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Abstract The existence of common fixed points of cyclic contractive mappings
satisfying generalized integral contractive conditions in multiplicative metric spaces
is studied. The well-posedness of common fixed point results and periodic point
results of cyclic contractions are also established. These results establish some of the
general common fixed point theorems for self-mappings.
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31.1 Introduction. Cyclic Contraction Mappings with
Restrictions of Integral Type

There are various extensions and generalization of Banach contraction principle [11]
are established in [1-10, 21, 22, 24, 25, 27, 29-33, 37-42]. In 2003, Kirk et al. [28]
studied the cyclical contractive condition for self-mappings and proved some fixed
point results as an extension of Banach contraction principle [11]. It is important
worth of cyclic contraction mappings that although a map that satisfy the Banach
contraction is always continuous, but a map that satisfy cyclic contractive condition
need not to be continuous. Pacurar and Rus [35] obtained some fixed point results for
cyclic weak contraction operators. Piatek [36] studied various theorems for cyclic
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Meir-Keeler type contractive maps. Karapinar [26] proved fixed point theorems
of cyclic ¢-weak contraction maps. Derafshpour and Rezapour [17] obtained best
proximity points results for cyclic contractive nonself maps. Ozavsar and Cevikel
[34] established a famous Banach contraction-principle in another setup known as the
multiplicative metric space. They obtained the structure of topology and properties
of multiplicative metric space. The multiplicative calculus concepts along with some
fundamental results dealing with multiplicative calculus were created by Bashirov
et al. [13]. The applicability of multiplicative calculus based problems in the field
of biomedical-image analysis were shown by Florack and Assen [20]. Also, the
common fixed point based theorems of maps under weak commutative conditions
were proved by He et al. [23]. Recently, Yamaod and Sintunavarat [43] provided fixed
point theorems of cyclic contractive based maps under (o, 8)-admissible restriction
in a multiplicative metric space structure.

In this work, we establish common fixed point results of cyclic contraction map-
pings with restrictions of integral type in multiplicative metric space. Well-posedness
based results and periodic point results are also proved.

For a non-empty set X and selfmapping f : X — X, a point u in X satisfy
f (u) = u, then we call it a fixed point of f. We denote the collection of all fixed
points of self-map f : X — X by F (f). Also if a point u in X satisfy f (u) =
g (1) = u, then we call it a common fixed point of f and g. We denote the collection
of all common fixed points of self-map f,g: X — X by F (f, g).

Definition 31.1 Let A and B be non-empty subsets in X and (X, d) be a metric
space. A mapping T : AUB — A U B is called a cyclic map if T(A) € B and
T(B) C A.

Kirk et al. [28] showed the following interesting result for fixed point of map 7.

Theorem 31.1 Let A and B be nonempty closed subsets of X and (X, d) be a
complete metric space. If the mapping T : AU B — A U B is cyclic map satisfying

d(Tx,Ty) <kd(x,y) for all x€ A and y€ B (311

fork € [0, 1), then T has a unique fixed point in A N B.

Definition 31.2 Let A and B be non-empty subsets in X with (X, d) a metric space
and f,g : AUB — A U B be two maps. Then A U B has a cyclic representation
w.r.t. the pair (f, g) if f (A) € B,g(B) C Aand X = AU B.

31.2 Common Fixed Points of Cyclic Contraction
Mappings

In this section, common fixed point results for cyclic self-mappings on A U B are
proved with restriction of Integral type conditions. We start with the following result.
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Theorem 31.2 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f,g : AU B — A U B satisfy
that

(@) AU B has a cyclic representation w.r.t. the pair (f, g), that is, f (A) C B,
g(B)YCAand X = AUB.
(b) for any real number c € [0, 1),

d(f(2),8()) M(x,3)
f w(k)dkff v (M) dr forallx € Aandy € B,
1 1

where M (%, §) = max{d‘(%, §),d°(X, f (£)),d“(}. g (¥))} and ¥ : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00) , and for each e > 1, [{ ¥ (\)d (A) > 0.

Then there exists atmost one u € X satisfiest = fu = gu. Moreover,ii € ANB
and any fixed point of f is the fixed point of g and conversely.

Proof First, to prove that any fixed point of f is the fixed point of g, we suppose
i€ ANBwithi = fu. Thenforii € Aaswellasu € B,

d(i,g (i) d(f(i),g(@)) M@.a)
/ wmdA:/ v 0ydr < [MED gy dn,
1 1

M (i, ity = max{d (@1, i), d“ (i, f (i), di, g (@)} = d° (i, g (2)).

that is,
d(i,g()) d“ (i1, g (it))
/ w(k)dkff v (L) dA.
1 1

Asc < 1,soitfollows thatd(ii, g(ii)) = 1 and hence it = g (i) . Thus it = f (i) =
g (). Similarly, for i = g (it) provides it = f (i) = g ().

Suppose x is the arbitrary pointin A. Letx; = fxpandas f (A) C B, sothat we
obtain x; € B. Again let x, = gx; and since g (B) C A, so that x, € A. Continuing
this way, define the sequence {x,} in X with fx,, = x2,4+1 and gxo,4+1 = Xx2,42 for
n=0,1,2,..

For x,, € A and x,,,1 € B, we obtain

d(X241,X2142) d(f(x2,),8(x2041)) M (X2, X2n41)
/ wx)dx:/ ¥ 0 dx s[ ¥ 0)da,
1 1 1

M (x24, Xon41) = max{d (X2, X2n+41), d° (X2, [ (x24)), d“(X2n41, & (X2041))}
= max{d® (Xon, Xon+1), d(X2n, X2n11), d° (Xon41, X2n42)}

= max{d(x2n, X2011), d° (X2n41, X2042)}
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that is,
d(Xopy1:X2042) max{d® (x2, . X20-+1),d° (X2n+1,%20+2)}
f Y (A)dr < / v () dA. (31.2)
1 1

NOW7 if max{d” (xZny X2n+1 )a d¢ (x2n+l ) x2n+2)} =d° (x2n+l ) x2n+2)a then

d(X2nt1,X2n+2) d (Xon41,X2n+2)
/ ¥ (A)da sf V(L) dx,
1 1

and so d (X241, X2n42) < d°(X2n41, X2042). Since ¢ < 1, 80 d(X2,41, X2042) = 1 and

hence x2,41 = X2n42. AS gX241 = X2442, SO gX2u41 = X2n41, that is, xp,41 is the

fixed point of g. So by above conclusion, x;, is a common fixed point of f and g.
If max{d®(x2,, X20+1), d° (X2n41, X2042)} = d° (X2, X2441), then

d(X2n+1,X21+2) d€(x2n,X2n+1)
/ v (M) dr 5/ V(L) dA.
1 1

By similar steps, we can show that

d(X2n42:X21+3) d (X2n41,X20+2)
/ w(/\)dks/ ¥ (M) dA.
1 1

Thus for alln > 0,

d(x, Xng1) d€(Xp—1,%,)
/ ¥ A da 5/ ¥ () di.
1 1

Continuing this way, we obtain

d(xnsx»erl) d((xn—hx/x)

/ ¥ 0 da 5/ ¥ 0 di
1 1
4 (tn21%n-1)

/ v (A)dA
1

d" (x9,x1)
L=< f Y (A)dA.
1

IA

IA

As 0 < ¢ < 1, we further have
d(Xp,Xny1)
/ Y A)dr— 0 as n— oo
1

and thus d(x,, x,+1) — 1l asn — oo.
Form,n € N withm > n,
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d(xp, x5) < d(xn, Xne1) - d(Xpars Xna2) -+ - d(X—1, Xi)
< d” (xo, x1) - d" (x0, 1) - - - 4" (x0, x1)
= (d(xg, x))"+
< (d(xp, xp))"" (et

< (d(x0,x1)) 1= = 1 as n,m — oo.

Thus
d(xn,%)
/ Y (A)dr—> 0 as m,n — o0
1

and {x, } is Cauchy sequence in complete (X, d). We obtain element z € X for which
X, —> zasn — oo, or lim d(x,,z) = 1.
n—oo

As {x,} is a sequence in closed set A with x,, — zasn — 00, so z € A. Also,
since the sequence {x,,} is contained in closed set B with x5,+; — z asn — 00,
soz € B.

Now we are to show that fz = z. For z € A and x3,4+1 € B,

d(fz,xm+2) d(fz,8%m+1) M (z,x20+1)
/ 1//(A)dk=/ W(A)d)nif v () di, (31.3)
1 1 1

M(z, x2u11) = max{d(z, X2n41), d° (2, f (2)), d° (X2041, § (X2041))}
= max{d“(z, X2n41), d°(2, f (2)), d“ (X2n41, X2042)}

which gives lim M(z, x5,41) = max{l,d(z, f (z)), 1} = d°(z, f (2)). Thus by
n—o0

passing to the limit as n — oo in (31.3) implies that

d(fz.2) d°(z. f2)
/ v Q) dr = / v (A)da,
1 1

thatis, d(z, fz) = 1, thatis, z = fz. Hence by above conclusion, z = fz = gz.
Now we are two show the uniqueness. Suppose that, their exist w;, w, € AN B,
where w; = fw; = gw; and wy = fw, = gwy.
So that for w; € A and w, € B, we have

d(wi,w2) d(f(w1),gw2)) M(wi,w2)
/ ¥ 0 di =[ ¥ 0 dx S/ ¥ 0 di,
1 1 1

M(wy, wy) = max{d(wy, wp), d“(wi, f (W), d“ (w2, g (W)}
= max{d‘(wi, wp), 1, 1} = d° (w1, wp),
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d(wi,w2) d¢(wi,w2)

that is, / Y (A)dr < / ¥ (X)) dA, which gives d (w;, wp) = 1 and
1 1

hence w; = w,. Thus common fixed point of f and g is unique in A N B. (]

Corollary 31.1 Let (X, d) be complete multiplicative metric space and A and B
be non empty closed sets in X. If mappings f,g: AU B — AU B satisfy that

(@) AU B has a cyclic representation w.r.t. the pair (f, g), that is, f (A) C B,
g(B) S AwithX = AUB.
(b) for any real number ¢ € [0, 1),

d(f().8()) de(%,3)
/ w(k)dkff Y (M) dr forallx € Aandy € B,
1 1

where r : [0, 00) — [0, 00) is a Lebesgue integrable function with finite integral
on each compact set in [0, 00), and for each ¢ > 1, ff v (A)d @A) > 0.

Then there exists at most one ii € X satisfies i = fu = gii. Moreover, i € AN B
and any fixed point of f is the fixed point of g and conversely.

In case f = g in Theorem 31.2, we obtain following fixed point result of cyclic
contraction under restriction of integral type contractive mapping.

Corollary 31.2 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mapping f : AU B — A U B satisfies

(@ fA) S Bandg(B) C AwithX = AU B; and
(b) for any real constant c € [0, 1),

d(f(%).g(9)) N(X,9)
f w(x)dng v (M) dr foralli € Aand $ € B,
1 1

where N(%, 9) = max{d® (%, §). d°®. f (£)).d°G. £ ())}. andy : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00), and for each ¢ > 1, ff v (A)d @) > 0.

Then there exists at most one it € X satisfies i = fu. Moreover, it € AN B.

Theorem 31.3 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. If mappings f, g : AU B — AU B are satisfying that

(@) AUB hasacyclic representation w.r.t. the pair (f, g),i.e., f (A) € B,g(B) C A
and X = AU B.
(b) for any real constants cy, ¢z, c3 withc; + ¢ +¢3 € [0, 1),

d(f(%),8()) M*(X,3)
/ w()»)dkgf Y (M) dr forallx € Aandy € B,
0 0
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where M* (&, §) = d° (%, ) - d*(%, f (%)) - d(§. g (§)) and ¥ : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00), and for each ¢ > 1, ff v (A)d @) > 0.

Then there exists at most one u € X satisfies it = fit = gii. Moreover, i € ANB
and any fixed point of f is the fixed point of g and conversely.

Proof First we prove that any fixed point of f is the fixed point of g. Suppose that
i € AN B with it = fui. Then we have it € A as well as &I € B and we have

d(i,g (i) d(f(i),g()) M* (i, i)
/ wam:f ¥ 0 da 5/ ¥ 0 di,
1 1 1

M* (@, i) = d°' (i, @) - (@, f(a)) - d @, g () = 1-1-d° (4, g (7)),

that is,
d(in,g(i)) d3(i1,8(in))
/ ¥ () dA 5/ ¥ () do.
1 1

Asc; < 1,soitfollows thatd(il, g(i1)) = 1 andhence it = g (ii) . Thusii = f (i) =
g (&). Similarly, we can show that if & = g (i), then we have i = f (&) = g (i1).
Suppose x is the arbitrary point in A. Let x; = fxg and as f (A) € B, so that
X1 € B. Again let x, = gx; and as g (B) C A, so that x, € A. Continuing this
way, define a sequence {x,} in X with fx;, = xp,41 and gx2,11 = X2, for all
n=0,1,2, ..
For x,, € A and x,,41 € B, we obtain

d(Xany1.X2042) d(f (x21),8(x2n+1)) M*(x20,X2041)
/ o= [ voars [ ¥ G da,
1 1 1

M* (X2, Xon41) = d' (Xon, X2ng1) - A2 X2n, [ (X20)) - d° (X2ng1, &8 (K2n41))
=d“ (x2nv x2n+l) -d? (-x2n» x2n+1) -d® (x2n+1 s x2n+2)

= (d(x2n, X2041))"' T2 - d° (Xon41, X2n42),

that is,

d(X2nt1:X20+2) (d (X2, X2n41)) 12 +d3 (Xan 41 . X2n42)
/ v (W) dh < f v (Wdh.  (3l4)
1 1

Now, if (d (X2, X2041))' T2 < d® (X241, X2n42), then we obtain
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d(Xo+1,%2m+2) (d(X2ni1,X2n42)) 1 F2H3
f Y (M) dr < / ¥ (M) da,
1 1

which implies that d(x2,+1, X2n42) < (d(x2141, )C2n+2))c'+62+63. Since ¢; + ¢ +
c3 < 1,50 d(x241, X2n+2) = 1 and hence xp,4+1 = X2,42. As we have gxy,+1 =
X242, SO 8Xopt1 = Xou+1, that is, xp,4 is the fixed point of g. Thus by above
conclusion, xp,+1 € F (f, g) .

AISO’ in case (d(x2ns -)CZnJrl))CI-H‘2 = de (x2n+17 -x2n+2)s then

d(X241,%2+2) (d(xan,Xan41)) 123
/ voas [ oy
1 1

that is,
d(xX2n41,X2012) (d(x20,X2041))"
/ ¥ () di 5/ ¥ () dA,
1 1

where n = ¢; + ¢» + ¢3 < 1. Similarly, it can be showed that

d(X242,%2143) (d(x2n41,X2042))"
/ v (M) dr 5/ V(L) dA.
1 1

Thus for alln > 0,

d (X, Xp41) (d(xp—1,%))"
/ v (0)dh < / ¥ (V) di. 31.5)
1 1

Continuing this way, we obtain

d(x,,,x,,H) (d(xn—laxn))n
/ Y (L) dA s/ ¥ (L) dA
1 1
(A Gn2, %0 )"
< / ¥ () dA
1

d(xo.x )"
< / W (L) dA.
1

A

As 0 < n < 1, it implies
d(Xp,Xny1)
/ Y (A)dr — 0 as n - o0
1

and we have d(x,, x,4+1) — 1 asn — oo.
Form,n € N withm > n,
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d(xp, xp) < d(xy, Xpa1) - dXpa1y Xpa2) - - d (X1, Xp)
< (d(x0, x))"" - (d(x0, )" -+ (d(x0, x1)"
= (d(xg, )" T

(1 24 ...
< (d(xg, xp))" )

’ :
< (d(xp,x1)™" — 1 as n,m — oo.

Thus
d(Xp,Xm)
/ Y (A)dr— 0 as m,n — o0
1

and {x,} is a Cauchy sequence in complete multiplicative space (X, d). And we
obtain z € X for which x, — zasn — oo, or lim d(x,,z) = 1.
n—o00

As {xy,} is a sequence in closed set A with x, — zasn — 00,50z € A. Also,
since the sequence {x,,} is contained in closed set B with x5, — z asn — 00,
soz € B.

Now we are to show that fz = z. For z € A and xp,+ € B,

d(fz,xn+2) d(fz,8%am+1) M*(z,x21+1)
/ lﬁ(k)d)»:/ v () dir = / ¥ (1) dA, (31.6)
1 1 1

M* (2, Xop41) = d (2, X2n41) - d?(2, [ (2)) - d° (X2pg1, & (X2041))
= d(z, Xop41) - d?(z, f(2)) - d° (X211, Xon42)

which gives lim M*(z, xp,41) = 1-d“*(z, f (2))-1 = d°(z, f (2)). Thus by passing
n—o00
to the limit as n — oo in (31.6) implies that

d(fz,2) d3(z,f2)
/ ¥ () dA 5/ ¥ () dh,
1 1

andsod(z, fz) = 1, thatis, z = fz. By above conclusion, we obtain z = fz = gz.
Now we are two show that F (f, g) is singleton. Suppose that, their exist w;, wy €
AN B, where w; = fw; = gw; and w, = fw; = gwy.
So that for w; € A and w, € B, we have

d(wy,wa) d(f(w1).g(w2)) M*(wy,w2)
/ wx)dx:f v () do. s/ v () do,
1 1 1

M*(wi, wp) = d (Wi, wa) - d?(wy, f (W) - d®(wa, g (W2))
=d“" (wi,wy) - 1-1=d"(wy,wn)
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that is,
d(wi,w2) de1 (wy,wy)
/ v (M) dr < / ¥ (M) dA, (31.7)
1 1

giving d (w1, wp) = 1 and hence w; = w,. Thus F (f, g) is singletonin AN B. [

In case f = g in Theorem 31.3, the following fixed point result follows under
restriction of integral type cyclic contractive mapping.

Corollary 31.3 Let (X, d) be complete multiplicative metric space and A and B
be non-empty closed sets in X. Suppose a mapping f : AU B — A U B satisfies
that

(a) f(A) S Bandg(B) C AwithX = AU B.

(b) for any real constants cy, ¢z, c3 withcy + ¢ +¢3 € [0, 1),

d(f ), f(3)) M*(X,3)
/ W(A)dkgf v (M) dr forall? € Aand$ € B,
0 0

where M* (%, §) = d (£, 9) - d*(%, f (%)) - d“(3. f (§)) and ¥ : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00), and for each ¢ > 1, ff v (A)d @) > 0.

Then there exists at most one it € X satisfies it = fu. Moreover, u € AN B.

31.3 Well-Posedness Results for Cyclic Contraction
Mappings

In this section, well-posedness of common fixed point problems for cyclic contraction
maps are obtained under the restriction of integral type contraction in multiplicative
metric spaces.

Theorem 31.4 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f, g : AU B — A U B satisfy
that

(a) AUB hasacyclic representation w.r.t. the pair (f, g),i.e., f (A) C B,g(B) C A
and X = AU B.
(b) for any real number c € [0, 1),

d(f(%).g(9)) M(X,9)
/ w(x)dng v (M dr forallz € Aand$ € B,
1 1

where M (%, §) = max{d‘ (%, §), d° (%, f (%)), d*(9, g (¥))} and ¢ : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00), and for each ¢ > 1, ff v (A)dR) > 0.
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Then the common fixed point problem of f and g is well-posed.
Proof From Theorem 31.2, it follows that f and g have unique common fixed point,
say u# € AN B. Let {x,} be sequence in A N B having lim d(fx,,x,) = 1 and
n—oo
lim (gx,, x,) = 1. We assume that &i # x, for each non-negative number n. By
n—00

taking 4 € A and x, € B, we obtain

d(i,x,) d(f(i),8(xy))-d(g(xy),Xn))
/ ¥ 0 di 5/ ¥ Gy dn
1

1

M (i, x,)-d (8(xn),%n))
= /

v (M) dh,
1

M(ﬁv xn) = max{dc(ﬁ, xn)v dc(ﬁi f (ﬁ))v dc(xni g (xn))}
= max{d‘(u, x,), 1,d(x,, g (x,))}
= max{d‘(, x,), d°(x,, g (x»))},

that is,

d(i,x,) max{d® (i, x,),d (x,,8(x,))}-d (8 (Xn), X))
/ (V) dhr < / v (M) d. (31.8)
1 1

On limiting as n — oo implies that

lim d(i,x,) lim [max{d° (@, x,),d" (x,,g(xn))}-d(g(x),X1))]
/ ¥ (1) dA 5/ ¥ (L) dA
1 1

i .5
= / v (M) dr,
1
where ¢ < 1, implies d(x,,#) — 1, that is lim x, = #&. This completes the
n—o0
proof. (]

Corollary 31.4 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f, g : AU B — A U B satisfy
that

(a) AUB hasacyclic representation w.r.t. the pair (f, g),i.e., f (A) € B,g(B) C A
and X = AU B.
(b) for any real number c € [0, 1),

d(f(%),g(3)) d“(x,9)
/ v (A)dr < / Y (A)dr forallx € Aand y € B, (31.9)
1 1
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where  : [0, 00) — [0, 00) is a Lebesgue integrable function with finite integral
on each compact set in [0, 00), and for each ¢ > 1, ff Y (A)dR) > 0.

Then the common fixed point problem of f and g is well-posed.

Theorem 31.5 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f,g : AU B — AU B satisfy
that

(a) AUB has acyclic representation w.r.t. the pair (f, g),i.e., f (A) S B,g(B)C A
and X = AU B.
(b) for any real constants cy, ca, c3 withcy + ¢ +¢3 € [0, 1),

d(f(®).8(9) M*(£,9)
/ I/J(A)dkff Y (A)dr forallx € Aand y € B,
0 0

where M* (%, §) = d'(&.9) - d*(&, f (%)) -d“(3. g (§))} and v : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00), and for each e > 1, [{ ¥ (A)d (1) > 0.

Then the common fixed point problem of f and g is well-posed.

Proof From Theorem 31.3, it follows that f and g have the unique common fixed

point, say u € A N B such that u = fu = gu. Let {x,} be a sequence in A N B

having lim d(fx,,x,) = 1 and lim (gx,, x,) = 1. We may assume that & # x,
n—o0 n—o0

for each non-negative number n. By taking i € A and x, € B,

d(it,x,) d(f (@),g(xn))-d(g(xXn),Xn))
/ ¥ (1) dAr sf ¥ (L) dr
1 1

M* (it x,)-d (8 (xn), X))
< f

v (M) da,
1

M*(it, x,) = d° (i, x,) - d (@, f (1)) - d°(xn, g (x2))
=d"“ (’27 Xp) - 1+ de (Xn, 8 (xn)) = d* (’27 Xn) - de (Xn, 8 (xn)),

that is,

d(it,x,) A1 (i, x,)-d3 (x,8 (X)) -d (8 (X)), X))
/ Y (A) da 5/ ¥ (M) dh. (31.10)
1 1

On limiting as n — 00 gives
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1320 d(i,x,) an;C[d"l (@,2)-d 3 (X, 8 (Xn))-d (g (x2),Xn))]
/ Y (L) dAr 5/ ¥ (L) dAr
1 1

lim d1 %)
= / v (A)da,
1

where ¢; < 1, implies d(x,, u) — 1asn — oo, thatis lim x, = . This completes
n—o0

the proof. O

31.4 Periodic Points of Cyclic Contractions
In, this section, periodic points results are establish for cyclic mappings under con-
traction with restrictions of integral type.

Theorem 31.6 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. If mappings f,g : AU B — A U B satisfy that

(a) AUB hasacyclic representation w.r.t. the pair (f, g),i.e., f(A) C B,g(B) C A
and X = AU B.
(b) for any real constant c € [0, 1),

d(f(®).g()) M(E,5)
/ 1//(A)dk§[ Y (M) dr forallx € Aandy € B,
1 1

where M (%, §) = max{d“ (%, §), d° (%, f (%)), d*(§, g (¥))} and ¥ : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00), and for each ¢ > 1, fls Y (A)d () > 0.

Then f and g has property Q.

Proof From Theorem31.2, it follows that F (f, g) is singleton in A N B. Also as
trivially F (f, g) C F (f", g") for all n € N. Now we consider u € F (f", g"). By
taking f"~'ii € A and ii € B, we have

d(ii,git) d(f(f"'iy,g(@)) M(f""'i,0)
/ ¥ 0 da 5/ v 00 do 5/ ¥ 0 dh,
1 1 1

M, ) = max{d“(f"~a, @), d (" a, f (P ), de G, g (7))
= max{d“(f""'a, ), d(f""'a, 4), d°(d, g ()}
= max{d“(f""'i, &), d“(i, g (1))},

that is,
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d(i1,gi) max{d®(f"'a,0),d"(i1,g (i)}
/ ¥ () do Ef ¥ () dx
1

1

de(fm"a,a)
< / ¥ () dh
1

and hence

d(u,gu) d('(fnflﬁ,ﬁ)
/ ¥ () dx sf ¥ 0 di
1 1

e (2,0 d (fii)
5/ w(k)dki~-~§/ v (1) da.
1 1

In a similar way, by taking &i € A and g"~'ii € B, we have

ac" (fir, i) d"”“(ﬁ,g"flﬁ)
/ W(K)dKS/ ¥ (A)dA
1 1

d('“+2(fl,gn72ﬁ) ch,, (i, g0)
5/ w(,\)d)\gmsf v () dh.
1

1

From (31.3) and (31.6), it follows that

d(a,gh) d" (i, git)
/ Y (M) dAr sf W (L) dA.
1 1

As ¢ < 1, sod(ii, gh) = 1 thatis, i = gii. Thus, # = fii = gii and hence
u e F(f, g),thatis, F(f", g") C F(f,g) and we conclude that F (f", g") =
F(f, 8. U

Corollary 31.5 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. If mappings f, g : AU B — AU B satisfy that

(a) AUB hasacyclic representation w.r.t. the pair (f, g),i.e., f(A) € B,g(B) C A
and X = AU B.
(b) for any real number c € [0, 1),

d(f(®),8(3) d“(%,9)
/ w(k)dkff Y (A)dr forallx € Aand y € B,
1 1

where yr : [0, 00) — [0, 00) is a Lebesgue integrable function with finite integral
on each compact set in [0, 00), and for each ¢ > 1, ff v A)d @) > 0.
Then f and g has property Q.

If we take f = g in the Theorem 31.6, the conclude the following Corollary.
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Corollary 31.6 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mapping f : AUB — AU B satisfies that

@ fACB,g(B))TAand X =AU B.
(b) for any real number c € [0, 1),

d(f&®), () M'(%,9)
f w(k)dkff Y (A)dr forallx € Aand y € B,
1 1

where M'(%, §) = max{d*(%, $), d“ (&, f (%)), d°(F. f (§))} and ¥ : [0, 00) —
[0, 00) is a Lebesgue integrable function with finite integral on each compact
set in [0, 00), and for each & > 1, [{ ¥ (\)d () > 0.

Then f has property P.

Conclusion. We obtained the results for existence of common fixed points of cyclic
contraction mappings that are satisfying the generalized integral contractive condi-
tions in the structured of multiplicative metric spaces. We also presented the well-
posedness of fixed and common fixed point results. The results related to the periodic
point property of generalized integral contractive maps are also obtained in the setup
of multiplicative metric spaces.
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