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1 Introduction

Factorization theory for Mori domains and their semigroups of ideals splits into two
cases. The first and best understood case is that of Krull domains (i.e., of completely
integrally closed Mori domains). The arithmetic of a Krull domain depends only on
the class group and on the distribution of prime divisors in the classes, and it can be
studied—at least to a large extent—with methods from additive combinatorics. The
link to additive combinatorics is most powerful when the Krull domain has a finite
class group and when each class contains at least one prime divisor (this holds true,
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among others, for rings of integers in number fields). Then sets of lengths, sets of
distances, and of catenary degrees of the domain can be studied in terms of zero-
sum problems over the class group. Moreover, we obtain a variety of explicit results
for arithmetical invariants in terms of classical combinatorial invariants (such as the
Davenport constant of the class group) or even in terms of the group invariants of the
class group. We refer to [15] for a description of the link to additive combinatorics
and to the recent survey [32] discussing explicit results for arithmetical invariants.

Let us consider Mori domains that are not completely integrally closed but have
a nonzero conductor toward their complete integral closure. The best investigated
classes of such domains are weakly Krull Mori domains with finite v-class group
and C-domains. For them there is a variety of abstract arithmetical finiteness results
but in general there are no precise results. For example, it is well-known that sets of
distances and of catenary degrees are finite but there are no reasonable bounds for
their size. The simplest not completely integrally closed Mori domains are orders
in number fields. They are one-dimensional noetherian with nonzero conductor,
finite Picard group, and all factor rings modulo nonzero ideals are finite. Thus they
are weakly Krull domains and C-domains. Although there is recent progress for
seminormal orders, for general orders in number fields there is no characterization
of half-factoriality (for progress in the local case see [26]) and there is no information
on the structure of their sets of distances or catenary degrees (neither for orders nor
for their monoids of ideals).

In the present paper, we focus on monoids of ideals of orders in quadratic number
fields and establish precise results for their set of distances A(-) and their set of
catenary degrees Ca(-). Orders in quadratic number fields are intimately related to
quadratic irrationals, continued fractions, and binary quadratic forms and all these
areas provide a wealth of number theoretic tools for the investigation of orders. We
refer to [25] for a modern presentation of these connections and to [9, 29] for recent
progress on the arithmetic and ideal theoretic structure of quadratic orders.

Let O be an order in a quadratic number field, Z*(QO) be the monoid of invertible
ideals, and Z(O) be the monoid of nonzero ideals (note that Z(O) is not cancellative
if O is not maximal). Since Z*(O) is a divisor-closed submonoid of Z(0), the set
of catenary degrees and the set of distances of Z*(O) are contained in the respective
sets of Z(©). We formulate a main result of this paper and then we compare it with
related results in the literature.

Theorem 1.1. Let O be an order in a quadratic number field K with discriminant
dk and conductor | = fOg for some f € Nx,.

1. The following statements are equivalent:

(a) Z(O) is half-factorial.

(b) c I(O)) =2

() C I*(O)) =2

(d) Z*(O) is half-factorial.

(e) f is squarefree and all prime divisors of f are inert.
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2. Suppose that T*(O) is not half-factorial.

(@ If f is squarefree, then Ca(I(O)) =1, 3], Ca(I*(O)) =2, 3],
A(Z(0)) = A(Z*(O)) = {1}
(b) Suppose that f is not squarefree.
(i) If v2(f) (2,3} or dx #1 mod 8, then Ca(Z(0))=[l,4],
Ca(Z*(0)) = [2,4], and A(Z(0)) = A(Z*(0)) = [1,2].
@G) If vo(f)€{2,3} and dx =1 mod 8, then Ca(I(O)) =[L,5],
Ca(I*(O)) = [2,5], and A(I(O)) = A(I*(O)) =[1,3].

We say that a cancellative monoid H is weakly Krull if (). xan Hp = H and
{P € X(H) | a € P}isfinite foreacha € H (where X(H) denotes the set of height-
one prime ideals of H). Moreover, a cancellative monoid H is called weakly factorial
if every nonunit of H is a finite product of primary elements of H. Let all notation
be as in Theorem 1.1, and recall that Z7*(O) is a weakly factorial C-monoid, and that
for every atomic monoid H with A(H) # {J we have min A(H) = gcd A(H).

There is a characterization (due to Halter-Koch) when the order O is half-factorial
[16, Theorem 3.7.15]. This characterization and Theorem 1.1 or [30, Corollary 4.6]
show that the half-factoriality of O implies the half-factoriality of Z*(O). Consider
the case of seminormal orders whence suppose that O is seminormal. Then f is
squarefree (this follows from an explicit characterization of seminormal orders given
by Dobbs and Fontana in [10, Corollary 4.5]). Moreover, Z*(Q) is seminormal and
if Z*(O) is not half-factorial, then its catenary degree equals three by [18, Theorems
5.5 and 5.8]. Clearly, this coincides with 2.(a) of the above theorem. Among others,
Theorem 1.1 shows that the sets of distances and of catenary degrees are intervals and
that the minimum of the set of distances equals 1. We discuss some analogous results
and some results which are in sharp contrast to this. If H is a Krull monoid with finite
class group, then H is a weakly Krull C-monoid and if there are prime divisors in all
classes, then the sets Ca(H) and A(H) are intervals [23, Theorem 4.1]. On the other
hand, for every finite set S C N with min S = ged S (resp. every finite set S C Nx;)
there is a finitely generated Krull monoid H such that A(H) = S (resp. Ca(H) = S)
[21] resp. [11, Proposition 3.2]. Just as the monoids of ideals under discussion, every
numerical monoid is a weakly factorial C-monoid. However, in contrast to them, the
set of distances need not be an interval [8], its minimum need not be 1 [5, Proposition
2.9], and a recent result of O’Neill and Pelayo [28] shows that for every finite set
S C N, there is a numerical monoid H such that Ca(H) = S.

We proceed as follows. In Section2 we summarize the required background on
the arithmetic of monoids. In Section 3 we do the same for orders in quadratic num-
ber fields and we provide an explicit description of (invertible) irreducible ideals in
orders of quadratic number fields (Theorem 3.6). In Section4 we give the proof of
Theorem 1.1. Based on this result we establish a characterization of those orders O
with min A(O) > 1 (Theorem 4.14) which allows us to give the first explicit exam-
ples of orders O with min A(Q) > 1. Our third main result (given in Theorem 5.2)
states that unions of sets of lengths of Z(O) and of Z*(QO) are intervals.
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2 Preliminaries on the Arithmetic of Monoids

Let N be the set of positive integers, P C N the set of prime numbers, and for every
m € N, we denote by

@(m) = |(Z/mZ)*| Euler's - function.

Fora,b € QU {—o00, 00}, [a,b] = {x € Z | a < x < b} denotes the discrete inter-
valbetweena andb.Let L, L' C Z.Wedenoteby L + L' ={a+b|a e L, be L'}
their sumset. A positive integer d € Nis called a distance of L if there existsak € L
such that L N [k, k + d] = {k, k + d}, and we denote by A(L) the set of distances
of L.If # # L C N, we denote by p(L) = sup L/ min L € Q> U {oo} the elasticity
of L. We set p({0}) = 1 and max ) = min ¥ = sup ¥ = 0. All rings and semigroups
are commutative and have an identity element.

2.1 Monoids

Let H be a multiplicatively written commutative semigroup. We denote by H*
the group of invertible elements of H. We say that H is reduced if H* = {1} and
we denote by Hreq = {aH> | a € H} the associated reduced semigroup of H. An
element u € H is said to be cancellative if au = bu implies thata = b foralla, b €
H. The semigroup H is said to be

— cancellative if every element of H is cancellative.
— unit-cancellative if a,u € H and a = au implies thatu € H*.

By definition, every cancellative semigroup is unit-cancellative. All semigroups
of ideals, that are studied in this paper, are unit-cancellative but not necessarily
cancellative.

Throughout this paper, a monoid means a
commutative unit-cancellative semigroup with identity element.

Let H be a monoid. A submonoid S C H is said to be divisor-closed if a € S and
b € H with b | a implies that b € S. An element # € H is said to be

— primeifu ¢ H* and, foralla,b € H, u | ab and u { a implies u | b.

— primary ifu ¢ H* and, foralla, b € H,u | ab and u { a implies u | b" for some
neN.

— irreducible (or an atom) if u ¢ H* and, for all a,b € H, u = ab implies that
ae H orb e H*.

The monoid H is said to be atomic if everya € H \ H* is a product of finitely many
atoms. If H satisfies the ascending chain condition (ACC) on principal ideals, then
H is atomic [12, Lemma 3.1].
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2.2 Sets of Lengths

For a set P, we denote by F(P) the free abelian monoid with basis P. Every a €
JF(P) is written in the form

a= ]_[ p""@ withv,(a) € Ny and V,(a) = 0 for almost all p € P.
peP

We call |a| = Z/}EP V,(a) the length of @ and supp(a) = {p € P | V,(a) > 0} C P

the support of a. Let H be an atomic monoid. The free abelian monoid Z(H) =
F(A(H q)) denotes the factorization monoid of H and

w: Z(H) = Hyq satisfying 7w(u) = u forall u € A(H req)
denotes the factorization homomorphism of H. For every a € H,

Zu(a) =Z(a) = 7 "(aH™) isthe set of factorizations of a and
Ly(a) =L(a) ={|z] | z € Z(a)} isthe set of lengths of a.

For a divisor-closed submonoid S C H and anelementa € S, wehave Z(S) C Z(H)
whence Zg(a) = Zy(a), and Lg(a) = Ly (a). We denote by

— L(H) = {L(a) | a € H} the system of sets of lengths of H and by
- A(H) = ULGZ:(H) A(L) C N the set of distances of H.

The monoid H is said to be half-factorial if A(H) = @ and if H is not half-factorial,
then min A(H) = gcd A(H).

2.3 Distances and Chains of Factorizations

Let two factorizations z, 77 € Z(H) be given, say

I=Ul" ... UV ... Uy and z’:ul el ot UpWY oLl Wy,
where £, m,n € Noandallu;, v;, wy € A(H q) suchthatv; # wy forall j € [1, m]
and all k € [1, n]. Then d(z, z/) = max{m, n} is the distance between z and 7. If

m(z) = w(z’) and z # 7/, then

1+ |1zl = 12l| < d(z,2') resp. 2 + |Iz] — |Z/l| < d(z, 2') if H is cancellative

2.1
(see [12, Proposition 3.2] and [16, Lemma 1.6.2]). Leta € H and N € Nj. A finite
sequence zo, . .., 2k € Z(a) is called an N-chain of factorizations (concatenating z

and z) if d(z;_1,z;) < N foralli € [1,k]. Forz, 7 € Z(H) with w(z) = 7 ('), we
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set ¢(z,z’) = min{N € Ny | z and 7’ can be concatenated by an N-chain of factor-
izations from Z(w(z))}. Then, for every a € H,

c(a) = sup{c(z,7') | z, 7 € Z(a)} € Ny U {oo} is the catenary degree of a.

Clearly, a has unique factorization (i.e., |Z(a)| = 1) if and only if c(a) = 0. We
denote by

Ca(H) ={c(a) |a € H,c(a) > 0} C N the set of catenary degrees of H,
and then
C(H) =supCa(H) € Ny U {oo} is the catenary degree of H.

‘We use the convention that sup # = 0 whence H is factorial if and only if c(H) = 0.
Note that c(a) = 0 for all atoms @ € H. The restriction to positive catenary degrees
in the definition of Ca(H) simplifies the statement of some results whence it is
usual to restrict to elements with positive catenary degrees. If H is cancellative, then
Equation (2.1) implies that min Ca(H) > 2 and

2 +sup A(H) < c(H) if H is not factorial.

If H =]],., H;, then a straightforward argument shows that

iel
Ca(H) = UCa(Hi) whence C(H) =sup{c(H;) |i € I}. 2.2)

iel

2.4 Semigroups of Ideals

Let R be a domain. We denote by q(R) its quotient field, by X(R) the set of minimal
nonzero prime ideals of R, and by R its integral closure. Then R \ {0} is a cancellative
monoid,

— Z(R) is the semigroup of nonzero ideals of R (with usual ideal multiplication),
— I*(R) is the subsemigroup of invertible ideals of R, and
— Pic(R) is the Picard group of R.

For every I € Z(R), we denote by V1 its radical and by N(I) = (R:I) = |R/I| €
N U {oo} its norm.

Let S be a Dedekind domain and R C § a subring. Then R is called an order in
S if one of the following two equivalent conditions hold:

- q(R) =q(S) and S is a finitely generated R-module.
— R is one-dimensional noetherian and R = S is a finitely generated R-module.
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Let R be an order in a Dedekind domain § = R. We analyze the structure of Z*(R)
and of Z(R).

Since R is noetherian, Krull’s intersection theorem holds for R whence Z(R)
is unit-cancellative [20, Lemma 4.1]. Thus Z(R) is a reduced atomic monoid with
identity R and Z*(R) is areduced cancellative atomic divisor-closed submonoid. For
the sake of clarity, we will say that an ideal of R is an ideal atom if it is an atom of the
monoid Z(R). If I, J € Z*(R), then I | J if and only if J C I. The prime elements
of Z*(R) are precisely the invertible prime ideals of R. Every ideal is a product of
primary ideals belonging to distinct prime ideals (in particular, Z7*(R) is a weakly
factorial monoid). Thus every ideal atom (i.e., every I € A(Z(R)) is primary, and if
VT =p e %(R), then I is p-primary. Since R is a finitely generated R-module, the
conductor § = (R: R) is nonzero, and we set

P={peX(R)|ppf and P*=X(R)\P.
Let p € X(R). We denote by
TXR) ={I e T"(R) | VI Dp} and Z,(R)={I € Z(R) | VI D p}

the set of invertible p-primary ideals of R and the set of p-primary ideals of R.
Clearly, these are monoids and, moreover,

T,(R) C Z(R), T;(R) C Iy(R), and Ti(R) C T*(R)

are divisor-closed submonoids. Thus I;‘ (R) is areduced cancellative atomic monoid,
Z,(R) is areduced atomic monoid, and if p € P, then I;(R) = Z,(R) is free abelian.
Since R is noetherian and one-dimensional,

a:T(R) — ]_[ Z,(R), definedby a(I) = (I, N R)pex(r) (2.3)
peX(R)

is a monoid isomorphism which induces a monoid isomorphism

vrm TR~ [ L. (24)
peX(R)

3 Orders in Quadratic Number Fields

The goal of this section is to prove Theorem 3.6 which provides an explicit description
of (invertible) ideal atoms of an order in a quadratic number field. These results
are essentially due to Butts and Pall (see [6] where they are given in a different
style), and they were summarized without proof by Geroldinger and Lettl in [19].
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Unfortunately, that presentation is misleading in one case (namely, in case p = 2
and dg =5 mod 8). Thus we restate the results and provide a full proof.

First we put together some facts on orders in quadratic number fields and fix our
notation which remains valid throughout the rest of this paper. For proofs, details,
and any undefined notions, we refer to [25]. Let d € Z \ {0, 1} be squarefree, K =
Q(v/d) be a quadratic number field,

1@ and dg =
2

e Vd, ifd=2,3 mod 4 4d, ifd =2,3 mod 4
N , ifd=1 mod 4. d, ifd=1 mod 4.

Then Ok = Z[w] is the ring of integers and dk is the discriminant of K. For every
f € N, we define

€—f2dk

ee€{0,1}withe= fd¢y mod2, n= 2 ,

e+ fa/dxg
and 7 = —

Then
Or=72 fWL=L&TL

is an order in Ok with conductor f = fOg, and every order in Ok has this form.
With the notation of Section 2.4 we have

P ={peXOp |pDfl={pZ+ fu|peP plf}

If a =a+ byd € K, then@ = a — by/d is its conjugate, Nk jola) = aa = a’? —
b%d is its norm, and tr(o) = o + @ = 2a is its trace. For an I € Z(Op), I ={a]
a € I} denotes the conjugate ideal. A simple calculation shows that

Nk +71) = r>+er+n foreachr e Z.
If O is an order and I € 7*(0O), then (Ok : 10k) = (O:I) and if a € O \ {0}, then
(0:a0) = (Ok:a0k) = |N1(/Q(t1)|

(see [17, Pages 99 and 100] and note that the factor rings Ok /1O and O/I need
not be isomorphic). For p € P and for @ € Z we denote by (%) € {—1,0, 1} the
Kronecker symbol of a modulo p. A prime number p € Z is called

— inert if pOg € spec(Ok).

— split if pOk is a product of two distinct prime ideals of O.
— ramified if pOk is the square of a prime ideal of Ok.

An odd prime
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. . dK _ .

Inert if (7) =-L inert ifdg =5 mod 8;
pis { split if d7’< =1; and2is {split ifdgk =1 mod §;

ramified if dFK —0. ramified ifdg =0 mod 2.

Proposition 3.1. Let p be a prime divisor of f, O = Oy, and p = pZ + fwZ.

1. The primary ideals with radical p are exactly the ideals of the form
a=p'(P"L+(r+1)L)

withe,m € No, £ +m > 1,0 <r < p™ and Nx)o(r +7) =0 mod p™. More-
over, N'(q) = p>“+.
2. A primary ideal q = p*(p™Z + (r + 7)Z) is invertible if and only if

Nkjo(r+7) #0 mod p"*'.

Proof. 1.Let qbe ap-primary ideal in O. By [25, Theorem 5.4.2] there exist nonneg-
ative integers £, m, r suchthatq = £(mZ + (r + 7)Z),r < mand Nk ,o(r +7) =0
mod m. Since q is nonzero and proper, we have {m > 1. We prove, that £m is a power
of p. First observe that g C /q = p implies that p | £m. Assume to the contrary that
there exists another rational prime p’ # p dividing €m, say €m = p’s. But then
p'seq,s¢qand p’ ¢ p=./q. A contradiction to q being primary. Conversely,
assume that q = p*(p"Z + (r + 7)Z) for integers £,m e N, £ +m > 1,0 <r <
p™ and J\/}(/Q(r +7)=0 mod p™. By [25, Theorem 5.4.2], q is an ideal of O.
Since p € ,/q and p is the only prime ideal in O containing p we obtain that
V8 = Naespec(0).anq & = P- The nonzero prime ideal p is maximal, since O is one-
dimensional. Therefore, ¢ is p-primary. It follows from [25, Theorem 5.4.2] that
N(q) — p2£+m.

2. By [25, Theorem 5.4.2], q = p“(p™Z + (r + 7)Z) is invertible if and only if
gcd (p”‘,Zr + e, W) = 1. Since p | fand/\/K/Q(r +7) = i((Zr + e)? —
f2dx). this is the case if and only if p {22050 that is Nijg(r +7) # 0
mod p"+1, O

If x € Z and y € N, then let rem(x, y) be the unique z € [0, y — 1] such that
¥ | x — z. Let p be a prime divisor of f. Note that v,(0) = oo, and if # # A C N,
then min(A U {oo0}) = min A. We set

Py, = pZ + fwZ, I;(Of) = I;ﬁp(Of),Ip(Of) = IP}‘.,;(Of)’ and
My, ={x. 3.2 eNj Iz < p'. v +ez+n) =y}

Lets: My, x My, = My ,bedefinedby (u, v, w) * (x, y, z) = (a, b, c), where
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a=u+x+g, b=v+y+e—2g,

h? ch
¢ =rem (h — t%, pb) , g=min{v, y, v,(w +z +¢)},
p
e = min{g, vp(w — 2), V,,(w2 +ew+n) —v, Vp(Z2 +ez+mn) —yh
iy >
t eZissuchthattM =1 mod p™™=9 andh = . 1 y="v .
pY w ifv>y

Let&r, : My, = Z,(Of) bedefined by &/, (x, y,2) = p*(p’Z + (z + 7)Z).

Proposition 3.2. Let p be a prime divisor of f and 1, J € Z,(Oy).

1. (My.p, %) is a reduced monoid and £, , is a monoid isomorphism.

2. If w, z € Z are such that vp(w2 +ew+n) > 0and VP(ZZ +ez+mn) > 0, then
Vp(w+z+¢)>0andv,(w—2z) > 0.

3. NIODN W) INUT) and N(1J) = N(DN(J) if and only if I is invertible or
J is invertible. If I and J are proper, then I1J C pOjy.

4. If I € A(Z,(Oy)), then there is some 1' € .A(I;((’)f)) such that N(1J) |
NUT'D). If I € A(Z,(Oy)) is not invertible, then N(I) | N(I') and N (1) <
NI for some I' € AZ;(Op)).

5. If 1 € AZ;(Op)), then I € A(Z;(Op)) and IT = N(1)Oy.

Proof. 1. Let (u, v, w), (x,y,z) € My,. Set g =min{v,y, v,(w+z+¢)} and
e = min{g, v,(w — 2), v,(w? + ew +n) —v,v,(z*+ez+n) —y}. Note that
ged(p™intvY) w4z 4+ ) = pY, and hence there are some s,f € Z such that
spmintvt 4t (w + z + €) = pY. This implies that t2+2+e =1 mod pmin(v-yi—9,
Seta=u+x+g,b=v+y+e—2gandleth=zify >vandh =wifv > y.

2
Finally, set ¢ = rem(h — t%, pb). First we show that ¢ does not depend

on the choice of . Let ¢' € Z be such that #'*~55 = 1 mod pmintvy}=9_ Then
pmintvyl=9 | ¢ — ¢/ Note that min{v, y} + v, (h* + €h +n) > v+ y + e, and hence
PPt — ¢)liEhrn “hw . Consequently, ¢ = rem(h — /w, ph).

Next we show that (a, b, ¢) € My,,. It is clear that (a, b, c¢) € Ng and ¢ < pb.
It remains to show that v, (c* 4+ ec +n) > b. Without restriction we can assume
that v < y.Then h = z. Setk =z — t%. There is some r € Z such that ¢ =
k +rp®. Since ¢? + ec + n = k> 4+ ek + n 4+ mp® for some m € Z, it is sufficient to
show that v, (k* + ek + 1) > b.

Observe thatk? + ek + 1 = w(pz-" —tp9Qz+e)+1t2(> + ez + 1) =

*‘;;“’(sp”*" +tp9(w —z) + 1*(2* +ez+n). Note that g+ v,(w—z) =
min{v + v,(w — 2), vp(w + z + &) + v,(w — 2)} = min{v + v, (w — 2), v, (w? +
ew+n— (% +ez+n)} > minfv + v,(w —2), V(22 +ez+n), v,(w? +ew +
n)} > v. Moreover, we have v,(z*> + ez + 1) > y + e. Therefore, v,(k* + ek +
M) = V(2 +ez+m) —2g+minfu+ g, +V,(w —2), v, +ez+ ) =y +
e—29g+v=hb.
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Now we prove that p*(p'Z + (w + 7)Z) p* (p*Z + (z + T)Z) = p*(p"Z + (c +
7)Z). (Note that this can be shown by using [25, Theorem 5.4.6].) Set [ =
P (p'Z + (w + 17)Z) p* (p’Z + (z + 7)Z). Without restriction let v < y. Note that
w4+nNz+71)=wz—n+w+z+e)r.Seta=p’(z+7)and f =wz —n+
(w + z + &)7. We infer that I = p“** (p*" WV Z + p¥(w + 7)Z + oZ + (7).

Moreover, pY(w + 7)Z + oZ = p*(w — z)Z + aZ. Observe that sa + 13 =
piz—t(Z*+ez+n) + pir. Set k =z — t% Then sa + 13 = p9(k + 7).
We have a— p'(k+7)=1tp* 9> +ez+n) and (wH+z+e)k+7)—fF=
sp*~9(z% + ez +n). Setr = p*~9(z*> + ez + n). Consequently, aZ + BZ = srZ +
trZ.+ p9(k +1)Z =rZ+ p9(k + 7)Z, since gcd(s,t) = 1. Putting these facts
together gives us I = p***(p"™Z + p¥(w — 2)Z +rZ + p(k + 7)Z).

We have ged(p'™, p*(w —z),r) = p* with £ =minfv +y, y + v,(w — 2),
v—g+ Vp(ZZ +ez+n)} and p*PZ+ p¥(w — 2)Z + rZ = p*Z. Note that £ =
v+ y— g+ min{g, v,(w — 2) —v+g,v,,(zz+€z+77) -y} and v,(w—2)
—v+g=min{v,(w —2),v,(w —2) +V,(w+z+¢) —vi=min{v,(w —2), v,
w?>+ew+n—(2+ez+n)—v}, and hence £=v+y—g+min{g,
Vp(w —2), Vp(w? +ew + 1 — (22 +ez+n) — v, v, (2 +ez+n) — ).

CASE 1: v,(w? + ew +n) > v,(2* + ez +n). Then v,(w* +ew +1n) —v >
vp(Z2+ez+m) —y and  vy(wrtew+n— (P +ez+n)—v >V, +
ez+mn) —y.

CASE 2: vp(z2 +ez+1n) > Vp(w2 + ew + 7n). Then Vp(w2 +ew+n— (2 +
ez+mn) —v=v,(w+ecw+n —v.

In any case we have min{vp(w2 +ew+n— (22 +ez+n) —v, vp(z2 +ez+
n) —y}= min{vp(w2 +ew+n) —v, vp(z2 +¢ez+mn) — y}. Obviously, £ =v +
y+e—gand [ = p'THI(pvTyte 27 4 (7 — t% + 7)Z). Consequently,
I = p“(p’Z + (c + 7)Z).

So far we know that * is an inner binary operation on M ,. It follows from
Proposition 3.1.1 that £, is surjective. It follows from [25, Theorem 5.4.2] that £, ,
is injective. It is clear that (Z,(Oy), -) is a reduced monoid. We have shown that
&y,p maps products of elements of M, to products of elements of Z,(Oy). It is
clear that (0, 0, 0) is an identity element of M ¢, and {4 ,(0, 0, 0) = O/. Therefore,
(M, *) is a reduced monoid and &, , is a monoid isomorphism.

2. Let w,z €Z be such that v,(w?*+ew+n) >0 and v,(z*+ez+mn)
> 0.Thenp | 2% + ez + 1 = 3((2z + €)* — f*dk),andhence p | 2z + . Moreover
plw>+ecw+n— (P +ez+n) =w+z+e)(w—2z), and thus p | w+z+¢
orp|w—z. Since p | 2z + ¢, weinfer that p | w + z +eifandonlyif p | w — z.
Consequently, min{v,(w + z +¢€), v,(w — 2)} > 0.

3. By 1., there are (u, v, w), (x,y, 2), (a, b, c) € My, suchthat I = p"“(p'Z +
(w+77Z), J=p*(pPZ+ (z+7)Z), and 1J = p*(p*Z + (c + 7)Z) with a =
u+x+g, b=v+y+e—29, g=min{v,y,v(w+z+¢)} and e =min
{9, vp(w —2),vy(w? +ew+n) —v,v,(z>+ez+n) —y}. It follows by
Proposition 3.1.1 that N'(I) = p?*’, N'(J) = p>*, and N(IJ) = p***> =
prutotviyte Tt is obvious that N'(I)N'(J) | N'(1J). Moreover, N'(1J) = N(I)
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N(J) if and only if e = 0. We infer by 2. that e = 0 if and only if v =0 or
y=0or Vp(w2 +ew+mn) =vor Vp(z2 + ez +n) =y, which is the case if and
only if 7 is invertible or J is invertible by Proposition 3.1.2. If / and J are
proper, then u + v > 0 and x + y > 0, and hence @ > 0 by 2. This implies that
1J C p(p"Z+ (c+7)Z) C pOy.

4. Let I € A(Z,(Oy)). Without restriction let I be not invertible. We have
I = p’Z + (r + 7)Z for some (0, b, r) € My, and b < v,,(r2 +er+mn).Setc =
v,(r*+er+mn) and I' = p°Z + (r + 7)Z. Then I' € AZ5(Op)), NUI) | N,
and V(1) < N (I') by Proposition 3.1. There is some (x, y, z) € M, suchthatJ =
P (P’Z+ (z+1)Z). Then NUI'J)=pt> ™ and NIJ) = pbttryte
withe = min{b, y,v,(r +z+¢€),v,(r —2),c — b, v,)(z2 +ez+n)—y} <c—b.
Therefore, N(IJ) | N(I'J).

5.Letl € A(Z;(Op). If I = pOy, then I = pOy and N'(I) = p? by Proposi-
tion 3.1.1. Therefore, IT = N(I)Oy.Now let I # pOy. There is some (0, m, r) €
My, such that [ = p"Z + (r + 7)Z. Set s = p™ —r — . It follows that 1=
P'L+ (o +TL=p"Z+ (r+ec—7)7=p"Z+ (s +7)Z. Observe that s>+
es+n=r>+er+n+p"(p" —@2r+c¢)). Since p|ri4er+n= %((2r +
) — f2dk), we have v,(2r +¢) > 0, and hence v,(p"(p™ — 2r +¢€))) > m.
Since V,,(r2 +er +mn) =m,we inferthatv,,(s2 + es +n) = m,and thus (0, m, s) €
My, ,. Therefore, Ie A(I[*,(Of)). Note that min{m, v,(r + s + €)} = m, and thus
IT = p"O; = N(I)Oy by 1. and Proposition 3.1.1. O

Proposition 3.3. Let p be a prime divisor of f and f' = p"»P). Set O = Oy,
O =0s, P=Ps,and P' = Py . Forg € Nlet g, , : T,(Og) — Z((Oy)p,,) be

defined by ¢, ,(1) = Ip,, and (, , : T((Oy)p, ) — L,(Oy) be defined by (; ,(J) =
JNO,

1. Op =0).

2. @y,p and (g, are mutually inverse monoid isomorphisms.

3. There is a monoid isomorphism 6 : T,(O) — Z,(0’) such that §(pO) = pO’
and 6|1;(o) : I;(O) -1, (@) is a monoid isomorphism.

Proof. 1.1tis clear that O C O" and P’ N O = P. Therefore, Op C O),. Observe
that O\ P = (Z\ pZ) + fwZand O'\ P' = (Z \ pZ) + f'wZ. It remains to show
that { f'w} U {x~! | x € (Z\ pZ) + f'wZ} C Op. Smce—f/w = fwe Oand— €
Z\ pZ c O\ P,wehave f'w € Op.Therefore, O’ C Op Now leta € Z\pZand
b e Z. Observe that a+bf e CcOp. Since w+w,wweZ, we
have (@ + bf'w)(a —i—bf/w) =a’+abf'(w+w) +b*(fHww e Z\ pZ C O\ P.

1 +bf'w
Therefore, Py (a+hf/u,)(a+bf’w) € Op.

2.Itis clear that ¢, , is a well-defined monoid homomorphism. Note that (y , isa
well-defined map (since every nonzero proper ideal J of Op is Pp-primary, and hence
J N Ois P-primary). Moreover, (s ,(Op) = O. Now let J;, J, € Z(Op). Observe
that J;J, N O and (J; N O)(J, N O) coincide locally (note that both are either
P-primary or not proper). Therefore, J;J, N O = (J; N O)(J, N O), and hence
(#,p 1s a monoid homomorphism. If J € Z(Op), then (J N O)p = J. Therefore,
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@fpoCrp =idzo,). If I isa P-primary ideal of O, then Ip N O = I. This implies
that Cf,p oYLy = ide(@).

3.Setd = (y.powysp-Thené : ,(0) — I,(0')is amonoid isomorphism by 1.
and 2. Furthermore, we have by 1. that §(pO) = (s , (1., (PO)) = (5 p(pOp) =
Crp(pO'p) = pOp NO = pO'.

Since O is noetherian, we have 7, (O) is the set of cancellative elements of Z,,(O).
It follows by analogy that 7] (O') is the set of cancellative elements of Z,(O").
Therefore, 4(Z,(0)) = IZ((’)/), and hence (5|I;(@) is a monoid isomorphism. O

Lemma 3.4. Let p be a prime number, let k € Ny, let c,n € N be such that
gcd(c, p) = 1 and for each £ € Nlet go = |{y € [0, p* — 1] | y*> = ¢ mod p‘}|.

1. If p # 2, then p*c is a square modulo p" if and only if k > n or (k < n, k is
even and (%) =1).
2. 2%c is a square modulo 2" if and only if one of the following conditions holds.
(a) k> n.
(b) kisevenandn =k + 1.
(c) kiseven,n =k+2andc =1 mod 4.
(d) kiseven,n >k+3andc=1 mod 8.
4 if p=2,£>3,c=1 mod 8
2 if(p;éZ,(?)z1)0r(p=2,£=2,c51 mod 4)
ifp=24¢0=1 '
else

3. Ift e N, theng, =

[T

Proof. Note that p¥c is a square modulo p” if and only if k > n or (k < n, k is even
and c is a square modulo p" ).

1. Let p # 2. It remains to show that if £ € N, then ¢ is a square modulo p*
if and only if (%) =1.If £ € N and c is a square modulo p‘, then c is a square
modulo p, and hence (%) = 1. Now let (%) = 1. It suffices to show by induction

that ¢ is a square modulo p* for all £ € N. The statement is clearly true for £ = 1.
Now let £ € N and let x € Z be such that x> = ¢ mod p. Without restriction let
v,,(x2 —¢) = £. Note that p { x, and hence 2bx = —1 mod p for some b € Z. Set
y =x 4+ b(x* —¢). Then y?> = ¢ mod p‘*'.

2. It remains to show that if £ € N, then ¢ is a square modulo 2¢ if and only if
f=1lor(l{ =2andc=1 mod4)or({ >3andc=1 mod 8).Let£ € N and let
¢ be a square modulo 2¢. If £ = 2, then ¢ is a square modulo 4 and ¢ = 1 mod 4.
Moreover, if £ > 3, then c is a square modulo 8 and ¢ = 1 mod 8.

Clearly,if ¢ = lor({ =2andc =1 mod 4), then c is a square modulo 2¢. Now
letc =1 mod 8. It is sufficient to show by induction that ¢ is a square modulo 2°
for each ¢ € N>3. The statement is obviously true for £ = 3. Now let £ € N>3 and
let x € Z be such that x2 = ¢ mod 2¢. Without restriction let v, (x2 — ¢) = £. Set
y =x 421 Then y> = ¢ mod 2.
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3.Let £ € N. By 1. and 2., it is sufficient to consider the case g, > 0. Let g; > 0.
Observe that g, =|{y €[0,p'—1]|y*=1 mod p‘}| = |{y € (Z/p‘'Z)* |
ord(y) <2}|. If p =2 and £ = 1, then (Z/p'Z)* is trivial, and hence g, = 1. If
(p=2,£=2andc=1 mod 4)or(p # 2and(ﬁ) = 1),then (Z/p*Z)* is a cyclic
group of even order, and thus g, = 2. Finally, if p =2,¢ >3 and c=1 mod 8,
then (Z/2°7Z)* = 7Z./27 x Cy— is the product of two cyclic groups of even order.
Consequently, g, = 4. ]
Lemma 3.5. Let p be a prime number, a,m € N, ¢ = ﬁ, M ={xe|[0, p" —
1] | V,,(xz—a) =m)}, N = |M| and for each £ € N let g, = |{y € [0, p* — 1] |
y? =c¢ mod pt}|.

m 2 . .
1. If m < vp(a), then N = {SD(P ) zfm z's even‘
0 if misodd

2. Letm = vy(a).
PN p=2) if p#2

2m/2—1 lf p= 2
(b) Ifa is not a square modulo p"*+!, then N = p!"/?],

(a) Ifa is a square modulo p"*', then N =

bt

If m > v,(a) and a is not a square modulo p™, then N = 0.
4. If k € Nis such that m = k + v,(a) and a is a square modulo p™, then N =
PO N (pgk = gign)-

Proof. 1. Let m < v,(a). Observe that M = {x € [0, p" — 1] | 2v,(x) = m}.
Clearly, if m is odd, then N = 0. Now let m be even. We have M = {p"/?y |
y €10, p™/* — 1], ged(y, p) = 1},and thus N = [{y € [0, p"/> — 1] | ged(y, p) =
1}l = @(p").

2.Notethat M = {x € [0, p" — 1] | 2v,(x) > m, x> #%a mod p™t'}and|{x €
[0, p" — 11| 2v,(x) = m}| = plm/2l Set M = {x € [0, p" — 1] | x> =a mod
p" ™} Then M’ = {x € [0, p" — 1] | 2v,(x) > m,x* =a mod p™™'} and N =
p"/2l —|M'|.If a is not a square modulo p”*! then M’ = @, and hence N = pl"/2!.
Now let a be a square modulo p™*+!. Then M’ # @, and thus m is even. Observe that
M ={x €0, p" —1]| 2v,(x) = m,x2=a modp’"*l} = {p’"/zy | y € [0, p’"/2
— 11, ¥?> = ¢ mod p}. Therefore, |[M'| = |{y € [0, p"™/* — 11| y> = ¢ mod p}| =
P>y €10, p— 111 y* = ¢ mod p}.

If p 7& 2’ then N = p\_m/ZJ _ |M/| — pm/2 _ 2pm/2—1 — pm/2—l(p _ 2) by
Lemma 3.4.3. Moreover, if p =2, then N =22 — M| =2m/2 —om/2~1 =
2"/2=1 by Lemma 3.4.3.

3. This is obvious.

4. Let k € Nbe such thatm = k + v,(a) and let a be a square modulo p™. It fol-
lows by Lemma 3.4 that v, (a) is even. Set r = v,,(a)/2 and for § € {0, 1} set My =
{x € [0, p™ — 11| 2v,(x) = v,(a), x> =a mod p" % . ThenM = {x € [0, p" —
1]v,(x) =r, vp(x2 —a)=m}=My\ M;. Since {xel0,p" —1]]|v,(x)=
ry={p'ylyel0, p"*" —1],ged(y, p) =1}, we infer that My ={p"y|ye
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[0, p**" — 1], y2 = ¢ mod pk*+?}. Therefore, |My| = |{y € [0, p**" — 1] | y?> =¢
mod p“*?)| = p?|{y € [0, p"*? — 11| y> = ¢ mod p***}| = p"’gep.  This
implies that N = |Mo| — [M| = p"gx — p" " gks1 = P" " (Pgk — G1)- U
Theorem 3.6. Let O be an order in a quadratic number field K with conductor
f = fOk for some f € N>,, p be a prime divisor of f, and p = Py p.

1. The primary ideals with radical p are exactly the ideals of the form
q=p"(P"Z+(r+1D)

withe,m € No,£ +m > 1,0 <r < p", and Nx,o(r +7) =0 mod p™. More-
over, N'(q) = p*+m.

2. A primary ideal q = p*(p"Z + (r + 7)Z) is invertible if and only if

Nikjo(r +7) #0 mod p"*'.

3. A primary ideal q with radical p is an ideal atom if and only if q = pO or

q=p"Z+ (r +7)Zwithm € Nand p™ | Nx,o(r + 7).

4. Tablel gives the number of invertible ideal atoms of the form p™7Z + (r + 7)Z
with norm p™; this number is 0 if m is not listed in the table.

Table 1 Number of nontrivial invertible p-primary ideal atoms

m 2h 2vp (f) 2vp (f) + 11> 2vp (f) +1
1<h<vp(f)
p is inert p'rD) 0
p is ramified| ¢ (pm/Q) p ]
p splits P (p - 2) 2p p»»

5. The number of ideal atoms with radical p is finite if and only if the number of
invertible ideal atoms with radical p is finite if and only if p does not split.

Proof. 1. and 2. are an immediate consequence of Proposition 3.1.

3.In 1. we have seen, that all p-primary ideals of O are of the form q = p‘(p™Z +
(r +7)2Z). If both £ and m are greater than 0, then q is not an ideal atom. Indeed,
q = (pO) (p"Z + (r + 7)Z) is a nontrivial factorization. It remains to be proven
that pO and p"Z + (r + 7)Z are ideal atoms.

Assume that there exist proper ideals a;, a; of O such that pO = a,a,. Since pO
is p-primary, we have a; and a, are p-primary. Using this information, we deduce
that pO C p?, implying

p € pO C p* = (p*, pfw, f2w?) = p(p, fuw, gwfuJ) = p(p, fw) = pp.
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Therefore, 1 € p, a contradiction.

Assume that there exist proper ideals a;, a, of O such that p"Z + (r + 7)Z =
ajay. Note that a; and a, are p-primary. By Proposition 3.2.3, it follows that p™'Z +
(r +7)Z C pO, acontradictiontor + 7 ¢ pO.

4. By 1. and 3., the nontrivial p-primary ideal atoms of norm p™ are all q =

p"Z+ (r +7)Z withm € N,0 <r < p™ and Ng,o(r +7) =0 mod p”. By 2.,
an ideal of this form is invertible if and only if Nk o(r + 7) 0 mod p™*!.

Thus if we want to count the number of invertible p-primary ideal atoms of the
formq = p™Z + (r + 7)Z, we have to count the number of solutions r € [0, p™ — 1]
of the equation

VN + 1) =m. (3.1)

(§dx ifp=2
fldx  ifp#2
Next we show that N = |{r € [0, p™ — 1] | vp(r2 — a) = m}|. Note that N o (r +
T) = @49 =¥k for each r € [0, p™ — 11.If p = 2, then € = 0, and hence N g
(r+7)=r*>—a.Nowlet p # 2. Then v,(Nx,o(r + 7)) = v,((2r + ¢)* — a) for
eachr € [0, p" — 1].Let f : {r € [0, p — 1] | v‘,,(r2 —a)=m}— {r €[0, p" —
1] [ vp(@2r +e)?—a)= myandg : {r € [0, p” — 1] | v,(2r +e)?—a)=m}—

;£ if r — eiseven
r+p2’”—5

SetN = |{r € [0, p" — 11| v,(Nk,o(r + 7)) =m}|anda = !

{r €0, p™ — 11| v,(r* — a) = m} be defined by f(r) =

if r — e is odd
and g(r) = rem(2r + ¢, p™) foreachr € [0, p™ — 1]. Observe that f and g are well-
defined injective maps. Therefore, N = |{r € [0, p" — 1] | V‘,,(r2 — a) = m}|inany
case. Set ¢ = — and for £ € Nset g, = [{y € [0, pt =111 y*=c mod p*}|. If
m < v,(a), then the statement follows immediately by Lemma 3.5.1. Therefore, let
m > v,(a). In what follows we use Lemmas 3.4 and 3.5 without further citation.

CASE 1: p = 2and 2isinert. We have vy (a) = 2v,(f) —2,c =dg =5 mod 8,
g1=1, g =2 and g3 =0. If m = v,(a), then a is a square modulo 2”*!, and
hence N = 2"/>~1 = p(2"/%). If m = v,(a) + 1, then a is a square modulo 2", and
thus N = 2%@/2=1(2g; — g,) = 0.If m = v,(a) + 2, then a is a square modulo 2",
whence N = 2%2@/2-1(2g, — g3) = 2V2@/2+1 = 2v2()) Finally, let m > v,(a) + 3.
Then a is not a square modulo 2™, and hence N = 0.

CASE 2: p =2 and 2 is ramified. Note that vo(a) € {2v2(f), 2v2(f) + 1}. First
let vo(a) = 2vo(f). Then a = f2>d withc=d =3 mod 4, g; = 1 and g, = O for
each ¢ € Nxy. If m = va(a), then a is a square modulo 2"+, and thus N = 2"/2~1 =
29N~ = (22D, If m = vy(a) + 1, then a is a square modulo 2", and hence
N =22@2=12g, — gy) = 2>/) Finally,letm > v,(a) + 2. Then a is not a square
modulo 2", and thus N = 0.

Now let vo(a) = 2v5(f) + 1. If m = v,(a), then a is not a square modulo 2"+,
and hence N = 2U"/2) = 2%2() If m > v,(a), then a is not a square modulo 2, and
thus N = 0.
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CASE 3: p =2 and 2 splits. Observe that vy(a) =2vy(f) —2, c=dg =1
mod 8,9, = 1,9, =2and g, = 4foreach £ € N>3. If m = v,(a), then a is a square
modulo 2”*!, and hence N = 2"/>~! = cp(2’”/2). Now let m > v,(a) and set k =
m — v (a). Note that a is a square modulo 2", and hence N = 2V@/2=1(2¢g, — g 41).
If m < vy(a) + 3, then N = 0. Finally, let m > v,(a) + 3. Then N = 2V>@/2+1 —
V2 (f) — 2¢(QVz(f))_

CASE 4: p # 2 and p is inert. We have v, (a) = 2v,(f), (%) = (%") = —1 and
ge = Oforeach £ € N.If m = v,(a), then a is not a square modulo p’"“, and hence
N = pm/2 = pvvD If m > v,(a), then a is not a square modulo p™, and thus
N =0.

CASE 5: p #2 and p is ramified. It follows that v,(a) = 2v,(f) + 1. If m =
v,(a), then a is not a square modulo p™*!, and thus N = pl"/2 = p¥» (D If m >
v,(a), then a is not a square modulo p™, and thus N = 0.

CASE 6: p #2 and p splits. Note that v,(a) = 2v,(f), (%) = (dTK) =1 and
ge = 2 for each £ € N. If m = v, (a), then a is a square modulo p’”’”, and hence
N = p"* 1 (p—-2) = p»D=Y(p —2). If m > v,(a), then a is a square modulo
p", and thus N = p"r @/~ (pgy — geyr) = 2p D7 (p — 1) = 20(p"r V).

5. It is an immediate consequence of 4. that the number of invertible ideal atoms
with radical p is finite if and only if p does not split. It remains to show that A(Z,(O))
is finite if and only if A(I‘j,k (0)) is finite. It follows from [1, Theorem 4.3] that Z(O,,)
is a finitely generated monoid if and only if Z*(Oy) is a finitely generated monoid.
Therefore, Proposition 3.3.2 implies that Z,(O) is a finitely generated monoid if
and only if Z7(O) is a finitely generated monoid. Observe that Z,,(0) and Z(O)
are atomic monoids. Therefore, A(Z,(0)) is finite if and only if Z,,(O) is a finitely
generated monoid if and only if 77(0O) is a finitely generated monoid if and only if
A(Z;(0)) is finite. ]

4 Sets of Distances and Sets of Catenary Degrees

The goal in this section is to prove Theorem 1.1. The proof is based on the precise
description of ideals given in Theorem 3.6. We proceed in a series of lemmas and
propositions and use all notation on orders as introduced at the beginning of Section 3.
In particular, O = Oy is an order in a quadratic number with conductor fOx for
some f € Nsj.

Proposition 4.1. Let H be a reduced atomic monoid and suppose there is a cancella-
tive atomu € A(H) such that foreacha € H \ H* therearen € Nyandv € A(H)
such that a = u"v.

1. Foralln,m € Ngand v, w € A(H) such that u"v = u™w, it follows thatn = m
and v = w.
2. Foralln € Ny and v € A(H), it follows that max L(u"v) = n + 1.
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et

C(H) = sup{c(w - y,u" -v) | n € Nand v, w, y € A(H) such that wy = u"v}.
If H is half-factorial, then c(H) < 2.

5. sup A(H) =sup{€ — 2 | £ € N>3 such that L(vw) N[2,£] = {2, ¢} for some
v, we A(H)}.

e

Proof. 1.Letn,m € Nyandv, w € A(H) be such that u”v = u™w. Without restric-
tion let n < m. Since u is cancellative, we infer that v = u™"w. Since v € A(H),
we have n = m, and thus v = w.

2.1tisclearthatn + 1 € L(u"v) foralln € Nyand v € A(H). Therefore, it is suf-
ficient to show by induction that foralln € Ny andv € A(H), maxL(u"v) <n + 1.
Let n € Ny and v € A(H). If n = 0, then the assertion is obviously true. Now let
n > 0and z € Z(u"v). Then there are some 7', 7" € Z(H) \ {1} suchthatz = 7' - z".
There are some m’,m” € Ny and w’, w” € A(H) such that 7(z) = u™ w’ and
7(z") = u™ w”. There are some £ € N and y € A(H) such that w'w” = u’y. We
infer that u"v = u””’””“y, and thus n = m' +m” + £ by 1. Since m’,m” < n, it
follows by the induction hypothesis that |z'| < m’ + 1 and |z”| < m” + 1. Conse-
quently, |z| <m' +m" +2<m'+m"+¢+1=n+1.

3. Set k = sup{c(w -y, u" -v) |n €Ny and v, w,y € A(H) such that wy =
u"v}. Since C(H) = sup{c(z,7') | a € H,z,7 € Z(a)}, itis obvious thatk < c(H).
It remains to show by induction that for all n € Ny and v € A(H), it follows that
c(u™v) <k.Let n € Ny and v € A(H). Since c(v) = 0, we can assume without
restriction that n > 0. Since c(u"v) = sup{c(z, u" - v) | z € Z(u"v)}, it remains to
show that c(z, u" - v) < k forall z € Z(u"v). Let z € Z(u"v).

CASE 1: For all w,y € A(H) \ {u}, we have w - y { z. There are some m €
N and w € A(H) such that z = u™ - w. We infer by 1. that z = u" - v, and thus
c(z,u"-v)=0<k.

CASE 2: There are some w,y € A(H) \ {¢} such that w-y | z. Set 7/ = WL)
There exist m € N and a € A(H) such that wy = u™a. We infer that m <n
and u"v = 7(z) = 7(w - y)© (7)) = u™an(z’), and thus an(z’) = u""v. Observe
that c(z,u” -a-7') <c(w-y,u™ -a) <k. Since n —m < n, it follows by the
induction hypothesis that c(u™ -a -7/, u" - v) < c(a -7z, u"™™ - v) <k, and hence
c(z,u" -v) <k.

4. Let H be half-factorial,n € Nand v, w, y € A(H) be such that wy = u"v. We
infer that n» = 1, and thus c(w - y, u" - v) < d(w - y, u - v) < 2. Therefore, C(H) <
2 by 3.

5.Set N = sup{¢ — 2 | £ € NozsuchthatL(vw) N[2, £] = {2, £} forsomev, w €
A(H)}. It is obvious that N < sup A(H). It remains to show that k < N for each
k € A(H). Let k € A(H). Then there are some a € H and r, s € L(a) such that
r<s,L@Nn[r,s]={r,s},and k =s —r. Let z € Z(a) with |z| = r be such that
v, (2) = max{v,(z) | 7 € Z(a) with |Z’| = r}. Since r < max L(a), it follows by 2.,
that there are some v, w € A(H) \ {u} such that v - w | z. There are some n € N
and y € A(H) such that vw = u"y. Since v, (z) is maximal among all factorizations
of a of length r, we have n > 2. Consequently, there is some ¢ € L(vw) such that
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2 <?¢<n+1and Llvw)N[2,¢] ={2,¢}. Note that r + £ — 2 € L(a), and thus
s <r+ € — 2. Thisimplies thatk < ¢ —2 < N. O

Theorem 3.6 implies that, for all prime divisors p of f,Z7(Oy) and Z,(Oy) are
reduced atomic monoids satisfying the assumption in Proposition 4.1.

Lemma 4.2. Let p be a prime divisor of f.

1. Z(pPsp) ={A-Psp| A=Ps, 0or Ae .A(I;’;(Of)) such that N'(A) = p?}
and 1 € Ca(Z,(Oy)).

2. If1,J € AZ;(Oy)) are such that N'(I) = p* and N'(J) > p*, then 1J = pL
for some L € A(I; (Op)).

3. 2 € Ca(Z;(Op)).

Proof. 1. Note that {I € Z,(Oy) | N(I) = p} ={Py,,}. First we show that
Z(pPry) ={A- P, | A= Pspor A e A(Z;(Op)) such that N'(A) = p*}.

Letz € Z(p Py, ). It follows from Proposition 4.1.2 that |z| < 2, and hence |z| =
2. Consequently, z = A - B forsome A, B € A(Z,(Oy)). By Proposition 3.2.1 there
are some (4, v, w), (x,y,t) € My, such that A = p*(p*Z + (w + 7)Z) and B =
P (p’Z+ (t +71)Z). Set g =min{v, y,v,(w+1+¢)} and e = min{g, v,(w —
1), vp(w? +ew +n) — v, v,(t* + et +n) — y}. We infer by Proposition 3.2.1 that
u+x+g=1landv+y+e—2g=1Notethatg € {0, 1}.Ifg =0, thenu + x =
v+y =1, and thus (A = pOs and B = Py,) or (A = Py, and B = pOy). Now
let g=1. Then u=x=0, v,y>1, v+y+e=3, and ec {0,1}. If e=1,
thenv=y=1,and thus A =B = Pf,. Now let e = 0. Then (v =1 and y = 2)
or (v=2 and y = 1). Without restriction let v =2 and y = 1. Then B = Py,
N(A) = p* = p?, and N(A)N(B) = p* = N(pPy,) = N(AB). Since B is not
invertible, it follows by Proposition 3.2.3 that A is invertible.

To prove the converse inclusion note that Py, = pZ+ (r + 7)Z for some
0, 1,r) € My,,. By Proposition 3.2.1 we have P_%’p = p(p"Z + (c + 7)Z with
(a,b,c) e My ,, a=min{l,v,(2r +¢)} and b =2+ e — 2a with e = min{a,
vp(r2 + er +n) — 1}. By Proposition 3.2.3 wehavea > 0,andthusa = b =¢ = 1.
Consequently, P%p = pP;,. Nowlet A € A(Z; (Oy)) be such that N'(A) = p* It
follows by Proposition 3.2.3 that N'(AP;.,) = N (AN (P;,) = p> and APy, =
pl for some I € 7,(O). We infer that N(I) = p, and hence I = Pyp.

Observe that d(z’, z”) < 1 for all Z’, 2" € Z(pPy,p) and (pOy) - Py, and Pf%p
are distinct factorizations of p Py, ,. Therefore, 1 = c(pPy,,) € Ca(Z,(Oy)).

2. Let I,J € A(Z;(Oy)) be such that N'(I) = p? and N'(J) > p?. Without
restriction we can assume that I # pOy. There are some (0,2,r), (0,k,s) €
M, such that [ = p*Z+ (r +7)Z and J = p*Z + (s + 7)Z. Since I and J
are invertible, we have v,(r> + er +n) =2 and v, (s> + &s + 1) = k > 2. There-
fore, v,(r + s +&) + v,(r —s) =v,(r> +er +n— (s* + es +n)) = 2, and thus
v,(r + 5 +¢) =1, by Proposition 3.2.2. Therefore, min{2,k, v,(r +s +¢)} =1,
and hence IJ = pL for some L € .A(I;j (Oy)) by Proposition 3.2.1.

3. We distinguish two cases.



30 J. Brantner et al.

CASE 1: p#2orv,(f) >2o0ord # 1 mod 8. It follows from Theorem 3.6
that there is some I € .A(I;(Of)) such that V(1) = p? and I # pOs. We have
IT = (pOy)?*, and hence L(IT) = {2}. Since I - I and (pOy) - (pOy) are distinct
factorizations of 11, we have 2 = c(I]) € Ca(I;;((’)f)).

CASE 2: p=2,v,(f)=1and d =1 mod 8. By Proposition 3.3.3 we can
assume without restriction that f = 2. By Theorem 3.6 thereis some I € A(Z;(Oy))
such that N'(I) = 8. There is some (0, 3, ) € M, such that I = 8Z + (r + 7)Z.
We have v,(r?> —d) =3, and hence v,(r) = 0. Therefore, min{3, vo(2r)} = 1,
and thus /2 =2J for some J € A(Z;(Oy)). Consequently, L(/?) = {2}. Since
I-1 and (20y) - J are distinct factorizations of 2, it follows that 2 = c¢(I?) €
Ca(Z,(Op)). a
Proposition 4.3. Let p be an odd prime divisor of f such that v,(f) > 2.

1. There is a C € A(Z;(Of)) such that L(C?) = {2, 3} whence 1 € A(Z3(Op))
and3 € Ca(I;(Of)). Moreover, if (p #3o0rd £2 mod 30rv,(f) > 2), then

thereare I, J, L € .A(I;(Of)) such that I*> = p>J and J* = p*L.

2. If IPic(Of)| <2 and (p #3 ord #2 mod 3 or v,(f) > 2), then there is a
nonzero primary a € Oy such that 2,3 € L(a) whence 1 € A(Oy).

Proof. 1. By Proposition 3.3.3 there is a monoid isomorphism ¢ : Z7(Oy) —
I;(O L ) suchthat 6(pOy) = pO - . Therefore, we can assume without restric-
2v2 2v2

tion that f is odd.

CLAIM: L(I?) = (2,3} for some I € AIZ;(Op)), 1€ AIZ;(Oy)), 3€Ca
(I;(Of)) andifv,,(p4 + f2d) = 4,then I*> = p*Jand J?> = p*Lforsomel, J, L €
AT, (Op)).

For r € Ny set k = v,(Nx,q(r + 7)) and I = p*Z + (r + 7)Z. Let k > 0 and
r < p*.Then I € A(Z;(Oy)). Moreover, I* = p*(p"Z + (¢ + 7)Z) with a = min
{k,v,(2r +€)},b = 2(k —a) and ¢ = rem(r — t% pb) foreacht € Z with
t% =1 mod p*~“ SetJ = p®Z + (c + 7)Z.Then I> = p®J andif b > 0, then
J e A(I;(Of)). In particular, if a =2 and b > 0, then I, J € A(I;(Of)) and
L(1?) = {2, 3}, and hence 1 € A(I%) C A(Z;(Oy)) and 3 = c(I?) € Ca(Z;(Oy)).
Observe that J2 = p® (p”Z + (¢’ + 7)Z) witha' = min{b, v,(2c + &)},b' = 2(b —
a’) and ¢’ € Ny such that ¢’ < p”. Set L = p?Z + (¢’ + 7)Z. Then J?> = p® L and
if ¥ > 0, then L € ,A(I;(Of)).

CASE 1:d # 1 mod 4. Setr = p*. We have Nx,o(r + 7) = p* — f2d, k > 4,
a=2,b=2k—-2)>0,r < pk, and t = pk_;“ satisfies the congruence. There-
fore, ¢ = rem(p® — (pk’2+12);§47f2d)’ P2y = p“+f2d+pk’2f22d;pk+2+2£p2‘k"’ for
some £ € Z. For the rest of this caselet v, (p* + f*d) = 4.1t follows that vp(e) =2,
and hence ¢’ = min{2(k —2), v,(2¢)} =2 and b’ = 4(k — 3) > 0.

CASE 2: d =1 mod 4. Set r = 221, Observe that Ny q(r 4+ 7) = £=5L2,
k>4,a=2,b=2(k—-2)>0,r < pk, and t = 1 satisfies the congruence. Conse-

2 4 2 4 2 2(k—1)
pP=1l_ pt=fd 2k-2) _ P frd+4ep
2 4p2 p ) +1= 2p2

quently, 2¢ 4+ ¢ = 2rem( for some
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£ € Z. For the rest of this case let v,,(p4 + fzd) = 4. We infer that ¢’ = min{2(k —
2),v,(2c + )} = 2. Moreover, b’ = 4(k — 3) > 0. This proves the claim.

Note that if g € N with v,(g) = v,(f), then there is a monoid isomorphism
' I[’j((Qf) — I[*,(Og) such that a(pOy) = pO, by Proposition 3.3.3. By the claim
it remains to show thatif (p # 3 ord # 2 mod 3 orv,(f) > 2), then there is some
odd g € N such that v,(9) = v,(f) and v, (p* + ¢°d) = 4.

Let (p #3 ord #2 mod 3 or v,(f) > 2). Furthermore, let v,(p* + f?d) >
4. This implies that v,(f) =2 and p{d. Without restriction we can assume
that V,,(p4 + (pz)zd) > 4. We have v,(1+d) > 0, and hence p # 3. Set g =
(p — 2)p®. Then vp(g) = v,(f). Assume that V,,(p4 + ¢?d) > 4. Then p° | p* +
(p —2)*p*d — p*(1 +d),andthus p | (p —2)> — 1 = p* — 4p + 3.Ttfollows that
p = 3, a contradiction.

2. Let [Pic(Of)| <2andlet p #3 ord 2 mod 3 or v,(f) > 2. By 1. there
are some 1, J, L € A(Z;(Oy)) such that [> = p*>J and J* = p’L. We infer that
I? is principal, and hence J and L are principal. Consequently, there are some
u,v e A(Oy) suchthat J = uOy, L = vO; and u® = p*v. Note that u? is primary.
Since p € A(Oy), we have 2,3 € L(x?). Therefore, 1 € A(Oy). O

Proposition 4.4. Let p be a prime divisor of f such that v,(f) > 2. Then there
are I,J € A(I;(Of)) such that L(1J) = {2, 4} whence 2 € A(I;(Of)) and 4 €
Ca(Z;(Oy)).

Proof. CASE 1: p #2 or v,(f) > 2 ord # 1 mod 8. By Theorem 3.6 there is
some I € A(Z3(Oy)) suchthat N'(I) = p*. Set J = 1. Weinferthat IJ = (pOj)*,
and hence {2,4} C L(1J) C {2, 3, 4}. Assume that 3 € L(/J). Then there are some
A, B, C € A(Z;(Oy)) such that IJ = ABC and N'(A) < N(B) < N(C). Again
by Theorem 3.6 we have N (L) € {p*} U {p" | n € Nx4} for all L € .A(I;(C’)f)).
This implies that N'(A) = NV (B) = p* and N'(C) = p*. It follows by Lemma 4.2.2
that ABC = p*L forsome L ¢ .A(I; (Oy)). Consequently, L = pz(’)f, a contradic-
tion. We infer that L(/J) = {2, 4} whence 2 € A(Z5(Oy)) and 4 € Ca(Z;5(Oy)).
CASE 2: p=2, v,(f) =2 and d =1 mod 8. Since Z;(O4) = I;(Oy) by
Proposition 3.3.3, we can assume without restriction that f = 4. We set

18 ifd=1 mod 32

6 ifd=1 mod 16 22 ifd=9 mod 32
w = . and z = . .
2 ifd=9 mod 16 2 ifd=17 mod 32

6 ifd=25 mod 32

In any case, we have vo(Ngg(w + 7)) =5 and vo(Ng,(z + 7)) =6. Set [ =
32Z 4 (w+7)Z and J = 64Z + (z + 7)Z. Then I, J € A(Z;(O,)) and Proposi-
tion 3.2.1 implies that 1J = 29(2°Z + (¢ + 7)Z) with a = min{5, 6, vo(w + 2)},
b=5+6—2a and ¢ € Ny such that ¢ < 2. Observe that vo(w + z) = 3, and
thus @ =3 and b = 5. Set L = 32Z + (c + 7)Z. Then L € A(Z;(O4)) and IJ =
(204)3L. We infer that {2,4} c L(IJ) C {2, 3, 4}, by Proposition 4.1.2.
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Assume that 3 € L(/J). Then there are some A, B, C € A(Z;(O,)) such that
IJ = ABC and N'(A) < N(B) < N(C). It follows by Theorem 3.6 that N'(U) €
{4} U{2" | n > S}forallU € A(Z;(0s)). Since N (AN (B)N(C) = N(DN(J) =
2048, we infer that V' (A) = N'(B) = 4and NV (C) = 128. Itfollows by Lemma4.2.2
that ABC = 4D for some D € A(Z;(O4)). This implies that D = 2L, a contra-
diction. Consequently, L(IJ) = {2, 4}, and thus 2 € A(Z;(O4)) and 4 =c(IJ) €
Ca(Z;(04)). |

Proposition 4.5. Suppose that one of the following conditions hold:

(@ vo(f) =Sor(vo(f) =4andd #1 mod 4).
®) vo(f) =3 andd =2 mod 4.
(©) va(f) =2andd =1 mod 4.

Then there are I, J € A(Z5(Of)) with LI J) = {2, 3} whence 1 € A(Z5(Oy)) and
3 € Ca(Z5(Oy)). If [Pic(Oy)| < 2, then there is a nonzero primary a € Oy with
2,3 € L(a) whence 1 € A(Oy).

Proof. CASE1:v,(f) = Sor(v2(f) =4andd # 1 mod 4). We show that there are
some A, B, 1, J, L € A(Z;(Oy)) such that A> = 321, B> = 16J and I J = 4L. Set
k = va(Nk/o(16 + 7)) and A = 2¥Z + (16 + 7)Z. Then k > 8, A € A(Z;(Oy))
and A? = 32(2%*719Z + (c + 7)Z) with (5, 2k — 10, ¢) € M5 and v2(c) > 3. Set
[ =217 4 (c + 7)Z. Then I € A(Z;(Oy)). Set B = 647 + (8 + 7)Z. Then
B € A(Z;(Oy)) and B> = 16(16Z + (4 + 7)Z). Set J = 16Z + (4 + 7)Z. Then
B*=16J,J € A(Z;(Oy)) and IJ = 4L with L € A(Z;(Oy)).

CASE 2: vo(f) =3 and d =2 mod 4. We show that AB =21, AC =21,
BC=8I",B>*=16J,1J =4L,I'J =4L', I"J =4L" for some A, B,C, 1,1,
I",J,L,L',L" € A(Z;(Oy)). By Proposition 3.3.3, we can assume without restric-
tion that f =8. Set A=4Z+ 2+ 7)Z, B=64Z+ (8 + 7)Z and C = 128Z +
T7Z. Then A, B,C € A(Z;(Oy)), AB =2(64Z + (40 +1)Z), AC = 2(128Z +
(64 +7)Z), B?>=16(16Z+ (12 +7)Z) and BC = 8(128Z + (c + 7)Z) with
(3,7,¢) € My, and va(c) = 4. Furthermore, (64Z + (40 + 7)Z)(16Z + (12 + 1)
7)) = 4647 + (56 + 7)7), (128Z + (64 + 7)Z)(16Z + (12 + 7)Z) = 4(128
Z+ (r+71)Z)with (2,7,r) € My and (128Z + (¢ + 7)Z)(16Z + (12 + 1)Z) =
4(128Z + (s + 7)Z) with (2,7,5) € Mys. Set J = 16Z + (12 + 7)Z. In partic-
ular, if I € {64Z + (40 + 7)Z, 1287 + (64 + 17)Z, 1287 + (c + T)Z}, then I, J €
A(Z5(Oy)) and 1J = 4L for some L € A(Z;(Oy)).

CASE 3:v,(f) =2andd =1 mod 4. We show that A> = 4] and I*> = 4L for
some A, I, L € A(Z5(Oy)). By Proposition 3.3.3, we can assume without restriction
that f =4. Firstletd =1 mod 8. If d =1 mod 16, then set A = 32Z + (6 +
7)Z and if d =9 mod 16, then set A = 32Z + (2 4+ 7)Z. In any case, we have
A € A(Z3(Op))and A% = 4(64Z + (c + T)Z) with (2,6, ¢) € M srand va(c) = 1.
Set I = 64Z + (c + 7)Z. Then I € A(Z;(Oy)), A> = 41 and I* = 4(256Z + (r +
T)Z) with (2,8,7) € M».

Now let d =5 mod 8. Set A =16Z+ (2+ 7)Z. Then A € A(Z;(Oy)) and
A2 = 4(16Z + (c + 7)Z) with (2,4, ¢) € M pand va(c) = 1.Set I = 16Z + (¢ +
7)Z. Then A> = 4] and I? = 4(16Z + (z + 7)Z) with (2,4, z) € Mo,
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Using the case analysis above we can find 1, J, L € A(Z5(Oy)) such that IJ =
4L. In particular, L(IJ) = {2,3}, 1 € A(I;((’)f)) and 3 =c(lJ) € Ca(I;‘,((’)f)).
Now let [Pic(Of)| < 2. Observe thatif A, B, C € A(Z;(Oy)), then A? is principal
and {AB, AC, BC} contains a principal ideal of O. In any case we can choose
I, J, L to be principal. There are some u, v, w € A(Oy) such that I = uOy, J =
vOy, L = wOy and uv = 4w. Note that uv is primary. Since 2 € A(Oy), we have
2,3 € L(uv), and thus 1 € A(Oy). O

Proposition 4.6. Let p be a prime divisor of f. Then the following statements are
equivalent:

(a) I; (Oy) is half-factorial.
(b) Z,(Oy) is half-factorial.
(¢) ¢(Z,(0y)) =2
() o(Z,(0p) =2.
(e) vp(f) =1and p is inert.

Proof. (a) = (e) If v,(f) > 1 or p is not inert, then there is some / € A(Il’j Of))
such that V(1) > p* by Theorem 3.6.4. Set k = v,(N'(I)). Then k > 3 and IT =
(p(’)f)" by Proposition 3.2.5. Since [ € A(I’;((’)f)), we have 2, k € L(I1).

(e) = (b) Observe that N'(A) € {p, p?} for each A e A(Z,(Oy)), and thus
AZ,(Op)) = {Prp} U{A € AZ;(Oy)) | N(A) = p?}. Let 1 € Z,(Of) \ {Oy}.
There are some k € Ng and J € A(Z,(Oy)) such that I = p*J.Letz € Z(I). Then
2=, L) - P_f’p with £,n € Ny and [; € A(I;(Of)) for each i € [1, n]. Note
that |z| = n + £. It is sufficient to show thatn + ¢ = k + 1.

CASE 1: [ is invertible. Then J is invertible and £ = 0. It follows that p?* =
NI, 1) = NU) = N(p*J) = p**? by Proposition 3.2.3, and thus n + ¢ =
n=k+1.

CASE 2: I isnotinvertible. Then J = Py, and £ > 0.Itfollows from Lemma 4.2
that P , = p*~' Py ,. Consequently,

p2(n+l)—l — N(l_[ Ii)N(pZ_le,p) ZN(I) :N(kafp) — p2k+l
i=1
by Proposition 3.2.3, and hence n + ¢ = k + 1.

(b) = (d) Since I;k, (Oy) is a cancellative divisor-closed submonoid of Z,(O )
and not factorial, we infer by Proposition 4.1.4 that

2 <¢(Z,(0y)) <c(Z,(0p)) < 2.

(d) = (c) Note that I;(Of) is a divisor-closed submonoid of Z,(O), and
thus C(I;(Of)) <¢c(Z,(Oy)) =2. Since I;(Of) is not factorial, we infer that
c(Z,(0y)) = 2.
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(¢) = (a) Since I;(Of) is cancellative and not factorial, it follows that 2 +
sup A(I;‘,((’)f)) < C(I;(Of)) =2, and thus sup A(I,*)(Of)) = 0. Consequently,
A(I; (Oy)) =¥, and hence I; (Oy) is half-factorial. O

Lemma 4.7. Let p be a prime divisor of f, |Pic(Of)| <2,1,J,L € A(I,*)(Of)).

1. If J is principal and 1] = p°L, then 1 € A(Oy).
2. If I and J are not principal and 1J = pL, then 1 € A(Oy).

Proof. Note that if |Pic(O)| > 1, then it follows from [16, Corollary 2.11.16] that
there is some invertible prime ideal P of O that is not principal. Observe that
p € A(Oy). Also note that if I is not principal, then P/ is principal, and hence P
is generated by an atom of O, since P I has no nontrivial factorizations in Z*(Oy).

1. Let J be principal and IJ = p?L. There is some v € A(Oy) such that J =
vOf.

CASE 1: I is principal. Then L is principal, and hence there are some u, w €
A(Oy) such that ] = uOy, L = wOy and uv = p*w. We infer that 2, 3 € L(uv),
and thus 1 € A(Oy).

CASE 2: [ is not principal. Then L is not principal and [Pic(Oy)| > 1, and thus
there are some u, w € A(Oy) such that PI = uOy, PL = wO; and uv = prw. It
follows that 2, 3 € L(uv), and thus 1 € A(Oy).

2.Let ] and J notbe principal and /J = pL.Then L is principal and |Pic(O)| >
1, and hence there are some u, v, w, y € A(Oy) such that PI = uOy, PJ = vOy,
P? = wOy, L =y0O; and uv = pwy. Therefore, 2,3 € L(uv), and hence 1 €
A(Oy). O

Proposition 4.8. Let p be a prime divisor of f.

L. Ifv,(f) = 2o0r pisnotinert, thentherearel, J € .A(I;(Of)) suchthatL(IJ) =
{2, 3} whence 1 € A(Z,(Oy)) and 3 € Ca(Z;(Oy)).

2. Suppose that Oy is not half-factorial and that one of the following conditions
holds:

(i) [Pic(Op)| =3 orv,(f) =2 or p does split.
(1) p is inert and there is some C € .A(I;,k (Oy)) that is not principal.

(iii) p is ramified and there is some principal C € A(I; (O)) suchthat N (C) =

p.

(iv) f is a squarefree product of inert primes.

Then 1 € A(Oy).

Proof. Weprove 1.and 2. simultaneously. Set G = Pic(Oy). Let B(G) be the monoid
of zero-sum sequences of G. It follows by [16, Theorem 6.7.1.2] that if |G| > 3,
then 1 € A(B(G)). We infer by [16, Proposition 3.4.7 and Theorems 3.4.10.3 and
3.7.1.1] that there exists an atomic monoid B(O ) such that A(B(Oy)) = A(Oy)
and B(G) is a divisor-closed submonoid of B(Oy). In particular, if |G| > 3, then
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1 € A(Oy). Thus, for the second assertion we only need to consider the case |G| < 2.
By Propositions 4.3 and 4.5 we can restrict to the following cases.

CASE 1: p=2 and ((v2(f) € {3,4} and d =1 mod 4) or (vo(f) € {2, 3}
and d =3 mod 4)). If (vo(f)=4andd =1 mod 4) or (vo(f) =3 andd =3
mod 4), then set I = 16Z + (44 7)Z. If vo(f) =3 and d =1 mod 4, then set
I = 16Z + 7Z. Finally, if v,(f) =2 and d =3 mod 4, then there is some [ €
A(Z5(Oy)) such that N'(I) =32 by Theorem 3.6. In any case, it follows that
I € A(Z5(Oy)).

It is a consequence of Proposition 3.2.1 and Theorem 3.6 that there are some
A, J € A(Z5(Oy)) and £ € N such that A? = £J with values according to the
following table. Let k € {1,3,5,7} be such that d =k mod 8. Note that [ =
297+ (r +7)Zand J = 2°Z + (s + 7)Z with (0, a, r), (0, b, s) € M.

va(f)| k N@A)| L | NU)| va(r)| vals)
4 1 512 16| 1024 | 2 3

4 5 256 16| 256 2 3

3 1 128 8 | 256 0 2

3 5 64 8 | 64 00 2

3 3or7| 128 16| 64 2 >4
2 3or7| 32 8 | 16 2 >3

Since v, (r 4 s) = 2inany case, weinfer that / J = 4L forsome L € A(Z;(Oy)).
Now let |G| < 2. We have J is principal, and hence 1 € A(Oy) by Lemma 4.7.1.

CASE 2: p=2,va(f)=2and d =2 mod 4. Set A =327Z+ 77 and B =
32Z + 8+ 7)Z. Then A, B € A(Z5(Oy)) and AB = 81 for some I € A(Z;(Oy))
with I = 16Z + (r + 7)Z, (0,4,r) € Mj,, and vo(r) = 2. Therefore, we have
Al =4J and BI =4L for some J,L € A(Z5(Oy)). Now let |G| < 2. Since
{A, B, I'} contains a principal ideal of O, we infer by Lemma4.7.1 that 1 € A(Oy).

CASE 3: p=3, v3(f) =2 and d =2 mod 3. First let d %1 mod 4. Set
I =81Z+1ZandJ =81Z + 9+ 7)Z.Then I, J € A(Z;(Of))and I J = 9L for
some L € A(Z;(Oy)) with L =81Z + (r + 17)Z, (0,4,7r) € M3, and v3(r) = 2.
It follows that /L = 9A for some A € A(Z;(Oy)).

Now letd =1 mod 4. By Proposition 3.3.3 we can assume without restriction
that f is odd. Set I =81Z+ 4+ 7)Z and J = 81Z + (13 4+ 71)Z. Then I, J €
A(Z;(Oy))and IJ = 9L forsome L € A(Z;(Oy)). Thereis some (0, 4,r) € M3
such that L = 81Z + (r + 7)7Z. Since v3(2r + 1) > 2, we have I L = 9A for some
A € A(Z;(Oyp))or JL = 9A for some A € A(Z5(Oy)).

In any case if |G| < 2, then {/, J, L} contains a principal ideal of O, and hence
1 € A(Oy) by Lemma 4.7.1.

CASE 4: v, (f) = 1 and p splits. By Theorem 3.6 there is some I € A(Z;(Oy))
such that N'(1) = p3. There is some (0, 3,7) € My, such that | = p3Z + @+
7)Z. Observe that v, (2r 4+ €) = 1. We infer that I?> = pJ forsome J € A(Z]’j Of))
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and IT = p*L with I € AZ;(Op))and L = pOy € A(Z;(Op)). Now let |G| < 2.
We infer by Lemma 4.7 that 1 € A(Oy).

CASE 5: v,(f) =1 and p is ramified. By Theorem 3.6 there is some C €
A(Z;(Op)) such that N(C) = p3. Note that CC = p*O; and C € AZ3(Op)).
Now let C be principal. It follows by Lemma 4.7.1 that 1 € A(Oy).

Cases 1-5 show that there are some I, J, L € A(I;(Of)) such that I1J = sz.
In particular, L(/J) = {2,3}, 1 € A(Z;(Of)) and3=c(lJ) € Ca(I[*,(Of)). This
proves 1. For the rest of this proof let O be not half-factorial and |G| < 2.

CASE 6: v,(f) =1, p is inert and there is some C € .A(I;(Of)) that is not

principal. We have C? = pL for some L € A(Z;(Oy)), and thus 1 € A(Oy) by
Lemma 4.7.2.

CASE7: f is a squarefree product of inert primes. Then Z;(Oy) is half-factorial
by Proposition 4.6. If G is trivial, then O is half-factorial, a contradiction. Note that
Oy is seminormal by [10, Corollary 4.5]. It follows from [18, Theorem 6.2.2.(a)]
that 1 € A(Oy). ]

Lemma 4.9. Let p be a prime divisor of f, k € Nsp, and N = sup{v,(N(A)) | A €
.A(I; (O} Ift e Nand A € Z,(Oy)) is both a product of k atoms and a product

kN
of € atoms, then £ < 5

Proof. Let £ € N and suppose that a product of k atoms can be written as a product
of £ atoms and set P = Py ,. There are some a,b € Ny, I; € A(Z,(Op)) \ {P}
for each [1, b] and J; € A(Z,(Oy)) for each j € [1, k] such that £ =a + b and
[15_, J; = PeTI;_, Ii- Note that p? | N'(I;) for each i & [1, b].

CASE 1: @ = 0. Then b = £. It follows by induction from Proposition 3.2.4 that
there are J; € A(Z;(Oy)) for each j € [1, k] such that./\/(]_[];=1 Ji) | ./\/(]_[];-:1 J7).
SetM = lem{N'(J}) | j € [1, k1}. Then p** | [T_, N(I) | N([Ti_, 1) = N ([T,
I IN (1;1;;:, J1) =TT5_, N(J}) | M*. This implies that 2¢ < kv,,(M) < kN, and

thus £ < 5 -

CASE2:a > 0.By Lemma 4.2 we have P* = p*~! P, and thus N'(P%) = p**~'.
Note that ]_[I;=1 J; is not invertible, and hence one member of the product, say Ji, is
not invertible. Observe that v,(N(J;)) < N — 1 by Proposition 3.2.4. We infer by
induction from Proposition 3.2.4 that there are J ]’ € .A(I;((’) ) foreach j € [2, k]

such that ]\/’(]_[‘];:l J) I N [T5., 7). Set M = lem{N'(J}) | j € [2, k]}. Then

Jj=2"j

PN POTT NUD | NPT 1) =NTTisy ) IN G T, I) =N
(J1) H’;zz./\/(]j) | N'(J1)M*=!. Thisimplies that2¢ — 1 < v,(N'(J1)) + (k — 1)v,
(M) < kN — 1, and hence ¢ < . O

2

Lemma 4.10. Let p be a prime divisor of f. For every I € .A(I; (Oy)), we set
vi=v,(N(I)), and let B={vs | A € AT (O}

1. Foralll € .A(I;(Of)), we have c(I - 1, (pOfs)¥) <2+ sup A(B).
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2. Let p=2,d=1 mod 8, and v,(f) > 4. Then c(I T, (pOs)') < 4 for all
I e .A(I;(Of)).

Proof. 1.1tis sufficient to show by induction thatforalln € N>, and [ € A(I;(Of))
with v; = n, it follows that ¢( - I, (pOf)') <2+supA(B).Letn e Nsrand [ €
A(T3(Oy)) besuch that v, = n.Ifn = 2,thenc(l - I, (pOy)?) <d(I - 1, (pO)?)
<2 <2+ supA(B). Now let n > 2. Note that 2 =v,0, € B, and hence there
is some k € B such that 2 <k <n and BN [k, n] = {k, n}. Observe that n —
k € A(B). Furthermore, there is some J € .A(I*((’) ) such that k = v;. Note

that JJ = (pOy)*, and thus IT = (pO,)""*JJ. By the induction hypothesis, we
infer that c((p(’)f)” kg T (pOM) < (T - T, (pOs)F) <2+ sup A(B). Since

dar -1, (p(’)f)” - J-J) <24 (n—k) <2+ sup A(B), it follows that c(I -1,
(pOs)") <2+ sup A(B).

2. By Proposition 3.3.3 we can assume without restriction that f = 2%2(/), We
show by induction that for all n € N5, and I € A(Z;(Oy)) with v; = n, we have
cI-1, (204)") <4.Letn € N> and I € A(Z;(Oy)) be such that v; = n. If n =
2, then c(I - 1, 20)%) <d(I -1, (204)%) <2 <2+ sup A(B). Next let n > 2.
Observe that 2 = vyp, € B, and hence there is some k € B such that 2 <k <n
and B N [k, n] = {k, n}. There is some J € A(Z5(Oy)) such that k = v,. Note that
JJ = 20;)*, and hence IT = (20;)"~*J J. By the induction hypothesis, we have
(RO . J-T,200)" <c(J - T, 2005 < 4.

CASE 1: n # 2vy(f) + 1. It follows from Theorem 3.6 that n — k < 2. Since
d(I -1, 20s)"*.J-J) <4, weinfer thatc(I - I, 20,)") < 4.

CASE 2: n = 2v,(f) + 1. By Theorem 3.6 we have n — k = 3. Set A = 16Z +
4+77Z, B=2"37+2"5+7)7Z, and C =237+ (2"*+7)Z. Then
A, B,C € AT:(Op) and ABC =2"3A16Z + (12 +1)Z) = 20"\,
Observe that d(I - I, (205)-A-B-C) <4 and d(20y)-A-B-C, (ZOf)"’k .
J - J)) < 4. Therefore, c(I - T, (20,)") < 4. O

Proposition 4.11. Let p be a prime divisor of f and set B = {v, WNA) A e
ATHO)).

1. sup A(Z,(Oyf)) < sup A(B) and ¢(Z,(O¢)) <2+ sup A(B).
2. Let p=2,d=1 mod 8, and v,(f) > 4. Then sup A(Z>(Oy)) <2 and ¢(1,
Op) <4

Proof. 1. First we consider the case that v,(f) = 1 and p is inert. It follows from
Theorem 3.6 that sup A(B) = 0. Proposition 4.6 implies that sup A(Z,(Of)) =0
and ¢(Z,(Oy)) = 2. Now let v,(f) > 2 or p not inert. Observe that sup A(B) > 1
by Theorem 3.6. Let I, J € A(Z,(Oy)). There are somen € Nand L € A(Z,(Oy))
such that IJ = p"L.

By Proposition 4.1, it remains to show thatc(/ - J, (pOy)" - L) < 2 + sup A(B)
andif ¢ € NosissuchthatL(IJ) N[2, €] = {2, £}, thenf — 2 < sup A(B).Set N =
sup B. Since a product of two atoms of Z,(O ) can be written as a product of n + 1
atoms, Lemma4.9 impliesthatn +1 < N.Ifn = 1,thend(/ - J, (pOy) - L) <2 <
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2 + sup A(B) and there is no £ € No3 with L(1J) N [2, ¢] = {2, £}. Now letn > 2
and ¢ € N3 be such that L(/J) N [2, £] = {2, ¢}.

CASE 1: n € B. Then AA = (pOy)" for some A € A(I;(Of)). Therefore,
CA-A-L,(pOs)"-L) <c(A-A, (pOs)") <2+ sup A(B) by Lemma 4.10.1.
Moreover,d(I - J,A-A-L) <3 <2+ sup A(B),and thus c(] - J, (pOs"-L) <
24supAB)and £ —2 =1 < sup A(B).

CASE 2: n ¢ B. Note that n > 3. It follows by Theorem 3.6 that v,,(f) > 2 and
sup A(B) > 2.

CASE 2.1: p#2ord#1 mod 8 or n #2v,(f). Since n < N, it follows
from Theorem 3.6 thatn — 1 = N'(A) for some A € A(I;(Of)), and hence AA =
(pOs)"~'. Weinferthatc((pOys) - A- A- L, (pOs)" - L) < c(A - Z (pOpH" 1 <
2 4 sup A(B) by Lemma 4.10.1. Moreover, we have d(/ - J, A- A - (pOy) - L) <
4 <2+4sup A(B),andthusc(/ - J, (pOf)' - L) <2+supA(B)and £ —2 <2 <
sup A(B).

CASE 22: p=2,d=1 mod 8 and n = 2v,(f). We infer by Theorem 3.6
that sup A(B) = 3. By Theorem 3.6 there is some A € A(Z5(Oy)) such that
n—2=N(A), and thus AA = o 2. This implies that C((2(9f)2
L,204)"-L) <c(A- A, QOs)"~ 2) <2 + sup A(B) by Lemma 4.10.1. Observe
that d(/ - J,A- A - (20)?- L) <5 =2+ sup A(B), and hence c(I - J, 20;)" -
L) <2+supA(B)and £ —2 < 3 = sup A(B).

2. By Proposition 3.3.3 we can assume without restriction that f = 2">/), Let
I,J € A(Z,(Oy)). There are some n € Nand L € A(Z,(Oy)) suchthat [J = 2"L.
It follows from Lemma 4.9 that n 4+ 1 < sup B. By Proposition 4.1, it is sufficient
to show that c(/ - J, 20)" - L) <4 and if £ € N3 is such that L(/J) N [2, 4] =
{2, £}, then £ — 2 < 2. The assertion is trivially true for n = 1. Let n > 2 and let
¢ € No3 be such that L(1J) N [2, €] = {2, ¢£}.

CASE 1: n € B. There is some A € A(Z;(Oy)) such that AA = 20¢)". It fol-
lows by Lemma 4. 102thatC(A A-L, 200" L) <c(A-A, (20" < 4. Fur-
thermore, d(/ - J,A-A-L) <3,and thusc(I - J, 20)" - L) <4and ¢ —2 < 1.

CASE2:n ¢ Bandn # 2v,(f). It follows by Theorem 3.6 that there is some A €

AZ5(Oy)) suchthat AA = (20" ! We infer by Lemma 4.10. 2thatc((20y) - A -
A-L, 20" - L) <c(-A- A, 2QOs)"~ Y < 4. Furthermore, d([ - J, 20s)- A -
A- L) <4,andthusc(] - J, 20¢)" - L) <4and € —2 < 2.

CASE 3: n = 2v,(f). By Theorem 3.6 there is some D € A(Z;(Oy)) such that
DD = 20;)" 2. Set A=16Z+ (4+1)Z, B=2""2Z+ (2" *+7)Z and C =
2"27 4+ (2" 3 +7)Z. Then A,B,C € A(Z3(Oy)) and ABC = 2" 4 A(16Z +
(124 7)Z) = (20)". This implies thatc((2(’)f)2 .D-D-L, O0p"- L) <c(D -
D, 204)""2) < 4 by Lemma 4.10.2. Moreover, d(A- B-C - L, (20f)>*-D-D -
L)<4andd(I-J,A-B-C-L)<4. Consequently,c(] - J, (20¢)" - L) <4 and
L—2<2. a

Proposition 4.12. Letv,(f) € {2,3}andd = 1 mod 8. Then3 € A(T;(O;)) and
5 € Ca(Z3(O))).
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Proof. We distinguish two cases.

CASE 1: v»(f) = 2. By Theorem 3.6 there is some I € A(Z;(Oy)) such that
N(I)=32.SetJ =1.ThenlJ = 320 ,andhence {2, 5} C L(IJ) C [2, 5]. Again
by Theorem 3.6 we have N'(L) € {4} U {2" | n € N5s} for all L € A(Z5(Oy)).
Note that if A, B,C, D € A(Z;(Oy)), then N(ABCD) € {256} U N>yg. Since
N(IJ) =1024, we have 4 ¢ L(1J). Assume that 3 € L(/J). Then there are some
A, B,C € A(Z5(Oy)) such that IJ = ABC and N (A) < N(B) < N(C). There-
fore, N'(A) = N(B) = 4 and N'(C) = 64. We infer by Lemma 4.2.2 that ABC =
4L for some L € A(Z;(Oy)), and hence L =80y, a contradiction. We have
L(IJ) = {2.5), and thus 3 € A(Z3(O;)) and 5 = c(IJ) € Ca(T}(Oy)).

CASE 2: v,(f) = 3. By Proposition 3.3.3 we can assume without restriction that
f = 8. By Theorem 3.6 there are some I, J € A(Z5(Oy)) such that N'(1) = 128
and N'(J) = 16. We have /T = 1280 and JJ = 160, and hence IT = 8JJ. This
implies that {2, 5}  L(I7). It follows from Theorem 3.6 that A'(L) € {4, 16} U {2" |
n € Nxq} forall L € A(Z;(Oy)).

First assume that 3 € L(/7). Then there exist A, B, C € A(Z3(Oy)) such that
IT = ABC, and N(A) < N(B) < N(C). Therefore, (N(A), N(B), N(C)) €
{(4,16,256), (4,4,1024)}. If (N(A), N(B),N(C)) = (4, 16,256), then it fol-
lows by Lemma 4.2.2 that AB = 2D for some D € A(Z;(Oy)) with N(D) =
16. We infer that DC = 640y, and hence C = 4D, a contradiction. Now let
N(A), N (B),N(C)) = (4,4, 1024). Then ABC = 4D forsome D € A(Z;(Oy))
by Lemma 4.2.2, and thus D = 320, a contradiction. Consequently, 3 ¢ L(/ 7).

Next assume that 4 € L(IT). Then there exist A, B, C, D € A(Z3(Oy)) such that
Il = ABCD,and N'(A) < N(B) < N(C) < N(D).

Then (M (A), N(B), N (C), N (D)) € {(4, 4, 4,256), (4, 16, 16, 16)}.

If N(A), N(B),N(C), N(D)) = (4,4,4,256), then ABCD = 8E for E €
A(Z7(Oy)) by Lemma 4.2.2, and hence E = 160, a contradiction. Now let
WN(A), N(B), N(C), N(D)) = (4,16, 16, 16). By Lemma 4.2.2 there is some E €
A(Z5(Oy)) with N (E) = 16 such that AB = 2E. Therefore, ECD = 640/, and
hence CD = 4E. There are some (0,4,7),(0,4,5) € Mg, such that C = 16Z +
(r+7)Z and D = 16Z + (s + 7)Z. We have v,(r> — 16d) = v,(s> — 16d) = 4.
Since d =1 mod 8, this implies that v,(r), v2(s) > 3. Therefore, min{4, vo(r +
s +¢)} € (3,4}, and hence CD = 8F for some F € A(Z;(Oy)). We infer that
E = 2F, a contradiction. Consequently, 4 ¢ L(/ 7).

Therefore, 2 and 5 are adjacent lengths of 1, and hence 3 € A(Z5(Oy)). Note
thatc(Z;(Oy)) < 5by Proposition4.11.1 and Theorem 3.6. Moreover, since Z; (O )
is a cancellative monoid, we have 5 < 2 + sup AL(IT)) <c(T) < 5,and thus 5 =
c(I1) € Ca(Z;(Oy)). O

Lemma 4.13. Let H € {Z(Oy), I*(Oy)}. For every prime divisor p of f, we set
Hp = I,,(Of) lfH = I(Of) and HI’ = I;(Of) lfH = I*(Of)

1. H is half-factorial if and only if H,, is half-factorial for every p € Pwith p | f.
2. If H is not half-factorial, then sup A(H) = sup{sup A(H,) | p € Pwithp | f}.
3. ¢c(H) =sup{c(H,) | p e Pwithp| f}.
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Proof. By Eqgs.2.3 and 2.4, we have

op= [[ 7300 ad TOp= [[ ZrOp).

PeX(O)) PeX(0y)

Thus the assertions are easy consequences (see [16, Propositions 1.4.5.3 and
1.6.8.1]). O

Proof (Proofof Theorem 1.1). 1. This is an immediate consequence of Proposition 4.6
and Lemma 4.13.

2. First, suppose that f is squarefree. By 1., we have f is not a product of
inert primes. It follows from Lemma 4.13, Proposition 4.11.1, and Theorem 3.6 that
c(Z*(0)) <c(Z(0)) <3 and sup A(Z*(0)) < sup A(Z(O)) < 1. By Lemma 4.2
and Proposition 4.8.1, it follows that 1 € A(Z*(0)), 1 € Ca(Z(0O)) and [2, 3] C
Ca(Z*(0)), and thus Ca(Z(0)) =[1, 3], Ca(Z*(O)) =[2, 3], and A(Z(O)) =
A(Z*(0)) = {1}

Now we suppose that f is not squarefree and we distinguish two cases.

CASE 1: v, (f) ¢ {2,3} ordx #1 mod 8. By Lemma 4.13, Proposition 4.11,
and Theorem 3.6 it follows that c(Z*(0)) < ¢c(Z(0)) <4 and sup A(Z*(0)) <
sup A(Z(0)) < 2. Weinfer by Lemma 4.2 and Propositions 4.4 and 4.8 that [1, 2] C
AT*(0)), 1 € Ca(Z(0)), and [2, 4] C Ca(Z*(0O)), and hence Ca(Z(0)) = [1, 4],
Ca(Z*(0)) = [2,4], and A(Z(0)) = A(Z*(0)) =1, 2].

CASE 2: v, (f) €{2,3} and dx =1 mod 8. We infer by Lemma 4.13,
Proposition 4.11.1, and Theorem 3.6 that c(Z*(0)) < c(Z(0)) <5 and sup
A(Z*(0)) < sup A(Z(0)) < 3.Lemmad4.2 and Propositions 4.4, 4.8 and 4.12 imply
that [1,3] C A(Z*(O)), 1 € Ca(Z(O)) and [2,5] C Ca(Z*(O)). Consequently,
Ca(Z(0)) =11, 5], Ca(Z*(0)) = [2, 5], and A(Z(O)) = A(Z*(O)) =[1,3]. O

Based on the results of this section we derive a result on the set of distances of
orders. Let O be a non-half-factorial order in a number field. Then the set of distances
A(O) is finite. If O is a principal order, then it is easy to show that min A(O) =1
(indeed much stronger results are known, namely, that sets of lengths of almost
all elements—in a sense of density—are intervals, see [16, Theorem 9.4.11]). The
same is true if |Pic(O)| > 3 orif O is seminormal [24, Theorem 1.1]. However, it was
unknown so far whether there exists an order O with min A(Q) > 1.1In the nextresult
of this section we characterize all non-half-factorial orders in quadratic number fields
with min A(O) > 1 which allows us to give the first explicit examples of orders O
with min A(O) > 1. A characterization of half-factorial orders in quadratic number
fields is given in [16, Theorem 3.7.15].

Let O be an order in a quadratic number field K with conductor f € Ns,. Then
the class numbers |Pic(Ok)| and |Pic(O)| are linked by the formula [25, Corollary

5.9.8]
. . f ( dx 1)
Pic(0)| = |Pic(O I=(— ’ 4.1
PO = PO o [T (5)r @b
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and |Pic(O)| is a multiple of |Pic(Ok)|.

Since the number of imaginary quadratic number fields with class number at
most two is finite (an explicit list of these fields can be found, for example, in
[31]), (4.1) shows that the number of orders in imaginary quadratic number fields
with [Pic(O)| = 2 is finite. The complete list of non-maximal orders in imaginary
quadratic number fields with |Pic(Q)| = 2 is given in [27, page 16]. We refer to
[25] for more information on class groups and class numbers and end with explicit
examples of non-half-factorial orders O satisfying min A(O) > 1.

Theorem 4.14. Let O be a non-half-factorial order in a quadratic number field

K with conductor Ok for some f € Nxy. Then the following statements are

equivalent:

(a) min A(O) > 1.

(b) |Pic(O)| =2, f is a nonempty squarefree product of ramified primes times a
(possibly empty) squarefree product of inert primes, and for every prime divisor
pof fandevery I € A(Z;(0)), 1 is principal if and only ifN(I) = p.

If these equivalent conditions are satisfied, then K is a real quadratic number field
and min A(Q) = 2.

Proof. CLAIM: If |Pic(O)| = 2, p is a ramified prime with v, (f) = 1, and every
I e A(I,*,((’))) with N'(I) = p? is not principal, then every L € A(I;(O)) with
N (L) = p? is principal.

Let [Pic(O)| = 2,let p be aramified prime with v, (f) = 1, and suppose that every
1 € A(Z;(0)) with N(I) = p? is not principal. By Theorem 3.6 we have {N'(J) |
J e A(Z,(0O)} = {p?, p’}. There is some I € A(Z3(0)) such that N = p.
If J € A(Z,(0)) with N(J) = p3, then I1J = p?L for some L € A(Z;(0)) with
N(L) = p? (since there are no atoms with norm bigger than p?). It follows
by Theorem 3.6 that |{J € A(Z,(0)) | N =p}l=|{Le AZ;(0)) | N(L) =
p*} = p (note that N'(pO) = p*). Let g : {J € AZ;(O0)) IN(J) =p’} > (L €
.A(I;((’))) | N(L) = p?} be defined by g(J) = L where L € .A(I;(O)) is such
that N'(L) = p? and IJ = p?>L. Then g is a well-defined bijection. Now let L €
A(Z;(0)) with N (L) = p?. There is some J € A(Z3(0)) such that NW) =p?
and IJ = p’L. Since |Pic(O)| =2 and I and J are not principal, we have IJ is
principal, and hence L is principal. This proves the claim.

(a) = (b) Observe thatif p is aninert prime such that v, (f) = 1,then{N'(J) | J €
A(I; on} = {pz} by Theorem 3.6. Also note that if p is a ramified prime such that
vp(f) = Lthen {(N(J) | J € AZ;(O))} = {p*, p’} by Theorem 3.6. The assertion
now follows by the claim and Proposition 4.8.2.

(b) = (a) Assume to the contrary that min A(O) = 1. Let H be the monoid of
nonzero principal ideals of O. There is some minimal & € N such that ]_[f:1 U =
[15% U, with U; € A(H)foreachi € [1,k]and U} € A(H) foreach j € [1,k + 1].

Set Q) = {P € X(O) | Pisprincipal}, @, = {P € X(O) | P isinvertible and not
principal}, L ={p € P | p | f, pisramified}, and X = {{p,q} | p,q € L, p # q}.
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For every prime divisor p of f set A, = {V € A(Z}(0)) | N(V) = p*La, = |{i €
[1,k] | Ui € Ay}landa, = [{j € [1,k + 1] ] Uj’- € A,}l.Forp e LsetD, ={V ¢
A(Z;(0)) IN(V)=p®}, B,={PV|PeQ,and VeD,}, b, =|{i €[1,k]|
Ui € Bp}land b}, = |{j € [1,k + 1] | U} €B,}.SetC={PQ| P, Qe D} c=
i e[1,k]|U; €C} and ¢’ = |{j € [1,k+ 1] | UJ/- € C}|. If z € K is such that
z=1{p,q} with p,ge L and p #gq, then set & ={VW |V e D,, W € D,},
e.=Wiell,k]|Uie&}ande, =|{j e[l k+1]] U} € &}l

Since |Pic(O)| = 2, we have A(H) C (AZ*(O) NH)U{VW |V, W e AT*
(0)), V and W are not principal}. As shown in the proof of the claim, VW ¢
A(H) for all p € £ and V, W € D,. We infer that A(H) = Q, U Upelp’p‘f A, U
UpeL BP UCUUZGIC SZ

Since k is minimal, we have U;, U} ¢ Q) foralli € [1,k] and j € [1,k+1].
Again since k is minimal and I;’;((’)) is half-factorial for all inert prime divisors p
of f by Proposition 4.6, we have a), = a;, = 0 for all inert prime divisors p of f.
Therefore,

k=Y (ap+by)+c+ ) ecandk+1=> (a,+b)+c + Y e.

peL ek peL ek
2 if U; € C
If i € [1, k], then ZPGQZ vp(U;))=31 ifU; € Upd B, . This implies that

0 else

Y. rco, Vp(]_[f WU = Zf 1 2 peg, VPWUi) =3 .0 by + 2c. It follows by anal-
ogy that } ,.o, Vp(Hk+] Uj)) =3 per b), +2¢. Therefore, >, b,+2c=
2 pech, +2c Letr € ﬁ
3 if U,' € Br U quﬁ\{r} g{,yq}
If ie[l k], then V,(./\/((U,')pﬁr NO)) =142 ifU; € A,
0 else
Consequently,

k k
vV (([TUr, 00N =D v N (WUr, NO) =24, +3b, +3 Y epg.

i=1 i=1 qeL\r)
By analogy we have v,(J\/((]_[k+1 Udp, NO)) =2a;, +3b;, + 3% cr\ir) €lra)
This implies that 2a, + 3b, +3 quﬁ\{ | Clrg) = 2a + 3b/ +33 ervin €y

We infer that
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@, —ap+b,—by)+c —c+ Y (L—e)=1, Y (b}, —b,) =2(c—¢)

peL zek peL

and 2 Z(a;, —a,) +3 Z(b;, —b,)+3 Z Z (€(p.q) — €lpa) = 0.
}

peLl peL peLl gel\{p

Note that 3 .3 cr\n(€pa — €pa) =22 k(e —e), and hence
> pecla, —ap) =3(c" —¢) =33 (el — e;). Consequently,

1= (a,—a,+b,—b)+c —c+ ) (. —e)
peL zekl

:3(0/—0)—32(62—ez)+2(c—c’)+c/—c+2(e;—ez)

zek zek

=20 —c— ) (e, —e)),

zell

a contradiction.

Now let the equivalent conditions be satisfied. Assume to the contrary that K
is an imaginary quadratic number field. Since O is a non-maximal order with
[Pic(O)| = 2, it follows from [27, page 16] that (f, dg) € {(2, —8), (2, —15)}U
{3, —4), (3, -8), (3, —11), (4, =3), (4, —4), (4, =7, (5, =3), (5, —4), (7, =3)}.

Since f is squarefree and divisible by a ramified prime, we infer that f =2
and dx = —8. Therefore, O = Z + 2+/—27Z. Set I = 87 + 2./=27. Observe that
I € A(Z;(0)) and N'(I) = 8. Moreover, I = 2/=20 is principal, a contradiction.
Consequently, K is a real quadratic number field.

It remains to show that min A(Q) = 2. There is some ramified prime p which
divides f and there is some J € A(Z;(O)) with A'(J) = p3. As shown in the proof
of the claim, J? = p?L for some L € A(I,’;(O)). By [16, Corollary 2.11.16], there
is some invertible prime ideal P of O that is not principal. Observe that J is not
principal. We have PJ, P? and L are principal, and hence there are some u, v, w €
A(O)suchthat PJ = uO, P? = vO, L = wO,and u?> = p*vw. Therefore, {2, 4} C
L(x?), and since min A(O) > 1, we infer that min A(O) = 2. O

Proposition 4.15. Let O be an order in the quadratic number field K with conductor
fOk for some f € Nxy such that min A(O) > 1, let g be the product of all inert
prime divisors of f and let O be the order in K with conductor gOk. Then O’ is
half-factorial and, in particular, g € {1} UPU {2p | p € P\ {2}}.

Proof. Set Q1 = {P € X(O') | P is principal} and Q, = {P € X(O’) | P is invert-
ible and not principal}. Observe that N'(I) = |O/I| = |O'/IO'| = NI O') for all
I € 7*(0O). Note that for all inert prime divisors p of f and all I € A(I;(O)) and
J € AZ;(0"),wehave N(I) = N(J) = p?. Moreover, for all ramified prime divi-
sors p of f, we have (N (I) | I € A(Z;(0))} = {p?, p*}. In this proof we will use
Theorem 4.14 without further citation.
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CLAIM 1: For all prime divisors p of g and all I € .A(I;((’)/)), it follows that
1 is principal. Let p be a prime divisor of g and let I € A(Z;(0')). Set P = Py,
and P’ = P, ,. It follows by Proposition 3.3 that Op = O}, and that § : Z,,(0) —
I;(O/) defined by 0(J) = Jp N O’ for all J € I;(O) is a monoid isomorphism.
In particular, we have A(I;(O/)) ={JpNO|J € A(Z;(0))}. Therefore, there
is some J € A(Z;(0)) such that Jp N O" = I. Note that N'(I) = pPP=NU) =
NJO).Since JO' C JOp, NO' = JOpNO =1, weinfer that I = JO'. Since
J is a principal ideal of O, it follows that / is principal. This proves Claim 1.

CLAIM2:If P € Q,, pisaramified prime divisor of f suchthat P N Z = pZand
I e A(I;(O)) with N'(I) = p3, then P? is principal and /O’ = P3. Let P € Q,,
p a ramified prime divisor of f such that PNZ = pZ and I € .A(I;(O)) with
N(I) = p3. Since p is ramified, there is some A € ¥(Og) such that pOg = A2
Observe that A/(A2) = p?, and thus N (A) = p. Wehave AN O’ = P, POx = A
and N'(P) = N'(A) = p. Note that since P is invertible, it follows that every P-
primary ideal of O’ is a power of P. Therefore, pO’ = P for some k € N, and hence
Pk = N(P*) = N(pO’) = p?. Consequently, k =2 and P? is principal. Clearly,
IO’ is a P-primary ideal of O, and thus IO’ = P™ for some m € N. We infer
that p” = N(P™) = NI O') = N() = p>, and thus m = 3 and /(' = P>. This
proves Claim 2.

CLAIM 3: PQ is principal forall P, Q € Q,.Let P, Q € Q5.

CASE 1: PN O and Q N O are invertible. Note that P = (PN O)O', Q =
(ONO)O and P N O and Q N O are not principal. Since |Pic(O)| = 2, we have
(PN O)(QNO) is a principal ideal of O, and thus PQ = (P N O)(Q N O)O' is
principal.

CASE 2: (P N O is invertible and Q N O is not invertible) or (P N O is not
invertible and Q N O is invertible). Without restriction let P N O be invertible and let
0 N O benot invertible. Observe that P = (P N O)O’. Moreover, there is some ram-
ified prime g that divides f such that Q N Z = gZ and there is some J € A(Z;(0))
with A/(J) = ¢3. Observe that P N O and J are not principal. Since |Pic(Q)| = 2,
it follows that (P N ©)J is a principal ideal of O. Note that PQ3 = (P N 0)J O’
by Claim 2, and thus P Q3 is principal. Since Q? is principal by Claim 2, we infer
that P Q is principal.

CASE 3: P N O and Q N O are not invertible. There are ramified primes p and ¢
thatdivide f suchthat P N Z = pZand Q N Z = qZ. Therearesome I € A(Z;(0))
and J € A(Z;(0)) with NI) = p?>and N (J) = ¢>. Since |Pic(O)| = 2 and I and
J are not principal, we have I J is a principal ideal of O. It follows that P> Q3 = 1J O’
by Claim 2, and hence P*Q? is principal. Since P? and Q? are principal by Claim
2, we have P Q is principal. This proves Claim 3.

Finally, we show that O’ is half-factorial. Set C = {PQ | P, Q € Q,} and let H
denote the monoid of nonzero principal ideals of @'. It is an immediate consequence
of Claim 1 and Claim 3 that A(H) = Q; UCU Upeﬂ”,p\g A(Z;(O/)).

Let k, £ € N and 1, I; € A(H) for each i € [1,k] and j € [1, £] be such that

]_[f=1 I, = ]_[f.=1 I}. It remains to show that k = €. Set b = |{i € [1,k] | I; € i},
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b=Hjell,ell;e Q},c=Wiellkl| L eC}l, ' =1{jell, L]} eC}
and for each prime divisor p of g set a, = |{i e [L,k] | L; € A(I;(O’))H and
a,=1{j €ll,€]l]1; € AZ,(ON}|. If p is a prime divisor of g, then Z}(O') is
half-factorial by Proposition 4.6, and hence a, = a,, by Claim 1. We have b =
k k ¢
Dz ZPte ve(li) = ZPte ve([lio 1) = ZPte VP(l_[j 1 ] ) = Z, 1
Y reo, VeI =1
Moreover, 2¢ = ) pco, ve([Ie_, 1) = ZPEQz VP(H, 1 I}) = 2¢'. Therefore,
k=btc+d ,cppytp =+ +2 cp a0, =
The remaining assertion follows from [16, Theorem 3.7.15]. O

Remark 4.16. Let O be an order in the quadratic number field K with conductor
fOk for some f € N such that |Pic(O)| = 2 and let p be an odd ramified prime
such that v,(f) =1l and I € .A(I;((’))) such that N'(I) = p3 and 7 not principal.
Then every J € .A(I;(O)) with A (J) = p? is not principal.

Proof. SetL ={J € A(Z,(0)) | N(J)=p’landK = {L e AIZ;(0) | N(L) =
p?}. Tt follows by the claim in the proof of Theorem 4.14 that for all J € £ and
L € K, there is a unique A € £ such that AJ = p>L. By Theorem 3.6 we have
|£] = |K| = p, and hence |{(A, J) € L2 | AJ = p>L}| = p for all L € K. Since
p is odd, we infer that for each L € K there is some A € £ such that A> = p*L.
Consequently, every L € K is principal. Now let J € L. There is some B € K such
that IJ = p?B, and thus IJ is principal. Therefore, J is not principal. ([

Next we show that the assumption that p is odd in Remark 4.16 is crucial.

Example 4.17. Let O = 7 + 2+/—27 be the order in the quadratic number field
K = Q(+/=2) with conductor 20k. Let [ = 8Z + 2+/—2Z and J = 8Z + (4 +
24/=2)Z. Then 2 is ramified, |Pic(0)| = 2, I, J € A(Z5(0)), N(I) = N(J) = 8,
I is principal and J is not principal.

Proof. Itis clear that J € A(Z5(0)) and N'(J) = 8. By the proof of Theorem 4.14,
it remains to show that J is not principal. Assume that J is principal. Then there
are some a, b € Z such that J = (8a + 4b + 24/—2b)O, and hence 8 = N'(J) =
INk/o(8a + 4b + 24/=2b)| = |(8a + 4b)* + 8b?|. Therefore, 2(2a + b)* + b* =
1. Ttis clear that |b| < 1.If b = 0, then 8a* = 1, a contradiction. Therefore, || = 1
and 2a + b = 0, a contradiction. O

Lemma 4.18. Let d € N5, be squarefree, let K = Q(Vd), let O be the order in
K with conductor fOg for some f € Nx,, and let p be a ramified prime with
vp(f)=11If (p =1 mod 4 and (%) =—1) or ((g) = —1 for some prime q
with g =1 mod 4 and q | df), then each I € A(I;",((’))) with N(I) = p? is not
principal.

Proof. Note that if p is odd, then {I € AZ;(O)) | N(I) = p*} = (p’Z + (p*k +
LIV y7, | k € [0, p — 11). Moreover, if p =2 and d is odd, then {I € AT}
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(O) |NU) = p?} = {8Z + 2k + f/d)Z | k € {1, 3}}. Furthermore, if p = 2and
d iseven, then {I € A(Z;(0)) | N() = p’y ={8Z + 2k + fV/d)Z | k € {0,2}}.

CASEl:p=1 mod 4and () = —1.Let € A(Z}(0O)) be such that '(I) =
p3. Since p is odd, we have I = p3Z + (p*k + M)Z for some k € [0, p —
1]. Assume that / is principal. Then there are some a,b € Z such that I =
(pPa + p*bk + Mb)@. We infer that p* = N'(I) = [Nk o(p3a + p*bk +
DAy = L p*(2pa + 2bk + £b)? — f2b?dk|, and hence ’;—Ebz‘% =40
mod p for some (5 € {—1, 1}. Since p =1 mod 4, we have (_71) =1, and thus
(42) = (42 = (W) = (%) = 1, a contradiction,

CASE 2: There is some prime g such thatg = 1 mod 4, g | df and (g) =-1.
Let I € A(I;(O)) be such that A/(1) = p3. First let p be odd. Then I = p3Z +
(p*k + M)Z for some k € [0, p — 1]. Assume that / is principal. Then
there are some a, b € Z such that I = (p*a + p*bk + EP”TN‘”I))O. This implies
that p? = N'(I) = [Nijo(pia + p2bk + L5y — 11042 pa + 2bk + eb)>
— f2b%dg]|, and thus €2 = 43p® mod g for some £ € Z and 8 € {—1, 1}. Since
g =1 mod 4, we have (’71) =1, and hence (5)3 = (@) = 1. Therefore, (f) =
1, a contradiction.

Now let p = 2. Then I = 8Z + (2k + f\/E)Z for some k € [0, 3]. Assume that
I is principal. Then there are some a, b € Z such that I = (8a + 2bk + bf/d)O.
Consequently, 8 = N (I) = |(8a + 2bk)*> — b? f%d|, and thus £> = 83 mod ¢ for
some £ € Zand 3 € {—1, 1}. This implies that(§)3 = (Sqﬁ) = 1. Therefore, (5) =1,
a contradiction. O

Proposition 4.19. Let d € N>, be squarefree, let K = Q(\/E), and let O be the
orderin K with conductor f Ok suchthat f is anonempty squarefree product of rami-
fied primes times a squarefree product of inert primes and |Pic(O)| = |Pic(Og)| = 2.
If for every ramified prime divisor p of f, we have (p =1 mod 4 and (‘1/7”) =-1)
or ((5) = —1 for some prime g withq =1 mod 4andq | df), then min A(Q) = 2.

Proof. Tt follows by Lemma 4.18 that for every ramified prime divisor p of f and
every I € .A(I;‘,(O)) with V' (I) = p3, we have I is not principal. It follows by
the claim in the proof of Theorem 4.14 that I € A(Z}(O)) is principal if and only
if N(I) = p*. Now let p be an inert prime divisor of f and let J € A5 (0)).
Since |Pic(O)| = |Pic(Ok)|, it follows that the group epimorphism 6 : Pic(O) —
Pic(Ok) defined by 8([L]) = [LOk] for all L € Z*(O) is a group isomorphism. Set
P = pOk. Then JOk is a P-primary ideal of Ok, and hence J Ok is a principal
ideal of Ok. Since 6 is an isomorphism, we infer that J is a principal ideal of O.
Now it follows by Theorem 4.14 that min A(O) = 2. O

Next we provide two counterexamples that show that the additional assumption
on the ramified prime divisors of f in Proposition 4.19 is important.
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Example 4.20. There is some real quadratic number field K and some order O
in K with conductor pOg for some ramified prime p such that p =1 mod 4,
|Pic(O)| = |Pic(Ok)| = 2, and min A(O) = 1.

Proof. Let O = Z + 5+/30Z be the order in the real quadratic number field K =
Q(+/30) with conductor 50 . Observe that 5 isramified,5 = 1 mod 4, |Pic(Ok)| =
2and a = 11 + 2+/30 is a fundamental unit of O. Since & ¢ O and (O : 0%) |5,
we infer that (O : O*) =5, and hence |Pic(O)| = |Pic(OK)|W =2. Let

I = 1257+ 5+/30Z. Then I € A(ZZ(0)) with N'(1) = 125. Since I = (12625 +
2305+/30)QO is principal, we infer by Theorem 4.14 that min A(O) = 1. (]

Example 4.21. There is some real quadratic number field K = Q(v/d) withd € N>,
squarefree and some order O in K with conductor pOg for some odd ramified prime
p such that (‘1/7”) = —1, |Pic(O)| = |Pic(Ok)| = 2, and min A(O) = 1.

Proof. Let O = Z + 7+/427 be the order in the real quadratic number field K =
Q(\/ﬁ) with conductor 70k . Note that 7 is an odd ramified prime, (@) =-1,
[Pic(O)| =2 and a = 13 + 2+4/42 is a fundamental unit of Og. We have « ¢
O and (Of : O*) | 7. Therefore, (Og : O*) =7, and thus |Pic(O)| = |Pic(Ok)|
ﬁ =2.Set I = 3437 + 7/42Z. Then I € A(Z:(0)), N(I) =343, and I =

(825601 + 1273934/42)O is principal. Consequently, min A(O) =1 by
Theorem 4.14. U

Finally, we provide the examples of orders O in quadratic number fields with
min A(O) = 2.

Example 4.22. Let K be a quadratic number field and O the order in K with
conductor fOk such that (f, dk) € {(2, 60), (3, 60), (5, 60), (6, 60), (10, 60)}U
{(15, 60), (30, 60), (10, 85), (35, 40), (195, 65), (30, 365)}.

1. If (f,dk) € {(2,60), (3, 60), (5,60)}, then f is a ramified prime.

2. If (f,dg) € {(6, 60), (10, 60), (15, 60)}, then f is the product of two distinct
ramified primes.

3. If (f,dx) = (30, 60), then f is the product of three distinct ramified primes.

4. If (f,dk) € {(10, 85), (35, 40)}, then f is the product of an inert prime and a
ramified prime.

5. If (f,dk) = (195, 65), then f is the product of an inert prime and two distinct
ramified primes.

6. If (f,dg) = (30, 365), then f is the product of two distinct inert primes and a
ramified prime.

7. min A(O) = 2.

Proof. 1tis straightforward to prove the first six assertions. We prove the last assertion
in the case that dxg = 60 and f € N>, is a divisor of 30. The remaining cases can
be proved in analogy by using Proposition 4.19. It is clear that 2, 3, and 5 are
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ramified primes. Note that |Pic(Ok)| = 2 (e.g., [25, page 22]) and a = 4 + V15 is
a fundamental unit of O.

We have a? = 31 + 815, o® = 244 + 6315, and o° = 15124 + 3905+/15.
Moreover, o = 119071 + 30744+/15, o'® = 457470751 + 118118440+/15, and
o' = 13837575261124 4 3572846569215+/15. Set k = (OF : O). Then k is a
divisor of f by (4.1). Observe that a ¢ Z + 2157, a ¢ Z + 3/15Z, o ¢ 7 +
5157, 02, 0% ¢ Z+ 6152, 02, a° ¢ Z.+ 10152, 03, &° ¢ Z + 15157, and
af, % o' ¢ 7 +304/15Z. This implies that k = f, and hence |Pic(0)| =
L|Pic(Ok)| = |Pic(Ok)| =2 by (4.1). We have 5= 1 mod 4 and (*£) = (3) =
(%) = —1. We infer by Proposition 4.19 that min A(Q) = 2.

O

5 Unions of Sets of Lengths

The goal of this section is to show that all unions of sets of lengths of the monoid of
(invertible) ideals in orders of quadratic number fields are intervals (Theorem 5.2).
To gather the background on unions of sets of lengths, let H be an atomic monoid
with H # H* and k € Ny. Then

U (H) = U L denotes the union of sets of lengths containing k and
keLeL(H)

pr(H) = supUy(H) isthekthelasticity of H.
Then, for the elasticity p(H) of H, we have [12, Proposition 2.7],

H
p(H) = sup{p(L) | L € L(H)} = lim pk; ).

Clearly, Uy(H) = {0}, U (H) = {1} and U (H) is the set of all £ € Ny with the
following property:

There are atoms uy, ..., ug, vy, ..., vein H suchthatu; ... -uy =vy-...- v

Letd e Nand M € Ny. A subset L C Z is called an AAP (with difference d and
bound M) if
L=y+(L'UL*UL") C y+dZ,

where y € Z, L* is a nonempty arithmetical progression with difference d and
min L* =0, L’ C [-M, —1],and L” C sup L* + [1, M] (with the convention that
L" = ¢ if L* is infinite). We say that H satisfies the Structure Theorem for Unions
if there are d € N and M € N such that U, (H) is an AAP with difference d and
bound M for all sufficiently large k € N. If A(H) is finite and the structure theorem
for unions holds for some parameter d € N, then d = min A(H) [12, Lemma 2.12].

The structure theorem for unions holds for a wealth of monoids and domains (see
[2, 13, 34] for recent contributions and see [12, Theorem 4.2] for an example where it
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does not hold). Since it holds for C-monoids [14], it holds for the monoid of invertible
ideals of orders in number fields. In some special cases (including Krull monoids
having prime divisors in all classes) all unions of sets of lengths are intervals, in other
words the structure theorem for unions holds with d = 1 and M = 0 [15, Theorem
3.1.3], [18, Theorem 5.8], [33]. In Theorem 5.2 we show that the same is true for the
monoids of (invertible) ideals of orders in quadratic number fields.

Proposition 5.1. Let p be a prime divisor of f and let N = sup{v,(N'(A)) | A €
AT(0)).

1. If p splits, then Uy (Z,(Oy)) = UZ(I;(Of)) = Ny, forall £ € Nx,.
2. If p does not split, thenUy (Z,(Of)) NNy = Z/{[(I;(Of)) NNs, =[¢, L%J]for
all £ € Nx».

Proof. We prove 1. and 2. simultaneously. By Proposition 3.3.3 we can assume
without restriction that f = p“»(/). First we show that both assertions are true
for € = 2. It follows from Theorem 3.6 that [2, N] = [2,2v,(f)] U {v,(N(A)) |
A € A(Z;(Op))}. It is obvious that UL (Z,(Oy)) C U(Z,(Oy)). It follows from
Lemma 4.9 that (Z,(Oy)) C [2, N].

Letk € [2, N]. It remains to show thatk € UQ(I;(Of)). Ifk > 2v,(f), then there
is some [ € A(I;(Of)) such that N'(I) = pk. It follows by Proposition 3.2.5 that
IT = (p(’)f)k, and hence ke UZ(I;((’)f)). Now let k <2v,(f). By
Proposition 4.8.1 we can assume without restriction that v,(f) > 2 and k > 4.

CASE 1:d#1 mod4or(d=1 mod4, p=2and k <2(va(f)—1)). We
seta = v,(Nk,o(p" "2 + 7)) and b = v, (N ,0(p*~2(p — 1) + 7)). Observe that if
d #1 mod 4, then a, b > min{2k — 4, 2v,(f)} > k. Moreover, if d = 1 mod 4,
p=2andk <2(vo(f) — 1), thena, b > min{2k — 4,2(vo(f) — 1)} > k. Set I =
PZ+ (pF 2+ 1)ZandJ = pPZ + (p*2(p — 1) + 7)Z.Thenl, J € A(I;“,(C’)f)),
min{a, b, v,(p* 2+ pF2(p— D +e)}=k—1, and a+b—2(k—1)>0.
Therefore, there is some L € A(Z5(Oy)) such that IJ = p*~'L, and hence k €
LU J) CUZH(Oy)).

CASE2:d =1 mod 4and p # 2. Weseta = v,(Nx/o(Zas— + 7)) and b =

V(N jo(E2tp ==l 4 7)) Note that a, b > min{2k — 4, 2v,(f)} > k. Set

I[=pZ+E= 4 Z and J = pPZ+ (X2242=D=1 L )7 Then I,J €

AT:(Op), min{a, b, vy(P=t 4 22CHP=D=l 4 o)y — k1, and a+b
—2(k — 1) > 0. Consequently, there is some L € .A(I;(Of)) such that 1J =
p*~'L, and thus k € L(1J) C Us(Z;(O)).

CASE 3:d=1 mod 8, p=2and k € {2v,(f) — 1, 2va(f)}. Set h = v, (f).
If h =2, then k = 4, and hence k € U»(Z;(Oy)) by Proposition 4.4. Now let i >
3. Note that 2 splits. By Theorem 3.6 there are some I, J, L € A(Z;(Oy)) such
that A'(I) = 221, N'(J) = 2*'*2 and N'(L) = 16. By Proposition 3.2.5 we have
LL =160, 11 =210, =231 and JJ = 2**20; = 22" L. We infer
thatk € {2h — 1,2h} C Ur(Z5(Oy)).
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CASE 4:d =5 mod 8, p=2and k € {2vo(f) — 1,2v,(f)}. Set h = v, (f).
If h =2, then k = 4, and thus k € U (Z;(Oy)) by Proposition 4.4. Now let i > 3.
Set A =27+ 2" ' +1Z, B =2"7Z + (2*? - 21 4+ 1)Z, and C = 2”7 +
@*-! —2"1 4+ 1)Z.ThenA, B, C € A(Z;(Oy)), AB = 22 2Tand AC = 2217
for some I, J € A(Z5(Oy)). Therefore, k € {2h — 1,2h} C Ur(Z5(Oy)).

So far we have proved that both assertions are true for £ = 2. If p splits, then
we have N = oo by Theorem 3.6, and hence U4 (Z,(Oy)) = Uz(I[";((’)f)) = N,,.
The first assertion now follows easily by induction on £. Now let p not split. Then
N < o0. Next we show that 2. is true for £ = 3.

Since [3, N + 1] = {1} +Uh(Z,(Oy)) CUs(Z,(Of)) N N>z CUs(Z,(Op)) N
N>3 C [3, L%NJ] by Lemma4.9and N € {2v,(f), 2v,(f) + 1}, it remains to show
that N +m € Z/{3(I;(Of)) for all m € [2,v,(f)]. Let m € [2,v,(f)]. It is suffi-
cient to show that there are some I, J, L € .A(I; (Oy)) such that IJ = p™L and
N(L) = p", since then IJL = p"*" O by Proposition 3.2.5, and thus N + m €
Us(Z,(Op)).

CASE 1: p is inert. Observe that N =2v,(f) by Theorem 3.6. Let m €
[2,v,(f)]. Firstlet p #2.If d # 1 mod 4, then set [ = p*"Z + (p™ + 7)Z and
J = p?rDZ 4 (p>r O 1 1Z.1fd =1 mod 4,thenset [ = p*"Z + (% +

2y (f)-m

7)Z and J = p>»(NZ 4 (L 5 =l 4+ 7)Z.In any case we have I, J € A(I; Of)
and IJ = p™L for some L € A(Z;(Oy)) with N (L) = p".

Next let p = 2. Since 2 is inert, it follows that d =5 mod 8. If m < v,(f) —
1, then set [ =22"Z + 2" +1)Z. If m = vo(f) — 1, then set I = 227 + 1.
Finally, if m = vo(f), then set I =2>"Z 4+ (2" ! +1)Z. Set J =227 4
V2= 4 1Z. Observe that I, J € A(Z;(Oy)) and IJ =2"L for some L €
A(Z3(Oy)) with N (L) = 2V,

CASE 2: p is ramified. It follows that N = 2v,(f) + 1 by Theorem 3.6. Let
m € [2,v,(f)]. Firstlet p # 2. Since p is ramified, we have p | d.Ifd # 1 mod 4,
then set I = p*Z + (p" + 7)Z and J = p>rDHZ 4+ (pr DT L NZ. Ifd = 1
mod 4, then set I = p*"Z + (pm{l +7)Z and J = p?r\D+17 4 (w
7)Z. We infer that 1, J € A(Z,(Oy)) and 1J = p"L for some L € A(Z,(Oy))
with V(L) = p" in any case.

Now let p = 2. Since 2 is ramified, we have d # 1 mod 4. If d is even or m <
vo(f), then set I = 227, 4+ (2" + 7)Z. If d is odd and m = vo(f), then set I =
2217, 4+ v7. If d is even, then set J = 222(N+17Z 4 77 If d is odd, then set J =
222D 7 4 (22 + 7)Z. In any case we have I, J € A(Z;5(Oy)) and 1J =2"L
for some L € A(Z3(Oy)) with N(L) = 2.

Finally, we prove the second assertion by induction on £. Let £ € N>, and let
H e {Z,(0f), 7, (Oy)}. Without restriction we can assume that £ > 4. We infer by

the induction hypothesis that (Uy—>(H) N Nug_o) +Us(H) = [€ — 2, | 2N |] +
[2, N]=[¢, L%J] Observe that (Uy_,(H) N Nzg_z) +U(H) CU,(H)N Nzg. It
follows by Lemma 4.9 that U,(H) " N5, C [£, L%NJ], and thus U, (H) N N5, =
e, [4]1. O
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Theorem 5.2. Let O be an order in a quadratic number field K with conductor
fOk for some f € Nx,.

1. If f is divisible by a split prime, then Uy (Z(O)) = Up(Z*(O)) = N>, for all
k e Nzg.

2. Supposethat f is not divisible by a split prime and set M = max{v,(f) | p € P}.
Then U (Z(0)) = Up(Z*(0)) is a finite interval for all k € Ns,, and for their

maxima we have

(@) Ifvy(f) = M for a ramified prime q, then py (Z(O0)) = pp(Z*(0)) = kM +
|51 for all k € N, and p(Z(0)) = p(T*(0)) = M + 1.

(b) Ifvy(f) < M for all ramified primes q, then p(Z(0)) = pr(Z*(0)) = kM
forallk € Ns, and p(Z(0)) = p(Z*(0)) = M.

Proof. 1. Let f be divisible by a split prime p and let k € N>,. Since Z7(0O) is
a divisor-closed submonoid of Z*(O) and Z,(O) is a divisor-closed submonoid of
Z(0), it follows from Proposition 5.1.1 that Uy (Z(O)) = Up (Z*(O)) = N>».

2. Let k € N5; and £ € Up(Z(O)). There are I; € A(Z(O)) for each i € [1, k]
and J; € A(Z(0O)) for each j €[1,£] such that ]_[ff=1 I, = Hf‘=l Jj. Note that
JT,,\/T, € X(O) for all i € [1,k] and j € [1, £]. For P € X(O) set kp = |{i €
[1,k] | /T, = P}| and £p = |{j € [1, €] | /JT-: P}|. If p is a prime divisor of
f then set k, =kp,, and £, =£€p . Observe that k =) p ) kp and £ =
> pex(o) £p- Recall that the P-primary components of ]_[f; 1 1; are uniquely deter-
mined, and thus £p € Uy, (Zp(O)) for all P € X(O). If P € X(O) does not con-
tain the conductor, then Zp(O) is factorial, and hence £p = kp. Also note that if
P € X(O) and kp < 1, then £p = kp. If p is an inert prime that divides f, then it
follows from Proposition 5.1.2 and Theorem 3.6 that p,(Z,(0)) = p, (I;‘,((’))) =
rv,(f) for all r € N>,. We infer again by Proposition 5.1.2 and Theorem 3.6
that p,(Z,(0)) = p, (I;(O)) =rv,(f) + 5] for all ramified primes p that divide
fandall r € Nx,.

. CASE 1:v,(f) = M for some ramified prime g. If P € X(O),thenlp < kpM +
L5 ]

Consequently, ¢ =3 pcx0)¢r < (Lpexo) k)M + Lpexo) ) < kM +
L5]). In particular, p(Z(0)) < kM + 5] = max{p(Z5(O) | pe P, p | f} < px
(Z*(0)) < p(T(O)). Thisimplies that p(Z(0)) = p(Z*(0)) = max{px (Z;(O)) |
peP.plfi=kM+ %]

CASE2:v,(f) < M for all ramified primes g. Note that £, < k,v,(f) + L%J <
k,M for all ramified primes p that divide f. Therefore, £p < kpM for all P €
X(0O). This implies that £ = Y p_x(0) £r < O pex(o0) kp)M = kM. We infer that
pk(Z(0)) < kM = max{p(Z,(O) | p € P, p| [} = p(Z*(0)) = pe(Z(0)),and
thus pr(Z(0)) = pe(Z*(O)) = max{p(Z,(O0)) | p € P, p | f} =kM.

By Proposition 5.1.2, we obtain that U (Z(O)) N Nxy = U (Z*(0)) NNy is
a finite interval. Since the last assertion holds for every k € N>, we infer that
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U (Z(0)) = Ur(Z7(0)) is a finite interval for all k € Ns,. If v, (f) = M for some
ramified prime g, then

pI(O) = p(T*(0)) = Jim LACICI )NV H M4l

ko kmoo k|2 2
Finally, let v, (f) < M for all ramified primes g. Then

@) kM
PIO)) = p(T*(O)) = Jim Fm = lim == = M. 0
In a final remark we gather what is known on further arithmetical invariants of
monoids of ideals of orders in quadratic number fields.

Remark 5.3. Let O be an order in a quadratic number field K with conductor f Ok
for some f € Ns,.

1. The monotone catenary degree of Z*(Q) is finite by [20, Corollary 5.14]. Precise
values for the monotone catenary degree are available so far only in the seminormal
case [18, Theorem 5.8].

2. The tame degree of Z*(O) is finite if and only if the elasticity is finite if and
only if f is not divisible by a split prime. This follows from Equations. 2.3 and 2.4,
Theorem 5.2, and from [16, Theorem 3.1.5]. Precise values for the tame degree are
not known so far.

3. For an atomic monoid H, the set {p(L) | L € L(H)} C Q5 of all elasticities
was first studied by Chapman et al. and then it found further attention by several
authors (e.g., [4, 7], [22, Theorem 5.5], [23, 35]). We say that H is fully elastic if
for every rational number ¢ with 1 < g < p(H) thereis an L € L(H) with p(L) =
q. Since Z*(0O) is cancellative and has a prime element, it is fully elastic by [3,
Lemma 2.1]. Since Z*(O) C Z(O) is divisor-closed and p(Z(0)) = p(Z*(O)) by
Theorem 5.2, it follows that Z(O) is fully elastic.

4. For an atomic monoid H, let

T*(H) = {min(L \ {2}) | 2 € L € £(H) with |[L| > 1} C N.3.

By definition, we have T*(H) C 2 + A(H) and in [11, 23] the invariant T*(H) was
used as a tool to study A(H). Proposition 4.1.4 shows that, both for H = Z(O) and
for H = 7*(0©), we have max 1*(H) = 2 + max A(H).
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