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Carmelo Clavero and Juan Carlos Jorge

Abstract In this paper we deal with the efficient resolution of a coupled system
of two one dimensional, time dependent, semilinear parabolic singularly perturbed
partial differential equations of reaction-diffusion type, with distinct diffusion
parameters which may have different orders of magnitude. The numerical method
is based on a linearized version of the fractional implicit Euler method, which
avoids the use of iterative methods, and a splitting by components to discretize
in time; so, only tridiagonal linear systems are involved in the time integration
process. Consequently, the computational cost of the proposed method is lower than
classical schemes used for the same type of problems. The solution of this singularly
perturbed problem features layers, what are resolved on an appropriate piecewise
uniform mesh of Shishkin type. We show that the method is uniformly convergent
of first order in time and of almost second order in space. Numerical results are
presented to corroborate the theoretical results.

1 Introduction

In this paper we consider a type of singularly perturbed parabolic initial and
boundary value problem given by
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Leu= ?)—;l(x, 1)+ L eulx, H+A@, t,w) =0, (x,t) € Q=82 x(0,T],
u(0,t) =go(), u(l,t) =g1(¥),vt €[0,T], u(x,0) =@x), Vx € 2,

(1)
where 2 = (0, 1), the spatial differential operator .Z . is defined by
82
Lre =~ 92 2)

u= i, u)", o=(01. 0", 20=(21.0. 8207 . &1=1.1. 8217,  Ze= diag
(¢1, £2), and the reaction term is given by A(x, ¢, u) = (a1 (x, £, u), az (x, ,u))’. We
assume that the vector diffusion parameter € = (g1, e)7 satisfies0 < ] <& <1,
and that both ¢;, i = 1, 2 can be very small and they can have different orders of
magnitude; we also assume that the components a; (x, t, w), i = 1, 2 of the reaction
matrix are sufficiently smooth functions and that sufficient compatibility conditions
among all of these data hold, in order that the exact solution u € C +2(0), (see
[11, 12] for a detailed discussion); more details are given posteriorly in (3).

In many previous works, see [2, 6, 8, 10, 13] and references therein, the linear
case of problem (1) is analyzed; in this case the differential equation is given by

2

ou a

where &/ = (aij(x,1)), i,j = 1,2 and f(x,1) = (fitx, 1), fo(x,0))T. In
those works, the combination of classical schemes to discretize in space and time
variables, together with the use of a priori or equidistributed special meshes in
space, gave numerical methods which are uniformly convergent with respect to
the diffusion parameter €. Nevertheless, in general, the computational cost of the
numerical methods used to solve singularly coupled systems is high due to the
coupling of the components of the discrete solution. To reduce this computational
cost, in [2, 3] additive schemes were used to solve parabolic linear systems of
reaction-diffusion type for one and two dimensional linear problems respectively,
and in [4] a decomposition technique, named splitting by components, was used for
parabolic one dimensional linear systems. Both techniques allow the decoupling of
the components of the system to calculate the discrete solution.

Extending the main ideas of [4], in this paper we design a numerical algorithm
to solve the semilinear problem (1) which is also uniformly convergent with respect
to the diffusion parameters and its computational cost is similar to the proposed
one in [4] for the linear case. Note that for nonlinear problems, the computational
cost increases if an iterative method is used to solve them. Then, we construct our
method by combining the idea of the splitting by components combined with a
local linearization of the nonlinear reaction term; in this way, the numerical solution
is obtained by solving only tridiagonal linear systems, without requiring the use of
any iterative method. In this work we present some mathematical details only for
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the case of systems with two equations; nevertheless, the technique can be applied
to systems with an arbitrary number of equations. Moreover, our proposal becomes
more and more advantageous as long as the number of equations which compose
the system increases. Up to our knowledge, paper [1] is the first one where problem
(1) is considered; in that work, a nonlinear finite difference scheme is defined and
a monotone iterative method, which constructs sequences of ordered upper and
lower solutions, is used to construct a numerical solution; moreover, the method
is uniformly convergent and it has first order in time and almost first order in space.

The paper is structured as follows. In Sect. 2, we describe the asymptotic
behavior of the exact solution with respect to the diffusion parameters and we
give appropriate estimates for its derivatives. In Sect. 3, we construct the spatial
semidiscretization for (1) and we prove that if the discretization is defined on a
piecewise uniform mesh of Shishkin type then it is uniformly convergent of almost
second order. In Sect. 4, we give our proposal for the numerical integration in
time; the algorithm combines the fractional implicit Euler method, a splitting by
components of the discrete diffusion-reaction operator and a local linearization of
the reaction term. We prove that this discretization is uniformly and unconditionally
convergent of first order in time. Moreover, we prove that the fully discrete method,
which follows of the combination of the time and space discretizations, is uniformly
convergent of almost second order in space and of first order in time. Finally,
in Sect. 5, we show the numerical results obtained for a test problem, which
corroborates the uniform convergence of the algorithm.

Henceforth, || - || denotes the infinity norm in R2, C denotes a generic positive
constant independent of the diffusion parameters €1, €2, and also of the discretiza-
tion parameters N and M and |f||¢ = max{|| fillG, || f2llc}, where | f|lg is the
maximum norm of f on the closed set G.

2 Asymptotic Behavior of the Exact Solution

In this section we show the asymptotic behavior of the solution u of (1) with respect
to the diffusion parameters €, and we give some estimates for its derivatives, which
are useful below for the analysis of the uniform convergence of the numerical
method. To do that, we assume that the coefficients of the reaction matrix satisfy

da; da; C
—(x,t,v) >8>0, —(x,t,v) <0, i #1i,i,i =1,2,
au; au;r 3
. Bai 361,’ . ( )
min | —(x,t,v)+ —(x,t,v) | >a>0,i=1,2.
duq duy

veR?

Under assumptions (3), problem (1) has a unique solution (see Theorem 3.1,
Chap. 8 in [12]). Moreover, following [1], by using the mean-value theorem, we
have
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aa; 0a;
i (r y W) = @i (6, 1,0) + - (x, £V + (Vs P = 1,2, ()
ouy ouy

and therefore the solution of problem (1) can be studied as the solution of a linear
variant of it. Using the same argument, the following inverse positivity result can be
deduced.

Theorem 1 If —A(x,t,0), go(¢), g1(t), @(x) have only non-negative components,
then u(x, t) has only non-negative components.

Proof See [5].

Using a similar reasoning as in [9] we obtain the following estimates for the time
derivatives.

Lemma 1 The solution of problem (1) satisfies

o*u(x, 1)

SE [ SC e k=012 (5)

On the other hand, in [1] the estimates

dui(x,t)

—1/2 —1/2
= < C(l—i—el 2B, (x)+e5 " Bgz(x)>, 6)

our(x,t)
0x

<C(1+6"B,w),

were proven for first derivatives respect to spatial variable x; following [1], using
(4) and the technique of [9] we deduce

0%uy(x, 1) 1 o 9%us (x, 1) .
sy = C (1467 By () + 63 B @), S < C (1427 Bey),
*uy (x, 1) —k/2 —k/2
e sc(1+sl Bey,(x) + ¢, Bgz(x)>, k=34,
*uy(x, 1) _1. 2=k 2-k)/2
o = (1 ey T B ) + 6B () L k=34,
for any (x,t) € Q, with
By x) = efx«/‘W + e*(lfx)\/a/y’ (7

where y is a generic positive constant and « is the parameter defined in (3).
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3 Spatial Semidiscretization

To construct our fully discrete scheme, which will solve numerically the continuous
problem (1), firstly we discretize such problem only with respect to the spatial
variable x. From the asymptotic behavior of the exact solution, described in previous
section, it follows that, in general, two overlapping parabolic boundary layers can
appear at both end points of the spatial domain. Then, we construct piecewise
uniform meshes of Shishkin type, which concentrate the grid points in the boundary
layer regions. To do that, taking multiple of 8 positive integers denoted N, we define
the transition parameters

Opy = min{1/4, 2\/8_2111]\7}, 0z, = min {052/2, ZﬁlnN}.

Then, the grid points of the mesh, 2yv={0=x)<x; <...<xy=1},are given
by

jhe, j=0,...,N/8,
xns+ (= N/8hey, j=N/8+1,...,N/4,
xj=1{xyu+(—N/HH, j=N/4+1,...,3N/4, 3

x3nj4+(j —3N/he,, j =3N/4+1,...,7TN/8,
xing+( —TN/8he, j=TN/8+1,..., N,

where hy, = 80y, /N, he, = 8(0s, — 0¢))/N, H = 2(1 — 20¢,)/N. Below, we
denote by h; = x;—xj—1, i =1, ...,N,andﬁi = (hi+hi+1)/2, i=1,...,N—1.

On these special piecewise uniform meshes, we approximate the exact solution
at the grid points, u(x;, 1) = (u1(x;, 1), uz(x;, 1))7, with x; € 2y and ¢ € [0, T},

by the semidiscrete functions Uy ;(t) = (Un,1(?), UN,,',Z(I))T e B, i =
0, 1, ..., N.These functions are the solutions of the following family of initial value
problems

d
(Ls,NUN(t))i = EUNJ(Z) + (XN’SUN(I)),' + A(x;, t, UN’,'(Z)) =0,i=1,...,N—1,
Un,0(t) =go(1), Un,N()=81(),

Un(0)=(@(x0), - .., 9(xN)),
€))

being
Un(@) = Un,0(), Un,1(8), ..., Un N (1)),

IneUN() = (LyeaUn(), Ly eaUn)T,
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with
— _ & (Unvit1a=Unii _ Unii=Un.i-1.1
(L e Un ()i = =2 (s )
i=1,...N—1,
and
o — _ & (Univ12=Uniz _ Uni2=Un.i-12
(L e Uy () = —2 (L T :
i=1,...N—-1

Similar to [4], for this spatial discretization we obtain the following result, which
is the discrete analogue of Theorem 1.

Theorem 2 Assuming that all of the data (—A(x;, t,0), go(t), g1(¢), o(x;)), i =
0,..., N, of problem (9) have only non-negative values in their components, its
solution Uy (t) has only non-negative components.

Using Theorem 2 and suitable discrete barrier functions on a linearized rewriting
of (9), it follows that its solution satisfies

N Dlg, =
I=Ax, 1, Ol I, «0.7

o

LY 1 elo, Tl
10)

max{||go(®)lljo0,71. llg1 O lljo, 77 @ )N g, -

where [.]y denotes the restriction of a function defined on §2 to §2y. Therefore,
problem (9) is well-posed independently of € and N. Also, the result (10) can be
viewed as a uniform stability property of the semidiscretization process.

The local error at any time ¢ € [0, T'], at the grid point x; € Qn,i=1,...N—1,
is given by

Vi N () = Leu(x;, 1) — (Le n[u(x, H)]n)i. Y

Taking into account that the contribution of the time derivatives to the local error
is zero, using appropriate Taylor expansions and the estimates (7) and the same
technique as in [9] we prove that

lowlig, < C(N"'InN)>. (12)

Combining this result of uniform consistency and the uniform stability, the follow-
ing uniform convergence result for the spatial semidiscretization is deduced.

Theorem 3 The global error associated to the spatial discretization (9) on the
Shishkin mesh (8) satisfies

I, D1y = Un@llg, < CV"'InN)2, Vielo,T]. (13)

Proof See [5].
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4 The Fully Discrete Scheme: Uniform Convergence

The second step to construct our numerical algorithm consists of integrating in time,
numerically, the family of initial value problems (9) introduced in previous section.
For simplicity, we consider a uniform mesh wy, = {t,, = mt, m =0,1,..., M},
with T = T/M. Let us denote by U" = (U}, Ué”)T the approximations
to u(ty) = (ui(ty),uz(tn))” on the grid points of 2y at each time level
tw,m = 0,1,..., M. In order to get an efficient integration process we have
chosen a linearized variant of the fractional implicit Euler method. Then, the fully
discrete scheme can be written as

U, = Un(0),
Form =0,1,...,M — 1,
First half step
1/2
Ul’z’l._g,l/ :gl.O(tn1+1),
2 _gm
N,i,1 N.,i.l 12
44J44;4447+%im£JUx+/ﬁ+a]&h%+hU%)+
da
ey (xis tmg1, Uy ;) (U;/"jllﬂ _ Uﬁ,i,l) =0,i=1,...,N—1,
m+1/2 ou
Uy n1 = 82,0m+1),
m+1/2 .
Uyio =Uy;2 i=0,....N,
Second half step
+1 _ pym+1/2 _
Uyii=Uyii " i=0,....N,
UX/l,E.lz = g1,1(tm+1),
ym+l _ymti/2
N.i2 N.i2 172
Ni2 N2 (fN,e,zU’]’\}H)i +ap (x,-, g1, U’;t / ) n
da
ﬁ (Xi, fm+],U’1’\1]?:1/2) (U;g;jlz - Uﬁﬁ”) —0.i=1.. . N—_1L
2 ,
UN s = g21(tmi).

(14)

Note that this algorithm has many advantages from a numerical point of view.
The first one is that the linearization which we have carried out avoids having
to solve nonlinear systems at each time level; on the other hand, the splitting by
components decouples the approximation of both components, and therefore only
one tridiagonal linear system must be solved at each half step. The combination
of these facts makes that the computational cost of the algorithm is considerably
smaller than the associated one to classical implicit schemes.

Next, we state the main theoretical results which permit to prove that this method
is unconditionally and uniformly convergent of first order in time.

Theorem 4 The resolution of the half steps defined in (14) involves systems of the
form

AN jURTIR =by 5, j=1,2,
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whose matrices are tridiagonal, inverse positive and satisfy

AN ) oo < j=12 15)

1487’

This result plays a main role to obtain the uniform and unconditional stability, as
well as the uniform and unconditional consistency of first order for method given
by (14). Such properties are stated in the following two theorems.

Theorem 5 (Uniform Stability) Assuming the following Lipschitz type restrictions
on the reaction terms
da; .
1z —(xt,w,i=12,
ou i

[AG, 2, w) — A(x, £, W] < caflu —al], (16)

i da; o~ o
— @, L, wu; — —(x, L, Wi | < cs3lu; —ugl, i =1,2,
u; ou;

two solutions of (14), obtained with different initial conditions U?V and I~J?\,, satisfy

~ 1+ cT ~
[t — Tt g, < = Tya U — Ultlley, (17)

where c depends only of c1, ¢z and c3.

To study the consistency of the discretization, we introduce in a standard way the
concept of the local error at time #,,,, denoted by e%, as the difference Uy (¢,,) — U

m
—~ N’
being U, the solution of
sm—1/2

UN’(),l/ = g1,0(tm),
sm—1/2

Un i = Unia (=)

(fN,s,lﬁr:;_l/z)i + ay (xi, tm, Un i (tm—1)) +
301

1/2
8u1 (xlvtm»UNl(tm 1))( ]r\/nll/ UN,i,l(tm—l)):O
i=1,...,N—1
12 bl b 9
Ux,N,/l —gZO(Im)
Sm—1/2
Unid =Unia(tm). i =0,.... N,
Sm—1/2 .
U]r\lnlleNll ,i=0,...,N,

U[’\T/l’()’2 = g1,1(tm),
gm . _gm-12
Ni2  NE2 + (gN e, ZUN)t +az (xla I, Um 1/2) +

day m—1/2 ~m—1/2
a_uz(xi’tm’UN’ )(Usz Uy.in ):0’

i=1,...,N—-1,

ﬁ}rvn,N,z = £2,1(tm)-
(18)
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Then, the following consistency result follows.

Theorem 6 Under the previous assumptions for the data of (1), it holds
lefllgy <CM™2, ¥t e (0,1l m=1,2,..., M. (19)

Proof 1t is analogue to the proof of Theorem 7 in [5].

To conclude the analysis of the time integration process we introduce the global
error in time, at time ¢, as

E?\; = Un(tn) — U%

and combining the last two results the following uniform and unconditional first
order convergence result is deduced.

Theorem 7 Under the previous assumptions for the data of (1), the global error of
the time discretization holds

IER oy <CM ' m=1, ...M. (20)

Finally, combining the results (3) and (20) we are ready to state the main result
for our numerical algorithm.

Theorem 8 Under the previous assumptions for (1), the global errors for (14),
satisfy that

max_[UN, —uGx )l = € (W N2+ M), 1)
0<m=<M, 0<i<N ’

where, as we mentioned before, C is a positive constant independent of the diffusion
parameters €1, & and the discretization parameters N and M. Then, the fully
discrete scheme is a uniformly and unconditionally convergent method of first order
in time and of almost second order in space.

5 Numerical Results

In this section we show the numerical results obtained with the algorithm proposed
here to solve a test problem of type (1). The data of the example are given by

ay(x,t,u) = 2uy + t(u; — sin(uy)) — up — te sin(rx),

us
1+u%7

g0(t) =g1(t) = Bt + e ¥ 16t + 71N p(x) = (1, DT.

ar(x,t,u) = —uy +2ur + (1 —e™")

(22)
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numerical solution
numerical solution

0.4
1 08 08

1

space

Fig. 1 Components 1 (left) and 2 (right) of problem (22) for & = 107%, & = 10~* with N =
M =32

Figure 1 displays the numerical approximation for both components, for specific
small values of €1 and &,, showing the boundary layers at x = 0 and x = 1.
As the exact solution is unknown, to approximate the norm of errors

U —uxi )l i = 0,1, No m=0,1,.... M,

we use a variant of the double-mesh principle (see [7] for instance), i.e, we calculate

N-M — max  max Uy, — ﬁ%ﬁ,zl-,jll, avM = meade’M

; - i=1,2,
€.J 0<m<M 0<i<N J &.J J

(23)

where {ﬁg’N} is the numerical solution on a finer mesh {(%;, 7,,,)} that is composed
of the mesh points of the coarse mesh joint to their midpoints, i.e.,

'£21=x17 i=07"‘7N7 562[+1=(xl+xl+1)/27 i=07""N_17
fom =tm, m=0,..., M, f2m+1=(tm+tm+1)/2, m=0,...,.M—1.
(24)

From the double-mesh differences computed in (23), we obtain the corresponding
orders of convergence by

s s 2N,2 i s 2N,2 .
pa M =log(@l M /azN M) log2, pint =log(d) M /di M) /log2,  j=1,2.
(25)

Table 1 shows maximum errors and their corresponding orders of convergence
for some values of & when ¢; is in the set R = {e1; &1 = &2, 27 2¢5, ..., 2’32},
and some values of the discretization parameter N and M = N /4. Concretely,
each cell of this table has four numbers which, from above to below, correspond
to di] iM s pﬁ{ ’1M , di] éM and pg ’2M . From them, the uniformly convergent behavior
of the method can be observed; concretely, for large values of ¢ clearly we see
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Table 1 Maximum errors and orders of convergence for problem (22)

&2

278

2—10

2—12

—14

574

apM
pami

N.M
d2

uni

1)

N=64
M=16
1.3444E—1
0.9385
4.6886E—2
1.0067
1.3416E—1
0.9387
7.7328E—2
1.4594
1.8148E—1
1.2725
3.0621E—1
1.8613
2.5950E—1
1.1643
6.2623E—1
1.2827
2.6025E—1
1.1663
6.2650E—1
1.2824

1.7776E—1
1.1395
5.2191E—1
1.4368
2.6096E—1
1.1666
6.2675E—1
1.2820

N=128
M=32
7.0148E—-2
0.9732
2.3334E-2
0.9937
6.9993E-2
0.9733
2.8120E-2
1.1554
7.5122E-2
1.0787
8.4278E-2
1.9840
1.1579E—1
1.1901
2.5739E—-1
1.5113
1.1596E—1
1.1895
2.5757E—1
1.5106

8.0687E—2
1.3100
1.9279E—1
1.6754
1.1625E—1
1.1908
2.5773E—1
1.5101

N=256
M=064
3.5733E-2
0.9875
1.1718E—2
0.9968
3.5650E—2
0.9875
1.2624E—2
1.0611
3.5567E-2
0.9891
2.1304E-2
1.5593
5.0747E-2
1.2191
9.0294E-2
1.6452
5.0842E—-2
1.2180
9.0395E-2
1.6441

3.2542E-2
1.1370
6.0360E—2
1.8204
5.0926E—2
1.2171
9.0490E—-2
1.6431

N=512
M=128
1.8022E—-2
0.9940
5.8721E-3
0.9984
1.7980E—2
0.9939
6.0502E—-3
1.0207
1.7918E—2
0.9946
7.2289E-3
1.1754
2.1799E-2
1.2036
2.8867E—-2
1.7222
2.1856E—-2
1.2025
2.8921E-2
1.7201

1.4798E—2
1.0484
1.7090E—2
1.9365
2.1905E—2
1.2014
2.8972E—2
1.7181

139

N=1024
M =256
9.0486E—3
2.9393E-3
9.0278E—3
2.9821E-3
8.9931E-3
3.2007E-3
9.4647E—3
8.7490E—3

9.4969E—3

8.7784E—3

7.1548E—3
4.4647E-3

9.5253E-3

8.8061E—3

first order of convergence for both components; for smaller values of ¢;, for the
first component we again observe first order and for the second component almost
second appears.
To highlight the uniformly convergent behavior in space, we have made a second
table (see Table 2), where we diminish the influence of the errors in time by taking
M = 4N. From it, we observe more clearly the almost second order of uniform
convergence in space of the algorithm, according to the theoretical results.
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Table 2 Maximum errors and orders of convergence for problem (22)

&2

278

2—10

2—12

—14

574

apM
pami

N.M
d2

uni

1)

N=64

M =256
1.1008E—1
1.1141
1.7266E—2
2.0362
1.1328E—1
1.1008
7.7744E-2
1.9544
1.4628E—1
1.1819
3.0408E—1
1.8536
1.9452E—1
1.3487
6.2165E—1
1.2771
1.9473E—1
1.3486
6.2164E—1
1.2770

1.5729E—1
1.2856
5.2469E—1
1.4332
1.9493E—1
1.3484
6.2165E—1
1.2769

6 Conclusions

N=128
M=512
5.0851E-2
1.6233
4.2097E-3
1.8145
5.2820E-2
1.6232
2.0060E—2
2.0004
6.4476E—2
1.6680
8.4140E-2
1.9686
7.6378E—-2
1.6300
2.5651E—1
1.5075
7.6467E—-2
1.6306
2.5652E—1
1.5074

6.4520E—-2
1.4575
1.9429E—1
1.6602
7.6552E—-2
1.6313
2.5654E—1
1.5073

N=256
M=1024
1.6506E—2
1.6952
1.1968E—3
1.3732
1.7146E—-2
1.7101
5.0136E-3
2.0452
2.0290E—2
1.7278
2.1498E-2
2.0071
2.4677E-2
1.4806
9.0218E-2
1.6403
2.4695E-2
1.4802
9.0230E—-2
1.6402

2.3492E-2
1.6639
6.1474E—2
1.7866
24711E-2
1.4799
9.0242E—2
1.6402

N=512
M=2048
5.0973E-3
1.7909
4.6202E—4
1.1875
5.2405E-3
1.7735
1.2147E-3
2.0386
6.1259E—-3
1.7632
5.3480E—-3
2.0392
8.8429E—-3
1.5322
2.8941E-2
1.7122
8.8516E-3
1.5317
2.8946E—-2
1.7121

7.4140E-3
1.7580
1.7819E—-2
1.8585
8.8593E—3
1.5312
2.8951E-2
1.7121

N=1024

M =4096

1.4731E-3
2.0285E—4
1.5328E—3
2.9565E—4
1.8047E—3
1.3012E—3
3.0575E-3
8.8326E—3

3.0616E—3

8.8346E—3

2.1920E-3
4.9137E-3

3.0652E—3

8.8365E—3

In this work we design, analyze and test a new numerical method for solving
semilinear, time dependent, singularly perturbed diffusion reaction systems. The
method is the result of combining a standard central difference scheme on a special
mesh of Shishkin type, to discretize in space, and a linearized version of the
fractional implicit Euler method which permits to split by components the linear
systems involved in the time integration process. It is shown that the method is
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uniformly convergent of almost second order in space and of first order in time;
besides, the computational cost of this numerical algorithm is very low because
only two small tridiagonal systems per time step must be solved to advance in time.
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