
Chapter 31
Cyclic Contractions and Common Fixed
Point Results of Integral Type
Contractions in Multiplicative Metric
Spaces

Talat Nazir and Sergei Silvestrov

Abstract The existence of common fixed points of cyclic contractive mappings
satisfying generalized integral contractive conditions in multiplicative metric spaces
is studied. The well-posedness of common fixed point results and periodic point
results of cyclic contractions are also established. These results establish some of the
general common fixed point theorems for self-mappings.
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31.1 Introduction. Cyclic Contraction Mappings with
Restrictions of Integral Type

There are various extensions and generalization of Banach contraction principle [11]
are established in [1–10, 21, 22, 24, 25, 27, 29–33, 37–42]. In 2003, Kirk et al. [28]
studied the cyclical contractive condition for self-mappings and proved some fixed
point results as an extension of Banach contraction principle [11]. It is important
worth of cyclic contraction mappings that although a map that satisfy the Banach
contraction is always continuous, but a map that satisfy cyclic contractive condition
need not to be continuous. Păcurar and Rus [35] obtained some fixed point results for
cyclic weak contraction operators. Piatek [36] studied various theorems for cyclic
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Meir–Keeler type contractive maps. Karapinar [26] proved fixed point theorems
of cyclic φ-weak contraction maps. Derafshpour and Rezapour [17] obtained best
proximity points results for cyclic contractive nonself maps. Ozavsar and Cevikel
[34] established a famousBanach contraction-principle in another setup known as the
multiplicative metric space. They obtained the structure of topology and properties
of multiplicative metric space. The multiplicative calculus concepts along with some
fundamental results dealing with multiplicative calculus were created by Bashirov
et al. [13]. The applicability of multiplicative calculus based problems in the field
of biomedical-image analysis were shown by Florack and Assen [20]. Also, the
common fixed point based theorems of maps under weak commutative conditions
were proved byHe et al. [23]. Recently, Yamaod and Sintunavarat [43] provided fixed
point theorems of cyclic contractive based maps under (α, β)-admissible restriction
in a multiplicative metric space structure.

In this work, we establish common fixed point results of cyclic contraction map-
pings with restrictions of integral type inmultiplicativemetric space.Well-posedness
based results and periodic point results are also proved.

For a non-empty set X and selfmapping f : X → X , a point u in X satisfy
f (u) = u, then we call it a fixed point of f . We denote the collection of all fixed
points of self-map f : X → X by F ( f ) . Also if a point u in X satisfy f (u) =
g (u) = u, then we call it a common fixed point of f and g. We denote the collection
of all common fixed points of self-map f, g : X → X by F ( f, g) .

Definition 31.1 Let A and B be non-empty subsets in X and (X, d) be a metric
space. A mapping T : A ∪ B → A ∪ B is called a cyclic map if T (A) ⊆ B and
T (B) ⊆ A.

Kirk et al. [28] showed the following interesting result for fixed point of map T .

Theorem 31.1 Let A and B be nonempty closed subsets of X and (X, d) be a
complete metric space. If the mapping T : A ∪ B → A ∪ B is cyclic map satisfying

d(T x, T y) ≤ κd(x, y) f or all x ∈ A and y ∈ B (31.1)

for κ ∈ [0, 1), then T has a unique fixed point in A ∩ B.

Definition 31.2 Let A and B be non-empty subsets in X with (X, d) a metric space
and f, g : A ∪ B → A ∪ B be two maps. Then A ∪ B has a cyclic representation
w.r.t. the pair ( f, g) if f (A) ⊆ B, g (B) ⊆ A and X = A ∪ B.

31.2 Common Fixed Points of Cyclic Contraction
Mappings

In this section, common fixed point results for cyclic self-mappings on A ∪ B are
proved with restriction of Integral type conditions.We start with the following result.
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Theorem 31.2 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f, g : A ∪ B → A ∪ B satisfy
that

(a) A ∪ B has a cyclic representation w.r.t. the pair ( f, g), that is, f (A) ⊆ B,
g (B) ⊆ A and X = A ∪ B.

(b) for any real number c ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

1
ψ (λ) dλ ≤

∫ M(x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

where M(x̂, ŷ) = max{dc(x̂, ŷ), dc(x̂, f
(
x̂
)
), dc(ŷ, g

(
ŷ
)
)} and ψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞) , and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.
Then there exists at most one û ∈ X satisfies û = f û = gû.Moreover, û ∈ A∩B
and any fixed point of f is the fixed point of g and conversely.

Proof First, to prove that any fixed point of f is the fixed point of g, we suppose
û ∈ A ∩ B with û = f û. Then for û ∈ A as well as û ∈ B,

∫ d(û,g(û))

1
ψ (λ) dλ =

∫ d( f (û),g(û))

1
ψ (λ) dλ ≤ ∫ M(û,û)

1 ψ (λ) dλ,

M(û, û) = max{dc(û, û), dc(û, f
(
û
)
), dc(û, g

(
û
)
)} = dc

(
û, g

(
û
))

,

that is, ∫ d(û,g(û))

1
ψ (λ) dλ ≤

∫ dc(û,g(û))

1
ψ (λ) dλ.

As c < 1, so it follows that d(û, g(û)) = 1 and hence û = g
(
û
)
. Thus û = f

(
û
) =

g
(
û
)
. Similarly, for û = g

(
û
)
provides û = f

(
û
) = g

(
û
)
.

Suppose x0 is the arbitrary point in A. Let x1 = f x0 and as f (A) ⊆ B, so that we
obtain x1 ∈ B. Again let x2 = gx1 and since g (B) ⊆ A, so that x2 ∈ A. Continuing
this way, define the sequence {xn} in X with f x2n = x2n+1 and gx2n+1 = x2n+2 for
n = 0, 1, 2, ....

For x2n ∈ A and x2n+1 ∈ B, we obtain

∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ =

∫ d( f (x2n),g(x2n+1))

1
ψ (λ) dλ ≤

∫ M(x2n ,x2n+1)

1
ψ (λ) dλ,

M(x2n, x2n+1) = max{dc(x2n, x2n+1), d
c(x2n, f (x2n)), d

c(x2n+1, g (x2n+1))}
= max{dc(x2n, x2n+1), d

c(x2n, x2n+1), d
c(x2n+1, x2n+2)}

= max{dc(x2n, x2n+1), d
c(x2n+1, x2n+2)},
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that is,

∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ ≤

∫ max{dc(x2n ,x2n+1),dc(x2n+1,x2n+2)}

1
ψ (λ) dλ. (31.2)

Now, if max{dc(x2n, x2n+1), dc(x2n+1, x2n+2)} = dc(x2n+1, x2n+2), then

∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ ≤

∫ dc(x2n+1,x2n+2)

1
ψ (λ) dλ,

and so d(x2n+1, x2n+2) ≤ dc(x2n+1, x2n+2). Since c < 1, so d(x2n+1, x2n+2) = 1 and
hence x2n+1 = x2n+2. As gx2n+1 = x2n+2, so gx2n+1 = x2n+1, that is, x2n+1 is the
fixed point of g. So by above conclusion, x2n+1 is a common fixed point of f and g.

If max{dc(x2n, x2n+1), dc(x2n+1, x2n+2)} = dc(x2n, x2n+1), then

∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ ≤

∫ dc(x2n ,x2n+1)

1
ψ (λ) dλ.

By similar steps, we can show that

∫ d(x2n+2,x2n+3)

1
ψ (λ) dλ ≤

∫ dc(x2n+1,x2n+2)

1
ψ (λ) dλ.

Thus for all n ≥ 0,

∫ d(xn ,xn+1)

1
ψ (λ) dλ ≤

∫ dc(xn−1,xn)

1
ψ (λ) dλ.

Continuing this way, we obtain

∫ d(xn ,xn+1)

1
ψ (λ) dλ ≤

∫ dc(xn−1,xn)

1
ψ (λ) dλ

≤
∫ dc2 (xn−2,xn−1)

1
ψ (λ) dλ

≤ ... ≤
∫ dcn (x0,x1)

1
ψ (λ) dλ.

As 0 ≤ c < 1, we further have

∫ d(xn ,xn+1)

1
ψ (λ) dλ → 0 as n → ∞

and thus d(xn, xn+1) → 1 as n → ∞.

For m̀, n ∈ N with m̀ ≥ n,
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d(xn, xm̀) ≤ d(xn, xn+1) · d(xn+1, xn+2) · · · d(xm̀−1, xm̀)

≤ dcn (x0, x1) · dcn+1
(x0, x1) · · · dcm̀−1

(x0, x1)

= (d(x0, x1))
cn+cn+1+···+cm̀−1

≤ (d(x0, x1))
cn(1+c+c2+··· )

≤ (d(x0, x1))
cn

1−c → 1 as n, m̀ → ∞.

Thus ∫ d(xn ,xm̀ )

1
ψ (λ) dλ → 0 as m̀, n → ∞

and {xn} is Cauchy sequence in complete (X, d). We obtain element z ∈ X for which
xn → z as n → ∞, or lim

n→∞ d(xn, z) = 1.

As {x2n} is a sequence in closed set A with x2n → z as n → ∞, so z ∈ A. Also,
since the sequence {x2n+1} is contained in closed set B with x2n+1 → z as n → ∞,

so z ∈ B.

Now we are to show that f z = z. For z ∈ A and x2n+1 ∈ B,

∫ d( f z,x2n+2)

1
ψ (λ) dλ =

∫ d( f z,gx2n+1)

1
ψ (λ) dλ ≤

∫ M(z,x2n+1)

1
ψ (λ) dλ, (31.3)

M(z, x2n+1) = max{dc(z, x2n+1), d
c(z, f (z)), dc(x2n+1, g (x2n+1))}

= max{dc(z, x2n+1), d
c(z, f (z)), dc(x2n+1, x2n+2)}

which gives lim
n→∞ M(z, x2n+1) = max{1, dc(z, f (z)), 1} = dc(z, f (z)). Thus by

passing to the limit as n → ∞ in (31.3) implies that

∫ d( f z,z)

1
ψ (λ) dλ ≤

∫ dc(z, f z)

1
ψ (λ) dλ,

that is, d(z, f z) = 1, that is, z = f z. Hence by above conclusion, z = f z = gz.
Now we are two show the uniqueness. Suppose that, their exist w1,w2 ∈ A ∩ B,

where w1 = f w1 = gw1 and w2 = f w2 = gw2.

So that for w1 ∈ A and w2 ∈ B, we have

∫ d(w1,w2)

1
ψ (λ) dλ =

∫ d( f (w1),g(w2))

1
ψ (λ) dλ ≤

∫ M(w1,w2)

1
ψ (λ) dλ,

M(w1,w2) = max{dc(w1,w2), d
c(w1, f (w1)), d

c(w2, g (w2))}
= max{dc(w1,w2), 1, 1} = dc(w1,w2),
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that is,
∫ d(w1,w2)

1
ψ (λ) dλ ≤

∫ dc(w1,w2)

1
ψ (λ) dλ, which gives d (w1,w2) = 1 and

hence w1 = w2. Thus common fixed point of f and g is unique in A ∩ B. �

Corollary 31.1 Let (X, d) be complete multiplicative metric space and A and B
be non empty closed sets in X. If mappings f, g : A ∪ B → A ∪ B satisfy that

(a) A ∪ B has a cyclic representation w.r.t. the pair ( f, g), that is, f (A) ⊆ B,
g (B) ⊆ A with X = A ∪ B.

(b) for any real number c ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

1
ψ (λ) dλ ≤

∫ dc(x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

whereψ : [0,∞) → [0,∞) is a Lebesgue integrable functionwith finite integral
on each compact set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then there exists at most one û ∈ X satisfies û = f û = gû. Moreover, û ∈ A ∩ B
and any fixed point of f is the fixed point of g and conversely.

In case f = g in Theorem 31.2, we obtain following fixed point result of cyclic
contraction under restriction of integral type contractive mapping.

Corollary 31.2 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mapping f : A ∪ B → A ∪ B satisfies

(a) f (A) ⊆ B and g (B) ⊆ A with X = A ∪ B; and
(b) for any real constant c ∈ [0, 1),

∫ d( f (x̂),g(ŷ))

1
ψ (λ) dλ ≤

∫ N (x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

where N (x̂, ŷ) = max{dc(x̂, ŷ), dc(x̂, f
(
x̂
)
), dc(ŷ, f

(
ŷ
)
)},andψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then there exists at most one û ∈ X satisfies û = f û. Moreover, û ∈ A ∩ B.

Theorem 31.3 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. If mappings f, g : A ∪ B → A ∪ B are satisfying that

(a) A∪B has a cyclic representationw.r.t. the pair ( f, g), i.e., f (A) ⊆ B, g (B) ⊆ A
and X = A ∪ B.

(b) for any real constants c1, c2, c3 with c1 + c2 + c3 ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

0
ψ (λ) dλ ≤

∫ M∗(x̂,ŷ)

0
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,
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where M∗(x̂, ŷ) = dc1(x̂, ŷ) · dc2(x̂, f
(
x̂
)
) · dc3(ŷ, g

(
ŷ
)
) and ψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then there exists at most one û ∈ X satisfies û = f û = gû. Moreover, û ∈ A∩ B
and any fixed point of f is the fixed point of g and conversely.

Proof First we prove that any fixed point of f is the fixed point of g. Suppose that
û ∈ A ∩ B with û = f û. Then we have û ∈ A as well as û ∈ B and we have

∫ d(û,g(û))

1
ψ (λ) dλ =

∫ d( f (û),g(û))

1
ψ (λ) dλ ≤

∫ M∗(û,û)

1
ψ (λ) dλ,

M∗(û, û) = dc1(û, û) · dc2(û, f
(
û
)
) · dc3(û, g

(
û
)
) = 1 · 1 · dc3

(
û, g

(
û
))

,

that is, ∫ d(û,g(û))

1
ψ (λ) dλ ≤

∫ dc3 (û,g(û))

1
ψ (λ) dλ.

As c3 < 1, so it follows that d(û, g(û)) = 1 and hence û = g
(
û
)
.Thus û = f

(
û
) =

g
(
û
)
. Similarly, we can show that if û = g

(
û
)
, then we have û = f

(
û
) = g

(
û
)
.

Suppose x0 is the arbitrary point in A. Let x1 = f x0 and as f (A) ⊆ B, so that
x1 ∈ B. Again let x2 = gx1 and as g (B) ⊆ A, so that x2 ∈ A. Continuing this
way, define a sequence {xn} in X with f x2n = x2n+1 and gx2n+1 = x2n+2 for all
n = 0, 1, 2, ....

For x2n ∈ A and x2n+1 ∈ B, we obtain

∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ =

∫ d( f (x2n),g(x2n+1))

1
ψ (λ) dλ ≤

∫ M∗(x2n ,x2n+1)

1
ψ (λ) dλ,

M∗(x2n, x2n+1) = dc1(x2n, x2n+1) · dc2(x2n, f (x2n)) · dc3(x2n+1, g (x2n+1))

= dc1(x2n, x2n+1) · dc2(x2n, x2n+1) · dc3(x2n+1, x2n+2)

= (d(x2n, x2n+1))
c1+c2 · dc3(x2n+1, x2n+2),

that is,

∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ ≤

∫ (d(x2n ,x2n+1))
c1+c2 ·dc3 (x2n+1,x2n+2)

1
ψ (λ) dλ. (31.4)

Now, if (d(x2n, x2n+1))
c1+c2 ≤ dc3(x2n+1, x2n+2), then we obtain
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∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ ≤

∫ (d(x2n+1,x2n+2))
c1+c2+c3

1
ψ (λ) dλ,

which implies that d(x2n+1, x2n+2) ≤ (d(x2n+1, x2n+2))
c1+c2+c3 . Since c1 + c2 +

c3 < 1, so d(x2n+1, x2n+2) = 1 and hence x2n+1 = x2n+2. As we have gx2n+1 =
x2n+2, so gx2n+1 = x2n+1, that is, x2n+1 is the fixed point of g. Thus by above
conclusion, x2n+1 ∈ F ( f, g) .

Also, in case (d(x2n, x2n+1))
c1+c2 ≥ dc3(x2n+1, x2n+2), then

∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ ≤

∫ (d(x2n ,x2n+1))
c1+c2+c3

1
ψ (λ) dλ,

that is, ∫ d(x2n+1,x2n+2)

1
ψ (λ) dλ ≤

∫ (d(x2n ,x2n+1))
η

1
ψ (λ) dλ,

where η = c1 + c2 + c3 < 1. Similarly, it can be showed that

∫ d(x2n+2,x2n+3)

1
ψ (λ) dλ ≤

∫ (d(x2n+1,x2n+2))
η

1
ψ (λ) dλ.

Thus for all n ≥ 0,

∫ d(xn ,xn+1)

1
ψ (λ) dλ ≤

∫ (d(xn−1,xn))
η

1
ψ (λ) dλ. (31.5)

Continuing this way, we obtain

∫ d(xn ,xn+1)

1
ψ (λ) dλ ≤

∫ (d(xn−1,xn))
η

1
ψ (λ) dλ

≤
∫ (d(xn−2,xn−1))

η2

1
ψ (λ) dλ

≤ ... ≤
∫ (d(x0,x1))

ηn

1
ψ (λ) dλ.

As 0 ≤ η < 1, it implies

∫ d(xn ,xn+1)

1
ψ (λ) dλ → 0 as n → ∞

and we have d(xn, xn+1) → 1 as n → ∞.

For m̀, n ∈ N with m̀ ≥ n,
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d(xn, xm̀) ≤ d(xn, xn+1) · d(xn+1, xn+2) · · · d(xm̀−1, xm̀)

≤ (d(x0, x1))
ηn · (d(x0, x1))

ηn+1 · · · (d(x0, x1))
ηm̀−1

= (d(x0, x1))
ηn+ηn+1+...ηm̀−1

≤ (d(x0, x1))
ηn(1+η+η2+...)

≤ (d(x0, x1))
ηn

1−η → 1 as n, m̀ → ∞.

Thus ∫ d(xn ,xm̀ )

1
ψ (λ) dλ → 0 as m̀, n → ∞

and {xn} is a Cauchy sequence in complete multiplicative space (X, d). And we
obtain z ∈ X for which xn → z as n → ∞, or lim

n→∞ d(xn, z) = 1.

As {x2n} is a sequence in closed set A with x2n → z as n → ∞, so z ∈ A. Also,
since the sequence {x2n+1} is contained in closed set B with x2n+1 → z as n → ∞,

so z ∈ B.

Now we are to show that f z = z. For z ∈ A and x2n+1 ∈ B,

∫ d( f z,x2n+2)

1
ψ (λ) dλ =

∫ d( f z,gx2n+1)

1
ψ (λ) dλ ≤

∫ M∗(z,x2n+1)

1
ψ (λ) dλ, (31.6)

M∗(z, x2n+1) = dc1(z, x2n+1) · dc2(z, f (z)) · dc3(x2n+1, g (x2n+1))

= dc1(z, x2n+1) · dc2(z, f (z)) · dc3(x2n+1, x2n+2)

which gives lim
n→∞ M∗(z, x2n+1) = 1·dc2(z, f (z))·1 = dc3(z, f (z)).Thus by passing

to the limit as n → ∞ in (31.6) implies that

∫ d( f z,z)

1
ψ (λ) dλ ≤

∫ dc3 (z, f z)

1
ψ (λ) dλ,

and so d(z, f z) = 1, that is, z = f z. By above conclusion, we obtain z = f z = gz.
Nowwe are two show that F ( f, g) is singleton. Suppose that, their existw1,w2 ∈

A ∩ B, where w1 = f w1 = gw1 and w2 = f w2 = gw2.

So that for w1 ∈ A and w2 ∈ B, we have

∫ d(w1,w2)

1
ψ (λ) dλ =

∫ d( f (w1),g(w2))

1
ψ (λ) dλ ≤

∫ M∗(w1,w2)

1
ψ (λ) dλ,

M∗(w1,w2) = dc1(w1,w2) · dc2(w1, f (w1)) · dc3(w2, g (w2))

= dc1(w1,w2) · 1 · 1 = dc1(w1,w2)
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that is, ∫ d(w1,w2)

1
ψ (λ) dλ ≤

∫ dc1 (w1,w2)

1
ψ (λ) dλ, (31.7)

giving d (w1,w2) = 1 and hence w1 = w2. Thus F ( f, g) is singleton in A ∩ B. �
In case f = g in Theorem 31.3, the following fixed point result follows under

restriction of integral type cyclic contractive mapping.

Corollary 31.3 Let (X, d) be complete multiplicative metric space and A and B
be non-empty closed sets in X. Suppose a mapping f : A ∪ B → A ∪ B satisfies
that

(a) f (A) ⊆ B and g (B) ⊆ A with X = A ∪ B.
(b) for any real constants c1, c2, c3 with c1 + c2 + c3 ∈ [0, 1),

∫ d( f (x̂), f (ŷ))

0
ψ (λ) dλ ≤

∫ M∗(x̂,ŷ)

0
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

where M∗(x̂, ŷ) = dc1(x̂, ŷ) · dc2(x̂, f
(
x̂
)
) · dc3(ŷ, f

(
ŷ
)
) and ψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then there exists at most one û ∈ X satisfies û = f û. Moreover, û ∈ A ∩ B.

31.3 Well-Posedness Results for Cyclic Contraction
Mappings

In this section,well-posedness of commonfixed point problems for cyclic contraction
maps are obtained under the restriction of integral type contraction in multiplicative
metric spaces.

Theorem 31.4 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f, g : A ∪ B → A ∪ B satisfy
that

(a) A∪B has a cyclic representationw.r.t. the pair ( f, g), i.e., f (A) ⊆ B, g (B) ⊆ A
and X = A ∪ B.

(b) for any real number c ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

1
ψ (λ) dλ ≤

∫ M(x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

where M(x̂, ŷ) = max{dc(x̂, ŷ), dc(x̂, f
(
x̂
)
), dc(ŷ, g

(
ŷ
)
)} and ψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.
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Then the common fixed point problem of f and g is well-posed.

Proof From Theorem 31.2, it follows that f and g have unique common fixed point,
say û ∈ A ∩ B. Let {xn} be sequence in A ∩ B having lim

n→∞ d( f xn, xn) = 1 and

lim
n→∞(gxn, xn) = 1. We assume that û �= xn for each non-negative number n. By

taking û ∈ A and xn ∈ B, we obtain

∫ d(û,xn)

1
ψ (λ) dλ ≤

∫ d( f (û),g(xn))·d(g(xn),xn))

1
ψ (λ) dλ

≤
∫ M(û,xn)·d(g(xn),xn))

1
ψ (λ) dλ,

M(û, xn) = max{dc(û, xn), d
c(û, f

(
û
)
), dc(xn, g (xn))}

= max{dc(û, xn), 1, d
c(xn, g (xn))}

= max{dc(û, xn), d
c(xn, g (xn))},

that is,

∫ d(û,xn)

1
ψ (λ) dλ ≤

∫ max{dc(û,xn),dc(xn ,g(xn))}·d(g(xn),xn))

1
ψ (λ) dλ. (31.8)

On limiting as n → ∞ implies that

∫ lim
n→∞ d(û,xn)

1
ψ (λ) dλ ≤

∫ lim
n→∞[max{dc(û,xn),dc(xn ,g(xn))}·d(g(xn),xn))]

1
ψ (λ) dλ

=
∫ lim

n→∞ dc(û,xn)

1
ψ (λ) dλ,

where c < 1, implies d(xn, û) → 1, that is lim
n→∞ xn = û. This completes the

proof. �

Corollary 31.4 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f, g : A ∪ B → A ∪ B satisfy
that

(a) A∪B has a cyclic representationw.r.t. the pair ( f, g), i.e., f (A) ⊆ B, g (B) ⊆ A
and X = A ∪ B.

(b) for any real number c ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

1
ψ (λ) dλ ≤

∫ dc(x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B, (31.9)
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whereψ : [0,∞) → [0,∞) is a Lebesgue integrable functionwith finite integral
on each compact set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then the common fixed point problem of f and g is well-posed.

Theorem 31.5 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mappings f, g : A ∪ B → A ∪ B satisfy
that

(a) A∪B has a cyclic representationw.r.t. the pair ( f, g), i.e., f (A) ⊆ B, g (B) ⊆ A
and X = A ∪ B.

(b) for any real constants c1, c2, c3 with c1 + c2 + c3 ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

0
ψ (λ) dλ ≤

∫ M∗(x̂,ŷ)

0
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

where M∗(x̂, ŷ) = dc1(x̂, ŷ) · dc2(x̂, f
(
x̂
)
) · dc3(ŷ, g

(
ŷ
)
)} and ψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then the common fixed point problem of f and g is well-posed.

Proof From Theorem 31.3, it follows that f and g have the unique common fixed
point, say û ∈ A ∩ B such that û = f û = gû. Let {xn} be a sequence in A ∩ B
having lim

n→∞ d( f xn, xn) = 1 and lim
n→∞(gxn, xn) = 1. We may assume that û �= xn

for each non-negative number n. By taking û ∈ A and xn ∈ B,

∫ d(û,xn)

1
ψ (λ) dλ ≤

∫ d( f (û),g(xn))·d(g(xn),xn))

1
ψ (λ) dλ

≤
∫ M∗(û,xn)·d(g(xn),xn))

1
ψ (λ) dλ,

M∗(û, xn) = dc1(û, xn) · dc2(û, f
(
û
)
) · dc3(xn, g (xn))

= dc1(û, xn) · 1 · dc3(xn, g (xn)) = dc1(û, xn) · dc3(xn, g (xn)),

that is,

∫ d(û,xn)

1
ψ (λ) dλ ≤

∫ dc1 (û,xn)·dc3 (xn ,g(xn))·d(g(xn),xn))

1
ψ (λ) dλ. (31.10)

On limiting as n → ∞ gives
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∫ lim
n→∞ d(û,xn)

1
ψ (λ) dλ ≤

∫ lim
n→∞[dc1 (û,xn)·dc3 (xn ,g(xn))·d(g(xn),xn))]

1
ψ (λ) dλ

=
∫ lim

n→∞ dc1 (û,xn)

1
ψ (λ) dλ,

where c1 < 1, implies d(xn, û) → 1 as n → ∞, that is lim
n→∞ xn = û. This completes

the proof. �

31.4 Periodic Points of Cyclic Contractions

In, this section, periodic points results are establish for cyclic mappings under con-
traction with restrictions of integral type.

Theorem 31.6 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. If mappings f, g : A ∪ B → A ∪ B satisfy that

(a) A∪B has a cyclic representationw.r.t. the pair ( f, g), i.e., f (A) ⊆ B, g (B) ⊆ A
and X = A ∪ B.

(b) for any real constant c ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

1
ψ (λ) dλ ≤

∫ M(x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

where M(x̂, ŷ) = max{dc(x̂, ŷ), dc(x̂, f
(
x̂
)
), dc(ŷ, g

(
ŷ
)
)} and ψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then f and g has property Q.

Proof From Theorem31.2, it follows that F ( f, g) is singleton in A ∩ B. Also as
trivially F ( f, g) ⊆ F ( f n, gn) for all n ∈ N. Now we consider û ∈ F ( f n, gn) . By
taking f n−1û ∈ A and û ∈ B, we have

∫ d(û,gû)

1
ψ (λ) dλ ≤

∫ d( f ( f n−1û),g(û))

1
ψ (λ) dλ ≤

∫ M( f n−1û,û)

1
ψ (λ) dλ,

M( f n−1û, û) = max{dc( f n−1û, û), dc( f n−1û, f
(
f jn−1û

)
), dc(û, g

(
û
)
)}

= max{dc( f n−1û, û), dc( f n−1û, û), dc(û, g
(
û
)
)}

= max{dc( f n−1û, û), dc(û, g
(
û
)
)},

that is,
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∫ d(û,gû)

1
ψ (λ) dλ ≤

∫ max{dc( f n−1û,û),dc(û,g(û))}

1
ψ (λ) dλ

≤
∫ dc( f n−1û,û)

1
ψ (λ) dλ

and hence

∫ d(û,gû)

1
ψ (λ) dλ ≤

∫ dc( f n−1û,û)

1
ψ (λ) dλ

≤
∫ dc2 ( f n−2û,û)

1
ψ (λ) dλ ≤ · · · ≤

∫ dcn ( f û,û)

1
ψ (λ) dλ.

In a similar way, by taking û ∈ A and gn−1û ∈ B, we have

∫ dcn ( f û,û)

1
ψ (λ) dλ ≤

∫ dcn+1(û,gn−1û)

1
ψ (λ) dλ

≤
∫ dcn+2(û,gn−2û)

1
ψ (λ) dλ ≤ · · · ≤

∫ dc2n (û,gû)

1
ψ (λ) dλ.

From (31.3) and (31.6), it follows that

∫ d(û,gû)

1
ψ (λ) dλ ≤

∫ dc2n (û,gû)

1
ψ (λ) dλ.

As c2n < 1, so d(û, gû) = 1 that is, û = gû. Thus, û = f û = gû and hence
û ∈ F ( f, g), that is, F ( f n, gn) ⊆ F ( f, g) and we conclude that F ( f n, gn) =
F ( f, g). �

Corollary 31.5 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. If mappings f, g : A ∪ B → A ∪ B satisfy that

(a) A∪B has a cyclic representationw.r.t. the pair ( f, g), i.e., f (A) ⊆ B, g (B) ⊆ A
and X = A ∪ B.

(b) for any real number c ∈ [0, 1),
∫ d( f (x̂),g(ŷ))

1
ψ (λ) dλ ≤

∫ dc(x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

whereψ : [0,∞) → [0,∞) is a Lebesgue integrable functionwith finite integral
on each compact set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then f and g has property Q.

If we take f = g in the Theorem31.6, the conclude the following Corollary.
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Corollary 31.6 Let (X, d) be complete multiplicative metric space and A and B be
non-empty closed sets in X. Suppose that mapping f : A∪ B → A∪ B satisfies that

(a) f (A) ⊆ B, g (B) ⊆ A and X = A ∪ B.
(b) for any real number c ∈ [0, 1),

∫ d( f (x̂), f (ŷ))

1
ψ (λ) dλ ≤

∫ M ′(x̂,ŷ)

1
ψ (λ) dλ for all x̂ ∈ A and ŷ ∈ B,

where M ′(x̂, ŷ) = max{dc(x̂, ŷ), dc(x̂, f
(
x̂
)
), dc(ŷ, f

(
ŷ
)
)}andψ : [0,∞) →

[0,∞) is a Lebesgue integrable function with finite integral on each compact
set in [0,∞), and for each ε > 1,

∫ ε

1 ψ (λ) d (λ) > 0.

Then f has property P.

Conclusion. We obtained the results for existence of common fixed points of cyclic
contraction mappings that are satisfying the generalized integral contractive condi-
tions in the structured of multiplicative metric spaces. We also presented the well-
posedness of fixed and common fixed point results. The results related to the periodic
point property of generalized integral contractive maps are also obtained in the setup
of multiplicative metric spaces.
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