Chapter 8 ®)
Sparsity-Based Methods ez
for Classification

Zebin Wu, Yang Xu and Jianjun Liu

Abstract Sparsity is an important prior for various signals, and sparsity-based meth-
ods have been widely used in hyperspectral image classification. This chapter intro-
duces the sparse representation methodology and its related techniques for hyper-
spectral image classification. To start with, we provide a brief review on the mech-
anism, models, and algorithms of sparse representation classification (SRC). We
then introduce several advanced SRC methods that can improve hyperspectral image
classification accuracy by incorporating spatial-spectral information into SRC mod-
els. As a case study, a hyperspectral image SRC method based on adaptive spatial
context is discussed in detail to demonstrate the performance of SRC methods in
hyperspectral image classification.

8.1 Introduction

In the last few decades, sparsity has become one of the most important concepts
in the field of signal processing. Sparsity concept has been widely employed in a
variety of fields, e.g., source separation, restoration, and compression. Sparse repre-
sentation was originally derived from compressed sensing [1-3], suggesting that if
a signal is sparse or compressive, the original signal can be reconstructed with a few
number of samplings. By introducing sparsity in sampling, compressed sensing has
achieved great success in information theory, image acquisition, image processing,
medical imaging, remote sensing, etc. Compressed sensing has also motivated many
researches on sparse representation. As a matter of fact, signals in real world may
not be sparse in the original space, but they can be sparse in an appropriate basis.
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Hyperspectral imaging sensors record reflected light in hundreds of narrow fre-
quencies covering the visible, near-infrared, and shortwave infrared bands. This abun-
dant spectral information yields more precise measures and makes it possible to gain
insight into the material at each pixel in the image. Supervised classification plays
a central role in hyperspectral image (HSI) analysis, such as land-use or land-cover
mapping, forest inventory, or urban-area monitoring [4]. Many methods have been
proposed for solving the HSI classification problem, such as logistic regression [5],
support vector machines (SVM) [6], artificial neural networks [7], and k-nearest
neighbor (KNN) classifier [8]. These methods can serve the purpose of generating
acceptable classification results. However, the high dimensionality of hyperspectral
data remains a challenge for HSI classification.

To address this problem, sparse representation [9, 10] has been employed for
classifying high-dimensional signals. A sparse representation classification (SRC)
method [10] has been first proposed for face recognition. A test signal is sparsely
represented by an over-complete dictionary composed of labeled training samples. At
the decision level, the label of each test sample is set as the class whose corresponding
atoms maximally represent the original test sample. Since then, SRC has been widely
used in face recognition [10, 11], speech recognition [12], and image super-resolution
[13]. Chen et al. [14] proposed an SRC framework for solving the HSI classification
problem, in which each sample is a pixel’s spectral responses. Inspired by this work,
many improved SRC methods have been proposed for HSI classification.

In this chapter, we investigate the SRC methods and present several advanced mod-
els of sparse representation for HSI classification. More specifically, we will give a
case study of SRC method that improves the classification accuracy by incorporating
the spectral—spatial information of HSI into the SRC framework.

8.2 Sparse Representation-Based HSI Classification

In the theory of sparse representation, given a dictionary, each signal can be linearly
represented by a set of atoms in the dictionary. Designing an over-complete dictionary
and obtaining the sparse representation vector through sparse coding are the two main
goals of sparse representation.

In HSI classification, SRC assumes that the features belonging to the same
class approximately lie in the same low-dimensional subspace spanned by dic-
tionary atoms from the same class. Suppose we have M distinct classes and
N;(i=1,2,..., M) training samples for each class. Each class has a sub-dictionary
D; = [d;,d;2,...,d; ] € RE*N in which the columns represent training sam-
ples and B is the number of spectral bands. A test pixel x € R? can be represented
by a sparse linear combination of the training pixels as

x=Du« 8.1
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whereD = [D; D, ...Dy] € RE*N with N = Zf‘il N; is the dictionary constructed
by combining all sub-dictionaries {D;};—;.._y. o € RY is an unknown sparse vector
with K nonzero entries. Here, we denote K = |o||,. The sparse coefficient vector o
is obtained by solving the following problem

mejrlllX —Dally stllely =< Ko (8.2)

where K| is a pre-specified upper bound of K. The class label of x is determined by
the minimal residual between x and its approximation from each class sub-dictionary,
i.e.,

class(x) = arg __lnéin M||X — D;o;ll, (8.3)

where «; is the sub-vector corresponding to the i-th class, and D; denotes the sub-
dictionary.

Problem (2) is NP-hard, and can be approximately solved by greedy algorithms,
such as orthogonal match pursuit (OMP) and subspace pursuit (SP).

In OMP algorithm, we select one atom from the dictionary that is most corre-
lated with the residual. The algorithmic flow of the OMP algorithm is described in
Algorithm 8.1.

Algorithm 1 Orthogonal Matching Pursuit
Input: Dictionary D=[d, d, ...d,], test samples X, normalize the dictionary
D and x.
Initialize: Set the residual r, =x, set the index set A, =, set iteration count
k=1;
While termination criterion not not satisfied do

ual most;
2) Update the index set A, =A, U4, ;
3) Compute P, =(D,T\‘ D, )’lDi‘xe R*, where D A, is the sub-dictionary
composed of the atoms from the index set;
4) Compute the residual r, =x-D, P,;
5) k=k+1;
Output: the index set A=A, , the sparse vector &, where the non-zero ele-

ments are (Dik D, )" Dik X, and the support is the determined by the index set.

The procedure of SP algorithm is similar to that of OMP algorithm. The difference
is that SP finds all the K atoms that satisfy (8.2) during one iteration. The complete
procedure of SP algorithm is provided in Algorithm 8.2.
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Algorithm 2 Subspace Pursuit
Input: Dictionary D=[d, d, ...d, ], test samples X, sparsity K , normalize the
dictionary D and Xx.
Initialize: Set the index set a,, where the element of a, are determined by the K

largest elements in x" D, set the residual r, = x-D,, (DZODAU ) Diox , set itera-

tion count k=1;

While stopping criterion not satisfied do
1) Find the indices of K atoms according to the K largest elements in
r/ d, ,denoted as /

2) Update the index set A, = A, U/ ;
3) Compute P, = (Dik D, )71Dikxe R
4) Finthe K largest elements in P, , and update the index set A, ;
5) Compute the residual 1, =x—-D, (DL D, )" Dik X;
6) k=k+1;
Output: the index set A=A,,,, the sparse vector a, where the non-zero ele-

ments are (DiA D, )! DiA X, and the support is the determined by the index set.

8.3 Advanced Models of Sparse Representation
for Hyperspectral Image Classification

Many advanced methods based on SRC have been proposed for HSI classification.

In HSI, pixels within a small neighborhood usually consist of similar materials.
Therefore, these pixels tend to have high spatial correlation [14]. The corresponding
sparse coefficient vectors share a common sparsity pattern as follows.

Let {x,};=1,...r be T pixels in a fixed window centered at x;. These pixels can be
represented by

X = [X1X2...XT] = [DO(]DOlz...DOCT]
=Dlojoy...a7] =DS (8.4)
— e ———
S

In the joint sparsity model (JSM), the sparse vectors {o};—;,. 7 share the same
support 2. S is a sparse matrix with |€2| nonzero rows, which can be obtained by
solving the following optimization problem,

min[|X —DS|lr st [ISllow.0 = Ko (8.5)
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where |[|Sl;ow.0 denotes the number of nonzero rows of S, and ||| denotes the
Frobenius norm. The problem in (8.5) can be approximately solved by the simulta-
neous version of OMP (SOMP). The label of the central pixel x; can be determined
minimizing the total residual

class(x;) = arg A_rlnianlX —D;SillF (8.6)

.....

where S; is the sub-sparse coefficient matrix corresponding to the i-th class.
Note that, the optimization models (8.2) and (8.5) are non-convex, and can be
converted into convex versions by relaxing the norm constraints:

1
mO}HQIIX—DotH%H»IIOCIh (8.7)

o1
min 2| X = DS|Z + A1ISll1. (8.8)

N N

where [loe]l; = Y || is the ¢4 norm, [|S]l;, = Y |s' ||2 is the £;, norm, and s’
i=1 i=1

represents the i-th row of S.

The JSM model enforces that the pixels in the neighborhood of the test sample
are represented by the same atoms. However, if the neighboring pixels are on the
boundary of several homogeneous regions, they would be classified into different
classes. In this scenario, different sub-dictionaries should be used. Laplacian sparsity
promotes sparse coefficients of neighboring pixels belonging to different clusters to
be different from each other. For this reason, a weight matrix W is introduced, where
w;; represents the similarity between a pair of pixels X; and x; in the neighborhood
of the text sample. As reported in [15], the optimization problem with additional
Laplacian sparsity prior can be described as

!
min = |X — DSIG+11 ISl 422 Y wills: =3 (8.9)

iJj

where Ay and X, are regularization parameters. s; is the i-th column of matrix S.
Weight matrix W can characterize the similarity among neighboring pixels in the
spectral space. If two pixels are similar, the weight value will be large. As a result,
their corresponding sparse codes will be similar. On the other hand, if two pixels are
less similar, the weight value will be small, allowing a large difference between their
sparse codes. Laplacian sparsity prior is more flexible than the joint sparsity prior. In
fundamental, the joint sparsity prior can be regarded as a special case of Laplacian
sparsity. Laplacian sparsity prior can well characterize more pixels in the image,
since the sparse codes of the neighboring pixels are not limited to have the same
supports. Suppose L = I — H'/?WH~!/? is the normalized symmetric Laplacian
matrix and, H is the degree matrix computed from W. We can have the following
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new optimization problem:
1
msin§||X —DS||% + A1[IS]l + ratr (SLST) (8.10)

In JSM model, each pixel is represented by the atoms in the dictionary, and is
classified according to the residual between the sparse codes multiplying the sub-
dictionary. It is a reasonable assumption that each pixel can only be represented
by one sub-dictionary. This condition can be achieved by enforcing the sparse codes
corresponding to one sub-dictionary to be active and other ones to be inactive. Group
Lasso sums up the Euclidean norm of the sparse codes corresponding to all sub-
dictionaries as the sparsity prior. In [15], group Lasso is introduced as the new
regularization in the optimization problem, i.e.,

1
m;nEHX—DocH%~|—)\gEZGa)g||ocg||2 (8.11)

where ¢ C {G1, G2, --Gpyl, Y. ||ocg ||2 represents the group sparse prior defined
geG

in terms of M groups, w, is the weight and is set to the square root of the cardinality
of the corresponding group. Note here that o, represents the coefficients of different
groups. In a similar way, the group sparsity [15] can be employed in the JSM model
as follows:

1
mSm§||X—DS||§+AZng||Sg||F (8.12)
ge

where Y ”Sg ||  refers to the collaborative group Lasso regularization defined in
geG

terms of groups, and S, is the sub-matrix corresponding to the g-th sub-dictionary.

In models (8.11) and (8.12) only group sparsity is introduced, and the sparsity
of the sparse code corresponding to sub-dictionary is not taken into consideration.
When the sub-dictionary is over-complete, it is important to introduce the sparsity
within each group [15]. The £;-norm regularization can be incorporated into the
objective function of (8.11) as follows:

1 2
min 1x = Detll3 + A1 Y o org |, + A el (8.13)
geG
Similarly, the problem in (8.13) can be extended to JSM as follows:

1
min X — DS|[7+3; D 0 [Sell . 21 Y g [Se] (8.14)
geG geG
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Another effective method is to introduce the correlation coefficient (CC) [16].
Traditionally, CC value is used to measure the correlation between different variables.
In HSI classification, we can use CCs to determine whether pixels represent the same
class. In general, CC can be calculated as follows:

B
cov(x;, X;) B Doy (Kip — ux ) (X — uy,)

VRGNS S e

(8.15)

where var(x;) and var(x;) are the variance of x; and x;, respectively. x;, refers to
the z-th element in x;.uy, = (1/B) Zle Xz, and uy, = (1/B) Zle X, represents
the mean values of the corresponding vectors. According to the definition of CC, we
have |p| < 1. Stronger correlation indicates that p is close to 1.

Following the method in [16], CCs among the training samples and test samples
are first calculated. Given a test sample x and any training sample dj., where dj.
represents the j-th atom in the i-th sub-dictionary. The CC between x and d;. can be
calculated as follows:

cov(d’ X) ZZ 1 [(dl )e — g (%) — ux]
" @) - e \/Z 1), —ug P Y 100, — P
(8.16)
We define a matrix p* = {p{, p5, ..., pj,}. This matrix is sorted in descending

order according to CCs among different training samples. Subsequently, the mean
of L largest p' is calculated as the CC cor’. Assuming that the L largest p’ consists
of {p{, pé, el ,02}, the CC cor' can be calculated as

. 1 . . ;
cor' = 2 (pi +py+ -+ p1)- (8.17)

Finally, the CC is combined with the JSM at the decision level to exploit the CCs
among training and test samples as well as the representation residuals.

class(xy) = arg mm ||X D;S; || + A(1 — cor (Xl)) (8.18)

.....

where cor’ € [0, 1] represents the CCs among pixels, and A is the regularization
parameter.

One more approach to improve SRC is kernel trick. As an extension of SRC,
kernel SRC (KSRC) uses the kernel trick to project data into a feature space, in
which the projected data are linearly separable.

Suppose the feature mapping function ¢ : R® — RX (B < K) maps the
features and also the dictionary to a high-dimensional feature space, x — ¢(x),
D = [d;,d;,...,dy] = ¢(D) = [¢(d)), ¢(d2),...,¢(dy)]. By replacing the
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mapped features and dictionary in (8.7), we have the KSRC model,

1
HEHEIW(X)—¢(D)06||2+)»||06||1- (8.19)
Similarly, the class label of x is determined as

class(x) = arg_min [l$(x) — ¢ Di)exill,. (8.20)

It is worth mentioning that all ¢ mappings used in KSRC occur in the form of
inner products, allowing us to define a kernel function k for any samples x; € RZ.

k(xi, X)) = (p(x;), p(x;)) (8.21)

In this way, KSRC can be constructed using only the kernel function, without con-
sidering the mapping ¢ explicitly. Then, the optimization problem can be rewritten
as

1
minEozTro—ocp+x||oz||1 +C (8.22)
o

where C = %k(xi, X;) is a constant, Q is a B x B matrix with Q;; = k(d;, d;), and
pisa B x 1 vector with p; = k(d;, x). Analogously, the classification criterion can
be rewritten as

class(x) = arg _min 8] (0)Q8(a) — 28] ()p (8.23)

.....

where §; (+) is the characteristic function that selects coefficients within the i-th class
and sets all other coefficients to zero.

Valid kernels are only those satisfying the Mercer’s condition [17, 18]. Some
commonly used kernels in kernel methods include linear kernel, polynomial kernel,
and Gaussian radial basis function kernel. Assuming k; and k; are two valid Mercer’s
kernels over X x X withx; € X € R® and z > 0, the direct sum k(x;, X;) =
ki (x;, x;) + k2 (x;, X;), tensor product k(x;, X;) = k;(x;, X;) - ka(x;, X;), or scaling
k(x;, x;) = zK;(x;, X;) are valid Mercer’s kernels [19].

A suitable kernel is a kernel whose structure reflects data relations. To properly
define such a kernel, unlabeled information and geometrical relationships between
labeled and unlabeled samples are very useful. The spatial-spectral kernel sparse
representation is proposed [20], in which the neighboring filtering kernel is presented
and the corresponding optimization algorithm is developed.

A full family of composite kernels (CKs) for the combination of spectral and
spatial contextual information have been presented in SVM [21, 22]. These kernels
are valid and are all suitable for KSRC. Although one can improve the performance of
KSRC by CK, it is worth noting that the kernel should learn all high-order similarities
between neighboring samples directly, and should reflect the data lying in complex
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manifolds. For these purposes, the neighbor filtering (NF) kernel would be a good
choice, which computes the spatial similarity between neighboring samples in the
feature space.

Given x" € Q,m = 1,2,...,w?*, with Q being the spatial window @ around
pixel. Let ¢ (x) be the image of X under the mapping ¢. In order to describe ¢ (x),
a straightforward way is to use the average of spatially neighboring pixels in the
kernel space. This method is similar to the mean filtering. The estimated vector is
given by

| &
ME@(x) = — 3 ¢(x"). (8.24)

m=1

However, the mean filtering rarely reflects relative contributions (which treats
every neighboring pixel equally). To address this issue, the neighboring filtering is
defined as

NF(¢ (x)) = — Z w"¢(x™) (8.25)

l’ﬂ

where w” = exp(—pp||x — x| |§) and parameter y, > 0 acts as a degree of filtering.
Let us consider two different pixels x; and x;. We are interested in defining a
similarity function that estimates the proximity between them in a sufficiently rich
feature space. A straightforward kernel function reflecting the similarity between
them is obtained by evaluating the kernel function between the estimated vectors

kne (%, ;) = (NF($ (%)), NE(@(x;)))
T wrey S Wi (<))
S\ Xawr T Ew
S WIWIK (K, X1

_ ST , (8.26)

which is referred to as neighbor filtering (NF) kernel. Similarly, we can define mean
filtering (MF) kernel as follows:

ke (X, X;) = (MF(¢(x))) , MF($(x;)))

1 o’ 1 »’
=\ =2 06D =D ¢(x7>>

= % ZZ ", x5 (8.27)
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which computes the spatial similarity between neighboring samples, whereas the
cluster similarity is computed in the mean map kernel.

Since Q is a valid kernel, the objective function of (8.22) is convex, which is
the same as the objective function of (8.19) except for the definition of Q and p.
Therefore, alternating direction method of multipliers (ADMM) [23] can be used to
solve this problem. By introducing a new variable u € R2, the objective function
can be rewritten as

1
min EoeTQoz —a'p+ Allall,
o

s.t. u=o. (8.28)

ADMM imposes the constraint u = a which can be defined as

. 2
(@D, u*D) = argmin o’ Qo — o’ p + Allefl; + & o —u —d? ||2
o,u

de+) = q® — (a(t-H) _ u(l+l))
(8.29)
where ¢ > 0 and y > 0. The minimizing solution o+ is simply determined as

o™ — (Q+uD 7 (p + pn@? +dM)), (8.30)

where I is the identity matrix. The minimizing solution u*" is the soft threshold
[24],

u™D — soft(a —d D, a/p), (8.31)
where soft(-, ) denotes the component-wise application of the soft-threshold
function y <« sign(y)max{|y| — 7, 0}.

The optimization algorithm for KSRC is summarized in Algorithm 8.3.

Algorithm 3 Spatial-Spectral Kernel Sparse Representation Classification

Input: A training dictionary De R*”" | and a test sample xe R”
1) Select the Mercer kernel k ;. (or others) and its parameters.

2) Compute the matrix Q , and the vector p .

3) Set t=0, choose (>0, s u® 4@,

4) repeat.

5) Compute s“™, u“"" and d"*" using (29)

6) t<t+1

7) until some stopping criterion is satisfied.

8) compute the M residuals 7(x) =&, (s)QJ,(s)—28, (s)p,i=1,2,..., M.
Output: The estimated label of X according to (23)
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8.4 A Case Study of Hyperspectral Image Sparse
Representation Classification Based on Adaptive
Spatial Context

8.4.1 Model and Algorithm

In model (8.5), pixels in a fixed window centered at the test pixel are selected to
be simultaneously sparse represented. All pixels in the fixed window have the same
correlation with the center pixel. However, this condition does not always hold,
especially for pixels located on the edge which can be seen as class boundary. It is
obvious that pixels on the same side of the edge will have stronger correlation. Since
different pixels have different spatial context, the definition of local structure for the
adaptive spatial context is essential to HSI classification.

In the field of image recovery, steering kernel (SK) [25] is a popular local method,
which can effectively express the adaptive local structure. This method starts with
making an initial estimate of the image gradients using a gradient estimator, and then
uses the estimate to measure the dominant orientation of the local gradients in the
image [26]. The obtained orientation information is then used to adaptively “steer”
the local kernel, resulting in elongated, elliptical contours spread along the directions
of the local edge structure.

Taking into consideration that HSI generally contains hundreds of sub-images,
a high-dimensional steering kernel (HDSK) [27] is defined where the gradient esti-
mator contains every sub-image’s gradients. The gradients in vertical and horizontal
directions are written as follows:

- L wh
I = xtally xe —xt

h
(Vx!, Vx;') = ( B , B

) (8.32)

where x; | and th ', represent the neighboring pixels of x; in vertical and horizontal
directions. HDSK for pixel x; is defined as

/det(C;) exp( (e; —e;)TCi(e; —e;)
wip = Y oo
I T P 202

) (8.33)

where e; and e; represent the coordinates of pixel x; and pixel x;, respectively, & is the
smoothing parameter used for controlling the supporting range of the steering kernel,
and C; is the symmetric gradient covariance in vertical and horizontal directions in
a M x M window centered at x;. A naive estimate of this covariance matrix can be
obtained by C; = J!J;, where

\%.4 in’
Ji = : : (8.34)

v h
VXsm VX¥ysm
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Here, xi, -+, Xy <y are the M x M neighboring pixels in the local window
centered at x;. The resulting w;; can be explained as the correlation between pixels
x; and Xx;. Since a large weight in steering kernel mean two pixels have strong
correlation, HDSK could be an effective way to represent the local structure. For
example, Fig. 8.1 shows the 10-th band image in the University of Pavia HSI and
the calculated HDSKSs for different pixels. It can be observed that when pixels are
in a homogeneous region, the shape of HDSK is cycles without any directional
preference. When the pixels are in the intersection or the boundary of different
classes, the shape of HDSKSs is oval and exhibits clear directional preference. The
direction of the long axis of the oval indicates that similar pixels may appear in this
direction.

Once having determined the local structure of a test pixel x; using (8.20), we
select P pixels whose weights are larger than the others. These pixels can be stacked
as XP = [x;1X;2...X;p] € REXP and wP = [w;wy ... wp]T is the corresponding

Fig. 8.1 Examples of HDSKs
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weight vector. It is believed that these selected P pixels have more compact inner
patterns than those in a fixed window do. The adaptive spatial contextual information
is introduced by the following problem:

S = argnSl}’nHXP —DS”
s.t|[SP < Kp

row,0 —

I (8.35)

Algorithm 4 ASC-SOMP Algorithm

Input: Dictionary D=[d, d, ...d,], test samples {x,},_,, ,,window size M ,

and the number of selected pixels P

1))

covariance

Pre-calculate: First compute gradients as in (34), then compute the gradient

C,.{i=12,..,L}

While i <L do

Compute steering kernel of x, according to (33)

Sort the pixels in the window as their weights from large to small, select the
first P pixels and stack them as  and record their weights

Initialization, residual R, = X, index set A, =, iteration counter k =1

2)
3)
4)
a)
b)
©)
d)
e)
5)
end while

While stopping criterion has not been met do

Find the index of the atom that best approximates all residuals,
A, =arg max ||Rd, ||

=1,..,N

Update the index set A, =A, V{4 }
Compute M, = (Dik D, )_IDZA X" e R¥" | D, e R consists of the k
atoms in D indexed in A,

Determine the residual
k< k+1

Output: the sparse representation , its nonzero rows indexed by A which
are the K rows of the matrix (DD, )" D} X" where A=A, ,

Determine the label of X; according to (36)

Once the coefficient matrix S is obtained, a new classifier is designed based on
the HDSK. As the weights in the HDSK reflect the influence of neighboring pixels
on the test pixel, the original decision rule (8.6) is replaced by

class(x;) = arg min [(X" —D;S7)w"|, (8.36)
j:

.....

The joint sparse HSI classification method based on adaptive spatial context is
named adaptive spatial context SOMP (ASC-SOMP), of which the general flow is
summarized in Algorithm 8.4.
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8.4.2 Experimental Results and Discussion

This section uses two real hyperspectral datasets to verify the effectiveness of ASC-
SOMP algorithm. For each image, the pixel-wise SVM, SVM with composite ker-
nel (SVM-CK) [19], OMP [14], SOMP [14] are compared with ASC-SOMP both
visually and quantitatively. We select Gaussian radial basis function (RBF) for the
pixel-wise SVM and SVM-CK methods, since RBF has proved its capability han-
dling complex nonlinear class distributions. The parameters in SVM-based methods
are obtained by fivefold cross-validation. For methods involved with composite ker-
nels, the spatial kernels were built by using the mean and standard deviation of the
neighboring pixels in a window per spectral channel. Each value of the results is
obtained after performing ten Monte Carlo runs.

The training and test samples are randomly selected from the available ground
truth map. The classification accuracy is evaluated by the overall accuracy (OA)
which is defined as the ratio of the number of accurately classified samples to the
number of test samples, the coefficient of agreement (k) which is the ratio of the
amount of corrected agreement to the amount of expected agreement, and the average
accuracy (AA). To be specific, OA is calculated by

C
OA = ZEij/N (8.37)
i=1

where N is the total number of samples, and E;; represents the number of samples
in class i which are miss-classified to class j.
AA is calculated by

C C
Ad= )" E,,/ZE,-,- /c (8.38)
i=1 j=1

The « statistic is calculated by weighting the measured accuracies. This metric
incorporates the diagonal and off-diagonal entries of the confusion matrix and is
given by

K= N(iX:E,-,)—XC: XC:EUXC:Eﬁ /NZ_XC: XC:EUZC:Eﬁ
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8.4.2.1 Hyperspectral Dataset of AVIRIS Indian Pines

The Indian Pines image contains 145 x 145 pixels and 200 spectral reflectance
bands, among which 24 water absorption bands have been removed. The ground
truth contains 16 land cover classes and a total of 10366 labeled pixels. We randomly
choose 10% of labeled samples for training, and use the rest 90% for testing. The
false color image and ground truth are shown in Fig. 8.2a, b.

The parameters for ASC-SOMP algorithm are setto P = 120, Ko = 25, h = 25,
and M = 21. The window size of SOMP algorithm is empirically set to 9 x 9. The
classification results, in terms of overall accuracy (OA), average accuracy (AA),

- Com-notill Soybeans-notill
- Corm-min Soybeans-min

- Com - Soybean-clean

U GrassiPasture - Wheat
Grass/Trees - Woods
Grass/Pasture-mowed I. Building-Grass-Tree
Hay-windrawed - Stone-steel Towers

Fig. 8.2 Classification results of Indian Pines image, a false color image (R, 57 G, 27 B, 17),
b ground truth, ¢ SVM (OA, 85.24%), d SVM-CK (OA, 93.60%), e OMP (OA, 75.67%), f SOMP
(OA, 95.28%), g ASC-SOMP (96.79%)
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Table 8.1 Classification accuracy (%) For the Indian Pines image on the test set

Class #train #test SVM | SVM-CK | OMP | SOMP | ASC-SOMP
samples | samples

Alfalfa 6 48 31.25 | 62.08 65.62 | 85.42 91.67
Corn-no till 144 1290 82.80 | 92.71 64.58 | 94.88 95.74
Corn-min till 84 750 75.01 | 91.29 61.36 | 94.93 96.27
Corn 24 210 64.42 | 79.71 44.80 | 91.43 95.24
Grass/Pasture 50 447 93.08 | 95.59 91.09 | 89.49 93.96
Grass/Trees 75 672 95.46 | 98.09 94.04 | 98.51 99.70
Grass/Pasture-mowed 3 23 4.35 49.56 84.78 | 91.30 56.20
Hay-windrowed 49 440 98.81 | 98.47 97.97 | 95.55 100
Oats 2 18 0.00 0.00 43.33 | 0.00 2222
Soybeans-no till 97 871 76.76 | 89.97 70.76 | 89.44 92.31
Soybeans-min till 247 2221 87.76 | 96.13 76.22 | 97.34 98.42
Soybean-clean till 62 552 85.25 | 89.49 57.91 | 88.22 92.39
Wheat 22 190 98.53 | 96.63 97.73 | 100 99.47
Woods 130 1164 97.62 | 98.04 94.09 | 99.14 100
Building-Grass-Trees-Drives | 38 342 56.11 | 89.29 44.26 | 99.12 100
Stone-steel Towers 10 85 81.17 | 88.11 90.47 | 96.47 95.29
OA (%) 85.24 | 93.60 75.67 | 95.28 96.79
AA (%) 70.52 | 92.70 7222 | 88.45 89.33
K 83.11 | 82.20 73.69 | 94.60 96.34

statistic, and class individual accuracies, are shown in Table 8.1. The final maps are
illustrated in Fig. 8.2c—g. It can be observed that ASC-SOMP algorithm achieves the
highest OA of 96.79%, which is 1.5% higher than the second-highest OA. Classifi-
cation results using different percentages of labeled samples for training are shown
in Fig. 8.3. In this figure and the following, error bars indicate the standard deviation
by random sampling. From Fig. 8.3, both numerical and statistical differences can
be observed.

Next, we demonstrate the impact of the number of selected neighboring pixels
P upon the performance of ASC-SOMP algorithm. We use 10% of data in each
class as training samples. The number of selected pixels P ranges from P = 80 to
P = 140, and the sparsity level K, ranges from Ky = 5 to Ky = 45. The plots
of overall accuracy evaluated on the entire test set are shown in Fig. 8.4. When
Ko = 25 and P > 110, a relatively high classification accuracy can be achieved.
Compared with SOMP algorithm, ASC-SOMP leads to the same optimal K value,
but the optimal P value is significantly larger. As pixels are selected according to
their spatial correlation to the center pixel, it is reasonable to select more pixels that
can be sparsely represented simultaneously.

To investigate the effect of the introduced adaptive spatial context, we compare
ASC-SOMP with traditional joint sparsity method in detail. It is obvious that SOMP
is not able to identify any samples belonging to oats class. This observation is because
oat pixels cover a very narrow region of size 10 x 2 located in the middle-left of
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Fig. 8.4 Effects of the sparsity level Ko and number of selected pixels P for Indian Pines
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Fig. 8.5 Amplified map in two regions, a and ¢ are results of SOMP, b and d are results of
ASC-SOMP

the image. In SOMP, the optimal 9 x 9 local window centered at each oat pixel
is dominated by pixels belonging to the other two adjacent classes. In contrast,
ASC-SOMP achieves a 22.22% classification accuracy for oat class. By introducing
adaptive spatial context, pixels distributed along the direction of the narrow region
are selected as they have large correlation with the test pixel. On the other hand, pixels
belonging to the other two classes whose weights are small have less impact upon
our decision rule. Thus, better results can be obtained. However, the classification
accuracy for oat class is still very low, because the total number of oat class is much
less than the selected pixels to be sparsely represented simultaneously, and most of
the selected pixels do not belong to oat class oat.

Taking into consideration that the effect of adaptive spatial context is clearer
in the class boundary, more attention should be paid on the edge. We amplify the
region of SOMP result and the region of ASC-SOMP result to verify the effect
of adaptive spatial context. Figure 8.5 shows that our classification result has less
wrong-classified pixels in the class boundary, demonstrating the advantages of the
adaptive spatial context.

8.4.2.2 Hyperspectral Dataset of ROSIS Pavia University

The second hyperspectral data set was collected by the ROSIS optical sensor over
the urban area of the Pavia University, Italy. The image size in pixels is 610 x 340,
with a very high spatial resolution of 1.3 m per pixel. The number of data channels
in the acquired image is 103 (with the spectral range from 0.43 to 0.86 xm). Nine
classes of interest were considered, including tree, asphalt, bitumen, gravel, metal
sheet, shadow, bricks, meadow, and soil. Figure 8.6a, b shows the three-band false
color image and the ground truth map, respectively. We randomly sampled 60 pixels
for each class as the training samples and use the remainder as test samples. The
optimal parameter settings for the ASC-SOMP method are P = 100 and K, = 5.
In SOMP, the window size was set to 9 x 9, and the sparsity level was set to Ky =
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Fig. 8.6 Classification results of University of Pavia image, a false color image (R, 57 G, 27 B, 17),
b ground truth, ¢ SVM (OA, 84.26%), d SVM-CK (OA, 91.60%), e OMP (OA, 71.12%), f SOMP
(OA, 83.60%), g ASC-SOMP (85.07%)

15. We set h = 25 and M = 21 as in the previous set of experiments. The final
classification maps are illustrated in Fig. 8.6c—g. The classification results, in term
of overall accuracy (OA), average accuracy (AA), k statistic, and class individual
accuracies, are provided in Table 8.2. The ASC-SOMP method outperforms other
methods except for SVM-CK. SVM-CK achieves the best results since it is a spectral—
spatial nonlinear kernel method. Figure 8.7 illustrates the classification accuracies
by using different number of training samples. This result justifies the robustness of
ASC-SOMP method. Figure 8.8 shows the performance in terms of overall accuracy
with different numbers of selected pixels P at sparsity level Ko = 5 and Ky = 10,
respectively. The number of selected pixels P ranges from 50 to 110. Figure 8.8
also shows that the overall accuracy improves as P value increases. This conclusion
isconsistent with the conclusion drawn on the dataset of AVIRIS Indian Pines.
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Table 8.2 Classification accuracy (%) for University of Pavia on the test set

Class #train #test SVM | SVM-CK | OMP | SOMP | ASC-SOMP
samples | samples
Asphalt 60 6571 7792 | 88.98 57.62 | 47.87 52.01
Bare soil 60 18589 81.67 | 93.09 71.96 | 91.59 91.36
Bitumen 60 2039 82.13 | 87.65 65.85 | 92.15 93.52
Bricks 60 3004 95.33 | 97.52 89.83 | 89.34 95.97
Gravel 60 1285 99.15 | 99.47 99.75 | 100 99.24
Meadows | 60 4969 87.92 | 89.66 63.38 | 87.74 86.76
Metal 60 1270 93.59 | 94.55 85.85 | 9598 97.92
sheets
Shadows 60 3622 83.70 | 83.03 68.30 | 84.40 87.00
Trees 60 887 99.96 | 99.14 94.61 | 73.95 85.49
OA (%) 84.26 | 91.60 71.12 | 83.60 85.07
AA (%) 79.75 | 88.95 63.17 | 78.56 80.50
K 89.04 | 92.57 7746 | 84.78 87.70
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Fig. 8.7 The overall accuracy of University of Pavia for different numbers of training samples
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8.4.2.3 Discussion

The ASC-SOMP method and the nonlocal-weighted version of SOMP (NLW-JSRC)
[28] both were developed for improving the original SOMP method. The weights for
the neighboring pixels are calculated in both methods. We compared our method with
NLW-JSRC. All experiments were performed using the same experimental setup as
in the work of NLW-JSRC, where 9% of the labeled data are randomly sampled as the
training samples, and the remainder of the data are used as test samples. Tables 8.3
and 8.4 present the comparisons of results by both methods. We can observe that
the ASC-SOMP method outperforms the NLW-JSRC method, indicating that the
steering kernel can better describe the spatial context than the nonlocal weights can.

h and M are two important parameters that control the supporting range of the
steering kernel and determine the contributions of the selected pixels to the clas-
sification of test pixel. We further evaluate the classification accuracy on the two
images for different 4 and M values. We use the same training samples as in previous
experiments. & ranges from 1 to 45, and the window size M ranges from 13 x 13 to
29 x 29. Figure 8.9a indicates that the classification accuracy is relatively high when
his between 10 and 35. If /2 is too small, the variance of the weights is large, resulting
in the outcome that a few pixels with large weights dominate the classification deci-
sion. If 4 is too large, on the other hand, the gap between different pixels’ weights
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Table 8.3 Numerical comparison with NLW-JSRC for Indian Pines
Class #train samples #test samples NLW-JSRC ASC-SOMP
1 6 46 95.00 81.25
2 129 1299 92.99 94.25
3 83 747 87.82 95.33
4 24 213 85.45 96.66
5 48 435 93.33 93.76
6 73 657 100 99.25
7 5 23 73.91 95.23
8 48 430 100 100
9 4 16 31.25 50.00
10 97 875 90.51 92.30
11 196 2259 96.90 98.85
12 59 534 96.82 86.12
13 21 184 100 100
14 114 1151 99.91 99.91
15 39 347 96.25 98.82
16 12 81 97.53 100
OA (%) 95.19 96.35
K 94.50 95.83

Table 8.4 Numerical comparison with NLW-JSRC for University of Pavia
Class #train samples #test samples NLW-JSRC ASC-SOMP
1 579 6034 87.67 96.56
2 932 17717 98.91 99.90
3 189 1910 79.42 98.69
4 276 2788 92.90 96.77
5 269 1076 100 100
6 453 4576 77.69 99.08
7 266 1064 96.43 99.62
8 331 3351 85.68 97.01
9 189 758 98.81 88.39
OA (%) 92.98 98.54
K 90.46 98.03
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Fig. 8.9 a The classification accuracy for different 4. b The classification accuracy for different
window size M

is not clear enough, as the adaptive spatial context information is not used as much
as possible. We can also observe from Fig. 8.9b that the classification accuracy is
robust to the window size M as long as there are enough pixels to be selected.

8.5 Conclusions

Sparsity-based methods play an important role in HSI classification. Taking into con-
sideration that the spectrum of a pixel lies in the low-dimensional subspace spanned
by the training samples of the same class, sparse representation classification (SRC)
is widely employed in HSI classification. Many advanced SRC models are presented
to improve the classification accuracy, based on the structural sparsity priors, spec-
tral-spatial information, kernel tricks, etc. This chapter reviews the structural sparsity
priors and explains how the spectral—spatial information of HSI is incorporated into
the SRC method. More specifically, a case study of HSI sparse representation classi-
fication based on adaptive spatial context is presented in detail. Experimental results
demonstrate that, by combining SRC and adaptive spectral-spatial information, the
performances of SRC can be significantly improved. Future work can be directed
toward tensor sparse representation which can take full advantage of the high-order
correlation in HSI and can preserve the spectral-spatial structure of HSI.
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