Determination of Dynamic Errors )
in Machines with Elastic Links e
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Abstract One of the important objectives in the design of machines is the reduction
of dynamic errors caused by elastic vibrations of actuating mechanisms in a steady
state and transient conditions. This objective is especially relevant in the production of
high-performance machines, such as industrial robots, positioning stages, and others.
The open kinematic structure of actuating mechanisms results in a significantly lower
stiffness of the structure and greater dynamic loads, which in turn leads to intensive
vibrations of operating elements in transient conditions. Furthermore, dynamic errors
caused by free vibrations several times exceed static positioning errors of actuating
mechanisms. Therefore, conventional methods of reducing dynamic errors with the
use of flywheels, counterbalance mechanisms, shock absorber, dynamic dampers and
other passive means do not always prove to be efficient. Instead feedback control
systems have broader functional capabilities.

Keywords Chain system with the fixed end - Dynamic errors - Frequency
equation + Fundamental mode

1 Introduction

In modern machines, gears remain the primary way of transmitting power. This
is due to their small size, well-developed manufacturing technology, the ability to
accurately provide the required gear ratio. However, it is known that gears are a source
of internal vibration activity of the machine unit. The measure of this vibroactivity is
the perturbing moments caused by the rigidity of the gearing, the kinematic error of
the gear, and leading to dynamic errors. Under dynamic error understand deviations
of laws of movement of links from their program values. The vibrations caused by
them can lead to both the opening of the mating profiles of the teeth, and to the
shifting of the lateral gaps between the teeth of the wheels. Dynamic loads arising
in the drive, can thus be several times higher than the load from the moment of the
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resistance forces applied to the working body of the machine and determined from
the strength calculation of the transmission.

2 The Building of a Machine Aggregate Simulation Model

Earlier machine aggregate simulations incorporated a model of a mechanism with
rigid links [1]. However, in practice, structural elements of links and kinematic joints
transform under the action of static and dynamic loads emerging in a steady state
and in motion. As a result, laws of motion for a machine’s operating elements differ
from laws of motions imposed exclusively by engines. Therefore, one of the primary
objectives of machine dynamics is identification of static and dynamic errors caused
by the transformation of links and kinematic joints.

First, amplitudes of dynamic errors of a machine aggregate resulting from the
flexibility of its bearings should be estimated [2—7]. Figure 1 shows a dynamic model
of amachine aggregate. Gears 1 and 2 of a single-stage gear reducer and the actuating
element 3 are set into rotation by the engine rotor 0. The figure depicts elements that
are considered elastic; ¢y, 12, ¢p3 are their stiffness; by, b1, bys are the damping
coefficients; Jy, J1, J2, J3 are the moments of inertia of the masses relative to their
axes of rotation; My and M, are the driving torque and the drag torque respectively.
The bending flexibility of shafts and the flexibility of the bearings shall be neglected.

The system under consideration has four degrees of freedom. Absolute rotation
angles of the engine rotor g, gears q; — g and the actuating element g3 can be chosen
as generalized coordinates. It should be more convenient to align these coordinates
to the axis of the engine rotor, thus introducing new generalized coordinates:

Y0 = qo; 91 =q15 ¢2 = i12q2; 93 = i1243, (1)
where i}, is a transmission ratio of the gearing. Deformations of shafts and gears

connected to driving wheels can be defined as:

Fig.1 A dynamic model of 0
a machine aggregate /
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Bo1 = @1 — @05 012 = rqa — 1p1q1 = rp1 (@2 — ©1); O3 =i, (93 — @2),  (2)

where r;1, 1o are radii of the base circles.

Next, kinetic and potential energies and the dissipative functions should be
determined to generate Lagrangian equations of the second order.

The kinetic energy of the system is defined as:

13 ' 13 o\ 1 3 ‘
T=§§qu3=§§k<%> =§§Jmpf 3)
where

Jow = Jos S =Ji; S =i das T =i s )
are the moments of inertia of links of the transmission device adduced to the rotation

axis of the engine rotor.
The potential energy of the system is defined as:

3 3
1 ) 1 5
1= 3 26371,56571’3 =3 ch*(cps — Q5_1) (5)
s=1 s=1
where
— . _ .2 . )
Clx = €015 C2x = Fp1C12; C35 = ly5 C23. (6)

The dissipative functions of system are defined as:

3 3
1 . 1
== bs— v92 =3 bv ‘v_‘v— 2» 7
2;:1 515051 2;21 5 (Ps — Ps—1) (7N

where
bie = boi; baw = r}bia; by = i1y bos. (3

External forces in a mechanical system are the driving torque My, applied to the
engine rotor, and the drag torque M., applied to the actuating element. The elementary
work of external forces in the virtual deformation of the system should be expressed
as:

dW = Mydqo + M.8qs. ©)]

The generalized drag force for the generalized coordinate 3 can be derived as:
M; =i M.
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d (0T aT oIl 0o
e e Rt /8 (10)
dr \ 0¢s ION 0Qs 0

itis apparent that (s =0, 1,2, ..., 3):

Jsilf)x + bv((Pv - (bx—l) - bs+1(¢)s+1 - (pv) + Cs(‘Ps - (Ps—l) - CS-&-I(‘PS-&-I - (p\") - Ms~
(11

An asterisk is omitted in the system parameters for clarity and ¢) = by = ¢4 =
by = 0, are applied.

The derived differential Eq. (11) describe motions in a transmission device as
belonging to a system of perfectly rigid bodies interconnected in series by instanta-
neous elastic and dissipative elements. As each rigid body has one degree of freedom,
such a one-dimensional model can be considered as a chain system. Figure 2 shows
a four-mass oscillating system compatible with the differential Eq. (11).

It is possible to produce a set of equations for obtaining ¢y — ¢3 and the driving
torque when combining these equations with an engine performance equation M.

The equations of motion in a mechanical system can also be written in another
way if the law of motion for the engine rotor is known. In this case, an equation can
be easily derived from the equations of motion (11), where s = 0:

Jo®o — b1 (@1 — o) — c1(@1 — @) = My

Next, deformation coordinates should be considered that define the shifting of
masses relative to the engine rotor:

s = @5 — @o(1). 12)

Finally, the equations of the system motion can be written as:

T8 + by (05 — 1) — bys1 (g1 — 05) + ¢ (0 — 05_1)
—cor1 (0501 — 0) = My — Ji§o(1), s = 1,2,3, (13)
Joo — b191 — 181 = M.
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Fig. 3 The reduced model I & -Jy y
of a chain system with the £ / 9??0 e
fixed end

Jz J3

where g =6y =0, ¢4 = by =0, M; = M, = 0. are taken into account.

Figure 3 demonstrates a chain oscillating system. Its equations of forced oscil-
lations caused by the applied active inertia forces and the forces of moving space
—Js¢o(¢) coincide with Eq. (13). The system depicted in Fig. 2 will be further called
a free system, while the system in Fig. 3 will be called a system with the fixed left
end [8-25].

3 Determination of Dynamic Errors in Transient
Conditions

First, the equations of motion (13) should be presented in a matrix:

JoO+BO+CO=M— Ji - 1,

.. . (14)

Jo%o — D191 — 101 = My,
where 6 = (61, 0,, 63)T is a three-dimensional column matrix, the generalized
force matrix is M = (0,0, M)T, 1 = (1,....,DH7 is a single column, and

three-dimensional symmetric matrices of dissipative and elastic system parameters
are:

Ji0O0 by +by, —by 0
J=10/,L0|;B= —by by+ b3 —b3 |;
00 J3 0 —bs  bs
cr+c —0 0
C = —Ccy Cy+c3—cC3
0 —C3 C3

Next, based on the generalized coordinates of a mechanical system, principal
coordinates can be calculated with the help of a linear conversion:
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3
0= thzm. (15)

m=1

As columns £,,, which are fundamental modes, are linearly independent, Eq. (15)
establishes one-to-one correspondence between generalized coordinates 6,, and
principal coordinates z,,.

By introducing (15) into the first matrix system Eq. (14), the following equation
can be generated:

3 3 3
T huin+BY huin+C Y hwzm =M — Jio - 1.

m=1 m=1 m=1

Next, the equation should be consecutively multiplied by fundamental modes A;:

3 3 3
Y Uh) hZn+ Y (Bh) hizm + Y (Chy) gz = M hy = (J - Dhsio.

m=1 m=1 m=1

(16)
Taking into consideration the mode orthogonality:
(Jhy)Thy =0; (Chy)Thy =0 ifs #m,
Eq. (16) can be written as follows:
3
UnZm + Y Bmste + Ymim = Zm — gm0 (m =1,2,3), (17)

m=1
where

3
Zn=M"hp, gu=(D'hy="Jrhur, Bus = (Bh)"hy.

r=1

The coefficient a,, = (Jh,,)T h,y is called a modal moment of inertia (from the
English word mode), and a scalar y,, = (Ch,,)Th,, is called modal stiffness, or
stiffness adduced to the mode m.

A complete separation of variables in Eq. (17) may occur if the damping coeffi-
cients are zero or proportional to the respective stiffness (b,, = \c;,), or masses. In
this case, Eq. (17) can be defined as follows:

amzm + Bmim + VYmim = Zy — gmibo (m =1,2, 3) (18)

Next, Eq. (18) should be presented in an operator form (d()/dt — p()):
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@nD? +BuP +V)im = Zm — 8npo (m =1,2,3). (19)

Thus,

im = (()me2 + Bmp + ym)_lzm - (amp2 + Bmp + ym)_]gm(bo- (20)

Now, based on the principal coordinates, initial coordinates can be computed. For
s =1, 2, 3, they are the following:

3 3
0= husim =Y Ims(@np® +Bup +¥m) ' Zn

m=1 m=1

3 3
- ths(ampz +Bnp + Ym)_lngbO = Zesr(p)Mr - 05(1’)@0: (21

m=1 r=1

where the operator of dynamic compliance linking the external moment with a
deformation error is:

3

hmshmr
() = : 22
r(p) n;amp2+6mp+vm 22

and the transfer function linking the kinematic force with a deformation error is:

3

thg}’l’l
K = . 23
ox(p) Zamp2+6mp+ym (23)

m=1

Assuming the engine rotor rotates steadily (¢py = const), the drag torque M3 =
— M350 + M3;sinvt is applied to the latest mass of a chain system and the positional
damping coefficientis by = ¢y /2mv (U = 0.2 —0.6—is the absorption coefficient),
a deformation error in a fixed end system in accordance with (21-22) ¢y = const
may be defined as follows (s = 1, 2, 3):

0, = Ay + 0, = —Msgle3(jO)| + M less(jv)| sin[ve + arg e (jv)]

3 3
thhHI hmshm .
= —M30 Z y—3 —+ M31 Z 32 Sln(\)t + ES‘m)
m=1 m m=1 v 2 2
[ ()] + ()
(24)
. YR _ 12
The equation includes tg§,, = Ym = ki 0.

O/ k)’ =17
Next, deviations in the laws of motion ¢,(#) from the program ones should

be determined through identification of dynamic errors in the machine aggregate
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depicted in Fig. 1 under the following system parameters (see Fig. 3): ¢; =
8 x 10°N -m; ¢, = 1.44 x 10°N -m; ¢3 = 1.2 x 10°N - m; J, = 0.6 kg - m?;
Ji=29%x1073 kg~m2; J,=15%x10"2 kg-mz; J3 =27 kg-mz; M3y = 10 N-m;
M31 =50N-m.

The frequency equation can be generated:

c1+ o — Jlkz —C 0
—C Ccy 4¢3 — Jgk2 —C3
0 —C3 Cc3 — J3k2

= 0.00011745k° — 111443k* + 1.041333 x 10"3k?
—1.3834 x 10'* = 0,

that can be used to calculate fundamental frequencies: k; = 364 sk, = 10243571,
k3 = 29048 s~! and fundamental modes:

hy = (1,1, D7 hy = (1.5553, 1.3442, —0.1437)7;
hs = (2.219, —0.0057, 0.00007)"".

Modal stiffness:

vi = (Ch))Th; =8 x 10° N-m; y> = (Chy)"hy = 4.656289 x 10° N - m;
v3 = (Ch3)Th; = 1.106678 x 10° N - m.
Static errors in principal coordinates z,,0 = —M30h,,3/Ym, in particular z;9 =

—0.27 x 1074, z50 = 0.12 x 1077, z30 = —0.68 x 107!°, and dynamic errors in
principal coordinates (m = 1, 2, 3):

M3ihy3

7 = - sin(vz + &) = 0.137 x 10~ 2sin(350r — 0.681),
B 27 2
v v
=T+ )
Ms1h
5, = ! 232 sin(vz 4 &) = 0.613 x 107 7sin(3507 — 0.063),
B 27 2
3
w7+ ()
Msh
%y = 3 332 sin(v7 + &3) = 0.342 x 10~'%in(3507 — 0.063).
B 27 2
U
y3/ = (2) | + (%)

Thus, the static and dynamic errors are:
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010 = h11z10 + h21220 + h31230, ?1 =hnzi + hai2o + h3123,
020 = hi2z10 + haazoo + ha2zzo. 62 = hi2Z1 4+ hnZa + h3Z3,
030 = h13z10 + h23zo0 + h33za0. 03 = hi3Z1 + hozZo + h33Zs.

4 Determination of Dynamic Errors in Transient
Conditions

Determination of deformation errors in transient processes is of great significance
for the dynamic analysis of machines with program management (various machines,
robot manipulators, multi-moving platforms and others), transient processes of which
take a considerable amount of the operation time.

External moments in transient processes are assumed to be zero for clarity. It
should not be complicated to consider these moments in the calculation as the
equations of motion are presented in a linear set.

Eq. 21) at M, =0 (r = 1, 2, 3) can generate the following (s = 1, 2, 3):

n

(m)

. SmPums . . P
ev = —0g == - S
S (P)‘PO n;amp2+6171p+ym o mz [7 +ZCmep+ 1
(25)

where

3
8m = (J ' 1)Thm = Z Jrhmr; Em) = 8m mS/Ym-

r=1

The Duhamel integral should be applied to determine dynamic errors:

0,(1) = — ZW —imkfn“—@sin[,/l—g,znkm(t—z)}e(z)dz (s =1,2,3).

m=1

(26)

Itis evident that 6 (¢) represents free vibrations emerging in a system as a result of
disturbances caused by accelerated motion. These vibrations, which continue after
the positioning, are considered highly undesirable as they lead to oscillations in a
machine’s operating elements hindering proper operating processes.

In Eq. (26) the first summand is of the most significance. This is due to two reasons.
First, the coefficients p™ decline rapidly with a higher m. Second, the duration of a
transient process usually exceeds by several times the longest free vibrations period
of the system, that is 7. The most significant summand in Eq. (26) is the first one
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(m = 1), that corresponds to damped vibrations in the first mode:
p{Vky

Ji-g

A dynamic error of a gear 6,(¢) in a constant run-up and braking in a three-mass
system with the fixed end (see Fig. 3) can be determined with the Duhamel integral:

0,(t) ~ — /e—E'W—E)sin[ 1— &2 (t —8)]e®)dE (s=1,2,.,3).
0

27)

() = eon(t) — 2eon(t — 1) +eon(t — 1),

where g = 10 s~2 is the acceleration amplitude, n(¢) is the unit-step function,
tp = 35 is the run-up time, tr = 2f, is the braking time. In the system under
consideration

g1 = Jihyy + DLhiy + ki3 = 6.017 kgm?;
g2 = Jiha + Joha + J3hps = 0.0076 kgm?;
g3 = Jihs1 + bl + J3hay = 0.948 x 107¢ kgm?;

h
o) = E1212 — 0169 x 1074 %;
Y1
h
o = 8122 _ 0229 x 1078 &%,
Y2
h
o = 822 0126 x 1070, 0y = 1.
’ Y3

Thus, the dynamic error in the transient process is:
2
02(1) ~ =" ki 11 (1),
where

eoky (e coskyt — 1) 0<t<t,
gok; '[1 4+ e coskit — 2¢O coski(t — )] 1, < t <,
sokfl[e_’“’ coskit —2e7M0) cosky (r — tp) P
+e—n1(l‘—t'r) cosk;(t — tT)] = T

Ii(1) =

Equation (27) demonstrates that amplitudes of dynamic errors with a predeter-
mined terminal angular velocity (in the case of run-up and braking) or with a prede-
termined rotation angle (in the case of positioning) are inversely proportional to the
time of the transient process and the square of the first fundamental frequency. There-
fore, the reduction of errors in transient processes can be achieved through decreased
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Fig. 4 The graph of the dynamic error that occurs in the machine during the run-up

masses or a greater stiffness of a transmission device and a longer transient process.
Figure 4 shows the dependency graph 6, (¢).

In practice, implementation of these recommendations is limited. A greater stiff-
ness of atransmission device is usually accompanied by greater reciprocating masses,
thus failing to significantly increase the first fundamental frequency. A longer tran-
sient process results in a decreased machine performance, which is undesirable. In
conclusion, it can be stated that the reduction of dynamic errors in contemporary
machines is a complicated technical task.
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