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Perturbation Analysis for Stationary Gzt
Distributions of Markov Chains with
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Abstract Perturbed Markov chains are popular models for description of informa-
tion networks. In such models, the transition matrix Py of an information Markov
chain is usually approximated by matrix P, = (1 — ¢)Py + ¢D, where D is a so-
called damping stochastic matrix with identical rows and all positive elements, while
¢ € [0, 1]is a damping (perturbation) parameter. We perform a detailed perturbation
analysis for stationary distributions of such Markov chains, in particular get effec-
tive explicit series representations for the corresponding stationary distributions 7,
upper bounds for the deviation |7, — 7|, and asymptotic expansions for 7, with
respect to the perturbation parameter €.
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38.1 Introduction

Perturbed Markov chains is one of the popular and important objects of studies in the
theory of Markov processes and their applications to stochastic networks, queuing
and reliability models, bio-stochastic systems, and many other stochastic models.

We refer here to some recent books and papers devoted to perturbation problems
for Markov type processes, [5, 6, 11, 13, 14, 21, 23, 24, 26-28, 30-46, 48, 49]. In
particular, we would like to mention works [5, 24, 39, 40], where the extended bibli-
ographies of works in the area and the corresponding methodological and historical
remarks can be found.

We are especially interested in models of Markov chains commonly used for
description of information networks. With recent advancement in technology, filter-
ing information has become a challenge in such systems. Moreover, their significance
is visible as they find their applications in Internet search engines, biological, finan-
cial, transport, queuing networks and many others, [1-10, 12, 15-19, 22, 25, 29,
47]. In such models an information network is represented by the Markov chain asso-
ciated with the corresponding node links graph. Stationary distributions and other
related characteristics of information Markov chains usually serve as basic tools for
ranking of nodes in information networks.

The ranking problem may be complicated by singularity of the corresponding
information Markov chain, where its phase space is split into several weakly or com-
pletely non communicating groups of states. In such models, the matrix of transition
probabilities Py of information Markov chain is usually regularised and approxi-
mated by the stochastic matrix P, = (1 — ¢)Py + €D, where D is a so-called damp-
ing stochastic matrix with identical rows and all positive elements, while ¢ € [0, 1]
is a damping (perturbation) parameter. Let 7, be the stationary distribution of a
Markov chain X, , with the regularised matrix of transition probabilities P,. As was
mentioned above this stationary distribution is often used for ranking nodes in the
corresponding information network. The damping parameter 0 < ¢ < 1 should be
chosen neither too small nor too large. In the first case, where ¢ takes too small
values, the damping effect will not work against singularity effects. In the second
case, the ranking information (accumulated by matrix Py via the corresponding sta-
tionary distribution) may be partly lost, due to the deviation of matrix P, from matrix
Py. This actualises the problem of estimation for deviation |7, — 7| and construc-
tion asymptotic expansions for perturbed stationary distribution 77, with respect to
damping parameter ¢.

The above problems can also be considered in purely algebraic problem connected
with perturbation analysis of invariant (stationary) distributions 7, for perturbed
stochastic matrices P, = (1 — )Py + ¢D. The model, where matrix Py is a matrix
of transition probabilities for a Markov chain, which phase space is one class of
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communicative states, is usually referred as the model with regular perturbations.
The model, where matrix Py is a matrix of transition probabilities for a Markov
chain, which phase space split in several closed classes of communicative states
plus a class (possibly empty) of transient states, is usually referred as the model
with singular perturbations. The perturbation analysis in the singular case is much
more difficult than in the regular case. The approach used in this paper based on the
use of method of artificial regeneration and renewal techniques for deriving special
series representation for stationary distributions 77, and some classical results from
the matrix theory such as Perron—Frobenius theorem and eigenvalues decomposition
representation.

The paper includes six sections. In Sect.38.2, we describe the algorithm for
stochastic modelling of Markov chains with damping component and the procedure of
embedding such Markov chains in the model of discrete time regenerative processes
with special damping regenerative times. Also, we derive renewal type equations for
the corresponding transition probabilities. In Sect. 38.3, we present ergodic theorems
for the Markov chains with damping component and give explicit formulas for the
corresponding stationary distributions. In Sect.38.4, we describe continuity proper-
ties of transition probabilities and stationary distributions with respect to damping
parameter. In Sect.38.5, explicit upper bounds in approximations of the stationary
distributions for Markov chain with damping component are given. In Sect.38.6,
we present asymptotic expansions for stationary distribution of Markov chains with
damping component with respect to the damping parameter.

38.2 Markov Chains with Damping Component (MCDC)

In this section, we introduce the model of MCDC, which is often used for descrip-
tion of information networks. We also describe the procedure of embedding such
Markov chains in the model of discrete time regenerative processes with special
damping regenerative times and present the corresponding renewal type equations
for transition probabilities.

38.2.1 Stochastic Modelling of MCDC

Let(a) X = {1, 2, ..., m} be afinite space, (b) p = (p1, ..., pm),d = {1, ..., dn),
and g = (qo, q1) be three discrete probability distributions, (c) Py = || po;;ll be a
m X m stochastic matrix and D = ||d;;|| be a damping m X m stochastic matrix
withelementsd;; =d; > 0,i,j =1,...,m,and P, = || ps ;|| = (1 — &)Py + ¢Dis
astochastic matrix withelements p, ;; = (1 — €)po;; +&d;,i, j =1, ..., m, where
g e [0,1].
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Let us describe an algorithm for stochastic modelling of a discrete time homoge-
neous Markov chain X, ,, n = 0, 1, .. ., with the phase space X, the initial distribution
D, and the matrix of transition probabilities P,.

Let (a) U is arandom variable taking values in space X and such that P{U = j} =
pj.j €K () Uiy i € X,n=1,2,...beafamily of independent random variables
taking values in space X and such that P{U; , = j} = pij,i,je X,n=1,2,..
(c) V,,n=0,1,... be a sequence of independent random variables taking values
in space X and such that P{V, = j} =d;, j e X,n =1,2,...; (d) W is a binary
random variable taking values 0 and 1 with probabilities, respectively go and g;; (e)
Wen,n=1,2,...be, forevery ¢ € [0, 1] a sequence of independent binary random
variables taking values 0 and 1 with probabilities, respectively, 1 — & and ¢, for
n=1,2,...;(f) therandom variables U, W, the family of random variables U; ,,, i €
X,n=1,2,...,andtherandomsequences V, ,,n =1,2,...and W, ,, n = 1,2, ...
are mutually independent, for every ¢ € [0, 1].

Let us now define, for every ¢ € [0, 1], the random sequence X, ,,n =0, 1, ...,
by the following recurrent relation,

Xen=Ux,, , lWe, =0+ V,IW,, =1),n=12,..., X,0=U. (38.1)

It is readily seen that the random sequence X, ,,n =0, 1, ... is, for every ¢ €
[0, 1], a homogeneous Markov chain with phase space X, the initial distribution p
and the matrix of transition probabilities P,. This Markov chain can be referred as a
Markov chain with damping component (MCDC).

38.2.2 Regenerative Properties of MCDC

Let us consider the extended random sequence,
Ys,n = (Xs,ns Wa,n)v n=12,..., Xeo=U, Wep=W. (38.2)

This sequence also is, for every ¢ € [0, 1], a homogeneous Markov chain, with
phase space Y = X x {0, 1}, the initial distribution pg = (p;q,, (i, r) € Y) and the
transition probabilities,

Pe,ir, jk = P{Xg,l =], WSJ = k/Xs,O =i, Weo = r)
| =e)pojfori,jeX r=0,1, k=0,
_{de fori,jeX r=0,1,k=1. (38.3)

Itis worth to note that the transition probabilities p; ;. jx = pe.i jk, (G, 7), (j, k) €
Y donotdependonr =0,1andoni € Xifk = 1.

Let us, assume that the damping (perturbation) parameter ¢ € (0, 1].

Let us define times of sequential hitting state 1 by the second component W, ,,
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Tow=min(n > Topy, Wep=1,n=1,2,..., T.o=0. (38.4)

The random sequence Y, ,,n =0, 1, ... is also a discrete time regenerative pro-
cess with “damping” regeneration times T, ,,n =0, 1, .. ..

This follows from independence of transition probabilities p; ., jx of the Markov
chain Y, ,, which are given by relation (38.3),oni € Xif k = 1.

This is a standard regenerative process, if the initial distribution pg = dgq, =
(dig1,r, (i,7) €Y), where g1 = (q10=0,g1,1 =1).

Otherwise, Y. , is a regenerative process with the transition period [0, 7% ;).

It is useful to note that the inter-regeneration times S;, = T, — T p—1,n =
1,2,...arei.i.d. geometrically distributed random variables, with parameter ¢, i.e.,

0 forn =0,

PlSer =n) = {5(1 —e)"forn=1,2,.... (38.5)

38.2.3 Renewal Type Equations for Transition Probabilities
of MCDC

Let us denote by P,, the class of all initial distributions p = (p;,i € X).
Let us introduce n-step transition probabilities for the Markov chain X, ,, for
i,jeX,n=0,1,...,

Pe.ij (n) = P{Xe,n = j/Xs,O =i}, (38.6)

and probabilities, for p € P, j € X, n =0, 1, ...,

Pep i) =Pp{Xen = j} =Y pipeij(n). (38.7)
ieX

Here and henceforth, symbols P and E; are used for probabilities and expecta-
tions related to a Markov chain with an initial distribution p. In the case, where the
initial distribution is concentrated in a state i the above symbols take the forms P;
and E;.

Clearly, p;;;(0)=1G=j),i,j€X and pg;;(1) = peij.i,j€ X Also,
PesjO) = pj. j € X,

Let us denote by PQ,, the class of all initial distributions pg = (p;q,, (i, r) € Y).

Analogously, let us introduce n-step transition probabilities for the Markov chain
Yo, for (i,r),(j,k)eY,n=0,1,...,

Peirji(n) = P{Yen = (j,k)/Yeo = (i, 1)}, (38.8)

and probabilities, for pq € PQ,,, (j,k) €Y, n=0,1, ...,
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Pepg. k() =PpglYe = (LY =Y pigyper ju(n) (38.9)

(i,r)eY
Obviously, pe.ir,jx(0) = I((0, r) = (j, k), (i, r), (j, k) € Y and
ps,ir,jk(l) = Pe,ir.jkv (lv r)s (,]7 k) € Y

Also, pe.jq.jk) (0) = pjgk. (. k) €Y.

Independence of the transition probabilities pg r jx = Pe,i jk, @, 7), (j, k) € Y
on r=0,1 and on i € X if k =1, implies that n-step transition probabilities
Deir,jk(M) = peijx(n), (i,7), (j,k) € Y,n=0,1,... also are independent on r =
O,1andoni € Xifk =1.

This also implies that probabilities p. 57, jx (1) = pep,jk (1), Pg € PQu, (j, k) €
Y,n = 1,2, ... are independent on the initial distribution g.

Let us assume that the initial distribution pg = dgq,. As was mentioned above, Y, ,
is, in this case, the standard regenerative process with regeneration times 7; ,, n =
0,1,....

This fact and relations (38.3) and (38.5) imply that probabilities p; 54 jx(n), n =
0,1,...are, forevery j € X, k = 0, 1, the unique bounded solution for the following
discrete time renewal equation,

pﬂaﬂm):qﬂaﬁm)+§:mjﬂﬁm—nd1—mkhnzo, (38.10)
=1

where, for j €e X,k =0,1,n >0,
Geaq, k() =Pgg {Yen = (j, k), Te1 > n}

— {Po,d,j(n)(l —&)'I(n > 0) ifk =0,

d;I(n = 0) ifk = 1. (38.1D)

Let us now consider the general case, with some initial distribution

Pq = (pigr, (i,r) €Y) € PQ,,.

As was mentioned above, Y, ,, is, in this case, the regenerative process with regen-
eration times 7; ,,n = 0, 1, ... and the transition period [0, T ;).

In this case, probabilities p; 57, jx(n) and Pedq,. ik (n) are, for j e X,k =0, 1,
connected by the following renewal type relation,

Pegg ik = qegg i) + Y poga wn—De(l =)~ n>0,  (38.12)
=1

where, for j € X,k =0,1,n > 0,
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Gs.pg,jk (M) = Pyg{Yen = (j, k), T > n}

_ {po,p-,j (M1 —¢)"l(n > 0) ifk =0, (38.13)

= piltn =0) ifk = 1.

The summation of renewal equations (38.10) over k = 0, 1 yields the discrete
time renewal equation for probabilities p, ; j (n),n =0, 1, ..., which are, for every
J € X, the unique bounded solution for this equation,

Ped ) =pog A=)+ p.g(n—De(l—e)~" n=0. (38.14)
=1

Also, the summation of renewal type equations (38.12) over k = 0, 1 yields that,
in the case of general initial distribution p = (p;, i € X), the probabilities p; 5 ;(n)
and p, ; ;(n) are, forevery j € X, connected by the following renewal type relation,

Pesi(m) = po s j(m)(1 —e)" + Z Ped;n—De(l—e)~', n>=0. (38.15)
=1

38.3 Stationary Distributions of MCDC

In this section we present ergodic relations for transition probabilities of MCDC.

38.3.1 Stationary Distributions of Markov Chains X ,
and Y,

Let us describe ergodic properties of Markov chains X, , and Y, ,, for the case, where
e € (0,1].

Lemma 38.1 Lete € (0, 1]. Then the following ergodic relation takes place for any
initial distribution pq € PQ,, and (j, k) € Y,

o0

Peggk(n) = Teju =€y qogz (1) asn — oo, (38.16)
=0

Proof The geometrical distribution of the regeneration time 7 ; is aperiodic and has
the first moment &~

This makes it possible to apply the discrete time renewal theorem (see, for
example, [20]) to the renewal equation (38.10) that yields the following ergodic
relation, for (j, k) € Y,
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p&@]’jk(n) —> T jk AS N —> OQ. (38.17)

Obviously g¢ 54, jk(n) — 0as n — oo, for (j, k) € V.

Let us also define Pedq, ik — I) =0, for I > n. Relation (38.17) implies that
p&@l,]‘k(n —1) = 7y jrasn — oo, for/ > 0and (j, k) €.

Using relation (38.12), the latter two asymptotic relations and the Lebesgue the-
orem, we get, for pqg € PQ,,, (j, k) €Y,

lim p. 5z ix(n) = lim g, 5z x(n
n%oopg’pq’Jk( ) n‘)ooqs,pq,jk( )

o0
+ nliﬁrroloZpE!@]’jk(n —De(l—e) ' =m . (38.18)
=1

The proof is complete. (]
The following lemma is the direct corollary of Lemma38.1.

Lemma 38.2 Lere € (0, 1]. Then the following ergodic relation takes place for any
initial distribution p € P,, and j € X,

Pejim) = mej =2 pya ()1 —e) asn— oo. (38.19)
=0

It is useful to note that the stationary distribution 7, = (7, ;, j € X) is the unique
positive solution for the system of linear equations,

Zns,ips,ij = ns,j’j S X, ZT[SJ = 1. (3820)
ieX JEX

Also, the stationary probabilities 7, ; can be represented in the form m, ; =
e;}, J € X, via the expected return times e, ;, with the use of regeneration prop-
erty of the Markov chain X, , at moments of return in state j.

The series representation for the stationary distribution of Markov chain X, ,,
given by relation (38.16), is based on the use of alternative damping regeneration
times. This representation is, by our opinion, a more effective tool for performing
asymptotic perturbation analysis for MCDC.

38.3.2 Stationary Distribution of Markov Chain X,

Let us describe ergodic properties of the Markov chain Xy ,. Its ergodic properties
are determined by communicative properties of its phase space X and the matrix of
transition probabilities Py. The simplest case is where the following condition holds:
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A;: The phase space X is one aperiodic class of communicative states for the Markov
chain X .

In this case, the following ergodic relation holds, for any p € P,,, j € X,
Po.p,j(n) — mo jase — 0, (38.21)

The stationary distribution 77y = (7, ;, j € X) is the unique positive solution of
the system of linear equations,

> moipoij =m0 j€X Y mo =1 (38.22)
ieX JjeX

A more complex is the case, where the following condition holds:

B;: The phase space X =Ui_oX'¥, where: (a) X¥,g=0,...,h are non-
intersecting subsets of X, (b) X@® g =1,..., h are non-empty, closed, ape-
riodic classes of communicative states for the Markov chain X ,, (c) and X©
is a class (possibly empty) of transient states for the Markov chain X ,.

If the initial distribution of there Markov chain X, , is concentrated at the set
X® for some g=1,...,h,then X, = X(()gr)l n=20,1,...can be considered as a
Markov chain with the reduced phase space X(¢) and the matrix of transition proba-
bilities PO,g = || po.rk ”k,reX(ﬁ)o

According to condition By, forany ., k € X®, g =1,...,h,
Po.k(n) — ¥ asn — oo, (38.23)
where ﬁég) = <7T(§§¢) .k € X®)is, for g = 1, ..., h, the stationary distribution of the

Markov chain X &gr)’.

The stationary distribution ,°" is, for every g = 1, ..., h, the unique positive
solution for the system of linear equations,

€]
0

78 = > w1 posn ke X 3 ) = 1. (38.24)

rex® kex®

. =0 e .
Let Z, =min(n > 0: X, , € X( )) be the first hitting time of the Markov chain
. =0
X,.n into the set X( ).

Note that Z, = 0, if X, € X, while Z, > 1, if X, € X©.
Let also introduce probabilities, fori € X, g =1, ..., h,

® = P{X, 7 € X®)}. (38.25)

&,1

The following relation takes place, for p € P,,, k € X® g =1,..., h,
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iexX® ieX©®
=Y pi+ > pY. Y PlZo=1X.=r}. (38.26)
ieX® ieX® I=1 rex®

Note that in the case, where the set X© is empty, the second sum disappears in

the above formulas for probabilities fg(i;) .

Lemma 38.3 Let condition By holds. Then, the following ergodic relation takes
place, for p € P, and k € X,

s fork € X g =1,....h,

; R I [
nlggo Po.p.k(m) = To.pk = {0 fork e RO, (38.27)

Proof Let us assume that X is a non-empty set.
The following relation takes place, for p € P, k € X® g=1, ..., h,

po.pk(n) = Z Pipo.ik(n)

iexX®

+ Y iy Y PlZo=1 Xos=r}posx(n—1), n>0. (38.28)

X0 =1 rex®

Define pg ;¢ (n —1) = 0, for [ > n. Relation (38.23) implies that pg «(n —[) —

”éi) asn — oo, forl >0andr,k e X®, g=1,...,h.

Using the above relation, relations (38.26), (38.28) and the Lebesgue theorem,
we get,for p € P,k e X® g=1,... h,

Jim po 5 i(n) = lim > pipoi(n)

iexX®@

o0
+n1ij§o Z Di Z Z Pi{Zo =1, Xo; = r}posk(n —1)

iexX® I=1 rexX®

o0
= Z piﬂéjgk) + Z Di Z Z Pi{Zo=1,Xo; = r}néi)

ieX® ieX© =1 rex®@

oo (38.29)

Also, the following relation holds, for p € P,,, k € X©,
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o5k (m) = > piPi{Zo > n. Xou = k)

ieX©®
< Z piPi{Zy > n} - 0asn — oo. (38.30)
ieX©®
The case, where X© = ¢, is trivial. O

Remark 38.1 Ergodic relation (38.27) shows that in the singular case, where con-
dition By holds, the stationary probabilities g  ; defined by the asymptotic relation
(38.27) may depend on the initial distribution.

38.4 Perturbation Model for MCDC

In this section, we show in which way MCDC can be interpreted as a stochastic
perturbed model. We also present results concerning continuity of stationary distri-
butions 77, with respect to damping (perturbation) parameter &.

38.4.1 Continuity Property for Transition Probabilities of
MCDC

In what follows, relation ¢ — 0 is a reduced version of relation 0 < ¢ — 0.
The Markov chain X, , has the matrix of transition probabilities

Ps = (1 — S)P() + eD.

Obviously, for i, j € X,
De,ij = Do,ij as € — 0. (38.31)

Also, as well known, matrix || ps;;(n)|| = P;, forn =0, 1, ..., where Pg = I =

DII-

Therefore, the following asymptotic relation holds, forn > 0, i, j € X,
De,ij(n) — poij(n)ase — 0. (38.32)

This relation let one consider the Markov chain X, ,, for ¢ € (0, 1], as a perturbed
version of the Markov chain X, and to interpret the damping parameter ¢ as a
perturbation parameter.

Note that the phase space X of the perturbed Markov chain X, , is one aperiodic
class of communicative states, for every ¢ € (0, 1].

As far as the unperturbed Markov chain X , is concerned, there are two different
cases.
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The first one is, where condition A; holds, i.e., the phase space X is one commu-
nicative class of states also for the Markov chain Xy ,. In this case, one can refer to
the corresponding perturbation model as regular.

The second one is, where condition B; holds, i.e., the phase space X is not one
communicative class of states for the Markov chain Xy ,. In this case, one can refer
to the corresponding perturbation model as singular.

38.4.2 Continuity Property for Stationary Distributions of
Regularly Perturbed MCDC

The following proposition takes place.

Lemma 38.4 Let condition Ay holds. Then, the following asymptotic relation holds,

for j € X
e, j —> To,j as € — 0. (38.33)

Proof Let v, be a random variable geometrically distributed with parameter ¢, i.e.,
P{v. =n}=e(1 —e)"!,n=1,2,.... Obviously,

Ve —1 = coase — 0. (38.34)

In the case, where condition A holds, we get using relations (38.21) and (38.34)
that the following asymptotic relation holds, for j € X,

Po.d; (Ve — 1) = 7 j as s — 0. (38.35)
It is readily seen that the following representation takes place for the stationary
probabilities 7, ;,i € X,
oo
e j = EZpO.J,j(l)(l —e) = Po.a (e — D). (38.36)
1=0
Since the sequence p; ;(n),n =0, 1, ...1s a bounded, relations (38.35), (38.36)

and the corresponding variant of the Lebesgue theorem imply that the following
asymptotic relation holds, for j € X,

mej =Epgq ;e —1) > mp jase — 0. (38.37)

The proof is complete. U
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38.4.3 Continuity Property for Stationary Distributions of
Singularly Perturbed MCDC

In this case, the following lemma takes place.

Lemma 38.5 Let condition By holds. Then, the following asymptotic relation holds,
fork € X,
ek —> Mo g as€ — 0. (38.38)

Proof In the case, where condition B, holds, we get using relations (38.27) and
(38.34) that the following asymptotic relation holds, for k € X,

Podr(e — 1) = mo g, as e — 0. (38.39)

Analogously to the relation (38.37), we get, using relations (38.35) and (38.39),
the following asymptotic relation, for k € X,

ek = Epogi(ve — 1) = my g, as e — 0. (38.40)

The proof is complete. (]

Remark 38.2 Lemmas38.1 and 38.2 imply that, in the case where condition A
holds, the continuity property for stationary distributions 7, (as ¢ — 0) takes place.
However, in the case where condition B holds, the continuity property for stationary
distributions 7, (as ¢ — 0) takes place under the additional assumption that f;g) =

¥ e =0,..., h

38.5 Rate of Convergence for Stationary Distributions of
Perturbed MCDC

In this section, we obtain explicit upper bounds for deviations of stationary distribu-
tions of Markov chains X, , and X ,.

38.5.1 Rate of Convergence for Stationary Distributions of
Regularly Perturbed MCDC

Let us get some explicit upper bound for the rate of convergence in the asymptotic
relation (38.33) for the case, where condition A holds.

It is well known that, under condition A, the rate of convergence in the ergodic
relation (38.33) is exponential. This means that there exist some constants C =
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C(Py) €[0,00), L = A(Py) € [0, 1), and distribution g = (g ;, j € X), with all
positive component such that the following relation holds,

max |po.;;(n) — 7o, < CA", n = 1. (38.41)
i,je

In fact, condition A is equivalent to the following condition:

A,: There exist a constants C = C(Py) € [0, 00), A = A(Py) € [0, 1), and a distri-
bution 7y = (mg, j, j € X) with all positive component such that relation (38.41)
holds.

Indeed, condition A, implies that probabilities pg ;;(n) > 0, i, j € X forall large
enough n. This implies that X is one aperiodic class of communicative states. Also,
condition A, implies that pg ;;(n) — mo ; as n — oo, for i, j € X, and, thus, 7y is
the stationary distribution for the Markov chain X ,.

According to the Perron-Frobenius theorem, the role of A can play the absolute
value of the second (by absolute value), eigenvalue for matrix Py. As far as constant
C is concerned, we refer to the book [20], where one can find the algorithms which
let one compute this constant.

The following theorem present explicit upper bounds for deviations of stationary
distributions of Markov chains X, , and X ,.

Theorem 38.1 Let condition A, holds. Then the following relation holds, for j € X,
Ch
|7T5,j — 7T()'j| < 8(|dj — 7T()'j| + m) (38.42)

Proof The inequalities appearing in condition A, imply that the following relation
holds, forn > 1, j € X,

|Po.a.;(n) — 7ol = |Z(di170.ij(”) — dimo,j)|
ieX

<Y dilpoj(n) =m0 )] < CA™. (38.43)
ieX

Using relations (38.16) and (38.43), we get the following estimate, for j € X,

o0
T — o4l < 1Y poa; (D — &) — ol

=0
=1e> poa; (D1 —e) =Y m (1 —e)|
=0 =0

o0
<eldj —mojl+&)_ CA(1—e)
=1
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Cr(l1—¢)
e (1 —mt+ 1 5)
Cx
<é& <|dj - 7To,j| + m) . (38.44)
The proof is complete. (]

Remark 38.3 The quantities |d; — mo ;| appearing in inequality (38.42) is, in some
sense, determined by a prior information about the stationary probabilities. They
take smaller values if one can choose initial distribution p with smaller deviation of
the stationary distribution 77¢. Inequalities |d; — mo ;| < d; vV (1 —d;) < 1 let one
replace the term |d; — 7y ;| in inequality (38.42) by quantities independent on the
corresponding stationary probabilities g ;.

Remark 38.4 Theorem 38.1 remains also valid if condition A, is weakened by omit-
ting in it the assumption of positivity for the distribution 7y = (7g;, i € X) appearing
in this condition. In this case, condition A, implies that the phase space X = X; U X,
where X; = {i € X : mp; > 0} is a non-empty closed communicative class of states,
while Xg = {i € X : mp; = 0} is a the class (possibly empty) of transient states, for
the Markov chain X, ,,. Note that 77 still is the stationary distribution for this Markov
chain.

We would like also to refer to paper [30], where one can find alternative upper
bounds for the rate of convergence of stationary distributions for perturbed Markov
chains and further related references.

38.5.2 Rate of Convergence for Stationary Distributions of
Singularly Perturbed MCDC

Let now assume that condition B holds.
Let us consider matrices, forg =0,...,handn =0, 1, ...,

Py, = [ po.rkllrkexo and Pf , = | pg) ()l exco- (38.45)
Note that, for g = 1, ..., h, probabilities pi), (1) = po,k(n), r,k € X&), n > 0,
since X®, j =1,..., h are closed classes of states.
The reduced Markov chain X, with the phase space X® and the matrix of
transition probabilities Py , is, forevery g = 1, ..., I, exponentially ergodic and the
following estimates take place, for k € X g=1,...,handn =0,1,...,

max [p¥) (n) — 7| < C A", (38.46)
rkeX® ’ ’
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with some constants C, = C,(Pg) € [0,00), y = A,(Py) €[0,1),g=1,...,h

and distributions Jrég) =(r éf"k), k € X®), g =1,..., h,withall positive component.

(&) (8)

Obviously, inequalities (38.46) imply that py’,, (n) — 7y, asn — oo, forr, k €

X® ¢ =1,..., h. Thus, distribution ﬁég ) is the stationary distribution for the
Markov chain X(()jgr)l, foreveryg=1,...,h.

As has been mentioned above the role of A, can play, for every g =1,...,h,
the absolute value of the second (by absolute value), eigenvalue for matrix P ,, and
C; is the constant, which as has been mentioned above can be computed using the
algorithm described in the book [20].

As well known, there exists Ao = Ao(Py) € (0, 1) such that there exist finite expo-
nential moments, for i € X©,

Coi = Co;(Py) = Eje™™ % = E;ag? < oc. (38.47)
Let us also denote,
Co= I;l;lwx) Co.i. (38.48)

The upper estimates for Ay can be found, for example, in the book [24].
Let us denote,

A= max Ay, C = max (C + C,Co + Cp). (38.49)

0<g<

Here, one should formally count Cy, Ao = 0, if the class X© is empty.
Condition B is, in fact, equivalent to the following condition:

B,: The phase space X = ngo)’((g), where: (a) X©@,g=0,...,h are non-
intersecting subsets of X, (b) X (28 g =1, ..., h are non-empty, closed classes
of states for the Markov chain X, such that inequalities (38.46) hold, (c) X©
is a class of states for the Markov chain Xy, such that relation (38.47) holds (if
X is a non-empty set).

Indeed, condition B, implies that probabilities Po rk(n) >0,r,keX®, g=
1,...,h for all large enough n. This implies that X g=1,..., h are closed
aperiodic classes of communicative states. Also, inequalities (38.46) imply that

pégr) (n) — négk) as n—oo, for rkeX® g=1,...,h, and, thus,

s = (ms k € X®) is the stationary distribution for the Markov cha1n X, for
every g =1, ..., h. Also, relation (38.47) implies that probabilities p0 rk (n)—0
as n — 0o, for r, k€ XO (f X© is a non-empty set). This implies that X© is a
transient class of states for the Markov chain X(()O,l

Theorem 38.2 Let condition B, holds. Then the following relation holds, for k € X,

Ci
|7TE‘,k —_ ﬂoyj’k| S & <|dk —_ ﬂO,j’k| + m) . (38.50)
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Proof Let us, first, assume that X© = ¢J.
In this case, relations (38.26)-(38.28) imply that, for n > 1,k € X©®,
g=1,...,h,

[Po.d.x (M) — 7o g il = | Z d; P(()gz)k(”) Z d; ”égk)|

ieX® ieX®

< CeAl < O™, (38.51)

Let us now assume that X© £ ¢,
Using relations (38.26)—(38.28) and (38.46)—(38.47), we get the following inequal-
ities, forn > 1,k e X®, g =1,...,h,

Po.ax® —Toaxl =1 Y dipgyn)

ieX®

+ Y diy Y PiZo =1 Xor =r}pin =D — 0]

ieX®  I=1 rex®

(€3] (€3]
< Y dilpihn) — mgf,

ieX®

n—1
+ Y di Yy Y PilZo =1, Xos = ripihn — 1) — 7))

iex0 =1 rex®

+ > d Y Pi{Zo=n, Xou = r}lr = k) — 7|

ieX®  rex®

1Y diY Y Pi{Zo=l,X0,1=r}—f0(,gd)| i)

ieX®  I=1 rex®

n—1
SCMi+ Y di Yy Pi{Zy =1)Coal!

ieX© =1
+ Y diPi{Zo=n}+ Y dPi{Z > n)
ieX® ieX©®
SC'+ Y d; ZP{ZO_Z}AO ( ) C A" + Cor"
ieX©®
< (Cy 4 CoCy + co))\" =CA\". (38.52)

Also, in this case, the following relation holds, forn > 1,k € X©,
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Ty gk (M) = Z diPi{Zo > n, Xo, =k}

ieX©®

< Y diPi{Zy > n} < Cory < CA". (38.53)

ieX©

Using relation (38.16) and (38.51)—(38.53), we get the following estimate, for
k € X,

o0
ek = Toaxl < 1e Y poax(1 =) — o4l

=0
o0 o0

=&Y poas(1—e) —&Y mg,(1—e)|
=0 =0

o0
<eldy — 7 g4l + ¢ Z CAl(1 —¢)t
=1

Cr(l —e¢)
<e(de —my gl + T—i—¢
Cx
f 8(|dk - jTO,(Z,k' + m) (3854)
The proof is complete. O

38.6 Asymptotic Expansions for Stationary Distributions of
Perturbed MCDC

In this section, we present asymptotic expansions for stationary distributions of per-
turbed MCDC.

38.6.1 Asymptotic Expansions for Stationary Distributions of
Regularly Perturbed MCDC

Let us get some asymptotic expansions for perturbed stationary distributions in the
case, where condition A holds.

According the Perron—Frobenius theorem, in this case, the eigenvalues p, ...,
pom of the stochastic matrix Py satisfy the following condition:

Az pr=1>|pa| =+ = |pul

Note that some of eigenvalues py, . .., p, can be complex numbers.
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As well known, condition Az implies that the following eigenvalues decomposi-
tion representation takes place, fori, j € Xandn > 1,

po.ij(n) = mo j + py7o,ij[2]1 + - - - + pp 70, [m], (38.53)

where: (a) mg = (o, j, j € X) is distribution with all positive component,
(b) mo,il11,i, j € X, 1 =2,..., m are some complex- or real-valued coefficients.

Obviously, relation (38.55) implies that probabilities p;;(n) — mo ; as n — oo,
for i, j € X. Thus, 7y is the stationary distribution for the Markov chain X .

In fact, condition Aj; is equivalent to condition A ;.

Indeed, the convergence relation, po ;;j (n) — mo ; asn — oofori, j € X, implies
that pg;j(n) > 0,1, j € X, for all large enough n. This implies that X is one com-
municative, aperiodic class of states.

We refer to book [20], where one can find the description of effective algorithm
for finding matrices Il; = ||mo;;[/1]l,] =2, ..., m.

Relation (38.55) implies the following relation holds, for j € Xandn > 1,

Pog j(n) = mo.j + 3704 ;1214 - + o) 70 4, ;m], (38.56)
where, for j € X, =2,...,m,
o 1= dimo;lll. (38.57)
ieX

Let also define coefficients, for j € X,n > 1,

dj — o+ > - 27100”[1]1 — forn =1,

(38.58)
(=) S o g s forn > 1.

ﬁO,J,j [n] =

Below, symbol O(g") is used for quantities such that O(e")/e" is bounded as
function of ¢ € (0, 1].
The following theorem takes place.

Theorem 38.3 Let condition Az holds. Then, the following asymptotic expansions
take place for every j € Xandn > 1,

mej = 1o, + 74 [1e + -+ 7 ;[nle" + O(e"th. (38.59)

Proof Relations (38.16) and (38.56) imply that the following relation holds, for
jeX,
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Te,j =€ Z Po.aj(m(1—e)

n=0

o0 m
=edj+e)y (no,j +y pl”noyd.j[l]) 1—e)

n=1 =2

m o0
=m0, +ed; —m0,) + Y moa llle Y pl(l—e)
=2

n=1

" pie(l —e)
=mo,; +&(d; — mo, ;) + ;T[O@j[l]m

=0, +ed; —mo )+ Y 7o, pe(l —e)(1 — pr + pre) ' (38.60)
=2

Functions (a + be)™', e € [0, 1] and be(1 — €)(a + be)~', & € [0, 1] admit, for
any complex numbers a # 0 and b, the following Taylor asymptotic expansions, for
everyn > land e — 0,

(a+be) ' =a' —abe +a3b%e?
+ o (= D)@ 4 0", (38.61)

and

be(l —e)(a+be) ' =a'be —a~'b(1 +a'b)e* + a2b*(1 + a 'b)e?
4o+ (=D e @D 4 ah)e + 0 (M. (38.62)

Relations (38.60)—(38.62) let us write down the following Taylor asymptotic
expansions for stationary probabilities 7, ;, j € X, foreveryn > 1 and ¢ — 0,

e j =m0, +(d; —70,) + Y 7o.q;[Hpe(l — &)1 — pr + pre) "
=2

=m0 + 7o g ;[1e + -+ 7 g [nle" + O("™). (38.63)

The proof is complete. (]

Some of eigenvalues p; and coefficients g ;;[r] can be complex numbers. Despite
of this, coefficients 77 ; jnlin = 1 in the expansions given in relation (38.59) are
real numbers.

Indeed, 7, ; is a positive number, for every ¢ € [0, 1]. Relation (38.63) implies
that (7, ; — no,j)s‘l — ﬁo,g’j[l] as ¢ — 0. Thus, fro";!j[l] is a real number. In this
way, the above proposition can be proved for all coefficients in expansions (38.59).
This implies that the remainders of these expansions O (¢"*!) also are real-valued
functions of ¢.
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Moreover, since 7, = (7, j, j € X), ¢ € (0, 1] and my = (7o, j € X) are prob-

ability distributions, the following equalities connect coefficients in the asymptotic
expansions (38.59), Zjex 7,4,jIn1 =0, forn > 1.

38.6.2 Asymptotic Expansions for Stationary Distributions of
Singularly Perturbed MCDC

Let now consider the case, where condition B; holds. We can assume that class X(&

includes m, states, for g =0, ..., h, wheremgy > 0, j =1, ..., h, while mg > 0.
Let us denote by pq 1, ..., pjm; the eigenvalues of the stochastic matrices Py g,
g=1,...,handby pg 1, ..., pom, the eigenvalues of the sub-stochastic matrix Py g.

We can assume that these eigenvalues are ordered by absolute values, i.e. |pg 1| >
log2l =+ > |pgm,l forg =0,.... A
Condition B is, in fact, equivalent to the following condition:

B;: The phase space X = UZZOX(g), where: (a) X®@,j=0,...,h are non-
intersecting subsets of X, (b) X ®, g =1,..., harenon-empty, closed classes of
states for the Markov chain X , such that inequalities pg 1 =1 > [pg 2| > -+ >
|pg,mg [, g=1,...,h,hold,(c) X © is a class of states for the Markov chain Xo.n
such that inequalities 0011, . - ., |00.m,| < 1 hold (if X is a non-empty set).

Inequalities given in condition B3 (c) should be omitted in condition B3, if X =
# and, thus, mo = 0.

Condition B; implies that condition B3 holds. This follows from the Perron—
Frobenius theorem.

Condition B3 imply that the following eigenvalues decomposition representations
take place, forr,k e X®, g =1,...,handn > 1,

Pon () = %) + P 21+ -+ ol TS Im ], (38.64)

and, forr, k € XO n > 1,

o) = pf g [ + -+ & pf o o], (38.65)
where: (a) ﬁég) = (n(gfk), k € X®) is a distribution with all positive component,
forg=1,....h, () Sy [l rk € RO, 1 =2,... mg g =1,.... hand mj 4],
rkeX® | =1,..., mgare some complex- or real-valued coefficients.

Obviously, relation (38.64) implies that probabilities p((fr)k(n) — néf,f asn — 0o,
forr,k € X®, g =1,...,h. Thus, ﬁég) is the stationary distribution of the Markov
chain X(()gz, forg=1,...,h.

In fact, condition B3 is equivalent to condition B;.
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(€]

Indeed, as was mentioned above, relation (38.64) implies that Po () — n(g)

as n — oo, for r,k € X®, g =1,..., h. Thus, probabilities Po rk(n) >0,rke
X,g=1,..., h, for all large enough n. This implies that X'¢ is, for every g =
1, ..., h acommunicative, aperiodic class of states for the Markov chain Xj ,. Rela-

tion (38 64) also implies that p0 rk(n) — 0asn — oo, for r, k € X This implies
that X© is a transient class of states for the Markov chain X ,.

Thus, condition B3 implies that condition B; holds.

We again refer to book [20], where one can find the description of effective
algorithm for finding matrices I = ||né§3k[l]||,l =2,...,mg,g=1,...,hand
o = |z 0.0 =1,....,mg

Let us, first, consider the simpler case, where X ® —g.

Relation (38.64) implies, in this case, the following relation holds, for any k €
X® ¢g=1,...,handn > 1,

n _( (
Po.d k (n) = 70,4 k + pg,ZHOgd) k[2] +ot pg mg Ogd) k[mg]’ (38.66)

Where,forkeX(g),l=2,...,mg,g=1,...,h,

8) &)
ANE > dogll. (38.67)
reX®
Let also define coefficients, for k € X®, g=1,....hhn>1,

(8) (8) Pe.l _
2O (] dk—n0k+2, ZnOdk[l]lg forn =1,

Odk n—1 (&) Pt
(=1 Zz 27'[05“([1](1 S forn > 1.

(38.68)

The following theorem takes place.

Theorem 38.4 Let condition Bs (with X© = () holds. Then, the following asymp-

totic expansion take place for every fork € X9, g =1,...,h,n > 1,
Tex = 7o s + nOd [le+- ~0<g‘§k[n]g + 0. (38.69)

The proof of the above theorem is similar with the proof of Theorem 38.3.

The case, where the set of transient states X© = ¢J is much more complicated.
This is because of the corresponding stationary probabilities take, in this case, much
more complex forms.

Theorem 38.5 Let condition B3 holds. Then, the following asymptotic expansions,
with coefficients given below in relations (38.86)—(38.89) and (38.92)—(38.93), take
place, fork € X(g),g =1,....,h,n>1,

ok = Togp + Foly [N+ + 75 [n]e" + 0", (38.70)
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and, fork € X n > 1,

Tex = ng‘gk[ue +- ~(§°;k[n]s + 0.

925

(38.71)

Proof Relation (38.28) can be rewritten in the following form, for k € X©, g =

1,...,handn > 1,

Po.dx(m) = Z d; JT(g) + Z Z P:{So =1, Xo, € X(g)}n(g)

ieX® ieX® I=1

(€3] (€3]

+ Y di(p (n) — 7))
ieX®

+ 0 d YD P{Sy =1, Xou = r}(peh(n — ) — )

PeX® =1 rex®

o0
- Z d; Z Pi{So =1, Xo, € X(g)}ﬂé,gk)

ieX©®  I=n+1
(g) (&) (g) (€3]
0.0k T Z di(pgi(n) — 757%)

ieX(®
+ ) D d Zpé",l L= Dposr (i (n = 1) = 7%)
i,s€XO rex®
- Y 4 Z PO = Dpogr (38.72)
i,s€X® rex®  I=n+1
By continuing the above relation, we get, fork € X', g =1,...,handn = 1,
Poas(D) =g+ > dilpeh (1) — ms)
ieX(®
+ 30 dipoi (Ur = k) — )
i€XO rex®
> diPo.srn(g’ZPéofs(l —D. (38.73)
i,5€X0) rex®

and,forkex(g),g: 1,...,handn > 2,
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Po.ax(n) =1y g + Z di (P(()igi)k(”) - ”é?k))

ieX@

+ Z Z d; po.ir(posx(n — 1) — n(g))

ieX® rex®

+ Z Z d; Zp(()o,);(l — DpOsr(Pork(n ) _T[(g))

i,s€XO reX®

i,5€XO pex(®

[e¢]
= >0 > d > ph (= Dpogm. (38.74)

i,s€X® rexX® I=n+1

By using relations (38.27)—(38.28) and by substituting decomposition expressions
(given for the corresponding transition probabilities in relation (38.64)), in relations
(38.73) and (38.74), we get the following relation, for k € X, g=1,...,hand
n=1,

Po.ax(D) =7 g5+ Ad gk (38.75)
where
Ajgr= D D dimiulpgu+ Y D dipoir((r = k) — 7))
ieX® u=2 ieXO rex®

O
-y ZZdﬂéo,)v[t 1Pyl 0 0 (38.76)

i,s€XO rex® t=1 Po.1

and,forkeX(g),g: 1,...,handn > 2,

mg
Podx(n) =7y gy + Z BJ,g,k(”)pg;2
u=2
my mo
+ D Cagu @0 =32 + 3 Da g 0pf? (877)

u=2

where

By w) =Y diw®}ulpl, + Y Y dipoirmssy[ulpj

ieX® ieXO rex®

+ >y Zdn&[t pwno,k[ulnpgu#po,)

i,s€X® rexX® t=1

Pg,ul0,t
— Po,t '
(38.78)
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Cigr@ = > 3> dimg iy [t1po.sr s ull(Pg.u = po.)Pgus  (38.79)

i,s€XO rex® t=1

and

Dy = > Y dimgp[tlpos Uk =r) — 758 pos

i,s€XO reX®

Pg.u 0,
- > Zd AT AT (7 # o)
8g,u

iSEXO reX® u=2 Po.1

2
0,
>y dinég)s[z]po,s,ngf,jl_‘); : (38.80)

i,5€XO rex® 0.t

Two formulas are used, for n > 2, in the above transformations,

> 1
> Py = Ph—— (38.81)
— ’ "1 — po,
and
ZuZ*PSrZ :
Zp(l)llpg ul — Pg.ul0,r Deu—P0s Iog,u ?é £0,t (3882)

(n — 2)p§,u‘ if pg.u = Po.s-

Relations (38.16) and (38.76)—(38.82) imply that the following relation holds, for
keX® ¢g=1,...,h,

ek =& Z Po.ax(m)(1—e)

n=0
=ed+e(l — &)+ Adgx)

00 m;j

+e(l—e) ( > (nO,d,k + ) By ol
o o
+ Z Cou ) =2)py 2 + Z Dy (P} 2)(1 - s)"‘z)
= ﬂou;zk +elde —mogp) +e(1 — 8)Aa,g,k
+ ZBdgk<u>%
i ﬁc"“(“)( pg;m — o) ZD"“(” (g,(l)jm

(38.83)
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Functions (1 — €)%(a + be)~', & € [0, 1] and be(1 — &)3(a + be) 2, ¢ € [0, 1]
admit, for any complex numbers a 7# 0 and b, the following Taylor asymptotic expan-

sions, for every n > 3 and ¢ — 0,

c(l—e)l@+be)y ' '=ale—aa"b+2)e> +a (@ ?b*+2a'b + 1)&?
4o (=D a3 (@2 4 207 b + D" + O™,

and, for every n > 4 and ¢ — 0,

be(l —e)(a+be) 2 =a"%be —a’bQa"'b + 3)&?

+a2bBa*b* +2-3a"'b +3)&’
—a?b(4ab* +3-3a72b* +2-3a7 b + 1)&*

R (_l)ll—la—(n—z)bn—3(na—3b3 + (}’l _ 1) . 3a—2b2

+(n—=2)-3a"'b+ m—3)e" + 0"

(38.84)

(38.85)

By expanding the rational functions of & appearing in the expression on the right
side of relation (38.83) in asymptotic Taylor expansions and gathering coefficients
for ", we get the asymptotic Taylor expansions (38.70) for stationary probabilities

Tex, fork € X®, g =1, ..., h, with coefficients given by the following relations,
lng
~( )
o5 I = (di = 70,340 + Adgi + D Bigu ) Ty
u=2 U

m g

+chgk(u)ﬁ+ZDdgk(I)
Pg.u

me g

7% 121 = ZBdgk(”) ) — Adgk
u=2
p u(s Pe)
_chgk() £ g ZDdgk()
u=2

. o 1
(gg;kB] ZBJ,g,k(“) (1 —pg BE

1
chgk<u> )4+Z dgk(z)(—

0,03

and, forn > 4,

)

81

— L0,z
£0.0)%

(38.86)

(38.87)

(38.88)
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mg

- e O uw
g =0 (L mag s

-3
o Bpgu+n—73)
+ C; () &
MZ; '8 (1 Pg,u)'”l

mo n—3
Do,
+ D; (t)—'). (38.89)
; A= o)

Also, the following relation takes place, for k € X, n > 1,

o0
ek =€ Z Po.axm —e)

n=0
o0
= Sdk +82( Z Znéor)k ,t>(1 —g)n
= rex®
e(l
—edk+ZEd0k( )M, (38.90)
po.(1—¢)
where, fork € X0t =1, ..., my,
Ejoit) =Y dymgilrl. (38.91)
rexX®

By expanding the rational functions of & appearing in the expression on the right
side of relation (38.90) in asymptotic Taylor expansions and gathering coefficients
for ¢", we get the asymptotic Taylor expansions (38.71) for stationary probabilities
e, for k € X©, with coefficients given by the following relations,

paey —dk+2Ed0k(t) po’o (38.92)
=1 !
and, forn > 2,
o n—1
T n— P X
”503 (nl= (=D : Z EJ,O,k(t)%- (38.93)
Y =1 ( - )OO,I)

The proof is complete. O
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38.6.3 Conclusion

The results of the present paper extend results of the paper [3] related to rates of
convergence and asymptotic expansions for stationary distributions 7, for model
with singular perturbations. In paper [3], the case, where the class of transient states
X is empty, was treated. In the present paper, the general singular case, where the
class of transient states may be non-empty is considered. This extension, significantly
complicates the corresponding asymptotic analysis.

In principle, the asymptotic expansions given in Theorems38.3-38.5 can be
improved and given in the variant with explicit upper bounds for remainders,
|0(e")| < G168, & € (0, &,41], with explicit formulas for constants G, and
en+1. We are going to present the corresponding results as well as results of exper-
imental numerical studies and applications to concrete information networks in the
near future.
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