Chapter 13 ®)
On Hom-Yetter-Drinfeld Category oo

Tianshui Ma, Sergei Silvestrov and Huihui Zheng

Abstract Let (H, B) be a Hom-Hopf algebra. Recently we introduced the Hom-
Yetter-Drinfeld category #YD via Radford biproduct Hom-Hopf algebra, and proved
that ZHD is a braided tensor category. Let (H, 8, R(or o)) be a quasitriangular (or
cobraided) Hom-Hopf algebra. In this paper, we prove that the category M (or # M)
of left (H, B)-Hom-modules comodules) is a braided tensor subcategory of ZHD.
As a generalization of Radford biproduct Hom-Hopf algebra, we derive necessary
and sufficient conditions for R-smash product Hom-algebra (Afig H,« ® ) and T -
smash coproduct Hom-coalgebra (A o7 H, @ ® B) to be a Hom-Hopf algebra. At
last, two nontrivial examples are given.
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13.1 Introduction

Hom-structures (Lie algebras, algebras, coalgebras, Hopf algebras) have been inten-
sively investigated in the literature recently. Hom-algebras are generalizations of
algebras obtained by a twisting map, which have been introduced for the first time in
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[6] by Makhlouf and Silvestrov. The associativity is replaced by Hom-associativity,
Hom-coassociativity for a Hom-coalgebra can be considered in a similar way.

In [9, 12], Yau introduced and characterized the concept of module Hom-algebras
as a twisted version of usual module algebras and the dual version (i.e. comodule
Hom-coalgebras) was studied by Zhang in [13]. Based on Yau’s definition of module
Hom-algebras, Ma, Li and Yang in [3] constructed smash product Hom-Hopf alge-
bra (AjH, o ® B) generalizing the Molnar’s smash product (see [4]), and gave the
cobraided structure (in the sense of Yau’s definition in [11]) on (AjH, @ ® B), and
also considered the case of twist tensor product Hom-Hopf algebra. Makhlouf and
Panaite defined and studied a class of Yetter-Drinfeld modules over Hom-bialgebras
in [5] via the “twisting principle” introduced by Yau for Hom-algebras and since then
extended to various Hom-type algebras. In [2], the authors introduced the notion of
Hom-Yetter-Drinfeld category #YD via Radford biproduct Hom-Hopf algebra, and
proved that the Hom-Yetter-Drinfeld modules can provide solutions of the Hom-
Yang-Baxter equation (in the sense of Yau’s definition in [10-12]) and 2YD is a
braided tensor category.

It is well-known that the category ;M (or ¥ M) of left H-modules (or comodules)
is a braided tensor subcategory of #YD, where (H, R (or o)) is a quasitriangular
(or cobraided) Hopf algebra. Radford biproduct plays an important role in the lifting
method for the classification of finite dimensional pointed Hopf algebras. In [4], Ma
and Wang generalized the Radford biproduct to the twist tensor biproduct.

The main purpose of this article is to consider the above results in the Hom-setting.

This article is organized as follows. In Sect. 13.2, we recall some definitions and
results which will be used later. In Sect. 13.3, we construct a subcategory of the Hom-
Yetter-Drinfeld category via quasitriangular Hom-Hopf algebra (see Theorem 13.1).
On the other hand, we give a second braided tensor structure on ZHD (see Theorem
13.3). Yau’s results in [10, 11] can be obtained as a corollary (see Corollaries 13.1
and 13.2). In [2], we defined the Hom-Yetter-Drinfeld module by Radford biproduct
Hom-Hopf algebra. In Sect. 13.4, we consider a generalized version of Radford’s
biproduct Hom-Hopf algebra, named twisted tensor biproduct Hom-Hopf algebra
(see Theorems 13.6 and 13.7). And two nontrivial examples are given (see Examples
13.1 and 13.2).

13.2 Preliminaries

Throughout this paper, we follow the definitions and terminologies in [1-3, 10, 11,
13], with all algebraic systems supposed to be over the field K. Given a K-space M,
we write idy for the identity map on M.

We now recall some useful definitions throughout this paper. We point out that
we will be using in the special contexts we consider a simplified terminology for
involved Hom-algebra structures just for convenience of exposition in this article.
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Definition 13.1 A Hom-algebra Hom-algebra, or more exactly, a unital multiplica-
tive Hom-associative algebra, is a quadruple (A, i, 14, o) (abbr. (A, «)), where A
is a K-linear space, © : A® A —> A is a K-linear map, 14 € A and « is an auto-
morphism of A, such that

(HA1) a(aa) = a(@)a(a); a(ly) = la,
(HA2) a(a)(d'a”) = (aa)a(@”); aly =14a = a(a)

are satisfied for a, a’, a” € A. Here we use the notation u(a ® a’) = ad’.

Let (A, @) and (B, B) be two Hom-algebras. Then (A ® B, o« ® f) is a Hom-
algebra (called tensor product Hom-algebra) with the multiplication (¢ ® b)(a’ ®
b)) =aa’ @ bb' and unit 1, ® 15.

Definition 13.2 A Hom-coalgebra is a quadruple (C, A, e¢, 8) (abbr. (C, B)),
where C is a K-linear space, A : C — C ® C, ¢c : C —> K are K-linear maps,
and B is an automorphism of C, such that

(HC1) B(c)1 ® B(c)a = Blc1) ® B(c2); eco P =c¢c
(HC2) B(c1) ® 21 ®@ e =11 ® 12 ® B(c2); ec(cr)er = crec(cr) = B(c)

are satisfied for c € A. Here we use the notation A(c) = ¢; ® ¢, (summation implic-
itly understood).

Let (C, «) and (D, B) be two Hom-coalgebras. Then (C ® D, @ ® B) is a Hom-
coalgebra (called tensor product Hom-coalgebra) with the comultiplication A(c ®
d)=c1®d ®cr; ®d, and counit ec ® p.

Definition 13.3 A Hom-bialgebrais a sextuple (H, u, 1y, A, €, y) (abbr. (H, y)),
where (H, i, 1y, y) is a Hom-algebra and (H, A, ¢, y) is a Hom-coalgebra, such
that A and ¢ are morphisms of Hom-algebras, i.e.

A(hh') = AW A); A(ly) =1y ® 1,
e(hh) =e(h)e(h); e(ly) =1.
Furthermore, if there exists a linear map S : H — H such that
S(h\)hy = h1S(hy) = e(h)1y and S(y (h)) = y (S(h)),

then we call (H, u, 1y, A, €, y, S)(abbr. (H, y, S)) a Hom-Hopf algebra.

Let (H, y) and (H', y’) be two Hom-bialgebras. The linearmap f : H —> H'is
called a Hom-bialgebra map if f o y = y’ o f and at the same time f is a bialgebra
map in the usual sense.

Definition 13.4 Let (A, 8) be aHom-algebra. Aleft (A, §)-Hom-module is a triple
(M, >, o), where M is a linear space, > : A ® M — M is a linear map, and « is an
automorphism of M, such that
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(HM1) a(a>m) = B(a) > a(m),
(HM2) B(a)> (@' >m) = (aa’)>a(m); 1a>m = a(m)

are satisfied fora,a’ € Aandm € M.

Let (M, >y, apy) and (N, >y, ay) be two left (A, 8)-Hom-modules. Then a lin-
ear morphism f : M —> N is called a morphism of left (A, 8)-Hom-modules if
fhoym)=hoy fm)anday o f = foay.

Definition 13.5 Let (H, 8) be a Hom-bialgebra and (A, ®) a Hom-algebra. If
(A, >, «) is aleft (H, B)-Hom-module and for all h € H and a,a’ € A,

(HMA1) B*(h) > (aa’) = (hy > a)(hy > d'),
(HMAZ) h> lA = 8H(h)1A7

then (A, >, ) is called an (H, 8) -module Hom-algebra.

Definition 13.6 Let (C, 8) be a Hom-coalgebra. A left (C, §)-Hom-comodule is
a triple (M, p, a), where M is a linear space, p: M — C ® M (write p(m) =
m_; ® my, Ym € M) is a linear map, and « is an automorphism of M, such that

(HCM1) a(m)_1 @ a(m)o = B(m_1) ® a(mo),
(HCM?2) B(m_1) @ mo_1 @ moo=m_11 @ m_12 @ a(mg); ec(m_1)mo = a(m)
are satisfied for allm € M.
Let (M, p™, ) and (N, pV, o) be two left (C, B)-Hom-comodules. Then a

linear map f : M —> N is called a morphism of left (C, 8)-Hom-comodules if
flm)—1 ® f(m)g=m_; ® f(mg) anday o f = foay.

Definition 13.7 Let (H, 8) be a Hom-bialgebra and (C, @) a Hom-coalgebra. If
(C, p,a)is aleft (H, 8)-Hom-comodule and for all ¢ € C,

(HCMC1) B*(c—1) ® co1 ® coz = ¢1-1€2-1 ® €10 & C20,
(HCMC2) c_1ec(co) = lnec(c),

then (C, p, «) is called an (H, )-comodule Hom-coalgebra.

Definition 13.8 Let (H, 8) be a Hom-bialgebra and (C, o) a Hom-coalgebra. If
(C, >, ) is aleft (H, B)-Hom-module and forall 2 € H and c € A,

(HMC1) m(hec), @ (h>c)y = (hi>cy) ® (hy > ),
(HMC?2) ec(h>c) =¢eg(h)ec(c),

then (C, >, «) is called an (H, 8)-module Hom-coalgebra.
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Definition 13.9 Let (H, 8) be a Hom-bialgebra and (A, @) a Hom-algebra. If
(A, p,a)is aleft (H, B)-Hom-comodule and for all a, a’ € A,

(HCMALI) p(ad’) = a_1d" | ® apay,
(HCMA2) p(14) = 1u ® 14,

then (A, p, «) is called an (H, )-comodule Hom-algebra.

Definition 13.10 Let (H, 8) be a Hom-bialgebra and (A, >, «) an (H, §)-module
Hom-algebra. Then (AtH, ¢ ® ) (AtH = A ® H as a linear space) with the mul-
tiplication

(@®h)@ @h)=alh>a (@) @B ()l

where a,a’ € A, h,h’ € H, and unit 14, ® 1y is a Hom-algebra, we call it smash
product Hom-algebra denoted by (AfH, o ® B).

Definition 13.11 Let (H, B) be a Hom-bialgebra, (M, >y, ap) a left (H, B)-
module with action by : HOQM — M, h®@m+> heym and (M, pM, ay) a
left (H, B)-comodule with coaction p” : M — H ® M, m — m_, ® my. Then
we call (M, >y, p™, apr) a (left-left) Hom-Yetter-Drinfeld module over (H, B) if
the following condition holds:

(HYD) hif(m_1) ® (B> (ha) >p mo) = (B*(h1) >y m)_1hy & (B*(hy) >u m)o,
where h € H andm € M.

Definition 13.12 Let (A, w4, 14, o) and (H, uy, 1y, B) be two Hom-algebras, R :
H®A — A® H alinear map such that foralla € A,h € H,

(R) a(a)r ® B(h)r = alagr) ® B(hg).
Then (AR H, o ® B) (Aigk H = A ® H as a linear space) with the multiplication
@@h)b®g) =ax'(b)r® B (hr)g,

where a,b € A, h, g € H, and unit 14 ® 15 becomes a Hom-algebra if and only if
the following conditions hold:

(RS1) ar @ 1pr =a(@) @ 1y; 1ar @ hr =14 ® B(h),
(RS2) a(a)r ® (hg)gr = ar, ® B~ (B(h),)gr,
(RS3) a((ab)g) ® B(h)g = a(ag)ab), ® hg,,

where a,b € A, h,g € H. We call this Hom-algebra R-smash product Hom-
algebra and denote it by (A H, ¢ @ B).
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Definition 13.13 Let (C, A¢, ec, @) and (H, Ay, ey, ) be two Hom-coalgebras,
T:CQH — HQC (write T(c®h) =hy ® cr,VYc € C,h € H) a linear map
such that forallc e C,h € H,

(T) alo)r @ B(W)r =alcr) ® B(hr).

Then (C o7 H,a ® B) (C or H = C ® H as alinear space) with the comultiplica-
tion
Aco,n(c®h) =1 ® B (h)r ® @ (car) ® ha,

and counit e¢ ® ey becomes a Hom-coalgebra if and only if the following conditions
hold:

(TS1) ey(hr)er = en(Walc); hrec(er) = Bh)ec(c),
(T'S2) hy1 ® hra ® aler) = BB~ (h)71) ® ha ® c1v,
(T'S3) B(hr) @a(c)r1 @ a(c)r: = hr: @ alcr): @ alcrr),

where c € C,h € H and t is a copy of 7. We call this Hom-coalgebra T-smash
coproduct Hom-coalgebra and denote it by (C o7 H, « ® B).

Definition 13.14 A quasitriangular Hom-Hopfalgebraisaoctuple (H, u, 14, A,
g, S, B,R) (abbr.(H, 8, R)) in which (H, u, 15, A, ¢, S, B) is a Hom-Hopf algebra
and R =R' @ R?> € H ® H, satisfying the following axioms (for all # € H and
R=r):

(QHALD) e RHR> =R'e(R?) =1,

(QHA2) R'| ® R, ® BR?) = BR") ® B(r") @ R*1?,
(QHA3) BR") ® R*; ® R, =R't' ® B(r*) ® BR?),
(QHA4) hR' @ h1R?> =Ry @ R?ha,

(QHAS) BR") ® B(R*) =R' ® R%.

Definition 13.15 A cobraided Hom-Hopf algebra is a octuple (H, u, 1y, A,
g, S, B,o) (abbr.(H, B, o)) in which (H, u, 1y, A, €, S, B) is a Hom-Hopf algebra
and o is a bilinear form on H (i.e.,0 € Hom(H ® H, K)), satisfying the following
axioms (for all 4, g,/ € H):

(CHAl) o(h,1y) =01y, h) = e(h),
(CHA2) o(hg, B()) = o(B(h),11)o(B(8), ),
(CHA3) o(B(h), gl) = o (hy1, B()))o (ha, B(2)),
(CHA4) o(h1, g1)hago = g1hio (ha, 82),
(CHAS) o(B(h), B(g)) =0o(h,g).
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13.3 A Class of Braided Tensor Category

In this section, we construct a subcategory of the Hom-Yetter-Drinfeld category. On
the other hand, we give a second braided tensor structure on ZHD Yau’s results in
[10, 11] can be obtained as a corollary.

First we recall the structure of Hom-Yetter-Drinfeld category in [2].

Proposition 13.1 ([2]) Let (H, 8) be a Hom-bialgebra. Then the Hom-Yetter-
Drinfeld category ZHD is a braided tensor category, with tensor product defined
by

byuen . HOMQON — MQIN, h@m@n > (hy>y m) Q (hy >y n),
and
pM®N T MQN —> HRQIMISN,mQn+— ﬂ_z(m,ln,l)@)mo@no,
where h € H,m € M and n € N, associativity constraints defined by
aynp: MON)QP — MR(N®P), (m®n)® pr> oy (m) ® (n®ap(p)).
where m € M, n € N and p € P, the braiding defined by
cun :MON — NOM, m@n > (B (m_1) >y ay' (1) ® ay' (mo),

where m € M and n € N and the unit (K, idg).

Proposition 13.2 Let (H, B,R) be a quasitriangular Hom-Hopf algebra and
(M, ay) a left (H, B)-Hom-module with action >y : HQM — M, h @ m >
hiym. Define the linear map

MM — HIM,m— B3R Q R'5ym),
Then (M, 5y, p™, ayy) is a Hom-Yetter-Drinfeld module over (H, B).

Proof The condition (HC M) is easy to be proved by (Q H AS5) and (HAM1). We
check (HC M?2) as follows.

LHS = B2RH@BC) @r'syR'5ym)
(QiAS) ﬂ72(R2) ® ,872(1'2) ® ﬂ(rl)[;M(Rll;Mm)

HED p2R2) @ p2(12) ® (r'R1)5m)
LY g3(R2) @ BAR2) @ (BRYE yaw (m))
(HCléHMl)

B3R, ® B3(R?), @ ay(R'5ym) = RHS,
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and it is obvious that ey (m_;)mg = ap (m) by (QHAL), (HC1) and (HM1). Thus
(M, p™ , apy) is a (H, B)-Hom-comodule.
Next we check that the condition (HY D) holds.

LHS = 7B 2R ® (B3 (ha)bm REym))
FED p B2 (R?) @ ((BA(h)RVE yoy (m))

HAILICD g=2(82(1) R2) @ (B2 ()>RS ety (m))
LM B2(R2B2(h),) ® (R B2(h)1)5 et (m))
(HALICD g2 R2)1, @ (R B2(h1))5 patm (m))
LB B3R, @ (BRYB(h1)E yarn (m))
WED - B-3R2)hy @ (R'5y (B2(h1)5mm)) = RHS,
finishing the proof. (]

Proposition 13.3 Ler (H, 8, R) be a quasitriangular Hom-Hopf algebra, (M, >y,
oM, o) and (N, 5y, pV, ay) two Hom-Yetter-Drinfeld module over (H, B) with
the structure defined in Proposition 13.2. We regard (M @ N,>pygn, 0y Q@ an) as
aleft (H, B)-Hom-module via the standard action

h>yen(m @n) = (hi>ym) ® (ho>yn)
andwe regard (M @ N, >pgnN, oMON oy @ ay)asa Hom-Yetter-Drinfeld module
over (H, B) with the structure defined in Proposition 13.2. Then this Hom-Yetter-
Drinfeld(M ® N,5ygn, POV, ay ® ay) coincides with the Hom-Yetter-Drinfeld
module defined in Proposition 13.1.

Proof We only need to check that the two comodule structures on M ® N coincide,
i.e.,forallm € M andn € N,

B (m_in_1) ® (mo ® ng) = B> (R*) ® R'5pen(m & n)).

While
LHS = B2 3RHB31) @ (R'Sym) ® (r'5yn))
(HAVLHA) p-4(R22) @ (BRY)Eym) @ (B()5Nn))
CEAY  4-3(R2) @ (R';5ym) ® (R',5yn)) = RHS,
finishing the proof. U

Proposition 13.4 ([12]) Let (H, B) be a Hom-bialgebra. If (M,>y,apy) and
(N,>n,ay) are two (H, B)-Hom-modules, then (M @ N,>pyen, 0y @ ay) is a
(H, B)-Hom-module with the action defined by

SugN - HQ M QN) — M RN, hoygyn(m @ n) = (hisym) Q@ (hosyn).
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By Propositions 13.1-13.4, we have

Theorem 13.1 Let (H, 8, R) be a quasitriangular Hom-Hopf algebra. Denote by
uMthe category whose objects are left (H, B)-Hom-modules (M, &y, apy) and mor-
phisms are morphisms of left-(H, B)-Hom-modules. Then yM is a braided tensor
subcategory of YD, with tensor product defined as in Proposition 13.4, associa-
tivity constraints defined by the formula aynp: M IN)QP — M Q (N ®
P), m®n)Q®p+— a,;,l(m) X (nQap(p)), where m e M, n € N and p € P,
the braiding defined by cyn M QN — NQM, m@ni—> a;,l(R2§Nn) ®
a;ll(RlBMn), wherem € M and n € N and the unit (K, idg).

Remark 13.1 Let m_; ® mo = B3 (R?) ® (R'5ym) in Proposition 13.1, we can
get the the braiding in Theorem 13.1.

Proposition 13.5 ([2]) Let (H, B) be a Hom-bialgebra and (M, >y, p™, ay),
(N,>n, oV, ay) eg YD. Define the linear map

TN . MON — NQM, m®n+—>ﬂ3(m_])l>Nn®m0,

where m € M and n € N. Then, we have ty y o (ay @ ay) = (ay @ ay) © Ty, N
and, if (P,>p, of ap) GZ YD, the maps v | _ satisfy the Hom-Yang-Baxter equa-
tion:

(@p @ty N) o (tm,p ®an)o(ay ® Ty p) = (Tn.p ®ay) o (any @ Ty, p) o (Ty,N ® ap).

Corollary 13.1 ([10]) Let (H, B, R) be a quasitriangular Hom-Hopf algebra and
(M, >p, ap) aleft (H, B)-Hom-module. Then the linear map

B: MM — MM, Bm@m)=R*Sym)® R'sym)

is a solution of the Hom-Yang-Baxter equation for (M, 5y, otpy).

Proof By Theorem 13.1, and let m_; ® mo = B3 (R?) ® (R'5ym) in Proposition
13.5, we can obtain the result. (Il

We have seen that Hom-modules over quasitriangular Hom-Hopf algebras become
Hom-Yetter-Drinfeld modules. Similarly, Hom-comodules over cobraided Hom-
Hopf algebras become Hom- Yetter-Drinfeld modules. In the following, we introduce
another braided tensor category structure on Hom- Yetter-Drinfeld category.

Similar to [2, Lemma 4.4], we have

Proposition 13.6 With notations as above. Let (H, B) be a Hom-bialgebra and
(M, o1, Y™, apr), (N, on, ¥V, ay) GZ YD. Define the linear maps

oyeN HIMON — MQN,h® (m®n) — (B 2(hy) ey m) ® (B 2(h2) ey n),

and
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WM®N:M®N—> HIMIN, mORnt> m_jn_; ® mog® ng,

where h € H, m € M and n € N. Then (M ® N, eyion, WMV ay @ ay) is a
Hom-Yetter-Drinfeld module.

Theorem 13.2 Let (H, B) be a Hom-bialgebra. Then the Hom-Yetter-Drinfeld cate-
gory Z%D is a braided tensor category, with tensor product defined as in Proposition
13.6, associativity constraints defined by

aynp  MON)®P — MR(N®P), (m®n) ®p > ay(m) @ n®ap (p),
wherem € M, n € N and p € P, the braiding defined by
cun MON — N®M, m@n > (B*(m_1) ey ay' (n)) ® ay, (my),

where m € M andn € N and the unit (K, idg).

Proof Same to [2, Theorem 4.7]. O

Similar to Propositions 13.2, 13.3, we have

Proposition 13.7 Let (H, B, o) be a cobraided Hom-Hopf algebra.
(1) Let (M, ay) a left (H, B)-Hom-comodule with coaction y™ : M — H ®
M, m +— m_; @ mg. Define the linear map

oy HOM — M, heym = o(m_y, B>(h))my

Then (M, ey, Il_fM, o) is a Hom-Yetter-Drinfeld module over (H, ).

(2) Let (N, 1/_/N, an) be another left (H, B)-Hom-comodule with coaction 1/_/N :
M — HQ®N,n+— n_; Qny, regarded as a Hom-Yetter-Drinfeld module over
(H, B) with the structure defined as above, via the map ey : HQ N — N, h ®
n— heyn =om_i, B3(h))no. We regard (M @ N, yM®N ay @ ay) as a left
(H, B)-Hom-comodule via the standard coaction M @ N — HQ® (M @ N), m ®
n m_in_, ® (my ng) and then we get (M @ N, epyen, WMV ay @ ay) as
a Hom-Yetter-Drinfeld module defined as above, then this Yetter-Drinfeld module
coincides with the Hom-Yetter-Drinfeld module defined in Theorem 13.2.

Prop_osition 13.8 ([12]) Let (H, B) be a Hom-bialgebra. If (M, &M,(XM) and

(N, YN, ay) are two (H, B)-Hom-comodules, then (M @ N, yM®N oy @ ay) is
a (H, B)-Hom-comodule with the coaction defined by

IZfM®N:M®N—>H®(M®N), m@ni>m_in_1 Q (my ng).

By Propositions 13.6, 13.7, 13.8 and Theorem 13.2, we have
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Theorem 13.3 Let (H, B8, 0) be a cobraided Hom-Hopf algebra. Denote by "M
the category whose objects are left (H, B)-Hom-comodules (M, Y™, apr) and mor-
phisms are morphisms of left-(H, B)-Hom-comodules. Then "M is a braided tensor
subcategory of ZHD, with tensor product defined as in Proposition 13.8, associa-
tivity constraints defined by the formula ayy yp: M QON)QP — MR (N ®
P), mn)Q@pr ayim)Q (n ®a;l(p)), where m € M, n € N and p € P,
the braiding defined by ¢y y - M QN — NQ M, m@n— o(n_y, m_l)a;,l
(no) ® Ot;,,l (my), where m € M and n € N and the unit (K, idg).

Coro!lary 13.2 ([11]) Let (H,B,0) be a cobraided Hom-Hopf algebra. If
(M, Yy M ay) and (N, ¥V, an) are two (H, B)-Hom-comodules, we define the lin-
ear map

Bun  MQN — NQM, m@ni on_,m_;)(ny® mop).

Then, we have By y o (ay @ ay) = (ay @ ay) o By y and, if (P, &P, ap) Is
another (H, B)-Hom-comodule, the maps B | _ satisfy the Hom-Yang-Baxter equa-
tion:

(ap ® Bu,n) o (Bu,p ®an)o(ay ® By p) = (Bn,p ® ay) o (any ® By p) o (BuN ® ap).

Proof By Theorem 13.3andleth ey n = o (n_;, 83 (h))ng in Proposition 13.5, we
can obtain the result. U

Theorem 13.4 Let (H, B,0) be a cobraided Hom-Hopf algebra. Assume that
(A, pA, a) is a Hom-Hopf algebra in the category "M. Define, : HQ A — A
by

hopa=o(a, > (h)ao,

where h e H, a € A and p*(a) = a_; @ ag. Then (AiH,a ® B) is a Radford
biproduct Hom-Hopf algebra.

Proof By Theorem 13.3, we only need to prove that the conditions (HM 1), (HM?2),
(HMA1), (HMA2) and (HY D) hold. And (HM 1) and (H M A2) are easy. While

Bh)>a (g>aa) = a(a_i, B3(g)o(ao—1, B~2(h))am
HLD 5 (8~ (a_11), B3(2))o (a1, B2(h))ex(ap)

CE @y, B2(g))o (a_12, B~2(h))a(ao)
€L G (Bla), B3B3 (9))alao)
(HCMD(HAL)

o(a(@)-1), B (hg))a(a)
= hg >4 a(a),
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B2y saab) = o((ab)_y, B~ (h))(ab)
HEA 5 (a_i1b_y, B~V (h))aoho
o(B(a-1), B~2(h1)a (B(b-1), B~2(h2))aohy

o(a_y, B2 (h1))o (b1, B> (ha))aobo
= (hi>aa)(hasa b),

(CHA2)(HC1)

(CHAS)

and

(B2 paa)_1ha ® (B2 (h)>aa)y = ola_y, B~ (h))ag—1ha ® ago
(HCM?2) 1 _1
= " o(B (a—11), B7 (h)a—_12h2 ® alap)

(CHAS)
=" o(a_11,hpa-12hy ® alap)

(CH A4)
= " hja_110(a—12, h2) ® alap)

h1B(a—1) ® o(ap—1, h2)apo
= hiBla—1) ® (B3 (h) >4 ap),

(HCM2)

finishing the proof. O
Dually, we have

Theorem 13.5 Let (H, B, R) be a quasitriangular Hom-Hopf algebra. Assume that
(A, >4, @) is a Hom-Hopf algebra in the category yM. Define p* : A — H ® A
by

pl@)=p R) @R >aa),

where a € A. Then (AiH , & ® B) is a Radford biproduct Hom-Hopf algebra.

13.4 Twisted Tensor Biproduct Hom-Hopf Algebra

In this section, we consider the twisted tensor biproduct Hom-Hopf algebra general-
izing the Radford’s biproduct Hom-Hopf algebra. And two nontrivial examples are
given.

Theorem 13.6 Let (H, 8) be a Hom-bialgebra, (A, o) a Hom-algebra and a Hom-
coalgebra. Let R: HQA — AQH and T : AQ H — H ® A be two linear
maps such that the conditions (R) and (T) hold. Assume that (AirH, o ® B) is a
R-smash product Hom-algebra and (A ot H, @ ® B) is a T-smash coproduct Hom-
coalgebra. Then the following are equivalent:

° (Ai’;H, Wigks 1A @ i, Aporr, €4 @ €n, o @ B) is a Hom-bialgebra.

e The following conditions hold (Y a,b € Aand h, g € H):
(BI) 1ar @ lpr = 14 @ 1g and Ap(14) =14 ® 14,
(B2) (ab); @ 1yt @ (ab)ar = a1 (b)r @ B~ (I urr) 11t @ azrbyy,
(B3) hy @ ar = 1y B~ (h), @ @~ (a)7 1,
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(B4) (h1g)1 ® lar ® B(h2)B(g2)
=hirg1 ® lara(@(1a)r) ® B~ (B(h2)r)B(L2),
(B5)a N (a)p1 ® B~ (hr1)r ® e (@)r2)T @ hgo
=a ' (a)r @ BB (h)1r) L0 ® Lara(a™*(ax),) ® har.  (B6)
ealar)eg(hg) = eala)ey (h) and €4 is a Hom-algebra map.

In this case, we call this Hom-bialgebra twisted tensor biproduct Hom-bialgebra
and denote it by (Ai’.f,H, a® p).

Proof (<) It is easy to prove that & = ¢4 ® ey is a morphism of Hom-

algebras. Next we check A

AR H

Ak g = Aao,n isamorphism of Hom-algebras as follows.

Foralla,b € Aand h, g € ;-I, we have
AAi{j_H((“@h)(b@g))

= (aa ') ® BB hR)e) DT @ o ((aa L (B)R)2r) ® (B (hR)E)2
ED e B)r)1 @ L BB~ (hp)g) 1) ® @ (¢~ ((ae™ (B)R)2) 7 1ar)
® (B~ (hr)g)2

L (aa b)) @ BN Uur)B 2B (h)) ) ® @ (@ ((aa™ (B) R)2r) 1 r)
® (B~ (hr)g)2
E g @GRy @ BB U i) ) BB () @) 1)
®a (@ ayp)a ™ @ B g 1a) ® (B~ (hr)g)2
2D o @ B g1)r @ BB U i) L) (B3 ()i B2(2)1)s
®@a (@ ayp)a ™ @™ B g 1a) ® BBB > (hr)2)DBB2(8)2))
E aa @GR @ BB U i) ) B )i B2 1)
@ (@ N ayp)a ™ @™ B gap)) (Laree ™2 (1a) )
® BB BB (hr)2) BB (9)2)
2D G @ )R, ® (B2 i) B A B (hr)ir B2(2)10)
@ (@ Hayp)a @ D) gap)) (Larale 2 (1a) )
® BB BB hr)2) BB 2()2)
2 o @ D)r)r @ (B2 7,087 (B B> h)ir BB 2(@)10)

@ (@ M ayp)a ™ @ @ B rap) Lar e (@ (1) §)))
® BB BB hr)2) BB 2(2)2)
2D G @ g1 ® (B2 (1) (B2 B~ B (e BB 2(2)10)
® (@ X (@) (@2 (@ D) gape ™ (Lar)Dale 2 (1a) )
® BB BB hr)2) BB 2(9)2)
L a0 @ Grr @ B2 7)) (i~ (B2 hr)DTD BB 2(2)11)
® (@2 (ayp)a (@ 2@ (B r)ilar)e(@ 2 (1a) §)
® BB BB hr)2) BB 2)2)

B e @ B)r1)r ® B2 7B (hr)iT) BB2(2)10)
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® (@ (@) @ o B r) T (@ (1an) )
®@ BB BB (hr)2) R)BB(2)2))

FEY g @ B g1)r ® (B2 ) B (k) TBB2(81)1)

® (@ H(ayp)e @ e B r) )@ 2 (1a)g) @ BB~ (B 2(hr) B~ ' (82))

L e @ G)r1)r @ B2 4708 2B (e ) BB (1))

® (@ H(ayp)a (@@ B r) )@ 2 (1a) ) ® BB~ (B2 (hr2) ) B~ (g2)
BIEAD o @™ by r)r ® (B2 g7 )B 2B (B~ () BB (21)1)
® (@ 2 (@) Aarala 2 (hy)p))aa 2 (1a)g) ® B2 (ha) gg2
HAHAD @ 0 @ bi)r)r ® B~2(1 g B~ (D) TR) (B~ A B2(g1)0)
®a (ayplar)(@ a2 (b)) 2(1a) ) ® B2 (ha) gg2
B g1 @ b)r) @ BB BB ) rR) B (1B 2(81))
®a (ayplar) @ a2 (b)) 2(1a)g) ® B2 (hai) gg2
ara” (b1r) ® B2 (7B~ (k)T R B~ U B 2 (g1)1)

®a (@ (@) flar) @ a2 (b)) 2(1a)g) ® B2 (hai) gg2

B o bir) ® B2 (T ) B A BB (81)0))

® a2 (a(a)7) (@ a2 (bR 2 (1a) g) ® B2 (har) pg2
AD G1a (b1gr) ® B 20hrR) (B 1y B2 (81)0)

® o 2(a(@) )@ @2 (bp)Ra 2 (La) g) ® B2 (har) gg2
D 10 (b1r) ® B2 (hirr) (1B~ 2(81):)

®a X (a@)r)@ o o b)DHe 2 (a)p) ® B2 (hai) ggo
B g1 (br1r) ® B2 (hirr) (B~ (81):)

®a (@)@ @ b @ 1a) ) ® BB (h);p) g2
B g br @ BB ) rR) 1B (81):)

®a Nar) @ 2@ ' b)Dre @ 1an ) @ B (B (ha)-p) &2
FAD Ga ™ (b)r ® B7HB () rR) B2 (g1)0)
® o Naar)a N (e (@} (bz)f)F)Of(sz(lAt))k) ®p (B! (h2);p)&2
are” ' Gr ® BB () rR) A B2 (81)0)
®a (@) (@@ B)Da 2 (1a))) ® B~ (ha) g2
2D a0 byr @ B BT TR (B2 (810

®a Nar)e 2@ (b)ila)r ® B~ (har)gn

B 4107 br @ BB B rR)B (1) ® 0 a2 (ba)r @ B (har) g

= AAi’;H(a ®h)AAi';_H(b®g)’

(RS2)

(RS3)

and AA”’.f,H(lA Rly) =148 1y ® 14 ® 1y can be proved directly.
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(=) It is easy to prove that the conditions (B1) and (B6) hold. Next we check
the conditions (B2)—(B5) are satisfied as follows.
For all a,b€ A and h,g € H, since A, ((a®@h)(b®g)) =A,u,@®
oT or

M)A e (b ® g), we have

AR
) (aa” "B @ BB R)ODT ® @ (aa™ (B)r)2r) ® (B~ (hR)E)2
=aia bR BB D TRIBT (81 ® @ (aar)a T (ba)r ® B (h2) g2

Apply idy ® idy @ ids @ ey to Eq.(x) and then set h = g = 1y, we get (B2).

(B3) can be obtained by using €4 ® idy Q@ ids ® ey to Eq.(x) and setting b =
la, h =1g.

Similarly, we apply €4 ® idy Q idy ® idy to Eq.(x) and set a = b = 14, then
(B4) holds.

(B5) can be derived by lettinga = 14 and g = 1y in Eq.(x). ]

Remark 13.2 Ifa = id4 and B = idpy, then we can get the twisted tensor biproduct
bialgebra in [4].

Corollary 13.3 ([2]) Let (C, ), (H, B) be two Hom-bialgebras, and T : C ®
H — H ® C a linear map such that the condition (T) holds. Then the T-smash
coproduct Hom-coalgebra (C or H, o ® B) endowed with the tensor product Hom-
algebra structure becomes a Hom-bialgebra if and only if T is a map of Hom-
algebras.

Proof Let R(h ® ¢) = a(c) ® B(h)inTheorem 13.6. Then, by (B2)—(B5), we have

CD) lyr ® (ab)r = lyrly @ arby,
(C2) hr @ ar = Ly B~ (W), @ a™(a)r1a = B~ (W) 1nr @ Laa™ (@),
(C3) (hg)r @ lar = hrg @ Larly,.

Next we only prove that (hg)r ® (ab)r = hrg: ® arb; as follows. And the rest are
easy.
(hg)r ® (ab)r
S 1B (hg) @« @b)r Ly
YEV L (BT BT @) @ @ @a T b)) r L

LD (1 1 B W77 ()0 ® @ @za” B (147140

Y22 (1,287 A B BB (90 ® @ @z @ B)r 1 gp)e(lan)

1,7 B W BB ©)) ® (@ @za (e B)r)ala)

Y22 (1,7 ) (B (90 ® @ @147 @ (D)1 1a)

(2
=2 hrg: @ arby,

finishing the proof. U
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Corollary 13.4 ([3]) Let (A, @), (H, 8) be two Hom-bialgebras, and R : H ®
A —> A® H a linear map such that the condition (R) holds. Then the R-
smash product Hom-algebra (AfirH,a ® B) endowed with the tensor product
Hom-coalgebra structure becomes a Hom-bialgebra if and only if R is a map of
Hom-coalgebras.

Proof Let T(a ® h) = B(h) @ a(a) in Theorem 13.6. O

Corollary 13.5 ([2]) Let (H, B) be a Hom-bialgebra, (A, o) a left (H, B)-module
Hom-algebra with module structure > : H @ A —> A and a left (H, B)-comodule
Hom-coalgebra with comodule structure p : A —> H ® A. Then the following are
equivalent:

° (AiH, Want> 1a @ 1y, Apor, 64 Q@ e, ® B) is a Hom-bialgebra, where
(AfH, o ® B) is a smash product Hom-algebra and (A ¢ H, o ® B) is a smash
coproduct Hom-coalgebra.

e The following conditions hold (Y a,b € Aand h € H):

(RI) (A, p,a) isan (H, B)-comodule Hom-algebra,

(R2) (A, >, @) is an (H, B)-module Hom-coalgebra,

(R3) €4 is a Hom-algebra map and Ay(14) = 14 @ 14,

(R4) Aa(ab) = ai1(B*(ar—1) >~ (b)) @ a™ (az)b,,

(R5) h1B(a-1) ® (B> (hy) > ag) = (B2(h1) > a)_1hy ® (B7(h1) & a)o.

In this case, we call (AiH ,a ® B) Radford biproduct bialgebra.

Proof Let Rh®a) = (hi>a)®hyand T(a ® h) = a_1h ® ag in Theorem 13.6.
|

Theorem 13.7 Let (H, B, Sy) be a Hom-Hopf algebra, and (A, ®) be a Hom-
algebra and a Hom-coalgebra. Let R: HQA — AQH and T : AQ H —
H ® A be two linear maps such that the conditions (R) and (T) hold. Assume
that (Ai’; H,a ® B) is a twisted tensor biproduct Hom-bialgebra defined as above,
and Sy : A —> A is a linear map such that Sx(a))a; = a1Sa(az) = €a(a)l 4 and
oS4, =S840« hold Then (Ai’; Ha®p,S H) is a Hom-Hopf algebra, where

AR
Syix (@ ®h) = Sale(ar)x ® B~ (Su (B~ (1))

Proof We can compute that (AH, 0 ® B. S ;) is a Hom-Hopf algebra as follows.
Foralla € Aand h € H, we have



13 On Hom-Yetter-Drinfeld Category 355

(S *id )@@ )

= Sala (@) re *(axr), ® BB (SuB~ (B~ (M)

D Su(a (a1 ra > @(@)r)r ® B (B~ (Su(B (1)) R)r)ha

D s, @ @@ ra > (@@)r), ® B~ (B~ (Su(B~2(hir) )r)ha

D Saa @@ )))re* (@(@(@)r)r @ B~ B~ (Su(B~(hir))r)r)h2

2 Sa@ @ @rra @ @) ® BB SHB ) )
= a(Sx(@ (@@ )R (@ (@)72), ® B~ (S (B~2(hi1) ko )ha
2 a(Sa@ @ @ra @ @) ® B Sk (B () )k
a(e”>(Sa(e®@r)e’@r2)r) ® B~ (Su (B~ (hir)r)ha
YEY (@(1ap) ® BT (SH (BT ir)wh2)ea @ (@)7)
"2V @(140) ® B (Su(h) R)h2)e (@)
ESLIAD (1, ® Sy (h)ho)ea(a)

= (14 ® ln)ea(a)en (h).

(HAD)

Similarly, we have (idAtRH * SAtRH)(a Qh)=(14 R 1y)es(a)ey(h).
or or
Finally,

(¢ ®p)o SAEJ;H(a ®h) = a(Sala>(ar)r) ® Sy (B~ (W)1)r

L a4 (Sat@2ar))r ® B~ BSHB (h)r)r)

= Sale Nar)r ® B (Su(BB (W)1)r)
D Su@ (@@ 1)k ® B~ (Su(hr)r)
< Sy g © (@) ® B(h),

finishing the proof. (]

Corollary 13.6 ([2]) Let (H, B8, Sy) be a Hom-Hopfalgebra, and (A, a) be a Hom-
algebra and a Hom-coalgebra. Assume that (ALH, a ® B) is a Radford biproduct
Hom-bialgebra defined in Corollary 13.5, and S4 : A —> A is a linear map such
that Sy(ay)a; = a1S4(az) = e4(a)l g and a0 Sy = S5 o« hold. Then (AiH, a®
B, Sz y) is a Hom-Hopf algebra, where

Syip(@®h) = (Su(a1p ()1 > Sal@ (@) ® B~ (Sula_if~" ())a).

Proof Let R(h®a)=(h;>a) @ hp and T (a ® h)=a_1h ® ay in Theorem 13.7. O
Example 13.1 Let KZ, = K{l,a} be Hopf group algebra (see [8]). Then
(KZ,,idkz,) is a Hom-Hopf algebra.

Let T» | = K{l, g, x, gx|g*> = 1, x> = 0} be Taft’s Hopf algebra (see [4]), its
coalgebra structure and antipode are given by
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A =gR0g, AX)=xQRg+1Rx, A(gx) =gx Q1+ g gx;

e(g) =1 e(x) =0,e(gx) =0;

and
S(g) =g, Six) = gx, S(gx) = —x.

Define a linear map a: 75 _; —> 15 _; by
a(l) =1, a(g) =g, a(x) =kx, a(gx) = kgx

where 0 # k € K. Then « is an automorphism of Hopf algebras.
So we can get a Hom-Hopf algebra H, = (T2, —1, ¢ o ur,_,, 11, _,, Ar,_, 0,

er,_,, o) (see [7]).
With notations above. Define two linear maps as follows:
R:K7Z,® H, — H,® KZ,
lkz, ® 1, = 1, ® 1kz,
lkz, ® g = g ® lkz,
lxz, ®x = kx @ lkz,
lkz, ® gx > kgx @ lkz,
a@ly, = 1y, ®a
aQ@Qgr—>g®a
a@x > kx®a
a®gxt—>kgx®a

and

T:H  KZ, — K7, ® H,
1y, @ 1xz, = 1z, @ 1p,
g§®lkz, — 1kz, ® g
xXQ®lgz, = ka®x
8x ® lgz, — ka ® gx
Iy, ®ara®ly,
g®ar>a®g
x®ar klgz, ® x
gx@ar>klgz, ® gx.

By a direct computation, we have (Hai’; KZ, pp, ez, Lh, ® 1kz,, Al,orkz,
e, @ ekz,, a Qidgz,) is a twisted tensor biproduct Hom-bialgebra. Furthermore,
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(Haff;Kzz, aQidkz,, S
by

H® KZZ) is a Hom-Hopf algebra, where S H,KZ, is defined

SHuiI;KZ2(1HL, ® 1kz,) = 1u, ® lgz,; SHdi';Kzg(lHa ®a)=1p, ®a
Sy, k7,8 ®1kz,) =8 ® lkz,s Sy ngq,(8§®a) =g ®a
SHui’;KZZ(X(X)lKZZ):y@a; SHaiI;KZ2(x®a)=y®1KZ2
Suinkz,(Y @ lkz) = —x®@a; Sy gy, (Y®a) =—x® lxz,.

Example 13.2 Let KZ, = K{l,a} be Hopf group algebra (see [8]). Then
(KZ,,idkyz,) is a Hom-Hopf algebra. Let A = K {1, x} be a vector space. Define
the multiplication w4 by

Ix =x1 =lx, x2=0

and the automorphism § : A —> A by
By=1, Bx)=lIx

where 0 # [ € K. Then (A, B) is a Hom-algebra.
Define the comultiplication A4 by

Aa(D=1®1, Ap(x)=1x®@1+11®x, and e(1) =1, e4(x) =0.

Then (A, B) is a Hom-coalgebra.
With notations above. Define two linear maps as follows:

R:KZ,3 A— AQKZ,
lkz, @ la > 14 ® 1kz,
lkz, @ x = Ix @ lkz,

a®@la—> 1, Q®a

a®@®x > —Ix®a
and

T:AQKZ, — KZ,® A
14 ®1kz, = lgz, ® 14
X®lgz, = la®@x
1/ Q@ar>a® 1y
xQ@ar>llgz, x.

By a direct computation, we have (Ai’; KZ), hanekzy 14 ® lkz,, Asorkzy €4 @
€xz,, @ Qidgz,) is a twisted tensor biproduct Hom-bialgebra. Furthermore,
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(AR KZ,, 0 ®idgz,, S
by

AR xz,) 18 @ Hom-Hopf algebra, where S ,:,, is defined

Saikz,(1a ®1kz,) =14 ® lkz,5 Spik7,(14a®a)=14Qua
SAikzz(x ® lkz,) =x®a; SAikzz(x ®a)=—x Q lgz,.
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