Advances in Intelligent Systems and Computing 1111

Hemen Dutta

Zakia Hammouch
Hasan Bulut
Haci Mehmet Baskonus Editors

4th International

Conference

on Computational
Mathematics and

Engineering Sciences
(CMES-2019)

@ Springer



Advances in Intelligent Systems and Computing

Volume 1111

Series Editor

Janusz Kacprzyk, Systems Research Institute, Polish Academy of Sciences,
Warsaw, Poland

Advisory Editors

Nikhil R. Pal, Indian Statistical Institute, Kolkata, India

Rafael Bello Perez, Faculty of Mathematics, Physics and Computing,
Universidad Central de Las Villas, Santa Clara, Cuba

Emilio S. Corchado, University of Salamanca, Salamanca, Spain

Hani Hagras, School of Computer Science and Electronic Engineering,
University of Essex, Colchester, UK

Laszlo T. Koczy, Department of Automation, Széchenyi Istvan University,
Gyor, Hungary

Vladik Kreinovich, Department of Computer Science, University of Texas
at El Paso, El Paso, TX, USA

Chin-Teng Lin, Department of Electrical Engineering, National Chiao
Tung University, Hsinchu, Taiwan

Jie Lu, Faculty of Engineering and Information Technology,

University of Technology Sydney, Sydney, NSW, Australia

Patricia Melin, Graduate Program of Computer Science, Tijuana Institute
of Technology, Tijuana, Mexico

Nadia Nedjah, Department of Electronics Engineering, University of Rio de Janeiro,
Rio de Janeiro, Brazil

Ngoc Thanh Nguyen(), Faculty of Computer Science and Management,
Wroctaw University of Technology, Wroctaw, Poland

Jun Wang, Department of Mechanical and Automation Engineering,

The Chinese University of Hong Kong, Shatin, Hong Kong


https://orcid.org/0000-0002-3247-2948

The series “Advances in Intelligent Systems and Computing” contains publications
on theory, applications, and design methods of Intelligent Systems and Intelligent
Computing. Virtually all disciplines such as engineering, natural sciences, computer
and information science, ICT, economics, business, e-commerce, environment,
healthcare, life science are covered. The list of topics spans all the areas of modern
intelligent systems and computing such as: computational intelligence, soft comput-
ing including neural networks, fuzzy systems, evolutionary computing and the fusion
of these paradigms, social intelligence, ambient intelligence, computational neuro-
science, artificial life, virtual worlds and society, cognitive science and systems,
Perception and Vision, DNA and immune based systems, self-organizing and
adaptive systems, e-Learning and teaching, human-centered and human-centric
computing, recommender systems, intelligent control, robotics and mechatronics
including human-machine teaming, knowledge-based paradigms, learning para-
digms, machine ethics, intelligent data analysis, knowledge management, intelligent
agents, intelligent decision making and support, intelligent network security, trust
management, interactive entertainment, Web intelligence and multimedia.

The publications within “Advances in Intelligent Systems and Computing” are
primarily proceedings of important conferences, symposia and congresses. They
cover significant recent developments in the field, both of a foundational and
applicable character. An important characteristic feature of the series is the short
publication time and world-wide distribution. This permits a rapid and broad
dissemination of research results.

** Indexing: The books of this series are submitted to ISI Proceedings,
EI-Compendex, DBLP, SCOPUS, Google Scholar and Springerlink **

More information about this series at http://www.springer.com/series/11156


http://www.springer.com/series/11156

Hemen Dutta - Zakia Hammouch -
Hasan Bulut - Haci Mehmet Baskonus

Editors

4th International Conference
on Computational
Mathematics and Engineering

Sciences (CM]

@ Springer

£5-2019)



Editors

Hemen Dutta

Department of Mathematics
Gauhati University
Guwabhati, India

Hasan Bulut
Department of Mathematics
Firat University

Zakia Hammouch

FSTE

Moulay Ismail University
Meknes, Morocco

Haci Mehmet Baskonus
Faculty of Education
Department of Mathematics

and Science Education
Harran University
Sanliurfa, Turkey

Elazig Merkez, Turkey

ISSN 2194-5357 ISSN 2194-5365  (electronic)
Advances in Intelligent Systems and Computing

ISBN 978-3-030-39111-9 ISBN 978-3-030-39112-6  (eBook)
https://doi.org/10.1007/978-3-030-39112-6

© Springer Nature Switzerland AG 2020

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland


https://doi.org/10.1007/978-3-030-39112-6

Contents

A Hybrid Computational Technique for Time-Fractional
Newell-Whitehead-Segel Equation via Sumudu Transform .......... 1
Amit Prakash, Vijay Verma, and Haci Mehmet Baskonus

Mathematical Modeling and Stability Analysis of HIV with Contact
Tracing According to the Changes in the Infected Classes. ... ....... 15
Ali Yousef and Fatma Bozkurt Yousef

Fractional Optimal Economic Control Problem Described
by the Generalized Fractional Order Derivative. . .. ... ............ 36
Abdou Thiao and Ndolane Sene

An Efficient Technique for Coupled Fractional

Whitham-Broer-Kaup Equations Describing the Propagation

of Shallow Water Waves . .. .......... .. ... ... .. ..o, 49
P. Veeresha, D. G. Prakasha, and Haci Mehmet Baskonus

An Efficient Computational Technique for Nonlinear

Emden-Fowler Equations Arising in Astrophysics

and Space Science . ... ...... ... ... 76
Sumit Gupta, Devendra Kumar, Jagdev Singh, and Sushila

Using Genetic Algorithms for Parameter Estimation
of a Two-Component Circular Mixture Model . . . . . ...... ... ... ... 99
Muhammet Burak Kilig

An Early Detection Model for a Brain Tumor-Is (Immune System)
Interaction with Fuzzy Initial Values . . ... ...................... 111
Fatma Berna Benli and Onur Alp lhan

Laguerre Matrix-Collocation Method to Solve Systems of Pantograph
Type Delay Differential Equations . . .. ......................... 121
Burcu Giirbiiz and Mehmet Sezer



vi Contents

Solving the Fuzzy Fractional Differential Wave Equation by Mean
Fuzzy Fourier Transform. .. ................................. 133
S. Melliani, M. Elomari, and L. S. Chadli

An Efficient High Order Algorithm for Solving Regularized Long
Wave Equation. . . . ... ... ... ... 148
Dursun Irk and Melis Zorsahin Gorgiilii

On the Solitary Wave Solutions to the (2+1)-Dimensional
Davey-Stewartson Equations . . ............... .. ... ... . ... ... 156
Hajar F. Ismael and Hasan Bulut

Radiative MHD Flow of Third-Grade Fluid Towards
a Stretched Cylinder ............. . ... ... . ... ... ........... 166
Anum Shafiq, Z. Hammouch, and Hakan F. Oztop

A Fractional Mixing Propagation Model of Computer Viruses
and Countermeasures Involving Mittag-Leffler Type Kernel . . .. . . ... 186
Siimeyra Ucar, Necati Ozdemir, and Zakia Hammouch

Some Novel Solutions of the Coupled

Whitham-Broer-Kaup Equations . . .. ....... ... .. ... .......... 200
Hezha H. Abdulkareem, Hajar F. Ismael, Etibar Sadi Panakhov,

and Hasan Bulut

Numerical Solution of the Homogeneous Telegraph Equation
by Using Galerkin Finite Element Method . . . . .. ... ... .......... 209
Dursun Irk and Emre Kirli

A Class of Exact Solutions for Unsteady MHD Natural

Convection Flow of a Viscous Fluid over a Moving Inclined

Plate with Exponential Heating, Constant Concentration

and Chemical Reaction. . . .. ...... ... ... .. ... .. ... ......... 218
Azhar Ali Zafar, M. Bilal Riaz, and Zakia Hammouch

Analytical Solutions to the Coupled Boussinesq—Burgers Equations
via Sine-Gordon Expansion Method . . . .. ......... ... ... .. ... .. 233
Karmina K. Ali, Resat Yilmazer, and Hasan Bulut

On a Functional Equation Arising from Subcontrary Mean
and Its Pertinences . . . ... ..... ... . ... ... ... . ... ... .. ... ... .. 241
B. V. Senthil Kumar, Hemen Dutta, and Khalifa Al-Shagsi

Inequalities of Bullen’s Type for Logarithmically Convexity
with Numerical Applications . ................................ 248
Havva Kavurmaci-Onalan, Ahmet Ocak Akdemir, and Hemen Dutta

Properties of Binary Operations of n-Polygonal Fuzzy Numbers . . . . .. 256
Marwa Tuffaha and Mahmoud Alrefaei



Contents vii

Some Extension of the Mier-Keeler Fixed Point Theorems in Fuzzy
Metric Space . . ........ .. ... 266
S. Melliani, M. Elomari, I. Bakhadach, and L. S. Chadli

Unified Fractional Integral Formulae Involving Generalized

Multiindex Bessel Function . ............... .. ... .. .. ... ...... 278
Mehar Chand and Zakia Hammouch
(T, @, A) — Statistical Convergence of Order f .................... 291

Ekrem Savas

Unitary Operators on the Bergman Space . . .. ................... 299
Chinmayee Padhy, Pabitra Kumar Jena, Susanta Kumar Paikray,
and Hemen Dutta

Some Relations Between the Sets of f-Statistically
Convergent Sequences . ................... .. 307
Rifat Colak

New Integral Inequalities for Product of Geometrically
Convex Functions . . . . ................... ... ... ... ... ... ..., 315
Ahmet Ocak Akdemir and Hemen Dutta

Uniformly (B, A)—Invariant Statistical Convergence ............... 324
Rahmet Savas

Author Index. . . ... .. .. ... 331



About the Editors

Dr. Hemen Dutta has been serving in the Department of Mathematics at Gauhati
University as a faculty member. He did his Master of Science in Mathematics,
Postgraduate Diploma in Computer Application, Master of Philosophy in
Mathematics, and Doctor of Philosophy in Mathematics. His research areas include
functional analysis, mathematical modeling, etc. He has to credit more than 100
items as research papers and book chapters. He has published 10 books so far as
textbooks, reference books, monographs, and edited books. He has delivered sev-
eral invited talks at national and international levels. He has organized several
academic events as well as associated with several conferences in different
capacities. He has reviewed papers for journals and databases and also associated
with editing special issues in journals. He has contributed several articles in
newspaper, popular books and magazines, and science portals.

Dr. Zakia Hammouch received her M.S. in Applied Mathematics and PhD degree
in Applied Mathematics and Mechanical Engineering from the University of
Picardie Jules Verne, France. She received a habilitation degree from Moulay
Ismail University, Morocco, in 2015. She is currently Associate Professor at
Faculty of Sciences and Techniques, Moulay Ismail University, Morocco. She has
published over 60 items as journal papers and chapters in books. She is an editorial
member of more than 10 international journals, a reviewer of 35 international
journals of mathematics and mechanical engineering, and a member of scientific
committee of more than 20 international conferences. Her research interests include
computational mathematics, biomathematics, nonlinear dynamics, fractional cal-
culus, chaos theory, control and synchronization, fluid dynamics, heat and mass
transfer, and soliton theory.

Dr. Hasan Bulut is currently Full Professor of mathematics in Firat University. He
has published more than 200 articles journals. His research interests include
stochastic differential equations, fluid and heat mechanics, finite element method,

ix



X About the Editors

analytical methods for nonlinear differential equations, mathematical physics,
numerical solutions of the partial differential equations and computer programming.

Dr. Haci Mehmet Baskonus is currently Associate Professor in Harran
University. He has published more than 140 articles in various reputed and leading
journals, including in SCI and SCIE indexed journals. His research interests include
ordinary and partial differential equations, analytical methods for linear and non-
linear differential equations, mathematical physics, numerical solutions of the
partial differential equations, fractional differential equations, and computer pro-
gramming using Mathematica, Pascal, and Maple.



®

Check for
updates

A Hybrid Computational Technique
for Time-Fractional Newell-Whitehead-Segel
Equation via Sumudu Transform

Amit Prakash!, Vijay Vermaz, and Haci Mehmet Baskonus3 &
1 Department of Mathematics, National Institute of Technology, Kurukshetra 136119, India
amitmath@nitkkr.ac.in, amitmath0185@gmail.com
2 Department of Mathematics, Pt. Chiranji Lal Sharma Govt. (PG) College,
Karnal, Haryana, India
vijay _mtech2l@rediffmail.com
3 Faculty of Education, Department of Mathematics, Harran University, Sanliurfa, Turkey
hmbaskonus@gmail.com

Abstract. In present article, we constitute a user friendly algorithm basically
expansion of homotopy perturbation method with Sumudu transform (ST), namely
homotopy perturbation Sumudu transform method (HPSTM) to resolve fractional
model of Newell-Whitehead-Segel equation (NWS).Thereafter, the numerical
solution of the time-fractional NWS model compared with exact solution. The
results attained by HPSTM may be hypothesize as a different and effective method
for solving fractional model. Two tests example demonstrate the correctness as
well as effectiveness of the present techniques.

Keywords: Caputo fractional derivative - Fractional Newell-Whitehead-Segel
equation - Homotopy perturbation Sumudu transform method

1 Introduction

Fractional calculus (FC) is the branch of applied mathematics was introduced by Guil-
laume de I’Hopital as the conventional calculus before 300 years ago. In recent year,
fractional differential equation has been promoted in diverse area of science and tech-
nology such as fluid mechanics, diffusion equation, biology, electro-magnetic waves,
control theory visco elasticity, electrode-electrolyte heat conduction, polarization and
many others physical processes, finance and biomedical engineering. Many authors
describe varied techniques to reach the objective of most correct solution [7-19] and
very recently, Singh et al. have suggested HPSTM [20].

In the present work, the HPSTM is tested to the fractional model of NWS equation. It
is the action of the impact of the diffusion term with the nonlinear impact of the reaction
term. Fractional model of NWS equation is represent as

uf =kuyy +au—>bu?,t >0,0 <a <1, (D
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where a, b and k > 0 represent the real numbers and represent the positive integers.
In Eq. (1) uf, uxx and au — bu illustrate the variation of u(x, t) with time at a fixed
location, variation of u(x, t) with dimensional variable at a particular time and takes
into description the impact of the source term respectively and the nonlinear distribution
of temperature may be represent by function u(x, t) in an infinitely narrow and lengthy
rod or fluid flow as a velocity in an infinitely lengthy pipe with limited diameter.

Mainly two kinds of template are noticed, in the first roll template cylinders form
by fluid stream lines and these cylinders may be turn and layout spiral like template. In
the second template liquid flow is spilt into honey comb cells and layout hexagon alike
template. The uniform template, stripes and hexagons occur in distinct physical structure,
stripes template are show in visual cortex, on zebra skin and in a human fingerprints and
hexagonal template are attained from the laser beams propagation through a nonlinear
approach and in structure with chemical reaction and diffusion species [24].

Recently Nourazar et al. and Prakash et al. used homotopy perturbation method [25]
and variation iteration method [26] to solved classical NWS model, respectively. Also,
Prakash et al. applied Adomain decomposition method [27] and fractional variational
iteration method [28] to solve fractional model of NWS equation. Kumar and Sharma
[29] used homotopy analysis Sumudu transform method to solved fractional model of
NWS equation. But fractional model of NWS equation has not been solved by HPSTM.

The framework of present paper is outline as follow: First section is introductory, in
the Sect. 2 the key terminology of fractional calculus is examined, in Sect. 3 proposed
homotopy perturbation Sumudu transforms method is discussed, in Sect. 4 two test
examples of fractional model of NWS equation are given to elucidate the proposed
method HPSTM and in Sect. 5 consequence of the effort is drawn.

2 Preliminaries

In present segment, we will introduce the key terminology of FC and ST used to discuss
the suggested procedure.

Definition 2.1. The Sumudu tran‘ts‘form is defined over the set of function B =
{f(OIAN, t1, 10> 0, | f(t)| < Ne'i ift € (—1)7 x [0, 0o) be the following formula

SIfH] = /OO ftye 'dt,u € (—t1, ).
0

Definition 2.2. The ST of fractional derivative in Caputo sense is defined as:

-1
S[D™u(x, 1)] = v S[u(x, )] — Zz_o v RO 1) — 1 < na < n.

Definition 2.3. The fractional derivative of f(¢), f € C",,n € N,n > 0, in Caputo
sense is defined as

1 t
DYf(t) =1""“D"f(t) = o= /0 (t —x)" 7 M (x)dx,

wheren — 1 <o <n.
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3 Proposed Homotopy Perturbation Sumudu Transforms Method

In present section, solution procedure of the proposed technique HPSTM is illustrated
for the time-fractional nonlinear partial differential equation (NPDE). Now, consider the
following time-fractional NPDE:

DYu(x,t) + Ru(x,t) + Nu(x,t) = f(x,1), 2)

with initial approximation u(x, 0) = g(x),

where DY, R, Nand f(x, t) illustrate Caputo fractional derivative in Caputo sense,
linear differential operator, nonlinear differential operator and the source term, respec-
tively.

After using the ST on Eq. (2), we attained

S(Dfu(x, 1)) + S(Ru(x, 1)) + S(Nu(x, 1)) = S((fx,1)). 3)
Now, operating the property of ST on the Eq. (3), we obtain
Su(x, ) =gx) +u*S(f(x,1)) —u*S(Ru(x,t) + Nu(x,t)) 4)
After using the property of inverse ST on the Eq. (4), we obtain
u(x,t) = G(x,t) — S~ W*S(Ru(x, 1) + Nu(x, 1)), (5)

where G(x,t) represent the term obtained from source term and suggested initial
approximation.

Now, after using the Homotopy perturbation method, the result can be demonstrate
as a power series in small homotopy parameter p € [0, 1] is specified in the form

ue, )= P un(x, 1), ©6)

Again, nonlinear term can be expressed as a He’s polynomials H,, (u)

o
_ n
Nu(x,t) = E o P H,(u), @)
and He’s polynomials H, (#) can be evaluated by the subsequent formula

1 an
n) = T+ 1)9Pn

H, (uo,ulyuz, .......... u

INY ™ Pt Dlpmo. (®)

wheren =0,1,2,3.....
Substituting (6) and (7) in (5) and using HPM by He [21, 22], we attain

o -1 00 00
Yo P = G = pxsTHuSR Y Pl + Y P Ha )]
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After comparing coefficient of similar power of p on both sides, we obtain successive
approximations:

p°ug = G(x, 1),

pliu = STHu¥S(Ruo(x, 1) + Ho(u))},
p*uzy = STHu*S(Ruy (x, 1) + Hi(w))},
p? uz = STHu*S(Ruz(x, 1) + Ha(w))},

Similarly, we can calculate
P un = STHu S(Rup—1(x, 1) + Hy—1(w)) }.

Lastly, we approximate the numerical results by the series

u(x,t) = nll)ngo Z:o:o Up(x,t). )]

4 Numerical Experiments

In present segment, we shall apply aforesaid HPSTM to two test example of time-
fractional NWS equation.

Example 1. We analysis the linear model of time-fractional NWS equation

U =ug —2u,t>0,0<a<l, (10)
with initial approximation
u(x, 0) = e*. (11)

Now, for particular case when o = 1, the exact solution of the classical model of
NWS equation is given as: u(x, t) = e* .

After, using the suggested technique HPSTM to the previously show illustration, we
obtain the successive approximations:

uy = e*,
R S o
Ur = =€ o1
R
U2 =€ roat1y:
_ x 39
Us = =€ r3at1)’
 (_1\x_ 1"
up = (=1)"e" moagmy

From Figs. 1 and 2, we noticed the marvellous consistency between suggested tech-
nique HPSTM and exact solution. Here, we use eight terms of approximation to depicts
the Fig. 1.
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Fig. 2. Surface represents exact solution u(x, t) at « = 1, for Ex. 1.
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Fig. 3. Surface represents absolute error [ugyqer — Uy psTml ata = 1, for Ex. 1.

Fig. 4. Surface represents approximate solution u(x, t) at = 0.7, for Ex. 1.
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Fig. 5. Surface represents approximate solution u(x, t) at « = 0.8, for Ex. 1.

Figure 1 demonstrate the 8" order approximate result, Fig. 2 depicts exact solution. It
is noticed from Figs. 1and 2 that the result attained by HPSTM is almost similar to exact
solution, Fig. 3 represents the absolute error, Figs. 4, 5 and 6 shows the approximate
solution for ¢ = 0.7, 0.8 and 0.9 respectively Fig. 7 demonstrate the comparison of
HPSTM solution for different values of fractional order « = 0.25, 0.50, 0.75and 1 and
exact solution for « = 1 and t = 0.50. From Fig. 7 it is observed that with increase the
value of x value of u increase and approach to co and towards negative value of x its
show asymptotic behaviour toward x axis.

Example 2 We analysis the nonlinear model of time-fractional NWS equation

u?‘:uxx+u—u2=0,t>0,0<a§1, (12)
with initial approximation
1

u(x,0) = (1 +e%6)2.

(13)

Now, for particular case when o = 1, the exact solution of the classical nonlinear
model of NWS equation is given as: u(x, t) = !

x_5\%°
I4ev6 ©
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(5]
i U
N

Tllll

u(x,t g

—
lllllllll
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]

Fig. 6. Surface represents approximate solution u(x, t) at @ = 0.9, for Ex. 1.

After, using the suggested technique HPSTM to the previously show illustration, we
obtain the successive approximations:

1
uO = X 2
(l+e~/5)
5 e% ¢
Uy = -
3

278 ' | TQat 1)
(e
5 1 8 = 8§ x., (e =
=g 5[E(M)Z—zt(eﬁ)%(5@%)2— ( . ))(1+e¢a)
(1+e~/5)
4 =, 16, = o r an =2076)3 4 20,75yt
2@ = 2@+ (26e5)? —eF ) (146 ) + - () + 5 e)

(1 +e%>
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, (—e Vo)l 4 2(ev6)2 . 1 25 (eV6)> Qa4+ 1)1
(1+e%> FrGa+1) 9 (1+eﬁ>6r(3a+1)r(a+1)2'

— =02 ——"=030—"— o0=0.73
*  Exact

Fig. 7. Surface represent HPSTM solution for different of value « and exactsol. ata = land t =
0.50, for Ex. 1.

From Figs. 8 and 9, we noticed the marvellous consistency between suggested tech-
nique HPSTM and exact solution. Here, we use third terms of approximation to depicts
the Fig. 8.

Figure 8 demonstrate the 2"d order approximate result, Fig. 9 depicts the exact
solution. It is noticed from Figs. 8 and 9 that the result attained by HPSTM is nearly
similar to exact solution, Fig. 10 represents the absolute error, Figs. 11, 12 and 13 shows
the approximate solution for « = 0.7, 0.8 and 0.9 respectively and Fig. 14 demonstrate
the comparison of proposed technique HPSTM solution for ¢ = 0.25, 0.50, 0.75, 1 and
exact solution for ¢ = 1 and t = 0.50. From Fig. 14 it is observed that with increase the
value of x value of u decrease and approach to 0 and curve show asymptotic behaviour
toward x axis.
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u(x.t)

u(x.t)

Fig. 9. Surface represents exact solution u(x, t) at « = 1, for Ex. 2.
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u(x,t)

u(x.t)

02 7,

X 40

Fig. 11. Surface represents approximate solution u(x, ¢) at « = 0.7, for Ex. 2.
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u(x.t)

u(x.t)

Fig. 13. Surface represents approximate solution u(x, t) at @ = 0.9, for Ex. 2.
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"o=075" = g=1

o=025—"— o=0.50
Exact

Fig. 14. Surface represent HPSTM solution for different value of « and exact sol. at ¢ =
1 and t = 0.50, for Ex. 2.

5 Conclusions

In the present paper, almost accurate solution of fractional model of NWS is attained with
the aids of effective techniques HPSTM. The plotted graph and approximate solution
demonstrate the validity and effectiveness of suggested techniques HPSTM and solution
is converge towards the exact solution vary rapidly which is demonstrated numerically.
We noticed the marvellous consistency between suggested techniques HPSTM and the
exact solution. Moreover, efficient techniques HPSTM can be again tested to construct
the accurate solution of nonlinear fractional model.
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Abstract. In this paper, we investigate the effect of contact tracing the spread of
HIV in a population. The mathematical model is given as a system of differential
equations with piecewise constant arguments, where we divide the population into
three sub-classes: HIV negative, HIV positive that do not know they are infected
and the class with HIV positive that know they are infected. This system is analyzed
using the theory of differential and difference equations. The local stability of the
positive equilibrium point is investigated by using the Schur-Cohn Criteria, while
for the global stability we consider an appropriate Lyapunov function. The system
under consideration has shown that it has semi-cycle behaviors, but not a structure
of period two. Moreover, we analyze the case for low infection rate by using the
Allee effect at time t. Several examples are presented to support our theoretical
findings using data from a case study in India.

Keywords: Logistic differential equations - Stability analysis - Periodic
behavior - Allee effect

1 Introduction

Since 1981, HIV has spread throughout the world, and now it is a major epidemic
problem worldwide [1]. Furthermore, it is an important research area in medicine as
well as in applied mathematics. Mathematical models of transmission dynamics of HIV
play an important role in understanding epidemiological patterns for disease control and
to have a long-term prediction of HIV. Recent studies have been conducted to describe
the transmission dynamics of HIV, where some of them are [2-6].

In this paper, we want to consider the study of [7, 8], where the authors analyzed
the effect of contact tracing on reducing the spread of HIV/AIDS in a homogeneous
population with the constant immigration of susceptible by using the theory of differential
equations. However, in some biological phenomena, we need to use both continuous and
discrete time. In this demography study, the model needs continuous time, since we have
overlapping population growth. Moreover, the spread of transmission and to realize to
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be infected happens in discrete time. Theoretical studies show that differential equations
with piecewise constant arguments are equivalent to integral equations and are very close
to delaying differential equations [9, 10]. Cooke and Gy®ori studied this idea and proved
that a differential equation with piecewise constant arguments could be used to obtain
the approximate solution of delay differential equations that contains discrete delays.
Following this work, many authors have analyzed various types of biological models
consisting of differential equations with piecewise constant arguments and fractional
order differential equations. The reader can consult the papers [11-16] for further details.

According to the above information, our model as a system of equations with
piecewise constant arguments is as follows:

9 = S(Ory(p — arS® — P11y (It — p2la (1)),
= 1 O (1 — aoly © + 1 (1 — en)SAIEN) — 61 ([t1) + B2 (1 — e2) SN (L),
L — Hors(1 — azla(® + PoeaS(ILD + 01 ([[tT) + Brer AL (1),
(1.1)

where ¢ is the time and [[t]] is the exact value of r > 0.

The model contains three populations; susceptible S, HIV positives that do not know
they are infected [} and HIV positives that know they are infected I,. The susceptible are
composed of individuals that have not contacted the infection but can get infected through
contacts (sexual, blood transfusion, etc.) with infectives. Note, r is the population growth
rate of the susceptible population, o is the death (of natural causes) rate while, p is arate
of susceptible population per year. The susceptibles lost their class following contacts
with infectives I; and I, at a rate B and B, respectively.

I; is the population that has HIV positive, but they do not know it due to the invisibility
of disease symptoms. In class 11, r» is the population growth rate, while o is the death
(of natural causes) rate. The population of this class decreases by HIV test and become
aware after screening at a rate 6. After contacts of classes S and I; in discrete time, these
classes could realize they are infected. This group (S([[t]]) - I ([[t]])) is given in class I»
with rate €.

It can also be possible that after tracing contact between S and I, a rate of the sus-
ceptible class detect in further time to be HIV positive, which is here €. The population
growth rate of class I, is given by r3, while the death rate of natural causes is 3.

In this paper, we analyzed in Sect. 2 the boundedness character and the non-periodic
behavior of system (1.1). We obtained that the solutions show a semi-cycle behavior,
which is not periodic. In Sect. 3, we investigated the local and global behavior of the
system around the positive equilibrium point, which is based on specific conditions. For
a prediction analysis about a small infected class of I} and I, we incorporate Allee
functions at time ¢ in Sect. 4. The conclusion part in Sect. 5 summarize the study in this

paper.

2 The Boundedness Character and Analysis of Periodic Behavior

In this section, we analyze the boundedness character of the system, and we want to find
conditions for periodic behavior.
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For t € [n,n+ 1), system (1.1) is an expression of Bernoulli differential equations
such as

B —r1(p— Bili(m) — B2l (m)S(t) = —oyry S(H)%,
QU — (1 +B1(1 — &)S(n) — 0Ly (0) + B2(1 — e2)S(ML ()1 (1) = —aar2l (1),
% —13(1 + B2e2S(n) + 611 (n) + B1e1SMI; () (t) = —azr31x(b).

(2.1)
Solving (2.1) for t € [n, n + 1), we obtain
St +1) = G —arsm)  SplF T Farsw
L+ D = mm—an <n)l>1 FI;ig?E’?le(n) Fooli(n)’ 22
L+ 1) = (=T S AT Tanm
where
Ui(n) =p — B1li(n) — B2la(n) # 0,
Ux(n) =1+ B1(1 —&1)S(n) — 6I1(n) + B2(1 — £2)S(m)I2(n) # O,
and

Us(n) = 1 + B2e2S(n) + 61 (n) + B1e1S(m)I; (n) # O.

To analyze the stability around a positive critical point of system (1.1), we want to
obtain at first the positive equilibrium point of (2.2), since (2.2) is the solution of (1.1)
fort € [n,n + 1). Thus, we get

p=Bili +Bolr + oS, 2.3)
1=—B1(1 —&e)S+ 0+ ax)l; — B2(1 — &2)Shr (2.4)

and
1 = —BresS — 01; — B1e1SI + azls. (2.5)

To find the positive equilibrium point of (2.2), we have the following assumptions
given in the demographic data in [7, 8];

i) B1=3p2,

(i) e =e2,

>iii) e +¢e <1,
(iv) & =& < 0.75.

Considering (2.4) and (2.5), we obtain

I, (2.6)
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where we can write
—Bae1(3 — 4e1)S + (26 + a)Ba(l — 1) — azen)ly = 0 2.7)
and
ajerS + Bolo = g1 p. (2.8)
Thus, we have the equilibrium point (S, 1, E) as follows;

p B2p(3 — 4ey)

T (B3(3 — 4e1) + a1 ((20 + a2)B2 — &1 (20 + 02)B2 + 13)))
I = Pae1p(3 —4e)(1 —e1)

3e1 (B33 — 4e1) + 1 (20 + a2)Ba — €1 ((20 + a2)B2 + 3)))
5 Pae1p(3 —4er)

T P23 —4e1) + a1 (20 + a2)Bz — £1((20 + a2)ps + 3))

B2p(3 —4e1)
B2(3 —4ep) +ar (20 +0a2)B2 — &1 (20 +a2)P2 +03))

(20 +a2)B2
where €] < [EIEry oy

and p >

The Jacobian matrix for the positive equilibrium point X = (g, 11, E) is

. ay aiz ais
J(X) = | az1 ax ax (2.9
as| asy ass
where
o 3pp(emti—n) o (e 1)
an=e"Wapy=———2> a3=—— 7%,
ol 23]
B2l —en(3 + D) (1 - e202) —0 + (0 + a)e 2
ajy| = , a2 = s
o £%]
B2l —enS(1 - e02) aer (14 3%) (1 — e %%)
ays = , Azl = s
o%) a3
0+ 362815)(1 - e—f@) _
azy = , azy = e B,
a3

The characteristic equation of (2.9) around the equilibrium point is given by

3 2
A7+ (—ay —apx —a33)A” + (ay1ax +ar1a33 + axazsz — aj3az) — axzasy —appa))r
+ (a13a31a22 + axzazzay) + ajpaziaszz — ajjaxnassz — azjazalsz — azjappazs) = 0.
(2.10)

Theorem 2.1. Assume that (S(n), I1(n), I2(n)) 2, is a positive solution of system (2.2).
Then the following statements are true.
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G If

p > Bili(n) + B2lx(n) > 01S(n),
I>14p1(1—¢)Sn) —6I;(n) 4+ B2(1 — e2)Sm)I2(n) > axli(n) >0,
1 > 1+ B262S(n) + 6L (n) + Bre1Sm)I;(n) > azl2(n),
@2.11)

then the solution of system (2.2) increases monotonically.
Gi) If

a1S(m) > p — B1li(n) — B2la(n) > 0,
arli(m) > 14 B1(1 —e)S(n) — 6L1(n) + B2(1 — £2)S()Ix(n) > 0, (2.12)
azlp(n) > 1+ B2erS(n) + 61 (n) + BrerS(n)I;(n) > 0,

then the solution of system (2.2) decreases monotonically.

Proof

(i) Assume that (S(n), I{(n), Iz(n))gi o 18 a positive solution of system (2.2). If (2.11)
holds, then

Stn+1) Ui (n)

Sm = Wi —aS@)-exp(— Ui m) Farsm L
La+D _ Uy > 1
I (n) (Uz(n) — azli(n))- exp(—r2U2(n)) + o211 (n) ’
Lo+ _ Us > 1
L) T (Usz(n) —aszla(n))-exp(—13U3(n)) + a3lz (n) ’

which implies that the solution increases.
(i) The proof is similar to Theorem 2.1/(i) and thus omitted.

Theorem 2.2. Assume that (S(n), Iy (n), I2(n));2, is a positive solution of system (2.2).
Then the following statements are true.

(i) Let Theorem 2.1/(i) hold. Then
p 1 1
Sme(0,— ), In+1) e |{0,—)andp(n+1) e (0, — ). (2.13)
o1 (©%] a3

(i) Let Theorem 2.1/(ii) hold. If U; > %m 2, Uy > %ln2 and Uz > %m 2, then
system (2.2) is bounded from above with ’
S < SO exp(rion X2 SG)),
L < L exp(raa2 Y55 D)), 2.14)
La(n) < 12(0) exp(r2c2 Y770 1o (i) ).
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Proof

(i) Assume that the conditions in Theorem 2.1./(i) hold. Then we obtain

Sm)Uj(n)
S 1) =
@ +1) (U1(n) —a1S(n)) - exp(—r1U1(n)) + a1S(n)
_ S(n) - Uy(n)
Ui(n) - exp(—11U1(n)) +o1S() - (1 —exp(—r 1 Ui(n)))
p P P
< < < —
ar - (1 —exp(—riUi(n)))  ap- (1 —exp(—rio1S(n))) ag
Lt 1) = Li(n)Uz(n)
Ux(n) - exp(—12Uz(n)) + a2l (n) (1 — exp(—r2U2(n)))
Uy (n) - 1 - i
a(l —exp(—rpUz2(n)))  ax(l —exp(—r2a2li(m))) a2
bt 1) = L(n)Us(n)
Us(n) - exp(—13U3) + azla(n)(1 — exp(—13U3))
Us(n) 1 1

< < < —.
azla(m)(1 — exp(—r3U3(n)))  az(l —exp(—r3azla(n))) a3

This completes the proof of part (i).
(i1) Assume that the conditions in Theorem 2.1./(ii) hold. Then we have

Snh+1) = S(n) - Ui (n)
Ui(n) - exp(—r1Ui(n)) + a;S(n) - (1 —exp(—r11U(n)))
S(n) _ S(n) - exp(r1U1(n)) - S(n)exp(rja;S(n))

S T—exp(cnUi()  expriUim) — 1 expriUs(n)) — 1
< S(n)exp(rjo;S(n)).

Forn =1,... we get
n—1 .
S(n) < S(O)exp<r1a1 Zi:O S(l)).
Similarly, we obtain
n—1 X n—1 .
Ii(n) < Il(O)exp(rzag o 11(1)) and L(n) < 12(0)exp<r2a2 > 12(1)>.

This completes the proof of part (ii).

Theorem 2.3. Let (S(n), I1(n), I, ()32, be a positive solution of system (2.2), which
consists a single semi cycle. Furthermore, assume (2.11) holds. If

U 1 11 S U 1 11 I d
0= < () = <t

U 1 l1 L 2.15
=1 < —inf S ). (2.15)
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for all n > 1, then (S(n), I (n), I>(n));2,, converges monotonically to the positive
equilibrium point x = (S, I, E

Proof. Suppose that 0 < S(n — 1) < S for all n > 1. Note that in this case, we have
Smn—1) <Shn) =

S— e —Bili(n—1) —Brb(n - 1)
®=P1li = D) = falyn = 1) — a1 S — 1)) - e 1 OB O=D=Bab0=D) g 50— 1

where
(1 —~ e*“<P*W“”>*f‘ﬂz<“*‘”) -(p—PBili(n — 1) — Pola(n — 1) — a;S(n — 1)) > 0

holds for the conditions in (2.11). Moreover, from

St —D(p—Bili@—1) — ol — 1)) <
<3S,
@ —Bili— 1) —aly(n — 1) — ;S — ) - e 1 OB O=D=B2L@=D) 4 g — 1)

S(n) =

we can write

Sm—D(p—pili—1) =Pl — 1) — S)
<S@—pilin—1) = polo(n — 1) — ;S0 — 1)) - e =PHO=D=H2b0=D),

which holds for

p—pBilitn—1) —Bola(n — 1) — ;S
<p—-pBilin—=1) —Pob(n—=1) —ayS(n— 1)

and

_ 1 S
Sn—1) <§.eMPAhO=D=FL0-D) o 7 —1) < —In[ ——— ). (2.16)
] S(n—1)

Thus we obtain

0<Sm—1)<Sh) <Sforalln > 1.
In a similar way as before, we can prove that

0<Iin—1) <Ij(n) <1 foralln > 1
and

O0<lhin—=1) <) < I, foralln > 1.
The proof is completed.

Theorem 2.4. Let (S(n), I (n), I2(n));2, be a positive solution of (2.2). System (2.2)
has no positive solutions of prime period two.
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Proof. Let
o0, w0, ... 2.17)

be period two solutions of the (S(n));2, such that 6 # . Then, we have

p(p —Bilim) — Pala(m))

6 = 2.18
(P — B1li(n) — Bala(n) — aypu) - e P=BIlIM=F2l2() 4 g 4y (18)
and
O(p — B1l1(n) — B2l2(n))
o= . (2.19)
(P — B1li(m) — B2la(n) — ay6) - e~ @=FBiliW—F2L() 4 o6
Note that

mw(p — Bili(m) — B2l () — 0{(p — B1Li(n) — Bola(n) — o) - e "1 P—PrlIM=Flo@)}
=a1fu
(2.20)

and

0(p — Bili(m) — Pala(m)) — p{(p — P11 (n) — Bala(n) — 1) - eI PPrliW—Pala(m)}
=a10u.
(2.21)

From (2.20) and (2.21), we can write
(1= 0)(p = Bili () = Pala () (14 e~ PPN B2R)) — g, (2:22)

Since Uj(n) # 0 and 1 4 e "1 ®@—Bilim=F2lam) —~ (o (2.22) can holds if u = 6,
which contradicts with our assumption. This completes the proof.

3 Local and Global Stability Analysis

In this section, we analyze the local stability by using the Schur-Cohn Criteria. We
consider the case, where the infection is active, and the awareness of protection is low.

To show the local asymptotic stability of the positive equilibrium point, we use the
Schur-Cohn criterion.

Theorem 3.1. [17] The characteristic polynomial
POy =2 +ar? +ah +ag, (3.1)
has all its roots inside the unit disk (|A| < 1) if and only if

i P()=1+a+a;+ay>0and (—1)3P(—1)=1—a2+a1 —agp > 0.
(i) Dy =1+a; —a}—apa >0
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(i) Dy =1—a; —a} +apar > 0.

Theorem 3.2. Let X = (S,T;, 1) be the positive equilibrium point of system (2.2).
Assume

o 323+0) By > (1 —&1) (0 +3B2215) Sy and 22 (1—£1)(6 +3B2615)
a3 7 (043626198 V2 T e (1+3h)a+30—en(3+h)a o Boer (1+3L2)
hold.
If
1
ln( B3er (1+30)ar +3p3(1 —e)(3 + L)o3 )m
o p3e1 (1 +302)az +3p3(1 — e1)(3 + )z — Ba(1 — £1)(6 + 3B2¢1S)Say
1 1
Bae1 (1 + 3L)ay 7]
In ) —
B3e1 (1 +3Lp)an — o (1 —&1) (6 + 3B2e1S)Say
(3.2)
_ 1 1
3B(1 —e)S+6 Uy 0 Uy
b e ln< Ba(1 —e1) -I: +0L2) z,ln( +0L2)Uz , (33)
3Bo(l —e)S+6 )
and
1
1 —e1)(0 + 3B2¢1S)Sa U3
In Ba( 1_)(_ B2 ; )Say _ . (3.4)
Ba(1 —e1) (0 + 3B2e1S)Say — 3p5(1 —e1) (3 + L)

then the positive equilibrium point of system (2.2) is local asymptotically stable.
Proof. We consider at first Theorem 2.1./(i), where we have

1+(—a11 — axn — a3z3) + (a11a22 + a11a33 + axazz — ay3a3] — az3as — a;2asy)

+ (a13az1a2 + axzazain + apaz1azz — a11a22a33 — A21a32013 — az1a2azs) > 0
(3.5)

and

I — (—a11 —ax — a3z3) + (ar1ax + ajass + axpassz — aj3az; — ax3azy — a12az1)

— (a13a31a2; + axzazpar) + a12a21a33 — a11a22a33 — A21432a13 — azaipazsz) > 0.
(3.6)

Considering (3.5) and (3.6), we obtain
1 +ariaxn + arass + axasz > azasz + axzaz + apay;. 3.7
The above inequality (3.7) can be written in the following form;

Bea(1+30) (1 — 1) (1 = eT5)

ara3
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Pa(l —e)(6 + 332815)5(1 . e,@)(] — e—rﬁa)

+
Q03
38301 —eN(3+ D) (1— e ) (1 - %)
- a0
<1+ —0 + (9 + 0{2)€7T2U2 efrlil + e*(r1U71+r3U73)
(5}
" —6 + (6 + ap)e V2 s
a2
From
-0+ (0 + 0L2)e_r2[72
> 0,
o2
we obtain
1 (0 + u2>
n < — In{ —= ).
Uy 0

Furthermore from (3.8), if

Ber (1 + 35)(1 - e*rlUT) (1 _ e*rsUi.z)

apas
Ba(1 — 81)(9 + 3[3281S)S 1—e22)(] = 1303
+ (1-em?) (1 -em)
Ao 03
320 —en(B+ D) (1 - e ) (1 - e
- a0 < 0,

then
— Bler(1+ 3E)a2<1 e T _ gl e_r@_rlﬁl)
- 35%(1 - 81)(3 + E)OL3<1 — e 2Ua _ Ui + efrlUil*rzUiz> <0
Rearrangement of (3.12), we get
(B3e1 (1 4 3B)az + 3631 — e (3 + R)o Je T
+Ba(1 —e)(6 + 36281S)§a1e—f373—rzU7+
(B%m(l +3L) o — Bo(1 — &) (0 + 35281§)ga1)e—r3u7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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< (B3e1 (1 4+ 30)o + 331 — 1) (3 + B)as — Ba(1 — e1)(6 + 3p2215)Sou
+pder (1 +3L)ope Ul

(Bz(l — 1) (6 + 3B2e1S)Sa; — 3p3(1 —e)(3 + E)a3)e—r272

+3p3(1 — &) (3 + L)aze U2 (3.13)

Considering (3.13), we have

Ba(1 — 81)(9 + 3[32815)50(167”737&72 o
< (Bz(l — 81)(9 + 3[3281§)SOL1 — 335(1 — 81)(3 +E)0L3)e_r2U2

where we obtain

> ——n (O +3FmS)S ) (3.14)
Us  \ (64 3B261S)Sor — 3B2(3 + o)

for

I
O 32(3+1)

_— 3.15
a3 (9 + 3B2815)S ( )

Furthermore, from (3.13) we get

(B3e1 (1 +3D)az + 3631 — )3+ DJaye % < Bei(1430) (5 1)
+ 3p5(1 — &) (3 + I2)az — Ba(1 — &1) (6 + 3B2€1S)Saur)

where we have

B2e1 (1 +3L)an +3p5(1 —e)(3 + L)as

—1 ___
e Uy n(B%sl(l +30)an +3p3(1 —e1) (3 + )z — Ba(l —81)(9+362815)Sa1>
(3.17)

and

. (1 —&1)(6 + 3B2€1S) Sy
e1(1 +30L)a +3(1 —e)(3+ D)oz

At last, from the next inequality

(3.18)

(ﬁ%el (14 30)on — Ba(1 — 1) (0 + 35281§)Sa1)e—f3‘73 < B2e) (1 + 3)ape BUNUL,

(3.19)
we have
Ze1 (1431
1 <=In|— — 6281( + 30{2 —— ) (3.20)
Ui B3e1 (1 + 3Ly)az — Ba(1 — 1) (6 + 3B2¢1S) S
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where

a  (1—e)(0 + 3p2e1S)
—_— > —
o 5281(1 + 312)

Considering (3.17) and (3.20), we get

1

n B2er (14+30)cn+3p3 (1—e1) (3+12) a3
BJer (14312)a2+3B3 (1—e1) (3+12) o —B2 (1—e1) (0+3B2¢15) Sat !

-l B3e1 (1430 _
U B2er (14+3L)ar—B2(1—€1) (0+3B21S)Sauy /°

The conditions for (i) are obtained.
Considering (ii) and (iii), we have

L
U

1— c% > |—cp — ci1c3],

where

(3.21)

(3.22)

€1 = a11a22a33 + a21a32a13 + az1a12a3 — a13a31a — d23az2dll — a12a21a33,

c2 = a3as| + azsaz + appdz — ajla — aijasz3 — adass,
c3 =ail +ax» + ass.

The inequality (3.22) can be written as
ci(c1—c3) —c2 <cilec1+c3)+cr < 1.
In this case, we have to show the condition
ci(cir+c3)+ca<0+1
forc; < 0,cr < 1and ¢ + ¢3 > 0. Let us consider now
c2 < 1= ajzas1 +axsaszy +anay < 1+ anaxn +ajas; + axnass,
and

ci1+e3>0
= —da11a22da33 — A21a32d13 — A31412023 < a1l + ax + a3z — a13as1axn
—ap3azd)] — a12a214d33

and

(3.23)

(3.24)

(3.25)

(3.26)

c1 < 0= ayaxas; + azrazaiz + azanpax; < ajzaziax + axzazai) + a12a21a33.

From (3.26) and (3.27), we obtain

ajl +ax +az >0,

(3.27)

(3.28)
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which holds for

e*TIUI 4

—0+ U2 - 1 6
+ ( + 0(2)6 + efr3U3 > 0 = r2 < — 1n< + az ) . (3.29)
oo Uz o

Condition (3.25) is already proven in (i).
Furthermore, if the following conditions hold, then (3.27) is available;
1. azjapax; < ajzasiaxy = appazz < ajzary, where we obtain

1 (352(1 —81)5+9+az>
I > —1In = .
3B2(1 —€1)S+6

Considering (3.29) and (3.30), we obtain

e (éln(ﬂgza_81)8f9+°‘2>,éln(9+°‘2>> 3.31)
U> 3B2(1 —e)S+6 U, 0

(3.30)

II. axiazra1z < ayppaziazs = aza1z < ajpass, where we get

1 6+3 S+
13> —In (B2e15 +5) ) (3.32)
Us 0 + 3B2¢e1S

From (3.14) and (3.32), we have

1 (9—1-3([528154-063))
—In — <
Us 0 + 3B2€1S
Lin bl —e)O+3peiS)Sn ) 0 (5
Us  \B2(1 —&1)(0 + 3B2¢1S)Say — 3p3(1 — &) (3 + I2)a3

1. anaxaszs < axzazxpair = axpazs < azazy, where we obtain that it holds for
(3.32).
This completes the proof.

Theorem 3.3. Let X = (S’ I, E) be the positive equilibrium point of system (2.2) and
assume the conditions in Theorem 3.2. hold.

(1) Let Theorem 2.1./(i) holds. Then the positive equilibrium point of system (2.2) is
global asymptotically stable, if

0<Ui(n) <In 235_(2)(")) and S(n) < S,

0 < Us(n) < In ZH—‘“”’)) andl;(n) <1,

Li(n)
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and

2l — L(n)

0 < Us(n) < ln( Lo

) and L(n) < L.

(i) Let Theorem 2.1./(ii) holds. Then the positive equilibrium point of system (2.2) is
global asymptotically stable, if
S(n) >2S, Ii(n)>2I; and L(n) > 2D.

Proof. Let X = (S, I, @ be the positive equilibrium point of system (2.2) and let us
consider a Lyapunov function V (n) defined by

V)= (X(n) —X)*, n=0,1,2,... (3.34)
where X (n) = (S(n),1;(n), LL(n)) and X = (8,1}, ).
The change along the solutions of the system is
AV(n)=Vmn+1)—V(n)
= X+ 1) —X)’ = (X(n) — X)°
=Xn+D-X0)(X(n+1)+ Xn) —2X). (3.35)

From the first equation of system (2.2), we have

AVi(n) =S+ 1) — Sm) (St + 1) + Sn) —25)

_ ( S)Ui (n) B S(n))
(U1(n) —aiS(n)) - exp(—r Ui (n)) + a;S(n)
< SWU1 ) +S(n) — 23)
(U1(n) —a1S(n)) - exp(—r1U;(n)) + a1 S(n)

K2 (SMUi(n) — K () - S(n)) - (SmU1(n) + (S(n) — 28)K (n)),
where K (n) = (U1(n) — a1S(n)) - exp(—r1Uy(n)) + a1 S(n).
(i) In this case, if (2.11) in Theorem 2.1/(i) holds, then
SMU;(n) — K(n) - S(n) = S(n)(Uy (n) — qu(n))(l U <“>) > 0. (3.36)
So, we have to obtain
SMU;(n) + (S(n) — 28)K (n) < 0, (3.37)

to get AVi(n) < 0, which holds for

(25 — S(n)) _
O0<Ui(n)<Inl ——— ) and S(n) < S. (3.38)
S(n)
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This implies that lim S(n) = S. Similarly, we can obtain the conditions
n—oo

0< U <t =1 dn e <1 (3.39)
Ii(n)
for AVo(n) < 0 and
2L, — I(n) —
0<Us(n) <In|] ———— | and Ih(n) < I». (3.40)
L)

This completes part (i).
@ii) If (2.12) in Theorem 2.1/(ii) holds, then
Sm)Uy(n) — K (n) - S(n) = S(n)(Uy(n) — (xls(n))<1 — e—“Ul(n)) >0, (3.41)
since U (n) < 0. Additionally,

SmUj(n) + (S(n) — 28)K (n)
= U] S + (S0n) = 28)e 1] — a5 (S(n) - 28) (e 1™ 1) <0,

if S(n) > 28S. In a similar way, we can obtain I; () > 2I; and I(n) > 2I,, which
completes the proof.

Example 3.1. In this work, we consider the HIV transmission case in India using the
data of [7, 8]. The initial conditions are given as follows;

S(0) = 100, 000, 000 adult population that were recorded in 1990

11 (0) = 500, 000 assumed that were found after 1990 and were already infected that
time

I>(0) = 200, 000 number of HIV positives at the end of 1990.

The blue graph denotes the susceptible class S(n), the red graph is the HIV positives
that do not know that they are infected, namely I (n), and the green graph shows the
class that know they are infected, which is I>(n). In Fig. 1, we see the behavior of these
classes according to the given data, where r; € [0.012, 0.05]andr; =4 -1, = 12-13.In
Fig. 2, we increased the rate of infections of class I; and I to consider the case where
both populations continue to infect people. We choose B; = 1.5 and f, = 0.5, where
all other parameters and initial conditions are fixed. In Fig. 3, show the existence of the
non-negative equilibrium point for I; and I. Figure 4 shows the per capita growth rate
of each population class, while r; € [0.012,0.05] andry =4 - rp = 12 - r3 (Table 1).
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Table 1. The parameters for S(n), I;(n) and I>(n) populations (see [7, 8])

Parameter Parameter

p Yearly immigrated 3,000, 000 | 1 The population growth rate | 0.012
adult persons of susceptible class S

aq Death (of natural 0.0748 1) The population growth rate | 0.003
causes) for class S of class Iy

ap Death (of natural 0.0919 3 The population growth rate | 0.001
causes) for class I of class I

a3 Death (of natural 0.0920 €1 Awareness of class S after | 0.01
causes) for class Ip tracing contact with I

By The rate of infection | 1.3440 € Awareness of class S after | 0.01
from class Iy tracing contact with Ip

B2 The rate of infection | 0.4480 0 Aware of infection in class | 0.015

from class I

I; by HIV test

S, 11 and 12 populations

100

150 200 250

ntime

300

350

400 450

Fig. 1. Dynamical behavior of S(n), I (n)

Iy(n).

S, 11 and 12 populations
» (5] (=]

©

500 0 50

100

150 200 250

ntime

300 350

400

450 500

Fig. 2. Dynamical behavior of S(n), I; (n)
and and Iy (n), where 1 = 1.5and B, = 0.5

4 Stability Analysis for a Model with Allee Effect

Significant research for population models is obtained by Allee [18], who demonstrated
that the Allee effect occurs when the population growth rate is reduced at low popula-
tion size. It is well known that the logistic model assumes that per-capita growth rate
declines monotonically when the density increase; however, it is shown that for popula-
tion subjected to an Allee effect, per-capita growth rate gives a humped curve increasing
at low density, up to a maximum intermediate density and then declines again. Many
theoretical and laboratory studies have demonstrated the importance of the Allee effect
in the dynamics of small populations, see for example [19-23].

In this section, we use Allee functions to /1 and /; to analyse the spread of infection
when the population of the infected classes are low.
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per capita growth rate
o
©
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11(n) growth rate

Fig. 3. Existence of non-negative equilibrium Fig. 4. Dynamical behavior of per-capita rate
growth point of the infected classes of each population

Let

98 =r11(p— S — 32l — Pol),

oty J(I— (@2 + 0 +3B2(1 —e1)S + Pa(1 — e1)Sh), 4.1)
%dLg = 1352 ) (1 — sl + BoeaS + 611 + 3B2eSI),

where a(I}) = I anda(lp) = I are Allee functions, while E; and E; are Allee
constants. By deﬁmng

g) =r2< )(1 — (a2 + I +B1(1 —)S + B2(1 — e2)Shy), 4.2)

1
Ei+1

moreover, taking the derivative with respect to I, we obtain

dg(ly)  —r(op+ O)IF — 2E1r2(az + )1 + Erra(1 + 3p2(1 — £1)S + B2(1 — £1)SIp)

dI (Ey +1)?
4.3)
By considering the sign of (4.3), we obtain that g is an increasing function, if
I e
[ B0 VEN @2 + 607 + (@ + 0 Er(1+362(1 — £1)S +Ba(1 — £1)Sh)
’ oy + 6 ’
4.4)
and a decreasing function, if
I e
(—El(az +6) + EF (@2 + ) + (a2 + O)E1 (1 +32(1 — e1)S + Po(1 — £1)Sh) )
,00|.
ap 46

(4.5)
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This means that, if the population of the class I; is given in (4.4), then a population
model without using Allee function will not give realistic results. However, if the popu-
lation is given in (4.5), then it is not any more important to incorporate an Allee function
to the system. Similarly, we want to consider a function given by

I
2+ 1

h(l) =3 (E )(l —azly + PaexS + 611 + 3P2e1STy), (4.6)

where the derivative of function i with respect to I, is

dh(Ip) _ —0(31‘31% — 2a3r3E2lp 4+ 13(1 + BoenS + 61 + 3B281S1;)

4.7
dly (E2 +1p)?
If
—a3 By + \/0£§E§ + a3 (1 4 P2e2S + 611 + 3P2e1SI))
Lelo, , (4.8)
o3
then £ is monotonic increasing and if
—a3Ey + oc%E% 4+ a3(1 4 B2e2S + 611 + 3P,€1SIH)

I, ,00 |, 4.9)

a3

then it is decreasing, which means that I, has to be in the interval (4.8).
Furthermore, for ¢ € [n, n 4+ 1), system (2.2) with Allee effect can be obtained as

_ S U1 (n)
SO+ 1 = Grm=asm)- exp(—n U1 @) Farsm
Lin+1) = L (MU () (4.10)

(Uz(n)—azli(n))- exp(—r2a(li (n))Uz(n)+az1i (n)°

— LUz (n)
Lin+ D)= (U3 (n)—azla(m))- exp(—r3a(l2(n)) Uz (n))+a3l2(n) *

where a(l; (n)) = Efjr(;?(n) and a(L (1)) = E;ig;}n).

The following theorems are given without proof since it is similar to Sect. 3.

Theorem 4.1. Let X = (S, 1, Q be the positive equilibrium point of system (4.10).
Let X = (g, I, E) be the positive equilibrium point of system (2.2). Assume that

o 382(3 + 1) (1—e1) (0 +3B2215)Seyy o (1—&1)(0 + 3B2¢1S)
3 (0+36281§)§’B = e1(1+3hL)o +3(1—&1)(3 + )03 and a Bae1 (1 +312) hold.
If

i pre1 (1+3D)ar+3p5(1—e1) (3+12) a3

= In| = — > —= =z 1

U 6281(l+312)d2+3ﬁ2(1—81)(3+12)0L3—62(1—£1)(9+352815)S(¥1

<

ﬁ%81(1+35)(12 )

1
— 1 — —
U n(ﬁ%sl(1+312)0L2—62(1—81)(9+3ﬁ2€1S)Sotl

1 3Ba(1—e1)S+0+ar 1 O+ap
2 € (a(m)wh‘( B ) s (%5 )>
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and

1 In B2(1 —1)(6 + 3B2e1S)Sau .
a(lLm))Us  \Ba(1 —e1)(0 + 3B2e1S)Sar — 3B3(1 — £1)(3 + )3 ’

then the positive equilibrium point of system (4.10) is local asymptotically stable.

Theorem 4.2. Let X = (g, I, E) be the positive equilibrium point of system (4.10) and
assume that the conditions in Theorem 2.1/(i) and Theorem 4.1 hold. Then the positive
equilibrium point of system (4.10) is global asymptotically stable, if

0 < Uy(n) < 1n(%) and S(n) < S,

0 < U2 < sy ln(zhh_({i)(n)) and I () < Ty

and

0 < Usn) < — 1 (212_12(")

a(la(n)) n L(n) ) and I;(n) < Ip.

Example 4.1. The initial condition for the susceptible class is as given in Example 3.1,
namely S(0) = 100, 000, 000. From (4.4), we obtain

1 (O —Ey(on +6) + ET (@2 + 0> + (2 + O)E1 (143621 — e1)S + Pl - 8])512))
1 €lo,
ar + 0

~ (0, 24939)

for E; = 0.5, where we choose 1;(0) = 24, 000. Furthermore,

—a3Ey + \/OL%E% + a3(1 4 B2e2S + 611 + 3B,¢;SIy)

a3

Lelo, ~ (0, 2207)

for E, = 0.5, where 1;(0) = 2200.

Figure 5 shows the population of each class and the per capita growth rate of each
population according to the data of Fig. 1. Using the initial values given above, we obtain
Fig. 6, where we can see the increase to a humped curve and after that decrease.
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1.005

0.995

per capita growth rate for each population

per capita growth rate for each population
o
©
S

0.985
1 2 3 4 5 6 7 8 9 10

population growth: S(n), 11(n) and 12(n) population growth: S(n), 11(n), 12(n)

Fig. 5. Graph without Allee effect Fig. 6. Graph with Allee effect

5 Conclusion

In this paper, we construct a system of differential equations with piecewise constant
arguments to analyze the spread of infection in an overlapping population, where the
infection happens in discrete time. In this system, the population is divided into three
sub-classes as mentioned before. In Sect. 2, we obtained conditions for a semi-cycle
behavior and showed that the behavior is dependent on the attitude of each class to the
HIV infection. Furthermore, we show that the behavior around the equilibrium point
cannot be in a period two structure. In Sect. 3, we consider the local and global stability
around the positive equilibrium point under specific conditions by using the Schur-Cohn
Criteria and Lyapunov function, respectively. Example 3.1 shows the spread of each
class according to the data of [7, 8]. The demographic information of HIV shows in
Fig. 1 that after 80 years a significant increase of (I;(¢)) and a decrease in (S(¢)) will
happen. We want to see the case, if a human in India become more unaware in infecting
the classes, which show us a dramatic graph in Fig. 2. In Fig. 3, we want to show the
existence of non-negative equilibrium points in the infected classes that are (I (#)) and
(I2(2)), while Fig. 4 shows the growth rate of each population according to the per capita
growth rate. Due to the immigration to the susceptible class, we expect that (S(¢)) will
be always positive, since India does not have a closed population, and has an endemic
spread.

Furthermore, if the infection can be detected earlier by screening and the awareness
of the HIV infected class do not transmit in any contact tracing, then the infection rate
will be reduced significantly. This prediction was analyzed in Sect. 4, where we consider
(I1(#)) and (Io(¢)) in a small population. Figures 5 and 6 show the differences of the
populations in large and small populations.

Finally, the most effective way to reduce the infection in India is to educate humans
about the infection and to show the consequences of doing sex without protection or any
other kinds of transmission risk.
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Abstract. In this chapter, a game theory model has been addressed in
the context of the fractional calculus. We established three conditions
under which the continuous time dynamical game model related to the
semi-renewable resource electricity can be solved. The fractional opti-
mal control theory has been used for getting the optimal control of the
model. The generalized fractional derivative has been used in our studies.
For an illustration of our results, we minimize the playoff functional in
electricity for the miners in our country, constraint by a fractional bilin-
ear equation involving in the left generalized fractional order operator.
The Nash equilibrium point has been provided for our proposed model
and has been discussed, interpreted economically. Furthermore, our main
results have been illustrated graphically.
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1 Introduction

Fractional calculus has many applications in biology, in sciences and engineering,
in physics and mechanics and many other fields. Recently, many papers appear and
address many applications of fractional calculus in real word problems. [34] has pro-
posed the analytical and the numerical solution of the fractional diffusion equation
described by the generalized fractional derivative. In [31,33], Sene has proposed the
analytical solution of the fractional diffusion equation described by the Atangana-
Baluenu fractional derivative using the Fourier Laplace transform and the Fourier
sine transform. In [17, 18], Santos has proposed the statistical interpretations of the
fractional diffusion of the particle. In [17,18], these contributions, Santos has used
the mean square displacement to classify the fractional diffusion equations in differ-
ent classes. The discrete versions of the fractional derivatives have been proposed
recently by Thabet et al. in [1-4]. Statistical application in fractional calculus has
been started by Atangana et al. in [9]. Applications of fractional calculus in biology
can be found in [7,23]. Many other applications of fractional calculus exist and can
be found in [20,21,25,28,29, 32, 35].

The fractional optimal control has been recently addressed in some recent
works. In [6], Agarwal et al. have proposed the fractional optimal control prob-
lems with several state and control variables. In [11], Bahaa has introduced the
fractional optimal control problem for a differential system with delay. In [11],
Bahaa et al. have presented the necessary and sufficient condition for the frac-
tional optimal problems described by the fractional derivative with nonsingular
kernel. In [12], Bahaa et al. have studied the fractional optimal control of initial
value problems on time scales. In [27], Pooseh et al. have studied the fractional
optimal control problems in which the dynamic control system are described by
the fractional order derivatives and the terminal time is free. In [24], Lotfi et al.
have proposed a numerical technique for solving fractional optimal control prob-
lems. There exist many other applications of fractional calculus in control theory,
see in [13,37]. In this paper, we try to determine the Nash Equilibrium using
the fractional optimal control theory. We consider the continuous-time dynam-
ical game model related to the semi-renewable resource electricity described by
the generalized fractional derivative. The optimal control has been got for this
problem. The optimal control obtained for the considered model is called the
Nash Equilibrium point due to the fact a game theory model has been stud-
ied in our chapter. The game theory is one of the mathematical fields which
interests many mathematicians. Game theory is a systematic study of strategic
interactions among rational individuals. In all games, the decision for all players
depends on the strategy adopted by the other players. The game theory finds
many applications in the economic model, in Finance and many other fields.
Cournot proposed the first work in game theory at 1838 [15], later other work
in this field has been proposed by Bertrand at 1883 [14]. Von Neumann and
Morgenstern proposed the main important work considered as the beginning of
the game theory model at 1944 [26].

The paper is structured as follows. In Sect. 2, we propose a review on fractional
derivative operators. In Sect. 3, we propose the game theory model considered in
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this Section. In Sect. 4, we determine the optimal control of our game theory model
known as the Nash Equilibrium. In Sect. 5, we discuss our main results proposed
in the previous sections. In Section, we give the concluding remarks.

2 Review on Fractional Derivative Operators

In this section, we recall the definitions of the existing fractional derivatives. We
recall the Laplace transforms, introduce the Mittag-Lefler function with two
parameters, and propose the property related to the integration by parts. The
integration by parts is one of the essential property in fractional optimal control.
It plays an essential role in establishing the different conditions for optimality.

We begin with the Mittag-Leffler function. The Mittag—Leffler function with
two parameters is represented as the following series

Eop(2) = gm’ (1)

where a > 0, 8 € R, z € C and the function I'(...) represents the Euler Gamma
function.

The fractional derivative with Mittag-Leffler kernel [8] for a given function u
in Riemann-Liouville sense, of order o € (0,1) is defined by

B(a) d [* !
DABR tzi—/ E, |- t—s))d 2
) = 205 [y 0B (~r -0 s @)
for all ¢t > 0.

The fractional derivative with Mittag-Leffler kernel [8] for a function u in
Caputo sense, of order a € (0,1) is defined as the following form

D7ty = £ [ 8 (~ -9 ) ds @

_l—a

for all £ > 0.
Let’s the function u, the Caputo-Fabrizio fractional derivative of the function
u of order a € (0,1) is expressed in the form [§]

D57 ut) = 11 [ (1= 9))ds @

T l-«

for all t > 0.
The Riemann-Liouville integral [8] for a given function w, of order a € (0,1)
is represented as the form

Puly,t) = ﬁ / (t — 5)° Vu(y(s), s)ds. (5)

for all ¢ > 0.



Fractional Optimal Economic Control Problem 39

The Atangana-Baleanu integral [8] for a given function u, of order a € (0,1)
is defined as the form
-« o

I;‘Bu(g%t) = Wu(y;t) + B(Oé)

Iy, 1), (6)

for all £ > 0.
Let’s the function u, the left generalized derivative of the function u of order
a € (0,1) is expressed in the form [22]

<DW%0@¢>=FOf%w(H-ﬁi)ﬂf(”;sf)au@@xﬁsf;, 7)

for all ¢ > 0.
Let’s the function wu, the left generalized derivative in Caputo sense of the
function u of order a € (0,1) is expressed in the form [22]

(Do) ) = = [ (=) (s, 01 (%)
Py y,t:/( ) u'(y(s),s)ds,
Il —a) Jo P

for all £ > 0.

We recall the Laplace transform of the Atangana-Baleanu-Caputo derivative
[8] and the Atangana-Baleanu-Riemann derivative. The following Laplace trans-
form is used for solving the fractional differential equations described by the
fractional derivatives with Mittag-Leffler functions. We have the following forms

B(a) s®L{u} — s> 1u(0)

L {DSBCU} (s) = T o oS . 9)

Here L represents the classical Laplace transform.

% s*LA{u} '

_ (e} Je
IT—as*+ 1=

L {DéBRu} (s) = (10)

Let’s recall the Laplace transform used for solving a class of the fractional
differential equations described by the left generalized fractional derivative. The
p-Laplace transform was introduced in [22]. The p-Laplace transform of the
generalized fractional derivative in the Caputo sense is expressed in the following
form

L, (D27 f) (1)} = s*Lp {f(1)} = s> £(0), (11)
The p-Laplace transform of function f is given in the form

Lot} ()= [ e Fa. (12)

We finish this section by recalling the integration by parts related to gener-
alized fractional derivative recently introduced by Thabet et al. in [5]; we have
the following expression

b
a

b
/f@%%wﬁz/ﬂWﬁﬁwﬁ (13)



40 A. Thiao and N. Sene

3 Presentation of the Game Theory Model

In this section, we present the continuous-time dynamical game model related
to the semi-renewable resource electricity in our country. Let’s the set of finite
players i € I = {1,2,3,...,n}. We denote by wu; the electricity consummation
of the miners or player ¢. In our game model [36] the profile of the player i is
represented by the following continuous function

P—C—Zuil Ui, (14)
=1

where P is considered as the price of the bitcoin, and C' represents the price of
the electricity in our country. Our objective in this paper is to get the optimal
strategy u; of the player ¢, which maximize the total profile of the players

J(x,a) / _”Z P-C - Zulluldt
:/ _”ZP C — nu)u;dt

f(xauiat) =

0 =1
1 n
= / e " [P~ C — nil Zuidt
0 i=1
1
= / ne " [P — C — nau) udt, (15)
0

under which the strategy satisfies the following constraint
n
Dg’pnga:—Zm:{xfnﬂ. (16)
i=1

Note that here x(u;) = u;. In this paper, we consider the game is cooperative.
That is, all players cooperate and decide to consume the electricity respecting
the price of the electricity fixed by the government and in return. Furthermore,
the players get the bitcoin market price as profit so, they maximize their profit,
and the profit is identically shared among all the players. As explained in the
next lines.

The above-presented model is a game theory model. In games theory, there
exist two different types of games: cooperative game and non-cooperative game.
A game is called cooperative when all the players can cooperate between them
and make sign contrats or make agreements between them. A game is called
non-cooperative when the profits of each economic player do not depend on his
own decision but the decision of the other players in the game. A fundamental
property in a non-cooperative game is the players cannot sign contrast between
them. In our paper, we consider the case on which the game is cooperative.
There exist two types of a cooperative game, namely transferable game and
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non-transferable game. A cooperative game is said to be non-transferable when
all the utilities of the players in the game cannot be summed and distributed
between them. A cooperative game is said to be transferable when the utilities of
all the players in the game can be summed and distributed between all the players
individually. When the strategy of the game is cooperative and transferable all
players try to maximize their own profit and the profits obtained by the other
players in the game. We said in this case; the players have a common market.
In our chapter, we consider the game is cooperative and transferable. The Nash
Equilibrium is one of the essential concepts in game theory nowadays. In many
situations, the profile obtained by the player depends on his strategy and the
strategy proposed by the other players in the game. That is when a player
chooses a strategy, and he will have in mind the approach of the other players
in the game. Summarizing, the Nash Equilibrium is an action profile a* with
the property that no player i can do better by choosing an action different from
a;, giving that every player j adheres to the action a}. The concept of Nash
Equilibrium is now fundamental in mathematics, optimal control, economics,
and game theory. The Nash Equilibrium is a situation under which each player
doesn’t want to change his strategy, having in mind the action of the other
players.

4 Optimization of the Continuous Time Dynamical Game
Model

In this section, we address the optimal control which maximizes the payoff
function of the continuous time dynamical game model in cooperative strat-
egy related to the semi-renewable resource electricity in our country described
by

1
(2, 7) = /O ne=" [P — C — nal adt, (17)

where P denotes the price of the bitcoin, C' represents the electricity price fixed
by the government, nu = Z?Zl u; and r denotes the discount rate. Furthermore,
the optimal control satisfies the fractional differential equation with exogenous
input

DyPz = &x — na, (18)

where £ represents the regeneration rate of the electricity. For simplification of
our problem, let’s the following function
f(z,uit) =ne " [P — C — nu)u and g(z,u;,t) = Ex — ni. (19)

The function f represents the payoff function of miner 7. Thus, the optimization
problem is defined by Egs. (17) and (18). The problem consists of finding the
optimal control which represents the Nash equilibrium in our game problem of
the playoff function defined by

J(z, ) = /O P @, t)dt, (20)
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and satisfies the fractional differential equation defined by
D’z = g(z,u,t), (21)

under initial boundary condition defined by x(0) = 5. In other words, the prob-
lem consists of finding optimal control for the game, maximizing the total profit
of miner ¢ represented by Eq. (17) satisfying the constraint (18). Many methods
exist to solve the problem defined by Egs. (17) and (18). In our studies, we use
fractional optimal control theory. Let’s the Hamiltonian function defined by the
following equation

H(I’,ﬂ,)\,t) = f(df,ﬁﬂf) - )\Tg(lli,’[_j,7t), (22)

where A denotes the Lagrange multiplier. Note the Eq. (17) can be expressed in
the term of the Hamiltonian function defined by

1
J(x, 1) = /0 [H(z,u,\t) — AT DyPz] dt. (23)

The necessaries and the sufficient conditions for optimality of the problem
defined by Egs. (17) and (18) are described in the following Theorem [6,11].

Theorem 1. Consider the Nash equilibrium @ and the state x(t) be the optimal
points for the cooperative game related to the semi-renewable resource electricity
for our country in Eqs. (17) and (18), then there exist a Lagrange multiplier A
such that the following relationships are held:
DyPx = %—I){ and DY)\ = %—ZI and aa—g =
The proof of this Thereom is classic in fractional calculus, Banaa et al. [11]
provided the proof in the context of the Riemann-Liouville fractional derivative,
early stated by Agrawal et al. in [6]. Here we recall the same Theorem and prove
it in the context of the generalized fractional derivative recently introduced in
Fractional Calculus. In other words, the novelty of this works is the use of the
generalized fractional derivative and the application of the optimal control. This
work provided too the relation existing between the game theory model and
fractional calculus.

0.  (24)

Proof: We adopt the same proof as in [6,11]. The game theory model Egs. (17)-
(18) in term of the Hamiltonian function is described by

J(z,0) = /0 1 [H(z,u, A\, t) — AT DyPz] dt. (25)

Taking the variation of the total profit function, we obtain the following rela-
tionship

) Yo" T e OH ., oH1"
JJ(:c,u)—A {[ax] dz — A" Dy 5x—|—{8)\—D0 x}(;)\—k[au] 0w o dt.

(26)
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Recalling the integration by parts in term of the generalized fractional derivative
stated by Thabet et al. in [5,22], we have the following expression

1 1
/ AT DY Sadt = / (DXP\)" §dt. (27)
0 0

Replacing Egs. (27) into (26) and imposing the variation of the playoff function
null to obtain the maximum, we have respectively

H H H
DS‘,PI = % and D?’p>\ = 667 and 887 =0. (28)

In this new paragraph, we replace the function f and g by their values and use
the optimality conditions established in Theorem 1 to get the Nash equilibrium
of the continuous time dynamical game model related to the semi-renewable
resource electricity in our country. The explicit form of the Hamiltonian function
of the game model is given by

H(z,i,\t) =ne "™ [P —C —nuu— N\ [¢x —na). (29)

We begin our investigation by the last optimality condition given in Eq. (28), we
have the following equation

or _
ou
From Eq. (30), it follows the value of the Nash equilibrium in the cooperative

game of the continuous time dynamical model related to the semi-renewable
resource electricity in our country is given by the following expression

P—C+ )e™
2n '
We can observe the Nash equilibrium obtained in this section depends on the
Lagrange multiplicator A. The second step of the resolution of our problem con-
sists of determining the state obtained by solving the first equation in Eq. (24),
that is
OH

DyPx = mzfx—m]. (32)

Applying the p-Laplace transform to both sides of Eq. (32), we have the following
relation

ne " [—2na + P — C] +nA = 0. (30)

u =

(31)

q°% — xo = £ — nu(q)
q*% — §x = x9 — nu(q)
Zo nu(q)

— . 33

=& q*=¢ 33)
Applying the inverse of the p-Laplace transform to both sides of Eq. (33), we
obtain the state defined by

a5 e () (55 e (5 o

T =
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The last step of the resolution concerns the determination of the Lagrange mul-
tiplicator A, using second equation into Eq. (24), we have the following equation

to solve
OH ou ou ]

Doy =2 e et [ 2=+ (P = C) 5 (35)

Ox ox

We can observe the second term of Eq. (35) depends on time, for simplification,
we let the following function

u(t) = ne~ { 2nu2—+(P C)ZZ] (36)

But % = 0 in our model, finaly Eq. (35) becomes the following
DYPX = €. (37)

Applying the p-Laplace transform to both sides of Eq. (37), we have the following
relationships

¢"A = A(1) = €A
X — X = )\(1)
o A
A= (38)

Applying the inverse of the p-Laplace transform to both sides of Eq. (38), we
obtain the following solution for Eq. (37)

(B ()

Finally, the triplet (z, @, \) is the optimal solution which maximizes the total
profit of the miner ¢ of the game theory model related to the semi-renewable
resource electricity in our country.

5 Discussion and Graphical Representations

In this section, we represent and discuss the optimal control, which maximizes
the total profit of the player ¢ of the game theory model related to the semi-
renewable resource electricity in our country. We depict the optimal control @
of the problems (17) and (18). We consider n = 2000 players in Dakar, o = 1,
different values for the order p. Furthermore r = 0.03 and £ = 0.02. The price
of the bitcoin in Dakar is fixed to P = 8302,57 USD, and then the price of the
electricity of a player in Dakar is C' = 6000 USD for all players equivalent to 3
USD per player.

In Fig.la, we depict the values of the Nash equilibrium in time when we
consider n = 2000 players. We can observe the Nash equilibrium increase with
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Fig. 1. Nash equilibrium evolution in times.

the time when the values of the order p < 1 increase, see the direction of the
arrow in Fig. la.

In Fig.2a, we depict the values of the Nash equilibrium in time when we
consider n = 2000 players. We can observe the Nash equilibrium decrease with
the time when the values of the order p < 1 decrease, see the direction of the
arrow in Fig. 2a.
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Fig. 2. Nash equilibrium evolution in times.

In Fig.3a, we depict the values of the Nash equilibrium in time when we
consider n = 2000 players. We can observe the Nash equilibrium decrease with
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the time when the values of the order p > 1 increase with time, see the direction
of the arrow in Fig. 3a. Furthermore, the values of the Nash equilibrium converges
to zero. The convergence of the Nash equilibrium to zero can be justified from
the fact the number of the player is high, and the value the order respect the
assumption p > 1.
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Fig. 3. Nash equilibrium evolution in times.

6 Conclusion

In this paper, we have discussed the fractional optimal control of the continuous
game theory model described by the fractional order derivative. We establish
three conditions which permit to obtain the optimal control of our presented
model. For Dakar based on the price of the electricity and the price of bitcoin, we
have proposed the optimal control which maximizes the profit for 2000 players.
The order p has a significant impact on the values of the Nash equilibrium. Future
works, we will extend the studies in all the Senegal. What will happen when
the fractional derivative with Mittag-Leffler kernel is used. For the forthcoming
paper, we will focus on these directions.
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Abstract. In the present work, the approximated analytical solution for the
time-fractional coupled Whitham-Broer-Kaup (WBK) equations describing the
propagation of shallow water waves are obtained with the aid of an efficient
computational technique called, g-Homotopy analysis transform method
(briefly, g-HATM). To demonstrate the reliability and efficiency of the proposed
technique, two examples are illustrated. The homotopy polynomials are hired in
order to handle the nonlinear terms and the suggested algorithm provides the
auxiliary parameters /i and », which help us to control and adjust the conver-
gence region of the obtained series solution. Numerical simulation has been
carried out in terms of absolute error. The obtained results revels that, the
proposed algorithm is highly methodical and very efficient to solve coupled
nonlinear differential system.

Keywords: g-homotopy analysis transform method - Fractional Whitham-
Broer-Kaup equations - Laplace transform

1 Introduction

The derivatives of fractional order were debut in 1695, as in the question of the
extension of meaning. In recent years, many researchers are attentive to study the
fractional calculus due to its ability to provide an exact description for various types of
non-linear phenomena. Fractional order differential equations are the generalization of
traditional differential equations having nonlocal and genetic consequence in the
material properties, which are studied and described by many pioneers including
Caputo [1], Miller and Ross [2], Podlubny [3], Liao [4], and others. Nowadays,
fractional partial differential equations have gained popularity in developing procedure
for non-linear models and investigation of dynamical systems [5]. The problems
relating to applications of fractional differential equations are situated in various con-
nected branches of science and engineering; like fluid and continuum mechanics [6],
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electrodynamics [7], nanotechnology [8], ocean engineering [9], cosmology [10] and
many other branches [11-16].

The solutions of the nonlinear differential equations of arbitrary order play a vital
role in describing the nature and characteristics of complex problems arised in science
and technology. Moreover, it is very difficult to obtain the analytical solutions for these
differential equations. On other hand, last three decades be the witness for initiating and
studying the number of numerical techniques. There have been many such techniques
are available in literature and one of them is g-homotopy analysis transform method
(briefly, ¢-HATM). This method was introduced by Singh et al. [17], to study the linear
and nonlinear differential equation of integer and fractional order exist is different areas
of science. The g-HATM is an elegant amalgamation of q-homotopy analysis method
and Laplace transform.

In this paper, we present the numerical solution of nonlinear coupled fractional
Whitham-Broer-Kaup (WBK) equations with the help of g-HATM. The WBK equa-
tions were studied by Whitham [18], Broer [19] and Kaup [20], and these equations
describe the propagation of shallow water waves with different dispersion relations.
The WBK equations arise in hydrodynamics to describe the propagation of waves in
dissipative and nonlinear media. They are advisable for problems arise in the leakage of
water in porous subsurface stratum and widely used in ocean and coastal engineering.
Moreover, these equations are the foundation of numerous models utilize to portray the
unconfined subsurface like, drainage and groundwater flow problems.

Consider coupled nonlinear WBK equations of fractional order [21]:

Do+ vy + vy +buy =0,
Div+ wvy+veey + Qe — by =0, O<asl, (1>
where «~ = «(x,t) is the horizontal velocity and v = «(x, r) be the height that deviating
from equilibrium position of the liquid. Further, ¢ and b are constants which are
representing different diffusion powers i.e., if @ = 1 and b = 0, then Eq. (1) reduces to
the modified Boussinesq equation, and if @ = 0 and b = 1, then the system represents
classical long wave equation. The solutions for coupled fractional WBK equations
were obtained and studied by many authors through different numerical techniques
like, Adomian decomposition method [22], variation iteration method [23], optimal
homotopy asymptotic method [24], coupled fractional reduced differential transform
method [21], residual power series method [25] and Laplace Adomian decomposition
method [26].

2 Preliminaries
We recall some definitions and properties of fractional calculus and Laplace transform,
which are used in the sequel:

Definition 1. Let a function f(¢) € C,(u> — 1), then the Riemann-Liouville integral
of fractional order (o > 0) is given as [3]:
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() =l 1= 9V (9)dd,

(2)
Jof (1) = £ (1)

Definition 2. The fractional derivative of f € C" | in the Caputo [1] sense is defined as

diiﬁ”, x=neN,
¥ = fo (t =)0 (@aY, n—1<a<n,neN.

Dif(1) = (3)

Definition 3. The Laplace transform (LT) of a Caputo fractional derivative D?f(¢) is
represented as [1, 2]

L[D¥f(1)] = s"F(s) — Z:& S0, (n—1<a<n), (4)

where F(s) is symbolize the LT of the function f (7).

3 Fundamental Idea of g-HATM

To present the fundamental idea of proposed method [27-35], we consider a general
fractional order nonlinear non-homogeneous partial differential equation of the form:

DIU(x,t) + RU(x, 1) + NU(x,1) = f(x,1), n—1<a<n, (5)

where DU (x,t) denotes the Caputo’s fractional derivative of the function U(x,1),
R and N specifies the linear and nonlinear differential operator, respectively, and f (x, 1)
represents the source term. Now, by employing the LT on Eq. (5), we get

n—1

SLUC D] =D 87 UB (6, 0) + LRU(x, 1)) + LINU(x, 1)] = LIf(x,0)]. - (6)

On simplifying Eq. (6), we have

Lu(x 0] -5

U (5, 0) 4 {LIRUC, 1]+ LINU ()] — L, )]} = 0,
©

According to homotopy analysis method [4], the nonlinear operator defined as

Nlo(x, 1:q)] = [(p<xrq>1 LS ek 10 ) (0"

+ s—a {L[Rco(n 1:q)] +LINo(x, t; q)] — L[f (x, 1)},

(8)

where g € [0,1], and ¢(x,;q) is real function of x, 7 and g.
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We construct a homotopy for non-zero auxiliary function H(x,¢) as follows:
(1 - wq)L[(p(x, S q) - UO(xv t)] = hCIH()C, I)N[(/)(.X, 5 Q)]> (9>

where L be a symbol of the Laplace transform, % # 0 is an auxiliary parameter, g €
[0,1](>1) is the embedding parameter, Uo(x,?) is an initial guess of U(x,t) and

o(x,t; q) is an unknown function. The following results hold for ¢ = 0 and g = %

o051:0) = ta( ), (i) =t (10)

respectively. Thus, by amplifying g from O to i, the solution ¢(x,7; ¢) converge from
Up(x, 1) to the solution U (x,t). Expanding the function ¢(x,#;q) in series form by
employing Taylor theorem near to ¢, one can get

Px,1:9) =Uo(x,t) + >~ Un(x,0)q", (11)
where
1 0"p(x,1:q
U,,,(x,t) _E%b_o' (12)

On choosing the auxiliary linear operator, the initial guess U(x, ), the auxiliary
parameter n, i and H(x,t), the series (11) converges at g = %, then it gives one of the
solutions of the original nonlinear equation of the form

Ur,1) = Uolr, )+ 3 U1 @) . (13)

Now, differentiating the zero-th order deformation Eq. (9) m-times with respect to g
and then dividing by m! and finally taking ¢ = 0, which yields

Lt (x,1) — Knlhn1 (x, 1)] = H (x, )R (z),,,,l) : (14)
where the vectors are defined as
U = {Uo(x, 1), Uy (x,1), . . ;U (x,1)}. (15)

Applying the inverse Laplace transform on Eq. (14), it provide the following
recursive equation

U (x5, 1) = Kl (x, ) + KL [H(x, R (a,,,_l)} : (16)



An Efficient Technique for Coupled Fractional Whitham-Broer-Kaup Equations 53

where
- 1 9" 'Np(x1;9)]
§Rm (umfl) - (m — 1)' aqm,1 |q:0 <l7)
and
0,m<1,
km{%,m>1. (18)

Finally, on solving Eq. (16) we obtain the components of the g-HATM series
solution.

4 Numerical Examples

To demonstrate the efficiency and applicability of the proposed algorithm, we consider
two examples as an illustration.

Example 4.1. Consider the coupled WBK equations of time-fractional order [21]:

o — Ou 02{/
Dtd = T %% [)x b Ox2
0<a<1, (19)
Div=—pul— 0 q0u 4 pOy
t “ Ox ox 4o ox2

with initial conditions

2(x,0) = @ — 2B{ coth[{(x +¢)], »(x,0) = —2B(B + b)Pcsch*[{(x + c)] (20)

where w, £ and c are arbitrary constants and B = v/a + b2. Now by performing LT on
both sides of Eq. (19) and make use of conditions provided in Eq. (20), we have

N

Llar( 1)) — 22ttt g g [ e g G b8} = o,
(21)

s

Lol ] + OBt 4 [ o +ade—pGef = 0.

Define the non-linear operator as

® — 2B{ coth[l(x + c)]

N'[o\(x,15.9), 2(x, 1;9)] = L{o; (x,1;9)] — -
1 L 00i(x,1q) | 0gy(x,1q) | Pi(x,159)
+ _aL{(/)l(xvtvq) Ox + ay +5b 2 ’

Pesch*[l(x+ ¢
N2, (x,1,9), 92 (x, 1;.q)] = L[os(x,1; q)] + 2B(B+Db)t : R2[0(x +¢)]

1 00y (x,t,q9 dp,(x,t,q9
+ ;L{wl(% 5 q)y +@a(x, 5 q)g

Ox Ox
Po(x,t;9) | Ppy(x,159)
+a o -b 02 }

(22)
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By proposed algorithm, the deformation equation of m-th order for H(x,1) = 1, is
given as

(23)

where

7n N

ERl,rrz[Z)mfh 7!1171} = L[”mfl (X, t)] - (l - kim) © 2Bt COth[Z(x+ C)}

1 m—1 Qum_1-i Ovm_ 0% ttm—1

2 2
Ren [, Tort] = Lo (0] (1 - ) 2EEEDEe )
7

N

1 m—1 aumflf,' m—1 8am,1,i 63{4,,,,1 821),7171
+S_ocL{Zi:0 T ox +Zi:0 U T b x|’

(24)

By applying inverse LT on Eq. (24), we get
o (%, 1) = Kyzem—1 (x,1) +hL‘1{§R1,m[Z’m_1,7m_1]},
em(x,1) = Kpom—1(x, 1) +hL‘1{§R27m[7m_1 ; 7,,1_1]}.
On solving above system of equations, we have
wo(x,1) = @ — 2BE cothlf(x+ )],

vo(x,1) = — 2B(B+ b)Pesch*[((x+¢)],
) = 2hBC o csch*[((x + ¢)|t*

Tlo+1]
() = = 21BCesch*[((x + ¢)|(—4(a+b? — B2)¢ — 2(a+b* — B*)¢ cosh[2¢(x+c)] — (b+ B)wsinh[2(x + c)])*
nel = ra+1]
2(n+ R)iBCo csch*[l(x+¢))t*  2BR* (1 ) o v o
r2(x,1) = —20al” — 20b°¢° +20B
wr(x, 1) Tt 1] + et 1] (—20at 0b~(° +20B4" + w

— (4al® + 4620 — 4B + o) cosh[20(x + c)]) coth[€(x + ¢)]esch*[((x + ¢)],
—2(n+1)hBBcsch*[U(x+ ¢)|(—4(a+ b* — B*) — 2(a+b* — B?)lcosh[2¢(x+c)] — (b+ B)w sinh[26(x + ¢)])i*
To+1]

va(x, 1) =
BR*(csch[l(x + ¢))°~*
I[20+1]
+ 2cosh[20(x + )] (4a(13b — TB)(* + (b+ B) (5207 (> — 80bB(* + 28B°(* + v/*))
+ cosh[4l(x +c)](4a(b — B)* + (b+ B) (4b*(* — 8bB(* +4B*(* + o))
+ 40er(10 sinh[20(x + )] + sinh[40(x + ¢)]) (a + b* — B?))

((132b¢> — 60B¢*) (a+b* — B*) — 3*(b+B)
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2(n 4 W)’ EBCw esch?[l(x + )" 4(n+ h)BR 1
T+ 1] T2+ 1]

—(4al® + 4b** — 4AB*(* + w*)cosh[2¢(x+ c)])coth[€(x + c)]esch* [6(x + c)]

BIP 43 esch’ [0(x + ¢)]
2o+ 1T B+ 1]

+ Tlo+ 1*(—8BL(260al* + 2606°* — 260B>(* + o )cosh[¢(x + c)]

+ 8BE(—62a* — 62b*(* + 62B2(* + w?)cosh[3¢(x+ c)] — 16aBL>cosh[SE(x+ c)]

— 16b*BE cosh[5L(x + ¢)] + 16B*(*cosh[5¢(x + ¢)] + 480al*w sinh[¢(x + c)]

+ 480b**w sinh[€(x + ¢)] — 480B2w sinh[€(x + ¢)] — 8’ sinh[f(x + c)]

+ 300al’w sinh[34(x + ¢)] + 300b*(*wsinh[34(x + ¢)] — 300B2Pw sinh[34(x + c)]

+ @’sinh[30(x+ ¢)] + 12al’w sinh[50(x + ¢)] + 12b**w sinh[50(x + ¢)]

— 12B**w sinh[50(x 4 ¢)] + @’sinh[5L(x + ¢)])),

(—20af* — 200> + 20B*(* + o

ﬂ3(x, l) =

(—=8BLw*T'[20 + 1]sinh[0(x + ¢)]sinh[26(x + ¢))]

() = —2(n+ B)*BCcsch*[((x+ ¢)](— 4(a+ b® — B2l — 2(a+ b* — B)lcosh[26(x+ ¢)] — (b+ B)wsinh[20(x+ ¢)])t*
o Ilo+ 1]
_ et h)hzlgrzfzcji’[ﬁx* of'ex (13260 — 60B2) (a+ b — BY) — 30*(b+ B)
+ 2cosh[20(x+ ¢)](4a(13b — TB) + (b+ B)(52b°€* — 80bBL* + 28B*(* + o))
+ cosh[4l(x+ c)](4a(b — B)* + (b+ B)(4b*(* — 8bBL* + 4B*(* + o))
+ 4w (105inh[20(x + ¢)] + sinh[46(x+ c)])(a+ b* — B?))

B Gcschlf(x+ ¢)]**
T2+ of TRa 1]
+2(a+ b* — B*)lcosh[3((x + ¢)]| + (b+ B)w(2sinh[((x+ c)]+ sinh[3¢(x+ c)]))

— Ilo+ 17(26(8(604a6 + a(8¢* (1516* — 65bB — T0B) — 150%)

+ (b+ B)(46*(1516* — 281b°B+ 141bB* — 11B%) + o’ (13B — 15b))

+ (4764a(* + a (40> (2382b> — 1090bB — 1060B%) + 450)°)

+ (b+ B)(4€*(11916° — 22815°B + 1221bB* — 131B%) + 45bw” — 37Bw?))cosh[2¢(x + c)])
+ 160(60a(* + a(4¢* (306> — 17bB — 11B%) + 90)°)

+ (b+ B)(4€*(15b° — 320°B+ 21bB*> — 4B%) + w*(9b — 8B)))cosh[4l(x+ c)]

+ 20(a+ b* — B*)(4al® + 467> — 8bBE* + 4B*(* + 30?)cosh[6((x + c)]

— o(—4a(735b — 283B)(* — (b+ B)(4(*(735b> — 1018bB + 283B%) — 190)°))sinh[2((x + ¢)]
+ 8w(da(21b — 11B) + (b+ B)(46*(216% — 32bB+ 11B%) + o)) sinh[4((x+ c)]

+ w(12a(b — B)* + (b+ B)(46*(30* — 6bB+ 3B*(*) + *))sinh[6((x + ¢)]))

(16BlwI 20+ 1sinh[f(x+ ¢)](16(a+ b* — B*)lcosh[t(x+ c)]

In this approach, the rest of the iterative terms can be obtained. Then, the family of
q-HATM series solution of the of Eq. (19) is

W) = wolnt) + S ) (i)
1) = w06 1)+ S (1) G)m

If we set & = 1,h = —1, and » = 1, then the obtained solutions 3"~ _, u,,(x,7) ( )"

(26)

1
n

and 3N _ v, (x, 1) (1)", respectively converges to the exact solutions
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2B(B+ b)Pcsch?[U(x+ ¢ —

«(x,t) = @ — 2BLcoth[l(x + ¢ — wt)] and »(x, 1)
wt)] of the classical order coupled WBK equations as N — oo.

Example 4.2. Consider the time-fractional coupled WBK Eq. (1) fora=3 and b =1

[26, 36]:

,//V ) ~
, p 7

P . |

£ >
os| | osf

|13 4 |3

wlx, D00t 7710 w00t Lo

05 <

ST 08 g

- -
=50 T “t

Fig. 1. (a) Surface of approximate solution (b) Surface of exact solution (¢) Surface of absolute
error = |¢em — ttapp.| for Example 4.1 at »=1l,a=1h=—1,0=0.005,a=15,b=

1.5,/ =0.1 and ¢ = 10.

@, — _,Qu_0v_ 2«
Dlﬂ_ “ox T ox T o2
» | O<a<l, (27)
oL — @_ (94 Jdv Pu
DIU_ “ ox Uax—’_axz 33x3’

with initial conditions
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(x,0)-04
-6t

~100 e

Fig. 2. (a) Surface of approximate solution (b) Surface of exact solution (¢) Surface of absolute
errore error = ‘uem —vgp.| At w=1,0=1,0=0.005,a =15,b=15h=—1,£=0.1 and
¢ = 10 for Example 4.1.
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Fig. 3. Plot of g-HATM solution «(x,¢) for Example 4.1 with respect to r when » = 1,i =
—1,w=0.005,a=15,b=1.5,¢=0.1, c = 10 and x = 1 with diverse values of o.



58 P. Veeresha et al.
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Fig. 4. Nature of g-HATM solution «(x, ) with respect to ¢ for Example 4.1, at » = 1,i =
—1,0=0.005,a=15b=15,¢=0.1, c =10 and x = 1 with different values of «.

f — =1 ]
-04815F _ _ _ 3=-075
0.0 0.2 04 0.6 0.8 1.0

t

Fig. 5. Nature of g¢-HATM solution «(x,#) at » =5, = 1,0 =0.005,/ =0.1,a = 1.5, =
1.5,¢ = 10andx = 1 with diverse values of 7 for Example 4.1.
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Fig. 6. Behaviour of ¢-HATM solution «(x, ) with different values of 7 for Example 4.1 at
n=50=10=0005a=15b=15/¢=01c=10and x = 1.
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Fig. 7. Tli-curves drown for the g-HATM solution «(x,¢) at v = 0.005,a =1.5,b=15,¢=
0.1, c =10,x =1, = 0.01 and » = 1 with diverse values of « for Example 4.1.
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Fig. 8. 7i-curves drown for the g-HATM solution «(x, t) with different values of « for Example
4.1 at w=0.005,a=15b=15/{=0.1,c=10,x=1,t=0.01 and » = 2.

047882~~~ T T T T

—04788¢ T e, @=075 :
' _0.47886 | y
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Fig. 9. 7Zi-curves drown for the g¢-HATM solution «(x,7) for Example 4.1 at v = 0.005,a =
1.5,b=15,£=0.1,¢c=10,x =1, = 0.01 and » = 3 with distinct values of .
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Fig. 10. 7i-curves drown for the g-HATM solution »(x, f) with different values of « for Example
4.1atw=0.005,a=15b=15/¢=0.1,c=10,x=1,t =0.01 and » = 1.
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Fig. 11. 7i-curves drown for the g-HATM solution »(x,) at @ = 0.005,a = 1.5,b =1.5,4 =
0.1, c =10,x =1, = 0.01 and » = 2 with diverse values of « for Example 4.1.
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Fig. 12. 7i-curves drown for the g-HATM solution »(x,7) at @ = 0.005,a =1.5,b = 1.5,/ =
0.1,¢c =10,x = 1,7 = 0.01 and » = 3 with distinct values of o for Example 4.1.

Eu(x,t)
Ev(x,t)

100

Fig. 13. Nature of coupled g-HATM solutions «(x, ) and v(x,7) atz = 1,i= —1,c = 10,0 =
0.005,a =1.5,b=1.5,£=0.1 and o = 1 for Example 4.1.
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Table 1. Comparative study between ADM [22], VIM [23], CFRDTM [21] and ¢g-HATM for
the approximate solution «(x,¢) at ¢ = 10, v = 0.005,a =15,b=15=0,2=1,i= —1
and o = 1 for Example 4.1

"/E}cacr — #ADM ‘

|ﬂ Exact — “VIM |

|”E.mct - ”CFRDTMl

_ 3
#Exact — % g_HATM

1.04892 x 1074
9.64474 x 1073

1.23033 x 104
3.69597 x 107*

1.11022 x 10716
1.11022 x 10716

1.11022 x 10716
1.11022 x 10~1¢

)
)
)
)
)
)
)
0.3,0.3) | 8.93309 x 10~
)
)
)
)
)
)
)

8.88312 x 1073
4.25408 x 104
3.91098 x 10~*
3.60161 x 10~
9.71922 x 10~*

8.22452 x 10~*
1.75596 x 1073
1.61430 x 1073
1.48578 x 1073
2.79519 x 1073
2.56714 x 1073
2.36184 x 1073

6.16873 x 107*
1.19869 x 10~*
3.60098 x 10~*
6.01006 x 10~*
1.16789 x 10~*
3.50866 x 10~*
5.85610 x 10*
1.13829 x 10~*
3.41948 x 10~
5.70710 x 10~*
1.10936 x 10+
3.33274 x 10~*
5.56235 x 107*

1.33227 x 1071
2.22045 x 10716
1.66533 x 1071
1.49880 x 10715
0

2.77556 x 10716
1.27676 x 10~
5.55112 x 1077
1.66533 x 10716
1.27676 x 10~
0

2.22045 x 10716
1.22125 x 10713

1.33227 x 1071
2.22045 x 10716
1.66533 x 1071°
1.49880 x 10~
0

2.77556 x 10716
1.27676 x 10~
5.55112 x 10717
1.66533 x 1071¢
1.27676 x 10~
0

2.22045 x 10716
1.22125 x 10713

Table 2. Comparative study between ADM [22], VIM [23], CFRDTM [21] and g-HATM for
the approximate solution »(x,7) at ¢ = 10,w = 0.005,a = 1.5,b =15, =0.1,2=1,i = —1
and o = 1 for Example 4.1

(x, 1)

|7/'Exaz‘l — YADM ‘

‘VExact — YVIM ‘

|7/'E)ca£1 - 7)CFRDTMl

user?2 —®
g U Exact Y q—user2HATM

6.41419 x 1073
5.99783 x 1073
5.61507 x 1073
1.33181 x 102
1.24441 x 1072
1.16416 x 102
2.07641 x 1072
1.93852 x 1072
1.81209 x 1072
2.88100 x 1072
2.68724 % 1072
2.50985 x 1072
3.75193 x 1072

1.10430 x 1074
3.31865 x 10~
5.54071 x 10~
1.07016 x 10~
3.21601 x 10~
5.36927 x 10~
1.03737 x 10~
3.11737 x 10~
5.20447 x 10~
1.00579 x 10~
3.02245 x 10~
5.04593 x 10~
9.75385 x 107

2.77556 x 10717
3.60822 x 10~1¢
2.40086 x 10~
4.16334 x 10717
3.05311 x 1071¢
2.31759 x 10~
5.55112 x 1077
2.63678 x 10~1°
2.15106 x 10~
2.77556 x 10~17
2.49800 x 10710
2.04003 x 10~
0

2.77556 x 10717
3.60822 x 1070
2.40086 x 10~
4.16334 x 1077
3.05311 x 10710
2.31759 x 10~15
5.55112 x 1077
2.63678 x 10710
2.15106 x 10~15
2.77556 x 10~17
2.49800 x 1010
2.04003 x 10~
0

3.49617 x 1072
3.26239 x 1072

2.93107 x 107*
4.89335 x 10~

2.63678 x 10710
1.09126 x 1013

2.63678 x 10716
1.09126 x 1071
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1
«(x,0) = 5 8 tanh(—2x), »(x,0) = 16 — 16 tanh®(—2x). (28)

By performing LT on both sides of Eq. (27) and make use of conditions provided
in Eq. (28), we have

Ox Ox

L[U()@ l‘)} N 16—16 tanh?(—2x) + S%L{M% +U%— P +3831/} —o.

s Ox? Ox3

Ll«(x,1)] — 1 ( — 8 tanh(—2x)) + S%L{M% + %+ %2} =0, )

Define the non-linear operator as

N o155, (05)] =L 1 50)] - (5 tam(-20))

1 Op,(x,1;9) | 0py(x,1,q9)  Pi(x,1;9)
+ §* {(pl (X, L ([) Ox + ay + Ox2 )

16 — 16tanh®(—2x) 1 9y (x,1;q)
- = L Lg)—=2 7
s + 5 {(pl(x7 l7 q) ax

8QDI(X, t; Q) _ 62§02(x7 t; q) + 3 83(/)1()67 t; q)}
Oy Ox? ox3 ’

N[, (x,1;q), 2 (x, 1:9)] = Lo, (x,1:9)] —

+ 2% 159)
(30)
The m-th order deformation equation for H(x,t) = 1, is given as

L[“m(x; t) - kmﬂmfl(xa t)} = hg%l,m [mela 7}1171]7

L[’U‘m(xa t) - kmU‘mfl (x; t)] = ha%Z,m[mela 7"171], (31)

where
k,\ 1/1
%]7,,,[7,”,1, 7,,,,1} = L[um,] (x, t)] — (1 — —) ; (5 -8 tanh(fo))

1 m—1 aum,1,i avm,l azum,l
—L i )
Tt {Zi:o ““ox T ox | oe
16 — 16 tanh?(—2x)
N

1 m—1 87},n_1_i m—1 8am_1_i 827},,1_1 83%,1_1
+S7L{Zi:0 T ox +Zi:0 “ITox o +3 o [

(32)

knl
Ren[@ots et = Lm0 = (1)
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By applying inverse LT on Eq. (31), we get
om0, 1) = Rt 1 (3, 8) + RL Ry [ Zon 1, Tn] )
om(,8) = Knpom 1 (5, 1) + BL Y R [ @1, T 1]}
On solving above equation, we have

1
wo(x,1) = 5 = 8tanh(=2x), vo(x,1) = 16 - 16 tanh*(—2x),

_ 8hsech?(—2x)t*

2hsech?(—2 —2x)1*
() = () = 32hsech? (—2x)tanh(—2x)t

I'o+1] Toe+1]
8 (s + Rl sech?(—2x)t*  161sech®(—2x)tanh(—2x)1*
(%) = T+ 1] + 2o+ 1]
32(se + Ti) i sech® (=2x)tanh(—2x)1*  320%(—2 + cosh(4x))sech*(—2x)**
) = T+ 1] + 20+ 1] :
8(n+ h)2hsech®(—2x)1*  32(n+ h)iPsech?(—2x)tanh(—2x)r>
(%)= T+ 1] + TRot 1]

87 sech’ (2x) (732F[2cx + Usinh(2x) + Io+ 112(—3cosh(2x) + cosh(6x) + 64sinh(2x) )) P
+
Tle+ 1T B3e+ 1]
32(s + 1) i sech? (= 2x)tanh(—=2x)* 6412 (s+h)(—2 + cosh(4x))sech*(2x)r2*
+
T+ 1] T[22+ 1]
165 sech®(—2x) (32(3 — 2 cosh(4x))T 20+ 1]+ o+ 1]*(—192 + 128 cosh(4x) — 10 sinh(4x) + sinh(Sx))) £
- Do+ 1PTBa+ 1] ’

s

vi(x, 1) =

Following in the same procedure, the rest of the iterative components can be easily
obtained. Eventually, the family of g-HATM series solution of the system of Eq. (27) is
given by

W) = wolrt) + S ) (i)
(1) = w06 )+ S om(x1) (i)m

If we setor = 1,h = —1, and » = 1, then the obtained solutions S0, ,,(x, 1) (1)"
and ZZ:1 vm(x, 1) (%)m when N — oo, converges to the exact solutions of classical
order coupled WBK equations

(34)

(1) = % — 8 tanh[2(x - %ﬂ o) = 16 — 16 ranh? [ -2 x - 5)}
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5 Numerical Results and Discussion

In order to verify whether the proposed algorithm lead to greater accuracy, the
numerical solutions have been evaluated. From results we can certainly conclude that,
the proposed technique provides remarkable exactness in comparison to the method
available in the literature [21-26, 36]. It can be observed from Tables 1 and 2, the
absolute error is very tiny and less numbers of homotopy polynomial are needed.
Further, the accuracy of proposed scheme is drowned in terms of numerical simulations
for Example 4.2 is showed in Tables 3. The Mathematica code is used for numerical
computations.

Fig. 14. (a) Surface of approximate solution (b) Surface of exact solution (c¢) Surface of absolute
errore error = ‘aem‘ — tegpp.| At = 1,00 =1 and h = —1 for Example 4.2.
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Fig. 15. (a) Surface of approximate solution (b) Surface of exact solution (¢) Surface of absolute
errore error = ‘uem, — vapp.| at 2 =1,00=1 and i = —1 for Example 4.2.

Fig. 16. Nature of g-HATM solution «(x, ) with respect to ¢ through distinct values of o for
Example 4.2 when » = 1,/i= —1 and x = 1.
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Fig. 17. Plot of g-HATM solution «(x, t) with respect to ¢ for Example 4.2. at »» = 1,i = —1
and x = 1 with diverse values of .
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Fig. 18. Nature of g-HATM solution «(x,¢) at » = 1, = 1 andx = 1 with different values of /i
for Example 4.2.
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Fig. 19. Plot of ¢g-HATM solution «(x,) for Example 4.2 with distinct values of 7 at » =
l,o=1and x = 1.
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Fig. 20. 7i-curve drown for the g-HATM solution «(x, ¢) with different values of « for Example
42 atx=1,t=0.01l and n = 1.
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Fig. 21. 7i-curve drown for the g¢-HATM solution «(x, t) with diverse values of o for Example

42 atx=1,t=0.01 and » = 2.
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Fig. 22. h-curve drown for the g-HATM
distinct values of o for Example 4.2.

solution «(x,f) at x =1, =0.01 and n = 3 with
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Fig. 23. Ji-curve drown for the g-HATM solution «(x,#) at x = 1,7 = 0.001 and » = 1 with
diverse values of « for Example 4.2.
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Fig. 24. Ji-curve drown for the g¢-HATM solution «(x, t) with different values of « for Example
42atx=1,t=0.001 and » = 2.
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Fig. 25. fhi-curve drown for the g-HATM solution «(x, #) with distinct values of o for Example
42 atx=1,t=0.001 and » = 3.

Eulxt)

Fig. 26. Surface of ¢-HATM coupled solutions «(x,) and «(x,7) when » = 1,0 =1 and i =
—1 for Example 4.2.
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Table 3. Comparison between exact and g-HATM solutions «(x,#) and «(x,7) in differing
values of x and ¢t at 2 = 1,7i = —1 and o = 1 for Example 4.2

(x,t) ﬂ(x, Z) 7}(x, t)
q — HATM | Exact Absolute error | q — HATM | Exact Absolute error
)| 2.0019696 |2.0019696 | 9.45121 x 10~ | 15.4360256 | 15.4360217 | 3.89208 x 107°
) | 1.8470476 | 1.8470484 | 7.53287 x 1077 | 15.5464661 | 15.5463651 | 1.00978 x 10~
) | 1.6910745 | 1.6910802 | 5.71541 x 10~¢ | 15.6457798 | 15.6453319 | 4.47907 x 10~*
)| 3.4708818 | 3.4708818 | 1.35768 x 1078 | 13.7934663 | 13.7934652 | 1.07888 x 107°
) | 3.3319326 | 3.3319336 | 1.09828 x 10~¢ | 13.9950665 | 13.9950379 | 2.86269 x 103
(0.2,0.05) | 3.1909958 | 3.1910043 | 8.46058 x 107° | 14.1897534 | 14.1896239 | 1.29544 x 10—+
(0.3,0.01) | 4.7391648 | 4.7391648 | 1.16045 x 108 | 11.5073691 | 11.5073703 | 1.15327 x 10~°
0.3,0.03) | 4.6228733 | 4.6228742 | 9.46436 x 1077 | 11.7504480 | 11.7504770 | 2.89910 x 1073

)

)

)

)

)

)

)

(0.1,0.01
(0.1,0.03
(0.1,0.05
(0.2,0.01
(0.2,0.03

4.5041543 | 4.5041616 | 7.35142 x 107 | 11.9915477 | 11.9916723 | 1.24588 x 10~*
5.7672722 | 5.7672722 | 6.75430 x 1077 | 9.0639587 | 9.0639607 |1.95748 x 10~°
5.6754350 | 5.6754356 | 5.55326 x 1077 | 9.3036664 |9.3037166 |5.01077 x 107>
5.5811872 | 5.5811916 | 4.34857 x 107° | 9.5451536 |9.5453729 |2.19238 x 10~*
6.5588985 | 6.5588985 | 2.25417 x 107° | 6.8224352 | 6.8224369 |1.75019 x 10~°
6.4896341 | 6.4896342 | 1.88687 x 1077 | 7.0310250 | 7.0310702 |4.52158 x 10>
6.4182629 | 6.4182644 | 1.50372 x 107¢ | 7.2433368 |7.2435366 |1.99711 x 10~*

wsow

Figures 1 and 2 explore the comparison of g-HATM solutions with exact solutions
and absolute error for Example 4.1. Figures 3 and 4 cite the action of solutions
obtained for Eq. (19) with distinct Brownian motions and standard motion (« = 1).
Figures 5 and 6 depict the g-HATM solutions for different values of auxiliary
parameter 7, which helps us to control and adjust the convergence region. The Figs. 7,
8,9, 10, 11 and 12 explore the role of asymptotic parameter » with respect to 7 in g-
HATM solution.

Moreover, Figs. 14 and 15 cite the nature of g-HATM solutions in comparison with
exact solutions for Example 4.2, in particular Figs. 14(c) and 15(c) revel the efficiency
of proposed technique in terms of absolute error. Figures 16 and 17 explore the validity
of Brownian motion and standard motion (i.e.,x = 1,0.75,0.50). Figs. 18 and 19
depicts the g-HATM solutions for different values of auxiliary parameter # which helps
us to control and adjust the convergence region. Figures 20, 21, 22, 23, 24 and 25
represent 7i-curves and the horizontal line illustrate the range of convergence for
Eq. (27). The surface of the coupled WBK equations consider in Examples 4.1 and 4.2
are respectively shown in Figs. 13 and 26, which helps us to understand the nature of
the coupled equations.

6 Conclusion

In the present frame work, the g-homotopy analysis transform method is employed
lucratively to find the numerical solution for nonlinear coupled time-fractional
Whitham-Broer-Kaup equations. The obtained results expose that, the proposed
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technique is very accurate and it can be employed to explore wide class of fractional
nonlinear differential equations interpreting complex phenomena. The suggested
algorithm manipulates and controls the series solution, which rapidly converges to the
exact solution in a short admissible domain. The novelty of the proposed technique is it
provides nonlocal effect, promising large convergence region, free from any assump-
tion and moreover it has straight forward solution procedure.
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Abstract. In the present article, we suggest an efficient computational scheme
to examine nonlinear Emden-Fowler equations arising in astrophysics and space
science. The suggested scheme is based on a modified theory of the Adomian
polynomials, and the two steps Adomian decomposition technique mixed with
the padé approximant. Moreover, a maple software package ADMP is used to
apply the suggested computational scheme, which is very simple to perform and
well organized. The input of the system requires initial or boundary conditions and
many desired parameters to find the analytic approximate solutions within a very
short time. The following algorithm does not require linearization, perturbations,
guessing the initial terms and any restrictive supposition, which may leads the
solutions in closed form. Several examples are discussed to illustrate the reliability
of the algorithm.

Keywords: Emden Fowler equations - Lane Emden type equations -
Astrophysics - ADM - TSADM - Adomian polynomials

1 Introduction

Analytical techniques have made a comeback in research methodology after proceeds a
backseat to the numerical schemes for the end of the preceding century. The superiority
of analytical schemes are manifolds, the main being that they give a much effective
intuition than the numbers crunched by a computer using a purely numerical algorithm.
Many such physical phenomena are represented in the form of nonlinear differential
equations. A wide class of analytic techniques and computational techniques have been
applied to examine nonlinear mathematical models [1-10].

The ADM has been proven to be one of the most powerful techniques to solve
nonlinear differential equations. Numerous researchers have concentrated on the ADM
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[11-20]. In 1999, Wazwaz suggested a modification of the ADM [21], and shown the
ability of the suggested moderation in many numerical experiments. Subsequently, Luo
proposed the two-step ADM (TSADM) [22], which gives the exact solution without
employing to the Adomian polynomials (AP). Zhang et al. [23] analysed the experi-
mentation with TSADM. Babolian and Javadi [24] discussed one more new scheme to
calculate the AP quickly. Gu and Li [25] enlarged the this operator and employed it
to examine the nonlinear problems. Furthermore, Rach [26] again defined and amalga-
mated the class of AP in another from. Moreover, he has shown that the novel methods
are much more effective.
Here, we investigate the Emden-Fowler type equation in the following manner

Y + f—cy’+af(x)g(y) = 0(x), )

with initial conditions (ICs) y(0) = A, y’(0) = 0.

In Eq. (1) a represents a constant, f(x) and g(y) indicate functions of x and y
respectively. For Q(x) = 0, f(x) = 1 and g(y) = y™, Eq. (1) is the classical Lane
—Emden equation, which is employed to describe the thermal behaviour of a spherical
cloud of gas acting under the mutual attraction of the molecules [27] and under the
well known laws of thermodynamics. The Emden-Fowler type equation has notable
uses in several disciplines of science and technology world. Different of forms of g(y)
have been studied by several mathematicians and scientists with the aid of numerous
techniques involving numerical and perturbation schemes have been employed to handle
the Emden-Fowler equations [28—33]. The Emden-Fowler equations play a key role to
describe many facts in physical sciences and astrophysics such as thermal explosions,
stellar structure, the thermal behaviour of a spherical cloud of a gas, isothermal gas
spheres and thermionic currents [34, 35]. The detailed plan of the padé approach was
given by Pozzi and Bassano [36].

The principal aim of this work is to implement a systematic numerical approach
based on the theory of Lin et al. [1], where the mathematicians have transformed the
solution of the model with Dirichlet and Robin boundary conditions from the developed
computer algorithm to the approximate solution, which converges to exact solution.

This article is developed as follows. In part 2, we discuss the key features of the
ADM, the novel concept of the AP as well as the TSADM. In portion 3, a method
is considered to develop analytical and approximate solution of nonlinear differential
equation having ICs. The part 4 presents the MAPLE package ADMP and the stability
and convergence of ADM. Finally, in Sect. 5 various kinds of numerical experiments
are discussed to demonstrate the usefulness the software package ADMP.

2 Basic Ideas

In this portion, the fundamental plans of the ADM, the novel theory of the AP and the
TSADM have been discussed.
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2.1 The Classical ADM

Let us take a nonlinear differential equation (NDE) of the form
Lv+ Rv+ Nv=T. 2)

In Eq. (2) L denotes the higher order linear derivative and R represents the extra part
of the linear operator, Nv indicates the nonlinear operator and I" represents the function
due to source. The Eq. (2) can be expressed as

Lv=T—Rv— Nv, (3)
Employing the inverse operator L™! on the Eq. (3), it gives
v=¢—L'"Rv— LNy, 4)

where ¢ denotes the terms occurring from integration the source function I' and the
associated ICs with Eq. (2).
Using the ADM, the solution v can be presented in the subsequent manner

o0
V= Z A, &)
m=0

The term Nv is analytic in nature and can be expressed into a particular series modified
to the specific nonlinearity Nv, which is given as

o0
Nv = Z A A, (6)
m=0

where A is a grouping parameter of convenience, and A,,, m = 0, 1, 2. .. indicate the
AP.
On replacing, we arrive at the below result

o o0 o
DNy =0 =LT'RY A — L7 Ay, (7)
m=0 m=0 m=0

For the easiness of evaluation, we put A = 1 the iterates v,, (m > 0) can be simply
obtained from the subsequent classical Adomian iterative technique

=6 ®)
Ums1 = —L 'R, — L7'A,,, m > 0.

In the above procedure, the r-term partial sum is given by

r—1
v = Z U (). 9

m=0
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2.2 The Modified Theory of the AP

Rach [26] suggested a new concept to obtain the uniform result for the family of the
classes of the AP [26].
The introduced method for all classes of the AP can be presented in the subsequent

from
Ap =T (Z An),

Form>1: Ay =Tup1(X An) — Tu (X An),
where T, (3 Ayn) = T (X Ans g1, 2. 93) = ZZ:OI Ap = &[N ()] or similar form

1S
00 00 1 00 n "
n=0 n>m n=0L " \r=0 0 r2q10m) 1 r>g2(m)

For more details of this scheme one can see the work of Rach [26].

> jrizqz(m)

2.3 Analysis of TSADM

Recently, TSADM was suggested which is a systematic improvement of the ADM [23],
it yields a encouraging plan for several utilizations [24]. The plan of the TSADM is
demonstrated in the subsequent way.

Step 1. Employing the inverse operator L™ to I, and then applying the associated
condition, we have

p=£+L7'T
By setting
p=85+&+...+&,
where &g, &1, . . . & are the terms arising from integrating the source term I" and from the

given conditions.
In view of the above, we suppose that

uo =&, + ...+ Ek iy

Inwhichk) =0,1...1, kp =0,1...] —k;. then we prove that u fulfils the given
problem and the associated conditions by substitutions, once we proceed to the Step 2.

Step 2. We substitute vg = ¢ and use the classical Adomian recursive algorithm to
compute the succeeding solutions terms.
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3 Main Algorithms

3.1 A Novel Algorithm for Handling Nonlinear IVP

In view of the techniques discussed in the previous portion, an effective scheme is studied
in the present part to derive the solution for NDE having the ICs.
To illustrates the procedure of the suggested technique, we study the system of NDE

Livi + Ri(vi,v2,...v5) + N1 (v, v2,...v5) =Ty,
Lovyo + Ry(vy, va, ... 05) + Na(vg, v2,...05) = Iy,

(10)
Lgvs + Ry(v1, v2, ... v5) + Ns(vg, v2,...05) =Ty,
Subject to the ICs
vit=0,x,y,..0=¢qi(x,y,...), i=12,...5,
v (t,x,y,...) (11)

=pi(x,y,..), i=12,...5,
B, —o pilx,y,..), i s

Where I'; are the sources terms and L; are linear derivative of the highest orde. R;
denotes rest part of the linear operators and N; stands for the nonlinear operators. For
the IVP, we normally describe L; YforL; = a" / dt" as the n-fold definite integration

operator lies from 0 to t. Hence, the inversion of the operators L; ! are defined as

t t

n—1 i .
L' :/n-/(o)dt...dt:Fi(t)— vAR@O) (12)
0

= Jvodii
0 -

n—times
where F;(t) stand for a n- fold purely integrations of the integrand.

Employing Li_1 on Eq. (10), it gives

vi =& — LT Ri(vi, va, . 05) — LT N1 (0, 02, - 0g),
v =0 — Ly ' Ro(vi, v2, ... v5) — Ly ' No(vr, va, ... vy),

(13)
;Js = — L;le(vl, V2, ... V) — LS_INX(m, V2, ... V),
where
G=&+L7'n, (14)
Following the TSADM, we put
Gi=6io+&i1+...+&y (15)

where §; o, & 1, ... +&; ;; are the function occurring from integration of the source parts
I'; and the given ICs. In view of the above consideration, we take

vi,0 =&iky, +&ikiy, T+ ik ko, (16)
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inwhichk;1 =0,1,...,;, kio=0,1,...,1; —k;1. Then we prove whether v; o fulfils
the given problem and the ICs or not, one time when the exact solution is attained, we
terminate the procedure.

In the other case, by employing the classical ADM, the solution v; is decomposed
into following series

o0
vi=Zv,~,mk’", i=1,2,...s. (17)
m=0

The terms N; (vy, vy, ... vg) are analytic in nature and can be expressed in the form
of infinite series of their corresponding AP, which are given in the following manner

Niiv2, .. 00) = D Aim(V10: -+ -2 Vims 02,0 - V2ms V5,0, V)", (18)

where the A; ,, can be computed by making use of any one of Rach’s novel theories.

4 Convergence Analysis

The present section offers a scheme to demonstrate the examination of convergence
of the used technique. Many mathematicians [37, 38] have studied the convergence of
ADM for handling NDE of various kinds.

Consider that X = C[0, 1] be a banach space having the norm [v| =
Oriltai(llv(t), v € X| then the succeeding theorems will show the convergence of the

st_lg:gested scheme.

Theorem 1. Let N (v) be the nonlinear operator describe by N(y) = &% f(&) that
hold the Lipschitz condition having the Lipschitz constant p < 1 then there holds
n

lvee1ll < pllukll, & =0, 1,2, ... and sequence {v,} defined by ¥, = ) v;(¢) indicate
Jj=0
the n-term approximate series, converges to the exact solution v.

Proof. Please see, [39].

Theorem 2. Suppose that v(¢) be the exact solution of the NDE (2). Assume that ,,, (¢)
n

be the sequence of the series solution expressed by ¥, = Y v;(¢). Then there holds
Jj=0

+1

max [v() — Y v; ()| < F—|lwoll. (19)
=0

0<t<l1 1—p

Proof. Please see, [39].
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5 Numerical Experiments

In this portion, some numerical experiments are discussed to represent the technique
and show the successfulness of the package.

Example 1. Here we examine the following nonlinear singular initial value problem
(NSIVP)

3
y//+ ;y/+2x2y2 =0

along with ICs y(0) =1, y'(0) = 0.

Taking class = 4 and index = 15, the package automatically provides the ADM-
padé approximations and outputs the Figs. 1, 2, 3 and 4 in 0.187 s.

The expression of the Padé [10/10]:

1.0000 — 0.00021x8 — 0.01736x*
1.0000 + 0.00112x8 + 0.06597x*

To authenticate the package, in the following we made comparison of the approximate
solutions of different orders as shown by the outstanding agreement. The ADMP provides
outputs Figs. 1 and 2, in which the approximate solutions are closely the identical in
different order of approximations. Also Figs. 3 and 4 represent the error and absolute
error among the approximate solution of 15-order and exact solution, which are showing
that the error is very less and the approximate solution yields effective approximation
by suggested scheme.

Pade4[10/10] =

097
y 096-
n.95-
0.94-

0934

0'92_1 . T . T * T . T
0 02 0.4 06 08
X

—

| ¢ solution of 15th order solution of 12th order |

Fig. 1. Plots of the solution of different order for 0 < x < 1.
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Fig. 2. Plots of TSADM and combination of TSADM-pade solutions.

-2.x10°

-4.x10°

-6.x10"

-8.x10°

-1.x10°

20

20

204

20 |

194

0 02 04 06 08 1
X
|— The error remainder function of yl

Fig. 3. Plot of the error function.
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Fig. 4. Plot of the absolute error function.

Example 2. We study the following NSIVP
" 8 ’ 2 5 4
ViAo =

with ICs y(0) = 1, y'(0) = 0.

Taking class = 4 and index = 15, the package automatically provides the ADM-
Padé approximations and outputs the Fig. 4 in 1.435 s.

The expression of the Padé [10/10]:

Pade,;[10/10] = [0.00217x2 — 0.00395x — 0.02371x> + 0.01321x® + 0.01015x
+6.8963910~x7 4 0.0000x'© + 0.00016x* — 0.00009x° — 0.00001x® + 1.0000]/
[0.00217x2 — 0.00395x + 0.00962x> — 0.00015x° — 4.7892310~7x” + 0.00004x°
0.00002x % 4+ 0.00002x* — 0.00002x°> + 3.8809910~x® + 1.0000.

To authenticate the package, in the following we made comparison of the approximate
solutions of distinct orders as demonstrated by the great concurrence. The applied scheme
delivers outputs Figs. 5 and 6, where the approximate solutions are closely the identical
in different order of approximations. Also Figs. 7 and 8 represent the error and absolute
error among the exact and approximate solutions, which are showing that the error is
very less and the approximate solution yields good approximation with aid of TSADM.
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Fig. 5. Plots of the solution of different order for 0 < x < 1.
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Fig. 6. Plots of 15" order TSADM and combination of TSADM-pade approximants [10]
solutions.
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Fig. 7. Plot of the error function.
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Example 3. We study the following NSIVP
2 u
y”+;y/+e) =0

with ICs y(0) = 0, y'(0) = 0.

Taking class = 4 and index = 15, the package automatically provides the ADM-
Padé approximations in 0.187 s.

The presentation of the Padé [10/10] is as:

Pade4[10/10] =
[—0.16667x% — 0.03114x* — 0.00190x® — 0.00004x® — 2.3125410~7x'°1/[1.0000
+ 0.23684x2 + 0.02007x* + 0.00073x% + 0.00001x3 + 3.6005810~8x19].

To authenticate the package, in the following we made comparison of the approximate
solutions of distinct orders as demonstrated by the great concurrence. The used scheme
delivers outputs Figs. 9 and 10, in which the approximate solutions are closely the
identical in different order of approximations. Also Figs. 11 and 12 show the error
and absolute error among the approximate solution of 15-order and the exact solution,
which are showing that the error is very less and the approximate solution yields effective
approximation by the suggested scheme.

(1 =gy

-0.05

-0.10

o - - M
0 02 0.4 06 08 1
X

| ¢ solution of 15th order solution of 12th order |

Fig. 9. Plots of the solution of different order for 0 < x < 1.
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Fig. 12. Plot of the absolute error function.

Example 4. Consider the following NSIVP
2
y//+ )—Cy/+x21ny =0,

with ICs y(0) = 1, y'(0) = 0.

Taking class = 4 and index = 15, the package automatically provides the ADM-
Padé approximations in 1.202 s.

The presentations of the Padé [15/15] is as follows:

Pade4[15/15] =

1.0000 — 9.03954 x 10~ 10x14 —7.33607 x 10~8x12 +0.0000x !0 — 0.00132x% — 0.01638x*
+0.8771x2]/[1.0000 — 1.47463 x 10~9x!4 —5.551399 x 10~8x12 — 0.0000x1° — 0.00005x83
+0.00020x° + 0.02405x* + 0.28358x2].

To authenticate the package, in the following we made comparison of the approxi-
mate solutions of distinct orders as demonstrated by the superb concurrence. The ADMP
gives outputs Figs. 13 and 14, in which the approximate solutions are closely the iden-
tical in different order of approximations. Also Figs. 15 and 16 represent the error and
absolute error between approximate solution of 15-order and the exact solution, which
are showing that the error is very less and the approximate solution yields efficient
approximation by the suggested scheme.
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Fig. 13. Plots of the solution of different order for 0 < x < 1.
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Fig. 14. Plots of 15" order TSADM and combination of TSADM-pade solutions.
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Fig. 15. Plot of the error function.
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Example 5. Next, we examine the following NSIVP
Vi 2 /
Yy + ;y + 18y = —4yIn(y) (x > 0),

with ICs y(0) = 1, y'(0) = 0.

Taking class = 4 and index = 15, the computational scheme provides the ADM-
Padé approximations in 0.821 s.

The expression of the Padé [10/10]:

Pade4[10/10] =
[1.0000 — 0.50000x2 + 0.11111x* — 0.01389x% — 0.00099x3 — 0.00003x197/[1.0000
+ 0.50000x2 4 0.11111x* 4 0.01389x° + 0.00099x8 + 0.00003x10],

To authenticate the package, in the following we made comparison of the approximate
solutions of distinct orders as demonstrated by the excellent concurrence. The ADMP
yields the outputs Figs. 17 and 18, where the approximate solutions are closely the
identical in different order of approximations. Also Figs. 19 and 20 represent the error
and absolute error among the approximate solution of 15-order and the exact solution,
which are showing that the error is very less and the approximate solution yields better
approximation by the suggested technique.

¥y 074

0.6

0.5

o - -
0 02 04 06 03 1
X

[ solution of 15th order solution of 12th order |

Fig. 17. Plots of the solution of different order for 0 < x < 1.
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Fig. 18. Plots of 15" order TSADM and combination of TSADM-pade solutions.
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Fig. 20. Plot of the absolute error function.

Example 6. Consider the following NSIVP
” 2 / /2
VS H8(e ) =0, (>0,
X

with the initial conditions y(0) = 1, y’(0) = 0.

Taking class = 4 and index = 15, the computational scheme yields the ADM- Padé
approximations in 31.419 s.

The expression of the Padé [10/10]:

Pade4[10, 10] = [(1.00000 +1.31927x2 — 3.37473x% — 6.57331x0 — 3.15754x8 — 0.35145x10)/
(1.00000 + 4.23061x2 + 6.36354x* + 4.0314x% + 0.96516x8 + 0.05151x10)].

To authenticate the package, in the following we made the comparison of the approx-
imate solutions of distinct orders as displayed by the outstanding concurrence. The
ADMP provides outputs Figs. 21 and 22, in which the approximate solutions are closely
the identical in different order of approximations. Also Figs. 23 and 24 represent the
error and absolute error among the approximate solution of 15-order and the exact solu-
tion, which are showing that the error is very less and the approximate solution yields
efficient approximation by the proposed scheme.
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Fig. 21. Plots of the solution of different order for 0 < x < 0.4.
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Fig. 23. Plot of the error function.
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6 Concluding Remarks and Observations

In the present work, a software package ADMP based on maple has been applied to obtain
numerical solutions of Emden-Fowler equations. Several working problems are taken to
demonstrate the productiveness and accuracy of the suggested numerical algorithm. The
suggested computational scheme has been employed with a great success to examine
six distinct kinds of nonlinear differential equations. At the same time, it also depicts
graph of comparative study of distinct order of approximations, their corresponding pade
approximants and graphs for error examinations. Thus it can be concluded that the used
approach is user friendly and easy to use instrument in scientific and technological areas.

Acknowledgement. Authors are sincerely thankful to Dr. Yezhi Lin (Department of Computer
Science and Technology, East China Normal University, Shanghai 200241, PR China), for his
kind help and support to complete the manuscript.
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Abstract. In many engineering and biological applications, the data sets such
as wave direction, orientations of animal are circular. This type of data refers as
circular data and cannot be analyzed using linear statistical methods. The most
common distributions for analyzing circular data are the von Mises (vM) and
wrapped Cauchy (wC) distributions. In the present chapter, we consider a two-
component circular mixture model of the vM and wC distributions. In order to
obtain the maximum likelihood estimators of the parameters of the circular mixture
model, we consider four optimization methods as the Newton-Raphson, Nelder-
Mead, simulated annealing and the proposed genetic algorithm (GA). Here, GAs
are a class of evolutionary algorithms and based on the principles of biological
systems. The search space in GA addresses for the circular mixture model. To
compare the performance of four optimization methods, we present the simulation
study and phase data examples. The results indicate that the proposed GA seems
to perform well in terms of parameter estimations as seen in simulated and phase
data examples.

Keywords: Circular data - A mixture of circular distributions - Genetic
algorithms

1 Introduction

In many types of research including environmental, engineering and biological applica-
tions, circular data are commonly used and have the property of bimodality. Modeling the
bimodal circular data plays an important role in the biological and engineering sciences
and cannot be analyzed using linear statistical methods.

In the literature, bimodal circular data have been analyzed by different authors using
mixtures of von Mises (vM) distributions (Mardia 1975; Spurr and Koutbeiy 1991;
Mooney et al. 2003), extensions of vM distribution (Yfantis and Borgman 1982; Gatto
and Jammalamadaka 2007; Kim and SenGupta 2013), sine-skewed circular distribu-
tions (Abe and Pewsey 2011), wrapped flexible generalized skew-normal distribution
(Hernandez-Sénchez and Scarpa 2012) and the general projected normal distribution
(Wang and Gelfand 2013). In this study, we focus on a mixture of two different circular
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distributions of vM and wrapped Cauchy (wC) and inference techniques have developed
for estimating its parameters.

One of the popular approaches for estimating the parameters of circular distributions
is maximum likelihood estimation which is an attractive method. However, maximum
likelihood estimation possesses some difficult problems due to the Newton-type opti-
mization which involves inequality constraints and gradient problems. Another prob-
lem for circular distributions is the normalizing constants which have a complex form
and leads inferential and predictive problems. To overcome these problems, we pro-
vide a metaheuristic approach based on genetic algorithm (GA) to obtain the maximum
likelihood estimators of the parameters of a two-component circular mixture model.

GAs are a class of stochastic search algorithms based on the principles of biological
systems including the genetic process of selection, crossover, and mutation proposed
by Holland (1992). GA is commonly used in many areas for solving optimization prob-
lems such as machine learning systems (Goldberg and Holland 1988), image processing
(Booker 1982), pipeline control system (Goldberg and Kuo 1987) and estimating the
parameters of Weibull (Thomas et al. 1995), the negative binomial gamma (Gengtiirk
and Yigiter 2016) and skew-normal parameters (Yalcinkaya et al. 2018). In the context
of circular probability distributions, the parameters of finite mixtures of vM distribu-
tions were estimated by using the GA technique (Heckenbergerova er al. 2013), but the
search space in GA was not well addressed. The main advantage of GA uses a search
space instead of random starting points over other iterative algorithms. Recently, an
adaptive search space that is depending on the data has become an essential issue in the
aspect of the performance of evolutionary algorithms (Acitas et al. 2019). Therefore,
this paper is addressed an adaptive search space in GA for estimating the parameters of
a two-component circular mixture model.

The contribution of this chapter is to present a novel metaheuristic approach based
on GA with Nelder-Mead (NM) search space for maximum likelihood estimators of the
parameters of the mixture of two different distributions of vM and wC. Then, we compare
the performances of the maximum likelihood estimators by using the Newton-Raphson
(NR), NM, simulated annealing (SA) and the proposed GA methods. The remainder
of this chapter is structured as follows. In Sect. 2, we will be described the functional
form and the basic properties including probability functions of a mixture of the circular
distributions used in this study. In Sect. 3, we briefly describe the parameter estimation
frameworks which are based on the maximization of the log-likelihood function by
using NR, NM, SA, and the proposed GA methods and an adaptive search space in GA
is addressed for estimating of the parameters of a two-component circular mixture model.
Section 4 presents the simulation study and a phase data example to show the efficiency
of the proposed GA approach. In Sect. 5, we provide some concluding remarks.

2 Circular Data

Circular (directional) data analysis is different than linear data analysis because of
the restriction of the support on the unit circle and a geometric structure of the
data. Standard methods cannot be appropriate to compute descriptive statistics. Let
61, 6s,...,6, be a set of directional observations. Consider the polar to rectangular
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transformation for each observation, then it can be obtained the resultant vector as
R = (Z?:l cosb;, Z?:l sinf;) = (C, S). The length of the resultant vector is com-
puted by R = | R|| = +/C? + S2. The direction of the resultant vector is named as the
mean direction denoted by § which is computed by § = arctan*(S/C) (arctan*(S/C)
is defined as arctan(S/C) if C > 0,5 > 0; n/2if C =0, S > 0; arctan(S/C) + 7 if
C < 0;arctan(S/C) +2nif C > 0, § < 0; undefinedif C = 0, S = 0 given in
Jammalamadaka and SenGupta 2001).

2.1 A Two-Component Circular Mixture Model

Most commonly used distribution in circular data analysis is the vM distribution with
respective parameters 1 and k as shown below

1
fO;100) = s———€* <O 0 <6 <2m )
2 (k)
where 0 < p < 27 and k¥ > 0 are the circular mean and concentration parameters,
respectively. Ip(«) is modified Bessel fur_lction of first the kind of order zero which can be
defined by: (k) = Z?io (i !)72(%16)21. Another commonly used circular distribution
is the wC distribution with respective parameters p and p as shown below
1-— ,02

1
0;m, p) =— , 0<6<2 2
FO:; 1. p) 2 14 p?2 —2p cos(@ — 1) = @

where 0 < u < 27w and 0 < p < 1 are the circular mean and concentration parameters,
respectively. The maximum likelihood estimator of the parameters of wC distribution is
given in Kent and Tyler (1988).

The standard approach to constructing bimodal circular distribution is to use a mix-
ture of unimodal circular distributions. Then, the probability density function of the
mixture of two different distributions of vM and wC is defined by:

fO,0)=p fO;u1,6) +A—=p)fO;u2,p0), 0=<60<2rm 3)

where 0 < pp, U2 < 2w,k > 0,0 < p < 1and 0 < p < 1 are the circular mean,
concentration and mixing parameters, respectively. ¢ = (p, i1, k, 42, p) is called as
the parameter vector of the mixture of two different distributions of vM and wC. In
the following section, we have investigated the parameter estimation frameworks of a
two-component circular mixture model.

3 Estimation

Estimation procedures for the parameters of a mixture of circular distributions are per-
formed by maximizing the log-likelihood function. The log-likelihood function for the
mixture of two different distributions of vM and wC are given below

n 1 __ 1 1 —p?
InL(g) = In{ p———e’ i1 4 (1 — py— e
LEOED I n<p27rlo(/<)e ) T = 2 cos® — 1) @
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Since there are no explicit solutions for estimators, we use the NR, NM, SA and GA
frameworks for estimating unknown parameters vector ¢ of the mixture of circular
distributions.

3.1 Newton-Raphson Framework

The NR method can be used to estimate the parameters of a mixture model. Here, we
summarize steps for NR framework (McLachan and Krishnan 2007) of a two-component
circular mixture model as follows.

Step 1. Determine initial values ¢© for ¢.

Step 2. Compute the score equation denoted by S(p) =
Step 3. Compute the matrix of the negative of second-order partial derivatives of the
log-likelihood function in respect of the elements of ¢ as shown below

dnL(p) _
L@ — o,

9%1n L(g: 0)

J(p) = J(p;0) = 2097

Step 4. Compute the elements of ¢ at (m + 1) iteration by using Eq. (5)

QD — m | J—1(¢<m>; Q)S(w(m) (5)
Step 5. Continue the iterations until the convergence criteria are satisfied.

Here, the NR method for mixture distributions has some disadvantages. The first dis-
advantage is that the log-likelihood function is not concave. Hence, the NR method is
not assured to converge from a random initial value (McLachlan and Krishnan 2007).
Secondly, the matrix J(¢) can be lead to an inverse problem. Therefore, we propose a
metaheuristic approach to obtain the maximum likelihood estimators of the parameters
of the mixture of circular distributions.

3.2 Nelder-Mead Framework

The Nelder-Mead method proposed by Nelder and Mead (1965). The steps of NM
(Lagarias et al. 1998) are as follows.

Step 1. Identify the four scalar parameters of the NM method: B > 0 (reflection), x >
1 (expansion), 0 < A < 1 (contraction), 0 < o < 1 (shrinkage). These parameters are
generally chosen as p = 1, x =2, A = 1/2 and ¢ = 1/2 in the literature.

Step 2. Order the d + 1 vertices to satisfy f(¢1) < f(¢2) < ... < f(@4+1) where
f(p) = —InL(p) is used to minimize and d is the number of optimization parameters.
Step 3. Compute the reflection point ¢, from ¢, = @ + B(@ — @g+1) and evaluate
fr = f(or).

Step 4. 1f f(¢;) < f(¢1), compute the expansion point from ¢, = @ + X (¢r — @4+1)
and evaluate f, = f(¢.). If fo < f, accept ¢, and terminate the iteration; otherwise,
accept ¢, and terminate the iteration.
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Step 5. If f, > f4, perform a contraction between @ and the better of ¢441 and ¢;.
Step 6. Perform a shrink step. Evaluate f at d points, ¢; = ¢1 + o(¢; — ¢1),i =
2,...,(d + 1), and apply the next iteration as ¢y, ¢2, . . ., g+1-

Step 7. Stop the algorithm when the point is the lowest value.

3.3 Simulated Annealing

Kirkpatrick et al. (1983) first introduced the SA algorithm. Heating of solid matters and
cooling them until crystallization called as annealing process. The simulated annealing
algorithm evaluates the energy function denoted by E, which shows the objective function
and its parameters as E = E(f, ¢). Here, the objective function is to be maximized the
log-likelihood given in Eq. (4). The steps of SA (Al-Ageelee et al. 2017) are below.

Step 1. Choose an initial point ¢y.
Step 2. Initialize T with a large value.
Step 3. Repeat.

a. Repeat.

1. Apply random perturbations to the state ¢ = ¢ + Ag.
Evaluate AE (¢) = E(A 4+ Ag) — E(p) if AE (p) < 0, keep the new state;
otherwise, accept the new state with probability P = ¢~ until the number of
accepted transitions is lower than a threshold level.

b. SetT =T — AT until T is too small.

3.4 Genetic Algorithm Framework

GAs are well-known evolutionary algorithms inspired by the natural principles of bio-
logical systems. Here, we summarize the steps of the GA framework for estimating the
parameters of the mixture of two different distributions of vM and wC as follows.

Step 1. Determine the fitness function, the search space and initial GA’s parameters which
contain population size, selection rate, crossover probability, and mutation probability.
The fitness function is the log-likelihood function In L(¢) given in Eq. (4).

Step 2. Start with randomly generating an initial population of N chromosomes
from search space via random generation. The initial population is given by
(pgo), wéo), e (pj(\(,)) where ¢ = (p, i1, K, U2, p) represents the parameters of a
two-component circular mixture model.

Step 3. The fitness value, In L((p;m)) atany iteration m, for each chromosome, is evaluated.
The individuals, having the worst fitness value based on a selection rate, are replaced by
new individuals. These individuals are named as elite individuals.
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Step 4. Perform crossover and mutation operators to obtain best candidate individuals
based on crossover probability and mutation probability. Cross over of parents, which
are selected from two best individuals, is conducted to obtain new offspring individuals
and then apply mutation for determining new individuals. Hence (m + 1)th iteration can
be obtained as gofmﬂ), <p§m+l), o gol(\;"ﬂ).

Step 5. Repeat the steps 2—5 with the fitness evaluation step until convergence criteria are

met the evolution stops. Finally, the best individual is accepted as the optimum denoted

by ¢* = argmax ) In L((p(.m)>.
@ J

3.4.1 Adaptive Search Space

The search space in GA is a most valuable issue in the aspect of the performance of GA.
Here, we have addressed an adaptive search space in GA for estimating the parameters
of a two-component mixture model. The proposed algorithm for identifying the search
space in GA is illustrated below.

Step 1. From a random sample, ® = (01, 65, ..., 6,), compute ¢ using NM.

Step 2. Sample with replacement from the original sample to obtain ®% =
©1, 055, ...,0:"),b = 1,2,...B.

Step 3. Compute ¢*” using the sample in step 2 from the bootstrap replicates.

Step 4. Use the percentile bootstrap method for constructing the confidence intervals for

each element of ¢.

Here, the developed search space is constructed by NM method which is both fast and
robust estimation method. For circular mean parameters, the method of symmetric arc
(Fisher and Hall 1989) is considered by ylb = |;1Tb — ;11| and yzb = m;b — [12|. Here,
order the ylh and yzh from the smallest to largest. The lower endpoint of the interval
is in the integer part of [ = (1/2 Ba + 1/2)th and the upper endpoint is in the m
= (B — I)th position of the same ordered list. A 100 (1 — a)% confidence interval for
the circular mean parameters is given by (11 — y{, 1 + ") and (i> — y3, L2 + ¥3").
The method of the minimum length is used to construct the confidence interval of vM
and wC concentration parameters and mixing parameter. This confidence interval based
on minimum length performs well and reduces bias (Buckland 1983). The procedure
of a confidence interval 100 (1-2a)% is given by (&**, g*k+s=r)y  (p*k  pxlkts—r)y
and (p*, p**+5=1)) where k (k = 0, 1,2, ..., r) is identified as minimum value of
(I?*k, ,Q*(k-i—s—r))’ (Ia*k’ ﬁ*(k-ﬁ-s—r)) and (la*k, Ia*(k+s—r))’ respectively. r=m+ Da
ands = (n + 1)(1 — ) values are rounded to the nearest integer.

4 Applications

The objective of this section is to investigate the performance of the proposed GA
approach under two different simulation scenarios and phase data example. Here, the
initial GA parameters whose population size, elitism number, crossover probability, and
mutation probability are chosen as 15, 1, 0.8 and 0.01, respectively. These parameters
are similar to the other studies given in the literature.
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4.1 Simulation Study

The purpose of the simulation study is to compare the efficiency of the maximum like-
lihood estimators of the parameters of the mixture of two different distributions of vM
and wC densities using NR, NM, SA, and GA for different sample sizes 30, 50, 100 and
200 respectively. For each sample size, 1000 circular data sets are generated from the
mixture of two different distributions of vM and wC as follows

O ~ pvM (n1, &) + (1 — p)wC (u2, p), i =1,2,...,n

where u = (i1, u2) = (7/3,31/2) and we here consider two different scenarios for
concentration parameters (k, p) = (5,0.7) with p = 0.2 and (x, p) = (15, 0.8) with
p = 0.5 indicating circular observations with low and high concentrations, respectively.
To evaluate the performance of the maximum likelihood estimators using the NR, NM,
SA and GA frameworks, we compute bias, mean absolute error (MAE), and circular bias,
mean absolute cosine error (MACE) (Jammalamadaka and SenGupta 2001) as follows

N 1 1000
Bias (¢> 1000 4 (¢’ ¢)’
1000

-

MAE($) = fogp

. R 1 1000 . /4
Circular B1as<1//) = m , Sln<1/fi - 1/f>,

MACE(I/A/) 1000 Z)cos(wl) — COS(I//)) (6)

where ¢ shows one of the true parameters vector (p, k, p) and ¢3,- shows an estimation
of true parameters ¢ in the ith run. Here, we compute circular bias and the MACE for
w1 and po since these represent the circular mean parameters. Therefore, ¥ shows one
of the true parameter vector (1, o) and 1% shows an estimation of true parameters
Y in the ith run for each component. The smaller absolute value of the bias, MAE,
absolute value of the circular bias and the MACE show the high efficiency of estimators.
All computational codes for NR, NM, SA, and GA frameworks are made by maxLik
(Henningsen and Toomet 2011) and GA packages (Scrucca 2013) of R software and
these codes can be provided upon request from the authors. Table 1 demonstrates the
bias, MAE, circular bias, and the MACE of maximum likelihood estimators using NR,
NM, SA, and the proposed GA approach via Monte Carlo simulations. In this table, the
best values of the bias, MAE, circular bias, and the MACE are highlighted in bold. From
Table 1, we note that:

1. the biases of all estimators of the parameters tend to zero for large n except the
circular mean parameters from 50 to 100 sizes. These results are also consistent
with the simulation results of a mixture of two vM distributions (Spurr and Koutbeiy
1991),
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2. NR and NM have almost identical biases for circular mean and mixing parameters,
3. NR has the largest biases for concentration parameters among the presented four

optimization methods,

4. GA and SA estimators have the smallest biases for the concentration parameters,
5. GA has the smallest biases for the circular mean parameters,
6. the estimators of k are positively biased, and the estimators of p, p, 11 and pu; are
both positively and negatively biased,
7. MAE and MACE of the corresponding estimators of the parameters tend to zero for
large n,
8. GA has the smallest MAE and MACE among the presented four-optimization
methods.

Generally, the absolute value of bias, MAE, the absolute value of circular bias and the
MACE are smaller for GA among the presented methods. Accordingly, we have also
concluded that the GA method based on NM search space has also very good estimation
performance than for NM from simulation results.

Table 1. Simulated bias, MAE and MACE values for the estimators of the parameters of a two-
component circular mixture model using the NR, NM, SA and GA frameworks.

n=30 n=>50 n=100 n =200

Bias & MAE & Bias & MAE & Bias & MAE & Bias & MAE &

Circ. Bias | MACE Circ. Bias | MACE Circ. Bias | MACE Circ. Bias | MACE
NR
p=02 0.0263 0.0624 0.0141 0.0482 0.0084 0.0335 0.0035 0.0208
wp =m/3 | —0.4645 0.1845 —0.3872 0.1498 —0.1461 0.1010 —0.0549 0.0688
pwy =3m/2 | 0.0023 0.0892 —0.2447 0.0662 —0.0674 0.0480 —0.1336 0.0337
K=35 97.8252 99.3926 29.7984 31.2713 2.9555 4.4006 0.7987 1.8919
p=07 0.0213 0.0718 0.0118 0.0544 0.0056 0.0384 0.0020 0.0261
p=05 0.0038 0.0229 0.0008 0.0159 0.0010 0.0116 0.0000 0.0078
pp =mn/3 | —0.0638 0.0518 —0.0118 0.0382 0.0263 0.0268 0.0745 0.0188
wy =3m/2 | —0.4534 0.0741 —0.1007 0.0541 0.0086 0.0366 0.0447 0.0248
k=15 4.6809 7.7503 2.5179 5.0876 1.0073 3.0200 0.4541 1.9437
p=028 0.0063 0.0579 0.0039 0.0434 0.0003 0.0315 0.0007 0.0209
NM
p=02 0.0320 0.0635 0.0148 0.0463 0.0082 0.0328 0.0035 0.0208
pp =mn/3 | —-0.6178 0.1921 —0.2943 0.1495 —0.0945 0.1012 —0.0549 0.0689
oy =3m/2 | —0.0863 0.0898 —0.2736 0.0666 —0.677 0.0479 —0.1336 0.0337
K=35 15.2812 16.9516 8.0604 9.5169 2.6584 4.0866 0.7987 1.8850
p=0.7 0.0242 0.0723 0.0120 0.0540 0.0055 0.0382 0.0020 0.0262
p=05 0.0041 0.0229 0.0009 0.0159 0.0009 0.0118 —0.0001 0.0079

(continued)
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Table 1. (continued)
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n=30 n=>50 n=100 n =200

Bias & MAE & Bias & MAE & Bias & MAE & Bias & MAE &

Circ. Bias | MACE Circ. Bias | MACE Circ. Bias | MACE Circ. Bias | MACE
pyp =mn/3 | —0.0945 0.0517 —0.0098 0.0381 0.0291 0.0268 0.0773 0.0189
wo =3m/2 | —0.2336 0.0739 —0.0992 0.0543 0.0095 0.0366 0.0468 0.0248
k=15 4.3219 7.2529 2.3004 4.7676 0.9400 2.8806 0.4621 1.8925
p=0.8 0.0065 0.0574 0.0038 0.0433 0.0001 0.0315 0.0007 0.0209
SA
p=02 0.0732 0.0953 0.0239 0.0514 0.0101 0.0327 0.0044 0.0199
py =m/3 0.8902 0.2160 —0.9986 0.1569 0.0408 0.1020 —0.2089 0.0699
wo =37m/2 | 0.0543 0.1275 —0.6014 0.0800 —0.0538 0.0497 —0.1555 0.0346
K= 1.8201 3.3847 1.5305 2.7946 0.6599 1.9194 0.2490 1.2200
p=07 0.0089 0.0926 0.0050 0.0597 0.0053 0.0387 0.0015 0.0265
p=05 0.0016 0.0264 —0.0001 0.0209 0.0002 0.0164 —0.0014 0.0134
pyp =mn/3 | —0.0991 0.0521 —0.0029 0.0388 0.0376 0.0277 0.0433 0.0198
o =37/2 | —0.2394 0.0752 —0.1315 0.0548 0.0076 0.0385 0.0407 0.0258
k=15 1.4352 3.3674 1.0054 2.6394 0.8087 1.7519 0.7221 1.2076
p=0.8 0.0030 0.0582 0.0021 0.0440 —0.0013 0.0326 —0.0008 0.0223
GA
p=02 0.0014 0.0390 0.0059 0.0309 0.0020 0.0222 0.0016 0.0152
pp =mn/3 | —0.8586 0.1605 —0.0821 0.1252 0.1648 0.0859 0.0228 0.0597
wo =37m/2 | 0.1733 0.0767 —-0.2229 0.0591 —0.0467 0.0424 —0.1378 0.0298
K=>5 14.2948 14.7359 6.2738 6.8418 1.4216 2.7308 0.6445 1.4672
p=07 —0.0008 0.0566 —0.0002 0.0428 0.0013 0.0316 0.0006 0.0221
p=05 0.0016 0.0170 0.0013 0.0130 0.0010 0.0103 0.0000 0.0065
py =7n/3 | —0.0062 0.0449 0.0250 0.0335 0.0115 0.0247 0.0772 0.0171
wo =3m/2 | —0.1091 0.0635 —0.0533 0.0478 0.0132 0.0338 0.0305 0.0219
k=15 4.1145 6.4037 2.1451 4.2815 0.7922 2.6958 0.3933 1.7083
p=0.8 0.0011 0.0495 0.0020 0.0380 0.0000 0.0292 0.0001 0.0185

4.2 Phase Data Example

We consider phase differences in hand flexion-extension movements. Data are obtained
from a study by Puglisi et al. (2017) on the role of attention in human motor resonance.
For analysis phase data, we here apply the NR, NM, SA and the proposed GA approaches
to obtain maximum likelihood estimators of the parameters of the mixture of vM and
wC distributions. Table 2 presents the parameter estimates, maximize log-likelihood
(InL), Akaike information criterion (AIC), Bayesian information criterion (BIC). We
also provide the value of the Watson U? goodness of fit test which is useful for circular
data. The proposed GA has the highest InL and the lowest AIC, BIC, Watson U? values
which denote the best fit. Accordingly, the proposed GA shows superiority in terms of
parameter estimations among other optimization methods. A linear histogram of phase
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data and the fitted densities obtained from four different methods are shown in Fig. 1.
Accordingly, the proposed GA approach seems to capture the modes of data well.

Table 2. The parameter estimations using the NR, NM, SA and GA frameworks, InL, AIC, BIC,
Watson U2 values for phase data example.

NR NM SA Proposed GA
D 0.2118 0.2422 0.1979 0.0658
w1 0.3109 0.3434 1.1605 1.5036
o 0.7884 0.7724 0.3745 0.5010
K 15.6262 | 12.4908 3.6156 | 157.2482
p 0.5141 0.5161 0.6269 0.6148
InL | —58.4510 | —58.5042 | —58.6501 | —57.2336

AIC | 126.9020 | 127.0084 | 127.3002 | 124.4672
BIC | 135.5903 | 135.6967 | 135.9885 | 133.1555
U? 0.0125 0.0141 0.0158 0.0123

— Proposed GA
-=- SA
I
‘=< NR
© _
o
J/
! ‘\
;j A
> v | 4
[72] o
C
[
la) f \
~ J/
o 7 /
/V
ST -
L) B ¥
o
[ T T T 1
-n -nf2 0 nf2 T
phase

Fig. 1. A histogram of phase data and the fitted densities obtained from four different parameter
estimation methods.
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5 Concluding Remarks

In this chapter, we have provided a novel metaheuristic GA method to obtain the maxi-
mum likelihood estimators of the parameters of a two-component mixture circular model
based on adaptive search space. The proposed GA based on NM search space seems
to perform well in terms of parameter estimations as seen in the simulation study and
phase data example and it has also improved the performance of maximum likelihood
estimation. In addition to analysis phase data, we would like to emphasize that the mix-
ture of two different distributions of vM and wC can be used as an alternative circular
distribution for modeling bimodal circular data.
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Abstract. In this paper, we adopt a model by including fuzzy initial values to
study the interaction of a monoclonal brain tumor and the macrophages for an
early detection treatment. Numerical simulations will give detailed information on
the behavior of the model at the end of the paper. We perform all the computations
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1 Introduction

In 1965, Zadeh [1] introduced fuzzy set theory. Kandel and Byatt [2] were among the first
to study fuzzy differential equation in 1978. Within the past ten years, Hiillermeier [3],
Bede and Gal [4], Bede et al. [5], Khastan, Bahrami and Ivaz [6] studied fuzzy differential
equations and have also explained the concept of strongly generalized derivative of higher
order fuzzy differential equation.

Many terms we use randomly daily life have a fuzziness. There is often a vague struc-
ture in life the language and numerical expression when we use describing something,
explain an event, command and many other situations contain ambiguity. As for the fuzzy
set, it has two basic features. The first is the modeling of systems whose mathematical
model is uncertain or whose behavior can be estimated approximately. The second can
determine when there is incomplete and uncertain information. Because among these
features, new mathematical concepts have emerged, and new research problems and
engineering practices have emerged. Particularly interesting applications in the field of
medicine and artificial intelligence are beginning to emerge. Nowadays, diseases can
now be expressed and solved mathematically. This leads to a better way to treat the dis-
ease. Fuzzy numbers can get closer results than classical mathematics. Therefore, in our
research, by using these numbers, we can obtain more accurate results and be more effec-
tive in the diagnosis and treatment of diseases. One of the diseases is cancer, which is one
of the biggest killers in the world. Controlling tumor growth requires special attention
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H. Dutta et al. (Eds.): CMES 2019, AISC 1111, pp. 111-120, 2020.
https://doi.org/10.1007/978-3-030-39112-6_7


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-39112-6_7&domain=pdf
https://doi.org/10.1007/978-3-030-39112-6_7

112 F. B. Benli and O. A. ilhan

[7] and interdisciplinary research, such as biology, medicine, and mathematics, many
of which are attracted by the spread of the disease. Typical methods for treating GBM
(Glioblastoma Multiforme) include surgical resection followed by radiation therapy and
chemotherapy [8]. Work on multi-subgroup modeling can be shown in [5, 9-11].

Differential equations have high importance in biological modeling. In the past few
years, by using different types of models, Bozkurt uses the differential equation system as
amodel of brain tumors and its interaction with the human immune system (IS) [12, 13].
In addition, another interesting model is the GBM model constructed by Bozkurt [14],
which explains the interaction between cancer and the human body. Also, at [15], Akin
and Orug studied a predator-prey model with fuzzy initial values. Then, by considering
the second order initial value Akin, Khaniyev, Oru¢ and Turksen [16] generalized the
model. Studies about the prey-predator model of fuzzy numbers can be seen in [17-19].
Finally, Benli and Keskin [20] considered a model with a predator-prey structure between
monoclonal tumor and macrophages. In this study, a new model for the work of Bozkurt
[14] was established, which used fuzzy initial values. In addition, the Allee threshold
functions are embedded in the system to study the threshold effect on the system and to
interpret the extinction conditions.

The paper has four sections and constructed as follows: The model and the prelimi-
nary definitions are in Sect. 2, nonlinear fuzzy differential equations are given in Sect. 3,
anumerical study of the model are given in Sect. 4. The last part we have the conclusion,
to summarize the study in the paper.

2 The Model and Preliminary Definitions

The model is constructed as follows:

% = (£ ) (px + (K —arx) = dix = 1ixy)

Y

a =n2y(Ka = Bry) —dry — maxy

2.1)

where ¢ > 0 denotes the time, the parameters o1, B1, t1, 72, p, d1, d2, K1, K2, r1 and rp
are positive numbers (see Table 1). x(¢) is used for the GB which is used to represent the
monoclonal brain tumor. On the other hand, y(#) represents the activated macrophages
in the system [21].

Differential equations are indispensable for modeling the real world phenomena
unfortunately, whenever uncertainty can interfere with real-world problems, the uncer-
tainty can come from insufficient data, measurement errors, or when determining ini-
tial conditions. Fuzzy set theory is a powerful tool to overcome these problems. The
following are some of the definitions needed to have a basic idea of the work.

We referee the reader to [4, 5, 15] to more information about the definitions that have
been used in current section.

Hence, we recall some basic definition about the subject.

Definition 1. A fuzzy set A in a universe set X is a mapping A(x) : X — [0, 1]. We
think of A as assigning to each element x € X a degree of membership, 0 < A(x) < 1.
Let us denote by F the class of fuzzy subsets of the real axis, A(x) : X — [0, 1]
satisfying the following properties:
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Table 1. Values of the parameter of system (2.1)

p | Division rate of the sensitive cells 0,192

Ky | Carrying capacity of the tumor cells 4,704

Ky | Carrying capacity of the macrophages 1,232

r1 | The growth rate of the macrophage 0,55

ro | The growth rate of the macrophage 0,5

7;i | Destroying rate caused from the interaction 0,01

dy | Causes of drug treatment to the tumor cells 0,6

dy | Causes of drug treatment to the macrophages 0,06

B1 | Logistic population rate of macrophages B2 € [0,05; 0,25]
a1 | Logistic population rate of tumor cell population | a; € [0,5; 0,95]

i. Ais aconvex fuzzy set,i.e. A(rA + (1 — X)s) > min[A(r), A(s)], A € [0, 1] and
rseX
ii. A isnormal,i.e. dxg € X with A(xg) = 1;

iii. A is upper semicontinuous, i.e. A(xg) > lim A(x);
X—))CO

iv. [A]° = sup p(A) = {x € R|A(x) > 0} is compact, where A denotes the closure
of A.

Then F is called the space of fuzzy numbers.

If A is a fuzzy set, we define [A]* = {x € X|ua > o}, the a-level (cut) of A, with
0 <o <1 .Foru,veF and A € R the sum u @ v and the product A © u are defined
by [u ® v]* = [u]* + [v]%, L O u = Alu]%, Ya € [0, 1]. Additionally, u & v = vPu,
AOu =u®A. Also,if u € F the a-cut of u, denoted by [u]* = [u®, u®],V « € [0, 1].

Definition 2. Let D : FxF — R U{0}, D(u, v) = supqcpo,ijmax{|u®, v*|, [u®, v®|}
be a Hausdorff distance between fuzzy numbers, where [u]* = [u®, u®] and
[v]* = [v*, v¥]. The following properties are well-known [21, 22].

Du®w,v®dw)=Du,v), Yu,v,weF,
DkOu,k©v)=I|k|D(u,v), Vk € R, u,velrF,
Du®v,ode) < D(u,w)+ D(v,e), Vu,v,w,e € F,

a (F, D) is a complete metric space.

Definition 3 (H-Difference). LetV u, v € F.Ifthereexistsw € F suchthatuy = v@w,
then w is called the H-difference of # and v and is denoted by u © v.

Definition 4 (Hukuhara Derivative) [23]. Consider a fuzzy mapping F : (a,b) — F
and fyp € (a,b). We say that F is differentiable at ro € (a, b) if there exists an
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element F'(f9) € F such that for all # > O sufficiently small F(t + h) © F (1),
F(t9) © F(tg — h), and the limits (in the metric D)

. F(to+h)© F(1) . F{)o F(o—h)
lim = lim
x—0t h x—0— h

exist and are equal to F’(zp).

Note that this definition of the derivative is very restrictive; for instance in [4, 5] the

authors showed thatif F(t) = c.g(¢) where cis a fuzzy numberand g : [a, b] — RV isa
function with g’(¢) < 0, then F is not differentiable. To avoid this difficulty, the authors
of [4, 5] introduce a more general definition of the derivative for fuzzy mappings.

Definition 5 (Generalized Fuzzy Derivative) [4, 5]. Let F : (a,b) — F and ty €
(a, b). We say that F is strongly generalized differentiable at 7y if there exists an element
F'(ty) € F such that

il.

ii.

for h > 0 sufficiently small AF (#9 + h) © F(tp), F(ty) © F(to — h) and the limits
satisfy
F(to + h) © F(1) F(t9) © F(to — h)

li =1 =F'(t
hl—% h hl—% h (f0)

for h > O sufficiently small 3F (19) © F(to + h), F(to — h) © F(tp) and the limits
satisfy

. Fo)oe F@i+h) . F(to —h)© F(1)
lim = lim

70 (—h) 70 (—h) = F )

or
for h > O sufficiently small 3F (tp + h) © F(10), F(to — h) © F(tp), and the limits
satisfy

. F{ty+h)o F(n) . F(to—h)© F(t)
lim = lim

=F
h—0 h h—0 (—h) (fo)

or
for h > 0 sufficiently small 3F (#9) © F (t9 + h), F(ty) © F(to — h) and the limits
satisfy

F(tg) © F(to + h) — Im F(to —h)© F(t)

=F
h—=0 (=h) h—0 h (fo)

Definition 5 is equivalent to Definition 6 that we will use in this paper.
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Definition 6. Let F : (a, b) —> F and ty € (a, b).

(1) for h > O sufficiently small, IF (1o + h) © F(to), F(t9) © F(t9p — h) and

. F@o+h)©F() . F{)oF@—h)
lim = lim
h—0t h h—0t h

= F'(19)

or
(2) for h > 0 sufficiently small 3F (1o + h) © F (1), F(to) © F(ty — h) and

. F(to+h) o F() . Fp)oFi—h)
lim = lim
h—0- h h—0~ h

The following theorem is very important to solve fuzzy differential equations.

Theorem 1 [24, 25]. Let F : T — F be a function and set [F(¢)]* = [fy (1), g« (?)]
for each @ € [0, 1]. Then

i. If F is differentiable following the form (1) in Definition 6, then f,(¢) and g4 (¢)
are differentiable functions and [F ! (t)]a = [ f.@®, g, (t)].

ii. If F is differentiable following the form (2) in Definition 6, then f, (¢) and g, (¢)
are differentiable functions and [F ! (t)]a = [g(/x ), f) (t)].

3 Solving Fuzzy Differential Equations with Fuzzy Initial Values

Consider the following equation with fuzzy initial values
x'() = F(t, x(1), x(0) =xo (3.1)

F:[0,a] x F — F and x¢ is a fuzzy number [x(t)]* = [uy(t), va(t)], [X0]* =
[ud, v3] and

[F(t, x()]" = [fu(t, ua(®), va(D), gyt ua(t), vo(®)].

Then, we get the following alternatives for solving the initial value problem (3.1):

1. If we consider x'(t) by using the derivative in the first form (1), then from Theorem 1

[X'®©]" = [u,0, vo©]
So we have the following equalities:
Ul () = fo(t, ua (D), Vo (D),  Ua(0) = ud
V() = g4t ug(®), Va (), Va(0) = V)

By solving the above system for uy and v,; we get the fuzzy solution
[x(0)]* = [ug(t), vq(t)]. Finally, we ensure that [x(t)]* = [uy(t), v4(t)] and
[x'®]" = [u, ), v, (0] are valid level sets.
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2. If we consider x'(t) by using the derivative in the second form (2), then from
Theorem 1 [x’ (t)]a = [u& (1), vg, (t)] So we get following:

U, (1) = g4 (L, Ua (D), Va (D),  ug(0) =uf
Vi (D) = fu (t, ug (1), Vo (),  Va(0) = V0.
Solving the above system for uy and vy, we get the fuzzy solution [x(t)]* =

[ug(t), ve(t)] Finally we ensure that [x(t)]* = [ug(t), ve(t)] and [x/ (t)]a =
[u, (), v, (0] are valid level sets.

4 Numerical Study for Early Brain Tumor Growth Model
with Fuzzy Initial Values

Now we consider the following numerical study for the following model, which
represents the early diagnosis tumor model with fuzzy initial values.

dx X
— = 0,192 0,65x(4,704 — 0,55x) — 0,6x — 0,01
dt (0,1+x)[ ot x( %) x ]

d
d—f =0, 5y(1,232 — 0,25y) — 0,06y — 0,01xy
x(0) = 0,35ml, y(0) = 0,2ml. @.1)

where x (¢) and y(¢) are the density of the tumor and macrophages at time ¢, respectively.
Table 1 shows the values of the parameters in Eq. (1), which gives us (4.1)
Now, we consider the following model given as:

4 = (g7 ) [2:6496x — 0357557 — 0,01xy]

4 — 0,556y — 0,125y — 0,01xy
x(0) =035ml, y(0)=0,ml.

Linearization of the equations, we get a system of two linear equations which can
be solved to get a solution closer to the real situation,

—2,5757 —0,07205

J(7,303392; 3, 863729) = ( 003864 0’48297>
f —2,5757x — 0,07205y 4.2)
@ = —0,03864x — 0,48297y

x(o) =0,35ml, y(0)=0.2ml.

The crisp solutions for the problem (4.2) are shown in Fig. 1.
Let the initial values be fuzzy, that is, x(0) = 0,35, y(0) = 0,2 and let their a-level
sets be as follows;

x(0) = [6\33] =1[0,20 + 0,150, 0,50 — 0,15a]
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Fig. 1. Crisp solution for problem (4.2)

y(0) = [672] =1[0,10+0, 100, 0,30 — 0,10a]

Let the a-level sets of x(t, a) be [x(t, ®)]* = [u(t, a), v(t, a)] and for simplicity
denote them as [u; v]; similarly [y(t, oc)]a = [r(t, &), s(t, a)] = [r; s].
If x(t, o) and y(t, o) are (1) differentiable according to Definition 6, system (4.2)
becomes
[, V] = —2,5757[u, v] — 0,07205]r, s],
[/, s'] = —0,03864[u, v] — 0,48297]r, s].
Hence for o = 0 the following initial value problem derives from (4.2):
u' = —2,5757v — 0,07205s,
v = —2,5757u — 0,07205r,
r’ = —0,03864v — 0,48297s,
s’ = —0,03864u — 0,48297r.

u(0) = 0,20ml, v(0) = 0,50ml, r(0)=0,10ml, s(0)=030ml.

1(0), v(0), r(0) and 5(0) are fuzzy initial conditions for the system. Now if x(t, o)
and y(t, a) are (2) differentiable according to Definition 6, system (4.2) becomes

u' = —2,5757u — 0,07205r,
v = —2,5757v — 0,07205s,
r' = —0,03864u — 0,48297r,
s" —0,03864v — 0,48297s

u(0) = 0,20ml, v(0) = 0,50ml, r(0)=0,10ml, s(0)=030ml.

In Fig. 2, we can see the graphical solution of all cases for o = 0.
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Fig. 2. Fuzzy solution of problem (4.2) for @ = 0

In Fig. 2; according to Definition 6, (a¢) means that x(t, &) and y(t, a) are (1) differ-
entiable, (b) means that x(t, a) is (1) differentiable and y(t, a) is (2) differentiable, (c)
means that x(t, o) is (2) differentiable and y(t, o) is (1) differentiable, (d) means that
x(t, o) and y(t, o) are (2) differentiable. Now, if Fig. 2 is analyzed, we see that when
x(t, o) and y(t, o) are (2) differentiable graphical solution (Fig. 2(d)) is biologically
meaningful. In addition, the graphical solution is compatible with a crisp solution. In
contrast, when x(t, a) and y(t, o) are differentiable as in (a), (b) and (c), the graph-
ical solutions are incompatible with biological facts. x(¢) and y(z) are the density of
tumors and macrophages at time t respectively. Being compatible with biological facts
means that the tumor is increasing or decreasing and the macrophages are increasing or
decreasing. It does not give us information about tumors and macrophages when it is
differentiated as in (a), (b) and (c), so these conditions are biologically meaningless.

Now, we will focus on the situation when x(t, o) and y(t, o) are (2) differentiable.
When the crisp graphical solution and the fuzzy graphical solution x(t, &) and y(t, o) are
(2) differentiable, we will plot their graphs on the same graph for « = 0 and « = [0, 1].
The fuzzy solution for « = 0 and the crisp solution are given in Table 1 and Fig. 3.
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Fig. 3. Crisp solution and fuzzy solution for « = 0
Conclusion

In this paper, we consider a model which has a predator-prey structure between the
monoclonal tumor and the macrophages. Building upon the work of Bozkurt [14], we
include fuzzy initial values to study the interaction of a monoclonal brain tumor and the
macrophages to see the extinction conditions for the tumor population. From one hand
and as a result of using fuzzy initial values, the uniqueness of the solution is lost. On the
other hand, and using the strongly generalized derivative, biologically we obtain more
realistic behavior that explains the interaction phenomena.
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Abstract. In this study, an improved matrix method based on collocation points
is developed to obtain the approximate solutions of systems of high-order panto-
graph type delay differential equations with variable coefficients. These kinds of
systems described by the existence of linear functional argument play a critical
role in defining many different phenomena and particularly, arise in industrial
applications and in studies based on biology, economy, electrodynamics, physics
and chemistry. The technique we have used reduces the mentioned delay system
solution with the initial conditions to the solution of a matrix equation with the
unknown Laguerre coefficients. Thereby, the approximate solution is obtained in
terms of Laguerre polynomials. In addition, several examples along with error
analysis are given to illustrate the efficiency of the method; the obtained results
are scrutinized and interpreted.

Keywords: Laguerre polynomials and series - Matrix method - Pantograph
equations - System of delay differential equations - Collocation method

1 Introduction

Mathematical models have an importance in many areas such as engineering, biology,
physics, and social science. Especially in biology, we define the systems of high-order
pantograph type delay differential equations to represent many biological phenomena.
For instance, epidemiological models are the subject of study in biology. This is the study
of disease dynamics which describe the mechanism of disease transmission. Various
biological models can be explained by systems of high-order pantograph type delay
differential equations. A delay model of predator-prey interaction is an example of these
types of systems [1].

A specific example for the applications of these type of models can be given as
the glucose-insulin regulatory system and ultradian insulin secretory oscillations which
include two explicit time delays (Fig. 1).
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Fig. 1. Schematic diagram of the glucose-insulin regulatory system model [2].

The diagram illustrates the modeled schematic diagram of the glucose-insulin reg-
ulatory system. The lines with the dots indicate exalted glucose concentration which
stimulates insulin synthesis excretion by the pancreatic beta cells. Moreover, insulin
propagates utilisation in muscle, fat and other tissues [2—4].

These type of models are difficult to solve and often arises in the study of numer-
ical approaches which have been investigated by many authors. So that, Runge-Kutta
method, collocation methods, spectral method, Adomian decomposition method have
been studied to obtain approximate solutions of system of high-order pantograph type
delay differential equations with variable coefficients [5—12]. Also, the model’s asymp-
totic behaviours, harmonic balance analysis, stability, and control have been reached
over the last decades [13-15].

2 The Model

In this study, we consider system of high-order pantograph type delay differential
equations which includes variable coefficients as

S

m k
YIS PE0y - B+ Qi) =), j=1.2,....k 0=t <1,

r=0i=1 s=0

(D
with the initial conditions are given as
m—1
S (@) =k, =00 m =1 n=1.2 k. @)
i=0

where a”! ii , Ani and B are real constants. Also, Pr S(t) and Q’ are continuous functions
definedin 0 < ¢ < 1. Our aim is to find approx1mate solutlon of the problem in (1)—(2)
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in the truncated Laguerre series form
N
Vi) Zyin®) =Y ainLla(®), i=12,....k 0<t<1 3)
n=>0

where a,, n =0, 1, ..., N are unknown coefficients; and L,,(¢), n =0,1,..., N, are

the Laguerre polynomials which are defined as

n
(=D" (nY,,

L) =) - )" 4)

r=0

3 Fundamental Relations

In this section, we compose the matrix forms of y; (¢) and their derivatives in the matrix
forms:

vi)] =LA =X®)HA;, i=1,2,...,k 5
[yi“)(t)] — LM (1)A;=X(1)BHA,,
[P 0] =L@ 0A=X0BHA,,
©)

[y;” (;)] =LOOA=X0"BHA;, r=1,2,...,m

where
L(t) = [Lo(t) Li(t) La(t)...Ly(0)]. X@®) =11 ... "],
[0 (0 oo (1Y e (2 00 (N ]
0! 0 0! 0 0! 0 AR 0
0 ' (1Y (2 (- (N 010...0
T\, ®w 1) T\ 002...0
= _n2{2 2/ N R .
H= 0 0 (21!) (2>...(21!)<2> . B R
000N O
: B : 00000
N (N
o0 0 SR (R).

and A; = [a;0 ai1 -+

ai,N]T, i =1,...,k.Byreplacing t — (¢ — ;) in Eq. (6)

then the matrix form is the following

L2,....k. (7)

[yi(r)(l - /Ss)] =L — B)A;=X(r — Bs)B'HA;, r=1,2,....m, i
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We have the relation between X (z — ;) and X(z) as

X( — Bs) = X(I)B(_ﬂj). ®)

(0 o1 1 (2 2 N N

<0)<—ﬂs) (0>(—ﬂs) (0>(—ﬂs) <O>(—ﬂs)
0 (i)(—ﬁ;)‘) (f)(—ﬁ;)l (7)(—;&;)’“1
B(—8s) = AV N\ . N—2
0 0 (2)( By) ...(2)( B5)

N 0
0 0 o . <N>(—ﬂs) |

By substituting Eq. (8) into Eq. (7), we have

where

[yi(r)(t—ﬂs)]=X(t)B(—ﬂS)B’HAi, r=1,2,....m, i=12,....k (9

Then, from (6), (8) and (9), the following matrix forms are found

yO @) =X@B'HA;, r=1,2,....m, (10
and
vy — B) =X(OB(-p)BHA;, r=12,...,m, (11)
where
(r) ),
y%)(f) y%)(t Bs) Xt 0 ... 0
¥y (1) vy (= By) _ 0 X(@#... 0
YW= L ye-gr=|" Xo=| .
@ YO = Bo) 0 0 ...X()
B(—5;5) 0 0 B 0 ...0 HO...0
_ 0 B(—pBs) ... 0 _ OB ... 0 _ OH...O0
B(=5s) = : : - : B = ST - H= :
0 0 ... B(—Bs) 0 0...B" 00...H

andA =[A; Ay ... A]7, i=1,2,..., k.

4 Method of Solution

Now, we define the collocation points as

1
t=—I, [=0,1,...,N. 12
1= (12)
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First, the relations (10) and (11) are replaced into the Eq. (1) and we obtain the
system

m S
DD Py - B + Q)Y (1) = g(0), (13)
r=0 s=0
where
[P (1) Py (1) ... P (1) (0 01, @) ... 0F, ()
P Pyi’ (1) Py (1) ... Py (1) | 250 050 - 05 ()
L P P (1) ... PG() 041 (1) 01, (@) ... 07, (1)
[ g1(1)
g2(1)
g =| .
L gk (1)

Then by using the collocation points (12) in the Eq. (13), we have

m S
DO Py (6 — B + Qe )y () = g, (14)
r=0 s=0
or briefly
m S
3P YO +Q Y =6, (15)
r=0 s=0
P.st) O ... 0 Q) 0 ... 0
0 P.t)... 0 0 Q... 0
Pr,s: . . . . er= . . . . s
0 0 ..Pu(y) 0 0 ..Quw)
vt — By) " (10) g(to) X (1)
0 _ y(’)(n.—ﬂs) g0 y(’).(tl) G- g(_tl) o X(.tl)
Yy v = By) y" (n) g(tn) X(tw)

Then we obtain fundamental matrix equation by using (10), (11), and (15)

m S
Z Z Pi’,sXB(—ﬂs)BrI:I + QrXBrﬁ A =G, (16)
r=0 s=0

We can write Eq. (16), briefly, in the following form:
WA =G = [W; G] 17)



126 B. Giirbiiz and M. Sezer

which corresponds to a system of the linear algebraic equations with the unknown
Laguerre coefficients a; ,, i =1,2,...,k, n=0,1,..., N.

Similarly, we consider the same procedure for the initial conditions and we obtain
the matrix form:

m—1
> {aXoBEjA =1 (18)
j=0
where

al 0...0

4 T

0af...0 A=[M A2 ]

aj=| _  [ad P ; T
Lo e aj:[aojalj...am_lj] .
00...ak

J
Summarily, we have the conditions, Eq. (18), in the form:
m—1 ‘
UA=2=[U;N\; U= Z{an(O)BJH}. (19)
j=0
By replacing the matrices (19) into last rows of the part W in Eq. (17), we have the

new augmented matrix as [W; G] [16]. By solving the system, therefore, from Eq. (3),
approximate solution of the problem (1)—(2) is obtained in the following form:

N
Vi) Zyin@) =) ainLa@), i=12...k 0<t<L
n=0

5 Error Analysis

In this section, we check the accuracy of the present method. The approximate solutions
vi.n(t) of Eq. (1), and their first derivatives are considered and substituted into Eq. (1).
Then we obtain approximate results fort =¢. € [0, 1], r =0, 1, ....

m S

k
Ein() =Y > Y PEy" t — B + 5y (1) — g (1) | =0,

r=0i=1 s=0

where En (1) < 107%«8 = 10~ ¥ (kisa positive integer) is prescribed, then the truncation
limit N is increased until difference En(f.) becomes smaller than the prescribed 107k
at each points.
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6 Algorithm

Step 0. Input initial data: P, and Q.

Step 1. Setm < N form € N.

Step 2. Construct the matrices such as P, (¢), Q,(¢), X(t), B(—p8s), B", H, g(1).
Step 3. Replace in the fundamental equation.

Step 4. Apply the collocation points, #; = %l, [=0,1,...,Nin S3.

Step 5. Compute [W; G].

Step 6. Calculate initial condition matrices [U; '\].

Step 7. Replace findings in S5 and get the new augmented matrix [W; G]

Step 8. Solve the system in S7 where output: y; v (?).
Step 9. Check the accuracy for the error function E y (¢,).
Step 10. If Ex(z,) = 0. Else, then back S1.

7 Numerical Experiments

In this section, to show the accuracy and efficiency of the presented method, for the
problem given at (1)—(2), is solved with it. Numerical calculations were performed
using Maple software.

Example 1. Firstly, we deal with the system of first-order delay differential equations
which is defined in Eq. (1) [7]

Vit — 1)+ y5t — 1) =21,
Vit —1) — it —1) =2t — 1,
Vit—D+yst—D=t—1, 0<t<I, (20)

and initial conditions are given as

y1(0) =0, y2(0) =0, and y3(0) = 0. 2n
where
000 110 2t
Poi(t)=[000 |, Poy() =101, gt) =|2t—1
001 10 1 r—1

and the collocation points are tp = 0, 11 = 1/3, r» = 2/3, and 13 = 1. Then the
fundamental matrix equation of the problem is

{PQ]XB(_])I:I + Pl,oXB(_l)BI:I + P2,0XB(_1)I_321:I} A =G,

w

where we get the augmented matrix [W; G]. Also, we consider the initial conditions
given in Eq. (21) by the matrix form of Eq. (19). Then the new augmented matrix
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[W; G] is described by substituting the conditions. Finally, we have the solution of the
system which gives us the exact solution of the system for N = 3 as:
yi(t) =%, yo(t) = 2t, and y3(t) = —t.

Example 2. We consider the following linear system of second-order retarded and
advanced differential equations [10]

yf(z — %) + 2tyi <t + %) — ty2<t — %) +12y3(t —1)=g1(),

” 1 , 1 1 1
¥ (l - Z) — 1y <t + g) - tyz(t - g) +5y3<t - 5) =),

’ 1 , 1 , 1 1 1
y3 (t—l-g) —tyl(t - 8) +ty3(t— 5) + 3y (t—l— Z) +2ty2<t—|—§> =g3(1), 0=<t<1,

with the initial conditions

y1(0) =0, y1(0) =1, »2(0) =1, y;(0) =0, y3(0) =1, and y3(0) = 1.

where

g1(t) = — sin(t — 1) + 21 cos(r — %) —tcos(t — §) + %',
g (t) = — cos(t — 3—1) —t cos(t + %) — 1 cos(t — %) + 567172
g3(t) =etB3 ¢ cos(t - %) +re V343 sin(t + }T) + 2t cos(t + %)

The exact solution of the system is y(t) = sint, y(t) = cost, and y3(t) = €'
(Figs. 2, 3, 4) and (Tables 1, 2, 3).

Table 1. Absolute errors for N = 8 and 10 comparison for y; (), in Example 2.

t |Ey =Eg |Ey =Ejg
0.0 | 0.00000 0.00000

0.1 0.1569E—7 | 0.1003E—8
0.2 0.2560E—7 | 0.2021E—8
0.3 0.3248E—7 | 0.1032E—8
0.4 | 0.1039E—7 | 0.9820E—8
0.5 0.3591E—-7 | 0.3097E—8
0.6 |0.3719E—7 | 0.2065E—8
0.7 1 0.2052E—6 | 0.1082E—7
0.8 | 0.5066E—6 | 0.5194E—7
0.9 |0.1042E-5 | 0.1112E—6
1.0 | 0.3702E—5 | 0.3003E—6
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Table 2. Absolute errors for N = 8 and 10 comparison for y>(¢), in Example 2.

t |Ey =Eg |Ey =Ejg
0.0 | 0.00000 0.00000

0.1 | 0.2981E—7 | 0.1973E—8
0.2 | 0.6330E—7 | 0.2371E—8
0.3 | 0.8120E—7 | 0.9873E—8
0.4 | 0.9001E—7 | 0.3205E—8
0.5 | 0.5361E—7 | 0.7903E—8
0.6 | 0.9137E—6 | 0.5608E—8
0.7 | 0.5209E—6 | 0.8379E—7
0.8 | 0.6650E—5 | 0.9970E—7
0.9 | 0.2401E—5 | 0.7260E—6
1.0 | 0.2703E—5 | 0.7780E—6

Table 3. Absolute errors for N = 8 and 10 comparison for y3(¢), in Example 2.

t |Ey =Eg |Ey =Ep

0.0 | 0.00000 0.00000

0.1 | 0.2981E—7 | 0.1973E—8
0.2 | 0.6330E—7 | 0.2371E—8
0.3 | 0.8120E—7 | 0.9873E—8
0.4 | 0.9001E—7 | 0.3205E—8
0.5 | 0.5361E—7 | 0.7903E—8
0.6 | 0.9137E—6 | 0.5608E—8
0.7 | 0.5209E—6 | 0.8379E—7
0.8 | 0.6650E—5 | 0.9970E—7
0.9 | 0.2401E-5 | 0.7260E—6
1.0 | 0.2703E—5 | 0.7780E—6

25 x10°

0.5

Fig. 2. Comparison of the error function for Laguerre collocation method (LCM), Jacobi Gauss
collocation method (JGCM) for y{(¢), N = 8 in Example 2.
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Fig. 3. Comparison of the error function for Laguerre collocation method (LCM), Jacobi Gauss
collocation method JGCM) for y,(¢), N = 8 in Example 2.
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Fig. 4. Comparison of the error function for Laguerre collocation method (LCM), Jacobi Gauss
collocation method (JGCM) for y3(¢), N = 8 in Example 2.

Example 3. Let us consider a homogenous system in three dependent variables

Y6 = 2y1(0) + (1= 2)y2(1) — y3(0),

Yo(0) = 1310 + (1= )yat) — y3(0),

Y5(0) = $y1(0) — py(), 0<r <1,
with the initial conditions [8, 9]

yi(1) =0, y2(1) =1, and y3(1) = 1.
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Applying the introduced technique for N = 4, then we have the following solutions

yi(®) =2—=2¢t, yp(t) =2 —t, and y3(t) =2 — ¢,

which give us the exact solutions of the problem.

8

Conclusion

In this study, we introduce a matrix method depending on Laguerre polynomials in order
to solve systems of high-order pantograph type delay differential equations with variable
coefficients numerically. Furthermore, the error analysis is given to show the accuracy of
the method. The present method and its error analysis are applied on illustrative examples
which have been shown by figures and tables. The method has significant importance
such as; the present method has a short and concise computing procedure by writing the
algorithm in Maple18. The present method has sufficient results when N is chosen large
enough. The method also can be extended to different types of mathematical models
with respect to some modifications [17].
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Abstract. In this work, we will study the integral solution of wave fractional
differential equations with fuzzy initial data by using Fourier transform, the exact
solution is given in the case of y = 2. Some examples are presented to illustrate
the results.

1 Introduction
The present paper investigates the analytic solution of the following problem

enDIu(t,x) —, c2§—;u(t,x) =0,—00<x<o0, >0, 1 <y<2
u(0,x) = a(x)
Gu(0,x) = b(x)

where a and b are two absolutely valued-functions in E'. —g is the generalized
Hukuhara difference. o D is the generalized fuzzy fractional caputo’s derivative.

In 1965 Zadeh [13] introduced the basic ideas of the fuzzy set theory, as an extension
of the classical notion of set. The authors in [6] give a generalization of the Hukuhara
difference which guaranteed the existence of this is for two segments in R. As conse-
quence in the same work Bede and Stefanini presented the generalized derivative of a set
valued-functions. Agarwal et al. [1] are the pioneers working in fuzzy fractional (DEs).
They formulated the Riemann-Liouville differentiability notion as the base to define
the concept of fuzzy fractional DEs. After that, they proved the existence of solutions
of fuzzy fractional integral equations (IEs) under compactness type conditions using
the Hausdorff measure of noncompactness in the paper [2]. Allahviranloo et al. in [3]
presented two new results on the existence of two kinds of gH —weak solutions of these
problems and indicated the boundedness and continuous dependence of solutions on
the initial data of the problems. In [5] the authors prove the existence and uniqueness
theorems for non-linear fuzzy fractional Fredholm integro-differential equations under
fractional generalized Hukuhara derivatives in the Caputo sense. From the idea of [5]
we will try to prove the existence and uniqueness of fuzzy fractional wave equation.

This paper is organized as follows. In Sect.2 we recall some concepts concerning
the fuzzy metric space. The generalized derivative take place in the Sect. 3. In Sect. 4 we
give the concept of fuzzy Fourier transform and we presented some properties. We pre-
sented the solution of the fuzzy wave equation in Sect. 5. Finally in Sect. 6 two examples
are given to illustrate the usefulness of our main results.
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2 Preliminaries

In this section, we present some definitions and introduce the necessary notation, which
will be used throughout the paper.

We denote E! the class of function defined as follows:

E' = {u :R—[0,1], u satisfies (1—4) below}
u is normal, i.e. there is a xo € R such that u(xp) = 1;
u is a fuzzy convex set;

u is upper semi-continuous;
u closure of {x € R", u(x) > 0} is compact

L e

For all o € (0, 1] the a-cut of an element of E' is defined by

u® = {xeR, u(x) > Oc}
By the previous properties we can write
u® = [u(o),u(cr)]
By the extension principal of Zadeh we have
(u+v)* = u®+v%
Au)* = Au®
Forallu,v€ E'and A € R

The distance between two element of E! is given by (see [4])

d(u,v) = sup max{[i(er) ~7(e)],lu(er) — v(e0)|}

0e(0,1]

The metric space (E!,d) is complete, separable and locally compact and the fol-
lowing properties for metric d are valid:

1. dlu+v,u+w)=d(u,v);
2. d(Au,Av) = |A|d(u,v);
3. dlu+vy,w+z) <d(u,w)+d(v,z);

Remark 2.1. The space (E',d) is a linear normed space with ||u|| = d(u,0).

Definition 2.2. [10] A complex fuzzy number is a mapping z : C — [0, 1] with the fol-
lowing properties:

1. zis continuous;
2. 2% a € (0,1] is open, bounded, connected and simply connected;
3. z! is non-empty, compact, arcwise connected and simply connected.

We denote the set of all fuzzy complex number by C'.
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Definition 2.3. /6] The generalized Hukuhara difference of two fuzzy numbers u,v € E'
is defined as follows

Uu=v+w
U—g V=W
{or v=u+(—1)w

In terms of o-levels we have

(—gv)" = [min {u(o) ~ v(e), m(r) ~w(er)}, max {u(ex) — v(er), m(x) ~ (@)}

and the conditions for the existence of w =u—,v € E! are

[ w(0) = u(@) — v(a) and w(a) = (r) — F(a)

case (1) {With w(a) increasing, w(o:) decreasing, w(or) < w(ot) %
o Jw(e) =u(a) —v(e) and w(o) = u(er) —v(et)

case (1) {With w(a) increasing, w(a) decreasing, w(o) < w(a) @

for all o € [0, 1].

Throughout the rest of this paper, we assume thatu —,v € E !

Proposition 2.4. [11]
lu—g vl =d(u,v)

Since ||.|| is a norm on E™ and by the Proposition (2.4) we have

Proposition 2.5.
A —g ptu| = |A — o ||ul]

Let f: [a,b] C R — E' a fuzzy-valued function. The o-level of f is given by
flx,0) = [ £, @), F(x, )], ¥ € [a,b], Yo € [0,1].

Definition 2.6. [6] Let xo € (a,b) and h be such that xo+h € (a,b), then the gener-
alized Hukuhara derivative of a fuzzy value function f : (a,b) — E' at xo is defined
as

lim Hf(onrh) —¢f(x0)

h—0 h

¢ fanw0)|| =0 3)

If for(x0) €E Usatisfying 3 exists, we say that f is generalized Hukuhara differentiable
(gH-differentiable for short) at xy.
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Definition 2.7. [6] Let f : [a,b] — E' and xo € (a,b), with f(x, o) and f(x, @) both
differentiable at xy.
We say that

1. fis [(i) — gH]-differentiable at x if

Feonx0) = |f (x,0). 7 (.00 @

2. fis [(ii) — gH]-differentiable at x if
Fhan@0) = [F (.00, f (x| )

Theorem 2.8. Let f:J CR — E' and g : J — R and x € J. Suppose that g(x) is
differentiable function at x and the fuzzy-valued function f(x) is gH-differentiable at x.
So

(f&) e = (f'8)eri + (f&)er

Proof. Using (2.5), for h enough small we get

H flx+h)g(x +:) —e /W8l ((F (98()) et + (F )& ())ar) H

| Flet Pt e Fstat W4 L) Ze 000 (a0 + (10 )|

|| (R e NGt P “e800) (g0 + (0 )|

<| (f(x+h) =g f(x))g(x+h)
B h

< H (f(X+h)h—gf(X))g

o (P @) | + | LLEER =80 (401 ) )|

()~ (7)) |+ ) EEHDZe8OD (1t ()|

which complete the proof by passing to limit.

Definition 2.9. [6] We say that a point xy € (a,b), is a switching point for the differ-
entiability of f, if in any neighborhood V of xq there exist points x1 < xy < xp such
that

1. type (1). at x1 (4) holds while (5) does not hold and at x; (5) holds and (4) does not
hold, or

2. type (2). at x1 (5) holds while (4) does not hold and at x> (4) holds and (5) does not
hold.

Definition 2.10. /3] Let f : (a,b) — E'. We say that f(x) is gH-differentiable of the
2nd-order at xy whenever the function f(x) is gH-differentiable of the order i,i =0, 1,
atxo, ((f(x0))(i)gn € E'), moreover there isn’t any switching point on (a,b). Then there
exists (f )y (x0) € E' such that

' h)—¢ f 11
f'(xo+ )h ¢ /' (x0) -, gH(xO)H _o

fim ’
h—0
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Definition 2.11. /3] Let f : [a,b] — E' and fH (x) be gH-differentiable at xo € (a,b),
moreover there isn’t any switching point on (a,b) and f(x,ct) and f(x, ) both differ-
entiable at xy. We say that

e f'is [(i) — gH]-differentiable at xy if

Flen(x0) = [ £(x.00). 7" (x. 1)
o f'is [(ii) — gH|-differentiable at xq if

Fhan(v0) = [ (. 0), £ (x,0)|

Definition 2.12. [8] Let f : [a,b] — E'. We say that f(x) is fuzzy Riemann integrable
tol € E' if for any € > 0, there exists § > 0 such that for any division P = {[u,v];E}
with the norms A(P) < 8, we have

d (i(v—u)f(é),[) <E€

p

where Y* denotes the fuzzy summation. We choose to writel = b f(x)dx.
P Y a

Theorem 2.13. [6] If f is gH-differentiable with no switching point in the interval [a, )
then we have

[ s = 50)— @)

Theorem 2.14. [12] Let f(x) be a fuzzy-valued function on (—eo ) and it is repre-

sented by f(x,a) = []:(x, a), f(x,a)] for any fixed o € [0, 1]. Assume that |f(x, )| and

|f(x, )| are Riemann integrable on (—eo,) for all o € [0,1]. Then f(x) is improper
Sfuzzy Riemann-integrable on (—eo,o) and the improper fuzzy Riemann integral is a
fuzzy number. Furthermore, we have

[ twax=[[ " srweax, [ v
From this theorem we can discuss the Fuzzy Riemann’s improper integral

Lemma 2.15. Let f: RxR* — E!, given by f(x,t;00) = [f(x,1;00), f(x,1; )], and let
aeRT
If [ f(x,t;0)dt and [ f(x,t;0)dt are converges then

/ fx,t;00)dt € E!

Proof. Just use the conditions (1).
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Theorem 2.16. Let f: R x RT — E! be fuzzy-valued function such that f(x,t;0) =

[f(x,t500), f(x,2500)]. Suppose that for each x € [a, o), the fuzzy integral [ f(x,t)dt is

convergent and moreover [.° f(x,t)dx as a function of t is convergent on [c,). Then

/cm/amf(x,t)dxdt = /:./;f(x,t)dtdx

Proof. Applying the theorem of Fubini-Tonelli [7] to these two functions f (x,#; o) and

f(x,t; ), and use the conditions (1)

Theorem 2.17. Suppose both, f(x,t) and oy, f(x,t), are fuzzy continuous in [a,b] X
[c,°0). Suppose also that the integral converges for x € R, and the integral [.” f(x,t)dt
converges uniformly on |a,b]. Then F is gH-differentiable on |a,b] and

Fly(x) = / e fx 1)

Proof. The continuity of dy,,, f(x,t) on [a, b] by the convergence domain theorem of to
f(x,2;00) and f£(x,; 0¢) and use the condition (1).

According to the Theorem (2.8) we get

Theorem 2.18. Let f : [a,b] — E' and g : [a,b] — R are two differentiable functions
(f is gH-differentiable), then

b b
/a Fa(0g()dx = £(b)g(b) — f(a)g(a) — / F()g (x)dx

Remark 2.19. If f,g € AE" with 1lim f(x) =0, limp_,..g(x) = 0 then

oo
| _fins@dx= [ rg @dx

3 Fuzzy Generalized Hukuhara Partial Differentiation

In this section f: D C R x R* — E! is called the two variable fuzzy-valued function.
The parametric representation of the fuzzy-valued function fis expressed by f(x,7,a) =

Flxt,0), Fx1,0)]

Definition 3.1. /3] Let f : D C R x Rt — E! and (xo,t9) € D. Then first generalized
Hukuhara partial derivative ([gH — p|-derivative for short) of f with respect to vari-
ables x,t are the functions o, f(xo,t0) and ,,,, f(xo,to) given by

lim

Hf(m-i—h,to) —¢ f(x0,10) ~ xng(XOJO)H 0

h—0 h
and N
1 - f
}lin(l)Hf(xo, 0+ )h ¢ S (x0,10) ,axng(xo,lo)H _0

provided that Oy, f (x0,t0), 9.y, f (X0, %0) € E'.
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Definition 3.2. [3] Let f(x,1) : D — E', (xo,10) € D and f(x,t;0) and f(x,t; ) both
partial differentiable w.r.t. t at (xo,ty). We say that

o f(x,t) is [(i) — p]-differentiable w.r.t. t at (xo,to) if

By (30.10) = [ f (30,102 0). 0 F (0,103 0) | M

Dunf (0,10) = [0 F (0,103 0), 9 (30,103 )| @
We inspired of the Definition (2.10) we presented the following definition

Definition 3.3. f: R x R*R — E!. We say that the function t = h(x), is switching
boundary for the differentiability of f(x,t) with respect to t, if for all x belongs to
domain of h(x) and for all t € R, there exist points to < t; < tp such that

1. at (x,11) (1) holds while (2) does not hold and at (x,t;) (2) holds and (1) does not
hold, or

2. at (x,t1) (2) holds while (1) does not hold and at (x,t;) (1) holds and (2) does not
hold.

Theorem 3.4. Consider f: R xRt — E! and u : R — E' are fuzzy-valued functions
such that u(x; o) = [u(x; &), u(x; o). Suppose that h: R — R and p: R x Rt — R™ is
a differentiable function w.r.t. t and

op(x,t) >0, hi(t) <x<hat);

Ap(n,1) <0, ho(r) <x < har)

atp(x7t) = {
and f(x,t) = p(x,t)u(x). Then o, f(x,t) exists and

Oy P(X,1) 20, hi(t) <x <Mat);

a =
b P(X:1) {atii.ng(x,t) <0, ha(t) <x < ha(r)

In fact, the function hy(t) is switching boundary type 1 for differentiability of f(x,r)
with respect to t.

Proof. Since p is valued in R™ then we can set f(x,7;0) = p(x,t)[u(x; o), u(x; o)),
which implies that

Oty = O (x,1) [t (x; 00), 1 (x; 1)
If 71 (1) < x < hp(t) then
Oy = [0 p(x, 1)u(x; 00), 0, p(x, 1) (x; @)
then f(x,7) is [(i)-differentiable] by report at 7. In the same if hy () < x < h3(t) we

get

ang = [glp(xJ)ﬁ(X; (X), atp(xJ)ﬂ(x; (X)]
thus f(x,7) is [(ii)-differentiable] by report at ¢.
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4 Generalized Fuzzy Fractional Derivative

We present generalized fuzzy fractional derivative and their properties.
Definition 4.1. /5] Let f € LE : (la,b)). The fuzzy Riemann-Liouville integral of fuzzy-
valued function f is defined as following:

Hf@r) = /t(t—s)"flf(s)ds, a<s<t, 0<g<l1

r(1—q)
Definition 4.2. [5] Let f(x,t; ) = [f(x,1; ), f(x,1; )] be a valued-fuzzy function. The

fuzzy Riemann-Liouville integral of f is defined as following:
Dl f(t,x;00) = ﬁ/at (t—5)fau(s)ds, a<s<t, 0<g<l
Also we say that f is [(i) — gH|-differentiable at ty if
D! f(x,t;00) = [DIf (x,t50), D f (x,1; 01)]
and f is |(it) — gH|-differentiable at 1y if
«t DY f(x1;00) = [Df (x,800), £ (.1, 0)]
Lemma 4.3. Let f € AE' and r € (0,1),then
1. If f is [(i) — gH]-differentiable at ty then D" f is [(i) — gH|-differentiable at 1.
2. If f is [(ii) — gH|-differentiable at ty then D" f is [(ii) — gH|-differentiable at t,
Proof. Note that .

HDIf(t) = ﬁ/o (t—5) " fou(s)ds
1

Since =g (t — )7 is a nonegative quantity whenever 0 <7 < s.

Theorem 4.4. Let f € AE' and g € (1,2),then

e Df(t) = gHinlf(éH(f)

Proof. We set f(t) = [f(t; ), f(¢;0)] and use Lemma (4.3)
If f is [(i)-differentiable] then
F@) =[f(0),F ()

and
DI f () = D97 f (1300, 097" F (13 0)]
If f is [(i)-differentiable] then
Ft) =[F (o). f ()]
and

DI f () = D97 F (100,097 (13 00)]
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Proposition 4.5. Let f: LE' .
IFDY"f(1) = g(1), then f(1) = f(0) +1 £y (0) + 17" "g(t)

Proof: We set f(1) = [f(1; @), f(1;0)] and g(1) = [g(t; 1), 8(1; @))].

1. If f is [(i)-differentiable] by Theorem (4.4)

Which implies that

By [9] we get

ft00) = f(0;00) +1f/(0;00) + 1" (15 cx)
F(t:0) = F(0:0) +1F (0;0) + 17 'g(1:00)

in the same if f is [(if)-differentiable] then

f(t0) = f(0:0) +1F (0:0) +17 g (t:00)
fltsa) = f(0;00) +1f (0;0) + 17 'g(1; 00)

Thus
F(t) = f(0)+1f3(0)+1""g(t)

5 Fuzzy Fourier Transform

In this section we discuss the Fourier transform in the fuzzy case
1
Lemma 5.1. If f € AE then the map

F: R+— C!
o — [7 f(x)e " ®dx

is well defined

Proof. We have
Hf(x)e—ia)w

=lre]

Since f € AE' then f(x)e~"®¥ € AC', which complete the proof.

141
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Remark 5.2. In the same the map and under same assumption
F: R+— C!
o — [~ f(x)e®dx
is well defined

By the previous lemma and remark we can give a definition of the fuzzy Fourier
transform

Definition 5.3. Let f : R — E! a fuzzy-valued function. The fuzzy Fourier transform of
f, denote Z(f) : R — C!, is given by

1 oo 4
F(f(x :—/ x)e '*dx=F(w
(f(x)) Nir S (@)

Also the fuzzy inverse Fourier transform of F(®) is given by

7)== [ W=y

By the conditions (1) we have

Remark 5.4. Let f € AC.

If fx,t;0) = [f(x,t; ), f(x,8; 0)], then we can denote

F (fr0)) = [F (f(x10)), F (flx,10))]
with
[z1,22) = [Re(z1),Re(z2)] x [Im(z1),Im(z2)]

and
Ffna)=[F (o), 7 (fxna)]

Using the conditions (1) and the linearity of Fourier transform on a “crisp” function
we get for all a,b > 0

aZ (f(x,t;0)) +bF (g(x,t;00)) = F (af (x,t;00) + bg(x,1; )

Theorem 5.5. Let f € AF " such that lim f(x) = 0. suppose that foy € AE' Then

x| =

F (fen(x)) = i0F (f(x))
Proof. Using Theorem (2.18) we get
1

7 (fin0) = = [[F0™ )70~ (i) [ fx)eas]

Using the limit lim f(x) = 0 we get the result.

[0
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Corollary 5.6. If f H € AE' and lim f®® =0 fork=0,1,2, then

[x[—e0

F (fon () = —0>F (f(x))
By the Theorems (2.17) and (4.4) we have

Theorem 5.7.
F (uD] f(x,1)) = uD.F (f(x,1))

6 The Solution of the Fuzzy Fractional Wave Equation
In this section consider the following problem

e Dl u(t,x) fgczg—;u(t,x) =0 0<xt<],0<y<]1
u(0,x) = a(x), (1)
2u(0,x) = b(x)

where a and b are belongs to A® l,

Proposition 6.1. The problem (1) has a unique solution.

Proof. Let u(x,t) is fuzzy absolutely integrable, we define the fuzzy Fourier transform
of u(x,t) and its inverse by

F (u(x,1)) e Pdx =U(w,t)

=5
F 1 (U(o,1)) W/ U(o,1)e® do = u(x, 1)

If D,’;Hu(x,t), Oy u(x,1) and dyy,, u(x,1) are fuzzy absolutely integrable in (—oo,c0) by
using

F (euDJu(t,x)) —¢ F <c2§:2u(t7x)> =0
It follows from the Corollary (5.6) that
(29 2,2
F (c axzu(t,)c)) =—c0oU(w,1)

F (euDlu(t,x)) =D/U(w,t)

We get
#HD]U(w,1) = —U(o,1)
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It follows that |
gHDZ/_ Ug:H(wJ) = —CzU((DJ)

Thus we have the following problem

Dl Uly(@.1) = —2U(w,1) )
U(w,0) =7 (a(x)) 3)
2 U(@0) =7 (bx) @

by Lemma 3.2 [5] this problem has a unique solution given by

C2 t s
U(a),t):U(w,0)+t§tU(w,O)—gr(Y_l)/0 /0 (s— 1)U (o, 7)dvds

if i is [(i)-differentiable], and

2 t rs
Uw,t) = U(w,0)+%u(w,0)+ ﬁ/o /0 (s—7)7"2U (@, 7)dtds
if o is [(ii)-differentiable].

Which implies the existence and uniqueness of the solution of the problem (2) and
by the inverse of Fourier transform we get the existence and uniqueness of the solution
of (1).

7 Casey=2

In this section we set
u(x,t;0) = [u(x,t;00),a(x,t;0)]

a(x; o) = [a(x; o), u(x; 00)]
b(x; ) = [b(x; o), b(x; )]
If ' is [(i)-differentiable] then
82 ) 2
ﬁg(x,t;a) =c Wg(x,t;a)
0% _ 0% _
ﬁu(x,t;oc) = czﬁu(x,t;oc)
which implies
(x,t;00) = F(x—ct; ) + G(x+ct; @)
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where
a(x;o) =F(x—ct;a) + G(x+ct; )
a(x,t;0) = F(x—ct;00) + G(x+ct; @)

and
b(x;a) =F'(x—ct;00) + G (x+ct; o)

b(x,t;0) = F'(x—ct;0) + G (x +ct; &)

By the conditions (1) the solution is given by
u(x,t) =F(x—ct)+G(x+ct)

where F and G are given by the above formula (7.1) — (7.4).

8 Examples

In this section we will give some examples to illustrate the previous results.

Example 8.1.
3
D u(t,x) —gc %u(r x)=0 O<xr<1,0<y<l
e
u(0,x;0) = [(1+a)e™,(3—a)e™],
Su(0,x) =0

the solution is given by u(x,t) = .~ (U(w,t)) with

1 —a+3 2oty
Ulw,r) = | FLeo? 0T e-wzb ¢ //(sfr)_%U(a),r)drds
0 J0

V20T r()

Example 8.2.

e D?u(t,x) —gczz—;u(t,x) =02 0<xt<1,0<y<l1
u(x,0;0) = [oee™ ,(2—o)e ™,
EM(.X,O) =0

the solution is given by

u(x,t) =[a, 1 — %]e_xcosh(ct)
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Fig. 1. Lower and upper branch of u(x,7)with o = 1

9 Conclusions

This study makes it possible to explain the wave phenomena with uncertainty in exper-
imental data.
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Abstract. The Galerkin finite element method, based on cubic trigonometric B-
spline for the space discretization and fourth order Runge Kutta method for time
discretization is proposed for numerical solution of the Regularized Long Wave
(RLW) equation. The numerical example related to single solitary wave is consid-
ered as the test problem. To see the accuracy for the proposed method, the maxi-
mum error norm L is computed and conservation property of the RLW equation
will be validated by calculating the three conservation quantities, corresponding
to mass, momentum and energy.

Keywords: Galerkin finite element method - Cubic trigonometric B-spline -
Regularized long wave equation - Solitary waves

1 Introduction

Nonlinear partial differential equations are used in the modeling of many events in
nature. There is no general method for the exact solution of nonlinear partial differential
equations. Therefore, approximate solutions of such equations are frequently studied.
The RLW equation, which can be used as an alternative to the KdV equation, has an
important role in soliton theory. RLW equation has only a limited number of analytical
solutions for boundary and initial conditions. The nonlinear partial differential equation
which may be written in the following form as

Ur + Uy + Uty — lixyr = 0, (D

is known as RLW equation formulated by Peregrine for studying soliton phenomenon
(1,2].

Due to the fact that the Solitary wave’s boundary conditions are zero at the boundaries
namelyu — OQasx — oo, the positionrange will be selectedtobeu(a, t) = u(b, t) =
0. Therefore, the boundary and initial conditions will be considered as

u(a, t)y =ulb, t) =0,

wa ) =ugb. =0, OT] @

and

u(x, 0) = f(x). 3)
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To solve numerically the RLW equation, various numerical methods including dif-
ferent degrees of spline functions are proposed [3—13]. Generally in these methods,
Crank Nicolson method having second order accurate in time has been used for the
time discretization for the RLW equation. By this study, it is aimed to get a numerical
solution for the interested equation with a high accurately numerical method based on
the use of the fourth order Runge Kutta method for time discretization. Trigonometric
B-spline functions are rarely used in literature compared to B-spline functions. In this
study, Galerkin finite element method based on cubic trigonometric B-spline functions
will be used when time discretization is performed.

2 Application of the Method

When making calculations, the space-time plane [a, b] x [0, T] will be discretized by
grids with At and A. Thus,

u(xp, tn)=u'1'), p=0,1,...,N; n=0,1,2,...

will be used for the exact solution and U [’} will be used for the approximate solution of

the exact solution at the points (x P tn) where x, = a + ph and 1, = nAt. The space
interval [a, b] will be divided into equal length N sub-interval as

a=x9g<XxX1<...<xnNy_1 <xy=>b.
The definition of cubic trigonometric B-spline functions in these knots is as follows:
g3(xp_2) , X € [xp_z, xp_l)
—8%(xp-2) 8(xp)
—g(xp-2) 8(xp+1) 8(xp-1) — 8 (xp+2) g (xp-1) . x € [xp-1, xp)

1

Ty(x) = —
=5 slepa) 2(epn)

+8(xp+2) g(xp—1) g (xp+1) + gz(xpﬂ) glxp) xe [xps xp+1)

_g3(xp+2) , X € [xp+1, xp+2)
0 otherwise

0 = Sin<ﬁ> sin(h) sin<ﬁ>,
2 2
g(xp) :sin(x —2xp>.

An approach U (x, t) to the unknown function u(x, t) as a linear combination of
cubic trigonometric functions can be performed as follows:

“4)

where

N+1
u(x, DU, =Y Tpx)sp(t). (5)

p=-1
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Since the cubic trigonometric B-splines have local supports, there is no need to
evaluate basis functions where they are zero. Therefore, by editing the trial solution (5),
the following form can be written over the sub-elements [x,, x,41]:

p+2
U, 1)y = Y Tj(x)8;(1) 6)

j=p—1
Using cubic trigonometric B-spline (4) and the solution (6), unknown function U, =
U (xp, t) and the space derivatives at knots are written as
Uy =a16p—1 + 228, + 21641,
U, =a3(=8p—1 4 8pt1),
Uy =aa8p—1 + a58p + aadpi1, @)

where

o) = sin2(%) csc(h) CSC(%)» 2 = (#os(h))
a3 = (% CSC(%)) )

3(3 cos? L3 -1 3 cot? U

By arranging, the Eq. (1) can be rewritten in the following form as

(u — puyy), = —(uy + guuy). 3
If both sides of the equation are multiplied by the weight function W (x) and integrating
over the space interval [a, D], we get the following equation:

b b
S W) (ur — ptxxy) dx = — [ W(x) (ux + uny) dx. )

Now, weight function and unknown functions in Eq. (9) are taken as cubic trigonometric
B-spline shape function and an approach for unknown function u(x, ) given in (6)
respectively. Thus, the fully discretized approximation form can be obtained over the
sub-element [x,, xp11] as

p+2 Xpt p+2 Xpti p+2
[f (T}Tj—/LZ}TJ(/)dx]((S,)j— Z [ | =TT} —¢T; Z (Tr8:) T} | dx | 8.
j=p—1L 77 j=p—1L "7 r=p-1
(10)
The approximation (10) can be written as
[A¢ — uB*)] & — [-C* —eD*(§9)]8¢, p=0,1,...,N —1 (11)

where

. ril e _PH " e _ Pt /
Aij= [ T;T;dx, Bij= i TiTjdx, Cl-j= S TiTjdx

Xp Xp



An Efficient High Order Algorithm for Solving Regularized Long Wave Equation
e Trl / e T
Df; = ){7 TiT:8,Tidx, (8) = Bp—1, .-, Sp42)" .

Combining contributions from all elements lead to the matrix equation
[A—uB]é; =[-C —¢D]d
or
8, =E§
where

E =[A—uB]"'[-C - ¢D],
8=(8_1, 80, ..., Sn, ST
After initial vector
d’ =0, ..., 8 SN
is found using the conditions (2) and (3), unknown vectors

n+1 _ ,on+1 n+1 n+1
d"t =@ st st

is found by using fourth order Runge Kutta method for a system of ODEs (13).

3 Propagation of Solitary Wave

The conservation quantities of the RLW equation

oo b
I = [ udx = [Udx,
—00

a

00 b
L= [ @+ pu)®dx ~ [(U? + n(Uy)?)dx,

oo b
L= [ (6 +3u?)dx ~ [(U? +3U%)dx.
a

—00

151

12)

13)

(14)

corresponding to the mass, energy and momentum [14] will be calculated by approxi-

mately the trapezoid rule. Also error norm
Ly = max|up — Up‘
and the order of convergence

lOg‘(u - UAtp)/(u - UAZ[H-I)}

order =
10g|Atp/Atp+1 |

will be calculated.

5)

(16)
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The solitary wave solution of the RLW equation is
u(x, t) = 3esech? (k[x — %o — vt]). (17)
Taking t = 0 in (17), the initial condition of the test problem is found as
u(x, 0) = 3esech? (k[x — %ol), (18)

where the velocity and amplitude of the solitary wave are v = 1+¢c and 3¢, respectively.
ec

v

Three invariants for the RLW equation using the initial condition

Xo is the point at which the peak of the initial wave and k =

u(x, 0) = 3csech? (k[x — %o,

can be determined analytically as

o 6
L= [ udx:f,
—0Q

o 2 2
= [ (W +p)?dx = Lo | SBkeu

L= T (4 +3u?)dx = 262 (1 4 %),

The error norm L, conservation quantities /1, >, I3 and order of convergence for
the obtained algorithm over the space interval —80 < x < 120 by using the parameters
¢ =0.1,h = 0.02 and various time steps are documented in Table 1. As clearly seen
from the Table 1 that the conservation constants are almost the same as the exact results,
the error norm decreases as the time step decreases, and the convergence rate is almost
4, which is the accuracy of the Runge-Kutta method.

Table 1. Invariants, error norm and order of convergences with the amplitude = 0.3

At Leo I Iy I3 Order
2 221 x 1073 | 3.97994975 | 0.808728306 | 2.57327030 | 3.88
1 1.50 x 10—+ |3.97994975 | 0.810400790 | 2.57880375 | 3.97
0.5 9.61 x 1070 |3.97994975 | 0.810460516 | 2.57900091 | 3.99
0.2 248 x 1077 |3.97994975 | 0.810462474 | 2.57900737 | 3.99
0.1 |1.56 x 1078 |3.97994975 | 0.810462494 | 2.57900744 | 3.97
0.05 9.92 x 10710 13.97994975 | 0.810462494 | 2.57900744
Exact | 0 3.97994975 | 0.810462494 | 2.57900744

The propagation of the solitary wave simulation is performed throughout the interval
—80 < x < 120 up to time ¢ = 20 using the parameters ¢ = u = 1, X9 = 0, ¢ = 0.1
and &2 = 0.02, At = 0.05. Using these parameters, the state of the solitary wave at the
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time of the start and at certain times are drawn in Fig. 1 up to time ¢ = 20. It is seen
from the figure that the solitary wave in the beginning is moving while maintaining its
shape and the solitary wave travels 22 units between t = 0 and r = 20 since the velocity
of the solitary waveisv = 1 + ec = 1.1.

0.3

0.25
a.2

0.15-

0.05

-5 0 5|

Fig. 1.

10 15

Solitary waves

For the proposed method, the graph of the absolute error is plotted at time ¢ = 20
in Fig. 2 by using 7 = 0.02 and At = 0.05. As can be seen from Fig. 2, the maximum
error comes from the middle of the space interval.

4 x107

0.8 -

0.6

0.4

0.2~

[
-40

-20

0

20

Fig. 2. Absolute error

Secondly, the error norm L, conservation quantities I3, I, I3 and order of conver-
gence for the obtained algorithm over the space interval —80 < x < 120 by using the
parameters ¢ = 1/3, h = 0.02 and various time steps are presented in Table 2.In this
case, the test problem is repeated for a solitary wave with greater amplitude 3¢ = 1.
According to the Table 2, the error norm decreases as the time step decreases, and as in
the previous table, the convergence rate is almost 4.

Table 2. Invariants, error norm and order of convergences with the amplitude = 1

At Lo I I I3 Order
2 7.92 x 10~2 | 8.00000000 | 5.142783585 | 18.4296950 | 3.62
1 6.44 x 1073 | 8.00000000 | 5.572265396 | 20.1556551 | 3.86
0.5 | 4.44 x 10~ 8.00000000 | 5.599022280 | 20.2627554  3.98
0.2 1.16 x 1077 | 8.00000000 | 5.599989708 | 20.2666255 | 4.00
0.1 7.29 x 10~7 | 8.00000000 | 5.599999677 | 20.2666654 | 3.99
0.05 | 4.57 x 1078 8.00000000 | 5.599999990 | 20.2666666

Exact | 0 8.00000000 | 5.6 20.2666667
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The propagation of the solitary wave simulation is performed throughout the interval
—80 < x < 120 up to time ¢ = 20 using the parameters ¢ = u = 1,x9 = 0,c = 1/3
and & = 0.02, At = 0.05. Using these parameters, the state of the solitary wave at the
time of the start and at certain times are drawn in Fig. 3 up to time # = 20. It is seen from
the figure that the solitary wave in the beginning is moving while maintaining its shape
and the solitary wave travels 80/3 >~ 26.6 units between ¢t = 0 and ¢ = 20 since the
velocity of the solitary wave is v = 1 4 ec = 4/3. It can be seen here that the solitary
wave moves faster because the amplitude of the solitary wave is larger.

Fig. 3. Solitary waves

The graph of the absolute error for the proposed method is plotted at time r = 20 in
Fig. 4 by using 4 = 0.02 and Ar = 0.05. When the figure is examined, it can be seen
that the maximum error occurs again at the midpoints of the space interval.

gx10¥

0
-10 10 15 20 25 30 35 40

o}
i~
“n

Fig. 4. Absolute error.

Comparisons are made with several previous works listed in Table 3. According
to the table, when we compare our method with previously published methods, it is
possible to say that as the fourth order accurate Runge Kutta method is used for the time
discretization of our proposed method, better results are obtained.

Table 3. ¢=0.1, h =0.125, Ar=0.1.

Loo x 10° | I} b I

Present | 0.00437 | 3.9799497 | 0.8104625 | 2.5790074
[12] (CN) | 8.78896 | 3.9799498 | 0.8104273 | 2.5790075
[12] (AM) | 0.20615 | 3.9799498 | 0.8104625 | 2.5790074
[13] (CN) |8.78967 | 3.9799497 | 0.8104624 | 2.5790074
Exact 3.9799497 | 0.8104625 | 2.5790074
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Conclusion

In this study, the Galerkin method based on cubic trigonometric B-splines for space
discretization and fourth order Runge Kutta method for time discretization are presented
for the numerical solution of the RLW equation. The proposed method has been tested
on the propagation of a single solitary wave. To see the accuracy of the methods, the
error norms and the conservation quantities are documented according to the obtained
results. According to these results, it can be said that the proposed numerical solution
algorithm is effective in maintaining both the error norm and conservation constants, and
has high accuracy because the error is much smaller when compared to other studies.
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Abstract. In this article, by using the Bernoulli sub-equation, we
build the analytical traveling wave solution of the (241)-dimensional
Davey-Stewartson equation system. First of all, the imaginary (2+1)-
dimensional Davey-Stewatson system is transformed into a system of
nonlinear differential equations, After getting the resultant equation,
the homogeneous method of balance between the highest power and the
highest derivative of the ordinary differential equation is authorized and
finally the outcomes equations are solved in order to achieve some new
analytical solutions. Wolfram Mathematica Package is used for different
cases as well as for different values of constants to investigate the solu-
tions of the resulting system of a nonlinear differential equation. The
results of this study are shown in 2D and 3D dimensions graphically.

Keywords: Bernoulli sub-equation - Davey-Stewatson equations

1 Introduction

Progressing of soliton formation and its application in differential systems has
been remarkable in recent years. Disputing modes of solitary energy propagating
on behalf of a chain of other biological molecules has pulled forward interesting.
New attainment of topological, nontopological solitons as well as transformation
phenomena in polyacetylene chains with the action of an electrical field [1]. The
physical phenomena of nonlinear partial differential equations (NLPDESs) are
involved in many fields of physics, for example, plasma physics, optical fibers,
nonlinear optics, fluid mechanics, chemistry, biology, geochemistry as well as
engineering sciences [2].

Researchers have been reported an assorted numerical and analytical tech-
niques to seek solutions of NLPDEs for example a homotopy analysis method
[3,4], a finite forward difference method [5,6], homotopy perturbation method
[7,8], spectral methods [9], Adomian decomposition method [10,11], Adams-
Bashforth scheme [12], Adams-Bashforth-Moulton scheme [13], shooting scheme
© Springer Nature Switzerland AG 2020
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[14-17], the sine-Gordon expansion method [18,19], the inverse scattering method
[20], functional variable method [21], the Bernoulli sub-ODE function method
[22,23], the modified auxiliary expansion method [24], the modified exp (— (£))-
expansion function method [25-27], the tan(¢ (£) /2)-expansion method [28,
29], G’/G-expansion method [30,31], the decomposition-Sumudu-like-integral-
transform method [32], the extended sinh-Gordon expansion method [33,34] and
the generalized exponential rational function method [35, 36].

Scholars have been used different methods to find some kind of solution like
exact, analytical, numerical and semi-analytic solutions of Davey-Stewartson
equations for instance, the G’/G method [37], the improved tan(¢ (£)/2)-
expansion method with generalized G’/G-expansion method [32], the rational
expansion method [38], time splitting spectral method [39], the Gram-type deter-
minant solution and Casorati-type determinant solution [40]. Also, different ana-
lytical approaches such as, the method of multiple scales combined with a quasi
discreteness approximation [41], sine-Gordon expansion method [42], the new
generalized G’ /G-expansion method [43], the extended Weierstrass transforma-
tion method [44], the sine-cosine, tanh-coth and exp-function methods [45] and
the extended mapping method technique [46] have been developed to investigate
analytical solutions for the different types of NLPDEs.

In this study, some novel soliton solution of Davey and Stewartson equations
by using the Bernoulli sub-equation is investigated. The variable approach of the
traveling wave changes the NLPDEs into nonlinear ordinary differential equa-
tions and it is solved for different physical nonzero parameters. Outcomes cases
are present in 2D and 3D-dimensions.

2 Structures of Bernoulli Sub-equation Function Method

The mainly modified steps of this technique are [47,48]:
Let we have a nonlinear partial differential equation:

P(umut;umtauwwa---) =0, (1)
and defining the traveling wave transformation
u(z,t) =q(n),n =z + 1, (2)

where v # 0. Applying Eq. (4) on Eq. (3) as a result, we get a nonlinear ordinary
differential equation: o,
N(¢,q,q ,...)=0. (3)

Using a trial equation of solution as follows:
q() =Y aF' = ao+arF +ayF? + ..+ a, F", (4)
i=0

and
F =bF+dFM b+#0,d+0,M € R—{0,1,2}. (5)
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here F' (n) is Bernoulli differential polynomial. Inserting Eq. (6) into Eq. (5) as
well as using Eq. (7) produces:

Q(F(n) =beF(n)° + -+ b1F(n) +bo =0, (6)

via the balance principle, the connection of n and M will be evaluate.
By taking all the coefficients of 2(F(n)) to be zero, we get an algebraic
equations system:
bi=0, i=0,--,k (7)

solving Eq. (9), we will find the values of ag, ay, ..., ay.
Step 4. Solving Bernoulli Eq. (7), two cases are observed depending on the
values of b and d:

F(U)Z[b‘i‘eb(M_l)n} b #d, (8)

1
(E—1)+(£+1)tanh (W) =M
1~ tanh (21510)

Where E is the non-zero constant of integration, with the help of Mathematical
packages, we gain the solutions to Eq. (5), using a complete polynomial discrim-
ination system. Also, all the solutions gained in this method are plotted and the
suitable parameter values on (1+1)-dimensional surfaces of solutions are taken
into account.

3 The (2+1)-Dimensional Davey-Stewartson Equations

In this article, the Davey-Stewartson equations in dimensional [49,50] are con-
sidered

i¢t + %02 (¢xw + 02¢yy) + )‘|¢|2¢ - ¢¢1 = O, (10)

Yoa — 0%y —22( 1) =0, (1)

here ¢ (z,y,t) and ¢ (z,y,t) represents the dependent variables while, z and y
are the independent variables axes as well as is represent a time-independent
variable. Also, o and A represent constant coefficients. First of all we convert
the (241)-dimensional imaginary Davey-Stewartson equations into a system of
nonlinear ODE to study and analyze its exact solutions.

Using the following transformation:

¢ (z,y.t) = ePu(€), ¥ (z.y,0) =v (), E=plw+y—nt), 0 =rz+ Iy + Bt.
(12)
where p,7n,k,A and [ are real constants. Applying Eq. (12), the (2+1)-
dimensional Davey-Stewartson equations are changed to

1P (1—0®—=20")u" — (B4 K*0% + X)) u — uv + ku® =0, (13)
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1 (n—2k0% —2\)iu' =0, (14)
—p?(1-07) v+ dkp? (uu” + ulz) =0. (15)

Integrating Eq. (15) twice with respect to £ and taking the constant of integration

to be zero, one gets

2K
v = mUQ . (16)

Finding the close solution, we find from Eq. (14) that
n=2ko> + 2\ (17)

Now substituting Eq. (16) into Eq. (13), we get

12 (1_02) (1—02—204)11” B (1_02) (5+5202+)\2)U—H(1+02)U3=0~

(18)
Now to evaluate the balances between and, the relationship between and can
written

M=n+1. (19)

Case 1. Using n = 2, M = 3 and then substituting them into Eq. (4) with using
Eq. (5), the following equations are obtained:

uw=ag+a F +ayF? (20)

U = a1bF + a1dF® + 2a3bF? + 2a,dF?, (21)
u” = a10*F + 4ab*> F? 4 4a,bdF? + 12a5bd F* + 3a1d* F® 4 8apd?FS,  (22)

where as # 0, b # 0, d # 0. Substituting Egs. (20-22) into Eq. (18), a system of
algebraic equations are found. Inserting Egs. (8) or (9) into a system of algebraic
equations, we can investigate the following solutions:

_ bu/2—602+40t o _ 2dpN2—6024404 o 2
_lTval_OaGQ_ L NG 7/6__)\_

k2o? + 2072 (—1 +02+ 204), we get (Fig. 1)

Case 1la. For ag

bﬂ 2 — 602 + 40.4ei(ﬁt+nz+/\y) (dGZb,u(erny()\er-;?)t) + bE)

¢(@.9,t)= Vi (—dePn(atu—20vra™)0) 4 pE) - (23
2
W (z,y,1) 422 (1 +20%) (a2 (0 207)) ) (24)
z,Y, = -
Y (de2bu(x+y—2(>\+fi02)t) _ bE)2
Case 1b. A = V—a + k2, 0 = i, we get (Fig. 2)
¢ (x7 v, t) :ei(ﬁt+nm+>\y) ap + a ay (25)

+ ;
—4d 4 Ee20¢ e
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Fig. 1. 3D surfaces with its 2D figures of Egs. (21) and (22) with values b = 1,d =
-1,E=1,0=01,k=01,t=0.5,u = 0.1, A =1 and y = 2 for 2D surface.

Fig. 2. 3D surfaces with its 2D figures of Egs. (23) and (24) with values b = 1,d =
—1,E =01,k =2,a0 =0.1,a2 =0.1,a1 = 0.2,t = 0.5, = 0.1, = —0.5 and y = 2
for 2D surface.

2
az ai

+

Case 2. If taking n = 3 and M = 4 in Eq. (4) with using Eq. (5), the following
equations are found:

p (xaya t) =K|ao+ (26)

u=ag+aF+aF?*+ asF3, (27)

u' = aybF 4 2a3bF% + 3a3bF? + a1dF* + 2a,dF® 4 3a3dF°, (28)

U = a1b*F + 4a2b* F? + 9a3b>F2 + 5a1bdF* + 14asbd F® (29)
+ 27a3bdF® + 4a1d*F™ + 10a2d*>F® + 18a3d*F°,

where az # 0,b # 0,d # 0. putting Eqgs. (27-29) into Eq. (18), a system of
algebraic equations is evaluated. Solving this system the following cases and
solutions have resulted:
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Fig. 3. 3D surfaces with its 2D figures of Egs. (30) and (31) with values d = -1, F =
l,o=2,k=1,t=1/2,,=0.1,a =0.5,A =1 and y = 2 for 2D surface.
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v(xy)

Fig. 4. 3D surfaces with its 2D figures of Egs. (32) and (33) with values b = 1,d =
—1,a0 = 0,a1 = 0.4,a2 = 0.1,a3 = 0.1, = 1,t = 05,4 = 0.1, = 0.5, A = 2 and
y = 2 for 2D surface.

4 Conclusion

In this researcher, the Bernoulli sub-equation is used to find some novel solu-
tions of (2 + 1)-dimensional imaginary Davey-Stewartson equations with differ-
ent physical parameters by utilizing the Wolfram Mathematica package. These
methods with using computer-based symbolic computation utilized to construct
broad classes of soliton solutions of nonlinear differential equations that arise
in applied physics. Our resultant may appreciate and useful in some sciences
like mathematical physics, applied physics, and engineering in terms of nonlin-
ear science. Moreover, the method proposed in this paper, should be reliable,
effective, provide more solutions as well. These methods may be applied to other
nonlinear partial differential equations.

References

1. Tlhan, O.A., Esen, A., Bulut, H., Baskonus, H.M.: Singular solitons in the pseudo-
parabolic model arising in nonlinear surface waves. Results Phys. (2019). https://
doi.org/10.1016/j.rinp.2019.01.059

2. Akturk, T., Gurefe, Y., Bulut, H.: New function method to the (n+1)-dimensional
nonlinear problems. Int. J. Optim. Control Theor. Appl. (2017). https://doi.org/
10.11121 /ijocta.01.2017.00489

3. Kocak, Z. F., Bulut, H., Yel, G.: The solution of fractional wave equation by using
modified trial equation method and homotopy analysis method. In AIP Conference
Proceedings (2014)

4. Nofal, T.A.: An approximation of the analytical solution of the Jeffery-Hamel flow
by homotopy analysis method. Appl. Math. Sci. 5(53), 2603-2615 (2011)

5. Sulaiman, T.A., Bulut, H., Yokus, A., Baskonus, H.M.: On the exact and numerical
solutions to the coupled Boussinesq equation arising in ocean engineering. Indian
J. Phys. (2019). https://doi.org/10.1007/s12648-018-1322-1


https://doi.org/10.1016/j.rinp.2019.01.059
https://doi.org/10.1016/j.rinp.2019.01.059
https://doi.org/10.11121/ijocta.01.2017.00489
https://doi.org/10.11121/ijocta.01.2017.00489
https://doi.org/10.1007/s12648-018-1322-1

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

(24+1)-Dimensional Davey-Stewartson Equations 163

Yousif, M.A., Mahmood, B.A., Ali, K.K., Ismael, H.F.: Numerical simulation using
the homotopy perturbation method for a thin liquid film over an unsteady stretch-
ing sheet. Int. J. Pure Appl. Math. 107(2) (2016). https://doi.org/10.12732/ijpam.
v107i2.1

Yokus, A., Baskonus, H.M., Sulaiman, T.A., Bulut, H.: Numerical simulation and
solutions of the two-component second order KdV evolutionarysystem. Numer.
Methods Partial Differ. Equ. (2018). https://doi.org/10.1002/num.22192
Atangana, A., Ahmed, A., Oukouomi Noutchie, S.C.: On the Hamilton-Jacobi-
Bellman equation by the homotopy perturbation method. Abstr. Appl. Anal. 2014,
8 (2014)

Bueno-Orovio, A., Pérez-Garcia, V.M., Fenton, F.H.: Spectral methods for par-
tial differential equations in irregular domains: the spectral smoothed boundary
method. SIAM J. Sci. Comput. 28(3), 886-900 (2006)

Bulut, H., Ergiit, M., Asil, V., Bokor, R.H.: Numerical solution of a viscous incom-
pressible flow problem through an orifice by Adomian decomposition method. Appl.
Math. Comput. 153(3), 733-741 (2004)

Ismael, H.F., Ali, K.K.: MHD casson flow over an unsteady stretching sheet. Adv.
Appl. Fluid Mech. (2017). https://doi.org/10.17654/FM020040533

Owolabi, K.M., Atangana, A.: On the formulation of Adams-Bashforth scheme
with Atangana-Baleanu-Caputo fractional derivative to model chaotic problems.
Chaos Interdiscip. J. Nonlinear Sci. 29(2), 23111 (2019)

Baskonus, H.M., Bulut, H.: On the numerical solutions of some fractional ordi-
nary differential equations by fractional Adams-Bashforth-Moulton method. Open
Math. (2015). https://doi.org/10.1515/math-2015-0052

Ismael, H.F.: Carreau-Casson fluids flow and heat transfer over stretching plate
with internal heat source/sink and radiation. Int. J. Adv. Appl. Sci. J. 6(2), 81-86
(2017). https://doi.org/10.1371/journal.pone.0002559

Ali, K.K., Ismael, H.F., Mahmood, B.A., Yousif, M.A.: MHD Casson fluid with
heat transfer in a liquid film over unsteady stretching plate. Int. J. Adv. Appl. Sci.
4(1), 55-58 (2017)

Ismael, H.F., Arifin, N.M.: Flow and heat transfer in a Maxwell liquid sheet over a
stretching surface with thermal radiation and viscous dissipation. JP J. Heat Mass
Transf. 15(4) (2018). https://doi.org/10.17654/HM015040847

Zeeshan, A.) Ismael, H.F., Yousif, M.A., Mahmood, T., Rahman, S.U.: Simulta-
neous effects of slip and wall stretching/shrinking on radiative flow of magneto
nanofluid through porous medium. J. Magn. 23(4), 491-498 (2018). https://doi.
org/10.4283/IMAG.2018.23.4.491

Baskonus, H.M., Bulut, H., Sulaiman, T.A.: New complex hyperbolic structures to
the Lonngren-wave equation by using sine-Gordon expansion method. Appl. Math.
Nonlinear Sci. 4(1), 141-150 (2019)

Eskitaggioglu, EI., Aktag, M.B., Baskonus, H.M.: New complex and hyperbolic
forms for Ablowitz-Kaup-Newell-Segur wave equation with fourth order. Appl.
Math. Nonlinear Sci. 4(1), 105-112 (2019)

Vakhnenko, V.O., Parkes, E.J., Morrison, A.J.: A Béacklund transformation and
the inverse scattering transform method for the generalised Vakhnenko equation.
Chaos Solitons Fractals (2003). https://doi.org/10.1016/S0960-0779(02)00483-6
Hammouch, Z., Mekkaoui, T.: Traveling-wave solutions of the generalized Zakharov
equation with time-space fractional derivatives. J. MESA 5(4), 489-498 (2014)
Baskonus, H.M., Bulut, H.: An effective schema for solving some nonlinear partial
differential equation arising in nonlinear physics. Open Phys. (2015). https://doi.
org/10.1515/phys-2015-0035


https://doi.org/10.12732/ijpam.v107i2.1
https://doi.org/10.12732/ijpam.v107i2.1
https://doi.org/10.1002/num.22192
https://doi.org/10.17654/FM020040533
https://doi.org/10.1515/math-2015-0052
https://doi.org/10.1371/journal.pone.0002559
https://doi.org/10.17654/HM015040847
https://doi.org/10.4283/JMAG.2018.23.4.491
https://doi.org/10.4283/JMAG.2018.23.4.491
https://doi.org/10.1016/S0960-0779(02)00483-6
https://doi.org/10.1515/phys-2015-0035
https://doi.org/10.1515/phys-2015-0035

164

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

H. F. Ismael and H. Bulut

Baskonus, H.M., Bulut, H.: Exponential prototype structures for (2+1)-
dimensional Boiti-Leon-Pempinelli systems in mathematical physics. Waves Ran-
dom Complex Media (2016). https://doi.org/10.1080/17455030.2015.1132860
Wei, G., Ismael, H.F., Bulut, H., Baskonus, H.M.: Instability modulation for the
(24+1)-dimension paraxial wave equation and its new optical soliton solutions in
Kerr media. Phys. Scr. (2019). http://iopscience.iop.org/10.1088/1402-4896 /ab4a50
Tlhan, O.A., Bulut, H., Sulaiman, T.A., Baskonus, H.M.: Dynamic of solitary
wave solutions in some nonlinear pseudoparabolic models and Dodd-Bullough—
Mikhailov equation. Indian J. Phys. (2018). https://doi.org/10.1007/s12648-018-
1187-3

Cattani, C., Sulaiman, T.A., Baskonus, H.M., Bulut, H.: Solitons in an inhomoge-
neous Murnaghan’s rod. Eur. Phys. J. Plus (2018). https://doi.org/10.1140/epjp/
i2018-12085-y

Houwe, A., Hammouch, Z., Bienvenue, D., Nestor, S., Betchewe, G.: Nonlinear
Schrodingers equations with cubic nonlinearity: M-derivative soliton solutions by
exp(—(§))-expansion method (2019)

Manafian, J., Aghdaei, M.F.: Abundant soliton solutions for the coupled
Schrodinger-Boussinesq system via an analytical method. Eur. Phys. J. Plus (2016).
https://doi.org/10.1140/epjp/i2016-16097-3

Hammouch, Z., Mekkaoui, T., Agarwal, P.: Optical solitons for the Calogero-
Bogoyavlenskii-Schiff equation in (2 4+ 1) dimensions with time-fractional con-
formable derivative. Eur. Phys. J. Plus (2018). https://doi.org/10.1140/epjp/
i2018-12096-8

Khalique, C.M., Mhlanga, I.E.: Travelling waves and conservation laws of a (2+1)-
dimensional coupling system with Korteweg-de Vries equation. Appl. Math. Non-
linear Sci. (2018). https://doi.org/10.21042/amns.2018.1.00018

Aghdaei, M.F., Manafian, J.: Optical soliton wave solutions to the resonant
davey-stewartson system. Opt. Quantum Electron. (2016). https://doi.org/10.
1007/s11082-016-0681-0

Yang, X., Yang, Y., Cattani, C., Zhu, C.M.: A new technique for solving the 1-D
Burgers equation. Therm. Sci. (2017). https://doi.org/10.2298/TSCI1751129Y
Bulut, H., Sulaiman, T.A., Baskonus, H.M.: Dark, bright optical and other solitons
with conformable space-time fractional second-order spatiotemporal dispersion.
Optik (Stuttg). (2018). https://doi.org/10.1016/].ijleo.2018.02.086

Cattani, C., Sulaiman, T.A., Baskonus, H.M., Bulut, H.: On the soliton solutions
to the Nizhnik-Novikov-Veselov and the Drinfel’d-Sokolov systems. Opt. Quantum
Electron. (2018). https://doi.org/10.1007/s11082-018-1406-3

Osman, M.S., Ghanbari, B.: New optical solitary wave solutions of Fokas-Lenells
equation in presence of perturbation terms by a novel approach. Optik (Stuttg).
(2018). https://doi.org/10.1016/j.ijleo.2018.08.007

Ghanbari, B., Kuo, C.-K.: New exact wave solutions of the variable-coefficient (1
+ 1)-dimensional Benjamin-Bona-Mahony and (2 4+ 1)-dimensional asymmetric
Nizhnik-Novikov-Veselov equations via the generalized exponential rational func-
tion method. Eur. Phys. J. Plus 134(7), 334 (2019)

Ebadi, G., Biswas, A.: The G'/G method and 1-soliton solution of the Davey-
Stewartson equation. Math. Comput. Model. 53(5-6), 694-698 (2011)

Zedan, H.A., Al Saedi, A.: Periodic and solitary wave solutions of the Davey-
Stewartson equation. Appl. Math. Inf. Sci. 4(2), 253-260 (2010)

Besse, C., Mauser, N.J., Stimming, H.P.: Numerical study of the Davey-Stewartson
system. ESAIM Math. Model. Numer. Anal. 38(6), 1035-1054 (2004)


https://doi.org/10.1080/17455030.2015.1132860
http://iopscience.iop.org/10.1088/1402-4896/ab4a50
https://doi.org/10.1007/s12648-018-1187-3
https://doi.org/10.1007/s12648-018-1187-3
https://doi.org/10.1140/epjp/i2018-12085-y
https://doi.org/10.1140/epjp/i2018-12085-y
https://doi.org/10.1140/epjp/i2016-16097-3
https://doi.org/10.1140/epjp/i2018-12096-8
https://doi.org/10.1140/epjp/i2018-12096-8
https://doi.org/10.21042/amns.2018.1.00018
https://doi.org/10.1007/s11082-016-0681-0
https://doi.org/10.1007/s11082-016-0681-0
https://doi.org/10.2298/TSCI17S1129Y
https://doi.org/10.1016/j.ijleo.2018.02.086
https://doi.org/10.1007/s11082-018-1406-3
https://doi.org/10.1016/j.ijleo.2018.08.007

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

(24+1)-Dimensional Davey-Stewartson Equations 165

Ye, X.: On the fully discrete Davey-Stewartson system with self-consistent sources.
Pacific J. Appl. Math. 7(3), 163 (2015)

Li, Z.-F., Ruan, H.-Y.: (2+1)-dimensional Davey-Stewartson II equation for a two-
dimensional nonlinear monatomic lattice. Zeitschrift fiir Naturforsch. A 61(1-2),
45-52 (2006)

Baskonus, H.M.: New acoustic wave behaviors to the Davey-Stewartson equation
with power-law nonlinearity arising in fluid dynamics. Nonlinear Dyn. (2016).
https://doi.org/10.1007/s11071-016-2880-4

Abdelaziz, M.A.M., Moussa, A.E., Alrahal, D.M.: Exact solutions for the nonlin-
ear (2+1)-dimensional Davey-Stewartson equation using the generalized (G’/QG)-
expansion method. J. Math. Res. 6(2) (2014)

Gurefe, Y., Misirli, E., Pandir, Y., Sonmezoglu, A., Ekici, M.: New exact solutions
of the Davey-Stewartson equation with power-law nonlinearity. Bull. Malaysian
Math. Sci. Soc. 38(3), 1223-1234 (2015)

Cevikel, A.C., Bekir, A.: New solitons and periodic solutions for (241)-dimensional
Davey-Stewartson equations. Chin. J. Phys. 51(1), 1-13 (2013)

El-Kalaawy, O.H., Ibrahim, R.S.: Solitary wave solution of the two-dimensional
regularized long-wave and Davey-Stewartson equations in fluids and plasmas. Appl.
Math. 3(08), 833 (2012)

Baskonus, H.M., Bulut, H.: On the complex structures of Kundu-Eckhaus equation
via improved Bernoulli sub-equation function method. Waves Random Complex
Media (2015). https://doi.org/10.1080/17455030.2015.1080392

Baskonus, H.M., Bulut, H.: An effective schema for solving some nonlinear partial
differential equation arising in nonlinear physics. Open Phys. (2015).https://doi.
org/10.1515/phys-2015-0035

Anker, D., Freeman, N.C.: On the soliton solutions of the Davey-Stewartson equa-
tion for long waves. Proc. R. Soc. London Ser. A (1978). https://doi.org/10.1098/
rspa.1978.0083

Mirzazadeh, M.: Soliton solutions of Davey-Stewartson equation by trial equation
method and ansatz approach. Nonlinear Dyn. 82(4), 1775-1780 (2015)


https://doi.org/10.1007/s11071-016-2880-4
https://doi.org/10.1080/17455030.2015.1080392
https://doi.org/10.1515/phys-2015-0035
https://doi.org/10.1515/phys-2015-0035
https://doi.org/10.1098/rspa.1978.0083
https://doi.org/10.1098/rspa.1978.0083

l‘)

Check for
updates

Radiative MHD Flow of Third-Grade
Fluid Towards a Stretched Cylinder

Anum Shafiq"2?, Z. Hammouch®®™) | and Hakan F. Oztop*

! Department of Mathematics, Preston University Kohat, Islamabad Campus,
Kohat, Pakistan
anumshafiq@ymail.com
2 School of Mathematics and Statistics, Nanjing University of Information Science
and Technology, Nanjing 210044, China
3 FST Errachidia, Moulay Ismail University of Meknes, BP 509 Boutalamine, 52000
Errachidia, Morocco
z.hammouch@fste.umi.ac.ma
4 Faculty of Technology, Firat University, Elazig, Turkey

hakanfoztop@firat.edu.tr

Abstract. This work is concerned with magnetohydrodynamic (MHD)
stagnation point flow of third-grade fluid due to a stretching cylinder.
Thermal radiation effects are considered in the analysis of heat trans-
fer phenomenon. Joule heating and viscous dissipation effects are also
retained. The resulting nonlinear system is computed for the series solu-
tions. Influence of various physical parameters on the velocity and tem-
perature profiles are scrutinized graphically. Comparison between New-
tonian and third-grade fluids is made. Velocity and temperature profiles
in the presence/absence of stagnation point are discussed graphically.
Numerical values of skin friction and Nusselt number are also computed
and interpreted. The comparison is conducted between Newtonian and
third-grade fluids velocities in the presence of magnetohydrodynamic
over a flat plat for two cases (i) without stagnation point (ii) with stagna-
tion point. It is observed that in the presence of MHD, the velocity profile
is higher for third-grade fluid for both the cases. On the other hand it is
also examined that the velocity profile is higher for both Newtonian and
third-grade fluids with stagnation point.

Keywords: Viscous dissipation * Stagnation point - Thermal
radiation - Magnetohydrodynamics (MHD) - Third-grade fluid -
Stretching cylinder

1 Introduction

The boundary layer theory has been effectively applied to non-Newtonian fluid
models and has gained a lot of attention during the last few decades. Such
flows play very important role in reducing the drag forces and increase the heat
transfer rate. The viscoelastic features of non-Newtonian fluids in general are
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classified by three categories namely the differential, rate and integral types.
The simplest subclass of differential type materials is second-grade. It should
be noted that second-grade fluid captures the normal stress effect whereas the
shear thinning and shear thickening properties even in steady flow situation can
be only analyzed by third-grade fluid. Aforesaid analysis with magnetohydrody-
namic phenomenon has ample applications in industries and technology. It has
many practical applications such as to design the MHD generators, accelerators,
cooling systems, geothermal energy extractions etc. Some relevant literature on
this topic can be surveyed through recent studies [1-16] and many few references
therein.

The thermal radiation effect has a pivotal role for controlling heat transfer
processes in polymer processing industry. The final product’s quality depends
on controlling heat factors to a certain extent. The design of several advanced
energy convection systems which function at high temperature are due to the
effects of thermal radiation in flow and heat transfer processes. Thermal radi-
ation occurs in these systems, due to the emission by the hot walls and the
working fluid. Its effects become more significant with the increase in the differ-
ence between the surface and the ambient temperature. Therefore, this proves
the fact that thermal radiation is indeed one of the vital factors in controlling
the heat transfer process. The knowledge of radiation heat transfer in the sys-
tem may even lead to a desired product with sought features. Hayat et al. [17]
reported the effect of thermal radiation on the boundary layer flow with heat
transfer in third grade fluid along a permeable stretching surface. Mushtaq et al.
[18] investigated the effect of thermal radiation on the two-dimensional incom-
pressible flow of upper-convected Maxwell (UCM) fluid and solved numerically
by the shooting method using a fourth-order Runge-Kutta integration technique.
Bhattacharyya et al. [19] analyzed the flow of micropolar fluid and heat transfer
past a porous shrinking surface with thermal radiation and get the dual solu-
tion for the several values of different parameters. Mukhopadhyay [20] examined
the boundary layer flow and heat transfer along a porous exponential stretching
surface in presence of a magnetic field and thermal radiation. Velocity slip and
thermal slip are taken into account and solved by shooting technique. Rashidi
et al. [21] reported the analytical solution of free convective heat and mass trans-
fer in a steady non-uniform magnetohydrodynamic fluid flow over a stretching
vertical surface embedded in a porous medium with thermal radiation effects.
Mukhopadhyay [22] is performed similarity analysis to study the structure of the
boundary layer stagnation point flow and heat transfer over a stretching plate
subject to suction with variable viscosity and thermal radiation. Heat transfer
of a steady, incompressible water based nanofluid flow over a stretching surface
in the presence of transverse magnetic field with thermal radiation and buoy-
ancy effect are numerically investigated by Rashidi et al. [23]. Chamkha et al.
[24] analyzed the problem of steady mixed convection boundary layer flow over
an isothermal vertical wedge embedded in a porous medium saturated with a
nanofluid and thermal radiation effects are also considered. Sheikholeslami et al.
[25] studied the effect of thermal radiation on magnetohydrodynamics nanofluid
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flow between two horizontal rotating plates. Seini and Makinde [26] have been
investigated the magnetohydrodynamic boundary layer flow due to exponential
stretching surface with radiation and chemical reaction.

Many researchers have been focused on stagnation point flow and heat trans-
fer along a stretching surface due to its widespread applications. Its applications
contain the flow over the tips of the submarines, rockets, oil ships and air crafts.
Bhattacharyya [27] examined the problem of unsteady boundary layer flow along
a shrinking/stretching surface in the region of stagnation point. Turkyilma-
zoglu and Pop [28] described the stagnation point flow of Jeffrey fluid over a
stretching/shrinking plate with parallel external flow. Nandy and Mahapatra
[29] analyzed influences of velocity slip and heat generation/absorption in MHD
flow and heat transfer over convectively heated stretching/shrinking surface in
the presence of nanoparticle fractions. The mixed convection stagnation point
flow of a non-Newtonian fluid along stretching surface with convective bound-
ary condition was reported by Hayat et al. [30]. Bhattacharyya [31] described
the stagnation point flow of Casson fluid over a shrinking/stretching sheet with
heat transfer. Rashidi and Freidoonimehr [32] studied the entropy generation
in MHD stagnation point flow through a porous medium. Bhattacharyya et al.
[33] investigated the reactive solute distribution for the laminar stagnation point
boundary layer flow past a stretching sheet subject to suction or blowing. Hayat
et al. [34] describe the boundary layer stagnation point flow of Jeffrey fluid near
a stretching plate in the presence of Soret and Dufour effects and melting heat
transfer.

It is clear from the previous study that proper attention has not been focused
to the boundary layer flow of non-Newtonian fluids by a stretching cylinder. So
our intention here is to analyze the heat transfer in MHD stagnation point flow of
third-grade fluid along a stretching cylinder. The analysis has been carried out in
the presence of thermal radiation and heat generation/absorption. The viscous
dissipation and Joule heating effects are also taken into account. Hence the
governing mathematical problems are solved for the convergent series solutions
by using analytical technique named as homotopy analysis method (HAM) [35-
41]. Nusselt number is computed. Graphical results and numerical values are
interpreted.

2 Mathematical Formulation

Consider magnetohydrodynamic stagnation point flow of an electrically conduct-
ing third-grade fluid due to a stretching cylinder with thermal radiation. Heat
transfer is analyzed in the presence of Joule heating and viscous dissipation
effects. Cylindrical coordinates are chosen in such a way that z—axis is along
the axis of stretching cylinder and r—axis normal to it (Fig. 1). Under the bound-
ary layer approximations (i.e, u = O (J), r = O (0), w = O(1) and z = O (1))
the laws of conservation of mass and momentum give
ou u Ow
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+ sin® o (We — w). (2)

ar  oT  k (62T 18T) 160*T3, (82T 16T> V<8w>2
UFr— + W = -

or TV T e\ Trar) T Bhpe, \ar2 Trar )t e, \ar
_|_Oﬂ1{ 3% 8710 2_|_ @@_F %621”4'_3 aﬂ zaiw
pcp | Or \ Or “or o2 T or oroz or) 0z
s (ow\' oB?
3 (oW 0 oin2 2
+2pcp ( 8r> T, 0 P (w—We)”, (3)



170 A. Shafiq et al.

The subjected conditions can be mentioned as follows:

w(r,z) =Wy, (2) = WOZ, u(r,z) =0, T(nz):Too—i—b(;), at r =R,
u;(?“,,z)—>I/Ve(z):chlx}z7 T(r,z) — T, at 71 — o0. 4)

In the above expressions u and w denote the velocity components in the r and
z directions respectively, (af, o3 and f3) the fluid parameters, v the kinematic
viscosity, p the density of fluid, Wy and W, are the reference velocities, [ the
characteristic length, T" and T, are the temperatures of the fluid and surround-
ing respectively, k the thermal conductivity of fluid, o is the electrical conduc-
tivity, By is the applied magnetic field, o* is the Stefan-Boltzmann constant, k*
is the mean absorption coefficient, b is the dimensional constants, ¢, the specific
heat at constant pressure, g, is the radiative heat flux, W, is stretching velocity
and W is the free stream velocity.
We use

Wo (r? — R? WUZ =
=\ () winn =" ) un) = FI 0= 7= ()

Incompressibility condition is identically satisfied and the Egs. (2)—(4) can be
written as

(L29m) £ + A7+ 2 f” = £ 4 1"+ o [+ 29m) {2f £ = £51) + 377
£y (65" = 2££") | + a2 [2(1+29m) 2 4 (21" + 2££")]

+ 3 Re [6(1+29m)” /7 f" + 87 (L+29m) f°] 400 sin’ v (A= ') =0, (6)

(1 + ng> (142vn) 0" + 2y (1 + %Rd) 0 +PrEc (1+2yn) "

+Pr(f 0~ f0)+arPrEc[2vff" +(1+2yn) f'f — (1+2y0) £ "]
+ BPrEc Re(l+2’y17)f”4—|—M251n21/)PrEc(f'—A) =0, (7)

f (0):07 f/(O):l, f/(OO)HAa 9(0):17 9(00)_>07 (8)

where + is the curvature parameter, Re is the Reynolds number, M is the mag-
netic parameter, (aq, ag, () are the fluid parameters, A is the ratio of velocities,
R, is the radiation parameter, Pr is the Prandtl number and FEc is the Eckert
number. These parameters are defined as follows:

o oul \Y? Re— Wz 2 _ oBi _oiWo - a3Wp
Y= WOR2 ) - v ’ - pWO ) - l,LL y 2 — l,LL )
Bz W§ Woo 46* TS, Uy W (z/1)?
= A= —= = Pr="—=. Fc=
B= " Wo© 1T ok o k- o (Tw — Too) (9)
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The local skin friction coefficient is defined as

_ Trz TrzlrzR
Cr=rtz =0z
1/2 " " "3
ReCy = [f”(0) 4+ 31 f (0) + 28 Re f"*(0)] . (10)

The Nusselt number is given by

160*T3 \ o1
Nu. — 24w _ _Z<k+ 3k ) Wy r=R
T k(Ty —Ts) k(Tyw — Ts)
—1/2 4
Re Nu, = — <1 + 3Rd> 6'(0), (11)

in which Re, = % is the local Reynolds number.

3 Homotopic Solutions

The velocity and temperature can be expressed in the set of base functions
{77]“ exp (—nn)| k >0, n >0}, (12)

can be expressed as follows

n) = ag’o + Z Z aﬁ%nnk exp (—nn), (13)

n=0 k=0

Z Z by, 11" exp (—nm) (14)

n=0 k=0

where ak, | and bF, | are the coefficients. The initial guesses and linear operators
for the d1mens1onless momentum and energy equations are (fo, 0y) and (Ly, Lg).
The chosen initial guesses and linear operators are given by

fon) = An+ (1 = A) (1 —exp(-n)), (15)
0o(n) = exp (—n), (16)
Ly (f) = ff—jﬁ; £<e>=fn§—e, (17)
satisfy the following properties
Ly [C1+ Crexp(n) + Czexp (—n)] =0, (18)
Ly [Cyexp (n) + Csexp (—n)] =0, (19)

where C;(i =1 — 5) depict the arbitrary constants.
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3.1 Zeroth Order Problems

The zeroth order problems are

(1= p)Ls[F(n.p) = fom)] = phsNy [Fn.p)] (20)

f(n;p))n _, =0 6f’(,§z;p) 1, 3f’a(z;p) =4, (2
n=20 n = o0

(1= P)Lol0(n. p) = Bo(n)] = phaNy | f(n. ). 6(n.p)| (22)

borp)| =1 0mp)| =0, (23)

with non-linear operators Ny [f(n,p)] and N [f(n,p), é(n,p)] defined by

R 37 92 F , Y3 , 2 R 92 F ,
Ny [f(n;p)] = (14 2y ZL:2) J;E;;p) + A%+ 2y J;E:z 2 _ ( fg; p)) +f(n,p)7:;(:z z
8f(n,p) 0 F(n: . 0%, *fn.p )\’
+a1{(1+2vn) (2 f(avz]p) g(nzq) — f(n,p) J;E;p)+3( J(;E;p)> )
af(n,p) 8 f(n,p) o° f(n q)
+'y< o o2 —2f(n,p) >}
2f a°
o {2(1+2w/) (8 J({“)ng)) +7 <26f((;;p)8 1;57772 )+2f( o) f(n q))}
2 (0%f.p) ) *f(ni @) 8°f(n,p)
+6 Re |6 (1 + 2vn) o2 o3 + 87 (1 + 2ym) 12
2 .2 af(mp)
“+ M~ sin w{Aan}, (24)

R R 4 826 4 a0 (n;
No [f(n;p), 6(m;ip)] = (1 + §Rd> (14 2+n) M + 27 <1 + ng) i,;’ 2

o2 f 2 of(nq)
+PrEc(1+ 2vn) <M> +Pr< f(mq)g(mp) Fon ) a6(n; p))
n on an

aftma) (92Ff(m,»\°
on

) 2
7> + (1 +2vn) o2

2
+ay PrEc {%f(mp) (
2 f0. 4
+ BPr Ec Re (1 + 2vn) <8 f(nﬂﬂ)
an2

92 f(n,p) *f(n;q)
an2 an3

— (14 2vn) f(n,p)

N 2
+M?sin? ¢ Pr Ec {m - A} , (25)
on

in which p € [0, 1] indicates the embedding parameter and %y and fg the nonzero
auxiliary parameters.
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3.2 mth-Order Deformation Problems

The mth-order deformation problems are

L [fmn () = Xmfm—1 (n)] = ByRE, ().,

2 of,(n;p) o Oft (mip)
fmtnp)| _ =0, = =0 —0,
n= n =00
‘CG [em ("7) - Xmem—l (77)] = hGan (77) 5
ém(n;P)‘ =0, 9m(n;p)‘ =0,
n=0 n =00
m—1
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R, () = (L4+29m) Fi_1 () + A% (1= xm) + 2 fm1 + D (Fm—1—nfil = Fo1wfh)

k=0
m—1 .
37 o [ 2m) (2rna i~ Froaend ) 380 )
k=0

-1
+ (Gf',/n_l_kfllg/72f7n717kf1/g// :|+OQ Z 1+2’Y?7 m—1— kfk
k=0
m—1 k

+7 2fp 1k fH +2fm1-kfi')] + 8 Re ZZ[ (U4 290)2 oy f”

k=0 1=0
+8y (L +2vn) frr1—w i1 Sl ]‘f‘M sin® ¢ [A(1 = xm) — fru_1]»

m—1

(30)

4
R () = (14 §7a) (2 00y w2y (14 GRa) 0y +PrEe (29 32 S

m—1 m—1
+Prz (fvn 1— kak_f'm 1— kak)-‘r()t]Pl”EC |:2'Yzf1n 1— sz];/ lfl”

k=0 k=0 1=0

m—1 k m—1 k
(A +2v) D ik D Flaf = A4 2m) f,kaZf,;’,lf{”}
k=0 =0 k=0 =0
m—1 k 1
+BPrEc Re(L+2yn) D froaw > fioi D filofl
k=0 =0 5=0

m—1
+M?sin® ¢ Pr Ec {Z f o Fh—2Af | —AT(1— Xm):|

k=0

_J0, m<1
Xm = 1, m>1"

Setting p = 0 and p = 1 then one has
Fo0) = folm),  f:1) = f(m),
0(n;0) =6o(n),  O(n; 1) = 6(n).
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When p varies from 0 to 1, f(n;p) and 6(n; p) deforms from the initial solutions
fo(n) and 6y(n) to the final solutions f(n) and 0(n), respectively. Taylor’s series
leads to the following relations

Fp) = ) + 3 S, fn) = o ST )
m=1 ’ p=0

0 5) = o) + D O™, Ol) = D) (36)
m=1 : p=0

The auxiliary parameters are properly chosen such that the series solutions (35)
and (36) converge at p = 1. Therefore

Fm) = fom) + > fm(m), (37)
0(n) = 6o(n) + D (). (38)
m=1

Denoting the special solutions by (f, 0%, ) one can express the general solutions
(fm,Om) of Egs. (26)—(29) as follows:

fm(n) = fa(n) + C1 + Caexp (n) + Czexp (—n), (39)
Om(n) = 0;,(n) + Caexp (n) + Cs exp (=) , (40)
in which the constants C;(i =1 — 5) in veiw of the conditions (27) and (29) are
8 *
Co=0=0Cy, C5= fin() ; C1=-C5—[,(0), C5=—0(0). (41)
om 1,-o

4 Convergence

To get the series solutions through homotopy analysis method it is important
to check the convergence of the desired solutions. Such solutions involve the
auxiliary parameters fiy and fig. These parameters are useful in adjusting and
controlling the convergence region. Therefore iy and hy—curves are plotted for
16" order of approximation in Fig.2 for the suitable ranges of the auxiliary
parameters. Here the suitable values for A and fig are —1.3 < Ay < —0.4
and —0.9 < Ay < —0.2. Furthermore, convergence of series solution is checked
and shown in Table 1. Note that the series solutions converge at 11th order of
approximation up to 5 decimal places for the momentum equation and 12th
order of approximation is enough for the temperature equation.



Radiative MHD Flow of Third-Grade Fluid Towards a Stretched Cylinder

A=7Y=Re=0.2,Ec=M=0.5,8=a1=a,=0.1,y=n/4,R3=0.3,Pr=2

JAl0)
---- 0@

-15 ,

-2.0 !

=25 L

-1.5 -1.0

-0.5

hifhg

0.0
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Fig. 2. h—curves of the functions f(n) and 8 () at 16*" order of approximation.

Table 1. Convergence of homotopy solutions when a; = as = 6 = 0.1, M = 0.5,
vy=A=Re=02,¢=n/4, Rg=0.3, Pr =2 and Ec=0.5.

Order of approximation | — f” (0) | —6'(0)
1 0.98019 | 1.0966
2 1.06910 | 1.0973
5 1.13430 | 1.0458
11 1.13740 | 1.0316
12 1.13740 | 1.0315
14 1.13740 | 1.0315
50 1.13740 | 1.0315

5 Results and Discussion

This section illustrates the impact of physical parameters. The results are dis-
played graphically in the Figs.3, 4, 5, 6, 7, 8, 9, 10 and 11. The conclusions for
flow field and other physical quantities of interest are drawn. The numerical val-
ues of the skin friction coefficient and local Nusselt number are presented in the
Tables 2 and 3 for various values of a1, as, 8, M, Re, R4, Pr and Ec. Fig.3(a)
displays the effect of magnetic parameter M on velocity profile f’ () by keeping
other physical parameter fixed. It is of interest to note that the velocity pro-
file decreases with an increase in magnetic parameter M whereas the boundary
layer thickness reduces. Clearly by increasing magnetic force, the Lorentz force
increases which causes resistance in the fluid flow and consequently the veloc-
ity profile decreases. Fig.3(b) shows the effect of third grade parameter 5 on
the velocity profile f’(n). Here it is examined that the velocity increases near
the wall for larger values of § whereas it becomes vanishes away from the wall.
Figs. 4(a) and (b) illustrate the behavior of second grade parameters a; and as
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on the velocity profile f’ (n) respectively. It is observed that the velocity profile
f'(n) is an increasing function of ;. The velocity profile also increases when
a is increased (see Fig.4(b)). In fact the second grade parameter are directly
proportional to the viscosity and by increasing the second grade parameter the
viscosity of the fluid decreases and as a result velocity profile increased. The
behavior of Reynolds number Re on velocity profile f/ (n) is shown in Fig.5(a)
Tt is observed that the velocity profile f’ () decreases with an increase in Reynold
number Re. Physically the Reynolds number is defined as the ratio of inertial
forces to viscous forces and for larger values of Reynold number the inertial
forces are dominant as compare to the viscous forces. Consequently the velocity
profile increases. Fig.5(b) is sketched for the influence of angle of inclination
v on the velocity profile f’(n). The velocity profile and the thermal bound-
ary layer decreases for larger values of . In fact due to the larger values of
angle of inclination the Lorentz forces are dominant and therefore the velocity
profile decreases. The influence of curvature parameter v is shown in Fig.6(a)
It is revealed that velocity and boundary layer thickness increase when curva-
ture parameter «y increases. In fact with the increase of curvature parameter,
the radius of curvature decreases which reduces the contact area of the cylinder
with the fluid. Therefore resistance offered by the surface decreases and velocity
of the fluid increases. The behavior of A on velocity profile f’(n) is shown in
Fig.6(b) It is analyzed that velocity profile f’(n) increases for both the cases
A >1and A < 1. However the boundary layers in these two cases have opposite
behavior. It is noticed that there is no boundary layer for A = 1.

Figure 7(a) is sketched for the behavior of angle of inclination ¢ on temper-
ature field 0 (n). It is clear from the Fig. that temperature profile increases with
an increase in angle of inclination 1. Because Lorentz force increases with an
increase in angle of inclination which is a resistive force. Hence more heat is pro-
duced due to the resistive forces. Therefore temperature profile 6 () increases.
Fig. 7(b) portrays the effects of curvature parameter v on the temperature profile
0 (n). It is depicted that temperature profile shows merging behavior near the
surface of cylinder while it increases away from the cylinder when 0.5 <7 < 6
and become vanish when n > 6. The thermal boundary layer thickness increase
with an increase in curvature parameter . The influence of ratio parameter A is
analyzed in the Fig.8(a) It is observed that temperature and thermal boundary
layer thickness decrease for larger values of A. The effects of thermal radiation
parameter Ry on temperature distribution 6 () is shown in Fig. 8(b). Temper-
ature and thermal boundary layer thickness increase when radiation parameter
is increased. It is due the reason that with the increase of thermal radiation
parameter the mean absorption coefficient decreases. This leads to enhancement
of temperature profile. Fig.9(a) is plotted to see the variation of Prandtl num-
ber Pr on the temperature field 6 (n). It is revealed that both the temperature
and thermal boundary layer thickness are increased for smaller values of Pr.
Thermal diffusivity decreases with an increase in Prandtl number consequently
temperature field decreases. Fluids with high Prandtl number have low thermal
diffusivity and fluids subject to low Prandtl number have high Prandtl number.
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(a) @1=f=y=02,A=0.5,2y=0.3 Re=2,y=r/4 (D) e1=y=02M=0.1,A-0.5.02=0.3 Re=2,4=r/6
1.0 1.0
0.9 0.9
.08 ~0.8
s s
o7 07
M=0,07,13,18 £=0,03,06,12
0.6 0.6
05 TR 0.5
0 1 2 3 4 5 0 1 2 3 4 5
n n
Fig. 3. (a) Influence of M on f'(n) and (b) Influence of 8 on f'(n).
(a) y=B=M=a,=0.2,A=0.5 Re=2,y=r/4 (b) M=a,=0.1,y==0.2,A=0.5 Re=2,y/=/4
1.0 1.0
0.9 0.9
08 ~08
£ s
07 ~o7
@2=01,03,05,08
0.6 0.6
05 osl o e,
o 1 2 3 4 5 6 1 o 1 2 3 4 5 6 1
n n

Fig. 4. (a) Influence of @1 on f’ (1) and (b) Influence of az on f’ (n).

We displayed the temperature field for various values of Eckert number Ec by
keeping other parameters fixed in Fig.9(b). The effect of Eckert number is to
increase the temperature boundary layer thickness due to the frictional heating.
Fig.10(a) shows the comparison of Newtonian, second-grade and third-grade
fluids velocities over a cylinder in the presence of magnetohydrodynamic. It is
analyzed that the velocity for third-grade fluid is higher than the Newtonian and
second-grade fluid.  Further the momentum boundary layer thickness is higher
for third-grade fluid. Fig. 10(b) is sketched to see the comparison of Newtonian,
second-grade and third-grade fluids velocities over a cylinder in the absence
of magnetohydrodynamic. It is analyzed that the velocity for third-grade fluid
is higher than the Newtonian and second-grade fluid. Further the momentum
boundary layer thickness is higher for third-grade fluid. Comparison between
Newtonian and third-grade fluids velocities with magnetohydrodynamic over a
cylinder is shown in Fig. 11(a) for two cases (i) without stagnation point (ii) with
stagnation point. It is depicted that in the presence of magnetohydrodynamic,
the velocity profile is higher for third-grade fluid for both the cases. Further it is
also noted that the velocity profile is higher for both Newtonian and third-grade
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fluids in the presence of stagnation point. Fig. 11(b) is drawn for the comparison
between Newtonian and third-grade fluids velocities in the presence of magneto-
hydrodynamic over a flat plat for two cases (i) without stagnation point (ii) with
stagnation point. It is noted that in the presence of MHD, the velocity profile
is higher for third-grade fluid for both the cases. On the other hand it is also
examined that the velocity profile is higher for both Newtonian and third-grade
fluids with stagnation point. Table2 shows the impact of various parameters
on skin friction coefficient. It is observed that skin friction coefficient increases
with the increase of curvature parameter -y, magnetic parameter M, third-grade
parameter 3, second-grade parameter ay, Reynold’s number Re and angle of
inclination ¢ while it decreases with the increase of second-grade parameter as
and ratio parameter A. Hence in order to reduce the value of skin friction coef-
ficient which is very useful for industrial applications, one needs to reduce the
radius of cylinder and decrease magnetic parameter M, third-grade parameter
0, second-grade parameter a1, Reynold’s number Re and angle of inclination
1. Table 3 shows the behavior of various parameters on local Nusselt number.
It is examined that local Nusselt number increases with the increase of fluid
parameter (aq, s, ), Reynold’s number Re, radiation parameter Ry, stagna-
tion parameter A and Prandtl number Pr while it decreases with the increase of
magnetic parameter M, curvature parameter -, Eckert number Ec and angle of
inclination . Therefore higher values of fluid parameter (o, as, 3), Reynold’s
number Re, radiation parameter R, stagnation parameter A and Prandtl num-
ber Pr and small values of M, v, Ec and ¥ can be used to increase the rate of
heat transfer.

(a) M=0.1,01=,=0.2,=0.9,y=A=0.5,y=r/4 (b) M=1,y=Re=0.2,2,=0.6.a;==0.1,A=0.5

1.0
0.9

~ 08

So7b A

":.“\ ¥ =0,7/6, 14, n2
0.6 -
osb T T
3 4 5 0 1 2 3 4 5 6 7
n n

Fig. 5. (a) Influence of Re on f’ (n). (b) Influence of ¥ on f’ (n).
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(a) M=1.5Re=0.8,ar=a;=0.1,U=n/4,6=A=0.5 (b) M=0.3.0=y=f=Re=0.2,01 0.1,y =r/4

Fig. 6. (a) Influence of v on f’ (n). (b) Influence of A on f' (n).

(a) @1=$=0.2,Re=Pr=M=1,R;=y=A=0.1,2,=0.3.0=7/4 (b) @1=$=0.2,R;=0.1,Re=M=1,Pr=2,A=Ec=0.1,2,=0.3,4=7/4
LOFY, 1.0
0.8 0.8
06 06
04 =04
7=0,0.1,02,03
0.2 0.2
0.0 0.0
o 1 2 3 4 5 6 1
n n
Fig. 7. (a) Influence of ¢ on 6 (n). (b)Influence of v on 0 (n) .
() @1=p=02.Rs=0.1 Re=M=Pr=1,y=Ec=0.1.0,=0.3u=x/4 (b)) ai=p-02Re=M=Pr-1y=A-Ec=0.1.01=0.3.0=/4
10 10
0.8 0.8
06 0.6
G 5
0.4 0.4
4=0,02,04,0.7
0.2 02
oo TR 0.0
o 1 2 3 4 5 6 71
n n

Fig. 8. (a) Influence of A on 6 (). (b) Influence of R4 on 0 (n) .
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(a) @=f=0.2.Re=M=1,Ry=y=A=Ec=0.1,2,=0.3.y=r/4 (b) @=p=0.2,Re=Pr=M=1,Ry=y=A=0.1,2,=0.3.y=7/4

00y
0(n)

(a) (b)

For clinder with magnetohydrodynsmic effect

\ For cylinder without magnetohydrodynsmic effect

\ Newtonian Fluid

\v

\ Newtonian Fluid

= 0.6] = 0.6
~ =
Second-grade Fluid
0.4 ol 0.4
Third-grade Fluid
0.2 0.2
0 1 2 3 4 5 6 0 1 2 3 4 5 6
n n

Fig. 10. (a) Comparison of velocity profiles for Newtonian, second-grade and third-
grade fluids in the presence of MHD. (b)Comparison of velocity profiles for Newtonian,
second-grade and third-grade fluids in the absence of MHD.

(@ (b)

1.0] 1.0
For flat plate with MHD
For cylinder with MHD
0.8 0.8
Newtonian fluid without stagnation point
Newtonian fluid without stagnation point
0.6 _0.6 Third-grade fluid with stagnation point
= Third-grade fluid with stagnation point = 4
~ 04 ~ 04 Newtonian fluid with stagnation point
: Newtonian fluid with stagnation point -
Third-grade fluid without stagnation point Third-grade fluid without stagnation point
0.2 0.2]
0.0} 0.0
0 1 2 3 4 5 6 0 1 2 3 4 5 6
n n

Fig.11. (a) Comparison of velocity profiles for Newtonian and third-grade fluids for
cylinder, (b) Comparison of velocity profiles for Newtonian and third-grade fluids for
plate.
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physical parameters

Table 2. Numerical values of skin friction coefficients Regl/ 2

Cy for different values of

Qi

a2

—Re*Cy

0.0

0.1

0.5

0.2

/4

1.4029

0.1

1.5374

0.2

1.6550

0.1

0.0

0.1

0.5

0.2

0.2

w/4

0.2

1.6491

0.1

1.5374

0.2

1.4408

0.1

0.1

£50.0

0.5

0.2

0.2

/4

0.2

1.5252

0.1

1.5374

0.2

1.5487

0.1

0.1

0.1

MO.3

0.2

0.2

w/4

0.2

1.5080

0.5

1.5374

0.7

1.5803

0.1

0.1

0.1

0.5

0.0Re

0.2

w/4

0.2

1.5252

0.1

1.5314

0.2

1.5374

0.1

0.1

0.1

0.5

0.2

0.0y

w/4

0.2

1.0228

0.1

1.2676

0.2

1.5374

0.1

0.1

0.1

0.5

0.2

0.2

0.2

1.4910

w/4

1.5374

w/2

1.5820

0.1

0.1

0.1

0.5

0.2

0.2

w/4

0.0

1.6733

0.1

1.6200

0.2

1.5374
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Table 3. Numerical values of Nusselt number Re, 12N uy for different values of phys-
ical parameters

ar laz |8 |M |Re|Rq|y | |A |Pr|Ec Re; /> Nu,
0.0/0.1]/0.1/0.5/0.2/0.3/0.2|w/4[0.2/2 |0.5|1.3945
0.1 1.4440
0.2 1.4819
0.1/0.0/0.1/0.5/0.2/0.3/0.2|w/4[0.2/2 |0.5|1.3860
0.1 1.4440
0.2 1.4957
0.1/0.1/0.0/0.5{0.2/0.3/0.2|7w/4][0.2/2 |0.5|1.4354
0.1 1.4440
0.2 1.4516
0.1/0.1/0.1/0.3/0.2/0.3/0.2|7w/4[0.2/2 |0.5|1.4732
0.5 1.4440
0.7 1.4018
0.1/0.1/0.1/0.5/0.0/0.3/0.2|7/4/0.2/2 |0.5|1.4354
0.1 1.4398
0.2 1.4440
0.1/0.1/0.1/0.5/0.2/0.0/0.2|7/4/0.2/2 |0.5|1.2022
0.1 1.2876
0.3 1.4440
0.1/0.1/0.1/0.5/0.2/0.3/0.0|w/4|/0.2/2 |0.5|1.5721
0.1 1.5112
0.2 1.4440
0.1/0.1/0.1/0.5/0.2/0.3/0.2|0 0.2/2 [0.5]1.4899
/4 1.4440
/2 1.4002
0.1/0.1/0.1/0.5{0.2/0.3/0.2|xw/4][0.0/2 |0.5|1.2297
0.1 1.3312
0.2 1.4440
0.1/0.1/0.1/0.5{0.2/0.3/0.2|w/4[0.2/1.0/0.5|1.0444
1.5 1.2635
2 1.4440
0.1/0.1/0.1/0.5{0.2/0.3/0.2|w/4[0.2/2 |0.5/|1.4440
0.7]1.2745
0.9]1.1050
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6 Concluding Remarks

The MHD stagnation point flow of third-grade fluid with heat transfer phe-
nomenon in the presence of thermal radiation over a stretching cylinder are

examined. Impact of involved parameters is seen. The following observations
hold:

e Theeffect of third grade parameter 0 is to increase the boundary layer thickness.

e Velocity and temperature profiles shows merging behavior near the cylinder
surface and these increase away from the cylinder with an increase in curva-
ture parameter 7.

o Effect of fluid parameters and Reynolds number on boundary layer thickness
is similar in a qualitative sense.

e Velocity profile decreases while temperature profile increases for larger values
of angle of inclination .

e With the increase in Pr the temperature profile and thermal boundary layer
thickness decrease.

e Minimum values of skin friction coefficient are achieved for small values of
Re, a1, B8, M, v, 1 and large values of as and A.

e Rate of heat transfer is higher for larger values of oy, as, 3, Re, Ry, A and Pr.
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Abstract. Countermeasures are recognized as a remarkable effort to
comprehend the computer virus problem and estimate its forthcom-
ing actions. Countermeasure-Competing (CMC) strategy is a conception
comprising viruses and countermeasures. The main point of this paper
is to probe a mixing propagation model of computer viruses and coun-
termeasures in the light of the newly fractional derivative introduced by
Atangana and Baleanu. The existence and uniqueness of solutions for
this fractionalized model is discussed by taking the fixed point theory
into consideration.. The efficacious belongings of this fractional model
are exhibited theoretically, confirmed by numerical graphics.

1 Introduction

With the immense usage of the Internet and increasing globalization throughout
the world, detrimental software has turned out to be a major threat in terms of
cyber security. Computer viruses are one of this harmful software that can mul-
tiply itself without any user interaction. An erupting virus in computer systems
may carry out numerous unwanted activities by damaging programs, reformat-
ting hard disks, limiting one’s access to data, stealing one’s personal information,
etc. Therefore the question how to restrain the abundance of computer viruses
on networks has become the centre of attention in both our work and lives.

In order to extensively investigate the propagation of computer viruses, math-
ematical models are required, and the analogy between the spreading behaviour
of computer viruses and biological viruses has led researchers to develop a mul-
titude of mathematical models in the world of computing [1-8]. Furthermore, it
is considered that countermeasures, which can also be referred to as new virus
definition files or software patches are extremely efficient ways to tackle the
diffusion of computer viruses. For this reason, Chen and Carley [9] presented
a novel approach named as CMC strategy (Countermeasure-Competing) where
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they argue that countermeasures and computer viruses propagate at distinct
ratios, and computers equipped with countermeasures are permanently immu-
nized. Moreover, they demonstrated that CMC is a more powerful strategy for
dramatically reducing the extent of virus infection.

The concept of fractional calculus has recently come to be a subject of interest
in different disciplines due to its ability to reflect system behaviour more realis-
tically than integer order derivatives [10-18]. This is why there are several frac-
tional derivatives which may be regarded as conventional, such as the Riemann-
Liouville (RL) and Caputo operators, and these derivatives possess the memory
properties for real-world phenomena. However, the complexity of their numer-
ical process prompts the researchers to investigate new fractional derivatives
because of their singular points. In this context, Atangana-Baleanu [19] defined a
new non-singular derivative with Mittag-Leffler kernel named Atangana-Baleanu
derivative (AB). It follows from the studies latterly carried out that this new
operator has been employed in various complex problems, such as showing the
applicability of AB derivative to Rubella disease in [20]. Avci et al. [21] consid-
ers an advection-diffusion equation on a line segment using Mittag-LefHler kernel
while Gomez-Aguilar [22] studies a nonlinear alcoholism model considering the
influence of Twitter by use of Liouville-Caputo and AB fractional derivatives.
For other notable studies, please see [23-30].

Based on the aforesaid CMC scheme, we focus on the mixing propagation model
of computer viruses and countermeasures suggested by Zhu et al. [31]. In line with
our current objective, we will denominate two types of computers by taking their
connection to the Internet into consideration, and thereby refer to a computer
as whether internal or external. Each and every existing internal computer falls
into one of the three categories which we define below. The first category, which
comprises the internal computers that are not infected but susceptible to infec-
tion as a result of countermeasure deficiency, is susceptible internal computers (S-
computers). The second category, which encompasses the internal computers that
are already infected, is called infective internal computers (I-computers). And the
last category, which contains the internal computers that are not infected and also
have temporary immunity as a result of the existing countermeasures, is named C-
computers. We shall use S(t) to specify the average number of S-computer at time ¢,
and I (t) for the same number of I-computer at time ¢, and C(t) for the said number
of C-computer at time ¢. In order to prevent any confusion, we will refer to them
as S, I, and C, respectively. Linked with these notations the SICS (Susceptible-
Infected-Countermeasure-Susceptible) model is handled by the below manner with
classical derivative [31]:

%}Et) =A—=015T —b2SC + di1 + doC — ¢S,
I

dTit) =01 ST —bIC — (dl +¢)I,

dc (1)

S =ba (SO~ (d2+9)C. (1.1)
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with the initial condition (S (0),7(0),C (0)) € R%. In this model, there are
some assumptions in order to obtain a view of the mixing propagation attitudes
exhibited by computer viruses and countermeasures. These assumptions are:
Each and every external computer is susceptible; the rate at which an exter-
nal computer establishes internet connection is fixed on A; the rate at which
an internal computer loses internet connection is fixed on ¢; the probability
with which I -computers infect all S-computers is by I(¢) where b; is a constant
that is positive; the probability with which all S-computers or I-computers gain
countermeasures is fixed at boC(t) when by is a constant that is positive; the
probability with which the infection is eliminated in all I-computers is fixed at
dy; since countermeasures are rendered invalid, the probability with which all
C-computers become prone to loss of immunity remains fixed at ds.

To deeply understand the combined impact of computer viruses and coun-
termeasures, we study the above SICS model considering the AB derivative.
Section 2, we summarize some basic definitions and theorems of the AB fractional
derivative. In Sect. 3, we present the SICS model with AB fractional derivative
and prove detailed the existence and uniqueness conditions of the solutions using
the fixed point theory. Variable numerical results of our new model put in place
so as to demonstrate the effect of this fractional derivative in Sect. 4. In Sect. 5,
we finalize the study with the concluding remarks.

2 Preliminary Tools

In this section, we briefly give some basic definitions and properties of the AB
fractional derivative and present an Implicit Euler scheme to solve the so-called
problem.

Definition 1. Let a < b, g € H!'(a,b) be a function and n € [0,1]. The
Atangana-Baleanu derivative in Caputo sense of order n of g is defined as [19]

R e L (12)

where F'(n) is a normalization function with F'(0) = F'(1) = 1 and E,; is the
Mittag-Leffler function.

Definition 2. Let a < b, ¢ € H'(a,b) be a function and n € [0,1]. The
Atangana-Baleanu derivative in Riemann-Liouville sense of order n of g is rep-
resented as [19]:

t

2D [g (1) = m)]jt/g(x) E, {nw} dz. (1.3)

a
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Definition 3. The fractional integral connected to the fractional derivative is
given as [19]:

t

PR 0] = e O+ s 9@ - dn ()

a

Theorem 1. Let g be a continuous function on [a,b]. The following inequality
holds on [a,b] [19]:

F(n)
167D g (]| < Ty lg DIl (1.5)
where |lg (t)|| = max |g (1)]-
Theorem 2. The Atangana-Baleanu derivative in Caputo and RL sense fulfill
Lipschitz condition [19]:
679D} [g ()] =3¢ DY [h(D]]| < H llg (t) = h ()] (1.6)

and
65707 lg 0] =07 DY [h ()] < H llg (1) = (D) 4o

Theorem 3. [19] The fractional ordinary differential equation
2D g (1) = u(t)
possess a unique solution given by

g (t) = 1‘”u<t>+#/u<y> (t— )" dy.

a

In what follows, we describe the Fractional Euler Method introduced by Baleanu
et. al [32], which will be used for numerical simulations throughout the present
work. To express this method, we consider the nonlinear differential equation
with AB derivative in Caputo sense as follows:

{?BCD?y(t):f(t,y(t))70<t<T<°°~ (1.8)

Yy (0) = Yo,
where 0 < n < 1. Let N is an arbitrary positive integer, we regard a uniform
mesh on the interval [0,7] and the nodes 0,1,..., N where the time step size
h = L. y; means the numerical approximation of y (¢;).

According to [32], the following nonlinear Volterra integral equation is formu-
lated

1) = w0+ e () + Frtes / fery(r)dr,  (L9)
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A descritization of the integral equation (1.9) using the Euler Method, gives

1 nhy i (m)
o ’ F(U) ( i +1) F(T])F(n + 1) ];O +1,5 ( J ]) ( )

where i = 0,..., N — 1 and bgi)l,ﬁ j=0,...,7 are computed from

B = (i) -+ 1)

The stability and the error estimation were proved elegantly in [32].

3 SICS Model with AB Derivative

To extend and amend this model, we formulate the Eq. (1.1) by substituting the
integer order time derivative by the fractional time derivative:

ABEDI (S (1) = A = by.ST — by SC + dy I + daC — S,
$BCDI(I(t)) = b1SI — byIC — (dy + ¢) 1,
ABEDI(C (1) = by (S+1)C — (dy + ¢) C. (1.11)

The related initial conditions are S (0) > 0,1 (0) > 0,C (0) > 0.

3.1 Existence and Uniqueness Analysis

Providing the solution of nonlinear equations is one of the hard subjects in
differential calculus. The fractional order model under consideration is nonlinear,
it can be impossible to find the exact solution of this kind systems. For this
reason, this part is devoted to investigate in detail the existence and uniqueness
of the solution for the model (1.11) taking into consideration fixed point theory.

Let Z =C(J) x C(J) and C (J) be a Banach space of continuous R — R
valued functions on the interval J with the norm

105, LA = [ISI + 1 + el

where ||S|| = sup{|S(@®)|:teJ}, I = sup{[I(t)]:te ]}, [C] =
sup{|C ()] : t € N}. In order to simplify the Eq. (1.11), we edit this model
in the following expressions:

0PCDI (S (1) = K1 (t,9),
0 PCD] (I(t) = Ko (t,1),
ABEDI(C (t) = K3 (t,0). (1.12)
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Using Theorem 3, the model (1.12) is of the following Volterra type integral
equation with Atangana-Baleanu integral:

S(0)=50) = 53K (05) + s [ (=0 K (0.5) d
1) =10) = 5K (61) + s / (t— )" Ko (v.1) dy,
C(t)—C(0) = ;;(777)7 3 (t,C) + / )" K (y, C)dy. (1.13)

Theorem 4. The kernel K1 satisfies the Lipschitz condition and contraction if
the below inequality holds:

0 <bieg+boeg+ ¢ <1.

Proof. Let S and S be two functions, then we get

| K (t,8) — Kq (t,51)]| = |=01S1 = b25C — ¢S + b1 S11 + b25:C + 54 ||
SOOI+ b2 IC O+ ) 1S () — 51 (@)l
< |S@) - S @O (1.14)

where 71 = bigs + bags + ¢ and [|S (1)]| < e, [[L(1)]] < &2, [[C (¢)]| < e3. Thus,
we get

1K (2,5) = Ko (8, S0l < (1S (8) = S (0] (1.15)

As a consequence, Lipschitz condition satisfied for K and because of 0 < bieo+
baes + @ < 1 implies K is also contraction.

Clearly, it can be shown that the other kernels K5 and K3 fulfil the Lipschitz
condition and contraction.
Here, we consider the following iterative formula:

t

Sn (t) = ;;(;;Kl (t, Sn-1) + W/ (t—y)" " Ki(y,Sn-1)dy,

t
1-— _
Lo (t) = =T Ko (t, In-1) + L/ (t—y)" " K2 (y, In-1) dy,

F(n) F(n)I'(n) /

Cn () = 1;77%{3 (t,C1) + #/(t — )" Ky (y,C1) dy. (1.16)

0
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with the initial conditions are

So (t) = 5(0), 1o (t) = 1(0),Co () = C(0).

The difference between the successive terms is of the following form:

B, (£) = S, () — S, 1(t>::%;%;g[fcla,sn_l)gfffla,sz_Qn
/ Y)" Ky (Y, Sne1) — K1 (y, Sn—2)] dy,
0
Un(0) = 1 (0) = Lcr (0 = e (K () = Ko (0D
/ )" K (y, Ino1) — Ko (y, In_2)] dy,
0
fn (t) = Cn (t) - Cn 1 (t) = ;;(777; [KS (t, Cn—l) - KS (ta Cn—2)]

K3 (y,C ) — K3 (y,Cn,Q)] dy7(117)

o\

In the light of the above calculations, it is explicit that

w:i%m
k=1

t) =" (t)
k=1

)= &(t). (1.18)
k=1

Performing the norm to both sides of the Eq. (1.17) and by using triangular
identity, we find

1-n B
S0 [[K1 (£, 8n_1) — K1 (t,Sn_2)]|l
n _ n—1 .
TFEm W /(t )" Ky (Y, Sn1) = Ka (y, Sn-2)] dy|| (1.19)

0
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Because the kernel K ensures Lipschitz condition as seen in Eq. (1.15), we
assess

@0 (O = [15n ()—Sn ol

1—
= F(n )71 1Sn—1 — Sn—2l|
' F(??)F(n)%[ (t=9)""" Sno1 = Snafldy.  (1.20)
and we own
[P ()] < ( 71 |1y @)
n 1
i F(n)F(n)%{(t‘y) D1y @)|] dy (1.21)

Using the same attitude we gain the followings:

IACIES ( WzHl/J(n @

t

U -
+W”/“—y> -1y ()| dy,

0

||§n()||7 ( %H&n H @]

n -
+F(77)F(77)V3[(ty) [€n—1) )] dy- (1.22)

Considering the gained results, we state the below theorem.

Theorem 5. If we can find tg such that

1—n 7

Lt
Fo) " " Fm I

then the fractional model in the Eq. (1.11) has a solution.

v <1 fori=1,2,3, (1.23)
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Proof. With the aid of Eqgs. (1.21) and (1.22), since the functions S (¢), I (t)
and C (t) are bounded and carry out Lipschitz condition, we get the succeeding
relations as below:

120 O1 < 150 O | 3700 + F ]
I O < 102 O | e + gy ]
Jen O < 1€ Ol | 7+ 57 7y (1.24)

Hence, we prove the existence and continuity of the aforementioned solutions.
In order to show that the above functions are solutions of the model (1.11), we
suppose

S(t)~S(0) = Sult) — en (1),
I(t)—=1(0)=1n(t)—gn(t),
C(t) - C(0) = Cy (t) — hy (). (1.25)

Next, we find

few (01 = |3t 14 0,8 = K (0]

P - / (t— )" Ky (5, ) — K (4, Sa_1)] dy
0

1-n -
<5 K1 (t,S) — Ki (t, Sp—1) |

Nl -1
+ F(n)[‘(n)[ (t—y)" K1 (y,S) — K1 (y, Sn—1) dy||

1—n "
S—S,- ——7 |5 = S| 1.26
By continuing this process, we obtain
1- Ui tg n n+1
1) < . 1.27
AL <F(n) " F(n)F(n)) n (127)

As n approaches to infinity, we find |le, (¢)|] — 0. Similarly, it can be seen
llgn ()| = 0, ||hy (t)|| — 0. Thus the proof is completed.
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It is an important matter to prove the uniqueness for the solutions of the
model (1.11). Let Sy (¢), I (t) and C (t) be another solutions, then

S(t) — S (t) = 1%’ Ky (£ 5) — Ky (£ S1)]

B!

t

1 ot )
+F(TI)F(77){(t_y) (K1 (y,S) — K1 (y, S1)] dy(1.28)

Considering the fact that the kernel carries out the Lipschitz condition and
implementing the norm (1.28), we get

- 1-n _ £ ~
IS 0) = S (O < 51 1S 6 = 8 Ol + gy 190 = S 0
(1.29)
This gives rise to
150 =501l (1- Fin - poirm ) <0 00)

If the inequality (1 - %’yl - #’}(n)%) > 0 holds, then |S(t) —
S1 ()| = 0. Thus, we find
S(t)=51(t).

Analogously, same results can be obtained for the other solutions I (¢) and R (¢).

4 Numerical Simulations and Discussion

In this section, benefiting from the above Euler approximation scheme, we give
several numerical examples substantiating our theoretical outcomes. For this
purpose, we choose the parameters A = 1, by = 0.04, b, = 0.001, d; = 0.02, dy =
0.02, ¢ = 0.1 and initial conditions S (0) = 3, I (0) = 1, C' (0) = 5 as given in [31].

e[ —s0

Density of computers
L o 4 v e s o o

) 5 10 15 20 25 30 35 40 45 50
Time

Fig. 1. Numerical simulations for the Eq. (1.11) at n = 0.9.
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Fig. 3. Numerical simulations for the Eq. (1.11) at n = 0.8, = 0.6, n = 0.4 and
n = 0.2, respectively.

It is indicated in the figures that the number of S-computers, I-computers and
C-computers rise or fall depending on the change in the fractional order 7. It can
be seen in Fig. 1 that the model remains under attack by infectious populations
I (t) for a long time, which is a critical behavior. Figure2 together with the
order the n = 0.5 and n = 0.3 demonstrate that C(t) shows an increase while
the numbers of exposed computers S(¢) and infective computers I(t) decrease
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in numbers as the fractional order alpha decreases. Furthermore, Fig. 3 suggests
that the model components’ attitude can be perceived by the varying numerical
data obtained from the fractional order 7.

5 Concluding Remarks

Since blocking virus abundance plays a key role in computer security and the
undesired outcomes of viruses are highly evident, the question how to suppress
the avalanche of viruses has become a focus in both industrial and academic
societies. In this paper, we aim to deeply examine a SICS model with the concept
of ABC derivative assisting a memory effect.First of all, we propose a fractional
SICS model based on the model given in [31], and then prove the existence and
uniqueness conditions by benefiting from the fixed point theory. The simulation
results are illustrated according to different values 7, and briefly commented
on. Due to the importance of averting infectious populations I (¢) in the cyber
world, we observe that the number of I(t) decreases when the fractional order n
decreases; a great benefit of AB derivative. We expect our findings to be helpful
for tackling the virus problem troubling the world of computing and computer
users.
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Abstract. The shallow water equations provide a vast range of appli-
cations in the ocean, atmospheric modeling, and pneumatic computing,
which can also be utilized to modeling flows in rivers and coastal areas.
The Bernoulli sub-equation function method is utilized to build the ana-
lytic solutions of the (14+1) dimensional coupled Whitham-Broer-Kaup
(WBK) equations. This partial differential equation model is translated
into ordinary differential equations in order to construct new exponential
prototype structures. As a result, the novel results are obtained and then
plotted in 3D and 2D surfaces.

Keywords: Nonlinear Whitham-Broer-Kaup equation - Bernoulli
sub-equation method - Exponential solution

1 Introduction

Many of the observed phenomena have been presented using nonlinear partial
differential equations in engineering, applied mathematics and physics. NPDEs
are extensively used in various scientific fields to describe complex phenomena,
particularly in optical science, engineering, applied mathematics and physics. In
research papers various numeric and analytic techniques have been used to find

solutions of NLPDEs for example finite forward difference method [1,2], homo-
topy perturbation method [3], Adomian decomposition method [4,5], Adams-
Bashforth-Moulton method [6], spectral methods [7], homotopy analysis method
[8,9], shooting scheme [10-13], the sine-Gordon expansion method [14,15], the
inverse scattering method [16], the Bernoulli sub-ODE function method [17,18],
the modified auxiliary expansion method [19], the modified -expansion func-
tion method [20-22], the tan -expansion method [23,24], the extended sinh-
Gordon expansion method [25,26] and the generalized exponential rational func-
tion method [27,28]. A number of articles have already resolved the shallow water

equations numerically and analytically like the generally projective Riccati equa-

tion technique [29], a finite volume method [30], the variational iteration method
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[31,32], the Galerkin spectral method [33], second-order Runge-Kutta discon-
tinuous Galerkin scheme [34], Bicklund transformation with Lax pairs [35], the
tanh-coth, Exp-function as well as Hirota’s methods [36]. In this paper, we inves-
tigate the (1+1)—dimensional coupled Whitham-Broer-Kaup shallow water via
the Bernoulli Sub-equation function method. Consider the nonlinear system of
shallow water as follows:

Ut + Uy + Vg + Bz = 0, (1)

vt + (’U/U)I + QUzzr — ﬁvzx = 07 (2)

in which w (x,t) and v (x,t) represents the velocity and the total depth, which
could be utilized as a structure for water waves. If choosing a = 1 and § =0
Egs. (1) and (2) will change to the approximate long wave equations in shallow
water while, the same Eqs. will change to the modified Boussinesq equations if
we choose @ = 0 and 8 = 0.5.

2 Structures of Bernoulli Sub-equation Function Method

The mainly modified steps of this technique are:
Let we have a nonlinear partial differential equation:

P(Umautauzhummm) =0, (3)
and defining the traveling wave transformation
u(z,t) = q(n),n =z + 1, (4)

where v # 0. Applying Eq. (4) on Eq. (3) as a result, we get a nonlinear ordinary
differential equation:

N(q,q,q",..)=0. (5)
Using a trial equation of solution as follows:
q(n):ZaiFi =ay+a F+axF?+ ... +a,F", (6)
i=0
and )
F =bF +dFM b+#0,d#0,M € R—{0,1,2}. (7)

here F'(n) is Bernoulli differential polynomial. Inserting Eq. (6) into Eq. (5) as
well as using Eq. (7) produces:

QF(n) =beF(n)° + -+ b1 F(n) +bo =0, (®)

via the balance principle,the connection of n and M will be evaluate.
By taking all the coefficients of 2(F(n)) to be zero, we get an algebraic
equations system:
b;=0, i=0,---,k, (9)

solving Eq. (9), we will find the values of ag,ay, ..., an.



202 H. H. Abdulkareem et al.

Step 4. Solving Bernoulli Eq. (7), two cases are observed depending on the
values of b and d:

_d E 1—M
F(n) = |:b+eb(M—1)77:| b #d, (10)

1
(B = 1)+ (B + 1) tanh (5201) ] 7
F(ﬁ): b ,b=d,E € R. (11)
1 — tanh (%)

Where E is the non-zero constant of integration, with the help of Mathematical
packages, we gain the solutions to Eq. (5), using a complete polynomial discrim-
ination system. Also, all the solutions gained in this method are plotted and the
suitable parameter values on (14+1)-dimensional surfaces of solutions are taken
into account.

3 Implementation of the BSEFM

Now we use the BSEFM on the shallow water equations to build novel solutions.
Letting the traveling wave transformation, present the transformation u(z,t) =
U(n), and v(z,t) = V(n),n = z+~t, in which v is constant, the nonlinear system
of shallow water is converted into a system of NLODEs [37,38]

YU +UU +V'+8U" =0, (12)

V/ + (VU') +aU" — V" = 0. 13
v

Integrating Egs. (12, 13) and letting a integration constant to zero, we get

U2
7U+7+V+ﬁU’=0, (14)
YWV +VU+aU” - BV =0. (15)

Taking derivative of Eq. (14) with respect to n and writing in terms of V', we
get
V' =—yU -UU - 8U", (16)

putting Eq. (16) into Eq. (15), the NLODE can write as:
272U + 3WU? + U — (8% + a)U” = 0. (17)
Balancing U” and U3, the connection n and M yields,
M=n+1.

Now by choosing the value of n, we get the value of M, Using these values in Eqs.
(6-7) and then inserting resultant Egs. into Eq. (17), we discuss the following
cases:
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Case 1. Using n = 2, M = 3 and then substituting them into Eq. (6), the
following equations are obtained:

U:a0+a1F+a2F2, (18)

U' = a1bF + a1dF> + 2a3bF? + 2a5d F*, (19)
U" = a1b*F + 4azb* F? + 4a,bdF3 + 12a2bd F* + 3a,1d*F® + 8apd®F°®,  (20)

where ag # 0, b # 0, d # 0. Substituting Egs. (18-20) into Eq. (17), a system
of algebraic equations are found. Inserting Eqgs. (10) or (11) into a system of
algebraic equations, we can investigate the following solutions (Figs. 1, 2):

Case 1a. For b # d, a0:—2,d:—(M),a: L B2,y =1, we get

2 (402) —
— a2
u(z,t) = -2+ m7 (21)
dasE 2b(t+x) —1+92
o(a, 1) = —2022¢ (=1+265) (22)

(2E + aze2b(t+2))”

vixt)

Fig. 1. 3D surfaces with its 2D figures of Egs. (21) and (22) with values M = 3,az =
4,d=2,b=—-1,4=3,E =0.25 and t = 2 for 2D surface.

2
Case 1b. b = (i—z),a = 0&m — 32,v=1, we get
as
—dd(ita) 0

—Z + FEe

u(z,t) =

4B 5 (ag + 4dB)

e 92 as +

v(z,t) = — YR (24)
(—2E + age” a2 )
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x 10 10 t # 10 10 t

Fig. 2. 3D surfaces with its 2D figures of Eqgs. (23) and (24) with values M = 3, a2 =
5b=2,d=1,0=—-2,FE = -2 and t = 2 for 2D surface.

Case 2. If taking n = 3 and M = 4 in Eq. (6), the following equations are
found;
U:ao+a1F+a2F2+a3F3, (25)

U' = a1bF + 2a2bF? + 3a3bF? + a1dF* + 2a2dF® + 3a3dF°, (26)
U" = a1b*F + 4a2b* F? 4 9a3b®> F? + 5a1bdF* + 14a2bd F®
+ 27asbdF® + 4a,d?>F7 + 10a2d? F® + 18a3d*F®,

where ag # 0,0 # 0,d # 0. putting Eqgs. (25-27) into Eq. (17), a system of
algebraic equations is evaluated. Solving this system the following coefficients
and solutions have resulted (Fig.3):

Case 2a. When ag = 0,a; = 0,a3 = %,’y =1l,a; =0, = 9% — (32, we obtain

(27)

4
u(z,t) = o Ee3ira) (28)
4E (1 3(t+x)
ofa,t) = —AEAF30) 7T (29)
(E _ 2e3(t+z))
_ _ _ _ 1 _ as —
Case 2b. When ayp = 0,a7 = 0,a3 = 0,b = 3\/a+62’d = 6\/a+ﬁ2,'y =1, we
obtain Fig. 4
)= (30)
’U«(«r; - _9 +Ee_3(t+$)7

3(t+x) 44 3(t+x) +E(2+6

’U({E7t) — _a3e (( a3)e ( 5)) . (31)

2(E _ 263(t+z))2
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v(xt)

Fig. 3. 3D surfaces with its 2D figures of Egs. (28) and (29) with values M = 3,a2 =
4,d=2,b=—-1,8=3,FE =0.25 and t = 2 for 2D surface.

u(x,ty

Fig. 4. 3D surfaces with its 2D figures of Egs. (30) and (31) with values M = 3,a2 =
4,d=2,b=—-1,8=3,F =0.25 and t = 2 for 2D surface.

4 Conclusion

Analytic solutions of Whitham-Broer-Kaup equations via utilizing the BSEFM
are presented. In comparison with the results obtained at paper [30], Eqgs. (21)
and (23) are the same results, but the traveling wave solutions such as Egs.
(22), (24), (28), and (29) extracted via utilizing BSEFM are novel exponential
functional solutions for Egs. (1-2). Moreover, all solutions are inserted into Egs.
(1-2) and they verify the system.
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Abstract. In this study, high order numerical solution of one dimensional homo-
geneous Telegraph equation is presented using quadratic B-spline Galerkin finite
element method. In the method, second and fourth order single step methods are
used for the time integration. Second order single step method is also known
as Crank Nicolson method. The numerical example is studied to illustrate the
accuracy and the efficiency of the method.

Keywords: Quadratic B-spline - Galerkin method - Homogeneous Telegraph
equation

1 Introduction

One dimensional homogeneous Telegraph equation arises in the study of propagation
of electrical signals in a cable of transmission line and wave phenomena [1, 2]. Various
numerical techniques have been developed and compared for solving the one dimensional
Telegraph equation (see [3, 4] and referenced in). In the next section, after the time
discretization of the homogeneous Telegraph equation is performed by using higher
accurate finite difference method, a finite element space discretization is used to obtain
a system of algebraic equation. In the numerical experiment section, proposed methods
are tested for the test problem and a summary of main findings of the work is presented
in the last section. While the numerical solutions of partial differential equations are
investigated, finite difference or finite element method is frequently used. While the
time discretization of such equations is done, generally Crank Nicolson method having
second order accuracy is used. The aim of this study is to see how the results change
when a method with an accuracy of 4 is used instead of the Crank Nicolson method for
the numerical solution of the homogeneous Telegraph equation.
We consider the following one dimensional homogeneous Telegraph equation

U + 201y + BPu — iy =0 (1)

© Springer Nature Switzerland AG 2020
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with the boundary conditions
ula, 1) = gi1(1), ub, 1) = g2(t), 1€ (0, T] (2)
and initial conditions

ux, 0)= fix), a<x=<b
u(x, 0) = fo(x), a<x=<b

3)

in a restricted solution domain over an space/time interval [a, b] x [0, T].

2 Application of the Method

The homogeneous Telegraph equation can be converted to the following system by
standard change of variables

U =v,

Vr = Uxx — 2000 — ‘BZM. (4)
The following one step method will be used for time discretization of the Eq. (4)

W't = 4o+ Ooul + O3u !+ Oau’,,

5
vl = let"H + 60 + 931}?,“ + 0407 ©)
When
At
01 =92=7, 03 =04 =0,

the method (5) is of order 2 known as Crank-Nicolson method (M1). When

At (A1)? (A1)?
0 = 9 = —, 0 = -, =
=n=5"7% 2 4T 12

the method (5) is of order 4 (M2). Using (4) in (5), we have

)

(1 + 93ﬁ2) w4 Qabz — 01) v = 03 (up)" T = (1 - 94/32) " + (=200 + 02) V" + O4(txx)"

(6)

and

820, — 2aﬂ293) Wt 4 (1 4206, + B0 — 4a293) VI 4 (26 4 2a03) a1 — 630! =
—B20, + 2aﬁ294> w4 (1 —2aby — 204 + 4a294) VT (0 — 2004) u”, + 040"

(7

When making calculations, the space-time plane [a, b] x [0, T] will be discretized
by grids with At and A. Thus,

u(xm7 tn) = u;lna

V(Xm, ) = v;ln»

m=0,1,..., N; n=0,1, 2,...
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where x,,, = a+mh, t, = nAt, will be used for the exact solution at the points (x,, t,).
U], and V! will be used for the approximate solutions. The space interval [a, b] will be
divided into equal length N sub-interval as

a=x9<Xx1<...<XN_1 <xy=>b.
Then the quadratic B-spline functions are defined at these knots as

2 2
X —x)°—3(x —X
(Xm+2 — X) (Xm+1 — Xx) X <X < A

|+ 30m =02,
Tn(x) = 351 Comga = X)? =341 — X2, X <X < Xpp t))
(Xm+2 — x)z’ Xm+1 =X < Xp42
0, otherwise.

Over the problem domain, the approximate solutions U (x, t) and V(x, t) to the
exact solutions u(x, ¢) and v(x, t) can be written as a combination of the quadratic
B-splines

N
Ux, )= Y T;j(x)8;(),

j=—1

N
Vi, =Y Tix)p;) ©)

j=1

where §; and p; are time dependent unknown parameters. Since each quadratic B-splines
covers 3 intervals, each element [x,,, x;,+1] is covered by three splines. Therefore over
the element [x,,, X;,+1], an approximation to the exact solutions u(x, ¢) and v(x, f) in
terms of quadratic B-splines can be written as

m+1

U, t)= Z T;j(x)d;(t)
j=m—1
m+1

Vi, =) Ti)p o). (10)

Jj=m—1
Using quadratic trigonometric B-spline function (8) and the trial solution (10), the

values of Uy, = U(xpy, 1), Vi = V(xp, t) and U}, = U(xyy, 1), V,, = V(xy, t) are
obtained as follows

Un = dm—1 + S,

U, =z(<S —Sm—1)
m h m m ’
Vin = Pm—1+ Pm,

m — h(pm - pm*l)' (
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Applying Galerkin method to the Eqs. (6—7) with weight function W (x) and then
integrating by parts lead to the equation:

7[(1 +6038%) WU + W)U + a3 — 61) W) V" dx

— WU | = ?[(1 — 0482) W (o)™ + (—2a64 + 63) W (x)v" — 12)
03 W, (x)U"] dx + 94aW(x)U;’ ”
and
(8201 —20p205) W01 — (-6 + 2005 Wi UL
(1 + 206 + B263 — 4a293) W@V 4 63 Wy (x)V;'+1:| dx+ )

b b b
(=61 + 2005 W UE! | = 03w o)V = (=202 + 20B200 W oo +

(1 — 20, — B0y + 4020 W (x) V" — (63 — 2603) Wy (X)U" — 043 Wy (x) V1] dx
+ (62 = 2a0)W UL |2 + 64w (v L.

If the weight function W (x) is taken as quadratic B-spline shape function 7;, and
using the expression (10) in the Egs. (12—13), a fully discrete approximation is obtained
over the element [x,,, x;,+1] as

m+1 (Xm+1
(1 +6382) 18" 05T/ TIS T Qa3 — 6) T, T p"+‘ dx — 03T; T ’"“5"“
. N 7 A I lxm
j=m—
m+1  (Xm+1 2 /|Xm+1
- S/ 1—04B°) T; T; 8" + (=204 + 67) T,'Tﬁ 94T T 5" dx +64T; T 8"
j 10 Xm 77 J
j=m— ¥
(14)
and
m+1 Xm+1 1
20, —2ap203) T;T;6" ! — (—=6) +2a03)T/T.8" 1 +
E ! 3) S0 i1j%
j=m—1 m
X,
(1 +200; + B0 — 4a 93) LT + 63T/ T "“]dx + (=01 + 2a03)T; 7] " 5]
Xm
X,
93 T T m+1 p;H—l
"R g 2 2 2 2
-y 7 [(_,3 02 + 2020 T; T8 + (1 = 2a — B264 + 40204) ;T "
j=m—1 "
1
(62 — 200 T/ T} 5} —94T;T_;p';]dx + (6, — 20:04)T,~T_; 5" +04T; T’ et p’;. (15)

A typical finite interval [x,,, x;,+1] is mapped to the interval [0, %] by a local coor-
dinate transformation defined by & = x — x,,. Therefore (14—15) by using quadratic
B-spline shape functions in terms of £ over the element [0, .] can be written as

m+1 h
{ [(1 +93ﬂ2)TiTj5;?+l + 03T/ T8 4 (2a93—91)nrjp;?+l]ds— 03T, 057“}
Jj=m—1
ml h 2 It h
.S {f[( " )7}Tj8;7+(—2a94+92)7}ij;‘ - 94Tl.Tjaﬂd§+94T,~TJf o
j=m—110 0

(16)
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and

—

m
h

2 2 +1 +1
g[(,s 0, — 2ap 93)TiTj3;? — (=01 + 2003 T/ /8" +

j=m—1
h
1+ 2a6; + B203 — 4(x263) LT+ 93Ti/Tpr7+‘] dg + () +2263)T; T} Oa_’;“

l;—H

eTT/h
- 3ij0'01

m+1 I
-y f[(—ﬂzez +2aB%04)T; T;8 + (1 — 206, — B204 + 40204)T; Tjp)—
. 0
j=m—1
h
A 17)

h
Il on /! R 7/ n ol
(62 — 2064) T/ T8} — 64T; ijj}ds + (02 = 20)TiT}| 87+ 04T

(16-17) can be written in the matrices form as

[(1 + 93/32) Ae(5e)n+l — 03B¢ (5e)n+l + Qabs —6)) Ae(pg)”-H —6;C¢ (5e)n+l]_
[(1— 048%) A(5)" + 0B (8)" + (2063 + 62) A(p°)" + 04C*(5°)"]

(18)
and
[(5291 — 2a8263) A(8)" " + (—6) + 2a63) B*(8¢)" "+
(14206, + 265 — 40203) A°(p)"+! — 93Be(pe)"+1]+
(-0, + 20[93)Ce(88)n+1 + 93ce(pe)n+l_ (19)
[(—B%62 +208%04)A°(8°)" + (1 — 200, — B%04 + 40%04) A (p©)"+
(02 — 204) B¢ (8°)" + 04 B¢(p°)" + (62 — 2a64)C*(8)" + 04C° (p°)"]
where
e Xm+1 9 Xm+1 , Xm+1 S e , h
Af= x{n T;Tidx, B = xf T;Tjdx — xf T[Tidx, Cj=T,Tj| ,
8= Bm=1. Sm. Sms1)" P° = (Pm—1, Pims Pms1)” .
Combining contributions from all elements lead to the linear matrix equation
[(1+638%) AS"T! — 03B! + (2065 — 61) Ap" T — 0:;C5" ] = 20)

[(1—048%) A8" + 04B8" + (—2a6s4 + 02) Ap" + 0,C8"]

and

(5291 - 2a,8203) AS"H 4 (—0) + 2063)BSMH + (1 + 206 + B263 — 4a293) Ap't]!
—03Bp" ! 4 (=) +2063)C8" T + 03Cp" ! = (—p20, + 208264 AS" (21)
+ (1 =200y — B204 + 4a264) Ap™ + (67 — 20:04) B8" + 64 Bp™ + (6 — 2004)C8" + 64,Cp"

where global element parameters

8 = (871’ 807"" SNfl’ SN)T’
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p = (,O,], P05 -5 PN—1, PN)T'

The system of Egs. (20-21) consists of (2N + 4) equations of (2N + 4) unknown
parameters

(6-1, 805 -5 ON—1, SN+ P—1, PO, ---» PN—1, PN)-

Once the first two and last two equations have been deleted in the system of Egs. (20—
21), unknowns

n+1 n+1 n—+1 n+1
87] ’ 1 » BN ’ ION

can be eliminated from the system using the following boundary conditions

Ula, x) =g1(1), U(b, x) = g2(t)

Vi, x) = dg;t(t), Vb, x) = dg;t(t).

Thus, (2N) unknowns and (2/N) equations obtained from the system of Egs. (20-21)
can be solved easily with the Matlab package program.
Once the initial vector

d’= (%, 8% 1 8% P20 PO PN 1s PR
is found using the initial and boundary conditions, the unknown vector
d =L, 8Ny SN AL Y.y PN PA)
can be found using the (20-21). Therefore unknown vector &t (n =0,1,...) can

be found repeatedly by solving the recurrence relation (20-21) using previous unknown
vector d”.

3 Test Problem

The error norm

Loo = max|u,, — Uy, (22)
m
and the order of convergence
u—Ua,
log U—Untyy
order = 23)
log‘ Aty
At

will be calculated.
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The homogeneous Telegraph equation has the exact solution [5]

u(x, t)y=e""! (24)
with the boundary conditions
u(@, ) =e"", ub, )=e"" 1€, T] (25)
and initial conditions
u(x, 0) =¢*
u(x, 0) = v(x, 0) = —e*. (26)

The numerical simulation is accomplished with « = 0.5 and 8 = 1 by the termi-
nating time ¢ = 5 over the domain [0, 4]. The program is run until time t = 5 and the
analytical solutions at various times are shown in the Fig. 1.

60 -

50 -
40 - =0
30
20
10 - t=1

0 t=5
-10 I I I I I ]

0 0.5 1 1.5 2 2.5 3 3.5 4

Fig. 1. Analytical solutions at different times

The error norm L, and rate of convergence for the presented two methods are
listed in Table 1. According to the Table 1 that M2 gives better result than M1 and the
error norm decreases as the time step decreases for the both proposed methods and the
convergence rate is almost 4 for the M2, which is the accuracy of the proposed method
for the time discretization of the Telegraph equation.

Absolute error (difference between the exact and numerical solutions) distribution
at r+ = 5 is also depicted in Fig. 2 for each proposed methods. When the figures are
examined, it can be seen that maximum errors do not occur at the end points of the range
in both methods. Therefore, it can be said that there is no error due to the application of
boundary conditions.
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Table 1. L and rate of convergence at time t = 5 for 7 = 0.001.

Ml Ml M2 M2
At | Loo Order | Loo Order
1 [257x1071[3.19 141 x1073 433
05 2.82x1072[298 6.76 x 1077 | 4.00
02 [1.84x 1073|166 |1.73x107° |4.30
0.1 [584x107%/1.82 |8.80x 1078 |3.94
0.05]1.65x 1074 (2,19 |5.75x 1072 |3.73
0.022.21 x 1073 1.88 x 10710

Fig. 2. Absolute errors when 2 = 0.001 and Ar = 0.02.

4 Conclusion

The high-order Galerkin finite-element method based on Taylor series expansion for
the time discretization and quadratic B-spline functions for the space discretization was
proposed to solve numerically the homogeneous Telegraph equation. The test problem
was simulated well with the proposed all algorithms. As a result, according to the results
obtained from the proposed methods, the M2 method has been found to give very good
results for approximate solution of the homogeneous Telegraph equation.
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Abstract. The purpose of this article is to study analytically the hydro-
magnetic natural convection flow of an electrically conducting, incom-
pressible viscous fluid over a moving infinite inclined plate. Moreover,
the dynamic of fluid is studied under the influence of exponential heat-
ing and constant concentration. Porous effects are taken into considera-
tion and in order to investigate the influence of the transverse magnetic
field, two cases when the transverse magnetic field is held fixed to the
fluid or to the plate are considered. The Laplace transform technique is
used to obtain exact solutions for such motions. The dimensionless Latin
symbols velocity, and also the corresponding skin friction, is presented
as sum of mechanical, thermal and concentration components. Finally,
for illustration, as well as for a check of results, some special cases with
applications in engineering are considered and influence of the system
parameters is graphically brought to light.

Keywords: Magnetohydrodynamic - Inclined plate - Natural
convection + Exponential heating - Chemical reaction

Nomenclature

Latin Symbols

B Magnetic field strength
C Dimensional concentration in the fluid
© Springer Nature Switzerland AG 2020
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Ccl Concentration of the fluid near the plate
Cl Concentration of the fluid far away from the plate
T Constant temperature of the plate
T, Free stream temperature

U Velocity of the fluid

Cp Specific heat at constant pressure

Ug Characteristic velocity of the plate

D Chemical molecular diffusivity

Gce Mass Grashof number

Gr Thermal Grashof number
g Acceleration due to gravity
K Permeability of porous medium
kr Rosseland mean attenuation coefficient
M Magnetic field parameter
N Ratio of the buoyancy forces

Nr Radiation conduction
Pr Prandtl number
Presys Effective Prandt]l number
q The transform parameter
qr radioactive heat flux
R Radiative parameter
Sc Schmidt number

Greek Symbols

Br Volumetric coefficient of thermal expansion

Bc Volumetric coefficient of expansion with concentration
v Kinematic coefficient of viscosity

T Skin friction

¥ Inclination angle from the vertical direction

o Electric conductivity

I Coefficient of viscosity

P Density

K Thermal conductivity of the fluid

1 Introduction

From the past few years, the study of magnetohydrodynamic (MHD) natural
convection flow of electrically conducting fluids with heat and mass transfer has
gained a special attention due to their multiple applications in meteorology, elec-
trical power generation, solar physics, geophysics and chemical engineering. The
study of MHD natural convection flow over a moving inclined plate has many
useful consequences so attracted the attention of many researchers. For exam-
ple, the flow characteristics for the natural convection boundary layer flow over a
flat plate with arbitrary inclination also depend on the angle of inclination and
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on the distance from the leading edge [1]. Uddin and Kumar [2] noticed that
as the angle of the plate from vertical direction increases the value of friction
factor and heat transfer coefficient decreases while studying the unsteady free
convection in a fluid flow past an infinite inclined plate immersed in a porous
medium has been considered for viscous dissipative heat. Moreover, Palani [3]
studied the convection effects on flow past an inclined plate with variable surface
temperatures in water at 4°, Singh and Makinde [4] investigated the MHD free
convection flow with Newtonian heating in the presence of exponentially decay-
ing volumetric heat source along the inclined plane. The thermal radiation effect
on an unsteady MHD flow past an inclined, porous, heated plate in the presence
of chemical reaction and viscous dissipation is investigated by Barik et al. [5].
Chen [6] found that increasing the angle of inclination decreases the effect of
buoyancy force while investigating the natural flow over a permeable inclined
surface with variable wall temperature and concentration. MHD natural convec-
tion flow with Newtonian heating and mass diffusion was analytical solved by
Vieru et al. [7], when the plate applies an arbitrary time-dependent shear stress
to the fluid. Fetecau et al. [8] investigated the slip effects on the radiative MHD
free convection flow over a moving plate with mass diffusion and heat source.
Recently, a general study of such flow with radiative effects, heat source and
shear stress on the boundary has been developed by Fetecau et al. [9].

However, in all these studies as well as in many other which have been previ-
ously published, the magnetic lines of force are fixed to the fluid. There are many
interesting papers [10-16] in which exact solutions are obtained for hydromag-
netic free convection flows through porous media with heat and mass transfer,
but they also correspond to the case when the magnetic field lines of force are
fixed to the fluid.

The first exact solutions for free convection flows when the magnetic lines
of force are fixed to the fluid or to the plate seem to be those obtained by
Tokis [17] corresponding to motions induced by uniform, constantly accelerating
or decaying oscillatory translations of the plate. More recently, Narahari and
Debnath [18] developed an interesting study of unsteady MHD free convection
flow with constant heat flux and heat source when the magnetic lines of force
are fixed to the fluid or to the plate.

In this article, we present a general study of MHD natural convection flow
over a moving inclined plate that is embedded in a porous medium with expo-
nential heating, constant concentration and chemical reaction. However, our pur-
pose is not only to extend some previous results by including porous effects and
mass transfer, but we also want to provide new results both for general and
oscillating motions of the inclined plate. It is worth pointing out the fact that
“the fluid velocity does not remain zero at infinity if the magnetic field is fixed
to the plate” [19,20]. Moreover, to investigate the contribution of mechanical,
thermal and concentration influence on the fluid velocity as well as on skin fric-
tion, we will present these as a sum of mechanical, thermal and concentration
components.
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2 Statement of the Problem

By choosing a suitable cartesian coordinate system Ozy’z, let us consider the
unsteady free convection flow of an electrically conducting incompressible viscous
fluid over a non-conducting infinite inclined plate making an angle v with the
verticle and in the presence of a uniform magnetic field of strength B. The
magnetic field is applied perpendicular to the plate and its magnetic lines of
force are fixed to the fluid or to the plate. Initially, the plate and the fluid are
at rest at the constant temperature 77 and species concentration C. . After
the time ¢ = 07, the plate begins to slide in its plane against the gravitational
field with the velocity ugg’ (t') and its temperature is maintained at the value

gl .
T +T) (1 —ae” 't ) where a, b’ and T}, are constants. Moreover, is a constant

velocity, a piecewise continuous function with the condition that ¢’ (0) = 0. The
plate is also maintained at a constant concentration C;).

We assume that all physical properties are constant except the density varia-
tion with temperature in the body force and the induced magnetic field is negli-
gible in comparison with the applied magnetic field B. Furthermore, neglecting
viscous dissipation and Joule heating and taken into consideration porous and
radiative effects, the chemical reaction between the fluid and species concentra-
tion. Under the usual Boussinesq’s approximation, our problem reduces to the
following set of partial differential equations [18,19].

ou’ 8%u v ocB?
= u@ +9Br (T = T..) cosy + gBc (C' — CL.) cosy — FU/ — O (v —luog’ (t)),
pe T’ _ ol _ 9qr
P ot Oy’2 32/’
ac’ 82¢c’ s ,
T 7 R (C¢'-Cl),
y',t' >0,

with the initial and boundary conditions

’U,/ (y/ao) = O,T/(yl,O) = Tcioa Cl(ylvo) = Céoay/ > Ou
u' (0,t) = uog' ('), T'(0,¢') = Tl + T}, (1 - ae*“') , C'(0,t) = Cp, ' >0,

W (Y ) = 0T (y ) = Thy, C'(y ) = Cly yf — 0,
(2)
Into above equations, the unknown functions v’ (y/,t'), T'(y/,t') and C’(y',t")
are the velocity, the temperature and the species concentration while v, g, Or,
Bc, K', 0, p, ¢p, k, D, R’ and g, are defined in the nomenclature. The parameter
[ is 0 when the magnetic field is fixed relative to the fluid (MFFRF) and 1 (one)
when the magnetic field is fixed relative to the plate (MFFRP).
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By adopting the Rosseland diffusion approximation for an optically thick
fluid (see Seth et al. [21] or Narahari and Dutta [22])

4 ¢ 0T

qT:*EETy,v (3)

assuming the temperature difference between the fluid temperature and the free
stream temperature to be small enough, the energy equation (2.2); can be writ-
ten in the form [23,24].

8T’(y/7t/) B aQT/(yl’t/). ,

/
Preff o = 0y Y.t >0, (4)
P 16
where Prosr = 1 +1;Vr, Pr= 'u—]:p and N, = EéT;ﬁo.
Introducing the following dimensionless variables, functions and parameters
y_ﬂlat_jtl7 :;a
v v Ug
T -T! ' - v v\? 1
T = = C= ® b= 5b, K=|— 5
T cl,—-Cr u3 <u0> K’ 5)
R=2R, gt)y=g (St
s gt)=g (ug :

and choosing the characteristic velocity ug to be equal with {/vgBrT,,, our
problem reduce to the following dimensionless partial differential equations

Au (y,t 8%u (y, ¢
) T T (gt cony 4 NC (1) cosy = Kl t) = M (u 1) =1 (0),
T (y,t) _ 9°T (y,1)
Preff = 2 N
ot y (6)
aC (y,t) _ 1 9°C(y,t)
= — . — RC (y,t),
ot Sc oy? (v:)
y,t >0,

with the initial and boundary conditions
u(y,0) = 0,T(y,0) =0, C(y,0) =0,y > 0,
w(0,t) = g (t),T(0,¢) =1 —ae™ ", C(0,t) =1, >0, (7)
u(y,t) = 0,T(y,t) =0, Cy, 1) = 0,y — o0,

Into above relations, K is the inverse permeability parameter of the porous
medium, R is the dimensionless chemical reaction parameter while the ratio of
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the buoyancy forces N, the magnetic parameter M and Schmidt number Sc are
defined by

NoBe(Cu=Cx) o 0B v o v

BrTw p V? D

where Pr.ys and Sc are transport parameters regarding the thermal and mass
diffusivity and N represents the relative contribution of the mass transport rate
on the free convection flow. Moreover, depending upon 8¢, N can be also positive
or negative because (7 is always positive [20] and N = 0 for the case when the
buoyancy force effect from mass diffusion is absent.

3 Solution of the Problem

As the temperature and concentration fields corresponding to this problem can
be easily obtained from previous works (see [[20], Eq. (20)], respectively [[25],
Eq. (15)]). Our prime interest is to find the fluid velocity, however in order to
determine it using the Laplace transform technique, we need the Laplace trans-
forms of T'(y,t) and C(y,t), namely

— 1 a _ T ~ 1 _ c
T (y,q) = (q— q+b)6 yPressa, C(y,q)=56 vy Se(ath), (8)

obtained from [20] and [25].
Applying the Laplace transform to Eq.(2.9) and using the corresponding
initial and boundary conditions, we find the differential equation

824 (y, ) _ i
qu(y,q) = ua(nyQ) + T (y,q) cosy + NC (y,q) cosy — Ku(y,q)

with the boundary conditions
u(0,q) =G (q),u(y,q) =0, as y — oo, (10)

where 4 (y,q) and G (¢q) denote the Laplace transforms of u (y,t), respectively
g (t). Introducing Egs. (3.1) into (3.2), we get

0%a (y, 1
lg(;q) —(¢+H)u(y,q) = —IMG(q) - (q - qib) e YVITeI 1 4 cos
lee*yVSC(qJFR) COS 7, (11)

q
where H = M + K.
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The solution of the ordinary differential equation (3.4) with the boundary
conditions (3.3) is

u(y,q) = G(q)e vVt 4 MqG—I—(})I (1_e*y\/q+7H)

(1-a)g+b Y -
+ e teffd _ o=YVa+tH | oog
q(q+b)[(1—Preff)q+H]( ) ¥
N —y\/Se(@rR) _ -
y\/Sc(g+R) _ —yVatH (12
T 4l1=Sc)q— (SeR— H) (e e )Cos'y (12)

Next, introducing the relations

(I-a)g+b B 1 [11 a 1
q(g+b)[(1=Presp)g+H]  1-Pryy |[Eq E—bq+b

L 0-9E-b 1 }

E(b—-FE) g+F

1 1 1 1
q[(1—S8c)qg— (ScR— H)] H — ScR (q_q—i—F)’
H ScR— H

::l—PI‘eff7 N Sc—1 ’

into Eq. (3.5), applying the inverse Laplace transform and using the convolution

theorem and Egs. (A1) and (A2) from Appendix, we can present the velocity
field under the form

u (yv t) = Um (yv t) + ur (yv t) +uc (yv t) ’ (13)

where

Y g(t—s) —y?
= —_—— d
U, (Y, 1) N /s exp ( 1s Hs ) ds

1 1
)= \1/( Prosr, ,0,0)—\11 ,t,H,o]
ur (y,t) T~ Proy; [E [ Y/ Pregys,t (y )

+b—[ (m,to ) U (y,t,H, b)]
(l1—a)FE

+W{ (M,t(} E) ‘Ij(y,taH,E)Hcos%

(15)
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ue (y, 1) [\If (y\/@t, R, 0) — W (y,t,H,0)

_ N
~ H—ScR
- <vac,t,R, —F) + U (y,t, H, —F)} cosy, (16)

are its mechanical, thermal and concentration components and the function
VU (y,t,a,b) is defined in Appendix.

It is not difficult to show that u(y,t), given by Eqgs. (3.6)—(3.9), satisfies
the imposed initial and boundary conditions. In order to verify the boundary
condition (2.12)1, for instance, we rewrite w,, (y,t) in the equivalent form

2 7 y? Hy?
um(y7t):ﬁ/g(t—452>exp(—32—452 ds
2vi

t
- Y
IM t— Hs orf [ 2= ) ds, 17
wit gt ar (50 ) ds (17)
0
As regards the limit of velocity as y — oo, it results that
0 if 1=0
t

ylggo tm (Y1) = M/g (t —s)e Hods if I=1 (18)

0

Consequently, in the case when the MFFRP, the fluid does not remain at rest
far away from the plate.
From physical point of view, it is also important to determine the skin friction
or shear on the plate. Introducing Eq. (3.5)
} ; (19)
y=0

_ 1) 9%uy.9)
y=0

we find that (see also Egs. (A3)—(A5) from Appendix)

Ou (y,t)

oy

T=Tm+ T+ TC, (20)
where
t , est
TmZ/O g (t—s) {\/ﬁerf(@)-k\/ﬁ} ds
M [t
71ﬁ/@ g (t —s)erf (\/E) ds, (21)
_ 1 1 a . (1-a)E—b
T = 1_Preff {l:E\/H—'_ b_E¢(t,0,b)+£U(b_E)¢(t,07E):|

_Eljtﬁ(t;H,O)—b_aEéﬁ(t;H,b)—%(ﬁ(t;H,E)}COS'y, (22)
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ro = g 0 (G HLF) = 6 (6 ,0)
+\/7[ (t; R,0) qb(t;R,F)]}cos% (23)

are the mechanical, thermal and concentration components of the skin friction
and the function ¢ (¢; a, b) is defined in the Appendix.

By taking K = 0 and v = 0 into Egs. (3.6) and (3.13), we recover the
corresponding results of [[19], Egs. (20) and (27)].

As the concentration and thermal parts of velocity and skin friction are inde-
pendent of g (¢), so in the following section we will discuss the special cases
regarding to the mechanical part of velocity and skin friction.

4 Special Cases

In the following, in order to get some physical insight of present results and
for validation of the obtained results with possible engineering applications, we
consider the following cases.

4.1 Case g (t) = H (t) (Uniform Motion of the Plate)

let us take K =0, v =0, g (t) = H (t) (the Heaviside unit step function) in our
relations (3.7) and (3.14) and use Eqs. (A6) and (A7) from Appendix, we get

U (y,8) = (1 — 1) W (3,50, M) + 1 [1 — exp (—Mt) erf (23/{)] . (24)

and

e Ht M
T (t) = |VH exf (Ht) + H(t) — |——H (t)erf (\/Ht . (25
0 0+ | O 1 et (VAT (29
As it was to be expected, the corresponding results are identical to those obtained
by Tokis [[17], Egs. (12) and (13a)] and Narahari and Debnath [[18], Egs. (11a),
(13)] with ap = 0 and in the absence of thermal and concentration effects and
v =0.

4.2 Case g (t) = H (t) t* (Variably Accelerating Plate)

Thermal and concentration components of velocity do not depend on the plate
motion. However, the heat and mass transfer can influence the fluid motion and
we have to know if their influence is significant or it can be neglected in some
motions with possible engineering applications. Taking, ¢ (t) = H (¢)t* with
a > 0, the Egs. (3.7) and (3.14) take the forms

.t M/ (‘Z‘H> *

+ ZM/ )% e~ He erf (2;”/5> ds, (26)
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Tm () = a/ot (1573)0‘71 {\/ﬁerf (\/ﬁs) + e\/ﬂis} ds

—la—/ (t—s)"" erf(\ﬁs)ds a >0, (27)

which corresponds to motions induced by a slowly, constantly or highly acceler-
ating plate.

4.3 Case g (t) = H (t) cos (wt) or H (t) sin (wt) (Oscillating Plate)
Introducing into Egs. (3.7) and (3.14) and using the fact that H’' (¢) = § (t) and

/Oté(t—s ds—/ 5(s)g(t—s)ds=g(t), (28)

where 6 (.) is the Dirac delta function, we find that

_ 2
Ucm (y> 2\/*/ COS t S)] exp <_Zs - HS) ds

M /0 cos [ (t — s)] e~ Hoerf (23/9 ds, (29)
Usm (y,1) = 2\[/ sin [w t_sﬂ exp (—Zi —Hs) ds
+IM /O sin [w (t — 5)] e~ Hoerf (Qi//g> ds, (30)

Tcm:H(t){\/ﬁerf (\/ﬁ) —l—erf (\/Ft)}

ﬂ

—w/tsin[ (t - s)] [\/ﬁerf (\/Hi(s +6_\/g} ds

ds, (31)

N~—

—Hw—/ sin [w (¢t — s)] erf

5

= [ cosfo (e =) Vet (VI3) + ] s

lw—/ cos [w (t — s)] erf (\/His) ds. (32)

As expected, for w = 0, the solutions (4.3.2) and (4.3.4) reduce to those given
by Egs. (4.1.1) and (4.1.2) corresponding to the motion with uniform velocity
on the boundary.

Indeed, assigning to g (.) suitable forms, we can determine exact solutions
for any motion with technical relevance of this type. Consequently, the problem
under debate is completely solved.
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5 Numerical Results and Discussion

In this paper, exact general solutions are determined for dimensionless veloc-
ity and skin friction corresponding to the MHD natural convection flow over
a moving inclined plate with exponential heating, constant concentration and
chemical reaction. Radiative and porous effects are taken into consideration and
the magnetic field is fixed to the fluid or to the plate. In order to get some
physical insight of obtained results and to avoid repetition, three special cases
are considered. Figures1 and 2 present the profiles of the dimensionless veloc-
ity u(y,t), respectively mechanical component of velocity u,, (y,t) against y
at different times for a slowly accelerating motion of the plate. As expected,
both velocities are increasing functions of time. Furthermore, the velocities cor-
responding to (MFFRP) are appreciably large as compared with (MFFRF). In
all cases, the velocities smoothly decrease from maximum values on the bound-
ary to asymptotical values for increasing y. However, as it is clearly seen from
these figures, the asymptotic values of both velocities are not zero at infinity if
the magnetic field is fixed to the plate.

0.99

0.84

0 1 3 3
—— 0.1 & L=l x =02 - =L
=163

(a)

™

Fig. 1. (a) Profiles of u., (y,t) against y for v = % and different values of ¢, (b) 3D
plot of um (y,t).

In Fig.3 we have plotted velocities wn, (y,t), um (y,t) + ue (y,t) and
Um (Y, t)+uc (y,t)+ur (y,t) versus y to investigate the contributions of mechan-
ical, thermal and concentration components of velocity on the fluid motion. It
is observed that contributions of mechanical, thermal and concentration compo-
nents of velocity on the fluid motion are significant and they cannot be neglected.
In all diagrams a = 0.75, b = 0.15, « = 0.5, Pr = 0.7, M = 0.5, Pr.yy = 0.5,
Sc=06, R=0.7, N=0.5, K =0.3.
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us

Fig. 2. Profiles of u (y,t) against y for v = Z and different values of ¢.
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Fig. 3. Profiles of uam (y,t), uam (y,t) + ur (y,t) and vam (y,t) + ur (y,t) + ue (y,t)
against y at v = &, ¢t = 1.5. and | = 0 when g(t) = H(t).t".

6 Conclusions

Hydromagnetic natural convection flow of an electrically conducting, incom-
pressible viscous fluid over a moving infinite inclined plate with exponentially
heating, constant concentration and chemical reaction is analytically and graphi-
cally studied. Viscous dissipation and Joule heating are neglected but the porous
and radiative effects are taken into consideration. The plate is moving with arbi-
trary time-dependent velocity in its plane while the transverse magnetic field is
fixed to the fluid or to the plate and our interest is focused on the fluid motion.
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Consequently, exact general expressions for the dimensionless velocity and the
corresponding skin friction are established in simple forms in terms of error and
complementary error functions of Gauss and the problem under consideration is
completely solved. Both the velocity and skin friction are presented as sum of
their mechanical, thermal and concentration components.

However, in order to obtain some physical insight of results that have been
obtained as well as to avoid repetition, three special cases are considered. Finally,
the contributions of mechanical, thermal and concentration components of veloc-
ity and skin friction on the fluid motion are brought to light for a slowly accel-
erating motion of the plate. The main conclusions are:

e Contrary to our expectations, the fluid velocity does not remain zero at infin-
ity if the magnetic lines of force are fixed relative to the plate.

e The dimensionless velocity of the fluid significantly increases in the case
(MFFRP) in comparison to the case (MFFRF).

e Contributions of mechanical, thermal and concentration components of veloc-
ity and skin friction on the fluid motion are significant and they cannot be
neglected.

Appendix

_q2 —Y/4q
~1devval — Y U B S —erfed Y
{ev} zt\/ﬁexp< it )’ q T NaviS

1 e~ Yvata
L b (" v (y,t;a,b), (33)

Ut ) — ot | emvVatberfe (2%/2 —+/(a+0b) t) o
(y? 70“? ) - 7 y\/m f Ty b ( )
+e erfe (55 + (a+b)t

L {gF ()} = f (t) + 6 () £ (0) if L=t {F(q)} = f(t)(6(.) is the Dirac delta function) . (35)

L {<q+b>l¢m} - %erf(m) L {;a} -5

L {ﬁ} = e\/‘; + \/%@_bterf (\/Ht) = ¢ (t;a,b), (37)

/Ot %exp (Zz - as> ds = 2{2 {eyﬁerfc <2i"/£ - \/E)

_eWVaerf e (2% + \/E) } : (38)
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t 1 2
/0 57\/5 exp <_Zs — as) ds = \{f {ey‘/aerfc (2%//% — \/E)

—eWVaerf e (y + M) } , (39)

2
/Oo e_pzsz_g cos <a232 + b) ds = 7\/7? e 2¢cos(atf)
0 24 /p4 p

cos [a + 2¢sin (a + ()], (40)

[eS) 2
/ e,p2527%§ sin (a232 + 172) ds — VT o —2¢cos(a+p)
0 $ 24/p* + a*

sin [o + 2¢sin (a + G)], (41)

1 2 1 b
where a = iarctg (;) , B = Earctg (q2> and ¢ = v/(p* + a*) (¢* + b%).
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Abstract. In the current study, we investigate the coupled Boussinesg-
Burgers equations through sine-Gordon expansion method. BBEs arises
in the research of fluid flow and describes the spreading of shallow water
waves. A traveling wave transformation has been applied to turn the
governing equation into a nonlinear ordinary differential equation. As a
result, we produce some novel analytical solutions, such as topological,
non-topological, and kink-type soliton solutions. Furthermore, 2D, 3D
and contour surfaces are also plotted for all obtaining solutions.

Keywords: Analytical solutions + Coupled Boussinesq-Burgers
equations - Sine-Gordon expansion method

1 Introduction

Nonlinear evolution equations (NLEEs) have been used as models to explain
many physical phenomena in fluid mechanics, plasma waves, solid state physics,
chemical physics, etc. [1-5]. It is very important to explore the attitudes of the
models that occur in ocean dynamics because of the important roles they play
in our daily activities [6-8]. NLEE solutions not only represent the problems
identified, but also provide more insight into the physical aspects of the prob-
lems in the relevant area [9,10]. Recently, distinct computational and numerical
methods have been use to handle these type of nonlinear models, such as the
Hirota’s bilinear method [11], Adomian decomposition method [12], Bernoulli
sub equation function method [13], Homotopy perturbation method [14], and
many more [15-19].

The intention of this research is to explore the coupled Boussinesq-Burgers
equations [1-10] using sin-Gordon expansion method [20-22].

The coupled BBEs is given by

1
up + 2uuy — 5% =0, (1)
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1
v + 2(uw), — iumm =0, (2)
Egs. (1) and (2) appear in the fluid flow survey and explain the proliferation
of severe shallow waves, where u = w(z,t) denoted the horizontal velocity

v = v (x,t) donated the height of the water surface above the horizontal level
at the bottom. Recently, different computational approaches have been used to
investigate the BBEs such as Exp-function method [1], nonlinear transformation
[2], Bécklund transformation [3], The modified exp (—¢ (§))-expansion function
method [4], Darboux transformation [5], Homotopy perturbation method [6], the
extended homogeneous balance [7], Jacobi elliptic function method [8], general-
ized algebraic method [9], the extended homogeneous balance method [10].

2 The SGEM

In the current section, the basic concepts of sine-Gordon expansion method is
presented.
Consider the sine-Gordon equation

Vg — Vtt = n?sin (’U) ) (3)

where v = v (z,t) and n € R.
Using the wave transformation v = v (z,t) = G (y), v = p(x — bt) into Eq. (3),

we get a NODE
2

"o n
¢ CpP(1-1?)

where G = G (), v is the amplitude of wave and b is the wave speed.
After some simplification, Eq. (4) gives:

sin (G) , (4)

2
a\’ n? . (G
— = ———si — E. 5
(5)] == (3)* ®)
Setting E =0, z(y) = § and d> = ﬁib?) into Eq. (5), we obtain
2" (y) = dsin (2), (6)
assume that d = 1, Eq. (6) turn into:
# (7) = sin (). (7)
The following two significant equations have been gained from Eq. (7)
29¢”
sin (z) =sin(z (y)) = q%Qq% - = sech (v), (8)
() =sin(:() = L2 = tanh () o)
COS (Z2) = Sm (2 (Y —mq:1—an Y) s

where ¢ is an integration constant.
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For the solution of the following nonlinear partial differential equation
(NPDE);
W(p,pzvptv"')v (10)

we consider
G(v) = Z tanh’ " (v) [Bisech (v) + A; tanh ()] + Ao, (11)
i=1
Eq. (11) can be rewritten according to Egs. (8) and (9) as follows:
G(z)= ZT:COSi_l (2) [Bisin (z) + A; cos (2)] + Ao. (12)
i=1

Using the balance principle to identify the value of 7, by considering the high-
est power of nonlinear term and the highest derivative in the obtained NODE.
Equating the coefficients of the same power of sin’ (w), cos® (w) to zero, a sys-
tem of equations can be obtained, these system can be solved by supporting
one of the computer programs, gives the values of Ay, A;, B;, p and b. Eventu-
ally, inserting the finding values into Eq. (12), we get the novel traveling wave
solutions to the Eq. (10).

3 Implementation of SGEM

In the current section, the application of SGEM to the BBEs equation is pre-
sented.

Consider the coupled Boussinesq-Burgers equations (Egs. (1) and (2)) stated
in Sect. 1.

Inserting the wave transformation

u(@,t) =G0),v(zt) =V(y), v=1z—wt (13)

into Egs. (1) and (2), the following NODE can be obtain:
1
—wG +2GG" - §V' =0, (14)

1
—wV’ $2GV +2VGE — 6" =0, (15)

integrating Eq. (14) respect to 7.
Let the constant of integration to be zero, one can obtains:

1
—wG+G2—§V:O, (16)

from Eq. (16), we have
V =2G? - 2uG, (17)
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substituting Eq. (17) into Eq. (15), and integrate once with respect to v, we get
G" — 8G® + 12wG? — 4w?G = 0. (18)

Applying the balance principle between G3 and G” in Eq. (18), yield 7 = 1, with
7 =1 Eq. (12) take the form

G (z) = Bysin(z) + Aj cos (z) + Ap. (19)
where

G" = =24 cos (z) sin (z)? — By sin (2)* + By sin (2) (1 — sin (z)2> . (20

G2 = Ay? + 24047 cos (2) + A1? cos (2) + 240 By sin (2)
+ 24, By cos (2)sin (2) 4+ By sin (2)?,
and
G3 = Ay® + 3407 A; cos (2) + 3A40A,? cos (z)2 +3A4,%B; cos (z)2 sin (z)
+340%By sin (2) + 6A49A; B cos () sin (z) + 349 B, 2 sin (2)° (22)
+ 341 B12 cos (2) sin (2)° + By ®sin (2)° + A;° cos (2)°.

Substituting Egs. (19), (20), (21), and (22) into Eq. (18), we get

—840% +1240%w — 4Aqw? — 244¢% A} cos (z) + 24A¢ A w cos (2)
—8A4;% cos (2)* — 4A1w? cos (2) — 24A0A12 cos () + 124, %w cos (2)?
+ By sin (z) — 8B;°% sin (z)324A0231 sin (z) + 24AoBwsin (2)

—4Byw? sin (z) — 48 AgA1 By cos (2) sin (2) + 24A; Byw cos (2) sin (2) (23)
—24A,B; cos (2)°sin (2) — 2440B; 2 sin (2)? + 12B; 2wsin (z)?
—24; cos (2)sin (z)? — 244, By % cos (2) sin (z)* — 2By sin (2)° = 0.
According to Eq. (23), we get the following equations:
constant:—8 A% — 2440412 + 1240%w + 124, 2w — 4Aw? = 0.
cos (z) : —24A¢% Ay — 8A;% + 2440 A 1w — 4A;w* = 0.
sin (Z) : 7B1 - 24A0231 - 8B1‘3 + 24A0B1w - 4Blw2 =0.
cos (z)sin (z) : —48ApA1 By + 24A; Biw = 0.
cos? (2)sin (2) : 2By — 24A4,°B; +8B;° = 0.
sin? (2) : 2440A4,% — 24A0B;1% — 12A,%w + 12B,*w = 0.
cos (z)sin? (2) : —24; + 84, — 24A,B,* = 0.
Solving the above system, gives the following families of solutions:
Family 1. When
Ay=—7 Ai=—3, Bi=1, w=—, (24

we get
uy (z,t) = —% + tisech (3 + ) — § tanh (£ + z),
v1 (z,t) = =% + Yisech (£ + 2) — 1 tanh (£ + ) (25)
+2(—1 + Lisech (£ +z) — Ltanh (£ + :c))2
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Im (u1(x,t))

W

=

N\

N
N\

h\
Im (v1(x,t))

Fig. 1. 2D, 3D and contour surfaces of Eq. (25).

Family 2. when

) )
_7A :OvB:__,w:
W) 1 1

Ag = .

-

we get

ug (z,t) = 2f/§ — Tisec (\% —|—ix) )
vy (2,t) = —iv/2 <ﬁ§ — Jisec (\% + zx))
4 2
+2<ﬁ — Lisec (\% +Zx)> .

Family 3. when

we get

1

2

+ 3 tanh (t — 2))
+ 1 tanh (¢ — :c))2

237

(28)

(29)
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Im (u 2(x,t))

Re (uz(x,())

Re (vg(x,t))
Im (v2(x,t))

Re (ua(x,t))
Re (va(x,t))

Fig. 3. 2D, 3D and contour surfaces of Eq. (29).

4 Conclusion

In this paper, with aid of sine-Gordon expansion method the coupled Boussinesq-
Burgers equation have been investigated. We successfully constructed differ-
ent types of exact solutions such as topological, non-topological, and kink-type
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soliton solutions. 2D, 3D and contour surfaces are plotted to explain the physical
structure of the obtaining solutions (Figs. 1, 2 and 3).

References

10.

11.

12.

13.

14.

15.

16.

17.

Ravi, L.K., Saharay, S., Sahoo, S.: New exact solutions of coupled Boussinesq-
Burgers equations by Exp-function method. J. Ocean Eng. Sci. 2, 34-46 (2017)
Li, X., Li, B., Chen, J., Wang, M.: Exact solutions to the Boussinesq-Burgers
equations. J. Appl. Math. Phys. 5, 1720-1724 (2017)

Wang, P., Tian, B., Liu, W.J., L, X., Jiang, Y.: Lax pair, Backlund transforma-
tion and multi-soliton solutions for the Boussinesq-Burgers equations from shallow
water waves. Appl. Math. Comput. 218(5), 1726-1734 (2011)

Sulaiman, T.A., Bulut, H., Yokus, A., Baskonus, H.M.: On the exact and numerical
solutions to the coupled Boussinesq equation arising in ocean engineering. Indian
J. Phys. 93(5), 647-656 (2019)

Li, X., Chen, A.: Darboux transformation and multi-soliton solutions of
Boussinesq-Burgers equation. Phys. Lett. A 342(5-6), 413-420 (2005)

Gupta, A.K., Ray, S.S.: Comparison between homotopy perturbation method and
optimal homotopy asymptotic method for the soliton solutions of Boussinesq-
Burger equations. Comput. Fluids 103, 34-41 (2014)

Mohammed, K.: Exact traveling wave solutions of the Boussinesq-Burgers equa-
tion. Math. Comput. Model. 49, 666671 (2009)

Rady, A.A., Khalfallah, M.: On soliton solutions for Boussinesq-Burgers equations.
Commun. Nonlinear Sci. Numer. Simul. 15(4), 886-894 (2010)

Gao, L., Xu, W., Tang, Y., Meng, G.: New families of travelling wave solutions
for Boussinesq-Burgers equation and (3+1)-dimensional Kadomtsev-Petviashvili
equation. Phys. Lett. A 366(4-5), 411-421 (2007)

Zheng-Yan, W., Ai-Hua, C.: Explicit solutions of Boussinesq-Burgers equation.
Chin. Phys. 16(5), 1233 (2007)

Ilhan, O.A., Manafian, J., Shahriari, M.: Lump wave solutions and the interaction
phenomenon for a variable-coefficient Kadomtsev-Petviashvili equation. Comput.
Math. Appl. 78(8), 24292448 (2019)

Ismael, H.F., Ali, K.K.: MHD Casson Flow Over an Unsteady Stretching Sheet
20(4), 533-541 (2017)

Baskonus, H.M.: Complex soliton solutions to the Gilson-Pickering model. Axioms
8(1), 1-14 (2019)

Yousif, M.A., Mahmood, B.A., Ali, K.K., Ismael, H.F.: Numerical simulation using
the homotopy perturbation method for a thin liquid film over an unsteady stretch-
ing sheet. Int. J. Pure Appl. Math. 107(2), 289-300 (2016)

Ghanbari, B., Bekir, A.; Saeed, R.K.: Oblique optical solutions of mitigating inter-
net bottleneck with quadratic-cubic nonlinearity. Int. J. Modern Phys. B 33(20),
1950224 (2019)

Ali, K.K., Varol, A.: Weissenberg and Williamson MHD flow over a stretching
surface with thermal radiation and chemical reaction. JP J. Heat Mass Transf.
18(1), 15 (2019)

Sulaiman, T.A., Aktiirk, T., Bulut, H., Baskonus, H.M.: Investigation of various
soliton solutions to the Heisenberg ferromagnetic spin chain equation. J. Electro-
magn. Waves Appl. 32(9), 1093-1105 (2018)



240

18.

19.

20.

21.

22.

K. K. Ali et al.

Ali, K.K., Ismael, H.F., Mahmood, B.A., Yousif, M.A.: MHD casson fluid with
heat transfer in a liquid film over unsteady stretching plate. Int. J. Adv. Appl. Sci.
4(1), 55-58 (2017)

Gao, W., Ismael, H.F., Bulut, H., Baskonus, H.M.: Instability modulation for the
(24 1)-dimension paraxial wave equation and its new optical soliton solutions in
Kerr media. Phys. Scr. (2019). https://doi.org/10.1088/1402-4896 /ab4a50
Baskonus, H.M.: The sine-Gordon expansion method to the Davey—Stewartson
equation with power-law nonlinearity. In: 1st International Symposium on Com-
putational Mathematics and Engineering Sciences, Errichidia/Morocco (2016)
Baskonus, H.M., Bulut, H.: New wave behaviors of the system of equations for the
ion sound and Langmuir waves. Waves Random Complex Media 26(4), 613-625
(2016)

Baskonus, H.M., Bulut, H.: New complex exact travelling wave solutions for the
generalized-Zakharov equation with complex structures. Int. J. Optim. Control
Theor. Appl. (IJOCTA) 6(2), 141-150 (2016)


https://doi.org/10.1088/1402-4896/ab4a50

®

Check for
updates

On a Functional Equation Arising from
Subcontrary Mean and Its Pertinences

B. V. Senthil Kumar!®™) Hemen Dutta?, and Khalifa Al-Shaqsi’

! Department of Information Technology,
Nizwa College of Technology, Nizwa 611, Oman
{senthilkumar,khalifa.alshaqsi}@nct.edu.om, hemen dutta08@rediffmail.com
2 Department of Mathematics, Gauhati University, Guwahati 781 014, Assam, India

Abstract. Modelling equations involving functions is a powerful tool in
many physical problems which do not require derivatives of function. The
study of solution, stability and application of functional equations is an
emerging field in the present scenario of research in abstract and applied
mathematics. The purpose of this study is to deal with a new functional
equation arising from subcontrary mean (harmonic mean) and its various
fundamental stabilities relevant to Ulam’s ideology of stability and also
its pertinences in different fields such as physics, finance, geometry and in
other sciences. We illustrate a numerical example to relate the equation
dealt in this study with the fuel economy in automobiles.

Keywords: Arithmetic mean + Harmonic mean - Functional
equation - Ulam stability

2010 Mathematics Subject Classication: 39B82 - 39B72

1 Introduction and Preliminaries

The research work on approximating functional, differential and integral
inequalities is a hot topic in analysis. The historical background of the stability
of mathematical equations is available in the literaure ([5,6,9,11,20]). There are
many published papers and textbooks on various types of functional equations,
their solutions and stability results; one can refer to [1,7,8,10,12,13,15,19]. The
Ulam’s approximation of several functional and differential equations are dealt
via invariant point technique in ([2-4]). There are many interesting applications
of functional equations, especially multiplicative inverse functional equations in
various fields [16-18].

In this study, a new multiplicative inverse functional equation arising from
subcontrary mean (harmonic mean) of the form

g N\ L
my (L) = S mi) + o) (1)
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is proposed. One can easily verify that the multiplicative inverse function
m;(p) = % is a solution of Eq. (1.1). The fundamental stabilities of Eq. (1.1) are
solved using fixed point alternative theorem and some applications of Eq. (1.1)
are presented. Also, Eq. (1.1) is interpreted with the measurements of fuel econ-
omy in automobiles.

2 Stability Results of Subcontrary Mean Functional
Equation (1.1)

In this fragmant, let us presume that g # p, for all p, ¢ € R*. Then we proceed
to obtain fundamental stability results of Eq. (1.1) involving a common control
mapping as upper bound, a positive fixed constant and sum of powers of norms
as upper bounds in the setting of real numbers excluding zero. For the purpose
of uncomplicated computation, let us symbolize the operator D as below:

1 1
P+q

&mmwzm(2>—§wmm+m@»

Theorem 2.1. Consider a function m; : R* — R with the condition that
m;(p) tends to 0 when p tends to co. Also, assume that the function m; satisfies
the following inequality

11
Dm;(p,q SU(,) 2.1
|Dm;(p, q) b (2.1)
for allp,q € R*, where v : R* x R* — [0, 00) is a given function. Suppose there
persists L < 1 such that the mapping p — Y(p) = v (%,0) has the property

T (g) < 2LY(p) for all p € R*. If the mapping v has the property

lim 27"v (27"p,27"q) =0, (2.2)

n— o0

for all p,q € R*, then a unique multiplicative inverse mapping M; : R* — R
ezists such that

Im;j(p) — M;(p)| < —T(p) (2.3)
for all p € R*.

Proof. Let us define a set S as follows: T = {¢ : R* — R,where ¢
is a mapping}. Assume p be the generalized metric on T which is described
as:

p(Y,®) = pr (1, ¢) = inf{A > 0: [th(p) — ¢(p)| < AY(p), for all p € R*}. (2.4)

From the above definition of p shows that the set T' is complete space. Now,
define a mapping p: T — T by

o) =56 (5)  weRr) (2:5)
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for all ¢ € T. Next, let us show that p is a strictly contractive function on the
set T. For given 9, ¢ € T, suppose 0 < Ay < 00 is an arbitrary constant with
(1, 0) < Aye. Therefore, we have

PV, 0) < App = [¥(p) — ()| < Ay X(p), (Vp € RY)
1 1 1
— 5o (5) - 50(5)| < et (5). twem)
1 1
— ‘21/} (5)-5¢ (g)] < LAy Y(p), (Y€ RY)
= p(uy), ng) < LAyg.

The above inequality implies that p(u, pd) < Lp(y, ¢) for all ¢, ¢ € T, which
inturn indicates that y is a strictly contractive mapping of T', with the Lipschitz
constant L. Now, plugging (p, q) by (p,0) in (2.1), we get

s §) -] <0 (G) =70

for all p € R*. Hence (2.4) produces that p(ur;,r;) < 1. So, by employing the
fixed point alternative Theorem, there exists a function M; : R* — R satisfying
the following:

(1) M; is a fixed point of p, that is

M, (2) =231 20

for all p € R*. The mapping M; is the distinctive invariant point of pu
in the set I' = {¢ € T : p(M;,m;) < oco}. This implies that M; is the
unique mapping satisfying (2.6) such that there exists 0 < A < oo satisfying
|M;(p) —m;(p)| < AY(p), Vp € R*.

(2) p(u™m;, M;) — 0 as n — oo. Thus, we have

1 -n . -n — .
nh_)anQQ m; (27"p) = M;(p) (2.7)

for all p € R*.

(3) d(M;,m;) < ﬁp(Mj,umj), which implies p(M;, m;) < ﬁ

So, the inequality (2.3) holds. On the other hand, from (2.1), (2.2) and (2.7), we
have

‘DMj(p,q)| = lim 27"

n—oo

m; (121> *% [Tnmj(?*"p) + 2”%@"(})}‘

2—np + 2—"nq

< lim 27" (2‘"p72‘"q) -0

n—oo

for all p,¢ € R*, which shows that M; is a solution of the Eq. (1.1) and hence
M; : R* — R is a multiplicative inverse function. Now, we exhibit that M;
is the distinctive multiplicative inverse mapping satisfying (1.1) and (2.3). Let
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us suppose that Mj’ : R* — R be one more multiplicative inverse function
satisfying (1.1) and (2.3). Since M is an invariant point of y and p(m;, M) < oo,
we have M} € T* = {¢) € T'|p(m;, 1) < oo}. From the invariant point alternative
theorem and since both M; and M]’ are invariant points of p, we have M; = MJ’

Therefore, M; is unique which completes the proof of Theorem 2.1. O

The upcoming theorem is the dual of Theorem 2.1. The proof is obtained by
similar arguments as in Theorem 2.1 and so, for completeness, we present only
the statement.

Theorem 2.2. Suppose that the mapping m; : R* — R satisfies the condition
mj(oco) = 0 and the inequality (2.1), where v : R* x R* — [0, 00) is a specified
function. Suppose there is an L < 1 exists such that the function p — Y(p) =
2v (%,0) has the property Y(2p) < $LY(p), for all p € R*. If the mapping
v has the property lim 2"v (2"p,2"q) = 0, for all p,q € R*, then a unique
multiplicative inverse function M; : R* — R exists such that |m;(p) — M;(p)| <
ﬁT(p) for all p € R*.

The following corollary is the investigation of various stabilities of Eq. (1.1) per-
tinent to UHS and UHR stability. The proof directly follow from the above
theorems.

Corollary 2.3. Let m; : R* — R be a function. Let there exists a constant n
(not depending on p,q)> 0 and real numbers £ # —1 and 6 > 0 such that the
functional inequality

)

holds for all p,q € R. Then a distinctive multiplicative inverse function M; :
R* — R ezists which satisfies (1.1) and

n

2
Dm. < ¢
|Dm(p, q)| < 5( N

1 1
P q

n
Im;(a) — Mj(a)] < gt+15 [1f
[27FT-1] | p

L A1

for all p € R*.

¢
Proof. The proof is obtained by considering v (%, %) =16 ( +

1
P
all p,q € R*, and then selecting L = % in Theorems 2.1 and 2.2. a
3 Applications of Equation (1.1)

We summarize here various applications of Eq. (1.1) in many other fields where
harmonic mean is involved.
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e In chemistry, the density of an alloy is the harmonic mean of densitiies of its
constituents. Hence Eq. (1.1) can be used to estimate the density of the alloy.

e In an electrical circuit, the effective resistance of two resistors connected in
parallel is the harmonic mean of the resistance of the parallel resistor. Hence to
calculate the effective resistance of an electric circuit, we can apply Eq. (1.1).

e In finance, the price-earning ratio is the harmonic mean of data points since
it gives equal weight to each data point. Thus we can estimate price-earning
ratio using Eq. (1.1).

e In geometry, consider an incircle in a triangle. Then the radius of the incircle
is equal to the one-third of the harmonic mean of altitudes of the triangle. In
this situation, Eq. (1.1) can be utilized.

e In computer science, to evaluate algorithms and systems especially in machine
learning and information retrieval, the harmonic mean of the precision and
the recall is employed as an accumulated performance score. Hence to evaluate
algorithms and systems, we can use Eq. (1.1).

4 Interpretation of Equation (1.1)

We wind up this study with an interpretation of Eq.(1.1) with the standard
measurements of fuel economy in automobiles.

There are two standard measurements used for fuel economy in automobiles.
They are miles per gallon and litres per 100 km. It is clear that the dimensions of
these quantitites are reciprocal to each other. Hence, the calculation of average
value of the fuel economy of a car in one measurement implies the harmonic
mean of the other. In other words, the average value of fuel economy expressed
in litres per 100 km to miles per gallon will produce the harmonic mean of the
fuel economy expressed in miles per gallon.

4.1 Numerical Example

Suppose there are two cars with fuel economy 10 L/100 km and 20 L/100 km,
respectively. Let m;(p) and m;(q) denote fuel economy of the cars. Since m;(p) =
%, the value of the right hand side of Eq. (1.1) is

%[mj (p) +m;(q)] = % {110 + 210} =0.075 L/100 km.
Now,
p= 1i0 L/100 km = 2824.81 miles/gal,
q= % L/100 km = 5649.81 miles/gal.
Then, 2%:’ = 3766.41 miles/gal.

ptq

But, 0.075L/100 km = 3766.41 miles/gal.

Thus, the arithmetic mean of % and % is obtained by the mapping of harmonic
mean of p and ¢ by the solution of Eq. (1.1).
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Abstract. In this study, we consider a familier inequality of Hermite-
Hadamard inequality that is well known as Bullen’s inequality in the
literature. We remind an integral identity that derives Bullen’s type inte-
gral inequalities. By using this integral identity, we have established new
Bullen’s type inequalities for functions whose second derivatives in abso-
lute value are logarithmically convex. So, new error bounds for averaged
midpoint-trapezoid quadrature rules are obtained and applications in
numerical integration are given.

Keywords: Power mean inequality + Logarithmically convex -
Averaged midpoint-trapezoid formula

1991 Mathematics Subject Classification: 26D10 - 26D15

1 Introduction

The following double inequality offers estimations of the mean value of a convex
mapping f : [a,b] — R,

This famous inequality called as Hermite-Hadamard inequality that appears
firstly in the studies of Hermite [5] and Hadamard [11]. During the last few
years, many researchers focused their attention on the study, generalizations
and similar results of the above inequality, see the papers [7-9,13,15-17]. Many
researchers used new lemmas to obtain Hermite-Hadamard type inequalities for
different kinds of convexity.
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Here we give another inequality for convex functions in the literature:
Suppose that f : I C R — R is a convex function on the subset of real
numbers, then the following inequality

bia/abf(x)dxgé{f(a;rb>+f(a);f(b)}

is known as Bullen’s inequality for convex functions [17], p. 39.

In [6], Niculescu mentioned log —convex functions as following:

A positive function f is called log —convex on a real interval I = [a, b], if for
all z,y € [a,b] and X € [0, 1],

fOz+1-Ny) < @) ).

If f is a positive log —concave function, then the inequality is reversed. Equiv-
alently, a function f is log —convex on I if f is positive and log f is convex on
1. Several researchers spent efforts to provide new refinements, more general
results and different versions of extensions for log —convexity. A brief historical
background can be found in [1-3,10,18].

Recently, finding new results in error analysis by using various quadrature
formulas is a popular topic. Approaching error analysis in terms of inequalities
gave a new dimension to numerical analysis. The averaged midpoint-trapezoid
quadrature rule is discussed in [4,12,14,19-22].

The aim of this paper is to obtain new Bullen’s type inequalities for functions
whose second derivatives are log —convex by using Lemma 2 which is obtained
by Sarikaya and Aktan in [13]. Then we give some applications in numerical
integration.

2 Main Results

Now we begin with the following lemma, for A = %, [13]:

Lemma 1. Suppose that I be a subset of real numbers where a,b € I with a < b.
f:I— R is a twice differentiable mapping such that " is integrable. Then the
following identity holds:

a a b 1
%{f( ;")H”;“”)}—bla f@)do = (b=a)® [ k) £ (ta+ (1= )0

where

We give our first theorem and its proof as following;:
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Theorem 1. Suppose that I be a subset of real numbers where a,b € I with
a<b. f:I—Risatwice differentiable mapping such that f" is integrable. If
|f"|? is log-convex on I, q > 1, the following inequality holds:

s (5) e i [

4 24

< <(f+1)1nn 4f+4> ((\/ﬁ+77)1n77—477+4\/ﬁ>;
In®n In®n

where 1 is defined as n = |‘§u(z)|‘q # 1.

Proof. Starting with the identity that is given in Lemma 1 and by applying
welll-known power mean integral inequality, we have

5[ (40) + L IOT L e

(b—a)’
4

<

{/02 It (1 — 20)] |£" (ba+ (1 — £)b)| dt

1
n /l (1= ) (2t —1)] |f”(m+(1t)b)}dt}

(b—a)? 3 1-3 1 , . 1
< {(/O t(1—2t)dt> </O [t (1 —20)]|f” (ta+ (1 —1t)b)| dt)
! 1_% 1 %
+ </1 |(1—t)(2t—1)|dt> </1 |(1—t) (2t_1)||f/’ (ta+(1—t)b)|th> }

By taking into account that

/05 |t(1—2t)|dt:/% (= t) (26— )]t = o

and since |f”|? is log-convex on I, we have

/ =20 | (ta+ (- t)b)|"dt < / S (=22 17 (@) ()Y
0 0
( )|q (\f+1)h“7 4f+4

_ "
f e
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and

1 1
/1 (3t — 2t — 1) |f" (ta + (1 — ) b)|®dt < /1 (3t — 262 — 1) | £ ()| | £ (0)] "~ at

2 2

g (Vi+mn)lnn—4n+ 47

= {f// (b) ln377

where n = ‘ljfc,,((:))llq , the proof is completed.

Corollary 1. If we choose ¢ =1 in Theorem 1, we get

)12

Ol —a)® [ (et 2y + 1) np— 4+ 4
B 4 ln3,u

where u 1s defined as p = |‘J;c,,( )|| .

Theorem 2. Suppose that I be a subset of real numbers where a,b € I with
a<b. f:I— R isa twice differentiable mapping such that " is integrable. If
|f"|? is log-convex on I, q > 1, the following inequality holds:

(5) 2520

<177 ()| (b — a) [(;)(gq_(ql}él_l)
{(2+f< 2+1n7]))‘1’ . (2n—ﬁ(2+ln7l));}

41n’n 41n’n

where 1 is defined in Theorem 1.

Proof. Using Lemma 1, the property of the modulus and Holder integral inequal-
ity we have

‘%{f(“;b%““)‘;”b)}—bia/:f(x)dx
g(ba)Q{/f‘;(;t)‘\f”(taﬂlt)b)\dt
+/: (%) (t—;)"f”(m—i—(l—t)b)}dt}

2
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1 P
t (1 . -1
(1)
1—t 1\ a7
—_ q—
-~ t— =
() (=3)

By taking into account that
q

LGl

and since |f”’|? is log-convex on I, we have

Q=

dt) ' (/2;|f”(m+(1t)b)|th>
dt) ' </111;t\f”(ta+(1t)b)|th>q}.

t (1 qzl
— (==t
2\ 2

| q

()@=
dt*(z) 2q- 1) (3¢~ 1)

1

/02 %\f” (ta+ (1 —1)b)|"dt < /05 % 7 (@)™ |7 ()| d

. (2+ \/7](2+1n77)>

41n® 7
and

1t " q 1t " at | prr q(1-t)
|t a=opras [ @ 1w

1
2 2

R E T

where 7 is defined in Theorem 1, the proof is completed.

3 Applications for Numerical Integration

Let m = {a =29 < 1 < ... < x, = b} be a partition of the interval [a,b], h; =
Tiy1 — x4, for i =0,1,2,...,n — 1 and consider the averaged midpoint-trapezoid
quadrature formula

b
/ f (@) de = Aner (m, f) + Bagr (m, ),

where
1 ! T +x
i i+1
AMT i g { 961 +2f <2> + ($i+1)]

Here, the term Rjs7 (, f) denotes the associated approximation error.
The following results holds.
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Proposition 1. Let I C R be an open interval, a,b € I witha <b. f: I - R

is a twice differentiable mapping such that f" is integrable. If | f"'|? is log-convex
on I, g > 1, then, for partition 7 of |a,b], the following inequality holds:

| Ry (m, )|< )3,712]”,%1”

=0
((\/m+ 1) Inn; —4m+4>3 N ((\/ﬁ—&-m) Inn; — 4n; +4m>3
(Inm;)° (Inmn;)°

) _ |f”(zz) q
where n; is defined as n; = Tl

@iy1)[?”

Proof. We apply Theorem 1 to the intervals [z;,x;411], ¢ = 0,1,....,n — 1 and
sum. Then the triangle inequality gives the proof.

Corollary 2. Let I C R be an open interval, a,b € I witha <b. f: 1 — R is
a twice differentiable mapping such that f" is integrable. Assume that |f"| is a
log-convex on I. Then, for partition 7 of [a,b], the following inequality holds:

Ly hi)? i+ 2/ + 1) Inp; —4p; +4
|RMT(7T,f)|SZ|f (x+41)\() (pi + \//Tzni.;lsu i +

where u; is defined as p; = %

Proof. We apply Proposition 1 for ¢ = 1 to the intervals [z;, x;11],7= 10,1, ...,n—
1 and sum. Then the triangle inequality gives the proof.

Proposition 2. Let I C R be an open interval, a,b € I witha <b. f: I - R
is a twice differentiable mapping such that f" is integrable. If | f"'|? is log-convex
on I, ¢ > 1, then, for partition ™ of [a,b], the following inequality holds:

|RMT (7T7f)| S z_: |fl/ (xi-ﬁ-l)‘ (hi)s [(;)‘H ( (q - 1)
=0

20— 1) (3¢— 1)
24 (=2 + )\ (2 — /i (2+ )\ 7
{< 41n*n, ) +( 41 n, ) }

where 1; is defined in Proposition 1.

Proof. We apply Theorem 2 to the intervals [x;, x;11], ¢ = 0,1,....,m — 1 and
sum. Then the triangle inequality gives the proof.
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4 Conclusion

This paper includes some new integral inequalities of Bullen’s type for differen-
tiable logarithmically convex functions. The results have been applied for numer-
ical integration in terms of remainder term. The main results have performed
by using Holder inequality and its variants. Interested researchers can improved
our results and new bounds can be presented by using different kinds of convex
functions.
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Abstract. The interest in fuzzy numbers and their applications is
increasing rapidly. Many types of fuzzy numbers were studied in the liter-
ature and applied to many mathematical fields. The n-Polygonal Fuzzy
Number (n-PFN) is starting to get a special attention since it gener-
alizes the known triangular and trapezoidal fuzzy numbers and has the
linearity advantages with flexibility of changing the value of n as desired.
Tuffaha and Alrefaei [13] have presented a ranking function and conve-
nient binary operations on the n-PFN with equidistant knots that satisfy
the most important properties. In this paper, an equivalence relation of
the set of all n-PFN’s is introduced, where two n-PFN’s are equivalent
if and only if their ranking values are equal. Then, the set of the equiva-
lence classes with two operations is shown to be a field that is isomorphic
to the set of real numbers. Finally, matrices of n-PFN’s are studied.

Keywords: n-polygonal fuzzy numbers - Multiplication of fuzzy
numbers - The fuzzy ranking equivalence relation

1 Introduction

Fuzzy sets are important tools to represent fuzzy data we face in real life, as
Zadeh [17] showed in the year 1965 in his introduction of Fuzzy Set Theory.
Since then, the theory has been widely developed and applied to many mathe-
matical fields [10]. In particular, the fuzzy numbers [4], which are normalized real
fuzzy sets, are getting a special interest since they give a kind of generalization
of the real numbers. Many types of fuzzy numbers were studied in the literature
and applied in many mathematical fields including fuzzy differential equations
[2,6,7,15] and fuzzy linear programming [1,3,5,8,11]. Recently, the n-polygonal
fuzzy number, which generalizes the known triangular and trapezoidal fuzzy
numbers, is getting a big interest and applications, especially in neural networks
[9,14]. Piecewise linear fuzzy numbers were first introduced by Steyaert et al. [12]
to be fuzzy numbers with piecewise linear membership functions. This linearity
was shown in [12] to reduce the addition computational time in comparison with
the time needed to add arbitrary fuzzy numbers. However, the authors failed to
define a convenient closed multiplication operation. In 2001, Liu introduced the
equidistant n-polygonal fuzzy number with arithmetic operations depending on
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Zadeh’s extension principle [18]. Although many application of this fuzzy number
with these arithmetic operations were studied [14], the multiplication based on
Zadeh’s extension principle was criticized to miss linearity and closeness proper-
ties [9,16], rather than not preserving the ranking values of the multiplied fuzzy
numbers, which restricts the application capability. Later, in a previous work of
Tuffaha and Alrefaei [13], a ranking function and convenient binary operations
have been defined on the Piecewise Linear Fuzzy Number of order n (PLFN-
n), which is the same as the equidistant n-polygonal fuzzy number. The binary
operations were shown to overcome some disadvantages of existing arithmetic
operations and to satisfy the most important properties, such as preserving the
ranking values and having identities and inverses. In this paper, the aim is to
show the strength of the algebraic structure by introducing a ranking equiva-
lence relation on the set of all piecewise linear fuzzy numbers of order n, where
two PLFN-n’s are equivalent if and only if their ranking values are equal. Then,
the set of the equivalence classes with two operations is shown to be a field
that is isomorphic to the set of real numbers. On the other hand, applying the
PLFN-n to other fields needs some tools that help us to deal with this new type
of numbers. In this paper, matrices of PLFN-n with binary operations are also
introduced and shown to be well defined.

2 Preliminaries

First, we present some definitions about the fuzzy sets and numbers:

Definition 1. [17] A fuzzy set A is a pair (X, ), where X C IR is a set and
pi: X —[0,1] is called the membership function, where the value of p ;(x)
represents the “degree of membership” of z in A.

The definitions of piecewise linear fuzzy number is as follows.

Definition 2. [13] If the membership function of a real fuzzy set A is given by:

%[aﬁ%]—&—ﬁ sa; <z <ap1, 1=0,.,n—1
1 sa, <z < b
falx) =< _ b T = ) 1
A= et pnsi i <o < b, i=0n-1 )
0 otherwise

Then, A is called a Piecewise Linear Fuzzy Number of Order n (PLFN-
n), which is represented by its knots: (ag, ai, .., an; bo, b1, .., by). The family of all
PLFN-n’s is denoted by PL,,.

Definition 3. Let P = (ap, a1, .., an;bo,b1,..,by,) be a PLEN-n. Then its ranking
value is given by:

1
R(P) = %[a0+2a1+2a2+...+2an_1 +ay, +bg+2b1 +2b+...4+2b, 1 +bn] (2)
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The following definition gives a comparison between two PLFN-n’s through
their ranking values.

Definition 4. Let A and B be two PLFN-n’s. Then:

— A and B are said to be equivalent, denoted A ~ B, if R(/D = R(B)
— A is said to be greater than or equivalent to B, denoted A = B, if R(A) >

R(B).
- A is said to be smaller than or equivalent to B, denoted A = B, if
R(A) < R(B).

Definition 5. Let A = (CLQ, ay, ..,~an; bo, b17 ooy bn), B = (C(), Cly--yCnj d(), dl, ey dn)
€ PL,. The addition of A and B is defined as follows:

AGBB = (ao +C(),(11 +Cla",an+cn;b0+d07b1 +d1,"7bn+d1)

The multiplication of/i and B is A® B = (€0, €15, €n; fo, f1,-- fn) where:

fn= I+Z2z—1X+2an+1+Z (n+14) — 1) Xps144]
=1

fici=fi—Xni11, fori=nn—1,.,1

en:fU_Xn+1

ei1=¢€;—X;, fori=n,n—-1,.,1

1
and, I = E[(ao +2a1 4+ ..+ 2ap-1 + an +bg + 2by + .. + 2b,—1 + by)*

(co+2c1+ ..+ 21 +cn+do+2dy + ..+ 2dp—1 + dy)]
Xi=(a;i—a;i—1)+(ci—ci1), fori=n,n—-1,.,1
XnJrl = (bO - an) + (dO - Cn)
Xn+1+i = (bz — bifl) + (dl — difl), fOT' 7= n,n — ]., ..,].

Definition 6. Let A = (a0, a1, - an; o, b1, .., b,) and let B = (coy €1y ey Cnsdo,
dy,..,dn) € PL,. We define the additive inverse of A as follows:

—A= (_b'ru _bnfla ) _blv _bO; —Ap, —Ap—1,.., —A1, —CL())

The subtraction of B from A is defined as follows:

A@ B = A@ (—B) = (CLO —dn,01 — dn—1,..,an — do;bo — Cn,b1 — Cn—1,..,bp, — Co)
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In addition, if R(A) # 0, the multiplicative inverse of A, in the sense that
A® A1~ 1, can be defined to be A= = (¢, c1, .., cn; do, dy, ... dy), where

co=A+ ﬁ(ao +2a1 + ..+ 2an-1+an +bo+2b1 + .. +2b,_1 — (4n — 1)b,)
1
R(4)
¢i =¢i—1+ (bp_it1 —bn_y) foralli=1,..,n
do = ¢ + (bo — ay)
di =di—1 + (ap—ix1 — an—y) foralli=1,..,n

The following theorem gives some important properties of the arithmetic
operations.

Theorem 1. Let A = (ag,ay, .., an;bo,b1,...b,) and B = (co,c1, .., cn3do, di, ..,
dy,) be two PLFN-n’s. Then

1. R(A® B) = R(A) + R(B)

2. R(A S B) R(A) — R(B)

3. R(—A) = R(A) y

4. R(A® B) R(A)-R(B)

Proof: The proof of properties 1, 2 and 3 is straight forward, while the multi-
plication operation was built in [13] to satisfy property 4.

The proof of the following theorem is straightforward based on Theorem 1.

Theorem 2. For a,b,é € PL,, we have:

Ifa=0, then a® b =< b. R
a = b if and only if —a = —b.

1. Ifa®bm¢, thenamc¢ob.

2. Ifa®b=<¢andb >0, thena < ¢.

3. Ifa=¢, thencoax=0. R ~
4. Ifa<¢andb>0, L thena®b=X¢®b.
5.

6.

3 The Ranking Equivalence Relation

In this section, showing the strength of the algebraic structure (PL,,®,®) is
intended. This is done by introducing an equivalence relation on it and proposing
two binary operations on the set of equivalence classes. Then, some important
results are shown.

Definition 7. Define the ranking relation ~ on PL,, as follows:
For all Ny, N5 € PL,: N1y~ Ny & R(Nl) = R(Ng)

Theorem 3. The ranking relation defined above is an equivalence relation.
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Proof:
e For all N € PL,: R(N) = R(N). Therefore, N ~ N and the relation is

reflexive.

e Let Ny, N, € PL, such that Ny ~ N, i.e. R(Nl) = 7'\’,(]\72), then Ny ~ Nj.
Therefore, the relation is symmetric.

e Let Ny, No, N3 € PL, such that N; ~ Ny and Ny ~ N3, i.e. R(Nl) = R(NQ)
and R(Ny) = R(N3). Then R(N;) = R(N3), so N; ~ N3. Thus, the relation
is transitive.

From the above points, the ranking relation is an equivalence relation.

Definition 8. The equivalence classes on PL, with respect to the equivalence
relation defined above are defined by:

[N|={AePL,: R(A)=R(N)} forall NecPL,
We denote the set of all equivalence classes in PL, by Fn, = {[N]: N € PL,}.
Definition 9. For [Ny],[Na] € F,,, we define the addition on F,, by:
[M]+ [No] ={A@B: R(A)=R(NM) and R(B) = R(N2)}

Theorem 4. [N1] + [Ny] = [N1 @ Ny] for all [N1], [Na] € Fp.
Proof: Suppose R(N;) = x and R(Nz) = y. Then, by Theorem 1, R(N; ®Ny) =
z+y.
1. Let C € [N1] + [Ny]. Then C' = A @ B, where A € [N;] and B € [Ny]. From

Theorem 1, we have:

R(A@® B) = R(A) + R(B)
R(C)=z+y
Therefore, C' € [N; ® No.

2. Let C = (eq, €1, €n; fo, f1, - fn) € [N1 & Ny]. Then

~ 2 ..+ 2e,_ 2 o+ 2f,
R(O):€O+ e1+ ..+ 2e, 1+€n;f0+ i+ +2fn 1+ fau

We want to show that Q € [{Vl] + [Ny, i.e. we need to find A € [N;] and
B € [N] such that A® B = C.

Let A = (z,z,..,z;z,,..,2). Then R(fl) —zand A € [Nl] And let B =
(eg —xye1 —x,..,en —x; fo — x, f1 — @, .., frn — ). Then

=r+y

1
R(B):E[eo—x+(el—m)+.,+2(en_1_I)+en_x

+fo—xz+2(fi—xz)+..+2(fac1 — ) + fn — 7]
1 1
- @[eo+2e1+..+26n71+€n+fo+2f1+"+2f"*1+f"]+@[_4nm]
=rx+ty—xr=y
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Therefore, ~B €~[NQ]. . o 3
Moreover, A ® B = (eg, €1, ., €n; fo, f1,--, fn) = C. Hence C € [Ny] + [No].

From the above we conclude that [N1] 4+ [Na] = [N} & Na).

Theorem 5. The set F,, with the addition operation given in Definition 9 is an
abelian group.

Proof:

1. F, has an additive identity, that is [0], where 0 is any PLFN-n with ranking
value equal to 0, since for all [a] € F,,:

[a] + (0] = [0] + [a] = [a & 0] = [a]
2. For all [a] € F,, [a] has an additive inverse in F,,, that is —[a] = [—a], since:
[a] + [-a] = [-a] + [a] = [a © a] = [0]

3. The addition is associative since for all [a], [0], [¢] € F;, we have:

@+ (pled) =a+bed=[aebdod)

=la®b)od=[asb+[d = (a+ @)+

4. The addition is commutative since for all [a], [b] € F,, we have:
[a] + b =[a®d]=p®a =[]+
From the above we conclude that (F,,,+) is an abelian group.
Definition 10. Let [N,],[Ny] € F,.. Define the multiplication on F, by:
[N1]- [No] = {A@ B: R(A) = R(N1) and R(B) = R(N»)}
Theorem 6. [N1] - [Ny] = [Ny ® Ny| for all [Ny],[Na] € F.
Proof: Suppose R(N;) = z and R(Ny) = y. Then R(N, @ Np) = = - y.

1. Let C € [Ny] - [Ny]. Then C = A® B, where A € [N;] and B € [Na]. From
Theorem 1, we have:

R(A® B) = R(A) - R(B)
Yy

Therefore, C' € [N ® No.
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2.

Let C = (€0, €15 s €n; for f1, s [n) € [N1 ® N2] We want to show that C €
[N1] - [Na], i.e. we need to find A € [N1] and B € [Ny] such that A® B=C.
Let A= (z,z,..,z;z,z,..,2). Then A € [N]. And let B = (y[1 — 2]+ e, y[1 —
x)+er, .yl —z]+en;y[l — ]+ fo,y[l —x] + f1,., y[1 —z] + frn). Then

R(B) = ﬁ[y(l —xz)+eo+2y(1—x)+2e1 +..+2y(1 —x) +2en—1 +y(l —2) +en
+y(l—x)+ fo+2y(l—2)+2fi+ .. +2y(1 —x) + 2fn—1 +y(1 —x) + fn]

= lny(1 - )] + RO = y(1 ) + 2y =y

Therefore, B € [Ny]. Now, we show that A ® B = C.

I = LAnz][dny(1 — z) + dnzy] = 4dnafy(1 — z) + zy] = dnay
Xi=@—2)+yl—a)+e;—y(l—x)—ei1] =e;—e;—1, forali=1,.,n
X1 = (@ - 2) + [y(1—2) + fo - y(1—2) — e] = fo — en

Xnt14i = (z—2)+[y(1—2)+ fi—y(1—2)—fi1] = fi—fi—1, foralli=1,.,n
It is clear that A® B = C. Hence C € [N;] - [Na].

From the above we conclude that [Ny] - [Na] = [N} ® N].

Theorem 7. The structure (Fn,+,-) is a field.

1.
2.

Proof:

Theorem 5 shows that (F;,,+) is an abelian group.
The operation (-) is associative since for all [a], [b], [¢] € F,,, by Theorem 6,
we have:

@- (- =M@l-bed=aebed =[G@eh)ed=[aeb- @=(a-:pb)- @

The operation (-) is commutative since for all [@], [b] € F,,, by Theorem 6, we

have:
a) = [8] - (4]
The distribution laws hold since for all [a 0], ,[¢] € Fy, by Theorems 4 and
6, we have [a] - ([p] +[&]) =[a] - [p@ & = [a® (b® 7).
However, since both the addition and the multiplication preserve the ranking

value, it can easily be seen that R[a ® (b @ ¢)] = R[(@ ® b) @ (a ® &)]. Thus,

@ pl=laeb=he
l

[a]- (bl +[d) =[(a®b) @ @il =[acb +a®d = [a - [b] +[a] - 7]

Similaxly, (] + [2]) - (a] = [5] - [a] + (7] - [a).

F, has a multiplicative identity, that is [1], where 1 is any PLFN-n with
ranking value equal to 1. For all [a] € F,, by Theorem 6, we have [a] - [I] =
1] - [a] = [al N

For all [a] € F,, with [a] # [0], [a] has a multiplicative inverse in F,, that is
[~ = [a~!], since by Theorem 6 above, we have [a] - [a]~! = [a]~! - [a] =

[a®a '] =[1].

Therefore, (F,,+, ) is a field.
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Theorem 8. The field (F,,+,-) is isomorphic to IR as rings.

Proof: Let the map ¢ : F, — IR with ¢([N]) = R(N). Then ¢ is a ring
homomorphism since for all [Z], [§] € F,,, by Theorems 4 and 6, we have:

o([Z] + [9]) = o([T © 9]) = R(Z & 9) = R(Z) + R(§) = o([2]) + ¢([9])
o([z] - [9]) = o([z @ 9]) = R(Z ©@9) = R(Z) - R(y) = o([7]) - #([9])

Moreover, ¢ is clearly one-to-one and onto. Thus ¢ is an isomorphism and F,, ~
IR as rings.

4 Matrices with PLFN-n

Studying fuzziness in many fields requires working with matrices of fuzzy num-
bers. Therefore, in this section, some concepts about the matrices with PLFN-n’s
are proposed here.

Definition 11

— A piecewise linear fuzzy matrix M is a matriz whose entries are PLFN-n’s.

— The set of all piecewise linear fuzzy matrices is denoted M(PL,).

— The addition and multiplication of piecewise linear fuzzy matrices are similar
to those on real matrices, but using the binary operations on PL, given in
Definition 5

Definition 12. Let M = [iij]pxg, N = [flij]pxq € M(PL,). Then:

1. M and N are said to be equal, written M = N, if my; =nyj foralli=1,..,p
and 5 =1,..,q. Moreover, we call them equivalent, written M =~ N, if myj =~
N (have the same rank) for alli=1,..,p and j=1,..,q

2. A set of rows of M, {m;,, m,,,...,Mm;,}, is said to be linearly independent if

the equation: a; * m;, G az *m;, @ ... ® a * m;, ~ 0 with ai,as,...,ar € IR

can only be satisfied by: a; =0 for alli=1,.. k.

The rank of M is the mazimal number of linearly independent rows of M.

4. If p = q, then M is a square fuzzy matrix, and we define the determinant
of M, denoted det(M) to be a PLFN-n computed in a similar way to how
we compute the determinant of a real square matriz, but using the binary
operations defined in Sect. 2 on PL,,. Furthermore, zt can easily be shown that
if det(M) % 0, then M has an inverse matrix M~ such that M« M~ ~ 1,
where the square matriz I is a fuzzy identity matrix in M(PL,,) which has
PLFN-n’s equivalent to 1 on the main diagonal, and all its other elements
are equivalent to 0.

R

=(0,2,4;5,6,7) b=(56,7;7,8,9)
é 2,0,2;3,4,5) d = (1,4,6;6,8,11)]"

Ezample 1. Take (-
Then det(M) = (a® d) © (¢ ® b) = (—4,3,9;11,17,24) % 0.
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This means that M has an inverse:
Sl 1 [ d —b
M~ = (det(M)) " * {—5 &}

_ [a@ = (—18.4,-8.4,-0.4;1.6,9.6,19.6) b’ = (—16.7, —8.7, —1.7;0.3,7.3,15.3)
T @ = (~17.2,-9.2,-2.2;0.8,8.8,17.8) d’ = (—17.6,—8.6,—0.6;2.4,9.4,17.4)

where
o o1 [(@ed)o(bed) (@aeb) o (bed)
MM = {(5@&) ®dod) (Eeb)® (d®d’)]
~ [(—41,-20,-2;4,22,43) (—40, —2; 4,20, 38) o7
- {(—45, 2,-3;3,22,45) (— 42, -1;5,2 2742)} =

Note that if we find the real matrix equivalent to M by ranking all its fuzzy

4 . .
numbers, we get: N = {2 (73] , where we notice that the value of the determinant

of N equals the ranking value of the determinant of the fuzzy matrix M, i.e.

~ 0.6 —0.7 ~
— — -1 _ ~ -1
det(N) = R[det(M)] = 10 and N~! = { 0.2 04 } ~ ML

Remark 1. Let A be a square piecewise linear fuzzy matrix with nonzero deter-
minant, and let A~! be its inverse. The inverse is not unique since any matrix
B that is equivalent to A~! satisfies A * B &~ I. This means that there is a class
of equivalent matrices that represents the inverse of A.

5 Conclusion

In conclusion, the algebraic structure of the set of all piecewise linear fuzzy
numbers of order n with its arithmetic operations introduced by Tuffaha and
Alrefaei is shown to be strong. This was shown in this paper by proposing a
ranking equivalence relation on it and showing that the set of the resulting
equivalence classes is a field which is isomorphic to the real numbers. This means
that we have a kind of generalization of the real numbers, where every real
number corresponds to a class of PLFN-n’s that have a ranking value equal to
this real number.

Moreover, some mathematical tools to deal with PLFN-n’s are developed
in this paper. These are, matrices of PLFN-n, equalities and inequalities with
PLFN-n’s. These concepts are only an extension to those on real numbers.

Further work in the future can be done by applying this practical type of
fuzzy numbers to many fields. For instance, it can be used to give a more realistic
representation for the fuzziness that can be found in fuzzy linear programming
(FLP) problems. The proposed approach of binary operations on PLFN-n’s can
be used to generalize the simplex method for solving FLP problems. Since this
binary operations preserve the ranking function, therefore a more preferable
solution will be obtained (i.e., the optimal solution will be consistent with the
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solution of the ranking linear programming which results from converting each
fuzzy number to its ranking value). Moreover, this type of fuzzy numbers is also
expected to get a more realistic solutions when applied to solve fuzzy differential
equations, neural networks or other fields.
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Abstract. Mier and Keeler formulated their fixed point theorem for
contractive mapping with purely metric condition. This idea was
extended by numerous mathematicians. In this paper we present a sim-
ple method of proving such theorems in the fuzzy metric space and give
new results.

1 Introduction

Theory of fuzzy sets was intruduced by Zadeh [23]. Kramosil and Michalek [17]
introduced fuzzy metric spaces based on the notion of continuous triangular
norms that were the first time applied in [24] to modify the definition of proba-
bilistic metric spaces introduced by K. Menger [12]. By a slight modification of
the Kramosil-Michalek definition, George and Veeramani [4,5] introduced and
studied fuzzy metric spaces and topological spaces induced by fuzzy metric [6,7].
Many of the most important nonlinear problems of applied mathematics reduce
to finding solutions of nonlinear functional equations which can be formulated
in terms of finding the fixed points of a given nonlinear operator of an infinite
dimensional function space X into itself. The autor in [14] establish a simple
and powerful lemma that provides a criterion for sequences in metric spaces to
be Cauchy. Using the lemma, it is then easily verified that the Picard iterates
{T"z}, where T is a contraction or asymptotic contraction of Meir-Keeler type,
are Cauchy sequences. As an important application in this paper, M. Abtahi
presentes a new and simple proofs for several known results on the existence of
a fixed point for continuous and asymptotically regular self-maps of complete
metric spaces satisfying a contractive condition of Meir-Keeler type. We based
on the last paper and we use the notions of fuzzy metric space of George and
Veeramani [4]. he concept of fuzzy sets as a generalization of the “crisp” sets
[23] and later there has been much progress in the study of fuzzy sets, as many
authors have proved fixed point theorems for contractions in fuzzy metric spaces.
In the present paper we will try to give the version of fixed point of Meir-Keeler
type in the fuzzy context.

The present paper is organized as follows: After this introduction, we pre-
sented some basic concept in Sect.2. Somme results as lemmas take place in
Sect. 3, and we finished by several results as theorems in the last section.
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2 Preliminaries

Definition 2.1. [4] A benary operation %[0,1] x [0,1] — [0,1] is a continuous
t-norm if it satisfies the following conditions:

1. * is commutative and associative

2. 18 continuous

3. axl=a, Vael0,1]

4. axb < cxd whenever a < c and b < d for all a,b,c,d € [0,1].

Definition 2.2. [4] The 3-tuple (X, M, x) is said to be a fuzzy metric space if X
is an arbitrary set, * is a continuous tnorm and M is a fuzzy set on X2 x [0, 00|
satisfying the following conditions for all x,y,z € X and s,t > 0:

M(z,y,0) =0

M(z,y,t) =1 for allt > 0 if and only ifx =y
M(z,y,t) = M(y, z,t)

M(z,y,t) « M(y,z,8) < M(z,z,t+ )
M(z,y,.)[0,00[— [0,1] is left continuous.

Grds o o~

The function M (z,y,t) denotes the degree of nearness between x and y with
respect to t. So, we identify M (z,y,t) = 1 with x =y and M(x,y,t) = 0 with
00.

In theorems cited further, we apply notations that are better suited to the
results of the next sections of our paper. The result of Meir and Keeler was
devolopped in the fuzzy case by Sidite Duraj and Elida Hoxha.

Theorem 2.3. [3] Let (X, M,«) be a fuzzy metric space, and f a mapping of
X into itself. If given € > 0, there exists a > 0 such that

e—a< M(z,y,t)<e implies M (fz, fy,t) > €
Then f has a unique fixed point x.and lim f"xg=x for zg € X
n——oo
Theorem 2.4. [10] Let f be a contractive selfmapping on a complete metric

space (X, d) that satisfies the following condition
for any a > 0, there exists € > 0 such that

a<d(z,y) <e+a implies d(fz, fy) < « z,y€e X
Then f has a unique fized point x.and lim f"xg = x for each ro € X

both theorems are more general than the next theorem of Boyd and Wong.

Theorem 2.5. [1] Let (X,d) be a complete metric space. And let f: X — X
satisfy

d(fz, fy,t) < p(d(fz, fy))  w,yeX
where ¢ : [0, 00— [0, 00| is upper semicontinuous from the right and such that
o(t) <t forallt € (0,00). Then f has a unique fized point x.and lim f"zo=x
for each zy € X S
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Clearly, our theorem in the fuzzy case is more general than the Boyd-Wong
one even for metric spaces. Jachymski [16] obtained the following more general
result for metric spaces.

Theorem 2.6. ([16], Corollary) Let f be a selfmapping of a complete metric

space (X, d) such that d(fy, fx) < d(y,x) for x # vy and d(fy, fx) < p(d(y,z))
for all z,y € X, where ¢ : [0,400) — [0, +00) satisfies condition.
for each oo > 0, there exists € > 0 such that

olr,y) >2a  on (a,a+e)

Then f has a unique fized point x.and lim f"xg = x for each ro € X
n—-ao0o

It appears that the simple reasoning presented in [18] applies to conditions
of the MeirKeeler type. Consequently, we easily obtain extensions of the well-
known theorems to the case of fuzzy metric spaces or partial fuzzy metric spaces.
In addition, new results for cyclic mappings are proved. Also, the next theorem
of Proinov is strongly extended in one of the Section below.

Theorem 2.7. [21] Let (X,d) be a complete metric space, and let f be a con-
tinuous selfmapping such that lim d(f" 'z, fhx¢) = x, 2o € X, and for

D(z,y) = d(z,y) +[d(fz,z) +d(fy,y)] >0

the following conditions are satisfied: d(fy, fx) < D(y,z), z,y € X,
for each oo > 0, there exists € > 0 such that

a < D(y,z) < a+ e implies d(fy, fz) < a, z,y € X.

Then f has a unique fized point x.and nh;nm ffaxg =x for each xg € X

3 Lemmas

Lemma 3.1. [20] Let (an)nen be a nonnegative sequence such that
ant1 >0 yields apt1 < an neN (1)

Then lim a, = 0 iff the following condition is satisfied

for each € > 0, there exists a > 0 such that
a<ap, <a+te implies apy1 <a, neEN (2)

Lemma 3.2. Let (X, M, *) be a fuzzy metric space and let f be a selfmapping
satisfying

M(zpt2, Tnt1,t) > 0 implies M(xpi2, Tnt1,t) < M(Tpi1,Tn,t),n € N (3)

Then lim M(xp41,Zn,t) =1 iff the following condition holds
for each € > 0, there exists a > 0 such that

e—a< M(@pi1,2n,t) <e€ implies M (Tpt2,Tnt1,t) > neN  (4)



Some Extension of the Mier-Keeler Fixed Point Theorems 269

Proof 3.3. We apply Lemma 3.1 to a, = M (Zpy1,Tn,t) in the fuzzy case

Definition 3.4. Let (X, M, x) be a fuzzy metric space, and 0 < € < 1. Then a
selfmapping f is € — contractive if the following condition is satisfied

l—e< M(z,y,t) <1 = M(fz, fy,t) > M(z,y,t) (5)

If f: X — X is a € — contractive mapping, then (3) holds for each z € X.
Now, from Lemma 3.2 we obtain the following:

Corollary 3.5. Let (X, M,*) be a fuzzy metric space, and let [ be a ¢ —
contractive selfmapping on X. Then lim M (xp41,2n,t) =1 iff (4) holds.

n—-

Let us consider

ci(y,x,t) = min{M (y, z,t), M(fy,y,t), M(fz,z,t)}

and M(fz, fy,t) <1 implies M(fy, fz,t) > cp(y,=,t)
Then we obtain
M(zp42, Tnt1,t) < 1 implies

M($n+2, Tn+1, t) > Cf(xn-i-h T, t) = miﬂ{M($n+1, Tn, t)7 M($n+27 Tn+1, t)}
(6)

= M (2p41,2n,t),n €N (7)
(otherwise, a contradiction). Consecontly (6) yield (3) and we have the following

Corollary 3.6. Let (X, M, x) be a fuzzy metric space. and let f be a selfmapping
satisfying (6) or (5) or (3) Then limn — coM (41, Tn,t) = 1 iff (4) holds
(e — o < M(xp41,%n,t) <€) can also replaced by € — o < cf(Tpt1,Tn,t) <€ in

(4)

Let us recall the notion of partial fuzzy metric
Definition 3.7. [15] A partial fuzzy metric on a nonempty set X is a function
Py X x X x [0,00[— [0,1]
such that for all z,y,z € X and t,s >0

M(z,y,0) =0

M(z,y,t) =1 for allt >0 if and only if x =y
M( ’y’ ) M(y’x t)

M(z,y,t) « M(y,z,8) < M(x,z,t+ )
M(z,y,.)[0,00[— [0,1] is left continuous.

G Lo do =

t
where M (z,y,t) = m and d(z,y) is partial metric If (X, M,%) is a

fuzzy partial metric space, we will say that Mp is a fuzzy partial metric on X.
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All results of the present paper for fuzzy metric spaces remain valid also for
partial fuzzy metric spaces
Let us consider

my(2,y,t) = min{ M(y, 2, 6), M(fy,y,1), M(fz,2,t),

(M (, fz, )My, fy,1)] }

M(a, fy,2t), M(y, fx,1), M.y, 1)

and M(fy, fz,t) <1 implies

M(fy, fe,t) > my(y,z,t) z,y€ X andt>0 (8)
we have M (zp41,2, +1,2t) =1
and
M(xn+27 T, t) S M(xn+23 anrlv t/2) * M($n+1a Tn, t/2)
S min{M(In-‘rQa Tn+1, t/2)7 M(ajn—‘rh L, t/z)}
= cf(Tn+t1, Tn,t).
and

[M(ZCTH_L Tn+2, t)M(ZCn, Tn+1, t)]
M(mn+1,xn,t)

M(l‘n+27 Tn+1, t/2)

< M(anrg,:rn,t/Z) * M(mnH, xn,t/2)
min {M(mn+2, Tn+1, t/2)7 M(xn+1,xn, t/2)}

= cf(:cn+1,:rn,t).

IN

Consequently, my (xn+17;vn,t) = cf (;vn+1,xn,t)7 and the reasoning for cf
applies. Each partial fuzzy metric is a fuzzy metric, and the previous reasoning,
together with Corollary 2, yields the following:

Corollary 3.8. Let (X, M,*) be a partial fuzzy metric space, and let f be a
selfmapping on X satisfying (8) (or (6) or (5) or (3)).
Then lim M(zpi1,2n,t) =1 iff (3.4) holds (e — o < M(xpy1,2n,t) <€) can

also replaced by
€—a < Mp(Tpg1,Tn,t) <€ ordye—a<mp(Tnir,xn,t) <ein (4))

Lemma 3.9. Let (X, M, *) be a fuzzy metric space and let f be a selfmapping
on X satisfying the following conditions:
M (Tpgks1; Tog1,t) <1 implies (9)

M(-rn+k+17 Tr+1, t) > cr (.’I/'n+k7 T, t) ) ka ne N7
for each € > 0, there exists a > 0 such that

e—a< cf(anrk,a:k,t) <€ implies M(mn+k+1,xk+1) >e k,neN.
(10)
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Then lim M(xn,xm,t) =1 In addition, ¢y can be replaced by M in (9) or

(10) (s;) also in both of them). Similarly, if M is a partial fuzzy metric, then cf
can be replaced by myin (9) or (10).

Proof 3.10. Let zy € X be an arbitrary point. Consider the sequence {x,} =
{f"xo}. We will prove that {x,} is a Cauchy sequence in X. Let M, =
M(zp, Tny1,t),t >0

If for some n, M,, = M (x,,xns1,t) = 1 Then we have the result immidiatly.
Now suppose that M,, # 1 for all n.

if cp(x,y,t) =1 then for some x,y, € X, we have that cs(x, fa,t) = 1.

Now if cg(z,y,t) <1 for all z,y,€ X, than by (9) we have

cr(z,z,t) <e< M(fzx, fy,t). For anyn € N

M, = M(xn, xni1,t) = M(frp_1, fan,t) > cp(n_1,Tn,t)
=min{M (p-1,Tn,t), M(Xpn_1, fXn_1,t), M(2p, fz,,t)}
= min{M (p—1,Zn,t), M(Xp_1,Tn,t), M(p, Tpi1,t)}
=min{M (zp_1,Zn,t), M(Tpn,Tpi1,t)}
= min{M,,_1, M, }.

b

Thus the sequence {M,} is strictly increasing. Since {M,} C [0,1] then {M,}
converges to some s € [0, 1], where sup{M,}.

If s < 1 than exists 6 > 0 and m € N such that forn <m, s—§ < M,_1 =
M(xp—1,2n,t) < s. By the condition (10) and cy(z,z,t) < e < M(fx, fy,t), we
have

5=0< My_1=cp(Tn-1,2n,t) < s = M(frn_1, frn,t)>s

But M(fxp—1, fen,t) = M(zn, Tpy1,t) = M, > s that is a contradiction.
Sos=1= lim M(x,,Tpi1,t)

n—oo
For p € N, M(xn,Znyp,t) > M(2n,Tni1,t/D) * M(Tpni1, Tni2,t/D) * ... %
M(Zptp—1, Tntp, t/p) then lLm M(zp, Tpip,t) = 1. So the sequence {x,} is
n——-muo©0

Cauchy sequence in (X, M, x) hence the result.

Lemma 3.11. Let (X, M, *) be a fuzzy metric space, and let f be a selfmapping
on X satisfying the following conditions for a fized t € N

M(@atis2 @i1,8) <1 implies (1)

M (zpitrt2sThyr,8) < Cf(Tpiqrs1, 2k, 5), k€ N, n e NU{0}
for each € > 0 there exists a > 0 such that

€ —a < Cf(Tntyhtt1, T, S) < € implies € < M(Zntirt2, Trt1,s) (12)
,keN,neNU{0} (13)

Then lim  M(xy,%m,s) = 1. In addition, cy can be replaced by M in (11)

m,n—> 00
or (12)(so also in both of them). Similarly, if M is a partial fuzzy metric, then
¢y can be replaced by my in (11) or (12).
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Proof 3.12. Clearly, if (11) and (12) hold, then, in particular, (15) and (4)

are satisfied. Therefore, we have hrn M(:an,a:n,s) = 1 (see Corollar-
ies 3.5 or 3.6). Suppose that lim M(xnt+k+2,zk+1, s) = 1 is false. Then,

for an infinite subset K of N and each k € K, there exists n € N such that
M (2 (1)t 4h+2 The1,5) < € < 1. Let n = n(k) be the smallest such number. For
large k, we obtain (see (11)).

€ > M(Z(nt1)t+h+2, Tht1,8) > Cf (B(nt1)trhr1, Th, 8) = M(T(ni1)t4kt15 Ths S)
> M(Z(nt1)t4h+1> Tnt1)t+ks S/ (M D)t + 1) % o M(Tpeqpt2, Tog1,8/(n+ 1)t + 1)
s M(zpt1, 2k, s/(n+ 1)t +1)
> M(Z(nt1)t4k+1> Tnt1)tt+ks S/ (M + D)t + 1)« .ok ek M(zhq1, Tx,s/(n+ 1)t + 1)

Therefore (see Corollary 3.5), we have
€ > M(T(ng1)i1h42s Tht1,5) > CH(T(ni1)t4hils Thy S) > € —

for large k. Now, condition (12) yields

€ > M(T(ny1)t1ht2, Thil,S) > €

a contradiction. Therefore  lim M ((41)¢4k+2, Thi1,5) = 0.

n,k— o0

For any p € {3, ...,t}, we have.

M(Znttktps Tht1, 8) = M(Tnttbtps Tntthtp—1,8/nt +p — 1)
sk M(Tptqptro, Thy1, S/t +p—1)

and Lemma 3.2 yields lm M (@pitktp, Tht1,S) = 1, that is, the proof of our

m,n—s00

lemma is completed.

It can be seen that Lemma 3.9 is a consequence of Lemma 3.11 for ¢ = 1.
For a mapping (3 : [0,1] x [0,1] — [0, 1] continuous at (1,1) and such that
6(1,1) =1, let us consider

Df(x7yat) = M(xvyat) + ﬁ(M(fx,x,t),M(fy,y,t)) (14)

and
M(fz, fy,t) <1= M(fz, fy,t) > Ds(x,y,t) z,ye X (15)

Lemma 3.13. Let (X, M,x) be a fuzzy metric space, and let f be be such a
selfmapping on X that lim M(zpi1,2n,t) = 1 and the following conditions

hold for a fized t € N B

M (Tntykt2, Thr1,8) < 1 implies (16)
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M(xnt+k+27 y Th+15 8) < Df(xnt-i-k-‘rl)xk)a 3)7 ke N; n€NU {O}
for each € > 0 there exists a > 0 such that

e—a < D¢(Tpiqtkt1,Th,s) <€ implies € < M(Zpitpt2,Thr1,5),k € N,n e NU{0} (17)

Then lim M(xy,,2m,s) = 1. In addition, M can be replaced by cy (or by

m,n—s00

my(xz,y) if M is a partial fuzzy metric) in (14) for (16) or (17).

Proof 3.14. Suppose that lim M (zni1gt2,Trr1,5) = 1 is false. Then, for
o0

an infinite subset K of N and each k € K, there exists n € N such that
M(Z (1)t 4k+2 Thi1,5) < € < 1. Let n = n(k) be the smallest such number. For
large k, we obtain (see (16)).

€ > M(Z(nq1)t4h+2> Tht1s8) > Dp(T(nt1)t4kt1sThsS)

(
M(Z (g 1)t k1 Ths 8) * BIM(T(ng 1)t k420 T(ng1)t4k+155), M(Tht1, Tk, 8))

M (1)t k1> Tt 1)tk S/ (N + DE+ 1) % o M(Tnttpt2, Toyr,8/(n+ 1t +1)

M (w1, 28, 8/(n+ Dt + 1) * B(M(Z(ng1)t4k42) T(nt 1)t +kt1:5), M(Tht1, Tk, 8))

M (T (g 1)t k15 Tnp )yt 8/ (M + Dt + 1) % ok €% M(@py1, Tx, 8/(n+ Dt +1) % 6(.., )

vV % IV

for large k. Therefore (B is continuous at (1,1) and such that 3(1,1) = 1), we
have

€ > M(Z(ni1)t4ht2 Tha1,8) > Dp(Zini1)iths1s ThyS) > € —

for large k. Our condition (17) yields

€ > M(Z(nt1)t+ht2 Thi1,8) > €
a contradiction. Therefore, lm M (Zpitk42,Tp+1,5) = 1. Now, we follow the

k,n—s 00

final part of the proof of Lemma 3.11.

Definition 3.15. A selfmapping f on a fuzzy metric space (X, M, %) is

1—continuous at x if lm M(x,x,,t) = 1 implies lim M(fz, fz,,t) = 1
n—->00 n—0o0

for each sequence (xy,)nen in X; f is 1—continuous if it is 1— continuous at each

point x € X.

Lemma 3.16. Let (X, M,*) be fuzzy metric space and let f be a selfmapping
on X. If f is contractive, then f has at most one fixed point; the same holds if f
satisfies (6) or (8) and M satisfies M (x,x,t) > M(z,y,t), z,y € X orif M is
a fuzzy metric and (15) holds. If f is 1-continuous at x (e.g., if f is contractive)
and nh;an(x,f"xo,t) =1 then x = fo and M (z,z,t) =1
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Proof 3.17. If x,y are fixed points of f and M (z,z,t) > M(x,y,t), x,y€ X
holds, then we obtain

mf(.%‘,y,t) :min{ (yax t), M (fy Y, ),M(fx,a:,t),M(w,fy,%),M(y,f:v,t),

(M (x, fz,t)M(y, fy )]}
M(z,y,t)

=cr(,y,t) = M(z,y,1)
In addition, if © # y, then each of conditions (5), (6), and (8) yields
1> M(z,y,t) = M(fx, fy,t) > M(x,y,t)

a contradiction. If M is a fuzzy metric and (15) holds, then we have

1> M(z,y,t) = M(fx, fy,t) > Dy(z,y,t) = M(x,y,t) * 3(1,1) = M(x,y,t)

also a contradiction. Let us consider x € X with lim M(z,z,,t) = 1. Then

n——oo

we have
M(fz,z,t) > M(fz,xnt1,t/2) * M(2p41,2,t/2)
and in view of 1-continuity of f at x we also obtain lim M(fx,z,41,t) =1,
that is lim M(fz,z,t) = 1.
n——-mao0

4 Theorems

Let us recall ([18], Definition 2.3) that a d-metric space (X,p) is 0-complete if
for each sequence (zp,)neny in X with  lim  p(z,, 2,,) = 0, there exists z € X
7,1Mm—— 00

such that lim p(z,x,) = 0. Now, we are ready to extend the Ciric theorem
n—oo

[2] and the Matkowski Theorem 1.5.1 in [10] to the case of fuzzy metric spaces

(and ¢y in place of p).

Theorem 4.1. Let f be a 1—continuous selfmapping on a 1—complete fuzzy
metric space (X, M, x). Assume that (6) or (5) holds and the following condition
is satisfied:

for each € > 0, there exists a > 0 such that

e—a<clz,y,t)<e implies M(fx, fy,t) >e zyeX (1)

Then f has a unique fized point, say x, and Um M (z, f"xg,t) = M (z,x,t) =
1,20 X

Proof 4.2. Our space is 1—complete, and, therefore, the sequence (f™xo)nen
converges (Lemma 3.9) to a unique fized point of f (Lemma 3.16).

Lemma 29 from [19] and the previous theorem yield the following result.
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Theorem 4.3. Let h be a selfmapping on a 1—complete fuzzy metric space

(X, M, %) such that f = h® (for some s € N) satisfies the assumptions of The-

orem 1. Then h has a unique fized point, say x, and lim M (x,h"xg,t) =
n—-o0

M(z,z,t) =1, g € X.

Lemma3.11 enables us to extend the previous theorems to the case of fuzzy
cyclic mappings.

The idea was introduced by Kirk et al. [11], and we apply Definition 2.5 from
[18]. fixed t e N, weput t++=1and j++=j+1for j € {1,....,t —1}. Then
f: X —Xiscyclicf X =X;U...UX,and f(X;)CX;++,7=1,..,¢t

Theorem 4.4. Let f be a 1—continuous fuzzy cyclic selfmapping on a
1—complete fuzzy metric space (X, M, ), and let the following conditions be
satisfied:

M(fx, fy,t) <1 implies (2)

M(fx,fy,t)>0f(x,y,t), xer7yer++7j:17"~7t
for each € > 0, there exists o > 0 such that

e—a<cslz,yt) <e implies M(fz,fy,t)>e, (3)
xGXjayer++,j:1,...,t. (4)

Then f has a unique fived point, say x, and lim M (z, f"xo,t) = M(z,z,t) =
1,20 X

Proof 4.5. Our space is 1—complete, and, therfore, the sequence (f"xo)nen
converges (Lemma 3.11) to a unique fized point of f (Lemma 3.16).

An analogue of theorem 2 for fuzzy cyclic mappings is the following consequence
of Theorem 3.3 and Lemma 29 of [19].

Theorem 4.6. Let f be a 1—continuous fuzzy cyclic selfmapping on a
1—complete fuzzy metric space (X, M, *), such that f = h® (for some s € N)
satisfies the assumptions of Theorem 3. Then h has a unique fized point, say x,
and

lim M(z,h"xo,t) = M(z,z,t) =1, 20 € X.
Let us note that a fuzzy partial metric space (X, M, %) is 1—complete iff (X, M, *)

treated as a fuzzy metric space is 1—complete (see [19], Corollary 4, Proposition
5).

Remark 4.7. In view of Lemma 3.9, ¢y can be replaced by M in any of condi-
tions of Theorems 1, 2, 8, and 4; if M is a fuzzy partial metric, then in view of
Lemma 8.11, ¢y can be replaced by m¢ in any condition of those theorems. The-
orem 1 for my becomes an extension of a theorem of Jachymski ([16], Theorem
2) in fuzzy case to the case of fuzzy partial metric spaces.
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Theorem 4.8. Let (X,M,*) be a l—complete fuzzy metric space, and
let f be a l1—continuous fuzzy cyclic selfmapping on X such that
lim M(f" g, ffzo,t) = 1, zo € X, assume that the following conditions

n—-:uo0

hold:
M(fx, fy,r) <1 implies (5)

M(f.’l?,fy,’l") > D{f(l‘,yﬂ"% S Xja Yy e Xj++7 ] = 1a-~-at
for each € > 0, there exists a > 0 such that

e—a<Df(x,y,r)<e implies M(fz,fy,r)>e, (6)
reXjyeXjp,j=1,....t. (7)

Then f has a fized point, say x, such that lim Mz, f"xo,7) =1, 290 € X and

x is unique if M is a fuzzy metric. In addition, M(x,y,r) can be replaced by
cr(x,y,t) (or by my(z,y,r) if M is a partial fuzzy metric) in (14) for (5) or (6)
(so also for both of them).

Proof 4.9. We apply Lemmas 3.18 and 3.16.
theorem 5 with t = 1 yield the followin one.

Theorem 4.10. Let (X, M,*) be a l—complete fuzzy metric space, and
let f be a 1—continuous fuzzy cyclic selfmapping on X such that
lim M(f" g, ff2o,7) = 1, zg € X, assume that the following conditions
n——oo

hold:
M(fz, fy,r) <1 implies M(fz, fy,r) > Dy(x,y,r) r,ye€ X (8)
for each € > 0, there exists a > 0 such that

e—a< Ds(x,y,r)<e implies M(fz, fy,r) > e, r,yeX. (9)
Then f has a fized point, say x, such that lim Mz, f"xo,7) =1, g € X and

x is unique if M is a fuzzy metric. In addition, M(x,y,r) can be replaced by
cr(x,y,t) (or by my(z,y,r) if M is a partial fuzzy metric) in (14) for (8) or (9)
(so also for both of them).

We can easily present extensions of the previous theorems for f = h® (see
Theorems 2 and 4).
Theorem 6 is a further extension of Theorem 4.2 in [21].
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Abstract. The aim of the present paper is to establish generalized fractional inte-
gral formulae involving generalized multiindex Bessel function J (UL )) " ( ). Then
their image formulae (Beta transform, Laplace transform and Whlttaker trans-
form) are also established. The results obtained here are quite general in nature
and capable of yielding a very large number of known and (presumably) new
results.

1 Introduction and Preliminaries

The Fractional Order Calculus (FOC) constitutes the branch of mathematics dealing
with differentiation and integration under an arbitrary order of the operation, i.e. the
order can be any real or even complex number, not only the integer one [1-3]. Although
the FOC represents more than 300-year-old issue [4,5], its great consequences in con-
temporary theoretical research and real world applications have been widely discussed
relatively recently (see [6—13,39,40]). The idea of non-integer derivative was men-
tioned for the first time probably in a letter from Leibniz to L'Hospital in 1695. Later
on, the pioneering works related to FOC have been elaborated by personalities such
as Euler, Fourier, Abel, Liouville or Riemann. The interested reader can find the more
detailed historical background of FOC in [1].

According to [4, 14], the reason why FOC remained practically unexplored for engi-
neering applications and why only pure mathematics were privileged to deal with it for
so long can be seen in multiple definitions of FOC, such as missing simple geomet-
rical interpretation, absence of solution methods for fractional order differential equa-
tions and seeming adequateness of the Integer Order Calculus (IOC) for majority of
problems. Nowadays, the situation is going better and the FOC provides efficient tool
for many issues related to fractal dimension,“infinite memory”, chaotic behaviour, etc.
Thus, the FOC has already come in useful in engineering areas such as bioengineering,
viscoelasticity, electronics, robotics, control theory and signal processing [14]. Several
control applications are available e.g. in [15-17].

A great number of additional results of fractional calculus was presented in the
twentieth century, but at this point we only concentrate on one more, given by Caputo

(© Springer Nature Switzerland AG 2020
H. Dutta et al. (Eds.): CMES 2019, AISC 1111, pp. 278-290, 2020.
https://doi.org/10.1007/978-3-030-39112-6_22
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and first used extensively in [18]. Given a function f with an n — 1 absolute continuous
derivative, Caputo defined a fractional derivative by

D) = g L= () sas (L

today usually named Caputo fractional derivative. The derivative 1.1 is strongly con-
nected to the Riemann-Liouville fractional derivative (see [19]) and is today frequently
used in applications. This is because using the Caputo derivative one can specify the
initial conditions of fractional differential equations in classical form, i.e.

y®O)=b,  k=0,1,..,n—1, (1.2)

in contrast to differential equations containing the Riemann-Liouville differential oper-
ator (see [19]). While the operator D? is denoted today as Caputo operator, Rabotnov
had already introduced this differential operator into the Russian viscoelastic literature
in [20], a year before Caputo’s paper was published.

By the second half of the twentieth century the field of fractional calculus had grown
to such extent, that in 1974 the first conference concerned solely with the theory and
applications of fractional calculus was held in New Haven [21]. In the same year the
first book on fractional calculus by Oldham and Spanier [1] was published. A number
of additional books have appeared since then, the most popular the ones by Miller and
Ross [2], Samko et al. [22] and Podlubny [3]. In 1998 the first issue of the mathemati-
cal journal “Fractional calculus & applied analysis” was printed. This journal is solely
concerned with topics on the theory of fractional calculus and its applications. Finally
in 2004 the large conference “Fractional differentiation and its applications” was held
in Bordeaux, where no less than 104 talks were given in the field of fractional calculus.

From its birth - a simple question from L’Hospital to Leibniz — to its today’s wide
use in numerous scientific fields fractional calculus has come a long way. Even though
its nearly as old as classical calculus itself, it flourished mainly over the last decades
because of its good applicability on models describing complex real life problems (see
recent work [23-27]). And even though the term fractional calculus is a misnomer we
will use it throughout this text, which will be concerned with theoretical and, more
importantly, numerical aspects of problems arising in this field.

For our present study we start by recalling the previous work. The Bessel-Maitland
function J& (z) is given as (see Marichev [28]):

Ay % (=2)" )
JV(Z)_,Z‘O—F(V+7Ln+1)n!’ A>0zeC (1.3)

The generalized form of Bessel function J‘)}, u is given by Jain and Agarwal [29] as:

. AE v+2u+2n
]}” (Z) _ z (7 ) (i)
v S T(v+u+An+ D) (u+n+1) (1.4)

A>0,v,ueCizeC\ (—oo,0].
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Further, Pathak [30] gave the following more generalized form of the generalized
Bessel-Maitland function J&Z{() as:

oo )n
g‘ v+kn+1)n" (1.5)
A, v,yeC,R(A) >0, R(v) > —1,R(y) >0 and g€ (0,1)UN.

If v is replaced by v — 1 and z by —z then generalized Bessel-Maitland function
given in Eq. (1.5) reduces to well known Mittag-Leffler function as follows:

A, !
T () = EJ2),

A,v,ye C,R(A) >0, R(v) >0,R(y) >0;qg€ (0,1)UN,

(1.6)

where E; rd ( ) denotes generalized Mittag-Lefller function, was introduced by Shukla
and Pra]apatl [31].

Ifg=1,y=1,visreplaced by v — 1 and z by —z then generalized Bessel-Maitland
function given in Eq. (1.5) reduces to Mittag-Leffler function, studied by Wiman [32]
as follows:

() =EG),  AveC RA)>0,R(v)>0. (1.7)

The generalized multiindex Bessel function J(( )),’: "(2) studied by [33] is defined as

follows:

J()Lj)m,y(z): _ (V)gn (_nz') ’ (1.8)
OT[r(Amn+vi+1)

~.
I

where m € N,4;,v;,7.q,z € C(j = 1,....,m) such that ZER(A/) > max{0;
=
R(g)—1}:¢>0,R(v;) > —1,R(y) >0and g € (0,1) UN.

On settingm = 1,4 = 0,A; = 1,v; = v and replace z by % in (1.8), we have

) v
e {ﬂ = (i) Jylal, (19)

where Jy [z] is a well known Bessel function of first kind defined by (see [34])

i e e €C\ (=o,0] (1.10)
Tntv+l)’ < - ’
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For more details about the Bessel function one may refer to earlier work by Erdélyi
et al. [35] and Watson [36].
The Fox-Wright function ,'¥; defined as

e 531

- 1.11
— [(ai,(x,-)l_p;z} _ z ler(ai‘i‘(xﬂ’l) i” ( )
PRGBS T T (b + Bjn) nt’
where the coefficients o, ..., o0, Bi, ..., By € R* such that
q p
1+ Y Bi—> o >0. (1.12)
j=1 i=1

2 Fractional Integration

In this section, some fractional integral formulas involving generalized multiindex

Bessel function J(k_./)mﬂ
(v])qu

ing pair of generalized fractional integral operators introduced by Katugampola [37],
which are presented in Lemma 1.

(z) are established. To do this, we need to recall the follow-

Lemma 1. Let Q = [a,b](—o0 < a < b < ) be a finite interval on the real axis R. The
generalized fractional integral PI7, f of order & € C for x > a and R(c) > 0 is defined
as:

("Iﬂf)(x)—(p)l_d/x( il ar, (1.13)

[(0) Jo (@@ —tp)l0

similarly the generalized fractional integral PI{ f of order 6 € C for x < b and
R(o) > 0 is defined as:

Cig 1) =BT /b( AR L0 (1.14)

(o) Ji —xp)i o

In our investigation, we choose a = b = 0 the above Lemma 1 reduces to the fol-
lowing form:

Lemma 2. The generalized fractional integral PIJ_f of order ¢ € C for x > 0 and
R(o) > 0 is defined as

-0 /x p
(P 16’+.f)()f)—(?)<6> /0 (xpt_f ,St))lcdt, (1.15)
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similarly the generalized fractional integral PI§ f of order o € C for x < 0 and
R(o) > 0 is defined as

(PIS £) (x) = (p)'° /O( IO (1.16)

r(c) Jx (p—xr)i-o

The main results are given in the following theorems.

Theorem 1. Let x > 0,m € N;o,p,A;,v},7.q,z € C(j = 1,....,m) such that
29{ ) >max{0;R(q) — 1};¢ >0, R(v;) > —1,R(y) >0and g € (0,1)UN, then

xAtpo+l (% ) ( +1 %)

(A msY _
(i) 0= ()T (> ! [(V/-l-l )i 1(% o+1,%)

xv} (1.17)

Proof. For convenience, we denote the left-hand side of the result (1.17) by .#. Using
(1.8), and changing the order of integration and summation, then

_ i _ (7)(]” (71')n (plér_'_tnv+k>7 (1.18)

=OTTr(An+vj+1)
j=1

applying the fractional derivative formula given in Eq. (1.15), the above Eq. (1.18)
reduces to

o (Y)qn (_])n (p)l*G © pvd
g‘ ﬁ F(An+v;+1) n! T (o) _/0 (xpftp)l—Gdt' (1.19)
J

Put 1P = xPz in Eq. (1.19) and by proper substitution, we have

oo

n —1)" i 1 avtdt
7= 2 — (Y)q ( ny) (Ii)()c) xp+nv+p0’+l+1/0 z A 1(1 _Z)G ldZ7 (120)
’l:()Hr(Ajn+vj+l) ’
Jj=1

after simplification, the above Eq. (1.20) reduces to

).+p6+] F(y+qn)1“(ﬂ+l+¥n) (_x\/)n

PPN T
":OHF(kjn+v,+1)F<li+l+o+ n) "
j=1 p p

(1.21)

interpreting the above result in the view of (1.11), we have the required result. O
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TheoremZ Let x < 0,m € N;o,p,A;,v;,7,9,z € C(j = 1,....,m) such that
ZSK ) > max{0;R(q) — 1}:¢ >0, R(vj) > —1,R(y) >0and g € (0,1)UN, then

(Atpot (1.q )7( +1 +1_%)

e 2 o vl .22
(p)crmﬁl“ (V1+17°)]1’<lpl+a+l:;> }( :

(CrP I e)) (0 = (-1)°

Proof. The proof of the Theorem 2, would run parallel to those of Theorem 1, so we
omit the proof.

2.1 Special Cases

By assigning the values to the parameters, the above results established in Egs. (1.17)
and (1.22) reduces to the following form:
Choose m = 1, the results in Eqs. (1.17) and (1.22) reduces to the following form:

Corollary 1. Let x > 0;0,p,A,V,7,q,z € C such that R(A) > max{0;R(q) — 1};¢4 >
0, R(v) > —1,R(y) >0and g € (0,1)UN, then

A+po+1 (1:9), At +17X)
p1o AP oy = X PO Lt
( Ig "y (t )) (x) = (p)or(y)z% [ (v+1,1), %+6+1~%)

xv} (1.23)

Corollary 2. Letx <0;0,p,A,v,7,q,z € C such that R(A) > max{0;R(q) — 1};q >
0, R(v) > —1,R(y) >0and g € (0,1)UN, then

. oy , Ahpol (7,9), (2L 41,
(Ploftl,]\};,qy(l )) () =(=1) (p)gr(y)z‘f’z |:(V+1-,7L),Elgrl+(7j')1,;)

_XV} (1.24)

If v is replaced by v — 1 and z by —z then the results given in Corollaries 1 and 2
reduces to the following form:

Corollary 3. Let x > 0;0,p, A, V,7,q,z € C such that R(A) > 0,R(v) > 0,R(y) >0
and g € (0,1)UN, then

xAt+po+l1 (y, )7< +1 %)

(PI(‘)’th/lE}{f{,(tV)) (x) = Wz% (v, A), (/1+1 +6+17%)

x| (1.25)

Corollary 4. Let x < 0;0,p, A, V,v,q,z € C such that R(A) > 0,R(v) > 0,R(y) >0
and g € (0,1)UN, then

(I EF ) (0= (-1)° o
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If we choose g =y =1, v is replaced by v — 1 and z by —z then the results given in
Corollaries 1 and 2 reduces to the following form:

Corollary 5. Let x > 0;0,p, A, v,z € C such that R(1) > 0,R(v) > 0,R(y) > 0 and
q € (0,1)UN, then

(pIngtlE/l.v(lv))(x):()c:;)%z% A, (<1; +’i);) V| (1.27)

Corollary 6. Let x < 0;0,p, A, v,z € C such that R(A) > 0,R(v) > 0,R(y) > 0 and
q € (0,1)UN, then

o (1’1)’<l+1 +1,v)
pIG AE , v —(_ O'xi ¥, p v 1.28
( S E) (1 )) (x)=(-1) (p)lor ()2 (v,l)a(%—’—c—’_l’%) x| (1.28)

3 Image Formulas Associated with Integral Transform

In this section we establish certain theorems involving the results obtained in the previ-
ous section associated with integral transforms like Beta transform, Laplace transform
and Whittaker transform.

3.1 Beta Transform
The Beta transform of f(z) is defined as [38]

B{f(2):a,b} — / (1= 2)P" f(2)dz (1.29)

Theorem3 Let x > 0,m € N;o,p,A;,v;,7,q.z € C(j = 1,....,m) such that
29{ ) > max{0;R(q) —1};¢ >0, R(v;) > —1,R(y) >0andq < (0,1)UN, R(I) >

OER( )>0>p >0, then

x/l+po‘+]

B{(PIO+I (( )) "(12)" )(x):l,k}:l"(k)m

(1), (R +1,%) . (v)

x 3,
3Tm+2 (V]+1 Z’)J ]7(l;1+0+17%):(1+k7‘/)

} (1.30)

Proof. For convenience, we denote the left-hand side of the result (1.30) by Z. Using
the definition of beta transform, the LHS of (1.30) becomes:
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Zr'm.
B = / (1= (Pag A (1)) () (1.31)

further using (1.8) and then changing the order of integration and summation, which is
valid under the conditions of Theorem 1, then

n!
OTITrAjn+vi+1)
j=1

applying the result (1.15), after simplification Eq. (1.19) reduced to

Atpo+l F(}/+qn)r(%+l+§n)

d A+1 v
];[ (Ajn+v;+1)I <p+l+6+pn) (1.33)

1
/ ZH—nv—l (1 _ Z)k_le
0
applying the definition of beta transform, Eq. (1.33) reduced to

o

"

n!

PO+ i F(}/—I—qn)l"(ﬁ—i—l—i-!n)
~ A+1
= F(Ajn+vj+ r<+1+o+ )
11:[1 i+ 1) P P (1.34)
)" C(l+vn)I (k)
n! I'(l+k+vn)
Atpotl (r.@), (2 +1,2),(1,v)
gs’:r(k)(’“)Gﬁﬁzn+2 | o <M P) . 2V [(1.35)
)T (v (vt L)y (B 4o+ 1,5) (k)

Theorem4 Let x < 0,m € N;o,p,Aj,v;,7,q,z € C(j = 1,....,m) such that
29% ) >max{0;R(¢q) —1};¢ >0, R(v;) > —1,%R(y) >0and g € (0,1)UN, R(l) >
OER( )>0>p >0, then

xk+ o+1
B{(PIG M(“j; Y () )() lk}:( )Ur(k)(p);W

(ra), (L 1,4). (L)

x 3,
T i) (B o+ 1) k)

(1.36)
_xv]

Proof. The proof of the Theorem 4, would run parallel to those of Theorem 3, so we
omit the proof.

=1
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3.2 Laplace Transform
The Laplace transform of f(z) is defined as [38]:

/@) = | e (s (1.37)
TheoremS Let x > 0,m € N;o,p,A;,v;,7,9,z € C(j = 1,....,m) such that
ZS? ) >max{0;R(qg)—1};¢ >0, R(v;) > —1,R(y) >0and g€ (0,1)UN, R(/) >

O and p >0, then

L (B @) =
Apotl (7. ),(mﬂ,x),(,’v) ] (1.38)
W3T+ [(vj—i—l)t)j 1,(’1;")4-0-4_17%7) _<§) ]

Proof. For convenience, we denote the left-hand side of the result (1.38) by £. Using
the definition of beta transform, the LHS of (1.38) becomes:

¥ / 7vzl 1 P[ J<< )m,Y( ) )(x)dz (1.39)

)m q

further using (1.8) and then changing the order of integration and summation, which is
valid under the conditions of Theorem 1, then applying the result (1.15), after simplifi-
cation Eq. (1.19) reduced to

AHpotl F(}/+qn)1"<%+l+%n)

~ (p)°r(7)

u A+1 v
n=0 F/l»n+v»+1r<+1+o+n>
ug At v+ ) = 5 (1.40)

o

KTV e B

><( ' ) / e szZl+nv ldZ
n. 0

Equation (1.40) reduced to

/‘L+p6+1

i F(y+qn)r<%+1+%n)

= 1
PITT O 2 r(ayn+v,+ )T (A;+1+6+;") (1.41)

j=1
()" T (1+vn)
X n! sltvn

)C)H_pG-H (Y? ) ) a1 + 17 X
= o1 (* o A -C) | as
s (p)°T (7) (w+llbl(——+c+h—> s
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Theorem6 Let x < 0,m € N;o,p,A;,v;,7,9,z € C(j = 1,....,m) such that
ZSK ) >max{0;R(qg)—1};¢ >0, R(v;) > —1,R(y) >0and g < (0,1)UN, R(/) >

O p>0 then

L{I l(plg AJ(( ))’"’y(zt) )( )}z(—l)cm

(), (B41,%),0v) v
(vi+1,45) 17(*[,“p+o+17;> _(Jsﬁ)

(1.43)
X 3le+l

Proof. The proof of the Theorem 6, would run parallel to those of Theorem 5, so we
omit the proof.

3.3 Whittaker Transform

Theorem 7. Let x > 0,m € N;o,p,Aj,v;,7,9.2 € C(j = 1,....,m) such that
2 R(Aj) > max{0;R(g) —1};¢g > 0, R(v;) > —1,R(y) > 0and g € (0,1) UN, then

/ E-1,- "7/2Wrw(ﬂ2){< 0+z’lj((vj))”'q((zt)v)) (x)}dz—m

(), (5+1.%),02+0+&v),(1/2-0+Ev)| (i)
(vji+1, /I)J 1,( +c+1,g>,(1/2—r+§,v) n
Proof. For convenience, we denote the left-hand side of the result (1.44) by % . Then

using the result from (1.21) after changing the order of integration and summation, we
get

X 412

v] (1.44)

xPHAtpo = F(Y—Fqn)l"(%—kl—&-%n)

- o m
(0)°T (y) =, [Irn+v;+1)r <:§+G+l+;n> (1.45)
=

n!

vin oo
« (X ) /O z"v+€_le_nz/2W¢,w(nz)dz

by substituting n z =t, (1.45) becomes:

AHpo+l & F(Y—l—qn)l"(%—kl—&-%n)
~ (P)°T ()

m A‘
"OT]r(Amn+v;+1)r <+G+l+vn> (1.46)
j=1 p p :

vy ] oo
« (xn') nnv+§/0 t"v+§_1e_nz/2WT7w(I)d1
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Now we use the following integral formula involving Whittaker function

vl —t _r(1)24o+v)[(1)2-0+V) -1
/Oz Le 1 12W, o (1)dt = /214 ) ; (‘R(viw)>7) (1.47)

Then we have

PO+ i I'(y+gn)I’ %+1+%n>
ni( 7) 5 ' _ A v \ n!
jIF(AJ”+V]+1)F([)+O-+1+I)” (1.48)
ri2+w+&+nv)r(1/2—o+&+nv <x>”v
r1/2—t+&+nv) n

interpreting the above Eq. (1.48) with the help of (1.11), we have the required result.
Theorem8. Let x < 0,m € N;o,p,A;,vj,v,q.z € C(j = 1,...,m) such that
293 ) >max{0;R(q) — 1};¢ >0, R(v;) > —1,R(y) >0and g € (0,1)UN, then

xAtpo+l
(p)°r (7)

W

Proof. The proof of this theorem would run parallel as those of Theorem 7.

| e 2w { (P15 A9 T (@))) (0 fdz = (<1)°

(1,9), (i+1 !)7(1/2+w+§,v)7(1/2—w+5,v)

X 4¥nt2
h (vj+1.2))" 17(ﬁ+a+1,%),(1/24+<§,v)

4 Conclusion

In this paper, we established some image formulas by applying generalized fractional
integral operators generalized multiindex Bessel function J(()L’)) " ;/( ). Then, some more
!

image formulas are derived by employing the integral transform. All the results are in
the form of Fox’s Wright function, hence all the results are in series form. By giving
some particular value to the parameters, we obtained some special cases of our findings.
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1 Introduction

Before we present the new definition and main theorems we shall state a few
known definitions.

Let s denote the set of all real and complex sequences x = (x). By I and
¢, we denote the Banach spaces of bounded and convergent sequences = ()
normed by ||z|| = sup,,|z,|, respectively. A linear functional v on I, is said to
be a Banach limit if it has the following properties:

(1) v(§) >0if n >0 (ie. & > 0 for all n),
(2) v(e) =1 where e = (1,1,...),
(3) v(DE&) = v(§), where the shift operator D is defined by D(&,) = {&nt1}-

Let B be the set of all Banach limits on [,. A sequence £ € /., is said to be
almost convergent if all of its Banach limits coincide. Let ¢ denote the space of
almost convergent sequences.

Lorentz [8] has shown that

¢ = {a: € loo : lim gy, ,, (&) exists uniformly in n}

where

_ §n+§n+1 +§n+2++€n+m
(Pm,n(f) - m 4 1 .

The space [¢] of strongly almost convergent sequences was introduced by
Maddox [9] and also independently by Freedman et al. [5] as follows:

[¢] = {x € loo : lim gy, o (J€ — L|) = 0, uniformly in n, for some L} .
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If € = (&) is a sequence and T = () is an infinite matrix, then T¢ is the
sequence whose nth term is given by T,,(£) = Y re tnk&k. Thus we say that &
is T-summable to L if lim,, o, T,,(§) = L. Let E and F be two sequence spaces
and T' = (t,x) an infinite matrix. If for each £ € E the series T;,(§) = Zk“;o tnkr
converges for each n and the sequence T¢ = T,,(£) € E we say that T maps F
into F. By (F, F) we denote the set of all matrices which maps F into F, and
in addition if the limit is preserved then we denote the class of such matrices by
(B, F)req.

Let A = (\;) be a non-decreasing sequence of positive numbers tending to oo
such that

Aipi SN+ 1L A =1

The collection of such sequence A will be denoted by A.
The generalized de la Valée-Poussin mean is defined by

76 =5+ 3 &

7 kel;

where I; = [j — A\; +1,j]. A sequence & = (&) is said to be (V, A)-summable to
a number L, if T;(§) — L as j — oo (see [11]).

Quite Recently, Malkowsky and Savag [11] defined the space [V, A] of A-
strongly convergent sequences as follows:

1
VA= €= (&) :lim = > | — L| = 0, for some L
TN ker

Note that in the special case where \; = j, the space [V, A] reduces the space
w of strongly Cesaro summable sequences which is defined by

w = {§ = (&) : h]m%Z |€&x — L|) =0, for some L}.

k=1

More results on A - strong convergence can be seen from [12,18-23].

By a @-function we understand a continuous non-decreasing function ¢(u)
defined for u > 0 and such that ¢(0) = 0, p(u) > 0, for u > 0 and p(u) — oo as
u — 00, (see, [25]).

A p-function ¢ is called non weaker than a p-function v if there are constants
¢, bk, 1 > 0 such that cp(lu) < bp(ku), (for all large u) and we write 1) < .
(for all large u), (see, [25]).

A p-function ¢ is said to satisfy (Ag)-condition, (for all large u ) if there
exists constant K > 1 such that ¢(2u) < Kp(u).
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The following definition was giving in [23].

Definition 1.1. Let A = (u;) be same as above, ¢ be given @-function and
f be given modulus function, respectively. Moreover, let T = (tnir(i)) be the
generalized three parametric real matriz and 0 < 3 < 1 be given. Then we write,

VI(T, ¢, f,p)o = {5 = (&) : h;nA% >

j melj

D tan(D)e(16k])
k=1

)pn =0, uniformly in z} .

If e Vf(T7 ©, f,p)o, the sequence ¢ is said to be A - strong (7T, ¢) - conver-
gent of order 3 to zero with respect to a modulus f.

2 Main Result

The idea of statistically convergence of sequence of real numbers was intro-
duced by Fast [4] in 1951. Schoenberg [24] studied statistically convergence as a
summability method and listed some of the elementary properties of statistical
convergence. Both of these authors noted that if a bounded sequence is statisti-
cally convergent to L, then it is Cesaro summable to L. Recently in [3], Connor
extended the definition of statistical convergence to T-statistical convergence by
using nonnegative regular matrices.

Definition 2.1 ([4,6]). A complex number sequence & is said to be statistically
convergent to the number L if for every e >0

1
limﬁ|k§n: | — L| > €} =0,

where by k < n we mean that k = 0,1,2,....,n and the vertical bars indicate the
number of elements in the enclosed set. In this case we write sty —lim& = L or
gk — L(St1)

Statistical convergence turned out to be one of the most active areas of
research in summability theory after the work of Fridy [6] and Salat [15].

In another direction, a new type of convergence called A - statistical conver-
gence was introduced in [13] as follows.

Definition 2.2. A sequence (&) of real numbers is said to be A - statistically
convergent to L (or, Sy-convergent to L) if for any e > 0,

1
lim —H{kelj:|{&—L|>c}=0
j—o0 )‘j

where |A| denotes the cardinality of A C N.
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In [13] the relation between A - statistical convergence and statistical conver-
gence was established among other things.

Recently Savas [17] defined almost A-statistical convergence by using the
notion of (V, \)-summability to generalize the concept of statistical convergence.

Assume that T is a non-negative regular summability matrix. Then the
sequence § = (&) is called T-statistically convergent to L provided that, for

every € > 0, (see, [7])
lim]’ Z tjn =0

n:|&x—L|>e
We denote this by st — lim,x, = L.
Let T = (tnk(i)) be the generalized three parametric real matrix and the
sequence & = (&), the ¢ - function p(u) and a positive number € > 0 be given.
We write, for all ¢

K((T,¢),e,i) ={nel;: Ztnk P(I€l) > €}

The sequence ¢ is said to be (T, p, \) - statlstlcally convergent of order 3 to
a number zero if for every € > 0

1
liijM(K((T, ©),€,4)) = 0, uniformly in+

J

where p(K((T,¢,A),¢e,i)) denotes the number of elements belonging to
K((T,p,\),e,i). We denote by S ((T, ©))o, the set of sequences £ = (§) which
are (T, p, \) — statistical convergent of order 3 to zero.

If we take T' = I and ¢(x) = x respectively, then Sf(T, ©)o reduce to Sfo
which was defined as follows, (see, Colak and Bektas [2]).

53 = {5 — (&) : limy—
)\j

[k € 1« |&| = e} —0}.

If we take T = I, p(z) = = and B = 1 respectively, then we get the following
(see, Mursaleen [2]):

1
Sy, = {x = (wx)  limy—[{k € I : 6] > €}| = 0}-
J

Remark 1. (i) If for all i,

, w if n>k,
bk (1) = { 0, otherwise.
then S (T, ¢))o Teduce to S ((C,¥))o, i.e., uniform (C, ) — statistical conver-
gence of order B to zero.
(i) If for all i,
n >k,

B if
top(i) =4 ‘n
ni (i) = { 0, otherwise.
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then Sﬂ(( ¥))o reduce to Sﬁ((N D),¥))o, i-e., uniform ((N,p),¢) — statisti-
cal convergence of order B to zero, where p = py is a sequence of nonnegative
numbers such that pg > 0 and

P, :Zpk — oo(n — 00).
k=0

We now have

Theorem 2.1. If ¢ < ¢ then Sf(T,q/},i)o C Sf(T,go,i)O.

Proof. By our assumptions we have ¥(|¢x|) < bp(c|zk|) and we have for all i,

Ztnk P(ISk]) < bztnk p(clérl) < KZtnk p(I€k])

k=1

for b,c > 0, where the constant K is connected with properties of . Thus, the

condition Y 7o | tnk(1)Y(J€k]) > & implies the condition Yy tni(i)e(|€k]) > €
and in consequence we get

WK (T, 0),2,0)) € (K (T, ), 2,1))
and
timy— (K (7). €)) < lim; 5 n(K(T.0).,0).

This completes the proof. a
Theorem 2.2. If0 < 3 <~ <1 then Sf(T,goJ)o C ST, ¢, ).
Proof. Let 0 < 8 <~ < 1. Then
1 . 1 )
?H(K(Tv Sa)a & Z) < FILL(K(T7 90)7 &, Z)
J

Aj

for every € > 0 and finally we have that Sf(T, ©)o C SY(T, ¢, i)o. This proves
the theorem. 0

Theorem 2.3. (a) If the matriz T, functions f and ¢ be given, then
V)\ﬂ(Tv ©, f)O C Sf(Ta ©, 7’)0

(b) If the ¢ - function @(u) and the matriz T are given, and if the modulus
function f is bounded, then

ST, p,i)0 € VE(T, 0, o

(c) If the ¢ - function o(u) and the matriz T are given, and if the modulus
function f is bounded, then

S,\B(T»SDJ)O = V)\B(T7@7f)0
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Proof. (a) Let f be a modulus function and let € be a positive numbers. We
write the following inequalities, for all i:

)\BZf( )"

J nel,

nk(1)p(|€x])

:)\6 Zf<

J nell

Ly

J mel}

> 5 Z mln( “‘fp" [f(s)]H)

J nell

(T )2 min ([FE7 (7)),

)pn

nk |£k|

Y]

where

Iv{nel Ztnk (&) }

Finally, if z € Vf((T, ®), f,p)o then x € SA (T, ¢, i)o.

(b) Let us suppose that = € Sf(T,(pJ)O. If the modulus function f is a
bounded function, then there exists an integer M such that f(z) < M for x > 0.
Let us take

I-:{nel Ztnk o(|&k]) }

Thus we have

AB ;f( >~ tar(De(lenh)| )"
<5y f( ar(@ellenh|)"
Ay weﬂ
53 3 F([X e etiand|)™
] nEI2 k=1
< 5 Z maz(Mh H) )\ Z [f(e))Pm
J rLGIl J nGIJZ

< maz(M", MH%;L(K((A&),E)) + mas([f @)™ [FE]7).

J

Taking the limit as ¢ — 0, we obtain that x € Vf (T, ¢, f,p)o-
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The proof of (¢) follows from (a) and (b).
This completes the proof. ad

Theorem 2.4. If a sequence x = (&) is SP(T, ¢,1) - convergent to L and
2
lim inf; (73) >0

then it is SE(T, ©,1) convergent to L, where

Sﬁ(T,gp,i) ={&= (&) : limjjiﬁ,u(K((T, ©),€,1)) = 0}.

Proof. For a given € > 0, we have, for all ¢

{nel;: Ztnk e(|& — L) zet S{n <y Ztnk (|6 — L) = €}

k=0

Hence we have,

K(T,p,e) C K(T,¢,¢).
Finally the proof follows from the following inequality:

1 X1 .
;M(K(Tv 2 5)) > fM(K(Tv 2 5)) = TJFM(K((T7 90)’ & ’L)'

(S

This completes the proof. a

s
Theorem 2.5. If A € A be such that for a particular 3,0 < 3 < 1, lim] 5 S —
7]

0 then Sf(T,gp,i) C SP(T, p,i).

Y
5 L — 0, we can choose m € N such
J

that 2 ;2 1< g, for all j > m. Now observe that for all 7,

Proof. Let € > 0 be given. Since limj]

{ Z o (D)p(1&k — LI) > }

1
38

{n<J Ztnk 1€k — L) > }
{ Ztnk pllgx — LI) > }
i 1[3{ Ztnw |§kL>>e}
{ Ztnw (16— L) > }

I /\

1
A8

IN

)

§+
2

for all 7 > m. O
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Abstract. The main objective of this paper is to explore some suffi-
cient conditions for elementary operators on the Bergman space to be
the average of unitaries. Moreover, some sufficient conditions for pos-
itive operators on the Bergman space are also proved to be unitarily
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1 Introduction

The Bergman space is the Hilbert space of all holomorphic functions f on the
open unit disk D = {z € C : || < 1}, denoted as A?(D) for which

14z = / |£(2)[2dA())? < o,

where dA(z ) is the normalized Lebesgue area measure on the open unit disk D.

If h(z Z anz™ and k(z Z b, 2" are two functions in A%(D), then the

n=0
inner product of h and k is given by

oo

(k) = [ HREIAR) = 3 22

n=

The Bergman reproducing kernel is the function K, € A%(D) for z € D such
that f(z) = (f, K.) for all f € A%(D) and normalized reproducing kernel k, is

the function ”[1((72”2 Here the norm ||.|2 and the inner product (..) are taken
© Springer Nature Switzerland AG 2020
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in the space L?(D,dA). For any integer, n > 0, let e,(z) = v/n + 12". Then,
{en}52, forms an orthonormal basis for A%(D). The Toeplitz operator Ty with
symbol ¢ € L>(D) on A?(D) is defined by T, f = P(¢f); here P is an orthogonal
projection from L?(D,dA) onto A%(D).

Let Aut(D) be the Lie group of all automorphisms (biholomorphic mappings)
of D. We can define for each a € D, an automorphism ¢, in Aut(D) such that

(i) (¢a 0 da)(2) = 2
(ii) ¢a(0) = a, ¢a(a) = 0;
(iii) ¢, has a unique fixed point in D.

a—=z

In fact, ¢q(2) = == for all a and z in D. It is easy to verify that the derivative
of ¢, at z is equal to —k,(2). It implies the real Jacobian determinant of ¢, at z

2\2
is Jy, () = lka(2)]* = % Given a € D and f (any measurable function on
D), let us define a function U, f on D by U, f(w) = ke(w) f(de(w)). Notice that
U, is a bounded linear operator on L?(DD, dA) and A%(D) for all @ € D. Further, it
can be verified that U2 = I, the identity operator, U} = U,, U,(A?(D)) C A%*(D)
and U, ((A%2(D))1) C (42(D))* for all a € D. Thus, U, P = PU, for alla € D
(see [8]). Let H>*(D) denote the space of bounded analytic functions on D. Let
L(H) denote the algebra of bounded linear operators from a Hilbert space H
into itself.

Let H and K be nonzero complex Hilbert spaces. The tensor product of
x € H and y € K is a conjugate bilinear functional x ® y : H x K — C defined
by (z ® y)(u,v) = (x,u)(y,v) for every (u,v) € H x K. The collection of all
(finite) sums of tensors z; ® y; with z; € H and y; € K, denoted by H ® K,
is a complex linear space equipped with an inner product (..) : (H ® K) x

N M
(H ® K) — C defined, for arbitrary Zwl ® y; and ij ®zjin H® K,
i=1 j=1
N M N M
by <Z T @ Yi, ij ® Zj> = Z Z (@i, w;) (yi, zj) (the same notation for
i=1 j=1 i=1 j=1

the inner products on H, K and H ® K). The tensor product on H ® K of two

operators T in £(H) and S in £L(K) is the operator T® S: H K — HQ K
N N N

defined by (T ® S) Zml Ry = ZT&UZ ® Sy; for every le Ry, € HR K,
i=1

which lies in L(H ® K ) The complete inner product space H ® K is denoted by

H®K, which is the tensor product space of H and K. The extension of T ® S
over the Hilbert space H®K denoted by T'®S, is the tensor product of T and S
on the tensor product space, which lies in L(H®K) (see [3,5,7]).

Let T € L(H) and U|T| be the polar decomposition of T. Some interesting
concepts regarding elementary operators have been found in [2].

In this article, we explain some sufficient conditions for elementary operators
on the Bergman space to be the average of unitaries and further discuss some
conditions for positive operators to be unitarily equivalent on the Bergman space.
Moreover, unitariness of elementary operators on the Bergman space as well as
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on the tensor product of Bergman spaces are focused in Sect. 2. Finally, in Sect. 3,
we present some sufficient conditions for positive operators on the Bergman space
to be unitarily equivalent.

2 Elementary Operators on A%(D)

In this section, we obtain some sufficient conditions for elementary operators on
A%(D) to be the average of unitary operators.

For U,, € L(A%(D)),a; € D and i = 1,2,--- ,n, the n — tuple U defined by
U= (Us,Usy, - Ug,).

Theorem 1. Let ||¢]|oo < 1 for a positive function ¢ € L™ (D) and ||Ti+e| < 1.

Then the elementary operator 6 7 (Ty) can be represented asn times the average
of 2n unitary operators.

Proof. Since ¢ > 0, we have T, > 0 on A?(D). Then by ([1], Theorem 3.1),
for every unitary operator W on A%(D), we obtain |[W — Ty|| < || + Tyl =
IT14]] < 1.

So Ty is invertible. Let Ty has the polar decomposition as Ty = V P with P
as positive operator and V as partial isometry on A%(D). Since T} is invertible,
V' becomes unitary and P is a positive invertible operator on the Bergman space
A%(D).

Since ||T4|| < 1, it implies || P|| < 1. Therefore, I — P? > 0 and || — P?|| < 1.
Let us define two operators as Wy = P+i(I—P2)z and Wy = P—i(I—P%)z. One
can easily observe that, Wy = Wy, WiW; = P2+ 1 — P? =1, and WyW; = I.
Hence, Wi W7 = W;W; = I and also WoW5 = WyW, = I. That implies, W1
and W, are unitary operators on A%(D). So, Ty = VP = V(%1t%2) = L(VIV, +
VW,) = VitVe where Vi = VW; and Vo = VW, are two unitary operators on

2
Ug, ViUq, +Uq, VaU,, Wi+Wi
A%(D). Further, Tyop, = U, (BE2)U,, = Zotmugze 220 = T2 h2 where

Wi = U,,V1U,, and Wi = U,,VoU,, are unitary operators for i = 1,2,3,---n.
Thus,

S (T) = Ua, TyUs,

i=1
= Ua1T¢Ua1 + Ua2T¢Ua2 +oee UanT¢Uan
= Tpopa, T Tpopa, + + Tpos.,

n
= Thop.,
=1

:Z 12 2.

=1

Hence, the theorem is proved. a
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Corollary 1. Let ¢; € L>®(D) for j =1,2,--- ,n having ¢; > 0 with ||¢;|lcc <

% and ||T » < 1. Then the elementary operator oz | T n
) ¢ >4
j=1 j=1
times as an average of 2n unitary operators.

Proof. Since YTy, = Tson g, for ¢ € L®(D) and [ 327 jllc < 1 as
16jllcc < 7, then

_n’

5 TE;L 1 ¢] TZ;L 1 ¢J )Uai

INGERL M:

UalTlpUa, where 1 = Z@.
j=1

By our assumption ¢ > 0, H1/)||oo < land |Th4¢] < 1,it follows from Theorem

1 that 5375 Tn is n times the average of 2n unitary operators. a

Z(bj
j=1

Corollary 2. Let ¢; € H>*D) for j = 1,2,---,n. Suppose that ¢; >
0,I9jllc < 1 and ||T1+H§L=1¢jH < 1. Then the elementary operator

6g’g(TH?:1 ;) is n times the average of 2n unitary operators.

Proof. Since ¢; € H®(D) and [|¢;]loc <1 for j =1,2,---,n then, [T/_, Ty, =

T1yr_, ¢; and || T2, éjllec <1 respectively. Now

o7, TH? 1 6;) Z U‘ILTH
- Z Uy, TeU,., where E = ﬁ ;]
i=1 j=1

oo
= Tz,
i=1

Therefore, the corollary is evident from Theorem 1. O

For unitary operators U;, Vi, W;, X; € L(A%(D)),i = 1,2,---,n, the n —
tuples U®V and W&X are defined on A%2(D)®A%(D) respectively, by

URV = (Uh&V1,U2@Va, - -, Un@Vy) and WX = (W1@X1, Wo@Xa, - -, Wa®Xy).
We introduce here the elementary operator on tensor product Bergman space
induced by U®QV and WX .
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Corollary 3. Let ¢ and p € L®(D) with ||¢|lcc < 1, ||¢V]|co < 1. Suppose Ty, =

Q|Ty|, Ty = R|Ty| are polar decompositions of Ty and Ty respectively. If T

and Ty are of finite rank, then the elementary operator 6U®V WeX (T¢®T¢) on

AZ(D)®A%(D) can be expressed as n times the average of 4n unitary operators.
Proof. Assume Ty = Q|T4|,Ty, = R|Ty| are polar decompositions of Ty
and Ty, respectively. Given Ty and T, are finite rank operators, this implies
dimker(7) = dimker(7) and dimker(7y) = dimker(7;;). Since Ty and T, are
contractions, so @, R are unitary. Now
Ts&Ty) =Y (UidVi)(Ty®Ty) (Wi X;)

i=1

U®V W®X(
n

Z (U TsWi)S(ViTyp X,).

Therefore, Ty is the average of two unitary operators and Ty, is also the average
of another two unitary operators. Hence, the result follows from Theorem 1. O

3 Unitarily Equivalent Operators

In this section, we present some sufficient conditions for positive operators on
the Bergman space A%(D) to be unitarily equivalent.

Theorem 2. Let A, B be two positive operators and U,V be two unitary oper-
ators on A%(D). Suppose |B2Uk,|| < |A2k,| < ” (Re(V*B)ky, k) for all

||
k. € A2(D) and U(B + oI)2V has a single limit point in its spectrum for a > 0.
Then A and B are unitarily equivalent.

Proof. Since A, B are two positive operators on A%(D) and ||B2Uk,|

Ak, || < H jk ” (Re(V*B)k.,k.) for all k, € A%2(D), then
1 1 1
(U*BUk,,k,)? < (Ak,, k.)2 < 1B (Re(V*B)k,, k)

for all k, € A%(D). This implies U*BU < A. Moreover, from Heinz Inequality
[4], we obtain

(Ak., k)2 < ;me(v* B)k., k)

= (V' B)kz, k2)|

IN

—— (Bk.,k.)?(BVk,,Vk.)?
(Bk,, k)3

= (V*BVk,,k.)?.
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This implies, A < V*BYV. Therefore, U*BU < A < V*BYV. Since B > 0, choose
a > 0 such that (B + OJ)% turns out to be positive and invertible. Let’s define
S = U*(B+4al)2V. Then SS* < A+ ol < S*S. Hence, S is hyponormal.
Further, || = V*(B+ al)zV. Let S = W|S| be the polar decomposition of §
with |S| as positive and W as a partial isometry operator on A%(D). Since S
is invertible, the partial isometry W becomes a unitary operator (say V). Now
S=V|S|=VV*B+al)zV = (B+al)2V = UU*(B+al)2V = US. This
implies, U = I. Therefore, by our assumption, we obtain S is a hyponormal
operator on A%(D) with a single limit point in its spectrum. Hence it follows
from [6], that .S is normal. The normality of S implies that A and B are unitarily
equivalent. |

Corollary 4. Let A, B be two positive opemtors cmd U,V be two unitary oper-
ators on A2(D). Suppose |B2Uk,|| < |Azk,| < <Re(V* Vky, k) for all

IB
k, € A2(D). If (B + ozI)5 is compact for a > 0, then A and B are unitarily
equivalent.

Proof. Since |B2Uk,| < ||[Azk.| < HBjk n (Re(V*B)k,, k) for all k, € A%(D),
2 z

then by Theorem 2, U*BU < A < V*BV. Put S = U*(B + al)2V. Then S5* <
A+4al < 5*S. Thus, S is hyponormal. By our assumption (B + a[)% is compact
and this implies S is a compact operator on A%(ID). Since S is hyponormal and
also S is normal. Hence, the result follows. a

Corollary 5. Let A;, B; be positive operators on A%(D) for i = 1,2,3,---.n

n 2
and U,V be two unitary operators on A%(D). Suppose that <Z B¢> Uk,|| <

2
kx| <

and the operator (Z(B’ + aJ)) is compact on A%(D) for all a; > 0. Then

=1

H Re V*ZB) k., k. >f07" allk, € A%(D)

n n
ZAi and ZBZ- are unitarily equivalent.
i=1 i=1

Proof. Since A;, B; are positive operators on A?(D) for i = 1,2,3,--- ,n and
1 1
(ZBi> Uk.|| < <2Ai> k|| < Tt < (v*ZB>

1

k. ) for all k, € A2%(D), then U*ZB Uk, k)2 ZA ko, k.)?

=1
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1 n
< ——(Re(V* Y Bi)ks, k) for all k., € A*(D). From the left hand

13" B2k i=1
=1

n n

inequality, we get U* ZBiU < ZAi and from the Heinz inequality [4], we
i=1 i=1

obtain

DIPOIMEEE 11mmwi&MMw

=—— Re((V*Y Bk, k)

=1
< — V*Y Bk, k
10" B k| =
=1
1 n . n .
< n <(Z Bi)kz7kz>§<( Bi)Vk'zka;z>§
<(Z Bl)kzvk2>% i=1 i=1
=1

n

This implies, iAZ- < V*(i B;)V. Therefore, U*(Z i <
i=1 =1

i=1 i=1
V*(Z B;)V. Since B; > 0, choose «; > 0 such that Z B; +a;1 2 turns out
i=1 =1

to be positive. Put S = U*(Z(Bi + o;1))2V. Then §S* < Z(AH-OZJ) < S*S.
i=1 i=1
n 2
Hence, S is hyponormal. By our assumption (Z(BZ + o1 )) is compact on
i=1
A%(D). Hence it follows from Corollary 4 that S is normal. The normality of S

implies that Z A; and Z B; are unitarily equivalent. a
i=1 i=1

Corollary 6. Let A;, B; be positive operators on A%2(D) for i = 1,2,3,---,n

1
2

and V be a unitary operators on A%*(D). Suppose that (ZBZ> k,
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< (iAl> k.|l < ﬁ <Re (V*zn:BZ) kz,kz> for all k, €
i=1 (ZBl) k. i=1
i=1

3
A%(D) and the operator (Z(B, + oz,;[)) is compact on A%(D) for all o;; > 0.

i=1

n n
Then Z A; and Z B; are unitarily equivalent.
=1

i=1 L=

Proof. By taking U = I in Corollary 5, we get » B; < > A; < V*> B,V.

i=1 i=1 i=1

Put T = (Y (Bi + a;]))?V. Now TT* < Y (A; + o;I) < T*T. Thus, T is
i=1 =1

hyponormal. Hence, the result follows. a
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Abstract. In this study we first established the relations between f-density and
g-density of a subset of the set of positive integers for any modulus functions f and
g- Using the obtained facts we establish the relationship between the sets Sy and
S of statistically convergent and BSy and BS of statistically bounded sequences
which defined by modulus functions f and g.

Keywords: Density - Modulus function - Statistical convergence - Statistical
boundedness

1 Introduction

The idea of statistical convergence first appeared in a study by Zygmund [17] in 1935.
This concept was introduced for the first time by Steinhaus [16] and Fast [5] indepen-
dently. After then the concept studied by Schoenberg [15]. In the last decades and under
different names the subject was discussed in many different theories such as in Fourier
analysis theory, number theory, ergodic theory, measure theory, trigonometric series and
Banach spaces. It was further investigated from the sequence spaces and summability
theory point of view and via summability theory by Fridy [6], Connor [4], Salat [14]
and many others.

The idea of a modulus function was structured by Nakano [12] in 1953. Ruckle [13]
and Maddox [10] have introduced some sequence spaces by using a modulus function.
Other than them, Ghosh and Srivastava [8], Bhardwaj and Singh [2] and some others
used a modulus function in order to establish a number of sequence spaces. Statisti-
cal boundedness and some generalizations have been studied by some mathematicians
(see [9]).

Throughout the study, [, and ¢ will denote the spaces of bounded and convergent
sequences of real numbers, respectively.

Now, we will remember some concepts and definitions which are needful in the
study.

Let N be the set of positive integers. The natural density of a set H C N is
defined by

1
S(H)=nlingozl{k§n . ke H)|

© Springer Nature Switzerland AG 2020
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where |[{k < n : k € H}| indicates the number of elements of H not exceeding
n. One easily may see that 6(N) = 1 and §(K) = 0 if K C N is a finite set and
§(K) =86(N) —8(K)=1—-68(K), where K =N — K.

A number sequence (xx) is said to be statistically convergent to the number [ if
for each ¢ > 0, the set {k € N : |xx — | > ¢} has natural density zero. We write
S — lim x; = [ for a sequence (xj) which is statistically convergent to /.

A number sequence (x;) is said to be statistically bounded, if
§({k € N : |xx| > M}) = 0 for some real number M > 0.

Throughout the paper notations S and BS symbolize the classes of statistically
convergent and statistically bounded sequences of real numbers, respectively (see
[7, 15D).

A function f : [0, oc0) — [0, 00) is called a modulus or modulus function if

(i) f(x) =0ifand only if x =0,

@) fx+y) < f(x)+ f(y), forallx >0,y >0,
(iii) f is increasing,

(iv) f is continuous from the right at 0.

From these properties it is clear that a modulus function must be continuous everywhere
on [0, c0). Any modulus may be bounded or unbounded. For instance, f(x) = % is
bounded but f(x) = x?, where 0 < p < 1, is unbounded.
Aizpuru et al. presented the following definition of f - density of a set A in [1].
The f — density of aset A C N is defined by

Sk <n : ke A})
fn)

if the limit exists, where f is an unbounded modulus function.

The f— density of A reduces to the natural density §(A) of A in case f(x) = x.

It is well known that §(A) + (N — A) = 1 for the natural density. But this result is
not true for f-density, i.e. 6 7(A) +67(N — A) = 1 does not hold in general. Indeed, if
we take unbounded modulus f(x) =log(x +1)and A = {2n : n € N} then§s(A) =
Sr(N—A)=1.

However, we have the fact that if § (A) = 0 then § (N — A) = 1 in case of f—
density.

For any finite set A, f— density has similar properties with naturel density of the
set, thatis 6 f(A) = 0and §¢(A) +5s(N— A) = 1.

Given any unbounded modulus function f and given aset A C N, 67(A) = 0
implies that 6(A) = 0 (see [1]). But the converse need not be true, in general. Indeed
for the unbounded modulus f(x) =log(x + 1) andset A = {i* : i =1, 2, 3,...} we
have §(A) =0butds(A) = % However 6(A) = 0 implies 6 r(A) = 0 is always true if
A C N is finite, regardless of selection of unbounded modulus f.

In this study we establish the relations between Sy and S, , BSy and BS,, Sy and
BS,, for different modulus functions f and g under some conditions on the considered
modulus functions. However the relations between the sets S, Sf, BS and BSy are
known already for a modulus f.

571 = Jim,
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2 Definitions and Basic Results

We need the following facts in the sequel.
Lemma 2.1 ([11]). The limit lim L0 — g exists for any modulus £
— 00

The following Theorem gives the relation between f— densities of a set of positive
integers for different modulus functions. This helps us to construct the relations between
statistically convergent and statistically bounded sequence sets defined by modulus
functions.

Theorem 2.2. Let f and g be two unbounded modulus functions. Then foraset A € N

(i) if

lim M >0 (D
t—o00 g(t)
then 64(A) = 0 implies 8 (A) = 0 in case the limit in (1) exists;
(i) if
0<lim&=(x<oo 2)
t—o00 g(t)

then 64,(A) =0 & 67(A) = 0 in case the limit exists.

Proof. Let A C N, A(n) = {k<n : ke A} and f, g be two unbounded modulus
functions.
[ _

(i) Suppose that hm D iy = o> 0. Then given any ¢ > 0 there exists a real number #(

such that (o — 8) g(t) < f(t) < (x+¢)g()ift > to (We may choose ¢ > 0 so small
that « — ¢ > 0). Therefore we have the inequality f(¢) < 2ag(¢) if t > 9. Now we
may write the inequality

gAmD _ 1 fdAmD fo)
gn)y T 2a f(n) g

if |[A(n)| > tg (son > ty). Since hm L0 _ & > 0 from the above inequality we obtain
(l) q y

lim f<';‘(fl")‘) 0if lim g('gf‘(fl’;”) = 0. This means that § 1 (A) = 0 if §4(A) = 0.

n—o00 E ) n—o0

(if) We may write the following equality

g(AmD _ gAmD fAAMD  f)
g(n) FAA@D  f) g

Suppose hm L0 _ (0 < @ < o0) and so that hm 80 _ /a. Using this fact from
1YY

g — 0o SO T
LUAMD _ i 8UAMD :
the above equahty we obtain nll)rrgo OREE 0 1f and only if nlgrolO e = 0. This

means that § f(A) = 0if and only if 64 (A) = 0.



310 R. Colak

Corollary 2.3. For any A € N and any unbounded modulus f providing

i 1O
m — >

t—oo t

0 3)

we have §(A) =0 & 6(A) =0.

Proof. It is known that § 1 (A) = 0 implies §(A) = O for any unbounded modulus f
(see [1]). Taking g(¢) = ¢ in Theorem 2.2 (i) we obtain §(A) = 0 implies 6 s (A) = 0.
(Note that the limit given in (3) exists by Lemma 2.1).

3 Main Results

In this section we will give the main results of this study in which the relations between
thesets Sy and S, BSy and BS,, Sy and BS, will be obtained for different unbounded
modulus functions under some conditions.

Using f — density we recall the following definition which is given by Aizpuru et al.
in [1].

Definition 3.1. Let f be an unbounded modulus function. Then it is said that the
sequence (xi) is f-statistically convergent to [ or Sy — convergent to [, if

lim Lf(l{k =n: |x—Ill=¢})=0,
n—oo f(n)
thatis §;({k € N : |x;x —[| > &}) = O for every ¢ > 0. We write Sy — limx; = [ if
(xx) is f-statistically convergent to /.
Throughout, Sy will denote the class of sequences which are f-statistically
convergent. We write S instead of Sy in case f(t) =1t.
In the light of above knowledge, we may give the following two results (see [1]) .

Lemma 3.2. Ifasequence (xy) is f -statistically convergent, then its S s —lim is unique.

Lemma 3.3. Let f, g be two unbounded modulus functions. If Sy — limx; = [ and
Sg —limxg =/"thenl =1".

It easily can be checked that every convergent sequence is f-statistically convergent
for any unbounded modulus f. But the converse is not true. For example, the sequence
(x¢) defined by

0, k = n?
X = nelN
2, k # n?

is not convergent, but it is f-statistically convergent to 2 for modulus f(x) = x?,
O0<p<l.
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Theorem 3.4. Let f and g be two unbounded modulus functions. Then

(i) if (1) holds then a sequence (xi) is f -statistically convergent (with same limit)
if it is g— statistically convergent, thatis S, C Sy and the inclusion may be strict.

(ii) if (2) holds then a sequence (xi) is f-statistically convergent if and only if it is
g— statistically convergent, thatis S, = Sy.

Proof. (i) Suppose (x) is g— statistically convergent to /, that is S — limx; = .
Define A ={k € N : |xx —I| > ¢}. Then

gtk <n : |xp =1 = €} —0
gn)

8,(A) = lim
n—oo
and this implies

flfk<n: a—ll=e) _
0

if (1) holds by Theorem 2.2 (i) . This means that (xx) is f — statistically convergent to /.
Proof of (ii) follows from Theorem 2.2 (i)
The following example shows that the inclusion S, € S may be strict at least for
some special modulus functions f and g. It can easily be shown that the sequence (xi)
defined by

57 = Jim,

k, k=n?
Xk = neN “4)
1+, k #n?

is f— statistically convergent to 1, but it is not g— statistically convergent, where
g(t) =log(t +1)and f(r) = t'/2_ Therefore (x) € S — Sg and so that the inclusion
Sg C Sy is strict.

Note that in Theorem 3.4 also Sy —lim x; = S, — lim x4 holds if S, — lim x;, exists.
Unfortunately the existence of Sy — lim x; does not require the presence of S — lim xi.

Corollary 3.5. Let f be an unbounded modulus function. If (3) holds then Sy = S.

Proof. The inclusion Sy € S is given in [1] for any unbounded modulus f. To show
that § € Sy, let (3) be hold and the sequence (xx) be statistically convergent to /. Define
A ={keN : |x — 1| = ¢}. Using Corollary 2.3 the inclusion § € S follows from
the fact “6(A) = 0 implies 6 (A) = 0”.

Note that from Corollary 3.5 we obtain that § — limx; = Sy — limx; in case
Sy — lim x; exists.
The following definition may be given by using f — density.

Definition 3.6. Let f be an unbounded modulus function. Then a sequence (x) is said
to be f-statistically Cauchy sequence, if there exists a positive integer N such that
Sk e N : |xx —xn| > €}) = 0 forevery € > 0.
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Theorem 3.7. Let f and g be two unbounded modulus functions. Then

(@) if (1) holds then a g— statistically Cauchy sequence is f-statistically Cauchy
sequence;

(ii) if (2) holds then a sequence (xi) is g— statistically Cauchy sequence if and only if
itis f -statistically Cauchy sequence.

Taking A = {k € N : |xx — xn| > €} the proof follows from Theorem 2.2 (i) and
(iD).

One may to refer [1] for the next result.

Corollary 3.8. Let f be an unbounded modulus function. Then a sequence of real
numbers is f-statistically convergent if and only if it is an f-statistically Cauchy
sequence.

Bhardwaj et al. presented the following definition in [3].

Definition 3.9. Let f be an unbounded modulus function. Then a number sequence (x)
is said to be f— statistically bounded, if 5y ({k € N : |x¢| > M}) = 0 for some real
number M > 0.

The set of all f-statistically bounded sequences of real numbers will be denoted
by BSy.

Lemma 3.10. [3] Any bounded sequence is f-statistically bounded for any unbounded
modulus f, thatis [, C BS but the converse does not hold in general and the inclusion
may be strict.

Theorem 3.11. Let f and g be two unbounded modulus functions. Then

(@) if (1) holds then a g— statistically bounded sequence is f-statistically bounded, that
is BS; € BSy and the inclusion may be strict;

(ii) if (2) holds then a sequence is g — statistically bounded if and only if itis f-statistically
bounded, thatis BS; = BSy.

Proof. Letthe sequence (xi) be g— statistically bounded. Then there exists areal number
M > O such that §;({k € N : |xg| > M}) = 0. Taking A = {k ¢ N : |x;| > M} the
proof of (i) and (ii) follows from Theorem 2.2 (i) and (ii), respectively.

Note that the following example shows that the inclusion BS, € BS; may be strict
at least for some special modulus functions f and g. Indeed the sequence (x;) defined
by (4) is f — statistically bounded but it is not g— statistically bounded for the modulus
functions g(r) = log(r + 1) and f(r) = t'/?, since do({k e N : |x¢] > 3)) = % and
S8r({tk € N ¢ |xg| > 3}) = 0. Therefore (xx) € BSy — BS, and so that the inclusion
BS, C BSy is strict.
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Corollary 3.12. For any unbounded modulus f we have

(i) BSy € BS;
(ii) if (3) holds BSf = BS.

Proof. (i) follows from the fact “given aset A C N, §¢(A) = 0 implies 6(A) = O for
any unbounded modulus f”’ and (ii) follows from Corollary 2.3.

Theorem 3.13. Let f and g be two unbounded modulus functions. If (1) holds then a
g— statistically convergent sequence is f-statistically bounded, that is S, € BSy and
the inclusion may be strict.

Proof. Suppose that the sequence (x;) is g— statistically convergent to [. Let ¢ > 0 be
given and define A(n) ={k <n : |xy —Il|>e}and Bn) ={k <n : |xx — 1| = M}
for a number M (> ¢) large enough. Now since clearly |A(n)| > |B(n)| foreveryn € N
we have that §; (A) > 8,(B) and so that ¢4(A) = 0 implies 84(B) = 0. If (1) holds then
8¢(B) = Oimplies § s (B) = 0by Theorem 2.2 (7). This means that (xy) is f-statistically
bounded. This completes the proof.

From Theorem 3.13. and Corollary 3.12 we obtain the following result (see also
Theorem 26 and Theorem 34 in [3]).

Corollary 3.14. An f— statistically convergent sequence is statistically bounded, that
is Sy € BS for any unbounded modulus f.

Proof. If we take g(r) = f(¢) then the condition (1) will be provided directly for
unbounded modulus functions f and g. From Theorem 3.13 we obtain Sy € BSy in
this case. This and Corollary 3.12 (i) gives Sy C BS.
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Abstract. In the present paper, we have recalled some definitions and
well known results for the field of inequality theory. Then, some new inte-
gral inequalities have been established for geometrically convex functions
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Our results involve new upper bounds for product of geometrically con-
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1 Introduction

The concept of convex function, which is widely used in inequality and is known
with its applications in many fields of mathematics, has continued to be inter-
esting even though its history dates back to ancient times. Differentiable or
integrable convex functions have been the focus of many researchers and have
been the subject of many articles in the field of inequality theory. Let’s start
with the definition of this aesthetics and useful functions.

Definition 1.1. A function f : I C R — R is said to be convex on I if inequality

flz+ 1A =t)y) <tf(x)+1—-1)f(y) (1.1)
holds for all x,y € I and t € [0,1].

Some studies have been designed to form different types of convex func-
tion classes in order to carry the convex function classes to a new dimension.
Many convex function types, especially the convex function definition, are closely
related to the special means and contain the mean expressions in the definition.
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We will continue with some types of convex function types that come into promi-
nence among convex function types and find application in statistics.
In [9], Niculescu mentioned definitions of geometrically convex functions as:
The arithmetic-geometric convex functions namely log —convex functions or
AG—convexity are defined as f : I C (0,00) — (0,00) and holds the following
inequality:

zyeland Ne[0,1]= fAz+ 1 =Ny < f@)*f@)' ", (1.2)

i.e., for which log f is convex.

The geometric-geometric convex functions namely multiplicatively convex
functions or GG —convexity are defined as f : I C (0,00) — J C (0,00) and
satisfies:

z,yeland A€ [0,1] = f (xl_AyA) <f (x)l_)‘ f (y)A (1.3)

The class of all geometric-arithmetic convex functions or namely G A—convexity
are defined as f : I C (0,00) — (0,00) and holds:

zoyeTand A€ [0,1] = f (2 *yY) < (1 =N f(2) + \f (). (1.4)

Besides, recall that the criterion of G A—convexity is 22 f”+x f’ > 0 which implies

all twice differentiable non-decreasing convex functions are also G A—convex.
Examples of functions that contain some important statistical definitions and

closely related to many other mathematical concepts are presented below.

Remark 1.1. [4] Some examples of log-concave and concave functions:

(1) The normal probability density function f(x) = —z*/2

e is log-concave

s
3

on (0,1), which is also concave on (0, 1) since log f

—~

x) = fzz/an\/% is a
concave function.

(2) The probability density function of the beta distribution, for 0 < z < 1, and
shape parameters a1, as > 0, is a power function of the variable x and of
its reflection (1 — ) like follows:

1 -1
f(zo0,00) = ———2* 71 (1 — 2)™
B (on, a2) ( )
is concave and log-concave function for oy = as = 2, where g is Euler-

Beta function. Namely f (z) = %x (1 —2) =6 (z — x?) is concave and
log-concave function on (0, 1).

Hermite-Hadamard inequality, which suggests bounds for the mean value of
a convex function, is given as follows.

Theorem 1.1. (See [2,3]) Let f : I CR — R be a convex function and u,v € I
with u < v. The following double inequality:
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is known in the literature as Hadamard’s inequality (or Hermite-Hadamard
inequality) for convex functions. If f is a positive concave function, then the
inequality is reversed.

It is worth remembering some special means to be used in this study. The
extended logarithmic mean L, of a,b > 0 is given for a = b by L, (a,a) = a and
for a # b by

1
pPtl_gp+1 ] P
Geem]p# —1L0
b—a —
Lp(a’b> = Inb—Ina » P= —1

1
L (D _
;(ﬁ) , p=0

It is obivous that L_4 (a, b) is called the logarithmic mean L (a, b). Two important
averages subject to arithmetic geometric inequality are defined as follows.

Glat) = Vab,

Aa,b) = 20
2
are the geometric mean and arithmetic mean, respectively.

For more detailed information, inequalities, generalizations, and interesting
new results for special means and geometric convex function classes, please refer
to the papers [1,5,6,8-17].

Many articles listed in the bibliography section have obtained results based
on geometric convex function classes and special averages. Here we just want to
remind you a few of these results. In [7] Yang et al. established the following
results;

Theorem 1.2. Let f,g: I — (0,00) be log-convex functions on I and a,b € I
with a < b and a, 3 > 0 with o+ 3 =1 . Then the following inequality holds:

l—a

o

1
b—a

[ r@o@ae<alt @ so)

+8[Ly1(9(a),90)]
Theorem 1.3. Let f,g: I — (0,00) be log-concave functions on I and a,b € I
with a < b. Further, let « > 1 witha+ =1 (or 8> 1 with « + 3 =1). Then
the following inequality holds:

l1—a

a

1
b—a

L(f (a), f (b))

1-8
B

b
[ r@e@arzali, G @.00)

+8[Ly 1 9(@.g®)] 7 Llg(@), g ).

The goal of this paper is to establish some new integral inequalities for log-
convex and log-concave functions by using above-mentioned classical integral
inequalities.
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2 Main Results

Theorem 2.1. Let f,g : I C (0,00) — (0,00) are GA—-convex functions and
1,9, fg are integrable functions on [a,b] such that a,b € I, 2 # 1. Then, we
point out the following new result:

b a
e L 1@ (%) o <T@ + Tof @) + T (Fla)g(a) + F090) (21)

where

bIn* L —2bIn 2 +2b —2a
1= B ’

In® 2
aln2§—2alng+2ln§—2
27 In® & ’
26ln* 2 — 3bIn® +alnl +2b - 2a
Ty = T :

a

Proof. By using the functions f and g and conditions of Theorem, we can write

b 1
M/ f(x)g (c;b) dr = /0 blal=tf (btal_f’) g (atbl_t) dt.

Here we have used the change of the variables as = bla'~* and dr =
b'a'~'In 2dt. By taking into account GA—convexity of f and g, we get

b
lnbilna/ f@)g (icb) du

< / bl () + (1 — 1) f(a)] [tg(a) + (1 — D)g(b)] dt

1
= / b~ [£2(D)g(a) + t(1 — 1) (F(a)g(a) + F(B)g(B)) + (1 — 1) f(a)g()] d.

0

By computing the above integrals, we obtain

b
lnbilna/ F@)g (?) dx

bIn? L —2pInt +2b — 24
< [ 2 a f(b)g(a)

35
ln P
[aln222a1n2+21n22

In® &
a

] f(a)g(b)

. [2b1n223b1n2 +alnt +2b—2a

In® &
a

] (f(a)g(a) + f(b)g (b))

Thus, this complete the proof of the inequality (2.1). O
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Similar to this result can be easily obtained for GG—convex functions.

Theorem 2.2. Let f,g : I C (0,00) — (0,00) are GG—convex functions and
f.9, fg are integrable functions on [a,b] such that a,b € I, g % 1. Then, we

have:
i [ 7@ () < L as@o0).070)00)

where L (u,v) is the logarithmic mean of u and v.

Proof. Procedures similar to the proof of the previous theorem should be con-
sidered, but we only need to select the functions GG—convex. So, we can write

1 b ab
lnb—lna/a @)y (x) de
_ /O btal—tf (btal—t) g (atbl—t) dt
< / bF(B)g(a)] [af(a)g(b)] ™ dt.
0

By a simple calculation, we deduce

1 b ab bf(b)g(a) —af(a)g(b)
b _Tna / F)g (x) S b f)g(a) — maf(a)g(®)

The proof is completed. a

Theorem 2.3. Let f : I C (0,00) — (0,00) is GG—convex function and f is
integrable function on [a, b] such that a,b € I, g # 1. Then, one has the following
imequality:

b ma/f ( )d < G (f(a), f(b)) L (a,b)

where L (u,v) is the logarithmic mean of u and v and G (u,v) is the geometric
mean of u and v.

Proof. By using the definition of GG—convexity, we have

1 b ab
lnb—lna/a f@) ] <x) d

1
:/ btalftf (btalft) f (atblft) dt

0
b—a
Inb—1lna’

< f(@)f(b) /0 bal~tdt = f(a)f(D)

Which completes the proof. O
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Theorem 2.4. Suppose that f : I C (0,00) — (0,00) be GA—convex function,
g:1C(0,00) — (0,00) be GG—convex function and f,g, fg are integrable func-
tions on [a,b] such that a,b € I, g # 1. Then, one has the following inequality:

1 b ab Ly (f(a), f(b)) = L((ag(b))?,(bg(a))?)
lnb—lna/a f(x)g(x>dx§ p - q

for z% + % = 1 where L (u,v) is the logarithmic mean of u and v and G (u,v) is
the geometric mean of u and v.

Proof. The classical Young’s inequality can be represented by (see [2]):

P q 1 1
ozﬁ<04——|-ﬁ—7 for—-+-=1, «,8>0.
p q p g

Since f is GA—convex function and g is GG—convex function on I, we get

b
lnbilna/ f@)g (Clxb) dx

1
:/ btal—tf (btal—t)g(atbl—t) dt

0

1
< / bal~t [EF(5) + (1 — )£ (a)] [g(a)]! [g(b)]"" dt.
0

By using the Young inequality, we can write

1 b ab
lnbflna/a f(@)g <x> de

< / bal =t [tF(B) + (1 — ) £(a)] [g(a)]* [a(b)] " dt

0
< fol [tf(b) + (1 —t)f(a)]’dt . fol pat ga(1—1) [g(a)]qt [g(b)]q(l—t) dt.
< , ;

By computing the above integrals, we obtain

1 b ab
lnb—lna/a ()9 <x) d

SO - @t (1 (bg(a))" — (ag(®))"
S( )(m ) a

f(b) = f(a) p+1) In (bg(a))” —In (ag(b))?)’
which completes the proof. a

Theorem 2.5. Suppose that f,g : I C (0,00) — (0,00) be two functions and
[7],19],1fg| are integrable functions on [a,b] such that a,b € I, a < b. If |f|
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is GA—convex and |g| is GG—conver function, then, one has the following
inequality:

b b
lnbilna/ |f(x)|’g (i) d

LI = F@P Y (1
Sl( O f(@ )(@+n>

for%+%:1,p>1.

T

Proof. By using the definition of |f| and |g| and changing of the variables, we

have
S — /bf( )| DY |a
Inb—1Ina J, NI\

1
< / ba' L B) 4+ (L= 1) [ F(@)] [lg(@)) [lg(b)[] " dt.

0

X

By applying the well-known Hélder integral inequality, we get:

s [l ()]
fi(Alﬁf®N+«1—tnwaQﬁ);(Alw%““”ngwm“nam]“kﬂdgé

By making use of necessary computations, we obtain;

1 b ab
m/a If ()] ‘g (a:) d

1O = @) (1
S[( O f(@) )(@+n>

which completes the proof. a

T

X

Theorem 2.6. Suppose that f,g : I C (0,00) — (0,00) be two functions and
[f1,1gl,|fg| are integrable functions on [a,b] such that a,b € I, a <b. If |f| and
lg| are GG—convex function, then, one has the following inequality:

nb— lna/|f |’g( >

1

< { (@)D" = (f (@)D" ] { (blg(a))* ( B’ 17
I ([f(0)))" = (|f(a)])” (blg(a))* —In(alg(b)])*
|

= L3 (@) . (F®)D?) ¥ (alg®)])" . (bla(@)?).

for % + % =1,p > 1, where L (u,v) is the logarithmic mean of u and v.
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Proof. By using the definition of |f| and |g| and changing of the variables, we

have
nb— 1na/|f ( >‘d$

< / ba' (LA @N IF O g(a)l] lg()]) " dt.

0

By applying the well-known Hoélder integral inequality, we get:

nb— lna/|f ‘( )‘df’ 1
< ( / 1O 1@ ar) ’ (f a0 [Jg(a) | []g(5)0 ) '

By making use of necessary computations, we obtain;

nb— lna/|f |‘g< >

<[ (/B = (f(@))" H (blg(@)])! — (alg®))? 1*
W (F BN~ (f@D7] | Glg(@)) = (@lg®))7]

which completes the proof. O

b~

3 Conclusion

In this study, we have proved some new integral inequalities for product of GA—
and GG —convex functions by using some integration techniques and elemantery
analysis. The results have been established via some classical inequalities such
as Holder integral inequality and Young inequality. We presented the results
for special means of real numbers. The results can be extended to fractional
calculus by using some new fractional Integral operators. Also, similar results
can be found for more general convex function classes.
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Abstract. In the present chapter, we consider some properties of uniformly
(B, A)-invariant statistically convergent which is defined using the ¢-function and
invariant mean. Also we prove some inclusion theorems.

1 Introduction and Background

Let s denote the set of all real and complex sequences x = (x;). By . and ¢, we denote
the Banach spaces of bounded and convergent sequences x = (x;) normed by ||x|| =
sup,, |x.|, respectively.

If x = (xy) is a sequence and B = (b,y) is an infinite matrix, then Bx is the sequence
whose nth term is given by B, (x) = 2o burXk. Thus we say that x is B-summable to L
if ,}LII}OB” (x) =L.Let X and Y be two sequence spaces and B = (by;) an infinite matrix.

If for each x € X the series B,(x) = Y buxx converges for each n and the sequence
Bx = B,(x) €Y we say that B maps X into Y. By (X,Y) we denote the set of all matrices
which maps X into Y, and in addition if the limit is preserved then we denote the class
of such matrices by (X,Y)c,.
Let A = (A;) be a non-decreasing sequence of positive numbers tending to oo such
that
Aict <AL+ LA =1.

The collection of such sequence A will be denoted by A.
The generalized de la Valee-Poussin mean is defined by

Ti(x) = )Ll > X
T kel;
where I; = [i — A; + 1,i]. A sequence x = (x,)is said to be (V,A)-summable to a number
L, if T;(x) — L as i — o (see [5]).

By a ¢-function we understand a continuous non-decreasing function ¢ (u) defined
for u > 0 and such that ¢(0) =0, ¢@(u) > 0, for u > 0 and @(u) — e as u — o (see
[18]).

A ¢@-function ¢ is called non weaker than a @-function v if there are constants
¢,b,k,1 > 0 such that cy(lu) < bo(ku), (for all large u) and we write ¥ < @.

Let o be a one-to-one mapping from the set of natural numbers into itself. A con-
tinuous linear functional ¢ on /. is said to be an invariant mean or a o-mean if and
only if
(© Springer Nature Switzerland AG 2020
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1. ¢(x) > 0 when the sequence x = (x,) has x,, > 0 for all n;
2. ¢(e) =1wheree=(1,1,1,...) and
3. 9(xg(n)) = ¢(x) for all x € L.

For certain class of mapping o every invariant mean ¢ extends the limit functional
on space ¢, in the sense that @(x) = limx for all x € c.

Consequently, ¢ C Vi where V4 is the subset of all bounded sequences whose o-
means are equal.

If x = (x,), set Tx = (Tx;) = (x5(n)), it can be shown that (see, Schaefer [16])

Vo = {x € I : lim#, ,(x) = L uniformly inn,L = 6 — limx}
LMy,

where N -
X, Xo(n Xo™m(n
thl(x): - G(;)fn—l—l = >7Ll-,n(x):0.

We say that a bounded sequence x = (x,) is o-convergent if and only if x € V; such that
o™(n)#nforalln>0,k>1.

Definition 1. Let A = (4;) be same as above, ¢ be given ¢-function and f be given
modules function, respectively. Moreover, let B = (b,;) be the real matrix. Then we
define,

=

1
V((B,o),f) = {(xk) :lijgnf D f( bnk(p(|x6m(k)‘)|> =0, uniformly in m} .
1

J nel;

k=

Ifxe Vf( (B, ), f), the sequence x is said to be A — strong(B, @)-invariant conver-
gent to zero with respect to a modulus f.

2 Uniform (B, ¢)—Invariant Statistically Convergent

The idea of convergence of a real sequence was extended to statistical convergence
by Fast [1] (see also Schoenberg [17]). A sequence (x;) of real numbers is said to be
statistically convergent to L if for arbitrary € > 0, the set K (¢) = {k € N : |x, — | > €}
has natural density zero.

Over the years and under different names statistical convergence was discussed in
the theory of fourier analysis, ergodic theory, number theory, measure theory, trigono-
metric series, turnpike theory and Banach spaces. Statistical convergence turned out to
be one of the most active areas of research in summability theory after the work of Fridy
[3] and Salat [15].

In another direction, Mursaleen [6] defined A-statistical convergence as follows.

A sequence (x;) of real numbers is said to be A-statistically convergent to L (or
S, -convergent to L) if for any € > 0

1
}E?O/T, {kel:|x—1|>¢e}|=0
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In [6] the relation between A-statistical convergence and statistical convergence was
established among other things.

Recently Savas [10] defined almost A -statistical convergence by using the notion of
(V, A)-summability to generalize the concept of statistical convergence.

We can give the following definition.

Definition 2. A sequence x = (x;) is said to be uniformly o-statistical convergent to
the number L if for every € > 0,

1
lim —max {kg n: ‘Xck(m) fL’ > 8}’ =0

n nm>0

In this case we write S¢ —limx = L or x; — L(Ss) and we define
So ={x=(xw): forsomeL,S; —limx=L}.

Assume that B is a non-negative regular summability matrix. Then the sequence
x = (x,) is called B-statistically convergent to L provided that, for every € > 0, (see [4])

lim Y b =0.

J n:|x,—L|>¢€

We denote this by stg —lim, x,, = L.
Let B = (b,;) be real matrix and te sequence x = (x;), the ¢-function @(u) and a
positive number € > 0 be given. We write, for all m
xck(mD > 8} .

The sequence x is said to be uniformly (B, ¢, A )-invariant statistically convergent to
a number zero if for every € > 0

K}{((Baca(p)ag) = {I’l EI/ : zbnk(p(
k=1

hmkjgggu( 1((B,0,9),6) =0,

where U (K i ((B,o,0) ,8)) denotes the number of elements belonging to set

K/{ ((B,0,9),€). We denote by S) (B,0, ), the set of sequences x = (x;) which are
uniformly (B, 0, @)-statistical convergent to zero.
If we take B =1 and ¢(x) = x respectively, then S} (B,o,¢) reduce to S(())L’ 0)"

invariant.
> SH = 0} .

ok(m)

S?A,U) = {x—( ©) - lim — | —max

j ), m=>0

{kEIjI X

We are now ready to state the following theorem.

Theorem 1. If¥ < ¢ then S} (B,0,¥) C SY (B,0,0).
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Proof. By our assumptions we have y (‘xak(m))) <bo (c Xk (m) D and we have for

all m,

]Zlbnkl//(

for b,c > 0, where the constant K is connected with properties of ¢. Thus, the condi-
tion Y7 bV ( Xk (m) D > € implies the condition Y ; by @ (‘Xo.k (m) ’) > € and in
consequence we get for all m,

Xk (m) D < bébnk(p(c ‘xo.k(m> ’) < K]; b @ (‘Xo-k(m) D

u (K/{(B,G,(p),s) cu (K;{ (B, o, w),e)

and

1ijr_n;ju ((K;{(B,G,(p),e)) - li,m;j“ ((K){(B,o,‘l’),s))

This completes the proof.

Theorem 2. (a) If the matrix B, functions f and ¢ be given, then

V)(L)((B’G’(P)vf) CS(A](B,G,(P).

(b) If the @-function @(u) and the matrix B are given, and if the modulus function f
is bounded, then
S5 (B,c,9) CV;((B,0.,9).f).

Proof. (a) Let f be a modulus function and let € be a positive numbers. We write the
following inequalities for all m:

1 - 1 i
5 z f ( zbnk(p( xo.k(m) —L‘) ) Z o 2 f ( 2 bnk(l)(p( xo'k(m) _L‘) )
A’] nel; k=1 lJ nGI} k=1
1
> — 1
> ljf(e)nEZI}

> e (K] (5.0.0).¢)

I} = {nelj :;bnk(p<xok(m))‘) >£}.

Finally, if x € V{ ((B,0,9), f) then x € §) (B, 5, ¢).
(b) Let us suppose that x € Sg (B, 0, 0). If the modulus function f is a bounded function,
then there exists an integer M such that f(x) < M for x > 0. Let us take, for all m

where

;= {n €l;: ;bnk(iﬁp (Jxge(m)]) < e}-
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Thus we have,

52 (| S ool

Xok(m ‘
J nel

)

oo

X0

S b
k=1

;sz(

J el

2

nel2

< M max p (K] (B.9).2)) + fe)

J

Taking the limit as € — 0, we obtain that x € V;{)(B7 c,0,f).

Theorem 3. If a sequence x = (x;) is S(B, 0, @)-convergent to L and

liminf; (lf> >0
J

then it is Sy (B, 0, @)-convergent to L, where

5(0,9) = { = (u) s lim T (K (B..9.2) =0}

Proof. For a given € > 0, we write, for all m

{nelj:ank(p(x LD>£} {n<] ank(p Xk (m) — L)zs}
k=0

Hence we have,

K;, (B,G, (p,E) - K(Bvca (p,S).
Finally the proof follows from the following inequality:
Aj

1 1 1
— > _
]Irgggu( (B,o,9,€)) > Fmaxp (Kx (B,0,0,8)) = j 7, maxk (Ka (B,0,9,¢))

This completes the proof.

3 Conclusion

In this work, we extended the previous concept of statistically convergence and gave
some new definitions as uniformly o-statistically convergence, [3-statistically conver-
gence and uniformly (B, @, A)-invariant statistically convergence where B is a real
matrix and ¢ is a function. We also give some relationship between them. This sub-
ject also has some new open problems.
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