
Chapter 15
Analytical Method for Describing
the Dynamics of Mechanical Systems
in Variable Time Intervals

Andrey N. Morozov and Andrey L. Nazolin

Abstract Within the framework of the linear model of the fluctuating time interval,
there has been developed an analytical method for the statistical description of the
dynamics of mechanical systems in variable time intervals of passing the fixed co-
ordinates by the systems’ elements. We obtained the linear relations between the
displacement variations and variations of time intervals for rotational, vibrational,
and reciprocating motion in different coordinate systems. We also analytically as-
sessed the influence of the type of motion and coordinates of fixed positions on the
variations of time intervals. The research shows the possibility of restoring the true
values of the displacement variations from the variations of the current oscillation
period by multiplying each period variation value by the appropriate scale factor,
which takes into account the coordinate of the fixed angular position. We found the
system correlation functions and the frequency characteristics of transformations of
the displacement variations in variations of the time intervals. On their basis, we ana-
lyzed the transformation features in the time and frequency domains. The advantages
and disadvantages of measuring the current period, the current time interval and the
current time for the experimental study of the dynamics of mechanical systems are
determined. The study shows that the scope of linear relations depends on the type
of motion and the choice of coordinates of the fixed positions and is limited to the
level of relative variations of the period of no more than 10%.
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15.1 Introduction

In the steady operating conditions, most of the mechanical systems of cyclic action,
hereinafter referred to as mechanical systems (MS), perform rotational or quasi-
periodic oscillatory motions close to uniform. The cyclical motion is manifested in
the fact that after a certain constant time T , called a period, all the details of the ideal
mechanical systems return to their original position.

Projected on the fixed axes of Cartesian coordinate system, the law of motion x(t)
of links of non-ideal mechanical systems satisfies the inequality [1–3].

|x(t) − x(t + T )| ≤ ε, (15.1)

where T and ε are constant values. The smallest number T satisfying the condition
(15.1) is called the period.

The traditional description of theMS dynamics consists of compiling the differen-
tial equations of motion and obtaining their solutions in the form of the dependence
of the current displacement x, describing the state of the system, on time t. With time
discretization of the continuous law of motion x(t), the flow of time is assumed to be
uniform, and the time intervals �t between successive moments of determining the
displacement value are assumed to be constant (Fig. 15.1a). Such a discrete model
provides a fairly sufficient description of the MS dynamics in the case if the sam-
pling frequency satisfies the sampling theorem [4] and does not take into account the
errors of real-time measurement, i.e., when approaching time as a purely geometric
parameter.

The principal feature of describing the MS dynamics in variable time intervals
of passing the fixed angular or linear positions, i.e., coordinates, by the systems’
elements is the need to find the time points t, corresponding to certain discrete values
of the displacement xn, i.e., obtaining the dependence (Fig. 15.1b). In this case, the

Fig. 15.1 Displacement dependence x on discrete time tn (a) and dependence of time points t on
discrete displacement xn (b)
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discretization of information retrieval is carried out by moving the elements of the
MS itself.

From discrete values tn = t (xn), it is possible to form various sequences of values
of time intervals of the form

τn = tn − tn−k , n = 1, 2, . . . , k < n, (15.2)

and their variations
δτn = τn − τ0, (15.3)

where τ0 is the mean value of time intervals, tn are the time points, corresponding to
the passage of coordinates of the fixed positions xn.

In practice, the coordinate discretization interval depends on the measurement
design and, in general, is non-uniform. The restrictions imposed by the sampling
theorem on the discrete analogue of the continuous process t(x) remain valid and
determine the required number of discrete coordinates of the fixed positions to re-
construct the spectrum of the continuous process. So, if the upper frequency of the
studied frequency range or the highest expected frequency of oscillations is N -fold
higher than the frequency of rotation or oscillation, then the number of discrete po-
sitions should be no less than 2N . Otherwise, part of the information contained in
the high frequency part of the spectrum will be lost, and part of the spectrum will be
distorted by the components due to the effect of frequency overlap [4].

Relations (15.2) and (15.3) are fundamental for studying the MS dynamics by
the method of time intervals. To apply them in practice, it is necessary to study the
features of transforming displacement fluctuations into fluctuations of time intervals
with various types of motion and methods of recording. This paper is devoted to
solving the problem of the analytical description of the MS dynamics in variable
time intervals within the linear model of the fluctuating time interval.

15.2 Problem of Analytical Description of the Dynamics
of Mechanical Systems in Variable Time Intervals

In an explicit form, the continuous law of motion t (x) can only be obtained from the
differential equation of free vibrations of a conservative system with one degree of
freedom [5]

mẍ + F(x) = 0, (15.4)

t(x) =
x∫

0

dx

±
√

2
m

[
C −

x∫
0
F(x)dx

] , (15.5)
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where F(x) is the quasi-elastic characteristic in the form of a smooth, piecewise
smooth, or piecewise linear restoring force. In the case of a symmetric restoring
force, the period of free oscillations is calculated by the formula

T = 2
√
2m

A∫

0

⎡
⎣

A∫

0

F(x)dx

⎤
⎦

−1/2

dx, (15.6)

where A is the oscillation amplitude. The formula (15.6), in particular, implies an
important property of the non-isochronism of nonlinear systems, expressed in the
dependence of the period of free oscillations on the amplitude.

For linear systems F(x) = p2x, the calculation by the formula (15.6) gives a well-
known solution T = 2π/p. For nonlinear systems, calculations using the formula
(15.6) are difficult and the result cannot be represented in the final form through ele-
mentary functions. Despite the fact that the formula (15.5) is fundamentally accurate,
in practical applications it requires cumbersome calculations, usually not feasible in
closed form. Therefore, various methods of approximate solutions of nonlinear dif-
ferential equations of motion in the form x(t) are used.

It is known from the theory of oscillations that in autonomous conservative, auto-
oscillating systems, aswell as non-autonomous conservative and dissipative systems,
under the influence of a periodic perturbing force, strictly periodic motion modes are
implemented, for which at any time point t the following relation is fulfilled.

x(t + T ) = x(t). (15.7)

The description of the dynamics of such idealized mechanical systems in variations
of a period, for example, does not make sense, since T = const.

Inmechanical engineering, idealizeddynamicmodels ofMS that describe periodic
motion modes, where the period T is a constant, are most prevalent. Such models are
based on the assumption of the existence of ideal constraints and that the kinematic
chain of an ideal mechanism is always closed, i.e., the movement of all points of the
mechanism is always reversible. To simplify the calculations, dynamic replacement
schemes for machines and mechanisms are attempted to bring to a system with one
degree of freedom, less often with two or a finite number of degrees of freedom.
Possible deviations from periodicity are usually neglected, which greatly simplifies
the obtaining of analytical solutions of the equations of motion, and, in particular, it
makes it possible to find closed solutions to the problem of the action of an arbitrary
periodic force.

Ideal models have proven themselves to be good in solving practical problems of
mechanical engineering. They make it possible to explore the dynamic stability and
are the basis for strength calculations, and in the first approximation, they describe
the dynamics of real systems in good condition and are used to determine the norms
for the output motion parameters, including kinematic ones.
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Real machines and mechanisms differ from idealized models in more diverse
properties. Due to defects in fabrication and installation, wear, gaps and slippage,
the number of degrees of freedom of the system increases, the closure condition
of the kinematic scheme is not observed—the positions occupied by the elements
at some time point are never repeated again, and the movement is irreversible. In
addition, there are always perturbing forces that depend on the structural and operat-
ing parameters of the machine, which excite oscillations of its elements at different
frequencies, including those that are not multiple of the fundamental frequency of
rotation or oscillation. All this excludes the possibility of an ideal periodicity. There-
fore, in practice, one always has to deal with quasi-periodic processes, for which the
condition of periodicity (15.7) is satisfied approximately (15.1).

Quasi-periodic processes are much more diverse than periodic ones. An example
of deterministic quasi-periodic processes is damped oscillations

x(t) = Ae−βt cos(ωt + ϕ0), (15.8)

with a sufficiently small β. Here, A, β, and ω, ϕ0 are constant values, T = 2π/ω.
Another example is the sum of two or several oscillations with incommensurable
frequencies

x(t) = cos(ω1t) + cos(ω2t), (15.9)

where ω2/ω1 is an irrational number, in general.
Stationary random oscillations, described by differential equations in which the

coefficients and (or) free terms are random functions of time, are also quasi-periodic.
An analogue of such equations in the classical theory does not exist. For them, a spe-
cial theory of stochastic differential equations of K. Ito [6] type has been developed.
When the solutions of these equations are Markov processes, there are effective
methods for determining the finite dimensional distributions of the solution. For
non-Markov processes such methods have not yet been found.

In the absence of an analytical description of the process of transforming linear
and angular displacements into time intervals, it is not possible to find the law of
motion t(x) explicitly. Therefore, in practice, the solution is sought numerically.
For example, period variations δT (t) are calculated not from the solution of the
differential equations of motion, where δT (t) acts as a variable, but numerically
from the solution of implicit equations of the form

x(tn) = x(tn + T0 + δTn), (15.10)

where T0 is a mean period and δTn are variations (fluctuations) of the period at time
points tn obtained by displacement coordinates x(tn) = xn. In this case, it is necessary
to take into account the features arising from the use of the formula (15.10) both in
calculations and measurements of the period variations.
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Fig. 15.2 Dependence of the period deviation δTn of the oscillatory process (15.8) on the coordi-
nates of the fixed positions xn. Here, A = 100, 1 − β = 0.1, T = 0.001; 2 − β = 0.1, T = 0.01;
3 − β = 0.5, T = 0.01

For example, from the graphs in Fig. 15.2, one can see that the period deviations
δTn calculated by the formula (15.10) for the case of the simplest quasi-harmonic
oscillatory process of the form (15.8), depend not only on the parameters of the
oscillatory process A, β, T but also on the coordinates of the fixed positions xn.
When these deviations are commensurate with variations in the time intervals of a
real object, it is necessary to take into consideration the influence of the coordinates
of the fixed positions.

The fundamentals of the analytical description of the dynamics of high-quality
oscillatory systems in variations and fluctuations of the period were laid in the mono-
graphbyMorozov [7]. In thiswork, for the high-quality torque balance as ameasuring
system that implements the procedure for measuring period variations (15.10), an
approximate analytical relation was obtained for the first time, which relates varia-
tions in the angle of torsion of the torque balance arm δϕ(tn), caused by seismic and
gravitational disturbances, with period variations

δTn(t) = 1


0β

√
ϕ2
0 − ϕ2

n

[
δϕ(tn + T0β) − δϕ(tn)

]
, (15.11)

where T0β is the period of free torsional oscillations of the balance, 
0β = 2π/T0β
is the frequency of free oscillations, which is much higher than the characteristic
frequency of external influences, ϕ0 is the initial angle of torsion of the balance arm,
and tn are time points, defined by angular coordinates of the fixed positions, i.e.,
ϕ(tn) = ϕn.
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15.3 Method of Time Intervals

The rotational and oscillatorymotion ofMS elements is traditionally described either
in the polar coordinate system r(ϕ), associatedwith the axis of rotation, i.e., the origin
of the coordinate system during oscillations, or in projections onto the fixed axes of
coordinates:

x(t) = |r(ϕ)| sin ϕ(t), (15.12)

where: x(t) is the current projection displacement; |r(ϕ)|, ϕ(t) are the amplitude and
phase of the cyclic motion, respectively.

The choice of the coordinate system is largely determined by the convenience of
the mathematical description of the MS dynamics. Such a description in the general
case includes a set of parameters on the left side of the differential equation, i.e.,
structural parameters of the system which determine the transfer function of the
mechanical system, and the external influences on the right side of the equation,where
M (t) is the external moment, F(t) is the external force. The influences determine the
conditions and its operating conditions, and the law of control, if there is one. The
dynamic analysis is carried out at given initial and boundary conditions. According to
the formula (15.12), information about the MS dynamics is contained in the changes
in the amplitude |r(ϕ)| and the phase ϕ(t) of the law of motion x(t), as well as in the
inverse function t(x) (Fig. 15.3).

The discrete process of receiving information about the time of passing the fixed
positions by MS elements allows us to form different sequences of values of time
intervals that form the basis of the time interval method.

We will distinguish the sequences that are obtained when implementing the pro-
cedures for measuring the following quantities:

1. The current period Tn in the polar and Cartesian coordinate systems, respectively:

Tn = t(ϕn) − t(ϕn−N0), (15.13)

x(tn) = x(tn − Tn), (15.14)

where ϕn are the fixed angular positions of the MS element, n = 1, 2, . . .; N0 is
the number of the fixed positions in the cycle, and tn is the moment of passing of
the fixed position by the MS element xn, n = 1, 2, . . . ,N0;

Fig. 15.3 Parameters that carry information about the dynamics of the mechanical system
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2. The current time interval τn for the passage of the adjacent fixed positions in the
polar and Cartesian coordinate systems, respectively:

τn = t(ϕn) − t(ϕn−1), (15.15)

τn = t(xn) − t(xn−1). (15.16)

3. The current time tn for the passage of the fixed positions in the polar and Cartesian
coordinate systems, respectively:

tn = t(ϕn), (15.17)

tn = t(xn). (15.18)

The development of the analytical description of theMSdynamics in variable time
intervals involves finding dependencies that uniquely associate variations of displace-
ments with variations of time intervals. The construction of these dependencies will
make it possible to determine the time and spectral windows for the transformation
of displacement parameters into time intervals, to have the possibility of studying
the MS dynamics by the method of time intervals.

15.4 Relationship of Time Intervals with the Angle
of Rotation During Rotational Motion

Let us find the relationship between the time intervals Tn, τn and tn with the angle
of shaft rotation during rotational motion. Further, the index n, which corresponds
to the passage of ϕnth angular position by the shaft, will not be indicated without
disturbing the generality of reasoning.

Assuming the number of the fixed angular positions of the shaft to be equal and
neglecting the error of the interval of their location, we write down the relationship
between the mean period T0 and the mean time of passing the neighboring positions
τ0 in the form

T0 = N0τ0. (15.19)

To determine the current period T (t) of the shaft rotation, we use the following
relation [8]:

2π =
t∫

t−T (t)

ϕ̇ (τ ) dτ , (15.20)
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where ϕ (t) is the time dependence of the angle of shaft rotation. The solution of
the integral relation (15.20) is sought within the linear model of the fluctuating time
interval, considering that

T (t) = T0 + δT (t) , (15.21)

|δT (t)| � T0, (15.22)

where δT (t) is the period fluctuation.
Assuming that the shaft rotates according to the near-to-uniform law close, the

equation of the shaft motion in the polar coordinate system is written in the form

ϕ (t) = ω0t + δϕ (t) , (15.23)

|δϕ(t)| � 1, (15.24)

where ω0 = 2π/T0 is the mean angular frequency of shaft rotation; δϕ (t) are the
small fluctuations of the angle of shaft rotation.

Further, unless otherwise specified, we will analyze the stochastic connectivity
of the rotation angle with time intervals. Taking into account the assumptions made,
the expression (15.20) in the first approximation takes the form

2π = ω0T (t) +
t∫

t−T0

δϕ̇ (τ ) dτ. (15.25)

Let us introduce the notation

< δϕ̇(t,T0) >= 1

T0

t∫

t−T0

δϕ̇(τ )dτ = 1

T0
[δϕ(t) − δϕ(t − T0)] , (15.26)

which is the mean velocity of fluctuations of the angle of shaft rotation of in the
interval [t − T0, t].

The formula (15.25) makes it possible to write a linear relation connecting fluc-
tuations of the current period δT (t) with fluctuations of the angle δϕ (t):

δT (t) = − T0
2π

[δϕ (t) − δϕ (t − T0)] , (15.27)

or, taking into account (15.26),

δT (t)

T0
= −< δϕ̇(t,T0) >

ω0
. (15.28)
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Analysis of the expression (15.28) shows that within the linear model of the
fluctuating time interval, the relative period fluctuations with an accuracy of the sign
are equal to the ratio of the mean velocity of fluctuations of the angle of shaft rotation
over the period T0 to the mean angular frequency of its rotation. From (15.28), in
particular, it follows that with rotational motion, the condition for the smallness of
period fluctuations (15.22) is satisfied if

∣∣∣∣< δϕ̇(t,T0) >

ω0

∣∣∣∣ � 1. (15.29)

The condition (15.29) clarifies (15.24), and as well as (15.22), it limits the scope of
the linear relations (15.27) and (15.28).

After similar transformations, we obtain a relation connecting fluctuations of the
current time interval for the passage of the adjacent fixed positions δτ (t) with angle
fluctuations δϕ (t):

δτ (t) = − T0
2π

[δϕ (t) − δϕ (t − τ0)] . (15.30)

By analogy with the formula (15.23), we present the dependence of the current time
on the angle of shaft rotation and fluctuations of the current time in the form

t(ϕ) = T0
2π

ϕ + δt(ϕ). (15.31)

Simultaneously solving (15.23) and (15.31) and taking into account that t = t(ϕ)

and ϕ = ϕ(t), we find the connection between fluctuations of the current time δt(t)
and fluctuations of the angle δϕ (t):

δt (t) = − T0
2π

δϕ(t). (15.32)

Note that the time t in formulas (15.27), (15.28), (15.30), and (15.32) is not arbitrary,
but corresponds to the moments at which the shaft passes through the fixed angular
positions ϕn.

The analysis of expressions (15.27) and (15.30) shows that fluctuations of the
current period and time intervals contain information about the change in fluctua-
tions of the angle of shaft rotation during the current time interval. This does not
directly determine the current angle. Therefore, the restoration of the dependence
ϕ (t) after performing transformations (15.27) and (15.30) or according to the results
of measurements of time intervals T (t) and τ (t) is not possible.

Another situation occurs when measuring the current time and describing the
MS dynamics in variations of the current time, calculated by the formula (15.32).
Fluctuations of the current angle of rotation δϕ(t) and the current time δt (t) are in
antiphase, differingonly in the scale factor−T0/(2π). In the case of small fluctuations
of the angle of rotation, the linear single-valued relation (15.32) allows us to first
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recover fluctuations of the angle of rotation δϕ (t) from fluctuations of the current
time δt (t) and then restore the dependence ϕ (t) using the formula (15.23).

Despite the simplicity of the expression (15.32), its use in practice to restore
the dependence (15.23) from the results of temporary measurements is fraught with
a number of difficulties. This is both a non-uniform interval of the fixed angular
coordinates and a non-uniform in time discretization interval of determining the
angular positions of the shaft. The algorithm for recovering the dependence ϕ (t)
from measurements of time intervals T (t), τ (t), and δt (t) is presented in [9].

In this paper, we confine ourselves to considering the features of analytical de-
scription of the MS dynamics in fluctuations of the current period and time intervals.
Despite certain shortcomings in the completeness of the description and study of the
MS dynamics, this approach, as will be shown below, has in some cases advantages
over the algorithm [9], since it is insensitive to the fixed coordinates interval error.

We study the spectral correlation characteristics of transformations of fluctua-
tions of the angle of rotation into fluctuations of time intervals. Taking into account
the similarity of relations (15.27) and (15.30), we first define the form of the spec-
tral window transformation into fluctuations of the current period, and then, based
on the obtained expression, we make a formula describing the spectral window of
transformation in the fluctuations of the current time interval.

Let the expression (15.27) describe an ideal systemwith one input and one output,
then the time window of the transformation can be represented as

hδT (t) = − T0
2π

[δ (t) − δ (t − T0)] , (15.33)

where δ (t) is the delta function. The system correlation function of transforming
angle fluctuations into fluctuations of the current period takes the form

Rh,δT (τ ) =
∞∫

−∞
hδT (t) hδT (t + τ)dt = T 2

0

(2π)2
[2δ (τ ) − δ (τ − T0) − δ (τ + T0)] .

(15.34)
In this case, the correlation functions of period fluctuationsRδT (τ ) and angle fluctu-
ations Rδϕ (τ ) will be related by the dependence

RδT (τ ) =
∞∫

−∞
Rh,δT (t)Rδϕ (t + τ) dt. (15.35)

Applying the direct Fourier transform to the expression (15.34), we obtain the
spectral window (Fig. 15.4) of transforming angle fluctuations into fluctuations of
the current period

Gh,δT (ω) = T 2
0

π2
sin2

(
ωT0
2

)
. (15.36)
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Fig. 15.4 Spectral window of transforming angle fluctuations into fluctuations of the current period
Gh,δT (ω) and current time interval Gh,δτ (ω) (N0 = 4)

Similarly, the spectral window of transforming angle fluctuations into fluctuations
of the current time interval has the form

Gh,δτ (ω) = T 2
0

π2
sin2

(ωτ0

2

)
. (15.37)

When applying formulas (15.36) and (15.37), it is necessary to take into account
the relation (15.19). As follows from the expression (15.36), when the condition

ωT0 = 2πk, (15.38)

where k is any integer, is met, the amplitude of period fluctuations tends to zero. This
means that when measuring the current period, processes that have frequencies close
to ω = 2πk/T0 are not recorded. In particular, when measuring the current period,
there is no possibility of recording processes at frequencies that are integer multiples
of the mean frequency of shaft rotation. Due to this circumstance, the accuracy of
measurement of the current period does not depend on the location of the fixed
angular positions, but is determined only by the accuracy of measurements of time
intervals. Similarly, it follows from (15.37) that when measuring the current time
interval for the passage of the adjacent fixed angular positions, the above limitations,
related to the impossibility of describing processes at frequencies which are integer
multiple of the mean rotation frequency, are shifted to a higher frequency domain
and take the form

ωT0 = 2πkN0. (15.39)

The frequency extension leads to the fact that in current time intervals there is
information both about the processes occurring in the MS and the interval error
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of the fixed angular positions. Thus, the uneven arrangement of the fixed angular
positions contributes to the intensity of the spectral lines at frequencies that are
integer multiples of the mean rotation frequency. For this reason, when putting into
practice the procedure of measuring time intervals for a MS moving element to pass
the fixed angular positions, the problem of their precise task arises, which in most
cases is rather complicated or completely unsolvable.

From expressions (15.36) and (15.37), we can conclude that the intensity of fluc-
tuations of time intervals with the same fluctuations of the angle of rotation is deter-
mined by the term T 2

0
/π2. Therefore, with an increase in the mean frequency of shaft

rotation, more precise means of measuring time intervals are required for recording
the same angle fluctuations.

15.5 Relationship of the Period with the Displacement
During Oscillatory Motion

The above statistical description of fluctuations of time intervals during rotational
motion cannot be directly transferred to the MS whose links make oscillatory move-
ments. This is due to the fact that the speed of movement of the oscillatory links
during the passage of various fixed positions changes significantly depending on
the displacement from the equilibrium position. For this reason, the description of
fluctuations of the oscillation period of devices such as a torque balance or clock
mechanisms is associated with the problem of finding the instrument functions of
transforming fluctuations of linear and angular displacements of oscillating links into
fluctuations of the oscillation period.

In the most general formulation, we consider the problem of transforming fluctua-
tions of the variable x (t), which describes a linear displacement of a link performing
rectilinear oscillations, from an equilibrium position in period fluctuations. The con-
dition for determining the current oscillation period can be written as (15.14):

x (t) = x (t − T (t)) , (15.40)

where T (t) is the current period of oscillation.
Assuming that oscillations occur according to a near-to-harmonic law, we write

the equation of motion in Cartesian coordinate system in the form

x (t) = x0 sin (ω0t + α0) + δx (t) , (15.41)

|δx(t)| � 1, (15.42)

where x0 is the oscillation amplitude; ω0 = 2π/T0 is the mean angular frequency
of oscillations; α0 is the initial phase; δx (t) are small fluctuations, i.e., variations,
of the oscillation link displacement with zero expectation. In addition, we believe
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that the velocity of fluctuations δẋ(t) is small compared to the velocity of harmonic
oscillations ∣∣∣∣ δẋ(t)

x0ω0 cos(ω0t + α0)

∣∣∣∣ � 1. (15.43)

Under these conditions, the oscillation period can be represented within the linear
model of the fluctuating time interval, i.e. in the form of (15.21) and (15.22). Then,
the expression (15.40) in the first approximation can be represented as

x (t) = x (t − T0) − ẋ (t − T0) δT (t) . (15.44)

Solving simultaneously (15.41) and (15.44) and neglecting terms of a higher
order of smallness, we obtain a relation connecting period fluctuations δT (t) with
fluctuations of displacement δx (t) of the oscillatory link

δT (t) = − T0
2π

1√
x20 − x2n

(δx (t) − δx (t − T0)) (15.45)

or
δT (t)

T0
= −< δẋ(t,T0) >

ω0

√
x20 − x2n

, (15.46)

where xn are coordinates of the fixed positions in which time points tn = t(xn) of
passing the specified displacements are recorded,< δẋ(t,T0) > is the mean velocity
of displacement fluctuations for the period T0 calculated by the formula (15.26). In
(15.46), it is taken into account that, under the condition (15.43), the velocity of the
oscillatory link in the first approximation is

ẋ(t) = x0ω0 cos(ω0t + α) = sign(ẋ(t))ω0

√
x20 − x2(t), (15.47)

where

sign(A) =

⎧⎪⎨
⎪⎩
1, if A > 0,

0, if A = 0,

−1, if A < 0,

(15.48)

is the piecewise constant function of the argumentA. Note that in (15.45) and (15.46),
time points t are not arbitrary but correspond to the moments of passing the fixed
positions xn by the oscillatory link.

From the comparison of expressions (15.45) and (15.27), it follows that fluctua-
tions of the period of oscillatory links depend on coordinates of the fixed positions.
The scope of the expression (15.45) is substantially limited by conditions (15.42),
(15.43) and the condition (15.22), which, as it can be seen from the expression
(15.46), can be represented as
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∣∣∣∣∣∣
< δẋ(t,T0) >

ω0

√
x20 − x2n

∣∣∣∣∣∣ � 1. (15.49)

At the same time, the condition (15.43) is decisive, since its non-fulfillment leads to a
change in the transformation function and calculation errors by the formula (15.45).

The description of fluctuations of the current time interval δτ(t) or fluctuations
of the current time δt(t) of passing the fixed positions by the oscillatory link is
impossiblewithin the linearmodel of thefluctuating time interval due to large changes
in the motion speed. There is a need to use a nonlinear transformation with a time
variable coefficient.

Performing similar transformations allows us to obtain a relation connecting the
fluctuations of the period δT (t) and the angle of rotation δϕ (t) for the link per-
forming angular oscillations. For example, for the torque balance or the clockwork
mechanism, in the polar coordinate system

δT (t) = − T0
2π

1√
ϕ2
0 − ϕ2

n

(δϕ (t) − δϕ (t − T0)) , (15.50)

where ϕ0 is the amplitude of angular oscillations of the link; ϕn are the fixed position
angular coordinates.

The expression (15.50) can be reduced to the form (15.27) by multiplying the val-

ues δT (t) by a scale factor
√

ϕ2
0 − ϕ2

n . Moreover, each measured value δT (t) should
be scaled, taking into account the angular coordinate of the fixed position. Similarly,
to bring (15.45) to the form (15.27), it is necessary to multiply the measurement

results by a scale factor
√
x20 − x2n . Note that the direct use of measured period fluctu-

ations δT (t) of the form (15.45) or (15.50) without performing the scaling described
above causes certain difficulties in interpreting the data, due to the dependence δT (t)
on the linear, that is angular, coordinates of the fixed positions, and not on the MS
dynamics.

In accordance with the method described above, the relation (15.45) allows us to
obtain an expression for the spectral window of transforming displacement fluctua-
tions into fluctuations of the current period of oscillations during translational motion
of the MS link. In the first approximation, with xn � x0, up to a constant factor, it
will coincide with the formula (15.36)

Gh,δT (ω) = T 2
0

π2

1

x20 − x2n
sin2

(
ωT0
2

)
. (15.51)

Replacing the linear coordinate xwith the angular coordinateϕ in the formula (15.51)
gives an expression for the spectralwindowof the current period in the case of angular
oscillations of the MS link:
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Gh,δT (ω) = T 2
0

π2

1

ϕ2
0 − ϕ2

n

sin2
(

ωT0
2

)
. (15.52)

Thus, in the study of fluctuations of the oscillation period, expressions (15.36) and
(15.37) can be used for rotational motion. In this case, one only needs to enter the
appropriate scale factor.

The equation of the form (15.41) also reduces the problemof transforming thefluc-
tuations of the shaft point projection displacement, the shaft making a near uniform
rotational motion, into period fluctuations. The projection displacement equation in
Cartesian coordinate system takes the form of

x (t) = x0 sin (ω0t + α0 + δϕ(t)) , (15.53)

where δϕ (t) are small fluctuations of the angle of shaft rotation. Using the trigono-
metric formula, we represent the expression (15.53) in the form

x(t) = x0 sin(ω0t + α0) cos(δϕ(t)) + x0 cos(ω0t + α0) sin(δϕ(t)). (15.54)

When the condition (15.24) is satisfied, as well as the smallness of the velocity of
fluctuations of the angle δϕ̇(t) compared with the mean angular frequency ω0, i.e.,

∣∣∣∣δϕ̇(t)

ω0

∣∣∣∣ � 1, (15.55)

Equation (15.54) in the first approximation takes the form (15.41), and the displace-
ment δx (t) and the angle δϕ (t) fluctuations will be related by

δx(t) = ẋ(t)

ω0
δϕ(t), (15.56)

where ẋ(t) is the displacement velocity determined by the formula (15.47).
Using expressions (15.44) and (15.47), we obtain the relation connecting period

fluctuations δT (t) and projection displacement fluctuations δx (t) of a point of the
shaft making a rotational motion, in Cartesian coordinate system in the form (15.45).

Substitution of the formula (15.56) into the expression (15.45) allows the transition
from Cartesian coordinate system to the polar one and to obtain the connection
between fluctuations of the period δT (t) and the angle of shaft rotation δϕ(t) in the
form (15.27).However, it should beborne inmind that, unlike (15.27), the scopeof the
linear relation (15.45) and expression (15.56) is limited by the additional condition
(15.55). As a result, the level of relative fluctuations of the current period, for which
the linear relation (15.45) is satisfied, must be less than for the relation (15.27).

Thus, the instrument function of transforming displacement fluctuations into fluc-
tuations of the current period and the level of relative fluctuations of the current pe-
riod, which allows using a linearmodel of fluctuating time to study theMS dynamics,
depend on the type of motion and the choice of the coordinate system.



15 Analytical Method for Describing the Dynamics of Mechanical … 267

15.6 Relationship of Time Intervals with Displacement
During Reciprocating Motion

Changing the direction during the reciprocating motion of the MS moving element
is usually accompanied by the excitation of transients. Therefore, the description
of fluctuations of time intervals on these parts of motion within the linear model
of the fluctuating time interval in the general case is not possible. However, if after
the damping of transients the motion of the moving element is close to harmonic
(15.41), then to describe small fluctuations of the current period, one can use the
linear relation (15.45). If the movement is close to uniform

x(t) = V0t + δx(t), (15.57)

where V0 is the mean velocity, δx(t) are the small fluctuations of the moving element
displacement, then the description of fluctuations of time intervals for rotational
motion can be fully transferred to fluctuations of time intervals during reciprocating
motion.

Let us show this by describing the fluctuations of the current time interval. We
believe that the recording of the current time interval τ(t) for the passage of the
adjacent fixed positions allows us to determine the current velocity of the moving
element

ẋ(t) = �x/τ(t), (15.58)

where �x is the distance between the adjacent fixed positions.
At a constant velocity of movement V0, the time interval for the passage of the

adjacent fixed positions will be constant

τ0 = �x/V0, (15.59)

The formula for finding the current time interval can be written in general [10]:

�x =
t∫

t−τ(t)

ẋ (t) dt. (15.60)

The solution of the integral relation (15.60) in the framework of the linear model of
the fluctuating time interval suggests that

τ(t) = τ0 + δτ(t); (15.61)

|δτ(t)| � τ0, (15.62)

where δτ(t) are fluctuations of the current time interval.
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According to the method outlined above, we obtain a relation connecting fluctu-
ations of the current time interval δτ (t) with displacement fluctuations δx (t):

δτ (t) = − 1

V0
[δx (t) − δx (t − τ0)] (15.63)

or
δτ(t)

τ0
= −< δẋ(t, τ0) >

V0
, (15.64)

where < δẋ(t, τ0) > is the mean velocity of displacement fluctuations in the interval
[t − τ0, t], determined by the formula (15.26).

Substituting (15.57) and (15.59) into expression (15.63) allows us to write a
linear relation connecting fluctuations of the current time interval δτ(t) with the
displacement x(t):

δτ (t) = −{[x (t) − x (t − T0)] − �x}/V0 . (15.65)

In accordance with the method described above, from the formula (15.63), it is possi-
ble to obtain an expression for the spectralwindow for transformationof displacement
fluctuations into fluctuations of the current time interval

Gh,δτ (ω) = 1

V 2
0

sin2
(ωτ0

2

)
. (15.66)

Having compared expressions (15.37) and (15.66),we found that the features and lim-
itations inherent in fluctuations of the current time interval during rotational motion
fully relate to fluctuations in the current time interval during reciprocating motion.

Let us consider the special features of the description of fluctuations that intersect
in time of the current time intervals. In this case, the time and spectral transformation
windows take the form

hδT (t) = − 1

V0
[δ (t) − δ (t − T0)] , (15.67)

Gh,δT (ω) = 1

V 2
0

sin2
(

ωT0
2

)
. (15.68)

Here, N0 is the number of intersecting time intervals and T0 is the mean time of
passing N0 of the fixed positions, which is equal to (15.19). The upper frequency in
the fluctuation spectrum of the current time interval will be equal to N0/(2τ0), and
at frequencies defined by the formula (15.38), the amplitude of fluctuations of the
current time intervals will tend to zero. The system of “hills,” which is typical for
time measurements, appears (see Fig. 15.4).
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15.7 Estimation of the Scope of Linear Relations

In the framework of the linear model of the fluctuating time interval, in the first
approximation, solutions of integral relations (15.20), (15.40), and Eq. (15.60) for
various types of MS motions were obtained. The scope of linear relations (15.27),
(15.30), and (15.32) is limited by conditions (15.24) and (15.29), and the scope of
relations (15.45) and (15.50) is limited by conditions (15.42), (15.43), and (15.49).

To determine the scope of relations (15.27), (15.30), and (15.32), it is necessary to
estimate the level of relative fluctuations of the period, which allows using inequal-
ity (15.22) when making the transition from the formula (15.20) to the expression
(15.25). To do this, we conduct a numerical calculation of the dependence of the
angle of shaft rotation on the current time in the polar coordinate system:

ϕ (tk) = 2π

T0
tk + δϕ (tk) , (15.69)

where T0 = 1 s, tk = k�t; k = 1, 2 . . .; �t = 10−6 s; δϕ (tk) is the white Gaussian
variance noise σ 2

δφ . The values of the current period by N0 = 12 fixed positions are
calculated by the formula (15.13): Tn = tk(n) − tk(n−1), where tk(n) is the current time
of passing the nth fixed position, determined from the condition

2πn = 2π

T0
tk(n) + δϕ(tk(n)), (15.70)

where n = 1, 2, . . .. The formula (15.28) was used to calculate the maximum value
of relative fluctuations of the current period and the maximum value of relative fluc-
tuations of the mean velocity of fluctuations of the angle of shaft rotation according
to 12,000 values. The result of calculation is shown in Fig. 15.5.

Analysis of the numerical simulation results in Figs. 15.5 and 15.6 shows that
the first approximation for solving the integral relation (15.20) quite well describes
the relationship between angle fluctuations and fluctuations of time intervals in the
steady-state mode of MS operation with a relative level of fluctuations of time in-
tervals of no more than 10%. An increase in the intensity of angle fluctuations leads
to a nonlinear transformation of angle fluctuations into period fluctuations, which
is expressed in changes in the distribution function (Fig. 15.5) and low-frequency
filtration in the spectral region (Fig. 15.6).

Thus, the application of the obtained spectral and timewindows of transformations
of angle fluctuations into fluctuations of time intervals is possible only for studying
the dynamics of mechanical systems, whose elements make a near-to-uniform mo-
tion. In the study of the dynamics of mechanical systems, whose period of shaft
rotation changes greatly, one must directly analyze the formula (15.20).

The scope of linear relations (15.45) and (15.50) is limited not only by the level
of fluctuations of the current period of 10%, but also by the stronger conditions
(15.43) and (15.55), respectively. Failure to meet these conditions is easily detected
by changing the shape of the spectral transformation window. Such situation is most
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Fig. 15.5 The ideal linear (1) and real nonlinear (2) transformation of fluctuations of the angle of
rotation in the period fluctuations during rotational motion

Fig. 15.6 Power spectral density of rotation period fluctuations at 12 angular positions:
a |δT/T0 |max = 1.5%; b |δT/T0 |max = 16%
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likely to occur at large displacements of the moving element from the equilibrium
position. In this case, the scope of linear relations (15.45) and (15.50) should be
limited to xn � x0 or ϕn � ϕ0.

15.8 Conclusion

The developed method of analytic description of the dynamics of cyclic mechanical
systems is an approximate method, whose scope of applicability is limited to station-
arymodes of operation ofmachines andmechanisms. This is due to the fact that when
considering models of systems with randomly varying time intervals, only the case
of minor fluctuations of these intervals was considered. Such an assumption made
it possible to obtain linear relations and, on their basis, to construct an analytical
method for describing dynamical systems with fluctuating time intervals. Moreover,
the simultaneous solution of linear and nonlinear differential equations of motion of
mechanical systems with these relations allows us to find complete solutions in both
time and frequency domains in variable time intervals. Examples of solving such
problems are presented in [8, 10].

Application of the obtained relations is not only theoretical. They make it pos-
sible to properly interpret and process the results of experimental measurements of
variations in time intervals of motion of mechanical systems elements, taking into
account the influence of the type of motion and the coordinate system. Examples
of solving problems of diagnosing machines and mechanisms by variations in time
intervals are presented in [10, 11].
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