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1 Introduction

Throughout this paper, K denotes an algebraically closed field. We begin by
recalling the notion of a tridiagonal pair. We will use the following terms. Let
V denote a vector space over K with finite positive dimension. For a linear
transformation A : V — V and a subspace W C V, we say that W is an eigenspace
of A whenever W # 0 and there exists & € K such that W = {v € V|Av = Ov}.
In this case, 6 is called the eigenvalue of A associated with W. We say that A is
diagonalizable whenever V is spanned by the eigenspaces of A.

Definition 1 ([9, Definition 1.1]) Let V denote a vector space over K with finite
positive dimension. By a tridiagonal pair (or TD pair) on V we mean an ordered
pair of linear transformations A : V — V and A* : V — V that satisfy the
following four conditions.

(i) Each of A, A* is diagonalizable.
(i) There exists an ordering {V; }?:O of the eigenspaces of A such that

AV, CVisi +Vi+ Vip O=i=ad), ey

where V_1 =0 and Vg4 = 0.
(iii) There exists an ordering {Vl.*}?:O of the eigenspaces of A* such that

AVFECVE + VIV 0<i=<d, (2)
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where V*, = 0 and Vi, =0.
(iv) There does not exist a subspace W of V such that AW € W, A*W C W,
W#0,W#YV.

We say the pair A, A* is over K.

Note 1 According to a common notational convention A* denotes the conjugate-
transpose of A. We are not using this convention. In a TD pair A, A* the linear
transformations A and A* are arbitrary subject to (i)—(iv) above.

Referring to the TD pair in Definition 1, by [9, Lemma 4.5] the scalars d and §
are equal. We call this common value the diameter of A, A*. To avoid trivialities,
throughout this paper we assume that the diameter is at least one.

TD pairs first arose in the study of Q-polynomial distance-regular graphs
and provided a way to study the irreducible modules of the Terwilliger algebra
associated with such a graph. Since their introduction, TD pairs have been found
to appear naturally in a variety of other contexts including representation theory
[1, 7, 10-12, 14, 15, 25], orthogonal polynomials [23, 24], partially ordered sets
[22], statistical mechanical models [3, 6, 19], and other areas of physics [16, 18].
As aresult, TD pairs have become an area of interest in their own right. Among the
above papers on representation theory, there are several works that connect TD pairs
to quantum groups [1, 5, 7, 11, 12]. These papers consider certain special classes of
TD pairs. We call particular attention to [5], in which the present author describes a
new relationship between TD pairs in the g-Racah class and quantum groups. The
present paper builds off of this work.

In the present paper, we give a new relationship between the maps A, ¢ :
V — V introduced in [4], as well as describe a new decomposition of the
underlying vector space that, in some sense, lies between the first and second split
decompositions associated with a TD pair. In order to motivate our results, we now
recall some basic facts concerning TD pairs. For the rest of this section, let A, A*
denote a TD pair on V, as in Definition 1. Fix an ordering {V,-};”:0 (resp. {Vl.*}?zo)
of the eigenspaces of A (resp. A*) which satisfies (1) (resp. (2)). For 0 <i < d let
0; (resp. 0) denote the eigenvalue of A (resp. A*) corresponding to V; (resp. V;*).
By [9, Theorem 11.1] the ratios

0i—2 — 6i11 65 — 07
01 —0; 67y — 0

are equal and independent of i for 2 < i < d—1. This gives two recurrence relations,
whose solutions can be written in closed form. There are several cases [9, Theorem
11.2]. The most general case is called the g-Racah case [12, Section 1]. We will
discuss this case shortly.

We now recall the split decompositions of V [9]. For 0 <i < d define

Ui=(Vg+Vi+-+VHNVi+Vig £+ Va),
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Uiu:(V6k+vl*+...+\/i*)ﬂ(VO+V1+"'+Vd—i)~

By [9, Theorem 4.6], both the sums V = Zf’lzo Uiand V = Zf’lzo UZ.U are direct.
We call {U,-}l?":0 (resp. {U,.h}f:o) the first split decomposition (resp. second split
decomposition) of V. In [9], the authors showed that A, A* act on the first and
second split decomposition in a particularly attractive way. This will be described
in more detail in Sect. 3.

We now describe the g-Racah case. We say that the TD pair A, A* has g-Racah
type whenever there exist nonzero scalars ¢, a, b € K such that g* # 1 and

0; = ag?¥ +a"1g%, oF = bq?=2 4 p=1g2%—d
for 0 < i < d. For the rest of this section assume that A, A* has ¢g-Racah type.

We recall the maps K and B [13, Section 1.1]. Let K : V — V denote the linear
transformation such that for 0 < i < d, U; is an eigenspace of K with eigenvalue
qd_zi .Let B : V — V denote the linear transformation such that for 0 < i < d,
Ul.U is an eigenspace of B with eigenvalue g? 2. The relationship between K and
B is discussed in considerable detail in [5].

We now bring in the linear transformation ¥ : V. — V [4, Lemma 11.1]. As in

[5], we work with the normalization ¢ = (g — ¢~ ") (g% — ¢~¢)W. A key feature of
Y is that by [4, Lemma 11.2, Corollary 15.3],

YU; C Uy, yul cut,

for 1 <i < d and both YUy = 0 and 1pU(§L = 0. In [5], it is shown how 1 is related
to several maps, including the maps K, B, as well as the map A which we now
recall. By [4, Lemma 9.5], there exists a unique linear transformation A : V. — V
such that
AU; c UY O0=<i=<d,
A-DU; CU+Ui+---+U—1 (0<i<ad).
In [4, Theorem 17.1], the present author showed that both
i 1,1—j d i

d ag’~' —a7lq ;1 a g/t —aq'" i
s=3 (1] voat =3 (1] v

J—qg—J J—qg—J
i—o \j=1 174 i—o \j=1 1" 74

The primary goal of this paper is to provide factorizations of these power series in
Y and to investigate the consequences of these factorizations. We accomplish this
goal using a linear transformation M : V — V given by



22 S. Bockting-Conrad

aK —a 'B
a—a!

M=

By construction, MY = M. One can quickly check that M is invertible. We show
that the map M is equal to each of

(I—a'qy)'K, KU —a g7y, I —aqy)™'B, BU —aq 'y~

We give a number of different relations involving the maps M, K, B, ¥, the most
significant of which are the following:

K €Xpy ( 7—q T 1//) €XPy ( 1‘/f)
B exp, ( P 1/f) €Xpy ( T I/f)

Using these equations, we obtain our main result which is that both

s =, (v ) o, (50
ATl = exp, < 11#) exp,-1 (—#W) .

Due to its important role in the factorization of A, we explore the map M further.
We show that M is diagonalizable with eigenvalues ¢?, g?=2, ¢%*, ..., g~¢. For
0 < i < d, let W; denote the eigenspace of M corresponding to the eigenvalue
qd_2i. We show that for 0 <i <d,

a
Ui = exp, ( le) Uiu = XPy <—_1¢’> W
q9—q
o a—l o a u
Wi = exp,-1 (—qiq_] Iﬁ> Ui, Wi = exp,-1 —mlﬁ U;.

In light of this result, we interpret the decomposition {Wi}f:O as a sort of
halfway point between the first and second split decompositions. We explore this
decomposition further and give the actions of ¥, K, B, A, A, A* on {Wi}fl:0~ We

then give the actions of ME on (U} o {Ul}}l —0» (viyd i=0’ {Vi*}fzo. We conclude
the paper with a discussion of the special case when A, A* is a Leonard pair.

The present paper is organized as follows. In Sect.2 we discuss some prelim-
inary facts concerning TD pairs and TD systems. In Sect.3 we discuss the split
decompositions of V as well as the maps K and B. In Sect.4 we discuss the map
Y. In Sect. 5 we recall the map A and give A as a power series in ¥. In Sect. 6 we
introduce the map M and describe its relationship with A, K, B, . In Sect. 7 we
express A as a product of two linear transformations; one is a g-exponential in
and the other is a ¢~ !-exponential in . In Sect. 8 we describe the eigenvalues and
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eigenspaces of M and discuss how the eigenspace decomposition of M is related
to the first and second split decompositions. In Sect.9 we discuss the actions of
¥, K, B, A, A, A* on the eigenspace decomposition of M. In Sect. 10 we describe
the action of M on the first and second split decompositions of V, as well as on the
eigenspace decompositions of A, A*. In Sect. 11 we consider the case when A, A*
is a Leonard pair.

2 Preliminaries

When working with a tridiagonal pair, it is useful to consider a closely related object
called a tridiagonal system. In order to define this object, we first recall some facts
from elementary linear algebra [9, Section 2].

We use the following conventions. When we discuss an algebra, we mean a unital
associative algebra. When we discuss a subalgebra, we assume that it has the same
unit as the parent algebra.

Let V denote a vector space over K with finite positive dimension. By a
decomposition of V, we mean a sequence of nonzero subspaces whose direct sum
is V. Let End(V) denote the K-algebra consisting of all linear transformations from
V to V. Let A denote a diagonalizable element in End(V'). Let {V,-}?:O denote an
ordering of the eigenspaces of A. For 0 < i < d let 6; be the eigenvalue of A
corresponding to V;. Define E; € End(V) by (E; — )V; = 0 and E;V; = 0 if
Jj #1i (0 < j <d).In other words, E; is the projection map from V onto V;. We
refer to E; as the primitive idempotent of A associated with ;. By elementary linear
algebra, (i) AE; = E;A = 6,E; (0 <i <d); (i) EiEj = SijEi 0 <i,j<d)
i) Vi =E;V0<i<d);@{v) I = Z?:o E;. Moreover

A—0;1

E; =
0; —0;

0<j<d
#i

O <i<d).

Let M denote the subalgebra of End(V) generated by A. Note that each of
(A }fzo, {E; };izo is a basis for the K-vector space M.

Let A, A* denote a TD pair on V. An ordering of the eigenspaces of A (resp.
A*) is said to be standard whenever it satisfies (1) (resp. (2)). Let {Vi}f-[:o denote
a standard ordering of the eigenspaces of A. By [9, Lemma 2.4], the ordering
{Vd_,-}l‘.l:0 is standard and no further ordering of the eigenspaces of A is standard.
A similar result holds for the eigenspaces of A*. An ordering of the primitive
idempotents of A (resp. A*) is said to be standard whenever the corresponding
ordering of the eigenspaces of A (resp. A*) is standard.

Definition 2 ([17, Definition 2.1]) Let V denote a vector space over K with finite
positive dimension. By a tridiagonal system (or TD system) on V, we mean a
sequence
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® = (A; {Ei}; A% (EFYL,)

that satisfies (i)—(iii) below.

(i) A, A*is a tridiagonal pair on V.
(i) {E; }?:0 is a standard ordering of the primitive idempotents of A.

>iii) {E ;"}fzo is a standard ordering of the primitive idempotents of A*.

We call d the diameter of ®, and say @ is over K. For notational convenience, set
E—l = O’ Ed+l = 0, Eil = O, Et}k-‘rl =0.

In Definition 2 we do not assume that the primitive idempotents { E; }?:0, {E} }id=0
all have rank 1. A TD system for which each of these primitive idempotents has
rank 1 is called a Leonard system [20]. The Leonard systems are classified up to
isomorphism [20, Theorem 1.9].

For the rest of this paper, fix a TD system & on V as in Definition 2. Our TD
system & can be modified in a number of ways to get a new TD system [9, Section
3]. For example, the sequence

d¥ = (A (Eq—i}os A {EN.)

is a TD system on V. Following [9, Section 3], we call ®V the second inversion of
®. When discussing ®¥, we use the following notational convention. For any object
f associated with @, let ¥ denote the corresponding object associated with &,

Definition 3 For 0 <i < d let 6; (resp. Qi*) denote the eigenvalue of A (resp. A*)
associated with E; (resp. E}). We refer to {Gi}ld:o (resp. {Gi*}fzo) as the eigenvalue
sequence (resp. dual eigenvalue sequence) of ®.

By construction {6?[};1:0 are mutually distinct and {9,.*}21:0 are mutually distinct.
By [9, Theorem 11.1], the scalars

0i—2 — 6i11 0/, — 67y,
Oi_1—6; 0r | —0rF

are equal and independent of i for 2 < i < d — 1. For this restriction, the solutions

have been found in closed form [9, Theorem 11.2]. The most general solution is

called g-Racah [12, Section 1]. This solution is described as follows.

Definition 4 Let ® denote a TD system on V as in Definition 2. We say that ® has
q-Racah type whenever there exist nonzero scalars g, a, b € K such that such that
g* #1and

d—2i +a—1q2i—d’ 0* — qu—2i + b—1q2i—d (3)

1

0; = aq

forO<i <d.
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Note 2 Referring to Definition 4, the scalars g, a, b are not uniquely defined by .
If g, a, b is one solution, then their inverses give another solution.

For the rest of the paper, we make the following assumption.

Assumption 1 We assume that our TD system ® has q-Racah type. We fix q, a, b
as in Definition 4.

Lemma 1 ([S5, Lemma 2.4]) With reference to Assumption 1, the following hold.

(i) Neither of a?, b* is among ¢*47%, q*—4, ..., ¢>7.
() ¢¥ #1forl<i<d.
Proof The result follows from the comment below Definition 3. O

3 The First and Second Split Decomposition of V

Recall the TD system @ from Assumption 1. In this section we consider two decom-
positions of V associated with @, called the first and second split decomposition.
For 0 < i < d define

Ui = (E§V4E{V+- -+ EfV)N(EV 4+ EiV+-+ EqV).
For notational convenience, define U_1 = 0 and Uy11 = 0. Note that for0 < i < d,
Uiil _ (E(ﬂ)ﬂv_|_E1’<V_|_..._|_E;kV)ﬂ(EOV—{—E]V—l-"'*l-EdfiV)-

By [9, Theorem 4.6], the sequence {U,-}j.lz0 (resp. {Uill}f.lzo) is a decomposition of V.
Following [9], we refer to {U,-}lfl=0 (resp. {U,-U}?zo) as the first split decomposition
(resp. second split decomposition) of V with respect to . By [9, Corollary 5.7], for
0 < i < d the dimensions of E;V, E;"V, U;, Ul.u coincide; we denote the common
dimension by p;. By [9, Theorem 4.6],
EiV+E WA+ +EV=U+Us+ -+Us,
EV+E\V 4+ EV=Ul;+Ul ; ++Ul,
EJVA+EV+ - EV=U+U+ - +U=U; +U} +---+U" (6)
By [9, Theorem 4.6], A and A* act on the first split decomposition in the following
way:
(A—=6;DHU; C Uit O=<i=<d-1), (A—=641HUq =0,
(A*—06"DU; C Uiy (1 <i<d)), (A* = 65Uy = 0.
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By [9, Theorem 4.6], A and A* act on the second split decomposition in the
following way:

(A—64DUY Ut O<i<d—1), (A—6oDHU} =0,

i+1

A —grnud cut, (1<i<d), (A" = 95Uy = 0.

Definition 5 ([5, Definitions 3.1 and 3.2]) Define K, B € End(V) such that for
0<i <d,U; (resp. Uiu) is the eigenspace of K (resp. B) with eigenvalue g¢~%.
In other words,

(K—g~2 )U; =0, (B—q? 2 nut =0 O<i<d.

Observe that B = K V.

By construction each of K, B is invertible and diagonalizable on V.
We now describe how K and B act on the eigenspaces of the other one.

Lemma 2 ([5, Lemma 3.3]) For0 <i <d,
(B—q"7"NU; CUy+ Uy + -+ Uy, 3
(K —q¢2nut cud +ut+-+Ub 9)

Next we describe how A, K, B are related.

Lemma 3 ([13, Section 1.1]) Both

gKA — g 'AK gBA —q~'AB

1 =aK2+a_lI, i =a_le+aI.
q—q q9—q9
(10)
Lemma 4 ([5, Theorem 9.9]) We have
5 alg —ag™! ag —a=-lg-! -
aK*—————— KB—————BK+a B =0. (11)
q9—d9 q9—49

4 The Linear Transformation ¢

We continue to discuss the situation of Assumption 1. In [4, Section 11] we
introduced an element W € End(V). In [S] we used the normalization ¢ =
(g — g H(g? — g~ W. In [5, Theorem 9.8], we showed that ¥ is equal to some
rational expressions involving K, B. We now recall this result. We start with a
comment.

Lemma 5 ([5, Lemma 9.7]) Each of the following is invertible:
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al —a 'BK™1, a 'l —akB™!, (12)
al —a 'K~1B, a 'l —aB7'K. (13)

Lemma 6 ([5, Theorem 9.8]) The following four expressions coincide:

I — BK™! I —KB™! 14
q(al —a 'BK1’ ga=11 —aKB™1y’

g —K~'B) q(I — B'K)

—_ —_—. (15)

al —a~'K-'B a= 'l —aB~'K

In (14), (15) the denominators are invertible by Lemma 5.

Definition 6 Define v € End(V) to be the common value of the four expressions
in Lemma 6.

We now recall some facts concerning .

Lemma 7 ([5, Lemma 5.4]) Both
Ky =q’yK, BY =g’y B. (16)
Lemma 8 ([4, Lemma 11.2, Corollary 15.3]) We have

YU; C Ui, yut cul, (1<i<d) (17)

and also YUy = 0 and wUli = 0. Moreover wd“ =0.

In Lemma 6 we obtained v as a rational expression in BK ~! or K ! B. Next we
solve for BK ~! and K ! B as a rational function in . In order to state the answer,
we will need the following result.

Lemma 9 ([5, Lemma 9.2]) Each of the following is invertible:

I —aqy, I—-a'qy, T—-aqg'y, [1—-a'qg'y. (18)
Their inverses are as follows:
d

I —aqy)™ =Yi,dqy, d-alqy) =) aq'y (19

i=0
d

(I —ag™'y)' =Y odlq7 iy, U —alg7ly) T =D aiqgy{20)
i=0

The next result is an immediate consequence of Lemma 6, Definition 6, and
Lemma 9.
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Theorem 1 ([5, Theorem 9.4]) The following hold:

I— I —a!
BK~! = %, KB~ = Ia—‘fp‘/”, 1)
—a q —aq
K-lp = ﬂ Bk = M (22)
I—a™lqg7ly’ I —aqg=ly

In (21), (22) the denominators are invertible by Lemma 9.
Lemma 10 ([5, Equation (22)]) We have

A—A
M — (I —aqy) K — (1—a—1q—1¢) K. (23)
q9—49
Proof This result is a reformulation of [5, Equation (22)] using [5, Equation (14)].

O

5 The Linear Transformation A

We continue to discuss the situation of Assumption 1. In [4, Section 9] we
introduced an invertible element A € End(V). In [4] we showed that A, ¥ commute
and in fact both A, A~! are power series in y. These power series will be the central
focus of this paper. We will show that each of those power series factors as a product
of two power series, each of which is a quantum exponential in .

Lemma 11 ([4, Lemma 9.5]) There exists a unique A € End(V') such that

AU CcUY 0<i<d), 24)

(A=-DNU; CUy+U+---+ U1 O=<i<d). (25)

Lemma 12 ([4, Lemmas 9.3 and 9.6]) The map A is invertible. Moreover A™' =
AV and

A= DU; CUy+ U 4 -+ Uiy 0<i<d). (26)

Lemma 13 The map A — I is nilpotent. Moreover AK = BA.

Proof The first assertion follows from (25). The last assertion follows from (24)
and Definition 5. O

The map A is characterized as follows.

Lemma 14 ([4, Lemma 9.8]) The map A is the unique element of End(V) such
that
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(A—DE}V CE;V+EV+---+E}

i—

Vo (0=i=<a),
27)

AEV+E(V+-+EV)=EV+EV+---+Ei;V (0<i<d).

(28)

Theorem 2 ([4, Theorem 17.1]) Both

—1,1—j

d i 1
_ an —a 'q ;
A=3"T1 T v, (29)
i=0 \j=1
d i i
=) Ha 2 mar T (30)
q]—q] ’
i=0 \j=1

In (29) and (30), the elements A, A~! are expressed as a power series in V.
In the present paper, we factor these power series and interpret the results. This
interpretation will involve a linear transformation M. We introduce M in the next
section.

6 The Linear Transformation M

We continue to discuss the situation of Assumption 1. In this section we introduce
an element M € End(V). We explain how M is related to K, B, ¥, A.

Definition 7 Define M € End(V) by

K—a'B
m=42"49 2 31)

a—a-!

By construction, MY = M. Evaluating (31) using Lemma 5, we see that M is
invertible.

Lemma 15 The map M is equal to each of:
(I-a~'qy)"'K,  Kd-a'q7'y)~', d-aqy)”'B.  BU—agq”'y)7".
Proof We first show that M = (I —a~'qy)~' K. By Definition 7,

(@a—aYMK ' =al —a7'BK™".

The result follows from this fact along with the equation on the left in (21).
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The remaining assertions follow from Theorem 1. O
Lemma 15 can be reformulated as follows.

Lemma 16 We have
K =(I-agy) M, K =M(I—a_1q_11/f>, (32)
B =U—aqy) M, B:M(I—aq_llp>. (33)

For later use, we give several descriptions of MT!.

Lemma 17 The map ML equal to each of:
K\ I—a"'qy), (U -a'q7'WMKT', B! —aqy), (I—aq”'y)B7".

Proof Immediate from Lemma 15. O

Lemma 18 The map M is equal to each of:

d d d
Kza—nq—nwn, Za—nqnwnl(7 Bzanq—nwn, ZanqnwnB
n=0 n=0 n=0
(34)
Proof Use Lemmas 9 and 15. O

We now give some attractive equations that show how M is related to
v, K, B, A.

Lemma 19 We have
My =g*y M. (35)
Proof Use Lemma 7 and Definition 7. O

Lemma 20 We have

MK — g LRM!
4 7_ =1, — 1. (36)
q-q

Proof Use Lemma 17. O

Lemma 21 We have

AMT —gImA _ _
? q_;’_l =(@+a Y —(q+q . (37)

Proof Use Lemmas 3, 7, 10, and 17. O



Some g-Exp. Formulas Involving The Double Lowering Operator ¢ for a. . . 31

Lemma 22 We have
MPA— (@4 IMITAM 4 AM 2 = —(g—g H2@+a HIM . (38)

Proof Use Lemmas 19 and 21. O

7 A Factorization of A

We continue to discuss the situation of Assumption 1. We now bring in the g-
exponential function [8]. In [4, Theorem 17.1] we expressed A as a power series
in 1. In this section we strengthen this result in the following way. We express A as
a product of two linear transformations; one is a g-exponential in i and the other is
a ¢~ '-exponential in .

For an integer n, define

q9° —q
[n]q = m (39)
and for n > 0, define
[n], = [nlgln — 114 - [1],. (40)

We interpret [O]; =1.
We now recall the g-exponential function [8]. For a nilpotent 7 € End(V),

i €]
exp, (T) = Z %T”. (41)
=0

The map exp, (T) is invertible. Its inverse is given by

© (—1yrg—®)
expy1(=T) =3 SO (42)
= Il
Using (41) we obtain
(I = (q> = DT) exp, (¢°T) = exp, (T). (43)

For S € End(V) such that ST = ¢°T'S, we have

Sexp, (T)S™" = exp, (STS™") = exp, (¢°T).
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Consequently
Sexp, (T) = exp, (q°T)S. (44)
Combining (43) and (44),
I - (q2 - HT)S equ(T) = exp, (T)S. 45)

We return our attention to K, B, ¥, M.

Proposition 1 Both
—1 —1
a a
K exp, <——1 1//) = exp, <—_1 1//) M, (46)
q9—4 q9—49

Bexp, (#1//) = exp, <#1ﬂ) M. 47)

Proof Recall from Lemma 19 that My = g2y M. We first obtain (46). To do
this, in (45) take S = Mand T = %W Evaluate the result using the equation

M= —a'qy) 'K from Lemma 15.
Next we obtain (47). To do this, in (45) take S = Mand T = q—aTw' Evaluate
the result using the equation M = (I — aqy)~' B from Lemma 15. O
The following is our main result.

Theorem 3 Both

a a!
A =exp (ﬁ@ P <_q —q7! ) ’ %)
_1 a_1 a
A = equ m"ﬂ Cqu—I _q — q71 l/f . (49)

Proof We first show (48). Let A denote the expression on the right in (48).
Combining (46) and (47), we see that AK = BA. Therefore AUi = Ul.u for
0 < i < d. Observe that A — [ is a polynomial in ¥ with zero constant term.
By Lemma 8, (A — NU; € Ug+ Uy + -+ + U;j_; for0 < i < d. By Lemma 11,
A=A

To obtain (49) from (48), use (42). |

Corollary 1 We have

-1 j=1_ o —1,1-j
a a aq a'q .
eXpy (m@ eXPy-I <—ﬁ¢> =2 \[l=—F—=—""
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d i

—1 I _
exp, (e, () = (T4 | v

— P
q9-—q q —\io e

Proof Combine Theorems 2 and 3. The equations can also be obtained directly by
expanding their left-hand sides using (41) and (42), and evaluating the results using
the g-binomial theorem [2, Theorem 10.2.1]. O

8 The Eigenvalues and Eigenspaces of M

We continue to discuss the situation of Assumption 1. In Sect. 6 we introduced the
linear transformation M. Proposition 1 indicates the role of M in the factorization
of A in Theorem 3. In this section we show that M is diagonalizable. We describe
the eigenvalues and eigenspaces of M. We also explain how the eigenspace
decomposition for M is related to the first and second split decompositions.
Lemma 23 The map M is diagonalizable with eigenvalues g%, q¢ =2, q%=*, ..., g <.
Proof Let E = exp, (%1//). By (46), M = E~'KE. By construction K is

d-2 ,d—4

diagonalizable with eigenvalues ¢<, g .,q~%. The result follows. O

q

Definition 8 For 0 < i < d, let W; denote the eigenspace of M corresponding to
the eigenvalue g2 . Note that {W; }fzo is a decomposition of V, and that WilL =W
for 0 < i < d. For notational convenience, let W_; = 0 and W4 = 0.

Proposition 2 For(0 <i <d,

—1 a
Ui =exp, (#‘/f) Wi, Ul = expy <ml/f) Wi, (50)
Wi = A YA W; = a vt 51
i = equ—l (-mw) is i = equ_1 —mw i ( )
Proof Define E as in the proof of Lemma 23. We show that U; = EW,.

By (46), KE = EM. Recall that U; (resp. W;) is the eigenspace of K (resp. M)
corresponding to the eigenvalue g?~%. By these comments U; = EW;.

Define F = equ(#w). We show Ul-U = FW;.By (47), BF = F M. Recall

that U l.ll (resp. W;) is the eigenspace of B (resp. M) corresponding to the eigenvalue
q?7?". By these comments Ul.il =FW,.

To obtain (51) from (50), use (42). O
Lemma 24 For 0 <i < d, the dimension of W; is p;.

Proof This follows from Proposition 2 and the fact that U;, U ili have dimension p;.
O



34 S. Bockting-Conrad

Recall from (6) that

i i i
YNEv=Yu=> U/ (52)
h=0 h=0 h=0

forO <i <d.
Lemma 25 For0 <i <d, the sum ZZ:O Wy, is equal to the common value of (52).

Proof Define W = ZZ:O W}, and let U denote the common value of (52). We
show that W = U. By Lemma 8 and the equation on the left in (51), W € U. By
Lemma 24, W and U have the same dimension. Thus W = U. a

9 The Actions of ¥, K, B, A, A, A* on {W;}?_,

We continue to discuss the situation of Assumption 1. Recall the eigenspace decom-
position {W,-}l‘.iz0 for M. In this section, we discuss the actions of ¥, K, B, A, A, A*
on {Wi}l’?lzo.

Lemma 26 For0 <i <d,

YW, C Wi_g. (53)
Proof Use Lemma 19. O
Lemma 27 For(0 <i <d,

(K — g2 DW; € Wiy, (B—q?2'DW; € Wi_,. (54)
Proof Use Lemmas 16 and 26. O
Lemma 28 For0 <i <d,

A-DW; S Wo+ Wi +..- 4+ W;_y, (55)
(A" = DW; S Wo+ Wi+ + Wiy (56)

Proof To show (55), use (25) and Lemma 25.
To show (56), use (26) and Lemma 25. O

Lemma 29 For0 <i <d,
(A= (@+a Hg! ' DW; € Wi_1 + Wiy (57)

Proof By Lemma 22, the expression
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(M— 21+2 dI)(M— 21 2— d[)(A (a+a—l)qd—2i1)
vanishes on W;. Therefore (M™! — g%t2-4] YM™ = ¢%~274]) vanishes on (A —
(a +aYHg?=% )W;. The result follows. |

Lemma 30 For0<i <d,
(A* =07 DW; S Wo+ Wi +---+ W_y. (58)
Proof Use (A* — 6F1)E}'V = 0 together with (25) and Lemma 25. |

10 The Actions of ME! on {U;}2_ (U}

(E:V)Y]

(E: VI,

i=0’ i=0’
i=0

We continue to discuss the situation of Assumption 1. In Sect. 8 we saw how various
operators act on the decomposition { W; }?’:0. In this section we investigate the action
of M on the first and second split decompositions of V, as well as on the eigenspace
decompositions of A, A*.

Lemma 31 For0<i <d,
M—q? 2 DU CUp+ U+ -+ Ui, (59)
M-q 2 nut cud +Uf +-+ UL (60)

Proof To show (59), use Definition 5, Lemma 2, and Definition 7.
To show (60), use (59) applied to ®¥, along with MY = M. O

Lemma 32 For0<i <d,
M =g DU; C U, M=ot cut, 6
Proof We first show the equation on the left in (61). By Lemma 17,
M= —alq7 K (62)
From this and Definition 5, it follows that on U;,
ML gl = gy, (63)
The result follows from this along with Lemma 8.

The proof of the equation on the right in (61) follows from the equation on the
left in (61) applied to dV¥, along with the fact that MY = M. |
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Lemma 33 For0<i <d,
ME;V CE_\V+EV+EiV. (64)

Proof We first show that MEV C 22110 E;V. Recall from (5) that E;V C
Zzzd_i U;l. By this, Lemma 32, and (5), we obtain M~'E;V C Zlhj) E,V.

We now show that M*]EiV - Z;f:FI E,V. Recall from (4) that E;V C
>¢_. Uy. By this, Lemma 32, and (4), we obtain M~ E;V € Y¢_. | E,V.

Thus M~!E; V is contained in the intersection of Y0 E,V and Y0 _, | E,V,
whichis E;_1V + E;V + E; V. O

Lemma 34 For0<i <d,

M—q" 2 DE}V CEV +EXV + -+ EF |V,

M — P DEIV CEVAETV 4+ Ef V.

Proof Note that E'V C EjV + ETV + -+ EfV = Wy + W +--- + W; by
Lemma 25. The result follows from this fact along with Definition 8. O

11 When @ Is a Leonard System

We continue to discuss the situation of Assumption 1. For the rest of the paper we
assume p; = 1 for 0 <i < d. In this case ® is called a Leonard system.

We use the following notational convention. Let {v; }fl:o denote a basis for V.
The sequence of subspaces {Kuv; }flzo is a decomposition of V said, to be induced by
the basis {vi}flzo.

We display a basis {ui}?zo (resp. {u}l}
decomposition {Ui}f:O (resp. {U,.U}fzo) (resp. {Wi}fzo). We find the actions of
v, K, B, A%l A on these bases. We also display the transition matrices between
these bases.

For the rest of this section fix 0 # ug € Upy. Let M denote the subalgebra of
End(V) generated by A. By [21, Lemma 5.1], themap M — V, X — Xuy is aniso-
morphism of vector spaces. Consequently, the vectors {A uo}flzo form a basis for V.

We now define a basis {u,-}l‘.l:0 of V that induces {Ui}ff:o. For 0 <i < d, define

d
=

o) (resp. {wi}flzo) that induces the

i—1
ui = | [T(a-6;1) ] uo. (65)

j=0

Observe that u; # 0. By [9, Theorem 4.6], u; € U;. So u; is a basis for U;.
Consequently, {ui}fzo is a basis for V that induces {U,-}?zo.
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d
=

Next we define a basis {uﬁl} o of V that induces {Uiu}?zo. For0 <i <d, define

i—1
uf =[] (A = 6a=;1) | uo. (66)
j=0

Observe that ullL # 0. By Lemma 11, ullL € Ul.u. So ulll is a basis for Uill.
Consequently, {u}};‘!:o is a basis for V that induces {Uiu}l‘.izo.

Lemma 35 For0<i <d,

ul = Au;. (67)

Proof By Lemma 11, AU; = Ul.U. So there exists 0 # A € K such that Au; = )\ujl.
We show that A = 1. By [4, Lemma 7.3] and (25), Au; — Au is a linear combination
of {Aju}’j_:%). Also, ullL — Ay is a linear combination of {Aju}lj_:lo. The vectors

(A7 u}"l;l0 are linearly independent. By these comments A = 1. O

We next define a basis {w,-}f:0 of V that induces {W,'};lzo. For 0 <i <d, define

-1

Wj = eXpy-1 <— i — 1//) uj. (68)

. . . -1 .. . . .
Since {ui}fzo is a basis of V and eXpy-1 (—qf? ) is invertible, w; is a basis for

W;. Consequently, {w; }?:0 is a basis for V that induces {Wi}?:o-

Lemma 36 For(0 <i <d,

-1 a
uj = exp, ( L 1//) w;, ulu = exp, (ﬁw> Wi, (69)

q9—q

—1 a
Wi = exp,-1 (—qiq,l W) u;, w; = exp,-1 (—mlﬁ) M,ll (70)

Proof Use (68) to obtain the equations on the left in (69),(70). To obtain the
equations on the right in (69),(70), use Theorem 3, Lemma 35, and (68). m]

We now describe the actions of v, K, B, M, A, A on the bases {u; }?:0, {u}}fzo,
{w; }51:0. First we recall a notion from linear algebra. Let Mat; 1 (K) denote the K-
algebra of (d + 1) x (d + 1) matrices that have all entries in K. We index the
rows and columns by 0, 1, ..., d. Let {v; }f‘l=0 denote a basis of V. For T € End(V)
and X € Matyy1(K), we say that X represents T with respect to {vi}flzo whenever
ij = Z?:O Xijv,- for0 < j <d.

By (65) and (66), the matrices that represent A with respect to {ui}fzo and

I

{u; }fi:o are, respectively,
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6o 0 64 0
1 6 1 64-1
, o . (71)
0 1 6, 0 1 69
By construction, the matrix diag(qd, q"’z, el q’d) represents K with respect

to {u; }?’:O, and B with respect to {u?}fzo, and M with respect to {w; }?zo-

Deﬁnition.9 We.deﬁne‘a matri_x 1///\ € Maty;1(K). For 1 <i <d, the (i —1,i)-

entry is (¢° — g ) (g¢" "1 — ¢'=?=1). All other entries are 0.

Proposition 3 The matrix \r represents W with respect to each of the bases {u; }fzo,

(g twikilo

Proof By [5, Line (23)], fb\ represents i with respect to {u,-}fzo. The remaining

assertions follow from Lemma 36. O
Next we give the matrices that represent MED with respect to the bases {u,-}l‘.izo,
dyd

{u; Yi—o-

Lemma 37 We give the matrix in Matgy1(K) that represents M with respect to

{ui}fzo. This matrix is upper triangular. For 0 <i < j < d, the (i, j)-entry is

. g
i~ g (61 _ q71>2(1_’) [{]’q[d ’.]7 . (72)

lilyld — Jjl
Proof The matrix diag(q?, ¢?=2,...,q~%) represents K with respect to {u,-}fzo.
Use this fact along with Lemma 18 and Proposition 3. O

Lemma 38 We give the matrix in Matg 1 (K) that represents M~ with respect to
{ui}fzo. For0 <i <d, the (i, i)-entry is qz’_d. For1 <i <d, the (i —1,1i)-entry

IA)
g1 g (qi _q—i) (qa'—i+1 _ qi—d—l)'

All other entries are zero.

Proof The matrix diag(¢=%, ¢>¢, ..., q%) represents K ~! with respect to {u,-}j.lzo.
Use this fact along with Lemma 17 and Proposition 3. O

Lemma 39 We give the matrix in Matg1(K) that represents M with respect to
{u?}fzo. This matrix is upper triangular. For 0 <i < j <d, the (i, j)-entry is

o 26— [j1,1d — il
j—i d—j—i -1 #_ 73
gt (0 -a7") lil,[d — j1, 7



Some g-Exp. Formulas Involving The Double Lowering Operator ¢ for a. . . 39

Proof The matrix diag(¢?, ¢?=2,...,¢~%) represents B with respect to {”?}?:o-
Use this fact along with Lemma 18 and Proposition 3. O

Lemma 40 We give the matrix in Matyy1 (K) that represents M1 with respect to
{uﬁl}?’zo. For0 <i <d, the (i,i)-entry is qzj_d. For1 <i <d, the (i — 1,i)-entry
is

—ag?i—d-1 <qi _ q—i> (qd—i+1 _ qi—d—l).

All other entries are zero.

Proof The matrix diag(q—%, ¢4, ..., q%) represents B~! with respect to {uiu}fzo.
Use this fact along with Lemma 17 and Proposition 3. O

Next we give the matrices that represent K with respect to the bases {u?}flzo,
{wi }Idz(y
Lemma 41 We give the matrix in Matgy1(K) that represents K with respect to
(. For0 < i < d, the (i, i)-entry is ¢*~%. For 0 < i < j < d, the (i, j)-
entry is

o 20 [j1,ld — i!
<1 _a—z) a/—zqd—/—: (q _q—l) I M (74)
lilyld — jl,
All other entries are zero.

Proof Evaluating the equation on the right in (14) using the equation on the left
in (12) we get

d
K = (a—21 +(1=-a"? Za"q”dx") B. (75)
n=0

The result follows from this along with Proposition 3 and the fact that the matrix
diag(q?, ¢472, ..., q~?) represents B with respect to {u?}fzo. O

Lemma 42 We give the matrix in Matg1(K) that represents K with respect to
{wi}szo. For0 <i <d, the (i,i)-entry is qd_Zl. For1 <i <d, the (i — 1,i)-entry
is

—a~ g2 (g — gy (g4 = gl

All other entries are zero.

Proof The matrix diag(q?, 92, ..., q~%) represents M with respect to {w; }fzo.
Use this fact along with Proposition 3 and the equation on the left in (32). O
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Next we give the matrices that represent B with respect to the bases {u,-}l‘.izo,
{wi}?:()-
Lemma 43 We give the matrix in Matg+1(K) that represents B with respect to
{u,-}t‘.izo. For0 <i <d, the (i,i)-entryis g°=%. For0 <i < j <d, the (i, j)-entry
is

o 2= [j1,ld — i]!
1 — 2\ ji—j d—j—i -1 q q ) 76
( “)“ a (q 1 ) liTy[d — j1; 70)
All other entries are zero.

Proof Evaluating the equation on the left in (14) using the equation on the right
in (12) we get

d
B = (a21 +(1-d? Za"q’w") K. (77)

n=0
The result follows from this along with Proposition 3 and the fact that the matrix
diag(q?, ¢%2, ..., ¢~ %) represents K with respect to {u,-}fzo. O

Lemma 44 We give the matrix in Matg41(K) that represents B with respect to
{wi}f-l:o- For0 <i <d, the (i,i)-entry is qd_z’. For1 <i <d, the (i — 1,i)-entry
is

—aqd=2H (gl — g7y (gl — gimd),

All other entries are zero.
Proof The matrix diag(q?, ¢¢72, ..., q~%) represents M with respect to {w; }l‘.lzo.

Use this fact along with Proposition 3 and the equation on the left in (33). O

Next we consider the matrices

exp ( a @) exp ( a @) (78)
X _ , X _— .
"\qg—q! "\g—q7!
Their inverses are
a —~ cz’1 ~
exp,-1 (——lw), exXp,-1 (——w) (79)
q—4q q9—49

respectively. The matrices in (78), (79) are upper triangular. We now consider the
entries of (78), (79).

Lemma 45 For 0 # x € K the matrix exp, (x{ﬁ\) is upper triangular. For 0 < i <
Jj <d, the (i, j)-entry is
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et Oy (o2 Ll — i _ %0
g (4 =47) [0 — il [d — j1 ®0

The matrix exp -1 (xl}) is upper triangular. For 0 <i < j <d, the (i, j)-entry is

im0 (o — =IO Lkl — 1), 81
S (g =) Ty = ilgld = 7, o

Lemma 46 The transition matrices between the basis {wi}fzo and the bases

{u; };1:0, {u?}?:() are given in the table below.

From To Transition matrix
=
iy (ol | expyt (—-25 7))
N
iy |y e, (Z257)

Uya d -
wWhiy twily |expr (- =7)

iy |y e, (—47)

Proof Use Lemma 36 and Proposition 3. O

‘We next consider the product

a ~ a”l
XPg \ g1V )X (Y ) (82)
The inverse of (82) is
a_1 —~ a —~
xPg \ =1V )P \ T Y ) (83)

The matrices in (82), (83) are upper triangular.

Lemma 47 The transition matrices between the bases {ui}flzo, {u?}fzo are given
in the table below.

From To Transition matrix

d Uya > -1
iy |y e (ﬁw) expy-1 (=)
Wy [y exp, (F550) oo (— 2= ¥)

Proof Use Lemma 46. O
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Lemma 48 With respect to each of the bases {u; }l —0> {u }4 0 {w,}l _ the matri-

ces that represent A and A~ are exp, (W‘(//> eXp,-1 (_q—q—l ) and

expy ( p—— w) exp,-1 ( 7 271 W) respectively.

Proof Use Theorem 3 and Proposition 3. O
We give the entries of the matrices representing A, A~! in the following lemma.

Lemma 49 The matrix in (82) is upper triangular. For 0 < i < j < d, the (i, j)-
entry of (82) is

—1\Jj—i d — l Jj—i
a—a) Ll 1 ]_[( ‘lql‘”). (84)

[i150 — i1, [d — j1,

The matrix in (83) is upper triangular. For 0 < i < j < d, the (i, j)-entry of (83)
is

(4 - qfl)]l[f] [d_" = “lgn=l _ gglon
L0 — iy0d — j1; H( aq'™"). (83

Proof Use Corollary 1 and Proposition 3. O
We finish the paper by giving the matrix that represents A with respect to {w; }?:0'

Lemma 50 We give the matrix in Matgy1(K) that represents A with respect to
{w,-}?zo. For1l <i <d, the (i,i — 1)-entryis I. For 0 <i < d, the (i,i)-entry is
(a + a_l)qd_Zi. For1 <i <d, the (i —1,i)-entryis

d 21+](q 7i)(qd7i+] _qifdfl).

All other entries are zero.

Proof Let A denote the matrix that represents A with respect to {wi}flzo. By
Lemma 29, A is tridiagonal with (i, i)-entry given by (a+a~1)g? % for0 <i < d.

We now show that the subdiagonal entries of A are all 1. Let A" denote the
matrix that represents A with respect to {u; }4 o- Recall that this matrix is displayed

on the left in (71). Observe that A is equal to exp,- 1(—q e Iﬂ)ﬂ’ equ( 4 = ).
It follows from this fact that the subdiagonal entries of ‘A are all 1.

We next obtain the superdiagonal entries of A. Let 0 < i < d. Apply both sides
of (37) to w;. Evaluate the result using Proposition 3 and the fact that the w; is an
eigenvector for M with eigenvalue g% ~“. Analyze the result in light of the above
comments concerning the entries of ‘A to obtain the desired result. O
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