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1 Introduction

R. G. Douglas introduced the notion of Hilbert module M over a function algebra
A and reformulated several questions of multi-variable operator theory in the
language of Hilbert modules. Having done this, it is possible to use techniques from
commutative algebra and algebraic geometry to answer some of these questions.
One of the very interesting examples is the proof of the Rigidity Theorem for Hilbert
modules [19, Section 3], which we discuss below.

A Hilbert module is a complex separable Hilbert space M equipped with a
multiplication

m:A— BWM), m,(f)=p-f, feM,peA,

which is a continuous algebra homomorphism. Here 5(M) denotes the algebra of
all bounded linear operators on M. The continuity of the module multiplication
means

lmp fll < ClplIfll feM peA

for some C > 0. Familiar examples are the Hardy and Bergman spaces defined
on bounded domains in C¢. Sometimes, it is convenient to consider the module
multiplication over the polynomial ring C[z] in d variables rather than a function
algebra. In this case, we require that

lmp fll < Cpllfll. f e M, peClz]

for some C), > 0. We make this “weak” continuity assumption throughout the paper.

In what follows, we will consider a natural class of Hilbert modules consisting of
holomorphic functions, taking values in C”, defined on a bounded domain  C A,
Thus (i) we assume M C Hol(€2, C"). A second assumption (ii) is to require that
the evaluation functional

ev;: M — C", evi(f) = f(2),
is continuous and surjective, see [2, Definition 2.5]. Set
K(z, w) :=evgeevy : Q x @ — CV",

The function C, which is holomorphic in the first variable and anti-holomorphic in
the second variable is called the reproducing kernel of the Hilbert module M. A
further assumption (jii) is that C[z] € M is dense in M. A Hilbert module with
these properties is said to be an analytic Hilbert module. In this paper, we study a
class of Hilbert modules which are submodules of analytic Hilbert modules.
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From the closed graph theorem, it follows that m, f € M for any f € M
and p € C[z]. Also, the density of the polynomials implies that the eigenspace
ker (m, — p(w))* is spanned by the vectors

ICU)(')§ = ’C(a w);
for¢ € C",ie.,
ker (m, — p(w))* = Ran IC,,

see [15, Remark, p. 285]. Since the matrix IC(w, w) is invertible by our assumption,
it follows that the dimension of the kernel {/C,,(:)¢ : ¢ € C"} is exactly n for
all w € Q. Clearly, the map w — K, ()¢, ¢ € C" is a holomorphic map on
Q* :={w e C:we Q}. It serves as a holomorphic section of the trivial vector
bundle

E:={(w,v): weQ" veker(m, — p(w))*} < Q" x M

with fibre
Ew =ker (m, — p(w))* =Ran K, w € Q*.

A refinement of the argument given in [2] (which, in turn, is an adaptation of
ideas from [12]), then shows that the isomorphism class of the module M and the
equivalence class of the holomorphic Hermitian bundle £ determine each other.
The case d = 1, originally considered in [12], corresponds to Hilbert modules
over the polynomial ring in one variable. The proof in [12], in this particular case,
has a slightly different set of hypotheses. In the paper [12], among other things, a
complete set of invariants for the equivalence class of £ is given. If n = 1, as is well
known, this is just the curvature of the holomorphic line bundle £.

There is a natural notion oL module isomorphism, namely, the existence of a
unitary linear map U : M — M, which intertwines the module multiplications m,,
and m,, that is,

Um, =m,U.

Clearly, a Hilbert module M over the polynomial ring C[z] is determined by the
commuting tuple of multiplication by the coordinate functions on M and vice-versa.
Thus the notion of module isomorphism corresponds to the usual notion of unitary
equivalence of two such d-tuples of multiplication operators by a fixed unitary. If
I' : M; — Mj is a module map, then it maps the eigenspace of M at w into
that of M5 at w. Thus ['(K!(-, w)¢) € {K2(-, w)& : € € C"}, where K' are the
reproducing kernels of the Hilbert modules M;,i = 1, 2, respectively. Hence we
obtain a holomorphic map & : @ — C"*" with the property

rKlz, w) = dr(w)*K3(z, w)
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for any fixed but arbitrary w. Thus any module map between two analytic Hilbert
modules is induced by a holomorphic matrix-valued function & : Q — C**", see
[14, Theorem 3.7]. Moreover, if the module map is invertible, then ®r(z) must be
invertible. Finally, if the module map is assumed to be unitary, then

K'(z, w) = ®r(z) K2(z, w) O (w)

forall z, w € Q.

Let us describe, following [17], an instance of the Sz.-Nagy—Foias theory in the
language of Hilbert modules. Let T be a contraction on some Hilbert space M. The
module multiplication determined by this operator is the map m,(f) = p(T)f,
p € C[z], f € M. From the contractivity of T, it follows that |m,|| < |p| :=
sup{|p(z)| : z € D} and in this case, the Hilbert module M is said to be contractive.
Now, assume that 7*" — 0 as n — oo. Then Sz.-Nagy—Foias show that there exists
an isometry R and a co-isometry R’ such that, for the unit disk D, the sequence

0— - HE(D)*R> HZ, (D) K oM ——0,

where € and £’ are a pair of (not necessarily finite dimensional) Hilbert spaces, is
exact. The map R is essentially the characteristic function of the contraction 7" and
serves to identify the contractive module M as a quotient module of H2,(D) by the
image of H § (D) under the isometric map R.

For any planar domain €2, a model theory for completely contractive Hilbert
modules over the function algebra Rat(£2), consisting of rational functions with
poles off the closure £, has been developed by Abrahamse and Douglas in the paper
[1]. However, the situation is much more complicated for Hilbert modules over the
polynomial ring in d variables, d > 1.

1.1 The Normalized Kernel

We begin by recalling some notions from complex geometry. Let £ be a holomor-
phic Hermitian line bundle over a complex manifold 2. The Hermitian metric of £
is given by some smooth choice of an inner product ||- ||%) on the fibre L,,. There is
a canonical (Chern) connection on £ which is compatible with both the Hermitian
metric and the complex structure of £. The curvature « of the line bundle £ on
any fixed but arbitrary coordinate chart, with respect to the canonical connection, is
given by the formula

(w) = —09 log [y w)I> = — Y 8,3, log |y ()l >dw; A dw;,
i,j
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where y is any non-vanishing holomorphic section of L. Since any two such
sections differ by multiplication by a non-vanishing holomorphic function, it is clear
that the definition of the curvature is independent of the choice of the holomorphic
section y. Indeed, it is well known that two such line bundles are locally equivalent
if and only if their curvatures are equal. For holomorphic Hermitian vector bundles
(rank > 1) the local equivalence involves not only the curvature but also its covariant
derivatives, see [12].

In general, Lemma 2.3 of [32] singles out a frame y?) such that the metric has
the form: ||y @ (w)||> = I + O(Jw|?) and it follows that

k(0) = =Y (33, ly P @)IP),_odwi A dw;.
ivj

In a slightly different language, fixing wy € €, a normalized kernel K@ at
wo is defined in [14, Remark 4.7(b)] by requiring that @ (z, wg) = I. Setting
y Q) = ICIS? ) , we see that the normalized kernel X© has no linear terms. There
is a neighborhood, say €2, of wg on which K(z, wg) doesn’t vanish (for n = 1) or
is an invertible n x n-matrix (for n > 1). Set

0 (2) = K(wo, wo)/? Kz, wo) ™!, z € Q.
Then
KOz, w) := <I>§~0)(z) K(z, w) dbf—o)(w)*

is a normalized kernel on ¢. Thus starting with an analytic Hilbert module M
possessing a reproducing kernel K, there is a Hilbert module M© possessing a
normalized reproducing kernel K@, isomorphic to M. Now, it is evident that two
Hilbert modules are isomorphic if and only if there is a unitary U such that

KEO)(Z, w)=U IC;O)(Z, w) U*.

In other words, the normalized kernel is uniquely determined up to a fixed unitary.
In particular, if n = 1, then the two Hilbert modules are isomorphic if and only if
the normalized kernels are equal. We gather all this information in the following
proposition.

Proposition 1.1 The following conditions on any pair of (scalar) analytic Hilbert
modules over the polynomial ring are equivalent.

1. Two analytic Hilbert modules My and M are isomorphic.

2. The holomorphic line bundles L1 and L, determined by the eigenspaces of the
analytic Hilbert modules M| and Mo, respectively, are locally equivalent as
Hermitian holomorphic bundles.
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3. The curvature of the two line bundles L;, i = 1,2, are equal.
4. The normalized kernels ICEO), i = 1,2, at any fixed but arbitrary point wg are
equal.

2 Invariants for Submodules

In the paper [13], Cowen and Douglas pointed out that all submodules of the Hardy
module H?(D) are isomorphic. They used this observation to give a new proof
of Beurling’s theorem describing all invariant subspaces of H2(D). Although all
submodules of the Hardy module H?(D) are isomorphic, the quotient modules
are not. Surprisingly enough, this phenomenon distinguishes the multi-variable
situation from the one variable case. Consider for instance the submodule H (20’0) (D2)

of all functions vanishing at (0, 0) in the Hardy space H 2(Dz) over the bidisk D?.
Then the module tensor product of H(20 0) (D?) over the polynomial ring C[z] in two
variables with the one dimensional module C,,, (p, w) — p(w), is easily seen to
be

CaeC ifw=(0,0
H 0)(D%) ®cpz) Co = : ©.0) .1)
’ C if w % (0,0)

while H2(D?) ®clz1 Cw = C. It follows that the submodule H(20,0) (D?) is not

isomorphic to the module H 2(D?), in stark contrast to the case of one variable.

The existence of non-isomorphic submodules of the Hardy module H2(D?)
indicates that inner functions alone may not suffice to characterize submodules
in this case. It is therefore important to determine when two submodules of the
Hardy module, and also more general analytic Hilbert modules, are isomorphic.
This question was considered in [10] for the closure of some ideals Z € C[z] in
the Hardy module H 2(Dz) with the common zero set {(0, 0)}. It was extended to a
much larger class of ideals in the paper [3]. A systematic study in a general setting
culminated in the paper [19] describing a rigidity phenomenon for submodules of
analytic Hilbert modules in more than one variable. A different proof of the Rigidity
Theorem using the sheaf model was given in [9]. A slightly different approach to
obtaining invariants by resolving the singularity at (0, 0) was initiated in [16], and
considerably expanded in [9]. We describe this approach briefly.

A systematic study of Hilbert submodules of analytic Hilbert modules was
initiated in the papers [8, 9]. If 7 is an ideal in C[z], consider the submodule
M = [Z] in an analytic Hilbert module M C Hol(f2, C) obtained by taking the
closure of 7. Let

Qri={zeQ: f(z) =0V feT)
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denote the algebraic subvariety of 2 determined by Z. For the reproducing kernel
K(z, w) of M, the vectors Ky, € M will in general not belong to the submodule
M. However, one has a truncated kernel K (z, w) = Ky, (z) such that Ko e M
for all w € @, which induces a holomorphic Hermitian line bundle £ defined on
Q\ Q7, with fibre

ﬁszanle, we Q\ Qr,

and positive definite metric IZ(w, w). This line bundle £ does not necessarily Q(tend
to all of 2. In fact, on the singular set 27 the eigenspace of the submodule M will
in general be higher dimensional. However, in the paper [9], using the monoidal
transform, a line bundle £ was constructed on a certain blow- -up space 2, with a
holomorphic map 7 : Q- Q. (Actually, this construction holds locally, near any
given point wo € €27.) The restriction of this line bundle to the exceptional set
7~1(Q7) in the blow-up space was shown to be an invariant for the submodule M.
For the submodule M = (0 0 (D?) < H?*D? of the Hardy module,

corresponding to the point singularity (0,0) € & := D?, the above construction
can be made very explicit: The eigenspace of M at w := (wy, wz) # (0, 0) is the
one dimensional space spanned by the truncated kernel vector

~ 1 w Wr7r — W121W:
Ro(2) = _ _ 1= w1z1 +_wzzz w]_lezzz. 2.2)
(I —wiz1)( —w2z2) (I —wyz1)(1 —waz2)

At (0,0), this vector is the zero vector while the eigenspace of /ﬁ is two
dimensional, spanned by the vectors z; and z;. We observe, however, that for

Jj =1, 2 the limit (Z) , along lines through the origin as w — 0, exists and is non-

zero. Parametrizing the lines through (0, 0) in D? by wy = Pwy or w; = Yhw,, we
obtain the coordinate charts for the projective space P! (C). On these, we have

. Z
_ lim _ W()—z1+z9112
wy=hw;, w—0 W1
Similarly, we have
_ Kuw(z
lim w(@) =77 + hz].

wi=thwy, w—0 W)

Setting s(11) := z1 + 122 and s(¥2) = zp + 27 taking values in H(20 0 (D?),

we obtain a holomorphic Hermitian line bundle L over projective space P! (C). The
metric of this line bundle is given by the formula

ls@p I =1+ 191
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for j = 1,2. It is shown in [16, Theorem 5.1], see also [9, Theorem 3.4], that
for many submodules of analytic Hilbert modules, the class of this holomorphic
Hermitian line bundle on the projective space is an invariant for the submodule.
Since the curvature is a complete invariant, it follows that in our case the curvature

k(@) = (1 — [0;)72dv; A dV,

for the coordinate ¥#; (j = 1, 2) is an invariant for the submodule H(ZO,O) (D?).

Often it is possible to determine when two submodules of an analytic Hilbert
module are isomorphic without explicitly computing a set of invariants. A particular
case is the class of submodules in an analytic Hilbert module which are obtained by
taking the closure of an ideal in the polynomial ring. Here the surprising discovery
is that many of these submodules are isomorphic if and only if the ideals are equal.
Of course, one must impose some mild condition on the nature of the ideal. For
instance, principal ideals have to be excluded. Several different hypotheses that
make this “rigidity phenomenon” possible are discussed in Section 3 of [19]. One
of these is the theorem of [19, Theorem 3.6]. A slightly different formulation given
below is Theorem 3.1 of [9].

Let @ C C9 be a bounded domain. For k = 1,2, let [Zy] be the closure in an
analytic Hilbert module M C Hol(£2) of the ideal Z;; < C|[z].

Theorem 2.1 (Theorem 3.1, [9]) Assume that the dimension of [Zi]/[Zx v is finite
and that the dimension of the zero set of these modules is at most d — 2. Also,
assume that every algebraic component of V (Zy) intersects Q. Then [11] and [1>]
are isomorphic if and only if 11 = 1.

In this paper we study submodules of (scalar valued) analytic Hilbert modules
(n = 1) which are related to higher-dimensional singularities. Starting with the
weighted Bergman spaces defined on a bounded symmetric domain, the submodules
are determined by a vanishing condition on a certain “Kepler variety”. The new
feature is that the singularity set is not a complete intersection (in the sense of
algebraic geometry) which means that the usual projectivization involving monoidal
transforms (blow-up process) is not sufficient for the resolution of singularities.
We will replace it by a higher-rank blow-up process, having as exceptional fibres
compact Hermitian symmetric spaces of higher rank instead of projective spaces.
The charts and analytic continuation we use are adapted to the geometry of the
Kepler variety. The simplest case of rank 1 reduces to the usual blow-up process.

In this setting we again obtain a rigidity theorem which is not a special case of
Theorem 2.1, since we do not consider different ideals (i.e. different subvarieties)
for the singular modules, but we consider a fixed subvariety and vary the underlying
“big” Hilbert module, by choosing an arbitrary coefficient sequence or, as a special
case, a K-invariant probability measure. This situation is most interesting in the
symmetric case, where one has a full scale of different Hilbert modules like
the weighted Bergman spaces. Then we show that the “truncated” kernel of the
submodule can be recovered from the reduction to the blow-up space. This is a kind
of rigidity in the parameter space instead of selecting different ideals.
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3 Jordan—Kepler Varieties

Hilbert modules and submodules defined by analytic varieties have been mostly
studied for domains €2 which are strongly pseudoconvex with smooth boundary,
or a product of such domains. From an operator-theoretic point of view, this is
natural since for strongly pseudoconvex (bounded) domains, Toeplitz operators
with continuous symbols (in particular, with symbols given by the coordinate
functions) are essentially normal, so that the Toeplitz C*-algebra generated by
such operators is essentially commutative and has a classical Fredholm and index
theory. There are, however, interesting classes of bounded domains which are only
weakly pseudoconvex (and are therefore domains of holomorphy, by the Cartan—
Thullen theorem) with a non-smooth boundary. A prominent class of such domains
are the bounded symmetric domains of arbitrary rank r, which generalize the
(strongly pseudoconvex) unit ball, having rank r = 1. The Hardy space and
the weighted Bergman spaces of holomorphic functions on bounded symmetric
domains have been extensively studied from various points of view (see, e.g.,
[6, 21, 30]). More recently, irreducible subvarieties of symmetric domains, given
by certain determinant type equations, have been studied in [20] under the name
of “Jordan—Kepler varieties”. This terminology is used since the rank » = 2 case
corresponds to the classical Kepler variety in the cotangent bundle of spheres [11].

In order to describe bounded symmetric domains and their determinantal subva-
rieties, we will use the Jordan theoretic approach to bounded symmetric domains
which is best suited for harmonic and holomorphic analysis on symmetric domains.
For background and details concerning the Jordan theoretic approach, we refer to
[22, 26, 30].

Let V be an irreducible Hermitian Jordan triple of rank », with Jordan triple
product denoted by {u; v; w}. The so-called spectral unit ball 2 C V is a bounded
symmetric domain. Conversely, every (irreducible) bounded symmetric domain can
be realized in this way. An example is the matrix space V = C"** with triple
product

{u; v; w) = uv*w + wov*u,
giving rise to the matrix ball
Q={zeC™: I, —zz"> 0}
In particular, for rank » = 1 we obtain the triple product
{u; v; w} == (Ulv)w + (wlv)u
on V = C¢, with inner product (x|v), giving rise to the unit ball

Q={zeC?: (z|lz) < 1}.
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Let G denote the identity component of the full holomorphic automorphism group
of Q. Its maximal compact subgroup

K :={keG: k() =0}

consists of linear transformations preserving the Jordan triple product. For z, w € V
define the Bergman operator B; ,, acting on V by

B, wyv=v—{z; w; v} + %{z{w; v; wlz).
We can also write
B.w=1-D(z,w)+ Q:Qu, (3.1
where
D(z, w)v = {z; w; v},

and

1
Q,w := E{z; w; z}

denotes the so-called quadratic representation (conjugate linear in w). For matrices,
we have D(z, w)v = zw*v + vw*z, Q,w = zw*z and hence

B.wv = (1, — zw*)v(ly — w*z). (3.2)

An element ¢ € V satisfying ¢ = Q.c is called a tripotent. For matrices these are
the partial isometries. Any tripotent ¢ induces a Peirce decomposition

V=VieVieV.

Now we introduce certain K -invariant varieties. Every Hermitian Jordan triple V
has a natural notion of rank defined via spectral theory. For fixed £ < r let

‘D/g ={z €V : rank(z) = ¢}

denote the Jordan—-Kepler manifold studied in [20]. It is a K C—homogeneous
manifold whose closure is the Jordan—Kepler variety

Ve ={z €V : rank(z) < ¢}.
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We have
dg = dim Vy = d§ + df,
where
) a
ds =dimVy =¢(1+ 5(5 - 1),
di =dimV{ = £(a(r — £) + D).

Here a, b are the so-called characteristic multiplicities defined in terms of a joint
Peirce decomposition [26]. Moreover,

2d5 + df

- :2(1+%(Z—1))+a(r—£)+b=2+a(r—1)+b:p

is the genus. As a fundamental property, there exists a Jordan triple determinant

A:VxV—C, (3.3)
which is a (non-homogeneous) sesqui-polynomial satisfying

det B,y = A(z, w)?.
For (r x s)-matrices, we have p = r 4 s and
Az, w) = det(l, — zw™)

as a consequence of (3.2). In particular, A(z, w) = 1 — (z|Jw) in the rank 1 case
V = C¢. A Hermitian Jordan triple U is called unital if it contains a (non-unique)

tripotent u such that D(u, u) = 2-1. In this case U becomes a Jordan *-algebra with
unit element u under the multiplication

1
Zow = E{z;u; w}

and involution

i} 1
75 = 0uz = E{u; zZ; u}.

This Jordan algebra has a homogeneous determinant polynomial N : U — C
defined in analogy to Cramer’s rule for square matrices. Every Peirce 2-space V; is
a unital Jordan triple with unit c.
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One can show that the smooth part of V; (in the sense of algebraic geometry) is
precisely given by V,. Thus the singular points of V, form the closed subvariety
Ve_1, which has codimension > 1, unless we have the case £ = r for tube domains
(b = 0). This case will be excluded in the sequel. The center S, C ‘G/e consists of
all tripotents of rank £.

4 Hilbert Modules on Kepler Varieties

Combining the Kepler variety and the spectral unit ball, we define the Kepler ball
Q =NV

for any 0 < £ < r. The Kepler ball €2, has singularities exactly at €2¢_1, so that the
smooth part of 2y is given by

502@ = ‘O/g NQp = Q¢ \ QLp—1.

Apart from the case £ = r on tube type domains, which we exclude here, the
singular set 2,1 C €2, has codimension > 1. Combining this with the fact that
Ve is a normal variety (so that the second Riemann extension theorem holds) it
follows that every holomorphic function on Q has a unique holomorphic extension
to €2¢. Henceforth we will identify holomorphic functions on Q¢ with their unique
holomorphic extension to £2¢. For any K -invariant measure p on V; we have a polar
integration formula

/dp(Z) f(@ Z/dpc(t)/dk f /1)
K

Ve A3

where p¢ is a measure on the symmetric cone A5 of V; [22] called the radial part
of p. Here +/t denotes the Jordan algebraic square root in AS. As a special case,
consider the Riemann measure 1;(dz) on ‘G/g which is induced by the normalized

inner product on V. Denoting by I'y the Koecher-Gindikin Gamma function of A§
[22], its polar decomposition is

)\-Z(dZ) Fl(%) dc/e
f@) = —/dt N4/ /dk kD). (4.1)
/ m re®res) ) =
Ve 2 K
Here N, is the Jordan algebra determinant on V; normalized by N.(c) = 1. For
£ = r the Riemann measure on the open dense subset V,=VcCV agrees with the
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Lebesgue measure, and (4.1) gives the well-known formula
dz 1 b
— = ——— [ dt N(t dk f kvt
[ 5= [arvewr [k rah
4 "TAg K

for any maximal tripotent e € S = S,. As a consequence of (4.1) we have for the
Kepler ball

re(d
/ 2D A7 £
b g
Fe(%)

_ ) dt Na@®7E No(e — 1) / dk f(D)  (4.2)
Fe(Dr (%) / ‘ /

A§N(e—A) K

since A(k+/1, ka/1) = A1, /1) = Ne(c —t) forall 1 € A5 N (c — AS).

As a fundamental fact [22, 30] of harmonic analysis on Jordan algebras and
Jordan triples, the Fischer—Fock reproducing kernel "), for the normalized K -
invariant inner product (z|w) on V, has a “Taylor expansion”

e(z\w) — Z E™(z, w)
m

over all integer partitions m = m; > mp > ... > m, > 0, where
E™(z,w) = ET(z) are sesqui-polynomials which are K -invariant such that the
finite-dimensional vector space

Pu(V) ={ED : weV}

is an irreducible K-module. These K-modules are pairwise inequivalent and span
the polynomial algebra P (V). Let

r a
O = [T =G =D,

Jj=1

denote the multi-variable Pochhammer symbol. Let N’ denote the set of all
partitions of length < r. Restricted to the Kepler variety we only consider partitions
in Nﬂ of length < ¢, completed by zeroes at the end.

Lemma 4.1 For any partition m € Nﬂ of length < £ we have
TP Tev = 4) (de/Om
Fe(v) Wm

(4.3)

/ dt Ne@)W/E Ne(e = 1)"7P N (1) =

A§SN(c—AS)
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Proof Applying [22, Theorem VII.1.7] to A yields

d(‘ dC d(r
Fg(m—i-T'-l-Tz)Fg(v—p-i-Tz)

d°+2dS
Fg(m+v—p+%

f dt Ne@)/t Ne(c — 1)V N (1) =

ASN(c—Af)

Dm0 —%) T T — %) (/O
- Te(m +v) B Te(v) Wm B

Let du be the K-invariant probability measure on S, and put
(f18)s, = fdu f ) g(u) = /dk f(ke) g(ke). (4.4)
Se K

Definition 4.2 Consider a coefficient sequence (om),, N’ normalized by pg = 1.

Define a Hilbert space M = M, of holomorphic functions on £2¢ by imposing the
K -invariant inner product

(f12)p =Y pm(fmlgm)s,- (4.5)

¢
meN,

where fi; € P (V) denotes the m-th component of f.

The subnormal case arises when the inner product (4.5) has the form

(flg)y = / dp(2) f(2)g(2),

where p is a K-invariant probability measure on the closure of €2, or a suitable K-
invariant subset which is a set of uniqueness for holomorphic functions. For the case
£ = r, this was studied in detail for the tube type domains in [7] and completed for
all bounded symmetric domains in [5]. By [20, Proposition 4.4] the Hilbert space

M=M, ={¢p¢c L*(dp) : ¢ holomorphic on 2}

has the coefficient sequence

Pm =/dpc(f) N (1)

A3

given by the moments of the radial part p¢, which is a probability measure
on A5 (not necessarily of full support). As a special case the Hardy type inner
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product (4.4), corresponding to the K-invariant probability measure du on S¢, has
the point mass at c as its radial part, showing that all radial moments p, = 1.

It is clear that the Hilbert spaces M, defined by K-invariant measures are
analytic Hilbert modules as defined above (however, consisting of holomorphic
functions on a manifold Qg instead of a domain). For more general coefficient
sequences pp, one could in principle determine whether multiplication operators
by polynomials are bounded (using certain growth conditions on the coefficient
sequence), and whether the other requirements for analytic Hilbert modules hold.
Important examples are listed below where the reproducing kernels are given by
hypergeometric series. For the classical case £ = r, the well-understood analytic
continuation of the scalar holomorphic discrete series of weighted Bergman spaces
on Q = €, [21] shows that the Hilbert module property extends beyond the
subnormal case.

Proposition 4.3 For a given coefficient sequence py, M has the reproducing
kernel

o @/0m /D
K@zw)y= Y o ar Erw. (4.6)

meNﬂ_
Proof This follows from [20, Proposition 4.3] and the formula

dm _ d/r)m (ra/2)m

s (d5/Om (£a/2)m

obtained in [20, equation (5.5) in the proof of Theorem 5.1]. |

We will now present some examples, where the reproducing kernel (4.6) can be
expressed in closed form as a multivariate hypergeometric series defined in general
by

p<’3"“-’ﬁq)q(z’w) 2 G Bom =

Applying (4.3) to m = 0 it follows that

Fe($) Te(3) To(v)  redz)
d La d, d A
Lo(P) Te(F) Tew —F) 7%

p'(dz) = (z,2)"7P

is a probability measure on 2. Moreover, applying (4.3) to any m € Nﬁ it follows
that the measure p" has the coefficient sequence

o @e/Om
" or: .
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Thus the Hilbert space
M, :={¢ € L*(dp") : ¢ holomorphic on Q}

of holomorphic functions on €2, has the reproducing kernel

d ra
r

ra
9 27
dy “ta ) (z, w).
[ 2 2

’

. d/r)m (ra/2)m m _
K = 2, G/t Eajym O B0 = 3(

meNﬂ
In the classical case £ = r we have the probability measure

r d
dp’(z) = % ”—2 Az, )P

on 2, whose reproducing kernel is given by

Kewy= Y m E™zw) = (") @ w) = A w)™
1 0

"
meN,

according to the Faraut—Koranyi formula [21].

5 The Singular Set and Its Resolution

The only strongly pseudoconvex symmetric domains are the unit balls of rank » =
1. Here the singularity 2o consists of a single point {0}. The classical procedure
to resolve this singularity is the monoidal transformation (blow-up process) where
a point is replaced by a projective space of appropriate dimension. As the main
geometric result in this paper, we obtain a generalization of the blow-up process
for higher dimensional Kepler varieties and domains of arbitrary rank. The Jordan
theoretic approach leads to quite explicit formulas which generalize the equations
of the classical blow-up process of a point.

The general procedure outlined in Sect. 2 using monoidal transformations works
in the case where the singularity is given by a regular sequence gi, ..., gn Of
polynomials generating the vanishing ideal Z. In this case the variety is a smooth
complete intersection. If m = d equals the dimension, this variety reduces to a single
point. The usual blow-up process around a point 0 € C¢ is the proper holomorphic
map

7:C = ¢
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where
C={w,U): weC UecP ! weU)

is the tautological bundle over P4~!, with “collapsing map” 7 (w, U) := w. The
map 7 is biholomorphic outside the exceptional fibre 71(0) = P?~!. For the
Kepler varieties studied here the singular set €2,_; has higher dimension and is
not a complete intersection (unless £ = 1). Thus a regular generating sequence of
polynomials does not exist. Instead, we use the harmonic analysis of polynomials
provided by the Jordan theoretic approach to study the singular set. The main idea is
to replace the projective space (a compact Hermitian symmetric space of rank 1) by
a compact Hermitian symmetric space of higher rank, namely the Peirce manifold

My ={Vy: ce S}

of all Peirce 2-spaces of rank ¢ in V. This can also be realized as the conformal
compactification of the Peirce 1-space V|, for any rank £ tripotent c. For example,

in the full matrix triple V. = C"** the Peirce 1-space of ¢ = (1(f 8) € Sy is given
by

Ve — < 0 CEX(S—E))
1 C(r—l)x@ 0 .

Hence, in this case, the Peirce manifold M, is the direct product of two Grassmann
manifolds

My = Grassy(C") x Grassy(C*).

In the simplest case r = 1 we have V = C¢ and for the tripotent ¢ = (1,09~ 1)
we have Vf = (0, Cd_l). Its conformal compactification is Vf = P9~! which is
the exceptional fibre of the usual blow-up process for 0 € C?¢. More generally, for
any non-zero tripotent ¢ we have V;’ = C-c and hence V| becomes the orthogonal
complement ¢ = C?~!, with conformal compactification 171“ =Pl

The standard charts of projective space P¢~! have the form

. d—1 d—1 2 . . . . .
7; . C — P o Tt ety tg) =t 1L ]

using homogeneous coordinates on P?—1. Note that for | < i < d, the rank 1
tripotent ¢; := (0,...,0,1,0,...,0) € C4 has the Peirce 1-space

. ~ d—1
Vile= {0, o e, 0, i, o tg) 2 (0 B 1) € COTL
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In the higher rank setting, the Bergman operators (3.1) serve to define canonical
charts for the Peirce manifolds. For each tripotent ¢ € Sy and every t € V[ the
transformation B; . € K c preserves the rank. It follows that B, _.c € ‘O/g has a
Peirce 2-space denoted by [B;,_.c]. As shown in [29] the map

Te: V{ = My, () := [By —cc] (5.1
is a holomorphic chart of M,. The range of the chart . is
M. :={U € My, : Ny(c) #0}.

Here Ny : U — C denotes a Jordan algebra determinant of the Jordan triple
U which, as a Peirce 2-space, is of tube type. The Jordan determinant is only
defined after choosing a maximal tripotent in U as a unit element, but any two
such determinant functions differ by a non-zero multiple. It is shown in [29] that the
local charts t. of My, for different tripotents ¢, ¢’ € Sy, are compatible and hence
form a holomorphic atlas on M,.

One can make the passage z + [z] to the Peirce 2-space more explicit by
introducing the so-called (Moore-Penrose) pseudo-inverse. Every element z € ‘D//g
has a pseudo-inverse z € V; determined by the properties

0:2=12, 0:;2=2, 0; 0; = 0; O;.

Using the pseudo-inverse, the orthogonal projection onto the Peirce 2-space of V.
can be explicitly written down.

Lemma 5.1 The pseudo-inverse of 7 :== By _.c is given by

Combining these remarks, the chart (5.1) can be written down explicitly. It
is also instructive to embed M, into the conformal compactification V of the
underlying Jordan triple V (the compact Hermitian symmetric space that is dual
to the spectral unit ball 2). According to [26] V can elegantly be described using a
certain equivalence relation [z; w] for pairs z, w € Z. As shown in [29], one may
identify the Peirce 2-space V5 with the equivalence class [z; Z] € V. Thus the local
chart (5.1) associated to a tripotent ¢ € S, can also be expressed via the embedding

. Vi—> M CV
given by

e(t) = [z: 2],
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where z := B; _.c € ‘D/g and 7z is computed via Lemma 5.1. In the sequel this more
refined description of the local charts will not be needed.
Having found the exceptional fibre M, for the higher-rank blow-up process, we
now consider the tautological bundle
Vg:{(w,U)EVng: welU}CVyx My
over M,, together with the collapsing map
T Vg - Ve, a(w,U):=w
whose range is V. In [20] this map is used to show that V; is a normal variety. This
property implies the so-called second Riemann extension theorem for holomorphic
functions, of crucial importance in the following. For each s € V the rank £ element
oc(s,t) = By _¢s 5.2)
has the same Peirce 2-space t.(¢) as B;,—.c. We define a local chart
pe:Vy x Vi — Ve
by
pe(s, 1) := (oc(s, 1), Te(1)). (5.3)
By (5.2) the range of the chart p, is
Vi i={(w,U)eV: UeRant)={w,U)eVi: Ny(c)#0}.
One shows that the chaﬂ§ pe, for ¢ € S, define a holomorphic atlas on ‘7@, such that
the collapsing map 7 : Vy — V; is holomorphic and is biholomorphic outside the

singular set. We call Ve, together with the collapsing map the (higher rank) blow-up
of V.

Proposition 5.2 For rank 1, let ¢ := (1, 0). Then

pe(s, 1) := ((s, s1), [1 : 1) = ((s, s1), C(1, 1)),

where s € Candt € C¥ V. Here[s : t] = [s : t1 : ... : tq_1] denotes the
homogeneous coordinates in P41
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Proof Clearly, V; = C-.c = (C,0) = [1: 0] and V{ = (0, C4=1). Then
1 10 1
0e(s, 1) = By _os = (1 +0,1) (o) )(s, 0)( (o 1) n (0> (0 z))
1¢
= (s,0) (0 1) = (s, st).

In particular, o.(1, t) = (1, t) has the Peirce 2-space 7.(t) = C-(1,¢) =[1 : ¢]. It
follows that

pe(s, 1) = (0c(s, 1), Te(1)) = ((s, 1), C-(1, 1)) = ((s, 57), [1 = ¢]).

]
More generally, taking for ¢ = ¢; the i-th basis unit vector (1 < i < d) we obtain
local charts

pi(¢h, ¢ =((¢', ', Cal, ey = (¢, e, 11 ¢

where ¢/ = (¢7) j=i- The finitely many charts p; (1 < i < d) form already a
covering. Using the grid approach to Jordan triples one can similarly choose finitely
many charts in the general case. However, for many arguments using K -invariance
it is more convenient to take the continuous family of charts (o¢)ccs, -

Since the analytic Hilbert modules considered here are supported on the Kepler
ball 2, = © N V; we restrict the tautological bundle to the open subset

Qo i={(w,U)eVy: weQ

and obtain a collapsm’ngap Q> by restriction. The main idea to study
singular submodules M is now to construct a Hermitian holomorphic line bundle L
over Qg, whose curvature will be the crucial invariant of /\/l

Proposition 5.3 There exists a holomorphic line bundle L on &y consisting of all
equivalence classes

[s. 6,2 Ne)le = [/, 2 Na G| | (5.4)

with A € C. Here ¢, ¢’ € Sy are tripotents such that
Pc(s, 1) :pc’(s/7t/) (5.5

for (s, 1) € Vi x Vi and (s', 1) € VZC/ X Vf/.

Proof The condition (5.5) implies o.(s, ) = oo (s, t') and [o.(1,1)] = T.(t) =
7. (t") = [0 (1, t')]. This implies that N.(s) and N (s") do not vanish. Since the
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quotient maps satisfy a cocycle property, it follows that

Nc’ (S/)
Ne(s)

N (s’
[s, 2, Ale = [s’,t/,/\ o )]
Ne(s) 4!
defines an equivalence relation yielding a holomorphic line bundle. O

At this point we do not fix a Hermitian metric on the line bundle L over .
The metric depends on the choice of singular submodules M which will be defined
below.

6 Singular Hilbert Submodules

Consider the partition
1:=(,...,1,0,...,0)

of length £, with 1 repeated £ times. Given the Hilbert module M = M, as above,
consider the K -invariant Hilbert submodule

M={y eM: yly_, =0}

The formula (4.6) yields the truncated kernel in the form

= _ d/Pmt1 ra/Dms1 i1
K(z, w) —mgl e E™H (7, w), (6.1)

corresponding to vanishing of order > 1 on V,_;. Using the identity
Wm+1 =V + Dm (W1

one can also express this using Pochhammer symbols for m instead of m + 1.

Lemma 6.1 Let V be a unital Jordan triple, with Jordan algebra determinant N.
Then we have

d -
E™ (7, w) = _4/"m N(z)N(w) E™(z, w).
d/r)m+1
Proof For tube type we have
d
E™(e,e) = —

(d/7)m )
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Writing

E™ (2, w) = cm N@NW) E” (2, w)
it follows that

d d,
_ImAl  _ pmtle o) = e E™(e, €) = e ——.
@/ mi1 @d/1)m

Since d;;+1 = dp in the unital case, it follows that

d/r)m
cm=——7".
d/r)m+1
O
Lemma 6.2 Form € Nﬁ we have for s € V; andt € V{
ds5/0) S
E™ (2, By _cs) = (djﬁ—)”’l N(PeB} _.2) Ne(s) E™(z, By —c5).
2 m—+
Proof Applying Lemma 6.1 to the tube type Peirce 2-space V; of rank £ implies
E"(z, By —cs) = E"N (B} _z.5) = El"TN(PeB)_ 2, 5)
(d3/0) —
= —(d"jé) 'L Ne(PeBf_.2) Ne(s) EX(PeBf_.2,9).
2 m
Since E{" (Pe B/ _.z,s) = E™ (B[ _.z,5) = E™(z, B;,—5), the assertion follows.
O

Since the truncated kernel K of M vanishes on the singular set V,_ it cannot be
used directly to define a Hermitian line bundle over V,_;. Instead, we first consider
the module tensor product of Hg(Qg) over the polynomial ring P(V) with the
one dimensional module C,,, (p, w) +— p(w). Similar as in (2.1) we have, as a
consequence of (6.1)

H3(Q0) ®p(y) Cw = {C e

PI(V) ifw e Qg_l
Here P;(V) is the finite-dimensional K-module belonging to the partition 1. The
K-module P1(V) has dimension > 1 (since we exclude the case £ = r for tube
type, where P1(V) is spanned by the Jordan algebra determinant N). The ideal Z
associated to the variety Vy_1 is generated by P1(V). For each w € €, there is a
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“cross-section” P1(V) — Hg(Qe) given by

P(2) = p(2)- WYy (2)

E™(z,w). (6.2)

- d/r ra/2 ds/e
\I’(Z, w) _ K:w(Z) _ Z ( / )m+1 ( / )m+1 (52/ )m
, Pmr1 (8a/Dmir (dy/Omia
meN;
Then W, (z) € M for each w € Q. Let N;, i € I be an orthonormal basis of
P1(V). Then there is a holomorphic vector subbundle £ C €2y x M over the Kepler
ball 2y, whose fibre at w € Vj is the span

Ew = (Ni(@) Wy(2) : i € I) =P1(V) Wy, C M.

The vector bundle £ is independent of the choice of orthonormal basis ;. Consider
the pull-back vector bundle

n*€ e

|

¢ —7—>S

over ¢, under the collapsing map 7. We note that the “canonical” choice of higher
rank vector bundle £ over ¢, with typical fibre PP; (V') associated with the quotient
module, is only possible for irreducible domains. In the reducible case (2.2) of the
bidisk there is no natural choice of a rank 2 vector bundle having the fibre < z1, zo >
at the origin.

Proposition 6.3 Forall (s,t) € V; @ V| we have

K(z. Bi—c5) = Ne(PeB;f _,2) Ne(5) (2. By —c5).

t,—c
Proof This follows from the computation

@d/)m+1 ra/2)m+1

E™ Lz, B, _c5)
om+1 (€a/mi he

K B cs)= )

¢
meN

@/Pmsr (a/Dmsr @50 o m
= Ne(PeB}_2) No) E™ (2. By —c
L et @it @Oy e M) TG B

meNi

@d/Pm1 ra/Dmy1 (d3/Om
Pmi1 (€a/Dmi1 (dy/Omi1

= Ne(PcB/_.2) Nc(s) Z

mENﬁ

E™(z, Bz,fCS).D
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Now consider the holomorphic line bundle L over the blow-up space 0 defined
in Proposition 5.3.

Theorem 6.4 There exists an anti-holomorphic embedding L C 7€, defined on
each fibre Loy y C (7*E)y.u = Ey by

[s, 7, e > Ne(Bf _.2) Wg, (2. 6.3)
In short,

[s,2,1]c = N.o B,*)fc Vg, _.s-

Proof First we show that the map (6.3) is well-defined via the local charts (5.3).
Suppose that ¢, ¢’ € S satisfy

pe(s, 1) = pe(s', 1),
where (s, 1) € V5 x V{ and (s',1) € VZC/ X Vf/. Then we have
Bi o5 = 0c(s,1) = 0o (s, ') = By _ps”.
It follows that K B _os = K By s and Proposition 6.3 implies
Ne(s) [s.t. 1] = Kp, s =Kp, 9 =NoG)Is' 1 1o,
Since N.(s) and N (s") don’t vanish on the overlap of the charts, it follows that

Ne(s")

) 716‘=
[s, £, 1] =

[, £/, 1]y = [s’ / N—(S)]
’ ’ C ’ ’ NC(S) o

Thus the map (6.3) respects the equivalence relation (5.4). Moreover, the map (6.3)
is anti-holomorphic in (s, 7), with values in M. In order to see that the range belongs
to the span of N;(z) Wy, (z), where w = B; _.s, choose holomorphic functions c; (¢)
such that

Ne(Bf_.2) =Y ci(t) Ni(2)

iel

forall + € V{. It follows that

Ne(Bf_.2) Wp, _.s(2) = Z Ni(2) ci(t) W(z, Bi,—cs) € Ep, _s- O

1
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We are now able to define a Hermitian metric on the line bundle £ over Qg. A
Jordan theoretic argument yields

Lemma 6.5 Fort € V{ we have

PCB;_CBI,—CC = PCB[’_[C
and hence
N, (B, _eBi—cc) = A, 1).

Here A denotes the Jordan triple determinant (3.3).

Proposition 6.6 Forall (s,t) € V; @ V| we have
K(Bi 5. Br—c8) = A(t,1) INe(5)* W(By,—c5, Br —c5).

Proof Since P.B; _.B/

¢ _. Pc belongs to the structure group of V2 it follows from
Lemma 6.5 that

Ne(B} _Bi—c8) = Ne(B _,Bi.—c¢) Ne(s) = A(t,1) Ne(s).

t,—c t,—c

Now apply Proposition 6.3. O

Proposition 6.7 For each submodule M c M, with truncated kernel (6.1),
there exists a Hermitian metric on the line bundle L over Qo given by the local
representatives

([S7 ta 1]C|[S7 ta 1](,‘) = A(ta t) qJ(Bt,—CSﬂ Bt,—(,‘s)'

For this metric, the embedding (6.3) is isometric.

Proof Since Proposition 6.6 implies

~

Ks, s
N B \IJ . 2 — t,—c? 2 —
INc(Bf _c2) W, s> = |l AOLAG]E

= A(tv t) \IJ(BI,—(,‘S’ B[,—CS)

K(Bi _c5, Br.—c5)

it follows that the embedding (6.3) is isometric. O

Definition 6.8 The Hilbert module over Qg associat% with the Hermitian holo-
morphic line bundle £ will be called the reduction of M, and denoted by M. Note
that this is different from the pull-back 7*& which is a vector bundle containing L
as a subbundle.

The following rigidity theorem for singular submodules on Kepler varieties is
our main analytic result.
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Theorem 6.9 Consider two K -invariant Hilbert modules Mp and ./W s on g,
for given coeﬁﬁctent sequences pm and p,,, revpecttvely Suppose that the reduced
Hilbert modules ./\/lp and ./\/l + on the blow-up space Q are equivalent. Then we
have equality .Mp = ./\/lp/.

Proof The proof is an application of the ‘normalized kernel argument’ summarized
in Proposition 1.1. Consider the reproducing kernels KP and K?" of the reduced
Hilbert modules. It suffices to consider a local chart V; x V[ of Q, for a given
tripotent ¢ € Sy defined in (5.3). As a consequence of module equivalence for line
bundles, there exists a non-vanishing holomorphic function ¢ on the local chart
Vy x Vi of 2, such that

K (x,y) = ¢ (x) K°(x, y) §(3). (6.4)

Putting y = 0 we obtain

1=K (x,0) = ¢(x) K (x,0) $(0) = ¢ (x) $(0).

Therefore ¢ is constant. After normalization, we may assume ¢ = 1. Then (6.4)
implies

K (x,y) = KP(x, y)

for all x, y. In view of (6.2), this implies py41 = ,o,’n+1 for all m € Nﬂ. By (6.1),

@e singular submodules ./W and M’ have the same truncated kernel l%(z, w) =
K'(z, w). ]

7 Outlook and Concluding Remarks

For the Hardy module H 2(D?) it is evident that not all submodules are of the
form [Z], for some ideal Z of the polynomial ring. (Here [Z] is the closure of 7
in H2(D?)). Ahern and Clark [4] show that all submodules (of the Hardy module)
of finite codimension are of this form. In general, if a submodule M C M is not
of the form [Z], then it is not covered by the known Rigidity theorems with only
one exception, namely [18, Theorem, pp. 70]. However, the geometric invariants
constructed in [9] and in the current paper, it is hoped, might be useful in studying a
much larger class of submodules. Recall that a submodule of an analytic Hilbert
module M based on the domain 2 defines a coherent analytic sheaf [8, 9]. It
possesses a Hermitian structure away from the zero variety and on this smaller open
set, we have a holomorphic Hermitian vector bundle, which determines the class
of the submodule. What we have shown here is that it has an analytic Hermitian
continuation to the blow-up space. This interesting phenomenon naturally leads to
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the notion of, what one may call a Hermitian sheaf and eventually determine the
equivalence class of these in terms of the geometric data already implicit in the
definition, as in the examples we have discussed here.

We conclude this paper with several remarks concerning interesting directions
for future research.

Remark 7.1 In [28] we consider more general Hilbert modules related to Kepler
varieties, where the integration does not take place on the Kepler ball €2, but on
certain boundary strata, including the Hardy type inner product (4.4). These Hilbert
modules, and their submodules defined by a vanishing condition on £2,_1 provide a
wider class of natural examples to which the above treatment is applicable.

Remark 7.2 Tt is easy to generalize the singular Hilbert modules treated in this
paper, defined by a vanishing condition of order 1 on the singular set, to vanishing
conditions of higher order. In this case the truncated kernel, generalizing (6.1), has
the form

- B d/PNm+k ra/Dm+k mik
Rew =2, e W & @)

‘
meN;

corresponding to vanishing of order > k on Vy_;. Here k = (k,...,k,0,...,0)
with k repeated £ times. In principle, one could also start with an arbitrary partition
@ > 0 of length ¢ and consider truncations such as

= B d/Mn (ra/Du _,
Kewy= Y = ), Lew.

¢
neN+,nzu

In this case one expects to have the finite-dimensional K-module P, (V) occurring
as a quotient module. On the other hand, treating singularities where the rank
decreases by more than 1, for example Vy,_» C V;, or the origin Vo = {0} as a
singularity in = ,, seems to be more difficult.

Remark 7.3 In the maximal rank case £ = r the ball 2, = € is invariant
under the full non-linear group G. For tube type domains, the singular set 2,1
has codimension 1, defined by vanishing of the Jordan algebra determinant. This
case formally resembles the one-dimensional situation and is not covered by our
approach (it was excluded to begin with). On the other hand, let V be a Hermitian
Jordan triple not of tube type. There are three cases

* The rectangular matrices V = C"** with s > r.

* The skew-symmetric matrices V = CQ;;,I,Y of odd order N = 2r + 1

* The exceptional Jordan triple V = Olc><2 of rank » = 2 and dimension 16.

For these cases the singular set

Vi1 ={z €V : rank(z) < r}
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has codimension > 1. The intersection
Q_1:=V,_1NQ

with the unit ball 2 C V is an analytic subvariety of 2. For any automorphism
g € G = Aut(2) we obtain another subvariety g(2,_1) C . Since G acts on
the weighted Bergman spaces M, = HVZ(SZ) one can consider submodules of M,
defined by vanishing on €2,_; and g(€2,_1), respectively, where g € G does not
belong to K.

A similar situation arises for the so-called Mok embeddings

le: B—> Q

of the unit ball B = B,, into a symmetric domain 2 of higher rank, constructed in
[31]. Here ¢ € S is any rank 1 tripotent. These embeddings have the property that
the respective Bergman kernels satisfy

Kp(x,y) = Ka(te(x), te(y))

for all x,y € B. Let B, := (.(B) C S be the image variety (whose defining
equations are explicitly known [31]) and consider, for g € G, the subvariety g(B.)
with associated Hilbert submodule M, € M, defined by a vanishing condition on
8(Bc).

It would be of interest to study the reduced modules and rigidity problems for
singular submodules in such a G-equivariant setting.

Remark 7.4 Beyond the scalar case treated in this paper, analytic Hilbert modules
for higher rank vector bundles (n > 1) have recently attracted much attention [23—
25, 27] and should give rise to interesting singular submodules as well.

Acknowledgement We thank the referee for going through the first draft of this paper carefully
and making several very useful suggestions.
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