0 / M1 (de) A, OV (@Y (e + ).

Qe Sk Q)4

Putting £ = r we recover the inner product (4.14) since Qf , = Q¢ and
M;_,(d¢) = d¢ is the Lebesgue measure on V. For k = 0 we have ¢ = 0, VO =
V, Q? = Q¢ =QNYV,, M? = M, and pg = p. Thus we recover the My-inner
product. )

In summary, we obtain examples of type (” r;;;") for0 < k < ¢ < r. For fixed

a
L5,

d a
£ we have as special cases the partial weighted Bergman spaces of type (’ P M ZU’ZU),
2 ’

corresponding to k = 0, and the partial Hardy space of type (lrl ’wr g) corresponding
to maximal k = £. For £ = r we obtain the full type (**), since v, = ¢, specializing
to the full weighted Bergman spaces of type (”) if k = 0 and the full Hardy space
of type (tri) if k = r. It would be interesting to construct natural examples of more
complicated hypergeometric type.

We now introduce Toeplitz operators in our setting. For the ‘full’ Hilbert space
‘H,, over Q we denote by P, : L2, 1) — ‘H,, the orthogonal projection and
define the “full” Toeplitz operator T}, (f), with symbol function f € L°°(2), by

T.(f) =Py, [ Pyu.
Restricting to continuous symbols we obtain the “full” Toeplitz C*-algebra
T =C*(Tu(f): f €C(Q).

As special cases, we obtain the “full” Bergman-Toeplitz operators T, ,(f) (v >
p — 1) and the “full” Hardy type Toeplitz operators Ty -(f) (1 < k < r) associated
with the hypergeometric measures M, , on 2 and My , on €2 ,, respectively. The
corresponding Toeplitz C*-algebras are denoted by 7, , and 7 ,, respectively.

In the more general setting of the “partial” Hilbert space H, ¢ over g,
associated with a K-invariant £-hypergeometric measure u (£ < r), denote by
Py : L2(Q¢, 1) — H,.,¢ the orthogonal projection and define the “partial”
Toeplitz operator T, ¢(f), with symbol function f € L*(2;), by

Twz(f) = PM,Z f Pu,é-

Restricting to continuous symbols we obtain the “partial” Toeplitz C*-algebra

T =C* (Tue(f) 2 f € C(Q)).
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As special cases, we obtain the “partial” Bergman-Toeplitz operators T, ¢(f) (v >
p — 1) and the “partial” Hardy type Toeplitz operators Ty ((f) (1 < k < £)
associated with the £-hypergeometric measures M, ¢, on €2, and My on Q2 ¢,
respectively. The corresponding Toeplitz C*-algebras are denoted by 7, ¢ and T ¢,
respectively.

Lemma 5.1 Let p,q € P(V). Then the Toeplitz type operators satisfy

Ty o(p) Ty e(q) = Ty e(pg).

Proof Since P*(V)* is an ideal in P (V) it follows that
Tue(p@)® = Pue(pgd) = Pue(p(Pue + Pi)(qd))

= Pue(p Pue(gd)) + Pue(p P,f,z(qu)) = Pue(p Ty e(q@)P) =Ty o (P) (T e(q)).

O

It follows that 7, ¢ is generated by Toeplitz type operators with linear symbols
and their adjoints.

Remark 5.2 A standard reproducing kernel argument (carried out in [25, Propo-
sition 4.2]) shows, at least for the ‘concrete’ hypergeometric measures described
above (where the support is connected), that the C*-algebra 7, ¢ acts irreducibly
onHy e

Forany v € V let
v*(2) = (z]v)

denote the associated linear form. Its conjugate is v*(z) = (z|v) = (v|z). Let
0y p(z) := p’(z)v denote the directional derivative. Put

g;:=1(0,...,0,1,0,...,0)

with 1 at the j-th place. It is shown in [22, Corollary 2.10] that

VP €Y Pute;(V), 0up €Y Pue,(V) (5.2)
j=1 Jj=1

forall p € Py, (V), with zero-component if m & ¢ is not a partition. Let g = gm €
Pm (V) denote the m-th isotypic projection.

The next result determines the fine structure of the adjoint Toeplitz type operator
TM,Z(U*)* = TM,Z(U*)-
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Proposition 5.3 Let i be a £-hypergeometric measure on 2¢. Let v € V. Then

(xi=5G=D+mj—1)

(avp)mfej
Gi—50G—=D+mj—1)

T/L,Z(U*)p =

M-
o= i~

forallm e N and p € Ppu(V).
Proof Letg € Pp(V), ne Nﬁ, satisfy (T, e (v*)plg)u,e # 0. Then
PV P e = (T, e W) PI@) e # 0.

With (5.2) it follows that m = n + ¢; for some j < £ and hence n = m — ¢;. Since
W is £-hypergeometric, it follows that

h h
1_[ (Xi)m 1_[ (Xi)m
(Tue@IPlg) = (Plo*g) =" (plv*gy ="' (@uplg)v
'E)(Yi)m 'E)(Yi)m

h

T Dm/ Cidm—e,
== CIr

h
[{)()’i)m/()’i)mfej

Since q is arbitrary, it follows that

h
14 1_[ (xi)m/(xi)m—Sj

rieHp=y "' B P)m—s; -
=V TTODm/ i) m—e;
i=0

Now the assertion follows from

m =G = D,

a
- =r—_(—1 1.
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6 Limit Measures

The basic result concerning Toeplitz C*-algebras on bounded symmetric domains
states that every irreducible representation is realized on a unique boundary
component €, for any tripotent c. This was carried out in full detail for the Hardy
space in [22, 23] and its generalization to weighted Bergman spaces was described
in [24]. Here a crucial step, which was indicated in [24] and proved in detail in the
recent paper [25], is the limit behavior of the underlying measures under certain
peaking functions. In the present paper, this crucial result will be generalized
to the boundary orbits 4 ¢, and their intersection with Kepler varieties. This is
not completely straightforward, since the assignment f(©)(¢) := f(c + ¢) is not
compatible with the Peter-Weyl decomposition of P (V).

Letc € S; withi < £. Since V; = P;V hasranki < £ and (z|c)" = (Pyz|c)",
where P; denotes the Peirce 2-projection, it follows that

(zle)" € P(V5) C PL(V) c PE(V).

Restricting (injectively) to €2¢, the holomorphic function

H.(z) := exp(z|c) = Z (Z’LC') 6.1)

n=0

on £2¢ can be regarded as an element of the Hilbert completion H,, ¢ of PY(V) under
(. This applies in particular to i = 1.

Let0<i<{¢<randc € S;. Thenc + Q° c Q. For functions f € C(S2) we
define £(© € C(Q,_;) by

FOC) = fle+0) (€ €y (6.2)

Lemma 6.1 Let u be an £-hypergeometric measure on . Let 0 < i < £ and
ceS;. Then

|H"(2)?
hm f/L(d) ||H"|2 f@) =

forall f € C(Q) satisfying f© = 0.
Proof By assumption, for every ¢ > 0 there is an open neighborhood U C €2 of
c + Qf_; satisfying sup | f(U)| < &. By [15, Lemma 6.2] we have |(z|c)| < (c|c)

forall z € Q\ Q°. Peirce orthogonality implies (z|c) = (c|c) forall z € ¢ + Q.
Therefore |H.| < H.(c) on 2, \ U, and a compactness argument shows that there
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exists an open neighborhood V C U C 2 of ¢ + Q;_; such that

_ SUPonvu |He|
= infy |H,|
Therefore
/u(dz) HI@P o) /u(dz) HI@P o0 / widg O L)
1= )12 1= )12 1= 12
Q U Q\U

[ w(dz) |HM2)I?

Q\U on Yol (2 \ U)
<sup|f|+sup|f]- <e+tsup|fl-q
T AT o Vol (V)

Since g2" — 0 it follows that

n 2
lim sup/u(dz) |He @)l f) <e

. IH 12
Q
O
Now consider the special case i = 1. Forc = e € 81, leta := (a1, ..., 0¢-1) €
Ni_l be a partition of length £ — 1. Define
at = (a1,a) e N§ (6.3)
and consider the conical function
N s = Nglfaz Néxzfog . _Nzle—l
o - k]
where Ny, ..., N, are the Jordan theoretic minors [21]. Then the conical function
N¢ relative to V° for the partition « satisfies
N9 = N
The asymptotic expansion of generalized hypergeometric series
p
00 1_[ I'n+ Br) o
r=1
pE @@= o (6.4)

n=0 [T T + )

r=1
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in one variable z has been determined in [27]. Putx := 14 ¢ — p and

l?::q;p~|—,31~|—...~|—,3p—,u1—...—,uq.

As a special case M = 1 of [27, Theorem 1], using [27, Lemma 1], one obtains

lim X7 e X F (x)=Ag= Q) P02 277,
xX—>+00 P-4
where X = « xll/". If g = p + 1, this simplifies to x = 2, X = 2./x and
Ao = Qr) V22277 = 7=1/22-% Therefore

lim x~ /2 ¢V% F (x) =

1
xX—00 \/7-[

Theorem 6.2 Let p be a K -invariant £-hypergeometric probability measure of type

()yc(l))y[;‘) on Q. Then for each ¢ € S| there exists a unique K °-invariant (£ — 1)-

(6.5)

hypergeometric probability measure ') of type ()70_3 """ ) h:,%) on 9271 such that
2

XL =950 Xh
for all continuous functions f we have

|H! ()7

Jim / w2 e f@ = / pOde) £, (6.6)
Qy

2
H® C
Qpy
Proof By K-invariance, we may assume that ¢ = e;. By Lemma 6.1 each weak
cluster point u’ of the sequence of probability measures on the left of (6.6) is
supported on the closure 9271 and is invariant under K . Thus it suffices to compute
the p'-inner product for ¢-homogeneous polynomials on V¢, where « € Nﬁ_l is
arbitrary. By irreducibility, it is enough to consider the conical functions N, relative
to V. Defining a™ € Nﬁ as in (6.3), we consider for any s € N the conical function

(zle1)® Ny+ = Nf Ny+ = N,

wherem = (my, ay, ..., a1, 0’_2) andm = s+oq. In the proof of [25, Theorem
5.5] it was shown that the respective Fock inner products are related by

INnlly;, (145 —=1))m I+ 50 = Dmj—a;

INGIe — 5= 21, (45w

14+ 20— 1D)m—a;
=(1+a(£—1))m1 l_[ RN Do B

2 I<j<t (142 Dmi e
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For any A € C we have

0= 4G = D),

Mm
an = Mm a _ag: = Mm -
G=Da 154 G=5 =30 =Dy
It follows that
h
INml2 g3, L O
NSIR. NG|, B
[ Ngll [ Ngll 1 6m
i=0
M
(xi)m i
A 1+ %G — D)my—a;
=l_1 (1+a(€—1))m1 l_[ ( +2(Ja- P !
h 2 . a1+ 2])m17a-
[T Gim 1sj<t '
i=0
h h
i — a o 1 + 4 K - 1 m i)m a (s
) i];[l(x 2)a (L4 5( ) 1i1;[1(x) I A+ 20 = D)y
ok . h 1_[ (I + 5 Dmi—a;
[T — 9a T Gm, t=r=t
i =0 i=0
h
' (xi — g)a
=4 B(my),
l_[ i — g)a
i=0

where A is independent of @ and s, and

h
Fc+1+%¢—1 r ; .
(t+ 1+ 5( ))i];[1 (t + x;) ]_[ F(t+1+‘5(1—1)—a,-)_

B(t) =
®) F(t—l—l—l—‘z‘j—aj)

h
[1T¢+y) t=i=t
i=0

For (e@leVy" = ¢(@le) we obtain by orthogonality

/ 1(dz) 1€V P | Ny (2)

INgIe J
Q
Z n® 1 / 2 2
- o @) 1@len® Ny @)
=0 GDTINGIy e .

Q
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h h
% INmly MG TDa o T Gi = $)a
n mily i=1 n i=1 5
=g, Y Bt =4" Fa(n®),
S (ST PR 10~ 9
i=0 =0

where Fy (X) is a hypergeometric series in the sense of (6.4), with parameters
a a a
aj+xi, ..., o1+, 061+1-|-2(€—1), 061—062+1-|-2,---, 061—0642—1+1+2(€—2)
in the numerator and
a a a
o +yo,... 01 +yp, 1+ » ap—or+ 1+ ) 2, .., a1 —op—1+ 1+ 2(@—1)

in the denominator. One power of s! cancels against the numerator term I'(1+ % (j —
2) + a1 —aj—1 +s) for j = 2. The crucial parameter ¥ in (6.5) is computed as

h
1 a a a
9 =2+;(a1+xi)+(a1+1+2 (6—1))+<a1—a2+1+2)+. . .+<a1—a@,1+1+2 (6—2))
i=
h
—Z(a1+y,~)—(1+a)—(om—az+1+a 2)—...—(m—ae_1+1+a(£—1))
= 2 2 2
1 h h a a a 1 h h
= 2+;xi—§yi+(1+2<z—1>)—(1+2)—2(6—2> = 2+2xi—2;yi.
1= 1= 1= 1=

Putting x = 12, (6.5) implies

lim n=? e Fy(n?) =

1
n—oo \/7'[
Since ¢ is independent of «, the same limit holds for « = 0. Thus we obtain

Fo(n?)
m =
n—c0 Fo(n?)

Passing to the probability measure cancels the constant A and we obtain

h
n(xi - g)a

1 |e(len) |2 A
d N R |
”Né.”zc /H( Z) ||(e(Z‘l’l))n”l2L | a+(Z)| h )
“ [TGi = 9a
i=0
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Hence any cluster point /L is an (E — 1)-hypergeometric probability measure of

yo‘é ,,,,, Yhz

the same type ( ) on ¢—1- In view of Lemma 6.1 this determines the

limit measure on each irreducible K “-type, which, as explained above, implies the
assertion. |

Remark 6.3 For the “concrete” £-hypergeometric measures M, ¢ (k = 0) and My
(k > 0) constructed in Sect. 4 we obtain as limit measures

() c
MVZ - Mv—‘z’,f—l

() :
Mk[ - Mli—l,(f—l’

where the superscript ¢ refers to the Peirce 0-space V. In the second case this
follows from

Vg — . =V,_q.
2 k—1

If k = O0thenv > p — 1 is any parameter in the discrete series, in which case

v — 5 > p° — 1 belongs to the discrete series of . As special cases (£ = r) we

have

M =My,

()
Mkr Mk 1,r—1

for the “full” measures. Here for k > 2 and rank Q¢ = r — 1 the value

a

. a a a
Vo =14bt QU =D =G=D=D=1+bt @Qr—k-D— =vi—

is again a boundary parameter for Q2¢, whereas for k = 1 the parameter

a a a
v0=v1—2:p—1—2=1+b+a(r—1)—2 >1+b+a(r—2)=pr—1—1

belongs to the discrete series of €2¢. Understanding this “disappearing boundary
orbit” in the limit was one of the original motivations for the current paper.

7 Boundary Representations

The (unital) Toeplitz C*-algebra T associated with a bounded domain ¢ C¢ can
be regarded as a deformation of C(£2) in the sense of “non-commutative geometry”.
Thus the spectrum of 7, consisting of all irreducible x-representations, is a
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‘non-commutative’ (non-Hausdorff) compactification of €2, involving the geometry
of the boundary. In this section we carry out this program for Toeplitz operators over
boundary orbits and algebraic varieties, using the boundary stratification described
in Proposition 3.1. For each 0 < j < k the partial closures satisfy

Qr=Ject+Qf

CESj

as a non-disjoint union.
For two sequences ( f,), (gn) in H,, ¢ we put

Jn ~ 8n
if lim, o0 | fn — gnllu,e = 0. For any ¢ € §; put
he(@) == H () /I He' Ml e-
In the following we embed P(V¢) C P(V) via the Peirce projection V — V€.
Lemma 7.1 Let p € PY(V) and g € P (VE) c PYV). Then
T (p) R @) ~ B Tue.i1(P)g
forallc € $1

Proof Since p — p'© vanishes on ¢ + Q;_,, Lemma 6.1 implies

H" H" . |H(2)|? .
‘ < P, = f u(dz) ¢ Ip@) — P @1 — 0.

l p—
2
N H2 e 1 HZ e IHE, .

Qg

It follows that
Ty e(p) (. q) = p(h? @) ~ hi(p'© q) ~ h Tfe 1 (p'“q.

O

The adjoint operators T, ¢(p) are more difficult to handle. For a partition o =
(a1, ...,0¢0—1) € Ni_l consider the orthogonal projection

7l PV = D Paya(V) CPUY),

mp=o

with 1, ) e N, CN..Then Y zf=IdonPV).

-1
aeNY
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Lemma 7.2 Let p € P(Vy) C PEV) and v € V€, where ¢ = ey. Then we have
foreverya € Ni_l

p Ny+ € Ran()) (7.1)
h
{—1 1_[()(?,'— 3 — 3(]—1)"‘(1] — 1)
i=1
Tue@H(p Nor) = )" Tq—e; (P 9uNet).
IO =5 = 3G = DFey =1
1=

(7.2)

Proof The first assertion is proved in [22, Lemma 3.5]. By [22, Lemma 2.9] we
have

4

0Nm €Y Pme;(V).
j=2

Since v € V¢ implies 9, p = 0, we have 9,N;, = p - 9, N+, and Proposition 5.3
yields

h
¢ TT@i=%G=D+m;—1
Tt ) (p Nos) = Ty e 0F) N = 3 ! (B Nm)m—s,
=2 1 = §G =D +mj—1)
i=0

(i = 9G —D+al —1)
([7 : al)Noﬂ’)m—Sj-
Gi—9G - D+al —1)

Il
M-
e P e IS

Shifting j > j — 1 and using Pp—; (V) C Ran(nﬁ_sjil) foralll < j < ¢, the
assertion follows. O

Lemma 7.3 Letg € P L (V) anda € Ni_l. Then
mo () q) ~ R} qo.

Proof We may assume that ¢ € Pg(V°¢) for some partition g € Nf[l. Every
y € K¢ has an extension g € K satisfying gc = ¢ (see the proof of [25, Lemma
6.2]). Since A is fixed under the action of g, we may assume that g = N, /’3 is the
conical polynomial in V¢ of type B. Then Ng+ — g vanishes on ¢ + Q_,, and
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Lemma 6.1 implies
he g ~ hy Ng+. (7.3)
Since the projection nﬁ has a continuous extension to H,, ¢ it follows that
Lopn Lopn
o (hy q) ~ 7wy (hy Ng+).

Since h;; belongs to the closure of P(Vy) in H,, ¢, (7.1) implies hy Ng+ € Ran(né).
Therefore orthogonality implies

mi(h! Ng+) = 80,8 h? Ng+ ~ Sap h? q = h qa.

O
Proposition 7.4 Let p € PY(V) and g € P=1 (V) c PYUV). Then the adjoint
Toeplitz operators satisfy

Tyue(p)(he @) ~ hy T;(C)’Zil(p(c'))q

forall c € ;.
Proof Assume first that p(z) = (z|v) is linear. If v € V; @ V[, then p© is constant
and Lemma 7.1 implies

Ty e(p)(h} q) = Pue(p i q) ~ Pyue(p'® bl q)

=P n g =n T, (PN

since the orthogonal projection P, ¢ is continuous. If v € V¢, we may assume as in
the proof of Lemma 7.3 that g = N, is the conical polynomial in Py (V) for some
partition o € Nfl. Then N+ — g vanishes on ¢ +Qj_,. Since v is tangent to V¢ it

follows that (9, Ny+)¢ = 9, N§. Hence 8,(Ny+ — q) vanishes on ¢ + Q5_; as well.
Applying (7.3), Lemmas 7.2 and 7.3, we obtain

Ty e WYL q) ~ Ty g0 )(RE Ny+)

h
¢ l:[l(xi_%_%(j_l)‘f‘aj_l)
=> 5 Ty, (HE - 9 Ngt)
=2 MMGi—5-5G=D+e;j=1)
i=0

xi—5—45G—D+a;—1
Tame,y (WL - u4)
Gi—5—450G—D+a;—1

.
||
IS}

2
M-~
L= I=
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h
¢ TTai—5-5G—D+a;—1)
1
~Hy Ova—ejy =he TS (P(@),

= lGi—5-50G—-D+a; =1
i=0

sincer —j=@r—1)—( —1)and ¢ — j = (€ — 1) — (j — 1). The last identity
follows from Proposition 5.3 and the fact that p(© = p if v € V. This proves the
assertion for linear symbol functions.

Now suppose that the assertion holds for polynomials ¢, ¥ up to a certain degree.
Since ¢ is again a (¢ — 1)-hypergeometric measure for V¢ and ¢© has degree

< deg ¢, we may apply this assumption to g and le'f’g_l(qﬁ(c))q e PV to

obtain
Tt @B 4) = Tye W) Tt @) ~ T e T @)

(©)

N T o (W) T, (0 Dg =hE T, (9¥)g.

Thus the assertion holds for ¢ . Since the assertion holds for linear forms, the proof
is complete. O

The following is our main result.

Theorem 7.5 Let 0 < i < € and let ¢ € S; be arbitrary. Then the Toeplitz C*-
algebra Ty ¢ has an irreducible x-representation

Gk(,ce) Tt = T e—i
which is uniquely determined by the property
VTt (f) =T ;0 (f) (7.4)
forall f € C(Qu.¢), with f© € C(S%,; ;) defined by (6.2). Here we define

k—i i<k
k\i:= .
k<i<(t
In the first case the Toeplitz operator Ty,_; ,_; acts on a boundary orbit of the “little”
Kepler ball Q5_;. In the second case the Toeplitz operator Ty ,_, = T;_; acts on
Qy_; = Qg ,_; with discrete series parameter vy — i 5.
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Proof For orthogonal tripotents ¢ € S;, d € SJC., the defining property (7.4) yields a
commuting diagram

.
77c\i,2—i

(c)
y

(d
77<,£ <Jc)kl\?l—i

Ok.t

' c+d
77<\(i+j),@*(i+i)

Since every tripotent is the orthogonal sum of minimal tripotents, it therefore
suffices to consider minimal tripotents ¢ € S;. We may also assume k& > 1, since
the Kepler ball case kK = 0 has been proven in [25].

Let A denote the set of all operators A in the x-subalgebra 7o C 7T ¢ generated
by polynomial symbols, such that there exists an operator A acting on P (V) which
satisfies

lim [|A(hZ @) — he (Acq) ke =0 (7.5)
n—o00

for all ¢ € P(VS) c PY(V). Theorem 6.2 implies that A is uniquely determined
by A and

[Acll = Al (7.6)

for the respective operator norms. By definition, A is an algebra and (7.6) implies
that A — A, has an extension A — B (Hli—l, ¢—1) (bounded operators) which is
an algebra homomorphism. For every p € P(V), it follows from Lemma 7.1 that
Tk o(p) € Aand (Tr ¢ p)e = Tk"_u_lp(c). The corresponding statement T ¢(p) €

A and Ty ¢(p). = k”fl’ -1 p(© for the adjoint operator follows from the deeper
Proposition 7.4. Thus we have A = 7y and, by (7.6), A — A, has a unique C*-
extension, denoted by ok(fg to the closure Tx ¢ of 7p. This extension satisfies (7.5)
for all continuous symbols f, since this property holds for polynomials and their

conjugates. Thus we obtain a C*-homomorphism
(o) . Tep — 7—0
Ok,e + Tkt k—1,6—1

As mentioned above, the case for arbitrary tripotents follows by iteration. The
irreducibility of these representations follows from Remark 6.1 applied to M/f\i, i
0O

Remark 7.6 For different tripotents ¢ € §; and d € S; the representations a©
and 0@ are inequivalent. This follows from Urysohn’s Lemma since there exists
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f € C(S2%,¢) which vanishes on ¢+ QE\M_[. but noton d + Qg\j,é—j‘ Hence Ty ¢(f)

belongs to Ker(o (©)Y but not to Ker(c (d)). With more effort one can show that the
full spectrum of 7 ¢ is given by the representations constructed above.
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Abstract We give a closed expression of a random analytic power series as the
stochastic integral of a Mobius transformation. The coefficients of the random series
are Gaussian random variables, and the closed expression is a stochastic integral
with respect to Brownian motion. As a corollary, the set of zeros of the stochastic
integral turns out to be what is known as a determinantal point process with the
Bergman kernel.
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1 Introduction

Random polynomials and random power series have been studied for a long time in
the mathematics and physics communities; as an introduction the reader might find
the book by Jean-Pierre Kahane [2] useful.
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The random power series

o
f@) =) an", z€C, (1.1)
n=0
show particularly interesting properties when a, ay, . . . are independent identically

distributed complex valued random variables. As mentioned in [2, Chapter 4], the
idea of considering such a series goes back to Emile Borel in 1896; it was Hugo
Steinhaus who gave rigorous arguments regarding the radius of convergence in
1929. An interesting question that has brought attention is to analyze the level sets,
that is {z : f(z) = c} for a fixed constant c. In particular when ¢ = 0, one studies
the behaviour of the zeros. The first studies about this set are the works of J.E.
Littlewood and A.C. Offord in 1948, see e.g. [3]; before that, in 1929, Geoge Pélya
already addressed this kind of question, see [6]. Consult also [4] for more historical
information.

In this article we consider the case where a,, is complex Gaussian. The very first
thing that one knows about f is that its radius of convergence is 1 almost surely,
with no analytic extension outside the unit disk {|z| < 1}. Thus, its zero set f 1)
lies inside the open unit disk. Among the interesting properties of the zero set of f,
one knows that almost surely it is a countable set of points, all of them isolated, and
they form a specific structure called a determinantal point process, which is in this
case characterized by the so-called Bergman kernel. This and more information is
excitingly developed in Peres and Virdg [5]; the book [1] also presents the results.

Another intriguing conexion is with the Poisson kernel. It is known, see [5] as
well, that the real part real(f) of f can be expressed as a linear transformation of
the stochastic integral

2
u(z)=/ P(z,¢")dB;, (1.2)
0

where P(z, ¢'!) is the Poisson kernel and B; is one-dimensional real-valued
Brownian motion. Briefly speaking, the equality

real(f)(z) £ cu(z) + &: (1.3)

holds, where c is a constant and & is a normal random variable. _

Since the Poisson kernel is the real part of the Mobius transformation i;f;, one
can ask whether f can be expressed as an stochastic integral of it. The answer is
affirmative and is Theorem 3.1, together with some consequences in Sect. 4.
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2 Preliminaries

Let us give a more specific description of the model and some notation we are using.

Letayg, a1, ... be a sequence of independent identically distributed (i.i.d.) random
variables (r.v.s) which are Gaussian complex-valued. This means that the probability
density is given by

1
P e, 2.1
T

This is equivalent to saying that the variables a,, have the same distribution as X +
iY,where X and Y are two independent real-valued normally distributed with mean

zero and variance 1/2. The above is written in symbols as: a, 4x +iYwithX LY
and X, Y ~ N(0, 1/2).

With the described sequence one can form the following random power series,
which is known to have radius of convergence 1, see e.g. [1],

o]

f@) =) and", z€D, 2.2)

n=0

where D = {z : |z| < 1} is the open unit disk.

In [5] it is proved that the real part of f coincides in distribution with a
linear transformation of a stochastic integral of the Poisson kernel. Let us explain.
Consider the Poisson kernel P(z, w) as the real part of 21n %f%, and recall the
function u(z) in (1.2) Then, the real part of f is the same, in distribution, as the

function z — \/72’ u(z) + &/2, where £ ~ N(0, 1) is independent of B.

3 Main Result

As mentioned in the introduction, after seeing (1.2) one can suspect that the whole
random series (2.2) can be expressed as an stochastic integral as well. This is indeed
the case.

Define

2w it
H(z) =/ “ *B. 3.1)
0

ell_z

Then we have that
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Theorem 3.1 The random power series f in (2.2) is the same in distribution as the
random function

Hz | § .
Z + +in, (3.2)
20 2
where § ~ N(0,1/2) and n ~ N(0, 1/2) are two independent r.v.s, independent
also from B.

The idea of the proof is the following. After splitting into the real and imaginary
parts, we expand (2.2) and (3.2) into trigonometric series to check that term by term
they are the same.

Proof Here {X,,Y,, n=0,1,...}areiid. N, 1/2) r.v.s.

Let us first expand f by using a, = X, +iY, and z = re'?;

f@) =) (Xp+iY)r"e"

(Xn +iY,)r'" (cos(nd) + i sin(nf))

Il
e 107 1

r"[X,, cos(nf) — Y, sin(nf)]

0
o0

+i ) "X, sin(n0) + ¥, cos(nh)].
n=0

3
Il

On the other hand, to analyze H (z) we have that

eil +Z 1+Z67” 1 + Ze*l‘f
eit — 7 T 1= ze—it T 1= ze_” 1 — ze—it

=142 Z r"[cos(nt) cos(nf) + sin(nt) sin(nb)]

n=1

+2i Z r"[cos(nt) sin(nf) — sin(nt) cos(n)].

n=1
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The linearity and the continuity of the stochastic integral yield

2 e”—i—z 2 0 )
H(z)=/ ) dBt:/ 1+2Ze*’"’z" dB,
0 eit — 7 0 —

o0
= Bar +2v271 Y _r"[X, cos(nd) — ¥, sin(n0)]

n=1

o0
+2iv 27 Z [ X, sin(nd) + Y, cos(nd)],

n=1
where

5 1 2w 5 1 2
X, = / cos(nt)dB; and Y, = — / sin(nt)d B;.
" V27 Jo ' " V27 Jo '

Now, to reproduce the structure of f, let us see how {5(,,, fn, n=0,1,...} f0~rm
asequence of i.i.d. N (0, 1/2) r.v.s. By properties of the stochastic integral, each X,
and also each Y, is normally distributed with mean and variance given respectively
by

5 5 1 2 1
E[X,]=0and E[X}] = E [2;1 fo cos2(nt)dt:| =,

Let us see the independence. Notice first that (5(,1, )?m) is a Gaussian vector for
each pair (n, m). Then, to know that X, L Y,,, itis enough to see that the covariance
is naught. Indeed, this can be seen by using the isometry property of the stochastic
integral:

o 1 2
E[X, Y] = oot / cos(nt) sin(mt)dt = 0.
0

And the same is true for the vectors ()~(,,, 5(,,,) and ()7,1, I?m) withn # m.Forn > 1,
notice that f(,, and ?n are also independent of By, because By, = f0271 cos(0 x
t)dB;.

Therefore, since the coefficients are the same in distribution, we can see that f
and H share almost the same trigonometric expansion. However, to be exactly the
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same, one needs some small amendments. Take independent r.v.s & ~ N (0, 1/2)
and n ~ N(0, 1/2), and form

1 &
221 V2

which reproduces f(z). The proof is finished. O

H(z) = HZ)+ . +in (3.3)

4 The Zero Set

It turns out, see [5], that the set of zeros Z = f -1 (0) is almost surely a countable
set of isolated points in ). Moreover, they form an object called a determinantal
point process with Bergman kernel. This means that the statistical distribution of
the points in Z obey a specific structure. Let us elaborate. The following is the key
description of such an structure.

Take k different points zi,...,z¢ in D, and define pe(z1,...,zk) as the
probability that there is one zero in each ball B¢(z;) = {z : |z — zi| < €}. For
the balls Bc(z;) to have a single zero, € needs to be sufficiently small.

Then, asymptotically when ¢ — 0, the probability of finding zeros inside the
balls B¢(z;) is described by a determinant of a matrix formed with the Bergman
kernel. More precisely,

. pelzis... ) . PBz)NZ=1,i=1,...,k
lim = lim
50 ke2k e—0 mke2k

= det[K(Zi,Zj)]ﬁj:p

where K (z, w) = 71 (1 — zw) 2. Notice that this limit is in a sense a density, that
is why people call it the joint intensity, but it is also called the k-point correlation
function.

By Theorem 3.1 the first thing we know is that H behaves as f. Thus

Corollary 4.1

(i) The function I:I~ in (3.3) is analytic in D.
(ii) The zeros of H form a determinantal point process in D with the Bergman
kernel.
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Abstract We consider the Dirac operator on R of the form

Du(x)= (J

0-1
here J = ,
where (1 0)

_(ro+r@ g
Q(x)_< g0 —p) +7(0)

d ~|—Q~|—Qs>u(x),xeR
dx

),p,q,r e L®R)

is the regular potential, and

Qs(x) =) T (y)8(x —y) e))

yeY

is the singular potential, § is the Dirac delta-function, I' (y) = (;j(y))i,j=1,2 is a
2 x 2-matrix with elements y;;(y) € [*®{),i,j = 1,2, Y C R is an infinite or
finite discrete set.

We associate with the formal Dirac operator © the unbounded operator Dg 4 B
in L>(R, C?) defined by the operator J d”i + O with regular potential Q and the
point interaction conditions: A(y)u(y + 0) = B(y)u(y —0),y € Y where A(y) =
ST — 1. B(y) = -G+ J).
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We study the self-adjointness of Dg 4,p in Lz(R, (Cz), its Fredholm properties,
and the essential spectrum. We consider also the influence of slowly oscillating
perturbations of regular potentials of periodic Dirac operators to his essential
spectrum.

Keywords Dirac operators - Point interactions - Self-adjointness -
Fredholmness - Essential spectrum

Mathematics Subject Classification 341.40, 47E05, 47B25, 81Q10

1 Introduction

There is an extensive literature devoted to physical and mathematical aspects related
to Schrodinger operators with singular potentials (see [3—15] and extensive list of
references therein). Inthe 1 — D case the most known and interesting are the formal
Schrodinger operators

o d2 o0
+Zlaj5(x—yj),£/=—dx2 +Z:1aj5’(x—yj), )
j= =

d2

L=—
dx?

where § 1is the Dirac delta-function, and &’ is the derivative of 3§,
Y = {yl, V2s ooy Vs oo } is a discrete set in R, «; are real-valued coefficients
called the strength of interactions. If «; = « and the sequence Y is periodic the
physical model described by Egs. (2) is called the “Kronig—Penney Hamiltonian”
[20]. This is a simplest model of electron moving in a 1 — D crystal. The rigorous
consideration of operators £, £’ leads to the study of unbounded operators in L?(R)

generated by — ddxzz and so-called interaction conditions at the points of sequence Y
(see for instance [3, 4, 14, 15, 19, 22], and reference cited there). Some numerical
aspects of calculation of discrete and essential spectra of operators £, £ and more
general given in paper [35]. Relativistic operators with § —interactions have received
a lot of attention recently (see for instance [3, 5, 12, 17, 18, 24], and references cited
there).

We consider here the 1 — D Dirac operator

du(x)
Do, g,ulx)=J dx + 0(X)u(x)+0;(xX)u(x),x € R (3)
L . . e ul(x)
acting in the space two-dimensional vector valued distributions u(x) = 2(x)
u-(x

where Q is a regular potential and Q is a singular potential. We assume that

Q) = gam(x)01 + (M + gsc(x))03 + ger (x)1
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(1o o\ . _(o-1) . _(ro0
“No1 )" T \10) " T2 T\ 0 P T N0t )

qel 18 an electrostatic potential, g, is an anomalous magnetic moment, g is a
scalar potential, and m > 0 is a mass of particle. The regular potential Q can be
written in the matrix form

Q(x):<p(x)+r(x) 9(x) )

where

qx)  —pl)+rkx)

where p = m + Gs¢,q = Gam,” = Gsc € LOO(R3). We consider the singular
potential Q; of the form

Qs(x) =) T (y)s(x —y) )

yeY
where
I’(y):: OOj(y))zzl’}7e‘Y

is a2 x 2 matrix with elements y;; (y) € [*°(Y), i, j = 1,2, Y C R is an infinite or
finite discrete set. If Y = { yj }jeZ is the infinite set we assume that

0 < inf(yj+1 — yj) < sup(yj41 — yj) < 00. (5)
JEZ jez

We associate with formal Dirac operator (3) the unbounded operator Dg 4 g in
the Hilbert space L2(R, C?) defined by the Dirac operator Do =1J ddx + O with
interaction conditions

AYu(y+0) = B(yu(y —0),y €Y. (6)

The matrices A(y), B(y) are defined by the formulas
1 1
Ay) = ZF(y)—J, B(y) = — 21“(y)+J . (7
It is convenient to change sometime interaction conditions (6) as follows

u(y +0)=Cu(y —0),yeY (8)

with C(y) = A~ (y)B(Y) if the matrices A(y) are invertible.
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19.

20,

The main results of the paper are following.

We obtained the sufficient conditions for the operator D 1, ¢ to be self-adjoint.
It should be noted that self-adjointness of operators D¢ 1 ¢ associated with
some interaction conditions have been studied in [16]. The authors of this paper
used the boundary triplets technique and the corresponding Weyl functions.
Our approach to the self-adjointness is different and closed to the study of self-
adjointness of realizations of elliptic formally self-adjoint differential operators
(see for instance [2, Chap. 4]).

We study the essential spectra of operators Dg 4 p for finite set Y of inter-
actions applying the limit operators method. This method and its applications
to the operator theory are presented in the book [26]. It was applied for the
study of Fredholm properties and essential spectra of different operators of
Mathematical Physics, in particular, electromagnetic Schrodinger and Dirac
operators on R"” for wide classes of potentials [27], discrete Schrodinger and
Dirac operators on Z", and on periodic combinatorial graphs (see [28, 29]),
and on quantum waveguides (see [30]), and Schrodinger operators on R"” with
singular potentials supported on unbounded hypersurfaces in R” (see [33, 34]).
Note that the method of limit operators has been applied to the investigation
of the essential spectrum of the Schrodinger operators on periodic graphs (see
[31,32].)

Under assumption that the function p, g, r are uniformly continuous at
infinity we introduce limit operators DhQ’ A, p for the operators Dg 4, p defined
by the sequences & = (h,,), h;, € Z tending to infinity, and we prove that the
essential spectrum spegsDo 4,8 of Do 4, p is defined as

spessDQ,A,B = U SpDhQ,A,B (9)
D"QYA‘CeLimDQ,A,C

where LimDg 4, p is the set of all limit operators of Dg 4, 5.

Moreover the essential spectra of operators Dg 4 p are independent of
singular potentials with finite supports.

Further we show that if the functions p, g, r are slowly oscillating at infinity
(see [26], page 88) the spectra of limit operators are defined in explicit forms
and formula (9) gives an effective description of sp.ssD g, A, B-

. We consider also the essential spectrum of Dy ¢ for infinite periodic set

Y =Yg +1Z,1 € Ry where Yo C R is a finite set. We assume that the
coefficient C in interaction conditions (8) is /-periodic 2 x 2—matrix-valued
function, the functions p,q,r € L°°(R) and are uniformly continuous at
infinity. ~ The limit operators Dy 1 ¢ for Dg 1, ¢ are defined by sequences
h = (hy),hy € lZ,h,, — oo, and we obtain a formula for the essential
spectrum Dy p, ¢ similar to formula (9).

. As an application we study also the slowly oscillating perturbations of periodic

potentials. Let p, g, r be continuous real-valued periodic functions with respect
to the group I7Z, and the coefficient C in interaction conditions (8) is a real-
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valued periodic matrix-function with respect to /Z, such that detC(y) = 1 for
every y € Yy. Then the operator Dy 1, ¢ is self-adjoint and periodic, that is

V_¢Dg1,cVe =Dg 1,c forevery g € IZ,

where V, is the shift operator, thatis Veu(x) = u(x — g), x € R, g € [Z. Then
all limit operators D yi ¢ coincide with Do 1.¢, and spessDo 1.c = spDo.1.c-

Moreover, the spectrum of periodic operator D 1 ¢ has a band-gap structure (see
for instance, [21, 38])

lat

I
-

spDo1.c = [a). b)].

J

We consider the perturbation D G.A.C of operator Dg 4,c by addition a term r{I to
the periodic electrostatic potential I where r; is a slowly oscillating at infinity
function. Applying formula (9) we obtain the description of essential spectrum of
operator D OIC

o
spessDy 1o = | [aj +m@r), bj + M(r)] (10)
j=1

where m(r1) = liminfy o0 71 (x), M (r1) = limsup, _, o, r1(x). Formula (10) yields
that some spectral bands of s PessD 5 1 ¢ may overlap depending on the intensity of
the perturbation 1. This can lead to the closure of some and possibly all gaps in the
spectrum of unperturbed periodic operator.

1.1 Notations

e If X,Y are Banach spaces then we denote by B(X, Y) the space of bounded
linear operators acting from X into Y with the uniform operator topology, and by
K(X,Y) the subspace of B(X, Y) of all compact operators. In the case X = Y
we write shortly B(X) and KC(X).

* An operator A € B(X, Y) is called a Fredholm operator if

kerA ={x € X : Ax =0}, coker A=Y /JI(A)

are finite dimensional spaces. Let .4 be a closed unbounded operator in a Hilbert
space H with a dense in  domain dom.A. Then A is called a Fredholm operator
if ker A = {x edomA: Ax = O} and cokerA = H/JI(A) where I(A) =
{ yeH:y=Ax,x € domA} are finite-dimensional spaces. Note that A is a
Fredholm operator as unbounded operator in  if and only if A : dom 4 — H
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is a Fredholm operator as a bounded operator where dom A is equipped by the
graph norm

12
lullaoma = <||MII%.,5 + ||AuH§{) ,u € domA

(see for instance [1, Chap. 2]).

¢ The essential spectrum sp,ss.4 of an unbounded operator A is a set of A € C such
that 4 — AI is not Fredholm operator as unbounded operator, and the discrete
spectrum spgis A of A is a set of isolated eigenvalues of finite multiplicity. It is
well known that if A is a self-adjoint operator then spg;s A=sp AN\ $pess.A. (see
for instance [1, Chap. 2]).

+ We denote by L*(R, C?) the Hilbert space of 2-dimensional vector-functions
u(x) = (u'(x), u*(x)), x € R with the scalar product

(u, v) = /R (u(x), v(x))(cz dx.

+ We denote by H*(R, C?) the Sobolev space on R of two-dimensional vector-
valued functions, that is the space of distributions u € D' (R, (Cz) such that

1/2
llll s . c2) = (/R(l + |g|2)f ||ﬁ(.§)||é2 dg) <o0,5s €R

where # is the Fourier transform of u. If (a,b) is an interval in R then
H*((a, b), C?) is the space of restrictions of u € H*(R, C?) on (a, b) with the
standard norm.

* We denote by C;'(R) the class of functions on R with m bounded continuous

derivatives, Cp(R) = (Cg (R) is the class of bounded continuous functions on R,
and C°(R) = N,,50Cp' (R).

1.2 Dirac Operators on R

The Dirac operator ® g on R with regular potential Q can be written as

+ 01, (1)

where



Dirac Operators on R with General Point Interactions 357

and the potential Q has the matrix form

_[(p+r ¢
¢ ( q —p+r>
with p, g, r € L*(R).

Note that © ¢ is a bounded operator from H 1 (]R, (Cz) into LZ(R, C?%). Moreover,

it is well-known that in the case of constant p,g,r € R the operator Dy with
domain H' (R, C?) is self-adjoint in L>(R, C?) .
Let p,g € R,r = 0. Then

d2
D = <_dx2 +p’ +q2) IL (12)
and for every 1 € C

(Do —M) (Do +rl)=(Do+1l) (Do —Al) = <_de + (,,2 e u)) L

13)

Formula (13) yields that

spDg = <—oo, —\/p2 + qz} U [\/p2 + 42, ~|—oo> . (14)

Let A ¢ sp®Dgo. Then the operators ®g — Al, D + Al are invertible from
H'(R, C?) into L?>(R, C?), and

2 -1
(Do 1) ux) = (Do F A1) (—dciz +p*+q* - Az) u(x)

ie ¥ W=yl (y)d
= (Do :FM)/R 2K () VY e 2R,

where k(A) = /p>+¢2—22 and the branch of root is chosen such that
VP g2 =02 > 0fork e R: (A < \/pd +qd.
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2 Dirac Operator on R with Singular Potentials

2.1 Realization of Formal Dirac Operator with Singular
Potential

We denote by HIR\Y,C?) =™ Hl((yj, y,+1),<c2> where

j=—o00
H! ((yj, Yi+1)s (C2) is the Sobolev space on the interval (y;, yj+1). The norm
in H'(R\Y, C?) is introduced as

1
2

o0
2
el vy = | D ||H1((yj,yj+1),<c2) Uj =] (i) -
=1

The functions u € H'(R\Y, C?) have the one-side limits at the points y € Y

ut(y) =u(y £0) = xgﬁou(x).

The action of singular potential I'(y)é(x — y) on functions u € H TR\Y, C?)
is defined as

1
F(é(x = yux) = ZF(y)(qu(y) +u_(y)éx —y)

(see for instance [22].)
Applying the operator ® g ¢, to a functionu € H H(R\Y, C?) as a distribution
in D'(R, C?) we obtain that

1
Do.0,u=Dou+ Z <—J(M+(y) —u_(y) + 2F(y)(u+(y) + Mf(y))> (x —y)

yeY
15)
where D gu is a regular distribution defined as
d
Doulx) = J Z(x) + 0(@)u(x), x € R\Y. (16)
X

Since we are going to consider D g ¢, as unbounded operator in L%*(R, C?) the
singular terms have to disappear in the right hand side in (15). Hence the following
conditions should be satisfied at every point y € Y

1
KTt (y) +u—(y)) = T (y) —u-(y). 7)
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Conditions (17) can be written as
Au4(y) = B(y)u—-(y),y €Y (18)
with
1 1
AQy) = ZF(y)—J, B(y)=—<2F(y)+J)- (19)
We set

HA p(RNY, €)= fu e H'R\Y.C) 1 A0+ () = Bou-(), y € Y.
20)

Assume that there exist inverse matrices A~!(y) for every y € Y. Then the
interaction condition (18) can be written as

ur(y) = COHu—(), C(y) = A~ (B, y € Y, 1)

and we use the notation
H ((R\Y, C?) = {u € H'R\Y.C» 1 ui(y) = COu—(y),y € Y} :

Letu,v € HH{C(R\Y, C?). Then integrating by parts we obtain

(7t 0)ur) = (w (v +2))

= (ur ) v ) = Ju_(yp o)) (22)

j=1
where
X - y:xl)_il +x2)72.
Note that
Jur(y)-ve(y) = Ju—(y) - v-(y) (23)

= (-2 IO + bR M) — (~eWILE) Ful ) y) =

det [ 13OV HOV) _ oy (4200 220
ui (y) v (y) uZ (y) v2(y)



360 V. Rabinovich

B ul (y) CORN I ul (y) 8L(y)
= det (C(y) <u2 (y)) €W (aZ(y) Czm 2o
ul () My)) .

= (detC(y) — 1) det (u2(y) 7% (y)

Hence

d d _
J +Q0)uv)=(u,|J +Q0])v 24)
dx dx
if and only if the matrix C(y) is real-valued and

detC(y) = 1foreveryy € Y. (25)

Hence D¢ 1,c is symmetric (formally self-adjoint) operator if the potential Q,
and the matrix C are real-valued, and condition (25) holds.

Example 1 Let

T(y) = (2“O(y) 8) ,a(y) eR,yeY.

Then

1 1 _
AG) = T = (“_(yl) é),B@) - - (2F+1) - ( ) é)

and

I 0
co) = (_M ) 1) : (26)

Example 2 Let

0 0
I'(y) = (02ﬂ(y)),ﬂ(y) eR,yeY.

Then as above we obtain that

C(y) = ((1) _z’f(y)),yey Q27



Dirac Operators on R with General Point Interactions 361
2.2 A Priori Estimate for Dirac Operators

Proposition 3 Let p, g, r € L°(R). Then there exists a constant C > 0 such that
foreveryu € H/i s (R\Y, C?

el gy = € (190wl o co + Nl 2o ) (28)

Proof The proof is similar to the proof of a priori estimates for solutions of

boundary value problems for elliptic partial differential equations (see for instance

[2, Chap.2]). Let Is(x0) = {x € R: |x — xo| < &} and x; € R\Y. It follows from

the ellipticity of D ¢ that there exists € > 0 such that /. (x;) 'Y= & and an operator
L, € B(L*(R, C?), H'(R, C?)) such that

Ly Doxx; I = xu; 1+ Tx; xx; 1 29)

for every xx; € ch(I (xj)).e > 0 where Ty, € B(LZ(R (CZ) H' (R, C?)). Let
x;j €Y, and DV = de on I¢(x;). Then the operator”D A(x ).B(x; )(I (xj)) —

L*(R, C?) is surjective and it has a kernel of the d1men510n less or equal 2. It implies
that there exists a right locally inverse operator RBJ_ for the operator @2]_ . That is

RY D0y 1 = xo; T + Py
where P; is the projector on the kernel of operator S)gj with interaction conditions

uyp(y) =CQu—(y).

Note that the projector P; is the integral operator
Pju(x) = / kpj(x, nu(y)dy, x € I(x;)
e (xj)

where kp; (x, y) € C®(I;(xj) x I;(x})). It implies that for an enough small ¢ > 0
there exits a left local regularizator Lfcj such that

LiijQXxl,'I:Xij‘i‘ijXxl,'I (30)

for every x.; € C§°(I¢(x;)). Thus there exists a countable covering { I, (x j)}ji | of
R by the intervals I (x;) of a finite multiplicity N, and operators Lj. such that

LiDoxe; I = xou; I + T xx;1
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where xx; € C3°(I(x;)), and

£
L;

Sup ) < 0 (3 1)
j BL2(R,C?),H!(R,C2))

and

(32)

sup H T} <0
j BL2(R,C?),H! (R,C?))

Let {(pj}jozl ,9j € C°(I(x;)) be a partition of unity

oo
> pjx)=1x€eR

j=1

subordinate to the covering {Ig(xj)}jil. Let ¥, ¢; € CO() and ¢;¢; =
i, Vo =v;, j € N. Weset

o
Lw:Z(ijjI/fjw (33)
=1

where w € C§°(R). Then the right part side in (33) is a finite sum, hence Lw €
H'(R, C?). Applying the finite multiplicity of the covering {, (x j)};il we obtain
(see for instance [26], Proposition 2.2.2) the inequality

L‘; lwlz2w,.c2y. w € Cr' ().

Lw <Csu ‘
IEwlse@enmecen = CU L4 @ 0 me.c)

Hence the operator L can be continued to a bounded operator from L?(R, C?) into
H'(R, C?). Then

o0 o0
LDg =) ¢jL5yjDo =Y ¢;L%;Dop;l
=1

=
o0 o0

=Y @i LiDo¥il + Y ;L% (V1. Do) ;1
= =1

(o) (o)
=1+ @i Tivi I+ o;L5[¥;1,D0] ;1.
j=1 j=1
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By estimates (31) and (32) and the finite multiplicity N of the covering { /. (x ) }jil
we obtain that

o0
ZcpjTj‘?ij < Csup|T; HBLZ(R,(Cz) ey =
j=1 BL2(R,C2) ,H!(R,C2))
and
[o/0]
Y wiLli[¥i1.90]¢;
j=1 BL2(R,C?) ,H!(R,C2))
<Cs HL€ S H 1,0 H < (.
= ljlp Jj ljp [wl Q] BL2(R,C2) ,H!(R,C2)) — 2
Hence
LDo=1+T (34)

where T € BL%(R, C?) , H'(R, C?)). Equality (34) implies a priori estimate (28).
m
2.3 Parameter Dependent Dirac Operators
Lety e Y, Ry = {xeR:x <y}, and
H e (B.C)
= {u e H! <R\ {y} ,(Cz) =H! <R;r,(C2) &® H! <]R;,,(C2) Tup(y) = C(y)u,(y)} .

We denote by

P+(x) = ( 1.) M=y e R
+i

two linearly independent solutions of equation

Doimex) =0,x € R, u € R\ {0}. (35)
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in the space H 1(]R, (Cz). Then the subspace of solutions of Eq.(35) in
H]Ilc o) (R, (C2) is one-dimensional, and generated by the function

o(x, ) = ne—(x), x >y
’ Pr(x),x <y’

where 1 € C is such that the interaction condition ¢ (x, n) = C(¥)¢+(x, n) holds.
Then we obtain that n € C have to satisfy the equality

of)()

Proposition 4 Let the matrix C(y) in the interaction conditions be such that the

vectors ( 1 ) and C(y) ( ! . ) are linearly independent. Then the operator
i —i

Dolip) : Hi R\ {y}.C?) — LR, C?)

is invertible for every u € R\ {0} and

—1
~Li <c(1 C > 0. 36
H@O ()] HBLZ(R,CZXHH{C(Y)(R\{)’},Cz)) = ( + |/’L|) s > (36)
Proof We consider the equation
Dolipwu(x) = f(x),x e R\ {y}. f € L*R,C?), u € R\ {0} 37

where u € H'(R\ { y} , C?) and u satisfies the interaction conditions

ut(y) = C(yu—(y). (38)

The general solution of Eq.(72) in the space H!(R\ {y}, C?) is
p(x) =05 ) fHx) + v (f) el x >0
(39)

u(x) =

u_(x) = gal(iﬂ)ff(X) + y- (_ll) el x <0

where f* =0, f, f~ = 0_f, 6F are characteristic functions of Rx,and y+ € C.
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Condition (38) implies that

(05" @msr), o)+ (f) =) (95w f7) M +r-Co) (_11) :
(40)

We set

Y, y) = COND G F () — @y G £+ ().

Then we obtain the system of linear equations for the definition of y4

v (f) —y-C() (_1l> = (. ). 1)

It follows from the condition of Proposition 4 that the vectors <1> and
i

C(y) ( 1. ) are linear independent. Hence the system (41) has the unique solution
—i

y+ = y+(f) and the operator Do(ipn) : HH{C(” (R, (C2> 2 (R, (C2> is
invertible, and
Dy W) f ) (42)
= PyOy G 0 + PoDy ) f ()
(N0 e M 4y (Ho_ (e ¥ x e R

where Py : H'(R, C%) — H'(Ry, C2) are the restriction operators. Estimate (36)
follows from formula (42). |

Proposition 5 Let the vectors (1> and C (y)( 1,) be linearly independent
i —i

for every vy € Y. Then there exists p > 0 such that the operator Do(in) :
HH{C(R\Y, C?%) — L2(R, C?) is invertible for all i € R : |,u| > p.

Proof The proof is similar to the proof of invertibility of operators of elliptic
boundary value problems with parameter (see for instance [2, Chap.3]). We
introduce the Sobolev space H ' (]R, C?, ,u) with norm depending on the parameter
uelR

1/2
el g1 .2 = fR 1+ p> + EDNAE)17.dE) (43)
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Note that the norm ||u|| H(R.C2.p1) is equivalent to the norm |ju|| HI(R.C?) for every

n € R. The similar way we define the space Hﬂlc(y) (R\ {y} ,C?, ,u) depending
on the parameter i € R. Conditions of Proposition 5 yield that the operators

Dolip) : Hicy (RN {y}.CLu) > L@, C)
are invertible, and there exists C > 0 such that

|20 HB (et i) = c, (44)

and

=< (45)

HQO(i“)_l “B(LZ(R,CZ),HH{C(),)(R\{y},ﬁcz,u))

for every y € Y. The standard arguments of perturbation theory imply that there
exists ¢ > 0, pp > 0 and a countable covering U?‘;llg (x;) of R by open intervals

I (x;) = {x eR: |x —x j| < s] and a system of uniformly bounded with respect

o jand u : lul > po operators R (1), L, () € BIL*®R), HY, (R, C2, 1))
where

H! (R, (CZ,M)),xj ¢Y

H,, (R’ C “)) ~ | A (R\ {x;}. 2, M)),x/' ev.

such that
Ly, ()DoGpn;I =njl
njD0G ) Ry; (1) = njl

for every function n; € C3°(I:(x;)). Let

Y pjcx)=1xeR (46)

JEL

be the partition of unity subordinated to the covering U?‘;IIS (xj) where ¢;. €
Cgo(lg(xj)). Let wj’g € Cgo(lg(.xj)) be such that (pj’gwj’g = Qje-
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Then we set
L f =) @jele;(W¥jef . f€CER,CH. (47)
jeN
As in the proof of Proposition 3 we obtain that

125D fl o < C Il 2oy - £ € COR,CH). 48)

Estimate (48) yields that the operator L®(u) is continued to a bounded operator
from L2(R, C2) into H' (R, 2, M) Let e € C(:(x) and Yj o = Ve
Hence suppvj N supp(l — ¢ ) = . The definition of Dp(in) yields that
VDo) (1 —¢je) =0.Hence ¥ Do(in) = ¥ sDo(iu)pje1. Then

o0 o0
LA (wDolpw) = | @jela; V) Do) = Y @joLy; (0¥} Doli)gjel
j:—oo j=700

(49)

o0
01,6 Lx; GOV DoV el + 3 0L (0 [V Dotirn) | 9.c1
j=1

~
I
-

o

=1+T°(w),

where

TE(0) =Y @jieLn; () [V)e. DG)] bjc 1.

j=1

Applying the finite multiplicity of covering {IS (x;) }ji_  We obtain that

I7° 60 | ey, 2y = € H [Wie QO(iM)]HBH'(R\Y,(Cz,M),LZ(R,Cz))

-1

< (1+ul) (50)

The estimate (50) implies that there exists p > pg such that
&
|74 ”BHH{C(R\Y,@,M)) <172
forall w € R : |u| > p. Hence there exist a left inverse operator £f(un) =

(I + 7))~ L*(w) of Do(ip) = Hf c(R\Y,C? p) — L3R, C?) for |u| > p
where p > 0 is large enough. Since the norm in H TR\Y, C?, n) is equivalent to
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the norm in H!(R\Y, C?) we obtain that the operator Do (i 1) : HHIC(R\Y, C?) -
L%(R, C?) is invertible for all 1 € R : |M| > p. O

Corollary 6 Let p, q,r € L°°(R) and conditions of Proposition 5 hold. Then there
exists p > 0 such that the operator Do (ipn) = Do(in)+ QI : H]Ilc (R\Y, (C2) —
L2(R, C?) is invertible for all u € R : |,u| > p.

Proof Note that

-1
”QI”BH‘(R\Y,Cz,u),LZ(R,@)) =C(+ |l/«|) . (51)

Hence Proposition 5 and estimate (51) yield the invertibility of D (i) for all u €
R, with |,u| is large enough. O

2.4 Self-adjointness of Dirac Operators with Interactions

We denote by Dg ¢ the unbounded operator in L%(R) defined by the Dirac
operator D o with dense in L?*(R, C?) domain domDg 1.c = HHIC(R\Y, C?).

Theorem 7 Let p,q,r € L®(R) be real-valued functions and the matrix C(y)
in the interaction conditions uy(y) = C(y)u—(y),y € Y satisfies conditions of
Proposition 5. Moreover we assume that C(y) is a real matrix , and det C(y) = 1 for

every y € Y. Then the unbounded operator Do 1,c with domain H]Ilc (R\Y, (C2)
is self-adjoint in L*(R, C?).
Proof 1t follows from a priori estimate (26) that the operator Do 1,c with domain

HH{ c (R\Y, (C2> is closed in Lz(R, (Cz). Since p, g, r and the entries of the matrix
C are real-valued functions, and det C(y) = 1, forevery y € Y the equality

d d
((]d +Q>u,v) = (u (Jd +Q) v) su,v € Hi ¢(R\Y,C?
X L2(R,C?) * L2(R,C?)

holds. Hence the operator Dg 1 ¢ is symmetric. Moreover, Corollary 6 yields that
the deficiency indices N+ (Do 1,c) of operator Do 1,c equal zero. Hence (see for
instance [6], page 100) the operator Dy 1.¢ is self-adjoint. O

Example 8 Let the interaction conditions be the form

uyp(y) =CQHu—(y)
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1 2a(y)

0 1 ,a(y) is real-valued function. It is easy to check the

where C(y) = (

vectors (1) and C(y) ( 1, are linearly independent.Hence for the real-valued
i —i

potential Q the operator Dg 1 ¢ is self-adjoint. In the same way one can prove if

C(y) = (2/31( ) (1)) , B(y) € R the operator Dy p, ¢ is self-adjoint.
y

3 Fredholm Theory and Essential Spectrum of Dirac
Operators with Delta-Interactions

3.1 Local Principle in the Fredholm Theory of Dirac Operators

We consider the Fredholm property of Dirac operator © ¢ as a bounded operator
acting from H/i’ g R\Y, C?) into L>(R, C?). For the investigation of the Fredholm
property of ® o we will use the Simonenko local principle [37] modified for the
differential and pseudodifferential operators in [36].

We denote by R the compactification of R obtained by joining to R the infinitely
distant point co.

Definition 9 We say that the operator D¢ : H/i’ g (R\Y, CYH — L3R, C?) is
locally Fredholm at the point x € R if there exists a neighborhood /. (x) and an
operators LY, RY € B(L*(R, C?), H}LB(R, C?)) such that

LiQQXxI = xxI + Tx/XxIv Xx;DQRi = xxI + Tx//XxIv (52)
for every x. € C{°((x)), & > 0 where T; € KH'(R,C»),T] €

K(L*(R, C?)).

Definition 10 Let ¢ € C*°(R) and ¢(x) = 1 for |x| > 1 and ¢(x) = 0 for |x| <
1/2, r(x) = @(%), R > 0. We say that the operator D¢ : H}"B(R\Y, C? —
L*(R, C?) is locally invertible at the point oo if there exists R > 0 and operators
Lr,Rg € BLAR,C?), H; p(R,C?)) such that

LrRODoerl = ¢rl, prDoRr = ¢r1.

Proposition 11 The operator Do a.p : H}LB R\Y,C? — L*R,C? is
Fredholm if and only if © g _a, g is locally Fredholm at every point x € R and locally
invertible at infinitely distant point co.

The proof of Proposition 11 follows from the local principle [36, 37].
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3.2 Finite Set Y of Interactions
3.2.1 Fredholm Theory
Let Y ={y1, 2. ..., yn} Where y; < y2 <.... < yy.

We say that a function a € L°°(R) is uniformly continuous at infinity if there
exists R > 0 such that a is a uniformly continuous function on R\ (—R, R) .

Let p, g, r € L°°(R) and be uniformly continuous functions at infinity. Then the
Arcela-Ascoli Theorem implies that for every sequence Z g, — oo there exists a
subsequence h,, — oo and limit functions py, g5, rn, € Cp(R) such that

lim sup |p(x + h) — pi(x)| =0, (53)
m—oQ0 xekK

lim sup |¢(x + hm) — ga(x)| =0,
m—o0 xekK

lim sup |r(x + hy) — rh(x)| =0
m—>ooxEK

for every compact set K C R\ (—R, R). The Dirac operator

D=1 40w (54)
with
h Pr(x) + rp(x) qn(x)
= 55
e ( @) —pr) + m(x)) &

is called the limit operator of © o generated by the sequence Z > h,, — 00. We
denote by Lim® o the set of all limit operators of © o generated by the sequence
Z. 3 hy — o00.

Theorem 12 Let p, g, r € L (R) be uniformly continuous functions at co. Then
Do} (R.C?) > PR CY

is a Fredholm operator if and only if all limit operators ®on € Lim®g are
invertible from H' (R, C?) into L>(R, C?).

Proof The operator D ¢ is locally Fredholm at every point x € R since D is the
elliptic operator on R (see the proof of Proposition 3). Hence by Proposition 11
the operator © ¢ is a Fredholm operator if and only if D¢ is locally invertible at the
infinitely distant points. It follows from [23, 27] the operator D ¢ is locally invertible
at the infinitely distant point if and only if all limit operators D y» € Lim® ¢ are

invertible from H' (R, <cZ> in L2(R, C2). 0
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Theorem 13 Let p, q,r € L*®(R) and uniformly continuous at infinity. Then the
essential spectrum of unbounded operator Dg a p is given by the formula

SpessDQ,A,B = U SpDQh (56)

Dgn €LimDq

where D g1 are unbounded operators generated by

d
@ 1:.] h
Ql d_x+Q

with domain H' (R, (CZ), and LimD g is the set of all such operators.

This theorem is immediate corollary of Theorem 12.

Remark 14 Formula (56) yields that the addition of singular potential with support
on a finite set of points does not change the essential spectrum of Dirac operator
with regular potential.

3.3 Slowly Oscillating at Infinity Potentials

Definition 15 We say that a function a € L*°(R) is slowly oscillating at infinity
and belongs to the class SO (R) if there exists R > 0 such that

lim sup |a(x +y) —a(x)| =0 (57)
—>ooyeK

X

for every compact set K C {x eR:|x| > R} .

Note that if a € SO (R) then all limit functions defined by the sequences Z >
h,, — oo are constant (see [26], page 88.)

Theorem 16 Let p, g, r € SO (R) be real-valued functions. Then
Do HYp (R, (C2> — L*[R,C?)
is a Fredholm operator if and only if

0 (M-_(Q), M4(Q))
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where

M_(Q)=limsup (r(X) - \/PZ(X) + qz(X)) , (58)

M, (Q)=liminf (r(x) +/P00 + q2<x>) .

Proof Let p,q,r € SOx(R) be real-valued functions, Z > h,, — oo, and there
exist limits py, gn, r, € R in the sense of formula (53). Then the limit operator DhQ
is of the form

d Ph+1h qh
o =77 + . 59
Q dx ( qn  —ph+trh >9)

It follows from formula (14) that the operator @hg : H'(R, C?) — LX(R,C?) is
invertible if and only if

OE(rh—\/pﬁJrqﬁ,thr\/pﬁJrqﬁ)- (60)

Then Theorem 12 yields the statement of Theorem 16. O

Corollary 17 Let p,q,r € SOx(R) be real-valued functions. Then

SPessDg.a,B = (=00, M_(Q)] U[M+(Q), +00) (61)

Note that spess Do a5 = Rif M_(Dg) > My (D).

3.4 Infinite Set of Interactions

3.4.1 Periodic Dirac Operators

We assume that the set Y is [-periodic that is Y=Yo + [Z, Yy =
{0 <y I<»m<...<y< l}, D ¢ is the Dirac operator with potential

_(ro+r@ g
Qm_( g(x) —p(x)+r<x>)

where p, g, r € C(R) are /—periodic functions, the matrix C(y) in the interaction
condition is also /— periodic. Let Dg 1 ¢ be unbounded operator associated with
® o and the interaction conditions u 4 (y) = C(y)u—_(y).
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The Floquet transform is defined for vector-functions f € Cgo (R, (Cz) (see for
instance [21]) as

(}'f)(x,@):f(x,@)::\/lzﬂZf(x—a)eiae, xeR,@e[ i ”}

aelZ S
The operator F is continued to a unitary operator from L? (R, (Cz) into H =
L? ((0, D, Lz([—jl’, ’l’] ,(Cz)) of vector-valued functions on the interval (0, /)
with values in L2 ([— T ’;]) , C?) with the norm
1/2

I
—_— . 2
ez = /OH”(’C’ )”LZ([?,T;],CZ)dx

The inverse operator F~! to the Floquet transform is

(Flf)(x)z ! /7 F(x,6)d6.
«/271 -7

Applying the Floquet transform to the Dirac operator Dy j ¢ we obtain (see for
instance [21]) that

FDgrcF = @96[_7’7}D9DQM (62)

IC

domDf) | = {u e H'(0, 1)\Y0} U (y,0) = CONu—(y,0), y € Yo

u(l,0) = "%u(0, 0).

Note that the operator D%Q is self-adjoint in L2((0,1), C2) and it has a discrete

spectrum

IC

3(O) < 12(8) < ... < 1;(0) <...;0 € [—77;}
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where 4;(6), j = 1,2, ..., ...are continuous functions on [—7 , 7;] . Formula (62)
yields that
(o)
spDoic = | [a). b)] (63)
j=1

where [aj, bj] (AeR:A=21;00),0 € [— l , l]} (see for instance [38]).
b4
l

For each 6 € [ T we consider the spectral problem

Dou(x,0,1) =tu(x,0),x € (0,1)\ Yo,
Uy (y, 0, A) =C(y)u— (y, 0, A) ,y €Yy
(0,0, 1) = ¢u(l, 0, 1), ee[ 7; ﬂ
Solutions of this problem are sought of the form

u(x,0,1)=ar (0,21 (x,2) +ax(0,1) p2(x,2),

where a1, a; are arbitrary coefficients, and g1, ¢, are linearly independent solutions
of the Dirac equation

Doe(x,A) =rpx, 1), xe€(0,)\Yo
satisfying the interaction condition
o1 (y.2) =CMe- (v, 1),y €Yo
as well as the initial conditions
¢1 (0.3) = 1,9 (0.2) =0,
3 (0.2) =0.93 (0.1) = 1.

From the quasi-periodic conditions

W, 0,2 = e (0,0,1), ee[ 71’ ﬂ

we obtain the system of equations

ar (0, 1) @} (1, A) +a2 0, %) @) (, 1) = "ay (6, 1)
ar 0, %) 93 (1, 1) +ax (0,2) 93 1, 2) = '%ar 0, 1), (64)
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with respect to aj (8, 1), a2 (6, 1) . System (64) implies that (a1 Ez’ i;) is an
a2 9

eigenvector of the monodromy matrix

1 1
Moy = (€1 G2 ¢ 42
“ (‘P%(Lk)cpg(l,)\)

associated to the eigenvalue i := e/'?. System (64) possesses non-trivial solutions
if and only if

1 _ 1
(pl (17)\') (pz (la)") - K

Taking into account that

we obtain the dispersion equation
p—=2uD (M) +1=0, (65)
where

1
DG =, ((pll (4,2 +¢3 (., )\)).

Equation (65) has solutions of the form 1 := e, & € [0,2x] if and only if
|D ()| < 1. Hence

spDgrc={reR: [DW)| =1]

and the edges of the spectral bands of spDg 1, ¢ are solutions of the equation

|ID()|=1.
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3.5 Fredholm Theory of Dirac Operators with Periodic Set of
Interactions

We assume that:

(a) AsaboveY = Y + [Z is the periodic set.
(b) The interaction matrix C : Y —B(R?) is a real-valued [-periodic matrix-
function;

(c) detC(y) = 1 for every y € Yo, and the vectors (1) and C(y)( 1.) are
i —i

linearly independent for any y € Y.
(d) p,q,r € L°®(R) and are uniformly continuous functions at infinity.

Let the sequence [Z >g, — oco. Then there exists a subsequence A, of g, such
that there exist limit functions py, gp, rp in the sense of formulas (53). Then the
Dirac operator

_,4d h
Dgi =7, +0"), (66)
with
0" (x) = pr(x) gqn(x) T 67)
qn(x) —pn(x)

is called the limit operator of ® ¢ defined by the sequence [Z 5h,, — o0o. We denote
by Lim® ¢ the set of all limit operators of D .

Theorem 18 Let conditions (a), (b), (c), (d) be satisfied. Then the operator

Do : H «(R\Y,C?) — L*(R,C?)

is Fredholm if and only if all limit operators Dy € Lim(Dg) acting from
HHIC(R\Y, C?) into L*(R, C?) are invertible.

Proof Since the operator D is elliptic the operator D¢ is locally Fredholm at
every point x € R. Then Proposition 11 yields that Do : Hﬂlc(R\Y) —

L*(R, C?) is a Fredholm operator if and only if D ¢ is locally invertible at infinity.
It follows from Proposition 5 that there exist u > 0 such that the operator

d
Do(p) = J il H] -(R\Y, C?) - L*R.C?)
N ,

is an isomorphism. We set

A=D09;'(w) : L*(R, C?) — L*(R, C?). (68)
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It is easy to prove that D : HH{ c(R\Y, C? — L%(R, C?) is locally invertible at
infinity if and only if A : L?2(R, C?) — L*(R, C?) is locally invertible at infinity.
For the study of local invertibility at infinity we use the results of the book [26] and
papers [23, 25].

Letgp € C go (R) be an “arbitrary function, ¢;(x) = ¢(tx),t € R. Then it is easy
to prove that

H [¢:, A H = lim e A — Agi 1| =0, (69)

That is A belongs to the C*—algebra of so-called band-dominated operators in
L2(R, C2) (See for instance [25]).

We introduce the limit operators of A as follows. Let I[Z 3h,, — oo, and
Vi, u(x) = u(x — hy) be the sequence of shift operators in L%(R, C?%). We say
that A" be a limit operator defined by the sequence (k) if

lim H (V,hmAth - Ah) ol —0
m=eo B(L2(R),C?)

lim H(p (V_hmAth - A’l) -0
m—oe B(L2(R),C?)

for every ¢ € Cj°(IR). One can see that
Vot AV = Vo, ® 0 Vi, Voi, 0 (W) Vi, = Vo, Do Vi, Dy () (70)

Condition (d) for functions p, g, » implies that for every I[Z >g,, — oo there exists
a subsequence (h,,) of (gm) defining the limit operator © ;. Hence the sequence

(hm) defines the limit operator A" of A by formula
A =2 50 (w). (71)

It follows from results [23, 25] the operator A is locally invertible at infinity if and
only if all limit operators .A" are invertible. Formula (71) yields that the invertibility
of all limit operators A" : L>(R, C?) — L*(R, C?) is equivalent to invertibility of
all limit operators © g : HH{ s (R\Y, C%) — L*(R, C?) of Do O

* Let conditions (a), (b), (c), (d) be satisfied. We denote by Do 1,¢,Dgn j ¢ the
unbounded closed operators in L?(R, C?) with domain H]Il’ c(R\Y, C?) associ-
ated with the operators © ¢, D g1, respectively. and we denote by LimDg 1,¢ the
set of all limit operators of D¢ 1,c.

As a corollary of Theorem 18 we obtain the following results.
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Theorem 19 Let conditions (a), (b), (c), (d) hold. Then

spessDo.1.c = U spDgi1.c- (72)
DQh 1c €LimDg 1 c

Hence if conditions (a), (b), (c) hold, p, g, r are / —periodic continuous functions
on R. Then

SpessDQ,]LC = SPDQ,]LC‘

3.6 Slowly Oscillating at Infinity Perturbations of Electrostatic
Potentials

Let Dy 1, ¢ be the above introduced periodic self-adjoint Dirac operator. We consider
the essential spectrum of the operator D 5 | ~ with perturbed electrostatic potential
I = (r + r1) I where ry is a real-valued function belongs to the class SO (R).

The unperturbed periodic Dirac operator Dg 1, ¢ has a band-gap spectrum (see
formula (63))

00
spessDo1.c = spDo1.c = U a]’

Applying Theorem 19 we investigate the essential spectrum of perturbed operator
D G1.c Note that the limit operators of D OIC defined by the sequences [Z >h,, —
oo are

Dgipc=Dorc+rl
where

= lim 7y (hm) € R, (73)

Formula (72) yields that

(e.¢]
spessDgi g o = | Ulaj + . b () + 711
j=1 h
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where the union | J is taken with respect to all sequences (h,) for which there exist

h
limits (73). Hence

o0

spessD 1 ¢ = (Jlaj +mr), bj + M@ (74)
j=1

where m(r1) = liminfy_ oo r1(x), M(r1) = limsup,_, o, r1(x).

Formula (74) implies that some spectral bands of sp.ssD §.1.c may overlap
depending on the intensity of the perturbation rq. Let (bj,a;+1), j € N, be a gap of
spDg 1,c, hence if the relation

M(r1) —m(r)) > aji1 — bj
holds this gap will disappear due to the merging of the adjacent bands.
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Abstract In this work Toeplitz operators with bounded homogeneous symbols and
acting on the n-poly-Bergman space A% (IT) are studied, where IT C C is the upper
half-plane. Here we consider homogeneous symbols of exponential type a(z) =
eN%  where N is integer and & = argz. We show that the C*-algebra generated
by a finite number of Toeplitz operators on A% (IT), with homogeneous symbols of
exponential type, is isomorphic and isometric to the C*-algebra consisting of all
the matrix-valued functions M(x) € M,(C) ® C[—o0, +o¢0] such that M (—o0)
and M (+o00) are scalar matrices. The C*-algebra generated by a finite number
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1 Introduction

Recall that the poly-Bergman space A%(D) C La(D,dxdy) consists of all n-

analytic functions ¢ = ¢(x, y) on D C C, that is, those square-integrable functions
. n

on D satisfying the equation ( 3"1) = 0, where dxdy is the usual Lebesgue

measure. The orthogonal complement A%n)(D) = A2(D) © Aﬁil(D) is called

the true-poly-Bergman space, and it consists of all true-n-analytic functions. For

convenience, we define .A%O) (D) = 0. Of course, .A%(D) is the usual Bergman space

on D, which is simply denoted by A%(D). Analogously, introduce the spaces ;l% (D)
and A(Zn)(D) of all n-anti-analytic and true-n-anti-analytic functions, respectively.
In fact, each n-anti-analytic function is just the complex conjugation of an n-analytic
function. For the upper half-plane I1 = {z : Imz > 0}, N. L. Vasilevski [20, 21]
proved that L, (IT) has a decomposition as a direct sum of the true-n-analytic and
true-n-anti-analytic function spaces:

Ly = @ AZ,, (M) © ) A, ().
k=1 k=1

Moreover, the author gave explicit expressions for the reproducing kernels of all
these function spaces, and he found an isometric isomorphism from L,(R;) onto
the true-poly-Bergman space A%n) (IT).

In [6] the authors characterized all the commutative C*-algebras of Toeplitz
operators acting on the Bergman space of the unit disk I (or equivalently, in IT).
Actually, there exist three types of maximal abelian groups of Mobius transforma-
tions on IT, and their corresponding classes of symbols invariant under the action of
such groups. For every class of these symbols we have a commutative C*-algebra
of Toeplitz operators acting on A?(IT). The first class of symbols consists of all
vertical functions, which depend only on y = Im z. The second class is the set
of homogeneous symbols, which are functions depending only on 8 = argz. The
third class of symbols can be easily described in the unit disk as the family of all
functions depending only on r = |z].

With every class of symbols just mentioned above, the Toeplitz operators acting
on the true-poly-Bergman space A%n) (IT) generate a commutative C*-algebra, this
fact can be proved using the techniques due to N. L. Vasilevski [21]. The C*-algebra
generated by Toeplitz operators acting on Aﬁ(l’[) is noncommutative, nevertheless,
it is isomorphic to a C*-algebra of continuous matrix-valued functions in the cases
of vertical and homogeneous symbols [17, 19]. Recently, it was proved in [18]
that the C*-algebra generated by all the Toeplitz operators on Aﬁ(l’[) with vertical
symbols can be generated by a finite number of Toeplitz operators. In such work,
the representation of the affine group on L?(R) was an important tool, where poly-
Bergman spaces are identified with wavelet spaces. Certainly, the wavelet transform
has multiple applications, say, in signal processing and quantum mechanics, cf.
[1, 4]. Of course, a pioneering contribution on the one-dimensional wavelet analysis
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was made by A. Grossmann and J. Morlet [5]. See also [10] for this matter, and see
[7-9] for the study of Toeplitz operators on the true-poly-Bergman spaces and their
analogous wavelet spaces.

In a similar way, the study of Toeplitz operators can be carried out on the poly-
harmonic spaces of I1. For example, in [14, 15] the authors used the three classes of
symbols and studied the corresponding Toeplitz operator algebra for the harmonic
Bergman space 7—[%(1’[) = A%(l’[) @ A%(l'[). In [16] the authors used homogeneous
symbols of the form a(0) = x[0,«1(¢), and they described the C *-algebra generated
by all the Toeplitz operators acting on ’H%(l’[) = Aﬁ(l’[) @ A% (IT).

Using polar coordinates in IT and the Mellin transform, each true-poly-Bergman
space A(Zk)(l'l) can be identified with L, (R) through a Bargmann type transform
[17]. This point of view fits to the study of Toeplitz operators with homogeneous
symbols. Since A%(l'l) = @j_ lA%k)(l'[), the poly-Bergman space A%(l'[) is
isomorphic to (L,(R))"”. Thus, for each homogeneous symbol a, the Toeplitz
operator 7, , acting on A%(l'[) is unitary equivalent to a multiplication operator
™4 (x) I acting on (Ly(R))", where y"¢ is a matrix-valued function continuous on
(—00, 400), cf. [17]. Consequently, the C*-algebra generated by all the Toeplitz
operators T, , is isomorphic to the C*-algebra generated by all the functions
™. We confine ourselves to homogeneous symbols a(6) having limits values at
6 = 0, . The main result in this work says that the C*-algebra generated by all
the Toeplitz operators with bounded homogeneous symbols and acting on A%(l'[)
can also be generated by a finite number of Toeplitz operators with symbols of
exponential type.

This paper is organized as follows. In Sect.2 we introduce preliminary results
about the poly-analytic function spaces A%(l'[) and their relationship with certain
class of orthogonal functions. In Sect.3 we recall how a Toeplitz operator 7, ,
on Aﬁ(l’[), with homogeneous symbol a, is unitary equivalent to a multiplication
operator y"“I. We establish a convenient factorization of y"»¢ in order to carry
out the separation of the pure states of the corresponding C*-algebra generated by
these functions. In Sect.4 we describe the C*-algebra generated by the Toeplitz
operators T, ,, and we prove that such C*-algebra can be generated by a finite
number of Toeplitz operators with symbols of exponential type. Finally, in Sect. 5,
we describe the C*-algebra generated by all the Toeplitz operators acting on ’H% (IT)
with homogeneous symbols, and we prove that such algebra can also be generated
by a finite number of Toeplitz operators with symbols of exponential type.

2 Bergman and Poly-Bergman Spaces

The results that will appear in this section can be found in [17]. Let IT be the upper
half-plane in C, and consider the space L, (IT) = Ly (I1, dxdy), where dxdy is the
usual Lebesgue measure. Let Aﬁ (IT) be the poly-Bergman space that consists of all
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functions in L (IT) satisfying the equation (9/9z)"¢ = 0. Introduce the true-poly-
Bergman spaces as follows:

ALy (M =AM e A (), n=1.2,...

where .A%(H) = {0}. Of course A%(I‘I) = .A%l)(l"[) is the usual Bergman space.
By representing scalars in IT with respect to polar coordinates we get the tensor
decomposition

Lo(IT) = Lr(Ry, rdr) ® Lo2([0, ], d6).

Let M : Ly(Ry, rdr) — Lo(R, dx) be the Mellin type transform given by the
rule

(Mg)(x) = J;T /R s

It is well known that M is an isometric isomorphism. Then,
U=MQ®I

is a unitary operator from L,(IT) onto Ly(R,dx) ® Lo([0, ], d6). Let us see
how the poly-Bergman space Az (IT) can be identified with (L2 (R, dx))". We have
283Z = E D, where

E 1 D 8+,3
= s =r l .
ar a0

Since DE = E(D—2) and M (r | YM* = (ix — 1)1, the space A2 := U (A%(I1)) C
Lr(R,dx) ® L2([0, ], dO) consists of all functions f(x, 0) satisfying the equation

. 0 . AN
(lx—1—2[n—1]+189)-~-<1x—1+189)f—0.
Thus,
A%n) =A20 A2 |
= {fX)pua1 (x, Y x)e 07| f(x) € La(R, dx)}, n=1,2,...

—20i

where p,(x, 0) is a polynomial with respectto z = e given by

n
Pa(x.0) =Y (=Dfbu(x)e % n=0,1,2,... (2.1)
k=0
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with boo(x) = 1, by (¥) = () 7'/ (62 + 12)(x2 +22) - - (x2 + n2),
n—1 .. .
n X — ji + ki
b = b
nk (%) (k) nn(x)l"[x_ji+ni,
j=0
and

_\/ 2x 0) = 1
VO =\ e VO=

Actually, {p,(x,0) | n =0, 1,2, ...} is an orthonormal set in the Hilbert space

L>([0, 7], (Y (x))%e=2?d0) for each x € R. On the other hand, A%n) is the image
of the true-poly-Bergman space A%n)(l'l) under the operator U. Let P, be the

orthogonal projection from L (R, dx) ® L»([0, ], d8) onto the space A(2n). This
projection is given by

(Poy ) (x,0) = (Y (x))? pu_i (x, 8)e 070 /0 F, @) paai(x, @)e ™ ¥ dg.

Of course, P, := ) j;_, Py is the orthogonal projection from the space
La(R, dx) ® La([0, ], d6) onto A2
Let By, (n) and By, denote the orthogonal projections from L (IT) onto A%n) (TT)

and A2 (), respectively.

Theorem 2.1 The unitary operator U gives an isometric isomorphism from the
space Lo(I1) onto Lr(R, dx) & L2([0, 7], d6), under which

1. the poly-Bergman spaces A%n)(l'l) and A%(l'[) are mapped onto A(zn) and A%,
respectively,
2. the poly-Bergman projections B, (») and Bn ,, are unitary equivalent to P, and
P, respectively. That is,
UBnmU" = Py, UBn,U* = Py.
Introduce the isometric embedding
Ro,(n) : L2(R, dx) —> L2 (R, dx) ® L2([0, 7], d6)
by the rule

(Ro. () f)(x,0) = f(x) pn_1(x, )¢ (x)e 0701
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Then, the operator
Ry = RS,(n)U
maps L (IT) onto Lr(R,dx), and its restriction to A(Zn)(l'[) is an isometric
isomorphism onto L2(R, dx). Thus, R{,) Ry = B, and R R(,) = I. Let
us consider the isometric embedding
Ro.n : (L2(R,dx))" — La(R, dx) ® La([0, 7], dO)

given by the rule (R , f)(x, 8) = H,(x, 8)" f(¢), where f = (f1,..., f»)", and

Hy(x,0) = y(0)e ™" (po(x,0), ... pu-1(x,0)". 2.2)
Finally, we define the operator R, : L(IT) — (L2(R, dx))" by the formula

Ry = R},U.

The operator R, maps Ly (IT) onto (L2 (R, dx))", and its restriction to Aﬁ (IT) is an
isometric isomorphism. Moreover,

RiR, = Bri, : Lo(IT) — AZ(ID),
RnR,’f =1:(LrR,dx))" — (L2(R, dx))".

3 Toeplitz Operators with Homogeneous Symbols

In this section we study Toeplitz operators acting on the poly-Bergman spaces on I1,

and with homogeneous symbols. Let L{O%’N} stand for the subalgebra of L[0, 7]
consisting of all functions having limit values at 0 and . We shall say that a €
Lf)%’”} is a homogeneous symbol, and we write

a():= lim a(@) and a(w):= lim a(®).
f—07F —>m—

We will identify a € L({g’”} with the function a(z) = a(f) defined on the upper
half-plane IT, where § = argz. Fora € L{o%’”}, the Toeplitz operator 7, 4, acting on

AZ(T1), is the operator defined by
Tpa: A2(ID) 3 ¢ > B u(ag) € AX(TD).

In [17], the authors proved that 7, , is unitary equivalent to the multiplication
operator y"*(x)I = R,T, R} acting on (L2(R, dx))", where y™“(x) is the
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continuous matrix-valued function

T
V”’”(X)=/ a(0)Hy(x,0)[H,(x,0)]'d6, (3.
0
which satisfies
a(@x)l = lim y™"%x), a0 = lim y™*%x). (3.2)
X—>—0 X—>+00

Let T, be the C*-algebra generated by all the Toeplitz operators 7, , acting

on the poly-Bergman space Aﬁ(l’[), with a € L({%”}. It was proved in [17] that
T oo 18 isomorphic and isometric to the C*-algebra

¢, ={M e M,(C) ® C[—00, 00] : M(—00), M(0c0) € CI}, (3.3)

where M, (C) denotes the algebra of all n x n matrices with complex entries. Of
course, &, is a C*-bundle, where each fiber €,(x) = {M(x) : M € €,}isa
C*-subalgebra of M,,(C). Our main result in this section asserts that 7", can be
generated using only 4n — 1 Toeplitz operators 7}, ,, with homogeneous symbols of
exponential type a(f) = eN%, where N is integer. Actually, we will prove that the
C*-algebra B generated by certain matrix-valued functions y"%! (x),...,y"%=1(x)
separates all the pure states of ¢,, each of which has the form

Jrow(M) = (M(xo)v,v), M€, (3.4)
where xg € [—00, 00], and v € C" is a unit vector [3, 12, 13]. In particular, there
exists only one pure state corresponding to each point x = oo and x = —oo. In fact,
we can take v = (1, 0, ..., 0) in these two cases, and

f:l:OO,U(M):Cﬂ:OO7 Mecg,,
where M (+00) = c400l.
Let us start with a convenient factorization of the function y"“(x) givenin (3.1).
Let

Ln(e—ZIQ) — (1, e—2i0’ e (e—2i0)n—l)t

and

b, (x) = ((_1)k71b(j—1)(k—1)(x))

’

n
jk=1
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where b (x) = 0if j < k. Then @, (x)L,(e~2%") = (po(x,0), ..., pu_1(x,0)),
and the Eq. (2.2) can be written as

Hy(x,0) = ¥ (x)e 710D, (x) L, (e72%). (3.5)
Lemma 3.1 The function y'"“(x) can be written as
yrx) = @p()M™ (x)[ P (x)]', (3.6)

where
M™% (x) = (Y (x))? / i a(@)e L, (e[ L, (e~ db.
0

The matrix-valued function ®, (x) satisfies the equation
@y ()T () [Pn ()] =1,

where ®,(0) =1, T(0) = I and

T(x) = (Tik (X)) jet.... n=<x (; k)l.) . x#£0. 3.7)
- - Jk=1,..., n

Proof According to formulas (3.1) and (3.5),
") = f " a() (eI B, ()L (e Y (1)e I, ()L, (e )] d
0

= d,(x) ((w(x))z f ! a(@)e L, (e=29)[L, (e‘”l‘)]’de) (D (x))
0
= @, (x) M™% (x)[ @, (X)]'.

Now, if a(z) = 1, then y™1(x) = I. Thus I = ®,(x)T (x)[D,(x)]’, where
T(x) = M™'(x) and

T
M™ () = (Y (x))? / e VL (e[ La(e )] db.
0
A direct computation of this integral leads to (3.7). O

Let us see how M"™“ is related to a Toeplitz matrix. Consider the measurable
function wa(6/2) (Y (x))%e ™ € Loo([0, 271), and its Fourier coefficients

2
3.8
A oot (3.8)

A% (x) = (Y (x))? f na(e/z)e*x%fmei do '
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Then M™“(x) is the transpose truncated matrix of the infinite Toeplitz matrix
(Ajk(x))jk, that is, M9 (x) = (Aifj(x))’},k:l- Let J = (Jjx) € M,(C) be
the Jordan matrix of order n, that is, Ji x+1 = 1, and Jj; = O elsewhere. Then

n—1

M™(x) = Z AL (x) I, (3.9)

m=—n+1

where J,, = J™and J_,, = (J))" form =0,...,n — 1.

4 C*-Algebra Generated by Toeplitz Operators

Recall that 7", ., denotes the C*-algebra generated by all the Toeplitz operators
T,.4 acting on Aﬁ (IT), with homogeneous symbols. We have the unitary equivalence
Ry Ty aR) = y™%(x)1, where y™ is given in Eq. (3.1). In this section we prove that
T oo can be generated by a finite number of Toeplitz operators.

Let N be an odd integer, and take distinct integers N_, 1, . .., N3,—_2 such that

Ny=k, Vk=—-—n+1,...,n—1.
Theorem 4.1 The C*-algebra T'. ., is generated by the Toeplitz operators
Toan Tha iio - Tnias, oy Where anp(0) = eN and ar(@) = e*Ni for

everyk = —n+1,...,3n — 2. Equivalently, the C*-algebra &, is generated by the
matrix-valued functions

YR, ), Ly (). 4.1

Moreover, the map T
C*-algebras, where

oo 2 T+ R,TR; € &, is an isometric isomorphism of

Tha— v ().

Proof Ttisknownthat T +— R,T R} is an isometric isomorphism [17]. Note that €,
is a type I C*-algebra. Let *B be the C*-subalgebra of €, generated by the matrix-
valued functions given in (4.1). Then, ‘B separates all the pure states of €, as shown
in Lemmas 4.2 and 4.4 below. By the noncommutative Stone-Weierstrass conjecture
proved by I. Kaplansky [12] for type I or GCR C*-algebras, we have that €, = B.
0O

Take a symbol ay = ¢>N% with N an integer. For the matrix-valued function

p™ 4N (x) given by formulas (3.6), (3.8) and (3.9), we have

ANy = a1 a1 4.2)
J N —j+xi
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where Aj” (0) = §;n, and § ji is the Kronecker delta function. On the other hand, if
ay ) = eN? with N an odd integer, then

1

N — Q) —2xi)’ (4.3)

AT () =i @)A1+ )

The value AjN/z (—x) will be needed in Sect. 5. From ¥ (—x) = e ™ 4 (x) it follows
that

1

anp, . 2 —2mx
A7 () =i () (1 +e )N_(_2j+2xi)’

(4.4)

Let E j; denote the n x n matrix with 1 in the (j, k)-entry, and O elsewhere. The
next lemma asserts that two pure states of &, supported at the same fiber can be
separated.

Lemma 4.2 Take ay(z) = e2Nibi fork = —n +1,...,n — 1, where the integers
Ny ’s are distinct from each other. For xog € (—o0, 00) \ {0} fixed, the C*-algebra
generated by the matrices y™%n+1(xg), ..., y™"%1(x0) is equal to M, (C). In the
case xg = 0, the matrices Y™+ (xg), ..., y"1(xg) generate M,,(C) if Ny = k

fork=—n+1,....,n—1.

Proof Take xo € (—00, 00). We have y™%(xg) = ®,(x0) M™% (x0)[D, (x0)]" for
any homogeneous symbol a(6). Suppose that

n—1 n—1
0= Y ey o) =uxo) | Y, aM"*(xp) | [Palxo)]".
k=—n+1 k=—n+1
By (3.9),
n—1
0= Z kM™% (x0)
k=—n+1
n—1 n—1

= Y al| Y, A¥GoJ

k=—n+1 Jj=—n+1

n—1

n—1
=y > ek A (xo) | J;.

j=—n+1 | k=—n+1
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Since J = {J;}'_ ]_ 11 18 linearly independent, we have

n—1
Z kAP (x0) =0, j=-n+1,...,n—1 (4.5)
k=—n+1
We will show that S := {y"™9+1(xg), ..., y"%1(xp)} is linearly independent. For

the time being suppose that xo # 0. Thus, S is linearly independent if only if the
determinant of (A“k (xoN"; i k——n 41 is nonzero. By formula (4.2),

. n—1
det(A% (x0))t L yy = det( C ) .
—J +x0i + Ni ) jk=—nt1

Define oj = —j+xoi and g = Nk Note that oy # o and B # B fork # [. Then,
the determinant of (Aak (xo)", | is computed by the Cauchy double alternant,

]k_ n+
cf. [2, 11]. That is,

n—1

1
det(A% (x0))'} et = (o)1 det
aj+Bc) .
Jjok=—n+1

[enti<jcksn—i1(@ = @) (B = Bj)

— (in)2n71
[Tl (@) + 8O

This proves that S is linearly independent in the case x9 # 0. Then, we have

span S = ®,(xg)(span J)®, (x0)’. Let B be the C*-algebra generated by S. Of

course, P, (x0)J°®,(xp)" belongs to B. Therefore (®,(x0)") ' (P,(x0)~ ' €

B. Consequently, ®,(xo)(span J)(®,(x0))"! C B. On the other hand,

JH/=ty=t = Ej, and (J)"1J/7Y = E,; for j = 1,...,n. Further
Ejx = Ejy Epy. Thus, B =M,(C).

Now suppose that xo = 0, and Ny = kfork = —n + 1,...,n — 1. Thus

A;’.k(O) =djforj, k= —n+1,...,n—1. Actually, ®,(0) = I and M"-%(0) = Ji.

Hence, y"%(0) = Jy fork = —n+1, ..., n—1. We know that 7 generates M,, (C).

O
We proceed to separate two pure states of €, supported at different fibers.
Lemma 4.3 Let R(z) be a rational function of the form
™
R(z) = kz:; b (4.6)

where ci and by, are complex numbers. Suppose that by # bj for all k # j, and that
there exists ko € {1, ..., m} such that cy, # 0. Then, the number of zeros of R(z)
cannot exceed m — 1. For ¢ € C, the number of zeros of R(z) — ¢ cannot exceed m.
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Proof Note that ) ;" Zi];?k = ]‘[;{”::((i)f by - Where
m m
r@ =Y eal[c-bp.
k=1 j=1
ik

Obviously, R(z) = 0 implies that »(z) = 0. Since ¢k, # 0, we have

m
r(biy) = ciy | | (bry — bj) # 0.
Jj=1
J#ko
This proves that r(z) is a nonzero polynomial of degree at most m — 1. Since every
root of R(z) is a root of r(z), the number of zeros of R(z) cannotexceedm — 1. O

Recall the C*-algebra €, and its pure states given in (3.4).

Lemma 4.4 Letv, w € C" be unitvectors, and xq, x| € [—00, 00]. Take an/2(z) =
eN% with N an odd integer, and ay(z) = e*N9 with integers N_, 41 < --- <
N3n—2. Then xo = x1 provided that

fxo,v ()’n’aN/z) = fxl ,w(Vn’aN/z)

and
fxo,u(V"’“") = fxl,w(Vn’ak), Vk=-n+1,...,3n—-2.

Proof Let v, w € C" be unit vectors, and xg, x; € (—00, 00). Introduce the vectors
U =[®,(x0)]'vand w = [®,(x1)]’w in C". We have
fxo,v(ynﬁak) = (Vn’ak (x0)v, v)
= (D (x0) M™ U (x0) [P (x0)] v, V)
= (M"%(x0)v, V).

Analogously, fy, w(y"%) = (M™% (x1)w, w). Suppose that fy, ,(y"%*(x)) =
Saw@%(x)) forallk = —n+1,...,3n — 2. By formula (3.9),

n—1 n—1
Y AFGoUEE) = 3 A, D) @7

j=—n+1 j=—n+1
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forallk = —n +1,...,3n — 2. Suppose that xp # x1 and xp, x1 # 0. By formula
(4.2) we have

A% (x)) = X I=0,1andj=-n+1,....,n—1
J Ne = (j = xii)’ ’ et
Define b;(x) = j—xifor j = —n+1,...,n—1. Then, there exist scalars c; (xo, V)

and c;(x1, w) such that (4.7) can be written as

Ro(Np) — Ri(Ny) =0, Vk=-n+1,...,3n-2,

where
nl ci(xp, D) n cj(x1, w)
Ro(2) = S and Ri(z) = ST
._Z z—bj(xo) 4_2 z—bj(x1)
j=—n+1 j=—n+1

It is easy to see that co(xg, D) = ixol]|%. But co(xp, D) # O since [P, (x0)]’
is invertible. Furthermore, xo # x; implies bj(xo) # bi(x1) for all j, k. By
Lemma 4.3, the function R(z) := Ro(z) — Ri(z) cannot have more than 4n — 3
roots, contradicting that R(z) has 4n — 2 roots. Therefore xg = x1.

Suppose now that xo # 0 and x; = 0. Then Aj'." (0) = 6 N, and Ri(z) is a
constant function. Thus, R(z) has at most 2n — 1 roots. Therefore, the pure states
Jxo,v and fo 4, can be separated using 2n — 2 symbols.

According to (3.2), we have y"4N/2(—o0) = —I and y™“¥/2(0c0) = I. Hence

Seoow(Y N2 £ fioow (Y N2).

Now take xo # 0, and suppose that fy, v(¥"%) = fioo,w(y"%) for all k =
—n+1,...,3n — 2. Since y""%(+oo) = I, we have fioo,u(y™%) = 1. But the
rational function R(z) = Ro(z) — 1 has at most 2n — 1 roots, thus, the pure states
Jxo,v and fioo 4 can be separated using 2n — 2 symbols.

Finally, take xo = 0, and choose Ny ¢ {—n+1,...,n—1}. Since A(;k 0) =6jn,
we have y™ % (xo) = 0. Therefore fy.»(¥™%) # fioo,w(y™%). O

5 Toeplitz Operators Acting on the Polyharmonic Space

The C*-algebra generated by all the Toeplitz operators (with homogeneous sym-
bols) acting on the polyharmonic space 7—[,21(1'[) = A%(l'[) @ Aﬁ (IT) was described
in [16]; fortunately, this algebra can be generated by a finite number of Toeplitz
operators as shown in this section. The reflection map of IT with respect to the y-
axis establishes a relationship between Aﬁ(l’[) and A%(l'[), and the corresponding
Toeplitz operators acting on these spaces. Indeed, define the self-adjoint unitary
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operator JJ : Lo (IT) — Lo(IT) by (J f)(z) = f(—2). In polar coordinates we have

@IHE0) = f@r,m —0), where f € Lr(Il) = Lry(R4,rdr) ® La2([0, ], d6).

It is easy to see that (aa) = (-D"J ( ) Thus Az(l'[) = J(Az(l'l)) and

van,,, = JBn »J, where Bn,n is the orthogonal projection from L (IT) onto A%(H).
Fora € Lf)%’”} , let Tn,a be the Toeplitz operator defined by

Tpa: ¢ € A2(T) —> B a(ap) € A2(T0).

We have that J fn,aﬁ = T,z where d(#) = a(@ — 7). Introduce the operator
En = R,J : Ly(Il) — (L2(R))", which is an isometric isomorphism from
A2 (IT) onto (L, (R))". Then, the Toephtz operator T,, « 18 unitarily equivalent to the
multiplication operator ™ “(x)I = R T,, aR* acting on (L, (R))”". Since by (x) =

bpix(—x), we have p,(x,7 — 0) = p,(—x,6). In addition, e 7™ Y (x) = ¥ (—x).
Hence H,(x, 7 —0) = —H,,(—x, 6). Thus

" A(x) = yra(—x) = /0 a(0) Hy(—x, 0)[Hy(—x, 0)]" db. (5.1)

On the other hand, ®,,(—x) = @, (x). Therefore, (3.6) and (5.1) imply that
"I (x) = By (x) M4 (—x)[ D ()]’

Certainly, Onnn = Bna. @ van,,, is the orthogonal projection onto ’H,ﬁ(l"[).
Introduce the Toeplitz operator

Toa - H2(TT) —> H2(IT)

by the rule T‘n,a (f) = On.n(af). Define W, = R, & I?,,, which is an isometric
isomorphism fromj—l,%(l"[) onto (L2(R))" x (L2(R))". Thus, W, W = I and
W*Wn ZBHn@BHn

Let a(0) € L{0 A straightforward computation shows that the Toeplitz

operator 7, n.q 1S unitary equivalent to the multiplication operator ™% (x)I =
Wo T, o W, acting on (L2(R))" x (L2(R))", where

e t
?n,a(x) — / a(e) Hn ()C, 9)[Hn (-xv 0)]t _Hn(-x7 9) Hn(_-x7 9) d@
0 —Hy(=x,0)Hy(x,0)" Hy(—x,0)[Hy(—x,0)]

5.2)

Actually, ™%(x) belongs to the C*-algebra /@n consisting of all matrix-valued
functions f = (f;;) € M2,(C) ® C(R) such that

M1 01 Ml 01
f(=00) (01 )\21), and f(+00) (01 )\11) 1,22 €C,
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where I denotes the n x n identity matrix. For 7™%(x) we have 7"%(—o0) =
diag {a(m)1, a(0)1} [16].

Let T”oooo be the C*-algebra generated by all the Toeplitz operators T,, 4 acting
on H2(IT), with a(0) € L%™.

Theorem 5.1 Consider ay(z) = N0 gnd ay(0) = N0 ywhere N_on+1,---s
Nion— ¢ are distinct odd integers and N is an mteger not in {— 2n +1, 2n — 1}.
Then 7_” is generated by the Toeplitz operators T,, ay and Tn Jax for k =—-2n+

N 10n — 6. Equivalently, the C*-algebra Qf,, is generated by all the matrix-
valued functions

YO ), e (x), L, Y (x). (5.3)

Moreover, the map T 5T +— W, TW} € &, is an isometric isomorphism,

where

o000

Toa —> 7™9(x).

Proof Note that ¢, is a type I C*-algebra. Let B be the C*-subalgebra of [

generated by all the matrix-valued functions (5.3). Then B separates all the pure

states of € as shown in Lemmas 5.3, 5.4 and 5.5 below. By the noncommutative

Stone-Weierstrass conjecture proved by 1. Kaplansky [12] for type I or GCR C*-

algebras, we have that @n =B. O
As for y™%(x), we need a convenient factorization of ™% (x).

(0,7}

Lemma 5.2 Fora € L, the function 7™ (x) can be written as

) = DM () [T,

= o [Pux) O mago _ | M"(x) N™(—=x)
whereCD(x)—( 0 CD,,(x))’M (x)—(Nna( ) Mma(_ x)) and

N™(x) = —(P(x))2e™ / i a(@)e 2 L (e )Ly (e )] d6.
0

Proof 1t follows from (3.5), (5.2), and the equality @, (—x) = &, (x). |

Note that N"%(x) is a Hankel matrix and it can be written as

n—1

N™@) = > iy (OMay, (5.4)
j=—n+1
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where

a 2 —mx /271 —Omi do
N () = = (Y (x))7e a@/2)e m=1,...,2n—1, (5.5)
0

27’
and M,, is the Hankel matrix whoge (j, k)-entry isequal to 1 for j + k = m + 1,
and 0 elsewhere. For ax(0) = eM? with Ny an odd integer, we have

N (x) = =20 (Y (x)%e ™ j=1,....2n—1, (5.6)

Ny —2j°

N (—x) = =20 (Y (x))’e ™ j=1,....2n—1. (5.7)

Ni+2j°

We proceed now to separate all the pure states of the C*-algebra En using the
elements of the C*-algebra B generated by all the matrix-valued functions given in
(5.3). Each pure state [3, 12, 13] of &, has the form

FeuM) = (M(xX)u,u), M €C,,

where u € C" x C" is unimodular, and x € R.

Lemma 5.3 There are only two pure states of E,, corresponding to xo = —O00:
frowr and fry vy, where v = (e}, 0"), v2 = (0, ¢}), e1 = (1,0,...,0), and
0=1(0,...,0) € C". These pure states can be separated by any 7™,

Proof Since y™%(—o0) = diag{—1, I}, we have that fy, ,, (%) = —1 and
fxo,vz(?n’ak) =1 d

Note that the pure states of /@n corresponding to x = oo depend on the pure states
of €, at —oo.
Fork=—-n+1,...,n — 1, introduce

~(nor ~ (oror
J"‘(ozoz)’ J"‘(osz)’

0l 0l ~ 01 Myiil
M; = M; = S
k (M,,+k101)’ k (01 01 )

Lemma 5.4 Take ap(z) = N0 \here N_on+1, ..., Nen—a are distinct odd

integers. For xo € (—00,00) fixed, the C*-algebra generated by the matrices

o~

Y=+l (xg),..., =4 (xg) is equal to My, (C).
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Proof Take x¢ € (—00, 00). We will show that S:= (7™ % (x )}2’5 S 18 linearly
independent for xo # 0. Suppose that

6n—4 6n—4
0= > ap" @) =0x0) | Y, M"%(xo) |[Bxo)l*.
k=—2n+1 k=—2n+1

According to formulas (3.9) and (5.4),

6n—4

0= Y aM"™x)
k=—2n+1
n—1 6n—4

Z Z |:ckA(;k (x0)J; + CkAjk (—Xo)jj:|

j=—n+1k=-2n+1

6n—4

+ Z > [Ckﬂﬁij(XO)MjﬂLCknnﬂ( XO)M:|

j=—n+1k=—2n+1

Since J ={J;, J i Mj, M } it is linearly independent, we have

6n—4
> g =0, j=-2n+1,....6n—4
k=—2n+1
where
/+n(x0) 1f] =—2n+1,...,—1,
A% (—x0) if j=0,...,2n -2,
qi*(xo) =1 J7*

njk_2n+2(xo) if j=2n—1,...,4n -3,
N} gpya(=x0) if j=4n—2,. 6n—4.

Now § is linearly independent if and only if the determinant of (q]qk (x0)) is
nonzero. By formulas (4.3), (4.4), (5.6) and (5.7),

6n—4

1
det(q/k(.x()))j k=—2n+1 — V()C()) det (a/ + ﬂk) ’

jk=—2n+1



400 M. d. R. Ramirez-Mora et al.

where v(x) = (Y (x)2)3 42 (1 + e 2"¥))*=2 B = Ny, and

—=2(j +n) + 2xgi if j=-2n+1,...,—1,
o 2(j —n+1)=2xpi ifj=0,...,2n—2,

—2(j —2n+2) ifj=2n—1,...,4n -3,

2(j —4n+3) ifj=4n-2,...,6n -4

The complex numbers «;’s are distinct for xo # 0, thus

[Toont1<j<k<on—alox — ) (Bx — Bj)
6n—4 7& 0.
[T} om0 + Bo)

det(qf (x0) Yt 51 = v(x0)
This proves that Sis linearly independent in the case xo # 0. Therefore, span S =
<I>(x0)(span J )CD(xo)* Let B be the C*- algebra generated by S. As in the proof
of Lemma 4.2, CD(xo)(span j)cb(xo) I c B It easy to see that Fy ;1 :=
M; Mn 1 =diag {0/, Ej;1,,} for j =0,...,n — 1. Besides

~ ~ 0l E; .
Fj+1 = Mj(Mn—an—l) = (OI jOJrILn> , ] =0,...,n—1.

Note that {F}, F }2" | generates M2, (C). Thatis, {M;, M; }] _o generates M, (C).

Consequently, S generates M», (C).
Take now xg = 0. Then ®(0) = diag {/, I}, and

Angy =i 1 Ay X1 . o |
. = s . = , = —n yee.ea i — 1,
j x Ne—2j 7 Ne+2j 7
21 21
W (0) = — ., 1%0) = — . oJ=1,...2n—1.
O = e—2 O T Ny "
Thus
~ n_l ~ ~
P0) = AGO) To +J0) + DA% 0T +Tj — M)
j=1
n—1 _
+Y AT +T-j =My ))
j=1

+>° [nnﬂ O)M; + 7% (OM; }
j=0
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It can be proved that § = {y™%-2+1(0), ..., y™2-1(0)} is linearly independent
by using the Cauchy double alternant. Thus, the set of matrices {M;, M; };'.;(1) is

contained in span S. We know that {M, M j }7;(1) generates M, (C). a

Lemma 5.5 Let v, w € C?" be unit vectors, and X0, X] € [—00, o0]. Take N an
integernotin {—2n+1,...,2n—1}, and N_2y+1, . . ., Nion—6 distinct odd integers.
Define an(z) = e*N and ay(z) = eM¥ fork = —2n +1,...,10n — 6. Then
Xo = x| whenever

fxo,v(j/\n’aN) = fxl,w(j/\n’aN)

and
Frow @) = fo,w@™), k=-2n4+1,...,10n —6. (5.8)

Proof Let v,w € C?" be unit vectors, and xg,x] € (—o0, 00). Define 7 =
[®(x0)]*v and W = [P(x)]*w. Then fy,,(P"%) = (M"qak(xO)g’ 5> and
fxl,w(?n’ak) = (Mn’ak(xl)lz), 11)) Write v = (Uli, vé)’ and w = (wtl, wé)t, where
v, v2, wi, wy € C". Then

Frow @) = v M™% (xp)v1 + v] N % (—x0)v2

FUb N (xp) vy + V5 M0k (—x0)va. (5.9)

We have a similar representation for fy, ., (7" %). Introduce the complex numbers
bfj(x) = +(@2j —2xi)forj = —n+1,...,n — 1, and bg; = +2j for j =
1,...,2n—1.Equations (5.8) can be written as Ro(Nx) — R1(Ny) = 0, where Ro(z)
and R (z) are rational functions of the form (4.6). In fact, Ro(z) can be obtained
using formulas (3.9), (4.3), (4.4), (5.4), (5.6) and (5.7) in the right-hand side of (5.9).
Thus, the singularities of Ry(z) are the complex numbers bfj (x0) and b;ﬁj = +£2j.

Note that Ro(z) and R;(z) share the singularities bzij. If x9, x; # 0and x9 # xi,
the rational function R(z) := Ro(z) — Ri1(z) has at most 12n — 5 roots. If xo = 0
and x1 # 0, then R(z) has 8n — 4 singularities, and thus it has at most 8n — 3 roots.
Thus, Egs. (5.8) imply that xo = x7.

Take xo # 0, and suppose that fy,.,(7""%) = fooo, ¥"%) for all k =
—2n +1,...,10n — 6, where v; and vy are given in Lemma 5.3. We have that
S=co,0; (%) = —1 and f_co y, (¥™%) = 1 for any k. Since R(z) := Ro(z) £ 1
have at most 8n — 4 roots, the pure states fy, , and f_,y, can be separated.

Finally, take xo = 0. Since N ¢ {—2n + 1,...,2n — 1} we have Aj."’ 0 =

A(;N(O) =0forj =-n+1,...,n—1, and n?N(O) = an(O) = 0 for j
1., 20 — 1. Thatis, 9% (0) = 0. Thus fuy »(P™) # f-ne P™4¥). O
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Abstract Using the approach based on sesquilinear forms, we introduce Toeplitz
operators in the analytic Bergman space on the upper half-plane with strongly
singular symbols, derivatives of measures. Conditions for boundedness and com-
pactness of such operators are found. A procedure of reduction of Toeplitz operators
in Bergman spaces of polyanalytic functions to operators with singular symbols
in the analytic Bergman space by means of the creation-annihilation structure is
elaborated, which leads to the description of the properties of the former operators.
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1 Introduction

In a series of papers [5-8] the authors developed the approach to defining the
Toeplitz operators in Bergman type spaces by means of bounded sesquilinear forms,
which permitted them to study Toeplitz operators with strongly singular symbols.
The cases of the classical Bergman space of analytic functions on the unit disk
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D and the Fock space on the whole complex plane were considered. For further
characterizations and sufficient conditions for boundedness (and compactness) of
Toeplitz operators on Bergman spaces of the unit disk, see [9, 10, 13], and references
therein.

The present paper is devoted to the study of such Toeplitz operators in one more
classical Bergman space, the one of analytic functions on the upper half-plane TII,
square integrable with respect to the Lebesgue measure. It is well known that for
sufficiently regular, say, bounded symbols, the theories of Toeplitz operators in the
Bergman spaces on the disk and on the upper half-plane are equivalent, in the sense
that the Mobius transform

Z—1i
z|—>§=M(z):=1_iZ:H—>]D), (1.1)

generates the mapping

1
U:fr-g=Uf (Uf)(z)=f(M(Z))(1_l.Z)2,Z€H, (1.2)

which is an isometry of the Bergman spaces A%(D) and A; := A%(IT). However,
when passing to more singular symbols that generate Toeplitz operators via
sesquilinear forms, the boundedness conditions no longer carry over in such a simple
way.

In the present paper, we introduce Carleson measures for derivatives of order k
(k-C measures) for the Bergman space on the half-plane and find conditions for a
given measure to be a k-C measure. As usual, these conditions are sufficient for
complex measures but are also necessary for positive ones. An estimate for the
properly defined norm of k-C measures, with explicit dependence on the derivative
order k, is obtained. This makes it possible to consider strongly singular symbols,
containing derivatives of unbounded order.

The above results are applied to the study of Toeplitz operators in polyanalytic
Bergman spaces on the upper half-plane, using the creation-annihilation structure
discovered in [2, 12].

2 The Bergman Space on the Half-Plane and Related
Structures: Singular Symbols

Similar to the hyperbolic metric on the disk, the pseudo-hyperbolic metric on the
half-plane is useful. As known, for z, w € TI, the pseudo-hyperbolic distance
between z, w is defined by

d(z, w) = ‘Z

—w
z—w|’
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We will denote by D(z, R), z = x + iy, R < 1, the pseudo-hyperbolic disk in II,
centered at z with ‘radius’ R. It is easy to check that the disk D(z, R) coincides with
the Euclidean disk B(w, r),

1 + R? 2R
+ r= a2

D iy, R) = B(w,r), wh = J )
(x +iy,R) (w,r), where w x+ll—R2y |- R?

Thus, the area of the disk D(z, R) equals (‘YfiR;Zy;.

Conversely, the Euclidean disk B(x 4 in, r) € Il is the pseudo-hyperbolic disk
D(x + iy, R) with

2 2

n n 1—R
R= - —1 d = .
\/ R ey 3

Note that, while the pseudo-hyperbolic radius is fixed, the y-coordinate of the center
of the pseudo-hyperbolic disk is proportional to the corresponding coordinate of the
Euclidean disk.

Recall that the Bergman space A; = A2(I) is a subspace in L?(IT) which
consists of functions analytic in IT. It is a reproducing kernel space, with the
reproducing kernel « (z, w) = — (7w (z — w)?)~!. Thus, the integral operator P = Py
with kernel « (z, w) is the orthogonal (Bergman) projection of L2(IT) onto A2(IT).
This projection is connected with the Bergman projection Py for the Bergman space
A% (D) by means of the operator U in (1.2):

Pp = U'PpU. (2.2)

Given a bounded function a(z), z € I, the Toeplitz operator in A; is defined in
the usual way as

(Ta f)(z) = (Paf)(z) = /HK(Z, w)a(w) f(w)d A(w), (2.3)

d A being the Lebesgue measure. This operator is bounded in .41, as a composition
of two bounded operators. The function a(z) is called the symbol of the Toeplitz
operator. It was the object of many studies to extend this definition to symbols being
objects, more singular than bounded functions, still producing bounded operators.
This program was implemented, in particular, in [5, 6] for the Bergman space on the
disk and for the Fock space. Now we follow the pattern of these papers for the upper
half-plane case.

The first stage here is considering (complex) measures as symbols. Let u be an
absolutely continuous measure on I1, with a bounded density a(z) with respect to
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the Lebesgue measure d A. Then the action of operator (2.3) can be written as

(Ta f)(2) = Paf)(z) = /HK(Z, w)a(w) f(w)dA(w) = /HK(Z, w) f(w)du(w).
2.4)

Such a definition of the Toeplitz operator by means of the expression on the right-
hand side of (2.4) can be, at least formally, extended to measures p which are not
necessarily absolutely continuous with respect to A with bounded density, and even
to those that are not absolutely continuous with respect to A at all; what is, actually,
needed is just the boundedness of the operator defined by the right-hand side in
(2.4). To find some effective analytical conditions for this boundedness is rather a
quite hard task. At the same time the approach based upon sesquilinear forms turns
out to be very efficient here. In fact, in case of du = a(z)d A(z), we consider the
sesquilinear form F [ f, g] = (T4 f, g), where f, g € A;. By the above definition
of the operator T,

Fulf. gl = (Paf, g) = (af,Pg) = (af, 8) = 2.5

/Ha(z)f(z)g(z)dA(z)=/Hf(z)g(z)du(Z), f.g €A

The left-hand side in (2.5) is defined for a being a (sufficiently nice) function,
however, the right-hand side makes sense for a measure p and can be thus used
for a definition of a Toeplitz operator. The sesquilinear form (2.5) defines a bounded
operator in 4; in case it is bounded, i.e., [F,[ f, g1l < C|l fllgll. This boundedness
follows, as soon as the inequality

<ClfI? (2.6)

‘ / |f ()17 du(z)
I

is satisfied for all f € 3. This estimate is, surely, satisfied provided

fn If@1PdIu@)| < ClIfI%

where || denotes the variation of the measure w. Note that the considerations
involving sesquilinear forms are essentially more convenient in analysis since they
evade using reproducing kernels and deal with inequalities containing only the
functions f, g and the measure .

Measures @ subject to the estimate (2.6) are called Carleson measures for the
space A;. A description for such Carleson measures was given for the case of the
Bergman space on the disk, for the Fock space and some other Bergman and Hardy
type spaces, see, e.g., [14—16]. The criterion for a measure to be a Carleson measure
for A; follows from the known one for the space A(D).
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Proposition 2.1 Let i be a complex Borel measure on Il. For a fixed R € (0, 1), if
ul(D(z, R)) < C,A(D(z, R)), z€lIl, R<1, 2.7)

with constant C;, not depending on z, then the sesquilinear form (2.5) is bounded
in Ay. That is, the inequality (2.6) is satisfied for all f € Ay, with constant C =
C(R)Cy, where C(R) depends only on R. If the measure | is positive, the condition
(2.7) is also necessary for the sesquilinear form (2.5) to be bounded.

Proof The result follows from a similar statement concerning Carleson measures
for the Bergman space on the disk, see, e.g., [14], by means of the unitary
equivalence (2.2). A reasoning establishing directly this property can be found, for
example, in [1, Proposition 2.6]. O

We note here that the condition (2.7) can be (although just formally !) relaxed,
when replaced by

Inl(D(z, R)) < C,A(D(z, Ry)), z€ll, R<1, (2.8)

with any fixed Ry > R. This remark will be used when considering Carleson
measures for derivatives later on. A measure u on IT, having compact support, can
be considered as a distribution in £’ (IT). At the same time, the function f(z)g(z) is
infinitely differentiable in I1, f(z)g(z) € £(I1), moreover, it is real-analytic in IT.
Thus, this function can be represented as

f(2)g(z) = Diag*(f ® §) = Diag"((f ® D(1 ® g)),

where Diag is the diagonal embedding of IT into IT x II, Diag(z) = (z,2),
and Diag* is the induced mapping A; ® A; to 2A(IT) (the space of real-analytic
functions), Diag *(f ® g) = f(z)g(z). We denote by M the image of A; ® Aj in
2A(IT) under the mapping Diag *. Therefore the expression (2.5) can be understood
as

Fulf. gl = (1, f(2)8(2)) = (u, h), with h =Diag*(f ® g) € A, (2.9

where parentheses denote the intrinsic paring of £'(IT) and £(IT). Proposition 2.1
can be now understood in the sense that as soon as the condition (2.7) is satisfied,
the sesquilinear form (2.9) can be extended to M for the measure p not necessarily
having compact support. Moreover, the estimate |(u, 2)| < CullflllIgll, h € M,
holds. We recall here how such extension of the distribution is standardly performed;
this will make our further considerations for distributions of more general nature
more clear.

Let u; be a sequence of measures with compact support, each one in a (closed)
quasi-hyperbolic disk D; & IT of radius r, and let these disks form a covering of I1
with finite multiplicity m: each point of IT is covered by not more than m disks D;.
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Suppose that for each measure u j, the estimate [F,; [ f, g]l < CIlflllg|l is satisfied,
with the same constant C. Then, we can sum up such estimates over j and, using
the finite multiplicity property, arrive at the same estimate for the measure u =
> wj, automatically locally finite in IT (just with a controllably larger constant.)
This line of reasoning, considering first the distributions in £'(IT), with compact
support, obtaining proper estimates, and extending then these estimates to certain
distributions without compact support condition, so that the estimates hold on A,
will be further implemented for more general distributions.

A few words to explain our philosophy. Let €2 be an open subset in C (2 = IT in
our case). If F is a distribution in £'(2) i.e., a distribution with compact support
in €, its derivative, say, 0 F is standardly defined as the distribution d F acting
on functions ¢ € £(Q) by the rule (3F, ¢p) = —(F,d¢p). If, however, F is a
distribution in a wider space, F € D’'(R2), the action (3 F, ¢) is not necessarily
defined for all ¢ € £(£2). In particular, if ¢ is a nontrivial function in the Bergman
space or a function in M, it can never belong to D(£2), so the action of F on such
functions and, further on, the definition of derivatives of F needs to be specified
anew, however being consistent with the usual definition. In what follows, we
consider a class of distributions for which such construction works, preserving the
usual properties of distributions. The natural compensation for this frivolity is the
narrowing of the set of functions on which such ‘distributions’ act.

3 Carleson Measures for Derivatives

Following the pattern in [5, 6], we introduce now a class of sesquilinear forms
involving derivatives of functions f, g, corresponding thus to (formal) distributional
derivatives of Carleson measures.

Definition 3.1 Let © be a regular complex measure on I1 and «, 8 be two
nonnegative integers. We denote by Fy g, the sesquilinear form

Fopulf gl = (—1)“+ﬁ/ I f()dPg()du(2), f ge A, (3.1
mn
which we denote as well by

Fopulf, gl = (3%, £). (3.2)

This definition is consistent with our approach as explained above. In fact (3.1),
(3.2) act as the definition of the action of the “distribution’ 3*9# 1 on elements in
Aj. Note that this is consistent with the standard distributional definition of the
derivative of a measure in the case when u is a compactly supported measure in IT.

The first set of properties of such forms and corresponding operators, similar to
the ones for other Bergman spaces, is the following.
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Theorem 3.2 Let 1 be a measure with compact support in Tl and let o, B be
nonnegative integers. Then

1. Forany f, g € Ay, the integral in (3.1) converges, moreover,

F(f. gl =Fupulf gl = 0% u, £2),

where the derivatives are understood in the sense of distributions in £'(IT) and
the parentheses mean the intrinsic paring in (£'(I1), £(I1)).
2. The sesquilinear form (3.1) is bounded, considered on Ay x Ay and therefore
defines a bounded Toeplitz operator by (Tr f, g) = FI[f, g, or
(Tr f)(z) = FLf, k;(-)], where, as usual, k,(w) = k(z, w) = k(w, 2).
. The sesquilinear form (3.1) determines a compact Toeplitz operator Ty in A;.
4. If 5,(TF) denote the singular numbers of the operator Ty, then the following
estimate holds

(O8]

sp(T) < Cexp(—no), neN, 3.3)

where o > 0 is a constant determined by the measure . and integers o, B.

Proof The property (4) absorbs the other ones, so we will prove only it. Due to
Ky Fan’s inequalities for singular numbers of compact operators, it is sufficient to
establish (3.3) for a positive measure p. Consider a closed Euclidean disk B C I1
with radius R such that for some r > 0, the support of u lies strictly inside B, thus
dist(z, dB) > r > O for all z € supp u. The Cauchy integral formula implies that
forany z € suppp and any o € Z,

9% FD)I < Ca /BB @RI

for each function f € A, with constant C,, depending only on ¢, but not depending
on f and z. By the same reason, for any z € supp u, the estimate

0 @I < Ca/ |F(OPdAQ) (3.4)

|£—z|€(R,R+r/2)

holds. By the Cauchy-Schwartz inequality,

1 1

2 2

|Fa,ﬂ,u[f,g]|s</ |a“f<z>|2d|u|<z>> (/ |aﬂg(z>|2d|u|<z)) :
supp 1 supp u

for all f, g € A;(IT), and then, due to (3.4),

Fo.p.ulf, 81l < CoChll B Il 2py gl 12081
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The last relation means that the sesquilinear form Fy g, is bounded not only in
A1 (IT), but in A (B’) as well, where B’ is the Euclidean disk B’ = B(z, R + r/2).
Now we represent the Toeplitz operator TF as the composition

Tr = TFAI(B/)IBQB’IB’QIL (3.5)

where Ip=p @ A1(B) - Ai(B), Ip=n @ Ai(IT) — A((B’) are operators
generated by restrictions of functions defined on a larger set to the corresponding
smaller set. The equality (3.5) can be easily checked by writing the sesquilinear
forms of operators on the left-hand and on the right-hand side. Finally, the first and
the third operators on the right-hand side are bounded, while the middle one, the
operator generated by the embedding of the disk B to B’, is known to have the
exponentially fast decaying sequence of singular numbers see, e.g., [3]. O

Remark 3.3 Using the results in [3], one can give an upper estimate for the constant
o in (3.3). In fact, let O C D be the image of supp u in the unit disk, under
the mapping (1.1). We denote by C(Q) the set of connected closed sets V. C D
containing Q. For each V € C(Q), let cap(V) denote the logarithmic capacity of V
(see the definition, e.g., in [3]) and we set ¢(u) as

c = inf V).
(n) v E18(Q)cap()

Then estimate (3.3) holds for any o < ¢(u). In fact, for a positive measure u,
a, B = 0, and for a connected set Q, the asymptotics of the singular numbers of
the Toeplitz operator was found in [3], and our estimate for the exponent in (3.3)
follows from this result and the natural monotonicity of singular numbers under
the extension of the set where the measure is supported. Our considerations give
only the upper estimate for these singular numbers. It is remarkable that for a non-
connected support of the measure, even in the setting of [3], the terms in which the
singular numbers asymptotics or even sharp order estimates can be expressed are so
far unknown.

Next, we present our main definition.

Definition 3.4 A measure on IT is called a Carleson measure for derivatives of order
k (k-C measure) if for some constant C () > 0,

Fr ulf, F1l = ‘ /H 195 F(2)Pdu)| < Cewll £1I? (3.6)

forall f € Aj.

Now, we find a sufficient condition for a measure to be a k-C measure. Here it is
important to control the dependence of the constant Cy (u) in (3.6) on the number k.
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Theorem 3.5 Let y € (0, 1) be fixed, and let the measure pu on Il satisfy the
condition

[ul(D(z0, ¥)) < @i ()| Im 20]** A(D(z0. ) (3.7)

with some @, (1) for all zo € T1. Then inequality (3.6) is satisfied, with Cy (L) =
(k") %, (,u)y_z”‘, that is, u is a k-C measure.

Proof Given a point zg € I, the pseudo-hyperbolic disk D(zg, ) coincides with
the Euclidean disk B(wyg, s), where their centra and radii are connected by (2.1).
We write then the standard representation of the derivative at a point w, |wp — w| <
s1 < s of an analytic function f(w):

FOw) = k!(2m)’1/ € —w X ro)de, si <o <s. (3.8)
lwo—¢|=0

Now we fix 52 € (s1, s) and integrate (3.8) in o variable from s; to s, which gives
us the estimate

If(")(w)lS(s—sz)_lk!(Zﬂ)_lf | £ —wl ™ F@)IdAQ).
s2<|wo—C[=<s

We choose then s; = is, sy = 2s. The inequality [ — w| > és, together with the

Cauchy-Schwartz, yield

O W) < (572 2kin! / F(©IdAQ)

lwo—¢|<s

1
2
sj (s/2)" %Dy ( / If(;“)Isz({)) ,
T lwo—¢|<s

or

IO w)? < @/m)(s/2) 72D (k12 / |f(0)PdA©). (3.9)

lwo—¢|<s

The estimate (3.9) holds for all w, |lw — wg| < s1 = s/4. Therefore we can
integrate it over the Euclidean disk B(wyo, s1) with respect to the measure p, which
gives

f | £ (w) 2d e (w)
B(wo,s1)

< |l(B(wo, s1))(4/m)(s/2) 2%V (k1) / IF(OIPdAQ). (3.10)

lwo—¢|<s



412 G. Rozenblum and N. Vasilevski

We substitute now the estimate (3.7) into (3.10) and use (2.1) to arrive at

/ LF® () Pdp(w)
B(wo,s1)

< @) Y& m(s/2)*(@4/m) (s /2) 2* D (k1)? /| ‘ IF(OIPdAQ)
wo—C|<s
< o) y 2K (k) /| P,
wo—<¢|=<s

or, returning to the pseudo-hyperbolic disks,

< @) y 2 (k? / IF(OIPdAQ),

D(z0,y)

/ LF O (w) Pdp(w)
D(z1,y1)

@3.11)

where D(z1, y1) = B(wog, 1) C B(wog, s) = D(z0, V).

Now we follow the reasoning in [14, Theorem 7.4], where estimates of the
type (3.11) were summed to obtain the required k-Carleson property. One just
should replace the hyperbolic disks with pseudo-hyperbolic ones. Like in [14], it
is possible to find a locally finite covering E of the half-plane IT by disks of the
type D(z1, y1), with z; € TI, so that the larger disks D(zo, y) form a covering &
of IT of finite, moreover, controlled multiplicity. The latter means that the number
m(ﬁ) = max;cq #{D € Zize D} is finite. After adding up all inequalities of the
form (3.11) over all disks D = D(z1, y1) € &, we obtain the required estimate for
Julf©Pdp. o

Having Theorem 3.5 at our disposal, we introduce the classes of k-C measures.

Definition 3.6 Fix a number y € (0, 1). The class 9% ,, consists of measures p on
IT such that

@iy (1) = sup(lul (DG, ¥))(Im ) 2ED 2y =Ry < oo,
z€e

Theorem 3.5 implies that the class smk,y consists of k-C measures. This class, in
fact, does not depend on the value of y chosen, however the value @y, (1) does.
It is convenient to extend the definition of 91 ,, to half-integer values of k:

Definition 3.7 Letk € Z+—|—é be a half-integer. The class My ,,, ¥ € (0, 1) consists
of measures satisfying

@1y () 7= sup {1l (D)) (m 2P+ 17y | <00 (G12)

Further on, the parameter y will be fixed and will be often omitted in our notations.
The quantity @y (n) will be called the k-norm of the measure w. According to



Toeplitz Operators with Singular Symbols 413
Definition 3.7, the spaces 9, for different k € Z /2 are related by
My = (Im 2>y,
with
@) = y*OC K+ 1)/ T+ D)o ().

Theorem 3.5 enables us to find conditions for boundedness of the operators
defined by differential sesquilinear forms Fy g, in (3.1). They look similar to the
corresponding conditions for sesquilinear forms in the Bergman space on the unit
disk and are derived from Theorem 3.5 in the same way as Proposition 6.8 is derived
from Theorem 6.3 in [6], so we restrict ourselves to formulations only.

Theorem 3.8 Let the measure v satisfy (3.12) with some k € Zy /2. Then for
o, B €2y, a+ B =2k, the sesquilinear form

Fupul f, gl = (1" fn 9 fob gdu

is bounded in Ay and defines a bounded Toeplitz operator Ty g ;. in the Bergman
space Ay, moreover its norm is majorated by wy (1).

Taking into account our above agreement concerning distributional derivatives of
measures without compact support condition, Theorem 3.8 can be reformulated as

Theorem 3.9 Under the conditions of Theorem 3.8, the sesquilinear form
Fy.p0, LS 81= (0°0P 1, [2)

is bounded in Ay and defines a bounded Toeplitz operator T in Aj.

%3P u
As usual for Toeplitz type operators, boundedness conditions lead to compact-
ness conditions, formulated in similar terms.

Theorem 3.10 For R > 0, denote by Qg the rectangle in T1:
Or={z=x+yel:xe(—R,R),ye (R, R).

Suppose that « + B = 2k and

lim  sup {|ul(D(z,y)) Im 2)2* D0k + 1)2y*2k] =0. (3.13)
R—)OOZEH\QR

Then the operator T is compact in Aj.

3%3P
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Proof Tt goes in a standard way. Split the measure y into two parts, ;4 = g + (g,
where g has support outside Q and ', has compact support. Correspondingly,
the operator T,,, Bu splits into two terms, Tz + T%. The first operator, by
Theorem 3.9, has small norm, as soon as R is chosen sufficiently large. The operator

T’ is compact by Theorem 3.2. Therefore, T.., Bu is compact. O

4 Examples

We give some examples of symbols-distributions and -hyperfunctions. More exam-
ples can be constructed, following the pattern seen in [5, 6].

Example 4.1 Let the measure 1 be supported on the lattice L. = Z + iN. With an
integer point n = (n1 4 inz) we assign the weight my > 0. Suppose that sup, mp <
o0o. Then the Toeplitz operator, with the measure © = ), my§(z —n) as symbol, is
bounded.

Example 4.2 In the setting of Example 4.1, consider the Toeplitz operator with
distributional symbol pq g w = W(@m)3%9P 1, where W(n) is a weight function,
W +inp) = |n2|_°‘_’3. Then the conditions of Theorem 3.9 are satisfied for
the measure W(n)u and, therefore, the Toeplitz operator with symbol iy g w is
bounded. If W(n) is a function on the lattice satisfying W(m) — 0 as |n| — oo
then, by Theorem 3.10, this Toeplitz operator is compact.

Example 4.3 In the setting of Example 4.1, consider the, initially formal, sum

a=7) Wmy™ohu((n)),

nell

where (o, fn) is a collection of orders of differentiation and W(n) is a weight
sequence. This is a sum of distributions supported at single points of the lattice L.
To each of them, we can apply Theorem 3.9 and obtain an estimate of the norm of
the corresponding sesquilinear form Fy,, where the order kn, = oy + fp is involved:

[Ful £, gll < CIW@m)|((an!Bul)(y/2)~Cnthp athny £1g|
= CIWm)|cm| fllgll (4.1)

A rough way to estimate the sesquilinear form F, would be to consider the sum of
the terms in (4.1),

[Falf, g1l < Y _(Wmlzm)ll£1lligl, (4.2)

so the sesquilinear form is bounded as soon as the series in (4.2) converges. A more
exact treatment uses the finite multiplicity covering by disks containing no more
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than, say, 10 points of the lattice IL similarly to how this was done in Sect. 2. In this
way, the sesquilinear form is majorated by a smaller quantity,

[Falf, gll < sup{({W )|z ) [ fIllIgl}.

for which the finiteness condition requires a considerably milder decay requirement
for W(n) than the finiteness of the coefficient in (4.2).

Now we consider some symbols with support touching the boundary of the upper
half-plane IT.

Example 4.4 Let £; C Il be the straightline {z =x +iy:x e R, y = 27/}, and
w;j be the measure W(j)8(L;) with some weight sequence W (). In other words,
it is the Lebesgue measure on the line £; with the weight factor W (). The sum
w=> i is a measure on I1, which, however, does not have compact support in

I1. By Definition 3.6, the measure 1 belongs to the class Mo ,, (say, for y = %), as
soon as W(j) = 0(2%).

Example 4.5 For the same system of straight lines £; we consider
=Y Wi =Y WHISWL) =D (/I W(Hd®ds(y —277)).
J J J
(4.3)
In (4.3), ¢ is a formal sum of distributions W(j)g;, each being a derivative of a

measure, of unbounded orders, and this formal sum corresponds to the sesquilinear
form

Folf gl=) Folfigl=) (=))W /£ o/ f - gdx. (4.4)
J J i

The sequence of weights W (j) should be chosen in such a way that the sum (4.4)
converges for f, g € A; and, moreover, is a bounded sesquilinear form on A;. By
Theorem 3.8, the measure u; = 1 ® §(y — 27/) belongs to the class 90, ,, with
estimate

@y (1)) < C2/Y)H (jH2

Thus, if the sum )~ ; W ( /) (j1)? is finite, the sesquilinear form (4.4) is
bounded on A;.
5 The Structure of the Bergman Spaces

Along with the Bergman space .A; of analytic functions on IT, we consider spaces
of polyanalytic functions. We denote by A;, j = 1,2,... the space of square
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integrable functions on IT satisfying the iterated Cauchy-Riemann equation 3’ f=
0 (the reader was, probably, intrigued by the subscript in the notation A;—now
its use is justified). Of course, A; C Ajs for j < j’, so, to get rid of these ‘less
polyanalytic’ functions, the true polyanalytic Bergman spaces have been introduced
(see [11]), by

Ap=Aj0 A1 =AiNA7,, j=2,...; Ag = AL
Worth mentioning is the following direct sum decomposition of L (IT):

Ly = P A & P A,

neN neN

where VZ( ) are true poly-antianalytic Bergman spaces (see, for details, [11]).

For these poly-Bergman spaces on the upper half-plane, there exists a system of
creation and annihilation operators, described in [2, 12]. These operators are two-
dimensional singular integral operators,

u(z)dA(z)
(z — w)?

u(2)dA(z)
Z—w)?’

! 1
Snu)(w) = . fn and  (Spu)(w) = - fn

Being understood in the principal value sense, they are bounded in L?(IT) and
adjoint to each other. They are, in fact, the Beurling—Ahlfors operators compressed
to the half-plane, and are surjective isometries,
Sm Ay = A+, St AGy — A=, 7> 1, 6.1
St A = Ag+ns S Ag = Ag-n, J> 1

while
St A1 — {0}, Sm: A — {0).
Thus, in particular, we have surjective isometries
Sm)’ Ay = Agj+1)(ID).

Formulas (5.1), possessing the structure similar to the ones of the Landau
subspaces for the Schrodinger equation with uniform magnetic field, justify calling
S, S’ﬁ creation and annihilation operators.

Remark 5.1 Here one can notice a certain discrepancy in notations: S denotes
usually the annihilation operator in the poly-Fock spaces while Si; denotes here
the creation operator in the poly-Bergman spaces—however, this is the tradition
and we do not want to break it.



Toeplitz Operators with Singular Symbols 417

The operators S7, restricted to A;, admit a representation, found in [4], which is
much more convenient for using in further reductions.

Theorem 5.2 ([4, Theorem 3.3]) Foru € A,

3z —2u@)] .

(Sf)(2) = i > 0. (52)

Note that the isometry U of the Bergman spaces on the upper half-plane IT and
on the disk D is not carried over to the poly-analytic Bergman spaces.

6 Relations Among the Toeplitz Operators in the True
Poly-Bergman Spaces

Let a be a distribution on I1, defined at least on C°°(IT) N L!(IT). We consider the
sesquilinear form

Fulu,v] = (au, 0) = (a,ud), u=SLfe Ajin, v=S5hge Ajrn,
6.1)

with f, g being elements of the standard orthonormal basis in A(jy. The sesquilinear
form (6.1) is defined for f, g in the basis in A(j) and can be extended by
sesquilinearity to the linear span of the basis. If it turns out that (6.1) is bounded
on this span, it can be extended by continuity to the whole .41y and thus it would

define a bounded operator in Aqy. On the other hand, since S{-[ is a unitary operator,
F,[u, v] can be therefore extended to a bounded sesquilinear form defined for u, v
being arbitrary elements in A(;41), thus defining a bounded operator in A(;11).
The present section is devoted to finding an explicit relation between these two
operators. Further on, in this section we will only use the Hilbert space L(IT, dA)
and therefore we will suppress the notation of the space in the scalar product (., .);
the parentheses (., .) still denote the action of a distribution on a smooth function,
without the complex conjugation. Since u, v are elements in the poly-Bergman
space, the product 1 ¥ is a smooth function in L' (IT).

The following result leads to establishing a relation between Toeplitz operators
in the true poly-Bergman space Ay and the Bergman space A;.

Proposition 6.1 Let a be a distribution in the half-plane T1. Then

Fulu,v] = F,[S], f,Shel = (a,S], fShe) = (Kya) £, 8), (6.2)
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with S{-[ defined in (5.2), where K(;) is a differential operator of order 2j having
the form

K(j) = K (A(*), 0(y), 0(y-), (6.3)

and KC(jy being a polynomial of degree j. Moreover, if we assign the weight —1 to
the differentiation and the weight 1 to the multiplication by y, with weights adding
under the multiplication, then all monomials in K(jy have weight 0.

Proof We demonstrate the reasoning for the case j = 1. The general case uses
the same machinery with some tedious bookkeeping. We set u = Sii f, v = Sng
and consider the sesquilinear form F,[ f, g] = (ad(yf), d(yg)) = (a, (yf)I(yg))
for f, g being some elements in the standard orthonormal basis in A(IT). Due to
9* = —0:

(@, d(yf)d(yg) = (a, (—if + ydf)(—ig + ydg)) (6.4)
= (a, f§) + (a, —ifydg) + (a,igydf) + (a, y*(3)g)

(the last transformation uses dg = 0). For the second term on the right-hand side in
(6.4), by the general rules of manipulation with distributions, we have

(a, —ifydg) = (—iya, fdg) = (—iya, d(fg)) — (—iyF, (3 f)g) = (d(iya), f§),

because 3 f = 0. The third term on the right in (6.4) is transformed in a similar way,
and for the last one,

(a,y*3f08) = (y%a, 3(3f§) — 3(df)g) = —(3(y*a), (3f)§)
= —0(%a), 3(f3) — (f38) = 33(y*a), f3),

again, the terms in curly bracket vanishing due to g = 0. Collecting the terms in
(6.4), after simple transformations, we obtain the required relation.
For higher order, the procedure of transformation is similar, by means of

formally commuting a and factors in the creation operators S{-[ in the expression

(aS{; f.Shg) = (a, S} fS}8), so that the Cauchy-Riemann operator falls on the
functions f, g, while any commutation with a produces a derivative of a. It remains
to notice that when commuting the terms in the expression on the left-hand side
in (6.2), the weight of the terms does not change. Alternatively, one can make the
calculations similar to the ones shown above, again by moving the Cauchy-Riemann
operator to the functions f, g and on F.
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To make the general reasoning more transparent, we present here our transfor-
mations for the case j = 2. So, we set u = Slz-[ fiv= Szng. We start with

Fulu, v] = F[S% [, Shgl = (S4 f)a, She) = —2((0* (2 f) x a), 32 (y*8)).
(6.5)

We expand in (6.5) the derivatives of the product by the Leibnitz formula, to obtain
Folu, vl = 0* (2 f)a) = 20((y° ))da) + 2 [8%a. 5% (y*3). (6.6)

Now we carry over the derivatives 9, 32 to the second factor in (6.6) (this is legal
due to the definition of the derivatives of distributions):

Folu,v] = ((y* f)a, 3*(3*(»*%))) (6.7)
+2((y* f)da, 3(3*(y?8))) + (> f8%a, 3*(y*3).

We consider then the terms in (6.7) separately. In the first term, we commute 9>
and 3 in the second factor:

*(0%(y*3)) = (3> () = 10%(3),
since dg = 0. Therefore, the first term in (6.7) transforms to

(P f)a, 328) = 3@ fa). ) = 3 (fI*(*F). §)
= (fKia, 8) = Kya, fg),
with Kja being the distribution
Kia = %52(y2a).
Next, for the second term in (6.7), we have

2((y* f)da, (3% (%)) = —2((y* f)da, 3*3(y*8))) =
2((y* f)da, 3*(yg)) = 2(3%(y* fda), yg).

Now,
32(y2 fda) = f3%(y*da) = f(20a + 2ydda + y*3%da).
Thus, the second term in (6.7) equals to

2((y*f)da, 3% (y*2) = (fKaa, §) = (Kaa, f8),
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where
Kya = y(20a + 2ydda + y*9%0a).
Finally, the third term in (6.7) is transformed as
(v f9%a, 0°(y°®) = (3 fy*0%a, y3) =
(f3*(0a), y*8) = (fY*9° (@), §) = (fKsa, §) = (Kza, f8),

where Kza = y%8%(y%a). A simple bookkeeping shows that the operators
K, K3, K3 have the structure claimed by the theorem, Koy = K; + Ky + Kj.
Note again that although the distribution @ does not necessarily have compact
support in IT, our definition of derivatives of such distributions conserves the formal
differentiation rules we used in these calculations. O

As explained above, the equality (6.2) extends to the whole of .4, as soon as we
know that the right-hand side or on the left-hand side is a bounded sesquilinear form
in Aj. Thus, the statement of Proposition 6.1 can be formulated as the following
theorem.

Theorem 6.2 The operators T,(A(j+1)) and T, (A1) are unitarily equivalent (up
to a numerical factor) as soon as one of them is bounded. In this case, if one of
these operators is compact, or belongs to a Schatten class, or is of finite rank, or
zero, then the same holds for the other one.

The terms in the differential operator Ky can be regrouped so that it takes the
form

K(j) = Z bp’ﬁ’q(a)l’(é)ﬁAqu+ﬁ+2q.
p+p+2g=<2j

Now we can apply the boundedness conditions obtained earlier, in Sect. 3,
for differential sesquilinear forms to obtain boundedness conditions for Toeplitz
operators in true poly-Bergman spaces.

Theorem 6.3 Let j be a measure on T1 such that y*u are k-C measures for A,
fork =0,1,...,2j. Then the sesquilinear form f fgdu is boundedin A1y and
defines a bounded Toeplitz operator in A(j 1. If, moreover, yku are vanishing k-C
measures for Ay, then the corresponding operator in Aj 1) is compact.
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Abstract Following the general scheme of Connes quantization we obtain interpre-
tation of Schatten and interpolation ideals of compact operators in a Hilbert space in
terms of function spaces. The main attention is paid to the case of Hilbert—Schmidt
operators. In one-dimensional case the symmetry operator is given by the Hilbert
transform. In the case of several variables the symmetry operator can be defined in
terms of Riesz operators and Dirac matrices.
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One of the goals of noncommutative geometry is the translation of basic notions
of analysis into the language of Banach algebras. This translation is done using the
quantization procedure which establishes a correspondence between function spaces
and operator algebras in a Hilbert space H. The differential df of a function f
(when it is correctly defined) corresponds under this procedure to the commutator of
its operator image with some symmetry operator S which is a self-adjoint operator
in H with square S = I. The image of df under quantization is the quantum
differential of f which is correctly defined even for non-smooth functions f. The
arising operator calculus is called the quantum calculus.

In this paper we will give several assertions from this calculus concerning the
interpretation of Schatten and interpolation ideals of compact operators in a Hilbert
space in terms of function spaces on the circle. The main attention is paid to the case
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of Hilbert—Schmidt operators. The role of the symmetry operator S is played in this
case by the Hilbert transform. In the case of function spaces of several variables the
symmetry operator can be defined in terms of Riesz operators and Dirac matrices.

Briefly on the content of the paper. In the first Section basic definitions related
to the ideals in the algebra of compact operators in a Hilbert space are recalled. In
the second Section we introduce the quantum correspondence and formulate several
assertions giving an interpretation of some operator algebras in terms of function
theory. In the third Section we consider the ideal of Hilbert—Schmidt operators and
present its interpretation in terms of function spaces. The fourth Section is devoted
to the interpretation of Schatten and interpolation ideals. In the last fifth Section we
consider the quantum differentials in spaces of functions of several variables.
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1 Ideals in the Algebra of Compact Operators

Let T be a compact operator in a Hilbert space H and |T| = «/T*T is the non-
negative square root of 7*T. Denote by {s,(T)} the sequence of singular numbers
(s-numbers) of operator T' given by the eigenvalues of the operator |T | numerated
in the decreasing order:

so(T) = s1(T) > ...

so that s, (T) — 0 forn — oo.
The singular numbers of 7 may be computed from the minimax principle,
namely:

su(T) = igf{||T|EL|| . dimE = n}

so that s, (T) coincides with the infimum of the norms of restrictions of T to the
orthogonal complements E- of different n-dimensional subspaces £ C H. In fact,
this infimum is attained at the subspace E;, generated by the first n eigenvectors of
|T| corresponding to the eigenvalues sg, ..., Sp—1.

In another way, we can define s, (7T') as the distance from 7 to the subspace Fin,,
of operators of rank< n. Namely,

sn(T) = inf{|T — R|| : R € Fin,}.
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Definition 1.1 Let 7 be a compact operator in the Hilbert space H. We will say
that 7" belongs to the space 67 = G?(H), 1 < p < oo, if

o0

Z sn(T)P < c0.

n=0

The space G7 is an ideal in the algebra KL = KC(H) of compact operators and in
the algebra £ = L(H) of bounded linear operators, acting in the Hilbert space H,
and is called the Schatten ideal.

An important particular case is the class of Hilbert—Schmidt operators.

Definition 1.2 A compact operator 7' in the Hilbert space H is called the Hilbert—
Schmidt operator if

isn(T)z < oo.

n=0
The quantity
~ 1/2
1Tl = [ ) sa(T)?
n=0

is called the Hilbert—Schmidt norm of T .

If T is a Hilbert—Schmidt operator then for any orthonormal basis {ex}7>, in H
the series

o0

2
> o lTex
k=1

converges. Its sum does not depend on the choice of the orthonormal basis {ex} and
coincides with || 713

The space G2 (H) of Hilbert—Schmidt operators, acting in the Hilbert space H,
is a Hilbert space with the norm || - ||> and an ideal in the algebra JC(H) of compact
operators closed with respect to the Hilbert—Schmidt norm.

We introduce now the function

N-1

on(T) =Y su(T).

n=0
In a different way it can be defined as

on(T) = sup{||T Pg|1 : dimE = N},
E
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where Pg is the orthogonal projector to the subspace E and || T Pg||; is the nuclear
norm of the operator T Pg:

e¢]

1T Pelly == su(T Pr).

n=0

The supremum in the above formula is again attained on the subspace Ey generated
by the first N eigenvectors of operator 7.
Apart from ideals &” we introduce also the interpolation ideals G7-9.

Definition 1.3 An operator T € 6?9 = GP9(H) if

o0
Y N@DITloy (1) < o0
N=1

where @ = 1/p. Extend this definition to ¢ = oo by stating that T € &7 if the
sequence of numbers { N “’10N(T)}1°V°=1 is bounded.

Each of the introduced spaces G7¢ is a two-sided ideal in the algebra K of
compact operators. For p; < ps and for p; = p2, g1 < g2 there are inclusions

6[’11‘11 C 6[’2#2.

Here are some particular examples of the spaces G7-4.
The space G771 < p < oo, coincides with the space &7, introduced above,
with the norm given by the formula

1/p
1
1T, = (Te|T|?) /" = Zwmp

The space G7°°, 1 < p < o0, consists of compact operators 7 for which
on(T) = O(N'79), i.e. s,(T) = O(n~%). There is a natural norm on this space
given by

1
ITllpoo = sup 1, ow (7).

The space G7-! consists of compact operators T for which the series

i N 2oxn(T)

N=1

converges which is equivalent to the convergence of the series Y oo n* s, _1(T).
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2 Quantum Correspondence

Using the quantization procedure, we will associate with function spaces the ideals
in the algebra of bounded linear operators in a Hilbert space.

Let A be an algebra of observables, i.e. an associative algebra provided with
involution. We suppose also that A has the exterior differential d : A — Q'(A),
i.e. a linear map from A to the space ©2'(A) of 1-forms on this algebra satisfying
Leibniz rule (cf. [2]).

The quantization of A is a linear representation 7w of observables from A by
the densely defined closed linear operators, acting in a complex Hilbert space H
called the quantization space. 1t is required that the involution in A transforms to
Hermitian conjugation, and the action of the exterior derivative operatord : A —
Q!(A) corresponds to the commutator with some symmetry operator S, which is a
selfadjoint operator on H with square S* = I. In other words,

w:df —dif =[S, n(f)], [ €A,

where d f = [S, 7 (f)] is the quantum differential of f. We call the Lie algebra
A1, generated by quantum differentials d? f, the quantum algebra of observables
and the differential d? f the quantum observable associated with observable f.

Recall that the differentiation of the algebra A is a linearmap D : A — A
satisfying the Leibniz rule D(ab) = (Da)b + a(Db). Denote by Der(A) the Lie
algebra of all differentiations of the algebra A. In terms of Der(A) the quantization
is an irreducible representation of the Lie algebra Der(A) in the Lie algebra of linear
operators on H provided with commutator as the Lie bracket.

Consider a particular case of the above quantization problem in which the algebra
of observables coincides with the algebra A = L*° (R, C) of bounded functions on
the real line R provided with the natural involution given by complex conjugation.

A function f € A determines the bounded multiplication operator My in the
Hilbert space H = L*(R) acting by the formula:

My:heHv—— fheH.

The assignment f + M defines a linear representation of the algebra A in the
space H.

The differential of a general observable f € A is not defined in the classical sense
so we cannot provide A with classical differential 4. However, its quantum analogue
d? can be correctly defined as we will see below. We use the corresponding quantum
algebra of observables A7 as a replacement of the (non-defined) classical algebra of
observables A.

The symmetry operator S on H is given by the Hilbert transform

SHX) = 7iP.V./ Kx,t)f@t)dt, feH, (2.1)
R
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where

K(x,t) =

and the integral is taken in the principal value sense, i.e.

P.V./ K(x,t)f@t)dt .= lin}) K(x,t)f()dr.
R €E—>

t]=€

It is well known (cf. [6, 7]) that S is a symmetry operator in H and has the following
properties:

1. S commutes with translations;
2. S commutes with positive dilations and anti-commutes with reflections.

It turns out that the only bounded operator in H with such properties is a multiple
of the Hilbert operator.
The quantum differential

dlf =[S, Ms]1=SMy; — M;S

is equal to
@ fym =" / Koo fOhdr — / K, 0 fOh()d1 =
T JRr T JR

= /K(x,t) [f () — FO] k)t
T JR

It is correctly defined as an operator in H for functions f € A (and even for
functions from the space BMO(R)).
It is an integral operator given by the formula

@ fyh)(x) = ;T / kf(x,)h(t)dt, heH, (2.2)
R
where
_fO - f)
kr(x,t) = fx .

So in the considered example the quantization is essentially reduced to the replace-
ment of the derivative by its finite-difference analogue. Such quantization, given by
the correspondence A > f +— d9f : H — H, Connes [2] calls the "quantum
calculus” by analogy with the finite-difference calculus.

Here are several examples from the quantum calculus.
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1. Quantum differential d7 f is a finite rank operator if and only if the function f is
rational (Kronecker theorem).

2. Quantum differential d9 f is a compact operator if and only if the function f
belongs to the class VMO(R);

3. Quantum differential d9 f is a bounded operator if and only if the function f
belongs to the class BMO(R).

These results are easily deduced from the corresponding assertions for Hankel
operators (cf. [4, 5]) using the relation between such operators and quantum
differentials pointed out in Sec. 4.

Recall for completeness the definitions of the space BMO(R) of functions with
bounded mean oscillation and the space VMO(R) of functions with vanishing mean
oscillation.

Denote by

1
Jr:= | /If(X)dx

the average of such function over the interval I of the real line of length |7|. If
1
M(f) := sup | |f(x) = frldx < o0
1 1

then we will say that the function f € LlloC (R) belongs to the space BMO(R).
Introduce one more notation

1
M5(f) = sup /1 ) — frldx

1<s |

where § > 0. In terms of this function f € BMO(R) if and only if the supremum
sups..o Ms(f) is finite. We say that a function f € BMO(R) belongs to the space
VMOR) if Ms(f) - 08 — 0.

3 Hilbert-Schmidt Operators

In this case the role of quantization space is played by the Sobolev space of half-
differentiable functions on the circle.

Definition 3.1 The Sobolev space of half-differentiable functions is the Hilbert
space

Vv =H,*(S", R)
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consisting of functions f € L%(S I, R) with zero average along the circle having
the generalized derivative of order 1/2 in L2(S 1 R). In other words, it consists of
functions f € L%(S!, R) having Fourier series of the form

f@Q =Y f2" fa=Ffan 2=,
n#0

with finite Sobolev norm of order 1/2:

1f 13 =D Inllful> =2 nlfal® < oo

n#0 n=1

The inner product on V in terms of Fourier coefficients is given by the formula

&) =) |nl&iln =2Re Y n&yijn,

n#0 n=1

for vectors &, n € V.
The complexification VC = H(} / Z(Sl, C) of the space V is a complex Hilbert

space consisting of functions f € L?(S!, C) with Fourier decompositions of the
form

f@ =Y faz", z=¢"
n#0

and finite Sobolev norm || f ||% n = Zn?ﬁo In|| fu|> < oo. Complexified Sobolev

space ve decomposes into the direct sum
vel=w, o Ww_

of subspaces W4 consisting of functions

f@ =Y faz", z=¢"
n#0

with Fourier coefficients f,, vanishing for Fn > 0.

The space V admits a realization as the Dirichlet space D of functions in the unit
disk D consisting of harmonic functions 4 : D — R normalized by the condition
h(0) = 0 and having finite energy

Y REEL
ax dy

1 1 2
E(h) = / |gradh(z)|2dxdy = / dxdy < oco.
2 D 2 D
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It is well known that the Poisson transform

1 [ .
Pf(z)=2n/0 P, 2)f()do, ¢ =e",

where P (¢, z) is the Poisson kernel in the disk D:

¢17 = Iz
P, 2) = ,
¢ — z|?
establishes an isometric isomorphism
P:V—-D

between the Sobolev space V and the Dirichlet space D provided with the norm
k113 = E(h).

In the case of upper halfplane H the above definition admits another useful
interpretation. In this case the Sobolev space V coincides with the space H'/2(R)
of half-differentiable functions on R.

There is a Douglas formula expressing the energy of a map f € H'/?(R) in
terms of the finite-difference derivative of f:

1 _ 2
E(Pf>=||f||%/2=4n2fR/R[f(x) 5‘”} dxdy. G0

X —

It implies, in particular, that functions f € H'/>(R) have L’-bounded finite-
difference derivatives.

We return now to the quantization problem formulated above and take for the
algebra of observables the algebra A = L%°(S!, C) of bounded functions on the
circle S provided with the natural involution given by complex conjugation.

For a function f € A we denote again by My the bounded multiplication
operator in the Hilbert space VC acting by the formula M f : h — fh The
symmetry operator S on VC coincides again with the Hilbert transform given in
this case by the formula

1 21
(Sh)(¢) = ot P-V-/O K(¢,v)h(Y)dy, heH, (3.2)

(Here and in'the sequel we identify functions A (z) on the circle S ! with functions
h(¢) := h(e'®) on the interval [0, 2;r].) The Hilbert kernel in the formula (3.2) is
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given by the expression

K(¢,1/f)=1+icot¢;‘/’.

Note that for ¢ — it behaves like 1 + tiﬁi‘//
The quantum differential

dlf =S, My]

is correctly defined as an operator on VC for functions f € A. It is an integral
operator given by the formula

1 2
d?f)(h)(p) = o fo ke(p, v)h(Y)dy, heH, (3.3)
where

k(g ¥) = K@, ¥)(f(P) — f(¥)),

and K (¢, ) is the Hilbert kernel. For ¢ — 1 the kernel k ¢ (¢, 1) behaves (up to
a constant) like

f@) = fW)
=y
We supplement the above list of correspondences between the algebras of

quantum differentials and function spaces by the following interpretation of Sobolev
space of half-differentiable functions in terms of quantum correspondence.

Theorem 3.2 A function f belongs to the Sobolev space VC if and only if its
quantum differential d? f is a Hilbert-Schmidt operator on VC. Moreover, the
Hilbert—Schmidt norm of the operator d? f coincides with the Sobolev norm of the
function f.

To prove this Theorem recall that the commutator d? f := [S, M ] is an integral
operator on VC with the kernel equal to

k(p.¥) = K@, ¥)(f(P) — f(¥)).

This operator is Hilbert-Schmidt if and only if its kernel kr(¢, ) is square
integrable on S' x S! which is equivalent to the condition

2 2 2
/ / | f(®) — f(lﬁ)l d¢dy < oo (3.4)
SlIl

")
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Now the assertion of the Theorem follows from the Douglas formula (3.1) given
above. In order to see that it is sufficient to switch in the formula (3.4) from the
circle S! to the real line R. Then the left hand side of the inequality (3.4) will be
replaced by the expression

0~ 10
e [L[PO IO  avay =i

which implies the assertion of the Theorem.

4 Interpretation of Schatten Classes and Interpolation Ideals

The introduced quantum differentials are closely related to Hankel operators which
are defined in the following way.

Suppose that a function ¢ belongs to the space VC. Denote by P the orthogonal
projectors Py : VC — Wy,

The Hankel operator Hy, : W, — W_ is given by the formula

Hyh := P_(ph).

It is well known (cf. [4]) that it is bounded in W+ if P_¢p € BMO(S 1. In analogous
way we can introduce the Hankel operators H : W_ — W, given by the formula
Hyh = P(¢h).

The quantum differential (d? f)h =[S, My]h, where f € A = L®(S!,C), h e
VC, may be rewritten, using the well-known relations: S = Py — P_, Py + P_ = I
and P P_ = P_P, =0, as follows

[S. My) = SMy—MyS = (Py— P_) f(Py + P_) — f(Py — P_)(Py + P_) =
— Py fPy+ P fP.—P_P_fP.— P fP — [P+ fP_ =
= —P_(fPy)+ Pi(fP_)+ Py fP_ — P_fPy = —2P_fP, + 2P, fP_.

This chain of equalities implies that
[S,M¢lh=—=2P_fP h+2Py fP_h.

The last expression coincides with —2P_ fh for h € W, and with 2P fh for
h € W_. In other words, the operator d? f with f € A is the direct orthogonal
sum of two Hankel operators. So the description of various algebras of quantum
differentials d? f is reduced to the description of the corresponding classes of
Hankel operators. The latter was obtained by Peller in [4]. In order to formulate
his result recall the definition of Besov classes B‘;,. Denote by A, the difference
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operator

(Acf)@) = f&D) — f2), ¢ ze S,

and define the nth difference A? as the nth power of operator A;. Then the Besov
space B, s > 0,1 < p < 00, is defined as

[N ;
B;:{feL”: / U gy <ocof, ¢ =6,
s

NI

where 7 is an arbitrary integer greater than s. In particular, for s = 1/p we get

_ p
B, = :f cL?: /Sl ||f(;“|z1)_ {J;;Z)”Pdﬂ < oo}.

Theorem 4.1 (Peller) Let f € A. Then the Hankel operator Hy belongs to the
Schatten class GP with 1 < p < oo ifandonlyif P_f € Bll,/p.

Note that the analogous result holds for Hankel operators from the classes &7
with 0 < p < oo (cf. [4]).
The above theorem implies that the quantum differential d¢ f belongs to the

Schatten class &7 with 1 < p < oo if and only if P+ f € Bll,/p, i.e. we have
the following

Theorem 4.2 The quantum differential d? f belongs to the Schatten class GP with
l<p<ooifandonlyif f € Bll,/p.

Interpolation ideals G7-4, as it is clear from their name, may be obtained from
Schatten ideals &7 by interpolation. Recall the general definition of interpolation
spaces which may be found in [1]. Suppose that we have a pair (X, X1) of
subspaces of a Banach space X. Introduce a K-functional on the space

Xo+ X1 ={xo+x1: x0 € Xo,x1 € X1}
given by the formula

K(t, x, Xo, X1) = inf{[|xollx, + tllx1llx, : x = x0 + x1, X0 € X0, X1 € X1}
forz > 0.

For given 0 < 8 < 1,0 < g < oo the interpolation space (Xo, X1)g,4 consists
of elements x € Xo + X having the finite norm

1
I /00 K. x. Xo. XD\ ar\
X =
6.4 0 10 t
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with evident modification for ¢ = oco. Then the interpolation ideal G”°9 coincides
with interpolation space

&P = (6171 600)0,q
where 0 <6 < 1,0 < g < o0, p= "% with0 < py < oo0.

It implies that the set of quantum differentials, belonging to the ideal G4,
coincides with the interpolation space

1/ 1/
(BPOPO’ Bplpl)

where po < p < p1, 1/p = (1 —6)/po + 6/p1. An explicit description of this
space may be found in [4].

0.q

5 Quantum Differentials in Spaces of Several Variables

The role of Hilbert transform in the case of function spaces of several real variables
is played by the Riesz operators R;, 1 < j < n, which act on L%(R") by the formula

(tj —xj)h(@)

Rjh(x) :==c,P.V. r— x|+l

d't =: cnP.V./ K7 (x,)h(t)d"t
Rn Rll

where ¢, is a coefficient (depending only on n) equal to

2i
=

Q1
and 2,41 is the volume of the unit sphere S” equal to

2 (n+1)/2

Qi1 =
F(VHle)

The Riesz operators (cf. [6, 7]) also commute with translations and dilatations,
moreover

n
2 _
Y Ri=1
j=1
Introduce the space of vector-functions

H= (L2(R"))N
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The Riesz operators act on the vector-functions h(x) = (h1(x),...,hy(x)) € H
componentwise.

To define the symmetry operator, associated with Riesz operators, consider a
collection of (N x N)-matrices y1, ..., ¥» such that

vivj +vivi = 28i;.

These matrices y; coincide with the Dirac matrices generating the spin representa-
tion of the Clifford algebra CIC(R") in the space CN where N = 20"/2] (cf. [3]).
Having such collection of matrices y;, we can define the symmetry operator S acting

N
on the space H = (LZ(R”)) by the formula

n
Sh := Z viR;h.
=1

The associated quantum differential d9 f = [S, M ] is equal to

(d? f)(h) = SMy(h) — MyS(h) =) y;R;(fh) =) _ fyj(Rjh)  (5.1)

j=1 j=1
where
ViR (fh) = cuy; /R K/ (x, ) f(Oh@)d"t,
fviRi() =cpy; /R K7 (x, 1) f(x)h(r)d"t.
So
(d?f)(h) =

= chy]/ [£(®) = FO)] K/ (x, Hh(n)d"t = chy]/nkj;-(x,t)h(t)d"t
j=1

where

[f@®) = f] @~ xj)

J
kf(x,t) r — x|+l

The introduced quantum differential can be considered as a quantum version of
the Dirac operator D = Z'}zl vj 0, associated with the spin representation of the

Clifford algebra c1© (R"™) determined by the y-matrices y1, ..., y, (cf. [3]).
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It would be interesting to study the properties of the quantum correspondence
f = dif, defined by the formula (5.1), as in the case of one real variable.
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Abstract In this note we quantize the free x-algebra generated by finitely many
variables, which is a new example of the theory of Toeplitz quantization of
x-algebras as developed previously by the author. This is achieved by defining
Toeplitz operators with symbols in that non-commutative free *-algebra. These are
densely defined operators acting in a Hilbert space. Then creation and annihilation
operators are introduced as special cases of Toeplitz operators, and their properties
are studied.

Keywords Toeplitz operators - Creation and annihilation operators

1 Introduction

The basic reference for this paper is [3] where a general theory of Toeplitz
quantization of x-algebras is defined and studied. More details including motivation
and references can be found in [3].

2 The Free %-Algebra

The example in this paper is the free algebra on 2n non-commuting variables A =
C{61,01, ...,6,,0,}. In particular, the variables 6;, ; do not commute for 1 <
Jj < n. The holomorphic sub-algebra is defined by P := C{6y, ..., 6,}, the free
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algebra on n variables. The *-operation (or conjugation) on A is defined on the
generators by
07:=0; and 6;":=0;,

where j = 1, ..., n. This is then extended to finite products of these 2n elements in
the unique way that will make .4 into a x-algebra with 1* = 1. As explained in more
detail in a moment these products form a vector space basis of .4, and so we extend
the *-operation to finite linear combinations of them to make it an anti-linear map
over the field C of complex numbers. Therefore, P is not a sub-x-algebra. Rather,
we have P N P* = CI1. Moreover, P is a non-commutative sub-algebra of A if
n > 2. This set-up easily generalizes to infinitely many pairs of non-commuting
variables 0,0 ;.

The definition of P is motivated as a non-commutative analogy to the
commutative algebra of holomorphic polynomials in the Segal-Bargmann space
L2((C", e’mz,u Leb), Where purep is Lebesgue measure on the Euclidean space C”.
(See [1] and [2].) This is one motivation behind using the notation P for this
sub-algebra.

We will later introduce a projection operator P : A — P using a sesqui-linear
form defined on .A. This is an essential ingredient in the following definition.

Definition 2.1 Let g € A be given. Then we define the Toeplitz operator T, with
symbol g as Ty ¢ := P(¢g) forall ¢ € P. It follows that T, : P — P is linear. We
let L(P) :={T : P — P|T is linear}. Then the linear map A > g — T, € L(P)
is called the Toeplitz quantization.

Multiplying the symbol g on the left of ¢ gives a similar theory, which we will
not expound on in further detail.

The sesqui-linear form on .4 when restricted to P will turn out to be an inner
product. So P will be a pre-Hilbert space that is dense in its completion, denoted as
‘H. This is another motivation for using the notation P for this sub-algebra. So every
Toeplitz operator T, will be a densely defined linear operator acting in the Hilbert
space H.

The definition of the sesqui-linear form on .4 is a more involved story. To start it
we let 3 be the standard basis of A consisting of all finite words (or monomials) in
the finite alphabet {01, 61, ..., 6,, 6, }, which has 2n letters. The empty word (with
zero letters) is the identity element 1 € A. Let f € B be a word in our alphabet.
We let [(f) denote the length of f, that is, the number of letters in f. Therefore
I(f)=0ifand only if f = 1.

Definition 2.2 Let f € B with [(f) > 0. Then we say that f begins with a 6 if the
first letter of f (as read from the left) is an element of {01, ..., 6,}; otherwise, we
say that f begins with a 6.

If f =1, then we say that f begins with a 6 and f begins with a 6.
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Remark Suppose I(f) > 0 and that f begins with a 8. Then f has a unique
representation as

f=0i-6,0j -0 f, 2.1

where r > 1, s > 0 and f’ begins with a 6. That is to say, the word f begins
with r > 1 occurrences of 6’s followed by s > 0 occurrences of ’s and finally
another word f’ that begins with a 6. Note that if s = 0, then f’ = 1. We also
have that [(f’) < I(f). As a simple example of this representation, note that each
basis element f = 6;, - --6; in P with r > 1 has this representation with s = 0 and
=1L

Dually, suppose that /() > 0 and that f begins with a 8. Then f has the obvious
dual representation.

Now we are going to define a sesqui-linear form (f, g) for f, g € A by first
defining it on pairs of elements of the basis B and extending sesqui-linearly, which
for us means anti-linear in the first entry and linear in the second. The definition on

pairs will be by recursion on the length of the words. To start off the recursion for
I(f) =1(g) =0 (thatis, f = g = 1) we define

(f.&) =(L1):=1

This choice is a convenient normalization convention.
The next case we consider is /(f) > 0, f begins with a 6 and g = 1. In that case
using (2.1) we define recursively
(fil)=1(6;,--6:,0,---0,. f, 1)
= w(il, PN i,)ar,sail,jr e 8,',,]'1 (f/, 1)
= w(i)8:,58; 7 (f', 1)

wherer > land w(i) = w(iy, ..., i) > 0is a positive weight. Here we also define
the (variable length) multi-index i = (i1, ..., i,) and jT = (Js, ..., j1) to be the
reversed multi-index of the multi-index j = (ji, ..., js). It follows that (f, 1) # 0

in this case implies that we necessarily have (f’, 1) # 0 and
f="0i--6,0; --0; f.

Moreover, by recursion f” must also has this same form as f. Since the lengths
are strictly decreasing (I(f) > I(f’) > ---), this recursion terminates in a finite
number of steps. Thus the previous equation can then be written using the obvious
notations 0; :=6;, ---6;, and 6,7 :=0; ---0;, as

f == 9,'9,-Tf/.
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Symmetrically, for f = 1, I(g) > 0 and g begins with a 8 we write g =
Ok, -+ Ok, 01, - - 01,8 uniquely so that # > 1 and g’ begins with a 6 and define
recursively

(1,8) = (1,601, - 64,0, ---01,8")
= wke, o k)8 ubky - Okt (1, 87)
= w(k)(st,uSk,zT (1, g/>-

Next suppose that [(f) > 0 and /(g) > 0 and that both f and g begin with a 8
and are written as above. In that case, we define

(f8) = (6 6,0}, "'stf/, O, - O, 01, - 01,8) 2.2)

=w(, ZT)5r+u,s+t5(,',1T),(k,jT) (f'. &N,

where (i, lT) = (1,...,ir,1y,...,11) is the concatenation of the two multi-indices
iand!T = (l,,...,I1). (Similarly for the notation (k, jT).)

The definitions for two words that begin with a 6 are dual to these definitions.
We use the same weight factors for this dual part, though new real weight factors
could have been used.

There is still one remaining case for which we have yet to define the sesqui-
linear form. That case is when f begins with a 6, g begins with a 6, (or vice versa),
I(f) > 0and(g) > 0. In that case we define (f, g) := 0.

Theorem 2.1 The sesqui-linear form on A is complex symmetric, that is,

(f.8)" =(g. f) forall f.g €A

Proof The proof is by induction following the various cases of the recursive
definition of the sesqui-linear form. First, for /(f) = /(g) = Owehave f = g =1
in which case

(LY*=1"=1=(1,1).
Next we take the case I(f) > 0, f begins with a 6 and /(g) = 0. Then we write

f = 6,0 f" for multi-indices i, j of lengths r, s respectively and f’ begins with a
6. So we calculate

(1) = (w(@)srsd jr (', 1) = w(@)s,s8; 7 (1, [,

where we used the induction hypothesis and the reality of the weight w(i) for the
last step. On the other hand, we have by definition that

(L, fy=(L60;f") = w(i)dy,s8; jr (1, .



Toeplitz Quantization of a Free x-Algebra 443

This proves that (f, 1)* = (1, f). Similarly, one shows (1, g)* = (g, 1), where
I(g) > 0 and g begins with a 6.

For the case where I(f) > 0 and I(g) > 0 and both f and g begin with a 0,
we write f = 6;0; f and g = 6;0;g, where i, j, k, [ are multi-indices of lengths
r, s, t,u respectively and f’, g’ begin with a 6. Then we see by induction that

(g, f>* = <9k91g/, 9i9jf/>* = (w(k, jT) St utr 5(k,jT),(i,zT) (g’, f/>)>|<
= w(, lT) Srtu s+t 8([,ZT),(]<JT) (f.¢)y=1(f 8.
The proofs for words that begin with 8 are similar. The final case is if one of the pair

/> g begins with a 6 and the other begins with a 6. But then (f, g) = 0 as well as
(g, f) = 0. So in this final case the identity is trivially true. |

While the sesqui-linear form is complex symmetric according to this proposition,
when n > 2 it does not satisfy the nice properties with respect to the x-operation as
were given in [3]. We recall that those properties are

(fi, f28) = (f1&", f2), (2.3)
(fi. L&) =(fifs. &), (2.4)

where f], f>» € P and g € A. It seems reasonable to conjecture that these identities
do hold for n = 1. This detail is left to the reader’s further consideration.

For the first property (2.3) the counterexample is provided by taking f1 = 6y,
fo = 616, and g = 0,01601. Then we have on the one hand that

(f1, 128)=(61, 6162020101) =w(1,2)8(1,2)1,2(1, 6101) =w(1, 2)w(1) # 0.
On the other hand
(f18%, f2) = (01010162, 0162) = 0.

For the second property (2.4), we take f; = f» = 01 and g = 6,6>. Then we have
for the left side that

(f1, f28) = (01, 010202) = w(1,2)d(1,2),1,2(1, 1) = w(l,2) #0.
But for the right side we get
(fifs, g) = (6101, 0202) = w(1,2)8(1,2),2,1){1. 1) = 0.
Thus this example is not compatible with all of the general theory presented in

[3] when n > 2. But it still is an illuminating example as we shall discuss in more
detail a bit later on. However, we do have a particular case of (2.3) in this example.
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The only change from (2.3) in the following is that now g € P U P* is required
instead of g € A.

Theorem 2.2 Suppose that f1, f», € P and g € P U P*. Then

(f1, f28) = (18", f2)

Proof We first prove the result for g € P. It suffices to consider fi = 6;, fo = 0;
and g = 6 for multi-indices i, j, k. Then we get

(f1. 28) = (6, 0j0k) = (0i, 0(j.k)) = w(i)di, .oy

Next the other side evaluates to
(f18%, f2) = (0: (6", 0;) = (0:0,7,0;) = w(i)8; (k)

using (k7)T = k. And so the identity holds in this case.

Next suppose that g € P*. Then we apply the result of the first case to the
element g* € P. And that will prove this second case as the reader can check by
using Theorem 2.1. |

Continuing our comments about why this is an illuminating example, let us note
that it satisfies the first seven of the eight properties used for the more general theory
presented in [3]. While it does not satisfy in general the eighth property (that 7, and
Tg« are adjoints on the domain P for all g € A), it satisfies the weaker version of
this property given in Theorem 2.5 below.

According to the general theory we have to find a set ® which must be a Hamel
basis of P as well as being an orthonormal set. Clearly, the candidate is

{6i,---6;, |1 <i; <n,...,1<i, <nj,

the words in the sub-alphabet {61, ..., 6,}. And this almost works. We need only
to normalize these words. Taking f = 6;, ---0;, and g = O, - - - O, in (2.2) (so we
haves =u =0, f' = 1and g’ = 1) we get

(f, &) = w(D)dr.8i.x,

where i = (i1,...,ir) and k = (k1,...,k;) are multi-indices of lengths r, ¢
respectively. In particular, (f, g) = 0if f # g. On the other hand, (f, f) = w(i) >
0. So we define ¢; = w(i)~1/? 0i, -6, = w(i)~1/26;, and the orthonormal
Hamel basis is defined by

ir

®:={¢;|i=C(1,...,i;)) withr >0, 1 <i; <n,...,1 <i, <n}.

This argument shows that the complex symmetric sesqui-linear form restricted to
P is positive definite, that is, it is an inner product. We let H denote the completion
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of P with respect to this inner product. Then @ is an orthonormal basis of .
However, it is sometimes more convenient to work with the orthogonal (but perhaps
not orthonormal) set {6; = 6;, - - - 6;,} of H.

We now have enough information about the sesqui-linear form in order to define
the projection P : A — P.

Definition 2.3 Let g € A be given. Then define

Pgi=) (¢ 8)¢i- (2.5)

Qi ed

This will be well defined when we show in a moment that the sum on the right side of
(2.5) is finite. If this were a Hilbert space setting, we could write P = ), |¢; ) (¢; | in
Dirac notation, and P would be the orthogonal projection onto the closed subspace
‘P. Anyway, this abuse of notation motivates the definition of P. Given that P is
well-defined, it is clear that P is linear, that it acts as the identity on P (since P is
an orthonormal basis of P) and that its range is P.

Theorem 2.3 The sum on the right side of (2.5) has only finitely many non-zero
terms. Consequently, P is well-defined.

Proof Take g € A. It suffices to show that (6;, g) = 0 except for finitely many
multi-indices i, since ¢; is proportional to 6;. So it suffices to calculate (6;, g) for
all possible multi-indices i. We do this by cases.

If g begins with a 6, then (6;, g) = O for all multi-indices i # ¢, the empty
multi-index. (Note that 6y = 1.) It follows that all of the terms, except possibly one
term, on the right side of (2.5) are 0 and so P(g) = (1, g) | in this case. For the
particular case g = 1 (i.e., [(g) = 0) we have that P(1) = 1, using (1, 1) = 1.

So the only remaining the case is when g begins with a 6 and I(g) > 0. Then,
using g = 6;0;¢’ for multi-indices k, [ of lengths > 1 and u > 0 respectively and
g’ begins with a 0, we have

(i, 8) = (6 -+ 6i,, O, - Ok, 01, ---01,8) (2.6)
= w(i, 17) 8 ur 8(G, 1), k) (1, 8)
= w(k) 8r4ur 8(G, 1), k) (1, &)

Whether this is non-zero now is the question. More explicitly, for a given g of this
form how many 6;’s are there such that this expression could be non-zero? However,
if the factor 8((i,17), k) is non-zero, then we have necessarily that the multi-index
i = (i1,...,i) of variable length » > 0 forms the initial r entries in the given
multi-index k of length ¢+ > 1. Thus for a given g there are at most finitely many
6; for which (2.6) could be non-zero. So the sum on the right side of (2.5) has only
finitely many non-zero terms, and P is well-defined. ]
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Theorem 2.4 P is symmetric with respect to the sesqui-linear form, that is,

(Pf.g) =(f. Pg) forall f, g € A
Proof Using Theorem 2.1 to justify the third equality, we calculate

(Pf,g) = (D% i g) = Z(m, Heig)=> (fe)lgig)

i

—Z (9i, & fz(pla 90: = (f, Pg).

We also used the finite additivity of the sesqui-linear form in each entry, since the
sums have only finitely many non-zero terms. ]

This result says that P has an adjoint on A, namely P itself. Since the sesqui-
linear form may be degenerate, adjoints need not be unique.

Theorem 2.5 Suppose that g € P U P*. Then for all fi, f» € P we have
<f17 Tgf2> = <Tg*f11 f2>

Proof Using the previous result and Theorem 2.2 we calculate

(f1.Tg f2) = (f1. P(29)) = (Pf1, f28) = (f1, 28) = (f18", f2)
= (f18", Pf2) = (P(f18"), o) = (Te= f1, f2). u

Since the sesqui-linear form is an inner product when restricted to P, T+ is the
unique adjoint of T, on P. Symmetrically, T} is the unique adjoint of Ty+ on P.

Next, for all ¢ € P we define the creation and annihilation operators associated
to the variables 0,6 ; for 1 < j < n by

A;(aﬁ) =T, (@) = P(#0)) = ¢0; and A;($) =T, (¢) = P(¢0),

respectively. These are operators densely defined in H sending P to itself. By
Theorem 2.5 the operators A; and A; are adjoints of each other on the domain
P.

We now evaluate these operators on the basis elements ¢; of P, where i is a
multi-index. First, for the creation operator we have

Al (o) = P(pif)) = 9i0; = w(i) "2 0,0, = w(i)"" 0, )

w(i, H\"?

Here j = 1,...,n and also j denotes the multi-index with exactly one entry,
namely the integer j. Also we are using the notation (i, j) for the multi-index
with the integer j concatenated to the right of the multi-index i. It follows that
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the kernel of A; is zero as the reader can check. Also, the weight of the ‘higher’
state ¢(;, j) appears in the numerator while the weight of the ‘lower’ state ¢; is in the
denominator. This turns out to be consistent with the way the weights (which are
products of factorials) work in the case of standard quantum mechanics.

Next, for the annihilation operator A; for 1 < j < n we have to evaluate
Aj(pr) = P(grbj) = Y (@i, 90 j)¢; for every multi-index k. To do this, consider

(@i o) = (W@Hwk) " 26;, 666 ;)
= (w@w &) 2 wk) 8541, 8((G, jT), k) (1, 1)

O /2
- (Z((Z))) PRI N )

where the multi-indices i = (i1, ..., i) and k = (ki, ..., k;) have lengths r and ¢
respectively. We also used j7 = j, since j is a multi-index with exactly one entry
in it. The only possible non-zero value occurs when the concatenated multi-index
(i, j) is equal to the multi-index k. So for k # (i, j) we have that (¢;, ¢x0;) = 0.
If the last entry in the multi-index k is not j (i.e., k; # j), then k # (i, j) for all
multi-indices i. Consequently, in this case we calculate

Aj(pr) = P(gib) = Y (i, 9x0 )i = 0.

1

Therefore, in this example the annihilation operator A ; has infinite dimensional
kernel. As a very particular case, we take k = ¢, the empty multi-index, and get
that Aj(py) = Aj(1) =O0foralll < j < n, thatis, 1 € ﬂ;leker Aj.Solisa
normalized vacuum state in .

On the other hand if k = (i, j) for some clearly unique multi-index i (and in
particular » + 1 = ¢), then we find that

N2

w(i, j)
(@i, 06,0 ;) =< w(i) ) > 0,
and consequently in this case

i

w(i, H\'"?

Aj(pi, ) = Plpi, o)) = ( u()(i;)>

Again, the weight of the ‘higher’ state ¢ ;) appears in the numerator while the

weight of the ‘lower’ state ¢; is in the denominator. And again this is consistent
with standard quantum mechanics.

It is now an extended exercise to compute the commutation relations of these

operators. For example, [A}, ALl # 0if j # k, since 66, # 0k0;. The formulas for
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these relations are simpler if we take the weights to be w; = w;,.._i. = Wi -+ Wi,
for positive real numbers ug, ..., (Up.

3 Concluding Remarks

I conclude with possibilities for future related research concerning algorithms that
manipulate the words in the basis of the algebra A.

The sesqui-linear form on .4 serves mainly to define the projection operator
P, which is crucial in this quantization theory. Using this, creation operators tack
on a holomorphic variable on the right (up to a weight factor), while annihilation
operator chop off the appropriate holomorphic variable on the right, if present
(again up to a weight), and otherwise map the word to zero. One can define other
projection operators that see more deeply into the word, rather than looking at only
the rightmost part of the word. In general each occurrence of 6 ; is erased while at
the same time some corresponding occurrence of 6; is also erased. The end result is
a word with no 9’s at all. Moreover, if the original word had no 6’s to begin with,
then it will remain unchanged. Basically, the projection map is an algorithm that
scans a word from one end to the other, eliminating all 8°s and some 6°s.

There are many such algorithms. To give the reader an idea of this, let us consider
scanning a word from left to right until we hit the first occurrence of 6 ; for some
J . We change the word by eliminating this 6 ; and the rightmost occurrence of 6; to
the left of this 0, if there is such an occurrence. If there is no occurrence of 0; to
the left, we define P on this word to be zero. Otherwise, we continue scanning from
our current position in the word looking for the next 6 for some k. We repeat the
same procedure. Since the word is finite in length, this algorithm will terminate. At
such time there will be no occurrences of 8’s left. The resulting word (or zero) will
be P evaluated on the original word.

The reader is invited to produce other algorithms for finding one (or various)
occurrences of ; to pair with an identified occurrence of ¢ ;. There are other
deterministic algorithms for sure, but there are even stochastic algorithms as well.
These stochastic algorithms could pair a random number of occurrences of 6,
including zero occurrences with non-zero probability, with a given occurrence of
0 ;. Also, the locations of these occurrences could be random. Then all Toeplitz
operators, including those of creation and annihilation, would become random
operators.
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Abstract Let I' = SL(2,7Z) act in the plane by linear changes of coordinates.
The resulting spectral theory of the automorphic Euler operator, which refines the
theory of modular forms of non-holomorphic type, has definite advantages. One
of these lies in the enrichment gained by interpreting automorphic distributions
as symbols in the Weyl pseudodifferential calculus: the formula making the sharp
composition of modular distributions explicit is given in terms of L-function theory.
On the other hand, starting from distributions of arithmetic interest for symbols, we
obtain operators the structure of which expresses itself nicely in terms of congruence
arithmetic, providing a possible new approach to the Riemann hypothesis.

1 Introduction

This paper is based on the following ideas. First, that pseudodifferential analysis
and arithmetic can cooperate in an interesting way. Next, that in order to make such
an association possible, one should start with refurbishing classical modular form
theory, here relative to the full modular group for simplicity, by letting the plane
R? take the place usually ascribed to the hyperbolic half-plane: we believe that
other advantages originate also from this substitution. The developments towards
this program have been obtained in a series of books going back a number of years:
they will get a better focus from the concentrated exposition that follows, leaving
aside most (usually lengthy) proofs.
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The first section deals with a new way to realize pseudodifferential analysis,
which in an unexpected way lets the main objects of modular form theory appear
in a fully natural way: we consider this approach to modular form theory as being
especially suitable for analysts. Recall that pseudodifferential analysis starts with a
defining rule Op associating linear operators from S(R) to S’(R) to distributions
in 8’(R?): the (unique) distribution a given operator originates from is called the
symbol of this operator. The point of view developed in Sect. 2 consists in letting
symbols appear as (continuous and discrete) superpositions of elements of the kind
¢, with 59 (x, £) = eX79X§ (€ — b).

There are definite advantages originating from this choice in pseudodifferential
analysis. Indeed, denoting as # the (far from everywhere defined) bilinear operation
on symbols that corresponds to the composition of the associated operators, one has
the equation, not to be understood in a pointwise sense,

syl #8,2 = 8(a1 +az — b1 + by) s 12, (1.1)
which has interesting features. First, the presence of delta factors implies that a
general #-product formula will necessitate a 1-dimensional integral only, while a
4-dimensional one is necessary in the traditional approach.

The main application of this formula is obtained when coupling it with the
process of decomposing all symbols (the two ones one starts with as well as their
#-product) into their homogeneous components. One is left with the problem of

analyzing the sharp product of two factors of the kind |£] 7!~V exp (21' /4 k;) In the

case when either k1 + k> # 0 or k1 > 0, and assuming that |Re (v; £ )| < 1,
the composition of the two associated operators acts from S(R) to S’(R), thus has
a symbol in the usual sense, the homogeneous parts of which were computed in [5,
Section 4.5]. The situation can be saved in the remaining case by applying the Euler
operator 2irE = 1 4+ x Bax +& aag to the result. Applying the differential operator
£ to a symbol amounts to replacing the associated operator A by PAQ — QAP,
where Q = x and P = 21.171 jx are the infinitesimal operators of Heisenberg’s
representation: this gives an operator-theoretic meaning to the trick above, which
originated from geometrical considerations.

Let us introduce now (Sect. 3) automorphic distributions, by definition tempered
distributions invariant under the action, by linear changes of coordinates, of the
arithmetic group I' = SL(2,Z), and modular distributions, to wit automorphic
distributions homogeneous of some degree —1 —v. A linear operator ®, with a nice
pseudodifferential interpretation—remindful of the link between pseudodifferential
analysis and Toeplitz operator theory—sends automorphic and modular distribu-
tions in R? to automorphic functions and modular forms of the non-holomorphic
type, in the hyperbolic half-plane IT. But, in order to characterize an automorphic
distribution G, we need to know, besides ®oS, the image under g of the transform
of & under the symplectic Fourier transformation. Automorphic distributions (in
RR?) carry slightly more information than automorphic functions (in IT).
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In Sect. 4, we shall show that the measures 5? used (for pseudodifferential
purposes) in Sect. 2 lead immediately to the construction of a full set of modular
distributions. It suffices, introducing a character x of Q*, to consider the series

Ty=7 Y X ('Z) M, (1.2)

m,nez>x

replacing when y is the trivial character the subscript mn # 0 by |m| 4 |n| # 0. In
this case, decomposing €, into homogeneous components defines the Eisenstein
distributions &;;, where &, makes sense for v € C, v # =1: it is a modular
distribution homogeneous of degree —1 — v. For a special, discrete set of real
numbers A, the component of degree —1 — iA of T, will also be automorphic for
some choices of a non-trivial character yx, and we shall call it a Hecke distribution.

Needless to say, the terminology has been chosen to correspond, under the
two-to-one map ®g, to the one used in non-holomorphic modular form theory.
Eisenstein distributions are transformed to Eisenstein series and Hecke distributions
are transformed to Hecke eigenforms. A more difficult question, treated in Sect. 6,
consists in defining a Hilbert space L?(I"\R?), to substitute for the classical
space L>(I'\IT). There is indeed an independent construction, a rather hard one
because there is no fundamental domain for the action of I in R? (by linear
changes of coordinates). The Euler operator has a natural self-adjoint realization in
L*(I'\IR?), and general elements in this space decompose as integrals of Eisenstein
distributions, on the spectral line Re v = 0, and series of Hecke distributions: this is
an analogue of the Roelcke-Selberg expansion theorem from automorphic function
theory.

Given two modular distributions 91; and 91, (either can be an Eisenstein
or a Hecke distribution), one can by the methods indicated in Sect. 2 give a
meaning (Sect. 5) to the classically undefined sharp composition 911 #91,. A full
decomposition of the result, as an integral and series of Eisenstein and Hecke
distributions, can be obtained. The coefficients of the decomposition are quite
interesting: they involve the L-functions of the modular distributions concerned by
each term of the expansion under consideration (two in input, one in output), as well
as the results of bi- or trilinear operations on such L-functions. However, the results
will be very briefly hinted at, and fully referenced, since the whole book [5] was
needed to answer this question.

In the spectral theory of the automorphic Euler operator, the non-trivial zeros
of the Riemann zeta function show up not as eigenvalues, but as resonances. The
consideration of special automorphic symbols, integrals of Eisenstein distributions
(no Hecke distributions appear in this context) lead to equivalent formulations of the
Riemann hypothesis (Sect. 8). The symbol

T = Y a(j.h)sx — j)E — k), (1.3)

[ 1+1k1#0
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witha;(r) =] lr (1—p), decomposes exactly (this is not a spectral decomposition)
as a series of Eisenstein distributions &_,,, where v runs through the set of zeros,
both trivial and non-trivial, of zeta: in the usual way, (j, k) denotes the g.c.d. of
the integers j and k, when not both zero. It is therefore not surprising that one
should be able to express the Riemann hypothesis in terms involving the operator
with symbol Séo or, which is just as well when tested on pairs of functions
compactly supported in [0, ool, f}w, where M is a squarefree integer and one
replaces a1 ((j, k)) by a1((j, k, M)). Now, the structure of this operator expresses
itself nicely in terms of congruence arithmetic, and it transfers under an appropriate
map to a linear endomorphism of the space C*M ? with a Eulerian structure. Whether,
in possession of rather sharp methods of pseudodifferential analysis, one could use
this information towards a better understanding of the zeros of zeta, is far from sure.
At least, it takes one to the question of up to which point congruence arithmetic
and real analysis can be made to work together, which may well be the heart of the
Riemann hypothesis.

In a very short last section, we show on an example of historical importance (that
of the Ramanujan Delta function) that modular forms of the holomorphic type, just
as those of non-holomorphic type (as introduced in Sects. 3 and 4) are in a very
natural way associated to pseudodifferential analysis.

2 A Composition Formula

Given a tempered distribution & = &(x,£&) in R? x R4, one considers the
“pseudodifferential” operator with symbol &, to wit the linear operator from S(R¢)
to S’ (RY) weakly defined by the equation

(Opm(('S) u) (x) =274 f

X+ T e
5 Rd@( Y, g) TEYE) y(yydyde. (2.1
4x

2

The superscript [2] expresses the fact that this is really the definition corresponding
to having chosen 2 for Planck’s constant. There is no doubt that this is the best
normalization in “pseudodifferential arithmetic”, by which we shall essentially
mean pseudodifferential analysis with symbols of arithmetic interest. But choosing
1 instead (to wit, replacing 2~ 4e/™(x—Y:8) by 27 (x=y.£)) yields the benefit that
the trace and Hilbert-Schmidt norms of an operator, when defined—which is never
the case in pseudodifferential arithmetic—correspond to the integral and L?-norm
of its symbol. We shall only use the version (2.1), but we cannot yet dispense
with the superscript [2] because quotations from previous work will sometimes be
needed. One has Op!!! (Resc &) = U[2]0p?/(&) U[2]! with (Resc &)(x, &) =

S(x~/2, E4/2) and (U[2]u)(x) = Z}t u(x+/2), which makes translations easy.
There is a well-known “composition formula”, which expresses the symbol

[2]
&1 # 63 of the composition of two operators with symbols & and G2, assuming
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of course that this composition makes sense, which is the case if the image of
Op[21(62) is contained in a domain of sorts of Opm(Gl). The formula (there is
nothing in it but Weyl’s exponential version of Heisenberg’s commutation relation,
after one has written S(x, £), in both cases, as a superposition of exponentials
e (ax)+b.8)) is expressed by means of a (4d)-dimensional integral. We wish,
in this section, to put into evidence the benefits obtained in some cases of replacing
the realization of symbols as superpositions of exponentials by the formula

& :/Rd Rdf(a,b)sgdadb with  si(x, &) = X7 @¥sE - b).
X
2.2)

A first one is that the above-mentioned (4d)-dimensional integral will become a
d-dimensional one; at the same time, one can give at one stroke the formula for
the composition of an arbitrary number of operators. Indeed [6, p. 107], one has the
equation

k—1
21 121
SZi #... #EZ]; = 1_[3(61]‘ +ajy1 —Dbj +bj+1)5[‘ll 4+ tag, a1+ +ag—q +bk]
Jj=1

(2.3)

or, in the case when d = 1, assuming thata; + - - - + ax # 0,

k-1
21 2 apby + -+ +apby
521##52’2:1_[5(aj+a/+1—b/+b/+1)5|:al++ak, a1++ak i|
j=1

(2.4)

(2]
Taking two factors, one obtains from (2.2) and (2.3) the formula G, # Gp, = Gy,
with

f(a,b) = lfl(x,a—i—b—x) frla—x,b—x)dx. 2.5)
Rl

Specializing from now on in the case when d = 1, we systematically decompose
symbols into homogeneous components, extending to appropriate distributions the
rule, valid if 4 € Seven (R2) (one may, at the price of introducing an extra parameter
+1, dispense with the parity condition, but this is not necessary for our present
purpose),

1
h(x, &) = ; /R ~ hy(x,&)dv, a<1, x|+ #0, (2.6)
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with

hy(x, &) = 4; /OO [t|'h(tx, tE)dt,  Rev > —1, 2.7

—00

a consequence of the Mellin (or Fourier) inversion formula. The function #,,
undefined at the origin, is homogeneous of degree —1 — v. For instance, with

(59)even = 5 (5,“7 + 5:Z>, one has [6, p. 116]

[(eenl, @81 =, 1M E " exp <2in“§x), rER, b #0.
2.8)

A pointwise application of (2.4) (in the case of two factors) is not possible:
the result would be meaningless when a; + a» — b1 + by # 0, and would be
zero in the remaining case. However, decomposing the right-hand side of (2.4)
ayby+azby —l=i

aj+az
against which, in general, the troublesome delta factor can be tested (one delta
factor will remain in the result). This will not be the case if a;b; + azb, = 0 or
aj+az = 0: under these conditions, an examination of whether the arguments of two
delta factors present are transversal or not leaves only the case when ajb;+azb; =0
and a1b; < 0 to worry about. Even so [6, section 6.2], one recovers a meaningful
result if one first replaces the right-hand side of (2.4) by its image under the Euler

operator

into homogeneous components will involve a factor of the kind

0 B
2in€ =1 . 2.9
i —i—xax—i—éaS 2.9)

This repair will be fully operational after we have made it explicit, in (5.6) below,
which operation on an operator corresponds to applying its symbol the differential
operator £. To sum up the (quite lengthy) developments in [5, Chapter 4]: one can
in interesting cases, especially in pseudodifferential arithmetic, give a meaning to
all homogeneous components of the #-composition of two symbols, except the one
homogeneous of degree —1. This does not require that the composition of the two
associated operators be fully meaningful in any classical sense.

3 Automorphic Distributions and Modular Distributions

An automorphic distribution is a tempered distribution & in the plane, invariant
under the action by linear changes of coordinates of the group I' = SL(2, Z).
One can characterize G by a pair of (dependent) functions (92)2]6 and ®[12]('5 in
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the hyperbolic half-plane {z € C: Imz > 0}, setting
bid
(0F18) @) = (8. (x.§) > exp (— NS zs|2)> 3.1)
mz

and ®[12]6 = ®})2] ((21’715) (‘5): the superscript [2] makes this definition coherent
with the choice of 2 for Planck’s constant. The two functions so obtained are
automorphic in the hyperbolic half-plane IT, with a reference to the action of T’
there by fractional-linear transformations of the complex variable z. Besides, under
@Bz] or ®[12], the operator 72&2, where 2i € is the Euler operator (2.9), transfers to
the operator A — }1, where A = (z — 2)? agg . is the hyperbolic Laplacian. It follows
that if an automorphic distribution & is homogeneous of some degree —1 — v, in
which case we shall call it a modular distribution, its image under ®([)2] or ®[12] is
a generalized eigenfunction of A for the (generalized) eigenvalue 1*4"2, in other
words a modular form of the non-holomorphic type. But the notion of automorphic
or modular distribution (in R?) is more precise than that of automorphic function
or modular form (in IT): if two automorphic distributions are related under the
symplectic Fourier transformation F*™ in R? (the one with the combination
xn — y& in the exponent, which commutes with the action of SL(2, R) by linear

changes of coordinates with determinant 1), they have the same image under (92)2],

and images the negative of each other under ®[12], so that a pair of automorphic
functions is needed to characterize just one automorphic distribution.

The connection between the two environments expresses itself nicely with the
help of the symbolic calculus (2.1). Let us introduce the (even and odd) functions
¢2’[2] and ¢Zl Plins (R), depending on a point z of the hyperbolic half-plane, such
that

1 . 2
0’ 2 . -1 4 ITX
¢’ Rlx) = (Im (—z )) exp 2
L2 1 1 Z imx?
¢l 2 (x) = 272 (Im (—z~ )) xexp (3.2)

They make up [5, p.56] total sets in the even and odd parts of L>(R); they are
linked to the metaplectic representation (here, a version Met/?]) since, under any
element of the metaplectic group (a twofold cover of SL(2, R)) lying above a matrix
(ff, Z ), the way ¢2’[2] and ¢Zl 2] transform can be caught, up to a scalar factor, by the

aztb Bor our present purpose, we note that, with x = 0 or 1,

transformation z — >,

one has the identity
(®,[(2]6) (2) = (¢§,[2] | Op[Z](G) ¢§,[2]) (3.3)

(we use in L2(R) the notation (u | v) = [ u(x) v(x) dx).
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4 Eisenstein Distributions and Hecke Distributions

Considering a non-constant character x on Q*, tempered in the sense that, for some
C > 0, one has |x (:’l‘) | < |mn|€ for every pair m, n of non-zero integers, one
introduces the even distribution

Ty=n Y x(f)sg. 4.1

m,n#0

When x coincides with the trivial character o = 1, we extend the definition, with
the difference that the domain of summation will then be {m,n: [m| + |n| # 0}
in place of {(m,n) € 7Z?: mn # 0}. The distribution %y, 1s invariant under the
action by linear transformations in the full group SL(2, Z), i.e., is an automorphic
distribution: this is not the case for T, in general.

With the help of (2.8), one obtains if x is distinct from the trivial charac-
ter the decomposition into homogeneous components of T,: it is the integral
[0, Nx. iAldr, with

NUx,irl, h) = i > x (’Z)f i (fflh) ("; nt) di, (42

m,n#0

where F - ! denotes the inverse Fourier transformation with respect to the first
variable of a pair.

When y is the constant character xo, one obtains a decomposition of T, the
terms of which on the line Re v = 0 are denoted as &;;, where the distribution &,
so defined when v € iR, as well as its analytic continuation with respect to v, will
be called an Eisenstein distribution: there are two extra terms, to the left and right of
the above line. The distribution &, can be continued to the plane, with the exception
of two simple poles at v = +1. When |[Re v| > 1, it is given by the equations

1 o
(€, h) = 5 Z /oo 1|~V h(mt, nt) dt, Rev < —1,

Im|+[n|#0 " ™
¢ (x,§) = ; f(=v) Y |—kx+jE77" Rev> L (4.3)
(j.k)=1
One has [5, p. 13]
Res,—_1 &, = —1 and Res,—1 &, = do, “4.4)

where §¢ is the unit mass at the origin of R2. Also, one has FY™P¢, = ¢_, and
FYMPN [, in] = Nx ', —ir]if x is a non-trivial character.
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The Eisenstein distribution &,,, automorphic and homogeneous of degree —1 —v,
is a modular distribution. The distribution D[ x, iA] is not automorphic in general,
but it satisfies the invariance property (M[x,iAl, h o (}1)) = (Mlx,iAl, h) for
every function s € S (R2). For a special, discrete set of real numbers 2, it will also
be invariant for some choices of x under the transformation associated to the matrix

(f)l (1)): in this case, it will be a modular form of degree —1 — i A, to be called a

Hecke distribution. Note that, given A, a character x making it possible to write a
given modular distribution as N[y, iA] is far from unique. Indeed, a character of
Q* is determined by the values it takes on primes, and it is always possible, for any
finite set of primes, to change x (p) to (x(p))~! p'* without changing M[x, iA]: it
is only the square of the character ¥ such that X (p) = x(p) p~ 5 that is determined
by Nx,i1].

The terminology regarding modular distributions has been chosen to fit the one
used in modular form theory of the non-holomorphic type as closely as possible.
If Rev < —1, the non-holomorphic Eisenstein series E v is the function in the

hyperbolic half-plane defined as the series

v—1

Eeo=. Y mz = nl*) * @.5)
IEVZ_2 Imz , .

m,n €l
(m,n) =1

where (m, n) denotes the g.c.d. of the pair m, n. If one sets £ *(s) = 71_31“(;) Z(s)
(so as to obtain a function invariant under the symmetry s — 1 —s), and E T,v (z) =

the

Elsenstem distributions &, and ¢_,,, while distinct (they are related under }' Symp)),
have the same image under @52] [6,p.119].

All these matters are discussed in detail in [5, Chapter 1]. For people with some
experience in modular form theory, let us indicate also the following three facts.
First, the images under @!)21 or ®[12] of Hecke distributions are automatically Hecke
eigenforms: note that Hecke operators did not enter the definition of 91[ x, iA]. Next,
the L-function associated to a Hecke eigenform (or the one, with a more precise
coefficient, associated to a Hecke distribution), has a natural spectral interpretation,
as the coefficient of the decomposition of the Hecke distribution into generalized
eigenfunctions of the operator 2iw €% = x ax — & 98 (observe the sign change).
Finally, there is a “converse theorem” identlfymg the fact that N[ x, iA]is a modular
distribution with a functional equation satisfied by its L-function.

To make our list of modular distributions complete, we must not forget the
constant 1 and the unit mass §p at the origin of R2, which are modular distributions
of degrees of homogeneity 0 and —2, albeit uninteresting ones. The set of all real
numbers A > 0 such that D[ x, iA] is a Hecke distribution for some choice of x can
be written as a sequence (A,),>1 going to infinity: for each r, there is a finite set

*() E - v (z), one has the transferring identity @lzl(‘Ev = EY, = E*

l+v :
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(possibly always reduced to one element, but whether this is the case is not known)
of possible choices of classes of characters, two characters being in the same class
for a given A, if they lead to the same Hecke distribution (cf. harmless changes
of x(p) as indicated above). We thus label the Hecke distributions [y, iA,] with
r > 1 as N, ¢, the index £ (the finite domain of which may depend on r) standing
for the set of classes of characters just defined. The degree of homogeneity of 91, ¢
is —1—iA,. Wealsoset, forr = —1,-2,..., A = —A_, and N, o, = FYMPAN_, ,,
where m is the class of x ~! if £ is the class of x, obtaining in this way a complete set
of Hecke distributions: note that the degree of homogeneity of 0, ¢ is still =1 —iA,
whatever the sign of r. It is convenient to set @!)21551,,@ = M,Lg , observing that r
has been changed to |7| in the process.

5 The #-Product of Modular Distributions

The whole book [5] was devoted to this question, and some progress, which led to
the point of view developed in Sect. 2, was made in [6, Chapter 6].

In the hyperbolic half-plane I1, the action of I" has a fundamental domain D,
which makes it possible to define a Hilbert space LZ(I‘\H) = L%(D) and a self-
adjoint realization there of the Laplacian A. But the modular form M,Lg, while
normalized in the so-called Hecke sense (this observation for people familiar with
modular form theory of the non-holomorphic type), is not normalized in the L>(D)-
sense, and we denote as || NV, ¢ || its norm there. The Roelcke-Selberg expansion
theorem is the fact that any element of L?(I'\IT) can be written as the sum of an
integral over the line Rev = 0, with suitable coefficients, of the Eisenstein series
E 15V and of a series of Hecke eigenforms A ¢ with r > 1. The set of Hecke

eigenforms || N ¢ ||_1j\/,,g with r > 1, together with the constant ( 231 ) é, constitutes
a complete orthonormal basis of the part of L?(I"\IT) corresponding to the discrete
part of the spectrum of A.

It is often helpful to make use of an automorphic distribution the decomposition
of which involves all Eisenstein distributions homogeneous of degrees —1 —i A with
A € R, as well as all Hecke distributions: one such object is constructed as follows.
Starting from the distribution 5% x, &) = e2imxg (¢ — 1), which is invariant under the
linear transformation with matrix ((1) % ), and takingm =1, 2, ..., define ([3, p. 23]
or [6, p. 120]) the distribution

by = 7262 (7262 +1) .. (7262 + (m = D?) 5. .1)
and, with 'Y, = {((1) ? ) : b € Z}, consider the series, convergentin S’ (Rz),

1 _
By = > buog (5.2)
gel'/T,
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The image under @521 of this automorphic distribution is a special case of a
collection of automorphic functions introduced by Selberg [2]. It decomposes into
homogeneous components as

1/wrm—%wm+%)
4 C*¥(IA) C*(—id)

L1 3 T — "5 )Tm+ %)
2 | NVirp,e 112

B, = Einda

N, (5.3)

r, L
r e Z*

When m = 0, the right-hand side is still meaningful, the coefficient of &;; in the
integral reducing then to (; (iA)C (—i)\))71: but B, so defined, could not be defined
by the then divergent series (5.2).

We come to the question of defining properly and computing the sharp product of
any two modular distributions 91; and 91, (either can be an Eisenstein distribution
or a Hecke distribution). Splitting the rule of composition into its commutative and
anti-commutative part, i.e., writing for j = 0 or 1

(2] () 1 [2] . [2]
[0 # 9] = |90t # 9+ (1) M # 9 |, (5.4)

the aim is to find (in imitation of the expansion (5.3) of ®B) coefficients making the
identity

21 1 /"" [
[91 # My ] = | ,A(ml, MN,) A M)
F l},r F _l)\r
D BN S N)H(euf)""“ (55)

rEZ>< 14

valid. An almost complete answer is to be found in [6, section 6.4]. The coefficients
obtained are quite interesting: besides products of zeta factors, they involve L-
functions of modular forms (of the non-holomorphic type), product L-functions and
even triple products of L-functions. We thus consider pseudodifferential analysis, in
this arithmetic environment, as being a good approach to the theory of bi- or trilinear
operations on L-functions.

We shall not reproduce the formulas here. One point needs be stressed, however.
The composition of two operators A; and A, the symbols of which are modular
distributions is meaningless in the usual sense, because the image of A, is not a
subset of the domain of A;. However, denoting as P = I 9 and QO = (x) the

2im 0x
infinitesimal operators of the Heisenberg representation, one has for any symbol
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S € S'(R?) the identity
Pop?l(&) 0 — 0op?(&) P = 0pP(£ ). (5.6)

Extending this identity makes it sometimes possible to define the image under £ of
the symbol of an operator without it being possible to give this symbol any meaning
! This is precisely what occurs in the situation under discussion, since each of the
two terms of the difference P (A1 A2) O—Q (A1 A3) P, redefinedas (PA1)(A>2Q)—
(QA1)(A2 P), makes sense. Note that the knowledge of £6, if & is automorphic, is
equivalent to that of & up to the addition of a multiple of &.

At the end of Sect. 2, we explained in which way applying a meaningless sharp
product the operator 2iw £, and coupling this with decompositions of symbols (the
input as well as the output ones) into homogeneous components, did in some cases
save the situation. The formula (5.6) completes the trick, giving it significance on
the operator-theoretic level. One should however be careful with the notation # in
this setting: in particular, it denotes an operation no longer quite associative.

6 The Hilbert Space L?(I'\R?) and the Automorphic Euler
Operator

Defining in an independent way a Hilbert space L?(I"\R?) is more difficult than
defining the space L>(I'\IT), since there is no fundamental domain for the action
of ' = SL(2,7Z) in R? (by linear changes of coordinates): how to do this will
be recalled here. Despite the fact that the pair of operators (92)2], ®[12] transfers in
a one-to-one way automorphic distribution theory to a theory of pairs of (related)
automorphic functions, the two are not equivalent in a topological sense, as indicated
by (6.4) below. Indeed, as the Gamma function is rapidly decreasing on vertical
lines, the transferring operator is far from having a continuous inverse: this, again,
indicates that automorphic distribution theory carries more information.

Given f € S(R?), we wish to define as a distribution the sum of the series
Zg o fo g~ ': note that f cannot be invariant under any infinite subgroup of I so
that, unlike the situation that occurred in (5.2), the summation over I" needs not (and,
generally, cannot) be replaced by the summation over a quotient of I". Consider the
series, depending on a pair %, f of functions in S (Rz),

(B, h® f) = Z/Rz‘h o &)(x, &) f(x, &) dx dE. ©6.1)

gel

This series is not convergent in general, but it is (an already delicate question) if
one assumes that f and & both lie in the image of Seyen (Rz) under the operator
2inEQRin€ + 1) [4, p.191]. The object B, undistinguishable from the Poincaré
summation process, is doubly automorphic in the sense that the right-hand side
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of (6.1) remains invariant if 2 and f undergo transformations by two independent
elements of I'. One may thus ask for a full decomposition of B} as an integral and
series of tensor products of modular distributions: this is a quite lengthy, and rather
difficult task, developed in [4, Chapter 5]. Introducing the Hecke distributions 91, ¢
and their images ./\/",Hg under @!)2], and defining €|, ¢ = =1 as the parity of the
Hecke eigenform Nj,| ¢ under the symmetry z — —Z, one obtains the formula

1 o0 dA
e =, [ e n 0
Ay A Nre, By N_re, f)
2 r (|- r ’ ! . 6.2
22 <2> <2>€"Z I Nire 112 (62

reZ* .t

Then, one shows the identity (M, ¢, h) = €,¢ (N, ¢, h), from which it
follows that if & € 2inE)(1 + 2imE) Seven(R?), one has (P, h @ h) > 0. If
h e (2i7t8)2(1 +2ir&E)(1 —2in &) Seven(Rz), the series & = der h o g defines
a tempered distribution and the number (3, # ® h) depends only on G: observe,
however, that distinct functions /4 can lead to the same distribution &, since the
latter depends only, as can be seen, on the restriction of (F| 1h)(n, &) to the set
where né € Z. One may thus set

IS 172 g2y = (Bs b ® h). (6.3)

One shows that this defines a Hilbert norm on the (incomplete) space of distributions
G.

Finally, one cannot fail to ask how the Hilbert space L>(I"\R?) relates to the
space L>(I'\IT). The answer is given by the equations

10516 Il 2y = ITG7E) G | 2 r\g2) if FYMPS = @,
105G 2y = 2ITA +in8) Sl prpey i FYPE = -6, (6.4)

The same pair of identities also holds in a non-automorphic environment [4, p. 24],
in which its proof is considerably easier.

In the Hilbert space L>(I"\R?), the operator £ is self-adjoint and the Hecke
distributions make up a complete set of orthogonal eigenvectors of £ (for their
normalization, use (6.4) and the equation 652]’)?,,4 = Irl,¢); the Eisenstein
distributions €;, contribute the continuous part of the spectrum of £. Equation (6.2)
yields a “resolution of the identity”, to wit a decomposition of 4, or f, as an integral
and series of modular distributions: simply drop the other element of the pair %, f.
It is thus immediate to obtain a formula for the resolvent (2i7€ — ) ™! (1 ¢ iR) of
the automorphic Euler operator. Zeros of the Riemann zeta function then show up
as poles of the resolvent, i.e., as resonances.
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7 An Automorphic Distribution Decomposing over the Zeros
of Zeta

Define the function a;(r) = [] plr(l — r) (as an index in a product, p is always
assumed to run through primes only). Consider the pair of tempered distributions

T &= Y a(j.h)sx — j)sE k),

1 +1k1#0

Roo(x, £) = Y [8(—kx + j& + 1) — 8(—kx + j&)]. (7.1)
(Jj,k)=1

In the second sum (a series of line measures), pairs j, k and —j, —k are grouped,
for convergence, before summation. Both distributions are automorphic, and they
decompose into Eisenstein distributions (no Hecke distributions are needed here),
as given by the equations [6, section 3.2]

5
(_1)n+1 7.[2+2n
> g(wrl)! ré+me@+2n)
reg ¢
T =1280+Reo+ > Resi— (g(v”)) : (7.2)
£*(p)=0
with £*(s): = 71_31“(;) £(s), the equation ¢*(p) = 0 singles out the non-trivial

zeros of zeta.

The distribution Yo, decomposes over the set of trivial zeros of zeta only. This
pair of equations makes it tempting to believe that either distribution could be of
some use in a possible approach to the zeros of zeta. This is indeed the case, but
pseudodifferential analysis is required to make the most of this idea.

8 A Possible Approach to the Zeros of Zeta

A popular way [1] of approaching the Riemann hypothesis was suggested by Hilbert
and Polya, independently: search for an interpretation of the numbers i (p — ;), with
p in the set of non-trivial zeros of zeta, as the eigenvalues of a self-adjoint operator
A in some Hilbert space. The self-adjointness of A implies that all operators ¢'4,
where g runs through the set of prime numbers, are unitary. We start here with the
construction of an operator A in some space of tempered distributions in the plane,
with the property that the Riemann hypothesis is equivalent to the fact that, for every
e > 0, the operator ¢g'4 is in a very weak sense a O(¢®). There is no Hilbert space
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here and, while the operator A decomposes over the set of zeros, trivial or not, of
zeta, there is no need for separating the two sets of zeros.

The operator A is just the operator 27 € + ;, acting on automorphic distributions,
but it will suffice in view of obtaining a criterion for the validity of R.H. to test it
on the distribution Séo only, asking for a very weak estimate at that. Combining the
decomposition (7.2) with the definition of the Weyl calculus Op = Op‘" (choosing
2 for Planck’s constant would do with insignificant changes) and with the Fourier
series decomposition which is the analogue of (4.2) for Eisenstein distributions, one
obtains the following necessary and sufficient condition for the Riemann hypothesis
to hold: that, given ¢ > 0 and any pair ¢, d with 0 < ¢ < d and d? — % > 2, one
should have for every function w € C*°(R) supported in [c, d] the estimate

<w | Op (in”‘gféo> w) =0 <Q£+€> , Q squarefree — 0o0. (8.1

The criterion remains valid if one subjects Q to the constraint of being prime. Using
the definition (7.1) of ‘Zéo, it is immediate that, if M is a squarefree integer divisible
by Q and by all primes < d 0, one can in (8.1) replace ‘Séo by the symbol

T &)= Y a((j.k M)s(x — )5 — k). (8.2)

1 +1k1#0

Now, set N = 2M = QR, and associate to any function w € C*®°(R) the
function 6y w on Z, periodic of period S2, defined as

Oyw)(n) = 3 w (’;\;) . (8.3)

ni e
n1 = nmod N2

In [6, Chapter4], it has been shown that there is an explicit set hg o(m, n) of
coefficients (m, n € 7Z/N?Z) making the identity

<w|0p(Qz;ngg}w> w)z S hrolmn) Oxw)m) Oyw) () (84)

m,n mod N2

valid. The matrix (hR,Q (m, n)) has a Eulerian structure with rather simple individ-
ual factors [6, Prop.4.3.5]. To understand what (8.1) really means, we must make
the role of Q in this Hermitian form totally explicit.

Denote as 1 > 7t the automorphism of Z/N? = Z/R>(Q? defined by the pair of
equations

% =nmod R, 7 = —nmod Q2, (8.5)
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and define the reflection A g ¢ of the linear space of complex-valued functions on

Z/N?Z such that (Ag, o) (n) = v (). Assuming that Q is odd, one has for every
function w € C*°(R) the identity

<w\0p(Q2f”%;4)w>= pM) Y hyamn) @yw)(m) (Ag,eByw)(n)
m,nmod N2

(8.6)

(the Mobius factor u(M) = =1 indicates the parity of the number of primes
dividing M). Now, while it is possible, using the Heisenberg representation, to
define a linear automorphism A%Q of S(R) such that Ag gbyw = GNA%Qw
for every w, it is only the “arithmetic side” Ag ¢ that is truly simple.

The difficulty of the present approach lies in the necessity to combine information
from both sides (an arithmetic and an analytic one) of the same operator to analyze
(8.1). There is work in progress on this question.

9 Pseudodifferential Analysis and Modular Form Theory

In Sect. 4, we have built all modular distributions relative to the group SL(2, Z),

and we have shown in Sect. 3 how this leads to a construction of modular forms

(in the hyperbolic half-plane) of the non-holomorphic type. Making an example

of a pseudodifferential operator, of the kind considered in the last section, totally

explicit, leads to an approach to modular form theory of the holomorphic type.
Consider the measure 01, on the line defined as

d12(x) =H§Zx“2>(m>5 (x‘ ;;2)’ 9.1)

where x (12 is the (Dirichlet) character mod 12 such that 912 (m) = 0if (m, 12) > 1,
while 012(£5) = —1 and 912(£1) = 1. One has then if w € S(R) the identity

, 1
<w |Op (12”“91%2) w> =, @12, w)|*. 9.2)

Consider now the Gaussian transform of 017, to wit the function 7, holomorphic in
the upper half-plane, defined by the equation

n(2) = P12, x > 7). 9.3)

This is the so-called Dedekind eta function, of historical importance, the 24th power
of which is the celebrated Ramanujan Delta function A, from which modular form
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theory originated. It is a modular form (of holomorphic type) of weight 12, which
means that one has the identity

A(Z:fg) = (cz+d)"*A(2), (¢0) e SL2,2). 9.4)

This is a special case of [6, theorem 4.3.4], in which a similar analysis is
performed for the operator with symbol Q'™ €zl where g is assumed to be an
even squarefree integer: a more detailed analysis is performed in [6, Chapter 5].
Most readers of the present volume are experts in Toeplitz operator theory: note the
analogy (and the essential difference) between the Gaussian transform which occurs
in (9.3) and the one, so basic in the Toeplitz theory, which connects the real-type and
holomorphic-type realizations of the same function.
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