Chapter 19 ®)
Ore Extensions of Function Algebras oo

Alex Behakanira Tumwesigye, Johan Richter and Sergei Silvestrov

Abstract In this article we consider the Ore extension algebra for the algebra A of
functions with finite support on a countable set. We derive explicit formulas for
twisted derivations on A, give a description for the centralizer of A, and the center
of the Ore extension algebra under specific conditions.
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19.1 Introduction

A topic of interest in the field of operator algebras is the connection between proper-
ties of dynamical systems and algebraic properties of crossed products associated to
them. More specifically the question when a certain canonical subalgebra is maxi-
mal commutative and has the ideal intersection property, that is, each non-zero ideal
of the algebra intersects the subalgebra non-trivially. For a topological dynamical
systems (X, o), one may define a crossed product C*-algebra C(X) xs Z where &
is an automorphism of C(X) induced by o. It turns out that the property known as
topological freeness of the dynamical system is equivalent to C (X) being a maximal
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commutative subalgebra of C(X) % Z and also equivalent to the condition that
every non-trivial closed ideal has a non-zero intersection with C(X). An excellent
reference for this correspondence is [22]. For analogues, extensions and applications
of this theory in the study of dynamical systems, harmonic analysis, quantum field
theory, string theory, integrable systems, fractals and wavelets, see [1, 2, 4-6, 10,
11, 22].

For any class of graded rings, including gradings given by semigroups or even
filtered rings (e.g. Ore extensions), it makes sense to ask whether the ideal intersection
property is related to maximal commutativity of the degree zero component. For
crossed product-like structures, where one has a natural action, it further makes
sense to ask how the above mentioned properties of the degree zero component are
related to properties of the action. These questions have been considered recently
for algebraic crossed products and Banach algebra crossed products, both in the
traditional context of crossed products by groups as well as generalizations to crossed
products by groupoids and general categories [3, 8, 9, 12, 13, 15, 16, 20, 21].

Ore extensions constitute an important class of rings, appearing in extensions of
differential calculus, in non-commutative geometry, in quantum groups and algebras
and as a uniting framework for many algebras appearing in physics and engineering
models. An Ore extension of a ring R is an overring with a generator x satisfying
xr =o0(r)x + A(r), r € R, for some endomorphism ¢ and a o-derivation A.

This article aims at giving a description of the centralizer and the center of the
coefficient subalgebra A in the Ore extension algebra A[x, 6, A], where A is the
algebra of functions with finite support on a countable set X and ¢ : A — A is an
automorphism of A that is induced by a bijection o : X — X. A number of studies
on centralizers in Ore extensions have been carried out before in [14, 17, 18], but in
completely different settings to the one here.

In Sect. 19.2, we recall some notation and basic facts about Ore extensions used
through out the rest of the article. In Sect. 19.3, we give a description of twisted
derivations on the algebra of functions on a finite set from which it is observed that
there are no non trivial derivations on R". In Sect. 19.4, we give the description of the
centralizer of the coefficient algebra A and the center of the Ore extension A[x, &, 0].
In Sect. 19.5, we turn to the case when A is the algebra of functions on a countable
set with finite support, give a description for the centralizer and the center of the Ore
extension A[x, 6, 0]. Sections 19.6 and 19.7 are devoted to the special case of the
skew power series and the skew Laurent rings respectively.

19.2 Ore Extensions. Basic Preliminaries

For general references on Ore extensions, see for example, [7, 19]. For the conve-
nience of the reader, we recall the definition.

Let R be aring, 0 : R — R aring endomorphism (not necessarily injective) and
A : R — R ao-derivation, that is,
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A(a +b) = A(a) + A(b) and A(ab) =o(a)Ab) + A(a)b

foralla, b € R.

Definition 19.1 The Ore extension R[x, o, A] is defined as the ring generated by
R and an element x ¢ R such that 1, x, x2, ... form a basis for R[x, o, A] as a left
R-module and all » € R satisfy

xr=o(r)x + A®r). (19.1)

Such a ring always exists and is unique up to isomorphism [7].

From A(1-1) =o(1)- A(1)+ A(1) - 1 we get that A(1) = 0,and sinceo (1) =1
we see that 1z will be the multiplicative identity for R[x, o, A] as well.

If 0 = idg, then we say that R[x, idg, A] is a differential polynomial ring. If
instead A = 0, then we say that R[x, o, 0] is a skew polynomial ring. The reader
should be aware that some authors use the term skew polynomial ring to mean Ore
extensions.

An arbitrary non-zero element P € R[x, o, A] can be written uniquely as P =
Yo' paix' for some n € Zg, witha; € R fori € {0,1,...,n} and a, # 0. The
degree of P is defined as deg(P) := n. We set deg(0) := —o0.

Definition 19.2 A o-derivation A is said to be inner if there exists some a € R
such that A(r) = ar — o (r)a for all r € R. A o-derivation that is not inner is called
outer.

Given a ring S we denote its center by Z(S). The centralizer C(T), of a subset
T C S is defined as the set of elements of S that commute with every element of 7.
If T is a commutative subring of S and the centralizer of T in S coincides with T,
then T is said to be a maximal commutative subring of S.

19.3 Derivations on Algebras of Functions on a Finite Set

Let X = [n](= {1, 2,...,n}) be a finite set and let A = {f : X — R} denote the
algebra of real-valued functions on X with respect to the usual pointwise operations,
that is, pointwise addition, scalar multiplication and pointwise multiplication. By
writing f, := f(n), then we can identify A with R". Here, R" is equipped with
the usual operations of pointwise addition, scalar multiplication and multiplication
defined by

Xy = (-xlyl, X2Y2,5 e e vxnyn)

for every x = (x1,x2,...,xp) and y = (¥1, Y2, - -+, Yn)-
Now, let 0 : X — X be a bijection such that A is invariant under o, (that is o is
a permutation on X) and let & : A — A be the automorphism induced by o, that is
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6(f)=foo™! (19.2)

for every f € A. We would like to consider the Ore extension A[x; 6, A] where A
is a o -derivation on A and x is an indeterminate.
Recall that A is a ¢ derivation on A if it is R—linear and for every f, g € A,

A(fg) =0 (AR + A(f)g.

Since A can be identified with R", then A is an operator on R” which can be repre-
sented by a matrix,

ki
kai
[A] = [AeD)[A(e2)]---|Alen)],  Ale)) = | . (19.3)
km'
where {e}, ez, .. ., e,} is the standard basis of R". In the following Theorem we give

the description of the matrix [A] in (19.3) above.

Theorem 19.1 Let o : X — X be a bijection and let A be a & -derivation whose
standard matrix [A] is as given by (19.3). Then

1 k; =0ifl ¢ {i,0@)},
2. kl,ZOlfl:O‘(l);

Proof 1. If o(i) = j, then 6(¢;) = e;, where ¢ is as defined by (19.2) and

{ei, i = 1,2,...,n} is the standard basis for R*. Therefore from the definition
of A,

Ae}) = G (e))Aler) + Alee;
=ejA(e;) + Ae)e;
= A(ei)(ej + 6,‘).

Now ei2 = ¢; and hence
A(e;) = Alei)(ei + ¢j) = eiki; + ejk;i.

Therefore, k;; = 0 whenever [ # i, j.
2.1fi = o (i), then

eiki; = 2e;ki;,

and hence k;; = 0.
3.Fori # j =0(i), A(e;e;) = A(0) = 0 and hence
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0= A(eiej)
=0(e;))A(ej) + Alee;
=e;jA(e;) + Ale)e;
= ej(A(ej) + A(ei)).

Looking at the jth component we get
kjj+kji=O or kjiz_kjj~ O

Corollary 19.3.1 There are no non zero derivations on A.

Proof If 6 = id, thatis, 6(¢;) = ¢; and i = o(i), i = 1,2,...,n, then from
Theorem 19.1, it follows thatk;; = Oforalli # j,andk;; = Oforalli =1,2,...,n.
Therefore, A = 0. (|

Example 19.3.1 Let n = 3 and let 0 : [3] — [3] be a permutation such that
o(l) =2, 0(2) =3and o (3) = 1. Then

F(HW = f(o7' M) = FO
5N =f(o7'@) = f)
s(NB=1(7'®) =r@

Therefore & (x1, x2, x3) = (x3, X1, x2). Let

ki k2 ki3
[A] = | ka1 ko k23
k31 k3 k33

be the standard matrix for A and let x = (x1, x2, x3) and y = (y1, y2, y3) be arbitrary
vectors in R3. Then

x3 | | kuyr +kiy: +kizys
x1 | | kvt + koo v + kozys
X0 | | k31y1 + k3o yos + k3zys

[ki1x3y1 + kiaxsys + kisxsys
= | koix1y1 + koox1y2 + kazx1y3
| k31x2y1 + kaax2y2 + kazxays

o (x)A(y)
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[ki1x1 + kioxa 4+ kisxs | [
Ax)y = | korxy + kopxo +kozxz | | y2
| k31x1 + kapxa + kaaxs | [ vs
[kiixiy1 4 kixay + kisxsy

= | karx1y2 + koax2y2 + k3 x3y2
| k31x1y3 + kaaxy y3 + k33x3y3

ki1 Geryr + x3y1) + ki2(ooyr + x3y2) + kiz(xzyr + x3y3)
G (X)AW)FAX)Y = | ka1 (x1y2 + x131) + koo (x1y2 + x2¥2) + k23 (x1y3 + x3)2)
k31 (xoy1 + x133) + k3 (x2y2 + x2¥3) + k33 (x2y3 + x3¥3)

Also,

ki kiz ki3 | | xin
A(xy) = | ka1 koo ka3 | | x2)2
| k31 k32 k33 | | x3)3

kiixiyr + kiaxays + ki3x3y3
= | karx1y1 + koax2y2 + ka3 x3y3
| k31x1y1 + kaaxay2 + k3szxzys

Therefore, from
A(xy) =0(x)AY) + Ax)y

we get
kiixayr + kip(xayr + x3y2 — x2¥2) + ki3x3y; =0,
from which we obtain, k;3 = —ky; and kj, = 0.
Similarly, we obtain k21 = —k22, k23 = 0, and k31 = 0, k32 = —k33 which is
agreement with the assertions of Theorem 19.1.
Setting k11 = s, ko =t and k33 = u we obtain the matrix of A as;
s 0 —s
[Al=]—-t t O
0 —u u

In the next Theorem, we prove that if ¢ : R" — R” is an automorphism of R"
and A : R* — R" is an operator on R” that satisfies the conditions of Theorem 19.1,
then A is a ¢ -derivation.

Theorem 19.2 Let 0 : X — X be a bijection on X and let 6 : R" — R" be the
automorphism induced by o. Let A : R" — R" be linear operator whose standard
matrix [A] has the following properties

1 ki =0ifl ¢ {i,o ()},
2. kj,' = —kjj,fOI’i ;é ] :O'(i),
3 ki =0ifi = o).
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Then A is a & -derivation.

Proof We first do the proof for the standard basis {e1, e, ..., e,} of R". Recall that
if (i) = j then 6 (¢;) = e;. From the definition of A,

ki

where k;; = Oforalll #1i, j and kj; = —k;;.
Now, for i # j, A(eje;) = A(0) =0. And

5(6,‘)A(€j) + A(ei)ej = ejA(ej) + A(e,‘)ej
= ej(A(ej) + A(@,))
All the components in the above vector are zero except the jth component which is
given by
kjj +kji =kjj —kjj = 0.
Also, A(eiz) = A(e;), (since el.2 = ¢;), and

G(ei)A(e;) + Alee; = ejA(e;) + Aley)e;
= A(ei)(e; +ej),

where all the components in the above vector are zero except the ith and jth com-
ponent. That is (assuming i < j)

o(e)Ale;) + Alee; = |+ | = Ale).

Therefore, A is a -derivation on the standard basis vectors.
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Now let x = (x1,x2,...,x,) and y = (y1, y2, ..., Y,) be arbitrary vectors in R".

Then
n n
X = ine,- and y = Zyjej
i=1 j=1

and

n
Xy = E Xiyjei€j.

ij=1

Using the fact that both 6 and A are R—linear we have;

Axy) = A Z xpyjeie;

ij=1

= E xyje,ej

i,j=1

~ Y s4fae)

i.j=1

= Y xiy;(GeNAle)) + Alee;)

i.j=1

=Y xiySeNAle) + Y xiyjAlee;

i,j=1 i,j=1

=<Zx,-&(e,-)> > yiAe)) +(inA<e, Zy,e,)
i=1 j=1 i=1

() (2
i=1 j=1 i=1 j=1
=0 ()A(Y) +AM)y.

Therefore A is a &-derivation on R”". O

19.4 Centralizers in Ore Extensions for Functional
Algebras

Consider the Ore extension A[x, 6, A], that is, the algebra
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Alx, 6, 4] = {Z fixk o fe eA]
k=0

with the operations of pointwise addition, scalar multiplication, and multiplication
given by the relation

xf=a(f)x+ AN

for every f € A.

Our interest is to give a description of the centralizer C(A), of A in the Ore
extension A[x, d, A] where 6 and A are as described before. Using the notation
introduced in [14], we define functions rr,i A — A, for k,l € Z as follows;
718 = id. If m, n are nonzero integers such that m > n or atleast one of the integers
is negative, then 7}, = 0. For the other remaining cases,

n o__ x~ n—1 n—1
w,=0om, | +Aom, .

It has been proven in [14] that an element ka=0 kak € Alx, 6, A] belongs to the
centralizer of A if and only if

gfi =Y fim (e (19.4)
j=k

holds forall k € {0, 1,...,m}and all g € A.
Observe that since A is commutative, then the centralizer C(A) of A is also
commutative and hence a maximal commutative subalgebra of A[x, &, A].

19.4.1 Centralizer for the Case A =0

In this section we treat the simplest case when A = 0. Recall that ¢ acts like a
permutation of the elements of A and since [r] is a finite set, then & is of finite order.
Before we give the description, we need the following definition.

Definition 19.3 For any nonzero n € Z, set

Sep"(X) ={x e X | x #0"(x)},
Per"(X)={xe X |x=0"(x)}.

Observe that 6" (h)(x) # h(x) if and only if 6" (x) # x for every x € X and every
h € A. We give the description of the centralizer in the following theorem.

Theorem 19.3 The centralizer C(A), of A in the Ore extension A[x, o, A] is given
by
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CA = Z fix® suchthat fi =0 on Sep*(X)}.
k=0

Proof From Eq.(19.4) and the fact that A = 0, we see thatan element )}, fix* €
Alx, &, A] belongs to the centralizer of A if and only if

g = fi5"(9)
forevery k =0,1,...,m and every g € A. That is,
g(0) fux) = fux)5* (9)(x) (19.5)
for every x € X. Since A is commutative, then Eq.(19.5) will hold if and only if

x € Perk(X) or f; = 0. Therefore, the centralizer C(A), of A will be given by

CA) =1 fix* : fi € Awhere fi =0on Sep*(X) .
k=0

19.4.2 Centralizer for the Case A # 0

Now, suppose G # id is of order j € 7.y, that is 6/ = id but 6 # id for all
k < j.Inthe next Theorem, we state a necessary condition for an element in the Ore
extension to belong to the centralizer.

Theorem 19.4 If an element of degree m, Y, fix* € Alx, &, A] belongs to the
centralizer of A, then f,, = 0 on Sep™(X).

Proof As already stated an element ) ", fix* e Alx, &, A] belongs to the cen-
tralizer of A if and only if for every g € A

gfi =Y fim (2
j=k

fork =0, 1, ..., m. Looking at the leading coefficient we have

8fm = fmTy (&) = fm6"(8) (19.6)

Since A is commutative, then Eq.(19.6) holds on Per™(X) and on Sep™(X),
Eq.(19.6) holds if and only if f,, = 0. (I
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The above condition is not sufficient to describe all the elements that belong to
the centralizer of A. In the next example we show that conditions satisfied by all
elements in the centralizer of A are actually quite complicated even for the case
whenn = 2.

Example 19.4.1 Letn = 2 and let o : [n] — [n] be a bijection on [n]. We already
know that if 0 = id, then A = 0 so we will consider the case ¢ # id, that is
0 (e1) = e; and 6 (e3) = e;. In this case, A has a standard matrix given by

s —s
[A]l = [_t ; }
for some s, € R with s, t # 0.
A direct calculation shows that an element fx € A[x, 6, A] belongs to the
centralizer of A if and only if f = 0. So we consider a monomial of degree 2.

Let f = (?) x% € A[x, &, A] be an element in the centralizer of A. Then, if
2
g= (g1> € A, we have,
82
(&) (1.2 _ (&f1) 2
=)= ()
On the other hand, using the fact that for every g € A,
g =@ + [AG () +5(A@) [ + 4%(p)
and since 62 = id we have,
fiY (&) .2, (N s =s\(&\ ~((s —s\(&
= + +
Te (fz 2)" g —t 1t J\a) T\ J\&))]F
n fi 245t —(s2+s0)\ (&1
i) \=Gst+13 st+12 o)
_ (181 2 n —fis+ (81— 8D |, n fi(s* +st)(g1 — &2)
282 fals +1)(g1 — &) — fa(st + 1) (g1 — g2)
Solving fg = gf and looking at the coefficient of x2, we get that f|, f> are free
variables and hence the centralizer C (A) is non trivial. In the more general case, we
have the following.

As already seen, an element Z?:o ka" € Alx, 6, A] belongs to the centralizer
of A if and only if for every g € A

gfi=> fiml(2)
=k
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fork=0,1,...,m. ‘
Looking at the constant term and using the fact that 7rj (g) = A/(g) we have;

gfo =Y fim ()
=0

= fog +Y_ fi4l(9)

j=1
from which we obtain that

> fi4l@) =0. (19.7)
j=1

Now, forany g € A, g = <§1) , we have
2

. i1 )
j i (& (81— 82) 2imo <J k )S]_ktk
Al(g) = A < ) = RS |
82 —(81—82) Yt <] r l) skgi—k

Therefore, from Eq. (19.7), we have
(61— ) X S S (1 1) 7748
81— 82) 2j=1Jj1 k=0 k _ |:0:|
m j i —1 i— -
- e S fp o (U ) e
Since Eq. (19.7) should hold for every g € A, then we have

m j j—1 i—
o it Yo (J L )s.z Kk .

m i (T =Y ki N [O} (159
>0 fiz 2o ( k ) st/

Since s, t # 0, then from Eq. (19.8), we have
m j—1 ]_ 1 i—k—
s3]
. (=1 Lol
ij() sz [ch(l) <] k >Sktj k—1

Observe that
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J j J .
- J—k=14k k,j—k—1
S ()t ()
k=0 k=0

Therefore we get a matrix equation of the form

1
s+t
2 2
S a1 e fm ST+ 25t 1 _ 10 (19.9)
fiz fo2 foo o S : 0 .
Z1z—ol <mk_ 1) Smfkfltt

which always has nontrivial solutions if m > 2.

19.4.3 Center of the Ore Extension Algebra

In the following section, we give a description of the center of our Ore extension
algebra. We will give the description for the case A = 0.

Theorem 19.5 The center of the Ore extension algebra Alx, 6, 0] is given by

(A[x o, O] {Z ka :where f, =0on Sep (X)and o (fi) = fk}

k=0

Proof Let f =Y ;" fix* be an element in Z(A[x, &, 0]), then f € C(A), that is
fi(x) = 0 for every x € Sep®(x). Since the Ore extension A[x, &, 0] is associative,
it is enough to derive conditions under which xf = fx. Now

om (D)= L
k=0 k=0
On the other hand,
xf=x Z fex®
k=0
=D xfixt
k=0

=) G (fix"t
k=0
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From which we obtain that xf = fx if and only if 6 (f;) = fi. Therefore,

Z(Alx,5,0]) = {Z fix® : where f, = 0on Sep*(x) and 5 (fi) = fk} .
k=0

19.5 Infinite Dimensional Case

Let J be a countable subset of R and let A be the set of functions f : J — J
such that f(i) = 0 for all except finitely many i € J. Then A is a commutative
non-unital algebra with respect to the usual pointwise operations of addition, scalar
multiplication and multiplication. For i € J, let ¢; € A denote the characteristic
function of i, that is

() ) 1ifi=j
ei = i = .
PE=XTT= 00 i .
Then every f € A can be written in the form
f=Y_ fe (19.10)

ieJ

where f; = 0 for all except finitely many i € J.
Leto : J — J be a bijection and let 6 : A — A be the automorphism of A
induced by o, that is,

5(f)=foo™!

for every f € A. We can still construct the non-unital Ore extension A[x, &, A] as
follows

Alx,6, Al == !Z fix® where fieA
k=0

with addition and scalar multiplication given by the usual pointwise operations and
multiplication determined by the relation

(fx)g=0(@fx+ A

where A is a 6 -derivation on A.
In the following Theorem, we state the necessary and sufficient conditions for
A: A — Atobe ac-derivation on A.
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Theorem 19.6 Let o : J — J be a bijection and let 6 : A — A be the automor-
phism induced by o. A linear map A : A — A is a 6-derivation on A, if and only
if, for everyi € J

1. A(e,-) = —A(ea(i)> and

2. Ae)®) =0ifk ¢ {i.o()

Proof Suppose Aisac-derivationon A andleto (i) = j, theno(e;) = e;. Ifi # j,

then,
A(e,-ej) = A(O) =0.

On the other hand,
A(ejej) = o (e;))Alej) + Alee;
= ej(A(ej) + A(e,))

That is, for every k € J,

Aeiep () = [ej(AGen + ate) |0

A+ Ay ifk=
o ifk # j.

Therefore, since A(e;e;) = 0, then A(e;) = —A(e;).
Also, forany k € J

Aed) (k) = (5 (e Ale;) + Aley)er) (k)
= Ale;)(ej + ) (k)
=0 if ké¢f{ij}

Conversely, suppose A : A — A is a R—linear map which satisfies conditions (1)
and (2) for some bijection o : J — J of J. We prove that A is ¢-derivation on A.
Suppose o (i) = j and consider the characteristic functions e;, e; fori # j. Since
A is a linear map,
A(eie_j) = A(O) =0.

On the other hand,

6’(6,‘)A(€j) + A(ei)ej = ejA(ej) + A(e,-)ej
=e;(A(e;) + A(er))
=0.

Therefore
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A(eiej) = o (e;)Alej) + Ale;)e; (19.11)

for i # j and the same holds for i = j. The fact that Eq.(19.11) holds for every
f, g € A follows from linearity of both ¢ and A and Eq. (19.10). Therefore A is a
& -derivation. O

Remark 19.5.1 It can be seen from Theorem 19.6 above that, if o (i) = i for all
ieJ, thenA =0.

19.5.1 Centralizer for A

In this section, we give a description of the centralizer C (A) of A, in the Ore extension
Alx, &, A] and the center of the Ore extension. Since A is commutative, then by [14,
Proposition 3.3], if ¢ is of infinite order, then A is maximal commutative, that is,
C(A) = A. Therefore we will focus on the case when & is of finite order. We do this
for two cases.

19.5.1.1 TheCase A =0

The following Theorem gives the description of the centralizer of A in the skew-
polynomial ring A[x, &, 0].

Theorem 19.7 The centralizer C(A), of A in the Ore extension Alx, 6, 0] is given
by

C(A) = kaxk suchthat fi =0 on Sep*(X)
k=0

where Sep*(X) is as defined in Definition 19.3.

Proof Let f = ZZ’:O fix* € Alx, &, 0] be an element of degree m which belongs
to C(A). Then fg = gf should hold for every g € A.

Now,
m m
gf =g fixt =) gfixt.
k=0 k=0
On the other hand,
fe= (Z kak> g=>Y fi (xkg) = fie*(e)x".
k=0 k=0 k=0

Therefore, gf = fg if and only if
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gf = fi5"(9)

forallk =0, 1,...,m. Since A is commutative, then the above equation holds on
Per¥(X). Therefore,

C(A) = kaxk suchthat fr=0 on Sep’(X)}.
k=0

19.5.1.2 The Case A # 0

Now, suppose & # id isof order j € 7., thatis 6/ = id but6* # id forallk < j.
In the next Theorem, whose proof is similar to Theorem 19.4, we state a necessary
condition for an element in the Ore extension to belong to the centralizer.

Theorem 19.8 Leto : A — A be an automorphism on A. If an element of order m,
Yo fix® € Alx, &, Al belongs to the centralizer of A, then f,, = 0 on Sep” (X).
19.5.2 Center of A[x,0, Al When A =0

In the following section, we give a description of the center of our Ore extension

algebra. We will give the description for the case A = 0.

Theorem 19.9 Then the center of the Ore extension algebra Alx, ¢, 0] is given by
Z(Alx,5,0]) = {Z fix® : where fi =0 on Sep*(X) and &5 (f) = fk} )
k=0

Proof Observe that since A is not unital, the proof of Theorem 19.5 does not work for
Theorem 19.9, since the element x ¢ A[x, ¢, 0]. Therefore, we adopt the following
proof.

Denote A[x, 5, A] by R and let f = ka=o ka" € Z(R). Then f € C(A), that
is fi = 0 on Sep*(X). Now let g = Yo gx! be an arbitrary element in R. Then

fg= (Z kak) (Z gle)
k=0 =0
= (Z fk(xkgz)xl)
k,l
= (Z fk&’%gz)x"*’)
k.l
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In the same way, it can be shown that

ef = (Z glx’) (Z kak) =Y @5 (fiox* .
1=0 k=0 k.l
It follows that fg = gf if and only if

55 (g) = @i6' (fo). (19.12)

forallk =0,1,...,mandalll =0,1,...,n. Now, f; = 0on Sepk(X) and on
Per®(X), we have o = id. Therefore, Eq.(19.12) holds if and only if

figr = &' (f)
forall/ =0, 1,...,n. Since A is commutative, we conclude that (19.12) holds iff

6 (fx) = fr. Therefore

Z(A[x,5.0]) = {Z fix® . where fi =0on Sep*(X) and 6 (fi) = fi} .
k=0 |

19.6 The Skew Power Series Ring

As before, welet X = [n](= {1, 2, ...,n}) beafinite setand let A = {f : X — R}
denote the unital algebra of real-valued functions on X with respect to the usual
pointwise operations. Let o : X — X be a bijection such that A is invariant under o,
(that is o is a permutation on X) and let & : A — A be the automorphism induced
by o, that is

6(f)=foo! (19.13)

forevery f € A.
Consider the skew ring of formal power series over A, A[x; 6]; that is the set

o0
{Z f.x" such that f, € A
n=0

with pointwise addition and multiplication determined by the relations

xf=a(f)x.

Thatis, if f =) -, fux" and g = Y .~ g,x" are elements of A[x; 6], then
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o0

f+g=2(fn+gn)xn

n=0

and

n=0 n=0 \k=0

&= (2 fnx”) <§: gnx") = i (Z fk&k(gn_k)> x".

19.6.1 Centralizer of A in the Skew Power Series Ring
Alx; 6]

In the next Theorem, we give the description of the centralizer of A in the skew
power series ring A[x; 6 ].

Theorem 19.10 The centralizer C(A), of A in the skew power series ring A[x; o]
is given by

C(A) = anX” suchthat f, =0 on Sep”(X)}
neZ

where Sep*(X) is as given in Definition 19.3.

Proof Let f =Y 72, f,x" € Alx; &] be an element which belongs to C (A). Then
fg = gf should hold for every g € A. Now,

o0 [o¢]
gf =gy fux" =) gfx".
n=0 n=0

On the other hand,
o0 o0 o0
fe= (Z fnx"> g=>Y fi(x"g) =) f6"(e)x".
n=0 n=0 n=0

Therefore, gf = fg if and only if

8fn = 10" (8)

for all n € N. Since A is commutative, then the above equation holds on Per” (X).
Therefore,

CA) = Zf,,x” suchthat f, =0 on Sep"(X)¢.
neZ 0
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19.6.2 The Center of the Skew Power Series Ring
The next Theorem gives the description of the center for the skew power series ring
Alx; a].

Theorem 19.11 The center of the skew power series ring Alx; 6] is given by
Z [x; o] {Z fux" . where f,, = 0on Sep" (X) and 6 (f,) = [

Proof Let f =Y 7 f,x" be an element in Z(A[x; G]). Then f € C(A), that is
Jfa(x) = Oforevery x € Sep"(x). Since A[x; 6] is associative, it is enough to derive
conditions under which xf = fx. Now

fx — (i fnxn) X = ifnx”+l~
n=0 n=0

On the other hand,

From which we obtain that xf = fx if and only if 6 (f,,) = f,. Therefore,

A[x a] an : where f,, = 0on Sep”"(x) and 6 (f,,) = f,

~

19.7 The Skew-Laurent Ring A[x, x a]

The fact that ¢ is an automorphism of A naturally leads us to the consideration of
the skew-Laurent ring A[x, x L&

Definition 19.4 Let R be a ring and o an automorphism of R. By a skew-Laurent
ring R[x, x~!; o] we mean that
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1. R[x, x~'; o] is aring, containing R as a subring,

2. x is an invertible element of R[x, x~'; o],

3. R[x, x~';o]is a free left R—module with basis Hl,x,x‘ Jx2ox72 . ],
4

. xr =o(r)x, (and xlr= a‘l(r)x_l> forall » € R.

As before, we let X = [n](= {1,2,...,n}) andlet A = {f : X — R} denote
the unital algebra of real-valued functions on X with respect to the usual pointwise
operations. Let 0 : X — X be a bijection such that A is invariant under o, (that is
o is a permutation on X) and let 6 : A — A be the automorphism induced by o, as
defined by Eq. (19.13).

Consider the skew-Laurent ring A[x, x~ 1 &1, that is the set

Z fux™ © fu € Aand f, = 0 for all except finitely many n

neZ

with pointwise addition and multiplication determined by the relations
xf=6(f)x andx'f=6"'x""

In the next Theorem, we give the description of the centralizer of A in the skew-
Laurent ring A[x, x~'; &].

Theorem 19.12 The centralizer of A in the skew-Laurent extension Alx, x~'; 5]
is given by

C(A) = {anx” . f,=0 on Sep"(X)}

nez

where Sep*(X) is as given in Definition 19.3.

Proof Let f =3 _, fux" € Alx, x~!; 5] be an element which belongs to C (A).
Then fg = gf should hold for every g € A. Now,

gf =gy fux"=) gfux".

neZ neZ

On the other hand,

neZ neZ nezZ

Therefore, gf = fg if and only if

8fn = 10" (g)
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for all n € Z. Since A is commutative, then the above equation holds on Per” (X).
Therefore,

CA =1 fix" : fu=0 on Sep"(X)
neZ 0O
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