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7.1 Introduction

The investigations of various g-deformations (quantum deformations) of Lie algebras
began a period of rapid expansion in 1980s stimulated by introduction of quantum
groups motivated by applications to the quantum Yang-Baxter equation, quantum
inverse scattering methods and constructions of the quantum deformations of uni-
versal enveloping algebras of semi-simple Lie algebras. In [2, 22-25, 27-29, 35, 36,
50-52] various versions of g-deformed Lie algebras appeared in physical contexts
such as string theory, vertex models in conformal field theory, quantum mechan-
ics and quantum field theory, g-deformations of infinite-dimensional algebras, pri-
marily the g-deformed Heisenberg algebras [34], g-deformed oscillator algebras
and g-deformed Witt and g-deformed Virasoro algebras, and some interesting g-
deformations of the Jacobi identity for Lie algebras in these g-deformed algebras
were observed.
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Hom-Lie algebras and more general quasi-Hom-Lie algebras were introduced
first by Larsson, Hartwig and Silvestrov [33], where the general quasi-deformations
and discretizations of Lie algebras of vector fields using more general o-derivations
(twisted derivations) and a general method for construction of deformations of Witt
and Virasoro type algebras based on twisted derivations have been developed, ini-
tially motivated by the g-deformed Jacobi identities observed for the g-deformed
algebras in physics, along with g-deformed versions of homological algebra and
discrete modifications of differential calculi. The general abstract quasi-Lie algebras
and the subclasses of quasi-Hom-Lie algebras and Hom-Lie algebras as well as their
general colored (graded) counterparts have been introduced [33, 45-47, 59]. Sub-
sequently, various classes of Hom-Lie admissible algebras have been considered in
[53]. In particular, in [53], the Hom-associative algebras have been introduced and
shown to be Hom-Lie admissible, that is leading to Hom-Lie algebras using com-
mutator map as new product, and in this sense constituting a natural generalization
of associative algebras, as Lie admissible algebras leading to Lie algebras via com-
mutator map as new product. In [53], moreover several other interesting classes of
Hom-Lie admissible algebras generalising some classes of non-associative algebras,
as well as examples of finite-dimensional Hom-Lie algebras have been described.
Since these pioneering works [33, 43, 45-48, 53, 55, 58], Hom-algebra structures
have developed in a popular broad area with increasing number of publications in
various directions. In Hom-algebra structures, defining algebra identities are twisted
by linear maps. Hom-algebras structures are very useful since Hom-algebra struc-
tures of a given type include their classical counterparts and open more possibilities
for deformations, extensions of cohomological structures and representations (see
for example [3, 4, 20, 45, 56, 63, 64] and references therein).

Ternary algebras and more generally n-ary Lie algebras first appeared in Nambu'’s
generalization of Hamiltonian mechanics, using a ternary generalization of Poisson
algebras [54]. The mathematical algebraic foundations of Nambu mechanics have
been developed by Takhtajan and Daletskii in [30, 60, 61]. Filippov, in [32] intro-
duced n-Lie algebras. In [21], Leibnitz n-algebras have been studied. Properties
and classification of n-ary algebras, including solvability and nilpotency, were stud-
ied in [10-17, 37]. The general cohomology theory for n-Lie algebras and Leibniz
n-algebras was established in [57]. The structure and classification theory of finite-
dimensional n-Lie algebras was considered in [49] and many other authors. For
more details of the theory and applications of n-Lie algebras, see [31] and references
therein.

Hom-type generalization of n-ary algebras, such as n-Hom-Lie algebras and other
n-ary Hom algebras of Lie type and associative type, were introduced in [8], by
twisting the identities defining them using a set of linear maps, together with the
particular case where all these maps are equal and are algebra morphisms. A way
to generate examples of such algebras from non Hom-algebras of the same type is
introduced. Further properties, construction methods, examples, cohomology and
central extensions of n-ary Hom-algebras have been considered in [5-7, 42, 43,
62, 65]. The construction of (n 4 1)-Lie algebras induced by n-Lie algebras using
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combination of bracket multiplication with a trace, motivated by the work of Awata et
al. [9] on the quantization of the Nambu brackets, was generalized using the brackets
of general Hom-Lie algebra or n-Hom-Lie and trace-like linear forms depending on
the linear maps defining the Hom-Lie or n-Hom-Lie algebras [6, 7]. Generalized
derivations of Lie color algebras and n-ary (color) algebras have been studied in [26,
38—41]. Derivations, L-modules, L-comodules and Hom-Lie quasi-bialgebras have
been considered in [18, 19]. Super 3-Lie algebras induced by super Lie algebras in
similar way have been considered in [1].

The purpose of this paper is to generalize some results on either n-Lie algebras
or n-Hom-Lie algebras to the case of n-Hom-Lie color algebras. Then we introduce
and give some constructions of n-Hom-Lie color algebras. Section 7.2 contains some
necessary important basic notions and notations on graded spaces and algebras and -
ary algebras and used in other sections. Section 7.3 presents some useful methods for
construction of n-Hom-Lie color algebras. In Sect. 7.4, Hom-modules over n-Hom-
Lie color algebras are considered. Section7.5 is devoted to generalized derivations
of color Hom-algebras and their color Hom-subalgebras.

Throughout this paper, all graded linear spaces are assumed to be over a field K
of characteristic different from 2.

7.2 Preliminaries

This section contains necessary important basic notions and notations on graded
spaces and algebras and n-ary algebras used in other sections.

Definition 7.1 (1) Let G be an abelian group. A linear space V is said to be a
G-graded if, there exists a family (V,),c¢ of linear subspaces of V such that

V:@Va.

aeG

(2) An element x € V is said to be homogeneous of degree a € G if x € V,. We
denote H (V) the set of all homogeneous elements in V.

(3) Let V=46V, and V' = @, V, be two G-graded linear spaces. A linear
mapping f : V — V’is said to be homogeneous of degree b if

fWVo)<cv,,, forall aeG.

If, f is homogeneous of degree zero i.e. f(V,) C V, holds for any a € G, then
f is said to be even.

Definition 7.2 (1) An algebra (A4, -) is said to be G-graded if its underlying linear
space is G-graded i.e. A = @@, ; Aq, and if furthermore

Ay Ap C Agyp, forall a,beG.
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(2) A morphism f : A — A’ of G-graded algebras A and A’ is by definition an
algebra morphism from A to A’ which is, in addition an even mapping.

Definition 7.3 Let G be an abelian group. Amape : G x G — K*is called a skew-
symmetric bicharacter on G if the following identities hold for all a, b, ¢ € G:

(i) e(a,b)e(b,a) =1,
(i) e(a, b+ c¢) = e(a, b)e(a, ¢),
(iii) e(a + b, c) =¢€(a, c)e(b, c),

If x and y are two homogeneous elements of degree a and b respectively and € is a
skew-symmetric bicharacter, then we shorten the notation by writing €(x, y) instead
of e(a, b).

Example 7.1 Some standard examples of skew-symmetric bicharacters are:
(1) G=127,, ¢(,j)=(—=1)",or more generally

G = Zg = {(alv MR Ofn)lat € Z%}a
e((@ty ey ), By -y Ba) i= (=) @frttanb,

Q) G=1,x 7, e((ir,i2), (ji, o) = (=D"27"20,
B) G=Zx1Z, e((ir,ir), (i, jo)) = (=1)EFRDUIFR),
4 G={-1,+1}, e(,j) = (=DDu=b/A,

Definition 7.4 An n-Lie algebra is a linear spaces V equipped with n-ary operation

which is skew-symmetric for any pair of variables and satisfies the following identity:

e, oo e, s - yall =

n

Z 7.1
= [y1a~~-,)’i—1»[xl,---,xn—l»,)’i]y,)’i-&-],--~)’n]~ ( )

i=1

Definition 7.5 An n-Hom-Lie color algebra is a graded linear space L = @L,, a €
G withann-linearmap|[-...,-]: L x --- x L — L,abicharactere : G x G — K*
and an even linear map « : L — L such that

[.X], .. 'a-xia-xi-‘rla LY 7-xn] = _E(Xi,Xi+])[.x], LY ,.Xi+],.xi, LR 7-xn]7 (7'2)
i=1,2,...n—1.
[a(x1)7 ey O[(xn—l)v [)’1, Yo, ..y yn]] =
=Y (X, Y)la), - alyio), [, Xt il @Qign), - -5 )]
i=1

‘ (7.3)
where x;, y; € H(L), X = 2?2_1] xi, Y = le:1 yj—1and yo =e.

Remark 7.1 Whenever n = 2 (resp. n = 3) we recover Hom-Lie color algebras
(resp. ternairy Hom-Lie color algebras).
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Remark 7.2 (1) When o = id, we get n-Lie color algebra.
(2) When G = {e} and o = id, we get n-Lie algebra.
(3) When G = {e} and o # id, we get n-Hom-Lie algebra.

Definition 7.6 A morphism f : (L,[-,...,-],e, ) = (L', [-,..., ], &,&') of an
n-Hom-Lie color algebras is an even linearmap f : L — Lsuchthat foa=ao f
and for any x; € H(L),

flx, oo x) =10, fG)T

Definition 7.7 (1) An n-Hom-Lie color algebra (L, [, ..., ], €, ) is said to be
multiplicative if « is an endomorphism, i.e. a linear map on L which is also a
homomorphism with respect to multiplication [, ..., -]).

(2) An n-Hom-Lie color algebra (L, [, ..., -], €, «) is said to be regular if « is an
automorphism.

(3) An n-Hom-Lie color algebra (L, [, ..., -], €, @) is said to be involutive if o? =
id.

Example7.2 Let G =17,, ¢(i,j)=(=1)"7, L=Ly®L =<eyes>®
< e, ez >,

[er,er,e3] =ex, [er,er,es]l =e1, [e1,e3,e4] =[e2,e3,e4] =0,

and a(e)) = e3, aley) = ey, ale3) = aley) =0. Then (L, [, -, ],&, ) is a 3-
Hom-Lie color algebra.

Example 7.3 Let L be a graded linear space
L=Loo®Lon®LaonDLan

with L(O,O) =< e, e >, L(O,l) =< e3 >, L(I,O) =< eé4 >, L(l,l) =< ée5 > .
The 4-ary even linear multiplication [-, -, -, -] : L x L x L x L — L defined for
basis {¢;},i = 1,...,5by

[e2, e3, €4, e5] = ey, [e1, €3, e4, e5] = €3, [e1, €2, €4, e5] = e3,
[e1, e2,e3,e4] =0, [e1, €2, €3,e5] =0

makes L into the five dimensional 4-Lie color algebra.
Now define on (L, [-, -, -, -], €) an even endomorphism « : L — L by

aler) = e, ale) =e;, ale)=e;,i=3,4,5.

Then L, = (L, [, -, ", Ja, €, @) is a 4-Hom-Lie color algebra. Observe that « is
involutive (bijective).

Definition 7.8 A graded subspace H of an n-Hom-Lie color algebra L is a color
Hom-subalgebra of L if
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(i) a(H) C H,
Gi) [H,H,...,H C H.

Definition 7.9 LetL,, L,, ..., L, be Hom-subalgebras of an n-Hom-Lie color alge-
bra L. Denote by [Ly, L, ..., L,] the Hom-subalgebra of L generated by all ele-
ments [x, X2, ..., X,], wherex; € L;,i =1,2,...,n.

(i) The sequence Ly, L, ..., L,, ... defined by

Lo=L, Ly=[Lo,Lo,...,Lol, Lr=I[Ly,Ly,...,L1],...,
Ln = [Ln—la Ln—l’ ~--aLn—1]a

is called the derived sequence.
(i) The sequence L', L?,... L",... defined by

=L, L'=1%L,....,L], L>=[L".L,...,L],...,
L"=[L""',L,...,L],...

is called the descending central sequence.
(iii) The graded subspace Z(L) defined by

Z(L)={xeL|lx,L,L,...,L]=0} (7.4)

is called the center of L.

Definition 7.10 A Hom-ideal / of an n-Hom-Lie color algebra L is a graded sub-
space of L suchthata(/) € I and [I,L,..., L] C 1.

Theorem 7.1 Let(L, [, ..., ], €, a) beann-Hom-Lie color algebrawith surjective
twisting map o : L — L. Then, I,,, I and Z(L) are Hom-ideals of L.

Proof We only prove, by induction, that 7, is a Hom-ideal. For this, suppose, first,
that 7, is a Hom-subalgebra of L and show that [, is a Hom-subalgebra of L. For
any y € H(1,), there exist y1, y2, ..., yu € H(l,_1), such that

y =10yl

So, a(y) = a(ly, y2, ..., ya]) = [a(y1), a(y2), ..., a(y,)], which belong to I,
because I, is a Hom-subalgebra. That is a(1,) < I,,.
For any y; € H(I,), there exist y;, y?, ...,y € I,_1,i = 1,2,...,n such that

[yl’yZa7yn]=[[y117y]275y?]7[y2157y£l]75[yrllyay::]]

I,,_, being a Hom-subalgebra, by hypotheses, [yil, yl.z, ooytlel,forl <i <n,
and so [yy, y2, ..., yu] € I,. Thus I, is a Hom-subalgebra.

Now, suppose that I,_; is a Hom-ideal. Let x|, ..., x,_, € L, y € I,, then there
existxy,...,X,—1 € L, ¥1, ..., Yu € I,_1 such that
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[xi, ..., xp_1 ¥l = [axy), ..oy alp—1), 1, ..., yall
=Y (X, ¥Dla), - @i, [¥1, - X1, yils ayign), )]

i=1

/

As [x1,...,x4—1, ] € I,—1, then [x{,...,x,_,,y] € I,. So, I, is a Hom-ideal
of L. O

7.3 Constructions of n-Hom-Lie Color Algebras

In this section we present some useful methods for construction of n-Hom-Lie color
algebras.

Proposition 7.1 Let (L, [-, ..., ], &, o) be ann-Hom-Lie color algebra and € € L,
such that a(§) = €.
Then (L, {-, ..., -}, &, ) is an (n — 1)-Hom-Lie color algebra with

{xlﬂ"'7'xn—l}=[€7'x]7"'?""xn—l]'

Proof With conditions in the statement,

{alx1), ..., alxp—2), {y1, - -, Yn-1}} =

=[§ alx1), ..., a(xy—2), [§, ¥1, -+ s Yu—1]]

= [a(§), alx1), - - -, alxp—2), [§, Y15 -+ s Yn—1]]
=& x1, .- s xu—2, &, a(¥1), - - -, @(yn-1)]

n—1
+Y e(X YD al), - a(yi-1), €, x1, .- Xn—2, Yils (Y1), - -, a(yn-1)]
=
=Y (X, ¥, - (i), X1, X2, Yid @), - ali D)

which completes the proof. d

Corollary 7.1 Let (L, [-, ..., ], €, &) be an n-Hom-Lie color algebra and &; € L,
such that (&) = &,i = 1,2, ..., k.
Then Ly = (L, {-, ..., }x, &, @) is an (n — k)-Hom-Lie color algebra with

oo e =&, & X Xk

Corollary 7.2 Let (L, [-, ..., ], €) be an n-Lie color algebra and ¢ € L,.
Then (L, {-,...,-},¢€) isan (n — 1)-Lie color algebra with

{XI, "'9x1171} = [§,x1,...,...,xn71].
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Theorem 7.2 Let (L, [, ..., "], €, «) be an n-Hom-Lie color algebra and (3 be an
even endomorphism of L. Then

Lg=(L,{,....-}=0....,].¢, B

is an n-Hom-Lie color algebra.
Moreover suppose that (L', [+, ..., -], €, &) is another n-Hom-Lie color algebra
and 3’ be an even endomorphism of L'. If

f : (L,[',...,'],E,Oé) - (L/9['9"~1']/1€70/)
is a morphism such that f3 = 3'f, then f : Ly — Ly is also a morphism.
Proof First part is proved as follows:

{Balx1), ..., Balxp-1), {y1 ..., yn}} =
= B(Balx1), ..., Ba(x,—1), Byt - . -, yalD

= A (o)., @), Dy, all)
=ﬁ2<Ze(x,Y,»>[a<y1> ..... a(yion), X1, X1, il Qi) - a(yn)])

i=1

=Y YA (0O, o @G-, [ Xt i @G, - a()])

i=1

=Y e(X, Y)BIBaG), - .., Bayi-1), BIxX, .., a1, ¥il, BaGyis1), - ., Bayn)]

i=1

=Y e(X, Y){Ba(y), ..., Ba(i—1), X1, -, Xuet, Yik Ba(ig1), -, Ba(yn)).

i=1

Second part is proved as follows:

Fxr, oo xnd) = flxr, - xalp) = fBLx1, ..o x0] = fIB(x1), o, B(xa)]
=[fBx), ..., [ =18 f(x),.... 0 fx)]
=BLf(x1), .., fOD] =[f (), f)]
={f(x),.... fG)Y

This completes the proof. (]
Taking 5 = o leads to the following statement.

Corollary 7.3 Let (L, [, ..., ], &, a) be a multiplicative n-Hom-Lie color algebra.
Then, for any positive integer n,

(L’ an['v D) ']1 g, an+l)
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is also an n-Hom-Lie color algebra.
Taking 8 = « and o = id leads to the following statement.

Corollary 7.4 Let (L,[-,...,],€) be an n-Lie color algebra and o be an even
endomorphism of L. Then

Ln :(La{'7~"9'}Za['?'-'a']aeaa)
is a multiplicative n-Hom-Lie color algebra.

Taking 3 € Aut(L), 3 = o~ ! leads to the following statement.

Corollary 7.5 Let (L, [, ..., ], &, «) be a regular n-Hom-Lie color algebra. Then
Lotv=(L,{.....}=a"'[,...., 1,9
is an n-Lie color algebra.

Taking 8 = « leads to the following statement.

Corollary 7.6 Let (L, [, ..., ], e, @) be an involutive n-Hom-Lie color algebra.
Then

LQZ(L,{',...,'}ZO{[',...,'],€)
is an n-Lie color algebra.

Theorem 7.3 Let (A, -) be a commutative associative algebra and (L, [, ..., "],
€,a) be an n-Hom-Lie color algebra. The tensor product A Q® L = deG (A®
L)g =) ,c A ® Lg with the bracket

a1 ®@x1,...,a, ®X,] =ayi...a, @ [x1,...,x,],

the even linear map
da®x):=a® alx)

and the bicharacter
ela+x,b+y)=c(x,y),Ya,b e A,Vx,y € H(L),

is an n-Hom-Lie color algebra.
Proof 1t follows from a straightforward computation. ]

In the next definition, we introduce an element of the centroid (or semi-morphism)
for n-Hom-Lie color algebra.
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Definition 7.11 A semi-morphism of an n-Hom-Lie color algebra (L, [, ..., ],
€, @) is an even linear map 3 : L — L such that Sa = o3 and

ﬁ[xlv"'vxn] = [ﬂ(x1)7x27 "'7-xn]'

Remark 7.3 Due to e-skew-symmetry,

Olxt, ooy xn] = [x1, ... B, ..., x,].

Theorem 7.4 Let (L,[-, ..., ], &, a) be an n-Hom-Lie color algebraand 3 : L —
L a semi-morphism of L. Define a new multiplication {-,...,-} : L X ---x L — L
by

{x1, ..., x0} = [x1, ..., 0(x) ..., x,]

Then (L, {-, ..., -}, &, ) is also an n-Hom-Lie color algebra.

Proof The proof can be obtained as follows:

{o(x1), s Xa—1)s (Y1, 000 ynd) =
= [a(x1), ..., ﬂa(xi)a oo alxp—1), [yiseens ﬁ(yj)» ey ynll
= [a(x1), ., aB(x:), ooy a(Xn—1)s 1, s By - w5 Yall
=Y (X, Yolan), -, a1, [¥1, .o, BE), - X1, i,

k<j

a(Yes1)s -5 af3(y)), . ayn)]

+eX, Yplay), ..., alyj—1), [x1, ..., B&xi)s ooy Xn—1, BOD] a(¥jt1)s - oo alyn)]
+ ) X, YOlan), ., (), - ar-DIxL, o, BG0), s Xat, Wi,

k>j

a(Yk+1), - -+ c(yn)]

=Y e YOla), oy a1, 11, - Xis s X1, W),

k<j

a(Yk+1)s s Ba(y)), ... alyn)]

+eX, Ypla(), - -, a(yj-1), Bdx1, ..., Xisenns Xn—1, Yji}s a(yj+1)s -, a(yn)]
+ ) e YOla), s By, -y l3km1) X1 s Xy Xt i),

k>j

(k1) -+ a(yn)]

=Y X, Yfakn), .. alu—1), fxi, ., Xis e Xn—1> Yk}

k<j

+eX, Yp)laby), .., a(yj-1), {x1, ..., Xiyooes Xn—1, Yik a(j+1), .-y a(yn)}
+ ) e X YaG), o @)y @OR=DRL oy Xy Xt e
k>j

a(Yk+1)s - s a(yn)}.
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This completes the proof. O

Corollary 7.7 Let (L,[-,...,"],€) be an n-Lie color algebra and o« : L — L a
semi-morphism of L. Then (L, {-, ..., -}, €) is another n-Lie color algebra, with

{x1, oo, xnt =[x, .o, alxg) ..., x,]

Definition 7.12 Let (L, [+, ..., ], €, @) be an n-Hom-Lie color algebra. An averag-
ing operator of an n-Hom-Lie color algebra L is an even linear map 3 : L — L such
that

(1) pa=ap
2) Blxt, ..., B, ..., xpl =[x1, ..., B(xi), ..., B(xj), ..., xn]

Theorem 7.5 Let (L,[-,...,"], &) be an n-Lie color algebra and o« : L — L an
averaging operator of L. Define a new multiplication {-,...,-}: L x --- X L — L
by

{x1, ..., xn} =[x1, .o a(x) ..., x,]

Then L, = (L,{-,...,"}, €, ) is an n-Hom-Lie color algebra.

Proof The proof can be obtained as follows:

{alx1), ..., alxp-1)s {¥1, -+ -» yn}} =
=[a(x1), ... 02 (), ... 1), V1, - @y, vl
=Y (X, YOlaGn), s alye=1), [0, ooy @),y Xt i,
k<j
Akt1)s -2 7)), - ayn)]
+e(X, Ypla(y), ..., a(yj-1), [x1, ..., axq), ..., Xn—1, a(y;)],
a(yjs)s - a(yn)]
+Y (X, YOlaG), -, @2 (), s kDI - @), X1, W]
k>j

a(Yk+1), - -+ c(yn)]

=Y (X, Y{a(n), - 1) X1 X X i),
k<j

(V1) -5 a(y)), .o alyn)}
+e(X, Yp)la(y), ..., a(yj—1), axr, ..o, Xiy ooy Xn—1, Y D5 @(Vj1)s -+ o a(yn)]

+ DX YOLa(), - a(y))s s ko) XD s X Xt i),
k>j

=Y e YOlaG),s -+ k=) X1, - Xis oo Xnt, i),
k<j

+e(X, Y){a(y), ..., a(yj-1), {x1,..., Xisenos Xn—1, Vit a(Yjg1)s e -y a(yn)}
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+Y eX, YolaGn), - i) .- a(y-fxt, ... Xisooos Xn—1s Yk}
k>j
APkt -+ a(yn)}-
This ends the proof. (]

Theorem 7.6 Let (L, [-,...,-], €, ) be an n-Hom-Lie color algebra and 5 : L —
L an averaging operator of L. Define a new multiplication {-,...,-}: L x --- X
L — L by

{x1, ..., x.} =[x, ..., 0()...,x,]

Then (L, {-,...,-}, &, @) is also an n-Hom-Lie color algebra.
Proof 1t is similar to the one of Theorem 7.4. O
Taking oo = id, yields the following statement.

Corollary 7.8 Let (L, [, ..., ],€) be an n-Lie color algebra and o« : L — L an
averaging operator of L. Then (L, {, ..., -}, €) is another n-Lie color algebra, with

(X1, oo, xnt =[x, oo, alxg) ..., x,]

Taking o = (3, yields the following statement.

Corollary 7.9 Let (L, [, ..., ], €, o) be ann-Hom-Lie color algebraand o : L —
L an averaging operator. Define a new multiplication {-,...,-} : L x --- x L — L
by

{x1, ..o, xn} =[x1, .., a(x) ..., x,]

Then (L, {-, ..., -}, &, ) is also an n-Hom-Lie color algebra.

Theorem 7.7 Let (L, |-, ..., -], €, ) be an n-Hom-Lie color algebra and 5 : L —
L an averaging operator of L. Then the new bracket {-,...,-} : L X --- X L — L
makes L into an n-Hom-Lie color algebra with

X, o x) =[x, .., B(a) .., B(x), -, Xl

Proof The proof is obtained as follows:

{axD), ..., abp-1), (y1, - al) =
= [a(x1), ..., Ba(xi), ..., Balx;), ..., al—1), V1, - s BOK), - BOD, s yall
= Ze(X, Yi)la(y), ..., a(m-1), [x1, ..., B(xi), ..., B(xj), ..., Xn—1, Ymls
m<k
a(Ymt1)s---s aB(yk)s .., aBy), ..., a(yn)]
+e(X, Yola(y), ..., a(ye-1), [x1, ..., Bxi)s ..., B(xj), ...y Xn—1, By,

a(Yk+1)s - - s aByn, ..., a(yn)]
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+ ) X, Yla), o, aBOr), - ali-),
k<m<l
(B PI Bxi), ..., ﬁ(xj) ~~~~~ Xn—1s Ymls 0«(Ym+1)s - -+ » aﬁ(Y/) ~~~~~ a(yn)]
+e(X, YDla(), ..., aB), .-, a(yi-1),
X1, ..., B(xi), ..., Bxj), ..., Xn—1, BODL 1), -, a(yn)]
+Y e Yalan), o, aBOI), o, aBOD, - A1),
m>l

(X1, BOG),s ooy B, s Xn—15 Y]y @(Vm+1)s -+ o a(yn)]
= D e Y @G, oy @)y (X1 Xy e X Xa s Y

m<k
a(ym+l)’"‘7a(yk)""1a(yl)’“'7a(yn)}
+e(X, Yola(y), ..., aQk=1), BUx1, ..., Bi), ..o B, oy Xn—1, YiD)s

a(Vk+1)s -5 Ba(y), ..., a(yn)]
+ ) X Y aGn)s s @), - o),
k<m<l
{xr, ..., Xiyenns Xjynns Xn—1s Ym}> @(Vm+1), - - -, a, -, a(yn)]
+e(X, Ypla(), .- -, Ba(ye), ..., a(yi-1),
B(lxt, ..., Bxi), .-, By Xn—1, Y1), «(Vi41)s -+ s a(yn)]
+ )X Y at), - @Ok, ), - A1),
m>l
{x1, .., Xiyoons Xjyenons Xn—1> Ym}s @Qm+1)s -+ a(yn)}

= ZE(X9 Ym){a()’l), --'7a(ym71)7 {xla cees Xi ---»-xjv ey Xn—1, ym}9

m<k
AYmt1)s oo QYR o vos (Y1), oo, )}
+e(X, Yola), ..o ar—1) (X1, oo Xis oo o Xy ooy X1, Vi)
A(Ykt1)s -« (Y, oo alyn)}
+ ) X Ya{a). e a(i). s alyno),

k<m<l
Xt X X X Y @mt1)s - (V) -, (Vn)}
+e(X, YD{a(yD), .-, a(y)s ooy a—1), X, oo Xy o X Xa 1, VDS
a1, -+, alyn)}
+) X Y a0, e a3, (),

m>l

(X1, oo X X X Y @ Vmt1), - (V) )

This finishes the proof. O
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7.4 Hom-Modules over n-Hom-Lie Color Algebras

In this section we consider Hom-modules over n-Hom-Lie color algebras.

Definition 7.13 Let G be an abelian group. A Hom-module is a pair (M, ayy) in
which M is a G-graded linear space and )y : M —> M is an even linear map.

Definition 7.14 Let(L, [, ..., ‘], €, ) beann-Hom-Lie coloralgebraand (M, a,,)
a Hom-module. The Hom-module (M, «y,) is called an n-Hom-Lie module over L
if there are n polylinear maps:

CL),':L®..-L®M®L®"'®L_)M7 i=1527"'9n
.

l

such that, for any x;, y; € H(L) and m € H(M),

(@ wixy, ..., xj—1,m, Xi11,...,X,) is a e-skew-symmetric by all x-type argu-
ments.
b) wWilXy,ooey Xic 1, M, Xig s oy Xp) = —(M, Xjp Wi (X1, ooy Xis 1, Xigl, Mooy
x,) fori =1,2,...,n—1.
©) wplalxy), ..., a(xa1), W (Y15 -vns Y1, m)) =
n—1
=Y e(X, Ypwa @), -, i), X1, s X, yids @Qig1)s -, g (m))

i=1

+e(X, Y)wu(a(yr), ..., aVn—1), Wn (X1, - . ., Xp—1, M)),

where x;, y; € H(L), X = Zf:_ll xi, Y = 23:1 Yj—1, Yo = e and m € H(M).
@) wp—1(alx), ..., alxp—2), ay(m), [y1, ..., yal) =

n
=Y (X, Yi)wi (@) -, 4(im1)s Wt (X1 -y X2, 1, 3i),
i=1
a(yit1)s - ayn)l,

where x;,y; € H(L), X = Z?jxi +m, Y, = 23:1 yi—1, Yo =¢ and m €
H(M).

Example 7.4 Any n-Hom-Lie color algebra (L, [,..., ], e, «) is an n-Hom-Lie
module over itself by taking M = L, apy = cand w; (-, ..., ) = [+, ..., -]
Theorem 7.8 Let (L, [-,..., -], €, ) be an n-Hom-Lie color algebra, (M, oy, w;)

an n-Hom-Lie color module and 3 : L — L be an endomorphism. Define

J)i:(ﬁ3-‘~’ﬁsiivﬁ’~-~vﬁ)vi=1721-'~’n-

1

Then (M, cuyy, ;) is an n-Hom-Lie color module.
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Proof The items (a) and (b) are obvious. So we only prove (c¢), item (d) being
proved similarly.

‘Ijn(a(xl)7 e alxp—y), ‘Dn(yla cees Yn—1, m)) =
= wy (Balxy), ..., Ba(xp—1), wa (B, .., B(Yn—1), m))
= wy(aB(x1), ..., aBxp—1), W (B, .-, B(Yu=1), m))

n—1
= ZE(X7 Yi)wn(aﬂ()ﬁ)’ e 04/3()7:'—1), [ﬂ(-xl)s cee /B(xnfl)s 5())!)],
i=I

aByit1), ..., oy (m))
+e(X, Y)wa (@B(1), ..., aB(n-1), wa (B(x1), ..., Bxp_1), m))

n—1
=Y (X, Y)w(Ba(y), ., Balyi1), Bxi, -, Xuor, yi,

i=1
Ba(Yig1)s - .., apy(m))
+e(X, Y)w, (Ba(yr), ..., Ba(yu—1), wa(B(x1), ..., B(x4—1), m)),

n—1

=) eX, YD) (B® - ®Bid) (), .., alyio1), [¥1, -, Xt il
i=1

a(Yit1), ..., apy(m))
+e(X, Y,,)wn(ﬁ®~~®ﬁ®id)(id®-~-®id®wn(ﬁ®~~®ﬁ®id))

@YD)y (Yu1), X1y ooy Xpeg, M)
n—1

=Y (X, Y)@u(a(), - (i), X1, - Xt il a(ign), - ()

i=1
+6(X7 Yn)&n(a(yl)’ DRI a(Yn—l), L:)n(xl yeees Xn—1, m))
This ends the proof. (]

Corollary 7.10 Let (L, [, ...,],&, @) be an n-Hom-Lie color algebra and (3 :
L — L be an endomorphism. Then (L, {-, ..., };, a), with

{~,...,-},-=[ﬁ,...,ﬁ,\i/,ﬂ,...,ﬂ],i:1,2,...,n,

1

is an n-Hom-Lie color module.

Corollary 7.11 Let (L, [-, ..., ], €, a) be a multiplicative n-Hom-Lie color alge-
bra. Then, fornayk > 1, (L, {-, ..., ~}§‘, «) is an n-Hom-Lie color module, with

k k koo k ky
{.....Fi=la",...,a, id ,a", ..., ],i=1,2,...,n.

i

We end this section by giving some results for trivial graduation i.e. G = {e}.
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Proposition 7.2 Let (M, ayy, w;) be a module over the n-Hom-Lie algebra (L,
[-,...,-], ar). Consider the direct sum of linear spaces A = L & M. Let us define
on A the bracket

{xl,...,xn} =[x, ..., %],
{xlv"'sxiflv"'1m7xi+lv"'9xll} :wi(-xl’"‘7-xi71’"'7m7xi+11'-'7xn)y
{x1,...,xi, ..., xj, ..., xs} =0, whenever x;, x; € M.

Then (A, ap = ap + ayy) is an n-Hom-Lie algebra.

Proposition 7.3 Let (M, 04111/1’ wl-l) and (M, oz%,,, wl-z) be two modules over the n-
Hom-Lie algebra (L, [, ..., -], a). Then (M, apy, w;) is an n-Hom-Lie module with

M=M@&M, ay=ay,®a; and w =w' ®uw’.

7.5 Generalized Derivation of Color Hom-Algebras
and Their Color Hom-Subalgebras

This section is devoted to generalized derivation of color Hom-algebras and their
color Hom-subalgebras.
Here we give a more general definition of derivation, centroid and related objects.

Definition 7.15 For any k > 1, we call D € End(L) an ok -derivation of degree d

of the multiplicative n-Hom-Lie color algebra (L, [-, ..., ‘], €, a) if
aoD=Doaqa, (7.5)
D([X], '~'axn]) = (7.6)

n

D ed, Xolak (), ..., o (xicn), D), o (xig), -+, 0F ()],

i=1

Example 7.5 ([18]) The Laplacian of any Hom-Lie quasi-bialgebra (G, p, v, ¢, @)
is an o-derivation of degree 0 of (AG, [, -]**%), i.e.

L(IX, Y1) = [L(X), (V)" + [ (X), LN, VX, Y € AG. (1.7)

Example 7.6 Now, Let (L, [-,..., ], &, @) be a multiplicative n-Hom-Lie color
algebra. For any homogeneous elements x|, ..., x,_; of L and any integer k > 1,
one defines the adjoint action of AL on L by

. . k
adl b Iy, o, yal) o=
k
D eX Y)laF (), 0F i), [ - X Yl 0F i) )]s

i=1
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for any yi, ..., y, € H(L). Then adl~1*" is an of-derivation of L of degree X.

XlseeesXn—1

We call ad&’l’,"'"";)]c’n(i an inner o-derivation. Denote by Inn(L) = @;=_1Inn (L) the

space of all inner of-derivation.
The following proposition is proved by a straightforward computation.

Proposition 7.4 Let D be an o-derivation of an n-Hom-Lie color algebra L and
B : L — L an even endomorphism of L such that D o 3 = o D. Then, for any
non-negative integer s, Ay = D o 3° : L — L is a (3*o*)-derivation.

Corollary 7.12 If D is an o*-derivation of an n-Hom-Lie color algebra L. Then Ay
is an o}**-derivation of L.

We denote the set of o*-derivations of the multiplicative n-Hom-Lie color alge-
bras L by Der,(L). For any D € Dery (L) and D' € Der.x (L), let us define their
commutator [D, D’] as usual:

[D,D'1=DoD —e(d,d)D oD.
Lemma 7.1 Forany D € Der. (L) and D' € Der (L),
[D, D'] € Der s (L).
Denote by Der (L) = @i>—_1Derq(L).
Proposition 7.5 (Der (L), [-, -], w) is a Hom-Lie color algebra, withw(D) = D o «.

Definition 7.16 An endomorphism D of degree d of a multiplicative n-Hom-Lie

color algebra (L, [+, ..., ], &, a) is called a generalized o*-derivation if there exist
linear mappings D', D", ..., D"V D® of degree d such that forany x, ..., x, €
H(L):

Doa=aoD and DV oo =ao D?, (7.8)

D™ ([xy,...,x,]) =

. k k (i-1) k k (7.9)

> el X)laF(xn). ..., afxis), DIV ), oF (i), L oF ()],

i=1
An (n+1)-tuple (D, D', D", ..., D"V, D®™)iscalled an (n+1)-ary o*-derivation.
The set of generalized af-derivation is denoted by G Der . Set

GDer(L) = &>—_1GDer(L).

Definition 7.17 Let (L, [-,..., -], €, @) be a multiplicative n-Hom-Lie color alge-

bra. A linear mapping D € End(L) is said to be an a*-quasiderivation of degree d
if there exists a D’ € End(L) of degree d such that
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D ([x1,...,x]) = (7.10)

n

Y el Xk (), ..., ok (xicn), D), o (xign), s 0 ()]

i=1
forall xy,...,x, € H(L)

We call D’ the endomorphism associated to the a*-quasiderivation D. The set of of-
quasiderivations will be denoted Q Der(L). Set QDer(L) = @>_1QDer(L).

Definition 7.18 Let (L, [, ..., ], €, @) be a multiplicative n-Hom-Lie color alge-
bra. The set C« (L) consisting of linear mapping D of degree d with the property

D([x1,...,x,]) = (7.11)
e(d, X[k (x1), ..., a*(x;i—1), D(x;), a* (xi1), . .., aF (x)]

forall xq, ..., x, € H(L), is called the o*-centroid of L.
We recover the definition of the centroid when k = 0.

Definition 7.19 Let (L, [-,..., -], €, @) be a multiplicative n-Hom-Lie color alge-
bra. The set QC .« (L) consisting of linear mapping D of degree d with the property

[D(.X]),...,xn] = (7.12)
e(d, Xplak(x1), ..., oX(xio1), D(x;), &f (xit1), - .., X ()],

for all xq, ..., x, € H(L), is called the ak-quasicentroid of L.

Definition 7.20 Let (L, [, ..., ], &, @) be a multiplicative n-Hom-Lie color alge-
bra. The set Z Der (L) consisting of linear mappings D of degree d, such that for
all xq,...,x, € H(L):

D([xy,...,x,]) = (7.13)
e(d, X[k (x1), ..., & (xi21), D(x), a* (xi41), ..., " (x,)]1 = 0,

i=12,...,n,,
is called the set of central o*-derivations of L.
It is easy to see that
ZDer(L) € Der(L) € QDer(L) € GDer(L) C End(L).

Proposition 7.6 Let (L, [, ..., ], €, a) be a multiplicative n-Hom-Lie color alge-
bra.

(1) GDer(L), QDer(L), C(L) are color Hom-subalgebras of (End (L), [+, -], w):
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(la) w(GDer(L)) € GDer(L) and [GDer(L), GDer(L)] € GDer(L).
(2b) w(QDer(L)) € QDer(L) and [QDer(L), QDer(L)] € QDer(L).
(3¢) w(C(L)) € C(L)and [C(L),C(L)] € C(L).
(2) ZDer(L) is a color Hom-ideal of Der(L):
w(ZDer(L)) € ZDer(L) and [ZDer (L), Der(L)] C ZDer(L).

Proof (1a) Let us prove that if D € GDer(L), then w(D) € GDer(L). For any
X1, ..., X, € H(L),

(WD) (x1, ..., ] = (D™ o a)([x1, ..., Xiyoon, xn)
=D (a(x)),..., a(xi), ..., a(x)D

n
=Y eld, X" (), ..., o o), DO Vax), of T (ig), L o ()]

i=1

=Y ed, XM ), ., o ), (DD 0 ) (),
i=1

1 1
A ign), o & ()]

=Y el X)l* T ), M e, WD) ), M (i), 0 ()]

i=1

This means that w(D) is an a**'-derivation i.e. w(D) € GDer(L). Now let D, €
GDery (L) and D, € G Der,s (L), we have

(DY DY) (1, s xaD) = DV (DY (Lx1s s xa]) =

=Y eldi, XpDY" ([ok (x1), ..., oF (ximn), DY), oF (xig), - F ()]

i=1
n n i1 .
=33 edr. Xp)e(da, X)) (K (x), . DY TV @), 0f (), DYVt (),
i=1 j<i
oA (i), T o))

n
+Y eldr +do, X)) ([ (), L o (o), DY VDY (),

i=1

oM (i), - et )D)
n n .
+Y 0 etdr, Xetda, dy + XA (), 0 ), DY Vet (),
i=1 j>i
oA i), DY TV ), R ).

It follows that

(D™, DS D(xt, - xal) = (DYDY — e(dy, do) DS (DY) ([t - ., X)) =
=Y eld +dy, X)([* T (x1), .., F (i),

i=1
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DYDY —e(dr, d) DSV DYV 100), oK (i), - 0K (o)D)

=Y eldi +dy, X)([* T (x1), ., F P (i),

i=1

i—1 i—1
(DY DY D), oFF (g, S ().

Thus we obtain that [ D, D,] € G Der g+ (L).

(1b) That Q Der (L) is a color Hom-subalgebra of (End(L), [+, -], w) is proved in
the similar way.
(Ic) Let Dy € Cox (L) and D, € C,s(L). Then

W(D])([Xl, x27 ey xn]) = aDl([-xla x27 ey xn])
= e(dy, X)a(ak (x), o (x2), ..., Di(x), ..., X (x,])
= e(di, X)[a" ! (x1), T (x2), oo Di(x), oy R (D).

Thus w(D) € Cqr+1(L). Moreover,

[Di, D)([x1, ..., X)) = D1 Da([x1, ..., x,]) — €(d1, d2)DaDi([x1, ..., Xn])
= e(dr, X)) Di[o (x1), & (x2), ... Da(xy), ..., f(x)]

—e(d1, dy)e(dy, Xi) Dol (x1), &’ (x2), ..., Di(xi), ..., &’ (x,)]

= e(d) + do, X[ (x)), " (x2), ..., DiDa(xy), ..., & ()]

—e(d) + do, X)[X T (x1), & (x2), e(dy, do) . ... DaDy(x;), ..., &* ¥ (x)]
=e(d) + do, X)[* T (x1), & (x2), ..., [DI D] (xy), - .., &5 ()]

So, [Dy, D3] € Cos (L) and finally [Dy, D>] € C(L).

(2) By the same method as previously one can show that w(D) € Z Der -+ (L) and
[Dy, D;] € ZDeri+s (L), where Dy € ZDer,x (L) and D, € Derys(L). 0O

Proposition 7.7 Let (L, [, ..., ], €, a) be a multiplicative n-Hom-Lie color alge-
bra.

(1) If p € C(L) and D € Der (L), then D is a derivation i.e.
C(L) - Der(L) € Der(L).
(2) Any element of centroid is a quasiderivation i.e.
C(L) € QDer(L).

Proof (1) For any x1, ...,x, € H(L),
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n

eD([x1, ... 5 ]) = Y eld, Xk (x1), ..., D(x;), ..., o! (x)])

i=1

=Y eld, XDe(p, X[ (1), ..., D), -, FF (x)])

i=1

=Y eld+ o, XDl (x), .., 9D (), ., P ())).

i=1

Thus @D is an o **-derivation of degree d + .
(2) Let D be an o-centroid, then for any xi, ..., x, € H(L),

D([x1, ..., x,]) = e(d, X)[&*(x1), ... D(x;), ..., &5 i=1,2,...,n. (1.14)

It follows that

n

D ed Xplo*(x). ... D(x), ... o (x)] =nD([x1. ..., x,]).  (7.15)

i=1
It suffises to take D’ = nD. O

Lemma 7.2 Let (L,[-,...,-], &, a) be a multiplicative n-Hom-Lie color algebra.
Then

(1) The e-commutator of two elements of quasicentroid is a quasiderivation i.e.
[QC(L), QC(L)] € QDer(L).

(2) QDer(L) 4+ QC(L) € GDer(L).

Proof For any x1, x3, ..., x, € H(L),
(1) Let D; € QC.«(L) and D, € QC,s(L). We have, on the one hand

[D1Da(x1), ! (x), ..., " (x,)]

= (D1, Dy + X)[D2(*(x1)), &f ¥ (x2), ..., Di(a’ (x1)), ..., & ()]
= e(Dy, Dy + X)e(Da, X[ (x1), ..., DaDi(xy), ..., of ¥ (x)]

= e(Dy, D2)e(Dy + Do, X)X (x1), ..., DaDi(x7), ..., &*F (x)].

On the other hand,

[Dy Da(x1), &5 (x2), ..., T ()] =
= &(Dy, D2 + x1)[Da2(eX (x1)), D1(a’ (x2)), ..., " (x;), ..., &/ ()]
=¢e(D1, Dy + x1)e(D2, D1 + X;)

[*F (x1), Di(a* (x2), ..., Da(a* (x)), ... a* T (xy)]
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= e(Dy, x1)e(Dy, Xj)e(x1, D)
[D1(c (x1)), ¥ (x2), ... Da@* (x)), ..., &F ()]

= e(Dy, X))e(Dy, X)[a* T (xp), ..., D1Da(xi), ..., of ()]
=&(Dy + Dy, X)[a* T (x1), ..., D1Da(xi). ..., " ()],

and so

e(D1 + D2, X)[o* T (x1), ..., [D1, Dal(x0), ..., & (x,)] =
= &(D1 + Do, X)([0* @), ., DiDa(xi), ., @5 ()]

—e(Dy, D)X (x1), ..., DaDi(x)), .. ., a"“(xn)]) =0.

It follows that

n

D e(Di+ Do, X)[* T (1), ..., [D1, Dal(xi), -, o (6)] = 0

i=1

Therefore D' = 0, and [Dy, D>] € QDer(L).
(2) Let Dy € QDer (L) and D, € QC. (L) with |D;| = |D»|. Then there exists
D{ € End(L) such that

n

Di(x1, .., x1) = Y _e(Dr, Xpla*(x1), ..., Di(xi), .., of (x)]

i=1

= [Di(x1), &f (x2), ..., X (x)] + (D1, xD)[¥ (x1), Di(x2), ..., o (x)]

+) Dy, XDl (), . i), of ()]

i=3
=[(D1 + D2)(x1), ¥ (x2), ..., ¥ (x)] — [D2(x1), X (x2), ..., F ()]
+e(D1, xD[a* (x1), D1 (x2), ..., o (xy)]
+Y_e(Dr, XDl (1), -, Di(), - 0 ()]
i=3

=[(D1 + Do) (x1), of (x2), ..., a* (x)] — e(Da, x)[X (x1), Da(x2), ..., X ()]
+e(D1, xn)[X (x1), Di(x2), ..., o (x)]

+) Dy, XDl (x1), ... D), af ()]
i=3

=[(D1 + D) (x1), of (x2), ..., a¥ (xn)]
+e(Dy, x)[X (x1), (D1 — D2)(x2), . .., oF ()]

+Ye(D1, XDl (1), -, Di(x), - F ().
i=3

The conclusion follows by taking
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D" =D\, D=D+D,, D=D—D,, DV=D;, 2<i<n—1.

This proved that D| + D, € GDe(L). O
Proposition 7.8 If (L, [, ..., -], €, a) is a multiplicative n-Hom-Lie color algebra,
then

QC(L) +[QC(L), QC(L)]

is a color Hom-subalgebra of G Der (L).

Proof 1t follows from Lemma 7.2 by using the same arguments as in Proposition
2.4 in [41]. O

Proposition 7.9 Let (L, [-, ..., ], €, o) is a multiplicative n-Hom-Lie color alge-
bra such that o be a surjective mapping, then [C(L), QC(L)] € Hom(L, Z(L)).
Moreover, if Z(L) = {0}, then [C(L), QC(L)] = {0}.

Proof Let Dy € Cox(L), D, € QCys(L) and xy, ..., x, € H(L). Since « is surjec-
tive, for any y/ € L, there exists y; € L such that y = o*™5(y;),i =2, ..., n. Thus

[([Dy, D2l(x1), ¥y, - -u ¥l =
= [[D1, Da)(x1), " (32), ..., &5 (3]
= [D1Dy(x1), & (), ..., " ()]
—e(dy, d)[ D2 Dy (x1), " (32), ..., & ()]
= Di([Da2(x1), &’ (y2), ..., & (Yu)])
—e(dy, dy)e(da, x1 + dy) (D10’ (x1), Dyck (y2), ..., &* ()]
= Di([D2(x1), &/ (32), ..., & (3)])
—e(da, x1) D1’ (x1), & Dy (y2), ..., & (Yu)]

= Dy(ID2(0), @ (1), .. A ()
—e(d, x)la" (1), 0" Da(ya), - 0" (0)])

= Di(ID20x), @ (), @ GD = [Da@), (02, -, 0% ()]) = 0.
Hence, [D;, D>](x;) € Z(L), and [D;, D»] € Hom(L,Z(L)). Furthermore,
if Z(L) = {0}, we know that [C (L), QC(L)] = {0}. O

Proposition 7.10 Let (L, [, ..., ], €, o) is a multiplicative n-Hom-Lie color alge-
bra with surjective twisting o and H be a graded subset of L. Then

(1) Zp(H) is invariant under C(L).
(ii) Every perfect color Hom-ideal of L is invariant under C(L).

Proof (i) Forany ¢ € C(L) and x € Z;(H), by (7.4), we have

0=(x, H, L,...,L) =[px), o (H),o*(L),..., o (L) =[px), H,L,..., L]
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Therefore ¢(x) € Z; (H), which implies that Z; (H) is invariant under C(L).

(ii) Let H be a perfect color Hom-ideal of L. Then H! = H, and so for any x € H
thereexistxi, xi, ..., x\ € HwithO < i < oosuchthatx=Y",[x], x5, ..., x!].
If p € C(L), then

px) =9 (Z[xi,xé, .. .,x,i]) = Zcp([xi,xé, XD

= Z[(p(xf), ak(xé), R o/‘(xfl)]) e H.

This shows that H is invariant under C(L). ([l

Proposition 7.11 [f the characteristic of K is 0 or not a factor of n — 1. Then
ZDer(L) = C(L)N Der(L).

Proof 1f ¢ € C(L) N Der(L), then by (7.6) we have
Pxr, o xal) = ) eld, X)lok (), -, o), - oF ()],
i=1
and by (7.14), fori = 1,2, ...,n,
e(d, X[k (x1), ..oy (), ..y aF ()] = @([x1, - . o, X4 ).

Thus
<,0([x1, ey )C”]) = ”QO([xl, e xn])

The characteristic of K being 0 or not a factor of n — 1, we have
0=o(x1,....x,]) =e(d, Xp[o* (x1), ..., 0(x), ... a* ()] i =1,2,....n.

Which means that ¢ € ZDer(L).
Conversly, let ¢ € ZDer (L), Then

O(x1, - %, = e(d, XD (x1)s ooy p(x)s oo, ()] =0,1<i <n

and thus ¢ € C(L) N Der(L). Therefore ZDer (L) = C(L) N Der(L). O

Proposition 7.12 Let L be an n-Hom-Lie color algebra. For any D € Der (L) and
peC(L)

(1) Der(L) is contained in the normalizer of C(L) in End(L) i.e.

[Der(L), C(L)] € C(L).
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(2) QDer(L) is contained in the normalizer of QC(L) in End(L) i.e.

[QDer(L), QC(L)] € QC(L).
Proof (1) Forany D € Der(L), ¢ € C(L) and xy, X2, ..., x, € H(L),

Dp([x1, ..., xa]) = D([p(x1), & (x2), ..., F (xp), ..., F (x)])
=[Dp(x1), &F TS (x2), ..o, F TS (), L, T ()]

n

+Y el o+ XDla’ p(xn), " (x2), ., o D), L 0 ()]
i=2

= [Dp(x1), &5 (x2), ..., XS (), L, S (x)]
+ Xn: e(d, o + Xelp, X ([T (x1), o*F (x2), ..., oD (i), ..., AT ()]
=[D80(xl1:)?ak+s(X2) ..... o), af T )]
+e(d, 9) Z ed+ ¢, X)([* T (x1), o (2), . oD ), - P ()]
= [Dyp(x1), ak+ls=(j€2), A € R € )

+e(d, ) (@D[m, X2, .., Xiyeons Xn]

—lpD(), & (@), o T @), aF ()],
Then we get

(D@ - E(dv @)@D)([xlv ey xn])
=[(Dy —e(d, )pD)(x1), ..., " (x), ..., (), ..., X ()],

thatis [D, ¢] = Dy —e(d, p)eD € C(L).
(2) It is proved by using a similar method. |

Proposition 7.13 Let L be an n-Hom-Lie color algebra. For any D € Der (L) and
peC(L)

(1) Dy is contained in C(L) if and only if ¢ D is a central derivation of L.
(2) Dy is a derivation of L if and only if [D, ©] is a central derivation of L.

Proof (1) From Proposition 7.12, D is an element of C(L) if and only if D €
Der (L) N C(L). Thanks to Proposition 7.11, we get the result.
(2) The conclusion follows from (1), Propositions 7.11 and 7.12. (Il

If A is a commutative associative algebra and L is an n-Hom-Lie color algebra,
the n-Hom-Lie algebra A ® L (Theorem 7.3) is called the tensor product n-Hom-
Lie color algebra of A and L. For f € End(A) and p € End(L) let f@ ¢ 1 A ®
L— A®L be given by f ® p(a ® x) = f(a) ® p(x), for a € A, x € L. Then
fR®epe End(AQL).
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Recall that if A is a commutative associative algebra, the centroid C(A) of A is

by definition
C(A)={f € End(A)| f(ab) = f(a)b=af(b),Va,b € A}.

We now state the following

Proposition 7.14 By the above notation, we have

CARCL) cC(ARQL).

Proof Foranya; € A,x; € H(L),1 <i <n,andany f € C(A) and ¢ € C(L),

(fRPlar®xi,...,a, @x,] = (f @ p)ar...a,) ®[x1,...,x,]
= f(ay...a,) @ olxy, ..., x,]

=e(p, Xpay ... f(a)...a, ®[a*(x1), ..., 0x), ..., " (xy)]
=c(p, X)lar ® a* (x1) ... f(@) ® p(xi), ..., a4y ® f(x,)]
=c(p, X)[a (a1 ®x1) ... (f ® )@ ® x;), ..., " (@ ® x,)].

Therefore, f ® p € C(A® L).

O
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