)
Chapter 14 Check for
Operations on modelled distributions

The original motivation for the development of the theory of regularity structures
was to provide robust solution theories for singular stochastic PDEs like the KPZ
equation or the dynamical ®3 model. The idea is to reformulate them as fixed point
problems in some space 27 (or rather a slightly modified version that takes into
account possible singular behaviour near time 0) based on a suitable random model
in a regularity structure purpose-built for the problem at hand. In order to achieve
this this chapter provides a systematic way of formulating the standard operations
arising in the construction of the corresponding fixed point problem (differentiation,
multiplication, composition by a regular function, convolution with the heat kernel)
as operations on the spaces 27.

14.1 Differentiation

Being a local operation, differentiating a modelled distribution is straightforward,
provided that the model one works with is sufficiently rich. Denote by £ some
(formal) differential operator with constant coefficients that is homogeneous of
degree m, i.e. it is of the form

L= Z aka,

|k|=m

where k is a d-dimensional multi-index, a; € R, and D* denotes the kth mixed
derivative in the distributional sense.

Given a regularity structure (T, G), it is convenient to define “abstract” differenti-
ation only on suitable substructures. The appropriate notion of sector was already
introduced in Definition 13.1. We have

Definition 14.1. Consider a sector V' C 7. A linear operator 0: V' — T is said to
realise L (of degree m) for the model (11, I") if
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264 14 Operations on modelled distributions

e one has 07 € T,,_,, forevery 7 € V,,
e one has ['07 = OI't forevery 7 € V and every I € G.
e one has I1,07 = LII,7 for every 7 € V and every = € R%.

Writing 27 (V') for those elements in &7 taking values in the sector V, it then
turns out that one has the following fact:

Proposition 14.2. Assume that O realises L for the model (I, ") and let f € 27 (V)
for some v > m. Then, Of € P7~™ and the identity ROf = LR [ holds.

Proof. The fact that 0f € 27~™ is an immediate consequence of the definitions, so
we only need to show that ROf = LR .

By the “uniqueness” part of the reconstruction theorem, this on the other hand
follows immediately if we can show that, for every fixed test function ¢ and every
T E Rd, one has

(IL0f(x) = LRS) (y) S A°

for some & > 0. Here, we defined v} as before. By the assumption on the model 17,
we have the identity

(IO f (x)—LRf) (V) = (LI, f(x)—LRS) () = — (I f(x) =R f) (L*3)

where £* is the formal adjoint of £. Since, as a consequence of the homogeneity of

L, one has the identity £*1)) = \™™ (ﬁ*w) 2, it then follows immediately from the
reconstruction theorem that the right-hand side of this expression is of order A\Y~™,
as required. O

14.2 Products and composition by regular functions

One of the main purposes of the theory presented here is to give a robust way to
multiply distributions (or functions with distributions) that goes beyond the barrier
illustrated by Theorem 13.18. Provided that our functions / distributions are repre-
sented as elements in 27 for some model and regularity structure, we can multiply
their “Taylor expansions” pointwise, provided that we give ourselves a table of
multiplication on 7.

It is natural to consider products with the following properties.

Definition 14.3. Given a regularity structure (7', G) and two sectors V,V C T, a
product on (V, V) is a bilinear map x: V' x V — T such that, for any 7 € V,, and
7 € Vg, one has 7 x 7 € T, and such that, for any element I € G, one has
I(rx7)=TIT*I'7T.

Remark 14.4. The condition that degrees add up under multiplication is very natural,
bearing in mind the case of the polynomial regularity structure. The second condition
is also very natural since it merely states that if one reexpands the product of two
“polynomials” around a different point, one should obtain the same result as if one
reexpands each factor first and then multiplies them together.
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Given such a product, we can ask ourselves when the pointwise product of an
element 27" with an element in Z72 again belongs to some Z”. In order to answer
this question, we introduce the notation & to denote those elements f € 27 such

that furthermore
)€Toa=PTs,
B>

for every x. With this notation at hand, it is not hard to show:

Theorem 14.5. Let f1 € 22 (V), f> € 272(V), and let x be a product on (V, V).
Then, the function | given by f(x) = fi(x) * fo(x) belongs to 2 with

a=a;+ay, y=(Mn+tax)A(yet+al). (14.1)

Proof. It is clear that f(z) € T>,, so it remains to show that it belongs to 27.
Furthermore, since we are only interested in showing that f; x f, € 27, we discard
all of the components in T3 for 3 > .

By the properties of the product *, it remains to obtain a bound of the type

1Ty f1(y) % Loy fo(y) — f1(2) % fo(@)lls S lo =y =7

By adding and subtracting suitable terms, we obtain

10y f(y) = F(@)lg < W (e f1(y) = [1(2) * (Day f2(y) = fo(2))ls
+ Loy [1(y) = f1(2)) * f2() |15 (14.2)
+ 1f1(@) * (D fo(y) — fo(2)) |15 -

It follows from the properties of the product  that the first term in (14.2) is bounded
by a constant times

> My 1) =A@, 1 Tey f2(y) = fo(@)]5,
B1+B2=p
S D M=yl Pl =yl S -yl
B1+B2=08

Since 1 + 72 > 7, this bound is as required. The second term is bounded by a
constant times

[ Ly f1(y) — 1@l 1 f2(2) 5, S 2=y 1g,50,
>
B1+p2=B B1+p2=8

Sz —yltee=?

where the second inequality uses the identity 51 + 82 = . Since 1 + ag > 7, this
bound is again of the required type. The last term is bounded similarly by reversing
the roles played by f1 and f>. O
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Remark 14.6. Strictly speaking, it is the projection of f(z) = fi(x) * f2(x) to Ty
that belongs to 7, see Exercise 13.4.

Remark 14.7. 1t is clear that the formula (14.1) for v is optimal in general as can
be seen from the following two “reality checks”. First, consider the case of the
polynomial model and take f; € C"*. In this case, the (abstract) truncated Taylor
series f; for f; belong to Z,". 1t is clear that in this case, the product cannot be
expected to have better regularity than v; A 2 in general, which is indeed what (14.1)
states. The second reality check comes from (the proof of) Theorem 13.18. In this
case, with # > o > 0, one has f € 9(/)3 , while the constant function x — = belongs
to 2=, so that, according to (14.1), one expects their product to belong to Qfga,
which is indeed the case.

It turns out that if we have a product on a regularity structure, then in many
cases this also naturally yields a notion of composition with regular functions. Of
course, one could in general not expect to be able to compose a regular function with a
distribution of negative order. As a matter of fact, we will only define the composition
of regular functions with elements in some 2" for which it is guaranteed that the
reconstruction operator yields a continuous function. One might think at this case
that this would yield a triviality, since we know of course how to compose arbitrary
continuous function. The subtlety is that we would like to design our composition
operator in such a way that the result is again an element of Z7.

For this purpose, we say that a given sector V' C T is function-like if o <
0 = V, = 0and if Vj is one-dimensional. (Denote the unit vector of V; by 1.)
We will furthermore always assume that our models are normal in the sense that
(I1,1)(y) = 1. In this case, it turns out that if / € 27 (V') for a function-like sector
V, then R [ is a continuous function and one has the identity (Rf ) () =1, f(2)),
where we denote by (1, ) the element in the dual of V' which picks out the prefactor
of 1.

Assume now that we are given a regularity structure with a function-like sector
V and a product x: V x V' — V. For any smooth function G: R — R and any
J € 27(V) with v > 0, we can then define G o [ (also denoted G(f)) to be the
V-valued function given by

R (F(x )
G0N =3 T jays

k>0

where we have set

fl@)= (1 f@), fl@)=fl2) - f@)1,

and weher Q. : T" — T, is the natural projection. Here, G®) denotes the kth
derivative of G and 7** denotes the k-fold product 7 % - - - % 7. We also used the usual
conventions G(*) = G and 70 = 1.

Note that as long as G is C*°, this expression is well-defined. Indeed, by as-
sumption, there exists some g > 0 such that f (x) € T>q,- By the properties of
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the product, this implies that one has | (2)** € T>ja,- As a consequence, when
considering the component of G o f in T for 3 < v, the only terms that give a
contribution are those with k < 7/aq. Since we cannot possibly hope in general that
Gofe 27" for some ~' > ~, this is all we really need.

It turns out that if G is sufficiently regular, then the map f — G o [ enjoys
similarly nice continuity properties to what we are used to from classical Holder
spaces. The following result is the analogue in this context to Lemma 7.3:

Proposition 14.8. In the same setting as above, provided that G is of class C* with
k > v/, the map [ — Go [ is continuous from 27 (V) into itself. If k > ~v/ap+1,
then it is locally Lipschitz continuous.

The proof of the first statement can be found in [Hail4b], while the second
statement was shown in [HP15]. It is a somewhat lengthy, but ultimately rather
straightforward calculation.

14.3 Classical Schauder estimates

One of the reasons why the theory of regularity structures is very successful at
providing detailed descriptions of the small-scale features of solutions to semilinear
(S)PDEs is that it comes with very sharp Schauder estimates. A full proof of the
Schauder estimates for regularity structures is beyond the scope of this book, but we
want to convey the flavour of the proof. The aim of this section is therefore to give
a self-contained proof of the classical Schauder estimates which state that for any
(compactly supported) kernel K that is approximately homogeneous of degree 8 — d,
the convolution map ¢ + K * ( is continuous from C to C**+#, provided that o +
is not a positive integer. We first make precise our assumptions on the kernel K.

Definition 14.9. Given 3 > 0, a kernel K: R“\{0} — R, smooth except for a
singularity at the origin, is said to be [-regularising if it is supported in the unit
ball around the origin and, for every k € Nd, there exists a constant C' such that
|DFK (z)| < C|a|f=a-IFl,

Immediate examples are (smooth truncations of) the Newton potential in dimension
d > 3, proportional to 1/|x|~2 and hence 2-regularising, the fractional Volterra
kernel (7 =1/21,¢) withd = 1 and 3 = H + 1/2. The heat kernel on space-time

R™ ™!, proportional to (¢, z) — t~"/2 exp(—%z)lbo, also fits in this setting (and
is 2-regularising), provided one works with “parabolic” scaling (cf. Remark 13.9).
As in Section 13.3, and for any r € N, we work with B,. C D, the set of smooth
test functions with C"-norm bounded by 1 and supported in the unit ball. It will be
convenient for the purpose of this section to write Bﬁ’x for the set of all test functions
of the form ) with ¢ € B,.. Such ¢ € Bﬁ: » are characterised by having support in
the ball of radius \ centred at 2 and derivatives bounds | D*v)| < \=¢=*| for |k| < r.

We also note that, for any real s € [0, 7], the estimate ||1)[|cs < A~9* holds true.
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Lemma 14.10. Given a [3-regularising kernel K and r > 0, one can write K =
> n>_1 Ky in such a way that 28" K, € C’B%" Sfor some C > 0.

Proof. As is common in the construction of Paley—Littlewood blocks, we work with
a dyadic partitions of unity, based on a smooth “cutoff” function” ¢ : Ry — [0, 1],
supported in [271,21], such that ., ¢, = 1 on (0,1], where ¢, := (2"+) is
supported in [27"71 27" *1] Since K is supported in {z : |z| < 1}, the stated
decomposition clearly holds with (smooth) K, (z) := ¢,+1(|z|) K (x), supported in
the ball of radius 27" centred at the origin. To see that 25" K, € CB%", for given
r > 0, it remains to see that [D/K,,| < (27")%~4=l for |j| < r. This estimate
holds, with K, replaced by K, by the defining property of a S-regularising kernel,
restricted to « < 2~". On the other hand, | D¥p,,| = |(2")I//Di¢p| < (2)%], and we
conclude with Leibnitz’ product rule. 0O

The following simple proposition is the first crucial ingredient in our approach.
Loosely speaking, it states that the convolution of two test functions localised at two
distinct scales is localised at the sum (or equivalently maximum) of the two scales
and that one gains in amplitude if the tighter of the two test functions annihilates
polynomials of a certain degree.

Proposition 14.11. There exists C > 0 such that, for all p € Bﬁj zandy € B one
has 1 * p € CBXTE If furthermore A < pand [ P(z)¢(z)dz = 0 for every poly-

rx+y-

nomial P with deg P < v < r, some v € Ry, then{ *x ¢ € C()\/M)A/Bfffﬂ P

Proof. Clearly, v ¢ is supported in the ball of radius A + i centred at 4 y. For the
first claim, by swapping the roles of ¢ and v if necessary, we may assume \ < p. To
see that the convolution yields an element in Bf: :_‘ﬁy, in view of the characterisation
of such spaces, it suffices to estimate, for |k| < r, D¥(¢) x ) = (D¥%) % o using
|(DF)| < p= @1k < (X + p)~9=I*l and [ |p(2)|dz < C (independent of \).

Regarding the second claim, we write

for 0 < |k| < r — v, where P(%) denotes the Taylor expansion (at the dotted
base-point) of 1)) = DF4) of integer degree v — {7} < ~ (annihilated by ¢). It
remains to be seen that, for all such k,

[D*(p ) ()] S (A\/p) =4Ik
To this end, using that v + |k| < 7, one has the estimate

[0 (e = 2) = PP (e = 2)| S [ llevsiml2l” S =77 M7
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We only need to consider z in the support of , and in fact can assume without loss of
generality that x = 0 (otherwise subtract another annihilated Taylor polynomial. . .),
so that [ |z|7]p(2)|dz < X7 [ |¢(2)| dz < 7. The desired estimate now follows.
O

Our second crucial ingredient is a characterisation of Holder spaces that is well
adapted to our approach. For this, we define the following scale of spaces of distribu-
tions.

Definition 14.12. For o € R, write r = r,(«) for the smallest non-negative integer
such that r + o > 0. We then define Z¢ as the space of distributions on R? such that
for every compact set & C R? there exists a constant C' such that the bound

C(p)] < CA%,

holds uniformly A € (0,1],2 € R and all ¢ € B}, such that [ ¢(z)P(z)dz =0
for all polynomials P with deg P < «a. For any compact set K, the best possible
constant such that the above bound holds uniformly over z € £ yields a seminorm.
The collection of these seminorms endows Z¢ with a Fréchet space structure.

The precise choice of r in Definition 14.12 is not very important, as one could
have taken any other choice r > r,(a). More precisely, one has the following result.

Lemma 14.13. For r > r,(a), write Z% for Z as defined above, but with r,(c)
replaced by r. Then Z* = Z°.

Proof. We fix a partition of unity {x },e for R? such that all the Xy are translates
of xobyy € R% and A ¢ R? is a lattice. In particular, we make sure that x,, € Bﬁ: "
Given any A > 0, we write x,, A(2) = Xy/x(7/)) and we set Ay = A/\. We also
fix a function ¢ € C* with support in the centred unit ball and such that

/ w*p(x)de =69,  Vk: |k <r. (14.3)
Rd

(Such functions exist by Exercise 13.8.) We then write ¢ (z) = 2%)(2z) — ¢(z) and
note that by (14.3) one has [, a*(z) dz = 0 for k| < r.

Let now o < 0 and take ( € Z¢, we want to show that { € Z¢. Given ¢ € Bﬁmx
and setting A\, = 27"\, we write

e=0x M+ D> > ony. Pay=(prUM) xya, . (144)

n20yeAx,
As a simple consequence of the Taylor remainder theorem, one has the bound

i+ DR

< )\—d2—ron>\—|k| — 2—(d+ro)n/\—d—|k|
oo N n n 4

so that there exists a constant C' independent of ¢ such that ¢, , € C2f(d+“)”8ﬁ"g,
which in particular implies that
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1C(ny)| S A¥2™ (Aot (14.5)

Since the number of terms in Ay, such that ¢,, , is non-zero is of order ond e
conclude that
(@) SA* + D A% (rotedn < je

n>0

where we used the fact that r, + o > 0 by definition.

Note that the assumption v < 0 was used in order to obtain the bound (14.5)
since there is no reason for ¢, ,, to annihilate polynomials even if ¢ does. The case
a > 0 is easier, noting that the definition of Z implies that ¢ ¢ is a continuous
function bounded by O(\%). We then use the fact that

() = Clox ™) + > ¢+, ),

n>0

with (-, -) denoting the L? scalar product, combined with the fact that ¢ integrates to
O(1), to conclude that [((¢)] SAY(1+D,5027%") S A as required.
The case a = 0 is a bit more delicate and we leave it as Exercise 14.3. O

Remark 14.14. Validity of the stated bounds implies that distributions in Z* C D’
can be extended canonically to test functions in C, (elements in C" with compact
support). In this sense, Z¢ is contained in the topological dual of C. (The situation
is similar in the definition of models, cf. Remark 13.7.)

For o < 0, the polynomial-annihilation condition is void and there is no additional
condition on ¢ besides ¢ € Bﬁ: .- In this case Z¢ is precisely the negative Holder
space C introduced in Section 13.3.1. The following proposition shows that to some
extent this is also true in case of positive Holder spaces, as previously encountered in
Section 13.3.1.

Proposition 14.15. For o € N, one has Z% = C°.

Proof. There is nothing to prove for & < 0, so let @ > 0. We first show that
C* C Z<, this inclusion also being valid for integer values of «. In fact, it suffices to
note that, given f € C* and ¢ € B}, as in Definition 14.12, one has

/ F)oly) dy = / (Fw) — P2y — 0)ply) dy < A° .

where the identity follows from the fact that ¢ annihilates P, the Taylor expansion
at order « of f, based at x, and the bound is as in the proof of Proposition 14.11.

For the converse inclusion, we first consider the case o € (0,1) and let { € Z.
Let o: R? — R be a smooth function that is compactly supported in the unit ball
around the origin and such that [ o(z) dz = 1. Note first that, for any z € R? and
A € (0, 1], it follows from the definition of Z that one has the bound

€02 ™) =2 M) = 1¢(e2 ™ =2 < oa2en
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It follows that f(z) = lim,, o (02 ") is well-defined and that

[f(x) = ¢le)] S A

As a consequence, one has

(@) = FWI S A+ [¢(er — )] -

Choosing A= |33 — g, it follows that f € C*. The fact that f =  in the sense that
= [ f(2) ¢(z) dz follows immediately from the fact that

) = tim Gl 2%) = fim [ ¢(e}) ola)da

The claim for general non-integer o can then be seen from the fact that { € Z¢
implies D*¢ € 2~ ¥l (interpreted as distributional derivatives) for every multi-
index k. Details are left to the reader. O

Remark 14.16. For n € N, the spaces Z"™ are usually called Holder—Zygmund spaces
in the literature (thus our choice of symbol Z). They are distinct from the usual
Holder spaces since one can check that = — 2™ log « belongs to Z", but not to C".

With all of these preliminaries in place, we can give a very simple proof of
Schauder’s theorem. (See for example [Sim97] for an alternative proof of a very
similar statement.)

Theorem 14.17. For any [3-regularising kernel K, the map { — K * ( is continuous
from Z to Z°tP for every a € R.

Proof. Let( € Z% and let ¢ € Bﬁ"x where we will (and can by Lemma 14.13) work
with suitable 7 > r,(a + ), chosen below, such that [ ¢(z)P(z)dz = 0 for every
P with deg P < o + 8. Lemma 14.10 yields a decomposition (K, : n > —1) for
K(z) = K(—z), so that

(K % Q)(¢) = C(K x ¢). ZcKw > 22K, ) (14.6)

with 26" K, € 0820 for some C' > 0. It then follows from Proposition 14.11
(applied with g = 27", noting that K, * ¢ also annihilates polynomials of degree
up to o + () and the definition of Z¢ that

A% if 277 < A
Bn < =7
ICET K ) S { (2™ A)7Y27" otherwise,
provided |r — 7] > r,(a + 3). We will also need v > « + S, so that for instance
r = 2(|la| + B) + 2 is a safe choice. Inserting this bound into (14.6), and using
B> 0,7 > a+ [ to estimate the geometric sums, one has the bounds
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Z 2—5n/\a < /\(:»z+[37 Z 2(7—a—ﬁ)nA'y < Aa+6 ,
n>0 n>0
2—m< ) 2—m >

it follows that |(K x ¢)(¢)| < A**+#, whence the claim follows. O

Remark 14.18. The proof is (much) simpler in the “negative” case, with Holder
exponents o < a + 8 < 0. In essence, this is due to the absence of polynomial
vanishing conditions. More specifically, one can take r = r,(« + 3) in the above
proof, and then v = 0 later on, so that only the easy (first) part of Proposition 14.15
is used. A reduction of the general to the negative case, in dimension d = 1, is
discussed in Exercise 14.2.

Remark 14.19. One can verify that the proof never made explicit use of the Euclidean
scaling and can be adapted mutatis mutandis to the case of arbitrary scalings as
mentioned in Remark 13.9, provided that the notion of “3-regularising kernel” is
adjusted accordingly (replace the exponent 8 — d — |k| by 8 — |s| — |k]s).

14.4 Multilevel Schauder estimates and admissible models

As we saw in the previous section, the classical Schauder estimates state that if
K: R% — Ris a kernel that is smooth everywhere, except for a singularity at the
origin that is approximately homogeneous of degree 5 — d for some fixed 5 > 0 (i.e.
it is S-regularising in the sense of Definition 14.9), then the operator f — K x f
maps C* into C**7 for every a € R, except for those values for which o + 3 € N.

It turns out that similar Schauder estimates hold in the context of general regularity
structures in the sense that it is in general possible to build an operator K: 27 —
27+ with the property that R f = K *R f. We call such a statement a “multi-level
Schauder estimate” since it is a form of Schauder estimate for all the components of
fin T, for all a < ~y. Of course, such a statement can only be expected to hold if
our regularity structure contains not only the objects necessary to describe R f up to
order ~y, but also those required to describe K * R f up to order v + 5. What are these
objects? At this stage, it might be useful to reflect on the effect of the convolution of
a singular function (or distribution) with K.

Let us assume for a moment that a given real-valued function f is smooth ev-
erywhere, except at some point xg. It is then straightforward to convince ourselves
that K * f is also smooth everywhere, except at . Indeed, for any § > 0, we can
write K = Ks + K§, where K is supported in a ball of radius ¢ around 0 and
K§ is a smooth function. Similarly, we can decompose f as f = fs + f5, where
f5 is supported in a J-ball around ¢ and f§ is smooth. Since the convolution of
a smooth function with an arbitrary distribution is smooth, it follows that the only
non-smooth component of K * f is given by Ky * fs5, which is supported in a ball of
radius 24 around xg. Since § was arbitrary, the statement follows. By linearity, this
strongly suggests that the local structure of the singularities of K « f can be described
completely by only using knowledge on the local structure of the singularities of f.
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It also suggests that the “singular part” of the operator X should be local, with the
non-local parts of X only contributing to the “regular part”.

This discussion suggests that we need the following ingredients to build an
operator KC with the desired properties:

e The polynomial structure should be part of our regularity structure in order to be
able to describe the “regular parts”.

e We should be given an “abstract integration operator” Z (of order ) on T" which
describes how the “singular parts” of R f transform under convolution by K.

e We should restrict ourselves to models which are “compatible” with the action
of Z in the sense that the behaviour of I7, 77 should relate in a suitable way to
the behaviour of K * I, 7 near x.

One way to implement these ingredients is to assume first that our regularity structure
contains abstract polynomials in the following sense.

Assumption 14.20 There exists a sector T C T isomorphic to the polynomial
regularity structure. In other words, T, # 0 if and only if o € N, and one can
find basis vectors X" of T\ such that every element I' € G acts on T’ by I' X k—

(X + h1)* for some h € R%.

Furthermore, we assume that there exists an abstract integration operator Z, of
fixed order 8 > 0, with the following properties.

Assumption 14.21 There exists a linear map L: V. — T for some sector V. .C T
such that IV, C T,y g and, forevery I' € Gand 7 € T,

I'Tr—IrreT. (14.7)

Remark 14.22. We do not want to assume I'Z = Z1'. This is already seen in case
of the rough path structure given by Definition 13.4. The map Z : W' — W7,
1 <1 < e, constitutes an abstract integration operator (defined on the sector T,,_1).
Since a generic I, € G maps W' to W' + h'l, we see that I'Z — ZI" # 0 (for
h # 0) and takes values in Tp = (1).

Finally, we want to restrict our attention to models that are compatible with this
structure for a given kernel K in the following sense.

Definition 14.23. Given a [-regularising kernel K and a regularity structure .7
satisfying Assumptions 14.20 and 14.21, we say that a model (17, I") is admissible if
the identities

(ILX")(y) = (y—2)*, ILIr=KxI,m—I,J,7, (14.8)

hold for every 7 € V. Here, J,: V — T is the linear map given on homogeneous
elements by

k
To= Y G [ D@y (L)@, (14.9)

|k|<deg 7+
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Remark 14.24. In some cases, it will be convenient to introduce a whole family 7,
of integration operators of order 5 — |k|. The notion of admissibility is then defined
similarly, with Z replaced by 7 and K replaced by D* K, to the extent that these
symbols are included in the structure space.

Remark 14.25. If ¢ is smooth and we furthermore impose that 7, is multiplicative
(which is not enforced in general!), this yields a recursion to define the canonical
model associated to £ provided one manages to construct 7, at the same time. The
correct recursion to do this is

Loy(T+ Ty =T+ To) Lyt (14.10)

which is clearly consistent with the constraint (14.7) and which one can show guar-
antees that I1,I;, 77 = II,I7. See also Exercise 14.6.

Remark 14.26. Recall that if P is a polynomial and K is a compactly supported
function, then K * P is again a polynomial of the same degree as P. Since, for
11,7 smooth enough, the term I, 7,7 appearing in (14.8) is nothing but the Taylor
expansion of K x II, 7 around z, it follows that one has IT,7 X k=0 for any multi-
index k and any admissible model, which would suggest that one could have imposed
the identity ZX"* = 0 already at the algebraic level. This would however create
inconsistencies later on when incorporating renormalisation, unless we assume that
J K(z)P(x)dx = 0 for every polynomial P of degree N, for some sufficiently
large value of N. Here, we chose to simply add instead Z X ” as separate symbols to
our regularity structure and to then set ZX " = ZX".

Remark 14.27. While K x £ is well-defined for any distribution &, it is not so clear a
priori whether the operator 7, given in (14.9) is also well-defined. It turns out that
the axioms of a model do ensure that this is the case. The correct way of interpreting
(14.9) is by

N
Tot= > > %(Hﬂ) (D*K (),

|k|<deg 7+B n=>0

with K, as in Lemma 14.10. The scaling properties of the K, ensure that the function
28=lEDn D K¢, (2 — +) is a test function that is localised around x at scale 27", As
a consequence, one has

| (HIT) (DkKn(;r — .)) | < o(|k|—p—deg 7)n
so that this expression is indeed summable as long as |k| < deg7 + .

Remark 14.28. As a matter of fact, it turns out that the above definition of an ad-
missible model dovetails very nicely with our axioms defining a general model.
Indeed, starting from any regularity structure 7, any model (II,I") for 7, and a
B-regularising kernel K, it is usually possible to build a larger regularity structure
T containing .7 (in the “obvious” sense that 7' C T and the action of G on T is
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compatible with that of G) and endowed with an abstract integration map Z, as well
as an admissible model (/1, ") on .7 which reduces to (II, I") when restricted to 7T".
See [Hail4b] for more details.

The only exception to this rule arises when the original structure 7" contains some
homogeneous element 7 which does not represent a polynomial and which is such
that deg 7 + 8 € N. Since the bounds appearing both in the definition of a model
and in that of a B-regularising kernel are only upper bounds, it is in practice easy to
exclude such a situation by slightly tweaking the definition of either the exponent /3
or of the original regularity structure 7.

With all of these definitions in place, we can finally build the operator X: 27 —
97+8 announced at the beginning of this section. Recalling the definition of 7 from
(14.9), we set

(Kf) (@) = Tf(x) + Tuf () + (N [)(2) , (14.11)

where the operator AV is given by

Xk
NA@= > H/D’“K(x—y) (Rf—ILf(2))(dy) .  (14.12)

[k|<y+B

Note first that thanks to the reconstruction theorem, it is possible to verify that the
right-hand side of (14.12) does indeed make sense for every f € 27 in virtually the
same way as in Remark 14.27. One has:

Theorem 14.29. Let K be a B-regularising kernel, let 7 = (T, G) be a regularity
structure satisfying Assumptions 14.20 and 14.21, and let (I1, I") be an admissible
model for 7. Then, for every [ € 97 withy € (0,N — ) and v+ 8 & N, the
function K f defined in (14.11) belongs to 27" and satisfies RKf = K x Rf.

Proof. The complete proof of this result can be found in [Hail4b] and will not
be given here. Since it is rather straightforward, we will however give a proof
of Schauder’s estimate in the classical case (i.e. that of the polynomial regularity
structure) in Section 14.3 below.

Let us simply show that one has indeed RICf = K * R f in the particular case
when our model consists of continuous functions so that Remark 13.27 applies. In
this case, one has

(RKS)(2) = (IL(Zf(2) + T f (2))) (z) + (I (N [) (2)) (2) -

As a consequence of (14.8), the first term appearing in the right-hand side of this
expression is given by

(I(Zf(x) + To f (2))) () = (K * [T (x)) () .

On the other hand, the only term contributing to the second term is the one with
k = 0 (which is always present since v > 0 by assumption) which then yields
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(L WN@)@) = [ K =) (R = Tf@) ()

Adding both of these terms, we see that the expression (K * II, f(z))(x) cancels,
leaving us with the desired result. O

We are now in principle in possession of all of the ingredients required to formulate
fixed point problems for a large number of semilinear stochastic PDEs: multiplication,
composition by regular functions, differentiation, and integration against the Green’s
function of the linearised equation. Before we show how this can be leveraged in
practice in order to build a robust solution theory for the KPZ equation, we briefly
explore some of main concepts in setting of (very) rough paths.

14.5 Rough volatility and robust It6 integration revisited

Recent applications from mathematical finance, where o (t,w) = J(Wt) models
rough stochastic volatility, involve (standard) It6 integrals of the form

T e B T - T o 3
/ o (W) d(Wy, W) = / V)W, + / FWyaw, . (4.13)
0 0 0

where o = (f, f) : R — R? is a sufficiently smooth map, (W, W) is a 2-dimensional
standard Brownian motion, and W; given by

/KH(t —8)dW, , (14.14)

with Riemann-Liouville kernel K (z) = 27 ~1/21,.,. Since K¥ € L _(R) but
not in L?(R), we replace it in the sequel by a compactly supported K, smooth away
from zero and equal to K in some neighbourhood of zero. We then require W to
be a two-sided Brownian motion, so that £ := W defines Gaussian white noise on R,
and

W=K=+¢. (14.15)

Alternatively, as done in [BFG™19], see also [BFG20], one can restrict integration in
(14.14) to [0, t] with the benefit of exactly recovering Brownian motion W =W for
H = 1/2 in which case the integral (14.13) fits squarely into rough integration theory
(namely Theorem 4.4, applied with the 1t6 Brownian rough path from Proposition 3.4).
However, for H € (0,1/2) rough integration must fail. Indeed, K is (1/2 + H)-
regularising so that it follows from Schauder’s Theorem 14.17 that W and then
O’(W) have generically H ~-Holder regularity and hence cannot be expected to be
controlled by W € C/2” . We can make (minor) progress by noting that (/V[77 W)
is a 2-dimensional Gaussian process with independent components. At least for
H > 1/3, the results of Section 10.3 for Gaussian rough paths apply essentially
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directly to the final integral | f (W)dW above and Exercise 14.8 allows to deal with
arbitrary H > 0.

The remainder of this section will focus on the other, seemingly harmless, one-
dimensional It6 integral, with /VI7 as given in (14.15),

T
/f@ww. (14.16)
0

We are interested in a robust form of this Itd stochastic integral. In case of W=w
we can in fact express (14.16) via It6’s formula, which immediately gives a version
of this integral which is continuous in W, even in uniform topology. Certainly, this
trick fails when TW # W.

In this section we set up a regularity structure that provides a full solution to this
problem. Needless to say, this structure is much simpler than what is needed for the
KPZ equation in the next chapter. Yet, it showcases a number of features omnipresent
for singular SPDEs, but without some of the added complexity coming from PDE
theory.

Recall that the Holder exponent of Wis H — k for any £ > 0. As a result, we
have |/I/I75”§| < |t — s/ =%) and the building blocks for a robust representation of
(14.16) are

t
Wgz/@mwwmw (14.17)
S

withm = 0,1,2,..., M where M is the smallest integer such that (M + 1)H +
1/2 > 1, which reflects the analytic redundancy of W*+1 in the sense of

WAL (s,1)] S [t — s (FDEHRH2 — ot )

s

for small enough « > 0. For definiteness, let us focus on the case

1
H>-, M=3.
>3

We first define symbols (these will be the basis vectors of our regularity structure) to
represent (W ;)™,0 < m < 3.If = = - is the symbol for white noise £ = W, we
can write the required symbols indifferently as

{1,LZ(5),Z(5)%, 2(2)*} = {1,1,%,¥}.

The map Z : = +— Z(Z=) represents convolution with K and is graphically repre-
sented by a downfacing plain line; multiplication (which we postulate to be commuta-
tive and associative) is depicted by joining trees at their roots. For instance, [ xV" =
(we will omit x in the sequel). Similarly, the symbols denoting (W&t)th, defined
as the generalised derivative OWY",, are given in the same pictorial representation as
{2, 1,%, %} (with for example ¥ = Z(=)?=). We then define the structure space of
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our regularity structure as the free vector space generated by these symbols, namely
T=1{1%%11°%3). (14.18)

The partial product defined on 7" (for example %7 = %) does not extend to all of 7".! It
is natural to postulate that = has degree deg = = — % ~ (the presence of the exponent
‘—’ reflects the fact that in order for the bound (13.13) to be satisfied when I1; = is
given by white noise, we need to make sure that deg = is strictly smaller than — %,
but by how much exactly is irrelevant as long as it is a small enough quantity), that Z
increases degree by H + %, and that the degree is additive under multiplication. Since
it is natural to take deg 1 = 0 to retain consistency with the polynomial regularity
structure, this uniquely determines the degree of each of the basis vectors of 7', for
1nstance

deg® = dege+3 deg? = (3H — )™ .

To understand the structure group, we shift from a base point s to a new base
point t. Basic additivity properties of the integral in (14.17) show that

W2, = W3, +3W2. W, +3WL W2, + W) W3, + W2, .
Considering the (generalised) derivative in the free variable, we have
WS | = OW3 | + 3(OW2 )W, + 3(OWL)W2, + (OW? )W3, . (14.19)
This suggests to “break up” the symbol 3¢ (for 3Wi’_) in the form
AT(P) =¢R1+3¥VR1+310V+-00eTQT,

where the introduction of a new space 7' is justified by the fact that elements in 7'
represent functions of two variables (s and ¢ here), while elements of 7" represent
functions of one variable (the base point s resp. t) that are distributions in the
remaining free variable. In particular, it is rather natural that 7" (unlike 7") contains
no symbols of negative degree and that elements of 7'+ can be multiplied freely. In
other words, it is natural in this context to define 7" as the free commutative algebra
generated by the single element ? =7 (). The difference between T+ and T is
emphasised in our notation by drawing basis vectors of 7" in black.

The action of the linear map A" : T — T ® T* has the appealing graphical
interpretation of cutting off positive branches: for instance, the summand 3% ® T =
Y ®37in AT (%) is explained as follows: there are three ways to “cut off” a “lollipop”
f from %, which are then painted black and put as 37 € T™F to the right-hand side;
the remaining “pruned” tree ¥/ € T" goes to the left. Similarly, there are three ways to
cut off two lollipops from 37, which then appear as 3% € T on the right-hand side,
while the pruned remainder { € 1" appears on the left.

! For instance, we do not want our regularity structure to contain a symbol =2 denoting the square
of white-noise. We also have no need for trees with > 4 branches so that products like 737, V737
etc. remain deliberately undefined within 7.
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A concise recursive algebraic description of AT starts with
Afl=1®1, At===v1,
followed by an extension to all of 7' by imposing the identities”

AN (77) = ATr - AT 7,
ATI(r) = (I@I)AT T+ 10 T (1) .

Here, J(7) is the element in T obtained from a (then painted black) symbol 7.
In our pictorial representation 7 is visualised by a (black) downfacing line. The
tree associated to J (7) has exactly one line emerging from the root (such trees are
called planted). In the present example, 7 = - is the only symbol in 7', as given in
(14.18), with image under Z in 7', so that the second relation above can only produce
f=J() e T ; whereas the first relation leads to powers thereof (in 7).

Let now G, denote the set of characters on 7', i.e. all linear maps g: 7T — R
with the property that g(c5) = g(o)g(5) for any two elements o and  in T+ There
is not much choice here, since ¢ = g(7) € R fully determines any such map. In order
to get back to (14.19), we introduce I';: T' — T' by

Iyr=(Id®g)ATr, (14.20)

so that, for instance, Iy (V) = ¥+ 3¢V +3¢2] + 3 € T, and with ¢ = g(1) = W, ,
this precisely captures (14.19) as an abstract shift map I's;; = Iy, , with gs.(1) =
Ws,t. In principle, (14.20) makes sense for every g € (T7)*, but it turns out that the
set of those maps I’y with g € Gy forms a group, which is precisely our structure
group:

G:={I,:9€Gy}. (14.21)

Written in matrix form, with respect to the ordered basis of T consisting of 4 negative
and 4 non-negative symbols, each I, is block-diagonal with two (4 x 4)-blocks of
the form

lec? e
01 2c3c?
001 3¢

000 1

=: N,

One can check that N. Nz = N4z with ¢, ¢ € R so that, as a group, G is isomorphic
to (R, +). This completes the construction of the regularity structure (T, G). We
leave it to the reader to identify pairs of sectors on which (the usually omitted) x
defines a product in the sense of Section 14.2 and to show that 7 is indeed an abstract
integration operator® in the sense of Definition 14.21.

2 The multiplicative property is understood for all symbols 7, 7 € T which can be multiplied in 7.

3 In the present setting there is no need to include higher order abstract polynomials X, X2, ... as
part of 7.
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As already hinted at, the natural /t6 model M := (II, ") in this context is
defined by setting

=1, ILE=W, I(Z(5)")=W", I(ZI(Z)") =W,
aswell as I'y; = I'y, , with gs(T) = /V[Z,t. We leave it to the reader to check that
M satisfies the required bounds (13.13) and therefore really defines a random

model for the regularity structure (T, G). We also note that the model is admissible
in the sense of Definition 14.23: in essence, this is seen from the identity

IIZ =K« I,Z —II,J(s)5 = K« W — (K« W)(s) = W,. (14.22)

where we used that only k£ = 0 figures in the sum of (14.9), so that
J.5 = /K(s — 1) (ILE)(dt) = (K * W)(s) 1.

On the other hand, we can replace white noise W = W(w) by a mollification
We = 6% « W with §°(t) = e~ o(et), for some ¢ € C° with [ ¢ = 1, or indeed
any smooth function &, and define the associated canonical model £ (§) = (II,1I")
by prescribing

= =¢ I(Z(2)") = (K* &), I(5Z(5)") = E()K * )L,

as well as g, (1) = (K % £),,.. We again leave it to the reader to check that .Z(§) is
indeed an admissible model for our regularity structure.

It is interesting to consider the canonical model & (WE) as € — 0. Formally, one
would expect convergence to a “Stratonovich model”, but this does not exist because
of an infinite It6—Stratonovich correction. To wit, assume the approximate bracket

[Waw]ﬂ = Z Ws,th,t

[s,t]em

converges, say in L', upon refinement || — 0. Then the mean would have to
convergence, which is contradicted by the computation, using Itd isometry,

t t—s
EW, Ws, = / K(t—r)dr= / K(r)dr
s 0
t—s

1
~ KH(rYdr = eyt —s)" T2,
0

and the standing assumption that H < 1 /2. As a consequence, the canonical model
Z(W¢) will not converge as ¢ — 0, although the previous discussion suggests to
“cure” this by subtracting a diverging term, namely to consider*

4 This is an instance of Wick renormalisation where one replaces the product of two scalar Gaussian
random variables X, Y by X oY := XY — E[XY].



14.5 Rough volatility and robust Itd integration revisited 281
/ weaws - E( / weaw<) (14.23)

with integration understood over [s, t] with re-centred integrand /V[z However, such
Wick renormalisation at the level of generalised increments may destroy the algebraic
Chen relations. (Indeed, they only hold when the expectation is proportional to [s, ¢],
which has no reason to be the case in general.)

In fact, our admissible model (17, I") here can be described in terms of a single
“base-point free” realisation map IT : T — D’ which enjoys somewhat more natural
relations, such as

HI==K«I==K«W =K %¢

instead of (14.22) in the It6-model case, and similarly for IT ¢ with W replaced by
We = €. The full specification reads’

Il =1, II°= = ¢, (142
I (Z(Z)") = (K« &)™, I (SZ(2)") = &(K &)™ .

Remark 14.30. Define a character f; on Tt by specifying (in the It6 model®)

f(1) = U T(2)) = / K(t— ) (ILE)(s) = (K*€),. (1425

and also a linear map Fy: T — T by F;7 = (Id ® f;) AT 7. One checks without
difficulty that F; is an invertible map, I} = F[l o F, and

O=I0r"'=ILF"'"= OH,=ILF'oF,=IoF,.

At the level of the canonical model IT¢, switching to IIf = IT° F%, this construction
merely replaces K  £° with the “base-pointed” expression (K * £°), . and tracks
the induced changes to the higher levels.

The Wick renormalisation in (14.23) points us to the (divergent) quantity’

[ £ E(IT° (1)) = E[(K % 6% % &)(£)(5° + )(1)]
= /R(K % 0°)(t — 8)6%(t — s)ds = (K % 6)(0) .
where we recall 6° = ¢! g(¢~!+); and similarly for ° with g = o(—(+)) * 0. Since

K(z) = zH=1/21 -, in a neighourhood of zero, there is no loss of generality in
assuming that this includes the support of g. For & € (0, 1], it follows that®

> One defines IT(ZZ(Z)™) as the distributional derivative of an It6 integral.

6 ...and similarly in the canonical one, with (K * &) replaced by (K * £%)q...

7 Thanks to stationarity, this quantity is independent of ¢. In particular, one could immediately take
t=0.

8 In the case of H = 1/2, so that K = 1, noting that o(+), and hence g = o(—(+)) * o, has unit
mass, the constant equals 1/2, which is the same 1/2 appearing in the It6—Stratonovich correction.
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D = (K % 6°)( / KH(s )ds—aH 1/2/ KH(s) o(s)ds .

‘We can now replace the informal (14.23) by defining a “renormalised” (admissible)
model
"™ (Z7(2)) := I (ZZ(Z) + 51) ,

with diverging constant
i = —E(T*(1) = .

In essence, we can leave it to the algebra to handle the correct shifting to different
base points (in other words: to recover (I75"" ['**") from knowledge of IT"")
in the same spirit as Chen’s relation allows to work out increments X, ; of a given
rough path ¢t — X;.) On the analytic side, we note that the right-hand side still has
controlled blow up of order deg =7 (=) = (—1/2+ H)~ < 0. This further suggests
that the renormalisation procedure can be described by suitable (linear) maps, say
M : T — T, which are (only) allowed to produces additional terms (of higher
degrees) as, for instance, M., : =Z(=) — =7Z(Z) + ¢11 in our present example.

At this stage we could proceed “by hand” and try to work out the correct fixes for
all [TE(EZ(=)™), m = 1,2, 3, but care is necessary since “curing” level m = 1, as
done above, will spill over to the higher levels. This is already seen in the instructive
case when m = 0, i.e. for II,(5) = W. Indeed, if one “renormalises” W —>
W + ¢, then writing V (t) := t, this leads to’

t t
ngt = / (We,r)m dWr — / (Ws,r + COVs,r)m (dWr + COd‘/r) .

and hence affects all higher levels (m = 1,2,...). While V=1 naturally has 1
as associated symbol, V' leads to a new symbol, indifferently written as 71 = Z()
or |, in agreement with out earlier convention to represent action of 7 as single
downfacing line.

Z(ZE)" = (5 4 col)(IZ + cpT1)™

Provided we manage to define all these “fixes” (for m = 0, 1, 2, 3) consistently,
we can expect a family of linear maps M = M, indexed by ¢ = (cg, ¢1, ¢2,¢3) € R*
which furthermore constitutes a group in the sense that of (the matrix identity)
M. Mz = M.,z with¢, ¢ € R*. This is the renormalisation group, here isomorphic
to (R?, +). There was a cheat here, in that our initial collection of symbols (with
linear span T") was not rich enough to define M, as linear map from 7" into itself. In
this sense 1" was incomplete, and one should work on a space T > T which contains
required symbols such as | or V. (The notion of complete rule put forward in [BHZ19]
formalises this.) However, in the present example this was really a consequence of
the (analytically unnecessary!) level-0 renormalisation. In fact, ¢y = 0 is the only
possible choice that respects the symmetry of the noise, in the sense that W and —W

9 This is nothing but a variation of the concept of translation of rough paths.
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have identical law. This reduces the renormalisation group to (R®, +) and reflects a
general principle: symmetries help to reduce the dimension of the renormalisation
group. See [BGHZ19] for an example where this principle takes centre stage in a
striking manner.

In general one proceeds as follows. Define 7'~ as the free commutative algebra
generated by all negative symbols in 7T'; that is,

T = Alg({-,,%,7}) . (14.26)

(Similarly to before, we colour basis elements of 7 differently to distinguish them
from those of 7" and/or T'".) Elements in T~ are naturally represented as linear
combination of (unordered) forests; for instance

—51 =30 4oot 5%V T,

where 1 denotes the empty forest. As before, it is useful to introduce a linear map
A™ : T — T~ ® T which iterates over all possible ways of extracting possibly
empty collections of subtrees of negative degree, putting them as a forest on the
left-hand side, and leaving the remaining tree (where all “extracted” subtrees have
now been contracted to a point) on the T-valued right-hand side. For instance,

A(V) =10V +...+3I0V+... +30V+...+¥®1.

The resulting renormalisation maps M : T' — T are then parametrised by characters
on T~ similar to the construction of the structure group. Consider for instance the
case of a character g = ¢° defined by ¢g(I) = ¢, g(¥’) = 5, and set to vanish on
the remaining two generators ¢ and V. Then, the map M, given by

My, =(g®Id)A~
acts as the identity on all symbols of 7" other than
Mgl =14c51, MY =Y+21, M =V+3cV+c51. (14.27)

The resulting renormalised model IT°"" = II°M,- realises, for instance, the
symbol %7 as

ITE"y = TT° My = & (K % €°)° 4+ 3¢ (K % £5)* + ¢ .

It is a non-trivial but nevertheless fairly general fact that it is possible to choose
the character ¢g° in such a way that the model IT*"" converges to a limiting model.
This is the case if we choose ¢g° as the BPHZ character (see [BHZ19, Thm 6.18])
associated to IT¢. This is defined in general as the unique character g° of T~ such
that the renormalised model IT"™" satisfies EIT®"™"7 = 0 for every symbol 7 of
strictly negative degree. With our earlier choice

& = —E(II°1)(0) = -]
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it is immediate from (14.27) that one has indeed E(IT°My}) = 0. Further-
more, since first and third moments of centred Gaussians vanish, we also have
E(IT°MyV) = E(II°My,¥) = 0 as a consequence of the fact that we set
g(c) = g(¥) = 0. Finally, it follows from Wick’s formula that

EIT° M, = E[¢°(K % £°)%] + 3SE(K * €°)% 4 ¢§
= 3(BIE" (K +€°)] + ¢f ) E(K «€)2 + &
=3(0+e) V=6,

so that IT° M-/ has vanishing mean if and only if we also choose c§ = 0.
We have made it plausible that

eyren | __ giren giren giren
MSH = ([I50 [0°0) ¢ TTS™

indeed gives rise to an (admissible) model, with all analytic bounds and algebraic
constraints intact, and such that in the sense of model convergence,

METen _y MBPHZ — MO (14.28)

The main result of [CH16] is that the convergence M*"" — MP™ remains true in
vastly greater generality and that the limiting model is independent of the specific
choice of M*® for a large class of stationary approximations £° to the noise .

At last, we leave it to the reader to adapt the material of Section 13.3.2 to define
the modelled distribution that allows to reconstruct the It6 integral fot f (/V[Z;)de
and further deduce from (14.28) the following (renormalised) Wong—Zakai result,

t t t
[ r@aaws = [ p@ais— [ savaw. (14.29)

0 0 0
where we recall that ¢§ = e¥=1/2 [* KH(s) p(s)ds. Noting that g = o(—(+)) * o
is even and has unit mass, we see that c¢] = % when H = 1/2. We can then pass to

the limit for each term on the right-hand side of (14.29) separately. This allows us to
recover the identity

/Ot FOV,) 0 dW, — ;/Ot FOW,)ds = /Ot FW)AW, |

in agreement with the usual It6—Stratonovich correction familiar from stochastic
calculus.
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14.6 Exercises

Exercise 14.1 a) Construct an example of a regularity structure with trivial group
G, as well as a model and modelled distributions f; such that both R f, and
R fo are continuous functions but the identity

R(f1x [2)(x) = (Rf1)(2) (Rf2)(x)

fails.
b) Transfer Exercise 2.10 to the present context.

Solution. (We only address the first part.) Consider for instance the regularity struc-
ture given by A = (—2k, —k, 0) for fixed x > 0 with each T, being a copy of R
given by T_,,. = (="). We furthermore take for G the trivial group. This regularity
structure comes with an obvious product by setting =™ x =" = =™ provided
that m +n < 2.

Then, we could for example take as a model for .7 = (T, G):

(L= ) =1, (ILZ)y) =0, (LZ")(y) =c, (14.30)
where c is an arbitrary constant. Let furthermore
fi@) = A@E"+ f@)Z,  fole) = @)= + f@)=.

Since our group G is trivial, one has f; € 27 provided that each of the f; belongs to
C7 and each of the ﬁ belongs to CY™*. (And one has v + x < 1.) One furthermore
has the identity (R /;)(z) = f(x).

However, the pointwise product is given by

(f1% f2)(2) = fi(@)fa(x) =" + (.fl(x)fQ(x) + f2($)f1(ff))5 + fi(@) f2(2) 27,

which by Theorem 14.5 belongs to 27~ ". Provided that v > «, one can then apply
the reconstruction operator to this product and one obtains

R(f1% f2) (@) = fi(@) fa(z) + cfr(x) fal) .

which is obviously quite different from the pointwise product (R f1)(x) - (R f2) ().
How should this be interpreted? For n > 0, we could have defined a model I7(™)
by

(M=) (y) = 1, (Y =) (y) = V2esin(ny), (I1ME%)(y) = 2esin® (ny).
Denoting by R(") the corresponding reconstruction operator, we have the identity

(R(")fi) (z) = filz) + V2cf; (z) sin(nx) ,
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as well as R (f1 % o) = R £, - R f,. As a model, the model I7(™) actually
converges to the limiting model I/ defined in (14.30). As a consequence of the
continuity of the reconstruction operator, this implies that

RO 1RO fy = RO(f1 % ) = R(fL % f2) # Rf1-Rfa

which is of course also easy to see “by hand”. This shows that in some cases, the
“non-canonical” models as in (14.30) can be interpreted as limits of “canonical”
models for which the usual rules of calculus hold. Even this is however not always
the case (think of the Itd Brownian rough path).

Exercise 14.2 Consider Z* = Z*(R%).

a) Show that distributional derivatives satisfy D* Z* C Z*~I¥l for any multi-index
k. Show that for d = 1 equality holds. That is, any g € Z“~F, with k € N, is
the kth distributional derivative of some f € Z°.

b) The proof of Schauder’s theorem in Section 14.3 was more involved in the
“positive” case, when 0 < a+ 8 € [n— 1,n), some n € N. Give an easier proof
in the case d = 1 by reducing the positive to the negative case.

xx Exercise 14.3 Provide a proof of the case o = 0 in Lemma 14.13.

Solution. Asin Lemma 14.13, we aim to bound |{(¢)| for ¢ € B;\O’x and ( € Z%
for some r > r,. One strategy is to consider a compactly supported wavelet basis of
regularity r and to separately bound the terms in the wavelet expansion of .

If we wish to rely purely on elementary arguments, one strategy goes as follows.

a) Show first that ¢ € Z2 if and only if {x € Z for every smooth compactly
supported function x. This allows us to reduce ourselves to the case when (
itself is compactly supported and we assume this from now on.

b) Show that if ¢ € Z° is supported in a ball of radius 1 and if 1 is such that
[ () dz = 0 and such that | D*v(2)| < (1+ |x|)~#~I*| for |k| < r and some
large enough exponent k, then |¢(12)| < 1, uniformly over such 1 and over
z € R%and \ € (0,1].

¢) Choose a function ¢ with the property that its Fourier transform is smooth,
identically 1 in the ball of radius 1, and identically 0 outside of the ball of radius
2 and define 1/3 as in the proof of Lemma 14.13. Write

p=pxy+ > @xritn

n>0

as in the proof of Lemma 14.13.

d) Choose x such that its Fourier transform is smooth, identically equal to 1 on
the annulus of radii in [1, 4] and vanishes outside the annulus of radii in [1/2, 5].
Note that this implies that 1/~)A" = 1/~)A" %y and conclude that

Clpx ™) = (Cx P pxx) .
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e) Use the fact that ¢ € C! and x integrates to 0 to conclude that | * x| <
27"\~ % and therefore that |( (¢ * ¥*=)| < 27", which is summable as required.

Exercise 14.4 Show that, for g smooth enough, one has K x (gn) — g(K *n) €
CotB+L for every B-regularising kernel K and 1 € C* with o < 0. How smooth is
smooth enough? Compare the following two strategies.

Strategy 1: Go through the proof of the Schauder estimate in Section 14.3 and
estimate the difference (K, * (gn) — g(K, *xn),¥»).

Strategy 2: Consider the regularity structure T spanned by the Taylor polynomials
and an additional symbol = of degree o, with the structure group acting trivially on
=. We extend this by adding an integration operator of order 3 and all products with
Taylor polynomials. We also consider on it the natural model mapping = to . Writing
g € D7 for the Taylor lift of g as in Proposition 13.16, verify that g= € 277%. The
multilevel Schauder estimate then shows that, provided that v + o > 0, one has
K(gZ) € 2778 and gK(Z) € @7+miM0e+B} 50 in particular

FZK(gE)—gK(2) e @1Fot8,

provided that v > max{1, —a, 1 + a + 3}. Furthermore, the explicit expression for
K shows that

K(g=Z)=9Z(Z)+ ¢dZ(XE)+ (...), gK(E)=9gZ(2)+(...),

where (. ..) denotes terms that either belong to the polynomial part of the regularity
structure or are of degree strictly greater than o + 3 + 1 (which is the degree of
Z(X Z)). In particular, the truncation of F' at level a + 3 + 1 belongs to @}iHBH,
and we conclude by the second part of Proposition 13.16.

Exercise 14.5 Consider space-time R® with one temporal and (d — 1) spatial di-
mensions, under the parabolic scaling (2,1, ...,1), as introduced in Remark 13.9.
Denote by G the heat kernel (i.e. the Green’s function of the operator 9y — 82). Show
that one has the decomposition

G=K+K,

where the kernel K satisfies all of the assumptions of Section 14.4 (with 3 = 2) and
the remainder K is smooth and bounded.

Exercise 14.6 (From [Brul8]) In the context of Remark 14.25, establish the recur-
sion

IoyIr =T(LpyT) — Doy Ty, (14.31)
with
Xk:
Tori= > L@l
|k|<deg 7+p3

Exercise 14.7 Show that if one defines I’y LT in such a way that (14.10) holds, then
it guarantees that 11,1y, TT = II,TT.
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Exercise 14.8 Adapt the material in Section 14.5 and construct a suitable regularity
structure and model so that the two-dimensional 1t0 integral (14.13) is obtained as
reconstruction of a suitable modelled distribution.

14.7 Comments

The material on differentiation, products and admissible models follows essentially
[Hail4b], although the conditions on the kernel K — previously assumed to annihilate
certain polynomials —are now more flexible. In particular, we do not enforce the
identity Z(X") = 0 and instead allow for the possibility of simply including symbols
T(X") as basis vectors of our regularity structure. It is the case that any admissible
model will necessarily satisfy I1,Z(X") = 0, but in general I, Z(X") # 0. The
material of Section 14.5 is essentially taken from [BFG™19], with a viewpoint similar
to [BCFP19].
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