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Optimization under uncertainty is a key problem in order to solve complex system
design problem while taking into account inherent physical stochastic phenomena,
lack of knowledge, modeling simplifications, etc. Different reviews of optimization
techniques in the presence of uncertainty can be found in the literature (Sahinidis
2004; Klamroth et al. 2017). The choice of the algorithm is often problem-
dependent (Gabrel et al. 2014). The designer has to choose firstly the optimization
problem formulation with respect to the system specifications and study but also
the optimization algorithm to apply. The objective of this chapter is to present the
different existing approaches to solve an optimization problem under uncertainty
and to focus specifically on the uncertainty handling mechanisms. The chapter is
organized as follows. Firstly, in Section 5.1, different optimization problem formu-
lations are introduced, highlighting the importance of uncertainty measures and the
distinctions between robustness-based formulation, reliability-based formulation
and robustness-and-reliability-based formulation. Then, in Section 5.2, different
approaches to quantify the uncertainty in optimization are discussed. Finally, in the
Section 5.3, an overview of optimization algorithms is presented with a focus on
stochastic gradient, population-based algorithms and surrogate-based approaches.
For each type of algorithms the handling of uncertainty is analyzed and discussed.

5.1 Optimization Problem Formulations

5.1.1 Introduction

Let us begin with the following generic deterministic constrained optimization
problem. One aims at minimizing an objective function (also referred to as fitness or
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148 5 Problem Formulations and Optimization Algorithms

criterion) f : R* — R under m inequality constraints g; : R” - R (i =1, ..., m).
z € R" is the vector composed of the optimization (design) variables.

min  f(z) (5.1
W.It. Z 5.2)
st. gi(z) <0 fori e{l,...,m} (5.3)
Zmin < Z < Zmax. (5.4)

It is assumed that equality constraints in the presence of uncertainty may be
transformed into two inequality constraints with associated tolerances. In order
to illustrate the differences between deterministic and uncertainty formulations of
the optimization problem, let us consider the following toy problem. Let us first
consider the deterministic optimization formulation:

2 2
min (23 +2-15) + (2 + - 11) +106—2) +106 - 2) (5.5)

wrt. 71,22 (5.6)
st ((zl +5)2 4 (22 +6)% — 100) <0 (5.7)
—-5<7z1,22 <5. (5.8)

The objective function is derived from the Himmelblau’s function (Himmelblau
1972) to have only one global optimum, the constraint is a parabolic function. The
objective function and the constraint are depicted in Figure 5.1. This optimization
problem has four local optima (one three unconstrained and one constrained) and
one global constrained optimum.
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Fig. 5.1 Iso-contour of deterministic objective function (left) and constraint (center) and objective
function combined with limit-state function (right). (a) Objective function f(-). (b) Constraint g(-).
(c) Deterministic objective function f(-) and limit state g(z) = 0
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When uncertainties are introduced, these latter may impact both the objective
function and the constraints (or only the objective function, or some constraints)
and the former optimization problem becomes

min  f(z, U) (5.9)
wrIt. Z (5.10)
st. g (z,U) <0 fori e {1,...,m} (5.11)
Zmin = Z = Zmax, (5.12)

where f : R" x R4 — Rand g; : R” x RY — RG@=1,...,m).Ue RY takes
values in stands for the vector of uncertainties. In this section we use the probability
formalism. We define a probability space (€2, A, P), with Q2 the sample space, A
the o -algebra, and P the measure of uncertainty. For more details on the probability
theory framework, see Chapter 2.

In this problem, only the design variables z are degrees of freedom of the
optimization problem. The different quantities of interest (objective function and
constraints) are affected by the variability of the uncertain variables and become
functions with random outputs. In practice, the problem represented by Equa-
tions (5.9-5.12) is not appropriately defined to be solved and one has to introduce
measures of uncertainties on the objective function and constraints to solve the
optimization problem. Let us define E[-] and K[-] the measures of uncertainties
on, respectively, the objective function and constraints. The following optimization
problem holds:

min E[f(z, U)] (5.13)
W.It. Z 5.14)
st. K;[gi(z,U)] <0 fori e {l,...,m} (5.15)
Zmin = Z = Zmax- (5.16)

The main measures of uncertainty that can be used are recalled here:

¢ the expectation (or mean or expected value). With considering ¢y(-) the
probability density function (PDF) of the uncertain variables U, the expression
of the expectation (here applied on the objective function) is E[ f (z, U)]:

E[f(z U)] = / £z Wy(wdu (5.17)
]Rd

e the variance. We recall here the expression of the variance (applied to the
objective function)V[ f (z, U)] is
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VI/@ Ul =E[(f@ V) - B/ U)]] (5.18)
* the failure probability defined here for a constraint and a failure threshold 7' by
P =Plgz, U)>T)]. (5.19)

In Chapter 4, several techniques to estimate of probability of failure have been
introduced to efficiently compute such a measure of uncertainty for a constraint
g().

* a quantile. For example, for a constraint g(-) and a given quantile level k, the
quantile is expressed by

Qi(g(z, U)) =inf{q e R:P(g(z,U) =q) = k}. (5.20)

It is possible to combine several of these uncertainty measures for the objective
function or the constraints as presented in the following sections. Following
the previously introduced deterministic toy problem, let us now consider its
“uncertainty-based version™:

2 2
min (z% Fz— 15— 0.5U2) n <z1 +22 11+ U) (5.21)
+10(5 — z1) + 10(5 — 22) (5.22)
w.rt. 71,22 (5.23)

2
s.t. ((m +5-0.1(U — 2.5)2) + (2 +6-2U)" — 100) <0 (5.24)
—5<z1,22<5 (5.25)

with U a scalar random variable following a Gaussian distribution .4"(2., 1.5).
In Figure 5.2 are represented the expected value of the objective function (a), its
standard deviation (b), a linear combination of these two latters (c) (also called
robust formulation as described hereinafter) and quantile of level 0.99 (d). As it can
be seen in this figure, the choice of the uncertainty measure has an impact on the
result of the optimization, in terms of value of objective function and location of the
optimum in the design space (for z1, z2). Figure 5.3 sums up different uncertainty
measures (and corresponding limit-state) on the constraint. As it can be seen, the
choice of a given reliability measure on the constraint has a great impact on the
conservativeness on the found solution (Figure 5.4).

Depending on the different measures of uncertainty the designer has to choose
the most representative uncertainty measure for his design problem. The choice
of a given uncertainty measure for the objective function and constraints leads
to a particular formulation of the design problem. These latter are described in
the following sections. For more details relative to the different design problem
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Fig. 5.2 Different measures of uncertainty applied to the objective function. (a) Expectation of

objective function: E(f(z, U)). (b) Standard deviation of objective function: V(f(z, U))%. (c)
Linear combination of expected value and standard deviation of objective function: E(f(z, U)) +

3V(f (z, U))% . (d) Quantile (99%) of objective function: Qg 99(f (z, U))

formulations, the interested reader can consult (Yao et al. 2011; Lelievre et al. 2016).
The choice of the formulation is driven by the goal of the design study. Several
papers (Beck et al. 2015; Lelievre et al. 2016) discuss the differences and impact of
the formulation to the obtained design. These formulations are compared in Lelievre

et al. (2016) on different numerical examples.
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Fig. 5.3 Different measures of uncertainty (and corresponding limit state in purple) applied to
the constraint. (a) Expectation of constraint: E(g(z, U)). (b) Standard deviation of constraint:

V(g(z, U))%. (¢) Linear combination of expected value and standard deviation of constraint:
E(g(z, U)) + 3V (g(z, U))%‘ (d) Reliability-based measure of constraint: P(g(z, U) < 0) < 0.01

5.1.2 Robust Formulation

The robustness-based formulation (often referred to as robust formulation) consists
in ensuring that the design is insensitive to uncertainty. Different formulations
of robust design can be found in the literature (Yao et al. 2011; Lelievre et al.
2016). This can be achieved by considering both the minimization of the objective
function and the minimization of its variations, typically by solving the following
bi-objective optimization problem:

min {E[f(z, U)]. V[f(z U]} (5.26)
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Fig. 5.4 Comparison of Comparison of uncertainty measures
limit-state function for the (limit-state functions)

mean (purple), robust (blue) =

and reliability-based (red)
measures of the constraint
(objective function is taken as
the mean of f(z, U))

W.It. Z 5.27)
st. K;i[gi(z,U)] <0 fori e{l,...,m} (5.28)
Zmin = Z = Zmax- (5.29)

Most often, this multi-objective optimization problem is replaced by a single-
objective one by considering a weighted sum of the expectation and the standard
deviation of the objective function (Papadrakakis et al. 2005):

min E[f(z, U)]=E[f(z, U)]+ kV[f(z, U)]% (5.30)

with k; > 0. In this formulation, the term k,; ensures that the results will be
insensitive to k; time the standard deviation of the objective function: the larger
kg, the more conservative the design.

The same measure can also be applied on the constraint g;(-) by taking into
account the following relationship:

K; [gi(z, U)] = E [gi (z, U)] + ks, V [gi (z, U)]Z . (5.31)

When applied to the constraint, this formulation is based on the statistical moments
of the inequality function vector to ensure that despite the uncertainty, the system
will stay feasible. ky; indicates the restriction of the feasible region to k;; standard
deviations away from the mean value of the constraint function vector.
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5.1.3 Reliability-Based Formulation

The reliability-based formulation considers a reliability measure and aims at
ensuring that the solution at the convergence will respect a given tolerance on a
probability of failure:

Ki [gi(z, U)] = P[gi(z, U) > 0] — P (5.32)

with P, a given tolerance (for example, 0.01) for the constraint g;(-). This
formulation is based on the estimation of the failure probability of the constraint,
which can be very cumbersome to evaluate (see Chapter 4 for more details on
probability of failure estimations).

5.1.4 Robust and Reliability-Based Formulation

The robust and reliability-based formulation consists in combining a robust formula-
tion for the objective function with a reliability-based formulation on the constraint
vector (Yao et al. 2011). This leads to the following optimization problem:

min E[f(z, U)]=E[f(z, U]+ kVI[f(z, U (5.33)
W.rt. Z (5.34)
st. Ki[gi(z,U)]l=P[gi(z,U) >0]—- P, <0 fori e {1,...,m}(5.35)

Zmin = Z < Zmax- (5.36)

5.2 Quantification of Uncertainty in Optimization

With considering generic measures of uncertainty (expectation, variance, probabil-
ity of failure, quantile, etc.), the following optimization problem holds (Figure 5.5):

min E[f(z, U)] (5.37)
W.It. Z (5.38)
st. K;[gi(z,U)] <0 fori e {l,...,m} (5.39)
Zmin < Z < Zmax (5.40)

In condition to have exact estimators of uncertainty measures Z[-] and K;[-],
the previous optimization problem becomes deterministic and can be solved using
classical deterministic optimization algorithms. However, the main difficulty comes
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from the estimation of uncertainty measures by numerical methods. Most often,
the uncertainty measures require multivariate integral calculations which have to be
estimated using numerical sampling schemes (Monte Carlo estimation, quadrature
rules, etc.) due to the presence of black-box functions, see Chapter 3 for more
details.

Taking into account directly the uncertainty in order to solve the optimization
is crucial. The uncertainties make the objective function and constraints “noisy,”
i.e., these functions can take different values from a same value of deterministic
optimization variables as depicted in Figure 5.6.

The global objective here is to find the values of design variables z that
minimize the objective function E[f(-)] and satisfying the uncertainty measures
on constraints despite the impact of noise. It is thus necessary to carefully handle
the noise to optimize the objective function with respect to deterministic design
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variables. For that purpose, different approaches can be derived (Hansen et al.
2009a).

The most common method consists in resampling the noisy function a given
number of times, the uncertainty measure E [ f (z, U)] for a same value of the design
vector Z (Aizawa and Wah 1994; Branke and Schmidt 2003; Cantd-Paz 2004; Stagge
1998) and estimating in a statistics (generally the expected value) from the samples,
this statistics & [ f(z, U)] is then used for the optimization purpose. For instance,
if E[f(z,U)] = E[f(z,U)] and Crude Monte Carlo (CMC) is used to estimate
this measure, in order to account for CMC numerical uncertainty, k repetitions
of the estimation of ECMC [ f(z,U)] are carried out leading to g [fz, U)] =
%Zl;=1 ]E/C»MC [f(z,U)] for the same value of z. Even if this method is easy to
understand and implement, the main drawback is the numerical cost that can be
very large if the noisy function is numerically expensive. In order to reduce this
cost, specific resampling methods have been proposed as described in Canti-Paz
(2004) and Stagge (1998). One of the main ideas of such methods is to quantify the
number of required resampling using statistical tests such as ¢-test (Stagge 1998).
The numerical cost can also be reduced by limiting the design points that will be
re-evaluated according to their rank of the variance of the function values on these
points.

Another classical method consists in building a surrogate model of the noisy
functions with a Design of Experiment (Branke 1998; Branke et al. 2001). The noisy
function is replaced by the surrogate model within the optimization problem. The
impact of noise is reduced as the surrogate model is used to smooth the optimization
functions. This kind of methods may present difficulties in case of high-dimensional
problem (Hansen et al. 2009a).

Once the optimization formulation is set, the problem solving requires an appro-
priate optimization algorithm. In the following, three different classes of optimizers
under uncertainty are discussed: the gradient-based, the population-based, and
the surrogate-based techniques. Concerning the population-based algorithms such
as the evolutionary algorithms, as described hereafter, the population evolution
mechanisms can be adapted specifically in order to handle the noise impact (Branke
and Schmidt 2003; Beyer 2000).

5.3 Brief Overview of Optimization Algorithms

5.3.1 Stochastic Gradient

The most common method based on gradient information and dedicated to uncertain
optimization is the stochastic gradient (Gardner 1984). This method uses the
classical gradient descent approach with a Lagrangian method to minimize a
given objective function as a linear combination of the objective criterion and the
constraints. The gradient methods are very efficient methods to solve deterministic
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differentiable optimization problems and are based on the estimation of the gradient
of the objective and the constraint functions. In the case of noisy functions, the
main difficulty consists in estimating the gradient of the objective function and the
constraints as their estimators are not directly analytically available. An adaptation
of the Arrow—Hurwicz method (Andrieu et al. 2007) has been proposed to deal
with noisy optimization problem. This algorithm is based on the information on
f(z,U) and not on E [ f(z, U)] to determine the gradient of the noisy estimator of
f(z, U). This algorithm is adapted for objective function E[-] that can be expressed
as a sum of realizations (typically the empirical expectation). This descent method
is an iterative method and is based on the gradient of the objective and constraint
functions and on particular realization of the uncertainty U. This formulation is
inspired from classic deterministic gradient-based approaches. The optimization
under constraints can be handled as unconstrained optimization by using Lagrangian
method. The new design point at the iteration k41 is derived as a linear combination
of the point at the iteration k and a function of the stochastic gradient of the objective
function and constraints.

Let consider for simplification sake the following notations: J(z) = E [ f(z, U)]
and I'; (z) = K [gi(z, U)] < 0. Most often, the objective function considered is the
expectation (Andrieu 2004; Arnaud 2014; Mercier 2018). The constraint is often
the expectation of g(-) or a probability of failure (Andrieu 2004) (reliability-based
formulation). Thus, the following optimization problem holds:

min J(z) 541
w.rt. Z 5.42)
st. Tij(@) <0 foriefl,...,m} (5.43)
Zmin < Z < Zmax (5.44)

with considering there exists an optimum in the admissible subspace Z%? of design
variable search space z, the Lagrangian L(z, k) can be written as follows:

L(z,k) = J(z) +kI'(z) (5.45)
with k the vector of Lagrange multipliers. If VZ € [Zpin, Zmax] the quantities J(z)
and I'(z) and their respective gradients are available, then the iterative equation of

the Arrow—Hurwicz method without taking into account uncertainties can be applied
with respect to the design variables and the Lagrange multipliers:

VAR s (zk . (VZJ (zk> + 1k, T (zk>>) (5.46)

Kkl = I (ICk + ,okF (zk)> 5.47)
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with z& the design point vector at the iteration k, I a4 is the projection over the
admissible subspace of z, €X is the optimization step at the iteration k. V, is the
gradient with respect to the design variables z, 1 is the projection over the positive
space of the Lagrange multipliers «.

This iterative sequence converges towards an optimum if the optimization step
(€")ren satisfies the Robbins Monroe conditions (Cohen and Culioli 1994; Arrow
et al. 1958):

ek = 400,y (g")2 < +oo. (5.48)

keN keN

The step concerning the Lagrange multipliers (p*)gen follows the same condition.

In the context of estimation by sampling methods (CMC, etc.), the functions
J(-) and I'(-) become uncertain if the sampling budget is limited, that is often
the case if the computational codes are numerically expensive. In Andrieu et al.
(2007), is proposed an approach consisting in considering the information given by
the objective and constraint f(-) and g(-) as non-biased estimation of the estimator
J(-) and I'(-) and their gradients. In Andrieu (2004) and Andrieu et al. (2007), the
constraints are handled as reliability constraints.

I(z) = P, — P(gi(z, U) > 0) (5.49)

I'(+) is defined by a limit-state function: 14, u)~0 Which is not continuous:

F@) = / Lyu-0pWdu < P,. (5.50)

In Andrieu et al. (2011), the authors propose to replace the gradient of J(-) and I'(-)
by the gradient of objective function and constraints evaluated on a realization of
uncertainty u*+!:

L I aa (zk — ¢k (sz (zk, llk+1) + lcsz]lg(zk’uk+1)>0)> (5.51)
= (Kk n pk]lg(lk’ukﬂbo) (5.52)

with 1,k yi+1y-¢ the limit-state function, I . the projection of z in the feasible
space, Il the projection of Lagrange multipliers ¢ in the positive space. This
algorithm is known as the stochastic Arrow—Hurwicz gradient. The Robbins Monroe
conditions on the optimization step allow to converge through an optimum the
presence of uncertainty (see Andrieu et al. 2011 for details). This method has been
applied to the uncertainty-based design of a wing taking into account aeroelastic
phenomena in Arnaud and Poirion (2014). Extension of this method to solve multi-
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objective optimization problems have been proposed in Mercier et al. (2018). These
approach consists in coupling the Multiple Gradient Descent Algorithm (Désidéri
2014) with the stochastic gradient algorithm.

5.3.2 Population-Based Algorithms
General Principles

Population-based algorithms are very popular and huge amount of algorithms
have been proposed since the last decades (Nabil 2016; Mirjalili and Lewis 2016)
(Figure 5.7). These algorithms often try to mimic natural process or animal behav-
iors. Population-based algorithms are generally based on the scheme described in
Figure 5.8.

These algorithms are based on the two fundamental principles:

¢ Exploitation of the results obtained for the current iteration in order to find
promising areas of the search space (local search),

¢ (Stochastic) exploration of new areas in order to avoid local minima (global
search).

The compromise between exploitation and exploration is crucial for the perfor-
mance of such algorithms. For the sake of conciseness, only the most known

Cuckoo search pa_ inspired Effective krill

(2009) (2010) algorithm (2014)
) . Chicken swarm
Genetic algorithm Cat swarm Flower pollination
197?3 Partl(cllsgs;varm MOGA Il (2008) (2012) optlmlzat|on (2014)
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Ant colony Artificial Bees Firefly aloorith s
(1998) (2005) ~ fre sz%’” ™ Monarch butterfly
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Fig. 5.7 Examples of population-based algorithms
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Fig. 5.8 General scheme of population-based algorithms

population-based algorithms will be described in the following of this section. For a
complete survey of such algorithms, the interested readers may consult (Talbi 2009;
Boussaid et al. 2013).

Evolutionary Algorithms
Principles

Evolutionary algorithms are based on a population of N individuals. At each
iteration of the algorithms several individuals of this population are selected to
evolve the whole population. This can be achieved by involving recombination or
mutation processes (e.g., genetic algorithm (Davis 1991; Holland 1975; Goldberg
1989)), or by defining sampling law to generate new individuals in interesting zones
(e.g., Cross-Entropy (Rubinstein 1999), Evolution Strategies (Hansen et al. 2003)).

Evolutionary algorithms are often based on the same principles: parents are
selected, then recombined, mutated, and evaluated to form children (Figure 5.9).
In genetic algorithms (GA), information about the individuals is encoded into a
chromosome (for instance, a binary string). The recombination and mutation are
performed by exchanging a chain of genes between two individuals (crossover) or
randomly inverting genes (in the binary case, swapping 0—1 and reciprocally) for an
individual (mutation). The probabilities of performing these operations are hyper-
parameters of the algorithm and depend on the problem type and designer choice.
Different kinds of selection processes of individuals to perform recombination and
mutation may be used (roulette, tournament, ranking, etc.).
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Fig. 5.9 Principle of genetic algorithm

In Evolution Strategies, the mutation is performed by sampling a normal centered
multivariate law using a standard deviation o which quantifies the mutation step.
Different mechanisms have been proposed to adapt this mutation rate (Schwefel
and Rudolph 1995; Béck et al. 2013). The Covariance Matrix Adaptation-Evolution
Strategy (CMA-ES) (Hansen et al. 1995) follows the paradigm of Evolution Strategy
and appears to be very competitive to solve local and global optimization problems
(Auger et al. 2009). In this algorithm (see Equation 5.53), dedicated mechanisms
are used to update the normal law used to generate new individuals, based on an
iterative refinement on the covariance matrix C and step size o.

20 ~m® 4o Oy (0.€¥)  fori=1,....% (5.53)

with 47(0, C(k)) the multivariate normal distribution, A the number of individuals,
CH® ¢ R"™ " the parameterized covariance matrix, z?k) € R” the ith individual
of the population involved at the (k)th generation, m*) € R” the mean of the
parents individuals, and ¢® € R the stepsize parameter. This allows to generate
new individuals directly in promising areas of the search space. A large number of
variants of CMA-ES exists (1 4 1, bi-pop, A — i, etc.) but are not described here for
the sake of conciseness. All the mechanisms describing the adaptation of covariance
matrix and stepsize parameter can be found in Auger and Hansen (2012). Basically,
these mecanisms allow rotations of sampling in the search space in order to converge
more quickly to interesting zones (Figure 5.10).
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Objective function (iteration #1) Objective function (iteration #2)

Objective function (iteration #3) Objective function (iteration #4)

Fig. 5.10 Ilustration of CMA-ES evolution

Handling of Uncertain Functions

Performance of evolutionary algorithms in an uncertain environment has been
analyzed in Arnold (2001), Arnold and Beyer (2002), Branke et al. (2005), Vallejo
and Corne (2016), Beyer (2000), and Rakshit et al. (2017). As explained in the
comprehensive survey (Jin and Branke 2005), several mechanisms can be used
for handling uncertainty in objective and constraint functions for evolutionary
algorithms:

» Averaging the objective and constraint functions in order to reduce the uncer-
tainty. This generally consists in evaluating several times the objective function
and constraints in order to have mean estimates of these quantities of interest
(Aizawa and Wah 1994; Branke and Schmidt 2003; Canti-Paz 2004; Stagge
1998), or sampling in the vicinity of the individual locations as proposed in
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Branke et al. (2001). This strategy is often very costly. This is even more
true for large population and computationally costly simulation codes. Another
idea consists in determining the number of required resampling using statistical
tests such as z-test as proposed in Stagge (1998). The sampling size may be
adapted depending on the variance of the estimations for the individuals and the
magnitude of uncertainty over the search space (Aizawa and Wah 1993; Di Pietro
et al. 2004; Canti-Paz 2004; Stagge 1998). The mechanisms of evolutionary
algorithms, such as the selection process can also be adapted to the handling
on uncertainty by sampling as mentioned in Branke and Schmidt (2003).

* Using large population size. Because in the evolutionary algorithms, many
individuals are generated in the interesting areas of the search space, increasing
the population size may attenuate the effect of uncertainty. In Fitzpatrick and
Grefenstette (1988), this strategy is compared to resampling technique and
results show better results. Finally, several papers proposed to adaptively tune
population size (Goldberg et al. 1991; Miller and Goldberg 1996; Miller et al.
1995) depending on the uncertainty.

* Adapting selection mechanisms. A threshold can be used to select children only
if their fitness are greater than the parents by the threshold (Markon et al. 2001;
Rudolph 1998; Branke and Schmidt 2003).

Moreover, these mechanisms can be adapted for each algorithm in order to
enhance the performance of noise handling. For example, for CMA-ES, a two-step
approach is proposed in Hansen et al. (2009b) for handling the uncertainty:

o firstly, the uncertainty is quantified by resampling the functions in order to
analyze if the ranking of the individuals is impacted by the uncertainty.

* secondly, if in the first step the uncertainty is revealed to be too impactful, the
stepsize parameter o in Equation (5.53) is increased in order to enhance the
diversity of the population, to decrease the impact of local uncertainty to the
current mean point, to increase the move of the individuals, and to limit the
premature convergence.

Swarm Algorithms
Principles

Swarm algorithms, of which the Particle Swarm Optimization (PSO) (Kennedy
2011) is the most known, are based on a set of individuals, named particles, which
are randomly placed in the search space and evolve all along the optimization
process in order to find local optima and global optimum. In PSO, each particle
has in memory its best position and can dialog with the other particles within its
neighborhood. The particles evolve taking into account their own past positions, and
the best positions found by the other particles. From this information, the particle
will follow a track which depends on different factors: its current velocity, its best
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position over the last iterations and the best position taken by the particles in its
neighborhood (Figure 5.11).

PSO is based on two basic principles: the exploitation and the exploration. The
exploration consists in searching global information on the whole search space,
whereas exploitation consists in refining the search for information only in a
restricted space around the particle current positions. At the iteration k, the particle i
is defined by its position zi.‘ and velocity vf.‘ in the search space. In the most common
PSO algorithm, the displacement in the search space at the iteration k + 1 is defined
by:

* the velocity:
Vi =y (v e (B - 2) + o (0 — 7)) (5.54)

with i the inertial factor, ¢; and ¢; two factors defining the exploration and
exploitation, ry, 7, ~ %[0, 1] correspond to two random variables drawn from
the uniform law [0, 1], p is the position of the best particle in the neighborhood,
and p; is the best past position of the current particle.
* the position:
2t = 2f 4 v (5.55)
The different hyperparameters of the algorithm have to be tuned depending on

the optimization problem specifications (Bartz-Beielstein et al. 2007; Pal et al. 2012;
Rada-Vilela et al. 2014).

Uncertainty Handling

PSO has been used in the case of uncertain functions and Parsopoulos and Vrahatis
2001 showed interesting convergence properties. The combination of the different
particle positions allows to have an averaging phenomena and makes PSO less
influenced by uncertain functions (Parsopoulos and Vrahatis 2001).

Specific mechanisms can be proposed in the framework of PSO to handle the
noisy environment. In Pan et al. (2006) the authors used statistical tests on uncertain
objective function in order to quantify the uncertainty, maintain the diversity of the
swarm, and enhance the convergence of the algorithm.

In Rada-Vilela et al. (2015) the authors identify three statistics to represent the
manners the uncertainty can perturb the displacement of the particles: the deception
(when the best solution in the neighborhood of a particle is not the true best
due to noise), the blindness (when the current particle cannot identify a better
solution to improve its position), and the disorientation (when the particle replaces
its position by a worse one). Several algorithms have been proposed to cope with
these phenomena by using dedicated mechanisms in PSO. For example, in Cui
et al. (2005), PSO with evaporation has been proposed to reduce the blindness. It
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F- . ‘ ‘ |

Fig. 5.11 Illustration of PSO evolution (Schwefel function (Laguna and Marti 2005)). (a) PSO at
initialization. (b) PSO after 3 iterations. (¢) PSO after 5 iterations. (d) PSO at convergence

consists in adding an evaporation factor for the particles that did not achieve to
improve their position. In Rada-Vilela et al. (2014), several population statistics
are proposed and combined with resampling techniques (named PSO with Equal
Resampling (PSO-ER), PSO with Optimal Computing Budget Allocation (PSO-
OCBA) or PSO with Equal Resampling and Allocations to the top-N solutions) to
improve the convergence properties of classical PSO. These resampling methods
aim at balancing between the effort made for improving the accuracy of the
objective function and the effort made for exploring new search areas. In Rada-
Vilela et al. (2015), PSO with average neighborhood (PSO-AN) is described as
a single-evaluation method which does not involve resampling of the different
particles at each iteration. This method uses the averaging on the neighborhood in
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order to improve the accuracy of the objective function calculated by each particle.
Finally, in Kang et al. (2018), a method called Opposition-Based Hybrid PSO uses
Opposition-Based Learning to improve the diversity of the different particles with
a given probability. This mechanism has been coupled with PSO-AN, PSO-OCBA
described previously.

Constraint Handling

In the vast majority of the cases, the constraints in the population-based algorithms
are handled by a penalization factor on the objective function:

f@ = f@ + pQ@). (5.56)

Different penalization functions exist in the literature. The most used are recalled
in Table 5.1. These penalty functions depend on residual functions res(z) which
quantify the nonsatisfaction of the constraint. These residuals are equal to zero if all
the constraints are satisfied. The main residual functions are described in Table 5.2.

The death penalty consists in rejecting all the individuals for which the con-
straints are not satisfied. This kind of strategies is very simple to implement but
may make the algorithm convergence difficult to obtain if the feasible space is very
restricted. Static penalty consists in considering a penalization which only depends
on the value of residuals, with a fixed weight. In order to enhance the convergence
of static strategy, evolutive strategy has been introduced. This strategy involves
an adaptive evolution of the penalty weight in order to enforce the satisfaction of
the constraints all along the optimization convergence depending on the constraint
satisfaction observed for the population.

In most of the cases, the equality constraints are replaced by inequality ones by
introducing a tolerance:

Table 5.1 Penalization functions

Strategy Penalization function Parameters
Death penalty ) None
p(@) = 0 ifres(z) =0
o ifres(z) > 0
Static p(z) = K.res(z) K
Evolutive p(z) = A(k).res(z) with k the current iteration A(D), B1, B2, m
1/B1.A(k) if case £l
Mk+1) = Ba.A(k) if case 2
A(k) else

Case fi1: the best individuals over the last m
iterations are feasible

Case fi2: the best individuals over the last m
generations have never been feasible
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Table 5.2 Examples of residual functions

Norm Residual
g res@ = % Ihi(2)| — % min(0, g:(2)
? res(z) = \/ gql hi @) + ;l min(0, g; (2))>
1 res(z) = max(lhi @li=1....ng, | Min(0, g @)li=1....n,,)
h(z) =0 — [h(z)] — € < 0. (5.57)

Other specific penalization-based methods, such as the Oracle penalization
(Schliiter and Gerdts 2010), have been proposed in order to improve the convergence
of the population-based algorithms but are not described here for the sake of
conciseness.

Moreover, other approaches can be used instead of the penalization to handle the
constraints, for example:

* the resolution of a multi-objective optimization problem (objective function and
sum of constraint violations) (Mezura-Montes and Flores-Mendoza 2008),

* stochastic ranking (Runarsson and Yao 2000),

¢ constraint dominance (Coello and Montes 2002), etc.

The population-based algorithms can also have dedicated methods to handle the
constraints:

» Reparation methods (evolutionary algorithms),

* Modification of the covariance matrix of CMA-ES in order to avoid the genera-
tion of individuals in the nonfeasible zones (Chocat et al. 2015)

e Creation of “leader” particles in PSO to guide the swarn in the feasible zone
(Pulido and Coello 2004)

e eftc.

5.3.3 Surrogate-Based Approaches
Principles

In the context of aerospace system design, the objective function and constraints
often result from computationally expensive functions. These functions can be high-
fidelity models and may take several hours to several days to produce one value for
the objective and/or constraint functions. In this framework, the use of classical
optimization algorithms (gradient-based, metaheuristics, etc.) cannot be affordable.
This is strengthened by the handling of uncertainty which often involves resampling
methods. Using surrogate models is an interesting way to have fast approximation
of the objective function and constraints and to use them in the optimization
context. These methods (Polynomial Regression, Neural-Network (Cochocki and
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Unbehauen 1993), Support Vector Machines (Forrester et al. 2008), Radial-Basis
Function (Gutmann 2001), Gaussian Processes (Jones et al. 1998), Moving Least-
Squares (Toropov et al. 2005), etc.) consist in first building approximate models
from a Design of Experiment and using them for predicting optimal values of
objective and constraints (see Chapter 3 for more details on surrogate models). Two
kinds of approaches can be found: either the surrogate model is built before the
optimization process and is not updated during the optimization, either the surrogate
model is refined at each iteration of the optimization process, in order to improve its
accuracy either in the zone of large uncertainty (exploration) either in the vicinity
of the current optimum (exploitation). A very large number of surrogate models has
been proposed in the literature. The interested reader can consult (Forrester et al.
2008; Forrester and Keane 2009) for complete surveys. In this chapter, we only
focus on a specific one which is adapted to the handling of uncertainty and will be
used in the following chapters.

Deterministic Global Optimization Algorithm Based on Gaussian Process
(Efficient Global Optimization)

Efficient Global Optimization in a Nutshell

All the concepts of this section lie on the Gaussian process (or Kriging) theory (see

Chapter 3 for more details on Gaussian process). First, let consider an unconstrained
deterministic global optimization problem:

min  f(z) (5.58)
W.It. Z (5.59)
Zmin = Z = Zmax- (5.60)

The black-box function f(-) is modeled as a path of a Gaussian process (GP) F(-)
to be characterized for any z € R". Let 25 = {z()),....%()} the current DoE
and 75 = {yu) = f@m): Yo = [ @) ... Yq) = [(2())} the corresponding
(scalar) responses. Several strategies have been studied to use the Kriging model
for estimating the minimum of the function on a limited budget of evaluations.
One trivial way to use Kriging to optimize a computationally expensive black-box
function could be to minimize the Kriging mean prediction. However, this strategy
does not take into account the variance information, and is often not efficient (Jones
2001) because the zones with large uncertainty are not considered. Two main infill
criteria have been proposed in the literature: the Probability of Improvement and
the Expected Improvement. The main idea here is to process the Kriging surrogate
to propose a point (determined by maximizing an improvement function) that is
pertinent to evaluate the expensive function in order to improve the estimation of
the global minimum.
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As described in Chapter 3, within the GP framework, the exact function f(-) to
minimize is considered as the realization of a Gaussian variable with mean f(z),
and standard deviation 5(z). The improvement from the current samples ymin =
min{y), ..., Y} is defined as follows:

1(z) = max(ymin — F(2), 0) (5.61)

The Probability of Improvement (PI) is defined as the probability that F(z) < Ymin,

1 Ymin — (t - f(z))2
Pl(z) = P[F min] = ——— SO
(@) =PlF@ =<y A] S@2r /-oo exp( Xy ) t (5.62)

S(z)

with ®(-) the Cumulative Density Function of the normal distribution (Kushner
1964). The points to refine the model are determined by maximizing this criterion.
However, these points are often located near the current best point, where the
probability is high. Consequently, this criterion is not relevant for global exploration
and has to be used for local refinement near the estimated minimum of the function.

Expected Improvement (EI) (Jones et al. 1998) has been defined in order to
improve the balance between exploration and exploitation. This criterion takes into
account the amount of improvement expected instead of only finding zones in which
there is a large probability of improving the function.

Then, the mathematical expectation of the improvement is defined in Equa-
tion (5.61) with ¢ (-) the normal PDF.

El(z) = E[max(ymin — F(2),0.))]

El@) = (ymin — (@) @ (2512) 152y (@) o
This equation consists of two parts: the first one is relative to the determination
of the zone in the search space in which there is potential improvement of the
function (scaled by discrepancy between the prediction and the current minimum).
The second part allows at exploring the zones for which the uncertainty of the model
is high. The expected improvement allows to balance the part relative to exploration
and the part dedicated to exploitation in the refinement criterion.
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The Efficient Global Optimization (EGO) is an iterative process which proceeds

(Jones et al. 1998) as follows (see Figure 5.12):

1.

Start by defining a DoE 2 = {z(1).22)..... %)} and evaluate %, =
vy = fea), yo = @), ..., yq = f(2qg)]. Leam the GP hyperpa-
rameters (training of the GP model by maximization of the log likelihood, see
Chapter 3).

. Find the point to add to the DoE z,,, by maximizing the infill criterion, either

PI with Equation (5.62) or EI with Equation (5.63), and compute the expensive
black-box function value ypey.

. Append Zpew to Z; and ypew to %, giving the new training sets: 2,41 and % .

Learn the GP hyperparameters.

. Repeat the process from Step 2 until a stopping criterion is met. Classically the

maximal number of function evaluations or a minimal threshold on infill criterion
can be used as stopping criterion.

The EI criterion is particularly well suited for global optimization with EGO

as explained in Schonlau et al. (1996), Forrester et al. (2008), and Sasena (2002).
Figure 5.13 shows the two described infill criteria on a one-dimensional toy case.
These infill criteria may present a large number of local maxima. Therefore, the
infill optimization step of EGO has to be performed by an appropriate global search
algorithm (e.g., CMA-ES, genetic algorithm, multi-start gradient-based algorithm).

Initial data set

Construction of surrogate models of the
objective and constraint functions

Computation of the most promising location
of the search space

No

Stopping
criterion?

Evaluation of objective and
constraint function values

Optimum determined among
exact function values

Fig. 5.12 Gaussian process based optimization algorithm
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Fig. 5.13 Examples of PI and EI infill criteria

Constraint Handling

Let us add constraints to the previous optimization problem.

min  f (2), (5.64)
W.It. Z (5.65)
st. g(z) <0 (5.66)
Zmin = Z < Zmax. (5.67)

Here, the vector of constraint functions g(-) is also assumed to be computationally
costly. In this context, each constraint may be approximated by a Gaussian process
model. The main difference with respect to the unconstrained case consists of the
refinement phase. In the constrained optimization problem, the infill criteria (Step 2
of EGO) has to take into account the approximated constraints.
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The first strategy consists in considering the so called Probability of Feasibility
(Parr et al. 2012), defined for the constraint i as follows:

PFi(z) = ® (- 8i(2) ) . (5.68)

S (2)

The constrained optimization problem of EI at Step 2 of EGO is transformed into an
unconstrained one by multiplying the value of EI by the probability that the point is
feasible (Schonlau et al. 1998). The infill criterion becomes

El(z) x PF(z) = El(z) HPFi (z), (5.69)

i=1

with m the number of constraints. The infill criterion will be close to zero where
there is a very low probability of feasibility for any of the constraints.

The second strategy, called constrained EI (Sasena et al. 2001), is very simple
and consists in solving the EI optimization as a constrained optimization problem,
using the prediction (Kriging mean) of the constraints. This strategy is highly
dependent on the accuracy of the constraint surrogate models. If the constraints
are active, this strategy will add points close to the value g(z) = 0:

max  El(z). (5.70)
w.rt. Z 5.71)
st. gz <0 (5.72)
Zmin = Z = Zmax- (5.73)

To solve this problem, an auxiliary global optimization algorithm allowing to handle
constraints is required.

The last strategy presented in this chapter is called Expected Violation (EV) and
formulates the constraints as follows (Audet et al. 2000):

EVi@) = 3@ — 0@ (gﬁz)—_o) +5, @ (M) (5.74)
Sg; (Z) Sgi (Z)

EV is quite similar to the EI criterion. It is high in regions where the constraints
have a large probability to be saturated or where there is a high uncertainty on the
constraint models. The auxiliary optimization problem to solved reads

max El(z),
z

st. EVi(z) <tgyfori=1,...,m (5.75)
Zmin < Z = Zmax

with tgy a threshold defined by the user.
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Fig. 5.14 Regression using Gaussian processes with and without noise (top: models without
nugget, bottom: models including nugget). (a) Deterministic function. (b) Handling of noise

Uncertainty Handling

Gaussian processes define a valuable framework to handle uncertainty directly in the
optimization process. This is mainly possible using the nugget effect of Gaussian
processes (see Chapter 3). It corresponds to the addition of a term representing
the observation variance in the diagonal of the covariance matrix used in Kriging.
Considering this effect, the Kriging model does not strictly interpolate the data
anymore and can take into account some noise in the collected data due to the
presence of uncertainty (in the prediction of uncertainty measures, for example, see
Figure 5.14). Example of practical case of using nugget can be found in Le Riche
et al. (2009). Nugget can be fit as other Kriging hyperparameters as explained in
Chapter 3.

The nugget effect can be used in different ways to handle uncertainty (Picheny
and Ginsbourger 2014). The first one is to replace in the EI the ynyi, term by the
best collected mean. The second is to add nugget and use alternative infill criteria
such as the Augmented Expected Improvement (AEI) (Huang et al. 2006) (see
Equation 5.76) or the Expected Quantile Improvement (EQI) (Picheny et al. 2013a)
(see Equation 5.77).

AEI@) = (min — f(@)) @ y‘“%z)f(z)

+5(z)¢h Lf(z) . 1_+ (5.76)

5(z) Vo2 + §2(2)
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Fig. 5.15 Expected Improvement, Augmented Expected Improvement, and Expected Quantile
Improvement)

EQI®) = (qmin — 4()) ® (M> 5w (M) (5.77)

Sq(z) Sq(2)

with o the nugget, gmin the minimum quantile calculated on the training points, g (z)
Sq4(z) the estimations of the prediction and standard deviation of the quantile. The
quantities involved in these equations can be computed analytically. The interested
reader can consult (Picheny et al. 2013a) for the formulations. For more details about
the different infill criteria in noisy environment, the interested reader can consult
(Picheny et al. 2013b; Huang et al. 2006). The difference between the Expected
Improvement and the different infill criteria is represented on a toy case function in
Figure 5.15.

In Janusevskis and Le Riche (2013), in the case the uncertainty can be controlled,
the authors proposed an alternative approach consisting in building a surrogate
model in the joint space (z, U). The statistical measures can be computed on the
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surrogate model to build another surrogate of the uncertainty measures, depending
only on z. Then the first method (EI noisy) is applied to find infill candidate in both
z and U space (U is sampled from its PDF). This algorithm has been compared to
Monte Carlo based algorithms on analytic functions in Janusevskis and Le Riche
(2013).

5.4 Brief Review on Optimization Methods for Uncertainty
Described with Non-Probabilistic Framework

As mentioned in Chapter 2, the uncertainties can be described with other formalisms
than the probability theory. In this case, the uncertainty propagation technique,
optimization problem formulation, and the optimization algorithms have to be
adapted on the representation of uncertainty. In this section, different problem
formulations and optimization algorithms are briefly presented for uncertainty
described with interval, Dempster—Shafer theory or fuzzy logic.

5.4.1 Optimization Under Uncertainty Described with Interval
Formalism

When uncertainty is described through interval, the optimization can often be
resumed to a worst-case optimization, when the designer wants to optimize the
objective function subject to the “worst effect” that can be induced by uncertainty.
This is often called a minimax problem in literature (Rustem and Howe 2009;
Hansen and Walster 2003; Marzat et al. 2013; Shimizu and Aiyoshi 1980), or bi-
level programming (Tsoukalas et al. 2009). Review of formulations and algorithms
can be found in Du and Pardalos (1995).

mzin mlajlx f(z,0), (5.78)
w.rt. Z (5.79)

St Zmin < Z < Zmax (5.80)

Unin < U < Unax (5.81)

with U = {UD, .., U(”)} Vi, Ui, < UY < U the vector of uncertain
variables. Numerous algorithms have been proposed in the literature to solve such
problems. Several of them need continuous or differentiable properties to use
interval algebra or suppose the existence of subgradient. Evolutionary algorithms
have been extensively used for such problems (Cramer et al. 2009; Lung and
Dumitrescu 2011) or surrogate-based model (Marzat et al. 2013; Zhou and Zhang
2010; Ur Rehman and Langelaar 2015) when the objective function is numerically
costly. Distinction can be made between the methods solving directly the previous
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problem and methods that split the optimization problem into two subproblems
depending either on the z-space or on the u-space. These later are called relaxation
methods (Shimizu and Aiyoshi 1980).

5.4.2 Optimization with Uncertain Variables Described Using
Evidence Theory

Like the uncertainties described using the probability formalism, the uncertainty
measures introduced in the Dempster—Shafer theory (belief, plausibility) can be
used directly as uncertain measures for the constraint in order to formulate the
uncertain optimization problem (Agarwal et al. 2003; Mourelatos and Zhou 2006).
In Huang et al. (2013), the authors performed a review of application of Dempster—
Shafer theory in design optimization. The Evidence-Based Design Optimization
problem (EBDO) can be formulated as follows:

min  f(z, 0), (5.82)
w.rt. Z (5.83)
st. Pl(gi(z,U)<T,i=1,....,m (5.84)
Zmin < Z < Zmax (5.85)

written here using the use of plausibility measure for the constraints with 7" a given
threshold and U the nominal values of the uncertain variables U (Huang et al. 2017).
To solve this kind of problems, gradient-based algorithms (Alyanak et al. 2008; Fan
et al. 2016), evolutionary algorithms (Salehghaffari et al. 2013; Srivastava and Deb
2011; Su et al. 2016) can be employed. In order to reduce the computational burden
induced by both the propagation of uncertainty coupled with optimization, response
surfaces as proposed in Salehghaffari et al. (2013) and Cao et al. (2018) or multi-
level approaches (Huang et al. 2017; Zhang et al. 2018) can be used.

5.4.3 Optimization Under Uncertainty Using Possibility Theory

When the uncertain variables U are described using possibilistic framework (or
fuzzy-set), the Possibility Optimization Design Problem (PBDO) can be formulated
using a fuzzy measure on the constraint, for example, an a-cut (see Chapter 2)
(Mourelatos and Zhou 2005; Choi et al. 2005).
min  f(z), (5.86)
z
w.rt. Z 5.87)
s.t. Pos(gi(z,U)) <a,i=1,....m (5.88)
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Zmin = Z = Zmax (5.89)

with Pos(-) the possibility measure and a the level of the a-cut (see Chapter 2 for
the description of the possibility measure and a-cut). This optimization problem
often consists of a double loop: the calculation of the a-cut in an inner loop and
the optimization purpose in an outer loop. Sequential algorithm has been proposed
in Zhou and Mourelatos (2006) to solve this problem with reduced computational
cost. Bayesian optimization (use of Gaussian process) can also be used in order
to handle the computational cost as described in Du et al. (2006a,b). Possibilistic
design optimization has been extensively studied in literature (see, for example,
(Choi et al. 2004, 2005; Yin et al. 2018)). The interested reader can consult (He
et al. 2007) for a review of the use of possibility theory and its application to design
optimization.

5.5 Summary

In this chapter the optimization under uncertainty, with a focus on uncertainty
described using probability theory, has been briefly described. First, the different
problem formulations (robust, reliability-based, and robust and reliability-based)
have been presented and their conservativeness have been illustrated on a toy case.
Then, an overview of the different optimization algorithms (gradient, population-
based or surrogate model-based) has been proposed, focusing on the handling
of uncertainty and constraints. Finally, extensions to uncertainties described with
other formalisms than probability theory have been briefly described. The different
choices the designer has to make when dealing with optimization under uncertainty
are illustrated in Figure 5.16.

‘ Optimization problem ‘

Uinesiizinay " Optimization
formalisms Problem formulation algorithms

‘ Gradient-based ‘ Population-based ’ Surrogate model

ased
— Stochastic Evolutionar
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Probability

Gaussian
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Neural
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Support vector
machines

Intervals
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Fig. 5.16 Summary of different key steps when dealing with optimization under uncertainty:
selection of the uncertainty formalism, formulation of the optimization problem and choice of
the appropriate optimization algorithm
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