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Abstract The problem of optimising the Vandermonde determinant on a few dif-
ferent surfaces defined by univariate polynomials is discussed. The coordinates of
the extreme points are given as roots of polynomials. Applications in curve fitting
and electrostatics are also briefly discussed.
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33.1 Introduction

A Vandermonde matrix is a well-known type of matrix that appears in many differ-
ent applications, most famously curve-fitting using polynomials. Here we will only
consider square Vandermonde matrices of size n x n.
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Definition 33.1 The Vandermonde matrices are determined by n values x =
(x1,...,x,) and is defined by [14, 15]:

vn(x)z[x;—l]mn: E . (33.1)

The determinant of the Vandermonde matrix is well known, for example, see [1, 22]
for detail.

Theorem 33.1 The determinant of square Vandermonde matrices has the form

det V,(x) = v, (x) = ]_[ (xj — x;). (33.2)

I<i<j<n

This determinant is also referred to as the Vandermonde determinant or Vandermonde
polynomial or Vandermondian [24].

In this paper we will consider the extreme points of the Vandermonde determinant
on surfaces that are implicitly defined by a univariate polynomial in a particular way.
The examination is primarily motivated by mathematical curiosity but the techniques
used here are likely to be extensible to some problems related to optimal experiment
design for polynomial regression, and electrostatics.

This paper collects in a slightly generalized form some previous results, for
detailed discussion see [14, 15], and expands upon them.

The main problem in this paper is to find the extreme points on a surface implicitly
defined by

n m
gr(X) = > R(x;)) =0, where R(x) = Y _rix', r; €R. (33.3)
i=1 i=0
It is previously known where the extreme points are found for the sphere

R(x) :xlz—l-x%—i—-u—l—x,f,

for detailed description of the same, see [22]. In this paper we will examine a few
other surfaces.
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33.2 Some Applications of the Vandermonde Determinant
and Its Extreme Points

The Vandermonde determinant appears in many circumstances, some well known
examples are for proving the Lagrange interpolation gives a unique solution and in
the classical formula for divided differences interpolation by sampling a function f
atn + 1 points [18],

vn(xl» X2y ov vy Xp—1, f()C))

Vi (X1, X2« ooy Xne1y Xp)

[xls X2y 7xl‘l+1]f(-x) =

Another example is in the Harish-Chandra—Itzykson-Zuber integral formula [11, 12,
23] which states that if A and B are Hermitian matrices with eigenvalues A;(A) <
<o < Ap(A)and A (B) < --- < A,(B) then

d i (A) A (B ) ]
/ wane gy etn((n[ifp(t J (A ))],,k)l—[“ (33.4)
Un) t 7 v (AM(A)v,(A(B))

i=1

where v, is the determinant of the Vandermonde matrix.

For the remainder of this section we will list some applications where finding the
extreme points of the Vandermonde determinant or a closely related expression is
important.

33.2.1 Application to D-Optimal Experiment Designs for
Polynomial Curve-Fitting with a Cost-Function

Optimal experiment design is a class of methods for choosing how to collect data used
for curve-fitting to get the best possible result in some sense. There are various ways
to measure the optimality of the design and one simple way is called D-optimality.
Suppose n data points x;, i = 1,2, ..., n are collected from some compact inter-
val, X C R, and the the interpolating polynomial of at most degree n — 1 is computed.
A vector containing the data points, x,, = (x1, X2, ..., xp,) € X™, is called a
design and a design is said to be D-optimal if

det(M,, (x)) = det(My (ym))

for ally € X™, where
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n m n
n Zx,- Zx;’_l
i=1 i=1
n n n
in lez . fo
i=1 i=1

Mn(x) = i=1

n n
n—1 n 2n—-2
E X; E Xiooe E X;

i=1 i=1 i=1

is the Fischer information matrix. This optimality measure is also equivalent (by the
Kiefer-Wolfowitz equivalence theorem) to minimizing the generalized variance of
the coefficients of the interpolating polynomial, so called G-optimalty, see [10, 13]
for detailed discussion.

Noting that the Fischer information matrix is

M, (x) = V,(x) "V, (x)
and, V,(x) is an n X n matrix,
det(M,(x)) = det(V,(x) ") det(V, (x)) = det(V,(x))*.

Thus the maximization of the determinant of the Fischer information matrix is
equivalent to finding the extreme points of the determinant of a square Vandermonde
matrix in some volume given by the set of possible designs, for further details see [ 10].
Usually the set of possible designs can be interpreted to belong in the n-dimensional
cube x € [—1, 1]", and for this volume there are many known results, see [6] for an
overview.

The problem considered in this paper could be applicable to the situation where
a cost-function associated with the data such that the total cost of the experiment
being below some threshold value, g(x) < 1, defines some compact set,

§={xeR"g(x) <1}, such that § C X".

If the cost function for each collected data point is a polynomial R (x) then the volume
of possible designs is given by

Xn:R(x,-) = 1.
i=1
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33.2.2 Application in Electrostatics

A classical problem in electrostatics is to find the equilibrium configurations on a
surface with some fixed and some movable charges each with charge potential v;.
This is done by minimizing the energy of the configuration that is given by the
expression

L(xy,... xn)_ZZvjlog Z |xk—x|

k=1 j=0 I<i<k=<n

where a; denote the fixed charges and x; denote the movable charges.

It can be shown that certain special cases of this problem are equivalent to finding
the extreme points of the Vandermonde determinant, for a recent discussion on this,
see [7].

33.2.3 Application in Systems with Coulomb Interactions

The Vandermonde determinant also appears regularly when discussing systems with
Coloumb interactions, that is systems described by an energy given by

Hy(xi, ..., xy) = Zg(x, X; )+NZV(x, (33.5)
t;ﬁj

where the interaction kernel, g(x), can take a few different forms, for a recent
overview on the same, see [19] for detailed discussion. We will mention a few exam-
ples of interesting systems of this connected to the Vandermonde determinant.

Fekete points: When a function is approximated by a polynomial using interpo-
lation the approximation error depends on the chosen interpolation points. The
Fekete points is a set of points that provide an almost optimal choice of interpola-
tion points [8] and they are given by maximizing the Vandermonde determinant,
this can also be interpreted as minimizing the potential energy of a system with
Coulomb interactions. The type of energy given by (33.5) appears when dis-
cussing various forms of weighted Fekete points. Finding the Fekete points is
also of interest in complexity theory and would help with finding an appropriate
starting polynomial for a homotopy algorithm for realizing the Fundamental The-
orem of Algebra [20, 21].

Sphere packing: Closely related to the problem of identifying the Fekete points is
the optimal sphere packing problem that can be solved by minimizing the “Riesz
s-energies”,
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1
Z lx; — x|

i#]

in the asymptotic case s — oo. For more information about this see [5] for an
overview of the theory and [4, 25] for some recent results.

The ‘Coulomb gas analogy’: In random matrix theory it can be very useful to
compute the limiting value of the so called Stieltjes transform. One method for
doing this is to use the ‘Coulomb gas analogy’ [17]. This is also closely related
to many problems in quantum mechanics and statistical mechanics.

33.3 Extreme Points of the Vandermonde Determinant on
Surfaces Defined a Low Degree Univariate Polynomial

We are interested in finding the extreme points of the Vandermonde determinant
v, (X) on the surface defined by gg(x) = 0 with gg defined in (33.3).

Lemma 33.1 The problem of finding the extreme points of the Vandermonde determi-
nant on the surface defined by gr(x) = 0 can be rewritten as an ordinary differential
equation of the form

f"(x) =2pR'(x) f'(x) = P(x) f(x) =0 (33.6)

that has a unique (up to a multiplicative constant) polynomial solution, f, and any
permutation of the roots of f will give the coordinates of a critical point of the
Vandermonde determinant.

Proof Using the method of Lagrange multipliers we get

v, 0 v
MR- ™ R

an an el Xj— X
i#j
for some A € R.

If we only consider this expression in a single point we can consider v, (X) as a
constant value and then the expression can be rewritten as

1
> = pR'(x)) (33.7)
Xj — Xi

where p is some unknown constant.
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Consider the polynomial

fo) =]Je—x)
i=1

and note that

1f(x) 1

— = . 33.8

2 f'(xy) ;X,’—xi (93.8)
iZ]

In each critical point we can combine (33.7) and (33.8) thus in each of the extreme
points we will have the relation

£ =20R' @) /() =0, j=1,2,....n

for some p € R. Since each x; is aroot of f(x) we see that the left hand side in the
differential equation must be a polynomial with the same roots as f (x), thus we can
conclude that for any x € R

") =2pR'(x) f'(x) = P(x) f(x) =0 (33.9)

where P(x) is a polynomial of degree m — 2.

Using this technique it is also easy to find the coordinates on a sphere translated
in the (1, ..., 1) direction.

Corollary 33.1 Ifx = (xy, x2, ..., X,) is a critical point of the Vandermonde deter-
minant on a surface S C C" then (xy +a, x; +a, ..., x, + a) is a critical point of
the Vandermonde determinant on the surface {x + al € C"|x € S}.

Proof Follows immediately from

Vo (X1 +a,x+a,....,x, +a)= l_[ (xj—i—a—xi—a)
1<i<j<n

= l_[ (xj —xi) =vp(xg, ..., X,).

I<i<j<n

In several cases it is possible to find the extreme points by identifying the unknown
parameters, p and the coefficients of P(x), by comparing the terms in (33.6) with
different degrees and solving the resulting equation system. We will discuss the cases
in the upcoming sections.
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33.3.1 Critical Points on Surfaces Given by a First Degree
Univariate Polynomial

When R(x) = r;x + ry the surface defined by

i:R(xi) =0
i=1

will always be a plane with normal (1, 1, ..., 1) through the point ("—?, :—?, ey ’r—?)
Since,
ro ro ro ro 7o
Vn<x1+_7.x2+_,...,xn+—>: l_[ <xj+__xi__>
r r r I<i<j<n r r

= l_[ (xj —xi) = v (X1, ..., X,).

I<i<j<n

So the Vandermonde determinant will have no extreme point unless a further
constraint is added.

33.3.2 Critical Points on Surfaces Given by a Second Degree
Univariate Polynomial

Surfaces defined by letting

((x + r1)2 — rl2 + 2r0)

N =

1
R(X)Z E)CZ—I-}’]X—}—I‘Q:

will all be spheres around (—ry, —ry, ..., —r;) with radius

7
n{——ro).
> 0
Thus the critical points can be found by a small modification of the technique
used on the unit sphere described in [22].

Theorem 33.2 On the surface defined by

|
gy =Y 35 T X+

i=1
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the coordinates of the critical points of the Vandermonde determinant are given by

the roots of
B n—1 \7 (x+r)
) = H, ((2(;»12 - 2r0)> 2 )

n=2i

8 .
_ (-1) n—1 > (x )Y
_n!g i! (2(r12—2ro)> (n — 20)!

where H, denotes the nth (physicist) Hermite polynomial.

Proof Since
1
R(x) = Exz +rix +r

the differential equation (33.6) will be of the form

f'x) =2p(x +r)f'(x) = pof(x) =0

By considering the terms with degree 7 it is easy to see that pyo = —2n and thus we
get
@) =2p(x +r) f'(x) + 2pnf (x) = 0.

Setting y = p% (x + r1) gives x = 4~ — ry and by considering the function
P2

g(y) = f( > —rl)
IOZ

we can rewrite the differential equation as follows

d? d
dx? 0 dx

” y Ly
S pg W —2p—=p8gX)+2png(y)=0
pZ

& g'()—-2yg(x)+2ngy) =0. (33.10)

Equation (33.10) defines a class of orthogonal polynomials called the Hermite poly-
nomials [1], H,(y). Thus,

F(x) = cHy(p? (x + 1))

for some arbitrary constant c. To find the value of p we can exploit some properties
of the roots of the Hermite polynomials.
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If we let y;,i = 1,...,n be the roots of H,(y). These roots will then have the
following two properties.

Z yi =0 (33.11)
-1
Z 2 M (33.12)
We can see this by letting ex(y1, ... y,) denote the elementary symmetric polyno-

mials and then H, (y) can be written as

Hy(y) =a(y —y1) - (y — yu)
=a,(y" —e11s - Y)Y T e, Y)Y T+ ()

where g(y) is a polynomial of degree n — 3. The explicit expression for H, (x) is
[22]

L3 ]

R N G Ve R
H,(y) = n! g it (n—2i)!
i n—2i
— 2nyn _ 2}1*2”(” _ " 2 +n! Z ( l) (2y) (3313)

i! (n — 2D

Comparing the coefficients in the two expressions for H,(y) gives

a, =2", (33.14)
aner(y1, - - yn) =0, (33.15)
aner(Vi, .., yo) = —n(n — 1)2" 2, (33.16)

Since

n
Ayt o yn) = Vi
i=1

Eq.(33.15) implies (33.11) and since

n
Y=t =2 Y vy
i=1

I<i<j<n

=11y s Y)t —2e2(V1s -1y Yn)

Equation (33.14) together with (33.16) implies (33.12).
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We now take the change of variables x = -%- — r into consideration and get

>
ol

M= ipM-
=, =
I I
= 1]+
I/~
SR
| |
= =
~—
I I
= |,_.
=
M= =
~ SNS—
=) |
| 3
15 -
R
M-
<
SNS—
+
3
all S

Using (33.11) and (33.12) we can simplify these expression

n
> " x; = —nry,
i=1

" -1
Y=t D e
i=1 2’0

This allow us to rephrase the constraint g(x) = 0 as follows

n 2

1 nn—1) nr
g(x):zzxiz-l-rlx,--l-rg:T—Tl—i-nro:O

i=1
and from this it is easy to find an expression for p

_ n—1
p= 8(r12 —2rg)
Thus the coordinates of the extreme points are the roots of the polynomial given in
Theorem33.2.

Remark 33.1 Note that if x, = (x1, x2, ... X,,) is an extreme point of the Vander-
monde determinant then any other point whose coordinates are a permutation of the
coordinates of x,, is also an extreme point. This follows from the determinant func-
tion being, by definition, alternating with respect to the columns of the matrix and
the x;s defines the columns of the Vandermonde matrix. Thus any permutation of the
x;s will give the same value for |v,(X,)|. Since there are n! permutations there will
be at least n! extreme points. The roots of the polynomial in Theorem 33.2 defines
the set of x;s fully and thus there are exactly n! extreme points, n!/2 positive and
n!/2 negative.

Remark 33.2 All terms in H,(y) are of even order if n is even and of odd order
when 7 is odd. This means that the roots of H, (y) will be symmetrical in the sense
that if y; is a root then —y; is also a root. From this it follows that if a point is a



802 A. K. Muhumuza et al.

critical point on the here considered type of surface the points that is opposite of the
circles centre will also be a critical point.

For more details and demonstrations of how to visualize the result see [14].

33.4 Ciritical Points on the Sphere Defined by a p-norm

Definition 33.2 The p-norm of x € R”, where
SZ ={(x1, ..., %) GRZ:X{)“F...—F)C,[::W”},

also denoted by |x]|, is defined as

1
Ix]l, = (Z Ixilp) , for p > 0. (33.17)
im1

Definition 33.3 The infinity norm of x € R” denoted || x|« is is defined as
[Xllo = sup{lx;| : 1 <i <n}. (33.18)

Definition 33.4 The sphere defined by the p-norm, denoted SZ_' (r), for positive
integer p, is the set of all x € R" such that

n

D bl? = Ixlly =P (33.19)

i=1

When r = 1 this is the unit sphere defined by the p-norm, denoted simply S;‘,".
When p increases the points on S;’l approaches the points on the cube so for
convenience we define S”;! as the cube defined by the boundary of [—1, 1]".

Sphere defined by a p-norms include many well-known geometric shapes. For
instance when n = 2, p = 2, then

Szl(r) ={(x1,x2) € R?: x12 +x§ = r2}
is acircle and when n = 3, p = 2, then
S31(r) = {(x1, x2, x3) € R?: xlz +x§ —i—x% =r?
is the standard 2-sphere with radius r.

In the previous section we discussed how the extreme points of the Vandermonde
determinant are distributed for the case p =2 and n > 2. In this section we will
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Fig. 33.1 Illustration of
S;‘,_l forp=2,p=4,
p=06p=2_8,and p =00
with a section cut out. The
outer cube corresponds to
p=0and p=2
corresponds to the sphere in
the middle

examine how the extreme points of the Vandermonde determinant are distributed on
the sphere defined by the p-norm for the cases p € {4, 6, 8} for a few different values
of n.

In Fig.33.1, we illustrate the surfaces generated under S;‘l for the cases p = 2,
p=4,p=06,p=8,and p = oo with a section cut out for internal cross-sectional
view.

Similarly to the previous section we will construct a polynomial whose roots give
the coordinates of the extreme points of the Vandermonde determinant. First we will
consider the case p = 4, n = 4.

33.4.1 The Casep =4 andn=4

We will illustrate the construction of a polynomial that has the coordinates of the
points as roots with the case p = 4, n = 4. If we denote the polynomial whose roots
give the coordinates with P;/(x) and use the same type of argument that was used to
get Eq. (33.6). Taking P (x) to be of the form:

P(x) = x" 4 cpax" 7+ cuax" T4 (33.20)
with every other coefficient zero, when n is even of we have even powers and when
n is odd we have odd powers. By identifying the powers in the differential equation

(33.6) for the case p = 4:

P'(x) + pux> P (x) + (0,x% + T,x + v,) P(x) = 0, (33.21)
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we obtain that 7,,x P (x) does not share any powers with any other part of the equation
and thus 7, = 0. Similarly, identifying the coefficients we obtain pp, + o, = 0. This
leads us to the differential equation

P"(x) + pux* P'(x) + (= ppax® 4+ v,) P(x) = 0. (33.22)

Basing on (33.20) and (33.22), and setting n = 4, p = 4 we get to generate the
system of

i=1

PHxX) = X" 4 CpaX E 4 cpoax 4

P} (x) 4+ pux P (x) + (= ppax® +v,) P (x) = 0.
It follows that;

4
4 4_ 4, 4, 4 4
Sy = E Xj=x{+x; +x3+x;=1,

i=1

Pf(x) =x*+ czp2 +co = Pf/(x) =4x +2c0x = Pf”(x) = 12x% + 2¢5,
thus substituting into the differential equation

(12x2 + 2¢) + ,(),,363(4x3 + 2cox) + (—p/onx2 + 1),1)(x4 +ox’+ co) =0
(v — 2,ocz)x4 + (vep —4pcy + 12))c2 + (2¢; + cov) = 0.

Equating corresponding coefficients as in P (x) we get:

v—2pc; =1
ve, —4pco+ 12 = ¢,

2cy + cov = ¢p.
Setting # = x* we can express S; and P (x) as follows:
4
Si=27+265=2) 12=1
i=1
4 _ .4 2 _ 2 _
Pix)=x"+ap +c=t"—t+t)t+ 1t =0

Also equating coefficient in P}/ (x) gives
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Io+1t =c, ftot1 =¢Co
Snh FE=an =ttt =on =t =0t —c
=13+ tot = oty = 13 + cot = ety = 13 = caty — ¢
4
Sty +1 =calto+h) =200 =0 —2c0=2Y 1§ =2(c; —2c0) =1
i=1

This now gives a fourth equation so as to solve the system:

v—2pc =1 (33.23)

ve, —4pco+ 12 = (33.24)
2¢y + cov = ¢ (33.25)

2(c3 —2¢p) =1 (33.26)

From we obtain v = 1 + 2pc; and substituting this into (33.24) gives
(14 2pc2) —4peo+ 12 =3 = p (2(c3 — 2¢0)) = —12 = p = —12.

To get the last equality use (33.26) and the fact that ¢, # 0.
Using this value in the expression for v we obtain v = —24¢;, and substituting
this value into (33.24) gives

1
2¢y +co(1 —24¢2) =co = 2c(1 —12¢)) =0 =1 —12c0 =0 = ¢¢ = o

where the last equality follows from ¢, # 0.
Now with p = —12, ¢g = 1/12, using (33.26) we obtain

1 2 8
2 2—2 :1:} = — _— = — =
(€3 = 2¢o) QEZTR TR T

Therefore we obtain P (x) = x* — %xz + 5.
In Sect.33.4.2 we will generalise this technique somewhat.

33.4.2 Some Results for Even n and p

In this section we will discuss the case when n and p are positive and even integers,
and n > p. We will discuss a method that can give the coordinates extreme points
of the Vandermonde determinant constrained to SZ", as defined in (33.19), as the
roots of a polynomial.
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First we will examine how this optimisation problem can be rewritten as a differ-
ential equation similar to (33.21).

Lemma 33.2 Letn and p be even positive integers. Consider the unit sphere given
by the p-norm, in other words the surface given by

Xn:xip = 1}.
i—1

Sh = {(xl,...,xn)eR"

There exists a second order differential equation
PP (x) — 2= 2x” LPP (x) + QL (x) PP (x) = 0, (33.27)

where Pl (x) and QF (x) are polynomials of the forms,

1
Zn—1

PP (x) = x4+ Z Coix>
i=0
and
3p=2
QF(x) = —apox" >+ Y (=Dayx’

i=0

There is also a relation between the coefficients of Pl and QY given by
R n+ 2j
2j2j = Derj + (Z @y Co(j—k— 1)) + — P ap_2cj_p, =0 (33.28)

forlfjf%wherecnzl, ce =0 for k¢{0,2,4,...,n} and a, =0 for
k¢{0,2,4,...,p—2}.

Proof This result is proved analogously to how (33.6) is found. Define
PP(x) =[x —x)

and note that ,
1P (x) 1

2PV (x)

X —x,
i=1

Now apply the method of Lagrange multipliers and see that in the critical points
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n

= pR'(x))
) .Xj — X

i=1
i#]

where p is some unknown constant.
In each critical point we can combine the two expressions and conclude that

PP (x;) =2pR'(x;)P'(x;) =0, j=1,2,...,n

for some p € R. Since each x; is aroot of f(x) we see that the left hand side in the
differential equation must be a polynomial with the same roots as P! (x), thus we
can conclude that for any x € R

Pl (x) = 2pR' ()Pl (x) = Q(x) f(x) =0

where Q(x) is a polynomial of degree p — 2.

By applying the principles of polynomial solutions to linear second order dif-
ferential equation [2, 3], expanding the expression accordingly and matching the
coefficients of the terms with different powers of x you can see that the coefficients
of P(x) and Q(x) must obey the relation given in (33.28).

Noting that the relations between the two sets of coefficients are linear we will
consider the equations given by (33.28) corresponding to

. n—2n n+p-—2
Jj € S Ty
2 2 2

the corresponding system of equations in matrix form becomes

[Cho2CnaCng-- ca Leupal [ al [—nm—-1T
p—2
1 Cp—2 Cp—q *++ C6 ’Zl Cn—p a 0
0 1 Ch—p - Cg p; Cn—p42 aq 0
_ , . (3329)
4
0 0 0 --vcu2 SCna ap—4 0
Lo 0 0 1 Z¢ [lapal [ 0
n+p—2

By solving this system we can reduce the equations given by matching
the terms to % equations that together with the condition given by (33.19) gives
a system of polynomial equations that determines all the unknown coefficients of
P(x).

To describe how we can express the solution to (33.29) we will use a few well-
known relations between elementary symmetric polynomials and power sums often
referred to as the Newton—Girard formulae, and Vieta’s formula that describes the
relation between the coefficients of a polynomial and its roots.
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Here we will give some useful properties of elementary symmetric polynomials
and power sums and relations between them.

Definition 33.5 The elementary symmetric polynomials are defined by

n
el(xl,-..,xn)=2x,-,

i=1
er(x, ..., Xp) = Z Xi\ Xi

1<iy<i,<n

e3(x1, ..., x,) = E Xi\ XiyXiy

1<i|<iz<iz<n

en(X1, ..., X,) = E Xiy XiyXiy Xis

1<ii<...<ipm<n

e (X1, ..., X)) =X1X2 - Xy

The elementary symmetric polynomials can be used to describe a well known
relation between the roots of a polynomial and its coefficients often referred to as
Vieta’s formula.

Theorem 33.3 (Vieta’s formula)
Suppose x1, ..., x, are the n roots of a polynomial

Xt ox™ N e
Then ¢y = (—D¥e(x1, ..., xy).

n

Definition 33.6 A power sum is an expression of the form py (xy, ..., x,) = Z xik .
i=1
Theorem 33.4 (Newton-Girard formulae) The Newton—Girard formulae can be
expressed in many ways. For us the most useful version is the determinantal expres-
sions. Let e, = ey (x1, ..., x,) and pr = px(x1, ..., X,) denote the elementary sym-
metric polynomials and the power sums as in Definitions33.5 and 33.6. Then the
power sum can be expressed in terms of elementary symmetric polynomials in this
way

(] 1 00
2e, ep 1 00
383 (5] €1 00

Pk

(17 - l)en—l €p—2 €p—3 - €] 1
pén €n—1 €p—2 - €3 €]
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Proof See for example [16].

Lemma 33.3 Using the following notation

2m

Cn Cm—1 Cp—2 * - * C2 TCI
2m—2

L oem emor -3 F=c

0 1 Cm v Ca 2";_—403

(e, ca,vnnsCm) = | . . L . (33.30)

4

0 0 0 Cm 5 Cm—1

0 O 0 1 =2¢,

and t,(c) = %c.

Proof Comparing the expression for ¢, with the relations given in Theorem 33.4 it
is clear that these relations are equivalent to the Newton-Girard formulae with some
minor modifications.

Lemma 33.4 For even n and p the condition (33.19) can be rewritten as
—n tn(cnfpf% Cn—ps-vns ) =1

where t, is defined by (33.30).

n
Proof Note that the expression g,(x1, ..., X,) = lep =1 is a power sum. By

1
Theorem 33.4 the following relation holds:

€] 1 00
262 el 1 00
3e3 e e 00
gp(x) =
(p—Dep_1ep—nep—3---€e 1
pén €n_1 ep_n - €3 €]
where e, is the k:th elementary symmetric polynomial of xi, ..., x,. Using Vieta’s

formula we can relate the elementary symmetric polynomials to the coefficients of
P (x) by noting that

71 n
P(x) = x" + Z cz_szj = Z(—l)kekx”_k

j=1 k=1

or more compactly exx = ¢,—2.
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With exr = ¢,—2r and ez = 0 we get

0 1 0 00

2¢h—2 0 1 0 0

0 Cn—2 0 0 0

gp(x) — 46‘,,,4 0 Cp—2 0 0
0 Cn—p-2 0 - 001

PCn—p 0 Cn—p—2 " Cn-2 0

Using Laplace expansion on every other row gives

0 1 0 0--- 00
2chp 1 0 00

2¢cp,p, 0 1 0--- 0 O
0 0 1 00

0 ¢4 0 1--- 00
0--- 0 0 46,1_4 c,,_20 0 0

gp(x)z 4Cn—4 0 Cn—2

0 ca 0 ¢c4--- 0 1
pp 0 ¢ 0---¢,»0

pco 2 0--- Cn-2 0

2¢c,» 1 00--- 0 O 2¢,_n 1 0 0
4Cn_4 Cp—2 10-- 0 0 4Cn_4 Cp—2 1 0 0
0 0O 01--- 00 6Ch_6 Cpn4Ch--- 0 0
0 0O 00--- 0 1 (p—2)c; ¢4 ¢ -+ Cpp 1
pCo €2 C4C6 - Cr2 0 Pco C2 €4 v €y4Cpa
CpCpi1Cpa--cr Lo
1 ¢, cpo1 o003 p;202
0 1 ¢ aa p;4C3 »
=—-n . . . . . . =(_1)5ntl’l(c2.ac4v"'7cp)
o : L
0 0 0 ¢ L Cp—1
00 0 -1 2¢,
Thus g, (x1, ..., x,) = 1is equivalent to —nt,(c2, c4,...,cp) = 1.

Lemma 33.5 The coefficients of the polynomial Q(x) in (33.27) can be expressed
using the coefficients of P(x) as follows

p

ar—r = (=D (n — Dity(Comprorsas -+ Cna)y k=1,2, ..., > (333D



33 Extreme Points of the Vandermonde Determinant on Surfaces ...

Proof By (33.29) we can write

ap _Cn—2 Cn—4 Cn—6 *** Cn—p—a fcn—p—Z _—n(n — 1)_
p—2
ap 1 Cn—2Cp-g " Ch—p—6 —5 Cn—p 0
as 0 I cpa- - Caps = Cn—p+2 0
ap—4 0 0 0 Cp—2 4 Cn—4 0
| dp—2 | L 0 0 O 1 S Cn2 i 0 ]
and using Cramer’s rule we get
det(T;,, p k)
ap—o2k =
p
Iy (cn7p72s cee cn72)
where
[Cn2 Cnd = Cnya —n(m—1) chgpa -+ Lcypyn 7]
p—2
1 ci2-r 0 Cnk—4 * " Cn—p
0 1 © Cp—2k—2 0 Cn2k—6 "+ == Capia
Tn,p,k = . . .
0 0 0 0 0 = Chog
L 0O O 0 0 0 = Cp2
Cn—2 Cp—4 *** Cp—2k+2 —n(n—1)
1 Cn—2 Cn—2k 0
0 1 © Cp_2k—2 0
: : : : M
0 0 0 0
L 0 O 0 0 A

By moving the k:th column to the first column and using Laplace expansion det(7%)

can be rewritten on the form
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O
01 -~
00 1
det(T, p k) =(—=Dfa(n =110 0 0 M =—nmn — 1)|M]|
00 0
00 --- 0
00 -.- 0
Cp—2 """ Cil—])+2k p;% Cn—p+2k+2
I - prokt2 pfnkfz Cn—p+2k-+4
=—nn-—1) :
0o - Cn—2 j_‘ Cn—4
o ... 1 2eun
=(=1*n( — Dty(Cn—prakt2s -+ Ca2)
We can also use Lemma33.4 to note that #,(¢,—p—2, ..., Ch—2) = ’,—11 and thus
det(T,, P k) k
o = L = (="' — D, (c,— ey Cae
Ap_2k s Or2) (=D""'n"(n — Dty (cp—pror+2 Cn-2)

Theorem 33.5 The non-zero coefficients, cox, in PY that solves (33.27) can be found
by solving the polynomial equation system given by

j—1
2j(2j = Deaj + <Z(—1)”"“n2(n — Dtn(Cn-gis2, - cn_z>)

k=0
+nmn—1Dn+p—=2)t,(Chpsss .., Cn=2) =0,

forj=0,...,5—1

Proof The equation system is the result of using (33.31) to substitute the a; coeffi-
cients in (33.28).

Using Lagrange multipliers directly gives a polynomial equation system with n
equations while Theorem 33.5 gives 5 equations.

As an example we can consider the case n = 8, p = 4. Matching the coefficients
for (33.27) gives the system
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and rewriting the constraint that the points lie on S gives 2¢Z — 4c4 = 0.

apco +2¢co =0,
apcy + axeo + 12¢4 = 0,

3
30ce + agcs + Zazcz =0,

1
56 + apce + Ea204 =0,

1
_ =0,
ao + 40206

In this case the expressions for ay and a, becomes quite simple

813

Table 33.1 Polynomials, P, whose roots give the extreme points of the Vandermonde determinant
on the sphere defined by the p-norm in n dimensions

n=2
2 3
Pzz(x) =x2— §,P4(x) =x2— lf P6(x) =x%— %, sz(x):xz— %
n=3
3
P23(x) =x3 = %x, P43(x)_x — —«/Ex P6(x) =x3 = —x Pg(x) =x%— %
n=4
PHx) =x* = Ix2 4+ 4, PRx) = x* — ¥ x2 + &
2 2 as: T4 3 2° )
Pi) =xt - LW+ )ik %(9 - \/33) WHB+D3
Pi(x) = x* — L3045 — 30) 22 + ﬁ(ﬁ— 5) 307/5 — 30
n=>5
1 2f 10} 103
P25(x):x5—zx, Pf(x):x5 3+20x P6(x)—x 2 X+ gox
P(x) = x5 — Y10(50/13 4 10)4x + 130 (5v/13 = 55) V50VI3 + 10
n==6
P26(x) =x0— %x4 + %xz - ﬁ
Pf(x) — 6 _ «/so;rozoﬁﬁ + T@xz _ (—4+2ﬁ%8/050+20~/§
n=7
P27(x) =x' - %xs-i—g%xg’— ﬁ
7oy 7 A/1050+84+/109 5 «/10 _ (=16+24/109)4/1050+-84+/109
Pi(x)=x"— %) 4+ 10584
n=23
Ps(x):x— X0 4 L2t o2y
2 2 224 6272 1404928 ’
Pf(x) — 8 _ «/140+42 6+< f)

_(14o+42f 63 |, 29414014276 | .2 3 6
_( 16464 + 2352 X = 1

3136
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ag = —11266,
ay = 448,

By resubstituting the expressions into the system, or using Theorem 33.5 directly
an equation systems for the ¢y, ¢z, ¢4 and c¢ is given by

112¢coce + 2¢c9 = 0,

—112¢crc6 + 448co + 12¢4 = 0,
—112¢4¢6 + 332¢> + 30cg = 0,
—2¢¢ +4cy+1=0.

The authors are not aware of any method that can be used to easily and reliably solve
the system given by Theorem33.5. In Table33.1 results for a number of systems,
both with even and odd n and various values for p are given. These were found by
manually experimentation combined with computer aided symbolic computations.

33.5 Some Results for Cubes and Intersections of Planes

It can be noted that when p — oo then S;" as defined in the previous section will
converge towards the cube.

A similar technique to the described technique for surfaces implicitly defined by
a univariate polynomial can be employed on the cube. The maximum value for the
Vandermonde determinant on the cube [—1, 1]” has been known for a long time (at
least since [9]). Here we will show a short derivation.

Theorem 33.6 The coordinates of the critical points of v,(X) on the cube X, €
[—1, 11" are given by x; = —1, x, = 1 and x; equal to the ith root of P,_,(x) where
P, are the Legendre polynomials

n (n ntk—1
— on 2
Pl =2 ) (k)( " )
k=0
or some permutation of them.

Proof 1t is easy to show that the coordinates —1 and +1 must be present in the
maxima points, if they were not then we could rescale the point so that the value of
v, (X) is increased, which is not allowed. We may thus assume the ordered sequence
of coordinates

—1l=x < <x, =+l

The Vandermonde determinant then becomes
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n—1
v =2][a+x0-x) [] & —x.
i=2 l<i<j<n

and the partial derivatives become

n—1
vy 1 1 1
=, _ , 1<k .
Xk va(X) xk+1+xk—1+z i =r=n

v,

Xy

n—1

and choosing f(x) = n(x — xy) gives that in each coordinate of a critical point

k=2
1 1 1 f"(xx)

— =0, 1<k<n,
x+1 x—1 2 f'(x)

& (1=x2)f"(x) +2x f () = 0, l<k<n

and thus the left hand side of the expression must form a polynomial that can be
expressed as some multiple of f(x)

A= x)f"(x) —2xf'(x) —of(x) =0. (33.32)

The constant ¢ is found by considering the coefficient for x"~2:

mn—-—2)n-3)+2m—-2)—0=0 & o=m—-2)(n—1).

This gives us the differential equation that defines the Legendre polynomial P,_,(x)
[1].

The technique above can also easily be used to find critical points on the intersec-
tion of two planes given by x; = a and x,, = b, b > a.

Theorem 33.7 The coordinates of the critical points of v, (X) on the intersection of
two planes given by x; = a and x, = b are given by x,,_| = a, x, = b and x; is the
ith root of P,_» (ﬁ) where P, are the Legendre polynomials

. n n n+k—1
ro=r 55

k=0



816 A. K. Muhumuza et al.

or some permutation of them.

Proof We assume the ordered sequence of coordinates
—l=x<-<x,=+41.

The Vandermonde determinant then becomes

n—1
) =b-a][@-xb-x) [] ;—x)
i=2

l<i<j<n
and the partial derivatives become
—1
AV, 1 1 . 1
=v,(x + + , 1 <k<n.
Xx n() Xy —a xx—>b Zxk—x,-

=2
£k

Using Lagrange multipliers the resulting equations system becomes

v,
Xk

n—1

and choosing f(x) = H(x — xy) gives that in each coordinate of a critical point

k=2
1 1 1 £
+ _f(xk)=07 1 <k<n,
xx—a xx—b 2 f'(x)
& (1 —x)f () + 2 f () =0, 1 <k<n,

and thus the left hand side of the expression must form a polynomial that can be
expressed as some multiple of f(x)

x—a)x =D f' )+ Q2x—a—-bf'(x)—of(x)=0.
The constant o is found by considering the coefficient for x"~2:
mn—-2)n-3)+2m—-2)—0=0 & o=m—-2)(n—1).

The resulting differential equation is

- =D f' )+ 2x—a-bf'x)—m—-2)m—1Dfx)=0.
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If we change variables according to y = 3= and let g(y) = f(y(b — a) + a) then
the differential equation becomes

Y& =Dg"G) + 2y — D) — (n—D(n —2)g(y) =0

which we can recognize as a special case of Euler’s hypergeometric differential
equation whose solution can be expressed as

g(y) =cFi(1 —n,n+2;1;y), for some arbitrary ¢ € R,

where , F| is the hypergeometric function [1]. In this case the hypergeometric function
is a polynomial and relates to the Legendre polynomials as follows

2Fi(l —n,n+2;1;y) =nlP,_»(y)

thus it is sufficient to consider the roots of P,_» (;:Z)

33.6 Conclusion

In this paper we discussed the extreme points of the Vandermonde matrix on surfaces
defined implicitly by (33.3).

We can find polynomial expressions that has the coordinates of the extreme points
as roots when the surface is a sphere or cube. We also examine how to construct
similar polynomials when the surface is a sphere defined by a p-norm. A technique
for rewriting the problem as a smaller number of equations is demonstrated but the
resulting systems are still challenging to solve in most cases.
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