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Abstract. A connected graph is said to be self-centered if all its vertices
have the same eccentricity. The family of generalized Petersen graphs
P(n, k), introduced by Coxeter [6] and named by Watkins [18], is a family
of cubic graphs of order 2n defined by positive integral parameters n and
k, n > 2k. Not all generalized Petersen graphs are self-centered. In this
paper, we prove self-centeredness of P(n, k) whenever k divides n and
k < %5, except the case when n is odd and k is even. We also prove non-
self-centeredness of generalized Petersen graphs P(n,k) when n even
with k = §; n = 4m+2 with k = § — 1 for some positive integer m > 3;
n>9isodd and k = 2 or k = 231 and n = m(4dm + 1) £ (m + 1)
with & = 4m + 1 for any positive integer m > 2. Finally, we make an
exhaustive computer search and get all possible values of n and k for

which P(n, k) is non-self-centered.

Keywords: Eccentricity - Center of graph - Self-centered graph -
Generalized Petersen graphs

1 Introduction

Graph centrality plays a significant importance in facility location problem, and
has a great role in designing a communication network. In a locality, for the
efficient use of resources, we place them at central nodes. Because of this, self-
centered graphs are ideal as the facility can be placed (located) at any node or
vertex of the locality. In the paper, by a graph G = (V(G), E(G)) (or simply G)
we mean a simple finite graph with the vertex set V(G) and the edge set E(G).
The length of a shortest u—v path in a graph G gives the distance between
vertices u and v, which is denoted by dg(u,v) (or d(u,v)). The maximum of
distances from a vertex v to all other vertices in a graph G is known as the
eccentricity (denoted by e(v)) of the vertex v. The radius of G, denoted by
rad(G), is the minimum eccentricity of vertices in G. Similarly, the diameter of
G, denoted by diam(G), is the maximum eccentricity of vertices. Vertices with
minimum eccentricity are called central vertices and the subgraph induced on
these vertices is called the center C(G) of the graph G. A graph G is known
as a self-centered graph if C(G) = G. In other words, for a self-centered graph
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G, rad(G) is equal to diam(G). Further, if eccentricity of every vertex in a
self-centered graph is d then the graph is known as d-self-centered graph.

As a generalization of the well-known Petersen graph, the generalized
Petersen graph has attracted the attention of several researchers. For each pos-
itive integers n and k with n > 2k, the generalized Petersen graph P(n,k) is
a graph with vertex set V(P(n,k)) = {ug, u1, uz, ..., Un—1,00,V1,02, ..., Un_1}
and the edge set E(P(n,k)) = {wu;r1,u;v;, 00545 : 0 < i < n — 1}, where
subscripts are addition modulo n. Throughout the paper, we refer this notation
for vertex set and edge set of P(n,k). For n =5 and k = 2, P(5,2) is the well
known Petersen graph.

The generalized Petersen graphs, named by Watkins [18] were defined by
Coxeter [6] but not with this name. The essence of the Petersen graph is a
remarkable configuration that serves as a counterexample to many optimistic
predictions and conjectures about what might be true for graphs in general. The
generalized Petersen graphs have been studied by several authors; for instance,
Tait coloring of generalized Petersen graphs have been studied and analysed in
[4], generalization of generalized Petersen graphs on the basis of symmetry prop-
erties have been discussed in [13]. A result on maximum number of vertices in
a generalized Petersen graph was given by authors in [1], where number of ver-
tices is treated as a function of diameter. A formula for number of isomorphism
classes of generalized Petersen graphs was presented by Steimle and Staton [17].
For works related to domination number in generalized Petersen graphs, one can
refer to [5,7], and [9]. However, there were no significant work done related to
self-centeredness of generalized Petersen graphs because of the complex structure
of these graphs. This motivated us to work on the self-centeredness property of
generalized Petersen graphs.

The theorem below gives a criteria for generalized Petersen graphs to be
isomorphic.

Theorem 1. [17] Letn > 3 and k,l relatively prime to n with kl =1 (mod n).
Then P(n,k) = P(n,l).

The theorem stated below is useful in proving the self-centeredness of gener-
alized Petersen graph P(n,1).

Theorem 2. [16] Let G = G10G2 be the Cartesian product of graphs G1 and
Gs. If G1 and G4 are l- and m-self centered graphs, respectively, then G is
(I + m)-self centered graph.

We note that P(n, 1) is the Cartesian product of the cycle C,, and the com-
plete graph Ks. Since Cy, is |5 ]-self-centered graph and K, is 1-self-centered
graph, by Theorem 2 we get the result below.

Theorem 3. For n > 3, the generalized Petersen graph P(n,1) is a d-self-

centered graph, where d = | %] + 1.

Vertex transitive graphs are self-centered. In [8], the authors have proved
that P(n, k) is vertex transitive if and only if k? = 4+1(mod n), or n = 10 and
k = 2. So, one get the following result.
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Theorem 4. Forn > 3, generalized Petersen graph P(n, k) is self-centered for
k* = £1(mod n), or n = 10 and k = 2. Moreover, P(10,2) is 5-self-centered
and the other P(n,k) are d-self-centered, where

E+1, ifn=k—1,
d=<¢k+1, if n=~k=%+1and kis even, k # 2,
k+2, if n=k*+1 and k is odd.

Self-centered graphs were studied and surveyed by many authors in the
last few decades. For the same, we refer the articles [2], [3], and [10-12]. Self-
centeredness of different types of graph products are studied by the authors in
[14,15].

In the remaining of the paper, we assume k > 2. The main technique followed
in this paper for verification of self-centeredness of P(n, k) is the determination
of eccentricities of uy and vy, because P(n,k) is symmetric on outer vertices
Ug, U1, U, - - -, Up—1 and also symmetric on inner vertices vy, v1, Vo, ..., Up_1. If
e(up) = e(vp) then the generalized Petersen graph is self-centered, otherwise not.

The rest of the paper is organized as follows. In Sect. 2, we prove the non-
self-centeredness of generalized Petersen graphs P(n, k) when n even, k = % or
n = 4m + 2 with k = § — 1 for some positive integer m > 3. Then we prove
self-centeredness of P(n, k) whenever n is even, k < % and k divides n. In Sect. 3,
we study self-centeredness of generalized Petersen graphs P(n, k) for odd n. We
prove that P(n, k) is not self-centered for odd n > 9 with k = 2 or k = “;*. Then
we prove the self-centeredness of P(n, k) for odd n and odd k, k < %, and k|n.
Also, we prove non-self-centeredness of P(n,k) when n =m(4dm + 1)+ (m+1)
with k = 4m + 1 for any positive integer m > 2. Finally, we make an exhaustive
computer search and get all possible values of n and k for which P(n,k) is

non-self-centered.

2 Self-centeredness of P(n,k) for an Even n

In the following result, we investigate the self-centeredness of P(n, k) for an even
nand k= 3.

Theorem 5. Let P(n,k) be a generalized Petersen graph such that n > 4 is
even and k = 5. Then P(n,k) is not a self-centered graph.

Proof. To prove the result, it is sufficient to show that eccentricity of two vertices
in P(n, k) are not equal. We note that C' : vg, ug, u1, ua, ..., ug, v, vo induces a
cycle of length k + 3, see Fig. 1, where the cycle C' is highlighted by thick lines.
We observe that d(ug,u;) = d(ug,un—;), for i € {1,2,3,..., 5}. Depending on
the parity of k, we distinguish following two cases.

Case 1. The integer k is even.

Since k = 3, in this case n will be a multiple of four. Consider vertices ug

and vg. Since ug lies on C' and C' is of length k + 3,
n k+3, k+2 n+4 n

max{d(ug,u;) : 1 <i < 5} = 5 | 5 1 i +1. (1)
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Fig. 1. Generalized Petersen graph P(n, k) with n even and k = 5

Next, we find d(ug,v;) for 1 <i < Z. First, let 1 <14 < %. For these values of
i, we get that d(uo,v;) = d(uo,u;) + 1. Now, max{d(up,u;) : 1 <i <4} =%
and so

max{d(ug,v;): 1 <i < %} = max{d(ug,u;) +1:1<i<

For & <i < %, a shortest v;—ug path is given by P; : v, viqx, Witk Wit (k+1)5
Uit (k42),- -+ Uo, Where [(P)) =n—i—k+2= 15 +2—1i (since k = 5). The
maximum length of P; is for i = % + 1, and hence

n

n n
P):—<i<-}l=-—+41.
max{l(P;) y <is 2} 1 + (3)
From Egs. (1)—(3), we get that e(uo) = § + 1.
Since vg lies on C and n is a multiple of four,
k
ma{d(vo, ui) 11 <7< 2} = L%?’J =t (4)

Next for § <14 < %, we obtain d(vo,v;) = d(uo, v;) + 1, and this gives

max{d(vg, v;) : % <i< %} =—+1 (5)

n
4

Finally, for 1 < 4 < %, a shortest vy path is given by P/
Viy Uik, Withs Uit (g 1)s -+ -5 U0, Where [(P)) =n —i—k+3 = 5 +3—1,

and the maximum length of P/ is for i = % + 1, i.e.,
max{l(Pi’):1§i§g}:7+3—7—1:f—|—2. (6)

Hence e(vg) = % + 2. Thus, we get that e(uo) # e(vo) and P(n, k) is not a
self-centered graph in this case.
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Case 2. The integer k is odd.
In this case n is not a multiple of four but cycle C is of an even length. Since
ug and vg lie on C, for 1 <4 < 5, we have

k
max{d(ugp,u;) : 1 <i < g} = ;_3 and, (7)
k

max{d(vo,u;): 1 << g} = %3 (8)
For 1 <i < | %]41, ashortest ug—v; path is given by Q; : uo, w1, uz, . . ., us, v,

where [(Q;) = 7 4+ 1 and maximum length of Q; is for i = [§] + 1, i.e.,

. k+3

max{I(Qi): 1< i <[]+ 1} = [F]+1+1= =] (9)

Again, for | |4+2 < < §, ashortest ug—v; path is given by Q; : v, viq g, Uiy,
Uiy (k41), - - - » Yo and the length of Q; is §4-2—1. The path @} has a maximum
length for i = | 2] + 2, ie.,

k41

2= (10)

n n n
QY |=1+2<i< -} =~ —
max(l(@): |])+2<i< ) =7 - |
From Egs. (7), (9), and (10), we have e(ug) = &£3.
Next, we consider the vertex vg. For 1 <1 < L%J + 1, a shortest vo—v; path is
given by T; : vg, ug, w1, U2, - - ., U;, v;. The length of the path T; is i + 2. The
maximum length of T; is for i = [§]| + 1, i.e.,
n

max{l(Ti):lgigLZJ+1}:L%J+1+2:

kEs (11)

Finally, for 3] +2 < i < %, a shortest vo—v; path is given by T} :
Viy Vipk, Withs Uit (k4 1)s -+ Un = Uo, Vo, Where I(T]) = 5 + 3 —i. We get

the maximum length of T} for [ %] + 2, i.e.,

n

max{l(T}) : | 5

Jr2<i<|By=bqn (12)

n
4
From Egs. (8), (11), and (12), we have e(vy) = ££2. This proves that e(ug) #
e(vo). Hence, P(n, k) is not a self-centered graph in this case also. 0

In the following theorem we get some non-self-centered generalized Petersen
graphs P(n, k), where n is even but not divisible by k.

Theorem 6. Let P(n,k) be a generalized Petersen graph such that n = 4m + 2
for some positive integer m > 3 and k = 5§ —1. Then P(n, k) is not a self-centered
graph.
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Fig. 2. Generalized Petersen graph P(n, k) withn=4m +2and k=5 — 1

Proof. Here we obtain a cycle C : ug, u1, uz, ..., uz_1,v2_1,v9, up of length ”TH

i.e. of length 2m + 3, see Fig. 2, where the cycle C is highlighted by thick lines.
Since ug and vg lie on C, we have

2
max{d(uo,u;):1 <1< m+3

—l}zmax{d(vo,ui):lgigg—l}:\_ |=m+1

(13)

We have d(ug, Um+1) = d(to, Um+2) = m + 1 and d(vg, um) = d(vo, Um+1) =

m + 1. Next, for every j € {1,2,..., m}U{m+3,m+4,...,2m+ 1}, we get

d(ug,v;) < m + 1. Similarly, for every | € {1,2,...,m — 1} U{m + 2,m +

4,...,2m+1}, d(vo,v;) < m+1. Now for I = m+1 and m + 2, a shortest ug—v;
paths P; and P, are given below.

n
2

Pyuy =0, Up—1,Un—2,... y Un—(m—1)y Un—(m—1), Um+1 = Ui, and
Pyt up = ug, Un—1,Un—2,. .. y Un—(m—2) Un—(m—2); Um+2 = Ui-
Also,
I(P))=m+1and I(P)=m. (14)

Further for [ = m and m + 1, smallest vg—v; paths are as given below.

P53 v, ug, U1, U,y - - oy Uy, U] = Upy, and
Pyt vo, w0, Un—1,Un—2, -, Un—(m—1)s Vn—(m—1), VI = Um+1. We notice that
I(Ps)=m+2and [(Py) =m+2. (15)

From the above three equations, we conclude that e(up) = m + 1 and e(vg) =
m + 2. Thus, e(ug) # e(vo), and hence P(n, k) is not a self-centered graph. O
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Theorem 7. Let P(n,k) be a generalized Petersen graph with n even, k < %
and n be divisible by k. If n = kq then P(n, k) is a d-self-centered graph, where

|

Proof. To prove the result, we consider the following sets of vertices in P(n, k).

|2, if % divides 2,
1+ ng + 1, otherwise.

— Nk

+
g+1
2

/.
o Ry : {ug,vo, U, Uk, Uk—1,Ug—2, . ..,u3, Uz, u1 } and R} : {v1,va,...,vp_1}
. /.
o Ry : {up, vk, Vok, Uk, U2k—1, U2k—2, - - - » Ukt1} and RS {vpq1,Vpyo, .., Vop—1}
o Ryt {u(g—1)ks V(g—1)ks Ugk> Ugks Ugk—1, Ugk—2; - - - » Ugk—k+1} and
/.
Ry {vkg—1), Vk(g—1)+1, - Ve }

We see that vertices of each R;, i € {1,2,...,q}, induces a cycle of length
k + 3, vertices of each Rj induces independent set and U!_,(R; U R]) =
V(P(n,k)). Next, we find distances from ug and vy to other vertices of P(n, k).
It is sufficient to find the distances from ug and vg to vertices uy,ug,...,u
o, Up, V1, V2, - . ., vz. Here, we have following two cases.

~

)

w3

Case 1. When k divides 5.

Since vertices of Ry induces a cycle ug, vg, vg, vk, - . . , U2, u1, ug of length k43,
we have
k+3
max{d(ugp,x) : x € R1} = max{d(vo,z) : x € R1} = LTJ (16)
, , k+3
max{d(ug,z) : x € R}} = max{d(vo,z) : x € R{} = L7J +1.  (17)

We see that for any vertex « € R, d(ug, z) = d(ug, vo) + d(vo, vi) + d(vk, )
and thus, we have

k+3

max{d(uo, @) v € R} = [“°] +2, and (18)
max{duo, ) o € B} = 222 13 (19)
and,
max{d(vp,z) : x € Re} = L?J +1, and (20)
max{d(vo,z) : x € Ry} = L?J +2. (21)
Similarly, we get
max{d(u,x) : x € Ry} = L#J + % and (22)
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for the vertices v; € Ry, for j # @ and @ + 1 when k is even, then

kE+3
max{d(uo,z) : ¢ € R, # Uka-1),Vka-1) ,} = |——] + s (23)
4 2 7+l 2 2
For j = k(qTfl), a shortest up—v; path is given by
) _ okt
P 05 ULy vy Wy Vs Uk Uk gy ey Vg (=) and thus d(uo,u;) = “F<.

Due to symmetric structure of the graph, the same can be obtained for j =
k(¢=1)

5 tL

Finally, consider vertices v; € R; for j # @ when k is odd. Then

k+3
max{d(uo, ) : © € R}, # vq<k;1>} = L%J + g, (24)
and for j = q(k; D 4 shortest ug—v; path is given by
P ug,uq,.. S URL, Vb, Ukt g Ukt gps oo, Ukl g ) of length %
and thus d(ug, u;) = IH‘QJH.
Now, for the vertex vy, we obtain
kE+3
max{d(vo,z) : ¢ € Rg} = L%J + % -1 (25)
k+3
max{d(vo,z) : x € R} = L%J + g (26)
From Eqgs. (16)-(26), we conclude that e(ug) = e(vg) = & + [ ££3 ]

Case 2. When k does not divide 3.
Given that n = kq and k does not divide 5, so ¢ is an odd integer. This means
k must be even. In this case, the distance between the vertex ug and a vertex
in RyU.. .URL; is the same as obtained in the Case 1. That is, the maximum
distance between ug and any vertex from Ry is | 451+ 23], Next consider
the vertices from the region Rg+1. Now, because of the symmetry of P(n, k)
for an even n, the vertex farthest from ug (vo) lie in the region R o The
vertex farthest from ug and vg are the vertices uz and vz, respectively, at a
distance |25+ | + [£] + 1, and hence the result. 0

Theorem 8. The generalized Petersen graph P(n,k) is not self-centered for
n =4m(4dm + 1) and k = 2m(4m — 1) for some positive integer m > 1.

Proof. In this case, we find that vz is the farthest vertex from both o and
vo and have obtained that d(ug,vn) = 4m + 2 and d(vo,v=) = 4m + 1. So,
e(ug) = 4m + 2 and e(vg) = 4m + 1 and hence the given generalized Petersen
graphs are not self-centered in this case. a
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3 Self-centeredness of P(n,k) for Odd n

In this section, we first investigate self-centeredness of P(n, k) for k = 2. First
of all, we prove that P(5,2) and P(7,2) are self-centered graphs.

Theorem 9. The generalized Petersen graph P(n,2) is 2- or 3-self-centered
graphs for n =5 or 7, respectively.

Proof. For n = 5, the graph P(n,2) is the well known Petersen graph and we
know that radius and diameter of P(5,2) is two. Thus, P(5,2) is 2-self-centered
graph.

Let us consider the vertices ug and vy in P(7,2). The shortest path from ug to
U1, Uz, or ug is through the edges in cycle C : ug, u1, ug, us, uq, us, ug, ug. SO We
get that d(ug,u1),d(ug, us2), and d(ug, us) are equal to 1,2, and 3, respectively. A
shortest up—v; path for ¢ = 0,1,2, and 3 is (ug, vo), (ug,u1,v1), (uo, v, v2), and
(ug,u1,v1,v3) with lengths 1,2, 2, and 3, respectively. Similarly, a shortest vg—u;
path for i =0, 1,2, and 3 is (v, ug), (vo, uo,u1), (vo,v2,us), (vo, v2,us, uz) with
lengths 1, 2, 2, and 3, respectively. Further, a shortest vg—v; path for ¢ = 1,2, and
3 is (vg, ug, u1,v1), (vo,v2), and (vg, vs,vs) with lengths 3, 1, and 2 respectively.
From this we can say that e(ug) = e(vg) = 3. Hence P(7,2) is a 3-self-centered
graph. O

Theorem 10. The generalized Petersen graph P(n,2) is not self-centered for
odd integers n > 9.

Proof. We take n = 4m + 1 or 4m + 3 for some positive integer m > 2. We shall
find d(uo,us), d(uo,vs), d(vo,us), and d(vo,v;) for i € {1,2,...,[§]}. First, we
consider the vertex ug. We note that d(ug,u;) =i for i = 1,2, 3, and 4.

For an even index i, 6 < ¢ < 2m, a shortest up—u; and ug—v; path is given
by P; : ug, Vg, V2,04, ..., v, u; and P : ug,vo,ve,...,v;, where [(P;) = % and
(P]) = 22, Now,

max{l(F;) : 6 <i<2m,ieven} =m+ 2. (27)

max{l(P/): 6 <i<2m,ieven} =m+ 1. (28)

For an odd index i, a shortest up—u; and wo—v; path is given by @Q; :

Ug, V0, V2, Vs - - -5 Vim 1, i1, Uy and QF : ug, uy,v1,vs, ..., v;, where [(Q;) = %
and 1(Q}) = &2, If n = 4m + 1 then

max{l(Q;):5<i<2m—1,i0dd} =m+2 (29)

max{l(Q}):5<i<2m — 1,7 0dd} =m +1, (30)

and for n = 4m + 3, we get

max{l(Q;):5<i<2m—+1,i0dd} =m+3 (31)
max{l(Q}):5<i<2m+1,7 odd} =m + 2. (32)
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Next, we consider the vertex vg. For an even index i, 6 < i < 2m, a shortest
vo—u; and Vo—U; path is given by L; :vo,v2,04,...,0i,u; and L, : vy, va,v4, ..., i,
where [(L;) = 42 and [(L}) = £.

max{l(L;): 6 <i<2m,ieven} =m+ 1. (33)

max{l(L}): 6 <i < 2m,i even} = m. (34)

Next let ¢ be an odd index. When n = 4m + 1, for 5 < i < 2m — 1, a short-
est vo—v; path is given by M; : vg,v2,v4,...,0;—1,U;—1,U;,v; and the length
of the path M; is %, and for i = 2m — 1, a shortest vp—v; path is M/ :
V0, Vdm—1, V4m—3; - - -  Vim—(2m+1) With length m + 1. When n = 4m + 3, for 5 <
i < 2m + 1, a shortest vp—v; path is given by Nj; : vg, va,vg, ..., Vi—1, Ui—1, Us, V;
and the length of the path N; is %, and for ¢ = 2m + 1, a shortest vg—v; path
is N/ : V0, Vam+1, Vam—1, Vdm—3, - - - s Vim—(2m—1) With length m + 1. Now, we get

the following.
max{l(M;):5<i<2m—3,io0dd} =m+ 1. (35)
max{l(N;) : 5 <i<2m—1,i odd} =m+ 2. (36)

From the Eqgs. (27)-(36), we have

e(up) = m+2, forn=4m+1
o) m+3, forn=4m+ 3,

and
m+1, forn=4m+1
e(vo) =
m+2, forn=4m+3
Thus, e(ug) # e(vo) and hence P(n,2) is not self-centered graph. O

Corollary 1. The generalized Petersen graph P(n,k) is not self-centered for
odd integers n > 9 and k = %

Proof. By the structure of generalized Petersen graph, for an odd integer n

we get that P(n, ) and P(n,251) are isomorphic. Since 241 is relatively

2 2

prime with n, and n is odd, by Theorem 1 we get P(n,2) and P(n, "TH) are
isomorphic and thus P(n,2) and P(n, 251) are isomorphic. Since, P(n, 2) is not
a self-centered graph for n > 9 with odd n, P(n, ”;1) is also not a self-centered

graph and hence the result. O

In the next theorem we prove that the generalized Petersen graph is a self-
centered graph when both n and k are odd, and n is divisible by k.

Theorem 11. Let P(n,k) be a generalized Petersen graph, where n and k are
both odd and k divides n. Then P(n,k) is a d-self-centered graph, where d =
# +1 and n = kq.
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Fig. 3. Generalized Petersen graph P(n, k) with both n and k odd, k divides n

Proof. Due to symmetric structure of P(n, k) we have d(ug,u;) = d(ug, tn—;)
for i € {1,2,...,|%]}. We consider the cycle C' : ug,u1,ug, ..., ux, vk, vo, uo of
length k£ + 3, see Fig. 3, where C' is highlighted by thick lines. Since ug,vg € C,
we have

k+3
max{d(ug, u;) : u; € C} = max{d(vo,w;) : u; € C} = % (37)
Next, we determine d(ug,w;), d(uo,v;), d(vo,u;), and d(vg,v;), where u;, v; ¢ C.
Let m=1,2,..., qg—l -1, qgl. We have following cases depending on the values
of 4. In the first three cases, we consider m = 1,2, ..., qg—l — 1, and in the fourth
case we take m = %1.
Case 1. mk§i<mk+k—;r1,m:1,2,...,%—l.
Since mk < i, we can write i = mk + j for j = 0,1,2,..., %1 Now, a

shortest ug—u; and vg—u; paths are given by the paths P; and P, respectively,
where

Pl LU, Vo, Vky V2ky - - - 7Umkaumkaumk+1a ... aumk-‘y—j
P2 V0, Vg, V2K, - - ~;v7nk7um/k7umk+1a e 7um/k+j-

Moreover, {(P1) = m+j+2 and [(P») = m+j+ 1. Both P; and P, obtain their
k—1

maximum length for m = %1 —land j =%, ie.
1
max{l(Py) : i < mk + k%} = # (38)
1
max{l(P,) : i < mk + k%} = # -1 (39)

Similarly, a shortest ug—v; and vop—v; paths are given by P3 and Pj, respectively,
where

P31 0, Uiy Vi 2k Vie3k, - -+ » Viemk, Wimmk Yi—mk—1, - - - , UQ
Py 1 v, Vs Vaks - -+, Umnk, Uk Umk+15 -5 Umk+7, Umk+j
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Now, I(P3) = 1+ i — (k—1)m and I(Py) = m + j + 2. Length of path P; is

maximum for m = q;—l — 1 and corresponding value of i i.e. i = mk + % -1
This gives
k
max{l(Py)} = q; Y (40)

Also, the path P, obtains its optimum length for m = q—;l —landj= %, ie.

q+k

max{l(Py)} = 5 (41)
k+1 . _ qg—1
Case 2. mk+ *= <i<mk+k, m=12,...,55- -1
Since mk—|—k—;r1 < i< mk+k, wewritei = mk+(k—z) forx =1,2,..., %
A shortest ug—u; and vop—u; paths are given below.
Ps 2w, vo, Uk, V2ks - -+ s Umk Umk-+ks Umk+ks mkt(k—1) s Umk+4(k—2)s - - - » Umnk+(k—z)
P : 00, Uk, U2k, - - -, Umk, Umkt+k, Umktks Wink+(k—1) > Umk+(k—2)s - - - » Umk+ (k—z)

We see that I(P5) = 3+ m+z and I(Fs) = 2+ m + z. Now, maximum length of
the paths Py and Ps are obtained when m = 2 —1 and 2 = 23, respectively.

2 2
Hence,

q+k q+k

+ 1,and max{l(Ps)} = — — 1. (42)

max{l(Ps)} = 5

Further, shortest ug—v; and vg—v; paths are given by P; and Pg, respectively,
where

Pr v, vk, Vie2ks -+ s Viemk, Un+ti—mk—k; Un+i—mk—k; Unt+i—mk—k—1,Unt+i—mk—k—2, .., U0

Pg 1 00, Vi, U2k, Usks - - s Umks Umk+k> Umk+ks Umk4(k—1)) Umk+(k—2)s -+ » Umk+(k—z)s Umk+(k—=x)

Moreover, [(P7) =2+ m+ (m+ 1)k — i and {(Pg) = 3+ m + z, and so

q+k

ma{i(Pr)} = L2 — 1,and max{i(P)} = gtk

5 (43)

Case 3. z—mk—i—’“’l m=1,2,. ——1
In this case, a shortest Ug—U;, Vo—U;, Ug—v;, and vp—v; paths are given by the
following paths Py, Pig, P11, and Pjo, respectively, where

P9 S UQ, VO, Vky U2ky v v vy ’Umk7umkaumk+1aumk+27 L aumk_t'_%

P]O S V0, Vky V2ky + -+ s Umks Umk s Umk+1, Umk+42, - - - 7umk+k;71

Pll Ui Vi—ks Vi—2ks - - - 5 Vi—mk, Ui—mk, Ui—mk—1, i—mk—25 - - -, U0

P1o i vg, Uk, U2k, - - -5 Uk Uk, Umk4-1> Umk425 - - - Uy g Bt Vo Bt

Moreover, [(Py) = 24+m+XEL 1(Pg) = 14+m+2EL [(Pyy) = 144i—(k—1)m, and
I(P12) = 2+m+ L2 These paths attain their maximum length for m = 4+ —1
and hence we get
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+k +k +k
max{l(Py)} = arn + 1, max{l(Po)} = g 5 —— max{l(P1)} = qT’
k
and max{l(P2)} = % +1 (44)
Case 4. i = mk+ 1 and m = q%l, where [ =0,1,2,..., LgJ

Shortest wg—u;, vo—u;, and vg—v; paths are given by:
P13 1 ug, 00, Uk, U2k, - - -5 Vimg- 1)k Y(m+1)ks Y(mt1)k+1s - -« s U(m1)k-+1
P14 200, Uk, U2ks - -+ U(im4-1)k> W(m~+1)k» W(m+1)k4+15 - - - s U(m+1)k+1>
Pi5 : vo, vk, vk, - - - s Um+1)ks U(m+1)ks W(m+1)k+15 - -+ s W(m+1)k+1 V(im+1)k+1-

We have Z(Plg) = 3+m+l, l(P14) = 2+m+l, and l(P15) = 3+m+l,

respectively. Finally, the path Pig @ 05,V Kk, Vi 2ky -« s Vimks Wi—mks Wi—mk—1,
Ui —mk—2,---,Ug gives a shortest ug—v; path and the length of the path Pig is
14+ m + ¢ — mk. The path Pjg attains its maximum length for m = q%l and

i=mk+ %] ie

+k
max{l(Pig)} = qT (45)
From the Egs. (38)—(45), we conclude that e(ug) = e(vg) = ’Hk + 1. Thus,

generalized petersen graph is a d-self-centered graph, where d = q”“ + 1. O

In the theorem given below, we investigate self-centeredness of P(n,k) for
=m(dm+1) £ (m+1)and k =4m + 1.

Theorem 12. For n = m(dm + 1)+ (m + 1), k = 4m + 1, and any positive
integer m > 2, the generalized Petersen graph is not a self-centered graph.

Proof. We have following two cases here.

Case 1. k =4m+ 1 and n = m(4m + 1) + (m + 1) = 4m? + 2m + 1 for any
m > 2.
In this case, Vi1 and v, (k51 are equivalently most distant vertices from wug as

well as vg and thelr path lengths are 251 and k L 41, respectively. This implies

that, e(ug) = £5% and e(vg) = 552 + 1 and they differ by one.

Case 2. k=4m+1and n=m(4m + 1) — (m + 1) = 4m? — 1 for any m > 2.

In this case, Vi and v, (kg1 are equivalently most distant vertices from ug as

well as vg and thelr path lengths are £ 'H and % + 1, respectively. This implies

that, e(up) = ££% and e(vg) = &2 + 1 and the eccentricities differ by one.
In both the above cases we get that e(ug) # e(vg). Hence, the generalized
Petersen graph is not a self-centered. O



154 P. Singh et al.

4 Computer Search and Concluding Remarks

We made an exhaustive computer search and found all possible values of n
and k for which P(n, k) are non self-centered. In this search, we have discarded
isomorphs of these generalized Petersen graphs using Theorem 1. We list all
non-isomorphic generalized Petersen graphs in Tables 1 and 2 and address their
theoretical proofs obtained in this paper.

Table 1. Non-self-centeredness of P(n, k), n odd

k Theoretical support
n>9 k=2 Theorem 9

n=m@m+1)£(m+1),m>2 k=4m+ 1| Theorem 11

Table 2. Non-self-centeredness of P(n, k), n even

n k Theoretical support
n>4 k=% Theorem 5
n = 4m + 2, m is a positive integer k=%-1 Theorem 6
n =4m(4m + 1), m is a positive integer | k = 2m(4m — 1) | Theorem 8

For complete characterization, one has to prove theoretically that all gen-
eralized Petersen graphs P(n, k) other than those in Tables1 and 2, and their
isomorphs are self-centered. Hence, we make the following conjecture.

Conjecture: The generalized Petersen graphs P(n, k) other than those in
Tables 1 and 2 and their isomorphs are self-centered.

Acknowledgement. We are thankful to the referees for their constructive and detail
comments and suggestions which improved the paper overall.
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