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Abstract. Let b € NT. Synthesis of pure b-bounded (m,n)-T-systems
((m,n)-SYNTHESIS, for short) consists in deciding whether there exists
for an input (A, m,n) of transition system A and integers m,n € N a
pure b-bounded Petri net N as follows: N’s reachability graph is iso-
morphic to A, and each of N’s places has at most m incoming and at
most n outgoing transitions. In the event of a positive decision, /N should
be constructed. The problem is known to be NP-complete, and (m,n)-
SYNTHESIS parameterized by m + n is in XP [14]. In this paper, we
enhance our understanding of (m,n)-SYNTHESIS from the viewpoint of
parameterized complexity by showing that it is W[1]-hard when param-
eterized by m + n.

1 Introduction

Petri net synthesis consists in deciding whether there is a Petri net (PN, for
short) that implements a given behavioral specification and in constructing such
a net if it exists. Valid synthesis methods yield implementations that are correct
by design. The possibility of finding effective or even efficient synthesis algo-
rithms crucially depends on the specification and the searched net. This has
been subject of research for many years: It is undecidable whether there is a
P/T net implementing a pushdown- or a HMSC-language or whether there is
a (pure) bounded P/T net implementing a modal transition systems (MTS, for
short) [9,11]. If the specification is a deterministic pushdown-language or -graph,
and the search net is a P/T-net, synthesis is decidable [4]. It is also decidable
whether there is a b-bounded Petri net that implements an MTS [12]. If the
specification is a transition system (TS, for short), and the searched net is a
1-bounded PN, synthesis is NP-complete [2], even if the TS is strongly restricted
[15,16]. The synthesis of b-bounded PNs from TSs is NP-complete, even if the
searched net is strongly restricted [13,14]. If the bound b is not fixed in advance,
the synthesis of bounded PN from TSs is polynomial [1]. If the PN is additionally
to be choice-free or a marked graph, even better procedures exist [5,7].

In this paper, we investigate an instance of PN synthesis that is called (m,n)-
SYNTHESIS. It consists in deciding whether there exists for an input (A, m,n) of
TS A and integers m,n € N a pure b-bounded Petri net IV as follows: N’s reach-
ability graph is isomorphic to A, and each of N’s places has at most m incoming
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and at most n outgoing transitions. The b-bounded (m, n)-T-systems generalize
the notion of (weighted) T-systems [6,10] and adapt it to b-bounded PN. In [14],
we have shown that (m,n)-SYNTHESIS is NP-complete. We have also argued that
(m,n)-SYNTHESIS parameterized by m + n belongs to the complexity class XP.
Thus, the question arises whether this parameterization makes the problem fixed
parameter tractable. In this paper, we answer this question negatively and show
that (m,n)-SYNTHESIS parameterized by m+mn is W[1]-hard. The proof presents
a parameterized reduction from REGULAR INDEPENDENT SET, which restricts the
canonical W([1]-hard problem to regular graphs [8], to (m,n)-SYNTHESIS. This
paper is organized as follows. Section 2 introduces necessary preliminary notions,
Sect. 3 presents the W1]-hardness result and Sect. 4 closes the paper.

2 Preliminaries

We assume that the reader is familiar with the concepts relating to fixed-
parameter tractability, the standard notions relating to graphs and REGU-
LAR INDEPENDENT SET, the canonical Wl]-hard problem restricted to regu-
lar graphs. Due to space restrictions, we omit some formal definitions and some
proofs. See [8] for the definitions of relevant notions in parameterized complexity
theory. In the remainder of this paper, if not stated explicitly otherwise, then
b € N7 is assumed to be arbitrary but fixed.

Transition Systems. A transition system (TS, for short) A = (S, E,d,t) con-
sists of a finite disjoint set S of states, E of events, a partial transition function
0 :SxFE — S and an initial state v € S. A TS A is interpreted as edge-
labeled directed graph, and every triple d(s,e) = s’ is considered an e-labeled
edge s— .’ called transition. An event e occurs at state s, denoted by s—°,
if §(s,e) = s’ for some state s’. This notation is extended to words w’ = we,

w € E* e € E, by inductively defining s—< s for all s € S and s-*",s" if and
only if there is a state s’ € S satisfying s—* s’ and §'_¢.s". If w € E*, then
s, denotes that there is a state s’ € S such that s—.s’. If e € E, then by

siﬂswb we denote that there are distinct states s;, s;41,-- ., Sitb—1,Sitb € S
such that s;—%.8;11...8;4p—1—2-8;4p. We assume all TSs to be reachable:
Vs €S, Jw e E* : s s.

b-Bounded Petri Nets. A b-bounded Petri net (b-net, for short) N =
(P, T, f,My) consists of finite and disjoint sets of places P and transitions
T, a (total) flow function f : P x T — {0,...,b}? and an initial marking
My : P — {0,...,b}. If f(p,t) = (m,n), then f~(p,t) = m and fT(p,t) =n
define the consuming and the producing effect of ¢ on p, respectively. The preset
of a place p is defined by *p = {t € T | f*(p,t) > 0} (transitions produc-
ing on p) and its postset is defined by p* = {t € T | f~(p,t) > 0} (transi-
tions consuming from p). Accordingly, the preset of a transition ¢ is defined by
‘t={peP| f (pt) >0} (places from which ¢ consumes) and its postset by
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t*={pe P| fr(p,t) > 0} (places on which ¢ produces). A b-net N is pure if
VY(p,t) e PxT: f~(p,t) =0o0r f*(p,t) =0, that is, Vp € P : *pNp* = @. Let
m,n € N. A b-net N is an (m,n)-T-system if Vp € P : |*p| < m, [p*| < n.

The firing rule of b-nets defines their behavior: A transition ¢t € T can fire or
occur in a marking M : P — {0,...,b}, denoted by M_'_,, if M(p) > f~(p,t)
and M (p)— f~(p,t)+ f+(p,t) < b for all places p € P. The firing of ¢ in marking
M leads to the marking M’ if M'(p) = M(p) — f~(p,t) + fF(p,t) for all p € P.
This is denoted by M ' ,M’. Again, this notation extends to sequences o € T*,
and the reachability set RS(N) = {M | 3o € T* : My .M} contains N’s
reachable markings. The firing rule preserves N’s b-boundedness by definition:
M(p) <bforall pe P and all M € RS(N). The reachability graph of N is the
TS Ay = (RS(N), T, 8, My), such that for all M, M’ € RS(N) and all t € T we
define §(M,t) = M’ if and only if M_* M’

b-Bounded Regions. To find a b-net N implementing a TS A, we want to
synthesize N’s components purely from the input A. Since A and Ay are to
be isomorphic, A’s events correspond to N’s transitions. However, the notion
of a place is not known for TSs. A b-bounded region R (region, for short) of a
TS A = (S,E,9,sp) is a pair R = (sp, sg) of support sp : S — {0,...,b} and
signature sg : E — {0, ...,b}? such that for every edge s—°_.s" of A holds sp(s) >
sg~(e) and sp(s’) = sp(s) — sg~(e) + sgT(e). If sg(e) = (m,n), then sg=(e) =
m and sgT(e) = n define €’s consuming and producing effect (concerning R),
respectively.

A region (sp, sg) models a place p and the corresponding part of the flow
function f: sg*(e) models f*(e), sg~ (e) models f~(e) and sp(s) models M (p)
in the marking M € RS(N) corresponding to s € S(A). The preset of R is
defined by the producing events *R = {e € F | sg™(e) > 0} and its postset
by the consuming events R®* = {e € E | s¢g~(e) > 0}. If sg(e) = (0,0), then
e is called neutral. The region R is pure if *RN R®* = @. Let R be a set of
regions of A, and let e € E. By ®exr = {(sp,sg) € R | sg~ (e) > 0} and e} =
{(sp,sg) € R | sg™(e) > 0} we define the preset and postset of e (concerning R),
respectively. The set R defines the synthesized b-net N = (R, E, f, My) with
flow function f((sp, sg),e) = sg(e) and initial marking My ((sp, sg)) = sp(sg) for
all (sp,sg) € R,e € E. We emphasize again that a region R of R is a place of
N} with the preset ®*R and the postset R®; every event e € E is a transition of
N} with preset ®*e = ®ex and postset e® = ex®. It is well known that AN} and
A are isomorphic if and only if R’s regions solve certain separation atoms [3], to
be introduced next.

A pair (s,s') of distinct states of A defines a state separation atom (SSP
atom, for short). A region R = (sp, sg) solves (s, s') if sp(s) # sp(s’). The region
R is to ensure that N contains at least one place R such that M(R) # M'(R)
for the markings M and M’ corresponding to s and s’, respectively. If there is a
b-region that solves (s, s’), then s and s are called b-solvable (solvable, for short).
If every SSP atom of A is solvable, then A has the b-state separation property
(SSP for short). If e € E and s € S such that e does not occur at s (—s—%), then
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the pair (e, s) is an event state separation atom (ESSP atom, for short). A b-
region R = (sp, sqg) solves (e, s) if sg™(e) > sp(s) or sp(s) —sg~(e) +sg¥(e) > b.
The meaning of R is to ensure that there is at least one place R in N such that
- M_¢_, for the marking M corresponding to s. If there is a region that solves
(e,s), then e and s are called b-solvable; we also say e is solvable at s. If every
ESSP atom of A is b-solvable, then A has the b-event state separation property
(ESSP, for short).

A set R of regions of A is called b-admissible if for every of A’s (E)SSP atoms
there is a region R in R that solves it. The following lemma, borrowed from
[3, p. 163], summarizes the connection between b-admissible sets of A and syn-
thesis:

Lemma 1 ([3]). A b-net N has a reachability graph isomorphic to a given TS
A if and only if there is a b-admissible set R of A such that N = N}.

We say a b-net N solves A if Ay and A are isomorphic. By Lemma 1,
searching for a restricted b-net reduces to finding a b-admissible set of accordingly
restricted regions. The following example illustrates this fact.

Ezxample 1. Let m,n € N, A be a TS and R be a b-admissible set of pure
regions of A. If every region R € R satisfies [*R| < m and |R*| < n, then
NT is a pure (m,n)-T-system solving A. In particular, if b = 2, then the TS

A = 59-2,51-% .59 has the following pure regions:

[ 5]71'(51) Spi(82) Spi(SB) 891(61) Sgi(€2) { Spi(sl) Spi(Sz) sz1(83) Sgi(el) 891(62)
1 2 0 0 (2,0) (0,0) ||3 0 2 0 (0,2) (2,0)
2 0 2 0 (0,2) (2,0) |4 0 1 2 (0,1) (0,1)

The set R = {(spi,s9:;) | 1 < i < 4} is 2-admissible. Since *(sp4,sg4) =
{e1,ea}, the solving 2-net N¥ is not a (1,1)-T-system. However, the set R’ =
{(spi, sigi) | 1 < i < 3} is 2-admissible, and N¥ is a (1,1)-T-system solving A.

3 W]1]-Hardness Parameterized by m + n

This section is dedicated to the proof of our main result:
Theorem 1. (m,n)-SYNTHESIS parameterized by m + n is W{1]-hard.

The proof of Theorem 1 consists of a parameterized reduction of REGULAR
INDEPENDENT SET to (m,n)-SYNTHESIS. Let (G, k) be an instance of REGULAR
INDEPENDENT SET. That is, G = (V(G), E(G)) is a graph with set of nodes
V(G) = {v1,...,vn}, set of edges E(G) = {a1,...,an}, and there is an integer
r € N such that for every node v € V(G) holds |{e € E(G) | v € e}| = r, and
k is a positive integer. We reduce (G, k) to an instance (A,2rk + 20,2rk + 20)
of (m,n)-SYNTHESIS, parameterized by m + n, such that G has a k-independent
set if and only if A is solvable by a (2rk + 20, 2rk 4 20)-T-system.

To represent G, the TS A has for every edge a; = {v; 1,vi2}, 7 € {1,...,m},
the following gadget G;, which uses a;,v;1 and v; 2 as events:
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s C1:1,1 (vin)® ' (vi2)° Gl a;

7,2
9i1 9i,2 9i,3 9ib+3 —— YGib+4 —— Gi,2b+4 ——> Gi,2b4+5 —— YGi,2b+6
(5] l
9i,20+7

Let i € {1,...,m}. The proof of the if-direction bases on the idea to ensure that
if A is solvable, then there is a pure region R = (sp, sg) that satisfies the follow-
ing conditions. Firstly, sg(a1) = (b,0), which implies sp(g; 2) = b. Secondly, the
producing effect of the node events is zero, that is, sg*(v;1) = sg*(vi2) = 0.
Thirdly, the (-events are neutral, that is, sg(¢},) = sg(¢l2) = s9(¢}3) = (0,0).
As a result, the support value of g;op+5 is given by sp(g;op+5) = b — b -
(sg~ (vi1) + sg~ (vi2)). Moreover, if sp(g; 2p+5) < b, then there is ezactly one
e € {v;1,v;2} such that sig=(e) > 0. Otherwise we would have the contradic-
tion sp(g;2p4+5) < 0. Furthermore, the region R ensures that there are exactly
rk edge events with a positive producing effect. That is, there are exactly rk
indices i1,...,ix € {1,...,m} such that sg¥(a;,) > 0 for all j € {1,...,rk}.
Since R is pure, this implies sg~(a;,) = 0 for all j € {1,...,7k}. Moreover, by
9i; 204+5-29i; 20+6, we obtain sup(gi; 2v+6) = sup(gi;,20+5) + sig™ (ai;). This
requires sp(gij72b+5) < b, and exactly one of v;; 1 and v;; 2 has a positive
consuming effect. The region R ensures that there are ezactly k node events

Vg, .- -,V With a positive consuming effect. Recall, for every node v € V(G)
holds |[{e € E(G) | v € e}| = r. Thus, if vy,,...,ve, are not independent,
then the number of edges which are adjacent to a node of vy, ,..., vy, is at

most 7k — 1. Since rk edge events have a positive producing effect, and each
of it needs a consuming node, this is a contradiction. Consequently, the set
I ={veV(G)|sg (v) >0} defines a k-independent set of G.

For the only-if-direction we show that if G has a k-independent set then
there is a b-admissible set of regions R such that |*R|,|R®*| < 2rk + 20 for all
R € R. The major challenge here is to keep the number of consuming and
producing events of solving regions smaller than the parameter. To do so, we
exploit G’s regularity and the §- and (-events. In what follows, we prove the
following lemma:

Lemma 2. 1. If A is solvable, then there is a region (sp, sg) such that the fol-
lowing conditions are true:
(a) sg(on) = (b,0) and sg(¢ly) = --- = sg(¢ls) = (0,0) foralli € {1,...,m}.
(b) If e € {a1,...,am} then sg~(e) = 0 and there are exactly vk events
Qipseoos iy, € {ar, ... am} with sg*(a;;) >0, where j € {1,...,7k}.
(c) If e € {v1,...,v,} then sgT(e) = 0. Furthermore, there are exactly k
events vy, ..., Vi, € {v1,...,vn} with sg~(vs;) >0 forall j € {1,... k}.
2. If G has an independent set of size k then there is a b-admissible set R of A
such that |*R|,|R®*| < 2rk 4 20 for all R € R.

3.1 The Proof of Lemma 2.1

This section introduces the gadgets that ensure Lemma 2.1. For now, we refrain
from explaining in which way they are actually conjunct to build A. This
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conjunction is postponed to Sect.3.2, which is dedicated to Lemma 2.2.. We
let events e € E(A) occur b times in row to restrict their possible signature in
advance:

Lemma 3. Let A be a TS, and let e € E(A) be an event that occurs b times in

a row: 51(L)b>sb+1 € A. For any pure region (sp, sg) of A with sg™(e) # sg~ (e)
holds either sg(e) = (1,0), sp(s1) = b and sp(sp+1) = 0 or sg(e) = (0,1),
sp(s1) = 0 and sp(sp41) = b.

Proof. The claim follows by b > sp(sp+1) = sp(s1) +b- (sgt(e) —sg~(e)) > 0.

The TS A has for i € {1,2,3} the following w-maker gadget X;:

5;° () w; ()
Ti 1 Ti2 Tib42 Tip+3 — Tib+s — Ti2b+4

If A is solvable, then there is a region R = (sp,sg) that solves the atom
(o, x1,p43), that is, sg~(a) > sp(x1,p+3) or sp(x1p+s3) — sg~ () + sgT(a) > b.
This implies sg(a) # (0,0). Thus, by Lemma 3, we have sg(a) € {(1,0),(0,1)}.

Since our arguments are symmetrically true for the case sg(a) = (0,1), we
assume sg(a) = (1,0) and show that this implies a k-independent set of G.
Since R solves («,x;p+3), by sg(e) = (1,0), we conclude sg~(a) >

sp(x; p+3) = 0. Moreover, by Lemma 3, we obtain sp(z; p12) = 0 and sp(z; p+4) =
b for all ¢ € {1,2,3}. Furthermore, by sp(z1p+2) = sp(z1,p+3) = 0, we get
s9(¢) = (0,0). By sp(xipt2) = 0, this implies sp(z; p43) = 0 for all 7+ € {2,3}.
Finally, by sp(x; p+3) = 0 and sp(z; p14) = b for all i € {1, 2,3}, we get the three
producing w-events wy, wa, w3: sg(wy) = sg(wsz) = sg(ws) = (0,b).

The TS A has for i € {1,...,9} a so called a-maker Y; that uses w; and ws to
manipulate the support of some states and provides the consuming a-event «;:

6“
i w1 (e wo
Yina Yi2 Yi3 Yia Yi5

By sg(w1) = sg(ws2) = (0,b), we have sp(y; 3) = b and sp(y; 4) = 0. This implies
sg(a;) = (b,0) fori € {1,...,9}. The events ay, . .., ag are applied to manipulate
the support of some states. For example, by sg(ay) = (b,0) and g; 2-2L,, we have
sp(gs2) = b for all i € {1,...,m} as discussed before. The following S-makers
also exemplify the functionality of the a-events.

The TS A has for every i € {1,...,5} the following S-maker Z; that uses the

events a; and ag to provide the producing (-event [;:

12
51‘ ag Bi ag
Zi1 24,2 2,3 Zi.4 Zi,5

In particular, by sg(az) = sg(as) = (b,0), we get sp(z;,3) = 0 and sp(z;4) = b.
This implies sg(5;) = (0,b) for all ¢ € {1,...,5}. Just like the a-events, the
(-events serve to manipulate the support of some states.
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In the remainder of this section, we first introduce the gadgets ensuring that
R = (sp, sg) selects exactly rk edge events a;,, ..., a;, such that sig™(a;,) > 0
for all j € {1,...,7k}. Secondly, we introduce the gadgets that ensure that
there are exactly k node events vy, ,...,ve, such that sig=(vg;) > 0 for all j €
{1,...,k}. Similar to the already presented gadgets G4, ..., G, these gadgets
apply (-events, that is, elements of the set Z = {C;,z | i, j,¢ € N}. For the region
R, corresponding to Lemma 2.1, these events have to be neutral. For the proof of
Lemma 2.2. they allow solving regions with small preset- and postset-cardinality.
If QJ’:J € ZN E(A), that is, CJZQ actually occurs in A, then A has the following

¢-makers e;g (left) and @;’g (right). These gadgets ensure C;,/S neutrality:

i . 1 .
ST Ge @iy,

By sg(ws) = (0,b) and sg(ag) = (b,0), we get sp(@;’-ym) =0 and sp(@im) =b.

Moreover, by 0 = sp(S ,,) > sg7(C},), we obtain sg~((},) = 0. Finally, by

b > sp(0.4) = sp(&] 42) — 597 (G 0) + 597 (( ), implying b > b+ sg™((j ), we
get sg™(Cj,) = 0.
So far, we have introduced A’s gadgets that yield us the a-, §- and (-events

with the following behavior: If s—%,, then sp(s) = b; if s—7,, then sp(s) = 0;

if s_°.s', then sp(s) = sp(s’). These events are applied in the subsequently
introduced gadgets, which collaborate to provide the announced behavior of A.
The TS A has for every edge event a;, i € {1,...,m}, exactly rk edge copies

(e-copies, for short) a},...,a’™. These copies are used to enable the announced

ke
selection of rk edge events a;, , ..., a;,. . To achieve this goal, it is necessary that
edge events do not consume and e-copies do not produce. The TS A has for
every i € {1,...,m} an edge noCon C;. This gadget ensures that a; does not
consume. Moreover, for all i € {1,...,m} and all j € {1,...,rk} it has an e-copy

noPro D; ;. This gadget guarantees that a] does not produce.

3 3 j
52 2, ai 0 S a;
7 El 1
€i1 Ci2 ¢i3 Cia dijn — dij2 — dijz — dija
o o |
cis dijs
The edge noCon C;. The e-copy noPro D; ;.

By sg(81) = (0,b) and sg(¢7;) = (0,0), we have sp(c; 3) = 0. Since sp(c;;3) >
597 (a;), this implies sg™ (a;) = 0. Similarly, by sg(az) = (b,0) and sg(¢};) =
(0,0), we obtain sp(d; j3) = b. The region R is pure. Thus, if sg*(a’) > 0 then
59~ (al) = 0. This implies sp(d; j4) = b+ sg™ (a}) > b, a contradiction. Hence,
sgt(al) = 0 is true.

The region R selects for every j € {1,...,7k} exactly one i € {1,...,m}
such that the e-copy a] has a positive consuming effect, that is, sig™(al) > 0.
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The other e-copies remain neutral. To achieve this, the TS A uses for every
j € {1,...,rk} the edge selector F;. The gadget F; applies the events al, cal

m?
that is, the Jj-th copy of every edge event ay,...,a,. On Fj, every al occurs b
times consecutively. Separated by (-events, these occurrences (a})?, ..., (al )"

are placed in a sequence. We abridge ¢ = (m — 1)(b+ 1) and define F}:

54 4 b C4 7 \b <4
J )1 (‘11) j,m (af,)
f}l*’f]?*)f/.%*’fﬂﬂr?) f/é*’f7l+1*’f]m(b+1)+2*>f]m(b+1)+3
JOZ:; lﬂz
Jim@e+1)+s Jim(b+1)+a

By sg(as) = (b,0), we have sp(f;2) = b and, by sg(82) = (0,b), we have
sp(fjm@+1)+3) = 0. The (-events are neutral, and sg+(az) = 0 for all 7 €
{1,...,m}. Thus, we obtain 0 = >./"  b- sg’(ag) < b. Consequently, there
is an i € {1,...,m} such that sg~(al) = 1, and sg~(a},) = 0 for all ¢/
{1,...,m} ~ {i}. The following edge connectors complete the set of A’s gadgets
that allow the selection of rk edges ai,,...,a;,,.

The TS A has for all i € {1,...,m} a so called edge connector H; whose
purpose is twofold. On the one hand, it ensures that the edge selectors never

choose two consuming copies of the same edge event, that is, if j # 5/, sg~ (ag) >

0 and sg_(aj,/) > 0, then ¢ # . On the other hand, sg™(a;) > 0 if and only

K3 .
if there is a j € {1,...,rk} such that sg~(a]) > 0. Since Fi,..., F select
rk consuming edge copies, this picks out exactly rk edges a;,,...,a;, with a

positive producing effect. The gadget H; applies the event a; and its rk copies.

rk

Separated by (-events, two sequences of a;’s copies al,...,al*, each of if it

occurring b times consecutively, embrace the event a;. For readability, we abridge
£=(b+ 1)rk + 2 and define H; as follows:

5 5 . 5
5 i1 (a})® ik (a7*)® Cirk+1
hii — hio —— hiz —— hip3 -+ hie—2 hie—1 hie 0041
a?/ lai
1
( vk )b C@ 2rk+2 (ai )b Cz rk+42
hi2ete Ripess —— hiera ——— Riseys - hiorpss —— hiors ——— hioro

By sg(aa) = (b,0) it is sp(hi2) = b. The (-events are neutral and sg™ (a ) =0
for all j € {1,...,7k}. Thus, it is sp(h@p11)rkt3) = b — Z 1 b-sg™ (a]-), and,

K3
by sp(h(p+1)rk+3) = 0, there is at most one j € {1,...,rk} buch that sg_(az) >
0. Consequently, two copies of the same edge event are never selected by the
edge selectors. By Lemma 3, if sg” (a]) > 0, then sg~(a]) = 1. This implies
sp(h(p41)rk+3) = 0. Furthermore, a{ occurs again b times in a row “after” the
occurrence of a; at h; (rk4j—1)(b+1)45- This implies sp(h; (rk4j—1)(b+1)45) = b-
Since no edge copy produces, sg(a;) = (0,b) is immediately implied. Conversely,
if sg* (a;) > 0, then sp(h(ps1yrrss) < b. Thus, by sp(hgi1yrmes) =b— 350, b-
sg~ (af), there is a consuming copy of a;. Consequently, sg™(a;) > 0 if and only
if sg(a;) = (0,b) and there is exactly one j € {1,..., 7k} such that sg~(al) = 1.
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So far we have argued that there are exactly rk distinct indices i1, ..., %, €
{1,...,m} such that sg(a;,) = --- = sg(a;,,) = (0,b). Moreover, sg(a;) = (0,0)
for all i € {1,...,m} ~ {i1,..., % }. It remains to argue that these rk “edges”
@i, - .., G, are covered by exactly k “nodes”. To achieve this goal, the T'S A uses
gadgets that work symmetrically to the ones used for the selection of the edges.
So called node noPros ensure that the node events vq,...,v, do not produce.
Moreover, the TS A applies for all i € {1,...,n} k node-copies v},..., v and
uses n-copy noCons to prevent them from consuming. Furthermore, node selec-
tors force exactly k node copies to have a producing signature. The node connec-
tors ensure that two copies of the same node are never selected and connects a
producing node copy v with its, then consuming, node event v;. Finally, exactly
k nodes vy, ,...,vs consume. Since these gadgets work symmetrically to the
ones for the edges, we only briefly prove their functionality.

The TS A has for i € {1,...,n} the so called node noPro P; (left hand side)
and fori € {1,...,n} and j € {1,...,k} the so called n-copy antiCon Q; ; (right
hand side) which are defined as follows:

; 6 7 7 i
o7 i ; 0i o V]
Pi1 Di2 Di3 Dia Qij1 —— Qij2 —— Gij,3 — i j4
Qs J B3 l
DPi5 4i.5,5

By sg(as) = (b,0) and sg(¢?,) = (0,0), we get sp(pi,3) = b which implies
sg*(v;) = 0. Moreover, by sg(33) = (0,b) and sg( Z]) = (0,0), we get sp(g; ;.3) =
0 which implies sg~ (v?) = 0.

The TS A has for every j € {1,...,k} a node selector T;. On T}, separated
by (-events, the j-th copy of every node event vy, ..., v, occurs b times in a row.

We abridge ¢ = (n — 1)(b+ 1) + 2 and define T as follows:

58 8 J\b 8 i \b 8
J 4,1 (v1) jin (v3) CJ,nH
ti1 tj2 tj3 Lives -+ lLjog —— tjer1 — tinpr1)+2 — Lin@+1)+3
Ba J J%
Lim(b+1)+5 Ljn(b+1)+4

By s9(84) = (0,b), sg(ag) = (b,0), the neutrality of the (-events and sg~ (v]) =
-+ =g (v]) =0, we have b = $P(tjn(b+1)+3) = 251 b-sg™ (v]) > sp(tj3) = 0.
Thus, there is exactly one producing j-th copy produces and others are neutral.

Finally, the TS A has for every i € {1,...,n} a so called node connector U;
that, among others, applies the 3-event 35, the k copies v}, ..., v* of v; and the
event v;. We abridge £ = (k —1)(b+ 1) + 2 and define U; as follows:

9 9 9
& Gia (v})? ik (vF)° Gk
Uil —— Uj2 —— U3 —— Ui b3 - Ujl —— Uj 41 —— Ui k(b+1)+2 — Ui k(b+1)+3

o | lvi

Ui, k(b+1)+5 )
Ui k(b+1)+4
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By sg(85) = (0,b), the neutrality of the (-events and sg_(vg) =0 for all j €
{1,...,k}, it holds b > sp(u; p(p+1)43) = Z?Zl b-sgt(v]). Thus, at most one
node-copy vf, j €40,...,k}, of v; is not neutral. In particular, two copies of the
same node are never selected by the node selectors. Moreover, if sg~(v;) > 0,
then sp(u; k(p+1)+3) > 0. Consequently, if v; consumes, then there is a producing

copy v;. Since there are at most k producing node copies, there are at most k
consuming nodes vy, ..., v, . Thus, the rk producing events a;,,...,qa;,, are
“covered” by exactly k consuming events vy, ,...,vs, . Altogether, this proves
that I = {v € V(G) | s¢g~ (v) > 0} defines an independent set of size k of G.

3.2 The Proof of Lemma 2.2

Table 1. The gadgets of A and their corresponding y-events.

Gadget G C Di,j Fj H;, P; Qiyj TJ U; | X | Ys | Z; @Z 93’[

Jt
1 2 3 4 5 6 7 8 9 10 11 12 13 14
y-event | i | Vi | Yig |5 | | Vi | Yag |5 Ve Vi [ Vi [T | Yige | Yige

The reduction merges the introduced gadgets to a directed labelled binary tree
with initial state ¢ = g1,1. The resulting T'S A consists of 14 blocks, cf. Figure 1.
The TS A has for each of its gadgets a y-event in accordance to Table 1. Using
these events, the joining connects the “initial states” of the gadgets as follows:

1 1 1 2 2 2 3 3 3
M Tm—1 Tm R Tm—1 Tm 1,1 V,rk—1 M,rk
911 — -+ — 9ml — C11 — -+ — Cm1 — dyy — o —— dige1 — do

3
: 72,1
9 9 4 3 3 ;

9 ’ynk 9 ’yn,k,fl 71,1 Fymﬁrk ’ym.rk—l J/

Onkt11 ¢« Oppa ¢+ — Ji1 — dmrr) & -

The v-events *yﬁj’g, where indices that are 0 are omitted, occur “lexicograph-
ically” ordered by hijf¢ in accordance to the canonical order on the natural
numbers. This defines also an order on the gadgets and makes the conjunction

unambiguous.
Due to space restrictions, most of the proof of Lemma 2.2. is omitted. How-
ever, the following lemma states the solvability of  and vy, ..., v, and exempli-

fies in which way A allows regions that respect the parameter.

Lemma 4. If (G,k) is a yes-instance of REGULAR INDEPENDENT SET then
the events o and v1,...,v, are solvable by regions that respect the parameter
4rk + 40.

Proof. For the sake of space restrictions, we implicitly define solving regions R; =
(spi, 8gi) by spi(t) and sg;, to be seen in Table 2: The ¢-column shows sp(¢). The
event sets occur in the column in accordance to the signature of their elements.
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For example, spi(e) = (b,0) for e € {a1,...,ag}. Moreover, if e € E(A) does not
occur in any presented set corresponding to R;, then sg;(e) = (0,0). In particular,
all signatures get along with (b, 0), (1, 0), (0,0), (0, 1), (0,b). By sp;(s") = spi(s) —
sg; (€) + spj (e) for all s_“.s" € A, this defines R; completely.

Solving «a: Let r € N* such that every node of G has degree r, and let
I ={vg,...,ve} be a k-independent set of G. The nodes vy, , ..., vy, are inde-
pendent, and each of it has exactly r adjacent edges. Thus, there are exactly
rk edges ai,,...,a;, € E(G) such that for all a € E(G) the following is
true. If a« € Er = {a;,,...,0;.,}, then [a N I| = 1 and otherwise |[a N I| = 0.
Using I and E;, we define region R; in accordance to Table2. If we follow the
arguments for the proof of Lemma 2.1, then it is easy to see that R; is well
defined and solves a at ; p12, T p+s and x; ap44 for all 4 € {1,2,3}. Moreover,
[*Ri| < k(r+1)+13 and |R}| < k(r + 1) + 11, cf. Table 2. Thus, the region R;
respects the parameter. Notice that the latter is possible by grouping “similar”
gadgets into blocks. For example, if the node noPros alternated with the node
selectors (Py,Ty,...,P,,T,), then the number of consuming and producing -
events would depend on |V (G)| and would not respect the parameter. The region
Ry of Table 2 solves « at the remaining states of A and respects the parameter.

r i r
| ogia —— . | —p di | — P11 | — fi1 | — 211 |
! . : ! : e-cpy noPro ' ! ! node no Pro : ! ! n-connector : ! : (B-maker :
| DT VT s T g Hn s ‘
i L T e T
1 I
i graph : Jq‘ " },76] JW A ﬂ,lz
I
! | ooy | - fm Ve R
: JW}WI VLo fia oy o T TR ]
[ - | : i e-selector : : : n-cpy noCon : : i w-maker : : g (43} :
VI T e I s @ ‘
’\2 -
J' J”rﬂ [77’:1@ J’uw J"‘rg k+1
Pm e m oy fm e I e T B
N vl i vyt |y v |y el I
: i e-noCon : : : e-connector : : i np-selector : : :  a-maker : : : [S) :
ol O I R N N R ‘
L L
1
T 7 T 7'

Fig. 1. The gadgets’ conjunction to finally build A, consisting of “blocks” in accordance
to similar “gadget-types”. The red colored areas mark the gadgets whose initial states
are mapped to b by R; (Table2) solving («, zip+2), (o, Tip+3), (o, T4i,2044) for all ¢ €
{1,2,3}. (Color figure online)

Solving v;, ¢ € {1,...,n}: The Region R3 solves v; at all states except the
sinks of the affected (-events. The region R4 solves v; at these remaining sinks.
The event v; occurs in Gy, ...,G; , P; and U;. Thus, [*Rs| <r+2, |*Ry| < r,
|RS| and |RY| < 1.
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Table 2. Implicitly defined regions of A that solve a and v; for all ¢ € {1,...,n}.

R |v|(b,0) (1,0) (0,1) (0,b)

Ry|b|{a, ... a0}, {a} UL, {af, | 1< £ <k} |{v), |1 <4<k} {wr, wy,wy,B1,-...65),
o vm 73785 kg ) Er, (o Yoo 5}

Ro |0 {a} {¢, 819,630,530

R3|0 {v;} {e€e E(A) | - s "y

R4|0 {vi} £oh, -, 67,589,690}

4 Conclusion

In this paper, we enhance our understanding of synthesizing (m, n)-T-systems
from the viewpoint of parameterized complexity. Although (m,n)-SYNTHESIS
parameterized by m + n belongs to XP, we show that there is little hope that
this parameterization puts the problem into FPT. Future work might consider
the occupancy number oy of a searched net N a parameter. Let N = (P, T, f, My)
be a pure b-net, and let RS be the set of N’s reachable markings. The occupancy
number o, of a place p € P is defined by o, = {M € RS | M(p) > 0}, and
on = max{o, | p € P} defines the occupancy number of N. At first glance, this
parameter seems promising, at least SYNTHESIS parameterized by oy is in XP.

Acknowledgements. I'm grateful to the reviewers for their helpful comments.
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