Chapter 4 ®
Generalized Derivations of n-BiHom-Lie Geda
Algebras

Amine Ben Abdeljelil, Mohamed Elhamdadi, Ivan Kaygorodov
and Abdenacer Makhlouf

Abstract We investigate generalized derivations of n-BiHom-Lie algebras. We
introduce and study properties of derivations, («®, ”)-derivations and generalized
derivations. We also study quasiderivations of n-BiHom-Lie algebras. Generalized
derivations of (n + 1)-BiHom-Lie algebras induced by n-BiHom-Lie algebras are
also considered.
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4.1 Introduction

Higher n-ary operations and particularly ternary operations are natural generaliza-
tions of binary operations. They appeared in many areas of mathematics and physics.
The first ternary algebraic structure given in an axiomatic form appeared in 1949 in
the work of Jacobson [10]. He considered a Lie bracket [x, y] in a Lie algebra £ and
a subspace that is closed with respect to [[x, y], z] which he called a Lie triple sys-
tem. In theoretical physics, the generalization of Hamiltonian mechanics by Nambu
generated lead to ternary algebras, which are generalizations of Lie algebras. The
algebraic formulation of this structure was achieved by Fillipov [7] and Takhtajan
[29, 30] based on some generalization of the Jacobi identity.
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Hom-type algebras appeared also in Physics literature when studying ¢-deforma-
tions of algebras of vector fields like Witt and Virasoro algebras. It turns out that
usual Jacobi identity is twisted by a homomorphism. This type of algebras was
studied in Lie case first in [9], then extended to associative algebras and various other
non-associative algebras in [26]. n-ary Hom-type generalization of n-ary algebras
were introduced in [2]. Derivations and generalized derivations of many varieties
of algebras and Hom-algebras were investigated in [4, 5, 11-14, 16-22, 24, 25,
31-34].

In [6], the authors studied Hom-algebras from a category theoretical point of view.
This approach was generalized in [8] and lead to the concepts of BiHom-algebras
where the defining identities are twisted by two morphisms instead of only one for
Hom-algebras. BiHom-type n-ary algebras were introduced in [23].

In this article, we aim to discuss generalized derivations of n-BiHom-Lie algebras.
The following is the organization of the paper. Section4.2 deals with the preliminary
background including the main definitions. In Sect. 4.3 we introduce and study prop-
erties of derivations, («’®, ”)-derivations and generalized derivations. Section4.4 is
dedicated to quasiderivations of n-BiHom-Lie algebras. In Sect. 4.5 we study general-
ized derivations of (n + 1)-BiHom-Lie algebras induced by n-BiHom-Lie algebras.

4.2 Basic Review of n-BiHom-Lie Algebras

Definition 4.1 A quadruple (g, [-, -, -], @, B), where g is a vector space, «, § are
linear maps of g, and [-, -, -] : g®3 — g is a 3-linear map, is called a 3-BiHom-Lie
algebra if the following conditions are satisfied,

l. xoB=Boc.

2. [B(x1), B(x2), a(x3)] = Sgn(o)[B(xXs(1))s B(Xs2), 0t (xg3))], forall x1, x5, x3 €
gando € S;.

3. [B%(x1), B2(x2), [BON). B(2), a () I=[B%(12), B2(33), [B(x1), B(x2), a(y1)]] —
[B2(31), B2(33), [B(x1), B(x2), a(y2)]] + [B2(y1), B (32), [B(x1), B(x2), a(y3)]],
for all x1, x2, y1, ¥2, ¥3 € g.

Definition 4.2 An n-BiHom-Lie algebra is a vector space V equipped with an n-
linear map [, ..., -] and two linear maps « and 8 such that:

l. xof=Boa.
2. [ﬂ(-xl)v ERR) ﬂ(xn—l)» a(xn)] = Sgn(g)[ﬂ(xo(l))v LR ﬁ(xa(n—]))a Ol(xo(n))]’

forany o € S,.

3. 1B7(x)s oy B2 ), [BOD, s BOm—1), @)1l =
N D HB G e PO B (B, s B G,

k=1
forall x, ..., Xy—1, Y1, ..., Yn € V.
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We say that (g, [, ..., ], o, B) is a multiplicative n-BiHom-Lie algebra if o and g
are algebra morphisms and regular if they are automorphisms.

n-BiHom-Lie algebras may be induced from n-Lie algebras using two algebra
morphisms as stated in the following proposition given in [23].

Proposition 4.1 Let (V,[-,...,]) be an n-Lie algebra and o, B two algebra mor-

phisms of V that commute with each other. For x1, ..., x, € V define

[xlv ceey xn]aﬁ - [a(.XI), ceey a(-xn—l)’ IB(xn)]v

then (V,[-, ..., lag, @, B) is an n-BiHom-Lie algebra.

In this paper we are interested in the derivations of this particular type of n-BiHom-
Lie algebras, we compare them to the derivations of the original Lie algebras, and
study their inherited properties.

Example 4.1 Let V be a 4-dimensional vector space with the basis {e1, e3, €3, e4}.
Define the following brackets:

ler,ex,e3] = —es; [er,er,es]l =e3; [er,e3,e4] =—er; [er,e3,e4] =ey.

With this bracket, (V, [-, -, -]) is a 3-Lie algebra. Let o and 8 be two linear maps of
V defined by:

ale)) = —ey; ale) =—er; ale3) =—es; ales) =—ez and f=—a.
Let [x1, x2, x3]ag = [0t (x1), @ (x2), B(x3)], be a twisted bracket defined on V. Then
it follows that (V, [, -, -14g, @, B) is a 3-BiHom-Lie algebra.

Recall that a subset 8 C g is a subalgebra of (g, [-, ..., ], a, B) if (8) C S,
B(8) C8and|[S,S, ..., 8] € 8. Wesay that S is an ideal if «(8) € 8, 8(8) € S and
[8,8,...,g] C8.

Definition 4.3 The center of (g,[-,...,-],a, B) is the set of u € g such that
[u, x1, x2, ..., x,—1] = 0 for any xy, x5, ...,x,—1 € g. The center is an ideal of g
which we will denote by Z(g).

A more general definition of the center is the one involving the two morphisms «
and B and we will call it the («, 8)-center.

Definition 4.4 The (o, 8)-center of (g, [+, ..., -], @, B) is the set

Zap) (@) ={u €g,[u,af(x1),...,af(x,-1)]1 =0, foranyxy,...,x,—1 € g}

Example 4.2 A direct computation gives that the (¢, §)-center of the 3-BiHom-Lie
algebra given in Example 4.1 is trivial, that is Z,,g)(g) = {0}.
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4.3 Derivations, (a®, 8”)-Derivations and Generalized
Derivations

Definition 4.5 Let (g, [, -, -], @, B) be a 3-BiHom-Lie algebra. A linear map D :
g — gisaderivationif forall x, y,z € g:

D([x,y,z]) = [D(x), y, 2] + [x, D(y), z] + [x, y, D(2)], (4.1)

and it is called an («®, 87)-derivation of (g, [+, -, -], @, B), if it satisfies:

Doa=aoD,and Do =80D, 4.2)
D([x,y,z]) = [D(x), &’ B (y), &’ B" ()] + [’ B" (x), D(y), &’ B" ()] +
[’ B"(x), &’ B" (), D(2)]. (4.3)

Similarly, one can define («’, ”)-derivations of n-BiHom-Lie algebras.
Condition (4.3) becomes

Dlxy, ..., x ] = [D(x1), &’ B (x2), ..., &’ B (x0)]
+ ) [ B ), @ B (i), D), o B (K1), s @ B ()]
i=2
Let Der s gy (g) be the set of (a*, B”)-derivations of g and set

Der(g) := @ @ Der g5, ().

s>0 r>0

We show that Der(g) is equipped with a Lie algebra structure. In fact, for D €
Derqs gr)(g) and D' € Der v g, (g), we have [D, D'] € Der gosv g+ (g), Where
[D, D']is the standard commutator defined by [D, D'l = DD’ — D'D.

A construction of the derivation extension of a multiplicative Hom-Lie algebra
was given in [27], in the next proposition, we generalize it to the case of BiHom-Lie
algebras. Let (g, [, -14, @, B) be a BiHom-Lie algebra and let D : g — g be a linear
map. Consider the vector space L = g @ KD and define the bracket [-, -]p on L by
[u,vlp = [u,vlgand[u, D]p = D(u),forany u, v € g. Also, define two morphisms
of L as follows:

ap(u, D) = (a(u), D) and Bp(u, D) = (B(u), D)

A direct computation gives the following proposition.

Proposition 4.2 With the above definitions, (L, [-, -1p, ap, Bp) is a BiHom-Lie
algebra if and only if D is a derivation of (g, [+, 14, o, B).
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Let (V,[-,...,-]) be an n-Lie algebra and (V,[-, ..., log, o, B) the induced
n-BiHom-Lie algebra where «, B are the two morphisms used for this induction. A
direct computation gives the following proposition

Proposition 4.3 Any derivation of the n-Lie algebra (V, [-, ..., "]) is a derivation
of its induced n-BiHom-Lie algebra (V, [-, ..., lug, t, B) as well.

Definition 4.6 Let (g, [-, ..., ‘], @, B) be an n-BiHom-Lie algebra and let D be an
endomorphism of g. The linear map D is called a generalized («®, 8”)-derivation of
g if there exists D@, i € {1, ..., n}, a family of endomorphisms of g, such that

Doa=aoD; Dof=B0D
DYoo =aoD?; DY op=B0DY foranyi, and
D (x1, ..., x,]) = [D(x1), &* " (x2), ..., & B (x)]
+ Y e B e B o), DTV (), @ B (i) BT ()]
i=2
for any xy, ..., x, € g.

The set of generalized («*, B")-derivations of g is GDer s, g-) (g) and as for Der(g),
we denote

GDer(g) := P €P GDerw ) (9.

s>0 r>0

Definition 4.7 An endomorphism D of an n-BiHom-Lie algebra g is called a
(«*, B")-quasiderivation if there exists an endomorphism D’ of g such that

Doa=aoD; Dof=B0D
D'oa=aoD'; D'op=pBoD foreveryi, and

D'([xy, ..., xn]) = Z[asﬂr(ﬁq), s o BT (1), D(xp), @ BT (i 1), @t BT ()]
i=1

for any x1,...,x, € g.
‘We then define
QDer(g) := P €P QDer . - (a).
s>0 r>0
Proposition 4.4 Let (g,[-, ..., ], a, B) be a regular n-BiHom-Lie algebra with

trivial center. Suppose that g = J @ J, where J and J are ideals of g, then:
GDer(g) = GDer(J) & GDer(J).

Proof To prove the proposition, first we will show that for any D € G Der(g), we
have D(J) C Jand D(J) C J, then it follows that the restriction of D toJ (resp.J )isa
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generalized derivation of J (resp. J). Letu € Jandlet D(u) =a+b,a € J,b € Jbe
the decomposition of D (u).Forany yy, ..., v, € g,wehave[b, yi, ..., yp,—1] € J.
On the other hand,

(b, y1, - yu—11=[D@W) —a, y1, ..., Y11 = [D@), y1, - .o s Yn—1l = la, ¥1, ..., Yn—1]

since J is an ideal and a € J, so [a, yi, ..., yp—1] € J. Moreover, foreach 1 <i <
n—1,lety, = «*B"(x;), then

[D@), y1, ..., Yn—11=[D@), &’ B" (x1), ..., o B (xn—1)]
n—1

= Dl x1. . xg] = Y Mo B W), @ B (). DO ) o B (i), @B ()]

i=1

For every i, [a* " (1), a® B" (x1), ... ,‘D(")(x,-), s B (xip1)s ..., o B (xa1)] €,
so Y [ BT (), @ BT (x1), . DO (), @ B (Xig1), - @B (1)) € 5.

Now let x; = a; + b; be the decomposition of x;,

[u,x1, ..., %] =lu,a1 +by,...,a,—1 +b,—1] =
[u,ar +by,...,a_1]1+[u,a1 +by,...,b,_1]

but [u,a; + by, ..., b,_1]1 €INJ ={0}, s0
[, x1, ..., xp1)=u,a1 + by, ...,ap—2 + by—2, an_1].
Similarly, [u, a; + by, ..., by—2,a,—1] = 0. Thus,
[u,x1,....xpm1] =u, a1, ..., an-2, an_1].
Therefore,

D"u,xi, ..., x,-1]1 = D™[u,ai, ..., a,11 = [DW),e* B (a1), ..., o B(an-1)]

n—1
+ ) @B W), &’ B (@), ..., DD (@), &’ B (aiy1), ..., &' B (an-1)] €.
i=1

Then [D(u), y1, ..., yo.—1]1 € Jand sois [b, y1, ..., YVu_1].
Hence [b, yi, ..., y,—1]1 €I NJ.
We conclude that b € Z(g) = {0} and so D(J) C J.

Remark 4.1 Since any derivation, quasiderivation is a generalized derivation:
Der(g) < QDer(g) < GDer(g).
Hence Proposition 4.4 holds for QDer(g) and Der(g) as well, that is

Der(g) = Der(J) & Der(9),
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and
QDer(g) = QDer(J) & QDer(J).

Definition 4.8 A linear map D is called an («°, B”)-central derivation of g if it
satisfies

D([x1, ..., xn]) = [ B (x1), ... &’ BT (xj—1), D(x;), &* B" (xi41), - .. @ BT (k)] = 0,

foralli € {1,...,n}.

The set of (a*, B")-central derivations is denoted by ZDer s ) (g) and we set

ZDer(g) := @) €D ZDer s 4 ()

s>0 r>0

Definition 4.9 The (a*, B")-centroid of (g, [-, ..., ], @, B) denoted by C(us gr)(g)
is the set of linear maps D satisfying:

D([x1,....x,]) = [’ B (x1), ..., &’ B"(xi—1), D(xi), &’ B" (xi11), .. ., & BT (xn)]

foralli € {1,...,n}. We set

C@) =P P Ciw (@

s>0 r>0

Proposition 4.5 For any r, s, we have
ZDer(as,ﬁr)(g) = Der(a:,}g,—)(g) N C(av,ﬁr)(g).

Proof 1tisclear thatZDer (s pr)(g) < Der(ys gy (g) and ZDer s gy (g) S Cias,pr)(9)-
Conversely, let D € Dergs gy (g) N Cus,4r) (@), so for each i we have

D([X}, EI) xn]) = [asﬂr(-xl)’ ) aS:Br(-xifl)y D(-xi)9 asﬂr(-xi+1)s cee asﬁr(xn)l

In addition,

n
D(lxy. ... xn]) = Y B (x). .. B (xi—p). D(xi). o B (i), - B ()],

i=1

Then D([xy, ..., x,]) =nD(xi,...,x,]).
Thus D([x1, ..., x,]) =0and D € ZDer s g (g).

Definition 4.10 The (o*, 8")-quasicentroid QC s g-)(g) is the set of linear maps D
such that

[DGxp), e BT (x2) ... o BT (xp) ] =" B (x1), ..., o’ BT (xi—1), D(xi), o B (xig 1), - LAHEM)
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foralli € {1,...,n}. We set

QC(g) := P P QCu ) (@)

s>0 r>0

Lemma 4.1 Let (g, [, ..., "], «, B) be an n-BiHom-Lie algebra.

(1) [Der(g), C(g)] < C(g);
(2) C(g) ® Der(g) < Der(g).

Proof LetD € Der s gr)(g), D' € C (o (@) forsomes, s’,r,r'andxy, ..., x,€g.
(1) The statement 1 is proved as follows

[DD'(x1), &+ B (x), ..., & B ()]

n
= DD (x). @ B (x2). ... & B ) = D _[e* 87D (x1). ... D(xp). ... o* BT ()]
i=2

=DD'(Ix, ... %) = Y _[&*B"(x1), ..., D'D(xp), ..., " B (xp)].
i=2

On the other hand,

[D'D(x1), & B (xp), . o BT ()] = DD (e)), &8 BT (x2), ., @ BT ()]

=DD'([xy,...,x,)) — D’ (Z[oﬂﬁ’(xl), <. D(xp), .. .,oexﬁ’(xn)])
i=2

but since for each i,
D' ([e*B"(x1),...,D(x;), ..., B (x)]) = [&*B"(x1),..., D' D(x;),...,a°
B (xn)], so

D’ (Z[aSﬂ’(xl), D), as,Br(x,,)]> =

i=2
n
D et B (). D'D(x). e B ()]
i=2
Hence [[D, D'1(x1), &’ B+ (x2), ..., & B+ (x,)] = [D, D'1([x1, . . ., X, ]).
The same proof holds for any i € {1, ..., n}. Thus [D, D'] € C(yers g+ (9)-
(2) The statement 2 is proved as follows:

D'D([x1, ..., x,]) = D'([D(x1), &’ B (x2) . .., &' B" (x)])

+D (Z[asﬁ’(xl), s D(x), ... ,asﬁ’(xn)]>
i=2
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=[D'DG), & B (x), o @B ()]

n
+ ) e ), DD, e BT (),
=2

Then D'D € Der v griey ().

In the following lemma, we provide some properties and relations of the subspaces
of Der(g) involving in particular the subalgebra of quasiderivations Q Der(g).

Lemma 4.2 Let (g, [, ..., "], «, B]) be a multiplicative n-BiHom-Lie algebra.

(1) [QDer(g), QC(g)] < QC(g);
(2) C(g) € QDer(g);

(3) [QC(g), QC(g)] < QDer(g);
(4) QDer(g) + QC(g) < GDer(g).

Proof (1) This inclusion is similar to (1) of Lemma 4.1.

(2) It is an immediate consequence of the definition of a quasiderivation. If D €
Cios.pr)(9), then 37 [0’ B"(x1), ..., D(xi), ..., B (x)] = nD([x1, ..., x,]).
(B)Let D € QC4s,py(g) and D’ € QC v gy (g). Forany xy, ..., x, € g we have

[DD'(xp), & B (x2), .o @ BT ()]

= [’ B D' (x1), Da* B (x2), ..., " B (x,)]

= [o&* T B (x)), Da* B (x2), D'et* B7 (x3), ..., & BT (x,)]
= [Da B (x1), & B (x2), D'et’ B (x3), ... e BT (x,)]

= [D'D(x1), @ B (x2), & B (x3), ., @B ()]

Then [[D, D'](x1), o* ™ B+ (xp), ..., & T B+ (x,)] = 0.

In the same way we have [ T 87+ (x1), ..., [D, D'1(x;), ..., &* ™' B+ (x,)] =
0 for all i. Hence Y /_ [a** B+ (x1), ..., [D, D'1(x;), ..., o B+ (x,)] = 0.
And so [D, D'] € QDer ysss gy (8).
(4) Obvious.

Proposition 4.6 If (g, [, ..., ], o, B) isann-BiHom-Lie algebra with trivial center,
then we have the following

Der(g) ® C(g) € QDer(g).

Proof Both Der(g) and C(g) are subspaces of QDer(g). Moreover, if D € Der(g) N
C(g) thenforu € gwehave ) :_ [D(u), x1, ..., x,—1] = [DW), x1, ..., x,-1]1 =0,
for all xq, ..., x,_1 € g. Therefore D(u) € Z(g), hence D = 0.
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4.4 Quasiderivations of n-BiHom-Lie Algebras

Proposition 4.7 Let (g, [, ..., ], o, B) be an n-BiHom-Lie algebra over K and t be
an indeterminate. Define § = {Zac@r+y®1t") | x,y € gl a@@ ={Xax)®
t+a(y)®t")|x,y €gland B(§) = {Z(Bx) @1+ B(y) ®1t") | x,y € g} Then
@ [ ..., ), &, B) is a multiplicative n-BiHom-Lie algebra where the bracket is
given by

[xl®ti1,xz®ti2,...,xn®ti"]:[xl,xZ,_,,’xn]@)tZi/,
foriy, ..., i, €{l,n}. Ifk > n, we let t* = 0.
Proof Forany x, xy,...,x, € gandi, iy, ..., i, € {1, n}, we have
dofx®t) =a(B(x)®1')
=aoBx) 1
=Boa(x)®t =foa(x®1)
then&oﬁ:ﬁo&.Also,

Gl @1, x @12, ..., x, @ 1)) = &([x1, X2, ..., X ] @ 1217
= [a(x1), a(x2), ..., a(x,)] @ 127
=[a(x; ®1"), &(x2 ® t72), ..., &(x, ®t")].

Same argument holds for B.

B @11), .., Blra_1 @ 11), &(xn ® )] = [B(x1), ..., BCta_1), a(xn)] @ 1210
= Sgn(@)BGio(1)s - - » Blg (1)) @ (X ()] ® 127
= Sgn(@)[BGoy ® 1", ..., Bltg(uot) ® 171), & (xp () ® 1'M)]

forany o € S,. Note thatif i; = n for some j, then the bracket would be zero since

in that case the sum )_i;jg > n + 1 therefore 127 = 0. So one may assume that
iy =...=1, = 1. Finally,

B @), P @) (B @), Bt ® 1), iy @ 1]
=B E) @, ) @ (B, - B )] @ 121
= [/32()61), e, ﬂz(xn—l% B, BO=1), a(yn)]]1 ® tZi/+Zi}
= D BN o PO B0 B, Bl @ (i) @ 1 E
k=1
=3B e, L P, B @), (B 1), ..
k=1

e B @ 1), & ® 1)1
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Thus, (g, [-, ..., ], &, ,3) is a multiplicative n-BiHom-Lie algebra.

For the sake of convenience, we will write xz (xt") instead of x ® 1 (x ® t*). If
U is a subspace of g suchthatg =U & [g, ..., g], then

g=gt+gt" =gt +Ut" +1[g,...,glt".
Let a map ¢ : QDer(g) — End(g) be defined by
o(D)(at + ut" + bt") = D(a)t + D' (b)t",

where D € QDer(g), D’ is a map related to D by the definition of quasiderivation,
aceguelU,belg,...,gl

Proposition 4.8 Let g, g, ¢ be as above. Then

(1) ¢ is injective and ¢ (D) does not depend on the choice of D’;
(2) ¢(QDer(g)) < Der(g).

Proof (1)If ¢(D1) = ¢(D;), thenforalla € g,b € [g,...,g] andu € U we have
@(Dy)(at + ut" + bt") = @(Dy)(at + ut™ + bt"),

SO
Dy(a)t + D} (b)t" = Dy(a)t + Dy(b)t",

therefore Dy (a) = D,(a). Thus D; = D,.
Now suppose that there exists D” such that

o(D)(at + ut" + bt") = D(a)t + D" (b)t",

and

D'([x1. ... xn) = Y [ B (x1). ... e B (xi—1). D). @ B (xis1). ... 0 BT ()],

i=1

for any xy,...,x, € g, then D”([x{, ..., x,]) = D'([x1, ..., x,]). Hence D" (b) =
D'(b) and so

o(D)(at + ut" + bt") = D(a)t + D' (b)t" = D(a)t + D" (b)t".

(2) Let x;t", ..., x,t"" € g. Again, here we consider only the case wheni; = ... =
i, = 1 since otherwise [xt'1, ..., x,t"] = 0.



92 A. Ben Abdeljelil et al.
e(D)([xit, ..., x,1]) = @(D)([x1, ..., x,1t") = D'([x1, ..., x, D"

=Y (&’ B (x1), .. o B (xi1), D), @ B (i), - @ B () ]t
i=1

=Y (@B (), o, @ BT (o), D), o BT (i)t 0 BT ()]
i=1

=Y (@B (i), ..., & B (ian), (D) (i), & B (xiya1), - .., & B (xu)].
i=1

Hence ¢(D) € Dergs gy (8).

Proposition 4.9 Let g be a multiplicative n-BiHom-Lie algebra with trivial center
and let §, ¢ be as defined above. We have

Der(§) = ¢(QDer(g)) @ ZDer(g).

Proof 1t is obvious that ¢(QDer(g)) + ZDer(g) C Der(g) since both ¢(QDer(g))
and ZDer(g) are subsets of Der(g).

Moreover, since Z(g) = {0}, we have Z(g) = gt". Let g € Der(g), so g(Z(g)) <
Z(9), then g(Ut") C g(Z(§)) C Z(g) = gt". Defineamap f : gt + Ut" + [g, ...,
glt" — gt" by

glx)Ngt", x € gt;
fx) =1 gk, x e Ut
0, x €lg,...,glt".

f is linear and we know that
fag,....ah = fdg,....glt") =0,

(@B @),y F@), .., & B (@]
Cla'B (@t +a’ B (@t",....gt", ..., "B (@t + o’ B (@t"] =0,

then f € ZDer(g). We claim that g — f € ¢(QDer(g)), this implies that g €
©(QDer(g)) + ZDer(g), hence we have equality. In fact, since

(g — f)gt) = g(gt) —g(gt) Ngt" = g(gt) —gt" C gt, (g — fHUL") =0,

and
(g—Ndg,....91t") =g(g,....8D S [g,....8] =[g,...,0lt",

there exists D, D’ € End(g) such thatforalla € g, b€ [g,...,gl,

(g — f)lat) = D(a)t, (g — f)(bt") = D'(b)t".
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g — f € Der(g), then

D& B @), .., & B (@), (g — [)lain), & B @), ..., & B (an)]
i=1

= (g = Nlait, ..., ant)),

forall ai,...,a, € g. Then
S B @), ... D@, ... @ B @)l = D'((ay, ..., a,Di",
i=1

thus )
Z[asﬂr(al)v M D(ai)’ MR asﬂr(an)] = D,([alv MR an])’
i=1

which means that D € QDer(g). Therefore, g — f = ¢(D) € ¢(QDer(g)).
Now if f € ¢(QDer(g)) N ZDer(g), then f = (D) for some D € QDer(g). So

f(at +ut" + bt") = (D) (at + ut" + bt") = D(a)t + D'(b)t",
wherea € g, b € [g, ..., g]. Also, since f € ZDer(g), we have
f(at + bt" + ut™) € Z(§) = gt".

That is, D(a) = 0, for alla € g and so D = 0. Hence f = 0.
‘We conclude that

Der(g) = ¢(QDer(g)) @ ZDer(g).

4.5 Generalized Derivations of (n + 1)-BiHom-Lie
Algebras Induced by n-BiHom-Lie Algebras

In [3], the authors investigated a construction of (n + 1)-Hom-Lie algebras induced
by n-Hom-Lie algebras. The construction of (n + 1)-BiHom-Lie Algebras induced
by n-BiHom-Lie algebras was studied in [23]. In this section, we discuss (a*, 8")-
derivations of n-BiHom-Lie algebras that give («®, ”)-derivations on the induced
(n 4+ 1)-BiHom-Lie algebras.

Definition 4.11 Let A be a vector space, ¢ : A" — A be an n-linear map and 7 be
a linear form. The map t is said to be an (o, B)-twisted ¢-trace if it satisfies the
following condition:

Vxp, ..o xn € A, T(@(B(x1), .. BXp—1), a(xa))) = 0.
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We set ¢, be an (n + 1)-linear map defined by

n+1
VX1 Xt € AL e (X1 X)) = Y (=D T TG (L K Xe).

i=1
We recall the construction of an (n + 1)-BiHom-Lie algebra using an n-BiHom-

Lie algebra and an (¢, B8)-twisted trace given in [23].

Theorem 4.1 Let (A, [, ..., "], «, B) be an n-BiHom-Lie algebra and T an («, B)-
twisted [-, . .., -]-trace. If the following conditions

Vx,y € A, t(a(x)B(y) = t(B(x)a(y),
tToa=tandtopf =T,

are satisfied, then (A, [-, ..., 1:,a, B) is an (n + 1)-BiHom-Lie algebra. We say
that this algebra is induced by (A, [+, ..., ‘], «, B).

We first focus on the ternary case. For a given BiHom-Lie algebra (g, [-, -]) and
a[-, -]-trace map 7 : g — K, the ternary induced bracket is then given by

[x,y, zle == Ty, 2]l = t(Wx, 2] + T(@)[x, y]. “4.4)

Now we have the following theorem.

Theorem 4.2 Let (g, [-, -1, o, B) be a BiHom-Lie algebra. Let D : g — g be an
(!, B")-derivation of (g, [+, -1, «, B). If the following identity holds, forall x, y, z€g,

o’ BT (T (D)y, z]) — &’ B (T (D(Y)Ix, z]) + &’ B (T (D(2)x, y]) =0,
then D is an (o, B")-derivation of the induced ternary BiHom-Lie algebra (g,
['7 K ']‘[a a, /3)

Proof In the sequel, for simplicity we drop the t from the ternary bracket. We have
to prove that

Dlx,y,z] = [D(x),a'B"(y), ' " (2)] + [’ B (x), D(y), o’ B (2) ]+
[a*B"(x), a*B"(y), D(2)].

By applying D to each side of Eq.(4.4), we get

LHS = DI[x, y,z] = t(x)Dly, z]1 — t(y) Dlx, z] + 7(2) DIx, y]
= 1) (DY), ' B (D] + [’ B (), D(2)]) —
t(M([D(x), &’ B ()] — [’ B (x), D()]) +
T()([Dx), &’ B (»)] + [’ B (x), DY),
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while,

RHS = [D(x), &’ B" (), o’ B" ()] + [’ B (x), D(y), &’ B"(2)]

+ [’ B (x), o’ B"(y), D(2)]
=1(DX)[e’ B (y), &’ B ()] — (&’ B ()’ B (x), D(2)]

+ (@ B (2)[Dx), o’ B (y)]
+ (@’ B (xX)[D(), o' B (2)] — t(D(y)[a' B (x), o’ B"(2)]

+ (@' B (2)[a’B"(x), D(y)]
+ (@’ B ()’ B (y), D(2)] — t(@' B (y)[D(x), o’ B (2)]

+ (D)’ B (x), o’ B"(¥)].

Using the fact that
toa=tandto B =1,

we can rewrite the right hand side as

RHS = t(D(x)[e’B (y), &’ B (2)] — T (e’ B (x), D(2)]
+1(@[D), «’ B (y)]
+TID®G), &’ B ()] — (DY)’ B (x), &’ B (2)]
+ @[’ B (x), D()]
+ ()’ (y), D@ —t(MIDx), &’ B (2)]
+ (D@’ (x), &’ B (V)]

Thus the difference between the right hand side and the left hand side is given by

RHS — LHS = t(D(x))[a'B"(y), ' B (2)] — t1(D(y)[a' B (x), " B (2)] +
(D) B (x), o* B (¥)]
=1(D@)’ B [y, 2] = (D)’ B [x, 2] + T(D(2))ed’ B [x, y].

We then obtain the result by assuming that the following identity holds, Vx, y, z € g,

o’ B (T (D@)]y, 2] = 1 (DO)Ix, 2] + T (D(@)x, y]) = 0.

This ends the proof.
Similar computations lead to a generalization of Theorem 4.2 to n-ary case.

Theorem 4.3 Let (g, [, ..., ], o, B) be an n-BiHom-Lie algebra. Let D : g — g
be an (¢*, B7)-derivation of (g, [, ..., -1, o, B). If the following identity holds

Vxi,..., X, € ¢, Z(—l)iilasﬂr(r(D(xi))[xl ..... Xi...,x,]) =0,

i=1
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then D is a derivation of the induced (n + 1)-BiHom-Lie algebra (g, [-, ..., -, ],
a, B).

Example 4.3 We consider the 2-dimensional BiHom-Lie algebra g with a basis
{e1, ex}, where the map « is given by a(e;) = e; and «(ey) = %el + %62 and B is
the identity map (see [28]). The bracket is given by [e1, e;] = 0, [e1, e2] = mey —
ney, lex, el = — 1)e; — @ez and [e;, e2] = —%el + e, where m and n are
scalars such that m, n # 0.

A direct computation gives that

n' —(n—1)° n—17°
26D e+ oy e.

a’(er) =e, o’(e)) =

We set D(e;) = ae; + bep and D(ey) = cep + de,. Finding the conditions on the
parameters a, b, ¢, d such that D is an («*, §”)-derivation and solving the system,
we obtain the following («*, 8”)-derivations:

Forn =1, D(e;) = aey; D(es) = bey + (a — mb)e;.
Forn # 1, D(e1) =0;  D(e2) = aler + %' e2).

Now, seeking for linear form t that are [-, -]-trace, we obtain first
nt(e;) = mt(ey).

The condition t(a(x))B(y) = t(B(x))a(y) implies that t(e;) = 0 = 7(e,) and thus
the form t is identically trivial. Therefore the ternary bracket is trivial and any linear
map is a derivation.
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