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Abstract. As one of the seven open problems in the addendum to their
1989 book Computability in Analysis and Physics, Pour-El and Richards
proposed “... the recursion theoretic study of particular nonlinear prob-
lems of classical importance. Examples are the Navier-Stokes equation,
the KAV equation, and the complex of problems associated with Feigen-
baum’s constant.” In this paper, we approach the question of whether
the Navier-Stokes Equation admits recursive solutions in the sense of
Weihrauch’s Type-2 Theory of Effectivity. A natural encoding (“repre-
sentation”) is constructed for the space of divergence-free vector fields on
2-dimensional open square 2 = (-1, 1)2. This representation is shown
to render first the mild solution to the Stokes Dirichlet problem and
then a strong local solution to the nonlinear inhomogeneous incompress-
ible Navier-Stokes initial value problem uniformly computable. Based on
classical approaches, the proofs make use of many subtle and intricate
estimates which are developed in the paper for establishing the com-
putability results.
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1 Introduction

The (physical) Church-Turing Hypothesis [17] postulates that every physical
phenomenon or effect can, at least in principle, be simulated by a sufficiently
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powerful digital computer up to any desired precision. Its validity had been chal-
lenged, though, in the sound setting of Recursive Analysis: with a computable
C" initial condition to the Wave Equation leading to an incomputable solution
[11,13]. The controversy was later resolved by demonstrating that, in both phys-
ically [1,30] and mathematically more appropriate Sobolev space settings, the
solution is computable uniformly in the initial data [23]. Recall that functions
f in a Sobolev space are not defined pointwise but by local averages in the L,
sense! (in particular ¢ = 2 corresponding to energy) with derivatives under-
stood in the distributional sense. This led to a series of investigations on the
computability of linear and nonlinear partial differential equations [24-26].
The (incompressible) Navier-Stokes Equation

ou—Lu+(u-Vu+VP=f V-u=0, u(0)=a, u‘SQEO (1)

describes the motion of a viscous incompressible fluid filling a rigid box §2. The
vector field u = u(x,t) = (ul, U,y ... ,ud) represents the velocity of the fluid and
P = P(x,t) is the scalar pressure with gradient VP; A is the Laplace operator;
V - u denotes componentwise divergence; w - V means, in Cartesian coordinates,
U10p, + U203, + ... + uq0y,; and the function @ = a(x) with V- a = 0 provides
the initial velocity and f is a given external force. Equation (1) thus constitutes
a system of d + 1 partial differential equations for d + 1 functions.

The question of global existence and smoothness of its solutions, even in the
homogeneous case f = 0, is one of the seven Millennium Prize Problems posted
by the Clay Mathematics Institute at the beginning of the 21st century. Local
existence has been established, though, in various L, settings [5]; and unique-
ness of weak solutions in dimension 2, but not in dimension 3 [18, §V.1.5], [2,
§V.1.3.1]. Nevertheless, numerical solution methods have been devised in abun-
dance, often based on pointwise (or even uniform, rather than L,) approximation
and struggling with nonphysical artifacts [14]. In fact, the very last of seven open
problems listed in the addendum to [12] asks for a “recursion theoretic study
of ... the Navier-Stokes equation”. Moreover it has been suggested [16] that
hydrodynamics could in principle be incomputable in the sense of allowing to
simulate universal Turing computation and to thus ‘solve’ the Halting prob-
lem. And indeed recent progress towards (a negative answer to) the Millennium
Problem [20] proceeds by simulating a computational process in the vorticity
dynamics to construct a blowup in finite time for a PDE very similar to (1).

1.1 Overview

Using the sound framework of Recursive Analysis, we assert the computability
of a local strong solution of (1) in the space L3 (§2) (see Sect. 2 for definition)
from a given initial condition a € L‘2’70(Q); moreover, the computation is uniform

! We use ¢ € [1, 00] to denote the norm index, P for the pressure field, p for polynomi-
als, P for a set of trimmed and mollified tuples of the latter, and IP for the Helmholtz
Projection.
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in the initial data. We follow a common strategy used in the classical existence
proofs [3-5,18,21]:

(i) Eliminate the pressure P by applying, to both sides of Eq. (1), the Helmholtz

projection P : (Lg(.Q))2 — L3 (£2), thus arriving at the non-linear evolution
equation

u+Au+Bu=g (t>0), u(0) = a € L3 ((£2) (2)

where Lo (£2) is the set of all square-integrable real-valued functions defined
on 2, g =Pf, u="Puc L§(2), A= —PA denotes the Stokes operator,
and Bu = P (u - V)u is the nonlinearity.
Construct a mild solution v(t)a = e~
linear equation

(ii

~—

a of the associated homogeneous

Ov+Av=0 fort>0, v(0) = a € L3 ((£2) (3)

(iii) Rewrite (2) using (ii) in an integral form [5, §2]
t t
u(t) =e *a + / e =hg(s)ds — / e~ =5 Bu(s)ds for t >0 (4)
0 0

and solve it by a limit/fixed-point argument using the following iteration
scheme [5, EQ. (2.1)]:

¢ ¢
vo(t) = e*ma—i-/ e~ E=hg(s)ds, v,11(t) = vo(t) —/ e~ t=9)4By, (s) ds

0 0
()
(iv) Recover the pressure P from w by solving

VP = f—0wu+ Au—(u-V)u (6)

To make use of the above strategy for deriving an algorithm to compute the
solution of (1), there are several difficulties which need to be dealt with. Firstly,
a proper representation is needed for coding the solenoidals. The codes should
be not only rich enough to capture the functional characters of these vector
fields but also robust enough to retain the coded information under elemen-
tary function operations, in particular, integration. Secondly, since the Stokes
operator A : dom(A) — Lg,({2) is neither continuous nor its graph dense in
(L3 0(£2))?, there is no convenient way to directly code A for computing the
solution of the linear equation (3). The lack of computer-accessible information
on A makes the computation of the solution v(t)a = e **a of (3) much more
intricate. Thirdly, since the nonlinear operator B in the iteration (5) involves
differentiation and multiplication, and a mere L3 -code of vy, is not rich enough
for carrying out these operations, it follows that there is a need for computa-
tionally derive a stronger code for v, from any given L ,-code of a so that Bv,
can be computed. This indicates that the iteration is to move back and forth
among different spaces, and thus additional care must be taken in order to keep
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the computations flowing in and out without any glitches from one space to
another. To overcome those difficulties arising in the recursion theoretic study
of the Navier-Stokes equation, many estimates - subtle and intricate - are estab-
lished in addition to the classical estimates.

The paper is organized as follows. Presuming familiarity with Weihrauch’s
Type-2 Theory of Effectivity [22], Sect. 2 recalls the standard representation 4,
of Ly({2) and introduces a natural representation drg —of Lg(2). Section3

proves that the Helmholtz projection PP : (L2(.Q))2 — L3 (£2) is ((01,)?, 6L570)-
computable. Section4 presents the proof that the solution to the linear homo-
geneous Dirichlet problem (3) is uniformly computable from the initial condi-
tion a. Sectionb is devoted to show that the solution to the nonlinear Navier-
Stokes problem (1) is uniformly computable locally. Subsection 5.1 recalls the
Bessel (=fractional Sobolev) space Hj5(£2) C Lo(£2) of s-fold weakly differen-
tiable square-integrable functions on {2 and its associated standard representa-
tion 0y , s > 0. For s > 1 we assert differentiation H3({2) > w — 9w € La(2)
to be (5H5’0,5L2)—computable and multiplication H$(2) x La(£2) 3 (v,w) —
vw € La(£2) to be (6H5,0 X 0Ly, 6L2)—computable. Based on these preparations,
Subsect. 5.3 asserts that in the homogeneous case g = 0, the sequence, generated
from the iteration map

S+ C([0;00), L3 ¢(£2)) x C([0;00),LF 4(£2)) > (vo,vn)
= Upt1 € C([O,OO),L;O(Q))
according to Eq. (5), converges effectively uniformly on some positive (but not
necessarily maximal) time interval [0;7] whose length T' = T'(a) > 0 is com-
putable from the initial condition a. Subsection5.4 proves that the iteration
map S is ([p—drg,] X [p—61g,],[p—dLg ,])-computable. We conclude in Sub-

sect. 5.5 with the final extensions regarding the inhomogeneity f and pressure
P, thus establishing the main result of this work:

Theorem 1. There exists a (5L570>< [p—>5Lg’0] ,p)—computable map T,
T: L3(92) x C([0500), L5 4(2)) — (0;00),  (a, f) — T(a, f)
and a (5L570>< [p_"SLZ,o] Xp, 5Lgyo)—computable partial map S,
§:C Lg4(2) x C([0500), L8 1(€2)) x [0500) — L5 (2) x La(£2)

such that, for every a € L3,(2) and f € C([0;00),L8((£2)), the function
(uw,P) : [0;T(a, f)] >t — S(a, f,t) constitutes a (strong local in time and
weak global in space) solution to Eq. (1).

Roughly speaking, a function is computable if it can be approximated by
“computer-accessible” functions (such as rational numbers, polynomials with
rational coefficients, and so forth) with arbitrary precision, where precision is
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given as an input; such a sequence of approximations is called an effective approx-
imation. Thus in terms of effective approximations, the theorem states that the
solution of Eq. (1) can be effectively approximated locally in the time interval
[0,T(a, f)], where the time instance T'(a, f) is effectively approximable.

More precisely, in computable analysis, a map F : X — Y from a space X
with representation dx to a space Y with representation dy is said to be (dx, dy )-
computable if there exists a (Turing) algorithm (or any computer program) that
computes a dy-name of F(z) from any given dx-name of x. A metric space
(X, d), equipped with a partial enumeration ¢ :C N — X of some dense subset,
gives rise to a canonical Cauchy representation d: by encoding each x € X with
a sequence 3§ = (8o, 81, S2,...) € dom(¢)* C N¥ such that d(m,C(sk)) < 27k for
all k [22, §8.1]; in other words, {{(sk)} is an effective approximation of z. For
example, approximating by (dyadic) rationals thus leads to the standard repre-
sentation p of R; and for a fixed bounded 2 C R?, the standard representation
S, of Ly(£2) encodes f € Lo(f2) by a sequence {p; : k € N} C Q[RY] of d-
variate polynomials with rational coefficients such that ||f — pi|l2 < 27%, where
Il ll2 = |l llz,. Thus if both spaces X and Y admit Cauchy representations,
then a function f : X — Y is computable if there is an algorithm that com-
putes an effective approximation of f(x) on any given effective approximation
of z as input. For represented spaces (X,0x) and (Y,dy), dx xdy denotes the
canonical representation of the Cartesian product X xY. When X and Y are
o-compact metric spaces with respective canonical Cauchy representations 6 x
and dy, [0x — Jdy] denotes a canonical representation of the space C(X,Y) of
continuous total functions f : X — Y, equipped with the compact-open topol-
ogy [22, THEOREM 3.2.114+DEFINITION 3.3.13]. The representation [dx — dy]
supports type conversion in the following sense [22, THEOREM 3.3.15]:

Fact 2. On the one hand, the evaluation (f,z) — f(z) is ([0x —dy]|xdx , dy)-
computable. On the other hand, a map f : X XY — Z is (0xxdy , dz)-computable
iff the map X > o — (y— f(z,y)) € C(Y,2) is (6x , [6y — 6z])-computable.

We mention in passing that all spaces considered in this paper are equipped
with a norm. Thus for any space X considered below, a éx-name of f € X is
simply an effective approximation of f despite the often cumbersome notations.

2 Representing Divergence-Free L, Functions on 2

Let us call a vector field f satisfying V - f = 0 in 2 divergence-free. A vector-
valued function p is called a polynomial of degree N if each of its components
is a polynomial of degree less than or equal to N with respect to each variable
and at least one component is a polynomial of degree N. Let L§ ,({2)—or Lg
if the context is clear—be the closure in Ly-norm of the set {u € (Cg°(£2))? :
V - u = 0} of all smooth divergence-free functions with support of u and all of
its partial derivatives contained in some compact subset of 2. Let Q[R?] be the
set of all polynomials of two real variables with rational coefficients and Qg [R?]
the subset of all 2-tuples of such polynomials which are divergence-free in {2 and
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vanish on 9f2. We note that the boundary value of a Lg ;(§2)-function u, ulsg,
is not defined unless u is (weakly) differentiable; if w is (weakly) differentiable,
then ulgn = 0.

Notation 3. Hereafter we use ||w||a for the Ly-norm ||w||r,) if w is real-
valued, or for |w||(1, ()2 if w is vector-valued (in R? ). We note that I-lleg ) =

| l(zs(2))2- For any subset A of R™, its closure is denoted as A.

Proposition 1. (a) A polynomial tuple

P = (p1,p2) Za 'yl Za xy

1,j=0 1,j=0

s divergence-free and boundary-free if and only if its coefficients satisfy the
following system of linear equations with integer coefficients:

(i +1ajpr;+ (G +1)af; =0,0<4,j <N -1
(i+Daj,n=0 0<i<N-—1 (7)
(j+ a1 =0, 0<j<N -1

and for all 0 <i,j < N,

Sl =Y" =Y (hal, =Y (D=0 (@)

N N

1 _ 2 W i1 i 2 _
ijo Q5 = ijo Q5 = ijo(_l)]a'i,j = ijo(_l)Jai,j =0 (9)
(b) QF[R?] is dense in LY 4(£2) w.r.t. Ly-norm.

The proof of Proposition 1 is deferred to Appendix A.
We may be tempted to use Q[R?] as a set of names for coding/approximating
the elements in the space Lg,(§2). However, since the closure of Qf[R?] in Lo-
norm contains L3 ,({2) as a proper subspace, QF[R?] is “too big” to be used as
a set of codes for representing Lg g0(£2); one has to “trim” polynomials in QF[R?]
so that any convergent sequence of “trimmed” polynomials converges to a limit
in Lg ((£2). The trimming process is shown below. For each k € N (where N is
the set of all positive integers), let 2, = (—1 +27%;1 — 27%)2. And for each
p = (p1,p2) € QF[R?], define Tyxp = (Txp1, Txp2), where
_ -k < <1_9Fk
Tups(r,y) = {gf( Sl e ot}}ejwise srysiee (10)

j =1,2. Then Typ; and Txp have the following properties:
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) Tkp has compact support £2; contained in f2.

) Typ is a polynomial with rational coefficients defined in (2.

) Typ is continuous on §2 = [—1,1]%.

) Trp = 0 on 92, for p vanishes on the boundary of 2. Thus Typ vanishes
in the exterior region of (25 including its boundary 92.

e) Typis divergence free in §2;, following the calculation below: for (z,y) € (2,

we have (;=5=, 7—5=¢) € {2 and
a’]rkpl aTka o 1 apl ro 1 ap? ’o
O (z.y)+ ay (z,y) = m%(x YY)+ m@(x )
1 Op1 Op2
=1 o% az,(l‘/’y)+a,($ y)| =0
for p is divergence-free in (2, where 2’ = == and ' = —4=.

It follows from the discussion above that every Tgp is a divergence-free polyno-
mial of rational coefficients on {2, that vanishes in [—1, 1]\ £2; and is continuous
n [—1, 1]%. However, although the functions Tjp are continuous on [—1,1]* and
differentiable in {2, they can be non-differentiable along the boundary 92, C (2.
To use these functions as names for coding elements in L§ ;({2), it is desirable
to smoothen them along the boundary 92 so that they are differentiable in
the entire {2. A standard technique for smoothing a function is to convolute it
with a C*° function. We use this technique to modify functions Ty p so that they
become divergence-free and differentiable on the entire region of (2. Let

1 : —
o) = {%.exp(—llmlz),lfbnw =max{lal lol) g

0, otherwise

where ~q is a constant such that fRz ~(x) de = 1 holds. The constant 7 is com-
putable, since integration on continuous functions is computable [22, §6.4]. Let
Ye(x) = 2% (2%z). Then, for all k €N, ”yk is a C* function having support
in the closed square [—2~ K ,27%12 and fW ~vi(x) de = 1. Recall that for differen-
tiable functions f,g : R — R w1th compact support, the convolution f * g is
defined as follows:

(f+g)(e /fa:— o(y) dy (12)

It is easy to see that for n > k+1 the support of v, *Trp := (7 *Tep1, Yn*Tip2)
is contained in the closed square [—1 4 2~ *+1) 1 — 2=(+1]2 Tt is also known
classically that v, * Typ is a C°° function. Since 7, is a computable function and
integration on compact domains is computable, the map (n, k, p) — v, * Tgp is
computable. Moreover the following metric is computable:

1/2
((n,k,p), (', K, p)) — </|(%*Tkp)(w)—(w*Tk'p’)(w)!2dw> (13)



Computability to Navier-Stokes Equations 87

Lemma 1. FEvery function 7, * Txp is divergence-free in (2, where n,k € N,
n >k, and p € Q§[R?].

Lemma 2. The set P = {’yn x*Trp : nykeNn>k+1,pe Qg[Rz]} is dense
in Lg o(52).

See Appendices B and C for the proofs.

From Lemmas 1 and 2 it follows that P is a countable set that is dense in L ,({2)
(in Ly-norm) and every function in P is C*°, divergence-free on (2, and having a
compact support contained in {2; in other words, P C {u € C§°(£2)? : V-u = 0}.
Thus, L§ ,({2) = the closure of P in Ly — norm. This fact indicates that the set
P is qualified to serve as codes for representing L3 ,({2).

Since the function ¢ : |J¥_, QV+D? x QIVHD® (0,1}, where

1,if (7), (8), and (9) are satisfied
$((rijo<ij<n, (sijlosijen) =4 (withrij; = aj; and s;; = af ;)

0, otherwise

is computable, there is a total computable function on N that enumerates
QF[R?]. Then it follows from the definition of P that there is a total com-
putable function « : N — P that enumerates P; thus, in view of the computable
Eq. (13), (L§0(£2), (u,v)  |Ju — v|]2,P, ) is a computable metric space. Let
org, : N¥ — Lg , be the standard Cauchy representation of L3 ,; that is, every
function u € Lg(({2) is encoded by a sequence {p; : k € N} C P, such that
lu—pyll2 < 27F. The sequence {pj, }ren is called a 6 -name of u, which is an
effective approximation of u (in Ly-norm). 1

3 Computability of Helmholtz Projection

In this section, we show that the Helmholtz projection P is computable.

Proposition 2. The projection P : (LQ(Q))2 — L§,(2) is ((6L2)2,5Lgy0)_
computable.

Proof. For simplicity let us set {2 = (0,1)2. The proof carries over to 2 =
(—1,1)? by a scaling on sine and cosine functions. We begin with two classical
facts which are used in the proof:

(i) It follows from [6, p. 40]/[21] that for any w = (uy,u2) € (LQ(Q))Z,
Pu = (=9y¢, 9:p) (14)

where the scalar function ¢ is the solution of the following boundary value
problem:
A = Ogug — Oyuq in 2, @ =0on 0f? (15)

We note that P is a linear operator.
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(ii) Each of {sin(nmx)sin(mny)}n m>1,

{sin(nrzx) cos(mny)}n>1,m>0, or {cos(nmz)sin(mnry)}n>0m>1

is an orthogonal basis for L?(£2). Thus each w = (uy,uz) in (LQ(Q))Q, u;,
1 =1 or 2, can be written in the following form:

ui(z,y) = Z Ui m,m cOS(nmz) sin(mmy)

n,m>0

= Z Ui m,m Sin(nmz) cos(mmy)

n,m>0
where
1
Uin.m :/ / u;(x,y) cos(nmz) sin(mny)dxdy, and
0o Jo
11
ﬂim,m:/ / ui(x,y) sin(nwx) cos(mmy)dxdy
o Jo
) S\ 1/2 . N
with the property that ||u;||2 = (Zn,mzo [ @i mm | ) = (mezo |Ti mm ) .

We note that the sequences {uin.m}, {@inm}, and |Ju;||2 are computable from
u; cf. [22].

To prove that the projection is ((dz,)?, 5Lgyo)-computable, it suffices to show
that there is an algorithm computing, given any accuracy k € N and for any
u € (L%(£2))2, a vector function (pi,qx) € P such that ||Pu — (pk,qx)|l2 < 27F.
Let us fix k and u = (ul, uz). Then a straightforward computation shows that
the solution ¢ of (15) can be explicitly written as

o 0 —NU2,n,m + mal,n,m . .
oz, y) = me:l 2+ md)r sin(nma) sin(mmy)

It then follows that

2 ~
mnu —mea
— Dy = Zn,mzl 2’7;’Lgl+ — L™ sin(nra) cos(may) (16)
Similarly, we can obtain a formula for d,¢. Since we have an explicit expression
for (—0yp, 0z¢), a search algorithm is usually a preferred choice for finding a
k-approximation (pg, i) of Pu by successively computing the norms

[(=0y 0, 0x0) — (, @) l2, (p,q) €P.

However, since —0y¢ and 0, are infinite series which involve limit processes, a
truncating algorithm is needed so that one can compute approximations of the
two limits before a search program can be executed. The truncating algorithm
will find some N (k,u) € N such that the N(k, u)-partial sum of (—9,¢, 0,¢) is a
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2~ (k+1)_approximation of the series; in other words, the algorithm chops off the
infinite tails of the series within pre-assigned accuracy. The following estimate
provides a basis for the desired truncating algorithm:

25
| —yp— 7 TR sin(nma) cos(my)
n,m<N

_m2q
I Z Mv2,n,m — M Y1,n,m sin(nmz) cos(mmy)||3

2 2
n,m>N ne+m
mnu m2 2
2” — 177 ~
= 2 P nm‘ <2 Y (luzmml + l@rnml?)
n,m>N K m n,m>N

A similar estimate applies to 0,p. Since

”uZH% = Z |ui7”,m‘2 = Z |ﬂ'i»7l7m|27 i=1,2,

n,m>1 n,m>1

is computable, it follows that there is an algorithm computing N (k, w) from k and
w such that the N (k,u)-partial sum of (—3,¢, d,¢) is a 2~ *+1_approximation
of the series. Now we can search for (pg, qx) € P that approximates the N (k, u)-
partial sum in L2-norm within the accuracy 2~**1 as follows: enumerate P =
{p;}, compute the L?norm of the difference between the N(k,u)-partial sum
and p;, halt the computation at p; when the L?-norm is less that 2~ (k41 “and
then set (px,qr) = p;. We note that each computation halts in finitely many
steps. The search will succeed since Pu = (—0y¢p, d,¢) € L3 5 and P is dense in
L3 . Tt is then clear that |[Pu — (pg,qx)[2 < 27k,

4 Computability of the Linear Problem

In this section, we show that the solution operator for the linear homogeneous
equation (3) is uniformly computable from the initial data. We begin by recalling
the Stokes operator and some of its classical properties. Let A = —PA be the
Stokes operator as defined for instance in [3, §2] or [18, §IIL.2.1], where PP :

(LQ(Q))2 — L§ is the Helmholtz projection. It is known from the classical
study that A is an unbounded but closed positively self-adjoint linear operator
whose domain is dense in Lg ;, and thus —A is the infinitesimal generator of an
analytic semigroup; cf. [18, THEOREM II1.2.1.1] or [2, §IV.5.2]. In this case, the
linear homogeneous equation (3) has the solution u(t) = e 4!a, where u(0) = a,
e~ A is the analytic semigroup generated by the infinitesimal generator —A, and
u(t) € L3,(§2) for t > 0. Furthermore, the following lemma shows that the
solution wu(t) decays in L2-norm as time t increases.

Lemma 3. For every a € L§,(§2) and t > 0,
lu(®)ll2 = le*all2 < llall2 = [|u(0)||2 (17)
(Recall that || - |2 = || - [|g ,(2); see Notation 3.)
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Proof. Classically it is known that for any a € L3 (1), u(t) = e " a is in the

domain of A for ¢ > 0. Thus if @ = u(0) itself is in the domain of A, then so
is u(t) for t > 0. Since A is positively self-adjoint, it follows that A* = A and
(Au(t),u(t)) == [, Au(t)(x) - u(t)(x)dz > 0 for every a in the domain of A
with @ # 0 and ¢ > 0. Now if we rewrite the Eq. (3) in the form of

(ug,u) + (Au,u) =0

N|—=

or equivalently 14 (u, u) + (Au,u) = 0, then 4 (u,u) < 0 and consequently
(u,u)(t) < (u,u)(0); thus (17) holds true for a in the domain of A. Since
the domain of A is dense in Lg(£2), it follows that (17) holds true for all
a € L3 (). W

Proposition 3. For the linear homogenous equation (3), the solution operator
S L84(2) — C([0;00),L8 (), @ = (t = e *a), is (613, [0 — drg,])-
computable.

By the First Main Theorem of Pour-El and Richards [12, §I1.3], the
unbounded operator A does not preserve computability. In particular, the naive
exponential series ) (—At)"a/n! does not establish Proposition 3.

Convention. For readability we will not notationally distinguish the spaces
of vectors u,a and scalar functions u,a in the proof below and the proof of
Lemma 6.

Proof. We show how to compute a 5Lg’o—name of e*a on inputs t > 0 and
a € L3 ((£2). Recall that a érg -name of e~*a is a sequence {qx}, qx € P,
satisfying ||e " a — g |2 < 27K for all K € N. Again, for readability, we assume
that 2 = (0,1)2.

We first consider the case where a € P and ¢ > 0. The reason for us to start
with functions in P is that these functions have stronger convergence property
in the sense that, for any a € P, if a = (a',a?) is expressed in terms of the
orthogonal basis {sin(nrz) sin(mny) }nm>1 for Lao(82): for i = 1,2,

at = Z ai%m sin(nmz) sin(mmy) (18)

n,m>1

where af, ,, = fol fol a’sin(nmx) sin(mmy) do dy, then the following series is con-
vergent
> (1 +n?+mda,,* < oo (19)
n,m>1

The inequality (19) holds true because functions in P are C*°. In fact, the series
is not only convergent but its sum is also computable (from a) (see, for example,
[28]).

Now let K € N be any given precision. Since —A generates an analytic
semigroup, it follows from [10, SECTION 2.5] that for ¢ > 0,

1
e tha = — / ML+ A) Lad) (20)
r

T 2w
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where I' is the path composed from two rays re?” and re~" with 0 < r < oo and
6= %’r Thus we have an explicit expression for e **a, which involves a limit
process — an infinite integral — indicating that a search algorithm is applicable
for finding a desirable K-approximation provided that a finite approximation of
e~*q can be computed by some truncating algorithm.

In the following, we construct such a truncating algorithm. We begin by
writing the infinite integral in (20) as a sum of three integrals: two are finite
and one infinite; the infinite one can be made arbitrarily small. Now for the
details. Let [ be a positive integer to be determined; let I'; be the path re'” with
0 < r < I; I'; the path 7e™™ with 0 < r < I; and I3 = I' \ (I} U I}). Since
a € P, it follows that —Aa = P /A a = Aa, which further implies that

A+ A)"ta =
a71L m Sin(nmwz) sin(mmy) a,, ., sin(nmz)sin(mmy)
(Zn,m21 A (nm)2+(mm)? ’ Zn m>1 A (nm)2+(mm)? ) (21)

Note that for any A € I", |A + (nm)? + (mm)?| # 0. From (20) and (21) we can

write e *Aq as a sum of three terms:
L |
At
e~ = — ae™td\
25 /F

27T’L [/ 2\ _|_ Tlﬂ' ( )2 dA] Anym Sin(mrx) sin(mﬁy)
= ﬂl + (o —|— 53

where @ = (A[+A)~'a. The functions 3}, j = 1,2,3, are in L§ ((£2) as verified as
follows: It follows from ¢ = (AI+A)a = (AI— IP’A)a and PAa = P(Aa) € LS ((£2)
that 7(P A @) = 0 and

I
ﬁMw i

0=va=Ava) -vPAa) =Ava) (22)

Since A € I', it follows that A # 0; thus \7a = 0. This shows that a € L3 (£2).
Then it follows from (22) that

1

AP
— d\=0
2 )1, (Va)e

VB =
Hence 3; € L§ ((§2) for 1 < j < 3.
Next we show that 8 and (5 can be effectively approximated by finite sums

while (3 tend to zero effectively as | — oo. We start with (5. Since ¢ > 0 and
cos 3 = cos 3T < 0, it follows that

At o5} etrcos,@
d\| <2 d 0
/r3 A+ (nm)? + (mm)? ' = /l P
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effectively as | — oo. Thus there is some [ € N, computable from a and ¢, such
that the following estimate is valid for ¢ = 1,2 when we take [ to be Ik

13512

1 [/ e } P :
=||— d\| ai, . sin(nmzx) sin(mmy)
2mi nél r; A+ (nm)? + (mm)? Hm ,
1/2
1 oo _trcos 3 ) 1 oo _trcosf3
A b S R e
™ Ix r nom>1 ’ ™ Ix T

where 3 = (83, 52). Now let us set | = Ix and estimate ;. Since g = 3& < 3T
it follows that cos 8 < 0 and | cos 3| < sin 3. Consequently, for any A\ = re?® on
n,iftr> ﬁ, then |re?” + (nm)% + (mm)?| > rsin 3 > 1. On the other hand, if
0<r< ﬁ, then r cos B+ (nm)?+ (mm)? > 72(n?+m?)—rsin g > 272 -1 > 1,
which implies that |re?’ 4 (nm)2 + (mm)?| > |rcos B+ (nm)% + (m7)?| > 1. Thus
A+ (n7)? + (mm)?| > 1 for every A € I';. And so

l etrew 8
- d(re*
/o re 1 (o 1 ()

l |et'reiﬁ ! l
< / : 5 sdr < / etreosBy < / etldr = let
o |rei 4 (nm)? + (mm)?| 0 0

This estimate together with (19) implies that there exists a positive integer
k = k(t,a, K), computable from ¢ > 0, a and K, such that

<

d)\‘ =

‘ /rl At (m)esl (mm)?

1 lelt\ 2
m (26) Z (1 + n2 + mz)(‘a}l ’m(|2 + |ai m|2) < 2—2(K+7)
m R ,

n,m>1

Write B (k) = (81 (k), B3 (k)) with

e

Bi(k) = Z ( ! /\t d)\) a;’m sin(nmz) sin(mmy),

o 2 2
it 270 Jp, A+ (nm)? + (mm)

i =1,2. Then
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181 — B1 (k)15
1 At 2 L o
= o dX
- nmz>k 2mi /Fl A+ (nﬂ')Q + (m7r)2 (|a"vm| + |an,m‘ )

1 2 o, [l 2 L .
< n;km (14+n"4+m?) (277) (lap ml” + las .1°)
S G Sy D
“ 14+ k2+Ek2\ 271 = n,m n,m
< 972K+T)

Similarly, if we write 32(k) = (33 (k), 53(k)) with

Bi(k) = Z (217” /1“2 g (nﬂ';::— (m7r)2d)\) afl_’m sin(nmx) sin(mny)

n,m<k

then ||Ba — B2(k)||2 < 27K+, The construction of the truncating algorithm is
now complete; the algorithm outputs 51 (k) + B2(k) (uniformly) on the inputs
a € P, t > 0, and precision K; the output has the property that it is a finite
sum involving a finite integral and || 31 (k) + B2(k) — e~ ally < 27K+,

Now we are able to search for a desirable approximation in P. Let us list
P ={¢; : j € N} and compute ||¢; — (B1(k) + B2(k))||2. Halt the computation
at j = j(K) when

l6j — (81 (k) + Ba(K))|]2 < 27K+

The computation will halt since B, 82 € L3(£2), [|B1 — Bu(k)[2 < 27F+7),
182 — B2(k)|l2 < 27F+7) and P is dense in L§,(£2) (in L*norm). Set qx =
¢](K) Then

g — e *all
= |lgg — (B1 + B2 + B3) |2
< lgr = (Br(k) + B2(k))[l2 + [[(B1(k) + B2(k)) — (B1 + B2) |2 + (| 55|

<2 K

Next we consider the case where a € Lg,(£2) and ¢ > 0. In this case, the
input a is presented by (any) one of its d.g -names, say {ax}, where ay € P.
It is then clear from the estimate (17) and the discussion above that there is
an algorithm that computes a K-approximation px € P on inputs ¢ > 0, a and
precision K such that ||px — e talls < 27X,

Finally we consider the case where t > 0 and a € L§ ,({2). Since e a=a
for t = 0 and we already derived an algorithm for computing e~*a for ¢ > 0,
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it suffices to show that e **a — @ in L%-norm effectively as t — 0. Let {ax}

be a drg -name of a. It follows from Theorem 6.13 of Sect.2.6 [Paz83] that
le=*ay, — ax|| < Ct'/?||A'2ay]|. Thus

la —e™*all < la — axll + [lax — e™*ax]| + lle”*ar — e~ *all

the right-hand side goes to 0 effectively as t — 0. U

We note that the computation of the approximations gx of e~**a does not
require encoding A. Let W : Lg ;(£2) x [0,00) — L3 (£2), (a,t) — e **a. Then
it follows from the previous Proposition and Fact 2 that W is computable.

5 Extension to the Nonlinear Problem

We now proceed to the nonlinear problem (2) by solving its integral version (4)
via the iteration scheme (5) but first restrict to the homogeneous case g = 0:

wo(t) = e ™a,  Unpi(t) = wo(t) — / e =4 Buy,, (s) ds (23)
0

Classically, it is known that for every initial condition a € Lg ((§2) the sequence
Uy = Up(t) converges near ¢ = 0 to a unique limit w solving (4) and thus
(2). Since there is no explicit formula for the solution w, the truncation/search
type of algorithms such as those used in the proofs of Propositions 2 and 3 is no
longer applicable for the nonlinear case. Instead, we use a method based on the
fixed-point argument to establish the computability of u. We shall show that the
limit of the above sequence w,, = wu,,(t) has an effective approximation. The
proof consists of two parts: first we study the rate of convergence and show that
the sequence converges at a computable rate as m — oo for ¢ € [0; T with some
T =T, >0, where T, is computable from a; then we show that the sequence —
as one entity — can be effectively approximated starting with the given a. The
precise statements of the two tasks are given in the following two propositions.

Proposition 4. There is a computable map T : L§,(2) — (0,00), a — T,,
such that the sequence {um} converges effectively in m and uniformly for t €
(05 T .

Recall that a sequence {x,,} in a metric space (X, d) is effectively convergent
if d(pm,Tma1) < 27™. In view of type conversion (Subsect.1.1), the following
proposition asserts (ii):

Proposition 5. The map S : Nx Lg ((£2)x[0,00) — L 4(£2), (m, a,t) — un(t)

according to Eq. (23), is (V X Org X ps 5Lg‘0)-computable.

0

The main difficulties in proving the two propositions are rooted in the nonlin-
earity of B: the nonlinear operator B requires greater care in estimating the rate
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of convergence and demands richer codings for computation. Since information
on Bu,, is required in order to compute t,,+1, but Bu,, = P (t, - V)u,, involves
both differentiation and multiplication, it follows that a dpg -name of u,, may
not contain enough information for computing Bu,,. Moreover since estimates
of type [|[A%u, (t)|l2, 0 < « < 1, play a key role in proving Propositions4 and 5,
we need to computationally derlve a richer code for u,, from a given § Lg ,-name
of u,, in order to capture the fact that u,, is in the domain of A® for t > 0.

5.1 Representing and Operating on Space Hj ,(2)

We begin by recalling several definitions and facts. Let 0, p (2, y) = gi(natmy)m
n,m > 0. Then, the sequence {6, (%, ¥)}n,m>0 is a computable orthogonal
basis of Ly(£2). For any s > 0, H5({2) is the set of all (generalized) functions

(.13 y) on {2 satisfying Zn m>0( +n? + m2)s|wn,m‘2 < o0, where Wn,m =

f f (2,9)0n,m(x,y) dody. H5(£2) is a Banach space with a norm |jw|| g =

(Zn,mZO(l +n +m ) |w’ﬂ,m| )1/2'
Let D(A%) be the domain of A*. Since

D(A) = L3 o(2)({ue (H?(Q))2 cu =0 on 9N},
D(AY?) =L3,(2 m{u € ( :u =0 on 002},

and D(A®), 0 < a < 1, are the complex interpolation spaces of Lg ,({2) and
D(A), we need to represent the subspace of H3(2) in which the functions van-
ish on 0f2. However, it is usually difficult to design a coding system for such
subspaces. Fortunately, for 0 < s < 3/2, it is known classically that

H3,(£2) ={w € H5(2) : w=0on 082} (24)

where H3 (({2) is the closure in H5-norm of the set of all C"*°-smooth functions
defined on compact subsets of {2. For Hj ;({2), there is a canonical coding system

H={ym*q:neN,qeQR?}

(see (11) and (12) for the definitions of 7, and v, * q). Then every w in H3 ,(£2)
can be encoded by a sequence {pr} C H such that [|px — w|lms < 27%; the
sequence {py }, which are mollified polynomials with rational coefficients, is called
a dpg -name of w. If w = (w1, wa) € H3 ((£2) x H3,(12), a 0 -name of w is a

sequences {(pk, qr)}, P, @ € H, such that (]|w; —pkH%Ist + [Jws —qk\ﬁqslo)l/2 <

27k,

Notation 4. We use |w||g; to denote the H5-norm of w if w is in H35({2) or
Hs x Hi-norm of w if w is in H5(§2) x H5(§2). Also for readability we use
[p — bms ] to denote the canonical representation of either C([0;T]; H3 (£2))
or C([0; T; H3 (£2) x H3(£2)).
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Recall that C([0; T]; H3 ((£2)) is the set of all continuous functions from the
interval [0;T] to H3o(£2). A function u € C([0;T]; Hs,(£2)) is computable if
there is a machine that computes a Hs ,-hame of u(t) when given a p-name of
t as input; and a map F : X — C([0;T]; H5 ((£2)) from a represented space
(X,6x) to C([0;T); H5 4(£2)) is computable if there is a machine that computes
a dpg -name of F'(z)(t) when given a dx-name of z and a p-name of ¢. Let X be
either Ly(£2), LS ,(£2), H5 (§2), or C([O;T];H§7O(Q)). We remark again that a
dx-name of f € X is simply an effective approximation of f because each space
X is equipped with a norm.

Lemma 4. For s > 1, differentiation 0,0y : Hj ((£2) — L2(§2) is (0mg ,,0L,)-
computable. '

Proof. Let {py} be a 6y -name of w € Hj ((£2). Since 0, (7y * q) =7 * 04, the
map py — O.p, is computable; hence a polynomial j in Q[R?] can be computed
from pj, such that max_i<z y<1 |Ozpr — Pr| < 27 Next let us express w and py,
in the orthogonal basis 0y, m: w(z,y) = >, 50 Wnme ™™™ and py(z,y) =

INTT LIMTY
Zn,mzo Pk,n,m€ € , where

1 1
Wn,m = / / w(x, y)einﬂ'xeimﬂ'y dx dy ’
0 0

1 1
pk,n,m = / / pk(x’y)ei’nﬂmeim‘lry dl’ dy )
0 0

Since s > 1 and {p} is a dg; -name of w, it follows that

Haxpk - 895"””%
) ) 2
— HZ INT (Pl nm — Wn,m e’ Cet™™Y ‘ = 72 Z n? Dk nm — Whom 2
n,m ’ 2 n,m
2 n’ 2 2 2
J— S
=™ Ty O Ik =
n,m

<m Y (Wt 4w P — waml? = 7y —wlffyy < w727

which further implies that
Hﬁk - arw”Z S ||ﬁk - ampk”Q + ”arpk - aerQ S 27]6 + 7T27k

Thus, by definition, {py} is a dr,-name of J,w.

It is known classically that every polygonal domain in R? is Lipschitz (see,
for example, [9]) and H3(U) is continuously embedded in C(U) if s > 1 and U is
a bounded Lipschitz domain, where U is the closure of U in R? and C(U) is the
set of all continuous functions on U. Since {2 is a bounded polygonal domain,
it follows that for any s > 1, there is a constant Cs > 0 such that |[w]|cg) <

Csllwllag (o), where [[wllcq) = [wlleo = max{jw(z,y)| : (,y) € U}.
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Lemma 5. For s > 1, multiplication Mul : Hy(£2) x L2(§2) — Lo(£2), (v,w) —
vw, is (6pg , X Or,,0L,)-computable.

Proof. Assume that {py} is a dug -name of v and {gx} is a 61,-name of w. For
each n € N, pick k(n) € N such that Cyl|v|lmsllw — qrllz < 27+, Since
|v|| g is computable from {py}, the function n +— k(n) is computable from {pz }
and {gi}. Next pick m(n) € N such that ||qxm)llo@) v — Pm lrg < 2~ (n+1),
It is clear that m(n) is computable from k(n), {qr}, and {py}. The sequence
{Pmn)@k(n)}n is then a dr,-name of vw, for it is a sequence of polynomi-
als of rational coefficients and [[vw — pumyarm)llz < [Vlle@m)llw — armllz +

g le@ v = Pmmy g <27

5.2 Some Classical Properties of Fractional Powers of A

It is known that fractional powers of the Stokes operator A are well defined; cf.
[10, SECTION 2.6]. In the following, we summarize some classical properties of
the Stokes operator and its fractional powers; these properties will be used in
later proofs.

Fact 5. Let A be the Stokes operator.

(1) For every 0 < « <1, let D(A®) be the domain of A®; this is a Banach space
with the norm ||ul|pae) == [[A%ul|Lg (2) = [[A%ull2. In particular, D(A%)
is continuously embedded in H2®, that is, for every u € D(A®),

[wllzze < llullpas) = CllA ulls (25)

where C is a constant independent of «. Moreover, we have D(Al/Q) =
L3o(2){u € (H'(2))%u =0 on 952}
(2) For every nonnegative o the estimate

|A%e ™ Raully < Cot™||lullz, t>0 (26)

is valid for all w € Lg ,(£2), where Cy is a constant depending only on . In
particular, Cy = 1. Moreover, the estimate implies implicitly that for every
u € L3 4(£2), e~ is in the domain of A, and thus e~**u vanishes on the
boundary of £2 fort > 0.

(3) If a > 3 >0, then D(A®) C D(AP).

(4) For0 < a <1, ifue€ D(A), then

A%u = Smm/ AT+ A) Ludt
m 0

(5) |JA7YV4P(w, V)v|l2 < M||AY4u|2||AY 2|3 is valid for all w,v in the domain
of A3/® where M is a constant independent of u and v.
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Proof. See Lemmas 2.1, 2.2 and 2.3 in [3] for (1) and (2) except for Cy = 1;
Co =1 is proved in Lemma3. See Theorems 6.8 and 6.9 in Sect. 2.6 of [10] for
(3) and (4); Lemma 3.2 in [3] for (5).

We record, without going into the details, that the constants C, M, and C,,
(0 < a < 1) appeared in Fact5 are in fact computable (some general discus-
sions on the computability of Sobolev embedding constants and interpolation
constants together with other constants in the PDE theory are forthcoming).

5.3 Proof of Proposition 4

In order to show that the iteration sequence is effectively convergent, we need
to establish several estimates on various functions such as ||A%u,,(t)||2 and
| AP (U t1(t) — um(t))||2 for B being some positive numbers. Subsequently, as
a prerequisite, u,, () must be in the domain of A%; thus the functions u,,(t) are
required to have higher smoothness than the given initial function a according
to Fact 5-(1). This is indeed the case: For functions u,,(t) obtained by the itera-
tion (23), it is known classically that if u,,(0) € La(£2) then u,,(t) € H3%(£2) for
t > 0, where 0 < a < 1. In other words, u,,(t) undergoes a jump in smoothness
from t = 0 to t > 0 (due to the integration). In the following lemma, we present
an algorithmic version of this increase in smoothness.

Lemma 6. Let o« = 3/5. Then for the iteration (23)

¢
wo(t) = e a, Umt1(t) = wo(t) — / e~ t=)ABu,, (s) ds
0

the mapping Sg : Nx L 5(£2) x (0, 00) — H3%(£2) x H3%(£2), (m, a,t) — um(t),
is well-defined and (v X drg X p, 6H§%)—c0mputable.

We emphasize that the lemma holds true for ¢ > 0 only. Also the choice of o =
3/5 is somewhat arbitrary; in fact, @ can be selected to be any rational number
strictly between % and %. The requirement a < % guarantees that D(A%) C
H3%(02) x H3%(£2) because 2a < 3/2 (see (24)). The other condition o > 3

2
ensures that Lemma5 can be applied for 2a > 1.

Proof. We induct on m. Note that for any ¢ > 0 and any a € L3,({2), the
estimates (25) and (26) imply that

leall sz < ClIA%eally < CCat™lally

Combining this inequality with the following strengthened version of (19): for
any a € P,

Z (1+n?+m?)?|a, m|* < oo

n,m>1
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(the inequality is valid since a is C'°), a similar argument used to prove Propo-
sition 3 works for m = 0. Moreover, by type conversion (Fact2), a € L§ ,(£2) —
uo € C((0, oo),HS/OS(Q) X H26/05(Q)) is (O0rg,,[p — d0/5])-computable.
’ ’ ’ 2,0
Assume that (j,a) — u; is (v,0rg ,[p — 0 6/5])-computable for 0 < j < m,
» 2,0

where a € L ((£2), and u; € C((0,00), (H26765(Q))2). We show how to compute

a 5H§(05—name for u,1(t) = e ta — fot e~ (=9)ABy,, (s)ds on inputs m + 1,
a and t > 0. Let us first look into the nonlinear term Bu.,,. It is clear that
By, (s) lies in Lg ((£2) for s > 0. Moreover, it follows from Lemmas 4 and 5, and
Proposition 2 that the map (s, s) — Bu,,(s) is ([p—>(5H§%], 0, 5Lgy0)—computable
for all s € (0,]. Now since Buy, (s) is in L§ (£2) for s > 0, it follows from the case
where m = 0 that (upm, s) — e~ "4 Buy,, (s) is ([p—=0mzal,p, 0
for 0 < s < t.

Next let us consider the integral fot e~ (=9)ABu,, (s) ds; we wish to compute
ad p¢/5-name of the integral from a and ¢t > 0. We make use of the following

fact: For § > 1, the integration operator from C([a,b];Hgyo(Q) x HY(£2)) to

HY o(02) x H ((£2), F — fab F(t)(x)dt, is computable from a, b, and F'. This fact
can be proved by a similar argument as the one used in the proof of Lemma 3.7

15/5 )-computable
2,0

[24]. However, since the function e~ (*=)4Bu,,, (s) is not necessarily in (H§/5(Q))2
when s = 0 or s = t, the stated fact cannot be directly applied to the given
integral. To overcome the problem of possible singularities at the two endpoints,
we use a sequence of closed subintervals [t,,t — t,] to approximate the open
interval (0,t), where ¢, = t/2", n > 1. Then it follows from the stated fact
and the induction hypotheses that a 5H§/05—name, say {pn,x}, of ull, i (t) =

e g — ftt_t” e~ (=9)ABy,, (s)ds can be computed from inputs n, u,,, and ¢t > 0,
which satisfies the condition that [u,(t) — pn.x |l yo/s < 27%. Thus if we can
2

show that the integrals fot" e~ (=9)ABy,, (s)ds and fttitn e~ (=9)ABuy,, (s)ds tend

to zero effectively in H§/5 X H26/5—norm as n — oo, then we can effectively

construct a 5H25/05—name of Up11(t) from {pp i }n k-

It remains to show that both sequences of integrals tend to zero effectively in
H26/5 X Hg/s—norm as n — 00. Since a similar argument works for both sequences,
it suffices to show that the sequence Int,, := fg" e~ (=9)ABuy,, (s)ds tends to zero
effectively as n — co. We are to make use of Fact 5-(1), (2), (5) for showing the
effective convergence. The following two claims comprise the proof.

Claim I. Let 8 = % or i. Then the map (a,t,m,3) — Mgz, is computable,

where Mg, is a positive number satisfying the condition
AP U (8)]l2 < Mg ms™ forall0<s<t (27)

(note that Mg, is independent of s).

Proof. Again we induct on m. For m = 0, let Mgy = Cgllall2, where Cjg is
the constant in estimate (26) with « replaced by 8 and w by a. Then Mg is
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computable from a and 3, and ||APug(s)|l2 < Cgs™?|lalla = Mpos™? for any

s > 0. Assume that Mgy, 0 < k < m, has been computed from k, 3, a, and
t > 0. We show how to compute Mg, 11. Since ¢,41(s) has a singularity at
s = 0, it may not be in H2°(2) x HZ’(2) at s = 0 (recall that D(A/2) =
L3 o(2) {u € H3(£2) x Hy(2) : w =0 on 0£2}). Let us first compute a bound

(in Ly-norm) for A? [“e ~(t=1)ABuy,,, (r)dr, where 0 < ¢ < s. It follows from the
induction hypothesis, Fact 5-(1), (2), (5), and Theorems 6.8 and 6.13 in [10] that

A8 / T GDARy, (r)dr s

= /S A5+1/4e_(3_T)AA_1/4Bum(r)dng

< Cpi1/a / (s =)D A1 4B (1) o

< Cpy1/aM / 5 = 1) A s (1) | A 2t 1)

< Cpgr/aM My )40 M2, /t(s - r)_(ﬁ+1/4)r_3/4dr (28)

Subsequently, we obtain that
1A%t 41(5) 2

— [APu(s) — / APe==DRBy (1dr s
0
< Mygs™ + || im / ABe=G="ABy, (1)dr|ls

S
< Mgos™” + CﬁﬁMMi,mM%,m/ (s —r)~ It D)p=3/1qy
0

3 1
— -8 O a8
= Mpgs +Cﬁ+%MM%7mM%7mB(4 ,6,4)8 (29)
where B(3 — 3,1/4) is the integral fo (1- 191’1d9 which is the value
of the Beta function B(x,y) fo - »Lgl vdf at z = 3 — B and y = 7. It

is clear that B(2 — 3,1/4) is computable Thus if we set
3 1
Mﬁ,m+1 :Mﬁ’o—f—CﬁJ’»%MM%’mM%’mB 1_671 (30)

then Mg ;41 is computable and satisfies the condition that [|APu,,11(s)|]2 <
Mg i1~ P for all 0 < s < t. The proof of Claim I is complete.

fot" e (=9 Buy,, (s)ds|| . — 0 effectively as n — oc.

HY/

Proof. Once again, to avoid singularity of u,,(s) at s = 0, we begin with the
following estimate: Let 0 < € < ¢,,. Then it follows from Fact 5-(1), (2), (5), (27),
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(30), and a similar calculation as performed in Claim I that

t'n,
H/ 6_(t_s)ABum<S>dS||H§/5

tn
§C||A3/5/ e =IABuy,, (s5)ds]|

€

tn
< CCN/QOMM%MM%M/ (t _ 3)_17/208_3/4ds
< CCl7/20MMi,mM%,m(t _ tn)717/20 '4(&/4 _ 61/4)

which then implies that

—(t—s)A
|| / Bty (5)ds | g0

= 212% E et S)AIB%um(s)dsHHg/s)

< lim CChr/p0 MMy 1 M

1
2

m(t _ tn)717/20 ~4(t}/4 7 61/4)

= CClrjpoMM1 ,, My, (t = t,) 717720 )/

It is readily seen that fot" 6_(t_s)ABU,m(S)dSHH0/5 — 0 effectively as n — oo
2

(recall that t,, = ¢/2™). The proof for the claim II, and thus for the lemma is

now complete.

Remark 1. In our effort to compute an upper bound for ||APu,, 1(s)|2, we
start with the integral f: e*(s’r)A]B%um(r)dr because the integral might have
a singularity at 0; then we take the limit as € — 0 to get the desired esti-
mate (see computations of (28) and (29)). The limit exists because the bound,
Coyr MMy .My B (5 = B, }), is uniform in 7 for 0 < r < 5. In the rest of the
paper, we will encounter several similar computations. In those later situations,
we will derive the estimates starting with fot instead of f:. There will be no loss
in rigor because the integral is uniformly bounded with respect to the integrating
variable, say t, for t > 0.

Corollary 1. For any a € L§,(£2) and t > 0, let {um(t)} be the sequence

generated by the iteration scheme (23) based on a. Then u,,(t) € Dom(A3/%) C
Dom(A'/2) € Dom(AY/4).

Proof. The corollary follows from Lemma 6 and Fact 5-(3).

Corollary 2. The map from P to La2(£2), u — [|A%ul|2, is (615, p)-computable,
where a« =1/8,1/4, or 1/2.

Proof. We prove the case when o = 1/4; the other two cases can be proved in
exactly the same way. Since P is contained in the domain of A, it follows from
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Theorem 6.9, Sect. 2.6 [10] that for every u € P, A4y = % SOt AT+
A)~ludt. By definition of P, if w € P, then u is C°*° with compact support
in 2, and Au = —P A u = — A u. Express each component of u = (u!,u?)
in terms of the orthogonal basis {e""#e'™™¥}, ., of Lo(£2) in the form of u* =
Zn’m>0 u;me”me”my, where ufwn = fil fil ul(z,y)e™%e™™Ydxdy. Then a
straigﬁtforward calculation shows that

%/ t3AAT + A) "l dt

0

B Sinﬂ-/4 Z /Oo t73/4 (ﬂ'n)2 + (ﬂ'm)2 dt ) ul  efmnEgitmy
T n,m>0 0 t+ (7Tn)2 —|— (Wm)2 n,m

Since the integral is convergent and computable, it follows that A'/%u is com-
putable from u and, consequently, ||Aul||2 is computable.

Proof (Proof of Proposition 4). For each a € L3, let {ax}, ar = (a},a?) € P,
be a dpg -name of a; i.e. la —apll2 < 27%. Let C = c1M By, where M is the
constant in Fact 5(4), c; = max{C1 4, C1/2,C3/4,1}, and

By =max{B(1/2,1/4),B(1/4,1/4),1}

with B(a,b) = fol(l —1)971*=1dt, a,b > 0, being the beta function. Then M and
c1 are computable by assumption while B; is computable for the beta functions
with rational parameters are computable. Note that ¢y B; > 1. Let

V() = 1 (£) — i (£) = /0 e~U=DA By, (5) — Bup_1(s))ds, m >1 (31)

Our goal is to compute a constant €, 0 < € < 1, such that near t = 0,
[om (B)ll2 < Le™ ™ (32)

where L is a constant. Once this is accomplished, the proof is complete.
It follows from Corollary 1 that Fact 5-(5) holds true for all w,,(t) and v, (t)
with ¢ > 0. It is also known classically that

1A™3 (Buun1(t) — Bum (£) 2
= [|A™ 5 Bugm 1 (t) — A™ T Buy, (t)|2

< M (At vn (@l A i1 (1) 2 + 1A un (1) |26 vm(B)]2)  (33)

(see, for example, [5]). The equality in the above estimate holds true because
A~=%is a (bounded) linear operator. The estimate (33) indicates that, in order
to achieve (32), there is a need in establishing some bounds on [|A”u,,(t)||2 and
|APv,, (t)|l2 which become ever smaller as m gets larger uniformly for values of
t near zero. The desired estimates are developed in a series of claims beginning
with the following one.
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Claim 1. Let g = % or %; let

K o(T) = max t7]|a" a2

and

kg (T) = maX{K;,()(T)a § ;()(T)}

Then there is a computable map from L§ ((£2) to (0,1), @ — Tg, such that

kS (Ty) < —
0(Ta) < 25
Proof. First we note that t7|A%e~**all; = 0 for any a € L3 () if t = 0; cf.
Theorem 6.1 in [3]. Furthermore, it follows from (17) that the operator norm of
e ™ |le7*||,p, is bound above by 1 for any ¢ > 0. Since e ** is the identity
map on Lg ((£2) when ¢ = 0, we conclude that maxo<i<r [|e™*||,, < 1 for any
T > 0. Now for any a € Lg(£2), it follows from Fact 5-(2) and Theorems 6.8
and 6.13 in Sect. 2.6 of [10] (A® and e~** are interchangeable) that
fa _ B AB ,—thA
K5 0(T) = mas #7][4% all
= sup tP||APeall,

0<t<T
< sup tP||APe ™ (a —ayp)|2 + sup tP||APe Rayl,
0<t<T 0<t<T

< Colla—apl +T% max e~ [pllA%ax 5
0<t<T
< 127F 4 max{T"* T2} max{||AY*ay| 2, |AY a2}

We note that although a is not necessarily in the domain of A but a; € P and
P is contained in the domain of A; thus A’ay, is well defined. Furthermore, it
follows from Corollary 2 that ||A®ay]|2 is computable. Clearly one can compute
a positive integer k such that

: 1
27k < -
16610
then compute a positive number 7, such that
1
max{T,/*, Tp/*} max{|| A" *ag|l2, [|A" a2} < 66

The computations are performed on the inputs @ and the constants ci, M, and
By. Consequently, kg (T,) < 1/(8C). The proof of Claim 1 is complete.

We recall that, for a given a € L§ ,({2), the iteration scheme (23) is based
on the “seed” function ug(t) = e **a. Claim 1 asserts that the seed function has
the property that maxo<i<r, t°||A%ug(t)||2 is bounded by IN(&O, uniformly in ¢.
We extend this property to the iteration sequence {u,,(¢)} in the next claim.
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Claim 2. Let 8 = % or % Then there is a computable map N x Lg 5 — (0, 00),
(m,a) — K§ , such that

Bl AL < K¢
Jmax A (0) < K, (34)

Proof. We induct on m. For m = 0, let Kf§, = 1/(8C). Then (34) follows from
Claim 1. It is clear that K7 is computable.
Form >1andt >0, Kj,, 4 is computed by the recursive formula:

11

K§mi1 = Kgo+ CﬂﬁMB(l 6= 4’ 1)

K¢, K%, (35)

The recursive formula is derived similarly as that of (29). Since the upper bound
is uniformly valid for all 0 < ¢t < Ty, it follows that it is also valid for ¢ = 0. The
proof of Claim 2 is complete.

In the next claim, we show that the sequences {Kf, .}, 8= 1/4 or 1/2, are

bounded above with an upper bound strictly less than 1/(2C).

Claim 3. Let k%, = max{K? K% } and let K = 80220 qpey pa <
1 25

V2
1
K<fforallm21.

Proof. It follows from Claim 2 that kf = % and k%, < k§ + C(k%)? (recall

that C = c1M By). To get a bound on k%, let’s write k2, = k§wy,. Then wy,
satisfies the following inequality:

K W < kg + Ok,

which implies that

W1 < 1+ Ckw?, =1+

| =

Then a direct calculation shows that

Thus

4k8 (V2 -1 2—-1 1
ka :k:gwmg kO(f ): \/> = < —=
V2 2V2C  2C

m

And so if we pick K = ng” then k2, < K < -k for all m > 1. The proof
of Claim 3 is complete.
Next we present an upper bound for t*||A%v,,(¢)||2, m > 1. Recall that

U (t) = Um1(t) — um(?).
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Claim 4. For t € [0,7,], 0< a < 3, and m > 1,

~ 11
A% (t)]]2 < 2KCoy 1 2CK)™ ' B(1 - a - T Z) (36)
Proof. First we observe that (36) is true for ¢ = 0. Next we assume that

0 <t <T,. Once again we induct on m. At m = 1: We recall from the definition
of ¢; and B; that ﬁ < 1. Also it follows from (33), Claims2 and 3 that
Ibur @l < K504 < Koo, Jaduo@lle < Kot adeo(l < 2K,
3

and [|Azvg(t)]]2 < 2Kt~ 2. Making use of these inequalities we obtain the fol-
lowing estimate:

t* A% (B)]]2

= A% (uz(t) — ur (1)) ]2

A /O e~ (=98 By, (5) — Buo(s))ds

:ta

2

t
<tCups / (t — $)=°|A= Bus () — A~ Bug(s) lods
0
t
<tC,41 / (t— s)“iM(nAivo(s)b (AT us (s)]|2
0
ARl Jatun(s)ls )

t
< taCa+iM2K2/ (t— s)_o‘_is_%ds
0

11
M 11 1 1

9KC, 1 — - Bl—a—=~, - I that K < — = ————

<2KCosigqrp, BU -0 pp) (ecllthat K< o =5 Tr)

~ 11
0

Thus (36) is true for m = 1.
Now assuming that (36) holds for all 1 < j < m, we show that (36) is also

true for m+ 1. First it follows from Claims 2 and 3, and the induction hypothesis
that for any s € (0,7Ty),

1 1
[AT v (5)l2 - [[A% g1 (s)]2
~ m— _1 _1
<2KCi, 1 (2CK)™ ' B(1 - 171 —)sTi - Ks 2
<2Kc;(2CK)" "B Ks™ 1
Similarly,

[AZ v (8)]|2 - [ATum(s)]|2 < 2Ke1 (2CK)™ By Ks™ 4
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Thus,

[A2 Ump1(s)ll2 - [[AFvm(s)]l2 + [AZvim (s)]l2 - [|ATum(s)]2
<2Kci(2CK)" "By - 2Ks™ 4

These inequalities imply the desired estimate:
A% 11 (B)]]2

t
< taca-‘ri / (t —8) 7 3JAT T (Bupt1(s) — Bup(s))|l2ds
0

i
<tCoy [ 0= M (A2t 9 AL o ()]
13 v (3)lz - 143w (5)]12 ) ds

t
= taCorF%/ (t—s) %M -2Ke,(2CK)™ 1By - 2Ks i ds
0
~ t .
= 172K G0y 'QClMBlK(QCK)mJ/ (t—s)"* is ids
0

~ m 11
The proof for Claim 4 is complete.

We now set a = 0, ¢ = 20K, and L = 2KC1 B (}, ;). Since K < ¢ by
Claim 3, it follows that 0 < ¢ < 1 and

[tm41 () = wm ()] < Le™ ™

Consequently, the iterated sequence {u,,(t)} converges effectively to u(t) and
uniformly on [0, T,].

We mention in passing the following fact that can be proved by similar com-
putations of Claims 1-3: On input (a,m,n), a positive number T'(a, m,n) can be
computed such that k¢ (T'(a,m,n)) < (8C)~'-27" T(a,m,n+1) < T(a,m,n),
and maxo<;<7(a,mn) t° [|A% U, (t)[|2 < L% ,,-27", where L§  is a constant inde-
pendent of t and n, and computable from a and m.

5.4 Proof of Proposition 5

We now come to the proof of Proposition5. We need to show that the map
S:NxL3;x[0,00) = L3, (m,a,t) — wp(t),is (vxdrg xp,drg  )-computable.
By a similar argument as we used for proving Lemma 6, we are able to compute
Uy, (t) on the input (m,a,t), where m € N, a € L§((§2), and ¢t > 0. We note
that w,,(0) = uo(0) = a for all m € N. Thus, to complete the proof, it suffices to
show that there is a modulus function 7 : N x N — N, computable from a, such
that ||, 1(t) — all2 < 27F whenever 0 < ¢t < 277(m+1LE) Now for the details.
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Given a and k. Refereeing to the last paragraph of the previous subsection and
Fact 5-(2), (5), we obtain the following estimate: for 0 < ¢t < T'(a, m,n)

t
’ / e~ =8By, (s)ds
0

¢
= HA1/4/ e~ A ATV ABy(s5)ds
0

2

2

t
< 01/4M/ (t = )" VHIAY Hupn (5)l2 - A" g (s)]| 2ds
0
t
< 01/4M/ (t—s) VsV LY, 2 s LYy 27 s
0
t
S 01/4ML(11/47mL(11/2,m272n\/0 (t — 5)71/457‘3/4ds
= C'1/4]\4[’(11/4,1’11 tll/2,mB(3/4v 1/4) -2

Thus if e " a — alj; < 2-*+1) and

272 Cy ML )y LS 5, B(3/4,1/4) < o~ (k+1)

then

<27*

¢
/ e~ =8By, (s)ds
0 2

s (8) — alls < lle~**a - allo + \

tA -0

Since e **a is computable in ¢ by Proposition3 and a = e "“a, there is a
computable function 6; : N — N such that ||e~**a — a|s < 2~*+1) whenever
0<t<2%®) Let 6§, : Nx N — N be a computable function satisfying
CryaMLY )y LSy, B(3/4,1/4) - 272020m) < 27D Let gy(m + 1, k) be a pos-
itive integer such that 277(m+1k) < min{2-%("*) T(a,m,0s(m, k))}. Then n is
the desired modulus function. The proof of Proposition 5 is complete.

Propositions4 and 5 show that the solution w of the integral equation (4) is
an effective limit of the computable iterated sequence {u,,} starting with up = a
on [0, T,]; consequently, w itself is also computable. Thus we obtain the desired
preliminary result:

Theorem 6. There is a computable map T : L3 (£2) — (0,00), a — T(a),
such that u(t), the solution of the integral equation (4), is computable in L
from a and t for a € Lg, and t € [0;T(a)].

5.5 The Inhomogeneous Case and Pressure

It is known [5, THEOREM 2.3] that, also in the presence of an inhomogeneity g €
C([0; T, Lg (£2)), the iterate sequence (5) converges to a unique solution w of
Eq. (2) near t = 0. Similarly to (the proofs of) Propositions 5, 4, and [24, LEMMA
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3.7], this solution is seen to be computable. Moreover, g = Pf is computable

from f € (LQ(Q))2 according to Proposition 2. Finally the right-hand side of
Eq. (6) equals

(I-P)[f+Au—(u-V)u] = h

which, by the definition of P projecting onto the solenoidal subspace, is conserva-
tive (=rotation-free/a pure divergence). Hence the path integral f: h(y)-dvy(y)
does not depend on the chosen path from 0 to @ and well-defines P(x). This
concludes our proof of Theorem 1.

A Proof of Proposition 1

(a) For a divergence-free and boundary-free polynomial, its coefficients must
satisfy a system of linear equations. In the following, we derive explicitly this
system of linear equations in the 2- dimensional case, i.e. 2 = (—1,1)2. Let p =
(p1,p2) = (Zivj a, Jx 1y, 27 =0 @ ]x yj) be a divergence-free and boundary-
free polynomial of real coefficients. (If the degree of p; or ps is less than N, then
zeros are placed for the coefficients of missing terms). Then, by definition,

dp1 | Opa
Vop=" 2
p or dy
= Z ialdajl Ly 4 Z ja”x =1
1<i<N,0<<N 0<i<N,1<<N
= Z [(i 4+ Dajyr; + G+ Dag jq]z'y’
0<ij<N—1
+ Z (i+ Daly ya'y™ + Z (G + Dax 2"y
0<i<N-—1 0<j<N-1
=0 on{?

which implies that all coefficients in V - p must be zero; or equivalently, Eq. (7)
holds true. Turning to the boundary conditions, along the line x = 1, since

B N N N N,
p(L,y) = (ijo(zizo a’i,j)y]vzjzo(zi:o ai,j)yj)
is identically zero, it follows that ZZ 00i; = ZZVO =0for0<j<N.

There are similar types of restrictions on the coefﬁments of p along the lines
x=—-1,y=1,and y = —1. In summary, p vanishes on 02 if and only if for all
0 <j,i <N, both (8) and (9) hold true.

In the 3-dimensional case, a similar calculation shows that a polynomial triple
p(z,y,2) = (p1 (x,y,z),pg(x,y,z)7p3(x,y,z)) is divergence-free and boundary-
free if and only if its coefficients satisfies a system of linear equations with integer
coefficients.
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(b) In [8] it is shown that for any real number s > 3 and for any function
w € N3, N HyJ(2)4, the following holds:

inf w — . < CN_2 w .
PENG, NPR(2)4 | Pllas (o) = [wll g ()

where 2 = (—1,1)%,
Niw = {w € H5()'|V-w =0}, PR(2) =Pn(2)[ ) H5 (),

Pn is the set of all d-tuples of real polynomials with d variables and degree
less than or equal to N with respect to each variable, H%g (£2) is the closure in
H1(2) of C§°(£2), and C is a constant independent of N. This estimate implies
that every function w € L3, can be approximated with arbitrary precision by
divergence-free and boundary-free real polynomials as follows: for any n € N,
since {u € C§°(2) : V-u = 0} is dense in Lg, there is a divergence-free
C* function w with compact support in £ such that ||w — u|[y, < 27"+,
Then it follows from the above inequality that there exists a positive integer
N and a divergence-free and boundary-free polynomial p of degree N with real
coefficients such that [|u — p|[z, < [[u — pllgsa < 27"+, Consequently,
lw = ple. < Jlw—uls, + fu—pl, <27

It remains to show that QF[R?], the divergence-free and boundary-free poly-
nomial tuples with rational coeflicients, is dense (in Lo-norm) in the set of all
polynomial tuples with real coefficients which are divergence-free on {2 and
boundary-free on 92. To this end we note that, according to part (a), the
divergence-free and boundary-free polynomials can be characterized, indepen-
dent of their coefficient field, in terms of a homogeneous system of linear equa-
tions with integer coefficients. Then it follows from the lemma below that the
set of the rational solutions of this system is dense in the set of its real solu-
tions. And since {2 is bounded (=relatively compact), the approximations to its
coefficients of a polynomial yields (actually uniform) the approximations to the
polynomial itself:

N
sup Ipe(z)| < Z laf ;|- M for Q C [-M,+M]* and k= 1,2
® i,j=0

Lemma 7. Let A € Q™*" be a rational matriz. Then the set kernel;g(A) :=
{x € Q" : A-x = 0} of rational solutions to the homogeneous system of linear
equations given by A is dense in the set kernelg(A) of real solutions.

Proof. For d := dim(kernelg(A)), Gaussian Elimination yields a basis B =
(b, ...,b%) of kernel(A); in fact it holds B € Q"*¢ and
kernelp(A) = imagep(B) := {Albl R ¥ AED YT PR = IF}

for every field F O @Q: Observe that the elementary row operations Gaussian
Elimination employs to transform A into echelon form containing said basis B
consist only of arithmetic (=field) operations! (We deliberately do not require B
to be orthonormal; cf. [29, §3]). Now imageg(B) is obviously dense in imageg (B).
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B  Proof of Lemmal

Note that 7, * Txp = (vn * Tgp1,Vn * Trp2). For each p € QF[R?] and n > k,
since

8(’}% * Tkpl) _ i ! !
o (xvy)_ o /_1/_17n(x_57y_t)'Tk:pl(sat)det
127k 1—27F
:/ [/ &yn(x—s y— )-']Tkpl(s,t)dsl dt
—142—k 1+2— k ax

1-27% 1—27%
0
:/ l/ (;/n( _57y_t)'Tkp1(57t)d5
—142-k [J—142-Fk s
for Typ1 = 0 in the exterior region of §2; including its boundary 92;. Note that
887" is continuous on R?; g (v —s,y—1) - Tkp1(s,t) is continuous on [—1,1]* for
any given z,y € R; a%spl (s,t) is continuous in (—=14+27",1 —27") and Typ; is

continuous on [—1+27",1 — 27"] for any given ¢t € [—1;1]. Thus, we can apply
the integration by parts formula to the integral

dt (37)

1-27
Mn
[ ey 0 Tl tds
—1+42-k S

as follows:

1—-27Fk
On
[ e sy T ds
o—F
—Yn(z — s,y —t) - Tp1(s t! P

1—27F

oT

—|—/ Ynlx — 8,y — t) - akpl(s,t)ds
—142-k S

1—27F
:/ vn(x—s,y—t)-%(s,t)ds (38)
—142-k 88

Then it follows from (37) and (38) that for any (x,y) € {2,

O * Tip 1-27% 127" OTsp
n L / / (x—s,y—1)- L(s,t)dsdt.
3 142-k 1+2- Ic 85

A similar calculation yields that for any (z,y) € £2,

a'y x Trp 1-27% e1-27" OTyp
L 2( / / — sy —1) —22(s,t)dsdt.
8 1+2 k 1+2 k at
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Thus, for any (x,y) € 2 and n > k,

87n * Tkpl 0'711 * Tkp?
° n T b) = b - a5 b
V-(yn * Trp) (2, ) p (z,y) + a9y (z,y)

1—27% 1—27F
5Tkp1 mrkpz
= n(x—38,y—1)- ,t)dsdt
[ s [ TR s

0

for Tpp = (Tkp1, Trps) is divergence-free on (2;. This proves that for any p €
QF[R?] and n > k, 7, * Txp is divergence-free on (2.

C Proof of Lemma 2

Since for each p € Q3[R?] and k € N, 7, * Tp — Typ effectively and uniformly
on {2, as n — oo, it suffices to show that {Typ : k € N,p € QF[R?]} is dense
in Lg,(£2). On the other hand, since QF[R?] is dense in L§ ((£2), we only need
to show that for each p € Q§[R? and m € N, there is a k € N such that
27 > ||p — Tiplo = ma{|p (@) — Tups (@), Ipa() — Tipa(e)] - @ € 2}.

Since p; is uniformly continuous on 2, there exists a k € N such that
Ipi(z,y) — pi(z',y")| < 27™ whenever |z — 2|, |y — /| < 27%*! and, in par-
ticular, for 2’ = ;=f= and y' = ;=4=¢. Also, since p;(z,y) = 0 for (z,y) € 042,
Ipi(z,y)| <27™ ! for all (z,y) € 2\ 2. This establishes |p;(x,y) — Trp;i(z, y)| <

2™ on {2.
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