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Preface

During the week of September 3-7, 2018, 55 mathematical researchers from
15 different countries gathered at the “Il Palazzone” in Cortona, Italy, for the
“International Meeting on Numerical Semigroups.” This meeting has evolved into
a biennial event, with the initial gatherings meeting under the title “The Iberian
Meeting on Numerical Semigroups,” in Porto, Portugal (2008), Granada, Spain
(2010), and Vila Real, Portugal (2012). In 2014, the first meeting to use the
“International” title was held in Cortona, followed by the second such meeting in
2016 in Levico Terme, Italy. The pages of this volume constitute the proceedings of
the 2018 meeting in Cortona.

Talks were given at the conference by 41 participants. These talks centered on
not only traditional types of numerical semigroups (such as Arf or symmetric) and
their usual properties (such as the Frobenius number, genus, gap sets, and non-
unique factorization), but also related types of semigroups (such as affine, Puiseux,
Weierstrass, and primary) and their applications in other branches of algebra
(including semigroup rings, coding theory, star operations, and Hilbert functions).
The 21 papers in this Proceedings reflect the variety of the talks presented.

The meeting was organized by Marco D’ Anna, University of Catania, Pedro A.
Garcia-Sanchez, University of Granada, and Vincenzo Micale, University of Cata-
nia. The Scientific Committee consisted of Valentina Barucci, Sapienza University
of Rome; Scott Chapman, Sam Houston State University; Ralf Froberg, Stockholm
University; Pieter Moree, Max Planck Institute for Mathematics; and José Carlos
Rosales, University of Granada. Marco D’Anna, assisted by Valentina Barucci,
Scott Chapman, and Ralf Froberg, edited these Proceedings.

The principal sponsor for the meeting was the “Istituto Nazionale di Alta
Matematica ‘Francesco Severi’” and additional support was received from various
grants based in the Mathematics Departments at the Universities of Granada,
Catania, and Cadiz. The organizers and Scientific Committee thank all involved
for their generous support. We look forward to another International Meeting on
Numerical Semigroups in 2020, which is currently in the planning stage.

In this book, we chiefly present research papers. Additionally, we present a
few survey articles which collect results and examples which are difficult to find

v



vi Preface

elsewhere. The book is intended for researchers and students who want to learn
about recent developments in the theory of numerical semigroups. Our aim is
to present the current status of research on numerical semigroups and to gather
together papers on the topic from different areas, such as Semigroup Theory,
Factorization Theory, Algebraic Geometry, Combinatorics, Commutative Algebra,
and Coding Theory, which reflects how numerical semigroups arise in different
research contexts.

Roma, Italy Valentina Barucci
Huntsville, TX, USA Scott Chapman
Catania, Italy Marco D’ Anna

Stockholm, Sweden Ralf Froberg
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Counting Numerical Semigroups )
by Genus and Even Gaps via e
Kunz-Coordinate Vectors

Matheus Bernardini

Abstract We construct a one-to-one correspondence between a subset of numerical
semigroups with genus g and y even gaps and the integer points of a rational
polytope. In particular, we give an overview to apply this correspondence to try to
decide if the sequence (n,) is increasing, where n, denotes the number of numerical
semigroups with genus g.

Keywords Numerical semigroup - Multiplicity - Even gaps - Genus -
Kunz-coordinate vector

1 Introduction

A numerical semigroup S is a subset of Ny such that 0 € S, it is closed under
addition and the set G(S) := Ny \ S, the set of gaps of S, is finite. The number of
elements g = g(S) of G(S) is called the genus of S and the first non-zero element
in S is called the multiplicity of S. If S is a numerical semigroup with positive
genus g then one can ensure that all gaps of S belongs to [1, 2g — 1]; in particular,
{2¢ +i : i € No} € S and the number of numerical semigroups with genus g,
denoted by ng, is finite. Some excellent references for the background on numerical
semigroups are the books [5] and [7].

Throughout this paper, we keep the notation proposed by Bernardini and Torres
[1]: the set of numerical semigroups with genus g is denoted by S, and has n,
elements and the set of numerical semigroups with genus g and y even gaps is
denoted by S, (g) and has N, (g) elements.

M. Bernardini ()
Universidade de Brasilia, Area Especial de Industria Projecao A - UNB, Brasilia, Brazil
e-mail: matheusbernardini @unb.br
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2 M. Bernardini

In this paper we use the quite useful parametrization
Xe:5y(8) = S, S = §/2, (1

where §/2 := {s e Ny : 25 € §}.

Naturally, the set S),(g) and the map x, can be generalized. Let d > 1 be
an integer. The set of numerical semigroups with genus g and y gaps which are
congruent to 0 modulo d is denoted by S¢4,,)(g). There is a natural parametrization
given by

ng N S(d,y)(g) e d Sy, S = S/d,

where S/d := {s € Ny : ds € S}. This concept appears in [9], for instance.

In this paper, we obtain a one-to-one correspondence between the set x;l (T) and
the set of integer points of a rational polytope.

As an application of this correspondence, we give a new approach to compute the
numbers N, (g). Our main goal is finding a new direction to discuss the following
question.

Is it true that ng < ngiq, forall g? 2)

The first few elements of the sequence (ng) are 1,1,2,4,7,12,23,39,67.
Kaplan [6] wrote a nice survey on this problem and one can find information of
these numbers in Sloane’s On-line Encyclopedia of Integer Sequences [10].

Bras-Amor6s [3] conjectured remarkable properties on the behaviour of the
sequence (ng):

: ngyitng 4,
1. limg o0 er2 = 1;

. Mgl . 144/5.
2. limg_s o ny =9 = 20

3. ng42 > ngy1 +ng for any g.

Zhai [12] proved that limg . o, ng@ ™ is a constant. As a consequence, it confirms
that items (1) and (2) hold true. However, item (3) is still an open problem; even a
weaker version, proposed at (2), is an open question. Zhai’s result also ensures that
ng < ngy for large enough g. Fromentin and Hivert [4] verified that ng < ng4
also holds true for g < 67.

Torres [11] proved that S, (g) # @ if, and only if, 2g > 3y. Hence,

[2¢/3]

ng = Z Ny, (g). (3)
y=0

In order to work on Question (2), Bernardini and Torres [1] tried to understand
the effect of the even gaps on a numerical semigroup. By using the so-called ¢-
translation, they proved that N, (g) = N, (3y) for g > 3y and also N, (g) <
N, (3y) for g < 3y. Although numerical evidence points out that N), (g) < N, (g +
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1) holds true for all g and y, their methods could not compare numbers N, (g1)
and N, (g2), with 3y /2 < g1 < g2 < 3y. Notice that if N,(g1) < N, (g2), for
3y/2 < g1 < g <3ythenny < ngyq, forall g.

2 Apéry Set and Kunz-Coordinate Vector

Let S be a numerical semigroup and n € S. The Apéry set of S (with respect to
n) is the set Ap(S,n) = {s € S :s—n ¢ S}.If n = 1, then § = Ny and
Ap(Np, 1) = {0}. If n > 1, then there are wy, ..., wy—1 € N such that Ap(S,n) =
{0, wy, ..., wy—1}, where w; = min{s € § : s =i (mod n)}.

Proposition 1 Let S be a numerical semigroup with multiplicity m and
Ap(S,m) ={0, wy, ..., wu—1}. Then

S = <m1 w11w21 "'7wH1*1>‘

Proof 1t is clear that am € (m, w;, w2, ..., wy—1),Va € N.Fors € S, m 1 s,
there isi € {1,...,m — 1} such that s = mk + i. By minimality of wj;, there is
k € Ng such that s = w; + km € (m, wy, w2, ..., wy_1). On the other hand,
m,wi, ..., Wy—1 € S.

Let § be a numerical semigroup, n € S and consider Ap(S,n) =
{0, wy, ..., wy—1}. There are ey, ..., e,—1 € N such that w; = ne; + i, for each
i €{l,...,n—1}. The vector (ey,...,e,—1) € Ng_l is called the Kunz-coordinate
vector of S (with respect to n). In particular, if m is the multiplicity of S, then the
Kunz-coordinate vector of S (with respect to m) is in N”~!. This concept appears
in [2], for instance.

A natural task is finding conditions for a vector (xq, ..., x;—1) € N"=ltobea
Kunz-coordinate vector (with respect to the multiplicity m of §) of some numerical
semigroup S with multiplicity m. The following examples illustrate the general
method, which is presented in Proposition 2.

Example 1 Numerical semigroups with multiplicity 2 are (2, 2e; + 1), where e €
N. Observe that e; is the genus of such numerical semigroup.

There is a one-to-one correspondence between the set of numerical semigroups
with multiplicity 2 and the set of positive integers given by (2, 2e; + 1) — ej.

Example 2 Let S = (3, 3e1+1, 3e2+2) be a numerical semigroup with multiplicity
3 and genus g, where e, e2 € N. By minimality of w; = 3e; + 1 and wy = 3ex+ 2,
(e1, ep) satisfies

Ber+ 1)+ @Ber+1) >3er+2
(Bez +2) + Bex +2) > 3e; + 1.

The set of gaps of S has e; + ey elements, since G(S) = {3n1 +1: 0 < n; <
e1}U{3n2+2 : 0 < ny < ez}. Thus, e; +e2 = g. On the other hand, if (eg, e2) € N2
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is such that 2e1 > e3,2ep + 1 > ej and e] + €3 = g, then (3,3e; + 1,3e2+2) isa
numerical semigroup with multiplicity m and genus g.

Hence, there is a one-to-one correspondence between the set of numerical
semigroups with multiplicity 3 and genus g the vectors of N? which are solutions of

2X1 > Xo
2Xo+1> Xy
X1 +X,=g

In order to give a characterization of numerical semigroups with fixed multiplic-
ity and fixed genus, the main idea is generalizing Example 2. The following is a
result due to Rosales et al. [8].

Proposition 2 There is a one-to-one correspondence between the set of numerical
semigroups with multiplicity m and genus g and the positive integer solutions of the
system of inequalities

Xi+X; = Xitj, forl <i<j<m-—-1;i+j<m;
Xi+Xj+1=2Xiyjm, forlsi<j=sm—1Li+j>m
-1
Dkt Xk =g
Let S = (m, wy, ..., wy—_1) be a numerical semigroup with multiplicity m and
genus g, where w; = me; + i. The main idea of the proof is using the minimality
of wi, ..., wyu—1 and observing that w; + w; = i + j (mod m) and G(S) =

U;";ll{mn,- +i:0 <n; < e;}. Fora full proof, see [8].

3 The Main Result and an Application to a Counting
Problem

In [1], the calculation of N, (g) was given by

Ny(g)= ) #x(T). )

TeS,

In this section, we present a new way for computing those numbers. In order to
do this, we fix the multiplicity of T € S,,.

First of all, we obtain a relation between the genus and the multiplicity of a
numerical semigroup.

Proposition 3 Let S be a numerical semigroup with genus g and multiplicity m.
Thenm < g + 1.
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Proof 1f a numerical semigroup S has multiplicity m and genus g withm > g + 2,
then the number of gaps of S would be, at least, g + 1 and it is a contradiction.
Hencem < g + 1.

Remark 1 The bound obtained in Proposition 3 is sharp, since {0, g + 1, ...} has
genus g has multiplicity g + 1.

If y =0, then Sop = {Np} and x;l(No) = {(2,2g+1)}. Hence, No(g) = 1, forall
g. If y > 0, we divide the set S, into the subsets S;," ={S:g(S) =y andm(S) =
m}, where m € [2, y 4+ 1] N Z. We can write

y+1
S, =] sy (5)
m=2

Putting (4) and (5) together, we obtain

y+1

Ny(®) =" > #x (D).

m=2TeS

Thus, it is important to give a characterization for 7 € SJ'. We can describe T
by its Apéry set (with respect to its multiplicity m) and write

T ={(mme +1,mex+2,...,meu_1+ (m—1)),

where me; +i = min{s € S : s =i (mod m)}.
The next result characterizes all numerical semigroups of x;l (T), for T € S)’f.
It is a consequence of Proposition 2.

Theorem 1 Let T = (m,me; + 1,...,meu—1 + (m — 1)) € S}"f. A numerical
semigroup S belongs to X;l (T) if, and only if,

S = (2m,2me1+2, ..., 2mey_1+2m—2), 2mk1+1, 2mk3z+3, ..., 2mkyy,_1+(2m—1)),

where (ki, k3, ..., kon—1) € N81 satisfies the system
) Xoji—1+ej = Xoi+j)—1, forl<i<ml<j<m-1;i+j<m
*
X2i,1+ej+lZX2(,-+j_m)_1, forl<i<ml<j<m-—1i+j>m;

Xoi—1+Xoj—1 = eitj—1, forl1<i<j<mji+j=<m
()
Xoi—1+Xpj1+1=¢€ipj1-m forl <i<j<mii+jz=m+2

Y Xoi1=8—7.

Proof The even numbers 2m, 2me1+2, ..., 2mey—1+2mep—1+2(m—1) belongs
to Ap(2m, S). Let 2mky + 1,2mks + 3, ..., 2mky,—1 + (2m — 1) be the odd
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numbers of Ap(2m, S). Thus, (e1, ki, e2,k3, ..., em—1,kom—1) € Ny~ is the
Kunz-coordinate vector of S (with respect to 2m).

Now, we apply Proposition 2. Inequalites given in (*) come from sums of an odd
element of Ap(2m, §) with an even element of Ap(2m, S), while inequalities given
in (%) come from sums of two odd elements of Ap(2m, S). Since (e, ..., em—1)
is the Kunz-coordinate vector of 7' (with respect to m), then the sum of two even
elements of Ap(2m, S) belongs to S. Finally, last equality comes from the fact that
S has g — y odd gaps.

Remark 2 Some of the numbers k; can be zero. Hence, it is possible that the
multiplicity of S is not 2m.

Example 3 Let T = (2,2y + 1) € S2, with y € N. Theorem 1 ensures that if
S € x, (T, then

S=(44y + 2,4k + 1, 4k3 + 3),

where (k1, k3) € N(z) satisties

Wiy -1=x:-x1<y
X1+ X1 >
R e
X3+ X3+1>y
X1+X3=g—y.

The set of integer points of the region in Figure 1 is in one-to-one correspondence
with the set {S € S, (g) : §/2 has multiplicity 2}.

/]

o
!

—

Fig. 1 Region in R? given by inequalities (x) and ()
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o)

Fig. 2 For fixed g, the integer points in the line segment represent numerical semigroups of {S €
Sy (g): §/2 has multiplicity 2}

If g is fixed, then the set of points that satisfies the system (#) is a polytope (a
line segment). We are interested in the set of integer points of this polytope. Figure 2
shows examples for some values of g. Each integer point represents a numerical
semigroup of the set {S € S, (g) : §/2 has multiplicity 2}.

Let N)"} (g) = ZTG sy #xl;1 (T). After some computations, we obtain

0, ifg <2y
N2(®)={k+1, ifg=2y +kandk € {0,1,...,y — 1}
y+1, if g >3y.

In particular, N)% (g < N)% (g + 1). We leave the following open question.

Lety e Nandm € [2, y + 1] N Z. Is it true that N;"(g) < N)’f(g + 1), forall g?
(6)

A positive answer to Question (6) implies a positive answer to Question (2).

Acknowledgements The author was partially supported FAPDF-Brazil (grant
23072.91.49580.29052018). Part of this paper was presented in the “INdAM: International
meeting on numerical semigroups” (2018) at Cortona, Italy. I am grateful to the referee for their
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M. Bernardini

References

10.

11

. Bernardini, M., Torres, F.: Counting numerical semigroups by genus and even gaps. Disc.

Math. 340, 2853-2863 (2017)

. Blanco, V., Puerto, J.: An application of integer programming to the decomposition of

numerical semigroups. SIAM J. Discret. Math. 26(3) (2012), 1210-1237

. Bras-Amor6s, M.: Fibonacci-like behavior of the number of numerical semigroups of a given

genus. Semigroup Forum 76, 379-384 (2008)

. Fromentin, J., Hivert, F.: Exploring the tree of numerical semigroups. Math. Comp. 85(301),

2553-2568 (2016)

. Garcia-Sanchez, P.A., Rosales, J.C.: Numerical semigroups. In: Developments in Mathematics,

vol. 20. Springer, New York (2009)

. Kaplan, N.: Counting numerical semigroups. Am. Math. Mon. 163, 375-384 (2017)
. Ramirez-Alfonsin, J.L.: The Diophantine Frobenius Problem, vol. 30. Oxford University Press,

Oxford (2005)

. Rosales, J.C., Garcia-Sanchez, P.A., Garcia-Garcia, J.I., Branco, M.B.: Systems of inequalities

and numerical semigroups. J. Lond. Math. Soc. (2) 65, 611-623 (2002)

. Rosales, J.C., Garcia-Sanchez, P.A., Garcia-Séanchez, J.1., Urbano-Blanco, J.M.: Proportionally

modular Diophantine inequalities. J. Number Theory 103, 281-294 (2003)
Sloane, N.J.A.: The on-line encyclopedia of integer sequences, A007323 (2009). http://www.
research.att.com/~njas/sequences/

. Torres, F.:On y-hyperelliptic numerical semigroups. Semigroup Forum 55, 364-379 (1997)
12.

Zhai, A.: Fibonacci-like growth of numerical semigroups of a given genus. Semigroup Forum
86, 634662 (2013)


http://www.research.att.com/~njas/sequences/
http://www.research.att.com/~njas/sequences/

Patterns on the Numerical Duplication by @)
Their Admissibility Degree e

Alessio Borzi

Abstract We develop the theory of patterns on numerical semigroups in terms
of the admissibility degree. We prove that the Arf pattern induces every strongly
admissible pattern, and determine all patterns equivalent to the Arf pattern. We study
patterns on the numerical duplication § x?¢ E when d > 0. We also provide a
definition of patterns on rings.

Keywords Numerical semigroup - Arf semigroup - Pattern on a numerical
semigroup - Numerical duplication

1 Introduction

A numerical semigroup S is an additive submonoid of N with finite complement
in N. The set of values of a Noetherian, one-dimensional, analytically irreducible,
local, domain is a numerical semigroup, therefore the study of numerical semi-
groups is related to the study of this class of rings. In [14], Lipman introduces and
motivates the study of Arf rings, which constitute an important class of rings for the
classification problem of singular curve branches. A good reference for the study
of Arf rings in the analytically irreducible case is [1]. The value semigroup of an
Arf ring is an Arf numerical semigroup. We say that a numerical semigroup S is
Arf if for every x,y,z € Swithx > y > zwehavex +y — z € S. There
are several works in the literature about Arf numerical semigroups, see for instance
[11, 17]. Note that Arf semigroups are related to the polynomial x + y — z. In [6],
Bras-Amoros and Garcia-Sanchez generalize the definition of Arf semigroup to any
linear homogeneous polynomial, introducing the theory of patterns on numerical
semigroups [7, 19-21].
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In this manner, Arf numerical semigroups are the semigroups that admit the Arf
pattern x + y — z. In addition, Arf numerical semigroups can be characterized
in terms of their additive behaviour (see for instance [4, 5]). Therefore, one can
translate similar characterizations for certain classes of patterns.

Given a numerical semigroup S we can consider the quotient of S by a positive
integerd € N

S
d:{xeN:dxeS}.

In [9], D’ Anna and Strazzanti define a semigroup construction, called the numerical
duplication, that is, in a certain sense, the reverse operation of the quotient by 2.
If A € N, the set of doubles is denoted by 2- A = {2a : a € A} (note that
2-A#2A = A+ A). Given a numerical semigroup S, a semigroup ideal of S is
asubset E C Ssuchthat E+ S € E. If d € S is an odd integer, the numerical
duplication of S with respect to the semigroup ideal E and d is

SXYE=2-SUQ2-E+d).

The numerical duplication can be seen as the value semigroup of a quadratic
quotient of the Rees algebra, see for instance [2, 3]. This construction generalizes
Nagata’s idealization and the amalgamated duplication (see [8]), and it is one of the
main tools used in [15] to give a negative answer to a problem of Rossi [18].

In [3] it was characterized when the numerical duplication S x? E is Arf. The
characterization is given in terms of the multiplicity sequence of the Arf semigroup
S. A natural question is how this characterization can be generalized to any pattern.
This paper deals with this question.

In particular, in Sects. 3 and 4 we develop the theory of patterns on numerical
semigroups in terms of the admissibility degree, generalizing some results of [6]
proved for Boolean patterns. Further, we prove that the Arf pattern induces every
strongly admissible pattern and we determine the family of patterns equivalent to
the Arf pattern. In Sect. 5 we characterize when the numerical duplication § x¢ E
admits a monic pattern for d >> 0 and give some examples of the general case. In
Sect. 6 we give some observations and trace possible future work about pattern on
rings.

Several computations are performed by using the GAP system [22] and, in
particular, the NumericalSgps package [10].

2 Preliminaries

Let S be a numerical semigroup, the multiplicity of S is the integer m(S) = min(S \
{0}), the conductor of S'is ¢(S) = min{x e N: x+ N C S}.IfE C Sisa
semigroup ideal of S, set c(E) = min{x € N: x + N C E}. Note that, if d € S is
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an odd integer, from [9, Proposition 2.1] the conductor of the numerical duplication
isc(S x4 E)=2c(E)+d—1.

A pattern p(xy,...,x,) of length n is a linear homogeneous polynomial in n
variables with non-zero integer coefficients. The pattern of length zero is the zero
polynomial p = 0. A numerical semigroup S admits a pattern p if for every
Sly..., 8 € Swithsy > --- > s, we have p(sq,...,s,) € S. The family of all
numerical semigroups admitting p is denoted by .¥’(p). Given two patterns pp, p2,
we say that p induces py if S (p1) € . (p2); we say that p; and p, are equivalent
if they induce each other, or equivalently . (p1) = ¥ (p2). Let p be a pattern of
length n, set

n

p(-xla '-'7-xn) = Zaixia
i=1
andb; = )

j<i aj> we will keep this notation throughout. Note that we can write

p(xla---axn)=a1x1+"‘+anxn =

=b1(x1 —x2) + -+ bp_1(Xn—1 — Xp) + bpxy,

we will use frequently this decomposition in the sequel. The pattern p is admissible
it S(p) # 9, thatis, p is admitted by some numerical semigroup. Set

, p—x1 ifa; > 1
p =
p(ov-xls"'v-xnfl) lfal :17

and define recursively p® = p and p = (p¥=V)Y fori e N\ {0}. The
admissibility degree of p, denoted by ad(p), is the least integer k£ such that pk
is not admissible, if such integer exists, otherwise is co. If p’ is admissible, p is
strongly admissible. With this definitions, p is admissible if ad(p) > 1, strongly
admissibile if ad(p) > 2.

Proposition 1 [6, Theorem 12] For a pattern p the following conditions are
equivalent

1. p is admissible,
2. N admits p,
3. by > 0foralli €{l,...,n}.

Corollary 1 If p has admissibility degree 1, then there exists i € {1,...,n} such
that b; = 0.

Proof By hypothesis p’ is not admissibile, then from Proposition 1 there exists i
such that (a; — 1) + le:zaj =—1=b = lezl aj =0.

The trivializing pattern is x; — xp, note that .(x; — x2) = {N}, so from
Proposition 1 it induces every admissibile pattern, in other words it induces every
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pattern p with ad(p) > 1. The Arf pattern is x; + xo — x3, it is equivalent to
2x; — x2 (see [6, Example 5]). The family . (x; 4+ x2 — x3) is the family of Arf
numerical semigroups. More in general, the subtraction pattern of degree k is the
pattern x1 + x2 + - -+ 4+ xx — Xk1. So the trivializing pattern and the Arf pattern
are the subtraction patterns of degree 1 and 2. Note that the admissibility degree of
a subtraction pattern is equal to its degree.

Following [16, Chapter 6], a Frobenius variety is a nonempty family .% of
numerical semigroups such that

1.S,TeZ=SNT e Z,
2. Se 7\ (N} = SU{F(S)} € Z.

Proposition 2 [16, Proposition 7.17] If p is a strongly admissible pattern, then
L (p) is a Frobenius variety.

Given a Frobenius variety .7, it is possible to define the closure of a numerical
semigroup S as the smallest (with respect to set inclusion) numerical semigroup in
Z that contains S. From this idea, we can define the notion of system of generators
with respect to the variety. In addition, we can construct a tree of all numerical
semigroups in .% rooted in N and such that T is a son of § if and only if 7 =
SU{F(S)}.

From Proposition 2, these definitions generalize many notions given in [6], for
instance p-closure or p-system of generators.

3 Patterns and Their Admissibility Degree

In [19] and [21] it was noted that a pattern p is strongly admissibile (i.e. ad(p) > 2)
ifandonlyif b; > 1 foralli € {1,...,n}. Of courseif b; > k foralli € {1,...,n}
then ad(p) > k + 1.

Proposition 3 If a pattern p has admissibility degree at least k + 1, then
b;i > min{i, k} foralli € {1, ..., n}.

Proof Let a; be the coefficients of p"and b; =}, _; a;.. We proceed by induction
on k. The base case follows from Proposition 1. For the inductive step, firstly we
assume that p is monic. For alli € {1,...,n — 1} we have b;;|1 = blf + 1, then

ad(p) > k+ 1= ad(p/) > k = b, > min{i,k — 1} = by > min{i + 1, k),

in addition b1 = 1 > min{l, k}. On the other hand, if p is not monic, for all
i € {l,...,n} wehaveb; = b} + 1, then

ad(p) > k+1=ad(p)) > k=
= bl/» > min{i,k — 1} = b; > min{i + 1, k} > min{i, k}.
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Example 1 Proposition 3 cannot be inverted. For instance consider the pattern p =
X1 + 3x2 — x3, then b; > min{i, k} for all k € N, but p has admissibility degree 4.

The next result generalizes [6, Lemma 42] and the proof is similar.
Lemma 1 An admissible pattern p with finite admissibility degree can be written
uniquely as
p(-xla sy xn) = Hp(-xla sy -xh) + Cp(xha sy -xt) + Tp(-xt-‘rla L xn)a
where either H,, = 0 or all the coefficients of Hy are positive and their sum is equal
to ad(p) — 1, C), is admissible and the sum of all its coefficients is zero, ad(Tp) > 1.

Proof Set ad(p) = k + 1, then p can be written uniquely as the sum
POt o) = Hp(ers ooy xw) + p® G )

where H), is a pattern with positive coefficients and their sum is equal to k =
ad(p) — 1, and p® is admissible with ad(p®) = 1. If a; are the coefficients of

p®, by Corollary 1 there exists an integer i such that Zé‘:h a} = 0, set ¢ to be the
largest of such integers. Set

t

n
C,,(xh,...,xt)zz%fxi, Tp(Xi41s oy Xp) = Z al{x,'.

i=h i=t+1
By the choice of it follows Y ;" a/ = Y /', a/ > Oforallm € {t +1,...,n},
hence ad(7)) > 1.
If the pattern p has admissibility degree oo, we set H, = pand C, = T, = 0.
Therefore, we can write every pattern as

p(-xla '-'7-xn) = Hp(-xla '-'7-xh) +Cp(xha '-'7-xl) + Tp(.XtJ,-l, ""xn) (1)

we will keep this notation throughout.

Definition 1 Let p be a pattern. With the notation of Lemma 1 we call H), the
head, Cp the center and T, the tail of p. The decomposition (1) is the standard
decomposition of p.

Example 2 Let p = x1 + 3x2 + x3 — 2x4 + x5 + x¢, the admissibility degree of p
is 4, the standard decomposition of p is
Hp(-xlv -x2) = X1 + 2.x27
Cp(x2,x3,x4) = x2 + X3 — 2Xx4,

Ty(xs, x6) = x5 + X6.
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Corollary 2 Any non-zero strongly admissible pattern p can be decomposed into
the sum

p=pitaitprtqt-+ pmtgm,
where the coefficients of the pattern p; are positive, the pattern q; is admissible and
the sum of its coefficients is zero, foralli € {1, ..., m}.
Proof 1t follows by recursively applying Lemma 1 on the tail of p.

Remark 1 Note that the head of every pattern of admissibility degree 1 is zero.
Further, if p is an admissible pattern in which the sum of all coefficients is zero
(i.e. b, = 0), the tail of p is zero. In addition, by Proposition 3, the admissibility
degree of p is 1, so the head of p is also zero, consequently p is equal to its center.
Therefore, an admissible pattern is equal to its center if and only if the sum of all its
coefficients is equal to zero.

The next result follows a similar idea of [21, Proposition 2.4].

Proposition 4 Let p be an admissible pattern such that the sum of its coefficients
is zero. A numerical semigroup S admits p if and only if the monoid generated by
the integers by, . . ., by is a subset of S.

Proof Necessity Leti € {1,...,n}and A € Nsuchthat A, A + 1 € S. Then

n i
p(x+1,...,x+1,x,...,)\)=Zaj)\+za,=bn)\+b,-=b,~es.

; j=1 j=1

Sufficiency It is enough to write

pX1, ..., Xy) = a1x1 + -+ apxp =
=b1(x1 —x2) + -+ bp_1(xn—1 — Xn) + bnxy.
Proposition 5 If p has admissibility degree 1, then a numerical semigroup S admits
p if and only if it admits C, and T.

Proof Sufficiency follows from p = C), +T. For the necessity it is enough to write
px1, ..., x,0,...,0) =Cp(x1,...,x1),
p(xt-‘rla ey -xl+17 -xl+25 D) xn) = T[J(-xt+la ey -xn)a

where ¢ is the same index used in the proof of Lemma 1.

Corollary 3 If p has admissibility degree 1, then a numerical semigroup S admits
p if and only if S admits T, and contains the monoid generated by b1, . .., b,.
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By iterating on the tail, the previous Corollary 3 with [6, Lemma 14] gives us
an algorithm to determine if a numerical semigroup admits an admissible pattern.
Further, the previous result allows us to extend Proposition 2 to (not necessarily
strongly) admissible patterns.

Proposition 6 If p is monic and has admissibility degree 2 with
p(-xla L 7-xn) = X1 + C[J(x25 L 7-xl) + Tp(-xt-‘rla L xn)a

then S admits p if and only if it admits p; (x1, x2, x3) = x1 + (b; — 1)(x2 — x3) for
alli € {2,...,n}, and x1 + T),.

Proof First, write

t
P, X)) = x1 4 Y (b — D = xig1) + Tp(Xig, o, ).

i=2
Necessity Leti € {2,...,n}, we have
p(x1,x2,...,%x2,x3,...,%3,0,...,0) = x1 + (b — D)(x2 — x3),
~ I~ -
i—1 t—i
p(-xla ceey X1y X415 - -a-xn) =x1+ Tp(-xt-‘rla .. -a-xn)-
~ -
t
Sufficiency Let Ay, ..., A, € S with A1 > ... A,. We can write

t
PO 2,0, 0) = A+ Y (b — D — Aip1).
i=2

By hypothesis A1 + (b — 1)(A2 — A3) € § and it is greater than A;. Thus also
(M (b — (kg — )\3)) 4 (b3 — 1)(A3 — A1) € S. By iterating this process we
obtain p(A1,..., A, 0,...,0) € S and it is greater than X;. Finally, since S admits
x1 + Tp, we have

POIL o h) = pCris oo 20,0, 0) + Ty(hits oo s dn) €S,

4 Patterns Equivalent to the Arf Pattern

The next result is a straightforward generalization of [6, Proposition 34].

Lemma 2 A numerical semigroup S admits every pattern of admissibility degree

greater or equal than | ;((SS))] + 1.
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Proof Write

p(-xlv -~-7-x}’l) = Hp(-xlv -'-7-x/1) + Cp(xh+11 '-'1xt) + Tp(xt+17 -~-1xn)s

and recall that the coefficients of H), are positive and their sum is equal to ad(p) —
1> 1937 Letsi, ... € Swithsy > - > 5, I 511 < m(S), then 5,41 =
Spy2 =+ =8, =0and

h

p(S1, ..y 8n) =Za,~s,~ es.

i=1
On the other hand, if 55411 > m(S), then s; > ...s; > m(S), therefore

p(st, . 80) = Hp(s1, ..., s0) = (ad(p) — D)m(S) >

> [C(S) Wm(S) > ¢(S).
m(S)

Proposition 7 If p has admissibility degree k, then there exists a numerical
semigroup S that admits every pattern of admissibility degree k + 1 but it does
not admit p.

Proof If k = 0 take S = N. Assume k > 1. The sum of the coefficients of C}, is
zero, therefore we can write

t

PO X)) = Hp(rs o )+ Y (6 = Xit) + Tp(xegts - Xn)
i=h+1

for some ¢; € N. Note that there exists r € {h + 1, ..., ¢t} such that ¢, > 0. Now let
q € Nsuchthatg > ¢, +k—1.Set S = (g,q + 1) U (kg + N), then

P@+T g +1,0 g0, 0=k =1g+ D+ =1
r t—r

with (k—1)g+k—1 < A < kq, therefore A ¢ S, so S does not admit p. Nonetheless,
since ¢(S) = kg = km(S), from the preceding lemma S admits every pattern of
admissibility degree k + 1.

Corollary 4 Let p and q be two patterns.

1. If p induces q, then ad(p) < ad(q).
2. If p and q are equivalent, then ad(p) = ad(q).

Lemma 3 The Arf pattern induces the pattern x1 + n(xy — x3) for everyn € N.
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Proof We prove this by induction on n. The case n = 0 is the pattern x1, the case
n = 1 is the Arf pattern itself. For the inductive step, suppose that the Arf pattern
induces x1 + n(x2 — x3), then it is enough to write

xi+ @+ D —x3) = (xl +n(xy — x3)) + x2 — x3.

Recall that a pattern p is strongly admissible if and only if it has admissibility
degree at least 2.

Proposition 8 The Arf pattern induces every strongly admissible pattern.

Proof Let p be a strongly admissible pattern, so ad(p) > 2. We proceed by
induction on the number of variables n of the pattern p. If » = 1 then p is
equivalent to the zero pattern, so the Arf pattern induces p. Now, for the inductive
step, suppose that the Arf pattern induces every pattern of admissibility degree at
least 2 with at most n — 1 variables. Since p’ induces p, it is enough to prove that
the Arf pattern induces every pattern of admissibility degree 2 with n variables. So
assume ad(p) = 2. Suppose that S admits the Arf pattern. Let sy, ..., s, € S with
s1 > -+ >5,. From Lemma 1 we have

t—1

PGty sn) =1+ Y (b = D(si = si41) + Tp(sitt, - oo 8n),
i=1

note that b; — 1 = 0 and r > 1. From Lemma 3 the Arf pattern induces the pattern
x1 4+ (b1 — D) (x2 — x3), 50 5] = 51 + (b1 — 1)(s51 — 52) € S with 5] > s51. Similarly,
since the Arf pattern induces the pattern x1 + (b2 — 1)(x2 — x3), then

sy =81+ (b2 = D(s2 = 53) = 51+ (b1 — D(s1 — 2) + (b2 — 1)(s2 — 53) € &,
with 55 > s1. Iterating this process we obtain that

t—1

s=s14 ) (bi— s —sip1) €.
i=1

Since ¢ > 1, the number of variables of the pattern x; + T, is less than n. By the
inductive hypothesis, the Arf pattern induces x1 + Tp(x/41, . .., Xn), SO

PGSty ..o, 8n) =5+ Tp(sra1,...,5) €S.
What we have so far is that for k = 1, 2, the subtraction pattern of degree k

induces all patterns of admissibility degree at least k. As [6, Example 50] shows,
this cannot be extended to k > 3.
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Theorem 1 A pattern p = i, a;x; is equivalent to the Arf pattern if and only if it
has admissibility degree 2 and there existsi € {1, ..., n} such that b; = le=1 aj =
2.

Proof From Corollary 4, we can assume that ad(p) = 2. Now from Proposition 8,
the Arf pattern induces p. If there exists i such that b; = 2, then

t
(X1, Xpn) = X1 + Z(bi =D —xip1) + Tp gty ooy X0) =
i=1
:p(flv"'sx—ljfzv"'v-xgvos"'70) = X1 +(bl - 1)(-x1 _x2) :2-x1 — X2.
i 1—i

Therefore p induces the pattern 2x; — x2 which is equivalent to the Arf pattern. On
the other hand, suppose that b; # 2 for alli € {1, ..., n}. Then, from Proposition 3,
eitherb; = lorb; > 3.Letg > land S ={q,q+ 1,9 +3, —}. From Lemma 2, §
admits every pattern of admissibility degree greater or equal than 3. In particular, S
admits x1+7,. Now let sy, ..., s, € Swiths; > --- > s,. Ifforeveryi € {1,...,1}
either b; = 1 or s; = s;4+1, then

PGSty .o, 8n) =81+ Tp(sea1,...,8,) €8S.

Otherwise, there exists i € {1, ...t} suchthats; > s;+1 and b; > 3, then 51 > 5; >
Si+1>q =51 >q+1,and

plsts-oo,sn) =51+ (bi — D(sig1 —5i) = g +3 =c(9).
Clearly, S is not Arfsince 2(qg + 1) —q = g + 2 ¢ S, therefore p is not equivalent

to the Arf pattern.

Note that Corollary 3 and Theorem 1, generalize and provide another proof of
[6, Proposition 48], since if p is a Boolean pattern of admissibility degree k, then
by = k.

S Patterns on the Numerical Duplication

In this section § will be a numerical semigroup, E will be an ideal of S, d € S will
be an odd integer and p = Y _;_, a;x; will be an admissible pattern. We say that the
numerical duplication S x¢ E admits p eventually with respect to d if there exists
d’ € N such that § x? E admits p foralld > d’.

Proposition 9 If S admits p then also i admits p for every k > 1.
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Proof If 1 > --- > A, are elements of i, thenkA; > --- > kA, arein S. Therefore

S
pkAt, ..., kAy) =kp(A1,..., ) €S = ph1,..., Ap) € X

d
For the next result, recall that S Xz E_g.

Corollary 5 If S x? E admits p then S admits p.

Throughout we will assume that S admits the pattern p. Note that if p has
admissibility degree 2, then by applying Corollary 1 to the center of p, we obtain
that the set B = {i : b; — 1 = 0} is nonempty.

Proposition 10 Suppose that p has admissibility degree 2 and set
B={i:bj—1=0}, r=minB, t=maxB.

If S x? E admits p eventually with respect to d, then

I foreveryl <i <t |%]eE—~E;
2. foreveryr <i <t, ifb; is even then b; /2 > c(E) — min(E).

Proof From Lemma 1, we can write p in the following manner

t—1

p=xi4 Y (bi = D = xig1) + Tp(rets .., ).
i=1

Now, assume d > 2¢(S) — 2min(E) + 1, then we have that
Cmin(E)+d—1)4+2-NC2c¢(S)+2-NC2-SC Sx?E.

Leti e {l,...,t — 1}, e € E and fix A = 2e¢ + d — 1. By the assumption on d we
have that > € S x? E.If b; is odd, it follows that

PO+, A+ 1 00, 0)=A+ 1+ B —1) =
i

~ -

-~
t

=2e+d+b—1=2+ b —1)/2)+d e S x?E,

hence e 4 (b; — 1)/2 € E, so by the arbitrary choice of e € E we have (b; —1)/2 €
E — E. On the other hand, if b; is even, then

POA2, A+ 2 A+ A+ 1,0, 0) = A+ 24+ (b — 1) =
T
~

=2¢e+d+b =2e+bi/2)+deSx'E
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hence e + b; /2 € E, so as before b; /2 € E — E. This proves that Lbz"J e E-FE.
Now leti € {r,...,t} suchthatb; isevenand set A = 2min(E) +d+ 1.Letx ¢ N
and set . = A + 2x. Again by the assumption on d we have that u, A € § ¢ E.
Thus

p(L,L,...
e

A A =1, A= 1,0,...,0) = u+(bi — 1) =

~ -

- -~

t
=A+2x+bj—1=2(min(E) +b;/2+x)+d e S x? E,
hence min(E) + b; /2 + x € E. By the arbitrary choice of x we have that min(E) +
bi/2 > c(E) = b;j/2 > ¢(E) — min(E).

Proposition 11 If p has admissibility degree 2 and is monic, then S x? E admits
p eventually with respect to d if and only if

1. foreveryi € {1,...,t}

— ifb; is odd then (b; — 1)/2 € E — E;

— ifb; is even then b; /2 > c(E) — min(E).
2. S x4 E admits x| + 1.

Proof Necessity The first condition follows from Proposition 10 since we have
b1 — 1 = 0. Further, if we take xp = x3 = - -- = x;, then

p(xla-x2'-'7-x27-xl+1a '-'a-xn) =x1+ Tp(-xt-‘rla '-'7-xn)-

Sufficiency From Proposition 6 it is enough to show that S x? E admits
pi(x1,x2,x3) = x1+ (b — 1)(xp —x3) foralli € {2,...,n}. Leti € {2,...,n}
and A1, A2, 43 € S X4 E with A1 > A2 > A3. If Ay = A3, then p; (A1, A2, A3) =
X € S x4 E, so we can assume Ay > A3. Since S admits p, it admits also p;, so if
A < 2min(E) +d then A1, A2, A3 € 2- S and p;j(A1, 22, 23) €2-S C S x? E.
Now assume that A; > 2min(E) + d. If b; is even then, b; > 2(c(E) — min(E))
and we have

Pi(A, A2, A3) = A1+ (b —D(A2 —A3) 2 A1 + Db — 1 >
>2min(E) +d + 2(c(E) —min(E)) — 1 =
=2c(E)+d—1=c(S x¢ E),

therefore p; (A1, A2, A3) € S x? E. On the other hand, if b; is odd, then w =
(bi — 1)(A2 — A3) € 2(E — E) since E — E is a semigroup. Now if A1 is even,
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then A; 4+ w is also even, so ford > Owehave A1 + u €2-5S C S x? E.If
M=2e+de2 E+dthenii+pu=2e+pu/2)+dec2-E+dcS~x?E
since u € 2(E — E).

Proposition 12 [f p has admissibility degree at least 3 and it is not monic (i.e.
ai > 2), then S x? E admits p eventually with respect to d.

Proof Let Ay,..., A, € S x4 E with A; > --- > A,. Since S admits p,if A1 <
2min(E) +d then A; € 2- Sforalli € {1,...,n} and we have p(A1,..., ;) €
2.8 C S x? E. Now assume that A1 > 2min(E) + d. Note that, since p has
admissibility degree at least 3, p” is admissible, so p” (A1, ..., A,) > 0. Now if we
take d > 2c(E) — 4 min(E), then

PAL, . h) =201+ P (M1, ..., Ay) > 4min(E) +2d >

>2¢(E)+d > c(S x? E),

hence p(A1, ..., Ap) € S x9 E.

Proposition 13 If p is monic with admissibility degree at least 3, then p'(S) C
E — E ifand only if S x? E admits p eventually with respect to d.

Proof Necessity LetAy,...,Ap € S x4 E with A1 > .-+ > Ay. First assume that
Ay < 2min(E) +d, so A;j = 2s; withs; € Sforalli > 2. Nowif A1 € 2 - §, then
pAl,.... ) €2-SCS x4 E.Otherwise, if \] = 2e +d € 2 - E + d, then fix
g=p'(s2,...,5,) € p'(S) CE — E,wehave g + ¢ € E, hence

PA, .. hy) =2e+d+ p'(2sa, ..., 28,) =
=2e+d+2p(s2,...,50) =
=2(e+g)+de2-E+dC Sx?E.

On the other hand, if X2 > 2min(E) + d, take d > 2c¢(E) —4 min(E). Since p has
admissibility degree at least 3, p” is admissible, so p” (A2, ..., Ay) > 0, then

P, ) =A A+ p (A2, h) = 4min(E) +2d >
>2¢(E)+d > c(S x? E),

hence p(Ay, ..., Ap) € S x? E.
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Sufficiency Let g = p'(s1,...,su—1) € p'(S), with sy,...,s,_1 € S and s; >
.-+ >s,_1.Lete € E,itisenoughto provethat g+e € E.If 251 < 2min(E)+d <
2e + d, it follows that

pQRe+d,2s1,...,25p_1) =2e+d+p'Q2s1,...,25_1) =
=2e+d+2p'(s1,...,50-1) =
=2+g) +deSx'E=e+gcE.

On the other hand, if 251 > 2 min(E) + d, take d > 2c(E) — 2 min(E), then

26 =p'(2s1,...,25,1) =
=251+ p"(2s1,...,25,-1) > 251 > 2min(E) +d > 2c(E),

hence g > c(E) = g€ E — E.

Assembling Corollary 3, Proposition 11 and Proposition 13 and iterating these
results on H, + T, we are able to characterize when the numerical duplication
S x? E admits a monic pattern p for d > 0.

Theorem 2 Let p be a monic pattern, written as

p(-xls '-~7-x}’l) = Hp(xls '-'7-x/1) +Cp(xh+17 -'-1xt) + Tp(xf+17 -~-1xn)'

Then S ¢ E admits p eventually with respect to d if and only if one of the following
cases occurs:

1. ad(p) =1, 5 x¢ E=N.
2. ad(p) =2, foreveryi € {1,...,t}

— ifbjisodd then (bj —1)/2 € E — E;
— ifbjiseventhen b; /2 > c(E) — min(E);

and S x? E admits x1+ Tp.
3. ad(p) >3 and p'(S) CE - E.

From Propositions 10, 12 and Corollary 3, in order to extend the previous
theorem to not monic patterns, we would need just a sufficient condition in the
case ad(p) = 2.

In the general case, that is when d can be small, we can extend the character-
ization of [3, Theorem 2.4] by combining it with Theorem 1. Nonetheless, as the
following examples show, it seems complicated to find a sort of characterization for
a generic pattern.

Example 3 The following tables show for which values of d the numerical duplica-
tion S x¢ E admits p.
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S = (3,19, 20) S =1(5,8,19,22)
E=3+S E=5+S
p(xi,x2) =3x1 —x2. p(x1,x2, x3) = 4x; — x2 — x3.
d  admits p d  admits p
3 v 5
9 v 13 v
15 v 15
19 19 v
21 v 21
23 23
25 25 v
27 v 27 v
29 v 29 v

6 Patterns on Rings

In this section, (R, m) will be a one-dimensional, Noetherian, Cohen—Macaulay,
local ring, R will be the integral closure of R in its total ring of fractions Q(R). An
ideal I of R is open if it contains a regular element. We will assume that the residue
field k = R/m is infinite. From [13, Proposition 1.18, pag 74], the last condition
assures that every open ideal I has an I-transversal element, namely an element
x € I such that xI" = I"*! for n > 0. On R we define the following preorder
(namely a reflexive and transitive relation): let x, y € R, thenx <g yif y/x € R.
Let p be the pattern

n
p(x1, ..., Xp) =ZaiXi-

i=1

Definition 2 The ring R admits the pattern p if for every yi,...,y, € R with
Y1 ZR *** ZR Yn, We have

ag | ,az

Y'Yyt €R.

With this definition, when the relation <g is a total preorder, R is an Arf ring if
and only if it admits the Arf pattern. Note that R admits the trivializing pattern if
and only if R = R.

Remark 2 The ring R admits the pattern n(x; — x2), with n € N, if and only if for
every z € R itresults z” € R. In fact, forevery z € R € Q(R), thereexistx,y € R
such that z = y/x, and by definition y >g x.

From the previous remark we can determine when a ring R admits a pattern of
admissibility degree 1 applying, mutatis mutandis, Corollary 3.
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Corollary 6 The ring R admits a pattern p of admissibility degree 1 if and only if
it admits T, and for every z € R it results i e Rforalli € {1,...n).

Similarly, if p is monic and ad(p) = 2, we can apply, mutatis mutandis,
Proposition 6

Now we make additional assumptions on R. Following [1], let V be a discrete
valuation domain with valuation v : V — N, and let V be the set of all subrings R
of V such that R is a local, Noetherian, one-dimensional, analytically irreducible,
residually rational, domain and its integral closure R is equal to V. Set #'(p) be the
family of rings in V that admit the pattern p. If p; and p» are two patterns, then it is
clear that if ¥'(p1) € ¥ (p2) then . (p1) € . (p2), i.e. p1 induces p>. A question
naturally arise.

Question 1 Ts the implication . (p1) € L (p2) = ¥ (p1) € ¥ (p2) true?

Now fix R € V), note that, since R is a valuation ring, <g is a total preorder.
Further, x <g y if and only if v(x) < v(y). In this setting, the integral closure of an
ideal I of R is

I=IRNI={xeR:v()>minv(l)},

(see [12, Proposition 1.6.1, Proposition 6.8.1]). It is not difficult to prove (see for
instance [14, Theorem 2.2] or [1, Theorem I1.2.13]) that R is an Arf ring if and only
if I = x1 for every integrally closed ideal / € R and some x € I of minimum
value. Actually, the inclusion xI C I? is always true, so what we actually prove is
that /2 C x1. We can generalize this idea to any subtraction pattern of degree k.

Proposition 14 The ring R admits the subtraction pattern of degree k if and only if
I¥ C x1I for every integrally closed ideal I C R and some x € I of minimum value.

Proof Necessity Letiy, iy, ..., ik € I, since <p is a total preorder, we can assume
thatiy >g --- >g ix. If x € I is an element of minimum value, then iy >g x. By
hypothesisiliz...ikx’1 € I,henceiyip...ip € xI.

Sufficiency Let y1, ..., yk+1 € R with y; >p --- >g yi41. Set [ to be the integral
closure of Ryjy41. Since v(y1) > v(y2) > --- > v(yk+1) and [ is integrally closed,
then y; € I foralli € {1,...,k}. By hypothesis y; ...yt € I¥ C yiy11, then
y1...yky,;:1 el CR.

In [1, Theorem I1.2.13] it was proved that R is Arf if and only if v(R) is Arf and
the multiplicity sequence of R and v(R) coincides.

Question 2 For an arbitrary pattern p are there any characterization similar to the
previous one?
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Abstract Following PM. Cohn, an element x in an integral domain A is primal
if whenever x | ajap with aj,ap € A, x can be written as x = xjx, such that
xi | aj,i =1,2,and x is completely primal if every factor of x is primal. A ring in
which every element is (completely) primal is called a pre-Schreier domain and an
integrally closed pre-Schreier domain is called a Schreier domain. In this paper, we
study (completely) primal elements and shed more light on the Schreier property in
semigroup rings.
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1 Introduction

Let A be an integral domain. Following PM. Cohn [7], an element x € A is primal
if whenever x | ajap with ay, a, € A, x can be written as x = x{xp such that x; | a;,
i = 1,2, and x is completely primal if every factor of x is primal. A ring in which
every element is (completely) primal is called a pre-Schreier domain [16] and an
integrally closed pre-Schreier domain is called a Schreier domain [7]. The Schreier
property generalizes the GCD property.

The primality of an element in a domain depends only on the multiplicative
semigroup of nonzero elements of that domain. This led several authors to study
the primality in the more general context of semigroups. Let S be a commutative
multiplicative cancellative monoid. For s, € S, s | t if t = sr for some r € S. An
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element s € S is primal if for #1, 1, € S, s | #1#2 implies s = 5152 where 51,52 € S
ands; | #;,i = 1, 2. Completely primal elements and the (pre-)Schreier property for
semigroups are defined similarly.

In a polynomial ring in the indeterminate X over aring A, the fact that the powers
X", n € N, are primal, i.e., X" | fg forsome f, g € A[X],then f = X" fiand g =
X"""gy forsomer € N, f1, g1 € A[X], is crucial when working with polynomials.
This raises the question of whether this result can be extended to powers X%, o € S,
S a semigroup. Note that in this case X is not necessarily a power of a prime
element like in the polynomial rings. On the other hand, an interesting work on the
Schreier property for semigroup rings was made by Matsuda [13] and Brookfield
and Rush [6]. In [6], the authors showed that a semigroup ring is pre-Schreier if and
only if it is Schreier.

The aim of this paper is to deepen and shed new light on primality in semigroup
rings. In Sect. 1, we write some well known results on primal elements and Schreier
property, in domains and ordered groups, in the language of monoids. In Sect.2
we study primality in the more general context of graded domains. In [6] it was
shown that in graded domains the Schreier property can be reduced to the study
of the primality of the homogeneous elements. In this section we characterize the
(completely) primality of an homogeneous element in terms of its (completely)
primality in the multiplicative semigroup of nonzero homogeneous elements. In
the integrally closed case we get an equivalence between these two primalities. As
an application, in Sect.3 we characterize primal elements in semigroup rings. In
particular, we investigate the primality of the powers X* in a semigroup ring and
recover the case of polynomial rings.

2 Primal Elements in Monoids

Throughout this section a monoid means (multiplicative) commutative cancellative
unitary semigroup. Let S be a monoid. If 7 C S is a multiplicatively closed subset
of S, then we get the fraction monoid Sy := {s/t,s € S,t € T}.If T = §, we have
the quotient group of §, G =< S >.

The aim of this section is to translate and adapt the proofs of some well known
results on primality and the Schreier property in domains and partially ordered
groups, by using the language of monoids. These results on monoids are needed
in the next sections in the case of graded domains and semigroup rings.

Let s, € S. We say that s divides ¢, denoted s | ¢, if t = sr for some r € S.
We make use of the preoderon S: s < ¢ if s | f. An elements € § is primal if for
1, € S, < fitp implies s = 5152, where 51,520 € Sands; < t,i = 1,2, and
s is completely primal if every factor of s is primal. As for domains, a monoid in
which every element is (completely) primal is called a pre-Schreier monoid and an
integrally closed pre-Schreier monoid is called a Schreier monoid. Note that in the
case of a domain A, the monoid in question is the multiplicative monoid A \ {0},
and in the case of an ordered group G, it is the positive cone G*.
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In [3], the authors believe that completely primal elements are the building
blocks of the Schreier property. In what follows we give some characterizations of
completely primal elements in monoids. For x,...,x, € S,let U(xy,...,x,) =
{g € Slg = x1,...,x,}. A nonempty subset U < S is lower directed if for
51, 82 € U, there exists s € U with s < s1, s7. The following lemma is well known
in ordered groups [3, Theorem 2.1].

Lemma 2.1 Let S be a monoid. An element s of S is completely primal if and only
if for each x € S, the set U (s, x) is lower directed. Moreover, if {s1, 52, ...,S,}isa
set of completely primal elements of S, then U (s1, 52, . .., $y) is lower directed.

Proof The proof of the first part is similar to [3, Theorem 2.1, (1)< (2)]. For

the second part, note that the case n = 1 is clear and n = 2 follows from
the first part. Suppose that U(s, s2,...,s,—1) is lower directed. Let rj, 7 €
U(s1,52,...,8,). Thenry,rm € U(sy, s2,...,S,—1) and by induction there exists
t € U(s1,82,...,5,—1) such that r < ry,rp. But then ri,rp, € U(t,s,) and
since s, is completely primal there is s € U(t,s,) such that s < ry, . Hence
seU(t,sy) CU(GsT, $2,...,8,). O

The following key characterization of completely primal elements in monoids
was proven in [4, Lemma 4.6] for domains. Here we give a short proof in the case
of monoids.

Proposition 2.2 Let S be a monoid. An element s of S is completely primal if and
onlyifs <ritj,ri,tj €S, fori =1,...,mand j =1, ..., nimplies that s = 5152,
where s1 < r; for eachi and s, < t; for each j.

Proof Let s be a completely primal element and s < r;jt; fori = 1,...,m and
j=1,...,n . Thenforeachi =1,...,m,s = r;jtj;, where r;; < r; and t;; < t;
for j = 1,...,n. Since for each i, r;; is completely primal (a factor of s), and
s,ri € U(rit, ..., 7in), there exists d; € § such that r;; < d; < r;, s for every
j=1,...,n.Now,s,t,...,t, € U(s/dy,...,s/d,), then there exists t € S such
thats/dy, ..., s/d, <t <s,t1,...,t,. Letr € § such that s = rt. One can easily
checkthatr <r; fori =1,...,m.

For the converse, let s € S satisfying the condition as in the proposition, and let
x € S. We show that U (s, x) is lower directed. Let |, € U(s,x). Fori =1, 2,
write r; = xt;, S0 s < xt;. By our hypothesis s = sys2 such that s; < x and s < #;
fori =1,2. Butd = xsp € U(s,x) and d < ry, rp. Thus U (s, x) is lower directed
and by the previous lemma s is completely primal. O

To sum up, we get the following characterization of pre-Schreier monoids, see
[16, Theorem 1.1].

Corollary 2.3 Let S be a monoid. The following are equivalent.

(i) S is a pre-Schreier monoid;
(ii) Foralls,t,x,y € Swiths,t | x,y there existsr € S suchthats,t | r | x, y;
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(iii) For all s1,....,s;m € Sand ty,...,t, € S such that s; | tj, for each i =
1,....,mandj=1,...,n, thenthereexistsr € S suchthats; | r | t; for each
i,J;

(iv) Forall ri,...,rym € Sandty,...,t, € § such that s | r;tj, for each i =
1,...,mand j=1,...,n, thens = s152 for some s1, 53 € S such that s1 | r;

and sy | tj for eachi, j.

We end this section by translating to monoids the well known Nagata type
theorem for Schreier domains due to Cohn [7, Theorem 2.6]. Our proof is slightly
different from that in [7] for we use the characterization of completely primals in
Propostion 2.2.

Let S be a monoid and T a multiplicative subset of S. The set T is called divisor-
closed if T is saturated.

Proposition 2.4 Let S be a monoid and T a multiplicative set of S.

(1) If S is pre-Schreier, then St is pre-Schreier.
(2) Assume that T is a divisor-closed subset of S such that every element of T is
primal in S. If the monoid St is pre-Schreier, then S is pre-Schreier.

Proof

(1) Similar to domains [16, Corollary 1.3].

(2) Assume that St is pre-Schreier and let s, x1, x2 € S such thats < x1x2in S. So
s < x1x2 in St. Since St is pre-Schreier, s is completely primal in S7. Then
s = (sltl_l)(sztz_l) for some 51,52 € S and 1, r € T such that sltl_1 < x1 and
sat; ' < xpin S7. So x1 = (s1t; ) (sjr; 1) and x2 = (21, 1) (shry 1) for some
51,85 € Sandry,rp € T. We put r = 171122, then r is an element of T which
satisfies:

rs = (s1r2)(s2r1)
rxi = (s1r2)(s}12)
rxa = (s2r1)(s511)
r((x1x2)/s) = (s12)(s3t1)
So r < to the elements in the set product {sir2, sjt1}{s2r1, s]2}. As r is
completely primal in S and by Proposition 2.2, there exist u, v € S such that
r = uv withu < s1r2, s)t) and v < spr1, sj72. Then s = (sirau~YH(sarivh

with s;rou~! < xq and sorjv~! < xp, hence s is primal in S. Consequently, S
is pre-Schreier. O
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3 Primal Elements in a Graded Domain

Throughout, a monoid means a torsionless grading monoid, that is, a (additive)
commutative cancellative torsion-free semigroup. In this section, we study primality
in a graded integral domain R = @qcr Ry, graded by a torsionless grading monoid
I'. We denote by H the multiplicative set (monoid) of nonzero homogeneous
elements of R. If S € H is a multiplicative set of R, that is, a submonoid of H,
the ring of fractions Ry is graded by some fraction monoid of I" with the nonzero
homogeneous elements are of the form % /s, where h € H and s € S. In particular,
H(R) = Ry is a < I >-graded domain, called the homogeneous quotient field of
R. Note that H(R) is a completely integrally closed GCD domain [2, Proposition
2.1]. Let x € R. Then x = x1 + --- + x,,, with the x;’s are homogeneous and
deg(x;) < deg(xj) fori < j. A fractional ideal I of R is homogeneous if
ul € R is a homogeneous ideal of R for some u € H. Clearly, a homogeneous
fractional ideal is a submodule of H(R). Let x € H(R),x = x1 + --- + x;, with
deg(x;) < deg(xj) fori < j. The content of x is the R-submodule of H(R),
C(x) = (x1, ..., xm). Note that a fractional ideal / € H(R) of R is homogeneous
ifand only if C(x) C I forevery x € I. The content satisfies the Dedekind—Mertens
lemma for graded domains [15]. That is, for x, y € H(R), there is a positive integer
n so that C(x)"C(xy) = C(x)"1C(y). For more details, see [1].

We say that an element x € H is gr-primal [6] if whenever x | y;y, with yq, y2 €
H, then x = x1x2, x1,x2 € H, where x; | y;, i = 1,2, and x is completely
gr-primal if every homogeneous factor of x is gr-primal. These two definitions are
equivalent, respectively, to x primal and completely primal in the multiplicative
monoid H. The graded domain R is called gr-pre-Schreier if every element of H is
(completely) gr-primal. In [6], the authors introduced gr-pre-Schreier domains and
characterized graded pre-Schreier domains in terms of the gr-pre-Schreier property.
In the integrally closed case, they showed that the Schreier property is equivalent to
the gr-pre-Schreier property.

For an integral domain A with quotient field K and fractional ideals 1, J, define
[I:J]={xeK,xJC I},I_1 =[A:I]and ! : J =[] : J]INA. A homogeneous
(fractional) ideal I of the graded domain R is called H-locally cyclic if every finite
subset of homogeneous elements of / is contained in a (homogeneous) principal
sub-ideal of /. We start this section with some characterization of gr-pre-Schreier
domains.

Proposition 3.1 Let R = @yer Ry be a graded domain. The following statements
are equivalent.

(i) R is a gr-pre-Schreier domain.
(i) H is a pre-Schreier monoid.
(iii) For every nonzero homogeneous element u € H(R), (1, w)~lis H-locally
cyclic.
(iv) For every nonzero x € H(R), Cx) is H-locally cyclic.
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Proof (i)<-(ii) is obvious. For (ii) <-(iii), note that for a,b € H, we have
(a,b)"' = (ab) "' (aRNDR), and for a homogeneous element u € H(R), u = a/b
for some a, b € H. Then apply Corollary 2.3 (ii) in H. For (iii)<>(iv), note that
C(x)~! is a finite intersection of homogeneous principal fractional ideals. O

Also, we get the following Nagata type theorem for gr-pre-Schreier domains
analogue to that of Schreier property due to PM. Cohn [7, Theorem 2.6].

Proposition 3.2 Let R = ®yer Ry be a graded domain and S € H a multiplicative
set of R. Then

(1) If R is a gr-pre-Schreier domain, then Rg is a gr-pre-Schreier domain.
(ii) If S is generated by completely gr-primal elements and (S divisor-closed) Rs is
a gr-pre-Schreier domain, then R is a gr-pre-Schreier domain.

Proof Apply Proposition 2.4 to the quotient monoid H. O
Example 3.3

(1) Let R = A[X] be the polynomial ring over a ring A. One can easily see that
A[X] is gr-pre-Schreier if and only if A is pre-Schreier. By [6, Theorem 3.2],
A[X] is pre-Schreier if and only if it is Schreier, if and only if A is Schreier.

(2) Let A € B be an extension of integral domains and set R = A + XB[X].
Primality and the Schreier property for A 4+ X B[X] domains were studied in
[8, 9]. We claim that R = A + X B[ X] is gr-pre-Schreier if and only if A is pre-
Schreierand B = Ag, where S = U(B) N A, U (B) denotes the set of invertible
elements of B. Suppose that R is gr-pre-Schreier. Clearly A is pre-Schreier.
On the other hand, by using the primality of X and the fact that X | (bX)?,
b € B, it was shown in [8, Remark 1.1] that B = Ag, where S = U(B) N A.
Conversely, we use Proposition 3.2. The quotient ring Ry = Ag[X] is gr-pre-
Schreier since A, and hence Ag, is pre-Schreier. The elements of S are gr-primal
inR = A+XAg[X].Indeed,leta € Sand hy, ho € H suchthata | hihy. Since
A is pre-Schreier, the case where /1, hy € A is clear. Assume that i, = bX"
forsome b € Agandn # 0. Thena | hy in R, and writea = 1 X a.

By [9, Theorem 2.7 and Corollary 2.9], R is a pre-Schreier (resp., Schreier)
domain if and only if A is a pre-Schreier (resp., Schreier) domain, B = Ag,
where S = U(B) N A, and Ay is a Schreier domain.

Inspired by the work in [6], in the following we study (completely) primal
elements in a graded domain in terms of (completely) gr-primality.

Let h € H; we say that h is degree gr-primal if & | x;y;, x;, y; € H, for
i=1,....mand j =1,...,n, withdeg(xy) < deg(x;) and deg(yr) < deg(y1)
forall k <[, then h = hih; such that hy | x; for each i and h; | y; for each j. The
degree gr-primality is a weak form of the completely gr-primality in H.

Theorem 3.4 Let R = @yecr Ry be a graded domain and h € H. Then

(1) h is primal in R if and only if h is degree gr-primal and (h) : (x) is
homogeneous for each x € R.
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(i) h is completely primal in R if and only if h is completely gr-primal and (h) : (x)
is homogeneous for each x € R.

Proof

(1) For the “only if”’condition, assume that & | x;y;, x;, y; € H,fori =1,...,m
and j = 1,...,n, with deg(xx) < deg(x;) and deg(yx) < deg(y;) for all
k <Il, Thenh | xyin R, wherex = x; 4+ ---+xpandy = y1 +--- + yp.
By the primality & = hiha, h1,ho € H, with hy | x and hy | y. Clearly,
hi | x; and hy | y; for each i, j. To see that (k) : (x) is homogeneous, let
y € (h) : (x). Then h | xy. Now, h = hihy, h1,h> € H, with hy | x and
hy | y. It follows that C(y) C (h) : (x).

For the “if”’condition, let x = x; +---+xp and y = y; + - - - + y, be two
nonzero elements of R, with deg(xy) < deg(x;) and deg(yx) < deg(y;) for
all k < [, such that & | xy. Now, y € (h) : (x), a homogeneous ideal, then
h|xjyjfori =1,...,mand j = 1,...,n. On the other hand, % is degree
gr-primal implies that 1 = h1hy, where hy | x; and h; | y; for each i, j. Then
h =hihy with hy | x and A3 | y, so h is primal in R.

(i) For the “only if”condition, clearly, if # is completely primal in R it is
completely gr-primal. The remainder is similar to (i). For the “if”condition,
by the same argument as in the proof of (i), 4 is primal in R. To prove that
h is completely primal in R, let k be a factor of 4. Necessarily, k € H. Then
k is completely gr-primal and &7 = kk’ for some ¥’ € H.Let x € R and
yek): (x),withy =y +---+y, anddeg(y;) < deg(y;) foralli < j.
Then k'y € (kk') : (x) = (h) : (x). Since (h) : (x) is homogeneous, then, for
each i, K'y; € (h) : (x),s0 y; € (k) : (x). Thus (k) : (x) is homogeneous.
Hence, like A, k is primal in R. Therefore, & is completely primal in R. O

Example 3.5 We give an example of a degree gr-primal element which is not
completely gr-primal. Let R = Z + XR[X]. By [8, Example 1.7(ii)], X? is primal
in R, but X is not primal in R, so X? is not completely primal. By Theorem 3.4, X?
is degree gr-primal but not completely gr-primal.

Let R = ®qer Ry be a graded domain, 4 € H, and let Rj, be the quotient ring
of R with respect to the multiplicative set generated by h. Note that R, is a graded
subring of H(R). We say that R is Rj-almost normal if every homogeneous element
x € Ry, of nonzero degree which is integral over R is actually in R. Note that R is
Rp-integrally closed, that is, R is integrally closed in Ry, if R is integrally closed in
R, with respect to the homogeneous elements of Rj,. Thus R is Rj-integrally closed
if and only if R is Rp-almost normal and Ry is integrally closed in (Rj)g. Almost
normality defined in [1] is a globalization of Rj-almost normality, # € H. Thus, R
is almost normal if and only if R is Rj-almost normal for every 4 € H. A similar
statement is true for the integrally closed case.

Recall that an extension of domains A C B is inert if whenever bb’ € A for some
b,b' € B,thenb = au and b’ = a’'u~! for some a, a’ € A and u a unit of B.
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Proposition 3.6 Let R = @yer Ry be a graded domain and h € H. Consider the
following statements.

(i) R is Rp-integrally closed.
(i) (h) : (x) is homogeneous for each x € Ry,.
(iii) R is Ry-almost normal.

Then (i)=(ii)=(iii). Moreover, if R contains a (homogeneous) unit of nonzero
degree the three conditions are equivalent, and if Ry C R is inert, then (ii)<(iii).

Proof The proof is inspired from [1].

(i)=(ii). Let x € R, and y € R such that C(xy) € (h). Then C(x)"C(xy) C
hC(x)" implies C(x)"t'C(y) € hC(x)", for some integer n in the Dedekind
Mertens lemma. Thus }IC(x)C(y) C[CX":Cx@"IN Ry = R, since R is Ry-
integrally closed. Hence C(x)C(y) € (h). Therefore, (h) : (x) is homogeneous.

(i)=(ii). Let x = a/ h* € Ry,a € H,a homogeneous element of nonzero
degree which is integral over R. Let f(¥Y) = Y" 4+ a,_1Y" ! + ... 4 g¢ with
coefficients in R such that f(x) = 0. Since x is homogeneous, we may assume
that we have an equation of the form x" + an_1x" L + .- 4+ ap = 0 with the
a;’s homogeneous and deg(a;) = (n — i)deg(x). Then f(Y) = (Y — x)g(Y¥) with
g¥) = Yl 4 b, 5¥"2 4 ... 4 by We may assume that the elements b; € Ry,
are homogeneous of distinct nonzero degree. From f (1) = (1 — x)g(1), it follows
that (1 — x)g(1) € R. Now, (h* — a)(g(1)/h*=1) C hR implies h* —a C (h) :
(g(1)/h*=1), which is homogeneous. Since 1/h*~1 e C(g(1)/h*™1), it follows
that (1/h*~1)(h* —a) € hR. So 1 —x € R. Hence x € R.

For the moreover statements, assume that R contains a (homogeneous) unit u
of nonzero degree. If x € Ry, is a homogeneous element of zero degree which is
integral over R, then ux € Ry, is a homogeneous element of nonzero degree which
is integral over R. If R is Rj-almost normal, then ux € R. Hence x € R. This
proves that (iii)=>(i). For the last statement, we proceed as in [1, Theorem 3.7 (2)]a

Corollary 3.7 Let R = @®yer Ry be a graded domain. Assume that R is integrally
closed or Ry R is inert and R is almost normal. Then

(1) A homogeneous element is primal in R if and only if it is degree gr-primal.
(2) A homogeneous element is completely primal in R if and only if it is completely
gr-primal.

Proof This follows from Theorem 3.4 and Proposition 3.6. O
Remark 3.8

(1) In [12, Section 3], the author gave un example which show that R may be an
almost normal graded domain, that is, R is Rj,-almost normal for every h € H,
but there exist 7 € H and x € R such that (k) : (x) is not homogeneous.

(2) Let h € H. In Theorem 3.4, we can check that 4 is primal (resp., completely
primal) if and only if % is degree (resp., completely) gr-primal and (%) : (x) is
homogeneous for every x € Ry,.



Primality in Semigroup Rings 35

Example 3.9

(1) Let A be an integral domain with quotient field K. Let R = A[X], a polynomial
ring. Note that the extension A € A[X] is inert. If every element of A is primal
in A[X], then, by Cohn’s Nagata type theorem for Schreier domains, A[X] is
Schreier since K[X] = A[X]s, where S = A \ {0}, is Schreier (UFD). The
above results shed more light on the primality of elements of A in A[X]. Let
0 # a € A. Clearly, a is degree gr-primal if and only if a is completely gr-
primal, if and only if a is completely primal in A. Thus a is (completely) primal
in A[X] if and only if a is completely primal in A and A is integrally closed in
A,. For more details, see the next section.

(2) For an extension of integral domains A < B, consider the pullback R =
A + XB[X]. Since the extension A C R is inert, then by Theorem 3.4 and
Proposition 3.6, h = aX" € H is primal (resp., completely primal) in R if and
only if & is degree (resp., completely) gr-primal and B is integrally closed in B,
(Here R, = B,[X, X ']ifn > 1,and R, = A, + XBy[X]ifn =0.)

As a corollary of Theorem 3.4, Proposition 3.6, and Cohn’s Nagata type theorem
for Schreier domains, we reobtain the characterization of the Schreier property in
graded domains.

Corollary 3.10 [6, Theorem 2.2] Let R = ®yer Ry be a graded domain. Then the
following statements are equivalent.

(i) R is Schreier.
(i) R is pre-Schreier and Ry is integrally closed in (Rp)o.
(iii) R is gr-pre-Schreier and integrally closed.

4 Primal Elements in Semigroup Rings

As an application of the previous sections, we study the primality in semigroup
rings. Throughout this section, I" denotes a nonzero torsionless commutative
cancellative monoid (written additively) with quotient group G, and A is an integral
domain with quotient field K. Let A[I"] be the semigroup ring of I" over A. Then
A[I'] is a I'-graded integral domain and each nonzero element f € A[I'] can be
written uniquely as f = a1 X*!' 4+ --- + a, X*", where 0 # a; € A and s5; € " with
S1 <...<sy.Notethathere, H = {aX*,0#a € A,x € '} and A[T']y = K[G].
For more on semigroup rings, see [11].

Proposition 4.1 Let A[T'] be the semigroup ring of T over A, and consider an
element of the form aX® where 0 # a € A and a € T. The followings statements
are equivalent.

(1) aX* is primal in A[T'].
(i) a and X% are both primal in A[T'].
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Proof (i) = (ii). Suppose that a X* is primal in A[T']. Let f, g € A[I'] such that
a | fg, then aX® | f(gX%). Since aX® is primal aX* = a1 X*' arX* where
a1 X | fandap X*2 | gX% soa; | fanday | g. Thus a = ajas such thata; | f
and ay | g, so a is primal in A[T'].

To prove that X* is primal in A[I'], let f, g € A[I'] such that X% | fg, then
aX® | (af)g. Thus aX* = a1 X% a, X*2, where a1 X*' | af and ap X“? | g. Hence
X% = X*1 X% with X*! | f and X*? | g.

(i) = (i). Assume that @ and X% are both primal in A[I'] and let f, g € A[I']
such that aX® | fg. Thena | fg and X* | fg. Since a and X% are primal in
A[I'], we have a = ajas such that a1 | f and a» | g for some aj,a; € A; and
X% = X*1 X% such that X*' | f and X2 | g for some o1, a2 € I'. Hence aX* =
a1 X% ar X2, where a1 X*' | f and ap X*? | g, so aX® is primal in A[T"]. O

For a semigroup ring A[l'], let h = aX® € H. Then A[l'];, = A4[T«], where
I'y, is the quotient monoid with respect to the additive set generated by «. Note that
A[I'] is integrally closed in A4[I',] if and only if A is integrally closed in A, and I’
is integrally closed in I',,.

Proposition 4.2 Let A[T'] be the semigroup ring of I over A and h = aX* € H.
The following statements are equivalent.

(i) A[T']is AglTy]-integrally closed.
@) (h) : (f) is homogeneous for each f € Azl y].
(iii) A[T']is AqlT g l-almost normal.

Proof By Proposition 3.6, it remains to show that (iii)=(i). Let > € A, be integral
over A[T']. Take 0 # y € I'. Then AX? € A,[T'] is a homogeneous element of
nonzero degree which is integral over A[I']. So AX” € A[I'], hence A € A. Now,
by the A;[I"y]-almost normality, A[T'] is A, [T ]-integrally closed. O

The following lemmas characterize degree (resp., completely) gr-primality in
semigroup rings.

Lemma 4.3 Let A[I'] be the semigroup ring of I over A and 0 # a € A. The
following statements are equivalent.

(i) a is completely gr-primal.
(i) a is degree gr-primal.
(iii) a is completely primal in A.

Proof (i)=-(ii). This is clear.

(ii)=>(iii). Suppose thata | bic; in Afori =1,...,mand j = 1,...,n. Let
0O#ael;setf =iaandy; = jafori =1,...,mand j = 1,...,n. Then
a| (bl'Xﬂi)(Cijj) in A[l'],fori =1,...,mand j =1, ..., n. By (ii), there exist
ay, ap € Asuchthata = aja; where a; | b; foreachi and a; | c; for each j. Hence
a is completely primal in A (cf. Proposition 2.2).

(iii))=(1). Assume that a | b,’XﬂiCjXVj in A[l'] fori = 1,...,m and j =
1,...,n.
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Thena | bicjin A foreachi, j.Soa = ajaz, where ay | b; foreachi and ay | ¢;
for each j. Thus a = ajas such that ay | b; XPi for each i and ap | ¢; X7/ for each
Jj. This proves that a is completely gr-primal. O

Lemma 4.4 Let A[T'] be the semigroup ring of I' over A and o € T'. The following
statements are equivalent.

(i) X% is completely gr-primal.
(i) XY is degree gr-primal.
(iii) « is completely primal in T'.

Proof (i)=-(ii). This is clear.

(ii)=(iii). Suppose that | B; + y;in ' fori =1,...,mand j = 1,...,n.
We may assume that 8; < --- < By and y; < --- < y,. Then X% | XPiXVi
fori = 1,...,mand j = 1,...,n. By (ii), there exist «j,@p € [ such that
a = a1 +oay, where oy | B; foreachi and « | y; for each j. Hence « is completely
primal in I".

(iii))=(i). Assume that X* | b,-XﬁichV.f in A[l['] fori = 1,...,mand j =
1,...,n. Thena | B; + y; inT foreachi, j. So o = aj + oz, where a7 | B; for
eachi and o | y; for each j. Thus X% = X% X*? such that X! | bi XPi for each i
and X*? | ¢; X7/ for each j. This proves (i). O

Next, we state our main result of this section.

Theorem 4.5 Let A[I'] be the semigroup ring of I' over A, and let 0 # a € A and
a €I Then

() a is (completely) primal in A[T'] if and only if a is completely primal in A and
A is integrally closed in A,.

(i) X% is (completely) primal in A[T'] if and only if a is completely primal in T’
and T is integrally closed in T'y.

Proof This follows from Theorem 3.4, Remark 3.8 (2), Proposition 4.2, and
Lemmas 4.3 and 4.4.

From Theorem 4.5 and Corollary 3.7, we get:

Corollary 4.6 Letr A[I'] be the semigroup ring of I over A, and let 0 # a € A and
a €Tl Then

(i) Assume that A is integrally closed. Then a is (completely) primal in A[I'] if
and only if a is completely primal in A.

(i1) Assume that T is integrally closed. Then X¢ is (completely) primal in A[I'] if
and only if a is completely primal in T'.

Corollary 4.7 [6, Theorem 3.2] Let A[I'] be the semigroup ring of I over A. The
following statements are equivalent.

(i) A[I'] is pre—Schreier.

(i) A[T'] is Schreier.
(iii) A and T are Schreier.



38 B. Boulayat and S. El Baghdadi

Proof For (i)=(ii)=(iii) use Proposition 4.1 and Theorem 4.5, and remark that A
(resp., I') is integrally closed if and only if A (resp., I') is integrally closed in A,
(resp., I'y) foreach 0 # a € A (resp., 0 # « € I'). For (iii)=>(i) we need the Cohn’s
Nagata type theorem for Schreier domains. O

In the case of polynomial rings, we recover some results established in [5,
Proposition 6] and [4, Lemma 4.7]. Note that in a polynomial ring the powers of X
are primary, so they are primal. Thus, by Proposition 4.1, a nonzero homogeneous
element of the form aX", a € A, is primal in A[X] if and only if a is primal in
A[X].

Corollary 4.8 Let A be an integral domain and X an indeterminate. Then

(1) a is (completely) primal in A[X] if and only if a is completely primal in A and
A is integrally closed in Ag,.
(i) A[X]is Schreier if and only if A[X] is pre-Schreier, if and only if A is Schreier.

Acknowledgement The authors are grateful to the referee for comments that helped to improve
the exposition.
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Abstract This paper intends to survey the vast literature devoted to a problem
posed by Wilf in 1978 which, despite the attention it attracted, remains unsolved.
As it frequently happens with combinatorial problems, many researchers who got
involved in the search for a solution thought at some point that a solution would be
just around the corner, but in the present case that corner has never been reached.

By writing this paper I intend to give the reader a broad approach on the problem
and, when possible, connections between the various available results. With the hope
of gathering some more information than just using set inclusion, at the end of the
paper a slightly different way of comparing results is developed.
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some sense yet another survey. Another, because most papers fully dedicated to the
conjecture provide good literature reviews. Although not aiming to be complete,
these could be taken as surveys.

As it frequently happens with easy to state combinatorial problems, while
working on them one thinks that a solution is at reach. This is certainly the case
of the problem posed by Wilf, but nevertheless no one has found the aimed solution
so far. Taking into account the number of published papers on the theme, one can
infer that much time has globally been dedicated to the problem. This may lead
people to classify the problem in the category of dangerous problems, in the sense
that one risks to spend too much time struggling with it and have to give up without
getting a solution. Fortunately, partial results may be of some interest.

The plan of the paper follows.

This introductory section contains most of the terminology and notation to be
used along the paper. There are not many differences to what is commonly used.
This section contains also what I consider a convenient way to visualize numerical
semigroups. Although almost all further images appear only in the last section, we
provided sufficient information to produce images of semigroups appearing in the
remaining parts of the text.

Some problems posed by Wilf are described in the second section, which can be
seen as a kind of motivation for the paper.

The third section is the real survey. It contains a large introductory part and then
the statements of results grouped into several subsections.

In the final section we introduce the notion of quasi-generalization (roughly
speaking, a set quasi-generalizes another if it contains all its elements, except
possibly a finite number of them). It allows to draw a lattice involving some
important properties that give rise to semigroups satisfying Wilf’s conjecture.

1.1 Terminology and Notation

Most of the notation and terminology used appears in the book by Rosales and
Garcia-Sanchez [31]. Results referred as “well known” can be found in the same
reference.

Let S be a numerical semigroup. Recall that a numerical semigroup S is a subset
of N (the set of nonnegative integers) such that 0 € S, § is closed under addition
and the complement N \ § is finite (possibly empty). Throughout the paper, when
the letter S appears and nothing else is said, it should be understood as being a
numerical semigroup.

The minimal generators of S are also known as primitive elements of S. The set
of primitive elements of S is denoted P(S). It is well known to be finite. When there
is no possible confusion on which is the semigroup at hand, the notation is often
simplified and we write P instead of P(S). This kind of simplification in the notation
is made for all the other combinatorial invariants introduced along the paper.
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The multiplicity of S is the least positive integer of S and is denoted m(S), or
simply m. The Frobenius number of S is the largest integer that does not belong to
S, and is denoted F(S). The conductor of S is simply F(S) + 1. Wilf’s notation will
be used for the conductor: x (S), or simply x. Note that x (S) is the smallest integer
in § from which all the larger integers belong to S. Let q(S) = [x(S)/ m(S)] be
the smallest integer greater than or equal to x (S)/ m(S). This number is called the
depth of S and is frequently denoted just by q. It is worth to keep in mind that
x(8) =m(S) q(S).

The set of left elements of S consists of the elements of S that are smaller than
x (S). It is denoted L(S) (or simply L). A positive integer that does not belong to S
is said to be a gap of S (omitting value in Wilf’s terminology). The cardinality of
the set of gaps is said to be the genus of S and, following Wilf, is denoted by 2(S),
or simply by .

If x € S, then F(S) — x & S. Thus, the following well known remark holds.

Remark 1.1 Let S be a numerical semigroup. Then Q(S) > x(S5)/2.

As usual, | X| denotes the cardinality of a set X. It is immediate that Q(S) +
|IL(S)| = x(S). From the above remark it follows that x (S) > 2 |L(S)]|.

The number of primitives of S is called the embedding dimension of S. As it is
just the cardinality of P(S), it can be denoted |[P(S)|, but in this paper I will mainly
use the notation d(S), or simply d; d stands for dimension (a short for embedding
dimension).

An integer x is said to be a pseudo-Frobenius numberof Sif x ¢ Sandx+s € S,
forall s € S\ {0}. The cardinality of the set of pseudo-Frobenius numbers of S is
said to be the type of S and is denoted by t(S). The notion of type has been an
important ingredient in the discovery of various families of numerical semigroups
satisfying Wilf’s conjecture, due to Proposition 3.1 below. Another important tool,
which is used in a crucial (and frequently rather technical) way in the proofs of some
results presented in this survey is the Apéry set (with respect to the multiplicity):
Ap(S,m)={seS|s—m¢gS}

Let X be a set of positive integers. The notation (X); is used to represent the
smallest numerical semigroup that contains X and all the integers greater than or
equal to 7.

For a numerical semigroup S, the interval of integers starting in x () and having
m(S) elements is called the threshold interval of S (following a suggestion of
Eliahou).

1.2 A Convenient Way to Visualize Numerical Semigroups

The pictures in this paper were produced using the GAP [21] package IntPic [9],
while the computations have been carried out using the GAP package numericals-

gps [11].
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Fig. 1 Pictorial
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Let S be a numerical semigroup. The set of nonnegative integers up to x +m —1
clearly contains L and it is easy to see that it contains P as well. It is helpful to
dispose the mentioned integers into a table and to highlight those that, in some
sense, are special.

Several figures will be presented to give pictorial views of numerical semigroups.
Each of them consists of a rectangular (q +1) x m-table and the entries correspond-
ing to elements of the semigroup are highlighted in some way. Some gaps can also
be emphasized. The entries in uppermost row are those of the threshold interval.

Example 1.1 Figure 1 is a pictorial representation of the numerical semigroup
(5, 13)20 = (5, 13, 21, 22, 24). The elements of the semigroup are highlighted and,
among them, the primitive elements and the conductor are emphasized. When an
element is highlighted for more than one reason, gradient colours are used.

Observe that there is at most one primitive per column. This happens exactly when
the semigroup is of maximal embedding dimension.

Note that all the integers in a given column are congruent modulo m. In particular,
an element belongs to the Apéry set relative to m if and only if it is the lowest
emphasized element in some column (provided that no gaps (for instance the
pseudo-Frobenius numbers) are highlighted).

For the benefit of the reader, I explain the way I produced Fig. 1, including the
GAP code used. To start, GAP is taught what my numerical semigroup is (see the
manual of numericalsgps for details).

ns := NumericalSemigroup(5,13,21,22,24);

Then one can use the following commands to produce the TikZ code for the picture
shown (which can be included in a I&TEX document):

GAP-code I #cls is given just to make a change to the default colors
cls := [ "blue","-red","red!70", "black!40" ];

P := MinimalGenerators (ns) ;

m := Multiplicity(ns);

¢ := Conductor (ns) ;

g := CeilingOfRational (c¢/m) ;

rho := g*m-c;

list := [-rho .. c+m-1];

ti := [c..c+m-1];

importants := Union(SmallElements (ns),ti);

options := rec(colors := cls,highlights:=[[c], importants,P]) ;
tkz := IP_TikzArrayOfIntegers(list,m,options);;

Print (tkz) ;
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Fig. 2 Pictorial representation of (12, 19, 20, 22, 23, 26, 27, 28, 29), with the pseudo-Frobenius
numbers highlighted

The function IP TikzArrayOfIntegers (which produces the TikZ code
from the information previously computed using numericalsgps) is part of the
intpic package. The manual of the package can be consulted for details and
examples. In particular, the manual contains a complete example showing a possible
way to include the picture (or its TikZ code) in a I&EX document.

Executing the following command, the created picture should pop up. As this
command depends on some other software, namely the operating system, some extra
work on the configuration may be needed.

IP_Splash(tkz) ;

If everything goes well, the figure (in pdf format) can be saved and included in the
IKTEX document in some standard way.

Example 1.2 Figure 2 is just another example. The following GAP session shows
some important data: a numerical semigroup and its pseudo-Frobenius numbers.
These are highlighted in the figure, in addition to elements of the semigroup, as in
Example 1.1.

gap> ns := NumericalSemigroup (12, 19, 20, 22, 23, 26, 27, 28, 29);;
gap> Conductor (ns) ;

38

gap> pf := PseudoFrobenius(ns) ;

[ 16, 30, 33, 371

The picture can be obtained with just small changes from GAP-code 1. Besides
redefining the numerical semigroup, it suffices to replace the line beginning with
options by the following two lines of code:

pf := PseudoFrobenius(ns);;
options := rec(colors := cls,highlights:=[[c], importants,P,pf]) ;;

In order to obtain an image just showing the shape, the options can be changed
as follows:

GAP-code 2 # options to produce the shape

options := rec(
highlights:=[[], [], [c], importants, [1, [1, [1,[]1,P],
cell width := "6",colsep:="0",rowsep:="0", inner sep:="2",

shape only:=" ",line width:="0",line color:="black!20");;
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2 Two Problems Posed by Wilf

This section starts with a few words on Wilf’s paper [36], including a transcript of
the two problems that Wilf left open. Then, a little about each problem is said.

2.1 Wilf’s Paper

Wilf’s concern was: to present an algorithm, which, given a numerical semigroup
S and a finite generating set for S, finds the conductor of S, decides whether a
given integer is representable (in terms of the elements of the generating set), finds
a representation of an element of S, and determines the number of omitted values of
S.

These are problems that many researchers interested in combinatorial problems
related to numerical semigroups are nowadays still concerned with. In a somewhat
more modern language, one would say that Wilf was concerned with the Frobenius
problem (see [30]), the membership problem, factorization problems (see [22]) and
the problem of determining the genus. These problems continue to be (are at the
base of) active fields of research.

The circle of lights algorithm explicitly given in [36] determines both the
conductor and the genus of a numerical semigroup provided that a finite generating
set is at hand. Wilf also suggests a few changes to the circle of lights algorithm
in order test membership and also to find a factorization. He also observed that to
test membership, a suggestion of Brauer [6] should be incorporated: it involves the
use of the Apéry set (relative to the multiplicity). Another observation that I would
like to make is that the (space and time) complexity is explicitly given, which is a
relevant contribution to the overall quality of Wilf’s paper. It is extremely agreeable
to read and this without doubt contributes to the success of the problems stated in it.

At the end of Wilf’s article one finds the following two problems. It should be
understood that the positive integer k represents the embedding dimension of some
numerical semigroup.

Problem 2.1 ([36]) Wilf asked:

(a) Isittrue that for a fixed k the fraction £2 / x of omitted values is at most 1 —(1/k)
with equality only for the generators k, k + 1,...,2k — 1?

(b) Let f(n) be the number of semigroups whose conductor is #n. What is the order
of magnitude of f(n) forn — c0?

The first problem consists in fact of two problems. They can be stated explicitly
as follows:

Problem 2.2 Wilf’s problem (a) splits into two problems.

(a.i) Is it true that for a fixed k the fraction £2/x of omitted values is at most
1—(1/k)?
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(a.ii) Is it true that for a fixed k the fraction £2/x of omitted values is 1 — (1/k)
only for the generators k, k + 1, ...,2k — 1?

Problem (a.i) is nowadays known as Wilf’’s conjecture. Sylvester’s result (which
is mentioned in the first page of Wilf’s paper) gives counter examples to Prob-
lem (a.ii). Apparently Wilf forgot about them. Nowadays there are other counter
examples known, but a characterization of those semigroups for which the equality
holds is an open problem (see Sect. 2.3).

2.2 Problem (a.i): Wilf’s Conjecture

To a numerical semigroup S one can associate the following number denoted W(S)
and called the Wilf number of S:

W(S) = [P(OIILSH] = x (). ey

A numerical semigroup is said to be a Wilf semigroup if and only if its Wilf
number is nonnegative. Wilf’s conjecture can be stated as follows:

Conjecture 2.1 (Wilf [36]) Every numerical semigroup is a Wilf semigroup.

It is a simple exercise to verify that Conjecture 2.1 is precisely Problem 2.2 (a.i).

There is another number that can be associated to a numerical semigroup, just
as Wilf number is, and which has revealed great importance in recent research (as
the reader will be able to confirm, in particular when reading Sect. 3.8). Let S be
a numerical semigroup and let D = P(S) N {x, ..., x + m—1} be the set of non
primitives in the threshold interval. Eliahou [16] associated to S the number E(S)
that appears in Eq. (2) below and used the notation W (S) to represent it. I prefer
the notation E(S), and use the terminology Eliahou number of S:

E(S) = [PNL|[L| —q|D[+qm—x . @)

Eliahou [16, Pg. 2112] observed that there are numerical semigroups with
negative Eliahou number and stated the following problem which is still open.

Problem 2.3 Give a characterization of the class of numerical semigroups whose
Eliahou number is negative.

2.3 Problem (a.ii): Another Open Problem

A very nice result of Sylvester [34] gives a formula for the Frobenius number of a
numerical semigroup of embedding dimension 2. A closed formula (of a certain
type) for the Frobenius number of a numerical semigroup of higher embedding
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dimension is not at reach (see [8] or [30, Cor. 2.2.2]). Sylvester’s results can be
written as follows (see [31]): if S = (a, b) is a numerical semigroup of embedding
dimension 2, then F(S) = ab — a — b, and Q(S) = x(§)/2. From this, it is
immediate that for a numerical semigroup S of embedding dimension 2, W(S) = 0.
The fact that numerical semigroups of the form (m, km+1, ...k m+ m —1) (which
are of maximal embedding dimension and generated by some generalized arithmetic
sequences) have Wilf number equal to O is straightforward (see [19, 28]).

Whether these are the only numerical semigroups for which Wilf number is 0 is
a slight modification of Problem 2.2(a.ii) and is open. I rephrase the question stated
by Moscariello and Sammartano.

Problem 2.4 ([28, Question 8]) Let S = (m, g2, ..., gq) be a numerical semi-
group with multiplicity m and embedding dimension d. Is it true that if W(S) = 0,
then d(S) = 2 or d(S§) = m(S) and there exists an integer k > 1 such that
gi=km+(@G —1),fori € {2,...,d}?

Moscariello and Sammartano observed that in order to answer affirmatively this
question it suffices to prove that for a semigroup with Wilf number equal to O, either
its embedding dimension is 2 or it has maximal embedding dimension.

They also observed that no numerical semigroup of genus up to 35 provides a
negative answer to the question.

Kaplan [23, Prop. 26] has shown that Problem 2.4 has a positive answer in the
case of numerical semigroups whose multiplicity is at least half of the conductor.
The same holds for numerical semigroups of depth 3 (see a remark by Sammartano
in [16, Rem. 6.6]), thus concluding that there are no counter examples among the
semigroups satisfying y < 3 m.

2.4 Problem (b): Counting Numerical Semigroups

Wilf’s Problem 2.1(b) can be viewed as a problem about counting numerical semi-
groups by conductor. Backelin [1] addressed this problem. A slight modification
consists on counting by genus. Great attention has been given to this problem
after Bras-Amords [5] proposed some conjectures on the theme. Some of these
conjectures were solved by Zhai [37], while others remain open. For an excellent
survey (which in particular contains references for counting by conductor and has
an outline of Zhai’s proofs), see Kaplan [24].

Denote respectively by N(g) and 7(g) the number of numerical semigroups of
genus g and the number of numerical semigroups of genus g satisfying x (S) <
3m(S).

In the paper where he proved some of the conjectures of Bras-Amorés (one of
them being that the sequence (N (g)) behaves like the Fibonacci sequence), Zhai
also proved that the proportion of numerical semigroups such that x (S) < 3m(S)
tends to 1 as g tends to infinity, as conjectured by Zhao [38].
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Proposition 2.1 ([37]) With the notation introduced, the following holds:

i 1(g)
1m
g—>00 N(g)

=1

I will leave here a question that can be stated in a similar way to Zhao’s
conjecture. It will be better appreciated when reading Sect.3.6 (and confronting
with Sect. 3.8).

Denote by p(g) the number of numerical semigroups of genus g satisfying
d(S) > m(S)/3.

Question 2.1 Does limg_, o 1{}((?) exist?

3 Some Classes of Wilf Semigroups

As already observed, it follows from a result of Sylvester that semigroups of
embedding dimension 2 have Wilf number equal to 0. In particular, semigroups
of embedding dimension 2 are Wilf semigroups. Many other classes are known to
consist of Wilf semigroups. This section gives an account of a large number of them.

The theme is rather popular and it is frequent to check a family of numerical
semigroups against Wilf’s conjecture, whenever that new family of numerical
semigroups is investigated for some reason. It may well happen that some results
are not referred to in this paper. This is far from meaning that I do not consider
the ideas involved important. In a few cases this may be a matter of choice, but
most probably it simply means that the results are not part of my very restricted
knowledge. For that, I humbly express my apologies both to the authors and the
readers.

The results are split into several subsections, according to a criterion that seems
difficult to explain. It finally just aims at putting results together so that they can be
compared with ease.

Most of the families considered are described through at least two combinatorial
invariants such as embedding dimension, the multiplicity or the conductor. Excep-
tions (besides finite sets) are families that are completely described by using only
one invariant among the embedding dimension, the multiplicity or the number of
left elements.

Inside each subsection several results are mentioned (through precise numbered
statements or just in the text) and there are cases in which the most general one is
stated as a theorem. In a few cases there are results mentioned in more than one
subsection.

In the first subsection, there is an emphasis on a particular ingredient used
along the proofs of the various results. The ingredient is an inequality involving
the type. As illustrations of the results that can be found there, we shall see that
semigroups with embedding dimension up to three, almost symmetric numerical
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semigroups and those semigroups generated by generalized arithmetic sequences
are Wilf semigroups.

The second subsection is about families of semigroups (somehow explicitly)
given by some sets of generators. The examples therein share the particularity that
all the members have negative Eliahou number.

The third subsection refers to numerical semigroups with nonnegative Eliahou
number.

The fourth subsection is dedicated to constructions that are somehow natural. In
fact, only one such construction is given here: dilations of numerical semigroups.
This subsection could certainly be filled with other constructions. My choice just
reflects the feeling that possible generalizations could be worth exploring.

Then there is a subsection devoted to numerical semigroups of small multiplicity.

The sixth subsection is about results in which the main attention is given to
semigroups with large embedding dimension, when compared to the multiplicity.

Next there appears a subsection containing a result involving numerical semi-
groups with big multiplicities and possibly small embedding dimensions.

The eighth subsection is similar to the sixth, but now the results have an emphasis
on semigroups with large multiplicity, when compared to the conductor.

In ninth subsection there is a result taking into account an invariant not previously
considered (at least in a fundamental way, to the best of my knowledge). It is the
second smallest primitive, sometimes called the ratio.

The final subsection is concerned with families of numerical semigroups that can
be described using only one combinatorial invariant.

3.1 The Type as an Important Ingredient

The following proposition, due to Froberg, Gottlieb and Haeggkvist, is at the base of
some results on Wilf’s conjecture. It implies that semigroups whose type is smaller
than its embedding dimension are Wilf.

Proposition 3.1 ([19, Theorem 20]) Let S be a numerical semigroup. Then
x(8) < (S) + D IL(S)I.

By proving that the type of a numerical semigroup of embedding dimension 3 is
either 1 or 2 ([19, Th. 11]) and using the fact that x > 2|L| referred in Sect. 1.1,
they obtained that numerical semigroups of embedding dimension 3 are Wilf, a
result that Dobbs and Matthews [14, Cor. 2.6] reproved using a different approach.
Using Sylvester’s result for embedding dimension 2 and the fact that N is Wilf, the
same authors obtained the following result.

Theorem 3.1 ([19, Th. 20], [14, Th. 2.11]) Numerical semigroups of embedding
dimension smaller than 4 are Wilf.

Since there is no upper bound for the type of numerical semigroups of embedding
dimension bigger than 3 (see [19, pg. 75], for an example due to Backelin),
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Proposition 3.1 can not be used to obtain other general results (but can, and has
been applied successfully to particular families of semigroups).

A numerical semigroup S is said to be irreducible if it cannot be expressed as
the intersection of two numerical semigroups properly containing it. S is said to be
symmetric if it is irreducible and F(S) is odd and it is said to be pseudo-symmetric
if it is irreducible and F(S) is even. One could take the following as definition
(see [31, Cor 4.5]): S is symmetric if and only if Q(S) = x (S5)/2, while S is pseudo-
symmetric if and only if Q(S) = (x(S) + 1)/2.

It can be proved as a simple exercise that irreducible numerical semigroups are
Wilf. A more involved proof could be to observe that the type of this class of
semigroups does not exceed 2.

Proposition 3.2 ([14, Prop. 2.2]) Irreducible numerical semigroups are Wilf.

The above result was generalized by Marco La Valle in [2, Th. 5.5]. Before stating
this generalization, a further definition is needed. A numerical semigroup is said to
be almost symmetric if its genus is the arithmetic mean of its Frobenius number and
its type (see [3]). It is a class of semigroups that includes the symmetric and the
pseudo-symmetric ones.

Proposition 3.3 ([2, Th. 5.5]) Almost symmetric numerical semigroups are Wilf.

As a consequence of Theorem 3.1 Dobbs and Matthews derived an interesting
corollary:

Corollary 3.1 ([14, Cor 2.7]) If S is a numerical semigroup with x < 4 |L|, then
S is Wilf.

Also making use of Proposition 3.1, Kunz [25] obtained the following result (for
p and g coprime). See also Kunz and Waldi [26] for some other generalizations.

Proposition 3.4 ([26, Cor. 3.1]) Let S be a numerical semigroup with d(S) > 3.
Let p and q be two distinct primitives of S. If g+h € (p+S)U (g +S), for any (non
necessarily distinct) primitives g and h of S, then t(S) < d(S) — 1. In particular, S
is Wilf.

A semigroup generated by a generalized arithmetic sequence is a semigroup of
the form S = (m,hm +d,hm + 2d, ..., hm + €d), where m, d, h, £ are positive
integers such that m > 2, ged(m,d) = 1 and £ < m — 2. Note that m and d
being coprime ensures that S is a numerical semigroup. For a picture made up from
a semigroup generated by a generalized arithmetic sequence with m = 20,d =
9,h = 2, = 8, see Fig.3. By using a result of Matthews [27, Cor. 3.4] that
computes the type of a numerical semigroup generated by a generalized arithmetic
sequence, Sammartano observed the following:

Proposition 3.5 ([32, Prop. 20]) Numerical semigroups generated by generalized
arithmetic sequences are Wilf.
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Fig. 3 Shape of the semigroup (20, 49, 58, 67, 76, 85, 94, 103, 112)

3.2 Semigroups Given by Sets of Generators

Let G be an abelian group. Let A € G be a nonempty finite subset and let / be a
positive integer. (For the purpose of this paper the reader may think of the group as
being a cyclic group Z/m and take h = 3; for more details, see [35, Chap. 4].)

The set A is said to be a B, set if, forall ay, ..., ap, b1, ..., by € A, the equality

ar+-tan=bi+--+by

holds if and only if (ay, ..., a;) is a permutation of (by, ..., by).
Letm,a,b,n € Nogbe such that n > 3 and

BGm+1)/2<a<b<(GSm-—1)/3.

Let A C {a,...,b} besuch that |[A| = n — 1 and A induces a B3 set in Z/m.
That such a set exists follows from [17, Proposition 3.1]. Finally, let

S = ({m}U A)ap.

Eliahou and Fromentin proved the following result:

Proposition 3.6 ([17, Th.4.1]) Let S = ({m}UA)a be a semigroup as constructed
above. Then W(S) > 9 and, in particular, S is a Wilf semigroup.

2
Let p be an even positive integer, let © = u(p) = 121 +2p+2andlety =

y(p) =2u(p) — (5 +4). The following holds:

Proposition 3.7 ([10, Prop.6]) Let S = S(p) = (u, v, ¥ + 1) pu. Then W(S) > 0
and, in particular, S is a Wilf semigroup.
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Fig. 4 Pictorial representation of S(4) = (14, 22, 23)s¢

Example 3.1 Figure 4 is a pictorial representation of the numerical semigroup S(4).
Note that S(4) is of the form ({m} U A)y4,,, withm = 14 and A = {22, 23}.

To end this subsection I would like to make the following observations:

Remark 3.1 The numerical semigroups S = ({m} U A)4,, and S(p) = (u, y,y +
1), defined above have (possibly large) negative Eliahou numbers (see [10, 17]).
The proof that they are Wilf involves explicit counting.

Remark 3.2 The semigroups ({m} U A)4, have depth 4, while, since the conductor
of S(p) is pu, there is no bound for the depths of the semigroups S(p).

Remark 3.3 Several other families obtained using similar constructions to the one in
Proposition 3.7 can be found in the same paper. In particular, for any given integer
n, an infinite family of numerical semigroups with Eliahou number equal to n is
obtained. All these families consist entirely of Wilf semigroups.

3.3 Semigroups with Nonnegative Eliahou Numbers

Recall that the Eliahou number of a numerical semigroup was introduced in
page 45. The following result, which states that semigroups with nonnegative
Eliahou number are Wilf, appears in [16, Prop. 3.11] (see also [17, Cor. 2.3]).

Proposition 3.8 Let S be a numerical semigroup with E(S) > 0. Then W(S) > 0.

This result is similar to Proposition 3.1 in the sense that in order to prove that
a numerical semigroup is Wilf it suffices to prove that it has nonnegative Eliahou
number. The main consequences are referred to in Sect. 3.8.

While waiting for those consequences, let me refer a result obtained by Eliahou
and Marin-Aragén. As they observed, the number 12 that appears in the statement
is the best that can be obtained in this way: Example 3.1 gives a counter example
for [L| = 13.

Proposition 3.9 ([18]) If S is a numerical semigroup with |L| < 12, then S has
nonnegative Eliahou number and therefore is Wilf.
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3.4 Natural Constructions

Barucci and Strazzanti gave in [4] the definition of dilation of S with respect to a.
Namely D(S,a) = {0}U{S+a | s € §\ {0}}. Moreover they proved the following
result.

Proposition 3.10 ([4, Prop. 2.7]) If S is a Wilf semigroup S then so is any dilation
of S.

Thus, for each Wilf semigroup S, the class {D(S, a) | a € S} is an infinite family
of Wilf semigroups.

O’Neill and Pelayo [29] defined shifted numerical semigroup (they used the (less
common for some historical reason, but more accurate) terminology “monoid”) as
follows. Let rq, ..., ry be positive integers such that r| < --- < rg, and let d =
ged(ry, ..., ry). Let n > r¢ be an integer and assume that gcd(n, d) = 1. Under
these conditions, M, = (n,n—+r1, ..., n-+rg) is anumerical semigroup. It is called
a shifted numerical semigroup (with respect to the shift parameter n). Note that it is
the monoid obtained by shifting by n each generator of S = (ry, ..., r¢). As one of
the applications of the characterization obtained for the Apery set of M, in terms of
the Apery set of the base semigroup S, they obtained the following result:

Proposition 3.11 ([29, Cor. 4.6]) Ifn > r,?, then the shifted numerical semigroup
M, is Wilf.

3.5 Semigroups with Small Multiplicity

Sammartano [32, Cor. 19] proved that semigroups of multiplicity not greater than
8 are Wilf. Eliahou [15] announced the same kind of result but for multiplicity 12
(with a similar proof; see the comment just after Theorem 3.2). In the meantime,
Dhany [13, Cor. 4.10] had obtained the result for multiplicity 9.

A big breakthrough was obtained by Bruns, Garcia-Sdnchez, O’Neil and
Wilburne, who achieved multiplicity 17. (The first version of this paper referred
“multiplicity 16”, personally communicated by Pedro Garcia-Sdnchez.) Their proof
involves computational methods, combined with geometrical ones, such as the use
of Kunz polytopes.

Proposition 3.12 ([7]) Let S be a numerical semigroup with m < 17. Then S is
Wilf
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3.6 Semigroups with Large Embedding Dimension (Compared
to the Multiplicity)

As stated in Theorem 3.1, numerical semigroups with very small (<3) embedding
dimension are Wilf. The same happens for those with large embedding dimension
(when compared to the multiplicity). There are several proofs of the fact that
semigroups of maximal embedding dimension (i.e., with embedding dimension
equal to the multiplicity). The first one (to the best of my knowledge) is due to
Dobbs and Matthews [14, Cor. 2.4]. Sammartano [32, Th. 18], by means of a rather
technical proof involving Apéry sets and the counting in intervals of length m
of elements in the semigroup, proved that numerical semigroups with embedding
dimension at least half the multiplicity are Wilf. With refined arguments, Dhayni
(see also her thesis [12, Th. 2.3.13]) generalized Sammartano’s result.

Proposition 3.13 ([13, Th. 4.12]) Let S be a numerical semigroup with
(2+é)dzm. Then S is Wilf.

Eliahou obtained the following impressive generalization by using a graph
theoretical approach. The concept of matching (set of independent edges) in a
certain graph associated to the Apéry set is used.

Theorem 3.2 ([15]) Let S be a numerical semigroup with 3d(S) > m(S). Then S
is Wilf.

3.6.1 Some Comments

1. The previous result implies that semigroups of multiplicity up to 12 are Wilf,
as already mentioned. We rephrase an argument due to Sammartano: by The-
orem 3.1, a non Wilf semigroup satisfies d(S) > 4. As it must also satisfy
3d(S) < m(S), it follows that if S is non Wilf, then m(S) > 12.

2. A positive answer to Question 2.1 would lead to possibly interesting conse-
quences. For instance, if the limit were 1/2, one could conclude that asymp-
totically, as €2 grows, half of the numerical semigroups satisfy 3d > m, and
consequently are Wilf.

Two other simple consequences of Theorem 3.2 follow. The first is a general-
ization of a result of Dhany [13, Th. 4.9], who proved that semigroups satisfying
d > m —5 are Wilf. At this stage, this remark does not give anything new, but gives
a very explicit result. (The first version of this paper contained a weaker result, with
the same proof. This is due to the fact that at the time the first version of the paper
was written the number appearing in Proposition 3.12 was 16 and now is 17. The
statement in the first version was “If d(S) > m(S) — 10, then S is Wilf”.)

Remark 3.4 1 d(S) > m(S) — 12, then S is Wilf.
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Proof 1f m(S) < 17, then Proposition 3.12 can be used. If m(S) > 17, then
m(S)/3 > 6. But in this case m(S) — 12 > m(S)/3. In fact, this last inequality
is equivalent to 2 m(S) > 36, which holds by hypothesis. O

Another consequence (it suffices Sammartano’s result to get it), was observed by
Eliahou.

Proposition 3.14 ([16, Prop. 7.6]) Let S be a numerical semigroup with
gcd(LNP) > 2. Then S is Wilf.

3.7 Semigroups with Big Multiplicity (and Possibly Small
Embedding Dimension)

Moscariello and Sammartano proved that for every fixed value of [m/d] the
conjecture holds for all values of m which are sufficiently large and are not divisible
by a finite set of primes. Recall from previous subsection that the cases [m /d] < 3
have been solved.

Proposition 3.15 ([28, Th. 1]) Let S be a numerical semigroup. Let p

Iél((gﬂ and let ¢ be the product of prime factors of p. If p > 3, m(S) >

2 2
rGp *pg(/‘j{(;;’ 72 and ged(m(S), ¢) = 1, then S is Wilf.
The multiplicities of the semigroups that arise from Proposition 3.15 are large,

as the following GAP session suggests (by showing that for p = 4 the smallest
multiplicity is 1680).

gap> mult := r -> (r*(3%r"2-r-4)x(3xr"2-r-2))/8%(r-2);
function( r ) ... end

gap> mult (4) ;

1680

3.8 Semigroups with Large Multiplicity (Compared
to the Conductor)

It was proved by Kaplan [23, Th. 24] that numerical semigroups with conductor not
greater than twice the multiplicity are Wilf. This result was generalized by Eliahou.
One of the ingredients he used is a theorem of Macaulay on the growth of Hilbert
functions of standard graded algebras. In fact, he proved the following:

Proposition 3.16 ([16, Th. 6.4]) Let S be a numerical semigroup with x(S) <
3m(S). Then S has nonnegative Eliahou number:
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This result combined with Proposition 3.8 leads to the following major fact. (Its
importance can be better appreciated by seeing the comments that follow the
statement.)

Theorem 3.3 ([16, Cor. 6.5]) Let S be a numerical semigroup with x (S) < 3m(S).
Then S is Wilf.

3.8.1 Some Comments

1. Denote by e(g) the number of numerical semigroups of genus g having positive
Eliahou number. Combining Proposition 3.16 with Zhai’s Proposition 2.1 one
sees that limg_, oo ]f,((g)) = 1. Thus, in the sense given by this limit, one can
say that asymptoticafly, as the genus grows, all numerical semigroups have
nonnegative Eliahou number. Consequently, asymptotically, as the genus grows,
all numerical semigroups are Wilf.

2. I observe that, despite this asymptotic result concerning Eliahou numbers, there
are infinitely many numerical semigroups with negative Eliahou number (see
[10, 17]). All the examples given in the mentioned papers are Wilf semigroups
(some of them appear in Sect. 3.2).

3.9 Considering Unusual Invariants

The second smallest primitive is sometimes called the ratio (see [31, Exercise 2.12]).
Spirito proved that if the ratio is large and the multiplicity is bounded by a

quadratic function of the embedding dimension, then S is Wilf. He also proved

various related statements. As an illustration, I choose one that is rather explicit:

Proposition 3.17 ([33, Prop 4.6]) Let S be a numerical semigroup with ratio r and
embedding dimension d > 10. If

x () +m(S)
r >

8 15
; and m(S) < )5 P+ d— 3)

5 4
then S is a Wilf semigroup.

Remark 3.5 Itis straightforward to check that if d < 9, then 8/25d>+1/5d —5/4 <
3d. The following GAP session may help to quickly convince the reader:
gap> £ :=d -> 8/25%xd"2 + 1/5%xd - 5/4;

gap> Int(£(9));
26
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One concludes by using Theorem 3.2 that the restriction d > 10 can be removed
from the statement of Proposition 3.17. Moreover, when d < 10 there is no need to
impose any restriction on the ratio.

3.10 Families Described Through One Invariant

Families of semigroups described by limiting the multiplicity of its members were
already considered in Sect.3.5. Proposition 3.12 could have been stated in this
subsection, as well as Proposition 3.9 which refers to the number of left elements.

Dobbs and Matthews [14, Th. 2.11] proved that numerical semigroups with |L| <
4 are Wilf semigroups. As a corollary they obtained that semigroups with x < 21
are Wilf. Eliahou [16, Prop. 7.4] observed that numerical semigroups with less than
7 left elements are Wilf. These results have been largely superseded.

Recall that Proposition 3.9 gives a similar result, but the restriction on the number
of left elements was weakened: numerical semigroups with |L| < 12 are Wilf.

Let S be a non Wilf semigroup. By Proposition 3.12, m(S) > 18. Using
Proposition 3.16, which guarantees that non Wilf semigroups satisfy x(S) >
3m(S), one gets that x(S) > 54. This proves that semigroups with conductor
smaller than 55 are Wilf.

Fromentin and Hivert, through exhaustive computation, have shown that there
are no non Wilf semigroups with genus smaller than 61. The previous published
record, genus 51, had been obtained by Bras-Amords [5].

Theorem 3.4 ([20]) Every numerical semigroups of genus up to 60 is Wilf.

Since the genus of a numerical semigroup is not smaller than its conductor plus
one, the following consequence, which supersedes the above results concerning the
conductor, is immediate.

Corollary 3.2 Semigroups whose conductor does not exceed 61 are Wilf.

(I am currently developing techniques to replace in Theorem 3.4 the integer 60
by a larger one. It will probably be part of an experimental preprint of mine which is
in an advanced phase of preparation and is provisionally entitled “Wilf’s conjecture
on numerical semigroups holds for small genus”.)

4 Quasi-Generalization

Denote by S the class of all numerical semigroups. Let 20 = {§ € & | W(S) > 0}
andlet € = {S € G | E(S) > 0}.

Whether G = 20 is presently not known (Wilf’s conjecture says that the equality
holds, but it is still a conjecture). That & C 27 follows from Proposition 3.8, and
up to genus 60 there are exactly 5 numerical semigroups not in €, thus showing that
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the inclusion is strict (the examples were obtained by Fromentin and appear in [16,
pgs 2112,2113]). The following is a consequence of Remark 3.1.

Fact4.1 20\ € is infinite.

Let # be a property (about numerical semigroups). For instance, “d > 3” is such
a property. Let p = {S € & | § = P} be the class of numerical semigroups
satisfying $. With this notation, most results in the previous sections can be written
in the following form: “If §' € 3, then S € 3.7, or “If § satisfies P, then S is Wilf”.

I invite the reader to think of all the results as if they had been written in this
form. Some properties cannot be as nicely written as in the above example (“d >
3”). However, for instance, the statement “We say that S satisfies property # if and
only if S is of the form S(p), with p an even positive integer.” allows to write
Proposition 3.7 in the above form.

By doing so, one can associate a property to each result and conversely. Although
I do not intend to explicitly give names to all the properties corresponding to the
results stated, there are some exceptions:

* Pj3 stands for the property “d > 3”, which is associated to Theorem 3.1. The
corresponding class of semigroups is ©3.

Similarly, one has the correspondences:

* D—“3d > m”—Theorem 3.2—9;
* M—“x <3m”—Theorem 3.3—0;
* Geo— Q2 < 60”—Theorem 3.4—®¢p.

It seems reasonable to add other exceptions: S, ‘W, & are the properties about
numerical semigroups associated, respectively, to &, 20, €. (Note that S is trivial:
it is satisfied by all numerical semigroups.)

Fact 4.2 All the classes D3, D, M, Ggo are strictly contained in 2. Furthermore,
for every B € {93, D, M, Bgp}, W \ *B is infinite.

Proof By Proposition 3.16, 0t € &. Thus 20 \ & C 20 \ . Since, by Fact 4.1,
20\ € is infinite, it follows that 20\ 91 is infinite. The reader will have no difficulties
in giving examples showing that also 20 \ ©3, 20 \ © and 20 \ Bgp are infinite. O

In what follows I will define a relation on properties (about numerical semi-
groups). It can be used to, in some sense, compare classes of numerical semigroups,
or even results taking into account the above correspondences. Note that I do not
want to make any judgement on the results and even less on their proofs. It may
well happen that the ideas involved in the proof of a given result will in the future
have a greater impact than the ideas involved in a proof of one of its generalizations.

A property P is said to be a generalization of a property Q if all the semigroups
satisfying Q also satisfy P, that is, Q € P (or Q \ B is empty). It is clear that a
result that proves a generalization is better, but this can not be said in a definitive way
when the arguments in the proofs are different. Except in some obvious cases (such
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as happens in several subsections of Sect. 3), just comparing through set inclusion
is not of great help.

A property P is a quasi-generalization of a property Q if all but finitely many
numerical semigroups satisfying Q also satisfy P, that is, 9 \ ‘P is either empty
or finite. It is straightforward to check that quasi-generalization is reflexive and
transitive (a partial quasiorder) in the set of properties on numerical semigroups.
The notation Q < P is used for “P is a quasi-generalization of Q”. In symbols:
Q < Pifand only if [Q \ P| < oo.

I am far from saying that properties that are quasi-generalized by others are not
important (even without taking the proofs into account). According to this definition,
any property defining an infinite class of numerical semigroups quasi-generalizes
all the properties defining finite classes. For instance, the property Ggo is quasi-
generalized by the properties associated to the results stated in previous section that
define infinite classes. But none of these results generalizes Gg( (as the reader can
easily check), which, from my point of view, makes it a property of high interest.

I encourage anyone who finds a new property (such that all numerical semigroups
in the class of semigroups satisfying that property are Wilf) to compare it with
other properties for quasi-generalization. Observing that it is not known any quasi-
generalization P of the property under consideration such that 3 € 20 probably
will count in favour of the results obtained.

My aim now is to compare, under quasi-generalization, the properties for which
a name was given: S, W, &, D3, D, M, and G¢y. They do not form a chain, as it
follows from next result. The impatient reader may already take a look at the lattice
depicted in Fig. 7.

Proposition 4.1 M and D are not comparable under quasi-generalization.

Proof For a givenm > 1, S = (m)yx = mkm+1,....km +m — 1) is a
semigroup of maximal embedding dimension, thus satisfies D and, for k > 3, §
does not satisfy M. As there are infinitely many such semigroups, it follows that
® \ M is infinite and therefore D £ M.

It remains to prove that M 4 D, which amounts to show that there are infinitely
many semigroups in 9t with small embedding dimension.

The proof of this fact begins with a trivial observation. As usual, for sets of
integers A and B, A + B denotes the set {a +b | a € A,b € B}. Let X =
{0,1,2,3}U{7k | k € N}.

Claim The set X 4+ X + X consists of all nonnegative integers. O

Proof of the Claim Clearly X+ X+ X C N. Itis also clear that {0, ..., 6} € X+ X.
By the Euclidean algorithm every integer can be written in the form 7k + p, with
k an integer and p € {0, ..., 6}. Consequently, any nonnegative integer belongs to
X + X + X, which proves the claim.

Let m be a positive integer and let Y = {m} 4+ X. Consider the semigroup S =
(Y). Example 4.1 helps to visualize it for two possible values of m.

Since, by the above Claim, Y +Y +Y = {3m}+ X+ X + X = {3m} + N holds,
it follows that x (S) < 3m(S). Thus S satisfies M.
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Fig. 5 Pictorial representation of the semigroup obtained with m = 28

Fig. 6 Shape of the numerical semigroup obtained with m = 80

It is straightforward to check that P(S) = {m,m+ 1, m +2,m + 3} U {7k +m |
0 <k < [71—1}. Thus the embedding dimension of Sis 4+ [7]—1=3+[71.
Notethat?a—i—”71 <3+ [m,andthat?a—i—’;’ < ’;’ ifand only if 7m —3m > 3 x 7 x 3,
that is 4m > 63. Thus one concludes that, for m > 15, S does not satisfy D. O

Example 4.1 LetY = {m,m +1,m+2,m+3}U{Tk+m |0 <k < [T} be
the set introduced in the proof of Proposition 4.1. Consider the semigroup S = (Y).
Figures 5 and 6 give a pictorial representation for the cases m = 28 and m = 80 (in
the latter case only the shape is drawn).

The following GAP code can be used to give the semigroups.

m := 28;;

small gens := [m,m+1,m+2,m+3];

other gens := List([l..Int(m/7)], k -> 7+k+m);

ns := NumericalSemigroup (Union(small gens,other gens));;

Then an adaptation of the GAP-code 1 can be used to get the TikZ code. In order to
obtain an image just showing the shape, one can use the options in GAP-code 2.

Most of the indicated relations in the lattice represented in Fig.7 have been
treated along the text in this section. That 9 and M are not comparable under quasi-
generalization is shown in Proposition 4.1. Thus, the following has been proved:

Proposition 4.2 With the notation introduced, one has the lattice in Fig. 7.

Other comparisons could be made. As an example, fix a Wilf semigroup S
(possibly with small multiplicity when compared to the conductor). It is easy to
check that m(D(S,a)) = m(S) + a and that x(D(S,a)) = x(S) + a. Thus,
r;((gg;l;; = ’;g;iﬁ tends to 1 when a tends to infinity. In particular, from a certain
point on, the quotient E‘(l is greater than 1/3 and so, from that point on, all the
semigroups satisfy M. Therefore, M quasi-generalizes the property corresponding
to Proposition 3.10, for any fixed S.

Denote by P4 the property associated to Proposition 3.15 with p = 4. As there
are infinitely many semigroups satisfying O whose multiplicity is even, we get that
D A P4. On the other hand, it is straightforward to check that there are infinitely
many semigroups satisfying $4 and with small embedding dimension (less than
m /3). Thus D # P4, and we conclude that D and 4 are not comparable under
quasi-generalization.
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Fig. 7 Lattice of some S
numerical semigroup
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Letd > 10 be an integer and denote by G g, ) the class of numerical semigroups
with embedding dimension d and conductor . Denote by r = r(S) the ratio (second
smallest primitive) of a numerical semigroup S. For fixed d and y, consider the set

8d> d 5 x+m
%@m=!566@plm525+5—4aMr>{ ; J,

Since no primitive of a numerical semigroup exceeds xy + m —1, the ratio of a
semigroup of embedding dimension d must be at most x +m —d +1.

Note that the class of numerical semigroups satisfying Eq. (3) in Proposition 3.17
is:

Ra = |J Ruap-

Xx=m

Consider now the class 2Rq\ (MNUD). In set notation it may be written as follows:

8 5 1
Se&|3d<m=< . d
{e [3d<m= 5d7ts

5
d—4,x > 3m and LX:mJ <r< X+m—d+1}.

A natural question is whether this class is finite, that is, does the disjunction of the
properties M and D quasi-generalize the property associated to Proposition 3.17
(with d fixed)? Apparently there is no bound for the conductor, so one would be
temped to answer “yes”. But, observing that a big conductor will force a big ratio
and that, on the other hand, a small embedding dimension and a big ratio leads to a
huge conductor, one sees the question may be challenging.
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Gapsets of Small Multiplicity )
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Shalom Eliahou and Jean Fromentin

Abstract A gapset is the complement of a numerical semigroup in N. In this paper,
we characterize all gapsets of multiplicity m < 4. As a corollary, we provide a new
simpler proof that the number of gapsets of genus g and fixed multiplicity m < 4 is
a nondecreasing function of g.

Keywords Numerical semigroups - Genus - Kunz coordinates - Gapset
filtrations

1 Introduction

Denote N = {0,1,2,3,...}and Ny = N\ {0} = {1,2,3,...}. Fora,b € Z, let
[a,b] ={z € Z |a <z <b}and [a,oo[= {z € Z | a < z} denote the integer
intervals they span. A numerical semigroup is a subset § € N containing 0, stable
under addition and with finite complement in N. Equivalently, it is a subset § € N
of the form S = (ay, ..., a,) = Naj+- - -+ Na, for some globally coprime positive
integers ay, . .., an.

For a numerical semigroup S € N, its gaps are the elements of N \ S, its genus
is g = N\ S|, its multiplicity is m = min S \ {0}, its Frobenius number is f =
max Z\ S, its conductoris ¢ = f+1, and its embedding dimension, usually denoted
e, is the least number of generators of S, i.e. the least n such that S = (ay, ..., ap).
Note that the conductor ¢ of S satisfies ¢ + N C §, and is minimal with respect to
this property sincec — 1 = f ¢ S.

Given g > 0, the number ng of numerical semigroups of genus g is finite, as
easily seen. The values of ng for g =0, ..., 15 are as follows:

1,1,2,4,7,12, 23,39, 67, 118, 204, 343, 592, 1001, 1693, 2857.
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In 2006, Maria Bras-Amor6s made some remarkable conjectures concerning the
growth of ng. In particular, she conjectured [1] that

ng > ng 1 +ng o ()
for all g > 2. This conjecture is widely open. Indeed, even the weaker inequality
ng =z ng—1 (2)

whose validity has been settled by Alex Zhai [9] for all sufficiently large g, remains
to be proved for all g > 1. See also [2, 4, 7] for closely related information on the
numbers n,.

Still in [9], Zhai showed that ‘most’ numerical semigroups S satisfy ¢ < 3m,
where ¢ and m are the conductor and multiplicity of S, respectively. For a more
precise statement, let us denote by n;, the number of numerical semigroups of genus
g satisfying ¢ < 3m. The values of n; forg =0, ..., 15 are as follows:

1,1,2,4,6,11, 20, 33, 57,99, 168, 287, 487, 824, 1395, 2351.

Zhai showed then that limg—.oo 1}, /ng = 1, as had been earlier conjectured by
Yufei Zhao [10]. In that sense, numerical semigroups satisfying ¢ < 3m may be
considered as generic.

Recently, the strong conjecture (1) has been established for generic numerical
semigroups. Here is the precise statement, first announced at the IMNS 2018
conference in Cortona (https://www.ugr.es/~imns2010/2018/).

Theorem 1 ([3], Theorem 6.4) The inequalities
Mg+ o +ny 3>n

hold for all g > 3.

The proof of this result essentially rests on the notion of gapset filtrations, a
new flexible framework to investigate numerical semigroups introduced in [3]. More
details are given in Sect. 2 since, here also, gapsets filtrations are at the core of the
present results.

Remark Let g > 0,m > 1 be two integers. We denote by I'y ; the finite set of
all numerical semigroups of genus g and multiplicity m, and by ng ,» = |y m| its
cardinality.

Since, for a numerical semigroup S of multiplicity m and genus g, the integers
1,...,m — 1 belong to the complement N \ §, the relation g > m — 1 holds. Thus
ngm = 0form > g + 2, and so we have

g+1

ne= 3 nem

m=1


https://www.ugr.es/~imns2010/2018/
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The first values of ng ;,, for g¢ > 0 and small fixed m are given below.

g 0123456
m=11000000

910111213 14 ...
000O0O0O O...
m=20111111 11111 1...
m=30012223 344455 5...
m=40001346 7 91113151820 23 ...
m=5000014710131622243235 43 ...
m=6 0000015111727 3749 66 85106...

W = O
— O

For instance, the unique numerical semigroup of multiplicity 1 is N. Nathan Kaplan
proposed the following conjecture in [6], a refinement of the conjectured inequality

Q).

Conjecture I Letm > 2. Then
Ng.m > Ng—1,m 3)

forall g > 1.

On the other hand, still for m > 2 fixed, there is no hope a stronger inequality such
as (1) may hold for the ng ;,;, as the reader can check by looking at the rows of the
above table.

Conjecture 1 is trivial for m = 2 since ng> = 1 for all g > 1, and has been
settled form = 3,4, 5 in 2018 by Pedro A. Garcia-Sdnchez, Daniel Marin-Aragén
and Aureliano M. Robles-Pérez [5]. For that, they used a linear integer software
to count the number of integral points of the associated Kunz polytope. With it,
they first achieved formulas for ng ,, for m = 3,4, 5, and then proved them to
be increasing using a computer algebra system. The conjecture remains open for
m > 6.

Our purpose in this paper is to give new proofs of Conjecture 1 for m = 3 and
m = 4 by constructing explicit injections

g3 —>Tgr13 and Tggq—> T4
for g > 0, thereby establishing the desired inequalities ng 413 > ng 3 and ngyq4 >

ng 4. Thus, our proofs are computer-free and do not rest on counting formulas for
ng 3 and ng 4. These injections were first announced in [3].

2 Gapset Filtrations

The content of this section is mostly taken from [3].
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Definition 1 Let n € N,. An additive decomposition of n is any expression of
the form n = a + b with a, b € N,. We refer to the positive integers a, b as the
summands of this decomposition.

Definition 2 A gapset is a finite set G C N satisfying the following property: for
allz € G,ifz=x+ywithx,y € N;,thenx € G or y € G. That is, for any
additive decomposition of z € G, at least one of its summands belongs to G.

Notice the similarity of this definition with that of a prime ideal P in aring R, where
for any z € P, any decomposition z = xy with x, y € R impliesx € Pory € P.

Remark 1 1t follows from the definition that a gapset G is nothing else than the set
of gaps of a numerical semigroup S, where § = N\ G.

Definition 3 We naturally extend the definitions of multiplicity, Frobenius number,
conductor and genus of a gapset G as being those of the corresponding numerical
semigroup § = N\ G, respectively.

More directly, for a gapset G, these notions may be described as follows:

— the multiplicity of G is the smallest integer m > 1 such thatm ¢ G;
the Frobenius number of G is max(G) if G # @, and —1 otherwise;
— the conductor of G is 1 + max(G) if G # @, and 0 otherwise;

— the genus of G is g(G) = card(G).

Example 1 The set G = {1,2,3,4,6,7, 11} is a gapset. For instance, for each
additive decomposition of 11, namely

1+10, 249, 348, 447, 5+6,

at least one of the two summands belongs to G. Let S =N\ G = {0, 5, 8,9, 10} U
[12, +oo[. Then S = (5, 8,9, 12) as easily seen, whence S is indeed a numerical
semigroup. The multiplicity, conductor, Frobenius number, genus and embedding
dimension of G and S arem =5,c = 12, f = 11, g = 7 and e = 4, respectively.

2.1 The Canonical Partition

Lemma 1 Let G be a gapset of multiplicity m. Then

[I,m—1] € G,
GNmN = 0.
Proof By definition of the multiplicity, G contains [1,m — 1] but not m. Leta > 2

be an integer. The formula am = m + (a — 1)m and induction on a imply that
am ¢ G. o
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This motivates the following notation and definition.

Remark Let G be a gapset of multiplicity m. We denote Go = [1, m — 1] and, more
generally,

Gi=GN[lim+1,(+1)m—1] foralli > 0. “4)

Definition 4 Let G be a gapset of multiplicity m and conductor c. The depth of G
is the integer ¢ = [c¢/m].

Proposition 1 Let G be a gapset of multiplicity m and depth q. Let G; be defined
asin (4). Then

G=Go|.|G1LI~--I_IGq_1 5)

and G4_1 # 9. Moreover Giy1 € m + G; foralli > 0.

Proof As G N mN = @, it follows that G is the disjoint union of the G; fori > 0.
Let ¢ be the conductor of G. Then G C [1,c¢ — 1]. Since (g — 1)m < ¢ < gm by
definition of ¢, it follows that G; = ¥ fori > g, whence (5). Let f = ¢ — 1. Since
feG,(g—Dm<= f <gmand f # 0 mod m, it follows that f € G4—1.

It remains to show that G;+1 € m + G; forall i > 0. Let x € G;41. Since
Git1 C[+1)m+ 1, (@ + 2)m — 1], we have

x—melim+1,0+ 1)m—1].

Nowx —m e Gsincex =m+ (x —m)andm ¢ G.Sox —m € G;. O

Definition 5 Let G be a gapset. The canonical partition of G is the partition G =
GouU Gy U---UGy_1 given by Proposition 1.

Remark 2 The multiplicity m, genus g and depth g of a gapset G may be read off
from its canonical partition G = L; G; as follows:

m = max(Go) + 1,
g=) IGil,
i

g = the number of parts of the partition.

2.2 Gapset Filtrations

Let G C Ny be a gapset. Let G = GoU G U - - - L G4—1 be its canonical partition.
Forall 0 <i < g — 1, denote

Fi = —im + G;. ©6)
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Then F; 1 C F; for all i, as follows from the inclusion G;+1 € m + G; stated in
Proposition 1. This gives rise to the following definition.

Definition 6 Let G C Ny be a gapset of multiplicity m and depth g. The gapset
filtration associated to G is the finite sequence
(Fo, Fi,...,F4-1) =(Go,—m + Gy,...,—(g — Dm+ Gy4-1),
i.e. with F; defined as in (6) for all i. Thus, as seen above, we have
Fp=[1m-112F2---2 F;1. @)
We define the multiplicity, Frobenius number, conductor and genus of a gapset

filtration F' = (Fy, ..., Fy—1) from those of the corresponding gapset G, namely:

— the multiplicity of F is 1 + max(Fp) if Fo # ¢ and O otherwise;

— the Frobenius number of F'is (¢ —1)m+ max(F,_1) if Fo # ¥ and —1 otherwise;
— the conductor of F is 1 + (g — 1)m + max(F,_1) if Fo # ¥ and O otherwise;

— the genus of F is card(Fp) + - - - + card(Fy_1).

Example 2 Consider the gapset G = {1,2,3,4,6,7,11} of Example 1. Its
multiplicity is m = 5, and its canonical partition is given by Gy = {1, 2, 3,4},
G1 = {6,7}and G, = {11}. Thus, its associated filtration is

F=({1,2,3,4},{1,2}, {1}).
Definition 7 For integers ¢ > 1, m > 1, we denote by F (g, m) the set of all gapset
filtrations of genus g and multiplicity m.
Note that any given gapset filtration ' = (Fp, ..., F;—1) corresponds to a unique
gapset G, since (6) is equivalent to

Gi =im+ F. (®)

In particular, there is a straightforward bijection between gapsets G and gapset fil-
trations F, which naturally preserves the multiplicity, Frobenius number, conductor
and genus. Here is a direct consequence.

Proposition 2 For any integers g > 1, m > 1, we have
Ng.m = |F (g, m)|.

Proof Straightforward from the above discussion. O

This result allows us to study properties of the sequence g + ng j, in the setting
of gapset filtrations of multiplicity m. In particular, in order to establish its growth, it
suffices to exhibit injections from F (g, m) to F(g + 1, m). This is what we achieve
in subsequent sections for m = 3 and m = 4.
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We start with the separate case m = 3, which can be treated in a straightforward
way and which points to a general strategy for larger values of m. Then, following
those clues, we introduce some general tools, and we end up applying them to the
case m = 4.

3 TheCasem =3

Any filtration (Fp, ..., F;) such that
(L2} =F2FN2---2FK#0

is of one of the two possible forms below, with the terms on the left standing as a
compact notation:

(12)" (D)’ = (il, 2}, ..., {1, 2’}/ il}, ey {1i),

(12)"(2)° = (il, 2}, ..., {1, 2_},’ £2}, ey {Zi),

both with r > 1 since Fp = {1, 2}, and s > 0. We now characterize those filtrations
which are gapset filtrations of multiplicity 3.

Theorem 2 The gapset filtrations of multiplicity m = 3 are exactly the following
ones:

(12)"(2)° with0O<s <r,
(12" (1)* withO<s <r+1,

both with r > 1.

Note that g = 2r + s in both cases, since the genus of a gapset filtration F =
(Fo, ..., Fy—1) is given by the sum of the | F;|.

Proof We start with the second case.

Case F = (12)"(2)° Then

FO=~'-=Fr—l={1’2}’
F=-..= r4+s—1 :{2}

Using (8) with m = 3, namely G; = 3i + F; for all i, let

G=GoU: - UGrqs5-1 ©
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be the corresponding finite set. By construction, F is a gapset filtration if and only if
G is a gapset. So, when is it the case that G is a gapset? We now proceed to answer
this question.

Step 1 The set G given by (9) has the following properties:
3INNG = ¢

3i+1eG < i<r—1
3i42e€eG < i <r+s—1.

Indeed, this directly follows from the definition G; = 3i + F; and (9).

Step 2 Fori € N, any additive decomposition 3i + 1 = a + b is of the form
(a,b)=0CBx+1,3G —x))or By+2,3G0—1—y)+2)

for some integers 0 < x < i —1lor0 < y < i — 1. Similarly, any additive
decomposition 3i + 2 = a + b is of the form

(a,b) =(Bx+2,3(i —x))or By+ 1,3 —y)+1)

for some integers 0 < x <i—lor0 <y <i.

Step 3 Let3i + 1 € G, ie. withi < r — 1 according to Step 1. We now show
that for any additive decomposition 3i + 1 = a + b, either a or b belongs to G.
Using Step 1, if (a,b) = 3x + 1,3( — x)), thena € G since x < i — 1 and
we are done. Similarly, if (a,b) = By +2,3( — 1 — y) + 2), thena € G since
y<i<r—1<r+s—1and we are done again.

Step4 Let3i +2 € G,i.e. withi <r+s — 1.Let3i + 2 = a + b be any additive
decomposition. If (a, b) = 3x+2,3( —x)),thena € G sincex <i—1and we are
done. Assume now (a,b) = By + 1,3 —y)+ 1) withO <y <i.Thena,b ¢ G
if and only if y,i — y > r. This is only possible if i > 2r and, sincei <r 4+ s — 1
by hypothesis, the latter is equivalentto s — 1 > r. In particular, if s < r, then either
a or b belongs to G. In summary, we have

(12)"(2)" is a gapset filtration <= G isa gapset <= s <,

as desired.
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Case F = (12)"(1)* The arguments are similar to those of the previous case. Here,
to start with, we have
FO:“': r71:{172}7
Fr=---=F1=({1}.
The corresponding set G defined by G; = 3i 4 F; for all i and (8) has the following
properties:
3INNG = ¢
3i+1eG <= i<r+s—1
3i+2€G < i<r-—1L
Analogously to Step 3 above, it is easy to see that for any additive decomposition
a + b =3i + 2 where 3i + 2 € G, then either a or b belongs to G.
On the other hand, let 3i + 1 € G. Then, analogously to Step 4 above, we find
that there exists an additive decomposition 3i + 1 = a + b witha,b ¢ G if and
only if s > r 4 2. The details, using Step 2 and the above properties of G, are

straightforward and left to the reader. Therefore, G is a gapset if and only if s <
r + 1, as claimed. This concludes the proof of the proposition. O

Here is a straightforward consequence of the above characterization and the main
result of this section.

Corollary 1 For all g > 0, there is a natural injection
F(g,3) — F(g+1,3).

In particular, we have ng113 > ng 3 forall g > 0.

Proof Since F(g,3) = ¥ for g < 1, the statement holds in this case. Assume now
g > 2.For F = (Fy, ..., Fy—1) € F(g,3), let us denote by f1(F) the insertion
of a 1 in F at the unique possible position to get a new nonincreasing sequence of
subsets of [1, 2]. That is, for r, s > 1, we define

a2y s a2y
12y (1 s 12y
(127 s (12 )
When is it the case that f1(F) is still a gapset filtration, of course automatically of

genus g + 1? In other words, when do we have that fi(F) belongs F(g + 1, 3)?
Theorem 2 easily provides the following answer.
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o If F = (12)"(2)° € F(g,3), then fi(F) € F(g+1,3) forall r, s.
o If F = (12)"(1)* € F(g,3), then fi(F) € F(g +1,3)ifand only if s < r.

Recall that g = 2r 4 s in both cases. In particular, the only case where F' € F(g, 3)
but f1(F) ¢ F(g+ 1,3)is for F = (12)" (1)’ with s = r + 1, i.e. for F =
(12)" (1) *+! € F(g,3) where g = 3r + 1.

Consequently, f1 provides a well-defined map

fi: F(g,3) — F(g+1.3),
obviously injective by construction, whenever g % 1 mod 3.

Similarly, for F € F(g, 3), denote by f»(F) the insertion of a 2 in F where it
makes sense. That is, for r, s > 1, define

12y +2 (127 @)
(12" (1) 3 (1271 (1)
(127 2)° 3 (127 @+,

By Theorem 2 again, we have

e IfF = (12)"(2)° € F(g,3), then fo(F) € F(g +1,3)ifand onlyif s < r — 1.
o If F = (12)"(1)° € F(g,3), then fo(F) € F(g+1,3) forall r, s > 1.

In particular, the only case where F € F(g,3) but fo(F) ¢ F(g + 1,3) is for
F = (12)"(2)" € F(g,3) with g = 3r. Therefore, f» provides a well-defined
injective map

f2: F(g.3) — F(g+1.3)

whenever g # 0 mod 3.
Summarizing, we end up with a well-defined injective map

f:F(g3) — Flg+1,3)

defined by f = f1 if g =0,2 mod 3, and f = f> otherwise. O

4 Some More General Tools

In order to facilitate discussing gapsets and gapset filtrations, and gather more tools
to treat more cases, it is useful to consider somewhat more general subsets of N .



Gapsets of Small Multiplicity 73
4.1 On m-Extensions and m-Filtrations

Definition 8 Let m € Nj. An m-extension is a finite set A C N containing
[1, m — 1] and admitting a partition

A=AgUA U ---UA; (10)

for some ¢ > 0, where Ag =[1,m — 1] and A;+1 Cm + A; foralli > 0.

In particular, an m-extension A satisfies A N mN = @J. Moreover, the above
conditions on the A; imply

Ai=AN[im+1,3G + Dm—1] (11)

for all i > 0, whence the A; are uniquely determined by A.

Remark 3 Every gapset of multiplicity m is an m-extension. This follows from
Proposition 1.

Closely linked is the notion of m-filtration.

Definition 9 Let m € N,. An m-filtration is a finite sequence
F=(Fy, Fy,..., F)
of nonincreasing subsets of N such that
Fo=[l,m—-112F 22 F.

The genus g of F is definedas g = Y \_ |F;|.

For m € N, there is a straightforward bijection between m-extensions and m-
partitions.

Proposition3 Let A = AgU Ay U---U A; be an m-extension. Set F; = —im + A;
foralli. Then (Fy, F1, ..., F}) is an m-filtration. Conversely, let (Fo, F1, ..., F})
be an m-filtration. Set A; = im + F; for all i, and let

t t
A= Jai=]]im+F.
=0 i=0

i
Then A is an m-extension.
Proof We have F; = —im + A; ifand only if A; = im + Fj. O

Remark 1f A is an m-extension, we denote by F = ¢(A) the m-filtration associated
to it by Proposition 3. Conversely, if F is an m-filtration, we denote by A = 7(F)
its associated m-extension.

By Proposition 3, the maps ¢ and t are inverse to each other.
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4.2 Gapset Filtrations Revisited

Definition 10 Let G C N. be a gapset of multiplicity m. The gapset filtration
associated to G is the m-filtration F = ¢(G).

By Remark 3, every gapset G of multiplicity m is an m-extension, whence ¢(G) is
well-defined.

Concretely, let G be a gapset of multiplicity m and depth g. As in (4), let G; =
GNlim+ 1,0+ 1)ym—1]foralli > 0, so that Go = [1, m — 1] and

G=Gou---uGgy-1.

The associated m-filtration F' = ¢(G) is then given by F = (Fy, ..., F;_1) where
F; = —im+ G; foralli > 0.

It follows from Remark 2 and the equality | F;| = |G;| for all i, that the genus of
Fisequal to | Fg| +- - -+ |F;—1] and that its depth is equal to the number of nonzero
F;.

4.3 A Compact Representation

In this section, we use permutations of [1, m — 1] and exponent vectors to represent
m-filtrations in a compact way. We denote by &,,_ the symmetric groupon [1, m —
1].

Proposition4 Let F = (Fy,..., Fy) be an m-filtration. Then there exists a
permutation o € S,,_1 and exponents ey, . .., em—2 € N such that
/ / / / / /
F=(FO’""FO’Fl’""Fl""’FI’H*2’""FWL72)’
~ - - -~ —~ - - - -
] €l em—2

where Fy = [1,m — 11and F! = F/_ \ {0 (i)} for 1 <i < m — 2. In particular,
we have |F/| =m — 1 —i forall0 <i <m —2.

Proof By hypothesis, we have
[Ilm—-1l=F2F2 -2 F.
Equalities may occur in this chain. Removing repetitions, let
[I,m—11=Ho 2 H 2 ---2 H;
denote the underlying descending chain, i.e. with

{FOaFla-'-aFf}Z{HO’Hla---aHY}
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and H; # Hj foralli # j. Each H; comes with some repetition frequency p; > 1
in {Fp, F1, ..., Fy}. Thus, we have

F:(Z—IO’""HQ’{—II’""HL""’fIS""’HfL)'

Ko 23! s

Now, between each consecutive pair H;—1 2 H;, we insert some maximal
descending chain of subsets Hl.’ j i.e.

Hi1=Hg2H 2 --2H,; =H

l - ]

where k; = |H;_1| — |H;|. Thus |Hi”j| =|H]_||—jforall0 < j <k.
We end up with a maximal descending chain of subsets

F'=[lm—1l=F,2F 2---2F,

= tm-2>

where each term has one less element than the preceding one, i.e. where |F ;| =
|F]’471| — 1 forall 1 < j <m — 2. By construction, we have

{FOaFla-'-aFt}Z{HO’Hla---aHY}g{F(;aFl/a-'-aFy:/l_z}a

and each Fl.’ arises with some frequency e; > 0in {Fp, Fi, ..., F;}. Thus
/ / / / / /
F:(Fo,...,Fo,Fl,...,Fl,..., m72"“’Fm72)'
- - -~ -~ - - - -
ey eq €m—2

Finally, since each F; is obtained by removing one distinct element from F;_, for
1 <i <m — 2, there is a permutation o of [1, m — 1] such that

Fl =F_;\{o@)}

forl <i<m-—2. O

Remark Giveno € 6,,_1ande = (eq,...,ep—2) € N"—1 quch that eg > 1, we
denote by F (o, e) the m-filtration

/ ! / ! / !
F:(Fo,...,Fo,Fl,...,Fl,...,Fm_z,...,Fm_z)
~ ~ -~ ~ - ~ ~ -
) (3] €m—2

where F/ = F/_| \{o(i)}for1 <i <m —2.

Example 3 Consider the 5-filtration F = ({1, 2, 3, 4}, {1, 2}, {1}) of Example 2.
Leto = (3,4,2,1) € G4 and e = (1,0,1,1). Then F = F(o, e) as readily
checked. Note that we also have F = F (o', ¢) where 6’ = (4, 3,2, 1).
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One important question is: when is the m-filtration F = F(o,e) a gapset
filtration? The next section provides an answer.

4.4 Complementing an m-Extension

Remark Let F = F(o,e) be an m-filtration, where ¢ € &,,_; and ¢ =
(eg,...,em—2) € N"=1 with eg > 1. We denote by G = G (o, e) the corresponding
m-extension, i.e. G = 7(F) using Notation 4.1.

Here is how to determine the set complement in N of the m-extension G =
G(o,e).
Proposition 5 Let F = F(o,e) be an m-filtration, where ¢ € G,,—1 and e =

(eg,...,em—2) € N1 with ep > 1. Let G = G(o, e) be the corresponding m-
extension, i.e. G = t(F). Then

m—1

N\G=|]olG) +mo+ - +e1+N), (12)
i=0

with the conventions o (0) = 0and ey + - -+ ei—1 = 0 fori =0.

Proof For 0 < i < m — 1,denote F; = [1,m — 1]\ {0(0),...,0(i)}. Thus

Fo=[1,m—1], Fi=[l,m—1]\{oc()}, F2 =[1,m — 1]\ {o(1),0(2)} and so

on. By definition of F = F (o, €), we have
F=(f(),...,Fg,f},...,Fl,...,Fm,Q,...,Fm,E).

-~ -~ - ~ ~
ey el €m—2

Let G = t(F). Fork € [0,m — 1], set G®¥ = {x € G | x = k mod m}. Then
m—1

G = I_l G®_ Since G is an m-extension, we have G NmN = ¢, i.e. GO = ¢J. We
k=0

now proceed to determine G® fork > 1. Since o is a permutation of [1,m — 1],

there exists i € [1, m — 1] such that k = o (i). We claim that

G® =GD = g(@i) +m[0,e0+ - +ei—1 — 1]. (13)
Indeed by construction, for all » > 0 we have
ci)eF, &r<i-—1. (14)

Now, by definition of the map 7, we have

G:|_|(' || Gm+F). (15)
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It follows from (14) and (15) that

o)+ jmeG& j<e+---+ei-
for all j > 0. This proves (13). Taking the complement in N, it follows that

o(i)+jmeN\G & j>ey+---+e.

This proves (12). m]
Remark Giveno € &,,_1 ande = (e, ..., em—2) € N~ with ey > 1, we denote
m—1
S,e) = | | o) +mleo+---+ei1 +N).
i=0

Thus, the above proposition amounts to the statement
N=G(o,e)uS(o,e)

forallo € &,,_1 and e = (eq, . .., em—2) € N"~! with ¢y > 1.
This yields the following way to construct all gapsets of given multiplicity m >
3.

Proposition 6 Let m > 2. Every numerical semigroup S of multiplicity m is of the
form S = S(o, e) for some 0 € G,,_1 and e = (eq, ..., em—2) € N" with ey > 1.

Proof Let S be a numerical semigroup of multiplicity m. Let G = N\ S and F =
¢ (G) be the associated gapset and gapset filtration, respectively. Then F is an m-
filtration, whence by Proposition 4, it is of the form F = F (o, ¢) for some ¢ and e
of the desired type. Then G = t(F) = G(o, ¢), whence S = N\ G = S(o,¢). O

We now determine the conditions under which a set of the form S(o,e) is a
numerical semigroup.

Theorem 3 Letm > 3. Leto € S,y and e = (e, ..., en—2) € N with ey > 1.
Then S(o, e) is a numerical semigroup if and only if forall 1 < i, j, kK < m — 1 with
i < j <k, wehave

eo+---+e_1 ifol)+o(j)=0ok),

. <
et +ekl_{eo+-~-+ei1+1if<7(i)+0(j)=0(k)+m-

Proof Denote S =Nand S; =o(i)+m(eg+---+ei—1+N)forl <i <m-—1.
Let S’ = S(o, e). Then

m—1
s=|]s
i=0
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by definition. We have 0 € Sy C S’. The complement of S’ in N is finite, since
N\ S(o,¢) = G(o, e). It remains to prove that S’ is stable under addition if and
only if the stated inequalities are satisfied.

Let i, j be integers such that 0 < i < j < m — 1. If i = 0 then S; 4 §;
S; +mN = §;. We now assume i # 0. There are three cases.

e Case o(i) + 0(j) < m — 1. There exists k € [1,m — 1] satisfying o (k)
o(i)+ o(j). Then

Si+Sj=o0@)+me+---+ei-1+N)+o(j)+m(e+--+ej—1 +N)
=o(k)+m(o+---+ei-1+e+---+eji—1 +N).

Therefore S; + S is contained in S’ if and only if it is contained in Sy, and this
occurs if and only if

eo+---t+e—1<e+--+e-1+e+---+ej_1.
This condition is plainly satisfied if £ < j, and is equivalent to
ej+---+e1=e+---+e|
ifk > j.
e Caseo(i)+0(j) > m+ 1. There exists k € [1, m — 1] satisfying o (k) + m =

o (i) + o (j). Then

Si+Sj=0@)+m(eo+---+ei-1+N)+0o(j)+mle+---+ej—1 +N)
=ok)+mo+---+e_1+e+---+ej_1+1+N).

Again, §; + S; is contained in S’ if and only if it is contained in Sk, and this
occurs if and only if

e+ -+e—1<e+--+e-_1+e+---+ei—1+1.
This is plainly satisfied if j < k, and is equivalent to
ej+--te—1<e+t--+e-1+1

otherwise.
* Casec(i)+o(j)=m.ThenS; +5; SmN=25 C S O
Remark 4 For a gapset filtration F = F (o, e) of multiplicity m, there is a strong

connection between its exponent vector e € N”~! and the Kunz coordinates of the
associated numerical semigroup S(o, ).
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Indeed, let S be a numerical semigroup of multiplicity m. Recall that the Apéry set
of Sis Ap(S) = {x € S|x —m ¢& S}. By Lemma 1.4 of [8], we have Ap(S) =
{0 = w(0), w(l),...,wim — 1)} where w(i) is the smallest element of S which
is congruent to i modulo m. Hence for i € [0, m — 1] there exist k; € N such that
w(i) = i+mk;. The integers k1, . . ., ky,—1 are the Kunz coordinates of S. From (12),
we obtain that the smallest element of S(o, e) which is congruent to o (i) modulo m
iso(i)+m(eg+---+ei—1). Hence foralli € [1, m — 1], we have

ko@y=eo+---+ei-1.

4.5 The Insertion Maps f;

Letm > 3 and let F = (Fy, ..., Fy) be an m-filtration, i.e. with

Letg = Z;:O | F;| be the genus of F. Giveni € [1,m — 1], we wish to insert i in
F so as to end up with an m-filtration of genus g + 1. There is only one way to do
this, namely to insert i in the first F; for which i ¢ F;. More formally, we define
fi (F) as follows:

o Ifi € Fy \ Fyq( forsomes <t — 1, then f;(F) = (F, ..., F/) where

I\ Fopuliyifj=s+ 1.

e Ifi € F;, then f;(F) = (Fo, ..., Fy, Fi4+1) where F;1 = {i}.

By construction, foralli € [1, m — 1], we have that f; (F) is an m-filtration of genus
g+ 1L

One delicate question is the following. If F is a gapset filtration of multiplicity
m, for which i € [1, m — 1] does it hold that f; (F) remains a gapset filtration? This
question was successfully addressed in Sect. 3 for m = 3.

5 The Casem =4

We now use the above tools to characterize all gapset filtrations of multiplicity m =
4 and to derive a counting-free proof of the inequality ng41,4 > ng 4 forall g > 0.
Let F be a gapset filtration of multiplicity m = 4. By Proposition 4, there exists
o € Gzande = (a,b,c) € N3 with @ > 1 such that F = F (o, e). Moreover,
Theorem 3 gives the exact conditions for S(o, e) to be a numerical semigroup, i.e.
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for F (o, e) to be a gapset filtration. This yields the following characterization, where
the six elements of &3 are displayed in window notation.

Theorem 4 The gapset filtrations of multiplicity m = 4 are exactly the filtrations
F = F(o,e) given in the table below, with 0 € &3 and e = (a,b,c) € N3 such
that a > 1 and subject to the stated conditions:

o0e€B3 F=F(o,e) conditionsona,b,c

(1,2,3) (123)4(23)’(3)¢ b<a, c<a

(1,3,2) (123)4(23)’(2)¢ b+c <a

(2,1,3) (123)%(13)’(3)¢ ¢ <a (16)
(2,3, 1) (123)%(13)’(1)¢ e <a+1

(3,1,2) (123)¢(12)*2)¢ b+c<a+1,c<a+b

(3,2,1) (123)4(12)°(1) b<a+1,c<a+1

Proof Consider for instance the case 0 = (1, 3,2). We have o (1) + o (1) = o(3)
and 0 (2) + 0 (2) = 0(3) +m. Hence, by Theorem 3, the conditions on e = (a, b, ¢)
for § = S(o, e) to be a numerical semigroup, i.e. for F = F(o, e) to be a gapset
filtration, are exactly b+c < a and ¢ < a+b+1. Since the latter condition is implied
by the former, it may be ignored. We end up with the sole condition b + ¢ < a,
as stated in the table. The proof in the five other cases is again a straightforward
application of Theorem 3 and is left to the reader. O

Corollary 2 For all g > 0, there is an explicit injection
Fg,4) — F(g+1,4).

In particular, we have ng11 4 > ng 4 forall g > 0.

Proof The statement is trivial for g < 2 since F(g,4) = ¢ in this case. Assume
now g > 3. Let F € F(g,4) be a gapset filtration of genus g. Write F' = F (o, e)
for some o0 € G3ande = (a,b,c) € N3 with a > 1. Fori = 1, 3, consider the
4-filtrations F' = f1(F) and F” = f3(F) of genus g + 1 obtained by the insertion
maps f1 and f3, respectively. Then F' = F (o, ¢’) where

(a+17b_1ac) 1f6€{(1,2,3),(1,3,2)},
e=13@b+1,c—1) ifoe{21,3),3, 1,2),

(a,b,c+1) ifo €{(2,3,1),3,2, D}.
It follows from (16) that F” fails to be a gapset filtration, i.e. F’ ¢ F(g + 1, 4), if
andonly if o = (2,3,1) or (3,2, 1) and e = (a, b, a + 1). This corresponds to F

being one of

(123)2(13)2(1)** ! or (123)4(23)P(1)4 1.
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Here g = 3a +2b+a+ 1 = 4a + 2b + 1, whence g is odd. In particular, if
g # 1 mod 2, then F' is always a gapset filtration. We conclude that, whenever g is
even, then f] yields a well-defined injection

F(g,4) — F(g+1,4).

Let us now turn to F” = f3(F). Then F” = F(o, ¢) where ¢” is easily described
by a table similar to (16). Omitting details, it follows that F” fails to be a gapset
filtration if and only if F is one of

(123)4(13)2(3)% or (123)4(23)(3).

In this case we have g = 3a + 2b 4 a = 4a + 2b, which is even. We conclude that
whenever g is odd, then f3 yields a well-defined injection

F(g,4) — F(g+1,4).

This concludes the proof of the corollary. O

5.1 Concluding Remark

We have shown that for m = 3 and 4, an injection F(g,m) — F(g + 1,m) is
provided by one of the insertion maps f;, wherei € [1, m — 1] depends on the class
of g modulo 3 and 2, respectively.

Unfortunately, for any given m > 5, this is no longer true in general. That is, one
should not expect that for each g > 1, an injection F(g, m) — F(g + 1, m) will
be provided by just one of the insertion maps f;. Constructing such injections for
all m, g remains open at the time of writing.
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Generic Toric Ideals and m)
Row-Factorization Matrices in Numerical @
Semigroups

Kazufumi Eto

Abstract In this paper, we give conditions in which the defining ideal of the
semigroup ring associated with a numerical semigroup is a generic toric ideal. As an
application, we prove that the defining ideals of almost Gorenstein monomial curves
are not generic, if their embedding dimension is greater than three.

Keywords Numerical semigroup - Symmetric semigroup - Almost symmetric
semigroup - Generic lattice ideal

1 Preliminaries

1.1 Numerical Semigroups

Let Z be the ring of integers and Ny the set of non negative integers. For s > 1 and
ni,...,ng € Nog, we write [1,s] = {1, ..., s} and

N
(ny,...,ns) = :Zaini ca; € Ng foreachi ¢,
i=1

which is called the semigroup generated by n1, ..., ng of embedding dimension s.
We always assume the minimality of n1, ..., ny, thatis n; —n; ¢ (n1,...,ns)
foreachi # j.Let S = (ny, ..., ns). We write T;(S) = (ny,...,n;,...,ny) for
i €[l,s] If ged(ny, ...,ns) = 1, then we say that S is numerical. Note that S is a
numerical semigroup if and only if Ny \ S is finite. We define an order <g in § as

di<sdy <= dy—dieS
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Assume that S = (ny, ..., ng) is numerical. We call the greatest integer in Z \ S
the Frobenius number of S, denoted by F(S). For f € Z,if f ¢ Sand f +n; € S
for each i, then it is called a pseudo-Frobenius number of S. By definition, the
Frobenius number is a pseudo-Frobenius number. Put PF(S) the set of the pseudo-
Frobenius numbers. The number of elements of the set PF(S) is called the type of
S. If the type of S is one, we say that S is symmetric. If F(S) — f € PF(S) for each
f € PE(S) except F(S), then we say that S is almost symmetric. For d € S, we
define the Apery set for d in S (cf [7]) as

Ap(S,d)={xeS:x—d¢S).

Lemmal Letd;,d> € S.

(1) di1 € Ap(S,d>) ifand only ifdy — dy ¢ S.
2) Ifd| <s da, then Ap(S,d1) ={x € S: x4+ (dr — dy) € Ap(S, d)}.

Proof (1) follows from the definition of the Apery set. In (2), x € Ap(S, dy) if and
onlyifx —dy = x4+ (dy —d1) —dx ¢ S and it is equivalent to x + (dy — dy) €
Ap(S, d>). O

For f € Z\ S, we define RF-matrices (row-factorization matrices) as follows
(cf. [2, 5]): For each i, there is a unique negative number a;; satisfying f — a;in; €
Ap(S, n;). Then there are a;; > 0 for j # i with f — a;in; = Zj;él- ajjnj. And
we consider the matrix (a;;); ; called an RF-matrix for f in §. Note that it is not
necessarily unique. However, we denote it by RF( f) in abbreviation, and it indicates
one of them.

1.2 The Fibers of Elements in Numerical Semigroups

In this subsection, we always assume that S = (nj,...,ng) is a numerical
semigroup. For a = (a;)ic1,5) € Z° = @?:1 Ze;, we define the support of a as
suppa = {i : a; # 0}. We also define the degree map with respect to S, sending
a €7’ todegga = Zi a;n; € 7. Ford € 7, we write the fiber of d as

Va(S) = deggl(d) NNj andput suppgd = U suppa
aeVy(S)
(cf. [1]). Note d € S if and only if V;(S) # @. The following are clear.
Lemma 2 Letd;,d, € S.

(1) di € Ap(S. ny) if and only if I ¢ suppg di.
) Ifdy <s da, then |Va,(S)| < [Vay(S)].



Generic Toric Ideals and Row-Factorization Matrices in Numerical Semigroups 85
For A C [1, s], we denote ) ;_ , n; by n4 and define

0 if A =40,

Ap(S, A) = Ap(S,na)\ U Ap(S,na—yy) otherwise.
leA

If A = {l}, thenn, = n; and Ap(S, A) = Ap(S, ny).

We also denote S\ (;_; Ap(S, n;) by NAP(S), and the set of minimal numbers
in Ap(S, A) by Ap(S, A). We put AP;(S) = U\A\:j+1 Ap(S, A) for j > 0 and
AP(S) = szo AP;(S). Note that APy(S) = {0} for any S.

Example 1 If S = (3,4, 5), then AP|(S) = {8,9, 10} and AP,(S) = {13, 14}. If
S = (4,5, 6), then AP;(S) = {10, 12} and AP,(S) = {22}.

Lemma 3 Letd € S. Then d € NAP(S) if and only if suppgd = [1, s].

Proof Ford € S, suppgd = [1,s] if and only if d ¢ Ap(S,n;) for each I by
Lemma 2(1). The assertion follows from this. O

Lemma 4 Let A C [1, s] be a non empty subset and d € S. Then the following are
equivalent:

(1) d € Ap(S, A),

2) d—np ¢ S, andd —na\yy € S foreachl.

(3) A ¢ suppa for each a € V4(S), and there is a; € Vy4(S) satisfying suppa; N
A = A\ {l} foreachl.

If the conditions are satisfied, then |V4(S)| > |A| and d — np\a € Ap(S, A') for
A C A

Proof (1) < (2) follows from Lemma 1(1). We have d — n4 ¢ S if and only
if A ¢ suppa for each a € V4(S), and d — na\yy € S if and only if there is
a; € V4(S) satistying A\ {I} C suppa,. This proves (2) < (3). Finally, (3) implies
[Va($)] = | Al

We prove d — na\a € Ap(S, A) for A" C A. By (2),d —naa € S. By
Lemma 1(2), this implies d — n \a € Ap(S,na), since d € Ap(S,ny) andd =
d—n s\ x+(np—n4). Suppose that there is A” C A’ withd —n s\ 4 € Ap(S, np»).
Again by Lemma 1(2), we have d € Ap(S, na\a’ + 1), a contradiction. Hence,
d—nA\A/ ¢Ap(S, nar) andd—nA\A/ GAp(S, A/). [m}

Proposition 1 Ap(S, [1,s]) = Ap(S,[1,s]) ={f +np1.51: f € PE(S)}.

Proof Put A = [1,s] and let d € Ap(S, A). By Lemma 4, we have d — n; ¢
Ap(S, A) for each /. Hence d is minimal w.r.t. <g and d € Ap(S, A).

If f € PE(S), then f +ns € Ap(S,na), by Lemma 1(1). Since f +n; € S
and f +na = (f +n;) +na\yy foreach /, we have f +na ¢ Ap(S, na\yy). This
implies f +n4 € Ap(S, A). Further, if d € Ap(S, A),thend —n,4 ¢ S and there
is f € PR(S) with f —(d —n,) € S.Thusd <s f +ns andd = f + n, since
Ap(S, A) = Ap(S, A). This completes the proof. O
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For j > 0, we put
0;(S) ={d €Z:|Va(S)| = j}.

We note d € O¢p(S) if and only if d ¢ S, and d € O1(S) if and only if d has
a unique factorization in S. We denote the set of the minimal elementsNin 0;(S)
(resp. S\ Ulgj 0;(S)) with respect to the order <g by OJ.(S) (resp. 0;(S)) for
Jj = 0.Note 0, ,(S) C 0;(S) for j > 0.

Proposition 2

(1) Letd € 51 (S) and a1, ay € V4(S) with a1 # ay. Then suppaj N suppaz = @.
(2) 01(S) NTi(S) C Ap(S, ny) for each .
(3) 01(S) C AP(S) C U;(Ti(S) \ Ap(S, ny)) C S\ O1(S).

Proof

(1) Ifl € suppaj Nsuppay, thena; —e; = ar—e; € Vyg_p, (S) andd —n; ¢ O1(S),
a contradiction. Thus suppa; N suppaz = @.

(2) Letd € Ti(S)\ Ap(S, n;). Since d € T;(S), there is a € V4(S) with[ ¢ suppa.
Since d ¢ Ap(S,ny), there is b € Vy(S) with [ € suppb by Lemma 2(1).
Hence |V4(S)| > 1 and d ¢ O1(S). Therefore 7;(S) \ Ap(S,n;) C S\ O1(S)
and 01(S) N T;(S) C Ap(S, ny).

(3) Letd € 01(S) and ay, az € V4(S) with a1 # az. By (1), we have suppa; N
suppay = ¥. We choose /j € suppa; for j = 1,2. Thend — n;; € 01(S)
for j = 1,2 and d — (ny; + ny,) g S, by the choice of /1, /. By Lemma 4,
d € Ap(S, {1, }) C AP1(S) and O1(S) C AP{(S).

Let d € AP1(S). Then there are [; # I € [1,s] with d € Ap(S, {l1,2}).
And there are aj, ax € V4(S) satisfying [j € suppaj, since d ¢ Ap(S, ny;)
for j = 1,2. Then [ ¢ suppaj since d € Ap(S, n;, + ny,). This implies
d € T, \ Ap(S, ny,). This completes the proof. O

Example 2 Let S = (7,8, 10). Then 25 =7+ 8410 € 01(S) \ Ap(S, n;y) for each
I. Hence, in general, we have O1(S) ¢ |J; Ap(S, n;) and NAP(S) N O1(S) # ¥.

Example 3 Let S = (23,37, 48). Then
9.23=3-374+2-48, 7-37=5-234+3-48, 5-48=4-23+4+4.37
are minimal relations. Putd =4 -2345-37 4 6 - 48. Then
Va(S) =1{4,5,6),(8,9,1),(13,2,4)}

andd ¢ O1(S). This implies

U@ )\ Ap(S, ni)) € S\ 01(5).
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Proposition 3 The following are equivalent:

(1) RFE(f) is unique for each f € PF(S),
(2) Ap(S,n;) C O1(S), that is Ap(S, n;) = 01(S) N T;(S) for each I,
3) S\ 01(S) C NAP(S).

Proof (1) < (2) Assume that RF(f) is unique for each f € PF(S). Then f +n; €
0O1(S) foreachl. Fix [ and letd € Ap(S, n;). By Lemma 1(1),d —n; ¢ S and there
is f € PF(S) withd —n; <g f,thusd <g f +n;. Since f +n; € O1(S), we have
d € 01(S) and Ap(S, n;) C 01(S). By Proposition 2(2), we have O1(S) N T;(S) C
Ap(S, ny) and Ap(S, n;) = 01(S) N T;(S). Conversely, assume Ap(S, n;) C 01(S)
foreach . If f € PF(S), then f +n; € Ap(S, n;) C 01(S), hence RF(f) is unique.

(2) < (3). The assertion follows from the definition of NAP(S) = S\
U; Ap(S, mp). O

1.3 Semigroup Rings

Let k be a field and S = (ny, ..., ns) a numerical semigroup. Then we define the
semigroup ring of S as

k[S] = k[t91es.

There is a canonical surjection form the polynomial ring k[X] = k[Xy, ..., X;]
to k[S] sending X¢ = HX?‘ to 19854 where a = (q;) € Np- And we denote

l
its kernel by 1(S), called the defining ideal of k[S]. Then 7(S) is a binomial ideal
generated by X — X satisfying degga = deggb. Indeed, I(S) is a prime ideal,
called a toric ideal.

Let g = X% — X" be a binomial. If g is contained in any minimal binomial
generating system of /(S), we say that g is indispensable. It follows that g is
indispensable if and only if its degree is contained in O,(S). We also say that a
monomial X¢ is indispensable, if any minimal binomial generating system of 7(S)
contains a binomial of the form X% — X? for some b € Np (cf. [1]).

Example 4 LetS = (4,5, 6). Then X?—X% and X%—X1X3 are indispensable, since
0,(S) = {10, 12}. Hence I (S) is minimally generated by indispensable binomials.
Example 5 Let S = (6, 10, 15). Then the monomials Xf, X; and X% are indispens-

able, since 51(S) = {30}. We also have O,(S) C 02(S) =0 C 51(S). Note that
1(S) is not minimally generated by indispensable binomials. On the other hand,

-1 2 1
RFF(S)) =RF29)=| 4 -1 1
4 2 -1

is unique. Note AP (S) = {30} and |V3¢(S)| =3 > 2.
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2 Generic Toric Ideals

2.1 Main Results

Let g = X — X be a binomial. We write supp g = suppa U suppb. If suppg =
[1, s], we say that g has full support. If a toric ideal / has a minimal generating
system consisting of binomials with full support, then [ is called generic.

Theorem 1 The following are equivalent:

(1) I(S)is gergveric,
(2) 0,(8) = 01(S) = AP (S) C NAP(S),
(3) Foreach f € PF(S), RE(f) = (m;;) is unique and m;j # my ; if i #i'.

If the above conditions are satisfied, 51(S) is the set of degrees of the binomials
contained in a minimal generating system of 1(S).

Proof (1) = (2) Assume that 7 (S) is generic. Then each binomial of the minimal
generating system is indispensable (cf [1, 6]). This implies 51(5) = 0,(5).1fd €
51(S), we have suppgd = [1, 5] since I(S) is generic. Hence 51(S) C NAP(S)
by Lemma 3. Let d € AP;(S). Then there are Iy # [» € [1,s] satisfying d €
Ap(S, {I1, b}). By Proposition 2(3), we have d € S\ O1(S) and there is d’ € 51(5)
with d’ <gs d. Since d’ <g d, d’ is contained in Ap(S, n;, + n;,). We also have
suppgd’ = [1,s]and d" ¢ Ap(S,ny;) for j = 1,2. Hence d’ € Ap(S, {/1, [2}) and
d = d’ € 0,(S). Again by Proposition 2(3), we conclude AP; (S) = O;(S).

(2) = (3) Let f € PF(S). By Proposition 3, RF(f) = (m;;) is unique.
We choose i # i’ € [l,s] and put a; = Z‘;:lmax{m,-j — mjj,0}ej, ay =
Zj’:l max{m; ; —m;j, O}e; and d = degga; = deggas. Then d € AP(S). Since
d € 0,(S) C NAP(S), we have V;(S) = {a1, a2} and suppa; U suppa; = [1, s].
This implies m;; # m;; for each j.

(3) = (1) Put PF(S) = {f1,..., fu} and RF(f}) = (mﬁj) for each /. And
put a;; = Zj max{m’lj — mﬁj, O}e; and by; = Zj max{mfj - m’lj, O}e; for each
i, 1. Then degga;; = degg by; and put g; = X% — xhi ¢ 1(S) for each i,/ and
J = (gi)i; a binomial ideal in k[X]. By the assumption, g;; is a binomial with
full support for each i,/ and J + (X1) = (X%);; + (X1). For each i, [, we claim
d — ny € Ap(S, ny) for k € suppay;, where d = degg a;; = degg b;;. Otherwise,
thereisd’ € Swithd—ny = d'+njandd—n; = d'+ny € S.Noted—n| <s fi+n;
andd — ny € O01(S). Since d = degg b;; and 1 € supp b;;, we have k € supp(b;; —
e1) C supp by;. This contradicts to k € supp ay;, since supp a;; Nsupp b;; = @. Hence
d — nr € Ap(S,ny) for each k € suppay;. This implies dimg k[X]/J + (X1) =
| Ap(S, n1)| = ny = dimg k[ X]/1(S) + (X1). From J C I(S), we have I(S) = J
(cf [4]) and it is generic. Note that a subset of {g;;} forms a minimal generating
system of 7(S). O

For a numerical semigroup S, we say that the semigroup ring k[S] is almost
Gorenstein (resp. Gorenstein), if S is almost symmetric (resp. symmetric) (cf [3]).
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Note that k[S] is Gorenstein if and only if k[S] is almost Gorenstein of type one,
where the type of semigroup rings means that of semigroups.

Theorem 2 If s > 3 and if k[S] is almost Gorenstein, then 1(S) is not generic. In
case of s = 3, 1(S) is always generic, if k[S] is almost Gorenstein of type greater
than one. (note that 1 (S) is not generic, if s = 3 and if k[ S] is Gorenstein).

Proof Assume s = 3. If k[S] is Gorenstein, then 7(S) is a complete intersection
(cf. [4]) and not generic. If the type of k[ S] is grater than one, then 7 (S) is an almost
complete intersection (cf. [4]) and generic.

Assume s > 3. If k[S] is Gorenstein and if there is a unique RF-matrix for
the Frobenius number F(S) of S, then 7(S) is a complete intersection by Eto [2,
Proposition 3.5], thus not generic. If the RF-matrix of F(S) is not unique, then 7(S)
is not generic by Theorem 1.

Suppose that k[ S] is almost Gorenstein of type greater than one and that 7(S) is
generic. Note that S is almost symmetric. Then, for each f € PF(S), RF(f) = (m;;)
is unique and m;; # my; for i # i’. Since the type of § is greater than one, we
choose f1, f2 € PF(S) with fi+f2 = F(S).Leta € V45, (S). Suppose | suppa| >
1 and choose ! # I’ € suppa. Then f)+n; —ny (resp. f1+n; —ey) is contained in S
and ! ¢ suppg(f2+mny) (resp.l’ ¢ supps(f2+n;)). And (a —e;) +b # (a—ey) +b'
forb € Vi (S) and b" € Vi, 1p, (S). Thus

F(S) +ni = (fi +ni) + f2 ¢ 01(5),

a contradiction. Hence | suppa| = 1 for each i. This implies that there are s — 2
zeros in each row of RF(f) = (m;;) for f € PF(S) with f # F(S) and that there
exists j with m;; = mjj fori # i’ since s > 3. This contradicts that 7 (S) is generic
by Theorem 1. O

2.2 Basic Fibers

For d € S, the fiber V;(S) is called basic if

m suppa =¥ and ﬂ suppa # 0 for Vb € V4(S).

aeVy(S) aeVy(S)
a#b

Note that V;(S) is basic if and only if gcd{x“ : a € V;(S)} = 1, that is the general
common divisor of all x* witha € V;(S) is one, and gcd{x? : a € V;4(S), a # b} #
1 for each b € V,;(S). Hence this definition agrees with that in [6].

Proposition4 Let d € S. Then, V;(S) is a basic fiber if and only if there is A C
[1, sTwith |A| = |V4(S)| and d € Ap(S, A). Equivalently, d € AP|y,(s)|-1(S).
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Proof Assume that V;(S) = {b;} is a basic fiber. By definition, for each /, there is
iy € [1,s] with i; € suppb; if j # [. Note i; ¢ suppb; and suppb; N A = A\ {i}}
for each [. Put A = {i;};. Note |A| = |V4(S)|. Thend — ny ¢ S. Otherwise,
there is b; € V4(S) with suppb; D A, and this contradicts to d — n4 ¢ S. Since
suppb; N A = A\ {i;} foreach [, we obtain d —n 4\yy € S foreach /. By Lemma 4,
d € Ap(S, A). Suppose d — n; € Ap(S, A). By Lemma 4, we have |V;_,,(S)| =
|Va(S)| = | Al. This implies () supp b; > i, since we may write b; = b;. + e; where
b;. € Vy—p,; (S) for each j. By assumption, we conclude d —n; ¢ Ap(S, A) for each
iandd € Ap(S, A).

Conversely, assume d € Ap(S, A) and |A| = [V4(S)]|. Since d € Ap(S, A), we
have ﬂaevd(s) suppa = . Since |V4(S)| = |A|, we may assume V4 (S) = {aj}iea
and suppa;NA = A\{/} foreach [, by Lemma 4. Then ﬁj# suppa; > [. Therefore
Va(S) is a basic fiber. O

Example 6 Let S = (4,5, 6). Then
V2(S) ={(1,0,3),4,0,1),(3,2,0), (0,2, 2)}.

Thus |V22(S)| = 4 > 3. By Proposition 4, V»,(S) is not a basic fiber. On the other
hand, we have 22 € AP>(S).

Theorem 3 Assume that 1(S) is generic. For A C [1,s], Ap(S, A) C Ox(9).
Ford € Ap(S, A), we have

N
Va(S) =1{> myjej+ > ej:leAt,
j=1

jeA
where RE(d —np) = (m;j);, j. (Note RE(d — n 4) is unique in this case.)

Proof Let A C [1,s]. We prove |V4(S)| = |A| ford € Ap(S, A). Since d —
na ¢ S, there is f € PF(S) satisfying d <s f +na.Putd’ = f + ny. Since
[A] < |[Va(S)] < [V (S)], if |Vi(S)] = |Al, we obtain |V4(S)| = |A|. Hence we
may assume d = f +n4.

By Theorem 1, RF(f) = (m;;) is unique. Leta = Zj ajej € V4(S). Then there
isl € A\suppa.Putb =} ;bje; = 3 ;mjej+ ) ;c e;. Thenl ¢ suppb.
Suppose a # b. Puta’ = }  max{a; — bj,0}e;, ' = 3, max{b; — aj,O}e;,
and d’ = degga’ = deggd’. Thena’ # b’ and |Vy(S)| > 1. Thusd’ € 01(5) C
NAP(S) and I ¢ suppa’ U suppd’. This contradicts to suppgd’ = [1, s]. Hence
a = band |Vy(S)| = | Al. O

Example 7 We write V;4(S) as a matrix (m;;), that is V4(S) = {Zj mjje;}. If
d = f 4+ nps) where f € PF(S), we have V4(S) = RF(f) + U where U
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is the matrix whose entries are 1. For example, let § = (20, 24, 25, 31). Then
PF(S) = {61, 66, 67,77,78, 83} and

0132 0213 0123
4021 3031 4012
Vie1(S) = 1203 . Vies(S) = 4102 » Vigr(S) = sa01l
2410 1420 1330
0421 0331 0412
2032 3013 2023
Viri(§) = 31103 , Vi7s(8) = 1402 , Visz(§) = 4301
4310 4220 3230

We denote the i-th Betti number of k[S] as k[X]-module with degree j, by
Bi,j (k[S]). From [6, Corollary 3.4] and Theorem 3, we obtain

Theorem 4 (cf. [6, Corollary 3.4]) Assume that 1(S) is generic. Then every
element in AP(S) defines a basic fiber. Therefore B; j(k[S]) > 0, equivalently
Bi,j (k[SD) = 1 ifand only if j € AP;(S).

Acknowledgements The author is grateful to Professor Kei-ichi Watanabe, who informed me of
a question related to the main theorem in this paper.
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Symmetric (Not Complete Intersection) )
Semigroups Generated by Six Elements e

Leonid G. Fel

Abstract We consider symmetric (not complete intersection) numerical
semigroups Sg, generated by a set of six positive integers {di,...,ds},
gced(dy, ...,ds) = 1, and derive inequalities for degrees of syzygies of such
semigroups and find the lower bound for their Frobenius numbers. We show that
this bound may be strengthened if S¢ satisfies the Watanabe lemma.

Keywords Symmetric (not complete intersection) semigroups - Betti’s numbers -
Frobenius number

1 Introduction

Among a vast number of numerical semigroups of different types, symmetric
numerical semigroups S,, = {(di,...,d,) of embedding dimension (edim) m,
generated by positive integers {d1, . .., d,,}, are of particular interest in commutative
algebra. The whole set of symmetric semigroups may be decomposed in two
parts depending on the associated with S,, graded Gorenstein semigroup rings
k[S,], whose defining ideals g, are generated either by m — 1 or more than m
elements' whenm > 4. The former and latter semigroups are refered to as complete
intersection (CI) and symmetric (not CI) semigroups. They both possess the duality
properties of Betti’s numbers Sk (S,;) and of syzygies degrees in the Hilbert series
of k[S;,] with the Cohen-Macaulay type 1.

Unlike the CI semigroups, a study of their not CI counterparts is far from full
completion. Bresinsky [3, 4] studied symmetric (not CI) semigroups with small edim

1By Kunz theorems [11, 12], if a cardinality #lg, is equal m, then a semigroup S,, cannot be
symmetric and, therefore, k[S,,] cannot be Gorenstein. The defining ideals Is, and Ig, are always
generated by 1 and 2 elements, respectively.

L. G. Fel (<)
Department of Civil Engineering, Technion—Israel Institute of Technology, Haifa, Israel
e-mail: Ifel@technion.ac.il

© The Editor(s) (if applicable) and The Author(s), under exclusive 93
licence to Springer Nature Switzerland AG 2020

V. Barucci et al. (eds.), Numerical Semigroups, Springer INdAAM Series 40,
https://doi.org/10.1007/978-3-030-40822-0_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-40822-0_7&domain=pdf
mailto:lfel@technion.ac.il
https://doi.org/10.1007/978-3-030-40822-0_7

94 L. G. Fel

and found B1(S4) = 5 and an upper bound for 81(Ss) when d; are constraint by
linear relation. However, the other characteristics of S,,, are left unknown even for
small m > 4.

Recently, we have derived m — 1 polynomial identities [7] for degrees of syzygies
in non-symmetric semigroups S,,. They became a source of various relations for
semigroups of a different nature. In the case of CI, the whole set of m — 1 identities
was reduced up to one identity for degrees of the st syzygy [7]. In [6] and [8],
we have studied two symmetric (not CI) semigroups with m = 4 and m = 5,
respectively, and found that the number of identities in both cases is reduced up to
two. New lower bounds for the Frobenius numbers in these semigroups were given
in [6-8]. In the present paper we apply the approach of polynomial identities to
study the next case of symmetric (not CI) semigroups with m = 6, which have two
independent Betti’s numbers 81, 2.

The paper is organized in five sections. In Sect. 2 we derive polynomial identities
for symmetric (not CI) semigroups Sg and show that only three identities are
independent. We prove Stanley’s conjecture 4b [13] on the unimodal sequence of
Betti’s numbers in the Gorenstein rings k[S,,] if m = 6. Combining polynomial
identities with Cauchy-Schwarz’s inequality, we find the final inequality (22) for
symmetric polynomials X built of the 1st syzygy degrees and arrive at the lower
bound (23) for Frobenius number F(Sg) which provides a sufficient condition to
satisfy inequality (22). In Sect. 3 we improve the lower bound (37) for F(S¢) by
providing the necessary condition to satisfy inequality (22). In Sect. 4 we compare
the lower bounds (38) for F(Sg) in CI, symmetric (not CI) and non-symmetric
semigroups, generated by six elements, and find the upper bound (41) for the
difference B, — B1, while its lower bound (7) follows in proof of Stanley’s conjecture
4b. The upper bound (41) coexists with an absence of the upper bounds for Betti’s
numbers B1, B2. In Sect.5 we consider the symmetric (not CI) semigroups Sg
satisfying Watanabe’s Lemma [14] and find the lower bound of their Frobenius
numbers, which is stronger than its counterparts for symmetric (not CI) semigroups
S not satisfying Watanabe’s Lemma.

2 Symmetric (Not CI) Semigroups Generated by Six Integers
and Polynomial Identities

Consider a symmetric numerical semigroup Sg, which is not CI and generated by
six positive integers. Its Hilbert series H (SG; t) with independent Betti’s numbers
B1, B> reads:

Qe (1)
-y (1—1%)

B1 B2 B2 B
Qo) = 1= 5 3 1 =Y 870 3 875 g8,
j=1 j=1 j=1 j=1

xjy)’jngZ>7 2d1§-xj7yj<g'

H (Se:1) = (1)
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The Frobenius number F(Sg) of numerical semigroup S is related to the largest
degree g as follows:

F(S¢) = g — o1, op=dy +...+ds.
There are two constraints more,
a) B1>7 and b) d;>1. 2)

The inequality (2a) holds since S is neither CI (81 = 5) nor almost CI (8] =
6) according to [12], and the inequality (2b) is necessary since a semigroup
(m,da, ..., dy) is never symmetric [5].

Polynomial identities for degrees of syzygies for numerical semigroups were
derived in [7, Thm 1]. In the case of a symmetric (not CI) semigroup Sg, they read:

Bi B2 B2 Bi
D= Vi (=) =Y (g—x) +g =0, r=<4 3)
j=1 j=1 j=1 j=1

Bi B2 B2 Bi 6
23 =2 v+ &y = e~ g’ = 120m mo=[]d
Jj=1 Jj=1 Jj=1 Jj=1 j=1

Only three of five identities in (3) are not trivial, these are forr =1, 3, 5:

B1 B2
— B +1
Bog+D_xj =) Be= "7 @)
=1 =1
B1 B2
Beg® + Y x3 (3¢ —2x;) = Y v} (3¢ —2v;), (5)
=1 =1

Pi B2
Beg® + Z x? (IOg2 — 15gx; + 6xj2~) — 3607g = Z y;.’ (10g2 —15gy; + 6yj2~) , (6)
j=1 j=1

where B is defined according to the expression for an arbitrary symmetric
semigroup S,, in [7], Formulas (5.7, 5.9). The sign of By is strongly related to the
famous Stanley Conjecture 4b [13] on the unimodal sequence of Betti’s numbers in
the 1-dim local Gorenstein semigroup rings k[S,,]. We give its simple proof in the
case edim = 6.

Lemma 1 Let a symmetric (not CI) semigroup S¢ be given with the Hilbert series
H (86; z) in accordance with (1). Then

B2 > p1+ 1L @)
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Proof According to identity (4) and the constraints on degrees x; of the Ist
syzygies (1) we have,

p2 B+ p1+1

dovi<Beg+pg="""""¢ ®)
j=1

On the other hand, there holds another constraint on degrees y; of the 2nd syzygies,

B2
> yj < Bag. )
j=1

Inequality (9) holds always, while inequality (8) is not valid for every set
{x1,...,xp,}, but only when (4) holds. In order to make the both inequalities
consistent, we have to find a relation between 81 and 8> where both inequalities (8)
and (9) are satisfied, even if (8) is stronger than (9). To satisfy these inequalities, it
is enough to require (B2 + B1 + 1)/2 < B, that leads to (7). O

Another constraint for Betti’s numbers 8; follows from the general inequality for
the sum of B; in the case of non-symmetric semigroups [5], Formula (1.9),

m—1

Y opi=di2" Tt —2m—1),  po=1. (10)

j=0
Applying the duality relation for Betti’s numbers, 8; = Bu—j—1, Bu—1 = 1, in

symmetric semigroups Sg to inequality (10) and combining it with Lemma 1, we
obtain

B1 < 2(4d; — ). (11)

To study polynomial identities (4, 5, 6) and their consequences, start with
estimation for two real functions Rj(z), R2(z), presented in Fig. 1,

Ri1(z) = AxRy(z), 0=<z<1, where (12)
Ri() =2V10- 152+ 622,  Ro(x) =223 —122), A, =0.9682.
The constant A, is chosen by requirement of the existence of such a coordinate

Zx € [0, 1] providing
two equalities,

Ri(z) = AxR2(24), 1(z¢) = AxRy(z+), 2+ = 0.8333,
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1.0f :
0.030F
0.8; 0.025F
s
Z 06 5 0020)
s = L
S 04l = o015
= 0.010}
0.2
0.005F
0.0l ]
0'000 =t I I I h |
00 0z 04 06 08 10 Y S R
z z
(a) (b)

Fig. 1 Plot of the functions (a) R|(z) in red color, AxR>(z) in blue color and a discrepancy (b)
8R(z) = R1(z) — AxRy(2) in the range z € [0, 1] (colour figure online)

where R}(z*) = dRj(z)/dz at z = z,. Substituting z = y;/g, 0 < z < 1, into
inequality (12) and making summation over 1 < j < B, we get

B2 B2

A3 PGs 2 < 3921062 — 15gy; + 652, (13)
=1 =1

2
Applying the Cauchy-Schwarz inequality (Z?]:l a;jb j) < (Z?]:l a/z) (Zyzl bf)
to the right-hand side of inequality (13), we obtain

B2 32 12 2 B2 5 ) ) B2

2
Zlyj J1062 — 15gy; +6y2 512 | < Zlyj(IOg — 15gy; +6y]) Elyj. (14)
J= J= J=

Combining (13) and (14), we arrive at the inequality

2 B2 B2

B2
AZID yiGg=2yp | <D yl0g* —15gy; +6yD Y "y (15)
j=1 j=1 j=1

Denote by X the k-th power symmetric polynomial X (x1, ..., xg) = Zflzl x?,
where x; < g, and substitute identities (4, 5, 6) into inequality (15),

AZ (B6g3 13gXs — 2X3)2<<86g5 — 3607 + 10g2X3 — 15 X4 + 6X5) (86g + Xl). (16)
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On the other hand, similar to inequalities (13, 14, 15), let us establish another set
of inequalities for X by replacing y; — x;. We write the last of them, which is
similar to (15),

2

Bi B Bi
AZ[Y ¥ —2x)) | <D x3(10g% —15gx; +6xH) Y x;. (17
j=1 j=1 j=1

and present (17) in terms of Xy,
A% (3gXs —2X3)% < <1Og2X3 —15gX4 + 6X5) X, (18)
Represent the both inequalities (16) and (18) as follows:

(Bog® +38X2 — 2X3)2
Bsg + X1
42 3eX2 - 2X3)
¥ 1

36076 — Beg® + A2 < 10g%X3 — 15X4 + 6X5, (19)

< 10g%X3 — 15gX4 + 6X5. (20)

Inequality (20) holds always, while inequality (19) is not valid for every set
{x1,...,xp,, g}. In order to make both inequalities consistent, we have to find
a range of g where both inequalities (19) and (20) are satisfied. To satisfy these
inequalities, it is enough to require that inequality (20) implies inequality (19), i.e.,

36076 — Bog®  (Bsg® +3gX2 — 2X3)2 - (3gX> — 2X3)?

21
A% Bsg + X1 X1 @D

Simplifying the above expressions, we present the last inequality (21) as follows:

36076 — aBeg’

, (22)
A%B(,g

2
CX (X1 +Bsg) < <3gX2 —2X3 —g2X1) ,

where @ = 1 — A2 ~ 0.06259 and Bg > 1 due to Lemma 1. Inequality (22) holds
always if its left-hand side is negative, i.e., C < 0, that results in the following
constraint,

360 360
g > g6, q6 = \S/ /7,  where \5/ ~ 5.649. (23)
o Bg o

The lower bound ge in (23) provides a sufficient condition to satisfy the inequal-
ity (22). In fact, a necessary condition has to produce another bound g¢ < gs.
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3 The Lower Bound for the Frobenius Numbers
of Semigroups S¢

An actual lower bound of g precedes the bound, given in (23), since the inequal-
ity (22) may be satisfied for a sufficiently small C > 0. To find it, we introduce
another kind of symmetric polynomials Aj:

Bi
Xy = Z Xiy Xiy « o Xig s
i1<ip<...<ig
Bi Bi Bi Bi
Xo=1, A= in, X = inxj, X3 = Z XiXjXp, ..., X = Hxi,
i=1 i<j i<j<r i=1
which are related to polynomials X; by the Newton recursion identities,
m
MmXy = Z(—U"*lxk)cm_k, ie.,
k=1
X1 =X, Xoa=a&}-2%, X;=X} 3% +3x%, ... . (24

Recall the Newton-Maclaurin inequalities [9] for polynomials Xy,

() ()
> > > ... > QA (25)
Ao \(B) )

Consider the inequality (22) in the following form
CX1(X1 + Beg) < 9¢°X3 +4X3 + g* X7 + 4¢° X1 X3 — 12gX,X3 — 6¢° X1 X5, (26)
and substitute Newton’s identities (24) into (26),
X1 P (X, A2, A3) < X1 Q1(X1) + A2 02(&1, A2) + A303(A7, A2, A3), (27)
where
P(X1, Xy, X3) = 48" X1 X0 + 240X + 6005 + 6245 + 3¢ X1 s,
o) = L —gxi+ Dear e ¥ O g,

3 12 12
02(X1, ) = 3g8%X + 347 + 58X + ¢,

03(X1, o, X3) = 343 + 24} + g% X1 + 6.5
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Applying inequalities (25) to Q> (X7, X2) and Q3(&], X2, A3), we obtain

X
Q2(X1, X2) < X1021(X),  Qoi(X) =3 ‘(’31) (8 +a7) + gt + g

B2
x? X
Q3(X1, 42, A3) < X1031(X1),  Q31(&1) =3 ﬁl3 (ﬁ;) +2X7 +¢° +6¢ ﬁ; (ﬁ;) (28)
i i

Substituting inequalities (28) into (27) and applying again (25), we obtain

X7 (B X7 (B
P(X1, A2, &) < Q1(AD) + 021(X1) + 5 031(41). (29
Bi \ 2 Bi \ 3
Represent the right-hand side of inequality (29) as a polynomial E (X)) of the 5th
order in X,

5

EX) =) Eg *xf, where (30)
k=0
BeCg™? 1—Ccg™* 1 (B 1 1
EO = — g 3 El = g ) E2 = 2 ﬁ - = — 3
12 12 B2\ 2 2 2B1

3 (B L (B, 13 5 (B, 6 (B\ (B
R (S e (4 R (4 R S [ B
3B, 3 (B, 2 (B, ]

Es_ﬂi‘<2) +ﬂ16<3) +ﬂ13<3)+3'

Thus, the inequality (22) reads:
P(X1, Xy, X3) < E(XY). €1y

On the other hand, applying (25) to the polynomial P (X7, X>, X3), we have another
inequality,

5
P(X1, X, X3) < J(X),  J(X)=)Y netxf, (32
k=3

2 (A 3 (B 6 (B, 3 (A 4B
Js_ﬂ%(2)[l+ﬁ?<3)}’ J4‘ﬂf(2) +ﬂ%(3)’ 13‘1312(2)'

Inequality (32) holds always, while inequality (31) is not valid for every set
{x1,...,xp,, g}. In order to make both inequalities consistent, we have to find
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a range for g where both inequalities (31) and (32) are satisfied. To satisfy both
inequalities, it is enough to require that (32) implies (31),

E(X) > J(A)), or

(Es — J5)X} +(Eq — J)g X} +(E3 — J3)g* X} + E2g? X+ E1g* X1 +Eog® > 0, (33)
where
3 m)z 3 (m)z 2 (,31) 12 (ﬂl) 3 (m) 1
Es—Js= + + + - 1+ = _ .
ST ,3;*(2 po\3 p\3) 3 g2 g\ 3 3¢
5 ﬁl) 6 (,31)(,31) 6 (ﬂl)z 3 (m) 1
Es—Js= + —1- - =—
e /312(2 p\2)\3 gi\2) p\3) " g
3B\ 1 <ﬂ1> 13 4 (ﬂl) 13
Ey—Js = - - . 4
S ,3;*(2) Tels) T e\2) T g )
Substituting expressions Ex — Ji, k = 3,4, 5 from (34) and Ey, E1, E> from (30)

into (33), we obtain

X
C4 < G(b,u), Gy = " (—wPd—2m? u= T, p=Ps
g u+b

, . (35
Big B (33)

The function G (b, u) is continuous (see Fig. 2) and attains its global maximal value
G(b,up) atu,,(b) € (0,1/2), where u,, = u,,(b) is a smaller positive root of cubic
equation,

8u +2(5b — 3)uZ, — 9buy +b =0,

0.10 - ]

0.08 - 1

0.06 - 1

G(b,u)

0.04 - 1

0.02 - ]

0.00 ]

0.0 0.2 0.4 0.6 0.8 1.0
u

Fig. 2 Plot of the functions G (b, u) with different b: (in brown) b = 1.75, u,, = 0.125; (in blue)
b = 0.85, uy, = 0.117; (in red) b = 0.5, u,, = 0.112; (in black) b = 0.35, u,, = 0.107 (colour
figure online)
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10
0.12
0.8
g 010 3 06
3 <
0.08 3 04
0.2
0.06
0.0
0 1 2 3 4 0 1 2 3 4
b b
(a) (b)

Fig. 3 Plot of the functions (a) u,, (b) and (b) G (b, u,,) in a wide range of b

with asymptotic behavior of u,,(b) and G (b, u,,) (see Fig. 3),

o b
i (b) 23 o (36)
= 9 — 41 7441 =3
um) 2L 0 = 2 oy = VAL 0.1298, vy = v ~0.013,
b 20 5004/41
b—0 b—oo W 411 + 4141
b 1 b = ~0. )
G( ’um) — ) G( aum) — ba w 12500 005388

Theorem 1 Let a symmetric (not CI) semigroup Se be given with its Hilbert series
H (86; z) in accordance with (1). Then the following inequality holds:

360
g>8 8 =T o= \/ Kb, A) =a+ A2G(b,un). (37)

5
BsK (b, Ay)’

Proof Substitute into (35) the expression for C, given in (22), and arrive at
inequality

3607 — aBsg>
AZB()gS < G(bv um)v
*

which gives rise to the lower bound gg in (37). O

The formula for Ag in (37) shows a strong dependence on Bg, even the last is
implicitly included into G (b, u,,) by a slowly growing function u,, (b) when b > 1.
Such dependence Ag(3¢) may lead to a very small values of A¢ if B¢ is not bounded

from above, but b is fixed, and results in an asymptotic decrease of the bound,

B . . i
g6 222 0. The last limit poses a question: does formula (37) for g¢ contradict

the known lower bound [10] for the Frobenius number in the case of 6-generated
numerical semigroups of arbitrary nature, i.e., not assuming symmetry. If the answer
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is affirmative then it arises another question: what should be required in order to
avoid such contradiction. We address both questions in the next section in a slightly
different form: are there any constraints on Betti’s numbers.

4 Are There Any Constraints on Betti’s Numbers
of Symmetric (Not CI) Semigroups S¢?

Denote by gg and gg the lower bounds of the largest degree of syzygies for
non-symmetric [10] and symmetric CI [7] semigroups generated by six integers,
respectively. Compare g with g and g¢ and note that the following double
inequality hold:

86 < g6 <8  86=V120¥n6, g5 =576 (38)
Substituting the expression for g¢ from (37) into (38), we obtain

72 1 3

2
B —0.1152, 39
625 K (b, Ay) 0 (39)

< 9
K (b, Ay) 625

Kb, A0 221, kb, A) =24,

where the two limits follow by (36, 37). The double inequality (39) determines the
upper and lower bounds for varying B¢ in the plane (b, Bg) as monotonic functions
(see Fig. 4a) with asymptotic behavior,

b—0 b—o0

Upp. bound : Be — 3, Be — 47.92; (40)
Low. bound :  Bg =3 0.1152, B =3 1.84.

According to Lemma 1, the lower bound in (39, 40) may be chosen as Bg = 1.
Find the constraints on Betti’s numbers. In order to find the constraints on Betti’s
numbers, inequality (39) has to be replaced by

1<pfo—pi < 1, B—p 838 g —p s, @4)

Kb, Ay)

and the plot in Fig.4a has to be transformed by rescaling the coordinates (b, Bg)
with inversion, b — B; = Bg/b, and shift, Bg — B2 — B1 = 286 — 1 (see Fig. 4b).
Following Sect. 2, the constraints (39) have to be supplemented by another double
inequality 7 < 1 < 2(4d; — 1) in accordance with (2a) and (11).

The double inequality (41) manifests a phenomenon, which does not exist in
symmetric (not CI) semigroups S,,, generated by four [6] and five [8] integers,
where inequalities g, < gm < gm, are always satisfied and independent of Betti’s
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50 100
40 80
30 S 60
o )
20 Q 40
10 20
0 0
0 20 40 60 80 100 0 50 100 150 200
b Bi

(a) (b)

Fig. 4 Plots of the lower (blue) and upper (red) bounds in the planes (a) (b, Bg) and (b) (81, B2 —
B1). The lower bounds are given by the values (a) B¢ = 1 and (b) B2 — B1 = 1 (colour figure
online)

numbers (B = 5 for S4 and B; = B for Ss):

Zm < Am "Vmm < gm, (42)

kg = V25, &m = " (m — D)"Y,
s =Y192B-D/B,  gn=(m—1)"Ym,,

Note, that constraints (41) do not contradict Bresinsky’s theorem [2] on the
arbitrarily large finite value of 8; for generic semigroup S,,, m > 4. Below, we
put forward some considerations about validity of (41) for Betti’s numbers 81, B2 of
symmetric (not CI) semigroup Sg.

The double inequality (41) has arisen by comparison of gg with two other bounds
g6 and ge and, strictly speaking, a validity of (41) is dependent on how small is a
discrepancy 6 R(z) in Fig. 1. If § R(z) is not small enough and neglecting it in (12) is
far too crude approximation, then there may exist symmetric (not CI) semigroups Sg
with Betti’s numbers g1, 82, where (41) is not true. Such violation should indicate
a necessity to improve the lower bound g¢ in (37) to restore the relationship g <
g6 < ge. Note, that such improvement is very hard to provide even by replacing
Ax — A in inequality (13), where A, < A < 1, and still preserving (13) with
a new A. Such replacement leads again to (37) with K (b, A) instead K (b, Ay),
i.e., the constraints on 1, B still exist, even the area of admissible Betti’s numbers
becomes wider.

However, if there are no such symmetric (not CI) semigroups S¢, for which the
double inequality (41) does not hold, then there arises a much more deep question:
why do the constraints on Betti’s numbers exist. This problem is strongly related to
the structure of minimal relations of the first and second syzygies in the minimal
free resolution for the 1-dim Gorenstein (not CI) semigroup ring k[Sg] and has to
be addressed in a separate paper.
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5 Symmetric (Not CI) Semigroups S¢ with the W and w2
Properties

In [8], we introduced a notion of the W property for the m-generated symmetric
(not CI) semigroups S,, satisfying Watanabe’s Lemma [14]. We recall this Lemma
together with the definition of the W property and two other statements relevant in
this section.

Lemma 2 ([14]) Let a semigroup S;,—1 = (81, ..., 8m—1) be givenanda € 7, a >
1, such that ged(a, dp) = 1, dyy € Sp—1 \ {01, ..., 8m—1}. Consider a semigroup
S = (ady,...,adu—1,dy) and denote it by S,, = (aS,,—1,dy). Then S, is
symmetric if and only if S,,—1 is symmetric, and Sy, is symmetric CI if and only if
Sii—1 is symmetric CL

Corollary 1 ([8]) Let a semigroup S;;,—1 = (81,...,8m—1) be given and a € Z,
a > 1, such that ged(a,dy) = 1, dy € Sp—1 \ {81,...,8m—1}. Consider a
semigroup S,, = (aS;,—1,dy). Then S, is symmetric (not CI) if and only if S;,—1
is symmetric (not CI).

Definition 1 ([8]) A symmetric (not CI) semigroup S,, has the property W if

there exists another symmetric (not CI) semigroup S,,—; giving rise to S,, by the
construction, described in Corollary 1.

Theorem 2 ([8]) A minimal edim of symmetric (not CI) semigroup S,, with the
property W ism = 5.

In this section we study the symmetric (not CI) semigroups S¢ satisfying Watan-
abe’s Lemma [14]. To distinguish such semigroups from the rest of symmetric (not
CI) semigroups Sg without the property W we denote them by W.

Lemma 3 Ler two symmetric (not CI) semigroups Wg = (aSs, dg) and Ss =
(q1,...,qs) be given and gcd(a,dg) = 1, dg € Ss \ {q1, ..., qs}. Let the lower
bound Fgy, of the Frobenius number F(Wg) be represented as, Feyy = gow —

(a Z§=1 qj + d6>. Then

5
gou =a (Asv/ms(@) +do). 5@ =[] (43)
j=1

where s is defined in (42).

Proof Consider a symmetric (not CI) numerical semigroup Ss generated by five
integers (without the W property), and apply the recent result [8] on the lower bound
Fs of its Frobenius number, F(Ss),

5
F(Ss)>Fs,  Fs=hs—) q;,  hs=2s5yms(q). (44)
j=1
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The following relationship between the Frobenius numbers F(We) and F (Ss) was
derived in [1]:

F(We) = aF(Ss) + (a — 1)ds. (45)

Substituting F(We) = g— (a 23:1 q; + d6) and the representation (44) for F(Ss)
into (45), we obtain

5 5

g—ay qj—ds=ahs—ay q;j+(a—1)ds andhence g=a(hs+de). (46)
j=1 j=1

Comparing the last equality in (46) with the lower bound of /5 in (44), we arrive
at (43). O

Following Corollary 1, let us apply the construction of a symmetric (not CI)
semigroup S, with the W property to a symmetric (not CI) semigroup S,,_1, which
already has such property.

Definition 2 A symmetric (not CI) semigroup S,, has the property W? if there

exist two symmetric (not CI) semigroup S;,—1 = {(q1,...,qm—1) and Sy, =
(p1, ..., pm—2) giving rise to S,,, by the construction, described in Corollary 1,
S = (a1Sn—1, du), dy € Sp—1 \ g1, -y gm—1}, ged(ar, dy) =1,

Sm—1=(@Su-2.qm-1)s  qm-1 € Sm—2\{p1,.... pm—2}, ged(@, gm-1) = 1.
Theorem 3 A minimal edim of symmetric (not CI) semigroup S,,, with the property
W2ism =6.

Proof This statement follows if we combine Definition 2 and Theorem 2. O
In this section we denote the symmetric (not CI) semigroups Sg with the property
W2 by W2,

Lemma 4 Let three symmetric (not CI) semigroups W% =
(@284, q5), and S4 = (p1, ..., pa), where q; = arp;, 1 <
such a way that

(a1Ws, de), Ws =
Jj < 4, be given in

—

ds € Ws\{q1,....q95}, ¢5€ Sa\{p1,.... psa}, ged(ar,ds) = ged(az, g5) =

Let the lower bound Fe,, of the Frobenius number F(W%) be represented as, Fg,» =
86w? — <a1a2 Zj‘:l pj +aigs + d6>. Then

4
gor = a1 [@ (adma(p) +95) + 5|, mp=[]p @D
j=1
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where L4 is defined in (42).

Proof By Lemma 2 in [8], the lower bound Fs,, of its Frobenius number F (W5) of
the symmetric (not CI) semigroup W5 reads:

4
Fsw=gsw— @) pj+as|. 85w = a2 <)~4\3/7T4(P)+6]5)- (48)
j=1

Consider a symmetric (not CI) semigroup W2, generated by six integers, and make
use of a relationship between the Frobenius numbers F (W%) and F(Ws) derived in

[1]:

F(W2) = a1 F(Ws) + (a1 — 1)ds. (49)

Substituting F (Wg) = Zeuw? — (a1a2 Z‘]‘-:l pj +ags + d6> and the representa-
tion (48) for F(Ss5) into (49), we obtain

4 4
8ew? —a1a2 Y pj —aiqs —dg = a |:gSw - (02 > b +tI5):| + (a1 — Dds. (50)

j=1 j=1

Simplifying the last equality (50), we arrive at (47). O
Among the subsets {Wé}, {Ws} and the entire set {Sg} of symmetric (not CI)
semigroups, generated by six integers, the following containment holds:

(W} C {We} C {Se).

Below we present twelve symmetric (not CI) semigroup generated by six integers:
Vi, Va, V3, V4—without the W property, Vs, Vs, V7, Vg—with the W property, and
Vo, Vio, Vi1, Vip—with the w2 property.
Vi =(7,9,11,12,13, 15), Vs = (12,20, 28, 30, 38,41), Vo = (30, 33, 36, 37,42, 48),
Vo =(7,9,10, 11, 12, 13), Ve = (12,20, 28, 38, 46,47), Vio=(42,45,48,54,59,78),
V3 =(12,13,14,15,17,19), V7 =(14,24,26,36,46,49), Vi;1=(40,42,48,54,71,78),
Va=(12,13,14,15,18,19), Vg =(38,46,58,62,74,79), Vi,=(46,48,75,78,90, 102).
We give a comparative Table 1 for the largest degree g of syzygies and its lower
bounds g6, 86w, &ey2 and ge, calculated by formula (38).

For symmetric (not CI) semigroups W2, presented in Table 1, the following
inequalities hold:

g > Zeu? > S6w > 86 > &6- (51)
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Table 1 The largest degree g of syzygies for symmetric (not CI) semigroups Sg with different
Betti’s numbers B, Bz and its lower bounds ge, g6w» Zew2> £6

- W property w2 property
S¢ Vi Vo V3 V4 Vs Ve \Zi V8 Vo Vio Vi Vio
B 13 14 10 10 8 9 10 14 7 7 7 7
B2 31 35 19 22 19 18 23 37 16 16 16 16
Be 95 11 5 65 6 5 7 12 5 5 5 5
g 84 77 125 126 256 292 302 638 387 603 598 816
86w? — - - - - - - - 385.6 5953 5903 811.2
86w — - - - 2404 2712 286  609.2 359.8 554.8 548 7469
g6 55 496 88 865 1733 196 196.6 3954 2744 420.8 426.6 586.6
26 455 42 662 669 1304 146 153.4 338 199.9 306.5 310.7 427.2

For the rest of symmetric (not CI) semigroups We and Sg the bounds gg,2 and
gew are skipped in inequalities (51) depending on the existence (or absence) of
the W property in these semigroups. It is easy to verify that Betti’s numbers of all
semigroups from Table 1 satisfy the constraints (41).
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Syzygies of Numerical Semigroup Rings, )
a Survey Through Examples ik

Philippe Gimenez and Hema Srinivasan

Abstract This survey presents recent results on minimal free resolutions of
numerical semigroup rings. We focus on two classes of numerical semigroups where
the resolution is explicitly given: Gorenstein semigroups of embedding dimension
4 that are not a complete intersection and semigroups generated by a sequence
of integers in arithmetic progression. Finally, we describe how the resolution is
constructed when the semigroup is obtained by gluing of two numerical semigroups
of smaller embedding dimension. Along the paper, we provide several non-trivial
examples to illustrate our results.

Keywords Semigroup rings - Syzygies - Gorenstein rings - Arithmetic
sequence - Gluing

1 Introduction

Given a sequence of positive integers a = (ay, ...a,) and an arbitrary field «,
consider the ring homomorphism ¢, : k[x1, ..., x,] — k[t] defined by ¢a(x;) =
t% . Then I, := ker ¢, is a prime binomial ideal of heightn—1in R := k[x1, ..., x;]
and it is weighted homogeneous with the weighting degx; = a; on R. It is the
defining ideal of the affine monomial curve C, C A} parametrically defined by a
and whose coordinate ring is k[a] := Im ¢, = k[t?!, ..., t%] ~ R/I,. As k[a] is
isomorphic to k[da] for any integer d > 1, we may assume without loss of generality
that ay, ..., a, are relatively prime. The ring k[a] is also known as the semigroup
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ring of the numerical semigroup (a) = (ay, ...a,) C N generated by ay, ..., ay,
and it is always a Cohen-Macaulay ring. When the sequence a minimally generates
the semigroup (a), then the semigroup ring k[a] has embedding dimension n» which
is equivalent to the condition I, < (x,..., xn)z. We also say a is numerically
independent if it is a minimal generating set for the semigroup (a).

In this survey, we are interested in the minimal graded free resolution of k[a]
as R-module with respect to the grading on R induced by degx; = a;, and in
particular in determining the graded Betti numbers of k[a] and other invariants
related to its syzygies like the Hilbert series, the Cohen-Macaulay type or the
Castelnuovo-Mumford regularity. The complete intersection case is under control
since the Kozsul complex gives a minimal graded free resolution in this case so one
only needs to give a minimal generating set of I,. When the embedding dimension
is < 2, things are hence trivial and for n = 3, one can easily describe the syzygies
of k[a] using the results of Herzog [10]. For n > 4, the number of elements in
a minimal generating set of I, is not bounded and the description of a minimal
resolution in general becomes a hard problem. The first interesting case is thus when
n = 4 and k[a] is Gorenstein and not a complete intersection. In this case, Bresinsky
shows in [2] that I, is minimally generated by 5 elements and he gives a complete
description of a minimal generating set of I;. This information also encodes the
whole minimal graded free resolution of k[a] in this case as we will recall in
Proposition 1. The concept of principal matrix, that we recall in Sect. 2, is useful for
understanding Gorenstein monomial curves of embedding dimension 4 that are not a
complete intersection. Bresinsky’s construction shows that when k[a] is Gorenstein
and not a complete intersection, then a has a principal matrix that satisfies a property
that we call pseudo-Gorenstein (Definition 2) but not any pseudo-Gorenstein matrix
provides a Gorenstein sequence (Theorem 1). We will also recall from [9] how,
given a Gorenstein monomial curve, one gets two families of Gorenstein monomial
curves by translation (Theorem 2). Note that in [1, Theorem 6], one can find a
minimal graded free resolution of k[a] in another interesting case of embedding
dimension 4: when (a) is pseudosymmetric, i.e., almost symmetric of type 2. The
case of almost symmetric numerical semigroups of embedding dimension 4 and
type ¢ is treated in [11, Sec. 6].

In Sect. 3, we focus on the case of semigroup rings defined by a sequence in
arithmetic progression. This is, to our knowledge, the biggest familly of numerical
semigroup rings where the minimal graded free resolution is completely described
in arbitrary embedding dimension, [8]. The construction of the sygygies and the
computation of the graded Betti numbers are recalled in Theorem 3. Using this
result, one can describe all the patterns of minimal graded free resolutions of
semigroup rings defined by arithmetic sequences in low embedding dimension
(Examples 5-7).

Finally, we will show in Sect.4 how the syzygies behave when one glues two
numerical semigroups. When ¢ = kja U kob is a gluing, a minimal graded free
resolution of k[c] can be obtained from minimal resolutions of k[a] and k[b]
(Theorem 4) and formulas for all the numerical invariants can then easily be deduced
(Corollary 2).
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Along this survey, we illustrate results and phenomenons with many examples
where we construct syzygies and compute invariants like Betti numbers and
regularity. The computer algebra system SINGULAR [3] was very useful to check
our computations and build non-trivial examples.

2 Principal Matrices and Gorenstein Sequences of Length 4

Given a sequence of relatively prime positive integers a = (aj,...,an), n > 2,
there is an integer s such that x > s = x € (a). The smallest integer with this
property is called the Frobenius number of (a) and we will denote it by F'(a). When
n = 2, one has a formula for F(a) but in higher embedding dimension, there is no
such a simple formula; see [12].

Lemma 1 Ifa; and ay are two relatively prime positive integers, then F (a1, az) =
ajay—ay—ay, i.e., ifx > ajap—ax—a1+1thenx € (a1, az), andajay —ay—az ¢
(a1, a).

For eachi, 1 <i < n, there exists a multiple of a; that belongs to the numerical
semigroup generated by the rest of the elements in the sequence and we denote by
r; > 0 the smallest positive integer such that r;a; € (ay,...,ai—1,ai+1,...,0an)-
So we have that

Vi, 1 <i <n, r,~a,~=Zr,-jaj, rij >0, r; >0. @))
J#
Definition 1 The n x n integer matrix D(a) := (r;;) where r;; := —r; is called a

principal matrix associated to a.

Principal matrix D(a) is not uniquely defined. Although the diagonal entries —r;
are uniquely determined, there is not a unique choice for r;; in general. We have
the “map” D : NI"l — T,f from the set NIl of sequences of n relatively prime
positive integers to the set 7, of n x n singular matrices with negative integers on
the diagonal and non-negative integers outside the diagonal. When D(a) has rank
n — 1, the maximum possible, we can recover a from D(a) by factoring out the
greatest common divisor of the n maximal minors of the n — 1 x n submatrix of
D(a) obtained by removing the first row. In other words, call D~! : T} — NI the
operation that, for M € T, takes the first column of adj()) and then factors out
the g.c.d. and removes the signs to get an element in N Then D1 (D(a)) = a if
D(a) has rank n — 1. Now given a matrix M € T/, D(D~Y(M)) # M in general.
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-4 0 1 1
. . 1 =54 0
Example I Consider the matrix M = 0 4 51 | It has rank 3 and
31 0 =2

DY (M) = (7,11,12,16) but D(D~'(M)) # M. It is easy to check, for
example, that for a = (7, 11, 12, 16), one has that r, =3 < 5.

As observed in [4] where Delorme characterizes sequences a such that k[a]
is a complete intersection, this fact does not depend on the field k£ by [10,
Corollary 1.13]. On the other hand, it is well-known that k[a] is Gorenstein if and
only if the numerical semigroup (ap, ...a,) C N is symmetric, which does not
depend either on the field k. We will thus say that a is a complete intersection
(respectively Gorenstein) if the semigroup ring k[a] is a complete intersection
(respectively Gorenstein).

In his classical paper [2], Bresinsky gives a characterization of monomial curves
in Ai that are Gorenstein but not a complete intersection. As shown in [9], principal
matrices turn out to play an important role in this characterization as we will recall
now.

Assume that n = 4. If a is Gorenstein but is not a complete intersection, by [2,
Theorems 3 and 5], there is a principal matrix D(a) that has the following form:

—c1 0 diz dis
dyy —c2 0 dy
d31 d3 —c3 0O
0 dia diaz —cs

D(a) = 2

with ¢; > 2 and d;; > Oforall 1 < i, j < 4, the columns summing to zero
and all the columns of the adjoint being relatively prime. The first column of the
adjoint of this matrix is —a’ and Bresinsky’s characterization also says that the first
column of the adjoint of every such matrix defines a Gorenstein monomial curve
(after removing the signs) provided they are relatively prime. In fact, we can do this
with any column of the matrix adj(D(a)) in (2), not only the first one, that all give
a after factoring out the g.c.d.

Definition 2 We say that a 4 x 4 matrix with integer entries A = (a;;) is pseudo-
Gorenstein if

. the columns add up to zero;

. entries on the diagonal are all negative;

. the other entries are all non-negative;

. there are exactly 4 entries that are zero: a1z = a3 = az4 = aq1 = 0.

AW N =
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Remark 1 Any pseudo-Gorenstein matrix A will be of rank 3 so adj (A) has rank
1, i.e., its columns are all equal up to a multiple. Moreover, since the columns of A
add up to zero, the 4 columns of adj (A) are the same. This means that adj (A) =
al x [-1—1—1—1]forsomea = (aj, a2, as, as).

Thus, by Bresinsky, any sequence in N* that is Gorenstein but not a complete
intersection has a principal matrix which is pseudo-Gorenstein with the four entries
in the first column of the adjoint being relatively prime. We can prove the following
strengthening of this criterion.

Theorem 1 If A is a pseudo-Gorenstein 4 x 4 matrix, then the first column of
the adjoint of A (after removing the signs) defines a Gorenstein monomial curve
provided these entries are relatively prime.

Proof Consider such a matrix A and let ay, az, a3, a4 be the entries in the first
column of the adjoint of A (after removing the signs). Since we are assuming that
they are relatively prime, there exist integers Aj, ..., A4 such that Aja; + --- +
Agag = 1.

It suffices to show that the four relations in the rows of A are principal relations.
We will show this for the first row and the other rows are similar. Suppose that
biiar = bipar + bi13as + bisay is a relation with b1 > 2 and b2, b13, b14 > 0 and
let’s show that b1 > c;.

—b11 b2 b1z bis
dy —c2 0 dyy
d31 dyp —c3 0O

0 da daz —ca
namely Y = (ay, a2, a3, a4)T, we see that it has determinant zero. So there exist

x; such that

Since the system Y = 0 has a non-trivial solution,

—b11 b12 b1z bis
dy —c2 0 dy

(1, x2, x3, x4) =0. 3)
d3y1 d3 —c3 0
0 da diz —ca
—b11 b2 b13 bis
Consider the matrix Ty = dr —c2 0 dog . If the determinant of T4 is

d3y1 d3p —c3 0

M A2 A3 Mg
—14, then the last column of its adjoint is —#4(ay, az, as, a4)T. This is because
T4(ay, ar, az, a4)T = (0,0,0, l)T. Hence, looking at the element in the last row
and last column of the adjoint of T4, one gets using (3) that

—b11 b12 b3 0 —xadar —x4dys3
—taas = | dryy —cp 0 |=|d1 —c2 0 = —Xx4a4 .
d31 d3z —c3 d31  dx —c3
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Hence t4 = x4, and since #4 is an integer, so is x4. Now, looking at the element in
the last column and first row of the adjoint of 74, one has

b12 b3 b1y
t4a1 = |—cy 0 dag| = b1z2c3dog + b13dzndrs + bracacs > 0.
diy —c3 0

So, x4 = t4 is now a positive integer.

—b11 b12 b3 bis
d3; d3 —c3 0
0 di daz —ca
AM A2 A3 M

by —t,. By similar calculations, we see that x, = 1, is an integer and, focusing on

the element in the last column and third row of the adjoint of 73, one gets that

Consider the matrix 7, = which determinant is denoted

—b11 b12 b1y
haz=|d31 dxp 0 |=biicadsy + biadzics + bradzidsy > 0
0 da —cs

S0 xp = 17 is also a positive integer.

—bi1 D12 b13 bis
dyy —c2 0 dy
0 dar daz —c4
A A2 A3 Mg

gets that x3 = —#3 and hence x3 is an integer. However, by calculating the entry in

the last column and second row of the adjoint of 73, one gets that

Similarly, using the matrix 73 = of determinant —¢3, one

—b11 b13 b4
(—=3)az = | do1 O das| = b11dszdas + b13daics + bradridss > 0,
0 diz —cq

and hence, x3 is again a positive integer.

So, b11 = xada1 + x3d31 > da1 + d31 = ¢ as desired.

Since we can make any of the ¢;’s the first row, by rearranging the a;’s suitably,
this proves that all of the rows are principal relations and this is a principal matrix.
Hence a = (ay, a2, a3, as) is Gorenstein by Bresinsky’s criterion. O
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-3 0 5 2
. 2 =50 3]. .
Example 2 The matrix A = 1 1 -6 0 is pseudo-Gorenstein and
0 4 1 -5
the first column of its adjoint is (—75, —63, —23, —55)T. The sequence
a = (75,63,23,55) is, by our criterion, Gorenstein and not a complete

intersection and A is a principal matrix for a, i.e., D(D~'(A)) = A.

However not all pseudo-Gorenstein matrices provide a Gorenstein sequence
through this process.

-4 0 2 1
Example 3 Consider the matrix A = i _57 0 s g . It is pseudo-
0 2 3 -5

Gorenstein. But the columns of adj (A) do not have relatively prime entries: all
the columns of the adjoint are —3a for a = (25, 29, 34, 32). Hence a cannot
be Gorenstein. In fact, the principal matrix of (25, 29, 34, 32) can be seen to

-4 0 2 1
2 41 1 L .

be D(a) = 31 -4 ] which is not pseudo-Gorenstein! One has that
0 2 3 -5

Iy C R = k[x1, ..., x4] is minimally generated by 7 elements, the semigroup

ring k[a] >~ R/I, is not Gorenstein, and its minimal free resolutions have the
following shape:

0—>R*> R 5 R" > R > kla] > 0.

The following result [9, Thm. 4] gives two families of Gorenstein monomial
curves in A;{‘ by translation from a given Gorenstein curve.

Theorem 2 Given any Gorenstein non-complete intersection sequence a of length
4 with principal pseudo-Gorenstein matrix D(a), there exist two vectors u and v in
N* such that, forallt > 0, a4 tu and a + tv are also Gorenstein non-complete
intersection whenever the entries of the corresponding sequence (a + tu for the first
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family, a + tv for the second) are relatively prime. When this occurs, their principal
matrices are

—10 10 0000

0000 0-10 1

(a+ra) (a) +1¢ L 0-10 and D(a+tv) (a)+1¢ 0000
000 01 0-1

Example 4 Let a = (34,33,42,64). This is a Gorenstein non-complete
intersection sequence with the principal matrix

50 1 2
2 —40 1
ba=13 5 4o
0 2 3 -3

Here, the vector u defined in [9] is u = (10, 9, 10, 16). So, if one sets a; :=
a + tu, it is not a relatively prime sequence if + = 1 but it is relatively prime
sequence for ¢+ = 2. Denoting by A; the principal matrix of a;, one has that

-6 0 2 2 -7 0 3 2
Al = i _24 _05 (1) and A, = 2 _24 —06 (1) . It is clear from the
0 2 3 -3 0 2 3 =3

first row of A1, that the first column of its adjoint is not relatively prime and
hence it is not the principal matrix of a Gorenstein not complete intersection.
However, for Aj, the sequence a + 2u = (54, 51, 62, 96) is Gorenstein and
not complete intersection for it is relatively prime.

At the end of [9], we also show that when a is Gorenstein and not a complete
intersection, the principal matrix (2) encodes the resolution of k[a]. This result was
also obtained, independently, in [1].

Proposition 1 If a is Gorenstein and not a complete intersection, then a minimal
graded free resolution of k[a] is

05> REBR LR RS k>0

0 0 xg” xg“ xf“ X — xgilsxfm
0 0 xiizl xf{” x;ﬂtz x§3 _ xdzlxgsz
. _ d d. d _ T __ c. dgp d.

with ¢ = —x? =0 0 3" and 63 = (1) = xyt —xy2ag®
da3 dis d3 &) dyy dry

_xfl _xfl Od Od B dxz d_x :4 d

24 12 13 31 b1 daz 3 dia
Xy Xy —X3 —X) 0 XT3 — Xy
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Fact
If A is a pseudo-Gorenstein matrix, then there is always a Gorenstein ideal
—c1 0 diz dis
dyy —c2 0 dyp
d31 d3 —c3 0
0 dyp diz —cq
the ideal 1(A) = (x|' — x?”xf”,x;z — xib'xffz“,x? — xf“)cgn,xi“ —
xg“zxg“,xf“x?“ — xgnxf”) and the sequence a = (ay, a2, as, a4) given
in Remark 1. Then /(A) is homogeneous if we give weight a; to x; in
R = k[x1,...,x4] and if 1(A) has height 3, then the resolution given in
Proposition 1 is a minimal graded free resolution of R/I(A) so I(A) is
Gorenstein. The ideal 7(A) is the pfaffian ideal of the 4 x 4 minors of the
skew symmetric matrix ¢. The thing is that the ideal 7 (A) might not coincide
with I, one can just say that it is contained in I,. If it is equal to I, then, of
course, Iy will be Gorenstein and A = D(a).

associated to it: if A = is as in Definition 2, consider

Remark 2 Froberg proved in [5] that the Cohen-Macaulay type of k[a] coincides
with the number of elements £ € N that are not in the semigroup (a) and such
that £ + s € (a) for all s € (a); see also [14, Thm 10.2.10]. Of course F'(a), the
Frobenious number of (a) defined before Lemma 1, is always such an element so
k[a] is Gorenstein if and only if it is the only one.

Question
When a is not Gorenstein, can one tell the Cohen-Macaulay type of k[a] from
the principal matrix D(a) or its adjoint when it is of maximal rank?

Question
Can we characterize the Goresntein sequences of length n > 5 by their
principal matrices?

3 Arithmetic Sequences

In this section, we will consider arithmetic sequences of length n > 3, i.e.,
sequences of integers of the form a = (a,a + d,...,a + (n — 1)d) for some
a,d € N. We will assume that the elements in the sequence are relatively prime,
i.e., gcd(a, d) = 1, and that they minimally generate the semigroup (a).
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In [8], we construct a minimal graded free resolution for k[a] when a is an
arithmetic sequence and derive formulae for various invariants. These form an
important class of semigroup rings and, as of now, it is the only big class of
semigroup rings, besides complete intersections, for which we have a minimal
resolution in all embedding dimensions. In Sect. 4, we will define the concept of
gluing (or decomposition) and semigroup rings defined by arithmetic sequences of
length at least 4 are significant because they are not decomposable or equivalently
cannot be obtained by gluing two semigroup rings of smaller embedding dimensions
as we will recall in Remark 4.

Let us recall here the construction of a minimal graded free resolution of
semigroup rings defined by an arithmetic sequence. The main preliminary result
is a description of the ideal I, as the sum of two determinantal ideals. Write

a=qgn—-1)+r

for g, r positive integers and r € [1,n — 1]. As observed in [7], ¢ > 1 because
we have assumed that a minimally generates the semigroup (a). Now consider the
following two matrices,

q e
A= <x1 x"1> and B = ( i[cid A x"r> .
‘xz “ e xn ‘xl xr+1 “ e xn
By [7, Thm. 1.1], I, is the sum of the two determinantal ideals on maximal minors of
A and B, i.e., I = Ib(A) + I>(B). Using the minimal resolution of R/I(A) given
by the Eagon-Northcott complex and then an iterated mapping cone construction

that we make minimal at each step, we construct a minimal graded free resolution
of k[a] that we recall in Theorem 3; see [8, Thms. 3.10 and 4.1].

Notations

Given two integers m > t > 1, denote by o(m,t) the collection (with
repetitions) of all possible sums of ¢ distinct non-negative integers which
are all strictly smaller than m, i.e., o(m,t) = { Z ri}. Note that

0<ri<--<ri<m-—1

#o(m, 1) = (7).

Theorem 3 Leta = (a,a+d,...,a + (n — 1)d) be an arithmetic sequence of
length n > 3 with gcd(a, d) = 1, and write a = q(n — 1) +r for q, r two positive
integers withr € [1,n — 1. If R = k[x1, ..., x,] is graded according to deg(x;) =
a + (i — 1)d, the minimal graded free resolution of k[a] as an R-module is

O—>F 1 —E 20F, — - —E®F — R-—kla]> 0
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s—1

where, foralls € [2,n — 1], Es_1 = @ @ R(—(sa+id + jd)) |, and
i=1 \jeo(n—1,s)

F

n—1—r
(@ R(—[a(g +d + 1) +id])

i=0

n—1—r [n-2
Fy = @ (@R(—[(a(q+d+2)+id+jd])))

Jj=0

n—r—1
(@( & R(—[a(q+d+s)+id+jd]))) ifseB.n—rl,

i=s jeo(n—1,s—1)

@ P R-lalg+d+s+1) +id+jd]))) ifseln—r+1,n-1].
jeo(n—1,s)

In particular, for n > 3 fixed, the Betti numbers of the semigroup ring associated to

an arithmetic sequence a = (a,a +d, ...,a + (n — 1)d) of length n, only depend

on the value of a modulo n — 1, and they are given by the following formula:

—1
. (n—r+1—j)(", 1>if1§j§n—r
Bi=Jl . + NN .
Jj+1 . n . .
(j—n—+r) . ifn—r<j<n-—1
J

Corollary 1 Ifa = (a,a+d,...,a+ (n—1)d) is an arithmetic sequence of length
n > 3 with gcd(a,d) = 1 and q, r are the integers defined in Theorem 3, the value
of the Castelnuovo-Mumford regularity of k[a] is

020 tag+d)+(n—D@—-1)  ifr=1,

k =
reg (kla]) { (n— 2)("“)51 tal@+d+1)+ (n—D(a— 1) otherwise.

Example 5 For n = 3, given an arithmetic sequence a = (a,a +d, a + 2d)
with ged(a, d)) = 1, one has that:

* if a is even (and d is odd and relatively prime to a/2), then the minimal
graded free resolution of k[a]is0 — R — R? - R — k[a] — 0. In this
case, k[a] is a complete intersection;

* ifaisodd (and ged(a, d) = 1), then the minimal graded free resolution of
k[a]is 0 — R?> — R3> — R — k[a] — 0. In this case, k[a] is Hilbert-
Burch.

(continued)
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Example 5 (continued)
Using [10, Thms. 3.7 and 3.8], one easily gets that an arbitrary sequence of

length 3 always defines a semigroup ring that is either a complete intersection
or Hilbert-Burch.

Example 6 For n = 4, the minimal graded free resolution of the semigroup
ring k[a] defined by an arithmetic sequence a = (a,a + d,a + 2d, a + 3d)
with ged(a, d) = 1 is of one of the following types:

0 >R — R® — R — R —> k[la] > Oifa =1mod3
0 >R — RS — R’ — R —k[a] > 0ifa =2mod3,
0 >R?— R — R*— R—k[a] > 0ifa =0mod3.

Note that for an arbitrary sequence a of length 4, it is well-known that the
number of minimal generators of I, is not bounded while, when the sequence
is arithmetic, it can only be 4, 5 or 6 (in particular it is never a complete
intersection).

Example 7 For n = 5, the semigroup ring k[a] associated to an arithmetic
sequence a = (a,a +d,a + 2d,a + 3d, a + 4d) with gcd(a,d) = 1 has a
minimal graded free resolution of one of the following forms:

> R*—> RV 5 RO _, RO _, Rk
—-R —>R — RO _L R > R—k
—-R?—> R —R2_ R > R—k
R —SRUI L RU _L R LRk

a] - 0ifa = 1 mod4,
a] - 0ifa =2mod4,
a] - 0ifa =3 mod4,
a] - 0ifa = Omod4.

o O O O

Remark 3 In particular, an arithmetic sequence a = (a,a +d,...,a + (n — 1)d)
with ged(a, d) = 1 is a complete intersection if and only if n = 3 and a is even (and
d is odd and relatively prime to a/2).

Example 8 The sequence a = (4, 11, 18, 25) defines a semigroup ring whose
minimal graded free resolution is of the first type in Example 6 while the
sequences b = (7,12,17,22,27) and d = (11, 13, 15, 17, 19) both define

(continued)
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Example 8 (continued)
semigroup rings whose minimal graded free resolution is of the third type in

Example 7. Applying Corollary 1, one gets that reg(k[a]) = 76, reg(k[b]) =
118 and reg(k[d]) = 113.

4 Gluing

Let’s recall here the concept of gluing introduced by Rosales in [13]. We say that a
sequence of relatively prime integers ¢ = (c1, ..., ¢,) is a gluing of two relatively
prime sequences a and b if the set ¢ splits into two disjoint parts, ¢ = kja U kab,
with k; and kj relatively prime and such that k1 € (b) \ b and k> € (a) \ a. When
this occurs, we also say that ¢ is decomposable, or that ¢ is a gluing of a and b, and
we denote ¢ = kja Ll kpb.

In [6], we construct a minimal graded free resolution of the semigroup ring k[c]
in terms of that of k[a] and k[b] when c is a gluing of a and b. We first recall some
well-known facts on gluing.

Notations
If ¢ = kja U kpb is a gluing:

* The number of elements in a and b, will be denoted by p and

q respectively: a = (a1,...ap), b = (b1,...,by), so that ¢ =
(kiai, ..., kiap, kaby, ..., kaby).

e Set Ra = k[x1,...,xp], Ry = k[y1,....y;] and R = R, =
k[x1,...,Xp, Y1, ..., Yq] and consider on those rings the grading induced

giving weights to the variables according to the associated sequence. Then,
kla] ~ Ra/I,, k[b] =~ Ry/Iy and k[c] =~ R/I. are graded modules on Ry,
Rp and R respectively.

Lemma 2 Let ¢ be a gluing ofa and b, ¢ = kja U kob.

1. If a and b are numerically independent then so is c.

2. Since k1 € (b) and ky € (a), there exist non-negative integers «;, ;i such that
k= 23:1 Bjbj and ky = Zle a;a;. Then, the ideal I. is minimally generated
by the union of minimal generating sets of Iy and Iy, and exactly one extra
generator,

14 q
p:l_[x?i—l—[yjj €ER.
i=1 j=1
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3. p is homogeneous of degree kikj.
Now we are ready to state the theorem on resolution; see [6, Thm. 3.1].

Theorem 4 Suppose that ¢ = kiaU kb and let Fa and Fp be minimal resolutions
of k[a] and k[b] respectively. A minimal graded free resolution of the semigroup
ring k[c] is obtained as the mapping cone of the map of complexes p : Fx Q Fp —
Fa ® Fp, where p is induced by multiplication by p. In particular, (IaR + IpR g
p) =1LR+ IhR.

Example 9 Consider the decomposable sequence
¢ = (76,209, 342,475, 182,312, 442, 572, 702)

where ¢ = kja U kob fora = (4,11, 18,25),b = (7,12,17,22,27), k1 =
19 =7+12 e (b)\bandky =26 =2 -4+ 18 € (a) \ a. Set Ry =
klx1,...,x4], Ry = k[y1,...,y5]and R = k[x1, ..., ys5].

Both a and b are arithmetic sequences. They appeared in Example 8 and
the minimal graded free resolutions of k[a] and k[b] are

0—>R3—>R8—>R6—>R—>k[a]—>0,
0> R*>R > R?-> R R kb] > 0.

The tensor product of these two resolutions provides a minimal graded free
resolution of R/J (as R-module) where J = IR + IpR:

0—>R6—>R37—>R104—>R164—>R146—>R68—>R14—>R—>R/J—>0.

Note that the differentials can be easily written down if needed.

Finally, the extra minimal generator in Io is p = x12x3 — y1y2 and the
mapping cone induced by multiplication by p gives a minimal resolution of
k[c] (as R-module):

0—> RO — R® — R, R28 _, R310 , R214 , R82 L RS L R > klc] > 0.

Again, the differentials are easily given by the mapping cone construction.

We obtain many corollaries from the theorem, some are new and some are
recovering results already obtained by different methods that did not require the
construction of the minimal resolution. Using the explicit resolution, we can read
off many invariants, such as Hilbert function, Cohen-Macaulay type, Betti numbers
(global or graded), etc.
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Corollary 2 Assume that ¢ = k1a U kob is a gluing.

1.

o

N

The Betti numbers of k[c] are given by the following two formulas:

Vi =0, pikle]) = Z Bir (k[aD[Bi—i' (k[b]) + Bi—i'—1(k[b])]

i’=0

= Z Bir (k[bD[Bi—i (k[a]) + Bi—i—1(k[a])].

i'=0

The Cohen Macaulay type is given by Type(k[c]) = Type(k[a]) - Type(k[b]).
k[c] is Gorenstein, respectively a complete intersection, if and only if k[a] and
k[b] are both Gorenstein, respectively complete intersections.

If neither k[a] nor k[b] is Gorenstein, then the Cohen-Macaulay type of k[C] is
not prime.

The graded Betti numbers of k[c] are given by the following two formulas

Bij(klel) = ( > BorklaD[Bi—irs (kIb]) + Biir—1.5—i, (k[b])])

i'=0 “rs/kir+kas=j

=y ( S B kDB s KIAD + Biir—1,5—i (k[a])]) .

i'=0 “rs/kir+kys=j

. The Castelnuovo-Mumford regularity of k[c] can be seen as

reg(k[e]) = kyreg(k[a])+kareg(k[b])+(p—1)(ki—1)+(g—1) (ka—1)+kik2—1.

. The Hilbert series of k[c] is given by He(t) = (1 — t51%2) Hy (1K1) Hyy (£%2).
. If the minimal free resolutions of k[a] and k[b] admit a DG algebra structure,

then k[c] inherits the structure from those of k[a] and k[b]. That is, we can
explicitly construct a multiplication on the minimal resolution of k[c] if we know
the multiplication on those of k[a] and k[b].

Recall that if a resolution F admits a multiplication which makes it an associa-

tive, graded commutative differential graded algebra, we say it has a differential
graded algebra structure or a DG algebra structure.
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Example 10 For the sequence ¢ = (76,209, 342,475, 182,312,442,572,
702), one has that ¢ = kja U kpb with A = (4,11,18,25), B =
(7,12,17,22,27), ki = 19 and kp; = 26. The minimal resolutions in
Example 9 give the Betti numbers of k[a] and k[b]:

i 0123 i 01234
pi(A) 1683 Bi(B) 181272

Applying both formulas in Corollary 2(1), one gets that 8y = Bo(C) = 1, and

Bi=1-B+1D)+6-1=15=1-(6+1)+8-1
Bo=1-(12+8)+6-B+1)+8-1=82=1-(8+6)+8-(6+1)+12-1
Bs=1-(T+12)+6-(12+8)+8-8+1)+3-1=214
=1-B+8)+8-B+6)+12-(6+1)+7-1
Ba=1-Q+7+6-(T+12)+8-(12+8)+3-8+1) =310
=1-3+8-GB+8)+12-B8+6)+7-(6+1)+2-1
Bs=1-246-Q+7)+8-(7T+12)+3.(12+8) =268
=8-3+12-3+8)+7-B+6)+2-(6+1)
Bo=62+8-Q+DN+3-T+12)=141=12-3+7-3+8) +2-(8+6)
B7=8-2+3-Q+7)=43=7-3+2-3+9)
Bg =3-2=6,

and the minimal free resolution of k[c] shows, as announced in Example 9, as
0— RO — R¥ R4 5 R?8 _, R310 _, R214 L, R82 L, RS L R > k[e] = 0.

One could also get the graded Betti numbers applying Corollary 2 (5). Now
recall that in Example 8 we computed the values of the regularity of k[a] and
k[b] using Corollary 1: reg(k[a]) = 76 and reg(k[b]) = 118. By applying the
formula in Corollary 2 (6), one has that the regularity of the semigroup ring
klc] is

reg(klc]) = kireg(klal) + koreg(k[b]) + (p — Dkt — 1) + (¢ — D(k2a = 1) + kikr — 1

=19-764+26-118+3-18+4-25+19-26 —1=5159.

Remark 4 As observed in [6, Prop. 5.2], an arithmetic sequence (a,a +d, ...,a+
(n — 1)d) is glued if and only if n = 3 and a is even (and d is odd and relatively
prime to a/2). According to Remark 3, these are also the only arithmetic sequences
that are a complete intersection.
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Irreducibility and Factorizations m)
in Monoid Rings e

Felix Gotti

Abstract For an integral domain R and a commutative cancellative monoid M, the
ring consisting of all polynomial expressions with coefficients in R and exponents
in M is called the monoid ring of M over R. An integral domain R is called atomic
if every nonzero nonunit element can be written as a product of irreducibles. In the
study of the atomicity of integral domains, the building blocks are the irreducible
elements. Thus, tools to prove irreducibility are crucial to study atomicity. In the
first part of this paper, we extend Gauss’s Lemma and Eisenstein’s Criterion from
polynomial rings to monoid rings. An integral domain R is called half-factorial (or
an HFD) if any two factorizations of a nonzero nonunit element of R have the same
number of irreducible elements (counting repetitions). In the second part of this
paper, we determine which monoid algebras with nonnegative rational exponents are
Dedekind domains, Euclidean domains, PIDs, UFDs, and HFDs. As a side result, we
characterize the submonoids of (Q, +) satisfying a dual notion of half-factoriality
known as other-half-factoriality.

Keywords Monoid algebras - Gauss lemma - Eisenstein’s Criterion - Puiseux
algebras - Atomic domains - Other-half-factorial monoids - Puiseux monoids -
Numerical semigroups

1 Introduction

Given an integral domain R and a commutative cancellative monoid M, the ring of
all polynomial expressions with coefficients in R and exponents in M is known as
the monoid ring of M over R (cf. group rings). Although the study of group rings
dates back to the first half of the twentieth century, it was not until the 1970s that
the study of monoid rings gained significant attention. A systematic treatment of
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ring-theoretical properties of monoid rings was initiated by R. Gilmer and T. Parker
[14, 16, 17] in 1974. Since then monoid rings have received a substantial amount
of consideration and have permeated through many fields under active research,
including algebraic combinatorics [ 7], discrete geometry [8], and functional analysis
[1]. During the last decades, monoid rings have also been studied from the point of
view of factorization theory; see, for instance, [2, 3, 25]. Gilmer in [15] offers a
comprehensive exposition on the advances of commutative semigroup ring theory
until mid 1980s.

An integral domain is called atomic if every nonzero nonunit element it contains
can be written as a product of irreducibles. Irreducible elements (sometimes called
atoms) are the building blocks of atomicity and factorization theory. As a result,
techniques to argue irreducibility are crucial in the development of factorization
theory. Gauss’s Lemma and Eisenstein’s Criterion are two of the most elementary
but effective tools to prove irreducibility in the context of polynomial rings. After
reviewing some necessary terminology and background in Sect.2, we dedicate
Sect.3 to extend Gauss’s Lemma and Eisenstein’s Criterion from the context of
polynomial rings to that one of monoid rings.

An atomic monoid M is called half-factorial provided that for all x € M, any two
factorizations of x have the same number of irreducibles (counting repetitions). In
addition, an integral domain is called half-factorial (or an HFD) if its multiplicative
monoid is half-factorial. The concept of half-factoriality was first investigated by
L. Carlitz in the context of algebraic number fields; he proved that an algebraic
number field is half-factorial if and only if its class group has size at most two [9].
Other-half-factoriality, on the other hand, is a dual version of half-factoriality, and
it was introduced by J. Coykendall and W. Smith in [12].

Additive monoids of rationals have a wild atomic structure [18, 20] and a
complex arithmetic of factorizations [21, 22]. The monoid rings they determine have
been explored in [5]. In addition, examples of such monoid rings have also shown
up in the past literature, including [23, Section 1] and [4, Example 2.1] and more
recently in [11, Section 5]. In the second part of this paper, which is Sect.4, we
study half-factoriality and other-half-factoriality in the context of additive monoids
of rationals and the monoid algebras they induce. We also determine which of
these monoid algebras are Dedekind domains, Euclidean domains, PIDs, UFDs,
and HFDs.

2 Notation and Background

2.1 General Notation

Throughout this paper, we let Ny denote the set of all nonnegative integers, and we
setN : =Ny \ {0}. If a, b € Z and a < b, then we let [[a, b]] denote the interval of
integers from a to b, i.e.,

[la.b]l:={j €Z]a=<j=b}
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For a subset X of R, we set X® := X \ {0}. In addition, if » € R, we define
Xopi={xeX|x>r} and X>,:={xeX|x>r}.

If g € Q.p, then we denote the unique m,n € N such that g = m/n and
ged(m, n) = 1 by n(g) and d(g), respectively.

2.2 Monoids

Within the scope of our exposition, a monoid is defined to be a commutative and
cancellative semigroup with an identity element. In addition, monoids here are
written multiplicatively unless we specify otherwise. Let M be a monoid. We let
U (M) denote the set of units (i.e., invertible elements) of M. When U (M) consists
of only the identity element, M is said to be reduced. On the other hand, M is called
torsion-free if for all x,y € M and n € N, the equality x” = y” implies x = y.
For S € M, we let (S) denote the submonoid of M generated by S. Further basic
definitions and concepts on commutative cancellative monoids can be found in [24,
Chapter 2].

If y,z € M, then y divides z in M provided that there exists x € M such that
z = xy; in this case we write y |3 z. Also, the elements y and z are called associates
if y |y zand z |p y; in this case we write y ~~ z. An element p € M \ U(M) is
said to be prime when for all x, y € M with p |y xy,either p |y x or p |y y. If
every element in M \ U (M) can be written as a product of primes, then M is called
factorial. In a factorial monoid every nonunit element can be uniquely written as
a product of primes (up to permutation and associates). In addition, an element
a € M\ U(M) is called an atom if for any x, y € M such that a = xy either
x e U(M)ory e U(M). The set of all atoms of M is denoted by A(M), and M is
said to be atomic if every nonunit element of M is a product of atoms. Since every
prime element is clearly an atom, every factorial monoid is atomic.

2.3 Factorizations

Let M be a monoid, and let x € M \ U(M). Suppose that for an index m € N and
atoms ay, ..., ay, € AM),

X =d]---apy. (1)

Then the right-hand side of (1) (treated as a formal product of atoms) is called
a factorization of x, and m is called the length of such a factorization. Two
factorizations ay - - - a,; and by - - - b, of x are considered to be equal provided that
m = n and that there exists a permutation o € S, such that b; >~ a, ;) for every
i € [[1,m]]. The set of all factorizations of x is denoted by Z,;(x) or, simply, by
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Z(x). We then set

zmy = ) Zm.

xeM\U (M)

For z € Z(x), we let |z| denote the length of z.

2.4 Monoid Rings

For an integral domain R, we let R* denote the group of units of R. We say that
R is atomic if every nonzero nonunit element of R can be written as a product of
irreducibles (which are also called atoms).

Let M be a reduced torsion-free monoid that is additively written. For an integral
domain R, consider the set R[X; M] comprising all maps f: M — R satisfying
that

{seM] f(s)#0}

is finite. We shall conveniently represent an element f € R[X; M] by

[=Y FOX =) fls)X",
i=1

seM

where s1, ..., s, are those elements s € M satisfying that f(s) # 0. Addition
and multiplication in R[X; M] are defined as for polynomials, and we call the
elements of R[X; M] polynomial expressions. Under these operations, R[X; M]
is a commutative ring, which is called the monoid ring of M over R or, simply, a
monoid ring. Following Gilmer [15], we will write R[M] instead of R[X; M]. Since
R is an integral domain, R[M] is an integral domain [15, Theorem 8.1] with set
of units R* [16, Corollary 4.2]. If F is a field, then we say that F[M] is a monoid
algebra. Now suppose that the monoid M is totally ordered. For k € N, we say that

f=a1 X + -+ ar X% € R[M]\ {0}

is written in canonical form if the coefficient ¢; is nonzero for every i € [[1, k]] and
q1 > -+ > qk. Observe that there is only one way to write f in canonical form. We
call deg(f) := qi the degree of f.In addition, «; is called the leading coefficient
of f, and o4 is called the constant coefficient of f provided that g = 0. As it is
customary for polynomials, f is called a monomial when k = 1.

Suppose that ¢v: M — M’ is a monoid homomorphism, where M and M’
are reduced torsion-free monoids. Also, let ¥*: R[M] — R[M’] be the ring
homomorphism determined by the assignment X* + XV 1t follows from [15,
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Theorem 7.2(2)] that if v is injective (resp., surjective), then ¥* is injective (resp.,
surjective). Let us recall the following easy observation.

Remark I If R is an integral domain and the monoids M and M’ are isomorphic,
then the monoid rings R[M] and R[M'] are also isomorphic.

3 Irreducibility Criteria for Monoid Rings

3.1 Extended Gauss’s Lemma

Our primary goal in this section is to offer extended versions of Gauss’s Lemma and
Eisenstein’s Criterion for monoid rings.

Let R be an integral domain and take rq,...,r, € R\ {0} for some n € N.
An element r € R is called a greatest common divisor of ry, ..., r, if r divides
r; in R for every i € [[l,n]] and r is divisible by each common divisor of
1, ..., n. Any two greatest common divisors of r1, . . ., r;, are associates in R. We
let GCD(ry, ..., ry) denote the set of all greatest common divisors of 71, ..., ry.

Definition 1 An integral domain R is called a GCD-domain if any finite subset of
R \ {0} has a greatest common divisor in R.

Let M be a reduced torsion-free monoid, and let R be an integral domain.
Suppose that for the polynomial expression

f :C{lqu +...+(kaqk S R[M]\{O}

the exponents q1, . . ., g are pairwise distinct. Then GCD(«, . . ., o) is called the
content of f and is denoted by c(f). If c(f) = R*, then f is called primitive.
Notice that if R is not a GCD-domain, then c(f) may be the empty set. It is clear
that c(rf) = rc(f) forallr € R\ {0} and f € R[M]\ {0}. As for the case of
polynomials, the following lemma holds.

Lemma 1 Let M be a reduced torsion-free monoid, and let R be a GCD-domain.
If f and g are elements of R[M] \ {0}, then c(fg) = c(f)c(g).

Proof Since R is a GCD-domain, there exist primitive polynomial expressions fi
and g; in R[M] such that f = c(f) f1 and g = c(g)g1. Because M is a torsion-free
monoid, it follows from [16, Proposition 4.6] that the element f}g; is primitive in
R[M]. Therefore c(f1g1) = R*. As a consequence, we find that

c(fg) = c(c(f) fic(e)gr) = c(fHc(g)c(figr) = c(f)e(g),

as desired. ]

Let F denote the field of fractions of a GCD-domain R. Gauss’s Lemma states
that a non-constant polynomial f with coefficients in R is irreducible in R[X] if
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and only if it is irreducible in F[X] and primitive in R[X]. Now we extend Gauss’s
Lemma to the context of monoid rings.

Theorem 1 (Extended Gauss’s Lemma) Let M be a reduced torsion-free monoid,
and let R be a GCD-domain with field of fractions F. Then an element f € R[M]\R
is irreducible in R[M if and only if f is irreducible in F{M] and primitive in R[M].

Proof For the direct implication, suppose that f is irreducible in R[M]. If r €
c(f), then there exists g € R[M] \ R such that f = rg. Because R[M]* C R,
the element g is not a unit of R[M]. As f is irreducible in R[M], one finds that
r € RIM]* = R*. So ¢(f) = R*, which implies that f is primitive in R[M].
To argue that f is irreducible in F[M], take g1, go € F[M] such that f = g1g».
Since R is a GCD-domain, there exist nonzero elements ay, az, b1, by € R such that
both

a

hy = d hp:=
1 blgl an 2

az

by 82

are primitive elements of R[M]. Clearly, ajarf = bibyhihy. This, along with
Lemma 1, implies that

a1@aR* = a1a2¢(f) = c(araz f) = c(bibrh1hz) = b1bac(h1)C(h2) = b1baR™.

Then Z:Z; € R* and, as a consequence, Z;Zi = h1h; is irreducible in R[M].
Thus, either hy € R[M]* = R* or hp € R[M]* = R*. This, in turn,
implies that either g; or g belongs to F* = F[M]*. Hence f is irreducible in
F[M].

Tor argue the reverse implication, suppose that f is irreducible in F[M] and
primitive in R[M]. Then take elements g; and g» € R[M] such that f = g1g»2.
Since f is irreducible in F[M], either g € F[M]* = F* or g € F[M]* =
F*. This, along with the fact that R[M] N F* = R \ {0}, implies that either
g1 € C(f) or g¢o € c(f). As c(f) = R* = R[M]*, either g; or g
belongs to R[M]*. As a result, f is irreducible in R[M], which concludes the
proof. O

3.2 Extended Eisenstein’s Criterion

It is hardly debatable that Eisenstein’s Criterion is one of the most popular and
useful criteria to argue the irreducibility of certain polynomials. Now we proceed to
offer an extended version of Eisenstein’s Criterion for monoid rings.

Proposition 1 (Extended Eisenstein’s Criterion) Let M be a reduced totally-
ordered torsion-free monoid, and let R be an integral domain. Suppose that the
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element
f=an X+ + a1 X + g € RIM]\ {0},

written in canonical form, is primitive. If there exists a prime ideal P of R satisfying
the conditions

1. a, ¢ P,
2. aj € P forevery j € [[0,n — 1]], and
3. a9 ¢ P2

then f is irreducible in R[M].

Proof We let R denote the quotient R/P and, for any h € R[M], we let / denote
the image of /4 under the natural surjection R[M] — R[M], i.e., I is the result of
reducing the coefficients of 4 modulo P. To argue that f is irreducible suppose,
by way of contradiction, that f = gjg> for some nonzero nonunit elements g
and g of R[M]. As f is primitive, g1 ¢ R and g» ¢ R. By the condition (2)
in the statement, one obtains that g1g» = f = &, X9 . Thus, both g; and g, are
monomials. This, along with the fact that none of the leading coefficients of g1 and
g2 arein P (because o;, ¢ P), implies that the constant coefficients of both g1 and g;
are in P. As a result, the constant coefficient oty of f must belong to PZ, which is a
contradiction. o

Corollary 1 Let M be a reduced totally-ordered torsion-free monoid, and let R be
an integral domain containing a prime element. Then for each g € M*, there exists
an irreducible polynomial expression in R[M] of degree q.

Proof Let p be a prime element of R. It suffices to verify that, for any ¢ € M*®,
the element f := X7 + p € R[M] is irreducible. Indeed, this is an immediate
consequence of Proposition 1 once we take P := (p). O

In Corollary 1, the integral domain R is required to contain a prime element. This
condition is not superfluous, as the next example illustrates.

Example I For a prime number p, consider the monoid algebra F,[M], where M is
the submonoid (1/p" | n € N) of (Qs¢, +) and F), is a finite field of characteristic
p. Itis clear that M is a reduced totally-ordered torsion-free monoid. Now let

f=a X!+ 4y X

be an element of F,[M] \ F,, written in canonical form. As F), is a perfect field of
characteristic p, the Frobenius homomorphism x — x? is surjective and, therefore,
foreachi € [[1, n]] there exists B; € F, witha; = ,BZP. On the other hand, it is clear
that g;/p € M forevery i € [[1, n]]. As

f=a1 X! 4. 4, X = (’leql/zﬂ +"-+ﬁan"/p)p,



136 F. Gotti

the polynomial expression f is not irreducible in F,[M]. Hence the monoid algebra
F,[M] does not contain irreducible elements. Clearly, the field F), is an integral
domain containing no prime elements.

4 Factorizations in Monoid Algebras

A numerical semigroup is a submonoid N of (Np, +) whose complement is
finite, i.e., [Ng \ N| < oo. Numerical semigroups are finitely generated and,
therefore, atomic. However, the only factorial numerical semigroup is (Ng, +).
For an introduction to numerical semigroups, see [13], and for some of their
many applications, see [6]. A Puiseux monoid, on the other hand, is an additive
submonoid of (Qs, +). Albeit Puiseux monoids are natural generalizations of
numerical semigroups, the former are not necessarily finitely generated or atomic;
for example, consider (1/2" | n € N). The factorization structure of Puiseux
monoids have been compared with that of other well-studied atomic monoids in
[19] and, more recently, in [10]. In this section, we determine the Puiseux monoids
whose monoid algebras are Dedekind domains, Euclidean domains, PIDs, UFDs, or
HFDs.

Definition 2 An atomic monoid M is half-factorial (or an HF-monoid) if for all
x € M\ U(M) and z, 7 € Z(x), the equality |z| = |Z’| holds. An integral domain
is half-factorial (or an HFD) if its multiplicative monoid is an HF-monoid.

Clearly, half-factoriality is a relaxed version of being a factorial monoid or a
UFD. Although the concept of half-factoriality was first considered by Carlitz in
his study of algebraic number fields [9], it was A. Zaks who coined the term “half-
factorial domain” [26].

Definition 3 An atomic monoid M is other-half-factorial (or an OHF-monoid) if
forallx € M\ U(M) and z, 7 € Z(x) the equality |z| = |Z’| implies that z = 7',

Observe that other-half-factoriality is somehow a dual version of half-factoriality.
Although an integral domain is a UFD if and only if its multiplicative monoid is an
OHF-monoid [12, Corollary 2.11], OHF-monoids are not always factorial or half-
factorial, even in the class of Puiseux monoids.

Proposition 2 For a nontrivial atomic Puiseux monoid M, the following conditions
hold.

1. M is an HF-monoid if and only if M is factorial.
2. M is an OHF-monoid if and only if |A(M)| < 2.

Proof For the direct implication of (1), suppose that M is an HF-monoid. Since
M is an atomic nontrivial Puiseux monoid, A(M) is not empty. Let a; and az
be two atoms of M. Then z; := Nn(az)d(a;)a; and z» := n(a;)d(az)a; are two
factorizations of the element N(a;)n(az) € M. Because M is an HF-monoid,
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|z1] = |z2| and so
N(az)d(ar) = n(apd(az).

Therefore a; = ap, and then M contains only one atom. Hence M = (Ny, +) and,
as aresult, M is factorial. The reverse implication of (1) is trivial.

To prove the direct implication of (2), assume that M is an OHF-monoid. If M is
factorial, then M = (N, +), and we are done. Then suppose that M is not factorial.
In this case, |A(M)| > 2. Assume, by way of contradiction, that [A(M)| > 3. Take
ai,az,az € A(M) satisfying that a; < ap < as. Let d = d(aj)d(a2)d(a3), and
set a; = da; for each i € [[1, 3]]. Since a{, a), and aj are integers satisfying that
aj < ay < aj, there exist m, n € N such that

m(aé—ai) =n(aé—aé). 2)

Clearly, z1 := maj; + nas and z2 := (m + n)ay are two distinct factorizations in
Z(M) satisfying that |z1] = m + n = |z2|. In addition, after dividing both sides of
the equality (2) by d, one obtains that

may + naz = (m + n)as,

which means that z; and z, are factorizations of the same element. However, this
contradicts that M is an OHF-monoid. Hence |A(M)| < 2, as desired. For the
reverse implication of (2), suppose that |A(M)| < 2. By [18, Proposition 3.2],
M is isomorphic to a numerical semigroup N. As N is generated by at most two
elements, either N = (No, +) or N = (a, b) for a, b € N>, with gcd(a, b) = 1. If
N = (Np, +), then N is factorial and, in particular, an OHF-monoid. On the other
hand, if N = (a, b), then it is an OHF-monoid by [12, Example 2.13]. O

In [16, Theorem 8.4] Gilmer and Parker characterize the monoid algebras that
are Dedekind domains, Euclidean domains, or PIDs. We conclude this section
extending such a characterization in the case where the exponent monoids are
Puiseux monoids.

Theorem 2 For a nontrivial Puiseux monoid M and a field F, the following
conditions are equivalent:

F[M] is a Euclidean domain;
F[M]is a PID;

F[M]is a UFD;

F[M] is an HFD;

M = No, +);

F[M] is a Dedekind domain.

S RA B~

Proof 1t is well known that every Euclidean domain is a PID, and every PID is
a UFD. Therefore condition (1) implies condition (2), and condition (2) implies
condition (3). In addition, it is clear that every UFD is an HFD, and so condition (3)
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implies condition (4). As Puiseux monoids are torsion-free, [25, Proposition 1.4]
ensures that M is an HF-monoid when F[M] is an HFD. This, along with
Proposition 2(1), guarantees that M = (Np, +) provided that F[M] is an HFD.
Thus, condition (4) implies condition (5). Also, if condition (5) holds, then F[M] =
F[Np] = F[X] (by Remark 1) is a Euclidean domain, which is condition (1). Then
we have argued that the first five conditions are equivalent.

To include (6) in the set of already-established equivalent conditions, observe that
condition (2) implies condition (6) because every PID is a Dedekind domain. On the
other hand, suppose that the monoid algebra F[M] is a Dedekind domain. Then the
fact that M is torsion-free, along with [16, Theorem 8.4], implies that M = (Ny, +).
Hence condition (6) implies condition (5), which completes the proof. O
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On the Molecules of Numerical m)
Semigroups, Puiseux Monoids, e
and Puiseux Algebras

Felix Gotti and Marly Gotti

Abstract A molecule is a nonzero non-unit element of an integral domain (resp.,
commutative cancellative monoid) having a unique factorization into irreducibles
(resp., atoms). Here we study the molecules of Puiseux monoids as well as
the molecules of their corresponding semigroup algebras, which we call Puiseux
algebras. We begin by presenting, in the context of numerical semigroups, some
results on the possible cardinalities of the sets of molecules and the sets of reducible
molecules (i.e., molecules that are not irreducibles/atoms). Then we study the
molecules in the more general context of Puiseux monoids. We construct infinitely
many non-isomorphic atomic Puiseux monoids all whose molecules are atoms. In
addition, we characterize the molecules of Puiseux monoids generated by rationals
with prime denominators. Finally, we turn to investigate the molecules of Puiseux
algebras. We provide a characterization of the molecules of the Puiseux algebras
corresponding to root-closed Puiseux monoids. Then we use such a characterization
to find an infinite class of Puiseux algebras with infinitely many non-associated
reducible molecules.

Keywords Numerical semigroups - Puiseux monoids - Monoid algebras -
Atoms - Irreducibles - Atomic monoids - Atomic algebras

1 Introduction

Let M be a commutative cancellative monoid. A non-invertible element of M is
called an atom if it cannot be expressed as a product of two non-invertible elements.
If x € M can be expressed as a formal product of atoms, then such a formal
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product (up to associate and permutation) is called a factorization of x. If every non-
invertible element of M has a factorization, then M is called atomic. Furthermore,
the atoms and factorizations of an integral domain are the irreducible elements
and the formal products of irreducible elements, respectively. All the undefined
or informally-defined terms mentioned in this section will be formally introduced
later on.

The elements having exactly one factorization are crucial in the study of factor-
ization theory of commutative cancellative monoids and integral domains. Aiming
to avoid repeated long descriptions, we call such elements molecules. Molecules
were first studied in the context of algebraic number theory by W. Narkiewicz and
other authors in the 1960’s. For instance, in [18] and [19] Narkiewicz studied some
distributional aspects of the molecules of quadratic number fields. In addition, he
gave an asymptotic formula for the number of (non-associated) integer molecules
of any algebraic number field [20]. In this paper, we study the molecules of
submonoids of (Qx>0, +), including numerical semigroups, and the molecules of
their corresponding semigroup algebras.

A numerical semigroup is a finite-complemented submonoid of (Np, +), where
No = {0, 1,2, ...}. Every numerical semigroup is finitely generated by its set of
atoms and, in particular, atomic. In addition, if N # Ny is a numerical semigroup,
then it contains only finitely many molecules. Notice, however, that every positive
integer is a molecule of (Np, 4). Figure 1 shows the distribution of the sets of
molecules of four numerical semigroups. We begin Sect. 3 pointing out how the
molecules of numerical semigroups are related to the Betti elements. Then we show
that each element in the set {n € Ny : n > 4} U {oo} (and only such elements) can
be the number of molecules of a numerical semigroup. We conclude our study of
molecules of numerical semigroups exploring the possible cardinalities of the sets
of reducible molecules (i.e., molecules that are not atoms).

A submonoid of (Qxo, +) is called a Puiseux monoid. Puiseux monoids were
first studied in [11] and have been systematically investigated since then (see [3]
and references therein). Albeit a natural generalization of the class of numerical

N_l B0 SNNNNNeeR RN RN RN RRRRRRRRRRRRRRRRRS
N3 asee S0S00NNNSNNNRNNNRERRRRRRRRRRRS
NQ L L . L] e e 8 58 08 58 08 SRNES SRNERNSNERNERSSRITRRRERRRRS
N1 ® 8 8 8 8 & 9 0 0 SO RGRRRRERRRORRRROOORORORGRORRROROROROR00RRRRe

10 20 30 40 50 60 70

Fig. 1 The dots on the horizontal line labeled by N; represent the nonzero elements of the
numerical semigroup N;; here we are setting N1 = (2, 21), N = (6,9, 20), N3 = (5,6,7,8,9),
and Ngs = (2, 3). Atoms are represented in blue, molecules that are not atoms in red, and non-
molecules in black (colour figure online)
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semigroups, the class of Puiseux monoids contains members having infinitely many
atoms and, consequently, infinitely many molecules. A Puiseux monoid is prime
reciprocal if it can be generated by rationals of the form a/ p, where p is a prime and
a is a positive integer not divisible by p. In Sect. 4, we study the sets of molecules
of Puiseux monoids, finding infinitely many non-isomorphic Puiseux monoids all
whose molecules are atoms (in contrast to the fact that the set of molecules of a
numerical semigroup always differs from its set of atoms). In addition, we construct
infinitely many non-isomorphic Puiseux monoids having infinitely many molecules
that are not atoms (in contrast to the fact that the set of molecules of a nontrivial
numerical semigroup is always finite). We conclude Sect. 4 characterizing the sets
of molecules of prime reciprocal Puiseux monoids.

The final section of this paper is dedicated to the molecules of the semigroup
algebras of Puiseux monoids, which we call Puiseux algebras. Puiseux algebras
have been studied in [1, 5, 12]. First, for a fixed field F we establish a bijection
between the set molecules of a Puiseux monoid and the set of non-associated
monomial molecules of its corresponding Puiseux algebra over F. Then we
characterize the molecules of Puiseux algebras of root-closed Puiseux monoids.
We conclude this paper using the previous characterization to exhibit a class of
Puiseux algebras having infinitely many molecules that are neither monomials nor
irreducibles.

2 Monoids, Atoms, and Molecules

2.1 General Notation

In this section we review the nomenclature and main concepts on commutative
monoids and factorization theory we shall be using later. For a self-contained
approach to the theory of commutative monoids we suggest [16] by P. A. Grillet, and
for background on non-unique factorization theory of atomic monoids and integral
domains the reader might want to consult [9] by A. Geroldinger and F. Halter-Koch.

We use the double-struck symbols N and Ny to denote the set of positive integers
and the set of nonnegative integers, respectively, while we let P denote the set of
primes. If R € R and r € R, then we set

R.,:={xeR:x>r}
The notation R-., is used in a similar way. We let the symbol ¢ denote the empty

set. If ¢ € Q-9, then the unique a, b € N such that ¢ = a/b and ged(a, b) = 1 are
denoted by n(g) and d(g), respectively. For Q € Q-¢, we call

n(Q):={n(g):q € @} and d(Q):={d(q):q € 0}
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the numerator set and denominator set of Q, respectively. In addition, if S is a set
consisting of primes and g € Q+¢, then we set

Ds(g) :=={peS:pld(g)} and Ds(Q) :=UsecoDs(q).

For p € P, the p-adic valuation on Q > 0 is the map defined by v, (0) = oo and
Vp(g) = Vv,(n(q)) — vp(d(g)) for ¢ € Q > 0, where for n € N the value v, (n)
is the exponent of the maximal power of p dividing n. It can be easily seen that
the p-adic valuation satisfies that v, (g1 + - - - +¢») > min{V,(q1), ..., Vp(gs)} for
everyn € Nand qp, ..., q, € Q-o.

2.2 Monoids

Throughout this paper, we will tacitly assume that the term monoid by itself always
refers to a commutative and cancellative semigroup with identity. In addition, we
will use additive notation by default and switch to multiplicative notation only when
necessary (in which case, the notation will be clear from the context). For a monoid
M, we let M*® denote the set M \{0}. If a,c € M, then we say that a divides c
in M and write a |y c provided that ¢ = a 4 b for some b € M. We write
M = (S) when M is generated by a set S. The monoid M is finitely generated if it
can be generated by a finite set; otherwise, M is said to be non-finitely generated. A
succinct exposition of finitely generated monoids can be found in [7].

2.3 Atoms and Molecules

The set of invertible elements of M is denoted by M*, and M is said to be reduced
if M contains only the identity element.

Definition 1 Anelementa € M\ M™ is an atom provided that for all u, v € M the
fact that a = u + v implies that either u € M or v € M*. The set of atoms of M
is denoted by A(M), and M is called atomic if M = (A(M)).

Let M be areduced monoid. Then the factorization monoid Z(M) of M is the free
commutative monoid on A(M). The elements of Z(M), which are formal sums of
atoms, are called factorizations. If z = a1 +- - -+a, € Z(M) forsome ay, ...,a, €
A(M), then |z| := n is called the length of z. As Z(M) is free on A(M), there is
a unique monoid homomorphism from Z(M) to M determined by the assignment
a + aforalla € A(M). Such a monoid homomorphism is called the factorization
homomorphism of M and is denoted by ¢y (or just ¢ when there is no risk of
ambiguity involved). For x € M, the sets

Z(x) =Zy(x) :=¢ '(x) CZ(M) and L(x):=Lyx):={lz|:z € Z(x)}
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are called the set of factorizations and the set of lengths of x, respectively. Clearly,
M is atomic if and only if Z(x) # @ forall x € M.

Let Mg denote the set of classes of M under the equivalence relation x ~ y if
y = x + u for some u € M*. It turns out that Myeq is a monoid with the addition
operation inherited from M. The monoid Mg is called the reduced monoid of M
(clearly, Myeq is reduced). Note that an element a belongs to A(M) if and only if
the class of a belongs to A(Mreq). If M is an atomic monoid (that is not necessarily
reduced), then we set Z(M) := Z(M,eq) and, for x € M, we define Z(x) and L(x)
in terms of Z(M) as we did for the reduced case.

As one of the main purposes of this paper is to study elements with exactly
one factorization in Puiseux monoids (in particular, numerical semigroups), we
introduce the following definition.

Definition 2 Let M be a monoid. We say that an elementm € M\ M™ is a molecule
provided that |Z(m)| = 1. The set of all molecules of M is denoted by M(M).

It is clear that the set of atoms of any monoid is contained in the set of molecules.
However, such an inclusion might be proper (consider, for instance, the additive
monoid Np). In addition, for any atomic monoid M the set M (M) is divisor-closed
in the sense that if m € M(M) and m’ |y m for some m" € M \ M*, then
m' € M(M). If the condition of atomicity is dropped, then this observation is not
necessarily true (see Example 3).

3 Molecules of Numerical Semigroups

In this section we study the sets of molecules of numerical semigroups, putting
particular emphasis on their possible cardinalities.

Definition 3 A numerical semigroup is a cofinite additive submonoid of Ny.

We let V' denote the class consisting of all numerical semigroups (up to isomor-
phism). We say that N € N is nontrivial if No\ N is not empty, and we let
N® denote the class of all nontrivial numerical semigroups. Every N € N has
a unique minimal set of generators A, which is finite. The cardinality of A is
called the embedding dimension of N. Suppose that N has embedding dimension
n, and let N = (ay,...,a,) (we always assume that a; < --- < ap). Then
gcd(ay,...,ay) = 1 and A(N) = {ay, ..., ay}. In particular, every numerical
semigroup is atomic. When N is nontrivial, the maximum of Ny \ N is called the
Frobenius number of N. Here we let F(N) denote the Frobenius number of N. See
[8] for a friendly introduction to numerical semigroups.

Example 1 For k > 1, consider the numerical semigroup N1 = (2,21), whose
molecules are depicted in Fig. 1. It is not hard to see that x € N} is a molecule if
and only if every factorization of x contains at most one copy of 21. Therefore

M(N) = [2m +21n:0 <m < 21,n € {0, 1}, and (m, n) # (0,0)}.
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In addition, if 2m + 21n = 2m’ + 21n’ for some m, m’ € {0,...,20} and n,n’ €
{0, 1}, then one can readily check that m = m’ and n = n’. Hence | M(N})| = 41.

3.1 Betty Elements

Let N = {(ay, ..., a,) be a minimally generated numerical semigroup. We always
represent an element of Z(N) with an n-tuple z = (cy, ..., cy) € N7, where the
entry ¢; specifies the number of copies of a; that appear in z. Clearly, |z| = ¢1 +
-+ 4 cp. Given factorizations z = (c1, ..., cp) and 2’ = (¢}, ..., c;,), we define

ged(z, ') = (min{ey, ¢}, ..., min{cy, ¢, }).

The factorization graph of x € N, denoted by V. (N) (or just V, when no risk of
confusion exists), is the graph with vertices Z(x) and edges between those z,7’ €
Z(x) satisfying that ged(z, z’) # 0. The element x is called a Betti element of N
provided that V, is disconnected. The set of Betti elements of N is denoted by
Betti(N).

Example 2 Take N to be the numerical semigroup (14, 16, 18, 21, 45). A compu-
tation in SAGE using the numericalsgps GAP package reveals that N has nine
Betti elements. In particular, 90 € Betti(N). In Fig. 2 one can see the disconnected
factorization graph of the Betti element 90 on the left and the connected factorization
graph of the non-Betti element 84 on the right.

Observe that 0 ¢ Betti(N) since |Z(0)| = 1. Itis well known that every numerical
semigroup has finitely many Betti elements. Betti elements play a fundamental role
in the study of uniquely-presented numerical semigroups [6] and the study of delta
sets of BF-monoids [2]. For a more general notion of Betti element, meaning the
syzygies of an N"-graded module, see [17]. In a numerical semigroup, Betti elements
and molecules are closely related.

(0,0.0.0,2) (0,0,0,4,0)
-

(0,0,5,0,0) (4,1,1,0,0) (0,0, 1,1, 1) (6,0,0,0,0)

(0,3.0,2,0) (3,3,0,0,0) (0,3,2,0,0) (3.0.0,2,0)

(1,1,1,2,0) (1,1,.3,0,0)

Fig. 2 The factorization graphs of 90 € Betti(N) and 84 ¢ Betti(V), where N is the numerical
semigroup (14, 16, 18, 21, 45)
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Remark 1 Let N be a numerical semigroup. An element m € N is a molecule if
and only if B {x m for any B € Betti(N).

Proof For the direct implication, suppose that m is a molecule of N and take o € N
such that & |y m. As the set of molecules is closed under division, |Z(«)| = 1. This
implies that V,, is connected and, therefore, @ cannot be a Betti element. The reverse
implication is just a rephrasing of [6, Lemma 1]. O

3.2 On the Sizes of the Sets of Molecules

Obviously, for every n € N there exists a numerical semigroup having exactly n
atoms. The next proposition answers the same realization question replacing the
concept of an atom by that of a molecule. Recall that A'* denotes the class of all
nontrivial numerical semigroups.

Proposition 1 {|M(N)|: N € N*} = Nx4.

Proof Let N be a nontrivial numerical semigroup. Then N must contain at least two
atoms. Let a and b denote the two smallest atoms of NV, and assume thata < b. Note
that 2a and a + b are distinct molecules that are not atoms. Hence |[M(N)| > 4. As
aresult, {{ M(N)| : N € N'*} € N>4 U {oo}. Now take x € N with x > F(N) + ab.
Since x’ := x — ab > F(N), we see that x’ € N and, therefore, Z(x’) contains at
least one factorization, namely z. So we can find two distinct factorizations of x by
adding to z either a copies of b or b copies of a. Then F(N) 4 ab is an upper bound
for M(N), which means that |M(N)| € N>4. Thus, {|M(N)| : N € N*} € Nx>4.

To argue the reverse inclusion, suppose that n € N4, and let us find N € A with
[M(N)| = n. For n = 4, we can take the numerical semigroup (2, 3) (see Fig. 1).
For n > 4, consider the numerical semigroup

N=mn-2,n—1,...,2(n—=2)—1).

It follows immediately that A(N) = {n —2,n — 1, ...,2(n — 2) — 1}. In addition,
it is not hard to see that 2(n — 2),2(n — 2) + 1 € M(N) while k ¢ M(N) for any
k > 2(n—2)+ 1. Consequently, M(N) = A(N)U{2(n —2),2(n —2) + 1}, which
implies that | M (N)| = n. Therefore {{ M(N)| : N € N'} 2 Ns4, which completes
the proof. O

Corollary 1 The monoid (No, +) is the only numerical semigroup having infinitely
many molecules.

In Proposition 1 we have fully described the set {|M(N)| : N € N}. A full
description of the set {{M(N) \ A(N)| : N € N} seems to be significantly more
involved. However, the next theorem offers some evidence to believe that {| M (N) \

A(N)| : N € N} = Nx, U {oo}.
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Theorem 1 The following statements hold.

L {IM(N)\ A(N)| : N e N*} € N>
2. |IM(N)\A(N)| = 2 for infinitely many numerical semigroups N.
3. Foreachk € N, there is a numerical semigroup N with | M(N)\ A(N)| > k.

Proof To prove (1), take N € N*. Then we can assume that N has embedding
dimension n with n > 2. Take ay,...,a, € Nwitha; < --- < a, suchthat N =
{ai,...,ay). Since a1 < ap < aj forevery j = 3,...,n, the elements 2a; and
aj + ap are two distinct molecules of N that are not atoms. Hence M (N) \ A(N) C
Nx» U {c0}. On the other hand, Proposition 1 guarantees that | M(N)| < oo, which
implies that |[M(N) \ A(N)| < oco. As a result, the statement (1) follows.

To verify the statement (2), one only needs to consider for every n € N the
numerical semigroup N, := {0} U N>,_>. The minimal set of generators of N, is
the (n — 2)-element set {n —2,n — 1,...,2(n — 2) — 1} and, as we have already
argued in the proof of Proposition 1, the set M(N,,)\ .A(N,) consists precisely of
two elements.

Finally, let us prove condition (3). To do this, we first argue that for any
a, b € N> with ged(a, b) = 1 the numerical semigroup (a, b) has exactly ab — 1
molecules (cf. Example 1). Assume a < b, take N := (a, b), and set

M={ma+nb:0<m<b,0<n<a,and (m,n) #(0,0)}.

Now take x € N to be a molecule of N. As |Z(x)| = 1, the unique factorization
z := (c1,c2) € Z(x) (with c1,c» € Np) satisfies that ¢; < b; otherwise, we
could exchange b copies of the atom a by a copies of the atom b to obtain another
factorization of x. A similar argument ensures that c; < a. As a consequence,
M(N) € M. On the other hand, if ma + nb = m’a + n’b for some m, m’, n,n’ €
No, then ged(a, b) = 1 implies that b | m — m’ and a | n — n’. Because of this
observation, the element (b — 1)a + (a — 1)b has only the obvious factorization,
namely (b — 1,a — 1). Since (b — 1)a + (@ — 1)b is a molecule satisfying that
vy |y (b —1Da+ (a — 1)b for every y € M, the inclusion M C M(N) holds.
Hence |M(N)| = |[M| = ab — 1. To argue the statement (3) now, it suffices to take
N :={(2,2k+1). O

We conclude this section with the following conjecture.

Conjecture 1 For every n € Nx», there exists a numerical semigroup N such that
|IMNNAWN)| = n.
4 Molecules of Puiseux Monoids

4.1 Molecules of Generic Puiseux Monoids

In this section we study the sets of molecules of Puiseux monoids. We will argue
that there are infinitely many non-finitely generated atomic Puiseux monoids P such
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that [M(P) \ A(P)| = oo. On the other hand, we will prove that, unlike the case
of numerical semigroups, there are infinitely many non-isomorphic atomic Puiseux
monoids all whose molecules are, indeed, atoms. The last part of this section is
dedicated to characterize the molecules of prime reciprocal Puiseux monoids.

Definition 4 A Puiseux monoid is an additive submonoid of Qxo.

Clearly, every numerical semigroup is naturally isomorphic to a Puiseux monoid.
However, Puiseux monoids are not necessarily finitely generated or atomic, as
the next example illustrates. The atomic structure of Puiseux monoids has been
investigated recently [11, 14, 15]. At the end of Sect.2 we mentioned that the set
of molecules of an atomic monoid is divisor-closed. The next example indicates
that this property may not hold for non-atomic monoids.

Example 3 Consider the Puiseux monoid

P = 23 1' eN
“\s5 5000 TSN

First, observe that 0 is a limit point of P*®, and so P cannot be finitely generated.
After a few easy verifications, one can see that A(P) = {2/5, 3/5}. On the other
hand, it is clear that 1/2 ¢ (2/5,3/5), so P is not atomic. Observe now that Z(1)
contains only one factorization, namely 2/5 + 3/5. Therefore 1 € M(P). Since
Z(1/2) is empty, 1/2 is not a molecule of P. However, 1/2 |p 1. As a result, M(P)
is not divisor-closed.

Although the additive monoid Ny contains only one atom, it has infinitely many
molecules. The next result implies that Ny is basically the only atomic Puiseux
monoid having finitely many atoms and infinitely many molecules.

Proposition 2 Let P be a Puiseux monoid. Then | M(P)| € Nx; if and only if
|A(P)] € Nxa.

Proof Suppose first that [M(P)| € Nsj. As every atom is a molecule, A(P) is
finite. Furthermore, note that if A(P) = {a}, then every element of the set § =
{na : n € N} would be a molecule, which is not possible as | S| = oco. As a result,
|A(P)| € Nsj. Conversely, suppose that |A(P)| € Nsj. Since the elements in
P\{A(P)) have no factorizations, M(P) = M({A(P))). Therefore there is no loss
in assuming that P is atomic. As 1 < |A(P)| < oo, the monoid P is isomorphic
to a nontrivial numerical semigroup. The proposition now follows from the fact that
nontrivial numerical semigroups have finitely many molecules. O

Corollary 2 If P is a Puiseux monoid, then | M(P)| # 1.

The set of atoms of a numerical semigroup is always strictly contained in its set of
molecules. However, there are many atomic Puiseux monoids which do not satisfy
such a property. Before proceeding to formalize this observation, let us mention that
if two Puiseux monoids P and P’ are isomorphic, then there exists ¢ € Q¢ such
that P’ = g P; this is a consequence of [13, Proposition 3.2(1)].
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Theorem 2 (cf. Theorem 1(1)) There are infinitely many non-isomorphic atomic
Puiseux monoids P satisfying that M(P) = A(P).

Proof Let S = {S, : n € N} be a collection of infinite and pairwise-disjoint sets
of primes. Now take S = §, for some arbitrary n € N, and label the primes in S
strictly increasingly by p1, pa, . ... Recall that Dg(r) denotes the set of primes in S
dividing d(r) and that Dg(R) = U,cgDs(r) for R € Q0. We proceed to construct
a Puiseux monoid Ps satisfying that Dg(Ps) = S.

Take Py := (1/p1) and P, := (P1,2/(p1p2)). In general, suppose that Py is a
finitely generated Puiseux monoid such that Dg(Px) C S, and letry, ..., ry,, be all
the elements in P; which can be written as a sum of two atoms. Clearly, ny > 1.
Because |S| = oo, one can take pi, ..., p;k to be primes in S\ Dg(P) satisfying
that p! 1 n(r;). Now consider the following finitely generated Puiseux monoid

ry v,
Pk+1:=<PkU{ IEERRE rjk}>
pl pnk

For every i € {1,...,nt}, there is only one element in Py U {ri/p{, ..., rnk/p;,k}
whose denominator is divisible by p/, namely r;/p;. Therefore r; /p. € A(Piy1)
fori =1, ..., ng. To check that A(Px) C A(Px41), fix a € A(Py) and take

m ng

ri
=Y wai+y B, €Zp, (), ey

i=1 i-1 P
where ai, ...,a, are pairwise distinct atoms in A(Pxy1) N P and o;, B; are
nonnegative coefficients for i = 1,...,m and j = 1,...,nt. In particular,
ai,...,am € A(Py). Foreachi = 1,...,ny, the fact that the pl’.-adic valuation

of a is nonnegative implies that p; | ;. Hence

m ng
a= thiai + Z.B,'/ri,
i=1 i=1

where B/ = B;/p; € No. Since r; € A(Py) + A(Px) and (B /p))ri |p, a for every
i =1,...,ng, one obtains that 1 = --- = B, = 0. Asaresult,a = Zf”:l o;a;.
Because a € A(Py), the factorization Z:”:l eja; in Zp, (a) must have length 1, i.e,
Y e =1.Thus, Y 7" o + Z:lil Bi = 1, which means that z has length 1 and
soa € A(Pg+1). As a result, the inclusion A(Px) C A(Pg+1) holds. Observe that
because ny > 1, the previous containment must be strict. Now set

P = UPk.

keN
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Let us verify that Pg is an atomic monoid satisfying that A(Ps) = UgenA(Px).
Since Py is atomic for every k € N, the inclusion chain A(P;) C A(P2) C ...
implies that P C P, C .... In addition, if a9 = a; + --- + @, form € N
and ag,ay,...,ay, € Ps,thenag = a; + --- + a,, will also hold in Px for some
k € N large enough. This immediately implies that UyenA(Pr) < A(Ps). Since
the reverse inclusion follows trivially, A(Ps) = UgenA(Px). To check that Ps is
atomic, take x € P_;. Then there exists k € N such that x € P, and, because Py is
atomic, x € (A(Px)) € (A(Ps)). Hence Ps is atomic.

To check that M(Ps) = A(Ps), suppose that m is a molecule of Pg. Take K € N
such that m € Py for every k > K. Since A(Py) C A(Pr+1) C ..., we obtain
that Zp (m) € Zp,,,(m) S .... Moreover, Ug>g A(Py) = A(Ps) implies that
Uk>kxZp,(m) = Zpg(m). Now suppose for a contradiction that m = 23:1 a;j for
i € N>y, whereay, ..., a; € A(Ps). Take j € N> such thatay, ..., a; € A(P)).
Then the way in which P;1 was constructed ensures that |Z Pis (a1 4+a2)| > 2 and,
therefore, |ij+l(m)| > 2. As Zle(m) C Zpy(m), it follows that |Zp,(m)| > 2,
which contradicts that m is a molecule. Hence M (Ps) = A(Ps).

Finally, we argue that the monoids constructed are not isomorphic. Let S and S’
be two distinct members of the collection S and suppose, by way of contradiction,
that r: Pg — Pg is a monoid isomorphism. Because homomorphisms of Puiseux
monoids are given by rational multiplications, there exists ¢ € Q¢ such that Py =
g Ps. In this case, all but finitely many primes in Dp(Py) belong to Dp(Ps/). Since
Dp(Ps) N Dp(Ps) = @ when S # §’, we get a contradiction. O

4.2 Molecules of Prime Reciprocal Monoids

For the remaining of this section, we focus our attention on the class consisting of
all prime reciprocal monoids.

Definition 5 Let S be a nonempty set of primes. A Puiseux monoid P is prime
reciprocal over S if there exists a set of positive rationals R such that P = (R),
d(R) = S, and d(r) = d(+’') implies r = v’ forall r, ¥’ € R.

Within the scope of this paper, the term prime reciprocal monoid refers to a
Puiseux monoid that is prime reciprocal over some nonempty set of primes. Let us
remark that if a Puiseux monoid P is prime reciprocal, then there exists a unique
S C P such that P is prime reciprocal over S. It is easy to verify that every prime
reciprocal Puiseux monoid is atomic.

Proposition 3 (cf. Theorem 1(1)) There exist infinitely many non-finitely gener-
ated atomic Puiseux monoids P such that | M(P)\ A(P)| = oo.
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Proof As in the proof of Theorem 2, let S = {S,, : n € N} be a collection of infinite
and pairwise-disjoint subsets of P\ {2}. Forevery n € N, let P, be a prime reciprocal
Puiseux monoid over S,. Fix a € A(P,), and take a factorization

k
z:= Z(Xiai € Z(_2a)

i=1

for some k € N, pairwise distinct atoms ay, ..., ak, and ¢, ..., ar € Np. Since
d(a) # 2, after applying the d(a)-adic valuation on both sides of the equality 2a =
Z?:l @;a;, one obtains that 7 = 2a. So 2a € M(P,) \ A(P,) and, as a result,
|M(Py) \ A(P,)| = oo. Now suppose, by way of contradiction, that P; = P; for
some i, j € N with i # j. Since isomorphisms of Puiseux monoids are given by
rational multiplication, there exists ¢ € Q¢ such that P; = g P;. However, this
implies that only finitely many primes in d(P;) are not contained in d(P;), which
contradicts that §; NS; = ¥. Hence no two monoidsin { P, : n € N} are isomorphic,
and the proposition follows. O

Theorem 2 and Proposition 3 ensure the existence of infinitely many non-finitely
generated atomic Puiseux monoids P and Q with [M(P)\A(P)| = 0 and |IM(Q)\
A(Q)| = oo.

Conjecture 2 (cf. Conjecture 1) For every n € N there exists a non-finitely
generated atomic Puiseux monoid P satisfying that [ M (P)\ A(P)| = n.

Before characterizing the molecules of prime reciprocal monoids, let us introduce
the concept of maximal multiplicity. Let P be a Puiseux monoid. For x € P and
a € A(P) we define the maximal multiplicity of a in x to be

M(a, x) := max{n € Ng : na |p x}.

Proposition4 Let P be a prime reciprocal monoid. If x € P satisfies that
m(a, x) < d(a) for all a € A(P), then x € M(P).

Proof Suppose, by way of contradiction, that x ¢ M (P). Then there exist k € N,
elements «;, B; € No (fori = 1,...,k), and pairwise distinct atoms ay, ..., ax
such that

k k
7= Zaiai and Z/ = Zﬁ,’ai
i=1 i=1

are two distinct factorizations in Z(x). As z # 7/, there is an index i € {1,...,k}
such that ¢; # B;. Now we can apply the d(a;)-adic valuation to both sides of the
equality

k k
Z aia; = Z Biai
i=1 i=1
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to verify that d(a;) | Bi — «;. As o; # B, we obtain that
m(a;, x) > max{e;, B;} > d(a;).

However, this contradicts the fact that m(a, x) < d(a) for all a € A(P). Hence
x € M(P). O

For § € PP, we call the monoid Eg := (1/p : p € S) the elementary prime
reciprocal monoid over S; if S = P we say that Eg is the elementary prime
reciprocal monoid. It was proved in [15, Section 5] that every submonoid of the
elementary prime reciprocal monoid is atomic. This gives a large class of non-
finitely generated atomic Puiseux monoids, which contains each prime reciprocal
monoid.

Proposition 5 Let S be an infinite set of primes, and let E s be the elementary prime
reciprocal monoid over S. For x € Eg, the following conditions are equivalent:

1. x € M(Es);

2. 1does not divide x in Eg;

3. m(a,x) < d(a) foralla € A(Es);

4. If a1, ...,a, € A(Es) are distinct atoms and a1, ...,a, € Nq satisfy that
Z?:l ajaj € Z(x), thenaj < d(aj) foreach j =1, ..., n.

Proof First, let us recall that since Eg is atomic, M(Ey) is divisor-closed. On the
other hand, note that for any two distinct atoms a, a’ € A(Es), both factorizations
d(a) a andd(a’) a’ are in Z(1). Therefore 1 ¢ M(Es). Because the set of molecules
of Eg is divisor-closed, 1 tgg m for any m € M(Es); in particular, 1 g, x. Thus,
(1) implies (2). If m(a, x) > d(a) fora € A(Egs), then

x=m(a,x)a+y=1+m(a,x)—d@)a+y

for some y € Es. As aresult, 1 |, x, from which we can conclude that (2) implies
(3). It is obvious that (3) and (4) are equivalent conditions. Finally, the fact that (3)
implies (1) follows from Proposition 4. O

Corollary 3 Ler S be an infinite set of primes, and let Eg be the elementary prime
reciprocal monoid over S. Then |Z(x)| = oo for all x ¢ M(Eys).

In order to describe the set of molecules of an arbitrary prime reciprocal monoid,
we need to cast its atoms into two categories.

Definition 6 Let P be a prime reciprocal monoid. We say that a € A(P) is stable
if the set {a’ € A(P) : n(a’) = n(a)} is infinite, otherwise we say that a is unstable.
If every atom of P is stable (resp., unstable), then we call P stable (resp., unstable).

For a prime reciprocal monoid P, we let S(P) denote the submonoid of P
generated by the set of stable atoms. Similarly, we let ¢/ (P) denote the submonoid
of P generated by the set of unstable atoms. Clearly, P is stable (resp., unstable)
if and only if P = S(P) (resp., P = U(P)). In addition, P = S(P) + U(P),
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and S(P) NU(P) is trivial only when either S(P) or U(P) is trivial. Clearly, if
P is stable, then it cannot be finitely generated. Finally, we say that u € U(P) is
absolutely unstable provided that u is not divisible by any stable atom in P, and we
let 4/ (P) denote the set of all absolutely unstable elements of P.

Example 4 Let {p,} be the strictly increasing sequence with underlying set P\ {2},
and consider the prime reciprocal monoid P defined as

n
P:=<3+( b ’pzn ! : neN>.
P2n—-1 P2n

Set a, = 3+(;1)n and b, = ? 2"2:1. It is clear that P is an atomic monoid with
A(P) = {an, b, : n € N}. Asboth sets {n € N: n(a,) =2}and {n € N: n(a,) =
4} have infinite cardinality, a,, is a stable atom for every n € N. In addition, since
{n(b,)} is a strictly increasing sequence bounded below by n(b1) = 4 and n(a,) €
{2, 4}, the element b, is an unstable atom for every n € Nx>3. Also, notice that
4/3 = 2a; € S(P),but4/3 ¢ U(P) because d(4/3) = 3 ¢ d(UU(P)). Furthermore,
for every n € N the element u,, := (p2, — 1)b, € U(P) is not in S(P) because
pan = d(u,) ¢ d(S(P)). However, S(P) N U(P) # @ since the element 4 =
6a; = 5b; belongs to both S(P) and U (P). Finally, we claim that 2b, is absolutely
unstable for every n € N. If this were not the case, then 2b; ¢ M (P) for some
k € N. By Proposition 4 there exists a € A(P) such that m(a, 2b;) > d(a). In this
case, one would obtain that 2b; > m(a, 2by)a > d(a)a = n(a) > 2, contradicting
that b, < 1 for every n € N. Thus, 2b, € U*(P) for every n € N.

Proposition 6 Let P be a prime reciprocal monoid that is stable, and let x € P.
Then x € M(P) if and only if n(a) does not divide x in P for any a € A(P).

Proof For the direct implication, assume that x € M(P) and suppose, by way
of contradiction, that N(a) |p x for some a € A(P). Since a is a stable atom,
there exist p1, po € P with p; # py such that ged(pip2,n(a)) = 1 and
na)/pi,n(a)/p2 € A(P). As n(a) |p x, we can take ay, ...,ar € A(P) such
that x = n(a) 4+ a1 + - - - + ax. Therefore

n(a n(a
p1 ()+a1+---+ak and p> ()+a1+~-~+ak
P1 P2

are two distinct factorizations in Z(x), contradicting that x is a molecule. Con-
versely, suppose that x is not a molecule. Consider two distinct factorizations
7 = Zle aja; and 7 = Zle Bia; in Z(x), where k € N, «;, B; € Ny, and
ai,...,a € A(P) are pairwise distinct atoms. Pick an index j € {1, ..., k} such
that ; # B; and assume, without loss of generality, that o; < B;. After applying
the d(a)-adic valuations on both sides of the equality

k k
Z aja; = Z Biai
i=1 i=1
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one finds that the prime d(a;) divides 8; — «;. Therefore 8; > d(a;) and so

x =n(aj)+ (Bj —d@)a; + Y _ aia;.
i#]

Hence n(a;) |p x, which concludes the proof. O

Observe that the reverse implication of Proposition 6 does not require that
S(P) = P. However, the stability of P is required for the direct implication to
hold as the following example illustrates.

Example 5 Let {p,} be the strictly increasing sequence with underlying set P \ {2},
and consider the unstable prime reciprocal monoid

1 p2—1
P:=<,p" :neN>.
2 DPn

As the smallest two atoms of P are 1/2 and 8/3, it immediately follows that m :=
2(1/2) + 8/3 ¢ (1/2) must be a molecule of P. In addition, notice that 1 = n(1/2)
divides m in P.

We conclude this section characterizing the molecules of prime reciprocal
monoids.

Theorem 3 Let P be a prime reciprocal monoid. Then x € P is a molecule if and
only if x = s + u for some s € S(P) N M(P) andu € U*(P) N M(P).

Proof First, suppose that x is a molecule. As P = S(P) + U(P), there exist s €
S(P) and u € U(P) such that x = s + u. The fact that x € M (P) guarantees that
s, u € M(P). On the other hand, since |Z(«)| = 1 and u can be factored using only
unstable atoms, # cannot be divisible by any stable atom in P. Thus, u € U*(P),
and the direct implication follows.

For the reverse implication, assume that x = s + u, where s € S(P) N M(P)
and u € U*(P) N M(P). We first check that x can be uniquely expressed as a sum
of two elements s and u contained in the sets S(P) N M(P) and U*(P) N M(P),
respectively. To do this, suppose that x = s +u = s’ +u’, where s’ € S(P)NM(P)

and u’ € U*(P) N M(P). Take pairwise distinct stable atoms ay, ..., a; of P for
some k € N such that z = Zleaiai € Zp(s) and 7/ = Zlea;a,- € Zp(sh,
where o, a} € No for j = 1,...,k. Because u and u’ are absolutely unstable

elements, they are not divisible in P by any of the atoms ¢;’s. Thus, d(a;) 1 d(u)
and d(a;) { d(u’) forany j € {1,...,k}. Now foreach j = 1, ..., k we can apply
the d(a)-adic valuation in both sides of the equality

k k
u—+ Z(Xiai =u' + Za;ai
i=1 i=1
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to conclude that the prime d(a;) must divide ar; — o). Therefore either z = 2’ or
there exists j € {1, ..., k} such that |o; — a;l > d(a;). Suppose that |o; — oe;.| >
d(a;) for some j, and say o; > a}. As a; > d(aj), one can replace aja; by
(aj —d(aj))aj+n(a;)ins = ¢(z) = ajay + - - - + agay to find that n(a;) divides
s in S(P), which contradicts Proposition 6. Then z = z’. Therefore s’ = s and
u' =u.

Finally, we argue that x € M(P). Write x = Zle viai + Zle Bib; for
£ € N>y, pairwise distinct stable atoms ay, ..., a¢g (where ay, . . ., ai are the atoms
showing up in z), pairwise distinct unstable atoms by, ..., by, and coefficients
vi,Bi € Nofori =1,...,¢ Setz7” := Zle yia; and w" = Zle Bib;. Note
that, a priori, ¢(z”"") and ¢ (w’”) are not necessarily molecules. As in the previous
paragraph, we can apply d(a;)-adic valuation to both sides of the equality

k 4 14
u—+ Zoeiai = Zj/iai + Z,Bibi
i=1 i=1 i=1

to find that 7”7 = z. Hence ¢(z"/) = s and ¢(w”) = u are both molecules.
Therefore z””” must be the unique factorization of s, while w”’ must be the unique
factorization of u. As a result, x € M(P). O

5 Molecules of Puiseux Algebras

Let M be a monoid and let R be a commutative ring with identity. Then R[X; M]
denotes the ring of all functions f: M — R having finite support, which means that
Supp(f) :={s € M : f(s) # 0} is finite. We represent an element f € R[X; M]
by

FOO =" fls)XH,
i=1

where si, ..., s, are the elements in Supp(f). The ring R[X; M] is called the
monoid ring of M over R, and the monoid M is called the exponent monoid of
R[X; M]. For a field F, we will say that F[X; M] is a monoid algebra. As we are
primarily interested in the molecules of monoid algebras of Puiseux monoids, we
introduce the following definition.

Definition 7 If F is a field and P is a Puiseux monoid, then we say that F[X; P]
is a Puiseux algebra. If N is a numerical semigroup, then F[X; N] is called a
numerical semigroup algebra.

Let F[X; P] be a Puiseux algebra. We write any element f € F[X; P]\ {0} in
canonical representation, that is, f(X) = a1 X7 + --- + ax X% with «; # 0 for
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i=1,...,kand q1 > --- > gi. It is clear that any element of F[X; P] \ {0} has
a unique canonical representation. In this case, deg(f) := g is called the degree of
f, and we obtain that the degree identity deg(fg) = deg(f) + deg(g) holds for all
f, & € F[X; P]\ {0}. As for polynomials, we say that f is a monomial if k = 1.
It is not hard to verify that F[X; P] is an integral domain with group of units F*,
although this follows from [10, Theorem 8.1] and [10, Theorem 11.1]. Finally, note
that, unless P = (Np, +), no monomial of F[X; P] can be a prime element; this
is a consequence of the trivial fact that non-cyclic Puiseux monoids do not contain
prime elements.

For an integral domain R, we let Rrq denote the reduced monoid of the
multiplicative monoid of R.

Definition 8 Let R be an integral domain. We call a nonzero non-unit » € R a
molecule if r R* is a molecule of Ryeq.

Let R be an integral domain. By simplicity, we let A(R), M(R), Z(R), and
¢r denote A(Rreq), M(Rred), Z(Rred), and ¢r.,, respectively. In addition, for
a nonzero non-unit r € R, we let Zg(r) and Lg(r) denote Zg ,(rR™) and
Lg..,(rR™), respectively.

Proposition 7 Let F be a field, and let P be a Puiseux monoid. For a nonzero
a € F, a monomial X1 € M(F[X; P)) if and only if ¢ € M(P).

Proof Consider the canonical monoid monomorphism w: P — F[X; P] \ {0}
given by u(g) = X49. It follows from [4, Lemma 3.1] that an element a € P is
an atom if and only if the monomial X is irreducible in F[X; P] (or, equivalently,
an atom in the reduced multiplicative monoid of F[X; P]). Therefore p lifts
canonically to the monomorphism fi: Z(P) — Z(F[X; P]) determined by the
assignments a — X for each a € A(P), preserving not only atoms but also
factorizations of the same element. Put formally, this means that the diagram

Z(P) —ﬂ> Z(F[X; P])

¢Pl ¢F[X;P]l
m

P — [X; Plred

commutes, and the (fiber) restriction maps fiq: Zp(q) — Zp[x,p)(X9) of i are
bijections for every ¢ € P. Hence |Zp(q)| = 1 if and only if |Zp(x. pj(X9)| = 1
forall g € P*®, which concludes our proof. O

Corollary 4 For each field F, there exists an atomic Puiseux monoid P whose
Puiseux algebra satisfies that | M(F[X; P]) \ A(F[X; P])| = oo.

Proof 1t is an immediate consequence of Proposition 3 and Proposition 7. O

The difference group gp(M) of a monoid M is the abelian group (unique up to
isomorphism) satisfying that any abelian group containing a homomorphic image
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of M will also contain a homomorphic image of gp(M). An element x € gp(M)
is called a root element of M if nx € M for some n € N. The subset M of ap(M)
consisting of all root elements of M is called the root closure of M. If M=M , then
M is called root-closed. From now on, we assume that each Puiseux monoid P we
mention here is root-closed. Before providing a characterization for the irreducible
elements of F[X; P], let us argue the following two easy lemmas.

Lemma 1 Let P be a Puiseux monoid. Then d(P®) is closed under taking least
common multiples.

Proof Take dy,d>» € d(P®) and q1,qg2 € P*® with d(q;) = d; and d(q2) = d>.
Now setd = ged(dy, d2) and n = ged(n(q1), N(g2)). It is clear that n is the greatest
common divisor of (d>/d)n(q1) and (d1/d)N(q2). So there existm € Nand ¢y, ¢z €
N such that

d d
n(1 +mlem(d, dy)) = ¢y dzn(QI) to dln(qz). )

Using the fact that d lem(d, d2) = d1d>, one obtains that

n(1+mlem(d,, d2))

= e P
lem(d; . dy) 191 + 2q2

after dividing both sides of the equality (2) by lem(d;, d). In addition, note that
n(l + mlem(dy, d2)) and lem(d;, da) are relatively prime. Hence lem(d, d2) €
d(P*), from which the lemma follows. O

Lemma 2 Let P be a root-closed Puiseux monoid containing 1. Then 1/d € P for
alld € d(P®).

Proof Letd € d(P*®), andtaker € P® suchthatd(r) = d. As gcd(n(r),d(r)) =1,
there exist a, b € Ny such that an(r) — bd(r) = 1. Therefore

611 _an() ; bdr) _ gp(P).

This, along with the fact that d(1/d) = 1 € P, ensures that 1/d is a root element of
P. Since P is root-closed, it must contain 1/d, which concludes our argument. O

We are in a position now to characterize the irreducibles of F[X; P].

Proposition 8 Let F be a field, and let P be a root-closed Puiseux monoid
containing 1. Then f € F[X; P]\ F is irreducible in F[X; P] if and only if
f(X™) is irreducible in F[X] for every m € d(P*®) that is a common multiple
of the elements of d(Supp(f)).

Proof Suppose first that f € F[X; P]\ F is an irreducible element of F[X; P],
and let m € d(P*) be a common multiple of the elements of d(Supp(f)). Then
f(X™) is an element of the polynomial ring F[X]. Take g, € F[X] such that
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f(X™) = g(X) h(X). Since P is a root-closed and m € d(P*®), Lemma 2 ensures
that g(X'/™), h(X'/™) e F[X; P]. Thus, f(X) = g(X'/™)h(X'/™) in F[X; P].
Since f is irreducible in F[X; P] either g(X'/™) € F or h(X'/™) e F, which
implies that either g € F or h € F. Hence f(X™) is irreducible in F[X].
Conversely, suppose that f € F[X; P] satisfies that f(X™) is an irreducible
polynomial in F[X] for every m € d(P*) that is a common multiple of the elements
of the set d(Supp(f)). To argue that f is irreducible in F[X; P] suppose that f =
g h for some g, h € F[X; P]. Let m( be the least common multiple of the elements
of d(Supp(g)) U d(Supp(h)). Lemma 1 guarantees that mg € d(P*®). Moreover,
f = gh implies that mg is a common multiple of the elements of d(Supp(f)).
As aresult, the equality f(X"0) = g(X™0)h(X™°) holds in F[X]. Since f(X™0) is
irreducible in F[X], either g(X™0) € F or h(X™?) € F and, therefore, either g € F
or h € F. This implies that f is irreducible in F[X; P], as desired. O

We proceed to show the main result of this section.

Theorem 4 Let F be a field, and let P be a root-closed Puiseux monoid. Hence
M(F[X; P]) = (A(F[X; P])).

Proof As each molecule of F[X; P] is a product of irreducible elements in
F[X; P], the inclusion M(F[X; P]) € (A(F[X; P])) holds trivially. For the
reverse inclusion, suppose that f € F[X; P]\ F can be written as a product of
irreducible elements in F[X; P]. As a result, there exist k, £ € N and irreducible
elements g1, ..., gk and hy, ..., hy in F[X; P] satisfying that

g1(X) -+ gr(X) = f(X) = hi(X)--- he(X). 3)

Let m be the least common multiple of all the elements of the set

(Lde(Supp(g, )U(L; (Supp(h) )

i=1

Note that f(X™), g;(X™) and h;(X™) are polynomials in F[X] fori =1,...,k
and j = 1,...,£. Lemma 1 ensures that m € d(P*®). On the other hand, m is
a common multiple of all the elements of d(Supp(g;)) (or all the elements of
d(Supp(%;))). Therefore Proposition 8 guarantees that the polynomials g; (X™)
and h;(X™) are irreducible in F[X] fori = 1,...,kand j = 1,...,£. After
substituting X by X in (3) and using the fact that F[X] is a UFD, one finds
that £ = k and g;(X™) = hs@)(X™) for some permutation ¢ € S; and every
i = 1,...,k. This, in turns, implies that g; = hs() fori = 1,...,k. Hence
|ZFix: ()| = 1, which means that f is a molecule of F[X; P]. O

As we have seen before, Corollary 4 guarantees the existence of a Puiseux
algebra F[X; P] satisfying that |[M(F[X; P]) \ A(F[X; P])| = co. Now we use
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Theorem 4 to construct an infinite class of Puiseux algebras satisfying a slightly
more refined condition.

Proposition 9 For any field F, there exist infinitely many Puiseux monoids P such
that the algebra F[X; P] contains infinite molecules that are neither atoms nor
monomials.

Proof Let {p;} be the strictly increasing sequence with underlying set IP. Then for
each j € N consider the Puiseux monoid P; = (1/p;f | n e N). Fix j € N, and
take P := P;. The fact that gp(P) = P U — P immediately implies that P is a root-
closed Puiseux monoid containing 1. Consider the Puiseux algebra Q[X; P] and the
element X + p € Q[X; P], where p € P. To argue that X + p is an irreducible
element in Q[X; P], write X + p = g(X) h(X) for some g,h € Q[X; P]. Now
taking m to be the maximum power of p; in the set d(Supp(g) U Supp(h)), one
obtains that X™ + p = g(X™) h(X™) in Q[X]. Since Q[X] is a UFD, it follows
by Eisenstein’s criterion that X" + p is irreducible as a polynomial over QQ. Hence
either g(X) € Q or 1(X) € Q, which implies that X + p is irreducible in Q[ X; P].
Now it follows by Theorem 4 that (X + p)” is a molecule in Q[X; P] for every
n € N. Clearly, the elements (X + p)" are neither atoms nor monomials.

Finally, we prove that the algebras we have defined in the previous paragraph
are pairwise non-isomorphic. To do so suppose, by way of contradiction, that
QI[X; Pj] = QIX; P¢] for distinct j, k € N. Let ¢: Q[X; P;] — Q[X; P¢] be an
algebra isomorphism. Since i fixes Q, it follows that ¥/ (X?) ¢ Q for any ¢ € Pj'.
This implies that deg(¥/ (X)) € P?. As d(Pj°) is unbounded there exists n € N such
that p;f > n(deg(y(X))). Observe that

1 1

deg (¥(X)) = deg ((X "1 )77) = Pl deg (¥(X77)). )

Because gcd(p;, d) = 1 for every d € d(P¢), from (4) one obtains that p;? divides

n(deg vy (X)), which contradicts that p;? > n(deg(¥(X))). Hence the Puiseux

algebrasin {P; : j € N} are pairwise non-isomorphic, which completes our proof.
O
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Arf Numerical Semigroups )
with Multiplicity 9 and 10 e

Halil ibrahim Karakas

Abstract In this work we give a new characterization of Arf numerical semigroups
and use it to parametrize Arf numerical semigroups with multiplicity 9 and 10.

Keywords Numerical semigroups - Arf numerical semigroups - Multiplicity -
Conductor - Frobenius number - Ratio - Major

1 Introduction

Let N denote the set of positive integers and No = N U {0}, the set of nonnegative
integers. The cardinality of a set K will be denoted by |K|. A subset S € Ny
satisfying

H0esS (i)x,yeS=x+yeS$ (iii) [No \ S| < oo

is called a numerical semigroup. It is well known (see, for instance, [2, 4, 7]) that
the condition (iii) above is equivalent to saying that the greatest common divisor
gcd(S) of elements of S is 1.

If A is a subset of Ny, we will denote by (A) the submonoid of Ny generated
by A. If § = (A), A is called a set of generators for S. If A = {ay,...,a,}, we
write (A) = {(aiy, ..., a,). The monoid (A) is a numerical semigroup if and only if
gcd(A) = 1.

For every numerical semigroup S there exists a unique minimal set of generators
{ai,ar, ... ,a.} with a1 < ap < --- < ae; that is, {a1,as, ..., a.} is a set of
generators for S, but no proper subset of {ay, az, ..., a.} generates S. The integers
ay and e are called the multiplicity and the embedding dimension of S, and they
are denoted by m(S) and e(S), respectively. The multiplicity m(S) is the smallest
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positive element of S. It is known that e(S) < m(S) (see, for instance Chapter 1
of [7]). § is said to be a numerical semigroup of maximal embedding dimension if
e(S) = m(S).

For a numerical semigroup S, the largest integer that is not in S is called the
Frobenius number of S and it is denoted by f(S); the smallest element of S for
which all subsequent natural numbers belong to S is called the conductor of S and
it is denoted by ¢(S). Clearly, ¢(S) = f(S) + 1. We have ¢(Ny) = O and ¢ > 2 if and
only if § # Np.

If S is a numerical semigroup and a € S\{0}, the Apéry set of S with respect to
a is the set

Ap(S,a)={seS:s—a ¢S}

Itis easy to see that Ap(S, a) = {w(0) =0, w(l), ..., w(a— 1)}, where w(i7) is the
least element of S such that w(i) =i (mod a). Itis also easy to see that

S ={a,w(),...,w(a@— 1)) and f(S) = max(Ap(S, a)) —a.
Thus
¢ = max(Ap(S, a)) —a + 1 and max(Ap(S,a)) =c+a — 1.

For general concepts and facts about numerical semigroups, we refer to [7].

2 Arf Numerical Semigroups

A numerical semigroup S satisfying the additional condition
x,y,2€8x>2y>z2=>x+y—z€S (2.1)

is called an Arf numerical semigroup.

This is the original definition of an Arf numerical semigroup given by C. Arf
in [1]. We will refer to the condition (2.1) as the Arf condition. Fifteen conditions
equivalent to the Arf condition are given in Theorem 1.3.4 of [2]. If x, y,z € S;
x >y >zandx > c, the conductorof S,thenx+y—z > candthusx+y—z € S.
Therefore, to prove that a numerical semigroup with conductor c is an Arf numerical
semigroup it is enough to check the Arf condition (2.1) for small elements of S; i.e,
for elements x < c.

The following lemma by Compillo, Farran and Munuera [3] gives a very useful
condition equivalent to the Arf condition.

Lemma 2.1 ([3], Proposition 2.3) A numerical semigroup S is an Arf numerical
semigroup if and only if 2x —y € S forall x,y € S with x > y.
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Combining Lemma 2.1 and our remark above about the Arf condition, we see that
a numerical semigroup S is an Arf numerical semigroup if and only if 2x —y € §
forallx,y € Swithc > x > y.

The following lemma of Rosales et al. [8] will be crucial for what follows.

Lemma 2.2 ([8], Lemma 11) Let S be an Arf numerical semigroup and let s be
any element of S. If s +1 € S, then s + k € S for all k € Ny and thus ¢ < s.

It is well known (see for instance [6] or [7]) that every Arf numerical semigroup
is of maximal embedding dimension, that is, e(S) = m(S). Thus if S is an Arf
numerical semigroup with multiplicity m = m(S), then

{m, w(),..., wim — 1)}
is the minimal set of generators for S, where
Ap(S,m) = {w©0) =0,w(),...,wim — 1)}

The number max(Ap(S, m)) is called the major of S and it is denoted by M. The
smallest minimal generator that is larger than the multiplicity of S is called the ratio
of § and it is denoted by R. Thus M = ¢+ m — 1 and R =min(Ap(S, m)\{0}).

From now on we stick to the above notations and we put f(S) =f, ¢(S) =c.

Let S be a numerical semigroup with multiplicity 7 and conductor c. Since any
multiple of m is an element of S, ¢ # 1 (mod m). Hence ¢ = k (mod m), where
ke{0,2,...,m — 1}. If § is an Arf numerical semigroup with multiplicity m and
conductor c, the following lemma by Garcia-Sénchez et al. [5] shows that w(1) and
w(m — 1) are completely determined by ¢ and m.

Lemma 2.3 ([S], Lemma 13) Let S be an Arf numerical semigroup with multiplic-
ity m and conductor ¢ where ¢ = k (modm), k € {0,2,...,m — 1}. Then

+1 if k=0 (i.e, c =0 (modm)),

(i) w(l) =
c—k+m+1ifk #0 (i.e, ¢ #0 (mod m)),
(ii) wim—1)=c—k+m—1.

Lemma 2.4 Let S be a numerical semigroup with multiplicity m > 2, conductor ¢
and Ap(S) = {w(0) =0, w(),...,w(im — 1)}. Let h,k € {0, 1,...,m — 1} such
that w(h) < w(k). Then

(i) h <k = wh) <wk) —k+handthus wk) —k+h € S,
(ii) h > k= wh) <wk) —k+h—mandthus wk) —k+h—m € S.

Proof There exist x;,, xx € Ng such that w(h) = h + xpm and w(k) = k + xgm.

(i) The assertion is clear if # = 0, because k < m < w(k). Thus we may assume
that 0 < h < k. Then xj, xx € Nand w(h) < w(k) = x5 < x¢. Hence

w(k) —w(h) = (k —h) + (xx — xp)m = (k — h)

which yields w(h) < w(k) — k + h.
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(ii) We have h > k > 0, because w(h) < w(k). Therefore x, < x; and
w(k) —wh) =k —h)+ (xk —xp)m > (k—h) +m

which yields w(h) < w(k) —k+h — m.

Corollary 2.1 ([5], Lemma 11) Let S be an Arf numerical semigroup with mul-
tiplicity m > 2, conductor ¢, and Ap(S,m) = {w(0) = 0, w(l), ..., w(im — 1)}
Then

(i) wk—-1) <wk) = wk)—-1>c
(ii) wk—=1) > wk) = wk —-1) >c,
foranyk e {2,...,m —1}.

Proof
(i) wk)—k+k—-1)=wk —1)+1 € Sby Lemma?2.4(@i). Sow(k) —1>c¢
by Lemma 2.2.

(ii) wk—-—1)—(k—-1)+k—m=wk —1) —m+ 1 € S by Lemma 2.4(ii). So
wk —1)+1€S,and wk — 1) > ¢ by Lemma 2.2.

Corollary 2.1 shows that if S is an Arf numerical semigroup with multiplicity
m>2andk € {2,...,m — 1}, at least one of w(k — 1) or w(k) is not less than the
conductor of S.

Lemma 2.5 Let S be a numerical semigroup with multiplicity m > 2 and
Ap(S,m) = {w(0) =0, w(),...,wim — 1)}

Forany h,k € {0,1,...,m — 1} with h # k, there exists a unique integer ty, such
that

tinm < w(k) — w(h) < (G + Dm.

Proof Leth,k € {0,1,...,m — 1} such that & # k. Then there exist x, xy € Np
such that w(h) = h + xpm, w(k) = k + xxm. Thus

w(k) — w(h) _ k—nh + o — 1),
m

m

h

where ky; is a rational number with |k;1h | < 1. Let

o xp—xp—1ifk—h <0,
T\ xk—xn ifk—h>0.

Clearly, tj, is uniquely determined and we have

tinm < w(k) — w(h) < (e + Dm.



Arf Numerical Semigroups with Multiplicity 9 and 10 167

Notations being as above, for any &, k € {0, 1, ..., m — 1} such that i # k, there
exists a unique #, € Z for which w(h) + txpm < w(k) < w(h) + (tkp, + )m. In
that case, we set

*wi(h) = wh) + tgm , wi(h) = wh) + (n + DHm.

Then *wy (h) is called the left h-neighbour of w(k) and w;: (h) is called the right
h-neighbour of w(k). Thus we have

“wi(h) < wk) < wi(h)

forh,k € {0,1,---,m — 1} such that & # k.
Note that *wy (h) and wj (h) are both elements of S if #x, € No. This is the case
ifh,k € {0,1,...,m — 1} such that w(h) < w(k). Because in that case

h <k = *wpth)=wk) —k+h, with)=wk) —k+h+m,
h>k= "wi(h) =wk) —k+h—m, wih) =wk) —k+h;

from which we conclude by Lemma 2.4 that *wy (k) and w,f (h) are both elements
of S.

Left and right neighbours can be used to characterize Arf numerical semigroups.
Namely, we have the following propostion.

Proposition 2.2 Let S be a numerical semigroup with multiplicity m > 2,
conductor ¢ and Ap(S) = {w(0) = 0, w(1),...,w@m — 1)}. Then S is Arf if and
only if

2w(k) — *wi(h) € S and 2wj(h) —w(k) € S

forany h,k € {0,1,--- ,m — 1} withc > w(k) > w(h).

Proof The necessity is obvious. As for the sufficiency, we will show that2x—y €
S for all x,y € S with x > y. For such a pair x,y, there exist i, j €
{0,1,...,m — 1} and nonnegative integers 7y, 7y such that x = w(i@) + rym,
y = w(j) +rym. If x > ¢, then 2x — y > ¢ and therefore 2x — y € S. So we
may assume that x < ¢. Then w(i) < ¢ and w(j) < c.If i = j, thenr, > ry and
2x —y = w(@) + 2ry —ry)m € S. Therefore we may assume that i # j. There are
two cases: either w(i) > w(j) or w(@) < w(j).
If w(@) > w(j), then

y=w(j)+rym < x =w()+rim= wl’-k(j)—i—rxm =w(j)+ G+ Dm+rym,
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which implies #;; + 1 +rx > ry or, equivalently, t;; + 7, —ry, > 0. Now we have

2x —y =2w(@) —w(j) + Cry —ry)m
=2w(i) — Cw;(j) — tijm) + (2ry — ry)m
=2w(i) — *wi(j) + (tij + 2rx —ry)m,
where 2w(i) — *w;(j) € S by hypothesis, and also (;; 4+ 2ry —ry)m € S since

(tij +2ry —ry) > 0. Hence 2x — y € § in this case.
If w(i) < w(j), then

x=w()+rim>y=w(j)+rym> *wj(i) +rym =w(i) +tj;m+rym,

which implies rx > t;; + ry or, equivalently, 7, — ry — tj; —1 > 0. On the other
hand,
2x —y =2w(@) —w(j) + Cry —ry)m
= 2w} (i) — (tji + Dhm) —w(j) + Q2rx —ry)m
= 2w7(i) —w(j) + Qry —ry —2tj; — 2)m,
where Zw;‘(i) —w(j) € § by hypothesis, and also (2ry —ry, — 2t;;)m € § since
(2ry —ry —2tj; —2) > 0. Hence 2x — y € § in this case, too.

Proposition 2.3 Let S be an Arf numerical semigroup with multiplicity m > 2,
conductor c and Ap(S) = {w(0) =0, w(1), ..., wim—1)}. Letk € {1,...,m— 1}.
Then

(i) w(im — k) + 2k € S and thus w(k) < w(m — k) + 2k.
(ii) For any positive integer q with gk < m, we have w(k) + (g — 1)k € S and
thus w(gk) < w(k) + (¢ — k.
(iii) Fork <", we have w(m — 2k) < w(m — k) + (m — k).

2}
Proof
(i) wim — k) +k=w} _,(0) e S. Since § is Arf,
2w L (0)—w(im—k) =2(wm —k)+k) —wim—k) =wim—k)+2k € S.

Moreover, w(m — k) + 2k = k (mod m). Thus w(k) < w(m — k) + 2k.
(ii) We proceed by induction on ¢g. The assertion is trivially true for g = 1. Since
w(k) —k = *wg(0) € S and S is Arf, we have

2w(k) — Fwr(0) = w(k) +k € S.

Moreover, w(k) + k = 2k (mod m). Thus w(2k) < w(k) + k, proving the
assertion for ¢ = 2. Now let ¢ > 2, gk < m, and assume that the assertion is
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true for all integers » with 1 < r < g. Then
wk) + (g —2)k, wk) + (¢ —3)k € S.
Since w(k) + (g — 2)k > w(k) + (¢ — 3)k and S is Arf, we get
2(wk) + (g —2)k) — (w(k) + (g —3)k) =wk) + (g — Dk € §.

This yields w(gk) < w(k) + (g — 1)k, because w(k) + (¢ — 1)k = gk(mod
m).

(iii) Assume k < "21 Note that *w,,;,—x(0) = wim — k) — (m — k) € S and S is
Arf. So2w(m — k) —* wy—x(0) = w(m — k) + (m — k) € S. Note also that
w(m—k)+(m—k) = m—2k (mod m). Hence w(m—2k) < w(im—k)+(m—k).

Proposition 2.4 Let S be an Arf numerical semigroup with multiplicity m > 2,
conductor ¢ and Ap(S) = {w(0) =0, w(l), ..., w(m — 1)}. Assume that the ratio
of Sis R = w(k), wherek € {1,...,m — 1}. Let ¢ € N such that gk < m. Then

(i) w(gk) = w(k) + (g — Dk,
(ii) wigk+1)>c+1ifgk+1 <m,
(iii) w(gk — 1) > cifqgk # 1.

Proof

(i) The assertion is trivially true for ¢ = 1. Thus we may assume that g > 1. Then
w(k) < w(gk), because w(k) is the ratio. Lemma 2.4 yields w(k) + (¢ — )k <
w(gk). We also have w(gk) < w(k) 4+ (¢ — 1)k by Proposition 2.3. Hence
we have the equality.

(ii) Notethatgk+1 > k.So w(k) < w(gk+1),because w(k) is the ratio. Applying
Lemma 2.4, we get w(k) + (¢ — Dk + 1 < w(gk + 1). Now we use (i) to
obtain w(gk) + 1 < w(gk + 1), or equivalently, w(gk) < w(gk + 1) — 1. We
conclude that w(gk + 1) and w(gk + 1) — 1 are both elements of S. Hence
w(gk +1) > c+ 1 by Lemma 2.2.

(iii) gk — 1 = k only if ¢ = 2 and k = 1. In that case, the assertion is true,
because w(l) > ¢ by Lemma 2.3. If ¢ # 2 or k # 1, then k # gk — 1
and thus we have w(k) < w(gk — 1), because w(k) is the ratio. Therefore
w(k) + (g — Dk — 1 < w(gk — 1) by Lemma 2.4. Now we use (i) to obtain
w(gk) — 1 < w(gk — 1), or equivalently, w(gk) < w(gk — 1) + 1. It follows
that w(gk — 1) and w(gk — 1) + 1 both belong to S. Lemma 2.2 implies
w(gk — 1) > c.

Proposition 2.5 Let S be an Arf numerical semigroup with multiplicity m > 2,
conductor ¢ and Ap(S) = {w(0) =0, w(l), ..., w(m — 1)}. Assume that the ratio
of Sis R =w(m — k), wherek € {1,...,m — 1}. Then for any g € N

(i) g = 2, gk < m = w((g — k) = win — k) + gk and w(im — 2k) =
w(m — k) + (m — k),
(ii) m < gk <m+k = w((qg — k) € {w(im — k) + gk —m, w(im — k) + gk}.
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Proof
(i) Since w(m — k) is the ratio, we have w(m —k) < w((qg — 1)k) and w(m —k) <

w(m — 2k). Therefore

w(m — k) + gk < w((g — Dk) and w(m — k) + (m — k) < w(m — 2k)
by Lemma 2.4. On the other hand,
w((g—Dk) < wk) +(q —2)k < wim —k)+2k+ (g —2)k = wim —k)+qk,
and

w(m — 2k) <w(m — k) + (m — k)

by Proposition 2.3. Hence

w((g — Dk) = w(m — k) + gk and w(m —2k) = w(m — k) + (m — k).

(ii) Since w(m — k) is the ratio, we have w(m — k) < w((g — 1)k). Therefore
w(m — k) + gk —m < w((g — 1)k) by Lemma 2.4. On the other hand,

w((g—Dk) <wk)+(@q@—2)k <wim—k)+2k+(q—2)k = wim—k)+qgk

by Proposition 2.3. Hence w((g — 1)k) € {w(m —k)+qgk—m, w(m —k)+qk}.

In [5], Arf numerical semigroups with multiplicity up to seven and given
conductor are described parametrically. A similar description is given in [9] for
Arf numerical semigroups with multiplicity eight and given conductor. In what
follows, we use the above characterizations to describe Arf numerical semigroups
with multiplicity nine and ten.

The ratio R will play an important part in our discussions. Recall that R is the
least element larger than the multiplicity in the minimal set of generators of the
numerical semigroup under consideration. It is easily seen that

R<c+1if c=0(@modm) and R < ¢ if ¢ = 0 (mod m).

Each proposition in the next two sections will give the list of all Arf numerical
semigroups with multiplicity m = 9 or m = 10 and conductor ¢ for a congruence
class of ¢ (mod m). Each semigroup in each list is easily seen to be Arf by applying,
for instance, Proposition 2.2. Therefore in the proof of each proposition we only
verify that the list there contains all Arf numerical semigroups with the given
multiplicity and conductor.
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3 Arf Numerical Semigroups with Multiplicity 9

Let S be an Arf numerical semigroup with multiplicity 9 and conductor c¢. Then
c=0,2,3,4,5, 6, 70r8 (mod9).

The following proposition describes all Arf numerical semigroups S with
multiplicity 9 and conductor ¢ if ¢ = 0 (mod 9), ¢ > 9.

Proposition 3.1 Let S be a numerical semigroup with multiplicity 9 and conduc-
tor c, where ¢ > 9 and ¢ = 0 (mod 9). Then S is an Arf semigroup if and only if S
is one of the following:

9,¢c+1l,c+2,c+3,c+4,c+5,c+6,c+7,c+8);0

99u+3 u+6,c+1,c+2,c+4,c+5,c¢c+17, c+8) 1<u<‘99,0r
—-2,c+1l,c+2,c+3,c+4,c+6,c+8),0

4c+lc+2 c+3,c+4,c+6,c+7,¢c+8);0

9,9v+6,9% +12,c+1,c+2,c+4,c+5,¢c+7, c~|—8) l<v<¢, 9, or

9,¢c—2,c+1l,c+2,c+3,c+4,c+5,¢c+6,c+8).

Cc —
,C —

(
(
9.
9
(
(

Proof Let S be an Arf numerical semigroup with multiplicity 9 and conductor ¢ = 0
(mod 9), where ¢ > 9. Then w(l) = ¢ + 1 and w(8) = ¢ + 8 = M by Lemma 2.3.
Using Proposition 2.3(ii), ¢ + 8 = w(8) < w(2) + 6 = w(2) = ¢ + 2. Similarly,
w@) =c+4. Nowwehavec+2 =w®2) < w(?)+4 = w(7) >c—2,and
c+4=wl@) <w()+ 8= w(5) > c — 4 by Proposition 2.3(i). It follows that

Ref{wd)=c+1,w@3),wd)=c—4,w6), w@) =c—2}.
If R =w(l) =c+ 1, then
S=09,c+1,c+2,c+3,c+4,c+5,c+6,c+7,¢c+38).

If R = w(3), then w(3) = 9u + 3 for some u € {1,..., 9 — 1}. In that case,
w(S) =c+ 5, w(@) =c+7and w(6) = 9u + 6 by Proposition 2.4. Hence

—9
S=(9.9u+3.9u+6,c+1,ct2c+dct+5c+T.ct+8), 1<u 569 .

IR = w(5) = c—4,then w(6) = c+6 by Proposition 2.4 and therefore w(3) = c+
3 by Proposition 2.3. Moreover, since ¢ —4 = w(5) < w(7), we have w(7) = ¢ —2
or w(7) = ¢+ 7. Hence
S=9,c—4,c—2,c+1,c+2,c+3,c+4,c+6,c+8), or
S=09,¢c—4,c+1,c+2,c+3,¢c+4,c+6,c+7,¢c+8).

If R = w(6), then w(6) = 9v+6 forsome v € {1,..., § —1}. We have w(5) =
¢+ 5, w(7) = ¢ + 7 by Proposition 2.4; and w(3) = 9v + 12 by Proposition 2.5(i).
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Hence

c—9

S=9,%+6,%+12,c+1,c+2,c+4,c+5c+7,c+8), 1 <u< 9

If R = w(7) = ¢ — 2, then w(6) = c + 6 by Proposition 2.4. Since ¢ — 2 is the
ratio,c —2 < w(3) and ¢ —2 < w(5), which imply w(3) = ¢+ 3 and w(5) = c+5.
Thus

S=9,c—2,c+1,c+2,c+3,c+4,c+5,¢c+6,c+8).

Proposition 3.2 Let S be a numerical semigroup with multiplicity 9 and conductor
¢, where ¢ > 11 and ¢ = 2 (mod 9). Then S is an Arf semigroup if and only if S is
one of the following:

9,¢c,c+1,c+2,c+3,c+4,c+5,¢c+6,c+8); or

9,9 +3,9% +6,c,c+2,c+3,c+5,c+6,c+8),1<u< "7911;0r

9,9 +6,9%v+12,¢c,c+2,c+3,c+5,c+6,c+8),1<v< C}“;or
9,¢c—4,c,c+1,c+2,c+3,c+4,c+6,c+8).

Proof Let S be an Arf numerical semigroup with multiplicity 9 and conductor ¢ =
2 (mod 9 ), where ¢ > 11. Then w(l) = ¢ +8 = M and w(8) = ¢ + 6 by
Lemma 2.3. Using Proposition 2.3, we get w(2) = ¢, w(4) =c+2, w®S) =c+3
and w(7) > ¢ — 4. It follows that

R e{w®2) =c,w@), w®), w@) =c—4}.

The rest of the proof is similar to the proof of Proposition 3.1 and we omit it.

Proposition 3.3 Let S be a numerical semigroup with multiplicity 9 and conduc-
tor ¢, where ¢ > 12 and ¢ = 3 (mod 9). Then S is an Arf semigroup if and only if S
is one of the following:

9,9 +3,9%+6,c+1,c+2,c+4,c+5c+T,c+8), 1 <u< 3 or
9,99 4+6,9%v 4+ 12,c+1,c+2,c+4,c+5,c+7,c+8),1 <v < 9 -
Proof Let S be an Arf numerical semigroup with multiplicity 9 and conductor ¢ = 3
(mod 9 ), where ¢ > 12. Then w(l) = ¢+ 7, w(8) = ¢ + 5 by Lemma 2.3. We
also have M = ¢ + 8 = w(2). Applying Proposition 2.3, we get w(4) = ¢ + 1,
w(5) = ¢+ 2 and w(7) = ¢ + 4. Therefore either R = w(3) or R = w(6) and the
assertions follow.

We have an unexpected result for Arf numerical semigroups with multiplicity 9
if the conductor c is congruent to 4 (mod 9).
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Proposition 3.4 Let S be a numerical semigroup with multiplicity 9 and conduc-
tor ¢, where ¢ > 13 and c = 4 (mod 9 ). Then S is an Arf semigroup if and only if S
is one of the following:

9,¢c,c+1,c+2,c+3,c+4,c+6,c+7,¢c+8); or
9,¢c—2,c,c+1,c+2,¢c+3,c+4,c+6,c+8); or
9,¢c—6,c—2,c,c+1,c+2,c+4,c+6,c+8).

Proof Let S be an Arf numerical semigroup with multiplicity 9 and conductor ¢ = 4
(mod 9 ), where ¢ > 13. Then we have w(l) = ¢+ 6, w(8) = ¢ +4 by Lemma 2.3;
and M = ¢ 4+ 8 = w(3). Using Proposition 2.3, we get w(2) > ¢ — 2, w(4) = c,
w) =c+ 1, w6) =c+2and w(7) > ¢ — 6. Thus

Re{w(=c—6w@)=c—-2,wH4) =c}.

Furthermore, if R = w(7) = ¢—6, then w(2) = w(7)+4 = c—2 by Proposition 2.3
and the assertions follow.

Proposition 3.5 Let S be a numerical semigroup with multiplicity 9 and conduc-
tor ¢, where ¢ > 14 and c = 5 (mod 9). Then S is an Arf semigroup if and only if S
is one of the following:

9,¢c,c+1,c+2,c+3,¢c+5,¢c+6,c+7,c+8); or
9,9%u +3,9%u +6,c,c+2,¢c+3,c+5,c+6,c+8),1<u=< 695,0r
9,99 +6, 9% +12,c,c+2,c+3,c+5c+6,c+8), 1 <v =

Proof Let S be an Arf numerical semigroup with multiplicity 9 and conductor ¢ = 5
(mod 9 ), where ¢ > 14. Then w(l) = c+5, w(8) = ¢+ 3 by Lemma 2.3; and
M = c+ 8 = w(4). Applying Proposition 2.3, w(2) = ¢ + 6, w(7) = ¢ + 2 and
w(5) = c. It follows that

R e {w(5) =c,w(3), w(6)}.

The rest of the proof is similar to the proof of Proposition 3.1 and we omit it.

Proposition 3.6 Let S be a numerical semigroup with multiplicity 9 and conduc-
tor ¢, where ¢ > 15 and ¢ = 6 (mod 9). Then S is an Arf semigroup if and only if S
is one of the following:

(9, —2,¢c,c+1l,c+2,c+4,c+6,c+8); or

(9, 9u+3 ou+6,c+1,c+2,c+4,c+5,¢c+7, c+8) 1<u<c915,0r
9,¢—2,c,c+1,c+2,c+4,c+5,c+6,c+8);0

9,99 +6,9v 4+ 12, c+1,c+2,c+4,¢c+5c+7, c+8) 1<v= S
Proof Let S be an Arf numerical semigroup with multiplicity 9 and conductor
¢ = 6 (mod 9), where ¢ > 15. Then w(l) = ¢ +4, w(8) = ¢ + 2 by Lemma 2.3;
and M =c+8=w(®). Wehavew(2) >c—4,w@d) >c—2and w(7) =c+1
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by Proposition 2.3. It follows that
Re{w?) =c—4,w@3),wd) =c—2,w6)}.

The rest of the proof is similar to the proof of Proposition 3.1 and we omit it.

The proof of the next proposition is very similar to the proof of Proposition 3.4
and we omit it.

Proposition 3.7 Let S be a numerical semigroup with multiplicity 9 and conduc-
tor ¢, where ¢ > 16 and ¢ =7 (mod 9). Then S is an Arf semigroup if and only if S
is one of the following:

9,¢—-3,c,c+1,c+3,c+4,c+5,c+7,c+8); or
9,¢—2,c,c+1,c+3,c+4,c+5,¢c+6,c+8); or
9,¢c,c+1,c+3,c+4,c+5,c+6,c+7,¢c+8).

Proposition 3.8 Let S be a numerical semigroup with multiplicity 9 and conduc-
tor c, where ¢ > 17 and ¢ = 8 (mod 9). Then S is an Arf semigroup if and only if S
is one of the following:

9,¢c—6,c—4,c—2,c,c+2,c+4,c+6,c+8); or

9,9%u +3,9%u +6,c,c+2,c+3,c+5,c+6,c+8),1<u=< Cgs;or

9,¢c—4,c—2,c,c+2,c+3,c+4,c+6,c+8), or
9,¢c—4,c,c+2,c+3,c+4,c+6,c+7,c+8); or

9,¢—-3,¢c,c+2,c+3,c+4,c+5,c+7,c+8); or

(9,90 +6,9v + 12, c,c+2,c+3,c+5,c+6,c+8), 1 <v =< B or

9,¢,c+2,c+3,c+4,c+5,c+6,c+7,¢c+8).

Proof Let S be an Arf numerical semigroup with multiplicity 9 and conductor ¢ =
8 (mod 9), where ¢ > 17. Then w(l) = ¢ + 2, w(8) = ¢ by Lemma 2.3; and
M = ¢ + 8 = w(7). Using Proposition 2.3, we get w(2) > ¢ — 6, w(4) > ¢ — 4
and w(5) > ¢ — 3. It follows that

Re{w®?) =c—6,w@B),wd)=c—4,w®) =c—3,w®6), w®) =c}.

IfR=w@) =c—6,thenw?B) =c+4, w@d) =c—4, w5 = c+ 6, and
w(6) = ¢ — 2 by Proposition 2.4. Hence, in that case

S=9,c—6,c—4,c—3,c,c+4,c+6,c+8).

If R = w(3), then w(3) = 9u + 3 forsome u € {1, ..., ‘;8}. In that case, w(2) =
c+3, w4 =c+5,w(S) =c+ 6and w(6) = 9u + 6 by Proposition 2.4. Hence

c—8

S=9,%+3,%+6,c,c+2,c+3,c+5,c+6,c+8), 1 <u< 9
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IR =w@) =c—4, then w(3) = ¢ +4 and w(5) = ¢ + 6 by Proposition 2.4.
We have ¢ — 4 = w(4) < w(2) = w(2) = c + 3; and using Proposition 2.3(i),
c+4=w@B) <w6)+6 = w6) >c—2=— wO)=c—2o0rw(6)=c+7.
Hence

S=9,c—4,c—-2,c,c+2,c+3,c+4,c+6,c+8), or
S=09,c—4,c,c+2,c+3,c+4,c+6,c+7,¢c+38).

IfR =w() =c—3,then w4) = ¢+ 5 and w(6) = ¢ + 7 by Proposition 2.4.
We have ¢ — 3 = w(5) < w(3) = w(3) = ¢ + 4; and using Proposition 2.3(ii),
c+5=wH@) <w@)+ 2= w(2) =c+ 3. Hence

S=09,c—3,¢c,c+2,c+3,c+4,c+5,c+7,¢c+38).

If R =w(6), then w(6) =9v+ 6 forsome v € {I,..., G} We have w(5) =
¢+ 6 by Proposition 2.4 and w(3) = w(6) + 6 = 9v + 12 by Proposition 2.5(i). On
the other hand w(6) < w(4) = w(6) + 7 < w(4) by Lemma 2.4(ii). Therefore
w(3) < w(4) and this yields w(4) = ¢ 4+ 5 by Corollary 2.1. Now, applying
Proposition 2.3(ii), we get c + 5 = w(4) < w(2) + 2 = w(2) = ¢ + 3. Hence

c—38

S={9,%+6,%+12,c,c+2,¢c+3,c+5,¢c+6,c+8), 1 <v= 9

If R = w(8) = c, then
S=0,¢c,c+2,c+3,c+4,c+5,¢c+6,c+7,¢c+38).

We denote the number of Arf numerical semigroups with multiplicity m and
conductor ¢ by Nagr(m, c). For any rational number x, the greatest integer less
than or equal to x will be denoted by |x].

Corollary 3.9 Let ¢ be a positive integer such that | g] > 1. The number of Arf
numerical semigroups with multiplicity 9 and conductor c is

25+2 ifc=0(mod9),
2";2 if c =2 (mod9),
2¢9% = Lifc =3 (mod9),
3 if c =4 (mod?9),
2¢5° if ¢ =5 (mod9),
208 +2if c = 6 (mod 9),
3 ifc=17(mod?9),
258 +5if c =8 (mod 9).

NArr(9,¢) =
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Example 3.10 There are 8 Arf numerical semigroups with multiplicity 9 and
conductor 27, which are listed below.

(9,28,29,30,31,32,33,34,35), (9,12, 15, 28,29, 31, 32, 34, 35)
(9,21,24,28,29,31,32,34,35), (9,23,25,28,29,30,31, 33, 35)
(9,23,28,29,30,31,33,34,35), (9,15,21,28,29,31,32,34,35),
(9,24,28,29,30,31,32,34,35), (9,25,28,29,30,31,32,33,35).

Example 3.11 There are 3 Arf numerical semigroups with multiplicity 9 and
conductor 40, which are listed below.

(9,40,41,42,43,44,46,47,48), (9,38,40,41,42,43,44,46,48) ,
(9,34, 38, 40,41, 42, 44, 46, 48).
There are 3 Arf numerical semigroups with multiplicity 9 and conductor 940, too:
(9,940,941, 942,943,944, 946, 947,948) , (9,938,940, 941,942,943, 944, 946, 948),
(9,934,938, 940,941, 942, 944, 946, 948, ).

Example 3.12 There are 11 Arf numerical semigroups with multiplicity 9 and
conductor 35, which are listed below.

(9,29,31,33,35,37,39,41,43), (9,12, 15, 35,37, 38,40, 41, 43),
(9,21, 24, 35,37, 38,40, 41, 43), (9,30, 33, 35,37, 38, 40,41, 43) ,
(9,31,33,35,37,38,39,41,43), (9,31, 35,37, 38,39,41,42,43),
(9,32,35,37,38,39,40,42,43) , (9,15, 21, 35,37, 38,40,41,43),
(9,24, 30, 35,37, 38, 40, 41, 43),

(9,33,30,35,37,38,39,41,43), (9,35,37,38,39,40,41, 42, 43).

4 Arf Numerical Semigroups with Multiplicity 10

Let S be an Arf numerical semigroup with multiplicity 10 and conductor c¢. Then
c=0,2,3,4,5, 6,7, 8or9 (mod 10).
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The following proposition describes all Arf numerical semigroups S with
multiplicity 10 and conductor c if c =0 (mod 10), ¢ > 10.

Proposition 4.1 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 10 and ¢ = 0 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10, c+1,c+2,c+3,c+4,c+5,c+6,c+7,c+8,¢c+9);or

(10, 10u +2,10u +4,10u + 6, 10u +8,c+ 1,c+3,c+5,c+7,¢c+9),

l<uc< Czéo;or

(10, 10v + 4, 10v 4+ 6, 10v+ 8, 10v + 12, c+ 1,c+3,¢c+5,c+7,c+9),
l<v< Cféo,or
(10, 10v + 4, 10v 4+ 8, 10v + 12, 10v + 16,c+ 1,c+3,c+5,¢c+7,c +9),

l<v< Czéo;or

(10,10x +5,c—2,¢c+1,c+2,c+3,c+4,c+6,c+7,c+9),
1<x< CIéo,or

(10, 10x +5,c+ 1, c+2,c+3,c+4,c+6,c+7,c+8,c+9),

l1<x< CI(%O; or

(10, 10y + 6, 10y + 8, 10y + 12, 10y + 14, c+ 1,c+3,c+5,¢c+7,c + 9),
I<y< Cféo,or

(10, 10y 4+ 6,10y + 12,10y + 14,10y + 18, c+ 1,c+3,c+ 5, ¢+ 7,¢c + 9),
I<y< "Iéo;or

(10, ¢ —3,c+1,c+2,¢c+3,c+4,c+5,¢c+6,c+8,¢c+9);or

(10, 10z + 8,10z + 12,10z + 14,10z + 16,c+ 1,c+3,¢c+5,c+7,c+9),

c—10
1<z=< %

Proof Let S be an Arf numerical semigroup with multiplicity 10 and conductor
¢ = 0 (mod 10), where ¢ > 10. Then w(1) = ¢+ 1 and w(9) = ¢+ 9 = M by
Lemma 2.3. We have w(3) = ¢+ 3 and w(7) > ¢ — 3 by Proposition 2.3. It follows
that

R e{w() =c+ 1L, w?2), w@), w(), w®), w() =c—3, w®)}
IfR =w(l) =c+1,then

S=({10,c+1,c+2,c+3,c+4,c+5,¢c+6,c+7,c+8,c+9).
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IfR = w(2), then w(2) = 10u + 2 for some u € {1, ..., 1“’0 — 1}. Then we have
w@) =10u+4, wS)=c+5, w®6) =10u+6, w(T) =c+7, w8 = 10u+ 8
by Proposition 2.4. In other words,

— 10
S = (10, 10u+2, 10u+4, 10u+6, 10u+8, c+1, c+3, c+5,¢c+7,¢49,), 1 <u < ¢ 0
If R = w(4), then w(4) = 10v 4+ 4 for some v € {1,..., 1“’0 — 1}. One can see

by using Proposition 2.4 that w(5) = ¢ + 5, w(7) = ¢ + 7 and w(8) = 10v + 8.
One can also see by Proposition 2.5 that w(6) € {10v + 6, 10v 4+ 16}. Moreover,
we have w(4) < w(2) < w(8) +4 = w(4) + 8 by Proposition 2.3, which implies
w(2) = 10v + 12. Thus

c—10

S = (10, 10v+4, 10v+6, 10v+8, 10v+12, c+1, c+3, c+5,c+7,¢+9), 1 <v < 0 or

S = (10, 10v+4, 10v+8, 10v+12, 10v+16, c+1, c+3, c+5,¢c+7,¢c+9), 1 <v <

If R = w(5), then w(5) = 10x + 5 for some x € {1,..., 1“’0 — 1}. We have
w(4) = ¢+ 4 and w(6) = ¢ + 6 by Proposition 2.4. By Proposition 2.3, we have
w@4) <w@2)+2and w(2) < w(8)+4. Hence w(2) = c+2 and w(8) > c—2. We
have observed in the beginning of the proof that w(7) > ¢ — 3. However w(7) #
¢ — 3, because otherwise *w7(5) = c—5and2(c —3) —(c—5) =c—1¢ S.
Therefore, w(7) = ¢ + 7 and it follows that in this case

§=(10,10x+5,c—2,c+1,c+2,c+3,c+4,c+6,c+7,c+9),1 <x < “3°,
or
§=(10,10x+5,c+1,c+2,c+3,c+4,c+6,c+7,c+8,c+9), 1 <v =< 0.

If R = w(6), then w(6) = 10y + 6 for some y € {1, ..., 160 — 1}. In that case,
w(5) = ¢+ 5 and w(7) = ¢ 4+ 7 by Proposition 2.4. We see by Proposition 2.5 that

w(4) = 10y + 14, w(2) = 10y + 12 and w(8) € {10y + 8, 10y + 18}. Hence

S =(10,10y +6,10y + 8,10y + 12,10y + 14, c+ 1,c+3,c+5,c+7,c+9),
I1<y=< Cféo,or

S =(10,10y+6, 10y + 12,10y 4+ 14,10y + 18, c+ 1,c+3,c+5,c+7,¢c+9),
1<y=<"

IR =w() = c— 3, then w(6) = ¢ + 6 and w(8) = ¢ + 8 by Proposition 2.4.

Note also that, ¢ — 3 being the ratio, w(2) = c+2, w(4) = c+4 and w(5) = c+5.

Thus

S=(10,c—3,c+1,c+2,c+3,c+4,c+5,c+6,c+8,c+9).

If R =w(®), then w(8) = 10z+8forsomez € {I,..., [, —1}. We have w(7) =
c+7 by Proposition 2.4; w(2) = w(8)+4 = 10z+12, w4) = w(8)+6 = 10z+ 14
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and w(6) = w(8) + 8 = 10z 4 16 by Proposition 2.5. On the other hand, w(5) can
not be less than ¢, because if we had w(5) < ¢, then we would have w(5) < c—5
and w(4) = ¢ + 4 by Corollary 2.1, and therefore w(8) = ¢ — 2. This is impossible
because w(8) is the ratio. So w(5) = ¢+ 5 and

S = (10,102 48,10z + 12,10z + 14, 10z + 16, ¢+ 1,c +3,c + 5, ¢ + 7, ¢ +9),
I<z<

The proof of each of the remaining propositions is very similar to the proof of
Proposition 4.1. Therefore we state them without proof.

Proposition 4.2 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 12 and ¢ = 2 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10, 10u +2,10u +4,10u + 6,10u +8,c+1,c+3,c+5,c+7,c+9),
l<uc< Cﬁ)z;or

(10, 10v +4,10v+6,10v+ 8, 10v+ 12, ¢+ 1,c+3,¢c+5,c+7,c+9),
l<v< Cjéz,or

(10, 10v +4,10v 4+ 8, 10v + 12, 10v+ 16,c+1,c+ 3, c+5,¢+7,c +9),

151)5 C—lz.

10 s or

(10,10x +5,¢c,c+ 1, c+2,c+4,c+5,¢c+6,c+7,c+9),
1<x< ‘T&z;or

(10, 10y + 6, 10y + 8, 10y + 12, 10y + 14, c+ 1,c+3,c+5,¢c+ 7,c + 9),
Il<y< CIéz,or

(10, 10y 4+ 6, 10y + 12,10y + 14,10y + 18, c+ 1,c+3,c+ 5,¢+ 7,¢c + 9),
I<y< ‘T&z;or

(10, ¢ —5,¢c,c+1,c+2,c+3,c+4,c+6,c+7,¢c+9); 0r

(10,10z + 8,10z + 12, 10z + 14,10z + 16,c+ 1,c+3,¢c+5,c+7,c+9),

c—12
l<z=%y"

Proposition 4.3 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 13 and ¢ = 3 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10,c,c+1,c+2,c+3,c+4,c+5¢c+6,c+8,c+9);0r
(10, 10u +5,c,c+ 1, c+3,c+4,c+5,¢c+6,c+8,c+9),l<uc< =13, .

10 »

(10,c —6,c,c+1,c+2,c+3,c+5,¢c+6,c+8,c+9).
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Proposition 4.4 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 14 and ¢ = 4 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10, 10u +2,10u + 4, 10u + 6, 10u +8,c+ 1,c+3,c+5,c+7,¢c+9),

c—4.
I<u=<®"

or

(10, 10v +4,10v+6,10v+ 8, 10v+ 12,c+ 1,c+3,¢c+5,c+7,c+9),
I<v< Cl_o4,or

(10, 10v + 4, 10v+ 8, 10v + 12, 10v+ 16, c+ 1,c+3,c+5,¢c+7,c +9),
l1<wv< ‘Té“;or

(10,10x +5,¢,c+2,c+3,c+ 4 c+5,c+T,c+8,c+9), 1 <x < 14, or

(10,10x +5,c —2,c,c+2,c+3,c+4,c+5c+T.c+9), 1 <x < “ 4 0r

(10, 10y + 6, 10y + 8, 10y + 12, 10y + 14, c+ 1,c+3,c+5,¢c+7,c + 9),
1§y§‘7&4,0r

(10, 10y + 6, 10y + 12, 10y + 14,10y + 18, c+ 1, c+3,c+ 5,c+ 7,¢c + 9),

15y56—14.

10 , or

(10,10z + 8,10z + 12,10z + 14,10z + 16, c+ 1,c+ 3, c+7,¢c 4+ 9),
1<z=<h

Proposition 4.5 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 15 and ¢ = 5 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10,c —2,c,c+1,c+2,c+3,c+4,c+6,c+7,¢c+9); 0r

(10, 10u +5,c—2,c+1,c+2,c+3,¢c+4,c+6,c+7,c+9),
l<u< Cfés,or
(10, 10u +5,c+ 1,c+2,c+3,c+4,c+6,c+7,c+8,c+9),

c—5
l1<uc< 10 -

Proposition 4.6 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 16 and ¢ = 6 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10, 10u +2,10u +4,10u + 6, 10u +8,c+ 1, c+3,c+5,c+7,¢c+9),

15”5076

10;0}’

(10,c—3,c,c+1,c+2,c+3,c+5,c+6,c+8,c+9);0r
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(10, 10v +4,10v4+6,10v+ 8, 10v+ 12, ¢+ 1,c+3,¢c+5,c+7,c+9),
l<v< 61_06,0}’
(10, 10v + 4, 10v 4+ 8, 10v + 12, 10v + 16,c+ 1,c+3,c+5,¢c+7,c +9),

l1<wv< "Iéﬁ;or

(10, 10x +6, 10x +8,10x + 12, 10x + 14,c+ 1,c+3,c+5,c+7,¢c+9),
l1<x< Cl_()6,0r

(10, 10x + 6, 10x + 12, 10x + 14, 10x + 18,c+ 1,c+3,c+5,c+ 7,¢c+ 9),

1§x56—16,

10 ,or

(10, 10y + 8, 10y + 12, 10y + 14, 10y + 16,c+ 1,c+3,c+5,c+ 7,¢c 4+ 9),
1<y=<®.

Proposition 4.7 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 17 and ¢ = 7 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10,c —3,c,c+1,c+2,c+4,¢c+5,¢c+6,c+8,c+9),or
10, 10u+5,c,c+1,c+2,c+4c+5c+6,c+7,c4+9),1 <u< G, or
( 10

(10,c,c+1,c+2,c+4,c+5,¢c+6,c+7,c+8,c+9).

Proposition 4.8 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 18 and ¢ = 8 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10, 10u +2,10u +4,10u + 6, 10u +8,c+ 1, c+3,c+5,c+7,¢c+9),
l<u< Cl_og;or

(10,c —5,¢—2,¢c,c+1,c+3,c+4,c+6,c+7,c+9);0r

(10, 10v+4,10v+ 6,100+ 8, 10v+ 12, ¢+ 1,c+3,c+5,c+7,c+9),
l<v<9y.,or
(10, 10v +4,10v+ 8, 10v+ 12, 10v+ 16, c+ 1,c+3,c+ 5, ¢+ 7,¢c+ 9),

lfvfcl_()g;or

(10,10x—|—5,c,c~|—1,c+3,c~|—4,c+5,c+6,c+8,c+9),1§x§"1708,0r
(10, 10y + 6,10y + 8,10y + 12, 10y + 14, c+ 1,c+3,¢c+ 5,¢c+ 7,¢c 4+ 9),

15y§”1_08,0r
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(10, 10y + 6, 10y + 12, 10y + 14, 10y + 18, c+ 1,c+3,c+5,c+ 7,¢c + 9),

ISySC—ls.

10 , or

(10,10z + 8,10z + 12,10z + 14,10z + 16,c+ 1,c+ 3, ¢+ 5,c+7,c +9),

1<z=< 98
Proposition 4.9 Let S be a numerical semigroup with multiplicity 10 and conduc-
tor ¢, where ¢ > 19 and ¢ = 9 (mod 10). Then S is an Arf semigroup if and only if
S is one of the following:

(10,c —6,c—3,c,c+2,c+3,c+5,c+6,c+8,c+9);0r

(10, 10u +5,c —2,c,c+2,c+3,c+4,c+5,¢c+8,¢c+9),1 <u
(10, 10u +5,¢c,c+2,c+3,c+4,c+5,c+6,c+8,¢c+9),1 <u

c—9
109, or
o—
10 » or

(10,c —3,c,c+2,c+3,c+4,c+6,c+7,c+8,c+9);0r
(10,c —2,¢c,c+2,c+3,c+4,c+5c+6,c+7,¢c+9);0r

(10,c,c+2,c+3,c+4,c+5,¢c+6,c+7,c+8,c+9).

Corollary 4.10 Let c be a positive integer such that | | > 1. The number of Arf
numerical semigroups with multiplicity 10 and conductor c is

“—6  ifc=0(mod 10),
e _5if e =2 (mod 10),
¢ 4+1  ife=3(mod10),
b — 6 if ¢ = 4 (mod 10),
Narr(10,¢) = ?5 if c =5 (mod 10),
370 _ 2 f ¢ = 6 (mod 10),
<] +2 ifc=7(mod 10),
e ife =8 (mod 10),
> +4 ifc=9(mod10).

Example 4.11 There are 10 Arf numerical semigroups with multiplicity 10 and
conductor 24:

(10, 12, 14, 16, 18, 25, 27, 29, 31, 33), (10, 22, 24, 26, 25, 27, 28, 29, 31, 33),
(10, 14, 16, 18, 22, 25, 27, 29, 31, 33), (10, 22, 24, 25, 26, 27, 28, 29, 31, 33),

(10, 14, 18, 22, 25, 26, 27, 29, 31, 33), (10, 15, 24, 25, 26, 27, 28, 31, 32, 33),
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(10, 22, 24, 25, 26, 27, 28, 30, 31, 33), (10, 16, 18, 22, 24, 25, 27, 29, 31, 33)
(10, 16, 22, 24, 25, 27, 28, 30, 31, 33), (10, 18, 22, 24, 25, 26, 27, 29, 31, 33)

Example 4.12 There are 6 Arf numerical semigroups with multiplicity 10 and
conductor 35, which are listed below.

(10,33, 35,36, 37, 38, 39, 41, 42, 44) , (10, 15,33, 36,37, 38, 39, 41, 42, 44),
(10,25, 33,36, 37,38, 39, 41, 42, 44) , (10, 15,36, 37, 38, 39, 41, 42, 43, 44),
(10,25, 36,37, 38,39, 41,42, 43, 44 , (10,35, 36, 37, 38, 39, 41, 42, 43, 44)

Example 4.13 There are 7 Arf numerical semigroups with multiplicity 10 and
conductor 63:

(10, 63, 64, 65, 66, 67, 68, 69, 71, 72), (10, 15, 63, 64, 66, 67, 68, 69, 71, 72),

(10, 25, 63, 64, 66, 67, 68, 69, 71, 72), (10, 35, 63, 64, 66, 67, 68, 69, 71, 72),

(10,45, 63, 64, 66, 67, 68, 69, 71, 72), (10, 55, 63, 64, 66, 67, 68, 69, 71, 72),
(10, 57, 63, 66, 67, 68, 69, 71, 72).
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Numerical Semigroup Rings of Maximal )
Embedding Dimension St
with Determinantal Defining Ideals
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Abstract We give a criterion of a numerical semigroup ring for having the defining
ideal generated by 2 x 2-minors of a 2 x n matrix in terms of pseudo-Frobenius
numbers when the numerical semigroup has maximal embedding dimension. The
ring-theoretic properties of a symbolic Rees algebra of the defining ideal are also
explored.

Keywords Cohen-Macaulay ring - Numerical semigroup - Numerical semigroup
ring - Graded ring - Pseudo-Frobenius number - Minimal free resolution -
Symbolic Rees algebra

1 Introduction

Let S = k[x1, x2, ..., x,] be the polynomial ring over a field k and 7 be an ideal
of S. Exploring the graded minimal free resolution of R = §/I is an important
problem in commutative algebra because the resolution contains much information
on R. In the present paper, we consider a relation between the generation of the
defining ideal of a semigroup ring of a numerical semigroup H and the behavior of
the pseudo-Frobenius numbers of H.
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Letay, ay, ..., a, be positive integers with gcd(ay, az, ..., a,) = 1 and put
n
H=(ai,a,... ap) = {Zc;a; 0<c¢ eZforalll <i<n
i=1
be the numerical semigroup minimally generated by ai, aa, . .., a,. Let k be a field.
We set

R =k[H]=k[t", %2, .., %]

and we call it the numerical semigroup ring of H over k, where ¢ is an indeterminate.
Let S = k[x1, x2, ..., x,] be the weighted polynomial ring over k with degx; = a;
foreach1 <i <n.Letg : S — R denote the homomorphism of graded k-algebras
defined by ¢(x;) = t% forall 1 <i < n.Let P = Ker ¢ be the defining ideal of R.

When the number 7 is small, there are a few known results about the structure of
P. The most important result is due to J. Herzog [14] when n = 3. When n = 4,
there are some partial answers to describe the structure of the defining ideal: e.g.
[2] for the symmetric case, [16] for the pseudo-symmetric case, [8] for the almost
symmetric of type three case, and [19] for the case where H is generated by an
almost arithmetic progression. On the other hand, results with no restriction on n
also exist. P. Gimenez et al. [9] constructed an explicit form of the graded minimal
free resolution of R when H is generated by an arithmetic progression. Besides, the
authors, S. Goto, and H. L. Truong [13] found that the pseudo-Frobenius numbers
of H affect the generation of the defining ideal P of R = k[H], cf. Theorem 1.

We denote the Frobenius number of H by f(H) = max(Z \ H). We set

PF(H)={a € Z\H |a +a; € Hforalll <i <n)

and call the elements in PF(H) pseudo-Frobenius numbers of H. Hence f(H) €
PF(H) and

Kg = Z Rt

«ePF(H)

[11], where Kg denotes the graded canonical module of R. Therefore, the a-
invariant a(R) of R (resp. the Cohen-Macaulay type r(R) of R) is given by a(R) =
f(H) (resp. r(R) = § PF(H)). For a given matrix A with entries in S, we denote by
I>(A) the ideal of S generated by 2 x 2 minors of A.

Theorem 1 ([13, Theorem 1.2]) Let H = (a1, aa, ..., a,) (n > 3) be a numerical
semigroup and assume that H is minimally generated by the n numbers {a;}1<i<n.
Then the following conditions are equivalent.
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X1 X2 -+ Xp
St=@ |1 <i=<n).

() P =1 <f1 fr fn) for some homogeneous elements fi, fo,..., fn €

(2) After suitable permutations of a1, az, . . . , an if necessary, we have
b 03 [ 7
P=0 Xyt X7 e Xy X
X1 X2 - Xp—1 Xp
for some positive integers £1, €2, ..., L, > O.

(3) There exists an element o € PF(H) such that (n — 1) ¢ H.
When this is the case, the following assertions hold true.

(a) Foreach1 <i <n, we have {; = min{{ > 0 | La; € H;} — 1, where
\2
H,-=<a1,...,a,-,...,a,,>.

(b) o =degfi —a;foralll <i<n.
(¢) PF(H) = {o, 2a, ..., (n — Da}.
(d) The numerical semigroup H is almost symmetric (For the definition, see [1]).

In the light of Theorem 1 it is natural to ask when P is generated by 2 x 2 minors
of a matrix
(f 1 fa fn)
81 82 &n

where f; and g; are homogeneous elements in S. The main theorem of this paper
gives an answer to this question when H has maximal embedding dimension as
follows.

Theorem 2 Let H = (a1, az, ..., a,) and we assume H has maximal embedding
dimension n > 3. Then the following 4 conditions are equivalent to each other.

() H=m,n+h+o,n+h+2a,...,n+h+ ®m— 1)) for some h > 0 and

o> 0.
2) PFH)=th+a,h+2¢c,...,h+ (n — Do} for some h > 0and o > 0.
(3) There exist homogeneous elements f1, f2,..., fn,81,82,---,8n € St such
that
P=DL(H54)
(4) After suitable permutations of a1, aa, . . . , an if necessary, we have

sta

PZIZ()C2X3 e Xp x’l )

xf X2 ot Xp—1 Xn

for some positive integers s and o.
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When this is the case, we have the following.

(a) The Eagon-Northcott complex associated to the matrix ( g} g . gz ) gives rise
to a graded minimal free resolution of R.

(b) The symbolic Rees algebra Rs(P) = €D, POTT C S[T] is Noetherian and
Cohen-Macaulay, where P") = P"Sp N S for all integers r > 0.

(c¢) Rs(P) is Gorenstein if and only if n = 3.

We clearly have the equivalence between (1) and (2), because PF(H) = {ay —
ay,a3 — ai,...,ap, — ar}, if H = (aj,as,...,a,) has maximal embedding
dimension n = aj. The implication (4)—(3) is obvious. In the next section, we give
a proof of the implications (3)—(2) and (2)—(4) together with the assertions (a), (b),
and (c). In the last section, we will explore examples to illustrate the meaning of the
equivalence of (1)—(4).

Before we enter the next section, we recall history and known facts about the
symbolic Rees algebras. R. Cowsik [4] asked whether the symbolic Rees algebra
Rs(P) of aprime ideal P of a regular local ring (or the polynomial ring over a field)
is Noetherian. This question has been studied by many researchers, even though
counterexamples are already known. The first one is given by P. Roberts [18]. When
P is the defining ideal pi(a, b, c) of a space monomial curve (¢, t°, t°) in k3, C.
Huneke [15] and S. D. Cutkosky [5] found criterions for the Noetherian property of
such rings, where k is a field and a, b, c are positive integers. In 1994, S. Goto et
al. Watanabe [12] discovered integers a, b, ¢ such that the symbolic Rees algebra of
pr(a, b, ) is not finitely generated over k, if the characteristic of k is zero.

On the other hand, S. Goto [10, Theorem (7.4)] proved that the symbolic Rees
algebra of the defining ideal of k[r%, r**™ ... t*+(@=Dm] s Noetherian and studied
the Cohen-Macaulay property also. Recently, C. D’Cruz and S. K. Masuti [6] gave a
complete description of the Cohen-Macaulay and Gorenstein properties of the same
ring. The method to prove the assertions (b) and (c) in Theorem 2 is completely the
same as their ones.

2 Proof of Theorem 2

2.1 Proofof (3) = (2) and the Assertion (a)

In this subsection we give a proof of (3) = (2) in Theorem 2 without the assumption
that H has maximal embedding dimension.

Let H = (a1,a2, ...,ay) (n > 3) and we assume the embedding dimension of
H isn.Let f1, f2,..., fn, 81,82, ..., 81 € S+ be homogeneous elements. In this
subsection, we always assume that the defining ideal P of R = k[t%!, t%2, ..., %]
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is generated by 2 x 2 minors of the matrix

<ﬁﬁ“'h)
81 82 - &n
Notice that P C (g1, &2, .-, &) (f1s f2, - s fu) S S+ (f1, fo, -5 fo)-

Lemma 1 The difference deg f; — deg g; is constant and independent of the choice
of1 <i <n.

Proof We begin with the following claim.
Claim f;,gi ¢ Pforalll <i <n.

Proof (Claim) 1t is enough to show this claim when i = 1. We put M = §..
Suppose that f; € P. Then we have

P=in ()R,
81 82" &n

whence f;g1 € P forall 2 < i < n.In addition, we assume g; ¢ P. Then f; €
P for all 2 < i < n because P is a prime ideal of S. Therefore we have P C
M(f1, fo,..., fn) € MP C P. Thus PSy = (MSpy)(PSy) which implies the
contradiction that P = (0) by Nakayama’s lemma. Hence g; € P. Then

Pgh(ﬁfz"'f">+M(f1,g1)glz<f2"'f">+MPgP.
g2...g g2...

n n

Again by Nakayama’s lemma, we have

PSy =01 <f2 fn) Sm.
82 &n

Hence hts P = htg,, PSy < n — 2 (see [3, (2.1) Theorem]) which is impossible
because dim S/ P = 1. Therefore f; ¢ P. Similarly, we also have g1 ¢ P.

Now, suppose that deg f; — degg; # deg f; —degg; forsome 1 <i < j <n.
Then deg(fig;) # deg(f;gi)- Since fig;— fjgi € P and P is ahomogeneousideal
of §, we have f;g;, fjgi € P. However f;g; can not be in P because P € Spec §
and f;, g; ¢ P by Claim 2.1. Therefore deg f; — deg g; = deg f; — deg g; for all
1<i<j<n.

Without loss of generality, we may assume deg f; > degg; forall 1 <i < n.
Let o denote the difference deg fi — deggi. We put h = ) 7_, (degg; — a;). The
following theorem shows the implication (3)—(2) in Theorem 2.

Theorem3 PF(H)={h+a,h +2c,...,h 4+ (n — Da}.
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Proof Although the method is almost the same as [13, Section 4], for the sake of
completeness, let us include the construction of the Eagon-Northcott complex C

associated to the matrix (fl S f"). Let F be a free S-module with a basis
81 82 - &n

{Titi<i<n and let K = A\ F be the exterior algebra of F over S. We denote

d1 and 0y the differentials of the Koszul complexes Ko(f1, f2,..., fu; S) and

Ke(g1, 82, ..., 8n; S), respectively. Let U = S[y1, y2] be the polynomial ring over

S with 2 variables and we regard U as a standard Z-graded ring over S. Let

Co=S
Ci=Ky41®sUyj-1 1<qg=<n-1.

Then, foreach 1 < g <n — 1, C, is a finitely generated free S-module with a free
basis

(Ta@y™ " 1Ac{l,2,... n)gA=qg+1,0<t<q—1},

where Th =T, T}, - - - T,-q+1 with A = {iy < iz < --- < iz41}. Then the complex

dy_1 dy_» dy dy
C:0>Chu1 5B Crn =S .. 50— C—0

is called the Eagon-Northcott complex associated to <fl fae f”) with the
81 82 -+ 8n
differentials

dl(Y}Tj®1)=det<fi f/)
8i 8j

forl <i < j<mnand

01(Ta) ® yI 274yt ifl1<t<q-—2

1=t o—
—1—¢ ¢ +32(Tx) ® yi yf !

dg(Ta® Yyl "y =

01(Ty) ® y! ™ if ¢ = 0,
0n(Ty) ® yi ™ ife=gqg—1.

Because htg P = dimS — dimS/P = n — 1, C is a minimal S-free resolution of
R ([7]). Next, we regard the complex C as a complex of graded S-modules by the
grading
deg(Ta ® y{ ™' 'y = deg fi — (£ + e
ieA
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Therefore

n—1

Co1 = EP Stia — b)

i=1

as a graded S-module, where b = ) "_, deg f;. Let Kg = S(—Y_/_, a;) denote
the graded canonical module of S. By taking the Kg-dual of C, we get a minimal
presentation

n—1 n
P s—ia+b-> aj) > Kg >0

i=1 j=1

of Kg. Since @ = deg f; —degg; forall 1 < j <nandb =)}, deg fi,

n n
—i(x~|—b—Za/~ = Z(deggj —aj)+ m—ia.
j=1 j=1

Hence PF(H) = {h+a,h+2a, ..., h+ (n— Da} where h = Y ;_, (deg gi — a;),
because Kr = >, cpcyry Rt P ([110).

2.2 Proofof 2) = (4)

Let H = (a1, aa, ..., a,) and assume the embedding dimension of H is n > 3. We
begin with the following lemma.

Lemma 2 Suppose PF(H) = {h + o, h 4+ 2a, ..., h + (n — D)o} for some h > 0
anda > 0.Theno ¢ Handh € H.

Proof Since n > 3, we have h + o, h + 2« € PF(H). Hence o ¢ H. This implies
that p — o € H for some p € PF(H). Therefore we can find 1 <i <n — 1
such that (h +io) —a = h + (i — 1)a € H. Then we must have i = 1, because
h+ (i —1DaePF(H)if2<i<n—1.Thush € H as desired.

We are now in a position to prove the implication (2)—(4) in Theorem 2.

Proof ((2) = (4) in Theorem 2)

We assume the condition (2). After suitable permutations of ay, az, ..., a,, we
may assumen = ay < az < --- < a,. Since H has maximal embedding dimension,
we have

PF(H) ={ax —ai,a3 —ay,...,a, —ay})

=lh+oh+2a....,h+mn— Da}.
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Thereforea; =a; +h+ ({ — 1)aforall2 <i <n.Becauseh <ay =a;+h+«a
and i € H by Lemma 2, & must be divided by aj = n. We puts = Z + 1.

Claim P212<X2x3... X X )

X} X2 1or Xp—1 Xp

X2 X3 Xy X)

Proof (Claim) We put B = (b;;) = ( ) and Q = I(B). Then,

X} X2 ooc Xpo1 Xp
because a; = a1 +h+ (i — Da forall2 <i < nanda; = n, we getdegby; —
degbrj =aforalll < j < n.Hence Q C P. Itimplies that (x1) + O C (x1) + P.
Since

)+ 0 =@)+D <m3 T 0)

0 x2 - xp—1 xp
= (x) + (2. x3, ..., x0)°,
we have £5(S/(x1) + Q) = n. On the other hand,
Ls(S/(x1) + P) = Lgr(R/(t™")) = a1 =n.

Hence (x1) + P = (x1) + Q. Consider the following commutative diagram

0 P/Q S/Q S/P 0
0 P/Q S/Q S/P 0

where X denotes the map of multiplication by xj. By Snake Lemma and the fact
that R = §/P is an integral domain, we have the exact sequence

0— (P/Q)/x1(P/Q) — S§/[(x1) + Q] = §/[(x1) + P] = 0.

Hence P/Q = x1(P/Q). Therefore, by Nakayama’s lemma, we get P = Q as
desired.

The proof of the implication (2)—(4) in Theorem 2 is now completed.

Remark 1 As we proved, the implication (3)—(2) holds without our assumption that
H has maximal embedding dimension. The authors conjectured the implication (2)—
(4) also holds without the assumption through the discussion with D. T. Cuong and
H. L. Truong. At this moment, we have no proof for the general case and also no
counter-example for the conjecture.



Numerical Semigroup Rings of Max. Emb. Dim. with Determinantal Def. Ideals 193
2.3 Proof of (b) and (c)

Now recall our notation. Let k be a field. Let S = k[x,x2,...,x,] be the
polynomial ring. We assume the condition (4) in Theorem 2, namely,

s+o
X2 X3 -+ X X
P=12<§ X no )
Xy X2 Xp—1 Xp

is the defining ideal of the numerical semigroup ring R. Let P*) = P"Sp N S be
the r-th symbolic power of P and Rs(P) = P, PUTT C S[T] the symbolic
Rees algebra of P, where T is an indeterminate. Notice that all the proofs in this
subsection are deeply inspired by works by S. Goto [10] and by C. D’Cruz and S.
K. Masuti [6] and the method is the same as theirs. Although the results in [10] hold
for local rings, we can apply the results to our situation by passing to the formal
power series ring k[[x1, X2, ..., x,]] = S/'A\,[ where M = (x1,x2,...,%x;) € S and
S/'A\,[ denotes the M Sys-adic completion of Syy.
First, we prove that Rg(P) is a Noetherian ring. Let

X] X2 X3 ccc Xp—2  Xp—1  Xp
s+a
X2 X3 X4 -+ Xp_1 Xn x;
— ) e s+o
Y=0i)=]x3 x4 x5 -+ x4 x| x{x2

Xn fo““ xXFxp e X3 XY X2 XX

Then we have the following.
Lemma3 1, ((Y) C P"™ foralll <m <n— 1.

Proof We prove by induction on m. Indeed, because deg y;; — deg yxj = (i — k)
foralll <i <k <n,1<j<n,wegetlh(Y) C P.Therefore, the assertion is true
with m = 1. Now suppose that m > 2 and that our assertion holds true for m — 1.
Let Z = (z;;) be the (m + 1) x (m + 1) submatrix of ¥ and A = det Z. We want to
show that A € P _Foreach 1 <i < m+1, Z; denotes the m x m matrix obtained
from Z by deleting i-th row and the last column. Then A; = (—=1)*"*+ldet Z; €
P=D foreach 1 <i < m + 1 by the hypothesis of induction. Moreover, we have
A= Z;’Sl Zim+14; and Z;":ll zimA; = 0. Hence

m+1

2imA =Y @imZim+1 — imZtmi) A € LY)P"D.
i=1

It follows that A € P since z1,, ¢ P and P is a P-primary ideal. Thus
Lng1(Y) € P™ foralll <m <n—1.
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For each 0 < i < n — 1, Y (i) denotes the submatrix of Y consiting of the first
(i + 1) rows and columns of Y and we put &; = det Y (i).

Theorem 4 Rs(P) is a Noetherian ring.
Proof By Lemma 3 we hlave & eli1(Y) C P® forall 1 <i <n— 1. Notice that
f=xiand& = (-2 x* mod(xr, x, ..., x)Sforall 1 <i <n—1. We
now consider £5(S/ (o0, &1, ...,&—1)). Leta = (&1, &2, ..., &,-1). Since
[ + al /LGP 4+ al = GP)/LE N (P + )]
= (/LT + () Na)l
= (x")/x{"[(x1) +a]
= §/[(x1) +a]

for all m > 1, we have £5(S/(%0,&1,...,6—1)) = {Ls(S/[(x]) + a]) =
s-£5(S/[(x1) + a]). Thanks to the form of &;’s, the same argument shows that

ls(S/ (0, &1,...,8&1—1)) = 5:2:3--.n = snl.

Since the coefficient fields of R and S coincide and R/(t%%) = S/[(x‘f) + P]as S-
modules, we know that £5(S/[(x]) + P]) = £r(R/(t*"")) = a1s = ns. Therefore
L5(S/ (0, &1, ..., 86n—1)) = L£s(S/[(x])+ P])-(n—1)!. Thus Rs(P) is a Noetherian
ring by [10, Theorem (1.1)].

Theorem 5 Rgs(P) is a Cohen-Macaulay ring.

Proof Thanks to [10, Corollary (6.9)], to show that Rs'(P) is a Cohen-Macaulay
ring it is sufficient to show that S/ [(&1, ..., &—1) + P®] is Cohen-Macaulay for

alll <i < (n ; 1) = Z?;ll i —n + 1. By applying the proof of Theorem 6.5 in

[6] for the matrix Y, we can see that
e (x1: S/1E - &)+ POT) = €5 (S/1G00 1, ) + POY)

for all i > 1. Here e (x1; S/[(£1,...,&—1) + P¥]) denotes the multiplicity of
S/I(E1, ..., &—1) 4+ P®] with respect to (x1). Therefore we obtain the assertion by
[17, Theorem 17.11].

We put Gs(P) = ;.o PV /Pt Then, by [10, Lemma (6.1)] and G(PSp) is
a polynomial ring in n — 1 variables, we get a(Gs(P)) = a(G(PSp)) = —(n —
1), where a(Ggs(P)) denotes the a-invariant of Gg(P). Moreover, thanks to [10,
Corollary (5.9)], Gs(P) is Gorenstein because S/[(f1, f2, - -, fn)+P(i)] is Cohen-

Macaulay forall 1 <i < (n ; 1) by the proof of the previous theorem. Therefore
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Rs(P) is Gorenstein if and only if a(Gg(P)) = —2 by [10, Theorem (6.6)] and the
latter condition is equivalent to n = 3. Here, notice that we assume n > 3. Now we
get the following and finish to prove Theorem 2.

Theorem 6 Rs(P) is a Gorenstein ring if and only if n = 3.

3 Examples

Here let us show 2 examples. One of them satisfies the condition in Theorem 2 and
the other one does not.

Example 1 Let H = (4,11, 14, 17). Then H satisfies the condition (1) by taking
n =4, h = 4, and « = 3. Thanks to the proof of the implication (2)—(4) of
Theorem 2, if we take s = ﬁ + 1 =2, we have

s+a
P212<yvzwx )
xXyz o ow

<yzwxs)
=D 2 s
X“yzw

where P C k[x, y, z, w] is the defining ideal of k[ H]. Notice that deg y — deg x* =
degz — degy = degw — degz = degx® — degw = 3 = a.

Example 2 Let H = (4,10, 11, 13). Then H does not satisfy the condition (1) in
Theorem 2. Hence the defining ideal P C k[x, y, z, w] of k[H] can not have the
form as in the condition (3). In fact, we can check that

3 4
P=12<y2x wxz)_i_Iz(zzwxyx).
2y zw 2y z ow

Notice that deg y — deg x> = deg x> —deg y = deg w —degz = degxz —degw =2
and deg 7 —deg x> = degw —degy = degxy —degz = degx* —deg w = 3. These
numbers coincide with the numbers in {f(H) — o | « € PF(H) \ {f(H)}}. Notice
that PF(H) = {6, 7, f(H) = 9}.
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Nicola Maugeri (» and Giuseppe Zito

Abstract In this paper, we study good semigroups of N”, a class of semigroups
that contains the value semigroups of algebroid curves with n branches. We give the
definition of embedding dimension of a good semigroup showing that, in the case
of good semigroups of N2, some of its properties agree with the analogue concepts
defined for numerical semigroups.

Keywords Good semigroups - Embedding dimension - Semigroup of a ring

1 Introduction

The concept of good subsemigroup of N” was formally introduced in [1]. Its
definition arises from the properties of the value semigroups of one dimensional
analytically unramified rings (for example the local rings of an algebraic curve) that
were initially studied in [2, 4, 5, 7, 10, 11, 13]. In [1], the authors proved that the
class of good semigroups is actually larger than the one of value semigroups. Thus,
such semigroups can be seen as a natural generalization of numerical semigroups
and studied without necessarily referring to the ring theory context, using a more
combinatorial approach.

Although, as we have already pointed out, good semigroups share traits with the
numerical semigroups, there are some important properties of the latter that cannot
be generalized to them. For instance, they are not finitely generated as monoids,
and they are not closed under finite intersections. This makes the study of good
semigroups much more difficult than the numerical ones.

The authors “N. Maugeri and G. Zito” contributed equally to this work.

N. Maugeri (<) - G. Zito
Universita di Catania, Catania, Italy

© The Editor(s) (if applicable) and The Author(s), under exclusive 197
licence to Springer Nature Switzerland AG 2020

V. Barucci et al. (eds.), Numerical Semigroups, Springer INdAAM Series 40,
https://doi.org/10.1007/978-3-030-40822-0_13


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-40822-0_13&domain=pdf
http://orcid.org/0000-0002-8130-2355
http://orcid.org/0000-0001-9315-3070
https://doi.org/10.1007/978-3-030-40822-0_13

198 N. Maugeri and G. Zito

Thus, a relevant part of the literature dedicated to these objects is concerned to
find a suitable way to represent them by means of a finite set of data.

For instance, for what concerns good semigroups which are also value semi-
groups, in [13, 18] singularities with only two branches are studied. In these papers,
the finite set considered is the set of maximal elements (in [10], it is possible to
find a generalization of this approach to the case of more than two branches). In
[8], the authors considered a new approach that is still valid for good semigroups
not realizable as value semigroups of curves. They firstly notice that the set of
small elements of the semigroup, that is, the finite set of elements between 0 and
the conductor of the semigroup with the usual partial order, completely describes
it. Then they proved the uniqueness of the minimal subset G C Small(S), called
minimal good generating system, from which is possible to recover completely the
semigroup S, if also the conductor of S is known. Another interesting approach is
the one presented in [6], where the authors introduced the semiring of values I" of an
algebroid curve R where also the values of the zero-divisors elements are considered
(v(0) = (o0, ..., 00)). Thus I" contains the value semigroup of R and (I', +) is a
semigroup setting ¥ 4+ oo = oo for all y € I". The key point is that I", equipped
with the tropical operations

a @ B = min{e, B} := (min{ay, B1}, ..., min{e,, Br}) and ¢« OB =a + B,

is a finitely generated semiring. This leads the authors to introduce the concept of
minimal standard basis.

The aim of this paper is to continue this kind of investigation, in order to find the
smallest possible finite set that is able to encode some of the information of a good
semigroup with two branches. Specifically, we introduce the concept of minimal
set of representatives of a good subsemigroup S of N2. Although a minimal set of
representatives n of S does not univocally describe the semigroup (however S is
still among the minimal good semigroups containing 7), it is possible to show that
it stores relevant data. For instance, in the case of value semigroup, a system of
representatives contains all the information regarding the value of a minimal system
of generators of the corresponding ring. This leads us to generalize in a reasonable
way, to the good semigroups of N2, the concept of embedding dimension that plays
an important role in the numerical case.

The structure of the paper is the following.

In Sect.2 we give all the basic definitions and we introduce all the main tools
of the paper. In particular, in Sect. 2.1 we recall the definition of good semigroup
and we explain how to associate to a good semigroup S of N? a semiring I.
Then, in Proposition 3, we prove that, in the case of value semigroups, our semiring
coincides with the one given in [6]. In Sect. 2.2 we define the concept of irreducible
and absolute element of I's, and in Theorem 10, we prove that I's is generated as
a semiring by its set I4 of irreducible absolute elements generalizing to all good
semigroups a result proved by Carvalho E. and Hernandes M.E. [6, Thm 11, Cor
20] for the value semigroups of a ring.
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In Sect.3, we introduce the notation S, for the set of the minimal good
semigroups containing 1. In Proposition 13 we give some conditions on 7 in order
to have finitely many elements in S;. Then, given a good semigroup S, a set 7
is called a system of representatives of S if § € §,. This lets us to define the
embedding dimension of a good semigroup S as the smallest cardinality of a system
of representatives of S. Starting from this point we work on good semigroups of N?
in order to study the property of the embedding dimension. In Sect. 3.1 we introduce
the definition of frack of a good semigroup S and with Lemma 21 we show how to
obtain a good semigroup S’ contained in § by removing one of its tracks. Using
this lemma we can compute an inferior bound for the embedding dimension. In
Sect. 3.2 it is given the definition of reducibility of an element of 14 (S) with respect
to a subset n € I4(S). Then, Theorem 31 gives a way to use this concept in order
to develop a strategy to find a superior bound for the embedding dimension. In
Sect. 3.3 we present a series of functions implemented in GAP [17] that, using the
computational vantages of calculating the previous bounds, allow us to describe a
fast algorithm to find the embedding dimension. In the examples proposed in this
section, for reasons of legibility and space, some verifications are not reported; these
were made using functions written in GAP [17].

Finally, Sect.4 is dedicated to studying whether the embedding dimension
defined in N? retains some of the features of the numerical case. In particular in
Theorem 39 we prove that a good semigroup S, realizable as a value semigroup,
has embedding dimension greater or equal than the corresponding ring (as in the
numerical case). Then we give some examples, when the previous inequality is
strict, where it is possible to observe the limits of the combinatorial structure of a
good semigroup that is not always able to store all the information contained in the
ring in the same amount of data given by a system of generators. In Sect. 4.2 we give
the definition of levels of the Apéry set of a good semigroup as in [9], and we use
it to prove that edim(S) < e + e», where e = (eq, e2) is the multiplicity vector of
S (extending the relation edim(S) < e of the numerical case and the corresponding
relation for one-dimensional rings). This result also lets us to prove Corollary 50,
where we show that the Arf good semigroups of N? have maximal embedding
dimension, generalizing another important property valid in the numerical case.

2 Semiring Associated to a Good Semigroup and Irreducible
Absolutes

2.1 Semiring I's and Basic Properties

We start this section recalling the definition of good semigroup introduced in [1].

Definition 1 A submonoid S of (N", 4) is a good semigroup if it satisfies the
following properties:

(Gl) Ife, B € S,then min(e; B) = (minf{ey, B1}, ..., min{oy,, B,}) € S;
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(G2) There exists § € N” such that S D § + N”;

(G3) If(a,B) € S;ax # Banda; = B; forsomei € {1, ..., n}; then there exists
€ € Ssuchthate; > o; = B; and €; > min{a;, B;} for each j # i (and if
aj # Bj, the equality holds).

Furthermore, we always suppose to work with a local good semigroup S, i.e. if
o = (xg,...,ay) € Sand o; = O for somei € {1,...,n},thena = 0. As a
consequence of property (G2), the element ¢ = min{§|S 2 § + N"} = (¢1, ..., ¢n)
is well defined and it is called conductor of the good semigroup. We denote by <, the
partial order on the elements of S induced by the standard order on N". Furthermore,
we denote by e = min(S\{0}) the multiplicity vector of the good semigroup. In
order to simplify the notation and some proofs, in this paper, we often work with
good semigroups S C N? but most of the definitions and proofs remain true also in
the general case.

According to the work of Carvalho and Hernandes [6], we wish to introduce a
semiring I's associated with the good semigroup S € N2.

We set N = N U {oco}, where oo is just a symbol that will correspond to the value
of the element O if the semigroup is the value semigroup of a ring. We extend the
natural order and the sum over N to N, setting respectively, a < oo foralla € N
and x + 00 = 00 + x = o0.

We set:

§7°={(a,00) |3y €N: (a,y) € S Vy > §};
S° ={(co,b) |IxF eN: (x,b) € § Vx > X};
§% = §7° U 53° U {(00, 00)};
I's=S5US>.

If o = (a1, 2), B=(B1, B2) € I's, we set min{a, B} := (min{ay, B1}, min{az, 2}).
Now we define over I's the following tropical operations:

@ :a ® B = min{a, B}
Q:aOBf=a+p

It is easy to prove that, with these operations, (I's, @, ©) is a semiring.

We observe that, with the symbols + and ©, we denoted exactly the same
operation on [s. For this reason these two symbols will be used with the same
meaning in the following.

Now we recall some facts and fix some notations that will be useful for the
following.

Let be R = K[xi,...,x,]/Q a two-branches algebroid curve, where Q =
P; N P, is an ideal of K[[xy, ..., x,] such that P;,P, are prime ideals.
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We can embed R < R; X Ry where R; = K[xi,...,x, /P, i = 1,2.
Furthermore R — R = R; x Ry E K[[#©1]1 x K[#]. Givenr € R, r = (r|, 1) €
K[# 1 x K[#] that is a product of DVRs, so we can associate to each element of R
a valuation. If v; is the valuation function on K[ ], we set:

0 () = !vi(r,-) ifr; £0

o0 ifr,~=0

and v(r) = (vi(r), v2(r)).
According to the notation of Carvalho and Hernandes [6], we introduce the
following sets:

Is, ={vi(r) |r € R} S N;
S; = {v; (r)|r is not a zerodivisorin R} C N;
I'r = {v(r) := 1), 12(), 7 € R} CN;
S = {v(r) := (v1(r), v2(r)) | r is not a zerodivisor in R} C N2,

I'r and S will be called respectively semiring of values and semigroup of values
associated to R. It is easy to observe that § = I'r N N2,

At this point, we wish to prove that, if R is a two-branches algebroid curve, and
S is its semigroup of values, then I's = I'g.

Lemma 2 The following statements hold:

(i) (a,00) € I'sifandonlyif (a,y) € S foranyy > c».
(ii) (o0, b) € I's if and only if (x, b) € S for any x > cj.

Proof We prove (i), the other statement is analogue. If (a, 00) € [T, then there
exists y € N such that (a,y),..., (@, y+n) € Sforanyn € N. If y < ¢; the
statement is proved, otherwise y = ca+n, withn € N. Since S is a good semigroup,
foralli < n,a < cy, we have that (a, c; + i) = min{(a, y), (c1,c2 + i)} € S.

Proposition 3 If R is a two-branches algebroid curve and S is its semigroup of
values, then I's = I'g.

Proof We have observed that S = I'g "\N?, thus we need to prove that I'g\S = S°°.
If « € I'g\S, we can write &« = v(r), where r is a zerodivisor in R or r = 0; in
both cases we have r € PL U P,. If r = 0, v(r) = (00, o0);if r € P, thenr = 0
in Ry, vi(r) = 0o, hence ¢ € S‘2>°; if r € Py, thenr = 0in Ry, v2(r) = o0, hence
o € SO If @ € $°°, without loss of generality, we can suppose & € S3°, we can
write & = (00, b), and, as a consequence of Lemma 1, (c1, b) € S. Since S = v(R)
and the conductor ideal is C = (¢!, u“?)(K[[¢]] x K[[u]]), there exists an element in
R of the form (¢!, by (1)) with v(by(u)) = b. Since the element (+!,0) € R, we
have that the element (0, by (u)) € R, thus (00, b) € I'g.
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2.2 A System of Generators of I's as a Semiring

Definition 4 We will say that an element & € I's \ {0} is irreducible if, from o =
B+y,with B,y € Is,itfollowsa = B ora = y. Anelement that is not irreducible
will be said reducible.

We denote by 1(S) the set of irreducible elements of I's.
Remark 5 We observe that:

1. If ¢« = (a,b) € I's witha > ¢1 + e1 and b > ¢ + e, then & is reducible.
2. Ifa = (a,00) € I's witha > c1 + eq, then « is reducible.
3. If ¢ = (00, b) € I's with b > ¢ + e, then « is reducible.

Given a good semigroup S € N2, and an element & € N, following the notation
in [1], we set:
Ai(@) = {B € Z*|a; = B; and aj < B; for j # i}
Aer) == Ap(a) U Az (e)
A (@) == SN Ai(@)
AS(@) = SN A).

Furthermore we define:

iA(@) = (B € Z*|o; = B; and B; < aj for j # i}
(A3 (@) := SN Aw).

. . . o 2
Extending the previous definitions to infinite elements of N, we set

1A((@1,00)) := {B € Z2|p1 = o)
24((a1, 00)) =0
1A((00, 2)) := 1)
24((00, @) = (B € Z*|f2 = a2}
iAS(@) == SN A).
Definition 6 An elementa € I's will be said absolute in I's if @ € S and AS (@) =
@ (finite absolute), or if & € S (infinite absolute).

Remark 7 We observe that an element &« € I's is an absolute in I's if and only
if it is irreducible with respect to the operation @. If we suppose that & € [Ts is
not an absolute, then AS(a) # @, hence there exists 8 € Af(oe), with i € {1, 2}.
Therefore, by property (G3) of the good semigroups, there exists y € Ag_i(a),
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hence we would have « = B @ y, which is a contradiction. If we suppose that an
element o € I's is such thate = B @ y with B, ¥ # a, then & € S and AS (&) # 0.

We denote by A ¢(I's) the set of finite absolutes in I's, by A®(I's) the set of
infinite absolutes in I's and by A(I's) the set of all absolutes in I's. We call 14 f (Ts)
the set of finite irreducible absolutes in I's, 15°(I's) the set of infinite irreducible
absolutes in I's and 14 (I's) the set of all irreducible absolutes in Is.

Remark 8 By Remark 7, 14(S) can be seen as the set of the elements of I's that
are irreducible with respect to both the operations defined in it. Notice that this
interpretation lets us to naturally generalize the concept of irreducible absolute
elements to good subsemigroups of N”, with n > 2.

As a consequence of the Remark 5, the set of irreducible absolutes is finite. Now
we introduce other sets that will be considered in the following:

small(S) = {(a,b) € Sla < c1,b < ca);
small(I's) = small(S) U {(c0, b) € §5°,b < c2} U {(a,00) € §°,a < c1};
B°(I's) = {(a,00) € I'sle; <a <ci+e1} €S
B°(I's) = {(c0,b) € I'slca < b <2 +e2} € 837
B> (I's) = B*(I's) U By°(I's) € S°(C).

The sets small(S), small(Is), B (Is) will be said respectively: small elements
of S, small elements of I's and beyond elements of I's (Fig. 1).

Remark 9 1t is easy to observe the following facts:

(i) Each element in the semiring can be written as a tropical product of irreducible
elements,ie. ife € I's,xa = a1 O ... O o, Whereo; € I1([s).

Fig. 1 A graphic

representation of I's’s / / /

elements

S3° N small(I's) cte /
B(I's)

small(S) ST° N small(Ls)
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(i) Each element in the semiring can be written as a tropical sum of two absolute
elements, i.e. if B € I's, B = B1 D B2 where By, B2 € A(ls).

Now we prove that the set of irreducible absolutes generates I's as a semiring.

Theorem 10 (I's, &, ©) is generated as a semiring by the irreducible absolutes,
ie. ifa e I's\ {0},

«=POri.

i=1 j=1

with yj, € 14(S).

Proof First of all, we observe that we can reduce to prove the thesis only for the
elements a € small(I's) U B(I's). Indeed, if & ¢ small(I's) U B(Is), then there
exists k € N such that 8 = a — ke € small(Is) U B(Is). In this case we would
have « = B © ke, where B € small(I's) U Bg and e is trivially irreducible.

We can reduce again the proof only for the elements « € I(I's) N S (finite
irreducibles). In fact, if « is reducible, by Remark 9, we can write &« = ONO)
BNO) ot(”), with «® irreducibles. Furthermore, we observe that if a® e S§°°, then
a® eIy (Is); thus we can write:

a=aV0...0a¥ 0 <®ye1A(S)}')

where @ € I (I's) N S. If we prove the thesis for the elements o® with i €
{1,..., f}, using the distributive property of © with respect to @, the result is true
also for a. Therefore we can suppose @« € I(Is) N S and prove the thesis. By
Remark 9, we can write « = 8 & y with § = (81, 82) € A,y = (y1,2) € A and
we can assume 81 = a1 < y; and y» = oy < Bo.

We consider

B=8"0o..0B",

y=yPo..orm,
the decompositions in irreducible elements of B and y. We define g "D =g gy,
forall i € {1,...,n} and y’(f) = y(f) @ B for all j € {1,...,m}. Defining
B =pVo..op™ y =pyDo...0p™, itiseasy to observe that | = B

and 7/2/ =y, thus we havew = B’ @ y’.
We can definitely write:

a=BVo...ofMerpVo...oy™),

where each B/® and p’J) is strictly smaller than e« (that is ") < & and p’/)
a). If we express each of these elements as a tropical product of irreducibles, we can
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write « as a tropical sum of tropical products, where all the terms are irreducible
and strictly smaller than «. This means that if we repeat the same argument on each
element in this expression, in a finite number of iteration we will surely obtain the
required expression.

Remark 11 1In the case of good semigroups that are value semigroup of a ring, the
theorem above follows by [6, Thm 11] and [6, Thm 19].

But we recall that not all good semigroups are value semigroup of a ring (for an
example cf.[1, Example 2.16]).

Thus, the previous theorem generalizes this property to all semirings obtained by
semigroups of N2, also if they are not value semigroup of a ring.

3 Embedding Dimension of a Good Semigroup

It is a well known fact that every numerical semigroup S € N admits a unique
minimal system of generators as a monoid and the embedding dimension of the
numerical semigroup is defined as the number of these generators. This name
follows from the fact that it is equal to the embedding dimension of the monomial
curve associated with the numerical semigroup.

Now we will define a set of vectors that, although it does not uniquely determine
a good semigroup, will allow us to give a definition of embedding dimension of a
good semigroup. This embedding dimension, in the case of good semigroup of N2,
will satisfy some of the properties that are valid in the case of numerical semigroups.

Starting from this point, in order to lighten the notations, when we consider a
good semigroup S, we suppose that it coincides with the semiring s, i.e. we treat
the infinite elements as elements of S. Given a set of vectors n C Nn, we denote
by (n)g the semiring generated by 7. Furthermore, given a set of vectors n € N,
we denote by S, the family of all the good semigroups containing 1 and that are
minimal with respect to the set inclusion. S;, can be finite, infinite or empty as in the
following example.

Example 12 Letus consider n = {[2, 2], [3, 3]} C N2, and suppose that there exists
a good semigroup S € Sj,.

First of all we prove that, for any n € N\{1}, we have (n,n) € S. In fact, it is
easy to observe that each natural number n # 1 can be written as n = 2« + 38, with
o, B € N. Hence we can write (n, n) = Qa+38,2¢+38) =a((2,2)+3,3) € S.

We denote by ¢(S) = (c1, c2) the conductor of S. If ¢y = 1, we have that
(1,2) = min{(1, ¢2), (2,2)} € §; hence, as a consequence of properties (G1) and
(G3) of the good semigroups, either ¢(S) = (1,2) or S = N2. In both cases, if
we consider S” such that small(S") = {(0,0), (2,2)} we have that S’ is a good
semigroup containing n and such that §' C S; but this contradicts the minimality
of S. Therefore we have obtained c¢; # 1 and, using the same argument, we can
suppose ¢2 # 1.
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If c; > 1 and ¢ > 1 we prove that ¢(S) = (c, ¢), with ¢ € N. Let us assume
by contradiction that ¢(S) = (c1, c2) with ¢1 < ¢2; in this case, there exists & =
(a1, 0) with @1 > ¢y, ¢1 < a2 < cp suchthate ¢ S. If o1 < a2, we would
have ¢ = min{(«1, ¢2), (@2, @2)} € S, hence we necessarily have @1 > ay. Now
we observe that (c1, a2) = min{c(S), (a2, @2)} € S and by property (G3) of good
semigroups applied to ¢(S) and (c1, o), there exists (x1, «p) € S with x; > ¢1. If
X1 > a1, we would have @« = min{(x1, a2), (o1, ¢c2)} € S that is a contradiction.
Thus we necessarily have x; < «1. Now, if we consider (x1, «2), (x1, c2) € S, using
again property (G3), we observe that there exists (x2, 2) € S with xa > x1. We can
repeat this argument until we find an element (x;, o) € S with x; > «;. In this case
we obtain &« = min{(x;, a2), (@1, c2)} € S, thatis a contradiction.

Now, by repeatedly using the properties (G2) and (G3), it is easy to observe that,
small(S) = {(0,0), (2,2),(3,3),...,(c —1,c — 1), (c, ¢)}. If we define S’ such
that small(S") = {(0, 0), (2,2), (3,3),...,(c,c), (c + 1,c + 1)}, we have found
a minimal good semigroup containing (2, 2), (3, 3) and strictly contained in S, in
contradiction with the minimality of S.

The following proposition gives a condition that guarantees that S, is finite.

Proposition 13 Suppose we have n = {nV = (n%, cees n,ll), P =
)y S N

Then the set S, is finite if the following conditions hold:
- ged{nlh=1,.. k}=1fori=1,....n;
— Foralli,j € {1,...,n} with i # j there exists al € {1,...,k} such that

I I

n; # 77]‘-
Proof We denote by (1) the semiring generated by n. We claim that for each i =
1,...,n, we can obtain two vectors &) = (af,...,ap)and ﬂ(’) =(B},.... By in
(1)@ such that

al’: :/3{ andaij < ,Bl.j forall j .

We will prove this fact by induction on n.

— Base case n = 2. Suppose that i = 1. By the second property assumed on
the set 7, there exists a )" € 5 such that '7[1 #* 77[2~ Then n must contain
m 1 h
a vector ™ such that Z%" #* le We assume by contradiction that Zﬁ =
1 1 1
1
Z? # 1forall h = 1,...,k If o} did not divide n}, it would follow from

!
ny = i} that nj divides n{ for all b = 1..... k. Hence nj would divide
1

gcd {n{l, h=1,..., k} = 1; but this contradicts the first assumption on the set 1.
) )

Therefore we have :’1'2 € N. Since the integer :’1'2 , divides né‘ forallh =1,...,k;
1

1
it divides ged {né‘, h=1,...,k} = 1 but this is a contradiction.
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: o b
Then, we consider ™ such that n?,, #+ 7712 and the vectors
1 1

[ [
aV =it by, B = (i i

satisfy our condition because '7[2771” #* 7711 ny' and they belong to (n)g. Fori = 2
we can use the same strategy.

— Inductive step: Let us suppose that the claim is true for n — 1 and we prove it
for n. We suppose that i = 1 (the other cases can be treated in the same way).

We consider the set 7 = {n(h) = (77{‘, R nZ_l), h=1,..., k} that satisfies the
conditions of the theorem. Then, by the inductive step, it easily follows that in
(n)e there exist two vectors y () = (yll, RN ynl) and 81 = (8%, RN 8;) such
that

y11=811 andyj1 <8]1-forallj=2,...,n—1.

If y,! < 8!, then the claim is true for @ = y and g = 6V 1f ! > 5!,
we consider ¢ = min(2y ™, 26M) and B = pD © V. In fact we have
aj =2y = B|.1fj €{2,....,n— 1}, thena} =2y} <y} +5} = B;. Finally,
we have a! =28} < ! + 8! = 1. Thus suppose that y,! = §!. In this case

we can consider n = {n(h) = (77{’, né’, A nﬁ), h=1,..., k}. By the inductive
step there exist two vectors y?) = (y12, cees ynz) and 8@ = (82, ..., 8,21) e M
such that

7/12:8% andyj2 < S?forallj =3,...,n.

Then, as we have just seen, if y22 #* 8% the claim is true. Therefore we suppose
that y22 = 8%. Then, it is very easy to check that the claim is true with () =
yO Sy and O = 51 o 5O

Now, we denote by c¥) the conductor of the numerical semigroup generated by
{nf’ th=1,..., k} and we choose o) = (a’i, R cxﬁ,) and ﬂ(i) = (,B{, R ,8,’;) in
(n)g as in the previous claim. We will prove that for each i € {1, ..., n} there exist
ci,jforj=1,...,i —1,i+1,..., nsuch that the vectors

0 () = (Cijtsesciimt, D Fal +y ciigt, ..., cin) €S,
foreach § € S, and y € N. If this is true then it is clear that
n .
ey = Oa’(O) +N'CS,
i=1

forall S € §j,.
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Suppose that i = 1 (the proof is identical in the other cases). Let us consider an
arbitrary S € §,. We obviously have (n)g € S. We will denote by m = a% = /311.
Since ¢V is the conductor of ({n{l th=1,..., k}), we can find the vectors:

o™ =(ol,...,0" e e, forh=0,...,m—1,

such that o' = ¢ + hforallh =0,...,m — 1.

Foreachi =0, ..., m — 1 we consider A() = EBZ;I o ® _ Then we have A® <
oS AMTDand, if AW = L A, then AT = D 4 b

Now we want to show that (c(l) +m+4y, )»8 + a%, R AS + a,ﬁ) € § for each
yeN.

‘We notice that
A9 0 a® = (M 4 m, )‘(2) —l—(x%, ce )\2 ~|—ozrll) es,

VOBV = 4m 29 +p),... .20 +8)es,

thus, recalling that oz]l < ,B} forall j =2,...,n,itfollows by (G3) that there exists

x>c4m suchthat(x,)\(2)+oz%,...,k2—l—cx,l,) es.
Now we consider

AV oD =W rm4+1, M +8) . Al +8hes.

Sincekg fk}l fora11h=2,...,nandajl. <,3/1. forall j =2,...,n, we have

94y, A e e M oMy = (¢ Vtm+1, 2+, ..., A0 +a)) e S,
Now, as before, from

€D +m+1,294al,....294ahyes,
€D tm+1,20+8 ... 2048 es,
we can deduce that there exists x > ¢ +m + 1 such that (x, )»8 + aé, A+
1
a,) € S.

Repeating the previous considerations and using the fact that A(©) < A(® for each
i <m — 1, we can show that

D rmt+y,0+ad,. 20 rahyes,
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forally =0,...,m — 1. Now, we can consider

AO08W = (D 4m A +p),.. . A0+ 8hes

A DM = (D pom — 1, A B, g e s

andsince)\;; —i—ﬁ}% > )»2 +a}, forall j =0,...,m—1land h = 2,...,n, we can
use the same strategy to show that

(C(l)+m+y’)\,g+a%,...,)\2+a,ll)eSv

forally =0, ...,2m — 1. Now it is clear that we can endlessly repeat the strategy
and we finally proved that

D rmt+y,+ad, .20 rahyes,

forall y € N and for all the S € §;, (S was arbitrarily chosen). Therefore we proved
thatif §' € S,), then the conductor of S is smaller than ¢;. Now we know that a good
semigroup is completely characterized by its small elements. This implies that the
set of good semigroups with a conductor smaller than c;, is finite and therefore also
S, must be finite.

Remark 14 Let us consider a set of vector n € N” which satisfies the hypothesis of
the previous theorem. The proof of the theorem gives us also a way to determine a
bound for the conductor of all good semigroups containing 7.

Definition 15 Given a good semigroup S € N? and a set of vector n C I4(S), we
say that 7 is a system of representatives of S, or more simply sor, if § € ;.

Remark 16 As a consequence of the Theorem 10, 14(S) is a sor of S, because every
semigroup containing the elements of 74 (S) must contain S.

Definition 17 A system of representatives n of S is minimal, if given another set of
representatives n”  n, it follows n” = n. We call such a set a msor of S.

It is possible to show that two msor can have different cardinalities (see
Example 35).

Definition 18 Given a good semigroup S, we define embedding dimension of S:
edim(S) = min{|n| : § € S, and n C 14(S)}.

From this point onwards we will start to analyze the properties of the embedding
dimension. We will consider only good semigroups § € N?. Computing all the
minimal good semigroups containing a set of vectors is computationally very
dispensing, also in the two-branches case. At this point, our first aim is to produce
a “fast” algorithm that, in the case of good semigroup S € N?, returns a msor of S.
In order to do this we will calculate two bounds for the embedding dimension.
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3.1 An Inferior Bound for the Embedding Dimension

First of all we want to produce an inferior bound for the embedding dimension. We
give the following definitions.

Definition 19 Given «, 8 € 14(S) we say that « and 8 are connected by a piece of
track if they are not comparable, i.e. ¢ £ B and B £ «, and denotedby y = a & S,
we have AS(y) N (S\ I(S)) = 0.

Definition 20 Given a,..., 0, € I4(S), with @11 < ... < a1 we say that
oy, ..., o, are connected by a track if we have:

- 2A5(@) NS\ 1(S) =4;
— 145%(an) N(S\I(S)) = &;
— «; and o; 41 are connected by a piece of track foralli € {1,...,n — 1}.

In this case, denoted with y; = o; @ ;41 fori € {1,...,n — 1}, we set:

T (@i ) = o} U2 AS () U (U2 A5()) U1 A% (@) U ).

and we call this set the track connecting ay, . . ., ay.
We will simply say that T C S is a track in § if there exist a1, ..., a5 € 14(S)
such that T is the track connecting ayq, ..., &,. Notice that the previous definition

implies that a track T of S never contains elements a such that o > ¢(S) + e(S).
In the following lemma we will show how these definitions are related to the
embedding dimension.

Lemma 21 Given a good semigroup S, and a track T = T ((«1,...,0y)) in S,
then, 8" = S\ T is a good semigroup strictly contained in S.

Proof Tt o, B € §',sincea, B € Sand TN (S\ I(S)) =@, wehavea + B € S,
thus S’ is a semigroup. Now, we have to check that S’ satisfies the property (G1);
therefore, considering o, B € S’, we have to prove that & 8 € §'. If we suppose
o ® B € T, then: there exists a y; = a; @ aj41 such that « @ B € AS(y;); or
a®B e AS(ay); ora ® B € 2A5(ay). But, in all the previous cases, by the
definition of track, this would imply that &, B € T. Furthermore, for all @ € § with
a > ¢(S) + e(S) we have a € §', thus S satisfies property (G2). We complete
the proof verifying the property (G3). Therefore, we take &, 8 € S’ and suppose
that 8 € Af,(a), we need to show that Af,(a) # 0, where j € {1,2}\ {i}. Since
a, B € S, for property (G3), there exists § € Af. (). If§ € A]S/ (), the thesis is
proved; hence we suppose the converse, in this case & necessarily belongs to 77. We
have two cases. Case 1: there exists yx = ox D g1 such that§ € Ajs(yk), but this

implies yx € Af, (o). Case 2: there exists yr = oy @41 such that§ Af(yk). We
notice that, if § € 14 (S) we can reduce to the previous case, hence we can suppose
that there exists p # § with p € Af(yk) N 14(S). But, since p, § € S, by property
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(G3) in S and by definition of track, Af, (8) # 0, then we also have Af/ (o) # @.

Case 3: 6 € A?(otl) ifi =2o0ré e Af(an) if i = 1; in this case we can conclude
the proof with the same argument of Case 2.

Definition 22 Given M C 14(S), we say that M is an hitting set (HS) of S, if for
any track 7 in S there exists an element &« € M such that o« € T. We say that M is
a minimal hitting set (MHS), if for any hitting set M such that M’ C M, we have
M =M.

Remark 23 Given a hypergraph (V, E), with E = {E1, ... E,}, E; € V, asetof
vertices H C V suchthat H N E; # @ foralli = 1,...,n is called transversal or
hitting set [3].

If we consider the hypergraph with vertices V = I4(S) C I's and edges E =
{T C S: T isatrack}, then the hitting sets of the good semigroup S correspond
exactly to the hitting sets of this hypergraph. The problem of finding the minimal
hitting set of an hypergraph is an NP-hard problem and there are several algorithms
related to its computation (see for example [12, 15]).

We set § = {M | M is a HS}.
Proposition 24 If M is a sor, then M € $.

Proof 1f we suppose that M is not a HS, then it would exist a track 7 in S that does
not contain elements of M. Using the same construction of Lemma 21 we could
build a good semigroup S’ such that M C S’ C S, but it is a contradiction.

The converse of the previous theorem is not true in general as it is shown by the
following example.

Example 25 Let us consider the good semigroup S with the following set of
irreducible absolute elements:

14(S) = {(6,3), (12, 17), (18, 25), (19, 6), (24, c0), (25, 28), (27,9), (31, 00),
(33, 20), (39, 00), (41, 00), (44, 00), (46, 00), (00, 15), (00, 23), (00, 31)}.

From Fig. 2 we can easily deduce that S contains only the following tracks:

- T =T((6,3));

- T» =T((12,17), (19, 6));
— T3 =T((39, 00), (00, 31));
- Ty =T((41, 00), (00, 23));
- T5s =T((41, 00), (00, 31));
- Ts =T((41,00));

— T7 =T((46, 00), (00, 15));
— Ty = T((46, 00), (00, 23));
— To =T((46, 0), (o0, 31)).
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Fig. 2 Big circle: irreducible absolutes; Circle: reducible elements; Black dot: irreducible element

Then, it is easy to verify that M = {(6, 3), (12, 17), (39, 00), (41, 00), (46, 00)}
is a MHS for S.
However, M is not a sor for S, in fact it is possible to check that there exists a
good semigroup S’ with
14(S") = {(6,3), (12, 17), (19, 6), (24, 00), (39, 00), (41, 00), (46, 00),

(50, c0), (00, 18), (00, 29), (o0, 34)},

such that S’ is strictly contained in S and we have M C §'.
Now we define: bedim(S) = min{|M|, M € H}.
Corollary 26 Given a good semigroup S C N2, bedim(S) < edim(S).

Example 27 The inequality of Corollary 26 can be strict. In fact, for instance, it
is possible to check that each minimal hitting set of the semigroup S described in
Example 25 is not a sor for S, implying that bedim(S) < edim(S).
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3.2 A Superior Bound for the Embedding Dimension

Let S € N2bea good semigroup; given n C 14(S), and a € 14(S), we want to
define the reducibility of a with respect to 1. By convention we will say that all the
elements & € n are reducible by 1. We take o € 14(S)\n and we will treat the finite
and infinite elements separately.

Finite Case We suppose & = (1, @p) € Iy (S\n.

. .. 2 . . .
Given a semiring I” € N, we introduce the following notations:

AT (@) = TN A)
18" () := max{yl(a, y) € 14T (@)} if 147 (&) # ¥
287 (@) := max{x|(x, b) € 24T (@)} if 2 AT (&) # 0.
Notice that the fact that « is an absolute finite element implies that 87 () is finite.

In the following, given n € 14(S), we will work with the semiring (n)q. In order to
simplify the notation we will write ; A" () instead of ; A (a)

Remark 28 If ; A" (ar) # @, we have ;8" (at) < ;85 (at).

If| A" () # @, we define Y (a) = {y € {18"(a), ..., 185(a)}| (a1, y) € S} and
similarly if , A" (et) # @, we define X"(a) = {x € {28"(a), ..., 285(@)}|(x, a2) €
S}.

Definition 29 We say that @ = (a1, a2) € I4,(S5)\n is reducible by 7, if | A7 () U
2A"(et) # ¥ and one of the following conditions is satisfied:

1. 1A"(a) # @, and for all y € Y"(a), there exists (x, y) € (n)g such that x > «;.
2. 2A(a) # @, and for all x € X" (), there exists (x, y) € (n)g such that y > ay.

Infinite Case If @ = (a1, 00) € 14(S)%°\n, then we consider y such that («;, y) €
S forall y > y (it exists by Lemma 2). Let us consider the set:

Y (o) = {y € {(18"(e), ..., max{y, 16" (@)} + e2 — 1} | (21, y) € S}.

Ifa = (00, a2) € 14(S)°°\n, then we consider X such that (x, o) € S forall x > x
(it exists by Lemma 2). Let us consider the set:

XNa) = {x € p8"(a), ..., max{X, 28" (@)} +e1 — 1} | (x,0) € S}.

Definition 30 We say that « = (o1, 00) is reducible by n, if | AT(a) # ¥ and for
all y € Y"(a), there exists an element (x,y) € (n)g with x > ;. We say that
a = (00, ap) is reducible by 7, if 2A7(a) # ¥ and for all x € X" (), there exists
an element (x, y) € (n)g with y > an.
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As we will see in detail in the proof of Theorem 31, the previous definitions
are motivated by the fact that the reducibility of an element & € 14(S) by a set
n € I4(S) essentially ensures that the presence of a in I4(S) is forced by n as a
consequence of property (G3) of good semigroups.

Given n C I4(S), we set:

((n)) == {a € 14(S) | @ is reducible by n}.
Let us consider the following algorithm:

input : n C I4(S)
output: A subset ’, withn C 5’ C I
n' <— ()
while " # 1 do
n <1

n' <« {(m)
end

return n’

Algorithm 1: Algorithm to find red(n)

The input of Algorithm 1 is a subset n of 74(S). As long as we can, we
expand 1 by including elements of I4(S) \ n that are reducible by it. Notice
that the algorithm produces an output in finite time, since I4(S) is finite. We
denote by red(n) the output of the previous algorithm and we introduce the set
R(S) = {n C 14(8) | red(n) = 14(S)}. We will say that n C I14(S) satisfy the
reducibility condition if n € R(S).

We have the following statement:

Theorem 31 If n € R(S), then 1 is a sor.

Proof From n € R(S) it follows that there exists a chain of subset of 74 (S):
nCn C...Cop—1 Cnp =red(n) = 14(S)

such that n; = ((n;—1)) We prove that 1 is a sor using a decreasing induction on this
chain. We have that 1, = 14(S) is a sor for Remark 16, now we prove that if 7;
is a sor, then n; is a sor.

We assume by contradiction that § ¢ S,,; in this case there exists a good
semigroup S; such thaty; € S; C S.

If we suppose n;+1 S 14(S;), we would have n;+1 € (ni+1)e S (a(Si))e =
Si € S, against the fact that n; 1 is a sor for S. For this reason, we can always
suppose that there exists & = (o1, @2) € 0;+1\1a(S;). Furthermore we observe that
a ¢ n;, indeed, assuming the opposite, we should have & € S; and since S; € S
and @ € 141 C 14(S), it would imply that & € 14(S;). We distinguish two case:
o €nit1NIa () ande € niyy N I°(S).
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Casel a €y N IAf(S).

Since ((n;)) = ni+1, a is reducible by n;. Without loss of generality we can
assume A" (a) # J; in this case there exists («1, 18" () € (ni)g < Si.
We have 16" () € Y"(a) and, from the reducibility of a by 7;, there exists
(x"(@), 16" (a)) € (ni)e < S;. We have obtained two elements (o, 18" (a)),
(x"(et), 16" (a)) € Si, by property (G3), there exists («1, y) € S;, withy > 187 (o).
We observe that, from the definition of 185 (), y < 185(er). Hence y € Y (ar). We
can repeat the same argument until we obtain that (a1, 18%(a)) € S;. Using again
the property (G3) we should obtain @ € S; (notice that A‘f" () = ), but this is a
contradiction.

Case2 o € njy1 N 14 (S).

Without loss of generality we can suppose & = (a1, 00). Since « is reducible by
n;, we have | A" (a) # (. We set M («) := max{y, u} + eo — 1, where y is such
that (o1, y) € S forany y > y. Now, using the same argument of the finite case, we
obtain that (o1, M(a)) € S;, but, by Lemma 2, this implies (¢, o0) € S; which is
a contradiction.

The following example shows that the converse of the previous theorem is not
true in general.

Example 32 Let us consider the good semigroup S with the following set of
irreducible absolute elements (Fig. 3):
14(8) = {3, 4), (6,0), (7, 8), (10, 15), (14, 18), (17, 25), (00, 12), (00, 19),
(00, 22), (00, 29)}.
Notice that, since S contains only the tracks 71 = T7(3.,4).T», =

T((6,00), (7,8)),Ts = T((6,00),(10,15), (00, 12)) and T4 = T((10,15),
(00, 12)), we have that n = {(3,4), (7, 8), (10, 15), (14, 18), (00, 12), (00, 22)} is

A A A A A AR A A
: /.K
30 - 30 ‘
29 @ . 29 ® .
. . .
. . .
26 26 .
25 25 .
.
.
22 22 .
.
19 19 .
18 . 18 .
o .
15 e® 15 'N0)
12 o o ® N 12 L D) >
8 o ® 8 (D)
4 ® 4 @
0 0
0 3 7 10 14 1718 21 0 3 7 10 14 1718 21

Fig. 3 Big circle: irreducible absolutes; Circle: reducible elements; Black dot: irreducible ele-
ments, n: Elements of (red(n))q
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a HS for S. Let us show that red(n) # 14(S). It suffices to show that ((n)) = n, i.e.
all the elements in /4 (S) \ 1 are not reducible by n. We have

— a1 = (6, 00) is not reducible by 1. Notice that there exists (6, 8) = 2(3,4) €
1A (eey), thus we have 187 (ae1) = 8. Furthermore, y = 22 and we have:

Y (ap) = {y € {16"(ar), ..., max{y, 18" (ey)} + €2 — 1[(6,y) € S} =
= {8, 12, 15,16, 18, 19, 20, 22, 23, 24, 25}.

For each element y in Y7 (ay) we need to find (x, y) € (n)g with x > 6. Itis
not difficult to notice that for y = 25 € Y (ay), it is not possible to produce such
an element in (1)g.
— oy = (17,25) is not reducible by n. Notice that there exists (17,23) =
(7,8) © (10, 15) € {A"(a), thus we have 15" (atp) = 23 (while , A (ap) = 0).
Furthermore, 185 (az) = 24 and we have:

Y (az) = {y € {18"(02), ..., 185 (o2) = 24|(17, y) € S} = {23, 24}.

For each element y in Y"(a2) we need to find (x,y) € (n)g with x > 17.
However for y = 23 € Y"(a3), it is not possible to produce such an element in
Mea

— a3 = (00, 19) is not reducible by 7. Notice that there exists (13, 19) = (3,4) ©
(10, 15) € 2A"(a3), thus we have 267(a3) = 13. Furthermore, X = 15 and we
have:

XNa3) = {x € {28"(a3), ..., max{%, 28" (a3)}+e1—1|(x, 19) € S} = {13, 15, 16, 17}.

For each element x in X" (a3) we need to find (x, y) € (n)g with y > 19. Itis
not difficult to notice that for x = 13 € X" (a3), it is not possible to do that.
— oy = (00, 29) is not reducible by 5, since 2 A" (aq) = 0.

However it is possible to check that there are no good semigroups S’ such that
n € 8" C §. Thus 7 is actually a sor for S and it is not difficult to check that the
minimal hitting set M = {(3, 4), (7, 8), (10, 15)} contained in it, is a sor itself, thus
a msor for S.

Now we define: Bedim(S) = min{|n|, n € R(S)},
Corollary 33 Given a good semigroup S € N?, edim(S) < Bedim($).

Example 34 The inequality in Corollary 33 can be strict. An example of this
behaviour is the good semigroup S with the following set of irreducible absolute
elements:

14(S) = {(7,7), (14,20), (17, 14), (24, c0), (25, 21), (32, 30), (39, 45), (42, 00),

(43, 35), (44, 37), (46, 00), (47, 50), (50, 00), (54, 00), (00, 32),
(00, 34), (00, 42), (00, 51), (00, 57)}.
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It is possible to prove that for each MHS 5 of S we have that 7 is a sor for S but
red(n) # 14(S). This easily implies that edim(S) < Bedim(S).

Example 35 Let us consider the good semigroup S, with

14(S) = {4, 3),(6,7), (8,8), (9, 6), (11, 00), (12, 00), (13, 00), (14, c0),
(00,9), (00, 11), (00, 13)}.

This is an example of good semigroup having msor with distinct cardinalities. In
fact, it is possible to prove that the sets n1 = {(4, 3), (6, 7), (8, 8), (11, 00), (13, 0c0)}
and n2 = {(4,3),(6,7),(8,8), (11, 00), (00,9), (00, 11)} are both MHS of §
satisfying the reducibility condition. In particular edim(S) = 5.

3.3 An Algorithm for the Computation of the Embedding
Dimension of a Semigroup S € N?

We will conclude this section presenting an algorithm for the computation of the
embedding dimension and with some remarks concerning the definition that we
have given.

We proved that:

bedim(S) < edim(S) < Bedim(S)

and both inequalities are sharp as we will see in Example 38.
We implemented in GAP [17] the following functions:

— ComputeMHS(S): it takes in input a good semigroup and returns the set of its
MHS.

— VerifyReducibility(list): it takes in input a list of subsets of 74 (S) and returns
the first set that satisfy the condition of reducibility if there exists, otherwise it
returns “fail”.

— IsThereAMGSContainedInAndContaining(S,V): it takes in input a good semi-
group S and a subset V of I4(S) and returns “true” if there exists a good
semigroup " such that V.C §' C §

Remark 36 Testing in GAP these functions on a sample of about 200,000 semi-
groups, we observed empirically that VerifyReducibility is about seventy times
faster than IsThere AMGSContainedInAndContaining.

We introduce the following algorithm to compute the embedding dimension and
a set of representatives with minimal cardinality.
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input : A good Semigroup S
output: A minimal system of representatives of minimal cardinality
M «— ComputeM HS(S)
H<«—M
n <— bedim(S)
Stop «— false
while Stop=false do
H<«—{nCIaS) | Inl=n and H Cn forsome H € H}U {n € M|n| = n}
if VerifyReducibility($))=n then
Stop=true, return n
end
if VerifyReducibility($))=fail then
if ForAny n € 9, IsThereAMGSContainedInAndContaining(S,n)=false then
Stop=true, return n
else
n<—n+1
end
end
end

Algorithm 2: Algorithm to find an msor of minimal cardinality

Remark 37 We tested the algorithm on a sample of 200,000 good semigroups and
we noticed that, for n = bedim(S):

— The condition “VerifyReducibility(§)) = fail” occurred only in 82 cases.

— Both the conditions “VerifyReducibility($)) = fail” and “IsThereAMGSCon-
tainedInAndContaining(S, n) = true for all n € $” occurred only in 2 cases. In
these cases bedim(S) # edim(S).

— The situation which all MSH of minimal cardinality are not reducible and at least
one of them is a sor occurred only in one case. In this case Bedim(S) # edim(S)).

For this reasons and by Remark 36 this algorithm is considerably faster than to
computing the embedding dimension using the definition.

Example 38 Let us consider the good semigroup S, represented in Fig. 4, we want
to find a msor for S and the embedding dimension of S.
We have that

14(S) ={4,3),(7,13), (11, 17), (14, 00), (15, 00), (16, 20), (24, 00),
(00, 12), (00, 16), (o0, 26)}.

First of all we need to compute the minimal hitting sets of S. It contains the
following tracks:

* T =T(43));

* =T(7,13));

s T3=T((11,17), (c0, 16));

o Ty=T((15, 00), (16, 20), (o0, 12));
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Fig. 4 Big circle: irreducible absolutes; Circle: reducible elements; Black dot: irreducible ele-
ments, 7: Elements of (red(n))e

T5s = T((15, 00), (16, 20), (o0, 16));
Ts = T ((24, 00), (00, 26)).

Thus the following is the complete list of the MHS of S.

n = {(4,3), (7,13), (00, 12), (00, 16), (00, 26)};
n = {4, 3), (7, 13), (11, 17), (15, 00), (00, 26)};
n3 = {4, 3), (7, 13), (11, 17), (16, 20), (24, c0)};
na = {4, 3), (7, 13), (11, 17), (16, 20), (o0, 26)};
ns = {(4,3), (7, 13), (15, 00), (24, 00), (00, 16)};
ne = {(4,3), (7, 13), (15, 00), (00, 16), (00, 26)};
n7 = {4, 3), (7, 13), (16, 20), (24, c0), (00, 16)};
ng = {(4, 3), (7, 13), (16, 20), (o0, 16), (00, 26)};
no = {(4,3), (7, 13), (24, 00), (00, 12), (00, 16)};
no = {4, 3), (7, 13), (11, 17), (15, 00), (24, 00)}.

Thus for this semigroup bedim(S) = 5. We consider nn = 1 =

{4, 3), (7, 13), (00, 12), (00, 16), (00, 26)} and we want to show that n € JR(S).

We have n! = ((n)) = {(4,3),(7,13), (11, 17), (14, 00), (16, 20), (24, c0),

(00, 12), (00, 16), (o0, 26)}.

In fact

o) = (11, 17) is reducible by n because we have | A"(a1) # @ since (4, 3) ©
(7,13) = (11, 16) € (n)g. Furthermore 167 (aty) = 16.

Since 185(et;) = 16 we need only to find an element of the type (x, 16) €
(n)e with x > 11. The element (oo, 16) € 7 satisfies this property.
oy = (14, 00) is reducible by n because we have | A7(az) # @; in fact we have
2(7,13) = (14, 26) € (n)g. Furthermore 15" (arz) = 26.

Since y = 18, for all

ye¥a) ={y € {16"(a2) =26, ..., max{y, 187(a2)} +e2 — 1 = 28|(14,y) € S} =
— (26,27,28),
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we need to find an element of the type (x, y) € (n)g with x > 14. The following
elements of (n)q satisfy this property:

(00,26), 9(4,3)=(36,27), 5(4,3)06 (7,13) = (27,28).

— a3 = (16, 20) is reducible by 7. In fact we have | A7(a3) # @; since 4(4, 3) =
(16, 12) € (n)g. Furthermore 67 (a3) = 12.

Since 185(ae3) = 19, for all y € YT (az) = {12, 15, 16, 18, 19} we need to
find an element of the type (x, y) € (n)g with x > 16. The following elements
of (n)g satisfy this property:

(00,12), 5(4,3) =(20,15), (00,16), 6(4,3)=(24,18),
4, 3) © (00, 16) = (00, 19).
— oy = (24, 00) is reducible by 5. In fact | A" (ag) # @ since 6(4,3) = (24, 18) €
(n)g. Thus 187 (ag) = 18. Since y = 24, for all
yeYag) ={y €{18"(ag) =18, ..., max{y, 18" (ag)} +e2 — 1 =26/(24,y) € S} =
= {18, 19, 21, 22, 24, 25, 26},
we need to find an element of the type (x, y) € (n)g with x > 24. The following
elements of (1) satisfy this property:
2(4,3) © (00, 12) = (00, 18)  (4,3) O (00, 16) = (00, 19),
3(4,3) © (00, 12) = (00, 21), 2(4, 3) © (00, 16) = (00, 22),
2(00, 12) = (00,24), (7,13) © (00, 12) = (00,25), (00, 26).
Notice that a5 = (15, 00) is not reducible by n, but it is reducible by nl. In fact
| AT (as) # @ since (4,3) © (11,17) = (15,20) € (n')e. Thus ;8" (as) = 20.
Since y = 18, for all
yer™ (as) = {ye(18" (@s) =20, ..., max(y, 16" (as)} +es — 1 = 22|(14, y)eS} =
= {20, 21, 22},

we need to find an element of the type (x, y) € (n')g with x > 15. The following
elements of (n')q satisfy this property:

(16,20), 3(4,3) O (00, 12) = (c0,21), 3(4,3)O (7,13) = (19, 22).
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Thus ((171)) = 14(S), and this means n € R(S) since red(n) = I4(S). Hence
Bedim(S) < 5 = |n|. Since we have

5 = bedim(S) < edim(S) < Bedim(S) < 5,

we can finally deduce that edim(S) = 5 and n is an msor.
It is possible to check that all the minimal hitting sets previously found satisfy
the reducibility condition, thus they are all msor for S.

All the previous computations were realized implementing all the previous
algorithms in GAP [17].

4 Properties of Embedding Dimension

4.1 Relationship Between Embedding Dimension of a Ring
and Embedding Dimension of Its Value Semigroup

Theorem 39 Let S be a good semigroup of N> such that there exists an algebroid
curve R with v(R) = S. Then edim(S) > edim(R).

Proof Let us consider an algebroid curve R such that v(R) = S and denote by ¢ the
embedding dimension of S. Thus there exists n C 14(S), msor of S, with |n| = e.
We want to prove edim(R) < ¢.

We denote by
n={og,..., &},
and we want to show that it is possible to choose elements ¢1, ..., ¢, in R, such
that:

- v(¢;) =ajforeach j =1,...,¢;
— v(K[¢1, ..., @] is a good semigroup.

Denote by Ry = K[¢1, ..., ¢:]l. By construction, for each choice of the
elements ¢;, the subsemigroup v(R1) C N? always satisfies the properties (G1) and
(G3) of good semigroups, thus we need to guarantee the existence of a conductor.
This can be done by forcing in v the presence of vectors that fulfil the conditions of
Proposition 13 (it is not difficult to do that by accordingly adding to the ¢; elements
of R with value greater than its conductor).

Now,

n S v(Ry) Su(R) =S,
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and, since n is a msor of S and v(R;) is a good semigroup, we have v(R;) = S.
Notice that Ry € R with v(R) = v(R;) implies that Ry = R. In fact, considered
an element r € R, there exists an element 7; € R; such that v(r) = v(r1). Thus we
can fin a k1 € K such that v(r — kjr7) is strictly greater than v(r). We eventually
find k; € Kand r; € Ry such that v(r — ) kjr;) > ¢(S) = c(v(R1)), implying
thatr — ) k;r; € Ry,andr € Ry.

Thus edim(R) = edim(R;) < & = edim(S).

We want to show that the inequality can be strict and we want to analyze the
cases when this happens.

Example 40 Let us consider the ring R = KI*, u®), @ 4+ 2, u® +u”), 25 +
18,213 4+ u'*)]), and the corresponding semigroup v(R) (Fig. 5).

We observe that R = K[(t*, u®), t®+¢°, u® +u”), @t + 113, 2u3 + u'H] =
KL, u*), @© + ¢, u® + u”)], in fact:

(22‘15 + tlS’ 2M13 + u14) — (l‘6 + t9’ u6 + u7)2 _ (l‘4, u4)3.

We have that edim(R) =2, but edim(v(R)) =3, since M = {(4, 4), (6, 6), (15, 13)}
is the only hitting set of the semigroup v(R)

This fact happens because in the ring R the element of value (15, 13) is obtained
by the sum of the elements of value (4, 4) and (6, 6) because of a cancellation.

This situation cannot be controlled by the property (G3) of the good semigroups.
This gap in embedding dimension can be justified by the fact that this piece of
information is lost in the passage from the ring to the semigroup. For this value
semigroup it is possible to find a ring, namely 7 = K@, u®), (t6, u6), @, u®]
with v(T) = v(R), and such that edim(7) = edim(v(7T)). This situation is not
guaranteed to happen in general, as it is shown in the following example.

Example 41 Letus consider thering R = [(t*, u3), (7, u'3), (t'1, u'7), (:16, u?0)])
that has embedding dimension 4. Its value semigroup is the good semigroup that
appeared in Example 38, where we proved that its embedding dimension is five.

We focus on one of its msor, namely n = {(4,3), (7, 13), (11, 17), (16, 20),
(00, 26)}. If we analyze in detail what happens, we observe that B, u?) =
@, u3) - (¢1%,u?%) € R and t2,u*®) = ' u'") - '%,u°) e R, thus
(0, u%0 — u33) € R.Buty = {(4,3), (7, 13), (11, 17), (16, 20)} is not a sor, since
we have seen in the Example 38 that all MHS have to contain either (oo, 26) or
(24, 00). This fact happens because in the ring R all the elements of value (x, 26)
with x > 25 appear because we have a complete cancellation on the first component
(i.e. we obtain 0 on the first component).

In the semiring (n)g the existence of the elements (23,33) and (23, 26)
guarantees, by property (G3) of the good semigroups, only the existence of one
element of value (>23,26), but not the presence of all elements (x,26), with
x > 24.

Also in this case in the semigroup we lose a piece of information present in the
ring.
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Fig. 5 Semigroup v(R) of the Example 40

Differently from the previous example, it is not possible to find a ring 7' such
that v(T) = v(R) and edim(7) = edim(v(T)) = 5. To see this, let us suppose by
contradiction that such aring T exists. Let us consider v, ..., ¥5 € T, such that

- v(y1) = (4,3);

- v(¥n) = (7,13);
- v(¥3) = (11, 17);
- v(Ys) = (16, 20);
- v(Ys) = (00, 26).

From the proof of Theorem 39 we have that T = K[[v1, Y2, ¥3, Y4, ¥s]].

Let us consider the ring 77 = K[[y/1, V2, ¥3, ¥4]]. We must have v(T") C v(T)
because otherwise T = T’, against the fact that edim(7) = 5. Now we have that
{4, 3), (7, 13), (11, 17), (16, 20)} € v(T’) and it is not difficult to show that there
exists only one good semigroup D containing these vectors and contained in v(7').
The good semigroup D is the one appeared in [ 1, Example 2.16] as the first example
of a good semigroup that cannot be a value semigroup of a ring. Thus v(7") = v(T)
and we have a contradiction.
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4.2 Relationship Between Embedding Dimension
and Multiplicity

Now we want to prove the following theorem.

Theorem 42 Let S be a good semigroup. Denote by e = (e1, e2) the multiplicity
vector of S. Then edim(S) < e + e>.

We recall that, if S is a numerical semigroup with multiplicity e(S), it is possible
to prove that edim(S) < e(S) using the fact that the set Ap(S) \ {0} U {e(S)}is a
system of generators of S with cardinality e(S). Using the properties of the Apéry
set of a good semigroup, introduced in [9], we wish to prove the same inequality for
good semigroups contained in N2.

First of all, we recall the notion of Apéry set and levels.

Definition 43 The Apéry set of the good semigroup S (with respect to the
multiplicity) is defined as the set:

Ap(S) ={ae S:a—e ¢ S}

We say that (a1, a2) <= (B1, B2) if and only if (a1, a2) = (B1, B2) or (@1, a2) #
(B1, B2) and we have (a1, a2) <K (B1, B2) where the last means oy < 81 and oy <

Ba.
As described in [9], it is possible to build up a partition of the Apéry set, in the
following way. Let us define, D° = @:

BY = {a € Ap(S)\(U;j~; DY) : @ is maximal with respect to <<}
CY ={aeBY:a=8 @B, forsome B, B, € BV \ {a}}
D = ),

For a certain N € N, we have Ap(S) = UY,D® and DO N DY) = 9. In
according to notation of [9], we rename these sets in an increasing order setting
A; = DWH1=D_ Thus we have

Ap(S) = UN | A;.

Notice that the first level A1 of Ap(S) consists only of the zero vector. It was proved
[9, Thm. 3.4] that N = e; + e2, a key result in the proof of our inequality.

In order to simplify the notation in the following results we define the set
Ap(S) = (Ap(S) \ {0}) U {e}. Since we are only interchanging the role of the
multiplicity vector and the zero vector, we have

Ap(S) = UN Al

where A; = A} fori =2,..., N,and A = {e}.
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In order to prove Theorem 42, it is useful to introduce the following new
definition of reducibility of an element of 74 (S) by a subset n € 14(S).

Definition 44 Leta = (o1, a2) € 14(S) and n C 14(S).
— Case (a1, a2) € 14,(S). Then a is p-reducible by 7 if

1. 3y, ..., hy € nsuchthat by © --- © by = (B1, a2) with 81 < «j.
2. Vx € {,31,...,28S(a)} such that (x, a2) € Swecanfind j,..., j; € nsuch
that j; ©--- O j; = (x, B2) with B > 3.

— Case a0 = (00,ap) € I4(5)*°. Denote, as we did before, by x the minimal
element such that (x, o) € S for all x > x. Then (o0, a2) is p-reducible by n
if
1. 3y, ..., hx € nsuchthat by © --- © by = (B, o) with B < oo.

2.Vx € {x € {B1,...,max(B1,x) + e — 1} : (x,p) € S} we can find
Ji>---»Jy €nsuchthat j; ©---© j; = (x, B2) with B2 > .

— Case a = (a1, 00) € 14(S)®. Such an element is never p-reducible by 7.
Remark 45 1f an element of 14(S) is p-reducible by n, it is also reducible by 7.

Remark 46 1f an element (a1, op) of 14(S) is p-reducible by 7, then it is also p-
reducible by 1y, = {(x,y) € n : x < a1}. In fact, the elements required to satisfy
the condition 1. and 2. of Definition 44 cannot be obtained by using irreducible
absolute elements of S with first component bigger than o (because we only allow
the operation © to produce them).

Now we write
1 1
IA(S) = {a(l) = (Oli ), Olé )), RN (x(n) = (agn)’ aén))}’

where the elements are ordered in decreasing order with respect to the first
coordinate, i.e. if j < I, then oe{/) > a{l) or a{/) = a%l) = 00 and oc;/) > ozg).
Let us consider the following algorithm to produce, starting from 74 (S), a set  that

is still a sor for S.

input : The set of irreducible absolute elements 74 (S)
output: A subset n C 14(S)
n <— 14(S)
for k < 1tondo
if a® is p-reducible by 14(S) \ {a®} then
n<«—n\{a®}
end
end
return n

Algorithm 3: A way to produce a sor using p-reducibility
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Proposition 47 The output n of Algorithm 3 is a sor for S

Proof Let us prove by induction on k that the subset n produced by the algorithm is
a sor for S. By Theorem 31, we can do it by showing that it satisfies the reducibility
condition. At the first step n = 14(S), hence we have a sor for S. Suppose that
at the kth step of the algorithm n € $R(S) and let us show that it still satisfies
the reducibility condition after the k + 1th step. If &+ is not p-reducible by
14(S) \ {a*+D}, then we have nothing to prove since 1 remains unchanged. Now
let us suppose that a**1) is p-reducible by 74(S) \ {e**D}. We need to prove
that 7 \ {«%*D} = 5 € R(S). By Remark 46, a*TD is p-reducible by the set
W = {(a1, @) € Ia(S) \ {a®D} s oy < oD} = (@ ® D ™). Butat this
step of the algorithm W C #/, thus @ **1 is p-reducible by 7/, thus also reducible by
n and this means that n C red(n’). By the inductive step 14(S) = red(n) < red(n’),
hence n’ € PR(S) and it is still a sor.

Proposition 48 If o = (a1, az) € 14(S) is such that ,AS(a) & Ap(S), then a is
p-reducible by 14(S) \ {a}.

Proof Let us choose (81, ®2) ¢ Ap(S) with the largest possible 1. Thus, there
exists an integer k > 1 such that (a1, @2) © k(e1, e2) = (B1, ®2), where (&1, &2) €
Ap(S) U {0}. Notice that, if (&1, @) = 0, then k > 2, otherwise we would have

(B1, a2) = (e1, e2) € Ap(S).
If (@1, &) # 0, we write it as

(@1,0) =h1 O ---Oh,

where the h j are irreducible elements of S.

Each h; = (a{ , aé) is an absolute element. In fact, if it were possible to write it
as

(x, aé) ® (a{, y), with x > a{ and y > aé

and (x, &), (@], y) € S, then it would follow that
hiO- 0@ a3) 0 Oh Okler, e) = (y1.a2) & Ap(S).
and y; > B, this is against the maximality of g;.
Thus k; € 14(S) for all i (and they are clearly distinct from (a1, a2)).
Now, if (e1, e2) € 14(S), then

(B1,a2) =k(e1,e2) Oh1 ©--- O hy

is already the element required to fulfill condition 1. in Definition 44.
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Thus, let us suppose that (e1, e2) = (€1, e2) @ (ey, €2), where é1 > eq, €3 >
ey and (€7, e2), (e1,€2) € 14(S) \ {(x1, @2)}. Notice that & cannot be of the type
(€1, e2) or (e1, é>) because in both cases we would have »AS () < Ap(S) against
our hypothesis.

First of all notice that é1 # oco. In fact, if it were equal to co, then there would
exist x such that (x, ep) € S for all x > x. This implies that

k(x,e20) Oh1 ©---Oh; = (kx +aj,a2) € S
for all x > x. Thus (a1, ap) = (00, a2) and this is a contradiction since
(a1, a2) = (00, a2) = k(00,e2) Oh1 ©--- O hy,

is not an element of 74(S) being reducible (recall that if hy © --- © h; = 0, then
k > 2). Thus €] # oo, and the element

(a1, 0) = k(é1,e2) Oh1 ©--- O hy,

is the required element that satisfies the condition 1. of Definition 44.

Now we want to show that we can satisfy the condition 2. of p-reducibility. Let
us suppose that @ = (a1, 2) € I4,(S) (all the following considerations can be
adapted to the case (a1, @) = (00, ®2)).

We have to show that for each ¥ € X = {x € {B1,...,285()} : (x,2) € S}
wecanfind j,..., j; € psuchthat j; ©--- O j; = (X, B2) with B2 > an.

Thus, let us consider an arbitrary x € X. Since (¥, a2), (1, @2) € S, by the (G3)
property of Definition 1, there exists 8y > a» such that (X, 82) € S.

Theorem 10 ensures that we can write

& ) =PDOr) v € 1aS).

i=1 j=1

It must exist an index i such that
n
Oy =G .
j=1

Notice that v € 1a(5)\ {(o¢1,2)} for all j = 1,...,n (they all have first

coordinate less than X < o). Furthermore 32 > B2 > a2, thus it is the element
which we were looking for in order to satisfy the condition 2. of p-reducibility.
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As a consequence of Proposition 48 and Algorithm 3, we can immediately
deduce the following Corollary.

Corollary 49 Let S be a good semigroup. Then the set
ns={eela(S): 24%) S Ap(S))

is a sor for S.
Now we are ready to give a proof of Theorem 42.

Proof (Proof of Theorem 42) Using Corollary 49 and the definition of embedding
dimension, it suffices to show that |ng| < e + e3.
Let us write ns = {hD = (a(l) él)), ...,h(k) = (aik),

then aé’) < oc;/) or a(’) (/)

o)y where if i < j
= oo with o @ < aé’ ). Furthermore we denote by
c = (cy, cz) the conductor of S. Now to each element A of ns we associate an

element h ®y in the following way:

— Case h® = (a1, 00). Then we seth = (a1, C2 + 1)
— Case b)) = (a1, @), with a» ;é o0. Then we set B = min(AS(R)U{R®D}).

We consider the set ' = {h , ...,h }, and we want to show that distinct
elements of " belong to distinct levels of the Apéry set of S. In order to do that we
consider two arbitrary elements h(l) and h(/) of n” and we prove that they cannot
belong to the same level of the Apéry set. We have four possible configurations:

W (a(/) (/)) w1thot(’) < a{/) andag) < ot;/).

Caseh”) = (a{’), oc2 )y and h
In this case h < h(/) and from definition of Apéry levels it follows that

h e A, and B € A, with m < n.

~ Casen” = (a{’), aé’)) andh(]) (a(/) (/)) with a(’) < a{/) andaé’) = oc;/).
This configuration is not possible, because it is agamst the minimality of the

element h(j) (it is easy to check that this situation cannot involve elements that

come from A of the type (a1, 00)).

_ Caseh™” = (@, (i))andh(]) @, o), witha® <o anda? > o/,

This configuration is not poss1ble since the element h @ h(])

€ § is against
the minimality of the element h (1t is also easy to check that this situation
cannot involve elements that come from 2 of the type (a1, 00)).

~ Casen” (a(’) (’)) andh") = (o Ej) (])) with a(’) Ej) andag) > aé 2
Suppose by contradiction that there exists n € N such that h , h(/) € A,. From

the definition of ng it follows that Ag(h(j)) € Ap(S). Thus from Lemma 3.3

(3) of [9], the minimal element B of AS(h") € A,, with m < n. On the other
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hand B < B, thus 8 € A; with [ > n. Thus 8 € A, and this is a contradiction
because we have

€4 €A
PN, n
@ o D
h" & B =h" €A,

that is against the definition of Apéry set level. Since Theorem 3.4 of [9], states
that the levels of the Apéry Set are exactly e; + ey, it follows that

edim(S) < [ns| = 1| < e1 +e2,

and the proof of Theorem 42 is complete.

We recall that a good semigroup is said to be Arf if and only if S(a) = {B €
S|B > a} is a semigroup for any ¢ € S. In [1, Proposition 3.19 and Corollary
5.8] the authors proved that an Arf semigroup can be always seen as the value
semigroup of an Arf ring. From this result and Theorem 42 we can deduce the
following corollary.

Corollary 50 Let S be an Arf good subsemigroup of N?. Then, denoted as usual by
e = (e, e2) the multiplicity vector of S, we have edim(S) = e] + e3.

Proof By Theorem 42 we have edim(S) < e; + e2. Denote by R an Arf ring such
that v(R) = S. By Theorem 39 we have edim(S) > edim(R). But R is an Arf ring,
thus its embedding dimension is equal to its multiplicity (cf.[14, Theorem 2.2]).
Since the multiplicity of R is also equal to e; + ez, we have

e1 + ep = edim(R) < edim(S) < ej + e2,

and the proof of the corollary is complete.

We say that a good semigroup S C N2 is maximal embedding dimension if
edim(S) = e; + ez. Thus, Arf good semigroups constitute a particular class of
maximal embedding dimension semigroups. It is known that a numerical semigroup
is maximal embedding dimension if and only if M +M = e+ M where M = S\ {0}
is its maximal ideal and e is its multiplicity (cf.[16]).

Thus, we propose the following conjecture.

Conjecture 51 Let S be a good subsemigroup of N2, Then S is maximal embedding
dimension if and only if M + M = e + M, where e is its multiplicity vector and
M = S\ {0}.

At the moment we have tested Conjecture 51 for a large number of good
semigroup, and we have a proof of the fact that M + M = e + M implies
edim(S) = e1 + e3.
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On Multi-Index Filtrations Associated )
to Weierstrafl Semigroups e

Julio José Moyano-Fernandez

Abstract This paper is a survey on the main techniques involved in the computation
of the Weierstrall semigroup at several points of curves defined over perfect fields,
with special emphasis on the case of two points. Some hints about the usage of
some packages of the computer algebra software SINGULAR are also given; these
are however only valid for curves defined over IF;, with p a prime number.

Keywords Algebraic curve - Adjunction theory - Normalisation -
Weierstral} semigroup

1 Introduction

There are several classical problems in the theory of algebraic curves which are
interesting from a computational point of view. One of them is the computation of
the WeierstraR semigroup of a smooth projective algebraic curve ¥ defined over a
field F at a rational point P, together with a rational function f,, € F(}) regular
outside P and achieving a pole at P of order m, for each m in this semigroup. This
problem is solved with the aid of the adjunction theory for plane curves, profusely
developed by A. von Brill and M. Noether in the nineteenth century (see [3, 4, 27])
so that we assume the knowledge of a singular plane birrational model x for the
smooth curve ¥.

Let F be a perfect field. For a smooth projective algebraic curve X defined
over F and rational points Py, ..., P, on X, we consider the family of finitely
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dimensional vector subspaces of F()) given by the Riemann-Roch vector spaces
L(mP)=Lm P +myPy+---+m,P,), where m = (my,...,m,) € Z'. This
family gives rise to a Z"-multi-index filtration on the F-algebra A of the affine curve
X \{P1,..., P}, since one has A = .5 L(m P). This multi-index filtration is
related to Weierstrall semigroups (see Delgado [10]) and, in case of finite fields, to
the methodology for trying to improve the Goppa estimation of the minimal distance
of algebraic-geometrical codes (also called Goppa codes), see for instance Carvalho
and Torres [9]. A connection of that filtration with global geometrical-topological
aspects in a particular case was shown by Campillo et al. [6]. Moreover, Poincaré
series associated to these filtrations have been studied by the author in [25], and by
Moyano-Ferndndez et al. [26].

Thus, a natural question is to provide a computational method in order to estimate
the values of dimp L(mP) = ¢(mP) for m € Z". More precisely, it would be
convenient to estimate and compute values of type £((m + &) P) — £(m P) where
¢ € Z’ is a vector whose components are 0 or 1. This can be done by extending
the method developed by Campillo and Farran [8] in the case r = 1, based on the
knowledge of a plane model x for X (with singularities) and representing the global
regular differentials in terms of adjoint curves to .

This work is intended as an attempt to summarize the basic facts in the study of
the theory of Weierstrall semigroups which turned out to be relevant for the Goppa
codes; we will touch therefore only a few aspects of the theory rather than present a
comprehensive treatise on the topic. We neither claim novelty in most of the results,
which are worked out from Campillo and Farran [8], Campillo and Castellanos [5]
or Matthews [23], mainly.

The paper is organised as follows: Sect.2 is devoted to fix the algebraic-
geometrical prerequisites. Section 3 deals with the study of more specific questions
concerning to our purpose, namely the adjunction theory of curves, with the
remarkable Brill-Noether Theorem. In Sect. 4 we define the Weierstrall semigroup
at several points and describe two methods to compute values of the form £((m +
g)P) — £(mP). The last section is devoted to show and explain some procedures
implemented in SINGULAR [13] which are based on Sect. 4.

Notice the practical relevance of these ideas in view of the algebraic-geometric
coding theory: the Weierstrall semigroup plays an important role in the decoding
procedure of Feng and Rao, see e.g. Campillo and Farran [7], or Hgholdt et al. [17].
Weierstrall semigroups are also helpful in quantum coding theory, see for instance
Hernando Carrillo et al. [16]. For a recent account of the theory and the bibliography
we refer the reader to Martinez-Moro et al. [21, 22].

2 Terminology and Notation

Let F be a perfect field, and let F be a fixed algebraic closure of F. Let x be an
absolutely irreducible projective algebraic curve defined over F. We distinguish
three types of points on x, namely the geometric points, i.e. those with coordinates
on [F; the rational points, i.e. those with coordinates on [; and the closed points,
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which are residue classes of geometric points under the action of the Galois group
of the field extension /I, namely

={o(p) : 0 € Gal(F/I)},

where p is a geometric point. Notice that closed points correspond one to one to
points on the curve x viewed as an F-scheme which are closed for the Zariski
topology. Every closed point has an associated residue field [/ which is a finite
extension of F. The degree of a closed point P is defined as the cardinal of its
conjugation class, which equals the degree of the extension F’/F. In particular, P is
rational if and only if deg P = 1.

2.1 Branches and Parametrizations

In this subsection we follow [8]. Let x be an absolutely irreducible algebraic plane
curve defined over I, and consider a closed point P on yx, as well as the local
ring O := Oy, p at P with maximal ideal m; write O for the semilocal ring of the
normalisation of x at P, and let O be the completion of O with respect to the m-adic
topology. Each maximal ideal of O (or, equivalently, every minimal prime ideal p of
O) is said to be a branch of x at P.

Let us now choose an affine chart containing P so that the curve x has an
equation f(X,Y) = 0, and set A := F[X, Y]/(f (X, Y)) for the affine coordinate
ring; observe that O = A p, therefore

F CF[X,Y]/(f(X,Y))=AC Ap =O.

Since F is perfect we can apply Hensel’s lemma to find a finite field extension K /F
such that K C Ap =0Oisa coefficient field for O. Moreover, K is the integral
closure of F in O. Since O C 0= 0, we deduce that

K CO/p CO/p = On.

hence we can apply Hensel’s lemma again to obtain a finite extension K '/ K which

is a coefficient field for the local ring O, Without loss of generality we can consider
P as the ideal (X, Y) in K[ X, Y] so that O = K[ X, Y]/(f(X, Y)). This implies
the existence of natural morphisms

KIX,Y1/(f(X,¥)) 20 — O/p — K'[1] = On
for any local uniformizing parameter € m \ m?. Notice that K can be consid-

ered isomorphic to the residue field at P. With these preliminaries as in [8], a
parametrization of the curve x at the point P related to the coordinates X, Y is a
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K -algebra morphism p : K[X, Y] —> K'[¢] which is continuous for the (X, Y)-
adic and 7-adic topologies and satisfies that Im(p) € K’ and p(f) = 0. This is
indeed equivalent to give formal power series x (1), y(r) € K'[¢] with x(¢) # 0 or
y(t) # 0 such that f(x(z), y(#)) =0.

Letp : K[X,Y] — K'[t]ando : K[X, Y] — K”[¢] be two parametrizations
of the same rational branch. The parametrization o is said to be derivated from p if
there is a formal power series t(«) € K”[[u]] with positive order and a continuous
K -algebra morphism « : K'[t] — K"[u] with a(t) = t(u) such thatoc = « o p.
We write o > p. The relation > is a partial preorder. Two parametrizations o and
p are called equivalent if o > p and p > o. Those parametrizations being minimal
with respect to > up to equivalence are called primitive. Equivalent primitive
parametrizations are called rational. They always exist and are invariant under the
action of the Galois group of the extension K /K. Rational parametrizations are in
one to one correspondence with rational branches of the curve (cf. Campillo and
Castellanos [5]).

2.2 Divisors on Smooth Curves

Let us assume x to be non-singular (or, equivalently, smooth, since I is perfect) for
the remainder of the section. Let () be the field of rational functions of x. Let P
be a closed point on x. The local ring Oy, p of x at P with maximal ideal m, p is
therefore a discrete valuation ring with associated discrete valuation vp. An element
f € Oy, p is said to vanish at P (or to have a zero at P) if f € m, p. A rational
function f such that f ¢ O, p is said to have a pole at P. The order of the pole of
f at P is given by |vp(f)].

A rational divisor D over F is a finite linear combination of closed points P € x
with integer coefficients n p, thatis, D = Y phpP.If np > 0forall P, then D is
called effective, and we write D > 0; for two divisors D, D’ we write D > D’ if the
divisor D — D’ is effective. We define the degree of D as deg D := )", np deg P,
and the support of D as the set supp(D) = {P € x closed | np # 0}. The set
of rational divisors on IF form an abelian group. Rational functions define principal
divisors, namely divisors of the form

(f) =Y ordp(f)P.
P

A rational divisor D = )_ np P defines a F-vector space

L) = {f €FG* 1 () = -D} U o).

that is, the set of rational functions f with poles only at the points P withnp > 0
(and, furthermore, with the pole order of f at P must be less or equal than np), and
if np < 0 such functions must have a zero at P of order greater or equal than np.
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The dimension €(D) := dimy £L(D) is finite. Two elements f, g € L(D) satisfy
(f)+ D =(g)+ Difandonly if f = Ag, A € F, i.e., if and only if f = Ag for
a constant & € FF. Therefore the set | D| of effective divisors equivalent to D can be
identified with the projective space IPy(p) of dimension £(D) — 1. The set | D] is
called a complete linear system of D.

Let Qr(F(x)) be the module of differentials on F(x). A differential form w €
Qr(F(x)) defines a divisor (w) := Y p ordp(w) P, which is called canonical. A
rational divisor D defines again a F-vector space

Q(D) = {ow € Qr(F(x))" | (0) = D} U {0}

of finite dimension, denoted by i (D). The interplay of the dimensions £(D) and
i(D) is a big milestone in the theory of algebraic curves; first notice that the
dimension £(D) is bounded in the following sense:

Proposition 1 (Riemann’s Inequality) There exists a nonnegative integer g such
that £(D) > deg D 4 1 — g for any rational divisor D on .

Definition 1 The smallest integer g satisfying the Riemann’s inequality is called
the genus of x.

Riemann’s inequality tells us that if D is a large divisor, £(D) is also large. But
we can be a bit more precise by considering i (D):

Theorem 1 (Riemann-Roch) For D a rational divisor, £(D) — i(D) = deg D +
1—g

3 Brill-Noether Theory for Curves

This section contains a summary of the classic theory of adjunction for curves,
started by Riemann [28] and developed by Brill and Noether in the nineteenth
century [4].

Let P be a closed point on a plane curve x as in the previous section. Let Cp be
the annihilator of the O-module O/0, i.e.

This set is the largest ideal in O which is also an ideal in O, and is called the
conductor ideal of the extension O/O. Since O is a semilocal Dedekind domain
with maximal ideals mg,, ..., mg, (where Q; denote the rational branches of x at
P), the conductor ideal has a unique factorisation

d
dg,
Cp = 1_[ int
i=1
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as ideal in O. The exponents dg, can be easily computed by means of the Dedekind
formula (see Zariski [30]): if (x;(#;), y;(#;)) is a rational parametrisation of Q; one
has

Jr(X(tg,), Y(¢Q,~))> — ord, <fx(X(tQ,~), Y(¢Q,~))> 0
= ordy, )

do;, = ord
Qi 10; < X/(tQi) Y/(tQi)

Let n : ¥ — x be the normalisation morphism of y. Notice that x is a
nonsingular curve with F(¥) = F(x). Let be O = O, p and let O be the
normalisation of O. If Q € n~!({P}), then Q is nonsingular, hence Cp - O = mdQQ
for a nonnegative integer dp. We define the effective divisor

A=> > do-Q

P Qen~!({P})

which is called the adjunction divisor of x. Notice that A is a well-defined divisor
on ¥ (in fact, if P is nonsingular, there is only one Q € n~'({P}) and in this case
dgp = 0). This implies in particular that the support of A consists of all rational
branches of x at singular points. Moreover, by setting np := dimp O/Cp we have

np = Z dQ

Qen~1({P})

for every P on x. Therefore deg A = ) p. y 1P (cf. Arbarello et al. [1, Appendix
Al; also Tsfasman and Vladug [29, 2.5.2]).

Recall that ¥ is a perfect field. Let F := F(Xo, X1, X2) be a homogeneous
(absolutely irreducible) polynomial of degree d over [F which defines the projective
plane curve x. Let F4 be the set of all homogeneous polynomials in three variables
of degree d. Leti : x — IP’% be the embedding of x into the projective plane and
N:x— Pﬂ% be the natural morphism given by N = i o n. A rational divisor D
on ]P}zF such that x is not contained in supp(D) is called an adjoint divisor of x if
the pull-back divisor N* D satisfies supp(A) < supp(N* D) for A the adjunction
divisor of x. We may consider the analogous notion for homogeneous polynomials.
For H € ¥4 with F { H we consider the pull-back N* H, which is actually the
intersection divisor on ¥ cut out by the plane curve defined by H on ]P’%F, namely

N‘H=> rg-0, 2

Qex

with rg = ordg (h), with i € O, () alocal equation of the curve defined by H at
the point n(Q). If H satisfies additionally that N*D > A, then it will be called an
adjoint form on x, and the curve defined by H will be called an adjoint curve to x.
Notice that adjoint curves there always exist (consider e.g. the polars of the curve,
cf. Brieskorn and Knorrer [2, p. 599]).
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Let d := degy. The differentials globally defined at x are in one to one
correspondence with adjoint curves on X of degree d — 3, as stated in the following:

Theorem 2 Let A, be the set of adjoints of degree n of the curve y embedded in
IP’H%, let K5 be a canonical divisor on X and set d := deg x. Forn = d — 3 there is
an F-isomorphism of complete linear systems

ﬂn — |K)?|
D — N*D — A.

The key idea is to realise that the map is injective since n = d — 3 < d; see
Gorenstein [12, p. 433] or [29, 2.2.1] for further details.

In practice, we know a priori the equation of the plane curve x (defined over a
perfect field ) given by the form F € ¥, and the data of a certain divisor R =
> o o - Q' (for finitely many points Q' on ¥) which is effective and rational over
F, involving a finite number of rational branches Q of x and their corresponding
coefficients. Moreover, we are able to compute the adjunction divisor

A=Y dp-Q
0

of x. Our purpose is the interpretation of the condition of being an adjoint form—
called adjoint condition—given by (2) in terms of equations. More generally, we are
interesting in finding some adjoint form H € F[ Xy, X1, X»] satisfying

N*H > A+ R. 3)

This procedure is known as computing adjoint forms with base conditions (see [8],
§4). Let us sketch briefly this process:

1. Choose a positive integer 77 € N in such a way that there exists an adjoint of
degree 7 not being a multiple of F and satisfying (3). A bound for 7' can be
found in Haché [14].

2. Take a general, arbitrary form H € ¥ i.e., take a homogeneous polynomial
in three variables of degree 7 leaving its coefficients as indeterminates (that is,
H(Xo, X1, X2) = Y j g ik Xo X X5).

3. Compute a rational primitive parametrization (X 0),Y (t)) of x at every branch
involved in the support of the adjunction divisor A and the divisor R.

4. Get the support of the adjunction divisor A from the conductor ideal via the
Dedekind formula (1).

5. Consider the coefficient rg of the divisor R at Q, and thus the local condition at
QO imposed on H by (3) is given by

ord k(X (1), Y (1)) > dg + rg. (4)
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with & the local affine equation of H at Q. The inequality (4) expresses a linear
condition (given by a linear inequation) on the coefficients A; j x of A.

6. The required linear equations are a consequence of the vanishing of those terms,
and when Q takes all the possible values, i.e., all the possible branches of the
singular points on x and of the support of R, we get the linear equations globally
imposed by the condition (3).

An easy reasoning reveals that the number of such adjoint conditions is equal to

1 1
2deg.?[—i—degR:2Z:np—i—dengZ:SP—i—degR. 5)
Pey Pey

Example I Let x be the projective plane curve over the finite field F» given
by the equation F(X,Y, Z) = X? — Y2Z. The only singular point of x is
P; =10:0: 1]. Consider the point P, = [0 : 1 : 0] and the effective divisor
R = 0P; + P>. The adjunction divisor of x is A = 2Pj. A local equation
of x with Py = (0,0)is f(x,y) = x> — y2. A parametrization of x at Pj is
given by

Xim) =17, i) =1.

Take a form H € F4_3=1, say H(X, Y, Z) = aX + bY + cZ. First we want
to express the adjoint conditions in terms of the coefficients

N'H > A+ R=2P + P».
To this end we consider first a local equation for H at Pj, namely
h(x,y)=H(x,y,1)=ax + by +c.
Then h(X1(11), Y1(t1)) = h(t%, 3) = attl2 + btf’ + c. Since 2 is the coefficient
for P; and (X1(#1), Y1(#1)) is a parametrization at Pp, the inequality wish to
have

ordy, (h(X1(11), Y1(11))) = ordy, (b5} + at? 4+ ¢) > 2

(continued)
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Example 1 (continued)
holds if and only if ¢ = 0. Thus ¢ = 0 is one of the required linear adjoint
conditions.

Next we consider a local equation for x at P,; this is f/(x,z) =
F(x,1,2) = x3 — z, which admits a parametrization

Xo() =1, Za(n) = t23-
Consider the local equation for H at P,
Wx,z)=H(x,1,2) =ax +b+cz.

The adjoint conditions imposed by N*H > A+ R = 2P| + P, at P, come
from considering 7' (X2(t2), Z2(t2)) = h'(t2,13) = aty + b + ct3 and they
impose the conditions given by

ord,, (W' (X2(12), Z2(12))) = ordy, (ct3 + atr + b) > 1.

This inequality holds whenever b = 0. Hence b = 0 is another linear equation
to be considered in the set of adjoint conditions contained in N*H > A + R.
We have thus obtained two adjoint conditions, as we expected in view of (5),
since édegﬂ—}—degR = é 241=2.

We finish this section with two remarkable results. Let x be an absolutely
irreducible projective plane curve over I and given by an equation F (Xg, X1, X2) =
0, where F' € ¥4. One application of the adjoint forms is the following result, due
to Max Noether (of course, he did not state it in this way; our version may be found
in Haché and Le Brigand [15], Theorem 4.2, and Le Brigand and Risler [20], §3.1):

Theorem 3 (Max Noether) Ler x resp. x' be curves as above given by homoge-
neous equations F(Xo, X1, X3) = 0 resp. G(Xo, X1, X2) = 0, and such that x’
does not contain x as a component. Then, if we consider another such a curve given
by H(Xo, X1, X2) = Owith N*H > A+ N*G (where A is the adjunction divisor
on x ), then there exist forms A, B with coefficients in F such that H = AF + BG.

Theorem 3 has great importance; in particular it allows us to prove the Brill-
Noether theorem, which provides a basis for the vector spaces £(D). The reader is
referred to [15, Theorem 4.4], for further details. A short remark about notation is
needed: For any non effective divisor D we will write D = Dy — D_ with Dy and
D_ effective divisors of disjoint support.

Theorem 4 (Brill-Noether) Let x be an adjoint curve as above with normalization
X and adjunction divisor A. Let D be a divisor on ¥ rational over T, and consider
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a form Hy € Fy defined over F, not divisible by F and satisfying N*Hy > A+ D.
Then

h

L(D) = {ho | He F, FY Hand N*H + D ZN*H()} U {0},

where h resp. hy denote the rational functions H resp. Hy restricted on x.

Remark I The choice 77 > max {d —1, d53 + deg(jz;rD 1 guarantees the existence

of the form Hy € F in Theorem 4 (see Haché and Le Brigand [15] for details).

4 The Weierstral Semigroup at Several Points

As above, let F be a perfect field of cardinality greater than or equal to r. Let x
be an absolutely irreducible projective algebraic plane curve defined over F. Let P
denote a set of r different points Py, ..., P, on x. Let ¥ be the normalization of .
Consider a divisormP :=m P, +---+m, P, form; € N, foralli =1,...,r. We
will write m = (my,...,m;),& =(0,...,0,1,0,...,0),and 1 = (1, ..., 1).

Our purpose is to compute the dimensions of the so-called Riemann-Roch
quotients,

L(mP)
F =r,
L((m —1)P)

0 < dimy

by choosing functionsin L(m P) = L(m| P1+- - -+m, P,) butnotin L((m—1)P) =
L((my —1)Py + --- + (m, — 1)P,), that is, achieving at the P; poles of order m;.
We are going to restrict ourselves to the case m; € N, foralli = 1,...,r. These
dimensions will be determined by the previous computations of the Riemann-Roch
quotients with respect to P;:

L(mP)
F =1,
L((m —&;)P)

0 < dimy

where ¢; denotes the vector in N” with 1 in the i-th position and O in the other ones.
This section deals with the following issues:

e How to compute dimp L((LWETS; P and an associated function belonging to this

quotient vector space when its dimension is 1.
* How to compute dimp L((m"i 1)P) (deducing bounds).

* How to compute the Weierstrasf} semigroup at two points.

All the statements and proofs of this section can be found in [9, §2].



On Multi-Index Filtrations Associated to Weierstrall Semigroups 241
Definition 2 For P € x we set

Tp = { — (ordp, (f), ..., ordp (f)) | f € F(x)* regularat x \ P}.

The set I'p is a subsemigroup of (N, +). Notice that, for m P = m1 P; + m3 Pa,
the fact that f € L(m P) is equivalent to the fulfilling of the inequalities

® {ordp1 (f) = —m

ordp, (f) = —m.

Definition 3 An element m € N” is called a non-gap of I'p if and only if m € I'p;
otherwise m is called a gap of I'p.

A very important characterization for the non-gaps is given by the following (see
[10], p. 629):

Lemma 1 Ifm € Z" then one has that
meTlp if and only if L(mP)=£4((m—¢e)P)+1Vi=1,...,r
Foreveryi =1,...,randm = (my,...,m,) € N, we set
Vi (m) ::{(nl,...,nr)el"p|ni=miandnj§ri1j‘v’j7éi}.

Then the two conditions proven to be equivalent in Lemma 1 are indeed also

equivalent to V;(m) # O foreveryi € {1,...,r}.

A gap m of I'p satisfying £(mP) = £((m — ¢;)P) foralli € {1,...,r} (or,
equivalently, such that V;(m) = @ foralli € {1, ..., r}) is called pure. It is easily
seen that, if m is a pure gap of I'p, then m; is a gap for I'p, foreveryi € {1,...,r}.

Furthermore, if 1 € I"p, then I' p contains no pure gaps. The converse does not hold,
as we will show in Example 5.
A fundamental result on Weierstrall semigroups is the following

Theorem 5 (WeierstraBl Gap Theorem) Let ¥ be a curve of genus g > 1. Let P
be a rational branch on Y. Then there are g gaps 1, . .., yg of I' p such that

l=y1<--- <y, <2¢-1

Under the above conditions we show:

Proposition 2 Letm = (my,...,m;) € N'. If m is a gap of T p, then there exists a
regular differential form w on X with (w) > m — g; and a zero at P; of order m; — 1
forsomei € {1,...,r}
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Proof Set p(m) := £(mP) — £((m — &;)P) and ¥ (m) :=i((m — &;) P) —i(mP);
notice that 0 < ¢(m), ¥ (m) < 1. By the Riemann-Roch theorem it is clear that

LmP)—imP)=m+my+---+m+1—g
L(m—¢e)P)—i(m—¢e)P)=m+my+---+m-—1+1—g.

By adding both equations we have that ¢(m) + ¥ (m) = 1 foreveryi = 1,...,r.

Q((m—Si)P)) -1
QmP) =

and so there exists a regular differential form @ on ¥ with (w) > m — & and
ordp,(w) = m; — 1 for some i € {1,...,r}.

If m is a gap of I'p, then ¢(m) = 0, hence (m) = 1, i.e. dimp (

Proposition 3 Let x be a plane curve of genus g, let P be a set of r closed points
onx andsetm = (my,...,m,) € N . Ifmisagap of U'p, thenmi+---+m, < 2g.

Proof Denote by D>, p a divisor with degree 2g and support P, and by D2, 1 p
a divisor with degree 2¢g — 1 and support P. If my + --- +m, > 2g — 1 then
mi + ---+ m, > 0 as a consequence of Riemann-Roch, and

L(Dygp) =28+1—g=g+1#g=2g—1+1—g=4~€(Dr—1,p),

which implies thatm € I'p. So,if m ¢ I'p, thenmy + --- +m, < 2g.

4.1 Dimension of the Riemann-Roch Quotients with Respect
to P; and Associated Functions

We start with the computation of the dimension of the Riemann-Roch quotients
associated to the points P;.

Proposition 4 Let m € N such that Y ;_, m; < 2g. For eachi € {1,...,r} we
have:

(a) dimp[QQ((m — &;)P) \ Q(mP)] = 1 if and only if there exists a homogeneous
polynomial Hy of degree d — 3 with N*Hy > A+ (m — ;) P such that P; is
not in the support of the effective divisor N*Hy — A — (m — ;) P.

(b) There exists m' > m with dimg[Q((m' — &;)P) \ Q(m'P)] = 1 if and only if
there exists a homogeneous polynomial Hy of degree d — 3 such that N*Hy >
A+ (m—¢i)P.

Proof

(a) fdimp[Q((m—e;) P)\Q(mP)] = 1, then this is equivalenttom ¢ I' p and also
to the existence of an index i with £(m P) = £((m —&;) P), or, in other words, to

the existence of an index i with i ((m —¢;) P) = i (m P)+ 1; that is, there exists a
homogeneous polynomial Hy of degree d —3 such that N*Hy > A+ (m —¢;) P.
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(b) If there is m’ > m with dimp[Q ((m’ — &;)P) \ Q(m’P)] = 1 then there exists
an adjoint Hy of degree d — 3 whose divisor is > (m’ — g;) P outside A, i.e.,

N*Hy—A> (m' —&)P > (m—g)P.

Conversely, if there is Hy of degree d — 3 with N*Hy > A + (m — &;) P then
there exists @ # 0 differential form such that (w) = N*Hy — A > (m — &;) P.
Assume that m’ —¢; are the orders of the zeros of w at P. Thus, m’ —g; > m—¢;,
what implies m’ > m and w € Q((m — &;)P) \ Q(mP).

The following corollary yields a way to relate the adjunction theory and the
computation of the Weierstral3 semigroup at several points:

Corollary 1 Letm € N" with Y ";_, m; < 2g. For a given form H of degree d — 3
andi € {1, ...,r} there exists a condition imposed by the inequality N*H > A +
m P at P; which is independent of the conditions imposed by N*H > A+ (m —g;) P
at P; if and only if

Q(m - &)P) _

dim]F
Q(mP)

The second step is the computation of the rational functions associated to the

nongaps of the Weierstrall semigroup at P. Note that, if dimp Q(gaiigp ) = 0, then
. L(nP . . . L(nP .
dimp L((WE";I,; py = 1 and so there is a rational function fin € L((ninfet; py With a

pole of order m; at P;; this function can be computed by application of the Brill-
Noether Theorem 4:

Algorithm 1 Preserving notation as above, we obtain a function f;, €
L(mP)

L(m—e1) P) with a pole of order m; at P; by following these steps:

1. Compute a homogeneous polynomial Hp not divisible by F of large
enough degree n in the sense of Remark 1 satisfying N*Hy > A+ mP.

2. Calculate R,,, which is the effective divisor such that N*Hy = A+mP +
Ry, Obviously Ry—¢; = Ry + P;.

3. Find a form H,, of degree n not divisible by F such that N*H,, > R, but
not satisfying N*H,, > Ryy—¢;, = Ry + Pi.

4. Output: f;,n = Z’(’)‘, where h,, resp. hy is the restricted form on y for H,
resp. for Hp.
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Example 2 Let x be the curve given by the equation F(X, Y, Z) = X3Z +
X*+Y3Z+YZ3 and consider the points Py =[0:1:1]Jand P, =[0:1:0]
and m = (1, 2). We want to compute dimp L((Lm(T:)) py and dimp L(LnfT:;)) pe
A local parametrization of F at P; is given by

X1(t) =1
Yi(n1) =l13+tf+t19+t110+t111 _|_t112_|_..,

with local equation fi(x, y) = y?>+ y3 4+ x3 +x*. Analogously at P, we have

Xa() =1
) =t5+8 + 80+ 12+ 13 + 110+ ...

with local equation f»(x,z) = z + 2> + x3z + x*.

We compute the adjunction divisor, which is A = 2 P;. Then we search for
a form H of degreed — 3 = 4 — 3 = 1, that is, a linear form H(X, Y, Z) =
aX+bY +cZ. The form H admits the equation ~1(x,y) = H(X,Y—1,1) =
ax + by + b + c at Pj, and H admits the equation hy(x,z) = H(X, 1, Z) =
ax + b + cz at Py; thus

(X1(t), Yi(t) = aty +b(t5 +1f +1] +-- ) +b+c

= (b+c)+at) +bt; + bt} +bt] +- -
ha(Xa2(12), Zo(12)) = b +aty + ¢ty +ct] +ct3° + - -

L(mP)

In order to compute dimp L(m—e))P)

at P, namely

we impose the adjunction conditions

N*H > A+ (m; —1)Py =2P; and N*H > A+ m P, =3P,
ie.

{Ordzl(m(Xl(tl), Yi(t)) =22=b+c=a=0
ordy (h1(X1(t1), Y1(11))) 23 =b+c=a=0

We see that the second equation does not add any independent condition to

the first one; by Corollary 1, this means that dimy L((Lm(T:: )) p =1L

(continued)
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Example 2 (continued)
We repeat this process in order to compute dimp L((‘;(Tg) Py but imposing
the adjunction conditions at P», which are

N*H > (my —1)P, = P, and N*H > myP, = 2P,
that is,

{Ordtz(hZ(XZ(IZ)a Z2(12)) =2 1=b=0
ordy, (h2(X2(f2), Z2(12))) 22 = a =0 =b.

Notice that, in this case, the adjunction divisor does not appear in the
inequalities since P> does not belong to its support. The second system adds

one independent condition to the first one, which means dimg L((Lm(rf:;)) P = 0

again by Corollary 1. O

Example 3 Consider Example 2 but withm = (4,6). Asm;+my =4+6 =
LimP)  _ 1
(m—ei)P) —

fori =1, 2. So we will look for the corresponding functions f; , with poles

at P; of order m; fori =1, 2.

First of all, we need to find an 77 € N such that 7 > max [3, ﬁ + 142} =

10 > 2g, we deduce immediately that m € I'p, i.e., that dimp £

max {3, 144 } Consider for instance 7 = 5.

Then we look for a form Hy of degree 7 = 5 such that N*Hy > A + m P.
In this case N*Hy > 4Py + 6P, +2P;3, since A =2P;, with P =[0:0: 1].
After some computations we find Hy = X*Z.

In order to compute N* Hy, we have to calculate N*(X), N*(Y) and N*(Z).
The intersection points between {F = 0} and {X = O}are P =[0:1: 1],
P, =[0:1:0]and P; = [0: 0 : 1] with multiplicities 1, 1 and 2 respectively.
So N*(X) = P; + P, + 2Ps. The intersection points between {F = 0} and
(Y =0}are 5 =[0:0:1]and P4 =[1:0: 1] so that N*(Y) = 3P3 + Py;
and the only point lying in the intersection between {F = 0} and {Z = 0} is
P, = [0 : 1 : 0] with multiplicity 4, therefore N*(Z) = 4 P;.

Hence N*Hy = 4N*(X) +N*(Z) = 4P; + 8P, + 8 P;. The residue divisor
Ry, is equal to N*Hy — A — mP = 2P, + 6P3. Following Algorithm 1, we
have to find a form H,, such that N*H,, > R,, but N*H,, # R,, + P;. For

(continued)
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Example 3 (continued)
instance we take H;, = Y2273, since

N*H;, = 12P, +6P3 +2P4 > 2P, + 6P3
N*I‘IS1 ?é Py +2P, + 6P;.

_Y?z3 _ v*7? L(mP)
S0 fim =yiz = "x& € Lm-eP)-
On the other hand, we want to find a form H,, such that N*H,, > R, but

N*Hg, # Ry + P2. We can take Hg, = X?Y?, since

N*H,, =2P, +2P, +13P3 + 3P4 > 2P, + 63
N*H,, # 3P, + 6P.

_oX%y3 _ y3 L(mP)
Thus fom = “yay = x27 € L(im—e)P)" O

Algorithm 2 There is an alternative and more efficient way to compute the
functions f; ,;:

1. Take a basis of L(mP), say {h1, ..., hs}.

2. Compute the pole orders at P;, {—ordp, (h1), ..., —ordp, (hy)}.

3. Order these pole orders increasing, in such a way that —ordp, (hs) = m;.
We can assume this, as otherwise, if —ordp, (hs) = k; > m; we canreplace
m; by k;, since Lm Py +---+m;iPi+---+mP)=L(im P+ -+
kiPi+---+m.P).

4. The function A4 has pole order m; at P;, but other functions could also have
the same property. So, for any & ; satisfying —ordp, (h;) = m;, there exists
Aj #0inF such that hj = A jhy, thatis, —ordp, (hj — Ajhg)<m; . So we
change hj by g; :==h; — Ajhs, and g := hy fork # j.

5. We obtain a set of functions {gi,...,gs} where g = fi,, and
g1, ..., 8gs—1 build a basis of the vector space L((m — &;) P).

Example 4 We present a worked example in SINGULAR for computing
functions as above. First we import the library brnoeth.1ib [11] and
another virtual one—say several.lib—in which we have programmed

(continued)
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Example 4 (continued)
the procedure ordRF that computes the pole orders of a rational function:

LIB "brnoeth.lib";

LIB "several.lib";

int plevel=printlevel;
printlevel=-1;

vV V. V V

We define both the ring and the curve:

> ring s=2, (x,y),1p;
> list C=Adj div (x3y+y3+x);
==>The genus of the curve is 3

The list of computed places is

> C=NSplaces(1,C);
> C[3];

-->[1]:

--> 1,1

-->[2]:

--> 1,2

-->[3]:

--> 1,3

The base point of the first place of degree 1 is, in homogeneous coordinates:

> def SS=C[5] [1] [1];
> setring SS;
> POINTS[1];

-->[1]:

> setring s;
We define the divisor G=4C[3] [1]1+4C[3] [3]:

> intvec G=4,0,4;

(Alternatively we can program an auxiliary procedure zeroes which has
as output the coefficients of those points in the support of G). We need to
change to the suitable ring; then, basis LG of L(m P) is supplied by the Brill-
Noether algorithm:

> def R=C[1] [2];
> setring R;
> list LG=BrillNoether (G,C) ;
-->Vector basis successfully computed
> int 1G=size (LG) ;

(continued)
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Example 4 (continued)
The pole orders for the rational functions in LG are
> int j;
> intvec h;
> for (j=1;3j<=1G;j=j+1){
. h[j]l=ordRF(LG[j],SS,1) [1]; . }
> h;
-->0,-1,2,-2,-3,-4

And the desired rational function is

> LG[1G];
--> [1]=xyz2+y4
--> [2]=x4
> printlevel=plevel;

4.2 Computing the Weierstrafp Semigroup at Two Points

In the above notation, let I"p resp. I' p; be the Weierstraf3 semigroup at P resp. at the
point P; fori = 1,...,r. Write N* := N\ {0} and m; := m — m;¢;.

Proposition5 Form e N',i e {l,...,r}andm; € N"\ I'p, let be
m = min’n e N*|m; +ne; € Fp],

then any vectorn = (ny,...,n;) € N belongs to N" \ I" p whenever n; = m, and
nj=mj=0o0rn; <mjfor j #i.Inparticular, m is a gap at P;.

Define the usual partial order < over N, i.e.
my,...,my) X (ny,...,n;) < m; <n;forali=1,...,r

Proposition 6 Fori € {1,...,r}, letm = (my, ..., m,) be a minimal element in

{(nl,---,nr) elp|n; =mi}
with respect to the partial order <. Assume that n; > 0 and the existence of an index
Je{l,....r}, j#iwithmj > 0, then

e m; e N'\Tp;
* m; =min{n € N* | m; + ne; € I'p}; in particular, m; is a gap at P;.
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Propositions 5 and 6 determine a surjective map

(p;:{mieN’|mieN’\Fp]—> N\ Tp

m; > min{meN*|mi~|—m8;eI‘p}.

For r = 2 this is in fact a bijection between the set of gaps at P; and the set of

gaps at P»:

mi € N\Tp < (m1,0) € N2\ Tp > B, 1= 02((m1,0)) € N\T'p,.

Furthermore, m| = min in eN*| (n,Bm,) elp } For further details the reader is
referred to Homma and Kim [18] and Kim [19], and also to Matthews [24].

For the case of two points (r = 2), we would like to point out some useful facts

from a computational point of view:

All the gaps at P; and at P, are also gaps at Py, P>.

By Corollary 6, for any gap m at Py, one has that (my, 8,,,) are gaps at P, P»
for B, =0,1,..., 4y, with0 < £,,, < 2g — 1, with g the genus of the curve
and ¢,,, such that ¢,,, 4+ 1is a gap at P». Then (m1, £,;,, + 1) € I'p, and we call
it the minimal (non-gap) at m1. We will refer to the set of the minimal non-gaps
at every gap at P; (they will be g, since the number of gaps at Pj is precisely g)
as the set of minimal non-gaps at Pj.

The gaps obtained of that form, i.e., the set

{(ml,ﬁml) eN!\Tp [ my € N\Tp, and B, =0, 1,...., £y with £, +1 EN\FPZ}

will be called the set of gaps with respect to Pj.

Similarly, for any gap m> at P», one has that (a,,, m2) are gaps at Py, P, for
am, = 0,1,...,4y,, until some 0 < £,,, < 2g — 1 such that £,,, satisfies that
£m, +1isagapat Pi. Then ({,y, + 1, m2) € I'p, which we will call the minimal
(non-gap) at my. The set of the minimal non-gaps for every gap at P, will be
called the set of minimal non-gaps at P,. The cardinality of such a set is g, since
g is the number of gaps at P».

The set of gaps

[(am2,m2) eNA\Tp [ my € N\Tp, and ctm, =0, 1, ..., £y With £y +1 € N\rpl]

is called the set of gaps with respect to P>.

The intersection between the set of gaps with respect to P; and with respect to
P> is not necessarily empty. In fact, the gaps in the intersection are just the pure
gaps at Py, P».

The minimal non-gaps at P; and P, provide enough information in order to

deduce the Weiestrall semigroup at Py, P». Recall that we have already described
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algorithms to compute the dimension (and associated functions, when is possible)

of the Riemann-Roch quotients L((Lngn_i:; P) for given m, and i € {l,2} and two

rational points P;, P, on an absolutely irreducible projective algebraic plane curve
X (see Algorithms 1 and 2). An procedure to compute the set of minimal non-gaps
at P;, fori = 1,2 is given by the following:

Algorithm 3 Write dim(m, P, C, i) for the procedure calculating the dimen-
L(mP)

sion of the quotient vector space L(m—e;)P)"
INPUT : Points P;, P,, an integer i € {1, 2} and a curve x.
OUTPUT : The set of minimal non-gaps at P;.

* Let L be a empty list and g be the genus of x;

* Let Wi and W be the lists of gaps of x at P; and P,, respectively;
* FORk=1,...,gk=k+1;

— IFi=1THEN

j=size of Wp;
WHILE (dim((W1 [k], WaljD), P, x, i) =1 AND dim((W;[k], W2[j]—

1>,P,x,i>=1)0Rj=o)Do
J=Jj-1h

L =LU{(Wilk], W2[jD};
Wo = Wa\ {j};

— ELSE

j=size of Wy;
WHILE (dim((Wi[j], WalkD, P, x.i) = 1 AND dim((Wi[j] -

1, Wa[k]), P, x,i) = 1) OR j = o) DO

L =L U{(Wi[j], Wa[kD};
Wi =Wi\{j}

e RETURN(L);
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Example 5 Let yx be the curve over I given by F(X, Y, Z) = X3Z + X4 +
Y3Z + Y Z3, and consider the points Pt =[0:1:1Jand P, =[0:1:0]on
X ; then

N2\ Tp = {(0, 1), (0.2), (1,0). (1.2). 2.0). @ D).

as shown in the figure below (where the black points indicate the elements of
" p, and the white points indicate the gaps at Py, P»).

P,

4

o 1 2 3 4 B

As an illustration of Corollary 6, letbei = 1, m = (m1,m2) = (2,2) €
T'p and the set {(nl,nz) eTp | n = ml} - {(2,n) forn > 2}. The
smallest element in this set is (2, 2), and

\

m; =m—mie; = (2,2) —2(1,0) = (0,2)

is a gap at Py, P>. Therefore min{n e N*| (n,2) € Fp} =2 = my, and
m1 = 2 is actually a gap at Pj.

In this example we can also see the bijection between the gaps at P; and
the gaps at P>: if we take n1 = 1 as a gap at Py, then (1, 0) is a gap at Py, P»
and

0 ((1,0)) = min[n e N* | (1,0)4(0, n) € Fp] - min[n eN*| (1,n) e Fp] —1,

with 1 ¢ T'p,. Moreover, n; = 1 = min {n e N* | (n, 2((1,0))) € Fp].

Consider on the other hand p; = 2 as a gap at Py, then ¢2((2,0)) = 2,
which is a gap at P». Indeed p; = 2 = min !n e N* | (n, 92((2,0)) € Fp}.
The gaps at P, behave analogously.
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5 Computational Aspects Using SINGULAR

We are interested in explaining the most important procedures implemented in
SINGULAR and to give examples to show how to work with them.

More precisely, in Sect.5.1 we give some hints of use of the library
brnoeth.1lib, since our procedures are based on most of the algorithms
contained in it. In Sect.5.2 we present the procedures which generalize the
computation of the Weierstral3 semigroup to the case of two points; they yield
the computation of

— dimp L(ﬁTS;P) and a function f;, ; € L(mP) \ L((m — &;) P) if possible;
— the set of minimal non-gaps at a point P;, fori € {1, 2}.

5.1 Hints of Usage of brnoeth.lib

The purpose of the library brnoeth. 1ib of SINGULAR, due to Farrdn and Lossen
[11], is the implementation of the Brill-Noether algorithm for solving the Riemann-
Roch problem and some applications in Algebraic Geometry codes, involving the
computation of Weierstrall semigroups for one point.

A first warning: brnoeth. 1ib accepts only prime base fields (i.e. finite fields
of the form I, for p prime) and absolutely irreducible planes curves as inputs,
although the latter is not checked.

Curves are usually defined by means of polynomials in two variables, that is,
by its local equation. It is possible to compute most of the data concerning the
curve with the aid of the procedure Adj div. We define the procedure (previously
we must have defined the ring, the polynomial f and have charged the library
brnoeth.1lib):

> list C=Adj div(f);
The output consists of a list of lists as follows:

* The first list contains the affine and the local ring.

* The second list has the degree and the genus of the curve.

* Each entry of the third list corresponds to one closed place,that is, a place and all
its conjugates, which is represented by two integer, the first one the degree of the
point and the second one indexing the conjugate point.

* The fourth one has the conductor of the curve.

» The fifth list consists of a list of lists, the first one, namely C [5] [d] [1] being
a (local) ring over an extension of degree d and the second one (C [5] [d] [2])
containing the degrees of base points of places of degree d.
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Furthermore, inside the local ring C[5] [d] [1] we can find the following
lists:

e list POINTS: base points of the places of degree d.

* list LOC_EQS: local equations of the curve at the base points.

e list BRANCHES: Hamburger-Noether expressions of the places.

e list PARAMETRIZATIONS: local parametrizations of the places.

Now we explain how we can deal with the most common objects in
brnoeth.1lib. Affine points P are represented by a standard basis of a prime
ideal, and a vector of integers containing the position of the places above P in
the list supplied by C [3]; if the point lies at the infinity, the ideal is replaced by
an homogeneous irreducible polynomial in two variables. A place is represented
by the four lists mentioned above: a base point (List POINTS of homogeneous
coordinates); a local equation (1ist LOC_EQS) for the curve at the base point; a
Hamburger-Noether expansion of the corresponding branch (1ist BRANCHES);
and a local parametrization (1ist PARAMETRIZATIONS) of that branch. A
divisor is represented by a vector of integers, where the integer at the position i is
the coefficient of the i-th place in the divisor. Rational functions are represented
by ideals with two homogeneous generators, the first one being the numerator of
the rational function, and the second one being the denominator.

Furthermore, we can compute a complete list containing all the non-singular
affine (closed) places with fixed degree d just by invoking the procedure NSplaces
in this way:

> C=NSplaces(1l..d,C);

The procedure Weierstrass, which computes the non-gaps of the Weier-
stral} semigroup at one point and the associated functions with poles, is closer to
our aim. It has three inputs, namely

* an integer indicating the rational place in which we compute the semigroup;

* an integer indicating how many non-gaps we want to calculate;

* the curve given in form of a list C=Adj div (f) for some polynomial f
representing the local equation of the curve at the point given in the first entry.

This procedure needs to be called from the ring C [1] [2]. Moreover, the places
must be necessarily rational.

5.2 Procedures Generalizing to Several Points

We present now a main procedure to compute the dimension of the so-called
Riemann-Roch vector spaces of the form L(m P) \ L((m — &;) P). If this dimension
equals 1, then the procedure is also able to compute a rational function belonging to
the space.
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The technique developed here is not the use of the adjunction theory directly, as
we have developed theoretically in Sect.4.1 (cf. Algorithm 1), because of its high
computational cost, but we use a slight modification of Algorithm 2: we order the
poles in a vector from the biggest one to the smallest one (in absolute value) and
then we take the first entry in this vector.

proc RRquot (intvec m, list P, list CURVE, int chart)

"USAGE:RRquot ( m, P, CURVE, ch ); m,P intvecs, CURVE a list and
ch an integer. RETURN: an integer 0 (dimension of
L(m)\L(m-e 1)), or a list with three entries:

@format

RRquot [1] ideal (the associated rational function)
RRquot [2] integer (the order of the rational function)
RRquot [3] integer (dimension of L(m)\L(m-e 1))

@end format

NOTE: The procedure must be called from the ring CURVE[1] [2],
where CURVE is the output of the procedure
@code{NSplaces}.

@* P represents the coordinates of the place CURVE[3] [P].

@x Rational functions are represented by

numerator/denominator
in form of ideals with two homogeneous generators.
WARNING: The place must be rational, i.e., necessarily
CURVE [3] [P] [1]=1. @% SEE ALSO: Adj div, NSplaces, BrillNoether
EXAMPLE: example RRquot; shows an example " {
// computes a basis for the quotient of Riemann-Roch
// vector spaces L(m)\L(m-e 1)

// where m=m_1 P 1 + ... + m r P r and

// m-e i=m 1P 1+...+(m _i-1)P_i+...+m r P r,

// a basis for the vector space L(m-e_i) and the orders of such
// functions, via Brill-Noether

// returns 2 lists : the first consists of all the pole orders
// in increasing order and the second consists of the

// corresponding rational functions, where the last one is

// the basis for the quotient vector space

// P_1,...,P_r must be RATIONAL points on the curve.

def BS=basering;

def SS=CURVE[5] [1] [1];

intvec posinP;

int 1i,dimen;

setring SS;

//identify the points P in the list CURVE[3]
int nPOINTS=gize (POINTS) ;
for(i=1;i<=size(m);i=1i+1)

{
}

//in case the point P is not in the list CURVE[3]
if (posinP==0)

posinP[i]l=1isPinlist (P[i], POINTS) ;

ERROR ("The given place is not a rational place on the curve");

}
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setring BS;

//define the divisor containing m in the right way
intvec D=zeroes (m,posinP,nPOINTS) ;

list Places=CURVE[3];

intvec pl=Places[posinP[chart]];

int dp=pl[1];

int nP=pl[2];

//check that the points are rational

if (dP<>1)
{

ERROR ("The given place is not defined over the prime field");
}

int auxint=0;
ideal funcion;
funcion[1]=1;
funcion[2]=1;

// Brill-Noether algorithm
list LmP=BrillNoether (D, CURVE) ;
int 1lmP=size (LmP) ;
if (lmP==1)
{
dimen=0;
return (dimen) ;
1
list ordLmP=1list () ;
list sortpol=1list();
for (i=1;i<=1mP;i=i+1)

{
}

ordLmP=extsort (ordLmP) ;
if (D[posinP[chart]] <> -ordLmP([1] [1])

ordLmP [i] =orderRF (LmP[i],SS,nP) [1];

dimen=0;
return (dimen) ;
}
LmP=permute L (LmP,ordLmP[2]) ;
funcion=LmP[1] ;
dimen=1;
return (list (funcion,ordLmP[1] [1],dimen)) ;

Let us see an example:

int plevel=printlevel;
printlevel=-1;
ring s=2, (x,y),1lp;
poly f=y2+y3+x3+x4;
list C=Adj_div (f);
The genus of the curve is 2
C=NSplaces(1,C) ;
def pro R=CI[1] [2];
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setring pro R;
intvec m=4,6;
intvec P1=0,1,1;
intvec P2=0,1,0;
list P=P1,P2;
int chart=1;
RRquot (m, P, C, chart) ;
Vector basis successfully computed

-->[1]:
_[1]=x3+yz2
_[2]=xyz+x2z2

-->[2]:

-4

-->[3]:
1

printlevel=plevel;

This procedure needs also some auxiliar procedures, as we explain now before
concluding.

As RRquot reads off the point through its homogeneous coordinates we need
to localize that point in the list POINTS and make the correspondence between
such a point and its position in the list of points contained in the third output of the
procedure Adj div. This is done by mean of a routine named isPinlist. Its
inputs are the point P in homogeneous coordinates, that is, a vector of integers, and
the list L of points from Adj div. The output is an integer being zero if the point
is not in the list or a positive integer indicating the position of P in L. Look at the
following example:

ring r=0, (x,y),1ls;
intvec P=1,0,1;
list POINTS=1list(list(1,0,1),1list(1,0,0));
isPinlist (P, POINTS) ;
-->1

We need also a procedure for ordering a list of integers. This is partially solved by
the procedure sort from general.lib. But sort cannot order lists of negative
numbers, so we have to extend this algorithm, say to extsort, to do so. This
procedure needs to permute a vector of integers, what can be done by the procedure
perm L (this is actually implemented for lists of integers, see permute L in
brnoeth. 1ib, but not for vectors of integers). Here it is an example of usage:

ring r=0, (x,y),1ls;
list L=10,9,8,0,7,1,-2,4,-6,3,0;
extsort (L) ;
-->[1]:
-6,-2,0,0,1,3,4,7,8,9,10
-->[2]:
9,7,4,11,6,10,8,5,3,2,1

Finally, it is important to fix a comfortable way of reading off the data of the
divisor needed in the procedure Bril1lNoether. The routine zeroes takes two
vectors of integers m and pos, and an integer siz and it builds up a vector of size
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s1iz, with the values contained in m set in the places given by pos and zeroes in the
other places:

ring r=0, (x,y),1ls;
intvec m=4,6;
intvec pos=4,2;
zeroes (m, pos, 5) ;

-->0,6,0,4,0
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of Four-Generated Numerical e
Semigroup Rings

Anna Oneto and Grazia Tamone

Abstract In this article we study the Hilbert function Hgr of one-dimensional
semigroup rings R = k[[S]], with embedding dimension four over an infinite field
k.Let S =< e,ny,n3,nqs > and let M = § \ {0}. Consider the Apéry set of
S with respect to the multiplicity e and its subsets Ay, = {s € Apéry(S)|s €
hM \ (h + 1)M}, h > 2. Further let D> C {n3, n4} be the set of generators with
torsion order 1. We prove that Hg is non-decreasing at level < 3 and that Hg is non
decreasing in each of the following cases: if A has cardinality < 4, if A3 has
cardinality < 3, if A4 = 0, if D has cardinality 2, if S has multiplicity < 13.
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1 Introduction

The behaviour of the Hilbert function Hr of a local noetherian ring (R, m, k)
has been studied by many authors in the last 40 years. Hg is by definition the
Hilbert function of the associated graded ring G = @,>0 (m" /m"“): Hr(n) =
dimy (m"/m"“), n € N. When G is Cohen Macaulay the function Hg is non
decreasing but in general Hg can be decreasing, that is Hgr(n — 1) > Hg(n) for
some value of n even if the ring R is Cohen Macaulay or Gorenstein of dimension
one, see [9, 13-15, 17].

If (R, m, k) is a one-dimensional local Cohen-Macaulay ring with |k| = 00,
multiplicity e and embedding dimension v, it is known that

* Hpg is non decreasing if either v <3, or v <e <v+ 2,see[6,7, 18]

A. Oneto (<) - G. Tamone
DIMA, University of Genova, Genova, Italy
e-mail: oneto@dime.unige.it; tamone @dima.unige.it

© The Editor(s) (if applicable) and The Author(s), under exclusive 259
licence to Springer Nature Switzerland AG 2020

V. Barucci et al. (eds.), Numerical Semigroups, Springer INdAAM Series 40,
https://doi.org/10.1007/978-3-030-40822-0_15


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-40822-0_15&domain=pdf
mailto:oneto@dime.unige.it
mailto:tamone@dima.unige.it
https://doi.org/10.1007/978-3-030-40822-0_15

260 A. Oneto and G. Tamone

while there are various classes of rings with e > v+-3 which have Hg decreasing, see
[12-14]. In the particular case R = k[[S]], S € N numerical semigroup, we know
that the function Hp is non decreasing if S verifies one of the following conditions

e S is generated by an almost arithmetic sequence (moreover G is Cohen
Macaulay if the sequence is arithmetic) [11, 19]

e S is minimally generated by 4 elements and either belongs to particular classes
of symmetric semigroups or has Buchsbaum tangent cone [1, 3]

* S is minimally generated by 4 or 5 elements and e < 8 [4, Corollary 3.14]

e S has multiplicity e =v+3 <12 [13]

e Sis constructed by “gluing” particular semigroups [2, 10]

e Sis balanced [3, 16].

Given a semigroup ring R = k[[S]], S € N, it is convenient to consider two
families {C,, n € N}, {D,, n € N} of subsetes of S (see Definition 2.2), which give
an handy method to compute Hg, as in [3, 4, 13, 14, 16]. In this article we focus
on the case R = k[[S]], where S € N is a semigroup minimally generated by four
elements: besides the sets {C,,, D, }, the main tool we use is the Apéry set of S with
respect to the multiplicity of R. Let M = S\ {0} and for s € S, let ord(s) =
max{n € N|s € nM}: we consider a partition of the Apéry set according to the
order of its elements as follows

Ay = {s € Apéry(S) |ord(s) = h}, h e N.

The first case to consider is & = 2: since Cp = A», a necessary condition to have
Hp decreasing, is |A2| > 3 and, when the cardinality is 3, we must have A, =
(2np,np +ng,2n4} (2 < p,q <4), see [13, Theorem 2.1 and Theorem 2.6]. By
analyzing the sets Cj,, Dp, A2 in several different subcases and by means of other
technical facts, we obtain the following results:

» The Hilbert function Hp, is non decreasing at level £ <3 (Theorem 7.1).
» The Hilbert function Hp, is non decreasing in each of the following cases

(a) |A2] <4 (Theorem 4.1)
(b) [Dy| =2 (Theorem 5.4)
(¢) R has multiplicity e < 13 (Theorem 7.2).

2 Preliminaries

Setting 2.1 In this paper R = k[[S]] denotes a one-dimensional numerical
semigroup ring, where k is an infinite field and S € N is a numerical semigroup,
that is a submonoid of the natural numbers with finite complement to N. Given the
minimal set {ny,...,n,} of generators of S, we write S = (n1,n2,...,n,) and
assume ny < np < --- < ny.
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The ring R = k[[t"', ..., t"]] has multiplicity e = n1, embedding dimension
v and it is the completion of the local ring k[x1, ..., Xy](x;,....x,) Of the monomial
affine curve C parametrized by x; = t" (1 < i < v). The maximal ideal of R
ism= (t"',...,t"), k = R/m, further ¢° is a superficial element of degree 1;
dimy (m”/m”‘“) < e foreach n € N and the equality holds for each n >> 0;
we shall denote by r the reduction exponent , i.e. the minimum integer such that
dim(m"/m"*) =e (r <e—1).

We shall denote the values of the Hilbert function Hg of R by [ag, a1, .., ap —1,
where a, — means that Hr(n) = a) foreachn > p. Letv : k((t)) — Z U {o0}
be the usual valuation; then M = §\{0} = v(m) and v(m") = hM foreach h > 1.
We have: Hg(0) = ap = 1, Hg(n) = [nM \ (n + 1)M| foreach n > 1.

In order to study the Hilbert function of R, we deeply use the structure of the
semigroup S and mainly the subsets Ay, Cx, D € S, h > 0,k > 1. The elements
in Dy are precisely the elements of order k — 1 with torsion order = 1, as defined
in [3, Page 296].

Definition 2.2 Let S € N be a numerical semigroup.

e The orderof anelementg € S is ord(g) = max{h|g € hM}

* The Apéry set of S with respect to the multiplicity eis Ap(S) ={s € S|s—e ¢ S}
e Ay is the subset of the elements of order & in Ap(S)

e D=0, Dp={se€ S|ord(s)=k —1and ord(s +¢e) > k}, foreachk > 2
* DI'={s e Dy |ord(s+e) =h}, foreach h >k

e Cr={seS|ord(s)=k and s —e ¢ (k— 1)M}, foreachk > 1

* A maximal representation of s € S ( shortly denoted by mrp ) is any expression

v . . v
s = Z/:] ajnj, withaj €N foreach 1 < j <v and Z/:l aj =ord(s)
* Givenanmrp s=3%_ajn;, wesaythats’ € Sis induced (bythemrp ) if
s/zzv_ 1bjnj with 0<bj <aj foreach 1 < j <.
j=

Remark 2.3 Let r be the reduction exponent of R. We have:

(1) Cr={na....n},C2=A2, Ch=Ay U{ U DI +¢), 2 <k <h—1},
Vh>3
2 C, = ©® foreach h > r+ 1, Dy = @ for each k > r
[16, Lemmas 1.5.2—-1.8.1]
3) If s = Z;=1aj”j € Cp, mrp,thena; = 0.
The following known results are crucial in the sequel.
Theorem 2.4 Let S be be a numerical semigroup as in Setting 2.1, let Hr be the
Hilbert function of R = k[[S]] and let k > 2.
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(1) Hg(k) — Hr(k — 1) = |Cx| — | Dx| [16, Proposition 1.9.3], [3, Remark 4.1]
(2) [8, Theorem 7], [16, Theorem 1.6] The following conditions are equivalent:

(a) The associated graded ring G is Cohen Macaulay
() ord(s +e) =ord(s)+ 1 foreachs € S
(c) Dy =9 foreachk > 2.

3) If|Dk| <k + 1, then Hg does not decrease at level k [4, Corollary 3.4]

(4) If Hg is decreasing, then |C3| > 4 [13, Proposition 1.7]

(5) If Hg decreases at level k, then |Ch| >h+ 1forallh €[2, k][4, Proposition 3.9]
In particular Hg decreasing implies |A2| >3 [4, Corollary 3.11]

(6) If Hp is decreasing at level 2, then v > 6 [4, Corollary 3.13]

(7N If 4<v<5ande <38, then HR is non decreasing [4, Corollary 3.14]

Proposition 2.5 Let S be a numerical semigroup as in Setting 2.1.

(1) Fors € S, ord(s) =k, lets = Z;=1aj”js mrp and let s’ = ijlbjnj

with 0 < b; < a; be an induced element. Then:
ord(s') = Z'}Zl bj and s € Cx, = s’ € Cp,, where h = ord(s").

) If nj € Dy, let nj+e = Zg Ajnj, mrp ord(n; +e) =k > 3. Then
every induced element s =y} )Jjnj, with )Jj € [0,Xx;]and Zj )Jj =h<k
belongs to Ay,

(3) Lets e D, s+e= Z'}Zl Ajnj with Z;Zl Aj>k+1 thenry =0 and

ifo = Zj’:l ajnj, aj € [0,A;], then any mrp o = Zj’:l yjn; has
y1 =0.

4) If s € Dy andord(s +n;) =k, (i > 2), then s+ n; € Di41.

(5) Letsy # s, ord(sy) = ord(s), s = Zj’:l ajnj, s = 25:1 bjnj, both
maximal representations. Then there exist 1 <i,h < v suchthat a; > b;,
a, < by.

(6) If 5,51 € Dy, and sy + e = Zj’:z“/”jr s+e= Zj’:z)\j”j are both mrp,
then there exist i, h suchthat a;j > X;j, o < Aj.

Proof

(1) See [16, Lemma 1.11] and [13, Proposition 1.4].

(2) Clearly, n; + e = Z?:z Ajnj,implies 1; = O and so a] = 0;if s ¢ Ap(S),
thens € M +eandson; € (ny,...,n;,...,ny,) is not a minimal generator
of S.

(3) If A1 > O, thens = (A1 — De+ 3 7, A;jn; would imply ord(s) > k.

ste=3 0 —apnj+o =375 ,0;—apnj+ 35 yn;. If

y1 > 0,thens = (y; — )e+ 2522()‘/' —aj + yj)n; would have order > k,
since, by assumption, 3°%_; y; > >i_; a;.

4) ord(s +n;+e)>ord(s+e)+1>k+2 hences +n; € Dry1.
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(5-6) Infact, if a; > b; for each i, then s = s1 + 0, ord(o) > 1, impossible. The
second proof is similar. O

Notation 2.6 In the following we shall often use that induced elements have the
properties stated in Proposition 2.5: for brevity we shall write “induced element”
without referring to the above proposition.

Example 2.7 In general, claim (2.5.2) is false for elements s € Apy N D41, k > 2.
For instance if § =< 13,27, 68,150 >,s =122 € D4 N A3z, one has s + ¢ = 5no»,
but 4ny ¢ A4 because 4ny = ny + n3 +e.

Proposition 2.8 With Setting 2.1 elements aje + axny ¢ Dy, for each ay, ay > 0.
Proof Note thats = aje+azny,ord(s) =aj+ar=k—1=— s+e = (a1 + e+
arny < kny. If s € Dy, thens+e = Apno+Asznz+---+Ayny = (Ao+...+Ay)ny >
(k + 1)n,, impossible. O
Proposition 2.9 Let s = Zlf ajnj, mrp, ap > 0. For i € [0,a1] and for p €
[2,v—1] let sip = (a1—D)etanr+---+(ap+i)np+---+ayn,, (s=s0p):
(1) Assumei > 1 ands;y, € Dy, sip +e= ijzkijnj mrp. Then

Aip < i and foreachng > np the following conditions hold:

(= Ziepq ¥ < (U + Eigpnpgl — Mg <

j#tp.g)@j—hipnj (i)
2) Ifs€Dy,ap >0, s+e= ijz Aojnj and condition (o) doesn’t hold for

s, then forall1 <i <a,

s{p = (a1 +i)e+amy+---+(ap—inp +---+ayn, ¢ Dy.

Proof

(1) If A;p =i, the equality
s=(ippte)+(i—De—inp=Appno+---+QAip—i)np+---+Ajppny+@@—1e

would imply ord(s) > k, against the assumption ord(s) = k — 1. Further we
have

o= Z#P Aijnj = sip +e—Aipnp = (a1 —i+1De+ (ap+i—Aip)n, + ng[l,p} ajn;
< ((ai—i+ D+ (@@ +i—xip)+ag)ng + Y ietipa)
= (artaptag+1=hipng+3 011 p gy @jnj =
o< (k— Zj¢{1,p,q}“j — Aip)ng + ng[l,p,q}“j”jNOW)‘iq >k+1-— Z#q Aij =
o= Z#p Aijnj = (k+1-— Z#q Xijing +Zj¢(pyq})\4[jnj, and so

(k+1—ZAij)nq+ Z Aijnj < (k— Z aj—Aip)ng + Z ajn;

J#4 JEp.q) J{1.p.q} J{1.p.q}

ajnj =

equivalently, (1+Zj¢{1’p,q}(aj—)wj))nq < Zj¢{1,p,q}(aj_)"ij)nj (*;)
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(2) Consider the element ¢t = slf ,then t;, = 5. If t € Dy then, by assumption,
condition (*;) for #;, (that is condition (*;) for s) doesn’t hold. Hence by (1),
tip = s ¢ Dy, contradiction. O

3 The Case Embedding Dimension 4

From now on we restrict to the embedding dimension four case. Then Hg does not
decrease at level two by (2.4.6) and Hg does not decrease if e < 8 by (2.4.7). The
easy Remark 3.1 gives other conditions which assure that Hr does not decrease.

Remark 3.1

(1) Let S = (e, n2, n3, ng) : recall that S is said balanced if ¢ 4+ nqg = no + n3 in
this case Hp is non decreasing by Patil and Tamone [16, Theorem 2.11].

(2) Let § = {e,np,ng,n;). If either 2n, = e +ny, or 2ny; = n, + n, then
respectively, n, — e = ny — ny, and the sequence e, ny, ny is arithmetic or
ng — ny = ng — n, and the sequence n,, ng, n, is arithmetic. In these cases
S is generated by an almost arithmetic sequence (AAS) therefore Hg is non
decreasing by Tamone [19, Corollary 2.7].

According to Theorem (2.4.5) and by the above Remark (3.1), from now on we
shall consider semigroups which satisfy the following setting.

Setting 3.2 From now on we assume that S = (e, n», n3, na), with e < ny <
n3 < n4 is a numerical semigroup as in (2.1), with |A2| > 3, which is neither
balanced nor AAS.

In particular, e, n», n3, n4 are such that:

* 2ny#e+n3, e+n3y#Fny+ng, 2np #e+ng, 2n3 #ny +ng.
e if nj +np ¢ Ay, then ord(n; +ny) > 3, foreach i,h € {2, 3,4}.

We write S = (e,np, ng,n,) when we don’t require an ordered sequence of
generators.

Proposition 3.3 Let S = (e, np,ng,n,), with np, < ng. Let s = aje + apn, +
agng + arny € Dy mrp ,with s +e = Apnp + Agng + Apnp.

(1) Assume that (1 +ar — M) ng > (ar — Ap)ny. Then
(a1 +i)e+ (ap —i)np +agng +arn, & Dy foreach 1 <i <ap.
(2) According to the values of (p, q,r) we get

(p,q,r)=(2,3,4):

ay etaxny+asnz € Dy = (a1+i) et+(ax—i)na+azns ¢ Dy

aj e+axnytasnz+ng € Dy, na <2n3 = (a1+i) et+(ar—i)ny+aznz+ng ¢ Dy
(p.q.r) =(2,4,3):

ay etaxnytaznstasng € Dy, a3 > A3—1 = (a1+i) e+(ar—i)ny+aznsz+asnyg ¢ Dy
(p,q,r)=3,4,2):

ay etaxnytaznztasng € Dy, ay > ho—1=— (a1+i) etaynr+(az—i)ni+asng ¢ Dy
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(3) If ord(2n;) = 3, in each case considered in (2), for any pair (b1, bp) #
(a1, ap), withby+b, = ar+a,, wehave bire+bpny+agng+arn, ¢ Dy.
@) If ord(2n,) > 3, then |Dkﬂ{a1e+apnp+aqnq, a\+apta, = k—1}| <k—1.

Proof

(1) is a special case of (2.9.2) in fact by assumption we have n, < n,.

(2) Itis a direct computation, since n, <ng = p #4, q # 2.

(3) ord(2n;) > 3 =>ay, Ar, Air < 1. By (1) we get (a1 +i)e + (ap — i)np +
agng + arny ¢ Dy foreach 1 <i < a,. Further in each case considered in (2)
condition (*;) of (2.9) does not hold, hence by (2.9.1), (a1 —i)e+ (ap+i)n,+
agng +arny ¢ Dy foreach 1 <i < ay.

(4) Let D = Dy N {aje + apn, + agng} and let aje + apn, + agng € Dy.
By applying (2), for each (b1, b)) such that by + b, = a1 + ap, we get s’ =
bie+ byn, + agng ¢ Di. Hence | D | < {0 <aq <k —1}].

If n, = ny, then a; > 1, since aje + aznz ¢ Dy by (2.8).

If n, = n3, ie,2n2 ¢ Ay, thena;, = 0,5 € D, =s5+e¢ = (a1 +
De 4+ azny = lonp + A3n3 + Agng, with by < 1,0 + A3 + Ag > k + 1:
clearly this is impossible, since (a; + 1)e + aznz < ny + (k — 1)kn3 and
Aong + Asnz + Agng > no + kns. Hence a; > 1 and the claim follows. O

Lemma 3.4 Let S = (e, ny, n3, ng).

(1) Letny +n3 € Ay; then n3 € Dy <= ny +nj3 € D3.
(2) Assume ny +n3 ¢ Aa, i.e., np +n3 = e + mng, mrp with £ +m > 3,
m < 1:if either n3 € Dy or n3+e € D3, then 2n3 ¢ A».

Proof

(1) np+n3 € D3 < (n2+n3 € Ay and ny+n3—+e = Aong, Ay > 4) < n3+
e = (Ap — Dny, i.e. n3 € D;.
2) n3e Dy=—=n3+e=any =—=2n3+e=(@—Dny+ny+n3 =(a—ny+
le +mng =— 2n3 = (¢ — np + (€ — De +mng ¢ Ap(S).
Similarly, n3+e € D3 = 2n3 ¢ As,if m = l and2n3 ¢ Ap(S), iftm =@

Lemma 3.5 Let S = (e, no, n3, nag). With setting (3.2), assume |A2| > 4.
Then:

(1) At least one between 2ny, ny + n3 belongs to Ay and ny + n3 € D3 <= nj3 €
Ds.

(2) If 2ny ¢ Ay, ie., 2ny =Le+mn;, mrp withi € {3,4}, m <1, {+m >3,
then

(a) If s = aje+axny+aznz is mrp with aj+ax+az =k—1,a € {0, 1}, k >
2, then s ¢ Dy. Inparticular n3 ¢ Dy, ny +n3,2n3,n3 +e ¢ D3
(b) |{n4+e,n3+n4}ﬂD3| <1, D3 C {n4+e, n3+nq, na+n4, 2n4}, D3| <3




266 A. Oneto and G. Tamone

(©) |Dk| <2k —3 foreachk >3 and Hpg is non-decreasing at level < 4

Proof

(1) Let 2ny = Le +mnj, np +n3 = L'e +m'ng, ££' > 0, m,m' € {0, 1},
thenny —np = (' — e —n; = (£’ —€) > 0= n3 +n; ¢ Ap(S) then
|A2| < 3, against the assumption. The other cases are either similar or easy
to prove.

(2.a) Assume s = aje + arny + aznz € Dy, thens + e = Aony + A3nz + Aqng,
with A2 + A3+ x4 > k+ 1 az, > < 1, by assumption; impossible since
either s + e = (a1 + 1)e + axny + azn3 < ny + (k — 1)n3
or s +e=Any+ A3nzy + dgng > no + kns
(2.b) It follows by (3.3.3), withr =2, p = 3.
(2.c) By (2.a-b), we know that 2n, ¢ Ay = |Di| < |[{(k— Dn4, (k —2)ns+
n3, - g+ (k—2)n3}| + [{na + (k —=2Dna, na + (k= 3)na+n3, -+ ,ny +
n4 + (k — 3)n3}| hence | Di| < 2k — 3. The second claim follows by (2.4.3),
since 2k —3 < k+2fork < 4. O

4 Cases with Cardinality of A, <4

In this section, through several steps we shall prove the following theorem.

Theorem 4.1 Assume S = (n; = e,np, ng, n,) and |A2| < 4, then the Hilbert
function of R = k[[S]] is non-decreasing.

Proof Let |A;] = 3: by Oneto and Tamone [13, Prop.1.7.2, Theorem 2.1.2],
if Hg decreases there exist two generators n, < n, such that A, =
(2np,np + ng,2ny}. We show that in this case |Dk| < k for each k > 2. In
fact the possible maximal representations of the elements with order k — 1 are:
s =k —2)e+n,

|:s =tk —1—ap—ag)e+apn,+agng
then by (3.3.4), we have | D| < 1+ k — 1 = k and the claim follows by (2.4.3).

In case |A2| = 4 the proof is developed in the remaining part of this section. O

Remark4.2 Let § = (n1 = e, np, ng,n,) and assume |A2| = 4. By Oneto and
Tamone [13, Theorem 2.6] necessary conditions for the decreasing of Hg are the
following four shapes of Aj:

(1) Ay = {2np,na +n3,ny +ny4,n3 +n4a}, p €{2,3,4}, 0rd(2n;) = 3, fori # p
(2) Ay = {2np,2n4,np +np,ng +n,} ord(2n;) = 3, ord(n, +ny) >3

3) A2 ={2np,np +ny, 2ng,np +n,}, ord(nj +n,) >3, fori #p

4) Ay = {2np,2ny, 2n,,np +ng} ord(nj +n,) >3, for i #r
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Proposition 4.3 Let S = (n; = e,np, ng,ny). Let |Az| = 4 and assume that S
verifies either case (1) or case (2) of (4.2); then Hpg is non-decreasing.

Proof 1In the first case we have ord(2n;) > 3, if h # p. Then |Ci| < 4 for each
k> 3:

Cr C {ki’lp, (k — Dnp +ng, (k — Dnp + np, (k — 2)”1) +ng + n}.

In the second one, any mrp of s € Sis s = aje + apn, + agng + apny, with
apag =0, a, < 1. Then:

Cr C {knpa knqa (k — 1)”[) +n,, (k- l)nq +nr},

Ck| < 4foreachk > 3.

By (2.4.5) Hg decreasing at level £ implies that |Ck| >k+1, Vk </{,and so Hp
cannot decrease at level > 4. For ¢ = 3, in case (1), if p € {3, 4}, then 2ny ¢ A,
and apply (3.5.2.c). If p = 2, by applying (3.3.4) with p = 2,q = 3,r = 4,
s = e+n3, 0 = ny+n3 we see that |D3ﬂ{s, o}| < 1;hence |D3| < 4, since D3 C
{no +ns3, no +na, n3 +n4,n3 +e, na + e}. In case (2), with r € {2, 3} the argument
is similar to the (1) above. If r = 4, we have ny +n3 ¢ A, then by (3.4.2) we have
n3 +e ¢ D3 and so |D3| < 4, since D3 C {2n3,no + ng, n3 + nq,n3 + e, ng + e}.
In both cases we conclude Hp, is non decreasing by (2.4.3). O

Proposition4.4 Let S = (ny = e, np,ng,ny). Let |A2| = 4 and assume that S
verifies case (3) of (4.2). Then Hpg is non-decreasing.

Proof Let2n, ¢ Ay andlet Ay = {2n), np,+ng, 2ng, np+n,}, ord(ng+n,) > 3.
Dl’C = {aret+apny+agng lay+ap+a, =k — 1}

D/ = {are+apn,+n, |ai+a, =k —2}
We divide the proof in 6 subcases:

We get Dy = D, UD) where |:

(3.1) Ay = {2n3, 2n3, np+n3, ny+na} 2ng, n3+nqg ¢ A DI/{/ C {aje+apyny+ny}
(3.2) Ay = {2n2, 2n4, na+n3, ny+n4} 2n3, n3+ng ¢ Ay D C {aje+any+ns)
(3.3) Ay = {2n3, 2n4, na+n3, n3+n4} 2na, na+ng ¢ Ay Dy C {aje+aznz+na)
(3.4) Ay = {2n2, 2n3, na+n3, n3+n4} 2ng, na+n4 ¢ Ay D C {aje+aznz+ng)
(3.5) Ay = {2ny, 2n4, no+ny4, n3+na}2n3, no+nz ¢ A D;(/ C {aje+agngs+ns}
(3.6) Ay = {2n3, 2n4, np+ng, n3+na}2ny, no+n3 ¢ Ay impossibleby (3.5.1)

In cases (3.1,3.2, 3.3), by (3.3.4) we have |D,’<| < k — 1 foreach k > 2. We shall
prove that |D,’{’| < 2 and so |Dk| < k + 1 and the claim follows by (2.4.3).

Case 3.1) Ifs € D/ = s + e = Anp + A3n3, let m = minfay, A2}; then
(a1 + e+ (ap —m)ny +n4 = (Ay —m)ny + A3nz. If m = ay, since there is an
unique a; such thataje+ns € Dy 42 (2.5.6), we gets = aje+(k—2—ai)na+n4
is unique; if m = Ao, then (aj + 1)e + (a2 —m)nz +n4 = A3n3 and A3 is unique.
We deduce that |D,’{’ < 2.
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Case (3.2) Ifs € D} = s+e = (a1+1e+amr+n3z = Any+rgng = Ay =
0, otherwise Ag4 > 0, Ay +Xq4 > k+1 = Ayny+Aanga > kno+na, contradiction,
because (a; + 1)e + arny +n3 < (k — 1)ny +ng. Thens + e = (a; + 1)e +
axny + n3 = Apny: clearly this means that |D}/| < 1.

Case (3.3) Inthis case D} =¥ by (3.5.2a).

In cases (3.4) and (3.5) we shall construct an injective map @ : Dy —> Cy for
eachk.Let Ay = {2n2,no+np,2np,np +ngy}, ord(ng —i—nz) >3, ord(2ny) = 3,
D.q € {3,4}, p # q. First we show that (k—D)np+n, ¢ D) +e foreachh < k—1.
In fact assume that (k—Dnp+ng=s+e, with ord(s) <k-—-2:

e Ifs =ajetanz+apn, € Dy and s+e = (k—1)n,+ny, then a;+az > 1
(otherwise e > ng)anda, < aj+az+ap, < k—2.Itfollows thataje+azny+e =
(k —1—az)np +ny = aye + axny € Dy, 14,41, impossible by (2.8).

e Ifs =ae+apny +ny € Dp,ay +ap+1<k—-2, s+e=((k—-1Dn,+
ng = (a1 + De + apn, = (k — D)np,impossible since (a1 + 1)e + apn, <
(@1 +ap+ Dnp < (k—2)np.

Then for each £ : Dz +e C {kny, (k — )ny +nyp, ..., knp}. Recall also that
there exists at most one hg such that o = (hg — 2)e +ny € Dy, (2.5.6).
Fors € Dy, let s +e =oaony +apnp, az +ap > k + 1, define a map

®: D —> Cy, D(s) = (k —ap)ny +apnp l.f(xp<k
knp ifa, >k

® is injective. In fact let s1, 5o € Dy, be such that
s1+e=any+apnp, s +e=Ariny+Apnp

@) foap, Ap <k, then ®(s1) =P(s2) = (Ap —ap)ny = (Ap —ap)n, = Ap=
ap. If, e.g., ap < A, then sy — 51 = (A2 —a)na + (Ap —apny = (A2 —
a2)ny = ord(s2) > ord(sy), impossible.

(i) Ifap >k, Ap < kand ®(s1) = knp = ®(s2) = (k — Ap)nz + Apnp, Ap <k,
then (k — Ap)ny = (k — Ap)ny, hence k = A, against the assumption.

i) Ifap, Ap > k, ®(s1) = knp = O(s2),1.e. 51 + e = aono + apngp,ap > k,
52 +e = Ay + Apnp, Ap > k. Note that 51 has mrp s1 = a1e +apnp +ny
(and the same holds for s7); otherwise s1 = aie + axnz + apny, = (a1 +
De + axny = asny + (ap — ap)ny and so aje + axny € Dy tay+1. Then
si+e=(a1+ De+apn, +ng =any +apn, = aje +ny; =0 € Dy 42;
this element is unique, hence s1 = o + (k — 2 —ay)n, = . O



On the Hilbert Function of Four-Generated Numerical Semigroup Rings 269

The following example, as well as all the further ones are performed by using the
GAP package for numerical semigroups, see [5].

Example 4.5

Case (1) withn, =np =28. Let S =< 13,28,40,99 >
Ay = {2n3,n2 +n3,ny +ng,n3 +n4} Dy = {n4}, D3 = {ny+n4,n3 + na},
Dy = {2ny + ng,ny +n3+nyq}, Dp =0 for k>5 Hgp =1[4,7,9,9, 11,
13 —1].

Case (2) withny, =np,ng =ng,n, =n3. Let§ =< 19,67,81,142 >
Ar = {2no,ny + n3, n3 + nq,2n4} Dg = {2¢ + 3n4 = 464}, Dy = @ for
k#6.Hp =14,8,12,14,16,17,19 —]

Case (3.1) LetS =< 31,64,90,96 > we have
Ar = {2no, ny+n3,no +nag,2n3} D7 = {e+5n3}, D3 = {e+ny+5n3}, Dg =
{e +2ny +5n3}, Dy =¥ for k ¢ {7,8,9).

Proposition 4.6 Let S = (ny = e, np,ng,ny). Let |A2| = 4 and assume that S
verifies case (4) of (4.2); then Hpg is non-decreasing.

Proof Inthis case Ay = {2np, 2ny, 2n,, np+ng}, ord(np+n,) > 3. Let n, < ng.
If s = aje +apny + agng + arn, is mrp, then apa, = aqa, = 0; therefore the
possible mrp of s € § are either s = aje +apny +aghy or s =aye+ arn,.
Write Dy = Dj U D}/, where [D’:‘, ={s=aie+apny+agng € Di}
Dy = {s = aje +arn, € Dy}
Then Dy +e C {Apnp+Aigng, |Ap+Aiy > k+1}U{An,}. Clearly, there exists at
most one element o € Dy such that o 4+ e = A,.n, and this equality implies r < 4.
Note thats € D; and s+e = Apn,+Agng, since (a1+1e+apn,+agn, <
np+(k—1Dng and 1, +21, > k41, we get oy <k —2. Moreover, if s,s" € D;
aresuchthats +e = Apnp+Aigng, s’ +e = A,np+iyng, thenry # A, by(2.5.5).
k—1if xn, ¢ D +e
k if An, € Di + e (impossible if r = 4)
Now, s € D}/ = s + ¢ = Apnj + Agng. We have to consider the three following
situations:

Hence (o) |D,’C | < |:

e Ay = {2n3,2n3,2n4,n2 +n4}, (p,q,r) = (2,4,3). Then D} = {a1e +azns €
Dy} andsos € D,’g = 5 +e = Any + Agng, where Ay <k — 2 (since ny <
n3 < ng). Then Dy+e C {Apnp+igng, | Ap+ig > k+1, 04 < k—2}U{A3n3},
|Dk| <k.

* Ay ={2n7,2n3,2n4,n3+n4}, (p,q,r) = 3,4,2). Then D,’g = (2.8) and we
are done.

* Ay = {2n2,2n3,2n4,n3 + n3}, (p,q,r) = (2,3,4). By (o),
further s € D} = s = aje + aany then s + e = Aany + A3n3.

D <k-1;

To achieve the proof we prove that

|{s € D} | s +e=hanp + Asnz, withiz >k — 1} < 2;
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since there exists at most one s € Dy such that s + e = A3n3, it suffices to show that
[{s € D{ | s+e=homy+Asn3, withyg>1, A3>k—1}| <1 (%)

This inequality is due to the following technical lemmas, in particular (4.8) and
(4.9.ii). O

Lemma 4.7 Let S = (e, ny,n3,ng)asin(3.2), let Ay = {2n3, 2n3, 2nq, ny+ns}
andlet{n2~|—n4=€e+pn3:€~|—p23 ©)
ny+ng=me+qny:m+gq >3

Then pg =0, (p,q) # (0,0), further m <3 —p =0 and { <3=— g =0.

Proof Infactny+n3+2n4 = (L +m)e+qgny+ pny = 2n4 = L+m)e+ (g —
1)nz 4+ (p — Dn3. Since 2n4 € A», this implies pg = 0. O

Lemma 4.8 Let S = (e, ny, n3,ng) asin(3.2), let Ay = {2ny, 2n3, 2ny4, ny + n3z}
and assume that (0) of (4.7) holds withm > 1 andlet D} = {s = aje+agn4 € D).
Then inequality (x) is true.

Proof Let a| be the maximum value such that s = aje + a4ng € D}, with Ay >
1,A3 >k —1landforl <i <ay,lets; = (a; —i)e + (aq + i)nyg: we show that
s; ¢ Dy. Hence the statement is clear. We divide the proof in 3 steps.

Step (1) Casem > 2.

s+e+ing = hny 4+ Anz +ing = Ayny + (A3 —i)nz +i(n3 + ng) = Aony +
(X3 —i)n3 +i(me + gna) =ime + (A2 + ig)nz + (A3 — i)nz where im > 2i >
i+ 1and A3 —i) > 0,sincei < a; < k —2, A3 > k — 1. It follows that
si=[ar+1)—@G+D]e+(as+ing = (Gm—i—1De+ (A +ig)ny+ (A3 —i)nsz.
Hence ord(s;j) > im—i — 14+ A +ig+Aiz3—i > A2+ A3 —1 >k, andso
si ¢ Dy.

Step(2) Casem =1, i < .

Whenm = 1,by 4.7)we getq > 2, p =0,€ > 3,i¢ > 3i > i + 1. Hence
s+e+ing = Any+Asnz +ing = (A —inp + Aznz +i(n2 +n4) = (A2 —
i)ny + A3nz +ile. Thens; = (Ap — i)ny + A3nz + (i€ —i — 1)e and ord(s;) >
M—i+M+il—i—1>k+1, s, ¢ Dy

Step(3) Casem =1, Ay <.

s+e+ing = Aony + Aznz+ing = Ap(n2+na)+ A3 +Ar—inz+ (@ —A2)(n3+
ng) = Ale+(i—2A2)(e+qn2)+(Az+rr—i)nz = (Aal+i—Az)e+(i—A2)gna+(A3+
M —i)n3. Hences; = (Apl—Ax—De+ (i —Ax)gna+(A3+rix—i)n3 = ord(s;)
AMl—=A =14+ —2)g+ A3+ —i) =3k —Ar =14+ —i+ (@ —X2)2+A3
i—14+X+r3>k+1.

olvIv
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Lemmad4.9 Let S = (e,ny,n3,ng), let Ay = {2ny,2n3,2n4,ny + n3}, and
assume that (¢) of (4.7) holds withm = 0, i.e.,, no +n4 = le, n3+nqs =qno (£ >
3,9=3):

(i) Lets € D], s +e =Xy +A3nz. Then k3 >k — 1 = 1 < q.
(ii) Inequality (x) : |{s € D] |s+e=2any + Asnz, withiy > 1,3 > k—1}| < 1
is true.

Proof

() Weget(g+Dny=4Le+n3.If A >qg+1,thens+e=(g+Dn2+@2—g—
Dny+r3n3 = Le+(Aor—qg—1na+(Az+1)n3 with€ > 3, Ao —g—1 > 0. Then
ord(s) z ord(({—De+ A2 —qg—Dna+ QA3+ Dn3) =22+ 23+1>k+2,
impossible.

(if) Assume that s = aje + asng, s’ = bie + bang € D}/ are such that s + e =
Mny+An3, Ay >1,3>k—1, s/+e=)»’2n2+)ugn3,)»’2 > 1,)»/3 >k —1.
Assume that A3 > A%, then 1), > Xy (2.5.6). We have bie + bang + (A3 —
)»g)n3 =aje + aqng + ()u/z — A)na.

Denote by b = (A, —A2), g = (A3 —A}), 1 <b<g—1land g=> 1. Then:
bie + bang + gnz = aje + asng + bny (%)

We consider several subcases and proceed as in the proof of Lemma 4.8.

(g=1) Wehave bie + bang 4 gnz = bre + (bg — Dng + (n3 + n4) —
bie + (bgs — )na + (g — b)ny = aje + aang, which implies ord(s) > k if
q — b > 2, impossible.

Ifg—b = 1,then bsy > 1, otherwise bje+ (g —b)ny € Dy, impossible by (2.8).
Finally,g —b = 1,bs > 2 = b1e+ (ba— 1)ng+ny = b1e+ (bga—2)ns+4Le =
aje + asng = ord(s) > k — 3 + £ > k, impossible.

2<g<by) bie+ (bsy—gns+ gnz +ng) =aje+ asng + bny =

bie+ (bs — g)na + (gq — b)na = aje + asng = s.

Thenord(s) >k —1—g+gg—q=k+(qg—1)(g—1) —2 > k, impossible.
(g > by) Then g > 2, since by > 1. Equality (xx) =

bie+bans+gnz = bre+ba(na+n3)+(g—ba)nz = bre+bagnr+(g—ba)nz =

s 4+ bnyi.e. bie + (bag — b)ny + (g — ba)nz = s. Then ord(s) > by + (baq —

b) + (g —ba) =b1+balg—1)—b+g=>b1+bs+bsqg—2)—b+g>

bi+bs+bs(g—2)—qg+1+g=k—14+qg—-2—qg+1+g=k+g—-2>k,

impossible. O

Example 4.10 The semigroup S = (101, 102, 106, 302) verifies case (4) of (4.2),
(4.6). Ay = {2n2, no + n3, 2n3, 2n4}, Az = {2210, 2214}, A, = @ for h > 22.

|Di| = 1fori =28,9,11, 14,17, 19, 20, D; = @ in the other cases.
[C1] =3,]1C2| =4,|C3] =5, |C4] =|Cs| =6, |Ck| < k foreach k € [6, 22].



272 A. Oneto and G. Tamone

Hr = [4,8,13,19,25,31,37,41,45, 50, 54, 59, 64, 68, 73, 78, 82, 87,91, 95, 98,
100, 101 —1].

5 Case Dy = {n3, ng4}

In this section we shall prove that the Hilbert function Hp is non decreasing when
the cardinality of D, is maximal. We begin with an useful statement regarding this
case.

Proposition 5.1 Let S = (e, ny, n3, na) as in (3.2) and let Dy = {n3, na}.

() If s € Dy, s =aje+ axny + aznz + aang mrp, then a; = 0.
(2) Dy = Ck—1 \ {(k — Dna}, foreachk =3, |D3|=|As|—1.

Proof

(1) Given s = aje + axno + aznz + aang € Dy, mrp , we have a; = 0: in fact
az + a4 > 1 by (2.8) and so the assumptions n3, ng € D imply a; = 0.

2) If s € Cx—1 \ {kny}, then a3 4+ a4 > 0 hence ord(s + ¢e) > k,i.e.s € Dx.
If s € Dy, then either s € Ag_1 \ {knp}, or s = e + s’. In the second case,
we get ord(s’) < k — 3; in fact ord(s’) = k — 2 would imply that e + s’ is
a maximal representation of s, impossible as noted above. Hence s € Cy_;.
Further (k — 1)ny ¢ Dy for any k > 2; in particular D3 C A \ {2n2}. The
equality D3 = Aj \ {2np} follows immediately by the assumption Dy =
{n3, nq}, because s = bny + cn3 +dna,b +c+d = 2 € Dy,c+d >
1 = ord(s +e) > 3. Since n3 € Dy = 2ny € Ay, by (2.5.2), (induced) we
also have | D3| = |Aa| — 1. O

Proposition 5.2 Let S = (e, ny, n3, na) asin (3.2) and let Dy = {n3, na}; then

() ns+e=any, a >3, nmat+e=Pnr+yn3, p+y=3 a>p y=1
(2) (@ = Bz +ng4 = (y + Dna.
3) (@) 2n3 € Ay <y > 2.
) 2n3¢ Ay —2n3=(ax—Pny+nq4, witha>p+2>4, y=1.
@) If aony + asng = aznz, thenaz >y + 1 and
the equality holds <= either ar = a—f, as = 1, or ar+a3 < a—p+1.

Proof

(3.a) If 2n3 € Az and y = 1, by the equality (o — B)nz +n4 = (y + 1)nz in (2),
we see that 2n3 € Ay <= o — f = 1 and this would imply S is AAS, that
contradicts assumption (3.2). Then y > 2.

(3.b) If 2n3 ¢ Az, theny =1 by (a), « — B > 2, by (2) and by assumption
(3.2)and so o > 4.

4) If axny + asng = aznz, with az < y, then nq + e = Bny + axny + aang +
(y —a3z)nz = a4 = 0, apny = aznz and so ax > az; hence ord(ng + e) >



On the Hilbert Function of Four-Generated Numerical Semigroup Rings 273

B+ax+y —az > B+ y,against the assumptions. If a3 = y + 1, (2) implies
(@ — BIny +n4 = any +aghg = (a4 — ng = (@ — B —ax)nz:ifaqg =0,
then (a2 — o + B)ny = ng4, impossible. If a4 > 1, since ny < n4 we get
as—1 <o — B —a,ie.,ord(any +asng) <a — B+ 1. O

Proposition 5.3 Let S = (e, no, n3, na) asin(3.2). Assume Dp = {n3,na}, with
n3+e =any, na+e = Pny+ ynz andlet s = any + aznz + aang mrp.

(1) If s € Di41, then

(@ O0<az+(y+ Dag < e/2.

e—«a ifaz>0,as=0
b)) k<e—l—-az(a—1)—as(ay+p—1)<|e—a—2if ag >0

e—1 ifaz+as =0

(2) (@) Foreachk < e — 1we have kny € Cy.

(b) Foreachk < e — o we have (k — 1)ny + n3 € Diy1 C Cy.

(o) Dh£d=—=h<e—a+1 and De—y+1 = {(e —a — 1)ny + n3}.
(3) Lets € Dyandlet s' =s+nyp, s =s+n;3.

(a) Ifany mrp s = bie + byny + bsns + bsng hasby = 0and o > B + v,
then ord(s’) = k.

(b) If « > B + y there exists at most one element s € Dy such that s' =
s +ny = pe+qny.

(¢) Ifa < B+ y and any mrp s” = bie + byny + byns + byny, has by = 0,
then ord(s") = k.

(d) If ¢ < B + y there exist at most two elements 01,02 € Dy such that
0i +n3 = pie + g;na.

Proof

(l.a) Write ap = k — a3z — a4, n3 = any —e,ng = Pny + ynz —e =

Bny + y(any — e) — e: by substituting in s = azny + aznz + asng we
(xx) s =[k+ (¢ — Daz + (ay + B — Daalny —[a3 + (y+1)as] e
get =lk+ (¢ —3)az+ (ay + B —2y — 3)aalny
+laz + (y + Daal(2ny —e)

Notethatee —3 >0, ay + 8 —2y —3 > 0andletasz + (y + ag =
pe+q, p > 0,g < e then [a3 + (¥ + Dasg]l2ny —e) =
=(pe+q)2ny—e) =I[(p+ Dna— pe—gqle+[(p— e+ 2qlna.
Now p > 0 would imply ord(s) > k, hence p = 0 and we
get [az + (v + Das]l(2ny —e) = (n2 — q)e + (2q — e)ny;  then
ord(s) =k = q < e/2.

(1.b) Leth =k+(a—1)az+ (¢y + B8 —1)as = e+r > e. By the above equality
(*x) and by (1.a), we would get s = (e+r)nr—[az+(y +1)asle = rnr+
[n2 — a3 — (y + D)ag]e: clearly this would be a mrp of s andso s ¢ Dy
by (2.8), against the assumption. Hence & < e — 1 and the first inequality
follows. The last inequalities are immediate since vy + 8 — 1 > o + 1.
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(2.a-b) Since S = (e, no,an> — e, Bny + yn3 — e¢) we have GCD(e,np) = 1,

2.0)

3.a)

(3.b)

3.c)

hence
(k%) Ay = ue = A >e.

We prove that s = azns + aznz € Cy, if ap + a3 = k, a3 < 1. Assume that
axny +aznz = bre + byny + b3nz + bang, mrp with by + by + b3 +bsg >
ay + az; clearly, by < ap (since az < 1) and so by > 0, otherwise
(a2 — b2)ny + azn3 = binz + bany implies ax — by + a3 > b3 + ba.
Now Dy = {n3,n4} = b3 = by = 0, aono + azn3 = bie + brny,
b1+ by >ar+a3. Nowlet (ap — by)ny + azny = bye.

If a3 = 1, we have (ap — b + a)ny = (b1 + 1)e and by (xx),
a—br+a >e, ar»>e— a.Henceord(ayny + n3) = ap + 1 for each
ay < e — o — 1, therefore axny + n3 € Dyy1 € Ci (5.1).

Ifaz = 0,thena; —by > e = ap > e, by () and so ord(kny) = k,
foreachk < e — 1. Finally,ifk < o, kny € Ay C Cr. lfa <k <e—1,

then kny = (k —a)ny +n3 +e € Df_, .,  Cr (2.3).

Since Dy € Cp—1 \ {(h — Dna} (5.1),then Cp—1 \ {(h — D)no} # @ and
this claim is immediate by (1.0), withk = h — 1.

Assume that s’ = byny + byns + byng mrp with by + b3 + by > k + 1.
First note that b, = 0, otherwise ord(s) > k. Hence

(ar 4+ D)ny+aznz +agng = bsny +bang, with b3+by > ay+az+as+2.
If by > aa, (a2 + 1)ny + aszn3 = bsnz + (bs — as)ny, then
(b3 + by —ag)nz < (a2 + D)nz +aznz < (a2 + 1 +a3)ns

against the assumption ord(s’) > k. Hence b4 < a4, b3 > a3z, (ax+ 1)na+
(a4 — ba)ng = (b3 —az)n3, withag — by > 1, b3 —az > (a2 + 1) + (a4 —
by)+1

Letx =ay+ 1,y = a4 — ba,z = b3 — az then xny + yng = zns,
Z>x+y+2;sincez >y + 1by(5.24),wegetxny +yns = (2 —y —
Dnsz 4+ (o — B)nay + ng, that implies (x — Dny + (y — Dy = (2 — y —
1)n3z + (¢ — B — 1)na. In our assumptions ord((x — Dny + (y — Dng) =
x+y—-2=—x+y-2>z4+a—-pB—y—2,ie,x+y>z+a—B—yp.It
follows: a + 1+ a4 — by > b3 —az+a — B —y, ax+ a3z +as >
bi+bs+a—B—y—1>a+aztas+24+oa—p—y—1=a < +y—1.
Suppose s € Dy be such that ord(s’) > k+1. Then, by (3.a), s’ =bje+
bony + b3nz + bang, with Zi b; > k+ 1and b; > 0, hence b3 = by = 0.
Further by = 0 otherwise ord(s) > k. It follows s’ = bje; then there exists
at most one element such that ord(s’) > k + 1.
As above, let s” = bony + banz + bang, mrp with by + bz + bs > k + 1;
then, clearly b3 = 0, and so by > az, bs > as4. Hence (a3 + 1)n3 =



On the Hilbert Function of Four-Generated Numerical Semigroup Rings 275
(by — ax)ny + (bs — as)ng with az > y; by substituting we get
(a3 —yInz + (@ — B)ny = (by — a2)ny + (bs — ag — Dny
if (@ —B) > (b —az),then (bgy —as — 1) < a3 —y +a — B, and so
by 4+ bs < ar + a3 + a4 against the assumption.

If (0 —B) < (bp—ap), thenord(az—y)nz =a3—y > by—ax+bs—as—
1—(¢—B)>br+bs—ay—as—1—y = ar+az+as > br+bs— 1,

impossible.
(3.d) Let s/+n3 - p/e—i—q/nz with p < p’, ¢ > ¢’. First note thata > ¢ >
s'+n3=pe+qny

q:infactg >a = s+n3=(p+1)e+(g—a)ny+n3 = (ay +az +
agny < ayny t+aznz+asng = (p+ e+ (g—a)na < (p+1+qg—a)ny
hence ar+a3+as < p+q—+1—a,impossible since ord(s) = ar+az+ay.

s'+n3=s+n3+(p —ple—(q—qHm=@ —-—p—De+s+(a—
g+qm, a—q+q =r=>1

s'+ny=s+p —p—De+(@—qg+qn
s'"+(@q—qhm=s+(p' — pe

Then p’ — p=l:infact, p’ —p—1>0= ord(s) =k — 1 = a3 =
0,a4 > 0,8 =s—na+(p —p—2e+(@—q" +qg+Bn2+(y —
1)n3 = ord(s’) > k, against the assumption s’ € Dg. Sinceg—q’ = a—r
we get:

'+ (q —q)ny =s5+e=amy+asns+e = (a2 + P)ny + yn3z +
(as—Dng = s'+(@—r)ny = (a2 +P)na2+ynz+(as — Hng = 5" =
(a2 +r)ny +agng — (0 — B)ny —ng +yn3 =s —n3 +rny.

Ifr=1,thena —g+q¢' =1=s'=s—n3+ny, g=a—1,q" =0. Since
p' — p = 1, we see that there exists at most one pair (s, s’) which verifies the above
conditions. O

Theorem 5.4 With Setting 2.1 and 3.2, assume that D> = {n3, na}. Then HR is non
decreasing.

Proof By (5.3.1.b),s e Dy —= k <e—az(a—1)—as(ay +B—1) <e— (a3 +
as)(e —1)

<e —a+ 1 andthe equalityholds <= a—-3=1, a4 =0, k=e—a+ 1, Dy =
{(k — 2)ny + n3}: in this last case Hg is non decreasing by (2.4.3). Then assume
k <e—oaandlet Dy = {s1,...,sp}.

Case a > B+ y.Iford(si +ny) =k, thens; +ny € Diy1 € Ci (5.1); further
by (5.3.3.b) there exists at most one index i such that ord(s; +n2) > k. By (5.3.2.a)
we know that kny € Cy, since kny < s; + ny for each i, we deduce that in every
case | Di| < |Ckl.

Case o < B+ y: by (5.3.2.c-d) we deduce that {kny, (k — 1)ny + n3} C
Ci \ (Di + n3). Hence | Dy | < |Ci| for each k. The claim follows by (2.4.1). m]
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6 The Hilbert Function Does Not Decrease at Level 3

We now prove, beside other facts, that the Hilbert function H is non decreasing at
level 3. By the results of the preceding section, we can restrict to the cases S as in
(3.2), with |Ds| < 1, |Az| = 5. We separate the three situations Dy = @, Dy =
{n3}, Dy = {na}.

Proposition 6.1 If|Az| > 5 and Dy = 0, then |D3| <3, |C4| < |A4]+3, Hr is
non decreasing at level 3.

Proof

» First note that 2ny ¢ D3, ny +n3 ¢ D3, by (2.8) and (3.4.1).
It is enough to show that | D3| < 3: in fact Dy = ) = |C4| = | D3| + | D] +
|A4| < |A4] +3.
We consider separately the cases: n3 + e € D3, n3 + e ¢ D3.
* n3+4+e € D3 = |D3| < 3 and either D3 C {n3 4+ e, n4 + e,2n4} or D3 C
{n3 + e, ny + n4, 2n4}, precisely

n3 +2e = any oa>4
2n3 ¢ D3
n3 +n4 ¢ D3 (n3 +n4 € D3 => n3 +n4 + e = Pny,

impossible sincens + 2e = any)
D3 N {ng + e, ny +na}| <1

In fact, 2n3 ¢ Ds, since if 2n3 € D3, then 2n3 + e = a’ny + ng, with o’ < a,
andso2n3 +2¢e =a'ny+ng+e=oany+ny=ngs+e = (a—ao)ny+nj
and so o — o’ = 1 because ord(ng + ¢) = 2. But this implies S balanced.

Further, either ng + e ¢ D3 ornyp +nq4 ¢ D3:if ng+2e = Ano + A3n3 (Ay <
a), no+ng+e=Pn3, thenny —e = (B — Az)nz — ony = (Ax + Dnp =
(B—2X3)n3 +e

= nmt+2e=(@—d—Dnp+ G+ Dny = (@ — A — Dz + (B —
A3)n3 + e = e €< ny, n3 > therefore n3 + e € D3 = | D3| < 3: it follows
that |C4| < |A4] + 3.
* n3+e ¢ D3: D3 C {2n3, ny +na, n3 +na, 2ny4, na + e}. To prove the claim note
that:

if ny+n4 € D3then ny+na—+e=azns, az >4

. either 2n3+ e = byny, by > 4
2n3 € D th

if 2n3 3 en [ or 2n3+e =bons +ng, by >3

if n3+4n4 € D3then n3+ng+e=cong, >4

if 2n4€ D3 then 2n4+ e = dyny + dzns, dr+d3 >4

To show that | D3| < 3, we divide the proof in four parts, with different results
depending on 2n3, n3 + n4 € D3 or not.
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(a) If (2n3 ¢ D3, n3 4+ n4 ¢ D3), then D3 C {na + n4, 2n4, n4 + e}.
(b) If {2n3,n3 + n4} S D3, then ord(n3 +ns+e¢) > 5 and ord(2ny) > 3, in
particular 2n4 ¢ Ds.

In fact n3 + nq4 + e = cono = 2n3 + e = byny + n4 = by < ¢ and
ng —n3 = (¢ — by)ny — ng, i.e., 2ng = (c3 — bp)ny + n3, then cop — by > 2
and so 2n4 ¢ Ay, c3 > by + 2 > 5. Further ny 4+ n4 ¢ D3, otherwise

2n3 +2e = (bp — ny +no +ng4 +e = (by — ny + azns, ie. 2e =
(b — Dna + (c3 — 2)n3, impossible. Hence D3 € {2n3, n3 + na, na + e}.

(¢) If (2n3 € D3,n3 +n4 ¢ D3), consider two subcases: either 2n3 + ¢ = byny
or 2n3 +e = byny + ng.

Let 2n3 + e = byny: then either 2ng ¢ D3 or np + nga ¢ Ds.

In fact if ny +ng4 + e = aznz, 2ng + e = dony + dsny = dy < by
(otherwise 2n4 = 2n3 + (da — ba)ny + dansz, impossible if ord(2ns) = 2).
Therefore ng — ny = dany + (ds — a3)ns and so d3 < a3z, n4 + (a3 — d3)nz =
(dr+Dny=2n3+e=(dr+ Dna+ (b —dr — )ny = n4 + (a3 —d3)n3z +
(by — dr» — 1)ny, impossible in every case, since ord(n3 + e¢) = 2. Then either
D3 C {2n3,nq 4+ e,2n4} or D3 C {2n3,n4 + e, n2 + n4}.

Let 2n3 + e = byny 4+ n4. In this case ny +ngq ¢ D3. Infactny, +n4 +e =
aznz = (a3 —2)n3+2n3 = (a3 —2)nz+bony+n4s—e = 2¢ = (b — nr +
(a3 — 2)n3, impossible. Then D3 C {2n3, n4 + e, 2n4}.

(d) If (2n3 ¢ D3, n3+n4 € D3),then D3 C {n4+e, ny+n4, n3+n4, 2n4}. We get
| D3| < 3 because either ny+na ¢ D3, or 2ng ¢ D3. Infact {n3+n4,2n4} C
D3 — dy<c (since dy > cp = 2n4+e = n3+nqg+e+(dr—c)ny+dsns,
impossible). Then ny + n4 + e = aznz,n3 + ny + e = cong, 2ng + ¢ =
dony + dyny =

(d3+1nz =(c2—d)na+ns=(c2—dp— Dny+ny+ng =
=(cp—dr— np 4+ aznz —e

this implies d3 > as, 2n4 + e = (d2 + 1)ny + n4 + e + (dz — asz)ns, clearly
impossible. O

Proposition 6.2 [If|A>| > 5Sand Dy = {n3},n3+e = anz, a > 3, then |D3| <5
and |D3| =5 implies |C3| > 5; precisely

(1) 2n3 ¢ Ay < 2n3 ¢ Ap.

(2) If s = axno 4+ aznz € Dy, then s + e = (a 4+ a2)no + (a3 — 1)n3 is mrp.

3) If n3 + na € D3, then n3 +n4a + e = any + ng ismrp, np + ng € Ay,
2ny +nq4 € Cs.

4) If no4+ng € D3, then ny+ns+e = Bnz, >4, na+e € D! h>5,

ng+2e = (¢ — Dna+(B — Dnz, mrp.

(5) If 2n4 € D3, thenna +e ¢ D3, no+n4 ¢ D3, |D3| <4 further
conditions a = 3 and |D§| =4 imply |Az| = 6.

(6) If 2n4 ¢ D3, {no 4+ n4,nq + e} C D3, then |D3| <5 and |D3| =5 implies
{3n2,2n3 + n3, n2 + 2n3, 3n3, 2ny +n4} € C3, |C3] = 5 > |D3l;
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if @ =3, then: |D3| <4, and |D§| =4 implies |A3] > 4.
If2n4 ¢ D3, ny2 +n4 ¢ D3, ng + e € D3, then |D3| < 4;

further if o =3, |D}| = 4, then

ng+2e = Any + (4—W)n3, A <2, {2ny +n3,2ny +n4} C Az,
{ny +2n3,3n3} N A3 £ 0, |A3]| >3
If {ng+e,ny+ng,2n4y N D3 =0, then |D3| < 3.

Proof By (2.8) and the assumption, D3 C {n4 + e, ny + n3,2n3, n3 + n4, ny +
n4, 2n4}.

ey

)

3)
“)

5)

If D, = {n3} and 2n3 € Ap\ A», then 2n3 = azny + aana, with ay + as >
3, a» < a, ag < 1. Then by the equality n3+oany = 2n3+e = e+aznr+asng
we get n3z + (o — az)ny = e + aqng, impossible in every case (if a4 = 1, either
S is balanced or nq € D»).

Assume s + e = Aynp+Aszniztigng, with Ao +A3+Ag > a4+ ax +az — 1
and consider the equalities

s + e = axny + aznz + e = Arnor+Aznzt+igng = (ary+a)nry+(az — 1)ns

Then A3 < as, otherwise axny + ¢ = Axnoy + (A3—asz)nz + rqng, that would
imply a> + 1 = ord(azny + €) > Ay + A3+As — a3z > az + 1; hence

axny + (a3 — A3)nz + e = (ax + a)ny + (a3 — A3)nz = Arno + Aqng.

The last equality clearly implies Ap > as + «; hence axny + aznz +e = (A —
a)ny + (A3 + )n3 + e + Aqnq, then ar +az > Ap —a + A3 + A4 + 1, against
the assumption.

It follows easily since nq ¢ D>, moreover the considered elements are induced.
The first equality and the fact that ord(n4 4+ ) = 2 are clear since neither n»,
nor n4 belong to Dy. Thenny +n4+2e = (B — )nz+n3+e = (B — Dnz +
any =5 n4 +2e = (B — Dnz + (@ — Dny => ng + e € DI, h > 5, since
o >3, f>4andthisis mrp.

2n4 € D3 = 2n4 + ¢ = o'ny + y'n3, witha’ + ¥’ > 4; moreover o < «,
otherwise 2n4+e = n3+e+ (o’ —a)ny+y’n3, impossible by our assumptions.
Now we show thatng + e ¢ D3 and sony +n4 ¢ D3 by (4). If ng + 2e =
a’ny + y"n3, with o’ + y” > 4, then &” < o by (3.2) and nq4 ¢ Dy; since
2ng+e=a'ny+y'n3, weget ng —e = (o' —a”)ny + (y' — y")n3. We get
(' —a”)(y' —y") <0, note that

s W= > 0=+ () — Y= (@ —a I te<(@—Dnyte<
any = n3 + e, impossible.

e d —d < O0=n + @@ —adm = e+ ' — yHny =
nst+e+ @ —y"—Dny=any + (' —y”" — Dnsz; sincead” — o <«
we would get ng € (na, n3), impossible.
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In case @ = 3, then |D}| = 4 <= 2n4 € D} &= D3 = {n» + n3,2n3,n3 +
ng4, 2n4}, moreover we get Dg‘ U {2ny} € Aj, |Az| > 5. Note that |A3| = 5
would imply n2 4+ n4 ¢ Ao, impossible by (3), hence |Az| = 6.

(6) Assume npy+na,na+e € D3, 2ng ¢ D3, withny+na+e = Bnz, na+2e =
(¢ — Dny + (B — Dn3 (4-b). Clearly, 2ny, 2n4 ¢ D3 = |D3| < 5.

Since n3 + n4 + e = any + n4, 2n3 + e = any + n3 are mrp, by (2-3)
and (2.5) we obtain {3n», 2ny + n3, ny + 2n3, 3n3, 2ny + n4} € Cs. These five
induced elements are distinct: for this it is enough to note that 3n3 = 2ny +
ng = ny +n4 + e = 2ny + nq + (B — 3)n3, impossible.

Ifa =3, |D§| =4 D§ = {na+n3, 2n3, no+ng, n3+ng} < ny+ngs+
e = 4nj3. Since D3+e = {4ny, 3nr+ns3, 4ns3, 3no+nq, 2nr+2n3(= ng+2e)} C
Cy (all mrp ) we get {2ny+n3, 3n3, no+2n3, 2ny+n4} S C3\ {D% +e} = Ajz,
therefore |A3| > 3.

(7) By assumption we have D3 C {ny + n3, 2n3, n3 + n4, n4 + e} and so |D§| <
D3| < 4.

In case @ = 3, |D§| =4, thenord(na +2e) =4, na+2e =xinr + (4 —
Mn3, 0< A <a—1=2 andso {ny+ 2n3,3n3} N Az # @; further, as
above one can prove that {2ny + n3, 2ny + na} € Az, hence |Asz| > 3.

(8) 1is obvious. m]
Proposition 6.3 If|Ay| > 5 and Dy = {n3}, let n3 +e =any, o > 3. Then
(1) Hpg is non decreasing at level 3.
(2) Ifa =3, then |D3| <4, |Ca| < |A4l +4.
(3) Ifa =4, then |D3| <1, |Ca| <|A4|+2.
Proof Claim (1) follows directly by the above lemma 6.2, by using (1) and (3) of
(2.4): in fact either | D3| < 4, or | D3| =5, |C3| = 5.

(2) and (3) are immediate by (6.2), since: C4 = A4UDjU D5 (2.3), |Dj| <1
and o« =3 = D =0.

m|

Example 6.4 The semigroup S = (15,16, 33, 101) verifies Ay = {2n,n2 +
n3, 2n3, ny +n4,n3 +ny4}, |A2] =35, Dy = {n3}, |D3| =5;|D2| =1,|C;| =
5,ID3] = |C3] = 5, D4l = 4,|C4l = 6, |Ds| = |C5] = 5,..., |Dii| =
|C11| =2 : Hilbert function =[4, 8, 8, 10, 10, 11, 11, 12, 12, 13, 13, 14, 14, 15 —1].

Proposition 6.5 If |A>| > 5 and Dy = {n4}, then Hp is non decreasing at level
3. More precisely:

(1) [D3 <5, |Cal <|A4l+4 and if|Az| =5, then|Ds| <4, |D3| <3.
(2) If D3| =5, then|A2] =6, |C3| =5, |As3]=4, |D3l<4.

Proof Letnyg + e = Bna + ynz (mrp) with g +y > 3.

(1) n2 +n3 ¢ D3 by 34), D3 C Ay U {n3 + e} \ {2n2, np + n3} <
{n3 + e,2n3,n> + na,n3 + n4,2n4}. This proves that |D3| < 5.
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< |A4] 4+ 4 will follow during the proof. Note that

(@) nz+e € Di=— n3+2e=any, mp, o« >4, o > B, y>0,2nr€A,,

B=0= 2n3€ Ay, B>l=ny+n3zecA

(b) 2n3 € D3 = 2n3+e=a'ny +8ng, mrp, &' +8>4, o >3, §<1.

Now consider the following subcases:

{n3 +e,2n3} C D3 :

Sy =1, a=d4+B>5,> 2,

ng + e=pny + n3, 2ny,ny + n3, 2n3€As, ny +nqgeDs3

n3 +2e = any, 3ny, € Az

2n3+e=(a—Pny+ns, 2nr+ngeCs\(Dr+e)C Az

ny +n4 +e = (B+Dnotn3, 2ny+n3 € Cs

n3 +nq4 + e = Pny+2ns, n3tng € Ay = ny +2n3 € Aj

2na+e=Pny+n3+naq, n3+ng, 2n4€ Ay = no+n3+nq€As3
By (@) and (b) it follows that 2n3 + ¢ = a’ny + n4, 8 = 1. Therefore

any +n3 = 2n3 +2e = a'ny +ng +e = (@ + B)ny + yn3 and so

(¢ —a’ — B)ny = (y — Dny; since ord((y — 1)n3) = y — 1, from the mrp

ofng+ewegeta—a' —B=y—1=0.ThenB >2, a=a' +8 >5.

Hence {2n3,ny + n3, no + ng, 2n3} C Ao, no + ng € D3, since the first

3 elements are induced and 2n3 € D3 = 2n3 € Aj by the assumption

(3.2). Moreover they are distinct by (3.2) and so |Az| = 5 = |A> N {n3 +

ng, 2n4}| < 1. Clearly ny +n4 +e = (B+1)no+nz is mrp, then2ny+n3 €

C3 (induced element); further 2n, +n4 € Aj since it is induced and different

from n4 + e. Also, |D§| <4,sincens +e ¢ Dg1 and |D§‘| =4= =2

andso 8+ y =3, |D‘2‘| =0, |C4| < |A4| + 4. We conclude that

(c) {n3+e,2n3} € D3: = |Dj| <4, |Cs] < |A4] +4
(d) |As] =5=>|D3| <4and|Dj| <3.

If n3+n4 € A one can easily see that the representation nz +n4+e = 2n3+
(a — a’)ny is mrp and so we get the induced element ny + 2n3 € C3 N Aj.
Finally, if n3 + n4,2n4 € Aa, then ord(ny + n3 + ng) = 3. In fact
ord(ny + n3 + n4) > 3 implies ny + n3 + n4 = pe, impossible since the
equality 2n4 + ¢ = (@ — &)ny + n3 + ng would imply ord (2n4) > 3.
2n3 ¢ D3, n3+e € D3 :
D3 C {n3+ e} U {ny + n4, n3 + ng, 2n4}. We get |D3| < 3; in fact
2n3 € A\ D3 = ny +n3 € Ayand so, 2n; € As,
|A2| =5= |D3| < 3.
2n3 ¢ Ay = ord(2n3) > 3, by (3.2), hence y =1, by (a),
B > 2, and so,
n3+ng € D3, n3 +ng + e = fny + 2n3 —
n3+nq € DI;ZS.
2n3 € D3, n3+e ¢ Ds:
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or §=0,a' >8,y>0, |A)]=5=|D3| <3

If §=1=y =0;infact 2n3+2e=a'ny +ng4+e= (' + B)ny +
yny =7y < 1;furthery =1 = n3+2e = (&’ +B)n, = nz+ec D3
(since n3 ¢ D3 = ord(n3 + e¢) = 2), against the assumption. Hence
n4 +e = Bny, 2n3 + e = a’ny + ny; these equalities by substitution imply
2n3 = (@' — B)na +2n4, (@ —B) <0, 2n4 ¢ Ap

If §=0=2n3+e=0any, ng+e=Pny+yns, y >0,0d > B.
Then 2ny, ny + n3,2n3 € Az and so Ar =5 = {ny + n4, n3 + ng, 2n4} N
Ay < 2= |D3| < 3. In any case |Cs4| < |A4| + 4. This concludes the
proof of (1).

. . , _ .
then [elther d=1,a <B,y=0,2n4¢ Ay, |ID3] <3,|A2] =5

(2) Assume |D3| = 5,1i.e. D3 = {n3 + e,2n3,no + n4,n3 + na, 2na}, since
ny + n3 ¢ Ds. Then by (c) and (d) we see that |A>] = 6 and |D§‘| < 4.
Further these conditions imply {3n2, 2n2 + n4, n2 + 2n3, ny +n3 + n4} S Az
and {3n», 2ny + nq, ny + 2n3,no +n3 + ng , 2nr + n3} C Cs.

Finally, by (2.4.1-3) and by (1) and (2) we see that Hg is non decreasing at

level 3. o

Example 6.6 The semigroup S = (15, 16, 50, 67) has D> = {na}, |A2| =6, |D3| =
5. Hilbert function: [4, 9, 9, 10, 10, 11, 11, 12, 12, 13, 13, 13, 14, 15].

7 Conclusions

In this section we summarize all the proved results in the following theorem and we
prove that the Hilbert function is non decreasing if the multiplicity of R is < 13.

Theorem 7.1 Let S be a numerical semigroup minimally generated by e, ny, n3, nq
and let R = k[[S]]. Then:

(1) The Hilbert function Hp is non decreasing at level < 3
(2) The Hilbert function Hp, is non decreasing if the semigroup S verifies one of the
following cases

(a) |A2] <4 4.1

®) D2 =2 (54
(©) |As] =2.

@ [43]+ |D3] =3
© Ay =0

Proof By Remark 3.1 it is enough to restrict to Setting 3.2. Further, by (2.b) we can
assume |D>| < 1; in particular, (2.c) is immediate from (2.5) and (2.d).

(1) is a corollary of Theorem (5.4) and Propositions (6.3), (6.5), (6.1).

(2.d-e) Recall that C3 = A3 U Dg (2.3.1). If A4 = @, by (1) it is enough to show
that Hy is non-decreasing at level > 4. By (6.3), (6.5.1), (6.1), we have
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|C4] < 4. Then in both cases apply (2.4.5): Hg decreasing at level £ > 3
would imply |Cy| = k+ 1 foreach 2 <k < ¢£. O

Let R" = R/t°R: the Hilbert function of R’ is

Hp =[1=|Ag

Lv—1=4

As|,

Adl]

s CIIIN

where d = max{ord(c)|o € Ap(S)}, so that Ay4|1 = @, see e.g., [16, Lemma
1.3]. The case e < 13 is mostly a corollary of the above results:

Theorem 7.2 With Setting 2.1, let S be a numerical semigroup minimally generated
by e, ny,n3, ng and let R = k[[S]]. If the multiplicity e of R is < 13, then HR is
non-decreasing.

Proof We already know that for ¢ < 8 the function Hp is non-decreasing as proved
in [4, Corollary 3.14]. We classify the remaining cases according to the Hilbert
function of R’ = R/t°R:

Hp =1, 3,

Ay

S, Ad|]
where d is such that Agzy1 = 0, 2‘21 |Ak| = e — 4, and according to the
admissibility theorem of Macaulay. By (7.1), itis enough to show that Hg doesn’t
decrease at level £ > 4, when |A| > 5, |A3] = 3 and |D,| < 1, under the
assumption (3.2).

We have |A3]| < e—4— |A2| < e — 9; then, if either e < 11, 0ore = 12 and
|A2| = 6, we get |A3| < 2 and apply Theorem (7.1.2.d). Now the remaining cases
are:

(1) e=12, Hp =[1,3,5,3,0], |D3|=1
2) e=13, Hp =[1,3,5,4,0], |D3|<1
(3) e=13, Hp =[1,3,6,3,0], |D3|=1
4) e=13, Hp =[1,3,5,3,1,01, |D3| =1

The claim in the first 3 ones is clear by (7.1.2.¢).
In case (4), in most situations |C4| = |A4| + IDS‘I + ID‘Z‘I < 4 and it suffices to

use (2.4.5):

e if Dy =@, then |C4| < |A4] +3 =4, by (6.1);

* if D, = {n4}, then |[D§| < 3and [D5| =0, |Cs] <1+3 =4, by (6.5.1);

 if Dy = {n3}, n3 +e = any, with @ > 4, then |D§| < 3 and |D}| = O,
|C4] < 1+ 3 =4, by (6.3.3). It remains the case D> = {n3}, with « = 3: by
(6.2) the unique possible “decreasing” situation is case (6.2.7), with

D} =4.ny+2=dm+ @A —2n3, 0<A <2, [A3]=3 (o)
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where either A3 = {2ny +n3, 2ny +n4, 3n3}, or Az = {2ny 4+ n3,2no +ng,ny +
2n3}. Then it is clear that ny 4+ n3 4+ n4 ¢ A3, hence ny + n3 + ng = pe, u > 4,
since in this case {n, + n3, ny +nq4,n3 + ng} C Aj:

A=0 = (u+2)e=ny+n3+ng+2e=ny+5n3 =no,+503ny —e)
— (u+7)13=16n,

A=1 = (u+2)e=ny+n3+ns+2e=2n+4n3=2n,+403n, — e)
— (u+6)13=14n,

similarly, A = 2= (u + 5)13 = 12n,. For each value of A we see thate = 13
must divide ny, impossible; this proves that case (¢) cannot exist. Hence Hy is non
decreasing also under the assumption (4). O
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Lattice Ideals, Semigroups and Toric )
Codes S

Mesut Sahin

Abstract Let X be a complete n-dimensional simplicial toric variety over a finite
field with homogeneous coordinate ring S. In this survey, we review algebraic
methods for studying evaluation codes defined on subsets of the algebraic torus
Tx. The key object is the vanishing ideal of the subset and its Hilbert function. We
also explore the nice correspondence between subgroups of the group Tx and lattice
ideals as their vanishing ideals. We present recent results for obtaining a basis for
the lattice and for computing a minimal generating set of its ideal.

Keywords Toric code - Toric variety - Linear code - Lattice ideal - Affine
semigroup - Numerical semigroup

1 Introduction

Let K = F, be a finite field with g elements. A complete simplicial toric variety
X of dimension n over K corresponds to a fan ¥ whose cones fill up the space R",
see the wonderful book [4] by Cox, Little and Schenk for the general theory of toric
varieties. Standard multiplication action of the algebraic torus Ty = (K*)" on itself
extends to an action on X and orbits of this algebraic action correspond to cones in

%. One dimensional cones of X, generated by primitive lattice vectors vy, ..., V, €
7", are denoted by py, ..., pr. We use [m] to denote the set {1, ..., m} for any
positive integer m > 1 and x" to denote the Laurent monomial x" = x'f1 oxp for
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avectoru € Z™. If ¢ is the matrix with rows vy, ..., v, then we have the following
short exact sequence:

R0 /A 0,

where A is isomorhic to the class group of X. Smooth X with an n-dimensional
cone o € X has a torsion free class group by [4, Proposition 4.2.5]. So, we assume
that A = 74, where d := r — n. Applying the contravariant functor Hom(—, K*)
to 3 gives the following short exact sequence:

i

DL G (K*y

T

K" —1,

where w : (f1,...,8) — (t", ..., t"), withuy, ..., u, being the columns of ¢.
Our algebraic object of interest is the polynomial ring

S=K[x1,...,x,]=@s,,,

acA

multigraded by A via deg(x;) := B; := PB(e;), where e; is the standard basis
element of Z" for each j € [r]. The irrelevant ideal of S is the monomial ideal B =
(x% : o € X), where x° = I, ¢5xi. The subgroup G C (K*)" acts naturally on
K"\ V(B) and the resulting orbits [ P] := G - P make into a variety isomorphic to X
by a fundamental result of Cox [3]. This is because G is reductive when A is torsion
free, and thus arguments of [3] applies even thought K is a finite field. Thus, any
representative of the orbit [ P] is said to be a “homogeneous coordinate” for a point
of X. Due to this relation, S is also known as the Cox ring of X. The multigraded
polynomials of § are supported in the semigroup NJ generated by Sy, ..., B, i.e.
dimg S¢ = 0 when @ ¢ Ng. Since X is complete, dimk Sy, is finite for all @ € NS.

Next, we recall linear codes obtained by evaluating homogeneous polynomials
on arbitrary subsets Y = {[P1], ..., [Pny]} of X. For a fix degree « € NG, we define
the evaluation map

ev:Sy > FY, F> (F(P),....F(Py)). (1)

The image Cq,y = evy(Sg) of this linear map is a subspace of the IF,-vector space
IE‘;V and is called a generalized toric code. There are three basic parameters of a
linear code. The length N is the number of points in Y, the dimension k is the
usual dimension of Cq,y as a vector space over [F, and the minimum distance d =
d(Cq,y) 1s the minimum of weights of nonzero vectors in Cy,y, where weight of a
vector is the number of nonzero components. For more details on error-correcting
linear codes, consulte.g. [11, 20].

Toric codes, which are the evaluation codes obtained from the torus ¥ = Ty
were studied first by Hansen around 1998 and have been studied until now by many
others, see [12] for a nice geometric introduction to the topic. See also [9] for a more
recent geometric approach. They are used many times in literature for obtaining
examples of linear codes with the parameters better than existing ones, see [2].
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In this survey, we restrict ourselves to reviewing combinatorial commutative
algebraic methods for studying evaluation codes defined on subsets of the algebraic
torus Tx. The key object is the vanishing ideal of the subset and its Hilbert function.
We also explore the nice correspondence between subgroups of the group Tx and
lattice ideals as their vanishing ideals. We present recent results for obtaining a basis
for the lattice and for computing a minimal generating set of its ideal.

2 The Algebraic Approach

In this section, we review methods offered by combinatorial commutative algebra
for computing main parameters of codes obtained from subsets of a toric variety. The
essense of this approach is to compute or estimate parameters without constructing
the code using algebraic and geometric properties of the subset and of the toric
variety. We refer the reader to an excellent book [13] written by Miller and Sturmfels
for many aspects of commutative algebra related to combinatorics and geometry.
Before we go further, let us present two important examples of toric varieties we
use to illustrate the main results.

The first one is the class of weighted projective spaces closely related to the well
known class of numerical semigroups.

Example 2.1 Let § = [w;---w,] be the matrix representing the map B in the

first exact sequence 33, where wi, ..., w, are relatively prime positive integers.
We grade the polynomial ring S = K[xy, ..., x,] by assigning deg(x;) = w;, for
i € [r]. The semigroup Nj is generated, not necessarily minimally, by wy, ..., w,.

There are only finitely many positive integers not belonging to Nj, known as the
gaps, and thus N is a numerical semigroup. Let Lg be the subgroup of Z" whose
elements are sent to zero under 8. Since Zf = Z is free, the lattice ideal

I, = (x"—x" : u,veN and fu = Bv)

is the toric ideal of the semigroup N8 whose zero locus is the monomial curve:
V(L) ={@"", ..., ") : t e K}.

By the dual short exact sequence 3, the group G = V (I1,)N(K*)" is the zero locus
in (K*)" of this monomial curve, and thus, G = {(t™!,...,t*r) : t € K*}. The
irrelevant ideal is B = (x1, ..., x,) with a zero set V(B) = (0, ..., 0). So, points
of the weighted projective space X = P(wq, ..., w,) are the following equivalence
classes:

[xg:- i x 1={@"xq, ..., t"x;) : t € K*}, where (x1,...,x,) # (0,...,0).

The toric variety X = P(wi,..., w,) is smooth if and only if it is the usual
projective space P' ! ie, w; = --- = w, = 1. O
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Fig. 1 The fan for the Hirzebruch surface

Our second example is a smooth surface that will be running throughout.

Example 2.2 Let X = H, be the Hirzebruch surface corresponding to a fan in R?
generated by vi = (1,0), vo = (0, 1), v3 = (—1,2),and v4 = (0, —1) (Fig. 1).
So, H» has the following exact sequence:

4 B

Z4

P:0 7? 7? 0,

where

T
10-1 0 1012
‘7’_[01 2—1} and ﬂ_[moJ‘

The ring § = K[x, y, z, w] is multigraded via
deg(x) = deg(z) = (1,0), deg(y) = (0, 1) and deg(w) = (2, 1).
e The irrelevant ideal is B = (xy, yz, zw, wx) with the following zero set
V(B) =V(x,2)UV(y, w).
e X =H,=(K*\V(B)/G, where

G={(xyzwe®)xz "' =y2w T =1} ={(x,y,x, x*y)|x,y e K*}.
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* A point of X is an orbit such as the following one:
[1:1:0:0]:=G-(1,1,0,0) = {(x,y,0,0) | x, y € K*}.

The key algebraic tool in the course of studying codes on toric varieties is the
multigraded Hilbert function.

Definition 2.3 Let /(Y) be the multigraded vanishing ideal of ¥ C X, i.e. it
is the ideal generated by homogeneous polynomials vanishing on Y. Then, the
multigraded Hilbert function and series are defined respectively by

Hy(a) = dimg Sy — dimg I, (Y) and HSy(t) = Z Hy (o)t*.
oaeA

Since the kernel of the evaluation map is the subspace Iy(Y) of S, which
is spanned by the homogeneous polynomials vanishing at all the points of Y,
dimension of the image is nothing but the value of the Hilbert function of Y at
a.

Proposition 2.4 The dimension of Cy.y equals Hy (o). O

So, it is desirable to investigate properties of the Hilbert function to understand
codes in question better. We use the partial ordering < below, where & < @&’ if
o' —a € NB.

Theorem 2.5 ([17, Theorem 3.7]) The multigraded Hilbert function Hy of Y € X
has the following properties.

(i) If ¢ — o; ¢ NB, for every degree a; of minimal generators of 1(Y), then
Hy (a) = dimg S,
(ii) If there is a non-zerodivisorin S/1(Y) of degree B, for each j € [r], then it
is non-decreasing: Hy (o) < Hy (&) forall a < o’
(iii) Hy(a) < |Y|, forall a € NB.
O

Remark 2.6 The Hilbert function is non-decreasing especially for subsets ¥ C Ty
since there exists a non-zerodivisorin S/ (Y) of any degree @ € NS by [17, Lemma
3.6]. O

The fan X of X determines an important subsemigroup K of the semigroup Ng,
containing some what more important degrees which we isolate here.

Definition 2.7 Let N6 be the semigroup generated by the subset {8; : p; ¢ o}
foracone o € X. Then,

K= Ns.

g€eX
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Remark 2.8 (Algebraic Importance of K) If X is smooth, then by Remark 2.5 in
[10], there exists a non-zerodivisorin S/I(Y) of degree a € K. O

Remark 2.9 (Geometric Importance of K) The class group CI(X) is a group of Weil
divisors on X modulo linear equivalence. The isomorphism A = CI(X) allows us
to speak of degrees @ € A lying in CI(X). Furthermore, a Cartier divisor D on
X is said to be semi-ample (or basepoint free as in [4]) if the corresponding line
bundle O(D) is generated by global sections. Since the property of being ample
(resp. semi-ample) is preserved under linear equivalence we may speak of ample
(resp. semi-ample) degrees « in A. Geometrically, Nf corresponds to the subset of
CI(X) containing the classes of effective Weil divisors on X and K corresponds to
the subset containing the classes of numerically effective line bundles on X. By [4,
Theorem 6.3.12], K is the set of semi-ample degrees in Ng € A. 0O

Remark 2.10 When X = P" x ... x P, the degree of each of the variables
Xj,0s X1y enes Xjn; is the standard basis vector e, for each j € [r]. In addition to
the properties above, Sidman and Van Tuyl showed in [18, Proposition 1.9] that the
Hilbert function stabilizes in the direction of e}, thatis, Hy (e +e;) = Hy (e +ke;j),
for any positive integer k, if Hy(e) = Hy(a + ¢;) for some j € [r] and for some
a e N, O

There are infinitely many elements of N yielding evaluation codes on the same
subset Y. Some of them have the same parameters. In the course of searching codes
with good parameters, one wants to avoid dealing with each of these “equivalent
codes” separately. Here is the precise definition of “equivalence” we need:

Definition 2.11 Let C; and C2 be two subspaces of IE‘;V . We say that the linear codes

C1 and C, are “monomially equivalent” if there are non-zero scalars t1, ...,y €
IE‘Z and a permutation P of {1, ..., N} such that (c1,...,cy) € Cp if and only if
(ticpys - - > tnepyy) € Ca. |

The stabilization property of the Hilbert function is very important to detect
equivalent codes as the following reveals.

Proposition 2.12 [f there is a non-zerodivisor in S/1(Y) of degree ay € NB and
Hy (o) = Hy(a+ay) then the codes Cq,y and Cq+a,,y are monomially equivalent.
Therefore, there are only finitely many non-equivalent codes Cq y, in particular, for
subsets Y lying inside the torus Ty. O

Proof The proof of [17, Proposition 4.3] essentially works fine under the hypothesis
here. o

Problem 2.13 Let X be a toric variety and Hy () = Hy (e + ;) for some j € [r]
and e € Ng. Is it true that the Hilbert function stabilizes in the direction of 8;? O

It would be nice to eliminate trivial codes also. Due to the Singleton bound, the
minimum distance satisfies d < N 4+ 1 — k, where N = |Y| is the length and
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k = Hy(a) is the dimension. A code is trivial if the dimension takes the maximum
possible value; namely k = N, as in this case d = 1. This motivates the following

Definition 2.14 The multigraded regularity of Y, denoted by reg(Y), is the set of
degrees « € N for which Hy (e) = |Y|, the length of Cq.y. m]

Remark 2.15 The subset Y may be given implicitly as in Definition 3.1. In order to
construct a code of prescribed length, one needs to know the length |Y | beforehand.
The Hilbert function gives not only the dimension of the code but also the length
even before constructing the code, since for any a € reg(Y), we have Hy (x) = |Y|.
In order for this to work efficiently, we need to know at least one element from the
setreg(Y). m]

In general, the set reg(Y) is not determined by a number but we have good fortune
in some nice cases as we demonstrate next.

Proposition 2.16 ([17, Proposition 3.12]) Let X = P(wy, ..., w,;) be a weighted
projective space and Y be a subset such that S/1(Y) has a non-zerodivisor of degree
1. Then, there is an integer ay satisfying

reg(Y)=1+ay +N.

Moreover, ay equals the degree of the rational function corresponding to the Hilbert
series of S/1(Y). This is valid, in particular, when Y C Tx and w1 = 1. O

Problem 2.17 Find the invariant ay fora given Y C Tx for the weighted projective
space X = P(wq, ..., w,) suchthat 1 +ay + N C reg(Y). m]

In the particular case of the torus Y = Ty, for X = P(wy, ..., w,), we have the
following nice result relating ay with a famous invariant g(W) of the semigroup W
generated by wy, ..., w,, where g(W) is the largest integer not belonging to W.

Corollary 2.18 ([S5, Corollary 3.9]) If Y = Tx and g(W) is the Frobeneous
number of W, then

ay =(q —Dwi +---+w, +g(W)] + g(W).

When reg(Y) can not be determined exactly, it may be sufficient to give bounds
on it. A subset Y is a complete intersection if I(Y) is generated by a regular
sequence of homogeneous polynomials F1, ..., F, € S where n is the dimension
of X. The following lower bound is given in [17, Theorem 3.16].

Theorem 2.19 Let Y C X be a complete intersection of n hypersurfaces of degrees
ay, ..., o, in K If there is a non-zerodivisor in S/I1(Y) of degree Bj, for each
j € [r], then,

o] +---+a, +NB Creg(Y).
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Another general bound for the set reg(Y) following from [10, Proposition 2.10] is
given as

Theorem 2.20 Let X be smooth and Y C X. If the free modules F; in a minimal
free resolution of I (Y) are of the following form

Bi
Fi = P Sl—ai ;] then [ e+ %) C reg(¥).
j=1

ij

Thus, if Y is a complete intersection of n hypersurfaces of degrees a1, . . ., o, in K,
the intersection becomes oy + -+ oy + Koy +--- 4o, + N Creg(Y). O

Problem 2.21 Find a non-empty subset of reg(Y) for an arbitrary ¥ € X and for
any toric variety X.

Having seen non-decreasing property of the dimension of the codes as the degree
increases, we may wonder about the behavior of the minimum distance. As we
discuss next, the minimum distance does not increase in any direction.

Proposition 2.22 [fthere is a non-zerodivisorin S/1(Y) of degree B;, for each j €
[r], the minimum distance is non-increasing in the sense that d(Cqy) > d(Cy'.y)
foralla < o' |

Proof Let F € S, be a polynomial with image ev(F) = (F(Py),..., F(Py))
having weight d = d(Cq,y). This means that F has exactly N — d roots among the
elements of Y and F' ¢ I(Y). If the polynomial G; is a non-zerodivisor in §/1(Y)
of degree B;, then G;F has at least N — d roots and G; F ¢ I(Y). It follows
thatev(G; F) = (Gj(P)F(P1),...,G;j(Py)F(Py)) lies in Cop;,v \ {0} and has
weight at most d. Thus, d > d(CaJrIBj’Y). As these are true for every j € [r], the
claim follows. o

As for the minimum distance, we have the following lower bound provided by
Soprunov and stated here using the language of this paper, see [19, Theorem 3.2].

Theorem 2.23 Let Y C Tx be a reduced complete intersection of hypersurfaces of

degrees ay, ...,o, € Kanddenoteay = oy +---+a, — B — - — B. If any
subset Z C Y of size m has Hz(a') = m for some &' € NB witha + o' < ay, then
d(Cqy)>m+ L. O

Proof We outline how this version follows from the original one by relating
notations of two papers. First, we introduce local coordinates for the points in the
torus Ty by:

Hn=x",...,t, =x"M. (2)

So, the coordinate ring K[Tx] of Tx can be identified with the ring of Laurent
polynomials K[tlil, ...,tnil]. For any subset A € R”", we denote by L(A) the
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vector space over K spanned by monomials t™ = ti"' - where my, ..., my
are coordinates of m € A N Z".
Recall that every a = (a1, ..., a,) € B~ (a) defines a rational polytope

Py :={ueR": (u,v;)>—a;, Vjelr]}.

Note that different elements in 87! () will have the same polytope up to a lattice
translation. We denote by Py the class of these polytopes and abuse notation using
P, instead of one P, expecting that the context will clarify which one is meant. This
leads to the vector space isomorphism t™ — x?(™+2 from £(P, N Z") to Sy, for
anya € ().

One can prove that the assumptions (1)—(3) in [19] are satisfied since ¥ C Ty
is a reduced complete intersection of hypersurfaces of degrees oy, ...,a, € K,
see e.g. the proof of Proposition 4.2 in the first arxiv version of [17]. Let P =
Py, + - -+ 4+ Py, be the Minkowski sum of polytopes corresponding to a1, . . ., &;.
Then, S, is isomorphic to L(P° N Z") for the interior P° of P and ay = a1 +
cooto,—pB1—---—Br.So,ifa+a’ < ay,thenfor A = Py and B = P,/, we have
A+ B C Py C P°.Finally, if any subset Z C Y of size m has Hz(a') = m,
then the linear map evz : S — K™ obtained by evaluation of polynomials in S,
at the points in Z is surjective, since Sy’ / ker(evz) = K™. This means that the map
evz : L(B) — K™ is surjective. Therefore, hypotheses of [19, Theorem 3.2] are
satisfied, completing the proof. O

Complete intersections Y satisfying the extra condition that 7(Z) N S, = O for
any subset Z C Y of size m = dimg Sy, have the following bigger lower bound
given again by Soprunov, see [19, Theorem 3.9].

Theorem 2.24 Let Y C Tx be a reduced complete intersection of hypersurfaces of

degreesay, ..., o, € Kanday = a1+ -+o,—B1—---—B. I[fany subset Z C Y
of size m = dimg S has Hz(a') = m for some o' € NS with a + ko' < ay, then
d(Cq,y) =z k(m — 1) + 2. O

Proof Relying on the notations of the previous proof, let us reveal why hypotheses
of [19, Theorem 3.9] follows from our assumptions. As before the assumptions
(1)=(3) are satisfied. If any subset Z C Y of size m has Hz(e') = m, then
Sy / ker(evz) = K™. If this happens for m = dimg S,/, then ker(evz) = 0 meaning
that the evaluation map is an isomorphism. This implies that the assumption (4) is
satisfied for the polytope Q = Py. When a + ke’ < ay, we have the inclusion
A+kQ = Py +kPy C Pyirar S P°, asrequired. m]

Problem 2.25 Find bounds on the minimum distance for an arbitrary ¥ € X and
for any toric variety X.
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3 Lattice Ideals and Subgroups of the Torus Ty

The previous section motivates studying vanishing ideals of subsets Y of the torus as
in this case hypothesis about the existence of non-zerodivisors hold automatically.
So as to take full advantage of the algebraic approach offered by combinatorial
commutative algebra, it is a good idea to focus on subgroups of Tx. In fact, in the
particular case of X = P(wi,...,w,;) and Y = Ty, the ideal /(Y) has shown
to have a special form in [5]. Namely, it is a special lattice ideal related to the
defining ideal of the semigroup generated by the degrees 8; := deg(x;) = wj, for
j =1,...,r. The main result of this section is from [16] and uncovers the relation
between lattice ideals and subgroups of Tx.

A lattice L is a subgroup of Z". We can write a vector in Z" as a difference
m = mT —m™, of two vectors m*, m~ € N'. If we let Fy = x™ — x™ , the
binomial ideal I generated by these special binomials Fy, arising from the lattice
L C 7 is called the lattice ideal of L. In short, I}, = (Fiy |m € L).

Recall that a point of the toric variety X is an orbit of a point P from the affine
space K" and so is denoted by [P] := G - P = [p1 : --- : pr]. We use [1] shortly to
mean the point [1 : --- : 1].

Definition 3.1 Every matrix Q = [q1q2 - - - qr] € M;x,(Z) defines a subgroup
Yo ={[t1:---: tT]it e (K*)'}) C Tx

of the torus Ty, which we call the toric set parameterized by Q.

In [15], the vanishing ideals of these toric sets parameterised by monomials are
shown to be lattice ideals of dimension 1, when the toric variety is a projective space,
ie, X =Pwy,...,w,) withw; =--- =w, = 1.

Definition 3.2 Given an s X r integer matrix B, let Lp = Z"Nker B be the sublattice
of Z"" determined by B. A lattice L is called homogeneous if L C Lg, where B is
the matrix representing the second map in the first short exact sequence 3. O

The following fact given for the first time in [16, Proposition 2.3] justifies our
choice of terminology.

Proposition 3.3 L is homogeneous if and only if I, is homogeneous. O

For a homogeneous ideal J of S, let
Vx(J) :={[P] € X : F(P) =0, for all homogeneous F' € J}.

Summarizing some of the results of [16], we get the following nice relations:
Theorem 3.4 The following are equivalent:

(i) Y is a subgroup of Tx,
(ii) Y C Tx and I(Y) is a radical lattice ideal of dimensionr — n,
(iii) Y =Yg for a square Q.
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Proof (i) — (ii) follows from Theorem 2.9 and Theorem 5.1 in [16].
(i) = (i): If I(Y) = I then Vx(I;)NTx = Y for a square Q, by Proposition
3.40f [16].Since Y C Tx and Y = Vx(I(Y)), the claim follows.

(i) = (i) is clear. o

The last result suggests that for studying subgroups of the torus Ty it is sufficient to
focus on subgroups of the form Y for a square matrix Q.

3.1 Degenerate Tori

In this section, we pay attention to subgroups Y4 of Tx parameterized by diagonal
matrices A = diag(ay, ..., a,).

Definition 3.5 The subset Y4 = {[#]" : --- : /"] : 1; € K*} of the torus Ty is
called a degenerate torus. O

If K* = (n), every t; € K* is of the form #; = n%, for some 0 < s5; < g — 2. Let
d;i = ord(n“) and D = diag(dy, ..., d,) be the matrix defining an automorphism
of Z". Then, the ideal I (Yy4) is determined by D and g in this case.

Theorem 3.6 ([16, Theorem 4.5]) IfY = Y4 then I1(Y) = I for L = D(Lgp).
[m}

Evaluation codes on complete intersections have been studied before in literature,
e.g. [6-8]. Following these results, we study vanishing ideals of special subsets of
the torus Ty and characterize when they are complete intersections using mixed
dominating matrices we define now.

Definition 3.7 If each column of a matrix has both a positive and a negative entry
we say that it is mixed. If it does not have a square mixed submatrix, then it is called
dominating. O

Theorem 3.8 ([14, Theorem 3.9]) Let L C 7 be a nonzero lattice with LN N" =
0. Then Iy, is complete intersection iff L has a basis my, . .., my, such that the matrix
[my - - -my,] is mixed dominating. In the affirmative case, we have

+ - + -
Ip =™ —xX™ ., x™n —x™),

Using Theorem 3.8, we prove the following.

Proposition 3.9 ([16, Proposition 4.12]) 1(Y4) is a complete intersection iff so is
the toric ideal I z;,. A minimal generating system of binomials for 1 (Y 4) is obtained

from that of Iy by replacing x; with xfli. O
Corollary 3.10 ([16, Corollary 4.14]) We have the following:

() fY ={[11} then I(Y) = I,
(ii) if Y = Tx then I(Y) = Iy, for L = (q — 1)Lg,
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Fig. 2 The subsemigroup K

(iii) I(Tx) is a complete intersection iff so is the toric ideal 11, which is
independent of q.
O

Using the matrix ¢ defined by the fan ¥ and the result presented in this section
one can easily check whether the vanishing ideal of Ty is a complete intersection.

Example 3.11 Consider the Hirzebruch surface X = H,, whose fan gives the
following mixed dominating matrix

o [10-1 01"
1ol ¢ =1

e So, I = {x1 — x3, xax3t — X4) is a complete intersection.

» Thus, tori Ty are all complete intersections for every g and ¢£:
I(Tx) = (197" = x3?7! 7 It — a7y,

* So,a1 =(¢g—1,0)and ap = (2g — 2, g — 1) are in K bounding the multigraded
regularity, see Fig. 2.
» Toric codes are trivial after degree o1 + p = (3¢ — 3,9 — 1), see Fig. 3.

4 Vanishing Ideals of Subsgroups of Ty

Studying evaluation codes defined on subgroups of the torus is reduced to an
investigation about parameterized subgroups Y by the virtue of Theorem 3.4. In
this section we give algorithms for determining a generating set of the lattice ideal
1(Yg) and for computing directly | Y|, see [1]. These generalize the corresponding
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¥

|

Fig. 3 The semigroup NS

results of [15] for the case X = IP” of projective space, and those of [5] for the case
X =P(wy, ..., w,) of weighted projective spaces and Yo = Tx.
The first description of the vanishing ideal is via Elimination theory.

Theorem 4.1 ([1, Theorem 2.3]) Let R = S[y1,...,Ys,21,---,2d, W] be an
extension of § = K[xy, ..., x,]. Then I(Yg) = J N S, where

J = ({xqujizﬁji _ yq.f+zﬁ.f+};.=1 U {y;]—l . 1}?‘:1’ qufzﬁf . .yCIrfzﬁrf —1).

Theorem 4.1 gives rise to the following algorithm for computing the binomial
generators of 1(Yp).

Algorithm 1 Computing the generators of vanishing ideal /(Yp)

Input The matrices Q € Ms,(Z), B € Myx,(Z) and a prime power q.
Output The generators of 1(Yg).

1: Write the ideal J of R using Theorem 4.1.

2: Find the Grobner basis G of J using the lexicographic monomial ordering with
W>Z] > >Z4>Y] > 0> Yg > X >0 > Xy

3: Find G N Ssothat I(Yp) = (G N S).

Example 4.2 Consider the Hirzebruch surface X = Hj over F1; and the toric set
parameterized by Q = [1 2 3 4], thatis, Yo = {[t : I AR A [T = Fi,}. We
compute the generators of /(Yp) and obtain I (Yp) = (xf — xg, xlzxz — x4), see [1]
for the code used. O

Here is another description of the vanishing ideal relying on the underlying
lattice.

Theorem 4.3 ([1, Theorem 3.4]) Let w; : Z"™S — 7" be the projection map
sending (1, ...,Cn, Cug1, -+, Cnts) 10 (C1, ..., Cn). Then, the ideal I(Yp) = I,
for the lattice L = {¢c¢ : ¢ € w5 (kerz[Qd|(g — D I])}. O
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Theorem 4.3 leads to the following algorithm for computing a Z-basis of the
lattice L.

Algorithm 2 Computing the lattice L such that I;, = I(Yp)

Input The matrices Q € M, (Z), ¢ € M, «,(Z) and a prime power q.
Output A basis of L.

1: Find the generators of the lattice kerz[ Q¢|(g — 1) I;].

2: Find the matrix M whose columns are the first s coordinates of the generators found in the
previous step.

3: Compute the matrix ¢ M whose columns are a Z-basis of the lattice L

Example 4.4 Let X = H over F1; and Q = [1 2 3 4]. Then, using this algorithm
we get the lattice L whose basis vectors appear as the columns of the matrix below:

T

ML = 210-1 .
505 0

The lattice ideal I is the saturation of the lattice basis ideal (xf — xg, x12x2 — X4).

Since M L is mixed dominating, I (Yp) = I, is complete intersection meaning that

it is already saturated. Therefore, we get I;, = (xf - xg, xfxz — x4). If we compute

Hilbert function of Y at some degrees, we get the following table:

{1, 2, 3, 4, 5, 5, 5, 5}
{1, 2, 3, 4, 5, 5, 5, 5}
{1, 2, 3, 4, 5, 5, 5, 5}.

The table represents values of the Hilbert function Hy,, at elements &« € N = N2,
It should be thought of as the usual first quadrant as in Fig.3: the left-bottom
value 1 corresponds to the origin. The others from the bottom to the top should
be regarded as Hy,(a) for @ € {(0, 1), (0,2)}. Similarly, values 1,2,3 at the
bottom correspond to elements « € {(0, 0), (1, 0), (2, 0)}. In order to understand
the cardinality |Yo| and the set reg(Yp), we need to know more about the behaviour
of the Hilbert function. As Y lies in the torus T, variables are non-zerodivisor, so
Hilbert function is non-decreasing in the direction of 81 = (1,0) and 8> = (0, 1).
Apriori, we do not know if HYQ stabilizes after it repeats itself once. So, we
can not determine the rest of the table. In other words, it does not follow from
Hy,(4,0) = 5 = Hy,(5,0) that Hy,(a,0) = 5 forall a > 5 as in the case of
X =P" x ... xP". Since X = H is smooth and Y is a complete intersection
of hypersurfaces of degrees o1 = (2, 1) and ap = (5, 0), we can use either of the
results Theorem 2.19 or Theorem 2.20 to deduce that e + a2 = (7, 1) € reg(Yp).
Therefore, |Yg| = Hy,(7,1) =5 and thus reg(Yg) = (4,0) + N2,
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Similarly, we can not make sure apriori that the rows of the table repeat itself
forever. If we look at this example more closely, we realize the following, for every
beN:

b b b 2 b b 2.b b1
So.p) =1{x3},  Sap ={x1x3, x1x3},  Se.p = {x7xy, x1x3%7, X3%5, x5 x4}

N {x?xzb, x%x3x§, xlx_%xg, xg’xg, x1x§_1x4, X3xg_lx4}.
Since x?x2 — x4 € I(Yp), it follows that x?x5 + I (Yg) = x5~ 'x4 + I(Yp) in the
quotient ring §/1(Yp) and thus for every b € N, we have

HYQ(Ov b) = 17 HYQ(L b) = 21 HYQ(27 b) = 31 HYQ(31 b) =4.

Hence, the only non-equivalent and non-trivial codes are the generalized toric codes
Ca.v,, for the degrees @ € {(1,0), (2, 0), (3, 0)}. O

4.1 The Length of the Code Cy,y,,

In this section, we give an algorithm for computing the length of the code Cq,v,
directly using the parameterization of Yg. It is clear that Tx and Y are groups
under the componentwise multiplication and that the map

9o (K" - Yo, t—[t4:...:t1]
is a group epimorphism. It follows that Yo = (K*)* /ker(po) and thus,

Yol = [(K*)'|/Iker(po)| = (¢ — 1)*/Iker(po)I.

Hence, computation of the length of the code Cq,y,, is reduced to determining the
number |ker(pg)].

Proposition 4.5 ([1, Proposition5.1]) LerH ={1,...,g—1} x---x{l,...,q—
1} C Z° and n be a generator of K*. If P = {h € HlhQ¢ = 0 mod g — 1}, then we
have ker(pg) = ()", ..., n")|h = (h1,..., hy) € P}. Therefore, [ker(pg)| =
[P O

We can compute k = |ker(¢g)| = |P| and thereby the length of the code easily
using the following:

Procedure 4.6 The following code in Macaulay?2 computes length of Cq. v,

12 : r=numRows Phi;s=numRows Q;n=numColumns Phi;
i3 : L=for i from 1 to g-1 list i;

i4 : L= set L;L=L"%x(s);L=toList L;

i5 : k=0;



300 M. Sahin

i6 : scan(L,i-> if ((matrix{{i}}*Q+Phi)% (map((22)”1,n, (i,3)>
(g-1))))==(matrix mutableMatrix(ZZ,1,n)) then k=k+1)
i7: length=((g-1)"s)/k

Example 4.7 We can calculate the length of the code corresponding to the Exam-
ple 4.4 directly using the Procedure 4.6 with the following input:

il : g=11;Phi=matrix{{1,0},{0,1},{-1,2},{0,-1}};
Q=matrix {{1,2,3,4}};

We finish with the following example to illustrate the advantage of computing
length beforehand in order to determine reg(Yg).

Example 4.8 We can calculate the cardinality |Yg| of a subset Yo C P(3,4,5, 6)
directly using the Procedure 4.6 with the following input:

il : g=11; Phi= syz matrix {3,4,5,6};
Q=matrix{{3,2,1,4},{1,2,3,4},{3,4,5,6}};

This reveals that [Yg| = 25. In order to determine reg(Yp), we compute the
vanishing ideal I (Y) and the first 60 values of its Hilbert function:

2 8 2 5 7 35 10 5
062 = ddeal (x - x X, X - XXX, XX - XX, X - X )
2 13 3 12 4 2 3 1 4 1 4

i65 : apply(60,i-> hilbertFunction({i}, IYQ))

065 = {1, o, 0, 1, 1,1, 2, 1, 1, 3, 3, 2, 4, 3, 3, 6, 5, 4,
7, 6, 6, 9, 8, 7, 11, 10, 9, 13, 12, 11, 15, 14, 13, 17, 16,
15, 19, 18, 17, 20, 19, 19, 22, 21, 20, 22, 22, 22, 24, 23,
22, 24, 24, 24, 25, 24, 24, 25, 25, 25}.

Since the ideal is not a complete intersection we currently do not know anything
about the regularity set. As the length is found 25 beforehand, it is certain that

reg(Yp) ={d e NB : Hy, (d) = 25}.

It is not clear if the Hilbert function stabilizes after these 60 values. Using its non-
decreasing behavior, we can say that Hy, d) < Hy, (d + w;), forw; € {3,4,5, 6}
and for all d > 0. Since Hy, (57) = 25, it follows that Hy, (d) = 25, for all degrees
d = 60, 61, 62 and 63. Thus, Hy, (d) = 25 forever, giving a lower bound for the
regularity 57 + N C reg(Yp). Indeed, we have reg(Yg) \ (57 + N) = {54}. This
implies that for ay, = 56 we do not have equality reg(Yp) = ay, + 1+ N, as in
Proposition 2.16.
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Note that the degree of the following rational function representing the Hilbert
series is 56:

i66 : hilbertSeries IYQ

8 30 38 39 40 43 44 69 70 73 74
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on Numerical Semigroups and on Related @i
Integral Domains
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Abstract We study the cardinality of the set Star(S) of star operations on a
numerical semigroup S; in particular, we study ways to estimate Star(S) and to
bound the number of nonsymmetric numerical semigroups such that |Star(S)| < n.
We also study this problem in the setting of analytically irreducible, residually
rational rings whose integral closure is a fixed discrete valuation ring.
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1 Introduction

A star operation on an integral domain D is a particular closure operation on the set
of fractional ideals of D; this notion was defined to generalize the divisorial closure
[4, 13] and has been further generalized to the notion of semistar operation [17].
Star operations have also been defined on cancellative semigroups in order to obtain
semigroup-theoretic analogues of some ring-theoretic (multiplicative) definitions
[11]. A classical result characterizes the Noetherian domains D in which every ideal
is divisorial or, equivalently, which Noetherian domains admit only one star oper-
ation: this happens if and only if D is Gorenstein of dimension one [2]. Recently,
this result has been a starting point of a deeper investigation on the cardinality of
the set Star(D) of the star operations on D, obtaining a precise counting for i-local
Priifer domains [7] (and, more generally, an algorithm to calculate their number
for semilocal Priifer domains [23]), some pseudo-valuation domains [18, 26] and
some Noetherian one-dimensional domains [6, 8, 25]. In particular, for Noetherian
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domains, a rich source of examples are numerical semigroup rings, that is, rings
in the form K[[S]] := K[[X® | s € S]], where K is a field and S is a numerical
semigroup.

Inspired by this example, the study of star operations on numerical semigroups
(and, in particular, of their cardinality) was initiated in [21]. In particular, the main
problem that was tackled was the following: given a (fixed) integer n, how many
numerical semigroups have exactly n star operations? By estimating the cardinality
of Star(S), it was shown that this number is always finite, and that the same holds
for residually rational rings (see Sect. 10 for a precise statement). Subsequently, in
[27], better estimates on |Star(S)| allowed to give a much better bound the number
of semigroups with at most n star operations, while in [22] the set Star(S) was
described in a very precise way when the semigroup S has multiplicity 3.

In this paper, we give a unified treatment of the study of Star(S), surveying the
main results of [21, 22, 27] and [24] and deepening them. In particular, we give a
rather precise asymptotic expression for the number of semigroups of multiplicity 3
with less than n star operations (Theorem 6.4), an O (n€) bound for the semigroups
of prime multiplicity (Theorem 7.4), we list all nonsymmetric numerical semigroups
with 150 or less star operations (Table 4), and prove an explicit bound for residually
rational rings (Theorem 10.5).

The structure of the paper is as follows: Sects.2 and 3 present basic material;
Sects. 4 and 5 present estimates already present in [21] and [27]; Sect. 6 deepens
the analysis of [22] on semigroups of multiplicity 3; Sect. 7 studies the case where
the multiplicity is prime (and bigger than 3); Sect. 8 introduces the concept of
linear families (one example of which was analyzed in [24]); Sect. 9 is devoted to
algorithms to calculate |Star(S)| and to determine all the nonsymmetric semigroups
with at most n star operations; Sect. 10 studies the domain case, and contains
analogues of the results of Sect. 4 for residually rational domains.

2 Notation

For all unreferenced results on numerical semigroups we refer the reader to [19].
A numerical semigroup is a set S C N that contains 0, is closed by addition and

such that N \ § is finite. If a1, ..., a, are coprime positive integers, the numerical
semigroup generated by ay, ..., a, is {ai,...,a,) = {Z;’Zl tiai | t; € N}. The
notation S = {0, by, ..., b,, —} indicates that § is the set containing 0, by, ..., b,

and all integers bigger than b,,.
To any numerical semigroup S are associated some natural numbers:

e the genus of S'is g(S) := [N\ S|;
¢ the Frobenius number of S is F(S) := sup(N \ S);
 the multiplicity of S is m(S) := inf(S \ {0}).
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The Apéry set of S with respectton € Sistheset Ap(S,n) :={xe S|x—n¢
S}. Without specifications, the Apéry set of S is the Apéry set with respect to the
multiplicity; we write Ap(S) := Ap(S, m(S)).

A hole of S is an integer x € N\ S such that F(S) — x ¢ S. A semigroup S is
symmetric if it has no holes, while it is pseudosymmetric if g(S) is even and g(S)/2
is its only hole. Setting 7(S) := {x e N\ § | x 4+ (S \ {0}) € S}, we also have that
S is symmetric if and only if 7(S) = {F(S)} [19, Corollary 4.11].

An integral ideal of S is a nonempty subset / € S suchthat/ + S C [, i.e., such
thati +s € [ foralli € I, s € S. A fractional ideal of S is a subset I C 7Z such
that d 4 I is an integral ideal for some d € Z, or equivalently an / C Z such that
I + S C I. We shall use the term “ideal” as a shorthand for “fractional ideal”.

If {I4}qea is a family of ideals, then its intersection (if nonempty) is an ideal,
while its union is an ideal if and only if there is a d € Z such thatd < i for all i in
the union. If 7, J are ideals, the set (I — J) :={x € Z | x + J C I} is still an ideal
of S.

We denote by F(S) the set of fractional ideals of S, and by F(S) the set of
fractional ideals contained between S and N; equivalently, Fo(S) = {I € F(S) |
0 = inf(/)}. For every ideal I, there is a unique d such that —d + I € Fo(S)
(namely, d = inf([)).

If a, b are integers, we use (a, b) to indicate their greatest common divisor. If
f, g are functions of n, we use f = O(g) to mean that there is a constant C such
that f(n) < C - g(n) foralln > 0.

3 Star Operations

Definition 3.1 ([21, Definition 3.1]) Let S be a numerical semigroup. A star
operation on S is a map * : F(S) —> F(S), [ + [I*, that satisfies the following
properties:

e xis extensive: I C I* for every I € F(S);

e xis order-preserving:if I,J € Sand I C J, then I* C J*;

e xis idempotent: (I*)* = I* for every I € F(S);

e % fixes S, thatis, S* = S;

e xis translation-invariant: d+I* = (d+1)* forevery I € (S) andeveryd € Z.

We denote by Star(S) the set of star operations on S.

If I = I'*, we say that [ is *-closed; we denote the set of x-closed ideals by F7(S).

The set Star(S) can be endowed with a natural partial order: we say that *; < %)
if I*1 C I*2 for every ideal I, or equivalently if F*2(S) € F*'(S). Under this order,
Star(S) is a complete lattice: its minimum is the identity, while its maximum is the
v-operation (or divisorial closure) v : I — (S — (§ — I)).

Since N is v-closed, any star operation restricts to a map *g : Fo(S) —> Fo(S);
furthermore, *o uniquely determines * (since every ideal can be translated into
Fo(S)). We define Go(S) := Fo(S) \ F7(S), that is, Go(S) is the set of ideals 1
of S such that 0 = inf 7 and I # I7.
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Since F(S) is finite, Star(S) is a finite set for all numerical semigroups S [21,
Proposition 3.2]. Furthermore, |Star(S)| = 1 if and only if v is the identity, which
happens if and only if S is symmetric [1, Proposition I.1.15].

4 Estimates Through the Genus

Our main interest in this paper will be the function E(n) that associates to every
integer n > 1 the number of numerical semigroups S such that 2 < |Star(S)| <
n. More generally, if S is a set of numerical semigroups, we define Es(n) as the
number of semigroups S € S such that 2 < |Star(S)| < n. We will mainly be
interested in the asymptotic growth and in asymptotic bounds of E and Eg, for
some distinguished sets S of semigroups.

It is very difficult to determine precisely the number of star operations on
a numerical semigroup S, while it is easier to find estimates for |Star(S)|: for
this reason, we work with E instead of the function that counts the number of
semigroups with exactly n star operations. Most of the bounds proven in the paper
will be obtained in a two-step process:

1. find a function ¢ (depending on some of the invariants of §) such that |Star(S)| >
¢(S) forall S € S;
2. estimate the number of S € S satisfying ¢(S) < n.

In this way, we obtain an estimate on the number of semigroups S € S satisfying
|Star(S)| < n: indeed, if |Star(S)| < n then we must also have ¢ (S) < n.

The first important result is to prove that E is actually well-defined, that is, that
there are only a finite number of numerical semigroups satisfying 2 < |Star(S)| < n.
To do so, the first estimate involves the genus of S.

Theorem 4.1 ([27, Proposition 8.1]1) Let S be a nonsymmetric numerical semi-
group. Then, |Star(S)| > g(S) + 1.

Sketch of Proof For every ideal I € Gy(S), we define %; as the largest star
operation x such that I = I'*; equivalently, x; is the map such that

JH=J'n —I—-1J))

for every ideal J [21, Proposition 3.6]. Then, x; = %y if and only if I = J [21,
Theorem 3.8]. Since S is nonsymmetric, thereisa t € T(S)\ {F(S)} [19, Corollary
4.11);1let A := min{z, F(S) —7}. Ifx e N\ S, let M, :={z e N | x —z ¢ S}; then,
M, is an ideal (which is not always divisorial). We associate to each x € N\ S an
ideal I,:

e ifx<XtandA—x ¢ S,thenl, :=SU{zeN|z>x,ze€ M,};
e ifx<Xtandl—x e S, thenl, :=SU{zeN|z>g—-A—x)};
e if x > A, then I, := M,.
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Then, I, # I, if x # y. Each I, is not divisorial: in the first case because
sup(N\ §) = A ¢ S and by [21, Lemma 4.7], in the second case because T € I\ "
(and by [21, Proposition 3.11]), in the third case by [21, Lemma 4.8]. Hence, they
generate g(S) different star operations, all different from the divisorial closure.
Thus, |Star(S)| > g(S) + 1. m]

‘We now translate this estimate to a bound on Z.
Theorem 4.2 ([27, Section 8]) Preserve the notation above.

(a) E(n) < oo foreveryn > 1.
(b) If  := ‘/52+1 is the golden ratio, then

E(n) = O(¢") = O(exp(nlogy)).

Proof By [32], the number of numerical semigroups of genus at most n is O (¢").
The claim follows from Theorem 4.1. o

5 Estimates Through the Multiplicity

The proof of Theorem 4.1 involves star operations generated by a single ideal (called
principal star operations). In general, not all star operations have this form; to work
more generally we define, given A € G (S), the star operation induced by A as

*a = inf{x; | I € A}.

Every star operation can be represented in this form [27, Section 3], but in general
we may have xp = *, even if A # A. To obtain better estimates, we want to
identify special subsets of Gy(S) that induce pairwise different star operations. We
introduce the following definitions.

Definition 5.1 ([27, Definition 3.1]) The *-order on G,(S) is the partial order <,
defined by I <, J if and only if *; > x;; equivalently, I <, J if I is x-closed.

The fact that, for I, J € Gy(S), *; = =y if and only if / = J guarantees that the
x-order is really a partial order (see [21, Corollary 3.9] or the proof of Theorem 4.1);
on the other hand, the same relation defined on the whole 7(S) is only a preorder
(see the discussion after [27, Definition 3.1]).

Definition 5.2 Let (P, <) be a partially ordered set. An antichain of ¥ is a subset
of pairwise noncomparable elements.

Definition 5.3 Let a € N\ S. Then, Q, is the set of ideals I € G((S) such that
a =sup(N \ /) and such thata € I"”.

The set Q, is nonempty if and only if M, is nondivisorial (in which case M, € Q;)
[27, Proposition 5.2].



308 D. Spirito

Proposition 5.4 ([27, Proposition 5.11]) Leta,b € N\ S, andlet A C Q;, A C
Qp, be two nonempty sets of ideals that are antichains with respect to set inclusion.
If A # A, then sa # *4.

Given P € Gy(S), we denote by w;(P) the number of antichains of £ with
respect to set inclusion.

Corollary 5.5 ([27, Corollary 5.12]) For every numerical semigroup S, we have

Star($)| = 14+ Y (;(Qa) — 1).
aeN\S

Remark 5.6 In [27], the notation w(P) was used for the number of antichain of P
with respect to the x-order, and w; (), with “i”” standing for “inclusion”, was used
to distinguish the two quantities. In this paper we do not use directly the antichains
in the *x-order, but we preserve the notation w; (#) for the sake of consistency.

Corollary 5.5 allows a relatively quick estimate of Star(S) when S is a fixed
semigroup, since finding Q, and counting the antichains with respect to inclusion is
much quicker than determining and comparing star operations. From a theoretical
point of view, it can be used through the following construction.

Suppose a is ahole of S. Let J := SU{x € N | x > a}, and let Z(a) :=
fa—m+1,...,a—1}\ S.Forevery A € Z(a), the set I4 := J U A is an ideal
of S, and it belongs to Q, since g — a ¢ S [21, Lemma 4.7]. Furthermore, I4 C Ip
if and only if A C B; hence, the set of the /4 (under the containment order) is
isomorphic to the power set of Z(a). The number of antichains of the power set of a
set with n elements is called the n-th Dedekind number, and we denote it by w(n).
The sequence {w(n)} grows extremely quickly (as an exponential of an exponential),
and for this reason it is known only up ton = 8 [12, 31].

A similar construction can be done if a < m(S) is not a hole, but there is a hole
b < a; in this case, we consider Z(a) = {1,...,a — 2}, and the best estimate is
obtained with a = m(S) — 1. Using these constructions (and some variants), we can
prove the following.

Proposition 5.7 ([27, Propositions 5.19 and 5.21]) Let S be a nonsymmetric
numerical semigroup, and let v(S) := ’Vm(‘g)_l-‘. Leta e N\ S.

(a) Ifm(S) <a <g/2andg —a ¢ S then w;(Qy) > w(V(S)).

(b) If2m(S) <a < g/2and g —a ¢ S then w;(Qy) > 2w (v(S)) — 2.

(c) Ifa <m(S)and g —a ¢ S then w;(Qy) > w(a — 1).
(d) If a < m(S) and there is a hole b < a of S, then w; (Qy) > w(a — 2).

In particular, |Star(S)| > w(v(S)).
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As in Sect. 4, we can use the last estimate to obtain a bound on E.

Theorem 5.8 ([27, Theorem 8.4]) For every € > 0,

E(n)=0 |:exp ((1022 + e) log(n) log 10g(n)>:| .

Sketch of Proof Let A; := 1022 + €. Using Proposition 5.7 and the estimates in
[12], we have that if |Star(S)| < n then (for any €’ > 0 and n > ng(¢’))

v(S) 1-€"yu(s
n = w(s) = 2w = 2

when v(S) is large. Writing it as a function of m(S), we get m(S) < A¢ loglogn.

Let E,(n) be the number of nonsymmetric numerical semigroups of multiplicity
w1 with at most n star operations: then, using Theorem 4.1, E,(n) is at most equal
to the number of numerical semigroups of multiplicity p of genus < n, which is at
most (n — 1)*~ 1. Tt follows that

Ac loglogn
Em) < Y. (n—1H! < pAoslos® < exp(A log(n) loglog(n)),
n=3
as claimed. ]

6 Multiplicity 3

In the last passage of the proof of Theorem 5.8, we needed to estimate the function
8, (n) counting the nonsymmetric numerical semigroups of multiplicity ¢ with at
most n star operations. While a very crude bound was enough to obtain the theorem,
it is reasonable to ask for more precise estimates: in this section we analyze the case
of multiplicity 3, while in the next one we study the case where m(S) > 3 is prime.

The case of numerical semigroups of multiplicity 3 can be analyzed very
thoroughly, obtaining a complete solution to the problem of finding the set of star
operations on S.

Theorem 6.1 Let S := (3,3a+1, 38+2) be a numerical semigroup of multiplicity
3, where Ap(S) = {3,3a + 1,38 + 2}.

(a) [22, Theorem 7.4] (Go(S), <) is order-isomorphic to the direct product
{1,....20 =B} x{1,...,28 —a + 1}.

(b) [22, Corollary 6.5] Star(S) is order-isomorphic to the set of antichains of
(Go(S), =+).

(¢) [22, Theorem 7.6] |Star(S)| = (a—i—ﬂ—i— 1) = <a+ﬂ+ ! ) = < g(5)+1 >
2a—B 2—a+1 F(S)—g(S)+2



310 D. Spirito

Using Proposition 5.4, we can also improve [22, Proposition 7.8].

Proposition 6.2 Let S be a nonsymmetric numerical semigroup. Then, the follow-
ing are equivalent:

(i) S is a pseudosymmetric semigroup of multiplicity 3;
(ii) (Go(S), <) is linearly ordered;
(iii) Star(S) is linearly ordered.

Proof 1f m(S) = 3, the result is exactly [22, Proposition 7.8]. Suppose thus m(S) >
3; we need to show that (G (S), <) is not linearly ordered, and to do so it is enough
(by Proposition 5.4) to find two ideals Ji, J, in some @, that are not comparable.
Let t be a hole of S such that T < g/2 (it exists because § is not symmetric). We
distinguish several cases.

If T > 3, then by [2]1, Lemma 4.13] we can find a1,ap € {fr —m +1,..., 7 —
1} NN) \ S; then,weset J; ;=SU{x e N|x >t} U {a;}.

If r <3 and m(S) > 4, consider b := 4: then, the set {1, 2, 3} \ {3 — 7} contains
two different elements, say x; and x», and we take J; := SU{x e N | x >
3} U {3 — 7, x;} (they belong to Q3 by the proof of [27, Proposition 5.20]).

Suppose m(S) =4 and r < 2. If t = 1 then one between g := g(§) and g — 1
is even; call it e. Then, e/2 is a hole of S which is not bigger then g/2; in particular,
if § > 3 we are in the case above. If § < 2, then g < 5, and so either g = 3 or
g = 5. In the latter case we would have g — 1 = 4 ¢ S, a contradiction; in the
former case, S = (4, 5, 6, 7), and by direct inspection G (S) is not linearly ordered
(see [27, Example 5.21]).

If t = 2, consider J; := SU {g — 2} and J» := S U (2 4+ S). Then, both are
elements of Q, and g — 2 ¢ Jp (otherwise g —2 -2 =g—-4 =g—m € §,
which is absurd); furthermore, J; # J, since otherwise 2 = g — 2,1i.e., g = 4, a
contradiction, and so they are noncomparable.

Therefore, if m(S) > 3 the *-order on G (S) is not total, as claimed. O

We now want to use Theorem 6.1 to calculate E3(n). The idea is to divide the set
of semigroups of multiplicity 3 in sets defined by the relation 20 — 8 = k (if ¢ < B)
or2B8 —a + 1=k (if« > B), and then estimate Eg(n) for each of these families.

Lemma 6.3 Let k, n be integers, and define

X(X—l)---(X—k—I—l)_n

pk,n(X) = k!

Then:

(a) pk.n has a unique zero x , that satisfies xi, > k — 1;
(b) for all k, there is a no(k) such that, for all n > ngy(k),

kim'/*F—1 < Xk < k'm)V* 4k —1.
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Proof

(a) Let Prn(X) i= pea(X +k — 1) = XX XD then, pry is a
polynomial whose coefficients are all positive, and thus py , is increasing for
X > 0, 1i.e., pk, is increasing for X > k — 1. Furthermore, py ,(k — 1) =
Dn(0) = —n, and thus py , has a unique zero x , > k — 1.

(b) We have

(ki)
. _

! n=n—-—-n=20,

P () 4k — 1) = Prn (ki) /%)

k
and thus x¢ , < (k!n)l/k—l—k—l.On the other hand, write k! Py, (X) = Z)\,Xt:
=0
then, Ay = 1 and Ao = —k!n. We have

t

M (VR =Tt =2y (f)(—n’—f(km)f/ kg=ii/k,
1

i=0

Adding all these terms, we see that k! py , (X) is a sum of monomials (with fractional
exponent) in n. The maximal exponent is 1, which appears twice: for t = k = i and
for + = 0. The former is equal to k!n and the latter to —k!n, and so their sum is
zero. The next term is the one with exponent (k — 1)/k, and again we have two
monomials: for# = k andi = 1 and fort = k — 1 = i. Hence, the leading term of
k!B ((k'n)'/* — k), as a function of n, is

- (k) () E=DE e gy () R=DIE = g R=D7k g2 g g yn®=D/E,
1

We have g— = 1+2+---+k—1=*&D:hence, the sign of k!5, ((k!n)/* — k)
is equal to the sign of

k(k—1) kK> +k
+ =- <

—k% 4 e = —k2
+ Ak—1 > 2

0.

Therefore, for large n we have x; , > Kn)V* —k+ (k= 1) = (kIn)/k =1, as
claimed. O

Theorem 6.4 For every integert > 1, we have
2 t—1
E3(n) = | (Z(k!)l/k-nl/k> + 0(n'"10g? n).
k=1

Proof Given a numerical semigroup S = (3, 3a + 1, 38 + 2) of multiplicity 3, let
p(S) :=a+ B+ 1and g(S) := 2o — B. Then, p(S) 4+ ¢(S) = 3 + 1; we have
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p(S) > ¢(S) for all nonsymmetric semigroups, and furthermore p(S) # 2¢(S) for
all S, which means that p(S) < 2¢(S) or p(S) > 2¢q(S).

Given an integer k > 1, define the following sets: S is the set of numerical
semigroups with p(S) < 2¢(S) and ¢(S) = k, while S_ is the set of semigroups
with p(S) > 2¢(S) and p(S) — q(S) = k. Then, each nonsymmetric semigroup
belongs to exactly one S or S_i, and thus

E3(n) = ) Bs, (1) + Es_ (n).

k>1

We claim that Eg, (n) = (k)!/* . n'/¥ 4 0(1) for each k.
Indeed, Eg, (n) is equal to the number of integer solutions of the system

(}) =n
X+k=1mod3
X > 2k

In the notation of Lemma 6.3, the first equation is exactly px ,(X) < 0; hence, the
number of solutions is é(xk,,, — 2k) + € for some |e¢| < 1 (depending on k and n).
For large n, using Lemma 6.3(b) this is equal to

1 2 1
3k!1/kn1/k — 3k+ o(l) = 3k!1/kn1/k +0(1)

for k fixed, as claimed. A completely analogous reasoning holds for S_¢, since also

(X{k) = pr.a(X).
Take any integer ¢ and let S := |, _, St U S—¢. Then,

t—1 t—1

2
Es(n) =) Es () +Es_ () =) (3/«!1/":11/" + 0(1>)

i=1 i=1

2 t—1
= (Zk!l/knl/k) +0().

i=1

Let S’ be the complement of S in the set of all numerical semigroups of mul-
tiplicity 3, and consider E¢ (n). Let G,(n) be the number of binomial coefficients
(Z) such that (Z) < n,b >t and a > 2b; then, since a binomial coefficient arises
from at most one semigroup, we have

Bg(n) <2 Gr(n). (M

r=t
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If k > log,(n), then

<2k> 4log> (m) n?

= bt >n

k V4log,(n) — /4log,(n)

for large n. Thus, it is enough to consider the sum in (1) only for k£ going from ¢ to

log, (n).
By Lemma 6.3, if (¢) > n thena < (k!n)"/¥; hence, Gi(n) < (k!n)'/* and

log, (n) logy n
Bg(n) <2 Z (kin)'/* < 2pl/t Z (kD% = 0" 10g? n).
k=t k=t
since (k!)!/¥ < k. The claim is proved. m]

Note that we cannot write E3 as the series
2 o
- _ 1k 1/k
E3(n) = k! -n
(n) 3 g—l( )

because at fixed n the terms have limit 1, and so the series does not converge. When
n is fixed, a good approximation for E3(n) is obtained stopping the series at k =

log, (n); an even better approximation can be obtained stopping it at k = é (logy n+

log, log, n), since also for this value we have (zkk) > n.

7 Prime Multiplicity

The formula for |Star(S)| in the previous section was based on an explicit (and
very regular) description of Gy(S). For semigroups of bigger multiplicity, both
listing all non-divisorial ideals and understanding the x-order becomes much more
complicated (see the examples in [24]), and so we need to rely on estimates. In this
section, we shall obtain good estimates for some particular classes of semigroups.

The main idea is to generalize the reasoning used to obtain the estimate
[Star(S)| > w(v(S)) by considering not only the elements b € {a — m(S) +
1,...,a — 1} \ S, but also the integers in the form b — km.

Theorem 7.1 Let S be a nonsymmetric numerical semigroup of multiplicity m, and
leta € N\ S be a hole of S. Suppose that there are b1,by € (a —m,a) NN and
o € N such that:

e b1,by ¢S;
e forc € {a — by1,a — by, |b1 — b2l}, the element a, € Ap(S, m) congruent to ¢
modulo m satisfies a, > om.

2
Then, |Star(S)| > ( 0).
o
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Proof For0 < j,k < o, let I(j, k) be the ideal
I1(j,k) =SU{xeN|x>alUb—jm+S)U by —km+S5).

We first prove that max(N \ /(j, k)) = a. Clearly, every element larger than
a isin I(j, k). On the other hand, a ¢ S, while a € by — jm + S is equivalent to
a—(b1—jm) € S, and the latter is impossible since a— (b1 — jm) = (a—b1)+jm <
om;hence, a ¢ by — jm + S, and in the same way a ¢ by — km + S.

Furthermore, by — jm—m ¢ I(j, k): the only possibility would be by — jm —m €
by — km + S, but his would imply

by —jm—m—(by—km)=by —by+(k — j — Dm € S,

which is impossible since b1 — by 4+ (k — j — 1)m < om. Hence, the Apéry set of
1(j, k) contains a, by — jm and by — km; in particular, these ideals all distinct.
Since a is a hole of S, all the 1 (j, k) belong to Q,, and by Proposition 5.4 every
nonempty antichain with respect to containment induces a different star operation
on S. Under the containment order, the set of the I(j, k) is isomorphic to the
direct product {1, ...,0} x {1, ..., o}; by [22, Lemma 7.5], the latter set has (20)

o
antichains. The claim now follows from Corollary 5.5. O

When instead of b1 and by we have z elements, say by, ..., b;,in (a —m,a) NN

but out of S, the same reasoning (with the natural modifications to the hypothesis)
can be applied, considering the set containing the ideals in the form

Z
I(jl,...,jz):zSU{xele>a}UU(b,~—j,-m~|—S),
i=1

which will be isomorphic to {1, ..., c}*. Numerically, this version gives a much
better bound on |Star(S)|, although there isn’t a simple formula to express it;
however, the version of the theorem with only b and b, will suffice for our purpose.

Lemma 7.2 If a is a hole of a numerical semigroup S and a + m(S) ¢ S, then
a + m(S) is a hole of S.

Proof Immediate from the fact that F'(S) — (a +m(S)) = (F(S) —a) —m(S) can’t
belongto Sif F(S) —a ¢ S. O

Lemma 7.3 Let S be a numerical semigroup with multiplicity m, and let a €
Ap(S, m). If (a, m)|(F (S), m), then

oo PO +m

m—1
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Proof Suppose first that (@, m) = 1: then, S’ := (m, a) is a numerical semigroup,
and F(S) < F(S"). However, F(8') = am —a —m = a(m — 1) — m; solving for
a we have our claim.

If (a,m) =: d > 1, we consider the semigroup S’ := §/d := {x/d | x € SN
dN}: then, since d divides m and F(S), we have m(S") = m(S)/d, F(§') = F(S)/d
and a/d € S'. By the previous part of the proof,

a>F(S’)+m(S’)_F(S)~|—m(S) d _F(S)~|—m>F(S)+m
d~ m@$H -1 d mS)+d m—-d T m—-1"
and the claim is proved. O

Theorem 7.4 Let m > 3 be a prime number. Then, for every € > 0,
En(n) = 0(og" 'n) = 0(n°).

Proof There are only finitely many numerical semigroups of multiplicity m satis-
fying F(S) < km, for every k € N; hence, we can ignore them and only consider
(nonsymmetric) semigroups satisfying F(S) > m>.

Fix such a semigroup S, and let a be a hole of S satisfyinga < F(S)/2. Applying
Lemma 7.2, we see that, for any & € N, the element a + km is either a hole of S
or belongs to S; let & be the largest of such holes that is also smaller or equal than
F(S)/2. By Lemma 7.3, and since m > 3, we must have 7 > FS+m >

m—1

F(n‘?:lmz. Note that, since F(S) > m>, we have h > m.
By [21, Lemma 4.13], since m < h < F(S)/2, there are two elements by, by €
(@ —m,m)\ S; taking o := Ll F(S)4m

m m—1 J, we can apply Theorem 7.1, obtaining
|Star($)| > (3). Now

1 F(S)+m - 1 F(S)+m F(S) 1 F(S)
“m m-—1 mm-—1) m—1 — m?

m m—1

using F(S) > m3. Setting o’ := {Fnif)—‘, for these semigroups we have
207\ _ 2% :
Star(S)| > > >27.
| (>|_(U,)_ Yo Z
If |Star(S)| < n, this means that o’ < log, n, i.e.,

F(S)

, <logyn = F(S) < mzlogzn.
m
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Therefore,
B (1) < C+(m*logyn)™ ! = C+m?> ™ Vog, n)" ! = 0(log" ' n) = 0(n°)

for every € > 0. O

Corollary 7.5 Let S be the set of all numerical semigroups whose multiplicity is a
prime number > 3. Then, for every € > 0, we have

Es(n) = 0(n).

Proof By [27, Proposition 8.2], we need to consider only semigroups with multi-
plicity up to A¢ loglogn, where A, := 1022 + €.

There are at most (m?)"~! = m?("=D semigroups of multiplicity m with
F(S) < m3; hence, by the proof of the previous theorem we have

En(n) <m0 4 2 m*" D log"n < 4 log" ™% n
log2 log2

for large n, since m>"~1 < (A, loglogn)?4<loglogn < log3 n. Therefore,

Ac loglogn 4
Es(n) = Z Emm)= Y Ew(n) < (Acloglogn) - log 2 (log n)A<loglogn,
m>3 prime m=5
m prime
which is O (n€). The claim is proved. O

The proof above is based on the fact that if m(S) is prime then no generator of S
can be too small. The same happens if we consider only the elements of the Apéry
set that are coprime with m(S); however, in this case, we also need to find a large
hole. If F(S) is even, one easy solution is using F(S)/2.

Theorem 7.6 Let S be the set of numerical semigroups of multiplicity m > 4 such
that 31 m and F(S) = 0 mod 2. Then, for every € > 0,

Es(n) = O(n°).

Proof Let S, be the set of numerical semigroup with (fixed) multiplicity m
satisfying F(S) = 0 mod 2; for large n, by the proof of Theorem 5.8 we have
Bs,, (n) =0if m > 2loglogn.

As in the previous proof, there are at most m>" semigroups S of multiplicity m
with F(S) < 2m?.

Fix a semigroup S such that F(S) > 2m?, and let T := F(S)/2: then, t is a hole
of S and, since F(S) > 2m?, we have t > m?. Consider the elements T — 2 and
T — 1.
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If 711, 2 ¢ S, then we can apply Theorem 7.1 withby =7 —2,bp =t — 1 and
o= LF’S)J, applying Lemma 7.3 (since both (1, m) and (2, m) divide (m, F(S))).
If r1, 7o € S, then 4+ 1 and t + 2 cannot belong to S (otherwiset —1+7+4+1 =
2t = F(S) € S, a contradiction, and analogously for T — 2). Hence, we can apply

Theorem 7.1 withby =t —m+2,bp =t —m+ lando = anf) .

Suppose that 7 — 2 € S while t — 1 ¢ S. As before, T + 2 ¢ S, and we take
bi:=t—m+2andby : =1t —1.Then,bp — by =m —3,andso (m,m —3) =1
(since 3 t m). Using Lemma 7.3 we can apply Theorem 7.1 with 0 = LFnEE)J
Analogously,ift —2 ¢ Sandt —1 € Sweuse by ==t —m+1land by : =71 —2.

In all cases, we have |Star(S)| > (2:) > 2. Hence, for large n, is S € Sy,

satisfies [Star(S)| > n we must have F(S) < m? log, n; as in the proof of
Theorem 7.4 it follows that

1Ogm+2 n

E < 2m
Sp(n) = m=" + log2

for large n, and summing on m we have

2
Es(n) < (2loglogm* ML 4 © (logn) e PELE! = O(n)

log

for every € > 0. O

Proposition 7.7 Let S be the set of numerical semigroups of multiplicity m > 4
such that F = 0 mod 6. Then, for every € > 0,

Es(n) = O(n°).

Proof The proof is entirely analogous to the proof of Theorem 7.6. O

An interesting point to note is that, if we are interested in an asymptotic bound
or expression for E(n), the families considered in Theorems 7.4 and 7.6 or in
Proposition 7.7 give a contribution of a lower order than E3 (for which Theorem 6.4
gives a linear term); hence, these families are irrelevant when considering (the
dominant term of) the asymptotic growth for E.

8 Linear Families

In the previous section, Theorem 7.1 has been applied on families where, while the
Frobenius number increases, also the generators (or at least some of them) increase;
this is then used to prove an exponential bound on |Star(S)|, which in turn gives a
bound of type O (n€) on Egs. In general, however, it is possible to have a family of
semigroups where the Frobenius number increases, while some generators remain
fixed.
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Let S be a numerical semigroup and d > 1 be an integer dividing m(S). Let
{b1, ..., bs} be integers such that b; > d - (F(S) + m(S)) and such that each b; is
coprime with m(S). Then, T := (dS, by, ..., by) is a numerical semigroup. We can
divide the Apéry set of T into two parts, dAp(S) and a set A := {ay, ..., a;} where
each q; is bigger than every element of dAp(S).

For every k > 0, let now Ty := (dS, A + kd); then, T} is still a numerical
semigroup, and Ty = dSU (A 4+ kd +m(T)N). Considering the family {7} }x>o0, this
means that one part of the semigroup remains fixed for every member of the family,
while another part gets smaller and smaller.

We call a family 7 := {T;}k>1 constructed in this way the linear family
constructed from S, d and {b1, ..., bs}.

In particular, we have F(Ty) = F(T) + kd; furthermore, if x € N\ S and
x+m(S) edS,then F(T) —x e Tifandonly if F(Ty) —x = F(T)+kd —x €
Tk. Suppose now that T has only two holes, x and F(T) — x, and suppose that
x + m(S) € dS. Then, the only holes of T} will be x and F(T) + kd — x; in
particular, the method applied in the previous section using Theorem 7.1 can fail
badly, in the sense that the integer o will be the same for all members of the family.
In particular, the bound on |Star(S)| does not increase with k.

Example 8.1 Start from S = (2, 3) and take d = 2. Then, d(F(S) + m(S)) = 6,
so we can take {b1, b} = {9, 11}. Hence, T := (4, 6,9, 11), while Ty, := (4,6,9 +
2k, 11 4 2k). The only holes of T are 2 and 7, so the holes of 7y are 2 and 7 + 2k.
For the hole @ = 2, the only possible ¢ is 0, while for the hole a = 7 4 2k the set
{a—m+1, ..., a—1} contains a unique element out of S, namely a —m+2 = 542k,
and thus Theorem 7.1 cannot even be applied to 7 4 2k.

The only estimate we have is thus Theorem 4.1, which gives |Star(7;)| > g(Ty)+
1 =k + 5 and corresponds to a bound Eq(n) < n — 4, where 7 := {Ti }ik>1.

For this particular family, [24, Proposition 5.8] gives the upper bound
[Star(Ty)| < 65 + 30k, which in particular implies Eq(n) > 310n — gg.

A calculation of |Star(7})| for low k suggests that the behavior of |Star(7})| is
linear in k; more precisely, that |Star(7;)| = 51 + 20k, and thus that Eq(n) =
1 31 _ 1
20" = 50 = 201 —31).

In general, there will be linear families for which [Star(7%)| does not exhibit a
linear behavior: for example, if m(S) is odd and coprime with 3 (and so d must be
odd too) then F(T}) will be alternatively even and odd, and so for at least one half
of the semigroups of the family we can apply Theorem 7.6; the same happens if T
has holes that are bigger than the elements of dAp(S).

On the other hand, if the behavior of |Star(7})| is linear (as it seems to happen
in the example), then the contribution of E4 to E has the same asymptotic growth
as E3, contrary to what happens for the families of Sect. 7. In particular, the overall
contribution of these families will depend also on the precise value of the linear
bounds on Eg, which seem difficult to calculate theoretically for all families.

In Table 1, we list the precise value of |Star(7)| for a few families obtained
with the above construction and for which the sequence {|Star(7})|} exhibits
(experimentally) a linear behavior.
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Table 1 Linear behavior of |Star(S)|

S d {by,..., by} Ty |Star(Ty)| Range checked
2,3y 2 {9,11} (4,6,9 4 2k, 11 + 2k) 51 + 20k 0<k=<20
(2,5) 2 {15,21} (4,10, 15 + 2k, 21 + 2k) 1368 + 400k 0<k=<l15
(2,7 2 {21,23} (4,14, 21 + 2k, 23 + 2k) 29,800 + 6800k O0<k<4

9 Algorithms and Explicit Data

A star operation * is uniquely determined by its restriction * : Fo(S) — Fo(S).
Since Fo(S) is a finite set that can be computed explicitly, the set of star operations
(and, in particular, its cardinality) can be determined just by listing all maps from
Fo(S) to itself and checking which ones satisfy the properties of a star operation.

An easier way to work algorithmically is to consider the set of closed ideals.
Indeed, a star operation * is also uniquely determined by the set F;(S) := {I €
Fo(S) | I = I*}; furthermore, a set A € Fo(S) is equal to F(S) for some  if and
only if it satisfies the following conditions [21, Lemma 3.3]:

e SeA;
e ifl,JeA,thenINJ e€A;
e ifTe Aandk € I,then (—k+ 1) NN € A.

In particular, since every star operation is smaller than the divisorial closure, A must
also contain the set 7(S) = {I € Fo(S) | I = I'}.

Hence, we can write 75(S) = F5(5) U G§(S), where G§(S) := Go(S) N F5(S).
By definition, QS(S) must be downward closed in the x-order: thus, we need only to
check the subsets of G (S) that are downward closed, and these can be constructed
recursively (either directly or by constructing the antichains ® of G((S) and then
considering the sets OV := {J | J <, I for some I € ©}). Furthermore, for any
ideal I, the ideals I N J (for J divisorial) and (—k + I) NN (for k € I) are always
smaller than [ in the x-order, and thus they do not need to be checked.

Therefore, we can write the following algorithm to calculate the cardinality of
Star(S).

1. Find all ideals in Fo(S):

(a) find Ap(S) ={0=ap,ai,...,am—1}, wherem = m(S) and a; =i mod m;

(b) foreachl <i <m — 1,letb; := |a;/m];

(c) foreach vectorv :=|[cq,...,cm—1]suchthat 0 < c¢; < b; for all i, consider
the set I (v) := SUJ, (¢c; + mN);

(d) if I(v) is an ideal, store it into F(S).

2. Divide Fo(S) into 7—'8(5') and G (S) by checking whether I = I or I # IV for
all I € Fo(S).
3. Construct the x-order by checking if I <, J or J <, I for every pair (I, J).
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4. For all downward closed subsets A of G(S):

(a) consider A := A U F((S);
(b) checkif INJ € Aforall I,J € A;
(c) if this condition holds, A = () for some star operation .

This algorithm has been implemented in GAP, using the functions of the package
numericalsgps [3, 29].

To calculate explicitly E(n) (for some n > 2), we can use Theorem 4.1 and
Proposition 5.7 to limit the calculation to a finite number of semigroups, and the
estimates in Sects. 5—7 to greatly shrink the number of semigroups.

1. Find the maximal m such that w (P";l—‘) <n (callit M),

2. For m = 3, calculate how many binomial coefficients (Z) satisfy a+b = 1 mod 3
and () < n.

3. For 4 <m < M, find all numerical semigroups S of multiplicity m with g(S) <
n—1.

4. For every such semigroup S:

(a) foreverya € N\ S, bound w; (Q,) by using Proposition 5.7, Theorem 7.1 or
an explicit calculation;

(b) if their sum is strictly larger than n, by Corollary 5.5 we have |Star(S)| > n;

(c) if the sum is at most n, calculate explicitly |Star(S)|.

Remark 9.1

(a) The number of numerical semigroups of multiplicity m and genus up ton — 1
grows polynomially, and M grows very slowly with z (as a double logarithm of
n, by [27, Proposition 8.2]/Theorem 5.8 — for example, if n = 7000 we have
only M = 7).

(b) Those semigroups can be found efficiently by solving linear inequalities, using
the so-called Kunz polytope of S (see [10, 20]).

(c) Step 4 of the algorithm is very flexible, because it allows to use any kind of
estimate on |Star(S)| before calculating it explicitly. For example, it is possible
to use first Proposition 5.7 to obtain a quick estimate, and then, for those
semigroups whose estimate is below n, calculate explicitly all of the sets Q,
(which is slower, but gives a better bound). It can also be used with other
estimates, not necessarily depending on Q.

Using this algorithm, I calculated E(n) and E,,(n) for all n < 150, and E,,(n)
form € {3,5, 7} and for all n < 2000 (for m = 4 and m = 6, the fact that m is not
prime introduces linear families, which slow down considerably the calculation).
Tables 2 and 3 show these values, and Table 4 lists those semigroups for m(S) > 3.
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Table 2 E(n) for n < 150

n E(n) E3(n) Es4(m) Es(n) Een) E7(n)
10 8 7 1 0 0 0
20 18 14 4 0 0 0
30 27 22 4 1 0 0
40 40 31 6 3 0 0
50 46 37 6 3 0 0
60 57 46 8 3 0 0
70 69 54 9 6 0 0
80 76 60 10 6 0 0
90 83 67 10 6 0 0
100 93 75 11 7 0 0
110 101 82 12 7 0 0
120 111 90 13 8 0 0
130 122 98 15 9 0 0
140 131 105 17 9 0 0
150 141 112 17 12 0 0

Table 3 E,,(n) for n Z3(1) Es(n) 2(n)

n <2000 and m € {3, 5,7} 100 75 7

200 148 13
300 220 16
400 290 21
500 361 21
600 431 22
700 500 22
800 570 22
900 639 24
1000 709 24
1100 716 25
1200 845 25
1300 914 25
1400 982 28
1500 1050 28
1600 1120 28
1700 1186 29
1800 1257 30
1900 1326 30
2000 1393 30

_ e = = = e = =0 00000000 OO [
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Table 4 Numerical semigroups with few star operations (with |Star(S)| in parentheses)

m(S) =4, |Star(S)| < 150

. (4,5,7)(7) . (4,6,9,11) (51) o (4,6,15,17) (111)
. (4,5,6,7) (14) . 4 7.17) (57) . (4,13, 15) (127)

o (4,5, 11) (14) . (4,11, 13) (63) o (4,7,13) (129)

. (4,7,9) (15) . (4,6,11,13) (71) . (4,6,17,19) (131)
o (4,9, 11) 31 . (4,6,13,15) (91) o (4,7,9,10) (131)

. (4,6,7,9) (32) . (4,7,10, 13) (105)

m(S) = 5, [Star(S)| < 2000

. (5,6,7,9) Q1) . (5,7,9) (147) o (5,9, 12, 13) (400)
. (5,6,13) 31) . (5,6,8,9) (148) . (5,7, 11) (539)

. (5,6,7) (32) « (5,6,7,8,9) (163) o (5,7,8,9,11) (824)
. (5,7,16) (63) . (5,6, 14) (206) . (5,8, 11) (867)

. (5,7,13) (65) .« (5,9,22) (255) o (5, 11,28) (1023)

.+ (5,6,8) (68) . (5,6,19) (275) . (5,6, 13,14) (1331)
« (58,9, 11) (96) < (5,7,9,13) (340) . (5,8,9) (1356)

. (5,7,8) (117) . (5,9,16) (351) o (5,11, 12, 14) (1363)
. (5,8,19) (127) . (57,8, 11) (369) . (5,7,23) (1685)

o (5,8, 11,12) (141) . (56,9, 13) (387) . (5,8,9,12) (1726)

m(S) =17, |Star(S)| < 2000

. (7,8,9,19) (1116)

10 The Ring Version

Suppose D is an integral domain with quotient field K. A star operation on D is a
map * : F(D) —> F(D) that is extensive, order-preserving, idempotent, satisfies
D = D* and such that x - I* = (xI)* forall x € K and all I € F(D) (where F(D)
is the set of fractional ideals of D, i.e., of the D-submodules / of the quotient field
K of D such that xI € D for some x # 0).

The concepts of principal star operations and of the x-order can be introduced
also for rings; however, in general, there is no set corresponding to Fo(S) (and so
to Go(S)). Furthermore, we may have x; = *; even if I, J are nondivisorial and
I # xJ forall x.

In this section, we want to study star operations on a class of domains which is
close to numerical semigroups. In particular, we shall study domains R satisfying
the following conditions:

¢ R is Noetherian, one-dimensional and local;
* its integral closure V is a discrete valuation ring (DVR);
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¢ the conductorideal (R : V) is nonzero;
* the extension of residue fields R/mgr € V /my induced by the extension R C V
is an isomorphism.

Note that, in the previous conditions, we could have dropped “one-dimensional”
and “local”, since they follow from the fact that the integral closure is a DVR. An
equivalent characterization is that the domains we study are the one-dimensional
local Noetherian domains that are analytically irreducible and residually rational.

From now on, fix a discrete valuation ring V, and denote by % (V') the domains
of this form whose integral closure is V; R will be a domain in Z (V) and m its
maximal ideal. We shall use v to denote the normalized valuation relative to V:
then, the set v(R) := {v(r) | r € R} is a numerical semigroup.

The questions we want to answer in this case are the same as in the numerical
semigroup case: is the number of rings in % (V') with exactly n star operations finite?
how many have less than n star operations? How to bound |Star(R)|, for R € Z(V)?
For n = 1, the answer is well-known: |Star(R)| = 1 if and only if R is Gorenstein,
which happens if and only if v(R) is symmetric, i.e., if and only if |Star(v(R))| = 1
[2, 14].

Define Fo(R) := {I € F(R) | R € [ < V}: then, every fractional ideal [ is
isomorphic to an element of Fy(R) (just take x 711, where x € I satisfies v(x) =
minv(/)). However, unlike the semigroup case, this ideal is not unique: that is, if
y € I is another element of minimal valuation, it may be that x ' # y~'I. In
particular, we can have *,-1; = *,-1; even if x~'1 # y~'I. However, if I and
J are in Fo(S) and not divisorial, then x; = *; implies that v(/) = v(J) [21,
Proposition 6.4]. We can thus prove an analogue to Theorem 4.1.

If S is a numerical semigroup, a canonical ideal of S is a fractional ideal €2 such
that (2 — (2 — I)) = [ for every fractional ideal I of S, or equivalently such
that *q(s) is the identity. Every canonical ideal is in the form a + K (S), where
K(S):={t e N| F(S) —t € S} is sometimes called the standard canonical ideal
of S [9, Section 5]. Likewise, if D is an integral domain, a canonical ideal of D is
a fractional ideal €2 such that (2 : (2 : 1)) = I for every fractional ideal I. If
R € Z(V), then R admits canonical ideals [15, Theorem 15.7], and if Q2 is one of
them then v(2) is a canonical ideal of v(R) [9, Satz 5].

Proposition 10.1 Let R € Z(V), and suppose that R is not Gorenstein. Then,
[Star(R)| = g(v(R)) + 1.

Proof Let S := v(R). Since R is not Gorenstein, S is not symmetric, and thus there
isat € T(S) \{F(S)}; let A := min{r, F(S) — t}. For any positive a € N, let
T, := RU{¢p € V | v(¢p) > a}; then, T, isaringin Z (V) and v(T,;) = v(R)U{x €
N | x > a}, so that F(v(T,)) = a. For every a, let 2, be a canonical ideal of T,
such that v(2,) = {t e N | a —t € v(T,)} is the standard canonical ideal of v(7}).

Let x € N'\ §. We distinguish three cases.

Ifx <Xixand A —x ¢ S,let I, := R+ {¢p € 2, | v(¢) > x}. Then, I, is an
R-module, and v(I;) = v(R) U {tr € v(£2,) | ¢ > x}; in particular, A ¢ v(Iy), and



324 D. Spirito

thus v(Iy) is not divisorial over S, which implies that /, is not divisorial over R [1,
Lemma I1.1.22].

Ifx <XiandA—x € S,lety :=g(S) — 2 +x = g(S) — (A — x), and define
Iy ;= RU{¢p € V | v(¢p) > y}. Then, v(I;) is not divisorial since it contains g(S)
but not g(§) — A, and so I is not divisorial.

If x > A and x # g(9), let I, := Q,: then, I, is not divisorial since otherwise
T, = (2 : Q) would be divisorial, against the fact that v(7) contains g(S) but
not A (if x = g, then 2, is not divisorial since otherwise S would be symmetric).

It is straightforward to see that v(I) # v(/,) for x # y; hence, each one
generates a different star operation, and |Star(R)| > g(v(R)) + 1. m]

We also note that Proposition 5.7 carries over to the domain case, and in
particular |Star(R)| > w(v(v(R))). We now prove an analogue of Theorem 4.2,
but we have to add an important additional hypothesis.

Theorem 10.2 Let V be a DVR with finite residue field.

(a) Every R € Z(V) has only finitely many star operations.
(b) For everyn > 1, the set {R € Z(V) | 2 < |Star(R)| < n} is finite.

Proof The first claim is a special case of [8, Theorem 2.5]. (It follows, for example,
from the fact that Fo(R) is finite.)

For the second claim, we see that if 2 < |Star(R)| < n, then v(R) is not
symmetric and g(v(R)) < n — 1; hence, there are only finitely many possible v(R).
Furthermore, since the residue field of V is finite, for any S there are only finitely
many R such that v(R) = § [21, Lemma 5.13(a)]; hence, there are only finitely
many R € Z (V) with |Star(R)| < n. The claim is proved. m]

In the previous theorem, the restriction to a finite residue field is not really
restricting, since otherwise Star(R) is very often infinite.

Proposition 10.3 Ler R € Z(V), and suppose that the residue field F of R is
infinite; suppose also that R is not Gorenstein. If m(v(R)) > 3, then Star(R) is
infinite.

Proof Let A := (m : m); then, A is aring, and it is local since its integral closure is
V. Since R is not Gorenstein, dimg (A/m) > 2 [2, Theorem 6.3]. If dimr (A /m) >
4, then |Star(R)| = oo by [8, Corollary 2.8]. If dimr (A /m) = 3, then following [6]
let N be the maximal ideal of A and let B := (N : N); by [6, Theorem 2.15], if
Star(R) is finite then B = V and dimp(B/mB) = 3. By [16],

dimp(B/mB) = |[v(B) \ v(mB)| = m(v(R))

since mB contains all elements of valuation m (v(R)) or more. Hence, if m(v(R)) >
3 then Star(R) is infinite, as claimed. ]

We can also obtain an explicit version of Theorem 10.2.
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Lemma 10.4 Let F be a finite field of cardinality q, and let W be a vector space
over F of dimension n. Then, W has at most 2"q™"~Y/2 vector subspaces.

Proof The number of vector subspaces of W of dimension k is the g-binomial
coefficient (or Gaussian binomial coefficient)

(n) _ @ =D@" " =D @ =)
kg™ @ =D@™ =D g1

(see e.g. [28, Proposition 1.3.18] or [5, Chapter 13, Proposition 2.1]). Using the
g-binomial theorem [28, Chapter 3, Exercise 45] with y = z = 1 we have

n n n—1
n _ n _
Z <k) < qu(k 1)/2(k) — l—[(l _I_qk) < znqn(n l)/2’
k=0 q k=0 q k=0
as claimed. o

Theorem 10.5 There is a constant C such that, for all discrete valuation rings V
with residue field F of finite cardinality q and for all n,

Ev(n) == [{R € Z(V) | 2 < |Star(R)| < n}| < C(4¢)"¢" "~V

where ¢ = 1+2‘/5
Proof 1f |Star(R)| < n, then by Theorem 10.2 we have g(v(R)) < n — 1, and
by [32] there are at most C’¢"~! semigroups with this property, for some constant
C’. If S is a numerical semigroup, then as in the proof of [21, Lemma 5.13(a)]
the R € Z(V) such that v(R) = S correspond to certain F-vector subspaces of
V/mg(s)ﬂ; since F'(S) < 2g(S), using Lemma 10.4 we see that each S gives at
most 22¢" "= rings. Hence,

is the golden ratio.

Ey(n) < C/(pnfl . 22nqn(2n71) — C(4(p)nqn(2n71)

with C := C'/¢. O

In this bound, the term ¢” can be substituted by a better bound, using (the
analogue of) Proposition 5.7; however, the main term is "1, whose lowering
hinges on a more precise grasp of how many rings correspond to a given semigroup.

In general, the cardinality of Star(R) does not depend only on S = v(R) and on
the residue field of V, but also on the precise nature of R itself; as a consequence,
while it is possible to calculate explicitly |Star(R)| for a fixed R, in general there
will not be a general formula (valid for each R). Sometimes, however, knowing S
and the residue field is everything we need.
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Proposition 10.6 Let V be a DVR with residue field F, and let q := |F|. Let R €
H(V). Then:

(a) [8, Theorem 3.8] if v(R) = (3,4, 5), then |Star(R)| = 3;

(b) [8, Example 3.10] if v(R) = (3,5, 7), then |Star(R)| = 4;

(c) [25, Proposition 3.4] if v(R) = (4,5, 7), then |Star(R)| = 224+3;

(d) [30, Corollary 4.1.2] if v(R) = (4,5, 6,7), then |Star(R)| = 2241 424+1 4 2,

Remark 10.7

TR w:

3

(a) If g = oo, then the last two cases should be interpreted as saying that Star(R)
is infinite.

(b) The proofs given in [8, Example 3.10] and [30, Corollary 4.1.2] for v(R)
(3,5,7)and v(R) = (4,5, 6,7) (respectively) were given only in the case R
K[[S]]. However, their proofs can be applied also to the general case.
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Neil Steinburg and Roger Wiegand

Abstract Over a one-dimensional Gorenstein local domain R, let E be the
endomorphism ring of the maximal of R, viewed as a subring of the integral closure
R. If there exist finitely generated R-modules M and N, neither of them free, whose
tensor product is torsion-free, we show that £ must be local with the same residue
field as R.

1 Introduction

Finding interesting examples of non-zero, finitely generated modules M, N over a
commutative Noetherian ring R, with M ®p N torsion-free (meaning that no non-
zero element of M @p N is killed by a regular element of R) is a non-trivial task. Of
course there are boring examples: take one of the modules to be torsion-free and the
other to be projective. Or, if R is not local, take M = R/m and N = R/n, where
m and n are distinct maximal ideals. A slightly less boring example is obtained by
taking R = Q[[x, y]]/(xy)and M = N = R/(x).

Let R be a local domain, and let M and N be finitely generated modules,
neither one of them free. Must M ® g N always have non-zero torsion?
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Again, the answer is “no”, and here is the connection with numerical semigroups:

Let R = k[[t*,£2,1%]], M = (t*,7), and N = (¢*,1%). Then M Qg N is
torsion-free [5, 4.3].

In fact, the only known examples where the question above has a negative answer
are numerical semigroup rings. This leads to a (somewhat halthearted, since it is
probably false) conjecture:

Conjecture 1 Suppose R is a one-dimensional local domain whose integral closure
R is finitely generated as an R-module. If there exist finitely generated modules M
and N, neither of them free, with M ®g N torsion-free, then R is local, and the
inclusion R € R induces an isomorphism on residue fields.

2 Some Evidence

In this section we will prove the result stated in the abstract, which gives some
support (admittedly rather sketchy) for Conjecture 1.

Throughout, (R, m, k) is a one-dimensional Gorenstein local domain, with
maximal ideal m and residue field k = R/m. We let K denote the quotient field
of R. If I and J are non-zero R-submodules of K, we identify Homg (1, J) with
the set {&« € K | ol < J}, via the isomorphism ¢ +— [llgo(a), where a is a fixed
but arbitrary nonzero element of /. In particular, we identify Endg m with the ring
E={oce K|am Cm}. Then R C E C R, where R is the integral closure of R in
K. The next lemma is due to Bass [2].

Lemma 1 Assume m is not a principal ideal. Then E /R is a simple R-module,
and E is minimally generated, as an R-module, by {1, y}, where y is an arbitrary
element of E \ R.

Proof Since m is indecomposable, there is no surjection m — R. (Such a surjection
would split, giving a decomposition m = R & H, with H # 0, as m is not
principal; but clearly m is indecomposable, since R is a domain.) This gives the
second equality in the display

m* = Homg(m, R) = Homg(m,m) = E. (1

Dualizing the short exact sequence

O—>m—>R—-k—0,
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and using the fact that k* = 0, we get an exact sequence
00— R* > m* > Ext}e(k, R) = 0.

But Ext}e (k, R) = k, as R is one-dimensional and Gorenstein. The identification
of Endg(m) with E is compatible with the identification of R* with R (via
multiplications), and thus the last short exact sequence shows that E/R = k. The
next assertion is clear from simplicity of £/R and the fact that 1 is part of a minimal
generating set for E,as 1 ¢ m = mE. O

Lemma 2 Let S be a subring of K containing R and finitely generated as an R-
module. Let M and N be finitely generated S-modules such that M @g N is torsion-
free over R. Then the natural surjection M @ g N — M ®s N is an isomorphism.

Proof We consult the following commutative diagram:

M ®@g N=—"> K ® (M ®g N)— (K ®g M) ®k (K ® N)

C !

M®s N ——> K ®s (M @5 N)—— (K @5 M) @ (K ®s N) )

The map § is injective because M ®@p N is torsion-free. One checks (by clearing
denominators) that a subset of an S-module is linearly independent over S if and
only if it is linearly independent over R, and so its rank as an S-module equals
its rank as an R-module. Thus » := dimg (K ®r M) = dimg (K ®s M) and
s = dimg (K ®r N) = dimg (K ®s N). The surjective map y is therefore an
isomorphism, since its domain and target both have the same K-dimension, namely
rs. From the diagram, we see that § must be an isomorphism too, and hence « is
injective. O

Theorem 1 Let (R, m, k) be a Gorenstein local domain of dimension one, and let
E = Endg(m), viewed as a ring between R and its integral closure R. Assume
that there exist finitely generated modules M and N, neither of them free, such that
M ®gr N is torsion-free. Then E is local, and the inclusion R — E induces a
bijection on residue fields.

Proof If m is a principal ideal, then R is a discrete valuation ring, and R = E = R.
Therefore we assume from now on that m is not principal.

We begin with some reductions. We first get rid of free summands, by writing
M =M @®R"and N = N’ ® R", where both M’ and N’ are non-zero, and neither
has a non-zero free direct summand. Notice that M’ @ g N’, being a direct summand
of M ®g N, is torsion-free. Replacing M by M’ and N by N’, we may assume that
neither M nor N has a non-zero free direct summand.

Next, we have a reduction that goes back to Auslander’s 1961 paper [1]. Let
TX denote the torsion submodule of a module X, and put L X = X/(TX). By [3,
Lemma 2.2], (LM)®pr (LM) is torsion-free. Moreover, both LM and LN are non-
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zero, since otherwise M ®z N would be a non-zero torsion module. We claim that
1 M has no non-zero free summand. For, suppose there is a surjection LM — R.
Composing this with the natural surjection M — 1M, we get a surjection M —
R, and hence M = R @ L, a contradiction. Similarly, LN has no non-zero free
summand. Replacing M and N by their reductions modulo torsion, we may assume
that both M and N are non-zero torsion-free R-modules, and that neither M nor N
has a non-zero free direct summand.

As in [2], we note that every homomorphism M — R has its image in m, and
so M* = Homg (M, m), which has a natural E-module structure extending the R-
module structure. Therefore M** is also an E-module. Since R is Gorenstein and
M is torsion-free (= maximal Cohen-Macaulay), the natural map M — M™** is
an isomorphism, and hence M itself has an E-module structure compatible with
the original R-module structure. By symmetry, N too has a compatible E-module
structure. Lemma 2 shows that the natural surjection M g N - M ®pg N is an
isomorphism and, in particular, M @ N is torsion-free.

Suppose, by way of contradiction, that E is not local, and put A = E/mE. This
is a two-dimensional k-algebra, and it is not local and hence must be isomorphic to
k x k. Let e be the idempotent of A supported on first coordinate. Then neither e nor
1 —eisaunitof A.Let M = M/mM and N = N/mN. We claim that eM # 0.
For suppose eM = 0. Lift ¢ to an element ¢ € E. Then eM C mM. Moreover,
eM+(1—e)yM+mM = M, and hence (1 —e)M = M by Nakayama’s Lemma. The
Determinant Trick yields an elementa € (1 —é)E such that (1+a)M = 0. But M is
faithful as an R-module and hence as an E-module (clear denominators). Therefore
14 a =0, and hence —1 € (1 — e)E. But then —1 € (1 — e)A, contradicting
the fact that 1 — e is not a unit. This proves the claim and shows that eM # 0. By
symmetry, (1—e) N # 0, and hence e M @, (1—e) N # 0. However, the isomorphism

o: M®rN —> M®g N induces an isomorphism M @ N —> M ®4 N, carrying
the non-zero module eM ®; (1 — e)N onto eM ® 4 (1 — e) N = 0, a contradiction.
This completes the proof that E is local.

Let n be the maximal ideal of E, and put £ = E/n. Suppose dimy £ > 1. The
inclusion mE < n induces a surjection £/mE — E/n = £. Since, by Lemma 1,
dimy (E/mE) = 2, this surjection must be an isomorphism, and hence n = mE =
m. Observe that the isomorphisma : M ® g N — M ® g N induces an isomorphism

M@ N—> M@ N . 3)

Put u = dimgy M and v = dimy N. Then dimy;(M ®¢; N) = wuv, and hence
dimg (M ®¢ N) = 2uv. On the other hand, dimy (M ®; N) = (dimy M)(dimy N) =
(2u)(2v) = 4uv. The isomorphism in (3) forces 4uv = 2uv, and hence either u = 0
or v = 0, contradicting Nakayama’s Lemma. This shows that dim; £ = 1, and the
proof is complete. O

One might hope, at least for a Gorenstein ring (R, m, k) with finite integral
closure R, that E being local with residue field & would force R to be local with
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residue field k. Of course, Theorem 1 would then answer Conjecture 1 affirmatively.
The next example dashes this hope.

Let k be a field and D = k[X](x)ux—1)- Then D is a principal ideal domain
with 2 maximal ideals. Let A = k[T]/(T?), B = k[X]/(X?) xk[X]/(X—1)?,
and definei : A < Bbyi(a+bt) =(a+bx,a+b(x —1)) wherea,b €
k, and decapitalization of the indeterminates indicates passage to cosets. Let
7 : D — B be the composition of the natural projection D — D/(X?*(X —

1)?) and the isomorphism D/(X*(X — 1)?) — B provided by the Chinese
Remainder Theorem. Define R to be the pullback of i and 7:
>——>D

L

By [6, Proposition 3.1], (R, m, k) is a local one-dimensional domain, R =
D, and R is finitely generated as an R-module. Furthermore, letting f be the
conductor, we have A = R/ and B = D/f. Since the length of R /f, namely 4,
is twice the length of R/f, [2, Corollary 6.5] guarantees that R is Gorenstein.
One checks that £ := Endg(m) is local, with residue field k, but R is not
local.

i
-

“)

This example cannot be promoted to a counterexample to Conjecture 1. To see
this, first observe that B is generated by two elements as an A-module. It follows
that R = D is two-generated as an R-module. Therefore R has multiplicity two
[4, Theorem 2.1], and hence every ideal of the completion R is two-generated. It
follows that R is a hypersurface and therefore, by the main theorem of [5], the tensor
product of any two non-free finitely generated R-modules has non-zero torsion.
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Semigroups with Odd Generators s

Francesco Strazzanti and Kei-ichi Watanabe

Abstract We study almost symmetric semigroups generated by odd integers. If the
embedding dimension is four, we characterize when a symmetric semigroup that
is not complete intersection or a pseudo-symmetric semigroup is generated by odd
integers. Moreover, we give a way to construct all the almost symmetric semigroups
with embedding dimension four and type three generated by odd elements. In this
case we also prove that all the pseudo-Frobenius numbers are multiple of one of
them and this gives many consequences on the semigroup and its defining ideal.

Keywords Symmetric numerical semigroups - Pseudo-symmetric numerical
semigroups - Almost symmetric numerical semigroups - Pseudo-Frobenius
numbers - RF-matrices

1 Introduction

Numerical semigroups have been extensively studied in the last decades for
several reasons, since they appears in many areas of mathematics like commutative
algebra, algebraic geometry, number theory, factorization theory, combinatorics or
coding theory. For instance, the connection with commutative algebra has greatly
influenced the theory of numerical semigroups and it is not a coincidence that many
invariants of numerical semigroups have the same name of well-known invariants in
commutative algebra. One of the main results that constructed a bridge between
these two areas is the celebrated theorem proved by Kunz [16] that establishes
the equivalence between Gorenstein rings and symmetric numerical semigroups.
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More precisely, if R is a one-dimensional analytically irreducible and residually
rational noetherian local ring, then it is Gorenstein if and only if the associated
value-semigroup (that is a numerical semigroup) is symmetric.

An important notion related to the symmetry of a numerical semigroup is
given by the pseudo-symmetric property. The rings that correspond to the pseudo-
symmetric semigroups are called Kunz rings by many authors and there is an
extensive literature about them. See for instance the monograph [2] that also
provides a dictionary between commutative algebra and numerical semigroup
theory.

In 1997 Barucci and Froberg [1] introduced the notion of almost symmetric
numerical semigroup that generalizes both symmetric and pseudo-symmetric ones.
Similarly, in the same paper they introduced almost Gorenstein ring as the cor-
respondent notion in commutative algebra; of course, it generalizes Gorenstein
and Kunz rings. The last definition is given in the one-dimensional analytically
unramified local case, but recently it was extended in the one-dimensional and
higher dimensional local case as well as in the graded context, see [9, 10].

On the other hand almost symmetric semigroups have been studied by many
authors from several points of view. They are also one of the main tools used in
[20] to construct one-dimensional Gorenstein local rings with decreasing Hilbert
functions in some level, giving an answer to a commutative algebra problem known
as Rossi Problem. There are also many generalizations of the almost symmetric
semigroups in literature, see [5, 6, 14].

The purpose of this paper is to study the almost symmetric semigroups generated
by odd integers, in particular when the embedding dimension is four. In this case,
independently of the parity of the generators, Moscariello [17] proved that the type
of the semigroup is at most three confirming a conjecture of T. Numata. This means
that we can divide the almost symmetric semigroups with embedding dimension
four in three classes: symmetric, pseudo-symmetric and having type three.

IfS = (n1,...,n.) is a numerical semigroup, we say that k[S] := k[¢* | s €
S] is the numerical semigroup ring associated to S, where k is a field and ¢ is an
indeterminate. It is possible to present this ring as a quotient of a polynomial ring
k[S] = k[x1,...,x.]/Is and I is called the defining ideal of S. We set deg(x;) = n;
foreveryi =1, ..., e, thus Ig is homogeneous.

Assume now that S has embedding dimension four. In the case of symmetric and
pseudo-symmetric numerical semigroups the defining ideal is known by Bresinsky
[4] and Komeda [15]. The type three case has been recently studied in [8, 13], where
the defining ideal is found using the notion of RF-matrix, introduced in [17].

We focus on the case where all the generators of S are odd. In particular, if
S is symmetric but not complete intersection we characterize when this happens
in terms of some numbers related to the defining ideal of S. Moreover, in the
pseudo-symmetric case we connect this property to the rows of a suitable RF-
matrix associated to S. If S is almost symmetric with type three, we prove that
the set of the pseudo-Frobenius numbers of S is PF(S) = {f,2f,3f} for some
integer f. This lead to the description of the generators of both S and Ig as
well as the minimal free resolution of k[xy, ..., x4]/[s in terms of the numbers
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o = min{a | an; € (ny,...,0;,...,n4)} fori =1, ..., 4, where ny, nz, n3 and
ny4 are the minimal generators of S. This allows us to construct all such semigroups
and gives examples of numerical semigroups in which PF(S) has this particular
shape, which have been studied in [11].

The structure of the paper is the following. In Sect. 2 we fix the notation and recall
some useful definitions and results. In Sect. 3 we characterize when the generators
of a symmetric numerical semigroup with embedding dimension four are all odd. In
Sect. 4 we do the same in the pseudo-symmetric case. In the last section we consider
the case of almost symmetric semigroups with embedding dimension four and type
three. Here we prove Theorem 3 which gives the pseudo-Frobenius numbers and that
allows to get Corollary 1, where the generators of S and I as well as the minimal
free resolution of k[x1, ..., x4]/Is are described. Moreover, in Theorem 4 we give
a way to construct all the almost symmetric semigroups with embedding dimension
four and type three.

Several computations of the paper are performed by using the GAP system [21]
and, in particular, the NumericalSgps package [7].

2 Basic Concepts

We denote by N the set of the natural numbers including 0. A numerical semigroup
S is an additive submonoid of N such that N\S§ is finite. Every numerical
semigroup has a finite system of generators, i.e. there exist some positive integers
ni,ny,...,ng such that S = (ny,n2,...,n5) == {Y ;i_jain; | aj € Nfori =
1, ..., s}. Moreover, there exists a unique minimal system of generators n1, ..., 1,
of § and the number e is called embedding dimension of S. The finiteness of N\ §
is equivalent to ged(ny,...,n.) = 1. If § = (ny,...,n.), we denote by «; the
minimum integer such that ojn; = ) j#iajn;j for some non-negative integers
at, ..., de.

The maximum of Z\ S is known as the Frobenius number of S and we denote
it by F(S). We say that an integer f € Z\S is a pseudo-Frobenius number of S if
f +s e Sforevery s € S\{0}. We denote the set of the pseudo-Frobenius numbers
by PF(S) and we refer to its cardinality 7 (S) as the type of S. Clearly F(S) is always
a pseudo-Frobenius number, thus 7(S) > 1.

Consider the injective map ¢ : S — Z\S defined by ¢(s) = F(S) —s. If ¢ is
a bijection we say that S is symmetric, whereas if the image of ¢ is equal to Z\S
except for F(S)/2 we say that S is pseudo-symmetric. It is not difficult to see that
S is symmetric if and only if it has type 1 and it is pseudo-symmetric if and only if
PE(S) = {F(S)/2, F(S)}. Moreover, setting g(S) = |N\ §|, S is symmetric (resp.
pseudo-symmetric) if and only if 2g(S) = F(S) + 1 (resp. 2g(S) = F(S) + 2).
We say that S is almost symmetric if and only if 2g(S) = F(S) + #(S). There
exists a useful characterization of the almost symmetric property due to H. Nari [18,
Theorem 2.4]: if PF(S) = {f1 < f2 < --- < fi = F(S)}, a numerical semigroup is
almost symmetric if and only if f; 4+ f;—; = F(S) foreveryi =1,...,¢t — 1.
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If f € PF(S), then f +n; € S for every i and, thus, there exist Aj1, ..., Aje € N
such that f +n; = Z;:l Aijnj. Since f ¢ S, A;; has to be equal to zero. For
everyi,j=1,...,e,seta; = —1and a;; = A;; if i # j. Following [17] we say
that the matrix RF(f) = (a;;) is a row-factorization matrix of f, briefly RF-matrix.
Note that there could be several RF-matrices of f and that f = }_; a;n; for
every i. For instance, consider the numerical semigroup S = (8, 10, 11, 13) that has
embedding dimension four and is symmetric, because PF(S) = {25}. The following
are both RF-matrices of F(S) = 25:

-10 3 0 -12 0 1
3 -11 0 0 -12 1
2 2 10| 01 -12
1 3 0 -1 2 0 2 -1

3 Symmetric Semigroups

We start by studying the symmetric numerical semigroups with embedding dimen-
sion four. If the semigroup is not complete intersection, there is a theorem proved by
Bresinsky [4] that gives much information on the semigroup and its defining ideal.
We state it following [3, Theorem 3]. By convention, if j is an integer not included
between 1 and 4, we setaj = a; and b; = b; with j =i (mod4) and1 <i < 4.

Theorem 1 Let S be a numerical semigroup with 4 minimal generators. Then, S is
symmetric and not complete intersection if and only if there are integers a; and b;
withi € {1,...,4}, suchthat0 < a; < aj+1 and 0 < b; < aj4 foralli,

ay=ay+by, ax =ax+by, a3 =a3+ b3, ag =a4+ by (D
and

ny = opa3as + axbzbs, ny = azasay + azbaby, @

n3 = ajaqar + agb1by, ng4 = ajaras + aibybs.

In this case Is = (f1, f2, 3, fa, f5), where

o b3 _ay o ay _by o3 by _ay

fi=xp —x37x," s fa=x —xpxy, fi=x37 —x;x,,
_ o4 by a3 __ a1 a3 _ax a4
Ja=x, X5 X537, fs = x| x5 Xy X,

In this section we denote by a; and b; the integers that appear in the previous
theorem.
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Theorem 2 Let S be a symmetric numerical semigroup minimally generated by
ni,...,ns and assume that S is not complete intersection. The following conditions
are equivalent:

1. Every n; is odd.
2. One of the following holds:

a. All the a;’s and the a;’s are odd;

b. There is exactly one index iy for which «;, is even. Moreover, a;, and a;,—1
are odd, while the other a;’s are even;

c. All the a;’s are even and all the a;’s are odd.

Proof Using the equalities (1) and (2) it is easy to see that the conditions a, b and ¢
imply that all the generators are odd.

Conversely, assume first that all the «;’s are odd and suppose by contradiction
that a; is even. Since n» is odd, a3 and b4 are odd by (2). Therefore, a4 = oq4 — b4
and b3 = a3 — a3 are even. Then n; should be even by (2). A contradiction!

Assume now that there is at least one «; even. Without loss of generality, we can
assume that o is even. Since n3 and n4 are odd, the equalities in (2) imply that a4,
b1, by, a1 and b3 are odd.

Assume first that as is even. Then, the first equality in (2) implies that o and o3
are odd, so az = a3 — b3 is even. Moreover, since n is odd, o4 is odd by (2). Hence,
we are in the case b.

Assume now that a, is odd. Then, oy = ap + by is even and it follows from the
first equality in (2) that ap and b4 are odd. In particular, &4 = a4 + b4 is even and,
again by (2), a3 is odd. Finally, we get that o3 = a3 + b3 is even and, then, we are
in the case c. O

Example 1 We note that all the cases of the previous theorem can occur. All the
following semigroups are symmetric but not complete intersections.

(a) Let S = (13,17,23, 19). In this case

5 2 3 2 3 4

J1 =x7 — x3x4, f=x — x1xj, f3=x3 — x{x2,
3 2

Ja=x; — x5x3, f5 = x1x3 — x2x4,

in particular vy =5, 00 = a3 = a4 =3 anda) =ay =a3 = a4 = 1.
(b) Let S = (13,17, 33, 25). We have

7 2 3 2 3 5.2

fi=x{ —x3x4, 2 =x3 —xjx, J3=x3 — xx3,

2 2 >
fa = x; — x2x3, fs = x{x3 — x3x4,

therefore @y = 7 and ap = a3 = 3 and oy = 2. Moreover, a; = a» = 2 and
az=a4 = 1.
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(c) Let S =(5,7,11,9). Then

4 2 2 3
fi = x| — x3x4, fr=x5 — x1x3, f3=x5 —xjxo,

2
Ja = x5 — x2x4, S5 = x1x3 — x2x4

and, thus, 01 =4, 00 =3 =ag =2anda) =ar) = a3 = a4 = 1.

Example 2 Unfortunately, in Theorem 2 it is not possible to characterize the parity
of the generators by the parity of the «;’s, in fact we cannot eliminate the conditions
on the a;’s in a, b and c, as the following examples show. All the listed semigroups
are symmetric, but not complete intersections.

(a) Consider the semigroup S = (90, 91, 97, 93). Then

2.2 3 2 13
fl—xl —x3°x;, o =x5 — x{xa, f3—x3 — X X2,
3 2 2 2
Ja=x5 — x5x3, f5 = x7x3 — x2x4,

and all the o; are odd, but there is an even generator. In fact, a1 and a4 are even.
(b) Let S = (22, 23,29,57). We have

5 3 2 4 5 4
J1=x] — x3x4, fr=x3—x1x4, f3=x3 — x{x2,

5 2 2
Ja=x; — x0x3, f5 = x1x5 — x2x4.

In this case ¢ = @3 = a4 = 5 and «y is even. However a generator is even,
since ay4 is odd.
(c) Let S = (5,14, 22, 18). We have

fi=xd—xax, o= xF —xta, fa=x3 —x8x,

2 2
Jfa = Xy — X2X3, fs = X|X3 — X2X4,

in particular all the «;’s are even, but three generators of S are even. Note that
ap 18 even.

4 Pseudo-Symmetric Semigroups

Let S = (n1, n2, n3) be a non-symmetric numerical semigroup. In [12] it is proved
that the defining ideal of S is generated by the maximal minors of the matrix

B Y
x% x5 x
1 2 3
B Y )
o

X1 Xy X3
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for some positive integers «, 8, v, &', B8, y’. Moreover, by Nari et al. [19, Corollary
3.3], S is pseudo-symmetric if and only ifa = B =y = lorad' =8/ =y’ = 1.
Without loss of generality we assume that o’ = 8/ = ' = 1. In [19, (2.1.1) pag.
69]itis provedthatn; = (B+ 1)y +1,no=(y+Da+1landnz = (¢ + 1)+ 1.
Hence, it follows easily that n, ny and n3 are odd if and only if either «, 8, y are
odd or «, B, y are even.

Now let S = (ni,n2,n3, n4) be a pseudo-symmetric 4-generated numerical
semigroup. By Herzog and Watanabe [13, Theorem 4.3] F(S)/2 has a unique RF-
matrix and, for a suitable relabeling of the generators of S, we have

-1 apy—1 0 0
0 -1 a3—1 0
-1 0 -1 oag4—1
ap—1 a 0 —1

RF(F(S)/2) = (4)

for some non-negative integer a.
Given f € PF(S) and RF(f) = (a;;), we say that the i-th row is even (resp. odd)
if ijl a;j is even (resp. odd).

Proposition 1 Assume that S = (n1, ..., na) is pseudo-symmetric and has embed-
ding dimension 4. Then, every n; is odd if and only if one of the following conditions
hold:

1. F(S)/2 is odd and every row of RE(F(S)/2) is odd;
2. F(S)/2 is even and every row of RE(F(S)/2) is even.

Proof We can assume that the matrix (4) is the RF-matrix of f := F(S)/2.

Suppose first that every n; is odd and f is odd. By the first row of (4), f =
—n1 + (a2 — Dny and (o — 1) has to be even, i.e. the first row is odd. The same
argument works for the second row. The third row (and similarly the last one) f =
(1 — Dny — n3 + (aa — 1)ng yields immediately that oy — 1 and og — 1 have the
same parity and, thus, the row is odd. If f is even we can use the same argument.

Assume now that Condition / holds. By the first two rows it follows that oy — 1,
a3 — 1 are even and, then, n| and n; are odd. Using the last row we have o1 — 1 +a
even, thus (o1 — 1)n1 + any is even and n4 has to be odd. In the same way the third
row implies that also n3 is odd.

Finally, assume that Condition 2 holds. By the first row we get that ap — 1 is
odd and then n1 and ny have the same parity. By the second one follows that also
n3 has the same parity of n1 and n;. If they are even, the last row implies that f =
(¢1 — 1)ny 4+ any — ng and, since f is even, also n4 is even. This is a contradiction
because gcd(ny, na, n3, ng) = 1, therefore, ny, ny and n3 are odd. Moreover, in the
last row we have @1 — 1 4+ a odd and, then, ny4 is odd. O

Remark 1 Let S = (nq, ..., n4) be pseudo-symmetric and assume that F(S)/2 and
every n; are odd. The previous proposition implies that oy and o3 are odd. Moreover,
o1 and a4 have the same parity, but we cannot determine if they are even or odd. In
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fact, if S = (15, 17, 35, 43) we have PF(S) = {53, 106} and

14 0 0
0-12 0
RECI=13 0 11 |
33 0 -1

whereas if T = (57, 61, 123, 163), then PF(T) = {431, 862} and

-1 8
0 -1

4 0 -1
4 6 0 -1

0
4

0
RF(431) = (2)

5 Almost Symmetric Semigroups with Type Three

Moscariello [17] proved that an almost symmetric numerical semigroup with
embedding dimension four has type at most three. Therefore, to complete the picture
we need to study the almost symmetric semigroups with type three. We start with an
easy lemma that is probably known, but we include it for the reader’s convenience.

Lemma 1l Let S = (ny,...,n,) and assume that oy = ny. Then S = (n1, ny).

Proof If T = (n1, n2), then T is symmetric and F(T') = n1ny —n| —n,. Suppose by
contradiction that n3 ¢ T. Since T is symmetric, F(T) —n3 € T,i.e. F(T) —n3 =
any + bny for some non-negative integers a and b. Therefore (np —a — 1)n; =
(b + 1)ny 4+ n3 and, then, o1 < ny —a — 1 gives a contradiction. O

Theorem 3 Let S = (n1, na, n3, na) be an almost symmetric numerical semigroup
with type three and assume that all the generators are odd. Then, its pseudo-
Frobenius numbers are PF(S) = {f, 2 f, 3 f} for some integer f and, by a suitable
change of order of ni, na, n3, na, there exists an RF-matrix of f and 2f of the

following type:

-1 apy—1 0 0 -1 aop—2a3—1 0

0 -1 a3—1 0 0 -1 a3 —2a4—1
0 0 -1 au—1}) ap—1 0 -1 o4—2
ar—1 0 0 -1 o —2ay—1 0 -1

Proof According to [8, Theorems 3.6 and 4.8], we distinguish four cases that in
[8] are called UF1, UF2, nUF1 and nUF2. We will prove that only the last one is
possible under our hypothesis. Let f and f’ be the two pseudo-Frobenius numbers
of § different from its Frobenius number.
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Case UF1 In this case, by a suitable change of order of ny, na, n3, na, there exist
RF-matrices of f and f’ of the following type

-1 ap—10 O -1 0 0 ag—1
ap—1 -1 0 0 0 -1 1 ag—2
aop—2 0 —-111|° bs1—1 bz -1 0

0 ap—21 —1 byt bz3p—1 0 -1

respectively and either oy = 2 or oy = 2.

If oy = 2, the first two lines of the first matrix give no, = f +ny and f +ny =
(1 — Dny. Hence, 2f = (o1 — 2)n; and, since n7 is odd, o1 has to be even;
consequently f = («1/2 — 1)n; € S gives a contradiction.

Assume now that oy = 2. The second matrix implies that n3 = np + f’ and
f"+n3 = (bs1 — Dny + b3na. Then,

2n3 =n3+ (f +n3) — f' = (2 + )+ ((ba1 — Dny + bxnna) — f'
= (bs1 — Dn1 + (b32 + Dna.

&)

Moreover, subtracting the first and the second rows of RF(f), we get ajn; =
aony. The previous lemma implies that «; < ny and, then, ged(ny,n2) =d > 1.
Since d is odd, in light of the equality (5) also n3 is a multiple of d. Furthermore,
o4 = 2 means that 2nq4 = ijl a4jn; and, thus, also n4 is a multiple of d; a
contradiction.

Case UF2 By a suitable change of order of n1, na, n3, n4, there exist RF-matrices
of f and f’ of the following type:

-1 ap—1 0 0 —1 0 0 oag4—1

a| -1 a3—2 0 0 -1 o3—1ag—2
ar — 1 0 -1 1 ’ a1 + bay 0 -1 0

0 op—2a3—1-1 ba1 ay—1 0 —1

respectively and either oy = 2 or aig = 2.
Assume first that oo = 2. By subtracting the first and the last row in the first
matrix we get

ny +n4 =ny + (a3 — Dns.

This implies that o3 is even. Therefore, by adding the first two rows of the first
matrix we have

2f = (a21 — Dny + (a3 — 2)n3
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and az; — 1 has to be even. It follows that f is in the semigroup, that is a
contradiction.

Assume now that oy = 2. In this case f’ = ng4 — n; is even, then f = (ap —
1)ny —ny is odd and, thus, oy — 1 is even. By adding the first and the last row of the
second matrix we get

2f" = (bs1 — Dny + (a2 — Dna.

Again by; — 1 has to be even and, then, f” is in the semigroup.

Case nUF1 By a suitable change of order of ny, n», n3, n4, there exist RF-matrices
of f and f’ of the following type:

-1 0 0 ag—1 -1 1 a3—2 0
0 -1 1 ag—2 ap—1—-1 0 0
0O ap—1-—-1 0 ’ ap—2 0 -1 1
1l ap—2 0 -1 0 0 az—1-—1

respectively. Subtracting the first two rows of the first matrix we getny +n3 = np +
ny4, whereas subtracting the second and the third row we get apny = 2n3+ (s —2)n4
and, then, o and a4 have the same parity. In the same way, by subtracting the first
two rows of the second matrix, we get that «; and o3 have the same parity. By
adding the first and the third row of the first matrix and using n1 +n3 = ny +naq we
have

2f = —ny + (02 — Dna —n3 + (g — Dng = (o2 — 2)nz + (g4 — 2)ny.

Since f is not in the semigroup, this implies that a2 and o4 are odd and, thus, f is
odd by the first row.

If we do the same in the second matrix (with the second and the last row) we
conclude that also f’ is odd, that is a contradiction because f + f’ equals the
Frobenius number that is odd.

Case nUF2 By a suitable change of order of ny, n», n3, n4, there exist RF-matrices
of f and f’ of the following type:

-1 ap—1 0 0 -1 op—2a3—1 0

0 -1 az3—1 0 0 -1 o3 —2a4—1
0 0 -1 -1} ap—1 0 -1 oag4—2
ap—1 0 0 -1 o —2ay—1 0 -1

respectively. Since the sum of the first two rows of the first matrix is equal to the
first row of the second matrix, it follows that /' = 2 f. Hence, it is enough to recall
that F(S) = f + f/ = 3 f by Nari’s Theorem [18, Theorem 2.4]. O
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Remark 2 Let S = (n1, ny, n3, n4) be almost symmetric with type three and assume
that all the generators are odd. By Theorem 3 the Frobenius number is equal to 3 f
and it is odd, so f is odd. Moreover, by a suitable change of order of n1, na, n3, ns,
we have f = (ap—1)ny—n| = (az—1)nz—ny = (as—1)ng—n3 = (01— 1)n|—ng4.
Therefore, a1, oz, @3 and a4 are odd.

Example 3 There are almost symmetric 4-generated semigroups with type three
whose pseudo-Frobenius numbers have the structure of Theorem 3, even though
some generators are even. For instance, if S = (4, 7, 10, 13), then PF(S) = {3, 6, 9}.
Moreover, also this semigroup is in the case nUF2, since

11 0 0 “10 1 0
0-11 0 0-10 1

RF(3) = d RF(6) =

) 00-11] ™ ©) 4 0 -1 0
40 0 —1 31 0 —1

Note that «p = o3 = a4 = 2 is even in this example.

By Theorem 3 in every row of RF(f) there is exactly one positive entry.
Therefore, we immediately get the following corollary by Eto [8, Section 5.5] or
[13, Lemma 5.4].

Corollary 1 Let S = (ny, ..., n4) be almost symmetric with type three and assume
that n; is odd for everyi =1, ...,4. Then

np = (2 — D(az — Dag + az, ny = (a3 — D)(ag — Dag + as,
n3 = (o4 — Do — Daz + ag, ng = (o1 — (a2 — Daz +aq,
where ay, . .., a4 are odd and the defining ideal of S is Is = (x‘f‘1 — xgrlm, )c‘z)[2 -
az—1 o3 as—1 oy a;—1 ap—1 az—1 as—1 ay—1
x5 XXy =Xyt X, xy =T s, T e — a7 it — x0T x3).

Moreover, setting A = k[x1, X2, X3, x4], the minimal free resolution of A/Is is
0— A5 A8 B 408 450

where @1 is the obvious one and

x;”_l X2 0 0 0 0 xff“_l X3
x?l_l X4 0 0 xff“_l X3 0 0
| 0 0 lej D o of
0 0 x5’ X2 0 0 x*7 x
_xngl —X1 x:f“*l X3 0 0 0 0
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0 X3 0 X1 0 —X4 0 )
03 = xZ“‘_l 0 xgz_l 0 x‘lxl_l 0 x‘313_1 0
ag—1 ar—1 ap—1 az3—1
—X3 =Xy —X] =X, X4 x| X2 X3
Example 4 Putting (o1, a2, a3, 04) = (5,3,3,3) in Corollary 1, we get the

semigroup S = (15,23,27,29). The set of its pseudo-Frobenius numbers is
PF(S) = {31, 62, 93} and, then, S is almost symmetric with type three. According
to Theorem 3 we have

12 0 0 11 2 0
0-12 0 0-11 2

RFG1) = d RF(62) =

S 00-12] ™ (62) 4 0 -1 1
40 0 —1 32 0 -1

Obviously, this is the example with “smallest” generators.

Theorem 4 Assume that o1, @y, a3, a4 are odd integers greater than 1 and let ny,
ny, n3, nq be as in Corollary 1. If gcd(ny, na, n3, na) = 1, then S = (n1, na, n3, nyg)
is an almost symmetric semigroup generated by odd integers and it has type three.
Moreover, all the 4-generated almost symmetric semigroups with type 3 and odd
generators arise in this way.

Proof Bearing in mind Corollary 1, it is easy to see that the ideal /5 contains

2—1 az—1

X4,x‘212 — X3 o1—1

ag—1 o
xo xt =X X,

_ (o1 o o3
J=(x] —x, X1, X537 — Xy

x‘lxlflxz — x3a371X4, xlx:frl — xnglx?’).

Let A = k[x1,x2, x3, x4]. Since gcd(ny, ny, n3,na) = 1, the k-vector space
A/(Is + (x1)) has dimension dimg A/(Is + (x1)) = dimg k[S]/("*) = nj.
Moreover,

ar—1 o o ag—1 « az—1 ay—1
J4 (1) = (57 xa,xp7, x50 —xg T X0, xgt X3 X, x50 X3) (6)

and it is not difficult to see that dimy A/(J + (x1)) = n1. It follows that A/(Is +
(x1)) = A/(J + (x1)) and this implies Is = J, see the last part of the proof of [13,
Theorem 4.4].

We note that the socle of A/(Is + (x1)), defined as

Soc(A/(Is + (x1))) = {y € A/(s + (x1)) | yx2 = yx3 = yx4 =0},

is generated by y; = xngl’ y = xgrzx;“_l, y3 = xgrzx;“_zxf“*l =
0[273x2(x3—2

X, 3 . Therefore, the type of the ring A/(Is + (x1)) and, then, of § is three.
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Moreover, the pseudo-Frobenius numbers of S are f; = degy; —nj fori =1,2,3
and

F(S) = f3 = (a2 —3)n2 + Qaz —2)nz —ny =
= (a2 — Dny —n1 + (a2 — Dna + (a3 — Dnz —n1 = f1 + fa,

since xg 2 — x3°‘ 371x1 € Is. This implies that S is almost symmetric with type three
and, of course, it has embedding dimension four. The last statement of the theorem
follows from Corollary 1. O

Example 5 Let n be a positive integer and set oy = a3 = o4 = 3, 01 = 3 +2". By
Theorem 4 the semigroup

Sy = (15, 1542712 15 4202 g bl 154 o2 4 ondl 4 omy

is an almost symmetric semigroup with type three generated by four odd minimal
generators. Moreover, using Theorem 3 it is easy to see that PF(S,) = {15 +
283 (15 + 23, 3(15 + 273,

Remark 3 Table 1 shows the number of almost symmetric semigroups that are min-
imally generated by 3 or 4 odd generators less than 100, 150 and 200 respectively.
These numbers are obtained using the GAP system [21] and, in particular, the
NumericalSgps package [7]. In the table e denotes the embedding dimension of
S, t denotes its type and c.i. stands for complete intersection.

It is not known if there is a bound for the type of an almost symmetric numerical
semigroup with more than 4 generators in terms of the number of its generators.
However, some computations suggest that in the case of 5 generators the type is at
most 5. In Table 2 we show the number of almost symmetric semigroups generated
by five odd integers.

Example 6 The type of an almost symmetric semigroup may be greater than its
embedding dimension, even though all the generators are odd. For instance, the 7-
generated semigroup S = (29, 33, 61, 65, 73, 81, 85) is almost symmetric and its
type is 12, in fact PF(S) = {69, 77, 89, 93, 97, 101, 105, 109, 113, 125, 133, 202}.

Table 1 Number of almost symmetric semigroups with odd generators

Embedding dimension and type Gen. < 100 Gen. < 150 Gen. < 200
e=3and t =1 2302 7978 18,751
e=3and t =2 139 290 503
e =4andc.i. 596 4583 16,895
e=4,t=1notc.i. 1927 7129 17,524
e=4and t =2 595 1647 3481

e=4and t =3 9 24 45
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Table 2 Number of almost symmetric semigroups with odd generators

Embedding dimension and type Gen. < 100 Gen. < 150 Gen. < 200
e =5andc.i. 0 135 1199
e=5, t=1notc.i. 3451 19,060 60,711
e=5and t =2 1254 4592 11,489
e=5and t =3 988 3582 8306
e=5and t =4 359 970 1881
e=5and t=5 2 4 6
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Poincaré Series on Good Semigroup )
Ideals Aty

Laura Tozzo

Abstract The Poincaré series of a ring associated to a plane curve was defined
by Campillo, Delgado, and Gusein-Zade. This series, defined through the value
semigroup of the curve, encodes the topological information of the curve. In this
paper we extend the definition of Poincaré series to the class of good semigroup
ideals, to which value semigroups of curves belong. Using this definition we
generalize a result of Pol: under suitable assumptions, given good semigroup ideals
E and K, with K canonical, the Poincaré series of K — E is symmetric to the
Poincaré series of E.

Keywords Poincaré series - Good semigroups - Symmetry

1 Introduction

Plane algebroid curves are determined by their value semigroups up to equivalence
in the sense of Zariski, as shown by Waldi [14, 15]. Value semigroups are important
invariants of curves also with regard to duality properties. Kunz [9] was the first to
show that the Gorensteinness of an analytically irreducible and residually rational
local ring corresponds to a symmetry of its numerical value semigroup. Waldi [14]
gave a definition of symmetry for more branches, and showed that plane (hence
Gorenstein) curves with two branches have symmetric value semigroups. Later
Delgado [5] proved the analogue of Kunz’ result for general algebroid curves: they
are Gorenstein if and only if their value semigroup is symmetric. Campillo, Delgado
and Kiyek [2] extended Delgado’s result to analytically reduced and residually
rational local rings with infinite residue field. D’ Anna [4] then used the definition of
symmetry given by Delgado to define a canonical semigroup ideal Ky, and showed
that a fractional ideal K of R such that R € K C R is canonical if and only if its
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value semigroup coincides with K. Recently Pol [12] studied the value semigroup
ideal of the dual of a fractional ideal over Gorenstein algebroid curves. In [8]
the author together with Korell and Schulze gave a new definition of a canonical
semigroup ideal K (see Definition 6) and extended D’Anna’s and Pol’s results to
the larger class of admissible rings (see Definition 10). Moreover, one of the main
results of [8] shows that Cohen—Macaulay duality (where the dual of a fractional
ideal is obtained by applying the functor Hom(—, %K), with K a canonical ideal) and
semigroup duality are compatible under taking values, if the ring is admissible. An
admissible ring is in particular semilocal, and its value semigroup, as first observed
by Barucci, D’ Anna and Froberg [1], satisfies particular axioms which define the
class of good semigroups.

In this paper we analyze further the duality properties of good semigroups by
showing symmetry properties of their Poincaré series. As a consequence of the
more general result given by Stanley in [13], Gorenstein semigroup rings have
symmetric Hilbert series. This is also equivalent to the value semigroup associated
to the semigroup ring being symmetric. Adapting the concept of Hilbert series to
value semigroups leads to the concept of Poincaré series. A definition of Poincaré
series for a plane curve singularity was given by Campillo, Delgado and Gusein-
Zade in [3], where they showed that it coincides with the Alexander polynomial, a
complete topological invariant of the singularity. Moyano-Fernandez in [10], using
a definition inspired by the above, analyzed the connection between univariate and
multivariate Poincaré series of curve singularities and later on, together with Tenorio
and Torres [11], they showed that the Poincaré series associated to generalized
Weierstrass semigroups can be used to retrieve entirely the semigroup, hence
highlighting the potential of Poincaré series. Later Pol [12] considered a symmetry
problem on Gorenstein reduced curves. She proved that the Poincaré series of the
Cohen—Macaulay dual of a fractional ideal & is symmetric to the Poincaré series of
&, therefore extending the symmetry known for Gorenstein curves to their fractional
ideals. Pol’s result strongly uses the fact that it is always possible to define a filtration
on value semigroups (see Definition 3), as done first in [2]. To deal with this filtration
an important tool is the distance d(E\F) between two good semigroup ideals
E C F (see Definition 4). Using the notion of distance and the duality on good
semigroups given in [8], we are able to generalize Pol’s result to good semigroup
ideals. We prove that, given good semigroup ideals E and K, with K canonical, the
Poincaré series of K — E is symmetric to the Poincaré series of E under suitable
assumptions. In particular, the symmetry is true (without additional assumptions)
whenever E is the value semigroup of a fractional ideal & of an admissible ring R.

2 Preliminaries

In this section we recall definitions and known results that will be needed in the rest
of the paper.
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Let S C S be a partially ordered cancellative commutative monoid, where S is a
partially ordered monoid, isomorphic to N* with its natural partial order. Then the
group of differences Dy of S is isomorphic to Z°. In the following we always fix an
isomorphism Dg = Z°, in order to talk about indexes i € {1, ..., s}.

2.1 Good Semigroups and Their Ideals

The following where first defined in [6] and [4].
Definition 1 Let £ C Z°. We define properties:

(EO) There exists an « € Z° such thato + N° C E.

(E1) If o, B € E, then min{e, B} := (min{o;, Bi})ier € E.

(E2) Forany o, B € E and j € I with o; = B; there exists an € € E such that
€j > a; = B and ¢; > min{w;, B;} foralli € I'\{j} with equality if o; # B;.

Definition 2 We call S a good semigroup if properties (E0), (E1) and (E2) hold for
E=S.

A semigroup ideal of a good semigroup S is a subset § # E C Dg such that
E+SCEanda+ E C Sforsomea € S.

If E satisfies (E1), we denote by ME := min E its minimum.

If E satisfies (E1) and (E2), then we call E a good semigroup ideal of S. Note
that any semigroup ideal of a good semigroup S automatically satisfies (EO).

If E and F are semigroup ideals of a good semigroup S, we define

E—F:={aceDs|a+ F CE},
and we call
Cp=E—-S={aeDs|a+SCE}

the conductor ideal of E. If E is a semigroup ideal of S satisfying (E1), then we
call y£ := uCE the conductor of E. We abbreviate y := ¥ and 7 := y — 1, where
1=(1,...,1) e N°.

Let S be a good semigroup. The set of good semigroup ideals of S is denoted by
Bg.

Remark 1 Let S be a good semigroup. For any E, F € &g and o € Dy the
following hold:

(a) o+ E € Bg.

®) (@+E) —F=a+(E—F)andE — (@ + F) = —a + (E — F).
(c) E—S=E.
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Definition 3 Let S be a good semigroup. For any E € &g, we define a decreasing
filtration E* on E by semigroup ideals

E* :={BeE|B=a}

for any o € Ds.

Remark 2 Let S be a good semigroup. For a semigroup ideal E € &g we have
E = E“E and, by definition of conductor, Cg = yE +S = EVE.

2.2 Distance of Semigroup Ideals

Definition 4 Let E C Dg. Elements «, 8 € E with o < § are called consecutive
in Eifa <8 < Bimpliesé ¢ E forany § € Dg. For o, B € E, a chain

a=a@ <...<a®W=¢8 (1)
of points ") € E is said to be saturated of length n if o) and "+ are consecutive
in E foralli € {0,...,n — 1}. If E satisfies
(E4) For fixed «, B € E, any two saturated chains (1) in E have the same length 7.

then we call dg (o, B) := n the distance of @ and 8 in E.
Due to [4, Proposition 2.3], any E € & satisfies property (E4).
Definition 5 Let S be a good semigroup, and let E C F be two semigroup ideals
of § satisfying property (E4). Then we call
d(F\E) :=dp(u",y") —dg(u® v")

the distance between E and F.
The following was proved in [4, Proposition 2.7]:
Lemmal [fE C F C G are semigroup ideals of a good semigroup S satisfying
property (E4), then
d(G\E) = d(G\F) + d(F\E).
Moreover, as proved by the author in [8, Proposition 4.2.6], distance can be used
to check equality:

Proposition 1 Let S be a good semigroup, and let E, F € &g with E C F. Then
E = F ifand only if d(F\E) = 0.
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2.3 Canonical Semigroup Ideals

The following definition is [8, Definition 5.11 in published version]:

Definition 6 Let S be a good semigroup. A canonical ideal K is a good semigroup
ideal of S such that K C E implies K = E for any E with y* = y£.

Leta € Dg, E C Dg.
. AF((X):{,BEE|,B,’ =q; and B; > o forall j #i};

. Af(cx) ={B€E|Bi =a;and B; > «; forall j #i};
o AB(@) = Ujeqn,.. A (@);

E E
o A (a) =Uieq,...5)A; (@).

We denote by e; the i-th vector of the canonical basis of Dg. Then Af () = A lE (a+
e —1).
Using [8, Proposition 5.18 in published version] and [4, Proposition 3.2] yields:

Proposition 2 Let S be a good semigroup. Then K is a canonical ideal if and only
if K = a + Ko for some a € Dg, where

Ko ={a € Dg | AS(t — a) = %}

is a good semigroup ideal of S called normalized canonical ideal of S. In particular,
K is the only canonical semigroup ideal with y X0 = y.

Lemma 2 Let S be a good semigroup. If E € &g, then

(a) Ko— E ={a € Ds | AB(t —a) = 0} € Bg;
(b) Y50t =y —pts
(c) uho=f =y —yF.

Proof For part (a) see [4, Computation 3.3] and [8, Lemma 5.16 in published
version]. Part (b) is proven in [8, Lemma 4.11 published version]. Part (c) follows

by Korell et al. [8, Theorem 5.14 in published version]. In fact, uX0=f =  —

yKo—(Ko—E) —,, _ ,E, 0

In the following, when we talk about the canonical semigroup ideal, we refer to
K. To make notation easier, we will write K instead of K. Notice that by Remark 1
and Proposition 2 all the results hold as well for any K canonical, up to translation
by a suitable .

Definition 7 Let S be a good semigroup. Let E € &g and K the canonical
semigroup ideal. Then the dual of E is K — E.

Remark 3 Let S be a good semigroup, and E € &g. For all @ € Dg we have
E—D§ = Dgfa. In fact, Remark 1 implies:

E—D§=E—(a+Ds)=—a+(E—Ds)=—a+y+Ds=D} "

This is in particular true for £ = K.
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The following theorem (see [8, Theorem 5.14 in published version]) shows that
every good semigroup ideal coincides with its double dual (see Definition 7):

Theorem 1 Let S be a good semigroup, E € ®g, and let K be the canonical
semigroup ideal. Then K — (K — E) = E.

2.4 Value Semigroups

We now give a few definitions regarding rings, in order to make clear the connection
between their value semigroups and good semigroups.

In the following, R is a commutative ring with 1, and Qg its total ring of
fractions. We always assume fractional ideals of R to be regular, i.e. to contain
at least a regular element.

Definition 8 A valuation ring of Qg is a subring V. C Qg such that the set Qr\V
is multiplicatively closed.

If R € V, wecall V avaluation ring over R. We denote by U the set of all
valuation rings of Qg over R.

A valuation ring V of Q with unique regular maximal ideal my is called a
discrete valuation ring if my is the only regular prime ideal of V (see [7, Ch. I,
(2.16) Det.]).

A discrete valuation of Qg isamap v: Qg — Z U {oo} satisfying

v(xy) =v(x)+v(y), v +y) =minfv(x), v(y)}
forany x, y € Q. Werefer to v(x) € ZU {oo} as the value of x € Q with respect
tov.

The following theorem is [7, Ch. II, (2.11) Thm.], and characterizes valuation
rings over one-dimensional semilocal Cohen—Macaulay rings.

Theorem 2 Let R be a one-dimensional semilocal Cohen—Macaulay ring. The set
U g is finite and non-empty, and it contains discrete valuation rings only.

Thanks to this theorem, we can give the following definition:

Definition 9 Let R be a one-dimensional semilocal Cohen—Macaulay ring, and let
U g be the set of (discrete) valuation rings of O over R with valuations

v =g = )veny: Or = (ZU {ooh¥r.
To each fractional ideal & of R we associate its value semigroup ideal
I's:=v({x € &| x isregular}) € Al

If & = R, then the monoid I'g is called the value semigroup of R.
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The following additional definitions are needed to make the value semigroup of
aring into a good semigroup.

Definition 10 Let R be a one-dimensional semilocal Cohen—Macaulay ring. Let R
denote its completion at the Jacobson radical and R its integral closure in its total
ring of fractions Qg.

(a) R is analytically reduced if R is reduced or, equivalently, I/Q-n\«l is reduced for all
maximal ideals m of R.

(b) R is residually rational if R/n = R/n N R for all maximal ideals n of R.

(¢) R has large residue fields if |R/m| > |, | for all maximal ideals m of R.

(d) R is admissible if it is analytically reduced and residually rational with large
residue fields.

The following was proven in [8, Corollary 3.14 in published version].

Proposition 3 If R is admissible, then its value semigroup T'g is a good semigroup,
and T'g is a good semigroup ideal for any fractional ideal & of R.

Let R be an admissible ring, and let & be a fractional ideal of R. For any « € Dg
denote
E =xe&|vx) >al.
There is a clear link between filtrations of fractional ideals and filtrations of good
semigroup ideals (see [8, Lemma 3.8 in published version]):

Lemma 3 Let R be an admissible ring, and let & be a fractional ideal of R. Then
&% is a (regular) fractional ideal of R and (I'g)® = T'gx for all o € Ds.

The following was proven first by D’Anna [4, Proposition 2.2 in published
version] and then extended in [8, Proposition 4.18 in published version].

Proposition 4 Let R be an admissible ring, and let &, F be two fractional ideals of
R withE C F. Then
Lr(F/E) = d(I'A\Tg),

where Lg(F/E) denotes the length of the quotient F/E as R-module.

Finally, consider the Cohen—-Macaulay dual of a fractional ideal &, i. e.
Hom(&, K) = K : & with K a canonical ideal. The following theorem (see [8,
Theorem 5.27 in published version]) shows that the value semigroup ideal of the
Cohen—Macaulay dual is the same as the dual of the value semigroup ideal (see
Definition 7):

Theorem 3 Let R be an admissible ring with canonical ideal K. Then

(a) Tgcq = Dy — Uy for any fractional ideal ¥ and
(b) d(Tg — T'g\I'gc — ') = d(T'A\Lg) for any fractional ideals E, F with & C F.
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3 Distance and Duality

We now prove some technical results used in the coming section.

Lemmad4 Let S be a good semigroup, E € g, and o« € Dgs. Then
d(E*\E%T¢) < 1.

Proof We have the following:

i Eote;

. o o+e; o+e;
d(E\NE*Y®) = dpa (uE", y B —dpgare (W yETT)

Eote; Eote; (2)

a+te;
Ey — dpa (uE™ BT

=dpe(u®"y
where the first equality is the definition of distance, and the second equality holds
because a saturated chain between MEHei and yEHei in E%*¢ is also saturated
in E%. Now observe that x° and p®° “ are always comparable. In fact, by
minimality of wE” it has to be u £ = min{u£”, MEHei } < MEHei . So (2) becomes

Eote;

d(E*\E“®) = dpa (B, nEB7).

Now let u£* = a©® < ... < o™ = MEHei be a saturated chain in E. Suppose

m > 2. By minimality of /LEa+ei, we have that «® € Af(cx) for all k < m.
©) (M
i T

Consider @, oV € E. They have «

0) 1 (m) _
thataj <o Sa; =u

= «; and there exists a j # i such
Eote;
J

and obtain a B € E with 8; > «; and ; = min{«

. We can apply property (E2) to cx(o), a e E
©
/ 9
B € E**¢_Thus, by minimality of xE°" it has to be min{8,

aﬁ,l)} = a}o). In particular,
ate; o+e;
E } — ,bLE .

a+e; . ate; . a+e; ate; ..
Then ,uf = min{g;, M}E ¢ } = mln{aﬁo), ,uf e } = cxj.o) < M}E ‘. This is a
contradiction. Hence the claim. O

Lemma 5 Let S be a good semigroup, and let E € Gg. Then d(E¥\E*T¢) = 1 if
and only ifAlE (o) # 0.

Proof Observe that by definition E¥ = E%*¢ U Af () and E¥T& N Af (@) = 0.
By Proposition 1, d(E¥\E*T®) = 0 if and only if E* = E**% i.e. if and only if
Af (o) = . So the claim follows by Lemma 4. ]

The following proposition characterizes the distance in terms of A-sets.

Proposition 5 Let S be a good semigroup, E € Bg, and o, f € Dg with o < B.
Then EP C E°.

Leta = a© < oV < ... < o™ = B be a saturated chain in Ds, with
aUtD = o) 4 e;(jforany j € {0,...,n — 1}. We have:

dENEP) = |(j € {0,....n — 1} | Ajg;) @) # B},

where | — | denotes the cardinality.
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Proof Using the additivity of the distance (see Lemma 1), our assumptions and
Lemma 5 we get the following equalities:

n—1 . ) n—1 _ .
d(Ea\Eﬂ) - Zd(Ea(f)\Ea(j+l)) _ Z d(E“(])\E"‘(])*e"(/’))
Jj=0 j=0

; E j
=[{j €{0,....n — 1} | A;;, @) # B}
As a corollary, we obtain a way to compute the distance between two semigroup
ideals.

Corollary 1 Let S be a good semigroup. Let E C F € ®g, and let n* = «©® <

o) <o <o = pf < ... < o™ = yE be a saturated chain in Ds. In

particular, o+t = o) 4 ej(j)forany j € {0,...,n —1}. Then

d(F\E) =|{j € {0,....n — 1} | Aj @) # 0]
. E H
— Wi etm,....n =1} Ay @) # 3}
Proof By additivity of the distance (see Lemma 1) we have:
d(F\E) = d(F\Cp) — d(E\Cp) = d(F* \F"") — d(E*"\E"").

The claim follows by Proposition 5. O
The following two lemmas are necessary to prove Proposition 6.

Lemma 6 Let S be a good semigroup, and let E € ®g. Let K be the canonical
ideal of S. If A~ *(x — @) 5 0 then AE () = 0.

Proof Lett — B € AinE(t — a). Then
T — Bi =T — i,

T; —Bj >t; —ajforall j #1i,

and AE(B) = ¢ by Lemma 2(a). As B; = «; and 8; < «j, it follows Al.E(a) -
AE(B) = 0. o
Lemma 7 Let S be a good semigroup, E € &5, and «, B € Ds witho < B. Let K
be the canonical ideal of S. Then:

d(E*\EP) < d(D§ \ DY) — d((K — E)Y P\ (K — E)’™9).
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Proof Let

a:a(0)<a(1)<---<a(")=,3

be a saturated chain in Dg, with alUth = o) 4 ej(j) forany j € {0,...,n — 1}.
Letus denote J ={0,...,n — 1}.
Set ) =y — "=/ Then

y—ﬂzﬂ(0)<,8(l)<---<ﬂ(")=y—oe
is a saturated chain in Dg, and
’3(j+1) =y — a=G+D) — y — (a(n*j)) _ ei(n—(j+1))) — ,B(j) + €i(—(j+1))-

By Proposition 5 we have d(E“\Ef) = |{j € J | Aﬁj)(am) # (}]. Recall that
E = K — (K — E) by Proposition 1. Therefore we can apply Lemma 6 and obtain

d(ENEP) = |{j € T | Ajj @) # )|

<ljed 1A Fa@—a)=0)

=i e J1AS;,
= e JIAKFB" ) =D =0

Fy —oV =1 =p}

=|{j € J | Aj, (BUUHD) = gy (3)
=n—|{jeJ | i BUUD) = )

=n =10 €| Ajaj41) (BY) # B

=n—d((K = E)’ P\ (K = E)'™)

= d(D¢\ D§) — d((K — E)’ P\ (K — E)' ™).

Proposition 6 Let S be a good semigroup, E € &g, and o, B € Dg with o < B.
Let K be the canonical ideal of S. Then the following are equivalent:
(i) d(EX\EP) = d(D§ \ D§) — d((K — E)' =P\ (K — E)? ™).
(ii) For all § € Dg such thata < § < B and for everyi € {1,...,s} such that
s+e <pB,

AF O #0 = AN Er 5 =0



Poincaré Series on Good Semigroup Ideals 361

(iii) For all § € Dg such that @« < § < B and for everyi € {1, ..., s} such that
d—e >aq,

ANTEa—8) #£0 & AE@) =0.

Proof Let
a=a® <oV <...<a® =8
and
y—B=B0 <pD ... g —y g4
be as in Lemma 7. Let us denote again J = {0, ..., n — 1}. Then, from the proof of

Lemma 7 (see (3)) we have
d(E“\EP) = d(D$ \ D§) — d(K — E)' P\ (K — E)’™%)
if and only if
. E i . _ ;
i € J 1 AGHE@D) £D =1{j € | A[F @@ —a) =0).
Since the first set is contained in the second by Lemma 6, we obtain

Ued Al @) #0)=1(jed | AN E@—a))=p)

i(j)

In particular

E j — .
Ajj@) # 0 Aﬁj)E(f — oy =g

Now let § € Dg besuchthatee < § < B and foreveryi € {1,...,s5},5 + e < B.
Then it is always possible to find a saturated chain in Dg between « and $ such that
8§ =a andi = i(j). Thus

AP #£0 AN E@—5) =0

Finally, observing that E = K — (K — E) by Proposition 1, this is also equivalent
to

AP (e —8) £ 0 AEG) = .

ifs—e >a(ie.(t—38)+e <1—0) m]
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The next corollary gives the necessary equivalent conditions for the main
Theorem 4.

Corollary 2 Let S be a good semigroup, E € g, and o € Ds with ut <o < y£.
Let K be the canonical ideal of S. Then the following are equivalent:

(i) d(DY\E) = d(K — E\D} ™).
(i) d(E\E?") = d(D} \D}') — d(K — EN\(K — EyY %),
(iii) Foreveryi € {1,...,s}suchthato +e; < yE,

Af) #£0 & AFE@—a)=0.

(iv) Foreveryi € {1,...,s} suchthato —e; > ,uE,

AP —) 20 &= Af@) =0

Proof First of all observe that by additivity (see Lemma 1)
E E E E
d(D§ \E) =d(D§ \D% )—d(E\D} ).

_uE E
As D}S’ B = (K- E)V_“E and EV" = Dg , (i) is equivalent to (i7). Now observe
that by Lemma 2(c) and Remark 3, (i7) is the same as

dE*\EY") = d(D§ \DY ) — d(K — BV \(K — By,

The claim follows then trivially from Proposition 6 with @ = uf and g = y£. O

Remark 4 Let R be an admissible ring and & a fractional ideal of R. Set S = I'g
and E = I'g. Then Remark 3 and Proposition 3 imply Corollary 2(i).

4 Symmetry of the Poincaré Series

We now come to the main results of this paper. Let us first define the main objects
of study, i.e. the Poincaré series.

For every J C {1, ..., s}, we denote e; = ZjeJ €.

The following definition was given in [12]:

Definition 11 Let R be an admissible ring, and let & be a fractional ideal of R. We
define

le(@) = LE /&), Le®) = Y Le(@)t”,

aeDyg

where t = (11, ..., 1), and t* = 1] - - - 1",
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The Poincaré series of & is

Pg(t) :=Le®) [ [ — 1).

i=1
We give an analogous definition for good semigroup ideals:
Definition 12 Let S be a good semigroup, and let E € &g. We define

de(@) = d(E\E*M), Le@t):= > dg(at®.

aeDg

The Poincaré series of E is

Pe(®) :=Le®) [ — D).

i=1
Remark 5 Let R be an admissible ring, and let &€ be a fractional ideal of R. Then
Lemma 3 and Proposition 4 yield L, (t) = Lg(t), and in particular Pr (t) = Pg(t).
The Poincaré series can be written in a more compact fashion.
Lemma 8 Let S be a good semigroup, and let E € &g. We define
ce(@) =Y (=DYdp(@—e))

Jc{l,....5}

where J¢ denotes the complement of J in {1, ..., s}. Then the Poincaré series can
be written as

Pr(t) = Y crt”.

aeDyg

Proof Observe that

N

[[ei—D =t te4+=D"D Tty ot (=D Ztﬂr(—l)s

i=1 i<--<ig—1 i=1

— Z (_1)|J"|te./.

JC{l,...,5}
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Hence

Pr(t) =) dE(Oé)tal_[(t, ~n=Y dE(a)t“Z( 1elges

a€Dg a€Dg J<A{1,...,s}

=) 2 et =

aeDg JC{1,...,s}

=) Z ( DY dp@@ —ept = ) et

aeDg JC{1 aeDyg

The next lemma is necessary to prove Proposition 7.

Lemma9 Let S be a good semigroup, E € &g, and B € Ds. If i + 1 < /LlE or
Bi > v, then dg(B) = de(B + e)).

Proof Let =B < =B+1+e < - <pO=F4+1<ptD =g1e +1
be a saturated chain in Dg, where gU+TD = g) 4 e; forall j € {1,...,s}\ {i}.
Then by definition of dg(8) and by additivity of the distance (see Lemma 1) we
have

s—1 . .
de(B) = dp(EP\EFHY) = 3" dp (P \ BT

j=0

).
On the other hand we have

S . .
dE(‘B +e) = dE(Eﬁ+ei\Eﬁ+ei+l) — ZdE(Eﬂ(j)\Eﬂ(j+l)).
j=1

Therefore

de(B +e) — de(B) =dp(EF\EF"™") — dp(EF"\EF")
— dE(Eﬂ+1\Eﬂ+ei+1) _ dE(Eﬂ\Eﬂ"'ei).

By Lemma 5 we know that
dp(EP\EPTe) = 1 <= AL (B) # 0.
and

dp(EFPWEPYeth = | e AP (B4 1) £ 0.
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Ife+1< uf, then also B; < ,uf, and therefore Af(ﬁ) = Af(ﬁ +1) = 0.
This yields dg (B + e;) — dg(8) = 0. On the other hand, when g; > yiE, then also
Bi+1 > yE and Af (B) # 0, AY (B + 1) # #. This implies dg (EF\EF+e) =
dp (EPHI\ EP+ei+1y — | and thus once again dg (B + ¢;) — dg(B) = 0. o

We can now prove that the Poincaré series of a good semigroup ideal is in fact a
polynomial.

Proposition 7 Let S be a good semigroup, and let E € ®g. Then Pg(t) is a
polynomial.

Proof The goal is to prove that cg(a) # 0 only if uf < a < y£. Suppose there
exists an i such that o; < ,ulE. Consider J C {1,...,s}. It is not restrictive to
consider i ¢ J (otherwise we can consider J \ {i}). Notice that if o — ey} = B,
theno —e; = B+e;. Since o < uF, then uf > (@ —ey)i = (B+e)i =B+ 1.
So by Lemma 9, we have

de(a —ejug)) =de(a —ey).

The same is true similarly if 7 is such that ¢t; > yiE . Therefore when o & {B | u% <
B < yE}, foreach J C {1,...,s} thereexistsa J' C {1, ..., s} (either J U {i} or
J \ {i}) such that

de(a —ey) =dp(a —ey)

and |J| = |J'| & 1. Hence these terms annihilate each other in the sum

> = ldg(e—e),

JC{L,....5}
sothat cp() =0foralla & {¢ | uf < ¢ <y}
Thus Pg (t) is a polynomial. O
Finally, we are ready to prove our main theorem.

Theorem 4 Let S € N° be a good semigroup, y its conductor, and let E € Bg.
Let K be the canonical ideal of S. If one of the equivalent conditions of Corollary 2
holds, then the Poincaré polynomials of E and K — E are symmetric:

PKEa>=<—1f+%VPE(1).
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Proof By Lemma 8, Px _g(t) = ZaeDS ck —g(a)t*, while

) 1 )
(1)’ P ( t) =DM Y it ?

BeDsg
=Y (=) HeppytrF
BeDsg
=Y )Heply -t
a€Dyg

Therefore the claim is equivalent to
ck-£@) = (=D ep(y —a).

fagc|ln <y—t=yH)=ly—rF=¢=<y—-uf)thenck () =
cg(y —a) = 0 by proof of Proposition 7. So we can assume y —y £ < a < y —puF.

Now let @ = y — B. Then u¥ < B < yE. As the equivalent conditions of
Corollary 2 are satisfied, for any & such that uf < 8 < yF with 6§ +¢; < y%,

Af (8) # ¢ if and only if AX~F(r — §) = . In particular, for any § with u% <
B—1<68<p<yE Af(s) # ¢ if and only if AX "% (7 — 8) = . Hence by
Proposition 6, d(EA~1\E#) = d(DE\DE) — d(K — E)*P\(K — E)rF*1),
Now recalling that @ = y — 8 we have d(EY ¢~ 1\ EY—%) = d(D)S/fafl\Dgfa) —
d(K — E)*\(K — E)*™). Asd(D} *""\D} ™) =dpy(y —a— 1.y —a) =>s,
this translates to

dg—g(@) =s —dp(y —a —1),
foranyy —yf <a <y — uf witha +1 <y — uf. Then
ck-p@)= Y (=DYdk_p@—e))
JS{l..5)

==1° Y (=DYIs —de(y—a—1+e))

JC{1,...,s}
=(=1’s ) =D+ Y =D ey —a—1+e)
Jc(l,....s} JC{l,....s}
=(—1)’s Z(—lf (S) + (=D (=D dp(y —a—ee)
i=0 ! JCA{1,...,s)
=(=D'A =1’ + (=)*epy —a)

=(—D)**ep(y —a).

Hence the claim. O
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As a corollary, we obtain a generalization of Pol’s result [12, Proposition 2.25].

Corollary 3 Let R be an admissible ring, & a fractional ideal of R and K a
canonical ideal of R such that R C K C R. Set E = I's and K = I'y. Then:

Px_g(t) = (-1t Pg (1) :

Proof 1t follows immediately from Remarks 4 and 5, and Theorem 4. O

Remark 6 Remark 4 shows that the equivalent conditions of Corollary 2 are true in
the value semigroup case. It remains the question whether they are always satisfied.
If not, they could represent a step forward in characterizing the class of value
semigroups inside the bigger class of good semigroups.
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A Short Proof of Bresinski’s Theorem on )
Gorenstein Semigroup Rings Generated e
by Four Elements

Kei-Ichi Watanabe

Abstract Let H = (nj,...,n4) be a numerical semigroup generated by four
elements, which is symmetric and let kK[H] be the semigroup ring of H over a
field k. H. Bresinski proved in Bresinsky (Manuscripta Math 17:205-219, 1975)
that the defining ideal of k[ H] is minimally generated by three or five elements.
We give a new short proof of Bresinski’s Theorem using the structure theorem of
Buchsbaum and Eisenbud on the minimal free resolution of Gorenstein rings of
embedding codimension 3.

Keywords Gorenstein rings - Symmetric semigroups - Minimal free resolutions

1 Basic Concepts

Let H = (ny,...,n4) be a numerical semigroup generated by four elements. We
denote

F(H)=max{n€Z|n ¢ H}

the Frobenius number of H and N = Z?:l n;. We call H symmetric if for every
n € Z,n € Hifand only if F(H) —n ¢ H. Let k[H] be the semigroup ring

of H over a field k and S = k[x1, ..., x4] be the polynomial ring over k in the
indeterminates x1, . .., x4. It is known by Kunz [4] that H is symmetric if and only
k[H] is Gorenstein. Let 7 : § — k[H] be the surjective k-algebra homomorphism
withw(x;) =" fori = 1, ..., n. We consider $ as a graded ring putting deg(x;) =

n; so that w preserves the degree. We denote by Iy the kernel of 7. If we assign to
each x; the degree n;, then with respect to this grading, /g is a homogeneous ideal,

K.-I. Watanabe (<)

Department of Mathematics, College of Humanities and Sciences, Nihon University,
Setagaya-ku, Tokyo, Japan

e-mail: watanabe @math.chs.nihon-u.ac.jp

© The Editor(s) (if applicable) and The Author(s), under exclusive 369
licence to Springer Nature Switzerland AG 2020

V. Barucci et al. (eds.), Numerical Semigroups, Springer INdAAM Series 40,
https://doi.org/10.1007/978-3-030-40822-0_21


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-40822-0_21&domain=pdf
mailto:watanabe@math.chs.nihon-u.ac.jp
https://doi.org/10.1007/978-3-030-40822-0_21

370 K.-I1. Watanabe

generated by binomials. We denote by w(/g) the minimal number of generators of
Iy Abinomial ¢ = []{_, x —[T5_, xiﬁi belongs to I ifand only if Y {_, ajn; =
>¢_ Bini. A semigroup H is called a complete intersection if /5 is generated by a
regular sequence. This condition is equivalent to say that u(/y) = 3.

We define ¢; to be the minimal positive integer such that

4
oin; = Z aijn;. (1)

j=Li#i

Thus f; = xf” — ]_[j.:l’#i x?i‘f (i =1,2,3,4)is a minimal generator of Iy.
The purpose of this note is to give a short proof of Bresinski’s Theorem;

Theorem 1.1 ([2]) Assume that H is symmetric generated by four elements. If
k[H] is not a complete intersection, then w(Ig) = 5. |

For the proof we let

Fo=[0>F—FH 3% F=kH] - 0]

be the graded minimal free resolution of k[ H] over S. Note that “H is symmetric”
is equivalent to say “k[H] is a Gorenstein ring”. We denote » = u(I/g) = rank Fi,
P1, ... ¢, be free basis of F1 and we put f; = d(¢;) € Iy so that f1,..., f, are
minimal generators of /5. We always assume that each f; is a binomial.

Let us summarize known results about F,.

Theorem 1.2 ([3, 5])

(1) Since k[H] is Gorenstein with a-invariant a(k[H]) = F(H), F3 =
S(—F(H) — N) and F, is self-dual in the sense that there is an isomorphism
Homg (F,, F3) = F,.

(2) r is an odd number.

(3) Let M = (m;j) be the r by r matrix corresponding dy : ) — Fy. Then we can
choose the bases of F>» and F1 so that M is a skew-symmetric matrix.

(4) Let {e1, ..., er} be the free basis of F> so that dy(e;) = Z;‘=1 mij¢;. Then if
M (i) denotes the (r — 1) x (r — 1) matrix obtained by deleting i-th row and
i-th column of M, then f; is obtained as the Pfaffian of M (i) and deg(e;) =
F(H) + N — deg(f;). Namely, Det(M (i)) = fiz.

Note that if the i-th row of M is (mj1, ..., m;,), then we have

(%) Zmijfj =0.
i—1
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2 The Proof
Now we will give a proof of Theorem 1.1 using Theorem 1.2.

Renumbering the minimal generators {f1, ..., f-} of Iy, we can assume f), =
x;[p — gp, where g, is a monomial of {x1, ..., x4} \ {xp} (p =1,...,4). (We will

show in Remark 2.3 that if some minimal generator of /g is of the form xzp - x;q
then H is a complete intersection. Thus we can assume that f; = —f; (1 < j <
J < 4) does not occur. ) Hence, for p > 5, f), is of the form

(k%) fp = xi“x/b. — x,fxld (a,b,c,d>0) (p=5)

for some permutation {x;, x;, xg, x;} of {x1, x2, x3, x4}.
Now we will show that r = 5. So, we assume r > 7 and get a contradiction. The
next lemma will be the key of our proof.

Lemma 2.1 Ifs,t > 5ands #t, thenmg; = 0. O

Proof Assume m; , # 0 with deg(ms ) = h € Hy. Then we will have
dege; = F(H) + N —deg(fs) = h + deg(f)
or
F(H) + N = h + deg f; + deg f;.

Since s,t > 5, f5, f; are of the form (**) and we can take the expression

4

h+deg fi =) an

i=1

so that 3 a;’s among 4 are positive. If some a; = 0, then we can choose expression
of deg f; so that the coefficient of n; is positive.

That means F(H) + N = h + deg f; +deg f; >y N, where we denotea >g b
ifa —b € H. Then we get F(H) € H, a contradiction ! m]

Corollary 2.2 r <7. O

Proof Assume r > 9. We know that f] is the Pfaffian of the matrix M (1). Then by
Lemma 2.1, we can see Det(M (1)) = 0 because m,; = 0if s, > 5, O

Remark 2.3 Assume Iy has a minimal generator of the form xg” — xg . Then we
can assume f, for p > 4 is of the form (**). Then above argument shows that
mg,; = 0for s, t > 4. Now, if r = 7, then Det(M (1)) = O since it contains a 4 x 4
0 matrix in it. Thus to show r < 5 we can assume there is no minimal generator of
Iy of type xg” — x:;". ]
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Proof (Proof of Theorem 1.1) Let us continue the proof of the Theorem 1.1. We
assume r = 7 and deduce a contradiction.

We must have f; = xf” — g1 as the Pfaffian of M(1). Now we know by
Lemma 2.1 that if 5,7 > 5, mg; = 0. Let N(1) be 3 x 3 matrix which is 2-4
rows and 5-7 columns of M. Then we must have Det(N (1)) = :t(xfl1 — q1). That
means, for every s, 2 < s < 4, there should exists ¢t with 5 < ¢ < 7 such that my ; is
a power of x1. Namely, there should be at least three components that are a power
of xi.

Since the same should be true for xp, ..., x4, there should be 3 x 4 = 12
components in 1-4 rows and 5—7 columns. Namely we get

Claim Every (s, t) componentof M with 1 <s <4 and5 <t < 7 is a power of
some x; and consequently # 0. O

On the other hand, assume, say, f| = x‘lxl — xé’xg' with b, ¢ > 0 and also f; =
xijl — xé’/xgl forsome a,b’,¢’,d > 0and 5 <t < 7. Thenm; , should be 0, since
otherwise

F(H)+ N =h+deg fi +deg f; = h +any +b'ny + c'n3 +dng >y N,

which will lead to F(H) € H. A contradiction! Hence Claim 2 will lead to a
contradiction.

Hence we get a contradiction from r = 7 and hence u(Ig) = 5 if H is not a
complete intersection. O
Remark 2.4 If r = 5, we can show that /gy has no minimal generator of the form
xg” — x;“’. Indeed, assume that f| = x{ — xé’, fr=x5—q3 f3 = le — g4 for
some monomials g3, g4 and fa, f5 are of the form (**). The above argument shows
my 5 = ms 4 = 0and Det(M (1)) = (x{ —x’z’)z. That means, m; ; are some power of
xporxpfor (i, j) = (2,4), (2,5),(3,4), (3,5). Then it is easy to see it is impossible
to get a power of x3 in Det(M (2)), which contradicts Det(M (2)) = (x5 — g3). O

Corollary 2.5 If Iy has an element of type xg” — xg ? as a minimal generator, then

H is a complete intersection. O
Remark 2.6 If r = 5, we can deduce the form of M by our argument. For a
monomial m of {x1, ..., x4}, let

supp(m) = {x; |x; divides m}.

We show that, if we put f; = xl‘.x" —qi i =1,...,4) and f5 = g5 — ge, then

we can show that supp(g;) (i = 1, ..., 6) are all different and supp(g;) consists of
2 variables. Also, if f; = xf‘i —-qi, fj = x?’ — g with supp(g;) U supp(g;) =
{x1,..., x4}, we show that m; ; = 0 = m; and these are the only 0 of M except

diagonals. Once we have proved these facts, we have exactly 16 = 5> — 5 — 4 non-0
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entries of M and they are powers of some x;, hence we can deduce the matrix

0 _x§143 0 _x<2132 _lem
43 a4 %)
X3 Oa Xy Oa —x‘lx
0 —x4'4 0 _xlzl —x242
x;tzz 0 ‘xTQl 0 —x‘;”
o024 a3] 42 13
X0 X7 Xyt Xy 0

in Theorem 4 of [1].

Since Det(M (1)) = (xfl1 — g1)?, there should be at least a power of x1 in rows
2,3,4,5. Since Det(M (i)) = (xf” — q,')2 fori = 2,3, 4, m;5 is a power of some
Xk, k # i and a power of every x; (1 < k < 4) should appear as some ms;. Also we
have

4
Gexx) Y misfi =0.
1=1

If, say, supp(q1) has 3 variables, then we will have m5 = 0, since then we will have
deg f1 + deg fs >y N. Then we must have ms5; = 0, contradicting observation
above. Thus we know that every ¢; contains exactly 2 variables.

From (***) we know that if m5 = xf, then ¢ is of the form ¢q; = x‘;qi, where
we must have o; = p + s. Thus changing the order of variables, if necessary, we
may assume f; = x| —x3"x;" and ms; = x} . Then we have p + a14 = a4 since
mssxy* must cancel with x} x3"x;"* and we must have ms4 = x3"°. Then x5 g4
must cancel with m53x§l 3. Thus we have

_ U134 __ 001,024 __ 031 03 42043
G =X3"X4 . q2 = X107, 43 =X X, g4 =Xy Xy

and ms; = xy®*, msy = x|, ms3 = x5, mss = x5 with a; = a4 + 21,00 =
o3 + 042, 03 = a3 + @43, a4 = a4 + a14. We notice that m3 = moq4 = 0 since
deg f1 + deg f3,deg f» + deg f4 >y N and we can fill in the other parts of M by
mis = ms; and Zmijfj =0. O
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