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Centralizers in PBW Extensions Geda
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Abstract In this article we give a description for the centralizer of the coefficient
ring R in the skew PBW extension o (R) < x1, x2, ..., x, >. We give an explicit
description in the quasi-commutative case and state a necessary condition in the
general case. We also consider the PBW extension o (A) < x1, x2, ..., x,, > of the
algebra of functions with finite support on a countable set, describing the centralizer
of A and the center of the skew PBW extension.

Keywords Ring extensions - Skew PBW extensions * Contralizer - Center

MSC 2010 Classification 16S35 - 16S36 - 16U70

20.1 Introduction

Skew PBW (Poincare-Birkoff-Witt) extensions also known as o —PBW extensions
are a wide class of non commutative rings which were introduced in [4]. Skew PBW
extensions include many rings and algebras arising in quantum mechanics such as the
classical PBW extensions, Weyl algebras, enveloping algebras of finite dimensional
Lie algebras, iterated Ore extensions of injective type and many others. See for
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example [1-5, 7] for examples of rings and algebras which are skew PBW and some
ring theory properties that have been investigated.

In this article we describe the centralizer of the coefficient ring R in the skew
PBW extension o(R) < x1, x2, ..., X, >. Specifically, we extend some of the
results in [8, 9] in the setting of Ore extensions, to the more general setting of
skew PBW extensions. We also describe the center of the skew PBW extension
T(R?) < x1, x2, ..., x, > where R? is the algebra of real valued functions on a
finite set 2. Centers of many algebras that can be interpreted as skew PBW exten-
sions have been described in [6], but that is in a different setting to the one here. The
paper is arranged as follows.

In Sect. 20.2 we state definitions and preliminaries of skew PBW extensions. Most
of the work in this section is based on [4]. In Sect.20.3, we give a description of
the centralizer of the coefficient ring R in the skew PBW extension for an integral
domain R. We give a full description of the centralizer in the quasi-commutative case
and state a necessary condition in the general case. In Sect. 20.4, we turn attention to
the skew PBW extension for the algebra of real-valued functions R on a finite set
£2. We prove that this algebra is isomorphic to the algebra A of piecewise constant
functions on the real line with a finite number of jumps. We then give a full description
of the centralizer of the coefficient algebra R* and the center of the PBW extension
in the quasi-commutative case, and state a necessary condition in the general case.
We finish the section by describing the centralizer of A in the skew PBW extension
0(A) < x1,x2,...,Xx, > in terms of Sep®(£2) via the isomorphism between A and
R%.

20.2 Definitions and Preliminary Notions

In this section we define skew PBW extensions and state some preliminary results
concerning skew PBW extensions.

Definition 20.1 Let R and A be rings. We say that A is a 0 —PBW extension of R
(or skew PBW extension), if the following conditions hold:

(a) RCA.
(b) There exist finite elements x1, ..., x, such that A is a left R—free module with
basis
Mon(A) :={x* =x"...x0" : a=(a1,...,0,) € N'}.

* n
(c) Forevery 1 <i <nandr € R\ {0}, there exists ¢; » € R \ {0} such that
Xir — Ci Xi € R.

(d) Forevery 1 < i, j < n there exists ¢; ; € R\ {0} such that

XjXi — CjjXiX;j € R+RX1 ++RX,,
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Under these conditions we write A = o (R){x1, ..., X,).

The following result [4, Proposition 3] is crucial in establishing the link between
skew PBW extensions and many well known algebras.

Proposition 20.1 Let A be a 0 —PBW extension of R. Then for every 1 <i < n,
there exists an injective ring endomorphism o; : R — R and a o;—derivation §; :
R — R such that

xir = 0;(r)x + 8;(r)

foreachr € R.

A particular case of c —PBW extension is when all derivations §; are zero. Another
interesting case is when all o; are bijective. This gives motivation to the next defini-
tion.

Definition 20.2 Let A be a 0 —PBW extension.

1. A is quasi-commutative if the conditions (¢) and (d) in Definition 20.1 are
replaced by:

(¢’) Forevery 1 <i <nandr € R\ {0}, there exists ¢;, € R \ {0} such that
Xil' = Cj Xi.
(d’) Forevery 1 <i, j < n there exists ¢; ; € R\ {0} such that
XjX; = Cj jXiX].
2. A is bijective if o; is bijective for every 1 <i < n and ¢; ; is invertible for any
I1<i<j<n
In the next definition, we state some useful notation.

Definition 20.3 Let A be a 0 —PBW extension of R with endomorphisms o;,
1 <i < n, as in Proposition 20.1.

(@ For a=(a1,...,00) €N, o%:=0{" 0%, |a|:=a1+ - +a, If
B= (B, ....B) €N thena + B := (a1 + Bi, ..., 00 + Bu).

(b) For X =x“ € Mon(A), exp(X) :=«a anddeg(X) = |«|.

(c) LetO0 # f € Asuchthat f =c; X+ -+ ¢; X, with X; € Mon(A) and ¢; €
R\ {0} then deg(f) = max{deg(X;)}i_,.
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20.3 Centralizers in Skew PBW Extensions

In this section we give a description of the centralizer C(R) of the (commutative)
coefficient ring R in the skew PBW extension ¢ (R) < x1, X2, ..., X, >. We start by
giving a full description of the centralizer in the quasi commutative case and then
give a necessary condition in the general case.

Theorem 20.1 Let R be a commutative ring and suppose that for all 1 <i <
n, §; = 0. Then the centralizer C(R) of R in the skew PBW extension o (R) <
X1, ..., X, > IS given by

C(R) = {Zfax“ : (Yr €R), (0%(r) — 1) fa =o}.

Proof An element f => f,x* € o(R) < x1,...,%, > belongs to C(R) if and
o
only if forevery r € R, rf = fr.

rf = erax“ = Zrﬁ,x".

o

On the other hand, if §; = 0 for 1 < i < n, then for every o = (¢y, ..., ;) € N
and every r € R we have;
x%r = o“(r)x“.

Therefore
fr= (Z fo,x“)r
=D fux'r
= fa0®(r)x".
Since R is commutative, it follows that 7 f = fr if and only if

(0“(r) = r)fa=0.

Therefore
C(R) = {Zfax“ : (Y7 €R), (0%(r) —1)fo = o}.

In the general case, we have the following necessary condition.
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Theorem 20.2 Let R be a commutative ring. If an element ), fox* € 0(R)

< X1, ...,%x, > belongs to the centralizer C(R), then (c“(r) —r) fo = 0 for all
o e N,
Proof Suppose an element f =), fux* € 6(R) <xi, ..., X, > belongs to the

centralizer of R. Then fr = rf for every r € R. Now,

rf = erax"‘ = erax“.

o

On the other hand, by [4, Theorem 7], for every x* € Mon(c(R) < X1, ..., X, >)
and every r € R we have
xr = o“(r)x" + par

where py, € R[xy, ..., x,] such that p,, = 0 or deg(py.,) < |o|. Therefore;

fr=73" (fax“)r

= Z Ja <X°‘r)
=) fa (o“(r)x“ + p)

Comparing the leading coefficients and using the fact that R is commutative, we see
that if fr = rf, then
(c%(r) —r)fo = Oforall a.

As aresult, we have the following Corollary which is the extension of [8, Proposition
3.3] to the skew PBW extension case.

Corollary 20.1 Let R be a commutative ring. If for every a € N" there existsr € R
such that (c%(r) — r) is a regular element, then C(R) = R.

Proof Suppose f =), fux* € 0(A) < xi, ..., x, > is anon-constant element of
degree o which belongs to the centralizer of R. Then fr = rf foreveryr € R. Now,

rf = erax“ = erax“.

o

On the other hand, by [4, Theorem 7], for every x* € Mon(A) and every r € A we
have
x%r = Ua(r) + Pa,r
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where p,, =0ordeg(py,) < |a|if py, # 0. Therefore;

fr=Y (fw“)r

=S (xr)
= (a“(r)x“ + p)
Equating coefficients and using commutativity of R, we get

rfe =0%(r)fy, orequivalently (6“(r) —r) fo = 0.

Since 0% (r) — r is aregular element, then we f,, = O for all «, which is a contradic-
tion.

20.4 Skew PBW Extensions of Function Algebras

In this section we treat skew PBW extensions for the algebra of functions on a finite
set. In[10], the commutant of the coefficient algebra in the crossed product algebra for
the algebra of piecewise constant functions on the real line was described. However,
as we show in Proposition 20.2 below, the algebra of piecewise constant functions
on the real line is isomorphic to the algebra of real-valued functions on some finite
set.

2N
LetP = | J I; be apartition of R, where I = (#, tx+1), fork =0, 1,..., N with

k=0
to = —ooandtyy) =ooand Iy = {tx}, k= 1,..., N and let A be the algebra of
functions which are constant on the intervals I, k =0,1,...,2N. Then A is the

algebra of piecewise constant functions # : R — R with N fixed jumps at points

f,...,IN.
Let 2 ={0,1,...,2N} be a finite set and let R% denote the algebra of all func-
tions f : 2 — R.

Proposition 20.2 The algebra A is isomorphic to the algebra R¥ .

Proof Define a function u : R® — A as follows: For every f € R¥,
u(f)x)= f(w) ifxel,, o«=0,1,...,2N. (20.1)

We need to prove that p is an algebra isomorphism.
Let f, g € R and let a, b € R. Then we have the following.

e If x € R, then x € I, for some w € {0, 1, ..., 2N}. Therefore
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ulaf +bg)(x) = (af + bg)(w)
=af(w) + bg(w)
=ap(f)(x) +bu(g)(x)
= lap(f) +bu(g)l(x)

That is, x is R—linear.
[ ]

n(fg)(x) = (fg)(w)
= f(w)g(w)
= pn(f)x)u(g)(x)
= [n(Hn(@1x)

Therefore, u is multiplicative and hence an algebra homomorphism.

e If forall x e R, u(f)(x) = pu(g)(x), then f(w) = g(w) forall w € {0, 1, ...,
2N}. Thatis, f = g and hence u is injective.

e Finally, let & € A. Then for every x € R such that x € I,,, h(x) = ¢, for some
¢co» € R. Define f € R¥ by f(w)=c¢y, o=0,1,...,2N. If y € R such that
y € Iy forsome 6 € {0, 1,...,2N}, then

w(HQ) = fO0) =cy =h(y).

Since y is arbitrary, we conclude that u is onto.
Therefore w is an isomorphism.

Now, let o : R — R be a bijection such that A is invariant under o (and o~ !).
In [10, Lemma 1], it was proved that such a o is a permutation of the partition
intervals I,, ® =0,1,...,2N. Let 7 : £2 — £2 be a bijection (permutation) such
that t(w) = 0 if and only if 0 (1,) = Iy. Suppose ¢ : A — A is the automorphism
induced by o and 7 : R¥ — R* is the automorphism induced by z, that is, for every
h € Aandevery f € R?,

6(hy=hoo 'and 7(f) = for L. (20.2)

The automorphisms ¢ and 7 satisfy the following intertwining relation.

Proposition 20.3 Let o : R — R be a bijection such that A is invariant under o
(and 6~") and let T : 2 — 2 be a bijection (permutation) such that T(w) = 0 if
and only if o (1,) = Ily. Suppose 6 : A — A is the automorphism induced by o and
7 : R® — R% is the automorphism induced by t. Then

cCopu=port, (20.3)

where  is given by (20.1). Moreover, for every n € Z,



476 A. B. Tumwesigye et al.
c"opu=pot". (20.4)

Proof Let f € R® and x € R. Suppose x € I, and that o~ '(Iy) = I, for some
6 €{0,1,...,2N.} Then,

o o u(f)(x) =au(f)Nx)
= n(He™' ()

f@ ()

=T7(f)(@)

= pnoT(f)(x),

which proves (20.3). The relation (20.4) follows by induction.

In the next Lemma we prove an equivalence between Sep”; (R) and Sep” (£2), two
sets which will be important in the description of the centralizer of the coefficient
algebra in the skew PBW extension. First we give the definitions.

Definition 20.4 For every n € Z set,

Sep" (R) :={x € R : (3 h €A), h(x) £ 5" (h)(x)}, (20.5)
Sepio(2) ={we 2 : @ feR?), flo)#7T"(/)w)} (20.6)
and
Sep"(2) :={we R : " (w) # w). (20.7)
We have the following.

Lemma 20.1 Letx € 1, C R. Then x € Sepy (R) if and only if v € Sep" ($2).

Proof Since the algebra R¥ separates points, then Sepgpe (§2) = Sep"(§2) for every
n € Z. Therefore, it suffices to prove that x € I, C R belongs to Sep’; (R) if and
only if w € Sepg, (§2). To this end, we have the following.

Suppose @ € Sepp. (£2). Then there exists f € R such that 7" (f)(w) # f(w).
Since u is injective, then 7" (f)(w) # f(w) implies that

po T(Hx) # u(f)x) Vx €l

But from (20.4), it o T" = 6" o u. Therefore,

" (u(fNx) # n(fHx).
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That is, x € Sep’y (R).
Conversely, suppose x € Sep; (R). Then there exists & € A such that 6" (h)(x) #
h(x). Using injectivity of u~!, we get

(05" (h)(w) # p ' (h)(w).

1

Again, using (20.4), we get that ©~! 0 6" = 7" o u~'. Therefore

T () (w) # (W () (o),
and hence w € Sepp, (£2).

From Proposition 20.2 and Lemma 20.1 above, it follows that we can consider the
algebra of functions on a finite set. Indeed in the following section we consider the
skew PBW extension of the algebra R of functions on a finite set 2 and then deduce
the corresponding results in the case of the skew PBW extension of the algebra of
piecewise constant functions on R via the isomorphism .

20.4.1 Algebra of Functions on a Finite Set

Let2 ={0,1,...,2N}beafinitesetandlet R¥ = {f : £2 — R} denote the algebra
of real-valued functions on £2 with respect to the usual pointwise operations. By
writing f; := f(k), R? can be identified with R>¥*! where R>¥*! is equipped with
the usual operations of pointwise addition, scalar multiplication and multiplication
defined by

xy = (X1y1, X2Y2, . -+, XnVn)

for every x = (x1,x2,...,xp) and y = (¥1, Y2, -+ -, Yn)-

Now, for 1 <i < n, let 7; : 2 — £2 be a bijection such that R% is invariant
under 1; and rl._l, (that is both 7; and ri_l are permutations on §2). For 1 <i < nlet
7; : A — A be the automorphism induced by 7;, that is

G(f)=for (20.8)

forevery f € R% and let &;, | < i < n be a T;—derivation. Consider the skew-PBW
extension 7(R?) < xy,...,x, > .

The following definition is important in the description of the centralizer of R
in the skew PBW extension 7(R%?) < xi, ..., X, >.

Definition 20.5 For o = (o, a3, ..., a,) € N”, define

(@) Sep®(2) :={we 2 : 1%(w) # w};
(b) Per®(£2) ={we 2 : 1% (w) = w}.
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20.4.2 Centralizers in Skew PBW Extensions for Function
Algebras

In this section the centralizer of R in the skew PBW extension 7(R*)
< X{, ..., X, > is described. We start by describing the centralizer in the quasi-
commutative case and then state a necessary condition for an element to belong to
the centralizer of R in the general case. We finish by giving the description of the
center of the skew PBW extension in the quasi-commutative case.

20.4.2.1 The Centralizer of R¥

Theorem 20.3 Suppose thatfor 1 <i < n, §; = 0. Then the centralizer C(R*), of
R¥ in the skew PBW extension T(R?) < x1, ..., x, > is given by

C([R'Q> = {Zfax"‘ : fu=0o0n Sep"‘(.Q)}.

Proof Using the results of Theorem 20.1, an element f =) f,x* € T(R%?)

< X1, ..., X, > belongs to the centralizer of R% if and only if for every r € RS,
fa(@*(r) —r) =0.

Since (7¢(r) —r)(y) = Oforevery y € Perpqo(82), then fr =rf foreveryr € R
if and only if f, = 0 on Sepg, (£2). Since Sepg, (£2) = Sep®(£2), we have,

c(u%”) = {Zfax“ . f,=0o0n Sep"‘(.Q)}.

Now consider the case when §; # 0. In [9] a necessary condition for an element

> fix® in the Ore extension R¥?[x, 7, 8] to belong to the centralizer of R was
k=0
stated and the following Theorem was proved.



20 Centralizers in PBW Extensions 479

Theorem 20.4 If an element of degree m, Y fix* € R?[x, , 8] belongs to the
k=0
centralizer of R?, then f,, = 0 on Sep™(R2).

We aim to extend this theorem to the skew PBW extension T(R) < xi, ..., x, > of
which the Ore extension R¥ [x, T, 8] is a special case. This extension is given in the
following Theorem.

Theorem 20.5 Ifanelement)_, fox* € T(R?) < x1, ..., x, > belongs to the cen-
tralizer of R, then f,, = 0 on Sep®($2).

Proof Again, using Theorem 20.2, we see that if an element f =), fox* €
TR?) < xp, ..., x5 > belongs to the centralizer of R¥, then

r—7@)fe=0VaeN, (20.9)

Equation (20.9) holds on Perge (£2) and holds on Sepg. (£2) if fi, = 0. The conclu-
sion follows from the fact that Sepg, (£2) = Sep®($2) for all « € N”.

20.4.2.2 Center in the Quasi-commutative Case

In this section we give the description of the center of the skew PBW extension
T(R?) < xy,...,x, >inthe quasi-commutative case, Definition 20.2. We start with
a result which will be important in the description of the center.

Lemma 20.4.1 Let7(R®) < xy,...,x, >bea quasi-commutative PBW extension.
Then for every 1 < i, j < nandeverym € N,

m—1

(a) x;jx!" = < I1 fik(cij)>x;’1xj.

m—1
(b) xj'x; = < I1 f;?(c[j))x,-x;”.

Proof (a) The case m = 1 corresponds to condition (c’) in Definition 20.2 and for
m = 2 we have
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2
xjx; = (xjx;)x;
= (CijXiXj)Xi
= ¢ijXi(x;X;)
= cijx;i(Cij)Xix;
= Cijfi (cij)xizxj.
Suppose the formula holds for all positive integers up to and including m. Then
m+1

XjX;

= ()X

m—1
= <( 1_[ fik(cij)>xlf"xj)x,~
1_[ T (c,])) (ximc,-j)x,-xj
k=0

(1
(H, )i
(T

H 7 (c,,>)

A similar proof can be done for part (b).

Using these formulas we can derive necessary and sufficient conditions for an element
to belong to the center. We state these conditions in the following Theorem.

Theorem 20.6 An element f =) fu,x® belongs to the center of the quasi-

o
commutative skew PBW extension T(R®?) < x1,...,x, > if and only if f, =0 on
Sep®($2) and for every 1 <i < n

i—1 a;j—1

~o ~ ~aj_p ~k
G [T ] &5 5758 0 | =

Jj=1 \k;=0

i+2 Ap—ji1—

L7 Oln i+1 ~On—j ~kn—j
H( 1_[ rl T Th— i+1 "Tn ]Tn /+](Ci,nj+l)>

—l kn /+l—0
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Proof An element f =) f,x® belongs to the center of the quasi-commutative

skew PBW extension 7 (R¥?) < xi, ...,

1<i<n, x;f=

a

x, >ifandonlyif f € C(R*)and, forevery
fx;. So we compute.

F=) X fax( e X
o
=Y m(fxix(t X
o
a;—1
~k o
= er(fa)( I1 tl‘(q,i))x‘f“x,xgz R R
P k1 =0
a;—1 ar—1
~ ~k ~k: o
= Zn(}%)( I rl‘(Cu))( [Tz r;(cz,,-))x;’”x;“x,- R S
o k1=0 k=0
a;—1 aj—1—1

= Zﬁ(ﬂ»(

X1

i—1

—Zn(fc»]_[

Jj=1

On the other hand,

fxi = <2:fctx‘1)tl
zz.faxal
= Zfaxal ..

_Zf“ ar |,

op—1—1
~0n—i+1
( l—[ Tnmitl *°

kp—1=0
i+2

i

ar—1
H *k‘(cm)( [T &8 ) (
kp=0

]~--x7[+]-

~Otl ~0i-2 ~ kx
1—[ g

1(51—11))

o
. .xn”
a;—1
~a] ~m7 ~0j-2 ~ ai+1 Q
([T e o)t i
g -~x2’”>
ap—1
ati U‘ 1
X " ( 1_[ T (Cln)>x1x "
k=0
a,—1 ap—1—1
a%i Ap—2 ~0p—1 ~k, I
Xy 'x,liz 1_[ Tnil 7," (Cin) l—[ 1 (Cl Il—l))xl n—l Xp"
kn=0 kn—1=0

ap—1
a; ~O0n—i+1 ~On—i+2 ~0n—1zky (..
X < 1_[ Tn— i+1 T i+2 Tl Tn (CL")

kn=0
ap—i—1—1
f:n22~,71 (Qn—l))( 1_[ f,]l(”,‘ l(cn l—ll))xl n;lell "'xfltn
ky—i—1=0
Qp—j+1— 1
R L AT E R

kn— /+1—0
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Comparing coefficients of x{"* - - - x;**' - - - x% completes the proof of the theorem.

20.4.2.3 Some Examples

In the special case when when n = 2 we have the following.

Let A =7(R?) < xj,x, > and suppose an element f = Y fu aX; x5 €
o,0)

Z(A). Then x; f = fx;and x, f = fx;. Now

xif= x1< > fal,azﬁ‘xg”)

o0

1
- Z ‘Cl(fotl Olz)xa]Jr -x;zv

ap,on

and

fxl—(Zfalale XZ) X1

ap,a2

— o] ar
= fa1«a2x1 X7 X1

ap,02

ar—1
~k
-y f( I+ <c,z>)xlx;z
k=0

ap,02

ar—1
= Z S, w( l_[ 7%% (012)) o +1 az.

o,0)
Therefore x| f = fx if and only if
ay—1
'El(fotl.az) = fou.az( l_[ fla]ka(CIZ))-
k=0
On the other hand,

fx2 - ( Z fal az-xllxlx22> X2

oy,0)

_ o _ax+1
= Z fotl,ozle Xy s

o,00

and
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xf= Xz( > fa,,azﬁ‘x§’2>

ap,a2

~ o) _an
= E 12<falqaz>xzx1‘x2°

o0

0[1—1
= Z fz(fmm)( 1_[ flk(clz)>xf“x§‘2+1.
k=1

o,00

Therefore x, f = fx, if and only if

Dt]*l
fm,az =10 <fa1,o¢2>< 1_[ ff(“lZ))-

k=1

We conclude that f € Z(A) if and only if

Oll—l Dt2—1
T (form) =T (fm,a;)( I1 ff(ﬂz))( []a fzk(012)>.
k=1 k=0

In the next example we give an explicit description of the centralizer of R and the
center for a particular quasi-commutative skew PBW-extension T(R?) < x1, xp >.
Recall that for m = 2 the algebra R¥? is isomorphic to R?.

Example 20.4.1 Consider the quasi-commutative skew PBW extension
A = T(R®) < x1, xo > with the following conditions.

e The automorphisms 7y, 7; : R? — R? are defined as follows:
71 =id, Tr(e1) = e and Tr(ey) = e1, where e, e, are the standard basis vectors
in R2.

o wox1 = (1,200 (& % = (1, §>x2x1)

From Theorem 20.3, the centralizer of R in the skew PBW extension 7(R*)
< X1, X > is given by

C<[R9> - {Zfax”‘ . fy=0o0n Sepo‘(.Q)}.
In this case

2 ifayis odd

Sep™(2) = Sep™ 2 (2) = Sep® = {0 ¥
@ if ay is even.

Therefore
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C<|R'Q> = { Z fj,ka{)C%k}.
j.k

Now let us consider the center.
Suppose an element f = > f,x* € Z(A). Then f € C(R?), and x; f = fx; for

i =1,2.Since f € C(R?), then f = 3" fjaux]x3k.
J.k

Now
i 2k
xif :x1<2fj,2kx'{x2 >
ik

1k

= Zfl(fj 2%)x]

R
= ij 2kx1]
and

J 2k
fx = ( § Jiakxix; )xl
Jk
J 2k
=Y fiux| (xz xl)
Jk

2k—1

= Z fioxxq ( 1_[ 12(1 2)>x1x2

— fo W (2k 2k> ]+1x§k

_ Zfl 2k<2k zk) {+1 21(‘
Therefore x; f = fx; if and only if

fiox = f1.a0(25,25)

from which we obtain that either f; = 0 forall j, k or k = 0.
Also fx; = x,f and since k = 0, we get f = ) fjx{. Therefore
J
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fx= (Z fjxij>x2 = ijxiixz,
J J
on the other hand

nf = xz(Z f.ixf)
j

= H(f)xx]
J

-1 '
= Zﬁ(f,-)(]_[ 7, 2>)x{xz
J =0
= BN 2)xlx
J

from which we obtain that x, f = fx; if and only if
(1,2 = f;.
If we suppose f; = (a, b) then we obtain that x; f = fx, if and only if
(b,a)(1,2") = (a, b)

thatis,a = b and 2/ = 1 (= j = 0 for all j). Therefore

Z(A) = { > fixi © fi=k(1, 1) for some k € [R}.
J

In following example, we investigate what happens to the center Z(7(R%)
< X1, x» > if we make a choice of constants c1, = (cy, ¢3) for arbitrary ¢y, ¢; € R.

Example 20.4.2 Consider the quasi-commutative skew PBW extension
A = 7(R¥) < x1, x, > with the following conditions.

e The automorphisms 7y, 7, : A — A are defined as follows:

T1 = id, To(e1) = e and Tr(ey) = ey, Where ey, e, are the standard basis vectors
in R2.

e xox1 = (c1, C2)X1X2 ( & XXy = (ﬁ, é)xle) where cq, ¢c; € Rwithe) # 0 #
Co.

From Theorem 20.3, the centralizer of R in the skew PBW extension 7(R*)
< X1, X > is given by
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C<[R9> = {Zfax“ . fy=0o0n Sep“(sz)}.
In this case

2 if o is odd

@ if ay is even.

C([RQ> = { Z fj,gkx{x%k}.
j.k

Now suppose an element f = Y f,x% € Z(A). Then f € C(R®), and x; f = fx;

Sep®(£2) = Sep®*(£2) = Sep™(£2) = {

Therefore

fori =1,2. Since f € C(R?), then f = 3" fjux]x3*.
J.k

Now
x1f=X1<ij$2kx1jx§k>
= Zﬁ(fj 20x] 3k
_ZfIkal]Jrl 2k
and

J .2k
fxi= (ij,zkx{xz )X1
j.k
j 2k
=" frauxi (xz X1>
j.k
2k—1
j ~l 2k
=> f,-,zm{( [] . Cz))xlxz
J.k =0
= Zf, *F ((clcz) (cic2) )x{

—ijZk((CICZ) (C]Cz)> Jj+1 2k

J.k

Therefore x| f = fx; if and only if
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k k
fiok = fio ((6162) , (c1c2) )

from which we obtain that either f;» = 0 for all j, k or (c1¢c2)¥ =1 for all k. That
iscy = % Therefore we have the following;

—1 2k
If c; = ¢; ', then from f =} f;2x{x3", we have,
J.k

fx= (Zf]kalxz )xz Zf]ka] L

J.k

On the other hand

Xzf = X3 < Z fj,kafxgk)
j.k

~ J 2k
= Z T (fj,20)%2x7 X5

= Z ‘L'z(fj 2%) ( l_[ T, (cq, CZ)).X x§k+l

2k+1
= Zrz(f] (e, e a3+,

J.k

from which we obtain that x, f = fx, if and only if fz(fj,y{)(c{, cl_j) = fiou. Ifwe
suppose fjor = (ajox, bj2x) then we obtain that x, f = fx, if and only if

(b 2%, aj,Zk)(C{’ Cl_j) = (aj 2, bjxn).

That is, bj x = ¢, ’a; 2, and hence ,

Z(f([RQ><x|,x2>) {ijgkx x2 D fiok =aju(, c] )for@omeajzke[R}

20.4.3 PBW Extensions for the Algebra of Piecewise
Constant Functions

In Sect.20.4, the algebra A of piecewise constant functions 7 : R — R with N
fixed jumps at points 7y, t5, ..., fy was introduced and we proved that this alge-
bra is isomorphic to R, the algebra of all functions f : 2 — R indexed by

={0,1,...,2N}. In Sect.20.4.2, we gave a description of the centralizer of R¥
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in the skew PBW extension 7(R¥) < x1, X2, ..., x, >. Therefore in this section,
we give the centralizer of the coefficient algebra A in the skew PBW extension
6(A) < x1,x2,...,Xx, > in terms of the isomorphism pu : R? — A as given in
Eq.(20.1) and Sep®(£2), as given in Definition20.5. We start with the following
definition.

Definition 20.6 For o = (o, a2, ..., a,) € N”, define

(@) Sep(R):={x R : @heA) : 5°h)x) #h(x)};
(b) Per®(R):={x €R : 6*(h)(x) = h(x)}.

Using methods similar to the proof of Theorem 20.3, it can be shown that the central-
izer of A in the quasi-commutative skew PBW extension 6 (A) < x1, X2, ..., X, >
is given by the following.

Proposition 20.4 Suppose that for 1 <i < n, 8; = 0. Then the centralizer C(A),
of A in the skew PBW extension 6 (A) < x1, ..., X, > is given by

CA) = {Zhax“ : hy =0o0n Sepf‘q([l?)}.

In the next theorem, we give the description of the centralizer of the A in terms of
the isomorphism u and Sep®(X), in the quasi-commutative case.

Theorem 20.7 The centralizer C(A) of A in the quasi-commutative 0 —PBW exten-
sion 6 (A) < x1, X2, ..., X, > is given by;

C(A) = { Zhax“ : N (he) =0o0n Sepa(.Q)}.

where | is given by (20.1).

Proof Define amap y : R — £2 such that

yx)=w ifxel,, we{0,1,...,2N}.
Then for every f € R¥ and every x € I,
pn(f)(x) = flw) = (foy)x),
and for every h € A,
w (h) () = h(x) forall x € y~ (),

where y ~! (w) denotes the pre-image of w. Observe that

{Zhax“ : w Y (hg) =0o0n Sep“(sz)} = :Zhax“ D he(x) =0Vx ey (Sepa(.Q))}A
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Therefore it remains to prove that y ! (S ep” (.Q)) = Sep¢ (R). To this end we have
the following;

y‘(Sep“(m) = yl({w €N w) # w})

=y (o : %) # )

={xeR: (xel,) : t%w) # w}
={xeR:xel, ando®(,) N1, =@}
={xeR: FheA : %) (x) #hx)}
= Sep’ (R).

This completes the proof.

Using the same methods in the proof of Theorem 20.5 and from Theorem 20.7 above,
we have the following necessary condition in the general case.

Theorem 20.8 Ifanelement) , fux* € T(R?) < x1, ..., x, > belongs to the cen-
tralizer of R, then u='(hy) = 0 on Sep®(£2).

Example 20.4.3 Consider the quasi-commutative skew PBW extension
A = T(R®) < x1, xo > with the following conditions.

e The automorphisms 7y, 7, : A — A are defined as follows:
71 = id, Tr(e;) = e; and Tr(ep) = ey, where ey, e, are the standard basis vectors
in RZ.

e xox1 = (c1,C2)X1Xx2 ( & XXy = (&, é)xle) where ¢y, ¢c; € Rwithcy # 0 #

Co.

This corresponds to the algebra A of piecewise constant functions with one fixed
jump point #; with R partitioned into intervals Iy = (—o0, t;), I} = (¢}, 00) and
I; = t;. Invariance of A under any bijection o : R — R implies that o (¢;) = 1.

From the definition of the automorphisms 7;, 7, we see that the corresponding
bijections o7, 02 : R — R be have as follows

o oi(t]) =oo(t)) =14.
e 01(lp) = Ip and hence oy (I}) = 1.
e 0,(ly) = I, which implies o> (1}) = Iy.

From Theorem 20.7, it follows that for every o = (a1, p) € N2,

I()UI] if(){2 is odd

@, if ap is even

v~ (Sep“(:?)) = Sep$ (R) = {

Therefore the centralizer of A in the skew PBW extension 6 (A) < x1, x, > is given
by
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CA) = { > hjxxixs : hju =000l Ul }
J:k
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