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1 Introduction

1.1 Motivation and classical results: Fujita, Gidas-Spruck,
Liouville

The past few decades have seen intensive development of Liouville type nonexis-
tence theorems for elliptic and parabolic problems (equations and systems). At the
same time, these have emerged as a fundamental tool for many applications to the
qualitative properties of solutions of these problems. The aim of these notes is to
summarize some of the main results and their applications. We shall also emphasize
a number of methods for the derivation of Liouville type theorems (sometimes with
only a sketch of proof, though). In view of the huge existing literature and the large
variety of problems treated, we stress that no attempt to exhaustivity is made. We
refer to, e.g., [31], [32] for further references.

In all this article, p is a real number with p> 1. Consider the semilinear parabolic
equation

ut −Δu = up. (1)

The following two results are classical and fundamental. The first one is essentially
due to Fujita [10], except for the critical case (see [15], [41], [31] and the references
therein). The so-called Fujita exponent is defined by

pF = 1+2/n.

Theorem 1.1 Equation (1) does not admit any positive global classical solution in
R

n × (0,∞) if and only if p ≤ pF .

Theorem 1.1 remains even valid for distributional solutions (see e.g. [31]). The
second result, which concerns the corresponding stationary equation

−Δu = up, (2)

is the celebrated elliptic Liouville-type theorem of Gidas and Spruck [12] (see also
[3], [5]). We recall that the Sobolev exponent is given by

pS :=

{
∞, if n ≤ 2,
(n+2)/(n−2), if n > 2.

Theorem 1.2 Equation (2) does not admit any positive classical solutions in R
n if

and only if p < pS.

Extensions and applications of both results have received considerable attention
in the last 30 years. Although a natural question, parabolic Liouville-type theorems
for equation (2) have not been as intensively studied until recently and are up to now
not yet fully understood. More precisely, the question is the following:
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Liouville-type theorems

If one now considers positive (classical) solutions of ut −Δu = up that are global
for both positive and negative time, i.e. solutions on the whole space Rn+1 =R

n×R,
can one prove nonexistence for a larger range of p’s than in the Fujita problem ?

The exponent pS is a natural candidate for the dividing line between existence
and nonexistence. On the other hand, like for Fujita-type and elliptic Liouville-type
results, it is also useful to consider the same question on a half-space. As it will turn
out, we shall see in Section 3 that such results have interesting applications in the
study of a priori estimates and blow-up singularities of solutions.

1.2 Equations vs. inequalities – a first method: rescaled
test-functions

The Fujita result remains true for supersolutions (see e.g. [21], [31]), namely:

Theorem 1.3 The inequality

ut −Δu ≥ up, x ∈ R
n, t > 0

does not admit any positive classical solutions if and only if p ≤ pF .

In this respect it can be considered as the parabolic analogue of the following
well-known elliptic property, due to Gidas [11]. To this end we introduce the so-
called Serrin’s exponent:

psg :=

{
∞, if n ≤ 2,
n/(n−2), if n > 2,

which is critical for the existence of radial singular solutions of the form cr−2/(p−1).

Theorem 1.4 The inequality

−Δu ≥ up, x ∈ R
n

does not admit any positive classical solutions if and only if p ≤ psg.

Both the Fujita and the Gidas result, namely Theorems 1.3 and 1.4, can (nowa-
days) be proved by a rather simple technique of rescaled test-functions (see e.g.
[21], [31]). Namely, one tests the equation with functions of the form

φ(x/R) or ψ(t/R2)φ(x/R),

where φ ,ψ are suitable compactly supported smooth functions. Then, after integra-
tion by parts and use of Hölder’s inequality, one obtains that
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Rn

up dx = 0 or
∫ ∞

0

∫
Rn

up dxdt = 0

by letting R→∞ (the critical case p= psg or p= pF requires a slightly more delicate
additional argument).

The full Gidas-Spruck theorem is considerably more difficult (in the complemen-
tary range (psg, pS)). It can be proved either by Bochner formula and hard integral
estimates (original proof of [12], see also [3]) or by Kelvin transform and moving
planes [5]. See also [36] and [4], for alternative proofs based on moving-spheres.
We shall see that the parabolic Liouville case is equally or even more delicate.

2 Liouville-type theorems for the nonlinear heat equation

2.1 Results and conjectures

Let us first consider the case of radial solutions, for which we have the following
result in the optimal range [26].

Theorem 2.1 Let 1 < p < pS. Then the equation

ut −Δu = up, x ∈ R
n, t ∈ R (3)

has no positive, radial, bounded classical solution.

Theorem 2.1 is optimal in view of the existence of positive radial stationary solu-
tions for n ≥ 3 and p ≥ pS. Moreover, the boundedness assumption can be removed
(see [28] and cf. Section 3 below). It is very likely that Theorem 2.1 should hold
without the radial symmetry assumption, but this has not been proved so far. How-
ever, if n ≤ 2 or under the stronger restriction p < pB if n ≥ 3, where

pB :=
n(n+2)
(n−1)2 ,

we have the following Liouville-type theorem in the general (nonradial) case. We
note that pF < n

n−2 < pB < pS (for n ≥ 3). The first case is from [29] and the second
case is a consequence of [2].

Theorem 2.2 Let p > 1 and assume either n ≤ 2 or p < pB. Then equation (3) has
no positive solution.

The proofs of Theorem 2.1 and of each case of Theorem 2.2 are completely
different:

• radial case: intersection-comparison with steady-states;
• case n ≤ 2: similarity variables and rescaled energy arguments. This technique

actually works for all p < n/(n−2)+ (< pB if n ≥ 3);
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• case p < pB: Bochner formula and hard integral estimates.

The last two techniques can be modified to apply to more general problems, in-
cluding certain classes of parabolic systems. We shall now give the first two proofs.
As for the third proof, an application of it to certain parabolic systems will be
sketched in Section 5.3.

2.2 Radial case: proof based on zero-number

For the proof of Theorem 2.1, we need some simple preliminary observations con-
cerning radial steady states. Let ψ1 be the solution of the equation

ψ ′′+
n−1

r
ψ ′+ |ψ |p−1ψ = 0, r > 0,

satisfying ψ(0) = 1, ψ ′(0) = 0. Obviously ψ ′′
1 (0)< 0. It is known that the solution

is defined on some interval and it changes sign due to p < pS (cf. [12]). We denote
by r1 > 0 its first zero. By uniqueness for the initial-value problem, ψ ′

1(r1)< 0. We
thus have

ψ1(r)> 0 in [0,r1) and ψ1(r1) = 0 > ψ ′
1(r1).

Clearly, ψα(r) := αψ1(α
p−1

2 r) is the solution of (2.2) with ψ(0) = α , ψ ′(0) = 0,
and with the first positive zero rα = α− p−1

2 r1. As an elementary consequence of the
properties of ψ1 we obtain the following

Lemma 2.3 Given any m > 0, we have

lim
α→∞

(
sup{ψ ′

α(r) : r ∈ [0,rα ] is such that ψα(r)≤ m})=−∞.

We shall use the well-known properties of the zero-number of the difference of
two solutions, in particular the nonincreasing property (see e.g. [31]).

Proof of Theorem 2.1. The proof is by contradiction. Assume that u is a positive,
bounded classical solution of (3), u(x, t) = U(r, t), where r = |x|. By the bounded-
ness assumption and parabolic estimates, U and Ur are bounded on [0,∞)×R. It
follows from Lemma 2.3 that if α is sufficiently large then U(·, t)−ψα has exactly
one zero in [0,rα ] for any t and the zero is simple.

We next claim that

zα(t) := z[0,rα ](U(·, t)−ψα)≥ 1, t ≤ 0, α > 0, (4)

where z[0,rα ](w) denotes the zero number of the function w in the interval [0,rα ].
Indeed, if not then U(·, t0)> ψα in [0,rα ] for some t0. We know (see e.g. [31]) that
each solution of the Dirichlet problem

307



Philippe Souplet

ūt −Δ ū = ūp, |x|< rα , t > t0,

ū = 0, |x|= rα , t > t0,

ū(x, t0) =U0(|x|), |x|< rα ,

⎫⎪⎬
⎪⎭

blows up in finite time whenever U0 > ψα in [0,rα). Choosing the initial function
U0 between ψα and U(·, t0) we conclude, by comparison, that ū and u both blow up
in finite time, in contradiction to the global existence assumption on u. This proves
the claim.

Set
α0 := inf{β > 0 : zα(t) = 1 for all t ≤ 0 and α ≥ β}.

In view of the above remark on large α , we have α0 < ∞. Also α0 > 0. Indeed, for
small α > 0 we have ψα(0) < U(0, t) for t = 0 and for t ≈ 0. By the properties
of the zero number, we can choose t ≈ 0, t < 0, such that ψα(0)−U(·, t) has only
simple zeros and then, by (4), zα(t)≥ 2.

By definition of α0 (and (4)), there are sequences αk → α−
0 and tk ≤ 0 such that

z[0,rαk ]
(U(·, tk)−ψαk)≥ 2, k = 1,2, . . . .

We get
z[0,rαk ]

(U(·, tk + t)−ψαk)≥ 2, t ≤ 0, k = 1,2, . . . . (5)

This in particular allows us to assume, choosing different tk if necessary, that
tk → −∞. By the boundedness assumption and parabolic estimates, passing to a
subsequence, we may further assume that

u(x, tk + t)→ v(x, t), x ∈ R
n, t ∈ R,

with convergence in C2,1
loc(R

n ×R). Clearly then, there is δ > 0 such that for each
fixed t,

U(·, tk + t)−ψαk →V (·, t)−ψα0

in C1[0,rα0 + δ ], where v(x, t) = V (|x|, t). This and (5) imply that for each t ≤ 0,
V (·, t)−ψα0 has at least two zeros or a multiple zero in [0,rα0). By the properties
of the zero number, we may choose t < 0 so that V (·, t)−ψα0 has only simple zeros
(and, hence at least two of them). Since U(·, tk + t)−ψα0 is close to V (·, t)−ψα0 in
C1[0,rα0 ], if k is large, it has at least two simple zeros in [0,rα0) as well. But then,
for α > α0, α ≈ α0, the function U(·, tk + t)−ψα has at least two zeros in [0,rα),
contradicting the definition of α0.

We have thus shown that the assumption u �≡ 0 leads to a contradiction, which
proves the theorem. 
�
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2.3 Nonradial case: proof based on similarity variables and energy
estimates

We will now prove Theorem 2.2 for all p < n/(n−2)+ in the case of bounded solu-
tions. We shall see in Section 3.1 that the boundedness assumption can be removed
as a consequence of a general principle based on a “rescaling-doubling” procedure.

The proof consists of 4 steps:
(i) First rescaling by similarity variables along a sequence of final times T = k
(ii) Energy estimates
(iii) Second rescaling according to the maximum points
(iv) Contradiction with the nonexistence of steady states.

Proof of Theorem 2.2 for p < n/(n− 2)+ in the case of bounded solutions. As-
sume on the contrary that there exists a positive bounded solution u of (3). Replacing
u by ũ(x, t) := λ 2/(p−1)u(λx,λ 2t) with λ = (supu)−(p−1)/2 we may assume

u(x, t)≤ 1 for all x ∈ R
n, t ∈ R.

Denote c0 := u(0,0). For k = 1,2, . . . , we rescale equation (1) by similarity variables
about T = k and a = 0 by setting β = 1/(p−1), s =− log(k− t) for t < k and

wk(y,s) := (k− t)β u(y
√

k− t, t) = e−β su(e−s/2y,k− e−s).

By direct computation, we see that w = wk satisfies

ws −Δw+
y
2
·∇w = wp −βw, y ∈ R

n, s ∈ R. (6)

Then, setting also sk :=− logk, we have

wk(0,sk) = kβ c0

and
‖wk(·,s)‖∞ ≤ e2β kβ for s ∈ [sk −2,∞). (7)

Define the weighted energy functional

E (w) :=
∫
Rn

(1
2
|∇w|2 + β

2
w2 − 1

p+1
|w|p+1

)
ρ dy, ρ(y) := e−|y|2/4,

and set Ek(s) := E (wk(s)). By direct computation, we have

d
ds

E
(
w(s)

)
=−

∫
Rn

w2
s ρ dy ≤ 0, (8)

and
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1
2

d
ds

∫
Rn

w2ρ dy =−2E
(
w(s)

)
+

p−1
p+1

∫
Rn

|w|p+1ρ dy

≥−2E
(
w(s)

)
+ c

(∫
Rn

w2ρ dy
)(p+1)/2

. (9)

This implies
Ek(s)≥ 0, s ∈ R (10)

(since otherwise Ek(s) ≥ 0 would be negative for all large s and
∫
Rn w2ρ dy would

blow up in finite time). Multiplying (6) with w = wk by ρ , integrating over y ∈ R
n

and using Jensen’s inequality yields

d
ds

∫
Rn

wk(y,s)ρ(y)dy+β
∫
Rn

wk(y,s)ρ(y)dy =
∫
Rn

wp
k (y,s)ρ(y)dy

≥Cn,p

(∫
Rn

wk(y,s)ρ(y)dy
)p

,

where Cn,p := (4π)−n(p−1)/2. It follows that∫
Rn

wk(y,s)ρ(y)dy ≤ C̃n,p (11)

(since otherwise
∫
Rn wρ dy would blow up in finite time), hence∫ sk

σ

∫
Rn

wp
k (y,s)ρ(y)dyds ≤ C̃n,p(1+β (sk −σ)), σ < sk, (12)

where C̃n,p = (β/Cn,p)
β . Now (7), (8), (9), (11) and (12) guarantee

2Ek(sk −1)≤ 2
∫ sk−1

sk−2
Ek(s)ds ≤ 2

∫ sk

sk−2
Ek(s)ds

≤ 1
2

∫
Rn

w2
k(y,sk −2)ρ(y)dy+

p−1
p+1

∫ sk

sk−2

∫
Rn

wp+1
k (y,s)ρ(y)dyds

≤ e2β kβ
(∫

Rn
wk(y,sk −2)ρ(y)dy+

∫ sk

sk−2

∫
Rn

wp
k (y,s)ρ(y)dyds

)
≤ 2C(n, p)kβ ,

where C(n, p) := e2βC̃n,p(1+β ), hence Ek(sk − 1) ≤ C(n, p)kβ . This estimate, (8)
and (10) guarantee

∫ sk

sk−1

∫
Rn

∣∣∣∂wk

∂ s
(y,s)

∣∣∣2ρ(y)dyds = E (sk −1)−E (sk)≤C(n, p)kβ . (13)

Next denote λk := k−1/2 and set

vk(z,τ) := λ 2/(p−1)
k wk(λkz,λ 2

k τ + sk), z ∈ R
n, −k ≤ τ ≤ 0.
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Then 0 < vk ≤ e2β , vk(0,0) = c0,

∂vk

∂τ
−Δvk − vp

k =−λ 2
k

(1
2

z ·∇vk +βvk

)
and, denoting α :=−n+2+4/(p−1) and using (13) we also have

∫ 0

−k

∫
|z|<√

k

∣∣∣∂vk

∂τ
(z,τ)

∣∣∣2 dzdτ = λ α
k

∫ sk

sk−1

∫
|y|<1

∣∣∣∂wk

∂ s
(y,s)

∣∣∣2 dyds

≤C(n, p)e1/4k−α/2+β → 0 as k → ∞.

Now, by using parabolic estimates, one can show that vk converges (up to a sub-
sequence) to a positive solution v = v(z) of the problem Δv+ vp = 0 in R

n, which
contradicts Theorem 1.2. 
�
Remark 2.1 Notice that the explicit formula

vk(z,τ) = e−βτ/ku(e−τ/2kz,k(1− e−τ/k))

guarantees vk → u.

3 Applications of parabolic Liouville theorems

3.1 Results

Liouville type theorems such as Theorem 2.2 have many applications. Since its
optimal range of validity is presently unknown, let us thus assume that:

Bounded parabolic Liouville theorem is true for a given p ∈ (1, pS)

(i.e. there exist no bounded positive solution of ut −Δu = up in R
n+1).

(14)

We have the following result from [28], which reduces a number of a priori (uni-
versal) bounds and singularity estimates to a Liouville theorem.

Theorem 3.1 Assume (14) and set β := 1
p−1 . Then we have:

(i) Blow-up rate estimates (final and initial), and with universal constants

u ≥ 0 solution of (1) in R
n × (0,T ) =⇒ u ≤C(n, p)

[
t−β +(T − t)−β ].

(ii) The Liouville property in (14) is true without boundedness assumption.
(iii) Blow-up rate estimates (final and initial) in any smooth domain

u ≥ 0 solution of (1) in Ω × (0,T ) with zero B.C. =⇒ u ≤C(p,Ω)
[
1+ t−β +(T − t)−β ].

(iv) Universal bounds away from t = 0 for global solutions in any smooth domain
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u ≥ 0 solution of (1) in Ω × (0,T ) with zero B.C. =⇒ u ≤C(p,Ω)
[
1+ t−β ].

(v) Decay estimates for all global solutions in R
n

u ≥ 0 solution of (1) in R
n × (0,∞) =⇒ u ≤C(n, p) t−β .

(vi) Local universal estimate in space and time

u ≥ 0 solution of (1) in Ω × (0,T ) =⇒ u ≤C(n, p)
[
t−β +(T − t)−β +(dist(x,∂Ω))−2β ].

Remark 3.1 (i) Similar singularity estimates in space for the elliptic problem can
be deduced from the elliptic Liouville Theorem 1.2 (see [27]).

(ii) Similar results can be obtained for parabolic systems (see [29], [25]), as well
as for degenerate parabolic and elliptic problems (porous medium, p-Laplacian –
see e.g. [27]).

(iii) We stress that the reduction principle given by Theorem 3.1 works at a purely
local level (cf. (vi) and also (i), (v)). Moreover, its proof does not involve any energy
argument (so that the principle is applicable to problems without variational struc-
ture, as well as more general nonlinearities).

(iv) Earlier a priori estimates at global level, deduced from rescaling arguments
(without doubling), appeared in [13] for elliptic boundary value problems and in
[14] for global solutions of the parabolic initial-boundary value problem. The lat-
ter was based, in addition to rescaling, on energy arguments and reduction to the
elliptic Liouville theorem 1.2, leading to nonuniversal estimates.

(v) Such Liouville type theorems have other applications, such as: existence of
periodic solutions (for associated periodic problems), existence of optimal controls
(for associated control problems), nonuniqueness for singular initial data, existence
of nontrivial equilibria by dynamical methods. See [31] and the references therein
for more details.

(vi) A different parabolic Liouville-type theorem was obtained in [19] for 1 <
p < pS. It asserts that all entire bounded solutions of the rescaled equation (6)
are spatially homogeneous. This has an equivalent formulation in terms of ancient
solutions of the original equation (1), and can be used to obtain refined blow-up
estimates solutions of (1) near the blow-up time.

3.2 Sketch of proof of Theorem 3.1(i) (initial-final blow-up
estimate in R

n)

The proof is based on a rescaling procedure (similar to those in [13], [14]), combined
with the following doubling lemma from [27]:

Lemma 3.2 Let (E,d) be a complete metric space and let
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/0 �= D ⊂ Σ ⊂ E, with Σ closed.

Let M : D → (0,∞) be bounded on compact subsets of D. Set Γ = Σ \D, fix a real
k > 0 and assume that y ∈ D satisfies

M(y)dist(y,Γ )> 2k.

Then there exists x ∈ D such that

M(x)dist(x,Γ )> 2k, M(x)≥ M(y),

and
M(z)≤ 2M(x) for all z ∈ D∩BE

(
x,k M−1(x)

)
.

The proof of the doubling lemma (see [27]) is by contradiction and induction (in
the spirit of the proof of Baire’s lemma).

Sketch of proof of Theorem 3.1(i). Denote X = (x, t), Y = (y,s) and consider the
parabolic distance

dP(X ,Y ) = |x− y|+ |t − s|1/2.

The result will follow from more general estimate for solutions u on domains D ⊂
R

n+1:
u(x, t)≤C(n, p)d−2/(p−1)

P ((x, t),∂D), (x, t) ∈ D. (15)

Indeed, choosing D = (0,T )×BR, (15) will imply

u(x, t)≤C(n, p)
[
t−1/(p−1) +(T − t)−1/(p−1) +(R−|x|)−2/(p−1)],

hence the desired estimate by letting R → ∞.
Assume (15) fails. Then there exist sequences Dk, uk, Yk ∈ Dk s.t.

Mk := u(p−1)/2
k satisfy Mk(Yk)> 2k dP

−1(Yk,∂Dk).

By the Doubling Lemma with E = R
n+1, applied with Σ = Σk = Dk, D = Dk and

Γ = ∂Dk, there exists Xk = (xk, tk) ∈ Dk such that

Mk(Xk)> 2k dP
−1(Xk,∂Dk),

and
Mk(X)≤ 2Mk(Xk) in

{
X ; dP(X ,Xk)≤ k M−1

k (Xk)︸ ︷︷ ︸
≤ 1

2 dP(Xk,∂Dk)

}
. (16)

Now set λk = M−1
k (Xk) and rescale uk as

vk(y,s) := λ 2/(p−1)
k uk(xk +λky, tk +λ 2

k s),

which solves the same eqn. with vk(0,0) = 1. Moreover, (16) implies
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v(p−1)/2
k (y,s)≤ 2 for |y|+

√
|s| ≤ k.

Local parabolic estimates guarantee that (up to a subsequence), vk converges to a
nontrivial bounded solution v of (1) on R

n+1, contradicting the assumed Liouville
property (14). 
�
Remark 3.2 The Dirichlet case can be treated by a modification of the above ar-
gument provided we also have the Liouville property in the half-space R

n
+×R. The

latter (for a given p > 1) is a consequence of the Liouville theorem in R
n ×R and a

moving planes argument (see [28] for details).

4 Elliptic systems

Many Liouville type results are available for elliptic systems. We shall present some
of them and illustrate different methods.

4.1 Elliptic systems I: Lane-Emden

Let us consider the Lane-Emden system:{
−Δu = vp, x ∈ R

n

−Δv = uq, x ∈ R
n (17)

where p,q > 0. The so-called Sobolev hyperbola is defined by

1
p+1

+
1

q+1
=

n−2
n

.

The following result [20] shows that the Sobolev hyperbola is the sharp dividing
line for the existence of positive solutions in the radial case.

Theorem 4.1 System (17) admits positive radial solutions if and only if

1
p+1

+
1

q+1
≤ n−2

n
.

.

It is conjectured that the Liouville property should be true without radial restric-
tion. It has been known so far only in dimensions n ≤ 4 ([38]):

Theorem 4.2 Assume
1

p+1
+

1
q+1

>
n−2

n
.

If n ≤ 4, then (17) admits no nontrivial nonnegative classical solution.
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Remark 4.1 (Previous and other results)
(i) The Liouville property was proved before in [37] for n = 3 and polynomially
bounded solutions.
(ii) The assumption of polynomial bound for n = 3 was removed in [27] (conse-
quence of [37] and of doubling argument).
(iii) For n ≥ 5, only partial results are available. See for instance [17] (biharmonic
case (p = 1, q < (n+4)/(n−4)), and also [9], [36], [4], [38], [16].

Ideas of proof of Theorem 4.2. By a doubling argument, it is enough to consider
bounded solutions. The proof is done in four steps:

Step 1. Basic a priori bounds. Denote by α = 2(p + 1)/(pq − 1), β = 2(q +
1)/(pq− 1) the scaling exponents of system (17). By the rescaled test-functions
method (cf. Section 1.2), we obtain∫

BR

uq ≤CRn−qα and
∫

BR

vp ≤CRn−pβ , R > 0.

Step 2. Maximum principle argument. Assume p ≥ q without loss of generality.
Then, by a suitable maximum principle argument, one can show that

vp+1 ≤ p+1
q+1

uq+1, x ∈ R
n.

Step 3. Pohozaev-type identity. Let us write u(x) = u(r,θ) in spherical coordinates.
By a Pohozaev-type multiplier argument, one obtains the identity( n

p+1
−a1

)∫
BR

vp+1 +
( n

q+1
−a2

)∫
BR

uq+1

= Rn
∫

Sn−1

[vp+1(R,θ)
p+1

+
uq+1(R,θ)

q+1

]
dθ

+Rn−1
∫

Sn−1

[
a1urv+a2uvr

]
(R,θ)dθ

+Rn
∫

Sn−1

[
urvr −R−2∇θ u ·∇θ v

]
(R,θ)dθ

for any a1,a2 ∈ R with a1 +a2 = n−2. Moreover, one can choose a1,a2 such that
n

p+1 −a1 > 0 and n
q+1 −a2 > 0 whenever (p,q) is below Sobolev hyperbola. From

this identity, defining the volume and surface terms:

F(R) :=
∫

BR

uq+1,

G1(R) = Rn
∫

Sn−1
uq+1(R,θ)dθ , G2(R) = Rn

∫
Sn−1

(
|Dxu|+ u

R

)(
|Dxv|+ v

R

)
dθ ,

we have
F(R)≤CG1(R)+CG2(R).
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Step 4. Feedback argument

The idea is to estimate the surface terms by combining:
• Basic a priori estimates above
• Sobolev imbeddings and interpolation inequalities on Sn−1

• Elliptic estimates in BR

• Averaging in r and measure argument.
In this way, one can prove that

F(R)≤CG1(R)+CG2(R)≤CR−aFb(4R), along some sequence R = Ri → ∞,

for some powers a,b, which satisfy a > 0 and b < 1 whenever the pair (p,q) is
below the Sobolev hyperbola and satisfies an additional condition (which is always
true if n ≤ 4).

Taking a suitable subsequence and using the boundedness of u, if follows that
u ≡ 0, hence v ≡ 0. 
�
Remark 4.2 A heuristic explanation of the dimension restriction n ≤ 4 (say for
p = q) can be given as follows. First recall that, due to the standard elliptic theory,
bootstap/interpolation from Lr estimate is possible provided r > rc := d(p− 1)/2,
where d is the underlying space dimension. Here our basic a priori estimate (cf. Step
1) is in Lp (on n dimensional balls). But by means of the Pohozaev-type identity, this
estimate can be “projected” onto the unit sphere, whose dimension is d = n− 1.
This allows for a crucial gain, since

p > (n−1)(p−1)/2 ⇐⇒ p < (n−1)/(n−3) (= psg(n−1))

and
p < (n+2)/(n−2)≤ (n−1)/(n−3)⇐⇒ n ≤ 4.

4.2 Elliptic systems II: positive self-interaction

We now turn to the following class of Schrödinger-type systems:

−Δui =
m

∑
j=1

βi ju
q
i uq+1

j , (18)

where B = (βi j) is a real m×m symmetric matrix with positive diagonal entries,
m ≥ 2, q > 0. We denote the total degree by p := 2q+1.

We begin with the cooperative case, with the following result in the optimal range
[36]:

Theorem 4.3 Assume βii > 0, βi j ≥ 0 and p < pS. Then (18) has no positive clas-
sical solution.
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Method of proof: moving spheres. 
�
We now consider the case where some off-diagonal coefficients may be negative.

The following matrix property plays an important role.

Definition. B is strictly copositive if

∑
1≤i, j≤m

βi jziz j > 0, for all z ∈ [0,∞)m, z �= 0.

We have the following necessary condition [40] for the Liouville property to
hold.

Theorem 4.4 Assume p < pS. If B is not strictly copositive, then (18) has a non-
trivial nonnegative bounded solution.

Method of proof: Construction of a periodic solution by variational techniques.

�

The following result (cf. [35], [39]) shows that the copositivity condition is (nec-
essary and) sufficient under suitable assumption on p.

Theorem 4.5 Let B be strictly copositive. Assume in addition that either

p < pS, n ≤ 4, m = 2

or
p < n/(n−2)+, m ≥ 3.

Then (18) has no positive bounded classical solution.

Ideas of proof. It is based on modifications of the ideas in the proof of Theorem
4.2. For m ≥ 3, the above ideas are combined with a device from [40], which uses a
test-function of the form u−q

i . 
�
Remark 4.3 (i) The problem remains open for m,n ≥ 3 in the range n/(n− 2) ≤
p < pS.

(ii) The boundedness assumption can be partially relaxed
(iii) Earlier results were obtained in [7], [40].

4.3 Elliptic systems III: negative self-interaction

We now consider the system{−Δu = uqvm[avr − cur], x ∈ R
n

−Δv = vqum[bur −dvr], x ∈ R
n

(19)
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where m,q ≥ 0, r > 0, a,b,c,d ≥ 0, with total degree p := q+m+ r. Such systems
enter in models of problems with negative self-interaction, and are thus in a sense
opposite to the case studied in Section 4.2. The typical cases are the following:

• Schrödinger: m = 0, r = q+1

−Δui =
2

∑
j=1

βi ju
q
i uq+1

j

• Lotka-Volterra: m = 0, q = r = 1{
−Δu = u(av− cu), x ∈ R

n

−Δv = v(bu−dv), x ∈ R
n

• Reversible chemical reactions: m = q = r = 1{
−Δu = uv(av− cu), x ∈ R

n

−Δv = uv(bu−dv), x ∈ R
n

These are reactions of the form

A+2B
k1
−→←−
k2

2A+B.

We here consider the approach based on the reduction to a scalar Liouville-type
theorem, by showing the proportionality of components (or synchronisation). The
following result is due to [23].

Theorem 4.6 Assume r ≥ |q−m|,

ab > cd and q ≤ n/(n−2)+.

(i) Then any positive bounded solution of (19) satisfies u/v =Const.
(ii) If also p < pS, then (19) has no positive bounded solution.

Remark 4.4 (i) Theorem 4.6(i) applies to (some) critical and supercritical cases.
Also the boundedness assumption can be partially relaxed.

(ii) One can show that the proportionality constant is unique.

(iii) The condition q ≤ n/(n−2)+ is optimal (cf. [34], [32]). On the other hand,
it can be replaced by m ≤ 2/(n−2)+ if c,d > 0.

(iv) Other related results showing proportionality of components of various el-
liptic systems can be found in [18], [34], [1], [6], [8], [22]. See Section 5.4 for a
result of this type for parabolic systems.

Sketch of proof of Theorem 4.6. Step 1. Key “dissipativity” property. We show
that there exists a unique constant K > 0 (independent of the solution) such that
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∀u,v > 0, [ f (u,v)−Kg(u,v)](u−Kv)≤ 0.

Moreover, we have aKr > c.

Step 2. Auxiliary functions. Set

W = |u−Kv| ≥ 0,

Z = min(u,Kv)> 0.

One can show that (W,Z) is a weak solution of the auxiliary system{
ΔW ≥ 0

−ΔZ ≥ cW α Zq
with α = max(m+ r,1).

Step 3. Extension of Gidas’ Liouville theorem for inequalities. One can prove the
following:

Lemma 4.7 Let 0 < q ≤ n/(n−2)+ and V ∈C(Rn), V ≥ 0, satisfy

liminf
R→∞

R−n
∫

B2R\BR

V (x)dx > 0.

If U ≥ 0 and
−ΔU ≥V (x)Uq, x ∈ R

n,

then U ≡ 0.

Step 4. Contradiction argument to prove (i). Assume W �≡ 0. Since ΔW ≥ 0, it is
well known that the average W̃ (R) of W on the sphere of radius R is nondecreasing
in R. Consequently,

1
|BR|

∫
BR

W (x)dx ≤ n
R

∫ R

0
W̃ (r)dr ≤ 2n

R

∫ R

R/2
W̃ (r)dr ≤C(n)R−n

∫
B2R\BR

W (x)dx.

Since W �≡ 0, it follows easily from the mean-value inequality that

liminf
R→∞

R−n
∫

B2R\BR

W (x)dx > 0, hence liminf
R→∞

R−n
∫

B2R\BR

W α(x)dx > 0

by Jensen’s inequality. Since −ΔZ ≥ cW α Zq, it suffices to apply Lemma 4.7 with
V = cW α .

Step 5. Proof of (ii). It suffices to note that v = Ku and A := aKr − c > 0 imply
−Δu = Aup. 
�
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5 Liouville for parabolic systems

We consider parabolic systems that can be written in the general vector form

∂tU −ΔU = F(U), x ∈ R
n, t ∈ R, (20)

where U = (u1, . . . ,um), F = (F1, . . . ,Fm).

As mentioned in the previous section, many results are known in the elliptic case.
In comparison, only few results are available in the parabolic case. We will review
some them in the next subsections.

5.1 Low values of p

A first basic approach is to rely on Fujita type results (nonexistence of global solu-
tions in (0,∞)×R

n) which of course guarantee the Liouville property, but usually
in a quite nonoptimal way in terms of exponent range.

Proposition 5.1 Assume:

F is p-coercive: ∃ξ > 0, ξ ·F(U)≥ c|U |p,

1 < p ≤ pF :=
n+2

n
.

Then system (20) has no nontrivial entire solutions U ≥ 0.

Idea of proof. Apply the classical scalar Fujita result Theorem 1.1 to z := ξ ·U .

�

5.2 Gradient structure-homogeneous case

The following result is due to [29].

Theorem 5.2 Let G ∈C2+α for some α > 0 and G(U)> G(0) for all U ∈ [0,∞)m \
{0}. Assume

F = ∇G,

F p-coercive,

F is p-homogeneous,

1 < p < n/(n−2)+.

Then system (20) has no nontrivial entire solutions U ≥ 0.
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Idea of proof. Similar to the proof of Theorem 2.2 for p < n/(n−2)+, based on
a combination of similarity variables, weighted energy and rescaling. 
�
Remark 5.1 Theorem 5.2 is true in the full range 1 < p < pS if U is radial. The
proof is based on the 1d Liouville result, combined with doubling and energy argu-
ments, so as to reduce the parabolic Liouville property to an elliptic one (see [29]
and cf. also [33]). Note that zero-number is not available for systems. On the other
hand, partial related results were previously obtained in [24] for n = 1 or radial
solutions.

5.3 Gross-Pitaevskii case

We consider system (20) with nonlinearities of the form

fi(U) = ur
i

m

∑
j=1

βi jur+1
j

where β = (βi j) is a symmetric matrix and r > 0. This system enjoys a gradient
structure and is p-homogeneous with p = 2r + 1 The classical cubic case corre-
sponds to r = 1:

fi(U) = ui

m

∑
j=1

βi ju2
j .

In the case of nonnegative coefficients, the following result from [25] improves the
range of p with respect to Theorem 5.2 for n ≥ 3.

Theorem 5.3 Assume
βii > 0, βi j ≥ 0,

1 < p < pB :=
n(n+2)
(n−1)2 .

Then system (20) has no positive (component-wise) entire solutions. In particular
this is true for p = n = 3.

Sketch of proof of Theorem 5.3. It is based on modifications of ideas from [2] in
the scalar case, which was a parabolic modification of the elliptic proof from [12]
(also [3]).

Step 1. Basic functionals and 1-parameter family of inequalities (No PDE involved
!) Let

I(u) =
∫ |∇u|4

u2 ϕ, J(u) =
∫ |∇u|2

u
(−Δu)ϕ, K(u) =

∫
(Δu)2ϕ
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where
∫ ≡ ∫ ∫

Q dxdt, Q=B1×(−1,1), ϕ ∈C∞
0 (Q). We have, the following lemma,

where “L.O.T.” means that the total number of derivatives of u is less than 4, e.g.∫ |∇u|2Δϕ , · · · .
Lemma 5.4 Let 0 < u ∈ C1,2(Q) (real valued), 0 ≤ ϕ ∈ C∞

0 (Q) and α ∈ R. Then
we have

αJ(u)−K(u)+A(α)I(u)≤ L.O.T.,

where A(α) =
n

n+2
α
(

1− (n−1)2

n(n+2)
α
)

.

(i) the Bochner formula

1
2

Δ |∇v|2 = ∇v ·∇(Δv)+ |D2v|2;

(ii) testing with ϕvm and integration by parts;
(iii) the substitution v = uk (for suitable choices of m,k in terms of α). 
�
Step 2. Transformation of J and K for solutions of (20). We let

I := ∑
i

I(ui), J := ∑
i

J(ui), K := ∑
i

K(ui), L :=
∫

∑
i
( fi(U))2ϕ.

Lemma 5.5 Let U > 0 be a solution of (20) in Q. Then

K = L+L.O.T.,

L ≤ pJ+L.O.T.

Ideas of proof of Lemma 5.5. It is done in two steps:
(i) First write (Δui)

2 = ( fi(U)−∂tui)
2 and transform ∂t terms to L.O.T. by using a

localized energy.

(ii) Then integrate by parts
∫

|∇ui|2ur−1
i ur+1

j ϕ . 
�
Step 3. Conclusion of sketch of proof of Theorem 5.3. Combining Lemmas 5.4 and
5.5, we obtain:

αJ−K +A(α)I ≤ L.O.T. with A(α) =
n

n+2
α
(

1− (n−1)2

n(n+2)
α
)
,

L ≤ pJ+L.O.T, K = L+L.O.T.

It then follows that(α
p
−1

)
︸ ︷︷ ︸

>0

L+A(α)︸ ︷︷ ︸
>0

I ≤ L.O.T. if p < α <
n(n+2)
(n−1)2 .

322

Sketch of proof of Lemma 5.4. It is based on the following three ingredients:



Liouville-type theorems

Choosing suitable cut-off, we can absorb L.O.T. in the left-hand side, to get

∫ 1/2

−1/2

∫
B1/2

|U |2p ≤ cL ≤C(n, p). (21)

If U > 0 is an entire solution, we then rescale as:

Uλ (x, t) = λ 2/(p−1)U(λx,λ 2t).

Applying (21) to Uλ and letting λ → ∞, we get
∫
Rn+1

|U |2p = 0: a contradiction. 
�

5.4 Lotka-Volterra case

We consider the system{
ut −Δu = uq[avr − cur], x ∈ R

n, t ∈ R,

vt −Δv = vq[bur −dvr], x ∈ R
n, t ∈ R,

(22)

with q ≥ 0, r > 0, a,b,c,d ≥ 0. We denote the total degree by p := q+ r. Note that,
unlike (20), system (22) has no variational structure in general. The following result
is due to [30].

Theorem 5.6 Let q,a,b,c,d > 0 with q+ r > 1. Assume

ab > cd and r ≥ q.

(i) Then any positive solution of (22) satisfies u/v =Const.

(ii) If also n = 2 or p < pB, then (22) has no positive (component-wise) solution.

Method of proof: It is a parabolic modification of the proof of Theorem 4.6, based
on suitable maximum principle arguments. 
�
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