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Henrik Bachmann and Ulf Kiihn

Abstract We study a class of g-analogues of multiple zeta values given by certain
formal g-series with rational coefficients. After introducing a notion of weight and
depth for these g-analogues of multiple zeta values we present dimension conjectures
for the spaces of their weight- and depth-graded parts, which have a similar shape as
the conjectures of Zagier and Broadhurst-Kreimer for multiple zeta values.

Keywords Multiple zeta values * g-Analogues of multiple zeta values - Modular
forms - Dimension conjecture

1 Introduction

Multiple zeta values are real numbers appearing in various areas of mathematics
and theoretical physics. By a g-analogue of these numbers one usually understands
q-series, which degenerate to multiple zeta values as ¢ — 1. The algebraic structure
of several models of g-analogues has been the subject of recent research (see [28]
for an overview). Besides a conjecture of Okounkov in [17] for the dimension of the
weight-graded spaces for a specific such model, no conjectures for the dimensions
of the spaces of any of these g-analogues in a given weight and depth have occurred
in the literature. The purpose of this work is to introduce a space of g-series which
contains a lot of these models and to present conjectures on the dimensions of their
weight- and depth-graded parts. For natural numbers s; > 2, 55, ..., s; > 1 define
the multiple zeta value (MZV)
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By 51 + -+ - +5; we denote its weight, by [ its depth and we write Z for the Q-
vector space spanned by all MZVs. It is a well-known fact that the space 2 is a
(Q-algebra and that there are two different ways, known as the stuffle and shuffle
product formulas respectively, to express the product of two MZVs as a Q-linear
combination of MZVs. These two ways of writing the product give a large family
of Q-linear relations between MZVs in a fixed weight, known as the double shuffle
relations. Conjecturally all relations between MZ Vs follow from this type of relations.
In particular it is conjectured that the algebra 2 is graded by the weight. Let Z;
denote the Q-vector space spanned by the MZVs of weight &, then there is the
following famous dimension conjecture due to Zagier:

Conjecture 1 (Zagier [26]) We have the following generating series

1
—x2_ 3

Z dimg (%) xk = 7

k>0

A stronger version of this conjecture was later proposed by Hoffman [13], which
states that the ¢(sy, ..., s;) with s; € {2, 3} form a basis of 2. So far it is only
known, due to a result of Brown [7], that these MZVs span the space Z. Conjecture
1 has arefinement by Broadhurst and Kreimer who proposed the following conjecture
on the dimension of the weight- and depth-graded parts.

Conjecture 2 (Broadhurst-Kreimer [6]) The generating series of the dimensions of
the weight- and depth-graded parts of multiple zeta values is given by

14+ Ex(x)y

D dimg (g ) x*y' = — 03 (1)y +S(x)y2 = S)y*’

k,1>0

where

2 3 12

X X X
Ex(x) = -2 Os(x) = 12 Sx) = m'

Observe that E; (x) (resp. Oz(x)) is the generating series of the number of even (resp.
odd) zeta values and S(x) is the generating series for the dimensions of cusp forms
for SL,(Z). Furthermore, by setting y = 1 on the right-hand side of the Broadhurst-
Kreimer conjecture one obtains precisely the right-hand side in the Zagier conjecture.
We are interested in conjectures similar to the above in the context of g-analogues of
multiple zeta values. There are various different models of g-analogues for multiple
zeta values. For most of these models the algebraic setup, i.e. analogues of the stuffle
and the shuffle product, is well understood (See for example [3, 9, 20, 21, 28]).
The problem of understanding the dimension of the weight-graded spaces has been
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considered in [3, 4, 9, 17, 20, 21, 28]. On the other hand possible analogues of the
Broadhurst-Kreimer conjecture for these g-analogues have not been proposed yet.

Now we will define the g-analogues of multiple zeta values we consider in this
paper. For s1,...,5 > 1 and polynomials Q;(¢) € tQ[t] and Q,(t)..., Q;(t) €
QIz] we define

Gy Q@)= Y PR

ny>-->n;>0
This series can be seen as a q-analogue1 of ¢(sy, ..., ), since we have for s; > 1
c}i_lfll(l — )" (st s 01, Q) = 01 (D) QD) - S Gst, L 1)

We only consider the case where deg(Q ;) < s; and consider the following Q-algebra:

Zy = (61 Q1 00 [ 12005102 1, deg(@)) <)

Contrary to the case of MZVs, the number s; + - - - 4 s; does not give a good notion
of weight for the ¢,, since for example ¢, (s; Q) = ¢,(s + 1, Q - (1 —1)). Also the
number / will not be used to define the depth. Instead we will consider a class of
g-series which also span the space Z; and use these series to define a weight and a

depth filtration on 2. For sy, ..., s, > 1,71, ...,r; > 0 these g-series are given by
s s ul u” Vil -1 vs,—l
S1y e8] 1
|:r1 rl] = Z rTl';[‘ (Sl—l)!-..(él—l)! ,qu1v1+ +uv € Qllq11.
’ ’ uy>->u;>0
Vi,..., v >0
2)

We refer to these g-series as bi-brackets of depth [ and weight s; + --- +s; + 7] +
-+ 4 r;. They were introduced by the first author in [1] and their algebraic structure
is well-understood and described in the papers [1-3, 31]. The bi-brackets have a
natural connection to quasi-modular forms (for SL;(Z)), since for even k the Fourier
expansion of the classical Eisenstein series Gy of weight k is given by [g] plus
an appropriate constant term. In particular the space of quasi-modular forms with
rational coefficients, which is given by Q[G», G4, G¢], is a sub-algebra of the space
2.

As we will see in Theorem 1 the bi-brackets span the space Z; and therefore we
can define a weight and a depth filtration by using the notion of weight and depth
of bi-brackets. We point out the fact that 2 is not graded by the weight, i.e. the
weight graded spaces gr)’ Z, are in general not isomorphic to the Q-vector spaces

IThese type of series are often called modified g-analogues of multiple zeta values, since one needs
to multiply by (1 — ¢)* "+ before taking the limit g — 1.
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spanned by bi-brackets of weight k. In analogy to the Zagier and Broadhurst-Kreimer
conjecture we conjecture the following.

Conjecture 3 (i) The dimension of the weight graded parts of Z; is given by

1

dimg (gr) Z,) x* = .
k2><; o (e 25)x l—x —x2— O+ x4 27 + x5+ x°

(ii) The dimension of the weight and depth graded parts of Z; is given by

i S(x)y?

d W,D&w kol _ 1+D(x)Ex(x)y +D(x) ’
k%() e <grk’l ! ) * L—aj(0)y+ay(x)y? —a3x) y> —ag(x) y* +as(x) y3
where D(x) = 1/(1 — x?), O;(x) = x/(1 — x?) and Ey(x), S(x) are as in
Conjecture 2 and

aj(x) =D(x) Oy (x), ay(x) =D(x) Y _ dimg (Mg (SLy(2))* x*
k>1

a3(x) =as(x) =01 (x) S(),  ay(x) =D(x) Y_ dimg(S(SLa(Z)* x* .
k>1

Here M. (SL,(Z)) and S;(SL2(Z)) denote the spaces of modular forms and
cusp forms for SLy(Z) of weight k.

Note that setting y = 1 in (ii) implies (i). This holds because of the formula

1 _I_x12
(1 —xH(1 —x6)(1 —x2)’

> dimg (M (SLy(Z2))* x* =
k=0
which is straightforward to prove.’
In the Broadhurst-Kreimer conjecture the numerator 1 + E;(x)y can be inter-
preted as the generating series of dimg gr,‘f I’D Qlz(2)], i.e.

3 dimg gr;” QI Y = 1+ Ex()y.

k,[>0

As we will see in Proposition 1 the numerator in Conjecture 3 (ii) is essentially the
generating series for the weight- and depth-graded dimensions of the quasi-modular
forms, since D(x) E;(x) counts the number of Eisenstein series and their deriva-
tives and D(x) S(x) corresponds to the number of cusp forms and their derivatives.

2Recall the series expansion (1 T = =1+4+2x+3x24+4x3+... and q 1X>2 }+jc =1+4x+
9x2 + 16x3 + ... Now, since we have Zk>0 dlmQ(Mk(SLz(Z))x = m =(1+x*+

x0 4 x8 4 x10 +x]4)
sion.

T ,2)2 the claim follows by replacing x by x'2 in the second series expan-
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Therefore it is reasonable to expect that

Y dimg gr}';” (QIGa. Ga. Ggl) x*y' = 1+ D(x) Ex(@)y + D(x) S(x)*
k>0

In some sense the quasi-modular forms in the context of g-analogues of multiple
zeta values play the role of the even single zeta values (see also [11, 29]).

For k < 15 we determined, by calculating a large number of coefficients, lower
bounds for dimg (gr;” Z;), which equal the expected dimensions in Conjecture 3
(i). Furthermore, Conjecture 3 (i) actually holds for k <7 by Theorem 2 below.
For the refined Conjecture 3 (ii) our computer experiments provide us with lower
bounds, which again equal the expected dimensions, in the range given by Table 4 on
page 18.

2 g-analogues of MZVs and Bi-Brackets

Usually a function f (g) is called a g-analogue of multiple zeta value, if lim1 f(g)isa
q—>

multiple zeta value. There are various different models of g-analogues in the literature
(See [28] for a nice overview). One of the first models was studied by Bradley [5]
and Zhao [27] independently. This model is given for s; > 2,55, ...s; > 1 by the

q-series

ny>-->n;>0

q(ﬁ*l)"l o q(slfl)nl

{miYg - -{n}g

3)

with {n}, = ll%qq” being the usual g-integer. Taking the limit ¢ — 1 in above sum
one obtains ¢(sy, ..., s;). For a cleaner description of the algebraic structure and
(in our case) a connection to modular forms it is convenient to consider a modified
version of (3) by removing the factor (1 — g)*' 1%, i.e. to consider the series

(si—Dmy (si—Dny
BZ _ q - q
¢ = ) g g )

ny>-->n>0

which then satisfies liml(l — @) (s, s) = LS, e, 8.
q*)

In a greater generality we will consider, for sy,...,s; > 1 and polynomials
Q1) €tQ[t]and Q,(¢) ..., Q;(t) € Q[t], sums of the form

Eq(stsevvssi3 Q1yenn, Q1) = Z a glq(rf{)sl):::(%l(_qqrzz)sz' )

ny>-->n;>0
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The condition Q(¢) € tQ[z] ensures that this is an element in Q[[¢]]. In contrast to
(4) we also allow s; = 1 in our setup, i.e., we also include g-analogues of the non-
convergent multiple zeta values. In the case s; > 1 we can (by the same arguments as
in [4] Proposition 6.4) again take the limitg — 1 after multiplying by (1 — g)*+*%,
which gives

;ig}(l =TT (s s O Q) = QD) Qu(D) - St )

Almost all models of g-analogues in the literature are given by sums of the form (5).
In the following we always set ¢, (sq, ..., s:; Q1, ..., Q1) = 1 for the case [ = 0.
We will consider the following spaces spanned by the series (5) of a particular kind

Zy=(tyGr 01 O [ 120,51, s 2 deg(Qj)Ssj>Q,

where as before we always assume Q1(¢) € rQ[t] and Q,(¢) ..., Q;(t) € Q[t]. As
we will see below Z; is the space in which we are interested the most. For d >

0 we define the subspace Z; ; = <§q(s1, s 01, ., 0D e 2 | deg(Q;) <

sj— d) . So in particular we have 2, = 2, o and 27 441 C Z; 4. We also restrict

to the case in which all polynomials Q; (not just Q1) have no constant terms and
therefore are elements in tQ[¢]. The resulting space is denoted by

Qi;):(é‘q(sl,...,sl;Ql,...,Qz)E% | Q],...,QIEIQ[I]>Q.

For the spaces Z°, given by 2 N 2, 4 it holds 27 = 27, and 27, C 27,
Notice that all of these spaces are closed under multiplication. In depth one for
example we have

Sq(s1; Q1) - &g (s25 Q2) = &4 (s1, 525 Q1, Q2) + &4 (52, 515 Q2, Q1) + &4 (51 + 525 Q1+ Q2)

and clearly deg Q1 - Q> <51+, —difdegQ; <s; —dfor j =1,2.

In [28] Zhao considers for sy, ..., s, dy, ..., d; € Z the series
n.d. n,d,
di,.nd) _ Z q . q
54] (S],...,S[)— (l—q”‘)xl-”(l—q”’)sl ’ (6)

ny>-->n>0

which gives an even more general setup than our ¢,. Especially these series can be
seen as natural generators of the spaces 2 ; and Q‘Oq‘) 4 by choosing the appropriate
conditions on the d;. We will now give a short overview of different g-analogues of
multiple zeta values, which can be written in terms of the ¢, and relate them to the
spaces 2y 4 and 2.
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(i) The space spanned by the Bradley-Zhao model ;fz =081, ..., el B
%71, defined in (4), is given by>

Lo = (661D 120,51 22050, 2 1)
(ii) Another interesting case is the Schlesinger-Zudilin model. These g-analogues
are fors; > 1,5, ..., s > 0 defined by

n|s; nis;

sz _ q ..q
é‘q (S],...,S[)— Z (1_qn1)51...(1_q”1)sl

ny>-->n;>0

= Cq(Sl,...,S];l‘xl,...,l‘sf).

)

The space spanned by these series is, using the same argument as in (i), given
by

2y =660 [12 0,512 Lsy, s 2 0)
Originally defined by Schlesinger [18] and Zudilin [30] for the cases s; >
2,87,...,8 > 1, it was observed in [20] and further discussed in [9] that the
algebraic setup for this model, especially the shuffle product analogue, can be
described nicely by allowing s; > 1, 52, ..., s; > 0. Restricting to sy, ..., s >
1 we get the subspace

27 = (6750 s [ 120, 51,0 s = 1)

(iii) In [22] Ohno, Okuda and Zudilin define for sy, ..., s; € Z the series

ny

00z — q
é‘q (S[,...,S])— Z (l—qnl)sl-u(l—qnl)sl . (8)

ny>-->n>0

In the case sy, ..., s; > 1 these can be written as &,(sy, ..., s;5¢,1,...,1) €
Z,, but the space spanned by (8) for sy, ..., s; > 1is a priori not given by one
of the Z; 4 or 27,

@iv) For sy, ..., s; = 2 Okounkov chooses the following polynomials in [17]

07(1) =

(4D s =357, ...

{Fz" 5j=2.4,6,...

3This follows easily from the fact that =1 (1- s withj=1,..., s(resp. j =2,..., s) forms
abasis of {Q € Q[r] | deg Q <s — 1} (resp. {Q € tQ[t] | deg Q < s — 1}).
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and defines Z(s, ..., s) = {y(s1, ..., 55 0, ..., Q). With the same argu-
ments as before (see also the proof of Theorem 1 (iii)) the span of these series
is given by

zﬁlz(Z(sl,...,s,)UzO, sl,...,s,zz)Q.

Although the space 27 seems to be much larger than the space Z°, we expect
that they both coincide (Conjecture 5 (B2) below) and therefore every gqsz should
be expressible as a linear combination of g“qsz(sl, ..., s) with sy, ..., s; > 1.In[9]
(Theorem 5.5) such an expression for ¢9°% in terms of ;;Z is given, which in turn

q
can be seen as a special case of that conjecture.

Remark I Asseen in the example above, the polynomials Q ; often depend justons;.
For these types of g-analogues one can also define subspaces of Z; in the following
way: Suppose that {Q;}s>; is a family of polynomials, where for all s, s, > 1 there
exists numbers A3 € Q with j > 1 and A’"** = 0 for almost all j, such that

0:(1) - Q) = D 270,01 =17,

j=1

Then the space spanned by all ¢,(s1, ..., s;; Oy, ..., Q) is a sub-algebra of Z.
This also gives an example of a so called quasi-shuffle algebra as described in [14].
For this one can define for a, b > 1 the product z, ¢ z;, = 27021 )\j{»sz with the same
notation as used in the first section of [14]. This was for example done in [4] for the
space 2.

2.1 Bi-Brackets as q-Analogues of MZVs

In this section we will consider the g-series from the introduction in more detail and
explain their connection to g-analogues of multiple zeta values in the section before.

Definition1 (i) For s,...,s5;, > 1, r,...,r; > 0 we define the following ¢-
series
51 y u'l u'l v.nfl vs,—l
Olseeesy s — 7[7[ 1 e L UV Fugp c .
[rl,...,r1:| =2 AU =D s =1 Qila1]

Vlyeens v >0

We refer to these g-series as bi-brackets of depth [ and of weight s; + - - - +
si+r+---+r.
(i) Forry =--- =r; =0 we write

[ ] S1y 000y 8]
Sly.n., 8] = .
! ! 0,...,0
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The series [sg, ..., s;], which we call brackets, were introduced and studied
in [4].

The bi-brackets also have an alternative form, which we will use now. For this
recall that the Eulerian polynomials (cf. [10, (3.2)]) are defined by

tP_1(t)  — ey
(1 —1)s =24

d=1

For s > 1 the polynomials 7 P;_; () have degree s — 1 and in the case s = 1 we have
t Py(t) = t. By definition of the bi-brackets it is then clear that

Sty eS| " P, —1(q")
[”17.~-,”l:|_ Z l_[(rJ'.(s - D! (1—61"")‘”'). ®

ny>-->n>0 j=1

We will now see that the spaces spanned* by the bi-brackets and brackets are
exactly given by the spaces Z; and .,@f[" respectively.

Theorem 1 The following equalities hold

(i) %1=<|:S1,“ i||l>0S1,...,S121,}’1,...,}’[20> .
Fly ..., 1] Q

(ii) QZ"—([sl,...,sz]Ile,sl,...,slzl)Q

(iii) Qjﬁl=([s1,...,s,]|zzo,sl,...,s,zz)

Proof Since for all s > 1 we have P;_;(1) # 0 the polynomials ¢ P;_; (t)(1 — t)*~ Y
with j =1, ..., s form a basis of the space {Q € tQ[¢] | deg O < s} In particular
for every polynomial Q in this space there exist coefficients o; € Q with

00 (P (1)
a—v —Z ST (10)

from which the statement (ii) follows. Also (iii) follows, since for d = 1 the condition
Q;j(t) e tQ[t]anddeg Q; < s; — limpliess; > 2forall j =1, ..., /. Onecanalso
see that

(st eossil 11 =0 51,00 = 2) ) = (6% Gns o) 1T Z 051,005 2 2)

To prove (i) we will first show the inclusion "C’ , i.e. that every &,(s1, ..., s;
01, ..., Q)) can be written in terms of bi-brackets. For this we need to see what
happens if one of the Q», ..., Q; has a constant term. Without loss of generality we
can, by the proof of (ii), focus on the cases Q;(t) = 1 fora2 <i <[ . Since for all
s > 1 we have

“In the articles [1, 2, 4] these spaces were denoted A% and .4 7.
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1 al t
=1 -
(1 -1y +ﬂ; (1 =1y

we can write

1
Q,(q") Q,(q") q" Q,(g"7)
Z 1_[ ”/)*/ = Z 1_[ n/)vj Z ( l] )m 1_[ (1 nj)x/ ‘
ny>-->m>0 j= 1 ny>-->n >0 j= 1 ny>-->n;>0
J#i 1<m<s; J#t

For the the second sum on the right-hand side we can again use (10). For the first
sum we obtain (by setting n;; = 0)

l

l n n
0;(q") 0;(q")
Z l_[ i e ’1])31 = Z (ni—1 —njp1 —1 H 7(1 / 5

ny>-->n;>0j= 1 ny>->n_1>ni 1 >-->n>0

J# 1751

Repeating this forall 2 < i <[ with Q;(¢) = 1 we obtain sums of the form (9) from
which we deduce ‘C’.
Now to prove ‘2’ we first define for m > 0 the polynomials p,, (n) by po(n) =1

and .
n—
)= > lz( N ) (1)

n>N;>-->N,;,>0

The p,, (n) is apolynomial in n of degree m and therefore we can always find ¢, () €
Qwithn" =Y _cu(r) pm(n). The idea is now to replace n;/ in the definition of
the bi-brackets by Z:é,:o Cm; (rj) pm,(n;) and then use (11) to get sums which can
be written in terms of the ¢,. We illustrate this in the depth two case from which the
general case becomes clear. We have with k = (s; — 1)!(sy — D)!r!r;!

o] Z ny'q" Py _1(g™) nyq" Pg,_1(q"?)
ri,ral (1 —gm)% (1 —g"2)*

ny>ny>0

B ‘ n\'q" Py, —1(¢™) ¢" Py, _1(¢™)
= Z sz(r2) Z a- n])vl (l_qﬂz)YZ

0<my=<ry ny>nay>Ny>-->Ny, >0

ans B ni nZPX B na
= X ey Y TEo@DE RO,

0<m|<r ny>ny>Ny>-- >Nm2>0
O=may=<r; ny>N{>-->N, >0

my
Now considering all the possible shuffles, and possible equalities of the N and the
N'itis clear that this sum can be written as a linear combination of ¢, by interpreting
appearing 1 as (1 —g™)(1 — ¢")~!. For general depth [ the idea is the same and
therefore we obtain 2’ from which (i) follows.
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As an example of how to write a bi-bracket in terms of ¢, we give the following.

np nzqnz

L1 q
[0,1]_ 2 (1 —gm) (1 —gn)

ny>ny>0

qnl qnz qnl qnz 1_q’13
= +
Z (I=g") (A —qg™) Z (I—=g") A —g")A—gq"™)

ny>ny>0 ny>ny>n3>0

=¢, L)y +6,L, L1881 —1).
(12)

2.2 Bi-Brackets and Quasi-modular Forms

We now define the weight and the depth filtration for the space Z; by writing for a
subset A C Z,

S1y 04,8

FilXV(A):([ }eA!Oslsk,s1+--~+sz+r1+---+rlsk)Q

F,...,r

S1y 00+, 8¢

Fﬂ?(A)::([ }eA|t§l)Q.

Fly ..., 1t

If we consider the depth and weight filtration at the same time we use the short nota-
tion Fil;” := Fil}" Fil and similar for the other filtrations. The associated graded

spaces will be denoted by grkw and grmD

Remark 2 (i) We point to the fact that the filtration by depth coming from bi-
brackets is different from the naive notion of depth for the ¢, (si, ..., s),
given as the number of variables s;. For example, as indicated by (12), the
§q(1,1,1;¢,¢,1 —1t) is an element in FilzD(%).

(ii) As seen before the Schlesinger-Zudilin model £*(sy, .. ., s1), defined in (7)

for sy > 1,5, ...,5 > 0, span the space Z; and therefore we also obtain a
depth and weight filtration for these series. By the proof of Theorem 1 we see
that £3%(s1, ..., s) € Filg P (Z) with K = s+ +s +zand L = +z,

where z = #{j | s; = 0} is the number of s; which are zero.

For several reasons one should consider these filtrations to be the natural ones.
First of all the multiplication in 2 respects the depth as well as the weight grading.
Secondly, on Z, we have the derivation given by ¢ diq, which increases the weight
by 2 and keeps the depth, since we obtain directly from the definition that

l
d S1y 000,87 ( +1) Sl,...,Sj,I,Sj+l,Sj+1,...,S[
q— = E §;ir; .
dg|ri,...,n P ST SRS I o B R R ¢
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Thirdly, the classical Eisenstein series are contained in 2° C Z;. For example we
have

1 1 1
= —_—— 2 _— —_——
G, 24+[] Gy = 1440—i—[] Ge = 60480+[]

since in depth one we have for k > 0
k-1

[k] = Z(kv 5 e 1)'22 dg" = = 1)120]‘ 1(n)q" .

n>0 d|n

v>0

_ The space of quasi-modular forms for SL, (Z) with rational coefficients is given by
M(SLy(Z))g = Q[G2, G4, Ge] (see [16]) and therefore it is a sub-algebra of qu" and

Z,.Itis graded by the weight, in the classical sense, and obviously My (SL, (Z))g C
Filkw(qu). The derivation qj—q increases the weight by 2, i.e.

d ~ ~
QE s M (SLa(Z))g — Miy2(SLa(Z))g.

The space of quasi-modular forms has the decomposition

/2

~ d d \k/2-1 d
My (SLy(Z G —Gg—2, ..., — G S i(SLo(Z)o ,
k(SLa(Z))g = <kqd k-2 (qdq) 2) @EB k-2 (SL2(Z)q

13)

which follows from [16] Proposition 1 together with the fact that q% respects the
decomposition My (SL2(Z))g = GrQ & Sk (SL2(Z))g-

Proposition 1 Set IVI(x, H=1+DX)E;(x)r + D(x)§(x) 12, then the generating
series for the weight- and depth-graded dimensions of M (SL,(Z))q C Z; satisfies
the coefficient-wise inequality

> dimg gr);”(M(SLy(Z)g)x*t' < M(x. 1). (14)
k,1=0

Proof The Eisenstein series and their derivatives are in the depth one subspaces. For
the space of cusp forms of weight k we have

Si(SLa(Z))g C (G-aGala =0, ..., k/2), CFil'5°(Z).

This consequence of a result of Rankin was observed by Zagier in [25, p. 146].
Finally since qdd—q does not alter the depth we get the claim by the decomposition
(13).

The expected equality in Proposition 1 would hold if the brackets [2, 4, 6] and
the odd brackets [1, 3],.. together with all of their derivatives were algebraically
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independent, but by now only partial results for linear independence are available
[24, 29].

Conjecture 4 We have a decomposition of Q-algebras
% = MSLy(Z))g ® o .

This decomposition is respected by the operator q %. Moreover < is a free polyno-
mial algebra that is bi-graded with respect to weight and depth compatible with those
of Z,. In particular it equals the graded dual of the universal enveloping algebra of
a bi-graded Lie algebra.’

This decomposition of algebras should be seen as an analogue of [11, Conjecture
1.1. b)] in our context. The conjecture above implies the weaker claim, that the
algebra Z is isomorphic to a free polynomial algebra graded by the weight. It also
implies that in Proposition 1 the equality holds.

Remark 3 In[17] Okounkov gives the following conjecture for the dimension of the
weight-graded parts of ;.

2 1

. W 8 k
> dimg (gr" Z;)) x 1 —x2 — 33 — 3% — x5 L x84 29+ 10 1 o1l 4 y12°
k=0
(15)

We expect that the decomposition of Conjecture 4 induces also a decomposition for
féf{" 1- Indeed, keeping the previous notation, this is compatible with the factorization

1 ~ 1
=M 1 .
1—x2— . —x54+x84... +x12 x, )l—D(x)O3(x)+2D(x)S(x)

Our Conjecture 3 (i) for 2 yields with E4(x) = x4/ —x?)

1
l—x—x2—x34x0+... +x

1
I — D) 0 (x) + D) (E4(x) +28(x))”

5 = M(x, 1)

Thus we may think of the Lie algebra behind Z; compared to that behind 27°; as
having additional generators induced by the derivatives of a generator in weight 1
and having additional relations being counted by the number of Eisenstein series for
SL,(Z) and their derivatives.

3Some authors prefer to denote this as the symmetric algebra of a Lie algebra.
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3 Computational Evidences for the Conjectures

In this section we want to describe how to implement the bi-brackets to obtain the
numerical results, which were used to obtain Conjecture 3 in the introduction and
further conjectures stated below. A similar method to perform such calculations has
been communicated to us by Don Zagier.

Using (9) we define for a fixed N € N an approximate version of bi-brackets by

[Sl’m’sl] = ﬁ 4P ) o e
Fly.eo.y 1] N- rj! (sj—l)!.(l_qnj)s/ .

N>ny>-->n>0 j=I1

Observe that [iiij]zv = 0 for N < [. It is clear that at least the first N coefficients

of these approximate versions are identical to the bi-brackets, i.e.

S1y 040,98 S1y 0005 8]
|: i| = |: ] mod gVt
'ty oo s TN Fi,...,17
To calculate the first N coefficients of the bi-brackets we use the following recur-
sive formula for these approximate versions.

Lemmal Forallsy,...,s;,r,...,rpand N > 1 we have
|:s1,...,sl] _ I:sl,...,sli| N N" gV Py, _1(g™) |:sz,...,sl]
Fi, .o Ty Floeestidyoy ! =D=M Lo, ooorid vy
825000y \Y] - J—
where we set [rz _____ VI]N—I =1forl=1.

Proof This follows by splitting up the summation N > n; > --- > n; > 0 into the
parts where N > n; and N = n; to get the first and the second term respectively.

We implemented an algorithm based on Lemma 1 in parallel PARI/GP [23]. On a
computer with 32 cores it takes several hours to obtain each of the following Tables 1
and 2:

In fact for these tables we calculated approximated bi-brackets with coefficients
modulo some large prime and determined the dimension they span at least. Exper-
imentally the choice of a sufficiently large prime does not alter these dimensions.®
We have similar tables for various subspaces like the positive bi-brackets

Qﬁ+=(|:51,...,sli| e%“z(), S >r1,...,S1>r1>Q

4 Fly ..., 1

%More precisely, we checked this for a few primes between k and 10007.



A Dimension Conjecture for g-Analogues of Multiple Zeta Values 251

Table 1 lower bounds fil}™ () for dimg Fil,;” (Z;) with depth < 14
K120 (3 4 s j6 7 8 9 |10 |11 |12 |13 |14

1 2 0 0 0 0 0 0 0 0 0 0 0 0 0
2 3 0 0 0 0 0 0 0 0 0 0 0 0
3 5 7 0 0 0 0 0 0 0 0 0 0 0
4 7 12 14| 15 0 0 0 0 0 0 0 0 0 0
5 10 19 25 27| 28 0 0 0 0 0 0 0 0 0
6 13 30 41| 48| 50| 51 0 0 0 0 0 0 0 0
7 17 44 68| 81| 89 91| 92 0 0 0 0 0 0 0
8 21 65 | 106| 138 153| 162| 164 165 0 0 0 0 0 0
9 26 90 | 167| 223| 264| 281| 291 293| 294 0 0 0 0 0
10 |31 126 | 249366 | 439| 490, 509| 520| 522| 523 0 0 0 0
11 |37 |167 | 376| 571| 738| 830| 892| 913| 925| 927| 928 0 0 0
12 |43 222 | 537| 905|1190| 1418|1531 |1605| 1628|1641 | 1643 | 1644 0 0
13 |50 |285 | 778|1364| 1948|2344 2645|2781 |2868 2893|2907 |2909 2910 0
14 |57 |368 |1075[2090|3051|3923|4453|4840|5001|5102|5129|5144|5146| 5147

or the space of 123-brackets given by
([sl,...,sl]|l >0, s1,...,8 € {1,2,3})Q - QZ(’

and for sub-algebras like 27> or 2. This lead us to the following conjectures

Conjecture 5 (Bl) Every bi-bracket equals a linear combination of positive bi-
brackets

(B1*) More precisely, the space of positive bi-brackets .f'z:’;f satisfies
Fil) (2,5 = Fil) " (Z;) .
(B2) Every bi-bracket equals a linear combination of brackets, i.e. ff; =2
(B3) Every bracket equals a linear combination of 123-brackets.

Although our experiments support conjectures (B1) and (B3), we were not able to
prove the weaker claims that the positive bi-brackets respectively the 123-brackets
generate sub-algebras of 2. In [1] the conjecture (B2) was stated the first time and
therein examples which complement those in [9] (Theorem 5.5) were given.

Theorem 2 For all weights k < 7 the coefficients on both sides of Conjecture 3 (i)
coincide and the Conjectures 5 (B1), (B2) and (B3) hold for these weights.

We will give a proof of this theorem at the end of this section.


http://dx.doi.org/10.1007/978-3-030-37031-2_5
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The Conjecture 3 is based on the assumption that the above lower bounds were
the actual dimensions. In other words, for the quantities

grp = AR5 (2, — AT, (29) — Y (29) + it (2)

we expect the equalities grp)" = dimg gryl’D(Q’jZ). Now we check if the generating
series of the weight- and depth-graded parts of 27 can be of the shape implied
by the conjectures. For example, if we assume that there is a decomposition 2, =

M (SLy(Z)) ® <f , where the algebra <7 is a free polynomial algebra, then there must
hold an equation of the form

1
> dimg(gr,  (2) x*y' = Mex, ) - [ =

kyhyee: *
X
k,1=0 ki1 )

where the g ; equal the number of generators of .7 in weight k and depth /. Solving
such an equation with with gr}j" on the left-hand side, give us numerical ;" and
within the range of our experiments (See Table 3 on page 18) these are positive and
satisfy a parity pattern.

If we assume that there is a decomposition 2, = M(SLy(Z)) ® o, where the
algebra o7 is the graded dual to the universal enveloping algebra of a bi-graded Lie
algebra, then there must hold an equation of the form

~ 1
dimg(gr);°(Z)) x*y' = M(x, y) -
k,lzz() G ! - Zk,lzl by xky!

with by ; € Z. Solving such an equation with with gr}j"(Z;) on the left-hand side,
give us numerical b;}". Within the range of our experiments (See Table4 on page
18) these are as expected in Conjecture 3 (ii).

Whereas it is known that the numbers from Zagier’s conjecture give upper bound
for the dimensions in question, the knowledge about the Broadhurst-Kreimer con-
jecture is very little. The only known results are the following:

Theorem 3 (Euler, Ihara-Kaneko-Zagier, Goncharov, Thara-Ochiai) For 1 <1 <3
the numbers gy of generators for Z of weight k and depth | are not bigger than
implied by the Broadhurst-Kreimer conjecture.

The proof of this result for / = 1 is a trivial consequence of Euler’s formula
for even zeta values. For [ = 2, 3 one can bound the number of generators by the
dimension of the so called double shuffle spaces, see e.g. [11, 12, 15].

We now want to use a similar technique to obtain upper bounds of the number of
algebra generators for bi-brackets.
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Table 3 Evidence for .« being a free polynomial algebra

< <
— o || ||| |O|—~|— S| |o|o O
o o
— olooc|loc|o|—~|—~|—~ o |o oo | o
S\ S |lo || |O|—|—|n AN
— S|l |O|—~|— | |0 |~
— — = = oclo|lo|—~|o
=] S|l |~ |~ |—=|N|©O | O
— — |- == S| |—= | |0
S|o|—|—|O|— ||
)} — = O |~ | S |— OV O
S|l |—= | |n ||~
— N |\O | — O n|Oo
[oe] o | o0 N
— =0 |\ |n|—= 0|
<t | |0 | S|ln |Oo|—
~ — N~ O
— |~ |0 ||~ |O |0 |\O
<t |en | \O | <t | O >0 |
O — =< | O — v
O |~ |0 | A | |0 |y |~
NN || — QY| ST |o x| O
7o) — A — <
O ||t |=|0|cn |0 |
— |l o K|~ =a — o | = —
< — << — on | O oo
oS [0 O |0 |\O |0
— =N |t |0 | O~ — ol o ©
N — | — || en N <t
OISO |~ || Q|0 |0 NNO | O ||~
(gl — =N NN | < | N>~ — N o
— <t | V| n | OO |~ S |0 | o~ O
E= Ee
e o|— ||| = |EZ o|l—=|a|en s
V] 0~ 00 |\ |~ | |— | —|—| S0 — || = =

Table 4 Evidence for </ being a symmetric algebra of a Lie algebra
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For the generating function of the bi-brackets we write

Xi,..., X — Z S1yene s8] Xi‘fl...Xls’_l 'erlfl.”YZr/—l'
Yl,...,Yl rl—l,...,rl—l

S1yeens 51>0

Flyeers ;>0

‘Xl,...,XI _‘Xl,. X
Yi,.... Y| Y, vll
with  f(Xp, .. X0 Y, )| = fi4 -+ Y, Y+ Y, Y, X, X —
Xi—1,..., X> — X1). Up to terms of depth less than [ their product is given by
'X],...,Xj .‘XH],...,XZ _‘Xl,...,x, N
Y],...,Yj Yj+],...,Yl Yl""7Yl Shys ey

where, if X;; C X, denotes the shuffles of ordered sets with j and / — j elements,
we have

f(Xl""’Xl’Yl""’Yl)‘Sh_,"/: Z f(XO_I(l)’""X(r_l(l)’Yo‘_l(])""’Y(r_l([))'

o€
Hence we get modulo products and lower depth bi-brackets

Xi,...,X)
Yi,...., ¥

=Y aF(Xi ... Xp Y1, 1),
o

where « runs through a vector space basis of the depth / algebra generators of 2
and F, is a polynomial in the partition shuffle space, which is defined as follows.

Definition 2 Define for /, k > 0 the partition shuffle space by
PS(k —1,1) = {f € Qlx1, .. xp, y1. o yilldeg f =k —1, f|, — f = f|Shj =0V/}.

Using the same argument as in [12] the above discussion leads to the following
upper bounds.

Corollary 1 The number g ; of generators of weight k and depth 1 for the Q-algebra
2, is bounded by
8k < dimgPS(k —1,1).

The bounds obtained via the partition shuffle spaces for the number of generators
in depth 1 and even weights are not optimal, as it is well-known that the ring of
quasi-modular forms is generated in weight 2, 4 and 6. We view this as the analogue
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Table 5 p;; =dimgPS(k —1,1)

pnkll |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12 |13 |14 |15 |16 |17
1 1 1 |2 |1 |3 |1 |4 |0 |5 6 |0 |7 |0 0 |9

1 1 1 2 |2 |3 |3 |4 |4 |5 6 |6 |7 |7 8 |9

2 |- |0 |O |1 |O (2 |O |8 |O |14 |0 (23 |0 |38 |0 |58

3 |- |- |0 |0 |1 (O (3 |0 |9 |0 |27 |0 |62 |0 |125/0 238
4 |- |- |- |0 |O |1 (O |3 |0 |12 (O |37 |72 |?2 |? |?2 |?

5 |- |- |- |- 10 |0 |1 0 |4 (0 |15 |2 |2 |2 |?2 |2 |?

6 |- |- |- |- |- |0 |0 |1 ? 207 17 1?0 1 |?

to the fact that Euler’s relation for even zeta values is not seen by the depth 1 double
shuffle spaces as defined in [12].

Proof of Theorem 2 Using the structure of the ring of quasi-modular forms and the
data of Table 5 we get the coefficient-wise upper bounds

1 1 x 1
> dimg Fil)¥ ()" < 5 7] 3 il | 3
< I—x (I =x) (1 —aH(d —x0) A =22 LD (1 —xkyres

<14+2x+4x>+8x3 +15x* +28x° +51x°+92x7 + 16625 + ...

In addition, since “123-brackets” C ij;’ C Z,, we get by the data of our tables

14+2x+4x>+8x° +15x* +28x° +51x°+92x7 +165x% + ...

< ) dimg Fil}¥ ("123-brackets")x* < > " dimg Fil" (2;)x*.
k>0 k>0

The claim of the theorem follows as the lower and upper bounds coincide for
k<T. O

Remark 4 In contrast to the multiple zeta values we expect that the upper bounds
for the number of generators obtained by the partition shuffle spaces are not optimal
for all/ > 2, i.e. we don’t expect equality in Corollary 1. We think that this reflects
the existence of cusp forms as distinguished elements in depth 2, whereas even zeta
values just live in depth 1. By work of Ecalle we know that there is a Lie algebra
structure on the partition shuffle spaces, see, for e.g., [8] or [19]. In forthcoming
work we will study a sub Lie algebra which conjecturally has the algebra 7 as its
symmetric algebra, which might give another explanation of this effect. Another
optimistic hope is that a coproduct structure on 2, which allows to mimic Brown’s
proof in order to obtain conjecture (B3), exists.
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