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Abstract In the study of linear differential systems, an important concept is that
of exponential separation. In a previous paper, we have studied this concept for
differential equations. Here we develop the theory for difference equations. Our first
aim s to develop a theory which applies to unbounded systems. It turns that in order to
have a reasonable theory it is necessary to add the assumption that the angle between
the two separated subspaces is bounded below (note this follows automatically for
bounded systems). Our second aim is to show that if a bounded linear symplectic
system is exponentially separated into two subspaces of the same dimension, then
it must have an exponential dichotomy. The theory follows the same lines as the
differential equation case with one important difference: for the roughness theorem
a different kind of perturbation is needed.

Keywords Linear difference equations + Exponential separation + Exponential
dichotomy - Symplectic

1 Introduction

In this paper we study linear difference systems
Nowweconsidex(k +1) = A(k)x(k), x e R" (D

where A(k) is an invertible matrix for each k. In the study of such systems, an
important concept is that of exponential separation. It is closely related to the concept
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of exponential dichotomy. In this paper we restrict attention to the case where the
solution space is split into two exponentially separated subspaces.

Exponential separation for difference equations was first studied in [9, 10]. There
it is assumed that the coefficient matrixNow we conside A(k) is bounded in norm
together with its inverse. Our first aim here is to develop a theory of exponential
separation which applies to unbounded systems. It turns out that in order to have a
reasonable theory it is necessary to add the assumption that the angle between the two
separated subspaces is bounded below (note this follows automatically for bounded
systems). Our second aim is to show that if a bounded linear system (1), where
the A(k) is symplectic, is exponentially separated into two subspaces of the same
dimension, then it must have an exponential dichotomy. Note that we developed a
similar theory for linear differential equations in [2]. Most of the results for invertible
difference equations are analogous but there is one important difference which we
mention below. Let us remark here that it was already observed in [4] that in the case
of exponential separation for differential equations, an additional angle condition is
needed for unbounded systems.

Now we summarize the contents of the paper. In Sect. 2, we introduce the basic
definitions and examine to what extent the separated subspaces are unique. Then if
a system is separated on both half-axes, we describe what must be added to ensure
separation on the whole axis. In this section we do not need the additional condition on
the angle. In Sect. 3 we introduce the concept of strong exponential separation, which
is exponential separation plus the condition that the angle between the separated
subspaces be bounded below. Then in Proposition 3, we derive a convenient necessary
and sufficient condition for strong exponential separation and use it to show that the
condition of strong exponential separation is preserved by the operation of taking
the inverse adjoint of a system and that it is implied by exponential dichotomy. In
Sect.4, we mention the result in [9] which shows that when A(k) and its inverse
are bounded then exponential separation is equivalent to exponential dichotomy
of a shifted equation. In Sect.5 we show strong exponential separation is robust
under small perturbation of the coefficient matrix. In fact, here we see a major
difference from the theorem for differential equations and also a difference from
the roughness theorem for exponential dichotomy in difference equations. Next in
Sect. 6 we study block upper triangular systems. First, we show that if the block
upper triangular system is strongly exponentially separated, then the corresponding
block diagonal system is strongly exponentially separated. Here no boundedness
assumptions are needed. Then, using the perturbation theorem in Sect.5, we show
that if the corresponding block diagonal system is strongly exponentially separated
and the off-diagonal blocks are bounded in a certain sense, then the block upper
triangular system is strongly exponentially separated. Here again there is a difference
from the result for differential equations. Finally in Sect. 7, we show that if a bounded
linear symplectic system is exponentially separated into two subspaces of the same
dimension, then it must have an exponential dichotomy. An important tool here are
the results in Sect. 6 about block upper triangular systems.
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2 Exponential Separation in Bounded and Unbounded
Systems: General Properties

In this section, we define exponential separation and examine to what extent the
separated subspaces are unique. Then if a system is separated on both half-axes (that
is, Z4 or Z_), we describe what must be added to ensure separation on the whole
axis (that s, Z). Note in the case of Z_, (1) holds for k € (—o0, —1] but the solutions
are defined for k € Z_. However in the sequel we use Z_ in both cases where, for
(1), it is to be understood that Z_ means (—oo, —1].

Definition 1 We say system (1) is exponentially separated on an infinite interval J
of integers if there are nonzero invariant subspaces V; (k) @ V,(k) = R" and positive
constants K > 1 and « such that if x(k) is a nonzero solution in V; (k) and y(k) a
nonzero solution in V,(k), then

@Yl _ e —ak—m)

= , k>min J.
[x (m)] |y (k)]

V1 (k) is called the stable subspace and V, (k) the unstable subspace. If we denote by
P (k) (note that P(k) # 0, I) the projection with range V; (k) and nullspace V,(k),
then this can be written as

| (k, m)&| |®(m, k)n| < Ke ™™gy, k>minJ 2)

for all £ € RP(m) and all n € N P(k), where @ (k, m) is the transition matrix. If
P (k) has rank r (1 <r <n — 1), or equivalently dim V; (k) = r, we say that (1)
is exponentially separated with rank r. Note that P (k) has the invariance property
A(k)P(k) = P(k 4+ 1)A(k) for all k.

Remark 1 1Tt is easy to see that (1) is exponentially separated on Z with subspaces
Vi(k), V,(k) if and only if x (k + 1) = A~!(—k — 1)x (k) is exponentially separated
on Z_ with subspaces V,(—k), Vi(—k).

First we make a simple but useful observation.

Proposition 1 If (1) is exponentially separated on [T, 00) for some T > 0, it is
exponentially separated on 7.

Proof Let (1) be exponentially separated on [T, co) with projection P (k) and con-
stants K, o. Then

| (k, m)E| |[®(m, k)n| < Ke ™ ¢l nl, k>m>T 3)

forall £ € RP(m) and all n € N P (k).
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There exists M such that |A(k)|, |A~" (k)] < M for0 <k < T — 1. Then
|®(k,m)| < M* ™ for 0<k,m<T
sothatif 7T >k >m >0and £ € RP(m),n € NP(k),
| (k, m)E| |D (m, kyn| < M e e g ). “)
Nextifk > T >m > 0and € # 0in RP(m), 7 # 0 in NP (k),

| (k, m)E| [P (m, k)

[l
_ ek T>£|1§|| ||:|(m7 Dl e/ T, mye € RP(TY, my = &(T. kyy € NP(T)
_ [Pk, T)E L] DT, k)nl y |D(T, m)¢| |@(m, T)n|
111 ll €] [

< Ke—a(k—T) % M2Teo¢Te—a(T—m)’ using (3), (4)
— KMZTeaTe—(y(k—m).

Together with (3) and (4), this proves the proposition.

Now we examine the extent to which exponentially separated subspaces are
unique.

Proposition 2 For exponentially separated systems on Z.. the stable subspace is
uniquely defined (for a given dimension) and for exponentially separated systems
on Z_ the unstable subspace is uniquely defined. The other subspace can be any
complement.

Proof Consider first Z. . So we are assuming there is an invariant projection P (k) #
0, I and positive constants K and « such that (2) holds. Let Q (k) be another invariant
projection with the same range as P (k).

Suppose £ € R(Q(m)) = R(P(m)) and 7 #0e N(Q(k)). Note that
(I — P(k))n # 0, since otherwise 1 € R(P(k)) = R(Q(k)) and therefore would
be 0 since it is in N'(Q(k)) also. Then if 0 < m < k,

|P (k, m)E| [P (m, k)7l @ 0m, 0 — Q@
m, - U
= |D(k, ®(m, k)X — Pk
|@ (k, m)E| [P (m, k)( ( ))n||q§(m,k)(l— PO
|P(m, k)T — (k)| )
|®(m, k)X — P (k)7
|P(m, kYA — Qk)nl|X — PK)n

|@(m, k)X — P)nlIX— Q)|

< Ke™*® gl X~ P

= Ke g |n|
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Now

[@0m, A = QK)n| _ |20m, O)X — C0)P (O, k)l
|@(m, YA = PU)nl (@ (m, 0)A = P(0))P (O, k)7l
|@(m, 0)(P(0) — Q(0)P (0, k)nl

<1+
|®(m, 0)(I — P(0))P(0, k)l
<14 Keom |(P(0) — Q(0)®(0, k)|
X — P(0)®(0, k)nl
<1+ Ke N,

since (P(0) — Q(0)@(0, k)n € R(P(0)), (I— P(0)@(0, k)n € N(P(0)) and

where
[(P(0) — Q(0)n]
neN oy =1 A= POyl

N =

Similarly,

|@—QW)nl _ [Pk, 0)d — Q(0)P O, k)l
A= PUENn [Pk, 0)T = P0)P(O, k)n|
@k, 0)(P(0) — Q(0)P(0, k)nl

1
= 1 (k, 0)d — P(0))® (0, L)1
ket PO = Q)20 k)
A= P(0)@ (0, b7
>1— Ke *N.

Soifk >m>T =a'log(3KN),

—a(Kk—m 1+1/3 —a(k—m
|® (k, m)E| | P (m, k)| < Ke™**¢] Il /3 = 2Ke “migrn.

Then we get the exponential separation on Z, using Proposition 1. Thus Q (k) can
also be used as a projection and hence any invariant complement of R(P (k)) can be
taken as the unstable subspace.

Now we prove the uniqueness of the stable subspace. Suppose R (k) is an invariant
projection with different range from P (k) but with the same rank, with respect to
which the system is exponentially separated. Let p be a vector which is in the range
of R(0) but not in the range of P(0) and ¢ a vector which is in the range of P (0)
but not in the range of R(0). We can take Q; (k) as an invariant projection with the
same range as P (k) with p in the nullspace of Q;(0) and Q,(k) as an invariant
projection with the same range as R (k) with ¢ in the nullspace of Q,(0). Now there
exist positive constants K; and «; such that for k > m > 0,

|® (k, m)E[ 1@ (m, k)n| < Kye™ " ™ €] ||
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forall £ £ 0in RQ (m) and all  # 0 in N Q; (k) and
1@ (k, m)E] |®(m, k)| < Kre > ™€) |n]

forall £ # 0in RQ»(m) and all i # 0 in A Q5 (k). Since g is in the range of Q1(0)
and @ (k, 0) p is in the nullspace of Q| (k), it follows that for k > 0,

P (k, 0)g| |20, )@ (k, 0)p| < Kie” "] |®(k, 0)pl,

and since p is in the range of Q,(0) and @ (k, 0)q in the nullspace of Q,(k), it follows
that for k > 0,

|@(k, 0)p| |@(0, )P (k, 0)g| < Kz **|p||®(k, 0)q|.
Then, combining these inequalities,
Pl @k, 0)q| < Kie™“*Kye™®*|p| |®(k, 0)q]

so that fork > 0
1 < Kle—aleze—uzk’

clearly impossible. Thus the stable subspace is unique.
The proof of the Proposition for Z_ follows using Remark 1.

In the following corollary, we show what additional conditions are needed to
ensure that a system which is exponentially separated on both half-axes is also expo-
nentially separated on the whole axis.

Corollary 1 System (1) is exponentially separated on 7 if and only if it is expo-
nentially separated on 7., and 7._, the respective ranks are the same and the stable
subspace on 7., and the unstable subspace on Z_ intersect in {0} at k = 0.

Proof Clearly the conditions are necessary.

For the sufficiency, suppose (1) is exponentially separated on Z, and Z_, the
respective ranks are the same and the stable subspace on Z and the unstable subspace
on Z_ intersect in {0} at k = 0. According to Proposition 2, at k = 0, we can take the
unstable subspace on Z to be the unstable subspace on Z_ and the stable subspace
on Z_ to be the stable subspace on Z.. This means we have the same invariant
projection P (k) on both Z, and Z_. Then there exist positive constants K and «
such that if £ € R(P(m)) and n € N'(P(k)), we have

|® (k, m)¢[ |1 (m, k)| < Ke *C™|¢] ||
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fork>m>0and 0 >k > m.Nextifk >0>m,

| (k, m)E| [P (0, k)| [P0, m)E[ [P (m, k)nl

|@ (k, m)] [P (m, k)| =

[P (0, m)¢]| |20, k)nl
_ |2k, 0)® (0, m)E] |20, bynl |20, m)E| |P(m, 0)@ (0, k)1
a |2 (0, m)¢]| |20, k)7l
Ke= k1@ (0, m)¢]| In| Ke“™ [£] |80, k)
|2 (0, m)¢]| |20, k)nl

= KZemC=mgy ).

It follows that (1) is exponentially separated on Z.

3 Strongly Exponentially Separated Systems

In this section we introduce the definition of strong exponential separation. Then we
derive a simple necessary and sufficient condition for strong exponential separation
and we use it to show that strong exponential separation is preserved by the operation
of taking adjoints and also that exponential dichotomy implies strong exponential
separation.

First we recall the definitions of kinematic similarity and reducibility.

Definition 2 Systems (1) and y(k + 1) = B(k)y(k) are kinematically similar if
there exists a bounded, invertible matrix function S (k) with bounded inverse such that
the transformation x = S(k)y takes (1) into y(k + 1) = B(k)y(k), where B(k) =
S~k + 1)A(k)S(k). We refer to the transformation x = S(k)y as a kinematic sim-
ilarity.

Definition 3 System (1) is reducible if it is kinematically similar to a block diagonal
system

yk+1) = (Alo(k) Aﬁk)) y(k).

The following proposition follows from [3] (see also Lemma 1.5.4 in [11]). Note
that a projection P (k) is invariant for (1) if A(k)P(k) = P(k + 1)A(k) for all k.

Proposition 3 System (1) is reducible if and only if (1) has a bounded invariant
projection P(k) # 0, L

Remark 2 Note that the boundedness of P (k) is equivalent to the angle between the
range and nullspace of P (k) being bounded below by a positive number.

Remark 3 Here we prove the sufficiency in Proposition 3. If P (k) is invariant and
bounded, it follows from [3] that there is a kinematic similarity S(k) such that P (k) =
S(k)PS~ (k) with P = é 8
system y(k + 1) = B(k)y(k), where

). Then the transformation x = S(k)y takes (1) into a
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B()P = B(k)S~' (k)P (k)S(k)
= Sk + DAK) P (k) S(K)
— S ' (k+ 1)P(k + 1)A(k)S(k) by invariance of P (k)
= S~k + )Pk + DSk + D B(k)
— PB(k).

So the transformed system has the form

Aik) O
ym+4)=< 0wt

and the projection corresponding to P (k) is S~! (k) P (k)S(k) = P.

Remark 4 Analogously to Lemma 1 in [7], it can be proved that if A(k) and A~' (k)
are bounded and (1) is exponentially separated with corresponding projection P (k),
then P (k) is bounded so that (1) is reducible. The example below shows that an
unbounded exponentially separated system need not be reducible, in contrast to the
case of bounded systems.

Example 1
2y k]
x(k+1) = (g ("= De )x(k). ©)
e
This has the two solutions

x(k) = (¢5,0), y(k) = (¥, ™).

Using the maximum norm in R?, we see that |x (k)| = e* and |y (k)| = €3 for all
k> 0.Thenifk >m >0

@)Ly _ e e™ i
e m)l 1y(k)] — em e

so that the system is exponentially separated on Z_. Now suppose (6) is reducible.
Then it follows that there exists a bounded invariant projection P (k) of rank 1. By
direct calculation, it can be shown that there is no such P (k). Indeed if

P@=@9,#@=mm

k 3k k
mhm=(%egf),

we find that the (2, 1) entry in P (k), where by invariance P (k)=® (k, 0) P(0)® (0, k),
is ce*. So, if P (k) is bounded, then ¢ = 0. Next we find that the (1, 2) entry in P (k) is

then with
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(d —a)ek + (a + b — d)e . So a = d and it follows that P(0) = 0 or the identity
and hence cannot have rank 1.

Now we give the definition of strong exponential separation.

Definition 4 System (1) is said to be strongly exponentially separated if it is expo-
nentially separated with corresponding subspaces V; (k) @ V,(k) = R" where the
angle between V) (k) and V,(k) is bounded below by a positive number, or equiva-
lently the projection P (k) on to V, (k) along V;(k) is bounded.

Remark 5 Kinematic similarity preserves both exponential separation and strong
exponential separation. Indeed, suppose the kinematic similarity x = S(k)y takes
(1) into the system y(k + 1) = B(k)y(k). Moreover suppose (1) is exponentially
separated on an interval J with projection P (k) so that

1@ (k, m)E| | (m, k)n| < Ke ™ ™™g 1n), k>minJ

for all £ € RP(m) and all n € NP (k). The transition matrix for y(k +1) =
B(k)y(k)is ¥ (k, m) = S~' (k)@ (k, m)S(m). So if we define the projection Q (k) =
S~ (k)P (k)S(k), then Q (k) is invariant with respect to y(k + 1) = B(k)y(k) and if
£ € RQO(m) and n € N Q(k), then S(m)é € RP(m) and S(k)n € N P (k) so that if
k>min J,

W (k, m)E| |W (m, k)nl =[S~V &) D (k, m)Sm)E| |S™ (m)® (m, k) Sk
< N2[®(k, m)Sm)E[ |® (m, k)SK)n|, with N =sup|S~L1(Kk)]
< N2Ke=2k=m|sm)¢| |S (k|
< M2NZKe=k=m) ¢ where M = sup|S(k)|.

Moreover, if P (k) is bounded then Q (k) is bounded also.

Remark 6 Inview of the remark before the example, if A (k) and A~! (k) are bounded,
exponential separation implies strong exponential separation.

Now we derive a simple criterion for strong exponential separation which is similar
to one given in [5] and was proved for the bounded case in [9].

Proposition 4 A system x(k + 1) = A(k)x (k) is strongly exponentially separated

on an infinite interval J with projection P (k) if and only if there exist positive
constants K and o such that

|® (k, m)P(m)| |®(m, k)X — P(k)| < Ke™*®™  m<kel. (7
Proof To prove the sufficiency, note that (7) with k = m implies that

[P T —P&)| <K, kel.
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Since I — P(k) is a nonzero projection, |[I — P (k)| > 1 and so
|[P(k)| <K, kel.
Next observe that if £ € RP(m) and n € N P (k)
|P (k, m)E| |P(m, k)n| = |P(k, m)P(m)E||P(m, k)X — Pk))nl
<@k, m)P(m)| £ |®(m, k)AL — P (k)| Inl
< Ke ®=mig)|n|.
for k > m. So the sufficiency is proved.
Now we prove the necessity. We are supposing that there are positive constants
K and o such that if £ € RP(m) and n € N'P(k), then for k > m
D (k, m)E| 1@ (m, Kyl < Ke™*“™¢| Inl, |P(K)] < K.
Then for all ¢ and 7,
|® (k, m) P(m)E] | (m, k)X — P(k)n| < Ke * ™| Pm)E] |(X— P (k)|
< Ke *®&m1Pm)| €] L= P (k)| |n]
< K*(1 4 K)e *®m ] |n).
Hence

|® (k, m)P(m)| |@(m, k)X — P(k))| < K*(1 + K)e ** ™ k>m.

We use the criterion just derived to show that strong exponential separation is
preserved by the operation of taking adjoints.

Corollary 2 If a system x(k + 1) = A(k)x (k) is strongly exponentially separated
on an interval J with projection P(k), then so also is its adjoint x(k + 1) =

[A*(k)]~'x (k) with projection I — P*(k).

Proof By Proposition 4, there exist an invariant projection P (k) and positive con-
stants K and « such that

|® (k, m) P(m)| @ (m, k)AL — P(k)| < Ke™**™™ k> m,
which, using invariance P (k)@ (k, m) = @ (k, m) P(m), can be rewritten as

|P(k)® (k, m)| [T = P(m)@(m, k)| < Ke™**™ k >m.
Taking adjoints and using the Euclidean norm, we get

|®*(k, m)P*(k)| |@*(m, k)L — P*(m))| < Ke %™ k >m.
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Now the transition matrix for the adjoint system is ¥ (k, m) = @*(m, k) and so we
have
& (k, m)(A — P*(m))| ¥ (m, k)P*(k)| < Ke™**™™ k >m.

Thus the adjoint system is strongly exponentially separated with projection I —
P*(k).

Remark 7 In 2 dimensions this also holds without “strong”. For let x (k) = (x;(k),

x2(k)T and y(k) = (y1(k), y2(k))T be exponentially separated solutions. Set X (k) =
(x(k), y(k)). Then X *(k)~! is a matrix solution of the adjoint system. But

- - k) —xy(k)

X* ()" = (a1 (0 ya (k) — xa(k)yr k)~ (22 )

(k) (x1(k)y2(k) — x2(k) y1(k)) (—y1(k) (k)

We see that the columns of this are exponentially separated solutions for the adjoint
system. However this does not extend to higher dimensions. We give an example
of an exponentially separated discrete equation in three dimensions for which the
corollary about the adjoint system does not hold.

The system is

3 (1 _ €)€k+2

e’ 0
xk+1)=|0¢e e(l—e) |xk), k>0, (8)
00 e

for which the transition matrix is

€3k 0 eZk(l _ek)
Dk,0)=| 0 * (1 — €

0 0 e~
If P is the projection
001
P=]010],
001
then
00 e ek 0 —ek
Dk, 0OP=|0eHFe1—-e], k,00I-—P)=] 00 0
00 ek 00 O
The space spanned by the columns of @ (k, 0) P is the
0 ek

span{x; (k), x2(k)} with x; (k) = e* | 1 | and x, (k) = ¢* | 1
0 1
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With the £!-norm we have
()] =e* e < x| < 3™
Next the space spanned by the columns of @ (k, 0)(I — P) is
1

span{y(k)} with y(k) = e* | 0
0

Letx (k) = ax; (k) + bx, (k) witha® + b*> # 0.Then (|a| + |b])e?* < |x (k)| < (Ja| +
3|b|)e?*. Then for k > 0, m > 0,

|.X(k)| < |a| + 3|b|62(k—m)'
lx(m)| — lal + 1b|

Next

|y(m)| — e}(m—k)
ly (k)| .

Hence fork > 0, m > 0,

|x (k)| [y(m)] < lal + 3151 —e—m) < 3e—tk=m),
Ix(m)| |y(&)] — la| + |b]

As a consequence the discrete system (8) is exponentially separated on Z, with
projection
00 ek +1)
P(k) =Dk, 00PP0,k)={01 0 ,
00 1

which is not bounded so that (8) is not strongly exponentially separated.
We prove that the adjoint system is not exponentially separated with projection
(atk =0)
1 00
I-P0)=I-P*=| 000
—-100

If we denote by W (k, m) the transition matrix for the adjoint system, then

ek 0 0
U (k,0) = ®*(0, k) = 0 ek 0

ek _ o2k gk _ o2k ok
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so that
0 0 0 e 00
k,OP =0 ee* 0|, YkOA-PH=| 0 00
ek ek _ g2k o=k —e2k00

Thus the stable subspace for the adjoint system should be spanned by the solution

673k

uk) = 0
—2k

and we can take the unstable space as the one spanned by the two solutions:

0 0
nky=1 0], nk)=|[ *
e~k —e2k
Then
ek <quk) =e* e *+1) <2¢7%* and |va(k)| = 2e .

Now if there was an exponential separation, there would exist positive constants K
and « such that fork > m > 0,

[u(k)| vz (m)] < Ko—0tk-m)
lu(m)| [va(k)| ~ '

However then for k > m > 0,

lz e 2k De—2m - lu(k)| |v2(m)| < xp—alk—m)
2 272 2e=% = Ju(m)| va(k)| ~ '

This is impossible. We conclude that the adjoint system cannot be exponentially
separated with projection I — P* atk = 0.

Next we show that exponential dichotomy implies strong exponential separation.
First we give the defintion of exponential dichotomy.

Definition 5 We say system (1) has an exponential dichotomy on an infinite interval
J of integers if there is an invariant projection P (k) and positive constants K > 1
and o such that

|®(k,m)P(m)| < Ke ™ |®d(m, k)A— Pk))| < Ke **™ k>minJ,

where @ (k, m) is the transition matrix. If P (k) has rank r (0 < r < n), we say that
(1) has an exponential dichotomy with rank r.
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Corollary 3 If a system x(k + 1) = A(k)x (k) has an exponential dichotomy on
an interval J with projection not equal to 0 or 1, then it is strongly exponentially
separated on J with the same projection.

Proof The proof follows at once from Proposition 4.

Finally we show that if a system is strongly exponentially separated on Z (resp.
Z._) with a certain invariant projection, then it is strongly exponentially separated
with respect to an invariant projection with the same range (resp. nullspace).

Proposition 5 [f system (1) is strongly exponentially separated on Z.. (resp. Z._)
with projection P (k), then it is strongly exponentially separated with respect to an
invariant projection Q (k) with the same range (resp. nullspace) as P (k).

Proof We just prove it for Z, . By Proposition 2, we know that (1) is exponentially
separated with respect to Q (k). All we need to show is that Q (k) is bounded. As in
Remark 3, there is a kinematic similarity x = S(k)y taking (1) into a system of the
form

ylk+ 1) = (A‘O(") Af(k)> ¥,

L . Lo 0
where the projection for the exponential separation is the constant P = <0 O) =

S~1(k)P(k)S(k) and so by Proposition 4, there exist positive constants K and «
such that
|@1(k, m)| |®r(m, k)| < Ke™*®™™ &k >m,

@ (k,m) and D,(k, m) being the respective transition matrices for y;(k 4+ 1) =
A(k)y; (k) and y>(k + 1) = Ay (k)y» (k). If Q(k) is a projection with the same range
as P(k), O(k) = S~'(k) Q(k)S(k) has the same range as S~ k)P (k)S(k) = P so

that 1w
O(k) = (O 0 )

for some matrix function C (k), where by the invariance of Q(k),
C(k) = @1(k, 0)C(0)P2(0, k)

so that
IC (k)| < |®1(k, 0)[|C(0)] |D2(0, k)| < Ke **|C(0)].

So Q(k) is bounded and hence also Q (k) = S(k) Q (k)S~'(k). Note also that we have
shown that |Q (k) — P (k)] — 0 as k — oo exponentially fast.
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4 Exponential Separation and Dichotomy

InProposition 3 in [9], Papaschinopoulos showed that for a system (1) where A (k) and
its inverse are bounded, strong exponential separation is equivalent to the existence
of abounded sequence p(k) > 0, where 1/ p(k) is also bounded, such that the shifted
equation

1
x(k+1) = %A(k)x(k)

has an exponential dichotomy with the same projection. A similar result, in the context
of diffeomorphisms on a compact manifold, has been given in [5]. There exponen-
tial separation is referred to as “dominated splitting” and exponential dichotomy as
“hyperbolicity”. It is not known whether or not this result can be extended to the case
where A(k) and its inverse are not bounded.

5 Roughness of Strong Exponential Separation

We would like to show, as for differential equations (see [2]), that strong exponential
separation is preserved under small perturbations of the coefficient matrix. Now
Kalkbrenner [6] has shown that if (1) has an exponential dichotomy and |B(k)| is
uniformly small, then x (k 4+ 1) = [A(k) + B(k)]x (k) has an exponential dichotomy
with projection near that for the unperturbed system. (Such a result was also proved
in [8], but under the additional assumptions that A(k) be invertible and A(k) and
its inverse be bounded.) However the following example shows that the analogous
result is not true, in general, for strong exponential separation.

Example 2 Consider the equation

(e tak)+46 O
x(k+1)= < 0 a(k)) x(k) 9
with k£ > 0, § > 0 and a(k) > 0. Two independent solutions are:
k—1 Seo
utk) = | e o [ (1 +— ) O] vk = 0.0k,
=0 a(j)
where ¢(0) = 1 and
k—1
o(k) = na(j) fork > 1. (10)

j=0
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Then

@l )l i T ( | 56“)
i oior ~ ¢ U35 )

We define a (k) as follows. Let T;, i > 0, be a sequence of positive integers such that
T;v1 > T; + 2 (e.g. T; = 2i). Then we define

A (=21, T <k <Ty),
a(k) = .
B (i>0, Th; <k < Tht),

where A; — Oand B; — oo (e.g. A; = 1/i, B; =i). Then

a\ k—m
|u(k)| |v(m)| — efa(kfm) 1 + (gi — e[log(1+6e“/A,-)fal(kfm). (11)
lu(m)| |v(k)] A,

when T5;_; < m < k < Ty;.Thisimplies thatitis not possible that there exist positive
constants K and (3 such that

W D _ iy

lu@m)| ()] —

k>m

for otherwise, setting m = T»;_; and k = T5; — 1 and taking logs,
log(1 + de®/A;) — al(Tr; — 1 = Tri_1) <log(K) — B(Tp; — 1 — Tr;_1) < log(K) — 3,

which is impossible since the left side — oo asi — 00. On the other hand, if 75; <
m < k < Tp; 41 we have

lu(ol Jvim)| _ ¢0k=m) (] 4 5oo /B )k = ollog(1-+de" /B)—al(k—m)
lu(m)| |v(k)]

This implies that it is not possible that there exist positive constants K and (3 such
that
TR TG R —

v < , k>=m
lv(m)| |u(k)]

for otherwise, setting m = T,; and k = T»;;; — 1 and taking logs,
—(log(1 + 0e“/B;) — a)(Trj+1 — 1 — T;) <log(K) — B(Thi+1 — 1 — Tr;) < log(K) — 3,
which is impossible since the left side — oo as i — oo.

As a consequence system (9) is not exponentially separated with, at k = 0, pro-

jection ((1) 8) or with projection <8 ?) This also covers all cases where the stable
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subspace at k = 0 is the x-axis, because we may take the unstable subspace at k = 0
10

00)

This leaves the case that system (9) is exponentially separated with stable subspace

at k = 0 different from the x-axis. Then we can take the x-axis as the unstable
subspace at k = 0, that is, we can assume that (9) is exponentially separated with

projection (8 Y) atk = 0. Set

as the y-axis so that at k = 0O the projection is

«Q

) . v(k) =a(k),

k—1
de
u(k) =e‘“ko(k)| | (1 + —
i=0 a(j)

with o (k) as in (10). Then the stable and unstable solutions are, respectively

xg (k) = (yu(k), v(k)), xy (k) = (u(k), 0)

and there should exist positive constants K and 3 such that

|v(k>|}_ (ol _

= <Ke P k>0,
|u (k)] |, (k)|

max {IVI,

where we are using the maximum norm in R?. This implies that v = 0. However
. . . o 00
we have shown the system is not exponentially separated with projection 01 at

k = 0. This completes the proof that system (9) is not exponentially separated.
In view of this example, we must choose a different kind of perturbation.

Theorem 1 Suppose (1) is strongly exponentially separated on an interval J with
projection P (k). Then if |B(k)| <0, where ¢ is sufficiently small, the perturbed
system

x(k+1) = Ak)[1+ B(k)]x(k) (12)

is also strongly exponentially separated with projection Q (k) of the same rank. Also
there exists a constant N such that

[Q(k) — P(k)| = No.

First we prove the perturbation theorem for the special case where the system has
been split into its stable and unstable parts and the perturbation is uncoupled. Note
that this proof is rather more complicated than the proof of a corresponding lemma
for dichotomy would be.

Lemma 1 Consider the system

xik+ 1) = A (D)1 4+ Ci1(k)]x1(k), xa(k + 1) = A (k)T + Co(k)]xa (k).
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Suppose there exist positive constants K and o such that
|1 (k, m)| |@2(m, k)| < Ke ™ ™™ k>meJ,

@, (k, m) being the respective transition matrices for x;(k + 1) = A; (k)x; (k). Then
if |Ci (k)| <6, where K6 < 1,

By (k. )| | B, k)| < Ke—@ 08K/ A=KODE=m) 5 e J.

where ‘51' (k, m) are the respective transition matrices for x;(k + 1) = A; (k)[1 +
C;i (k) ]x; (k).

Proof Let x,(k) be a nonzero solution of x;(k + 1) = A, (k)x,(k). Then
|®1(k, m)]| |x2(m)| = @y (k, m)| |P2(m, K)x2 (k)] < Ke ™ ™ |xa(k)|, k > m.

Next if x; (k) is a solution of x;(k + 1) = A (k)[I + C;(k)]x; (k), then

k—1
x1(k) = 1 (k, m)xi(m) + Y @1(k, p)Ci(p)x1(p)

p=m

so that

—atk— p)| Z(k)|

o) olx1(p)I.

I s o L N+ Y ke
p=m

Writing z(k) = e“"‘lxl(k)|/|x2(k)|, we get

k—1
2(k) < Kz(m)+ K5 Y z(p)

p=m

so that for k > m,
2(k) < K(1 + K& "z(m).

Therefore

- o 10200
x1 (k)] < Ke(@toeeKh=m 22070 | )|
|x2(m)|

and hence
1k, m)| < K~ (eloattkon=m 2 (OL
o2 (m)|’
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That is,
B (k, m)| |@2(m., k)xy (k)| < Ke™ @78 IHEDEm 10, ()| k = m.
Since x; (k) is arbitrary, it follows that
|B1(k, m)| | @(m, k)| < Kem@TIosHHRDEM =k >y,
Next let x; (k) be a solution of x| (k + 1) = A (k)[I + Ci(k)]x; (k). Then

L1 (k)| | @2 (m, k)| = [B1(k, m)x; (m)| |@a(m, k)| < Ke@T108UFKNE=m) | [ ke > m.

Now if x, (k) is a solution of x,(k + 1) = A, (k)[I + C»(k)]x2(k), then for k < m

m—1

x2(k) = Py (k, m)xz(m) — Z Dy (k, p)Ca(p)x2(p)
p=k

so that

k k
)] < Ke—@-toet+kmnm—n 1R 0 Z Kef<aflog<1+1<6)><pfk>M(ﬂx .
lx1(m )| lx1(p)]

Writing z(k) = e~ @ 1sI-KOk |0 (6)| /|x, ()], we get

m—1

z(k) < Kz(m) + K¢ Zz(p), k <m, sothat z(k) < Kz(m)(1 — K6)k_m, k<m

p=k

and so

x1(k
I (k)| < Ke (@— log[(1+K0)/(1—K0)])(m— k)| i )|| »(m)|, k <m.

|1 ()|

Thus

By (k. m)| < K¢~ 1osl(+KH/1=KD)Din—k) X1 (k)|
i)~
That is,

By (. k) (k)] | B (k. m)| < K e—@-0el0+KD/A=KODm—) | k) & < .
Since x; (k) is arbitrary, it follows that

|, (k, m)| |Dy(m, k)| < K e~ @ 0elA+KO/A=KODUh=m) = ppy < f.
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Now we prove the general perturbation theorem, using the special case just proved
and also Lemma 2. Here we follow the method in the proof on p. 42 of [3]. First we
prove a lemma which is essentially well-known (see, for example, Proposition 2.8
in [8]) but we give the proof for the sake of completeness.

Lemma 2 Let A(k) be an invertible matrix function on J = Z, Z or Z_. Suppose
there exist positive constants K and « such that the transition matrix @ (k, m) for
(1) satisfies

| (k, m)| < Ke k=™

fork > min J. Next let f(k, x) be a function satisfying
|f kO < p, [fk,x1) = fk,x2)| < 0lx1 — x2
fork € J and |x1|, |x2| < A. Then if
2Kp<(l—e A, 2K0<1—e"7,

the equation
xtk+1)=AWk)xk)+ fk,xk)), kel

has a solution x (k) such that |x (k)| < 2K u/(1 —e™®).

Proof Let E be the Banach space of bounded sequences x (k) defined for k € J with
the supremum norm || - || and let S be the ball of radius 2K ¢t/ (1 — e™) in E. Then
we define a mapping T on S by

k—1
(Tx)(k) = _ @k, m+1)f(m, x(m), kel

m=b
where b = —oo when J =7, Z_ and b = 0 when J = Z . Note that if k € J,

k—1
(TR <D Ke D+ 02K /(1 — e™)]

m=b
<K —e ) u+02Ku/(1—e )]
<2Ku(l —e 7L
Hence T maps S into itself. Next if x; (k) and x, (k) are two sequences in S, then for

kEJl,

k—1
[(TxD) (k) = (Tx) (k)| < Y Ke ™ Dhllx) — xs ]l

m=>b

1
<K =e ) 0x; —x2lloe < 71— x2llec.
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Thus T is a contraction on S and has a unique fixed point x(k) which satisfies
|x(k)| <2Kup/(1 —e™*) forall k € J and also

k—1
x(k) = Z @k, m~+1)f(m,x(m)), ke,

m=b
from which it follows that for k € J,

k
x(k+1) =Y @k+1,m+1)f(m, x(m)
m=b
k—1
= AK) Y Dk.m+1)f (m, x(m)) + f (k, x(k)) = AG)x (k) + f (k. x(K)).

m=b
Now we continue with the proof of the theorem.

Proof Asin Remark 3, there is a kinematic similarity x = 7T'(k)y, k € J, taking (1)
into a block diagonal system

Xk +1) = (Alék) Azo(k)> (6.

This coefficient matrix commutes with P = <(I) 8) Also the block diagonal system
is strongly exponentially separated with constant projection P so that by Proposition

4 there exist positive constants K and « such that
|y (k, m)| |®2(m, k)| < Ke ™, m <k, m kel

®;(k, m) being the respective transition matrices. If we apply the transformation
x = T (k)y to the perturbed system (12), we obtain a system with coefficient matrix

T~k + DAL+ BT (k) = T~ (k + DAK)T (k)
+T Lk + DAGOTE T L) BE)T (k)

=<A1(k) 0) (Al(k)cll(k)Al(k)C12(k)>
0 Ak Az (k)Ca1 (k) Az (k)Coa(k))

where

Ci1(k) Cia(k)

1 —
T~ (k)B(k)T (k) = (C2l(k) Cr (k)

) so that |C;;(k)| < Mo,
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M being an upper bound on |7~ (k)| |T (k)|. We assume

2KMéd < 1.
The transformed equation is

yitk +1) = A1(k)[y1 (k) + Cr1(k)y1 (k) + Cra (k) y2(k)],

vk + 1) = As(K)y2 (k) + Cor () y1 (K) + Coa (k) y2 (). (13)

Then we use the transformation

yiy\ _ wr\ I Hy, (k) wy
() =50 () = (o ") ) 09

where, provided Hi,(k), Hy; (k) are bounded and |Hy (k) Ha (k)] < v < 1, S(k) is
invertible with bounded inverse given by

( (I — Hya(k)Hy (k)] —[I — Hiz(k)Hy, (k)]_lle(k))
—[X — Hay (k)Hy2(k)] ™ Hay (k) (I — Hay (k)Hi2 (k)] ! '

The transformation (14) takes (13) into a block diagonal system

wik +1) = A (k)X + Cy1 (k) + Cra(k) Hyy (k) ]w (k),

walk + 1) = Ay (O[T + Coa (k) + Cat (k) Hia (k) Jwa (k) (15

provided for k € J,

Hia(k + DAy (k)X + Cpa(k) + Co1 (k) Hi2 (k)] = A1 (K)[A + Cr1 (k) Hiz (k) + Cra(k)],
(16)
Hy(k+ DA1(R)[X+ Cp1(k) + Cra(k) Hyp (k)] = Az (K)[Cap (k) + (L + Ca (k) Hpy (k)]
(17)
First we solve (16). With H;, replaced by H, (16) can be rewritten as

Hk+1) = Ay ()1 + Cpy (k)] H (k)L 4 Cao(k) + Coy (k) H (k)] ™' A5 (k)

1
b A ROCHOI + Co®k) + CuOHBT A %), D)

assuming I+ Cy (k) 4+ Cy1 (k) H (k) is invertible, which it will be as long as d is
sufficiently small. Now we know the equation

H(k+1) = A H (k) = A, (k)H (k) Ay " (k)
is uniformly asymptotically stable because it has transition operator

H—> Yk,mH=®(k,m)HD,(m, k),
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where
&k, m)| < Ke “*™ k> m.

We write (18) as
H(k+1) = A (k) H (k) Ay ' (k) + f(k, H(k)),
where
[k, H) = Ay(k)g(k, H)A;' (k) with g(k, H) = g (k, H)g; ' (k, H),
and

g1k, H) = C1(k)H — HCa (k) — HCa1(k)H + Cya(k),
gk, H) =1+ C(k) + Co1 (k) H.

We see that |g(k, 0)] < (1 — M&)~' M6 so that
|f(k,0)| < Ke (1 — M3&)"'M§
in view of the fact that
|ALRIIAL (k) = @1k, k — D] |Pa(k — 1, k)| < Ke™.
Next note that when |H| < 1,
g1 (k. H)| < 4M6. |gy" (k. H)| < (1 —2M4)™"
and if |H,|, |[H2| < 1,

lg1(k, Hy) — g1(k, Hy)| < 4MJ|H, — H,|,
lgy " (k, Hy) — g5 ' (k, Ho)| = |g5 ' (k, H)[g2(k, Hy) — ga2(k, H2)1g ' (k, Ha)|
< (1 —=2M&"2MJ|H, — H,|

so that

lg(k, Hy) — g(k, Ho)| < |gi(k, H)|1g; " (k, Hy) — g5 (k, H»)|
+1g5 " (k, Ha)| 1g1(k, Hy) — g1 (k, Hy)|
<[4M&6(1 —2M8)2M6 + (1 —2M8)"'4MG1|H, — Hs|
=4MS(1 — M&(1 —2M6)"2|H, — H,|.

Then if |H,|, |H»| < 1,

|f(k, H)) — f(k, Hy)| <4MKe (1 — MS)(1 —2M3)25|H, — Hy|.
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Now we apply Lemma2 with A = 1, = Ke (1 — M&)"'M3,0 = 4MKe (1 —
M&)(1 — 2M§)~26. Then if

2K*M(1 —M&)~'6<e*—1, 8K>*M(1 — M) (1 —2M8)725 <e* —1,
equation (16) has a solution Hj,(k) such that |Hjy(k)| < 2K>M(e® — 1)7'(1 —
M§)~16 for all 1. 3

Now we consider Eq. (17). If we define H (k) = Hy (—k + 1), withk e 1 — J =
{1 —2¢:¢¢€J},(17) reads:

H(kK) A (=KL + C11(—=k) + Cia(—k)H (k + 1)]
= A2 (—k)[Ca1(—k) + (T + Co(—k) H (k + 1)]

fork € 1 — J, that s,

Hk+1)
= [Ay(—k) (I + Cya(—k)) — H(k) A1 (—k)C12(—k)] ™!
{H() A (=K1 + C11(—k)] — Az (—k)Ca1 (—k)} (19)

= Ao (=K YHK)A (k) + f(k, HK)), kel—J,

where
flk, H) =g, " (k, H)gi(k, H),

with

g1k, H) = p(k, H)C11(=k) — C21(—k) — Co(=k) p(k, H) + p(k, H)C12(k) p(k, H),
g2(k. H) =T+ Coa(—k) — p(k. H)Cra(—k), p(k, H) = A5 (k) H A (—k).

Note that if |H|, |Hy|, |Ha| < 1,
pk,0) =0, |pk, H) — p(k, Ho)| < Ke™|H| — Ha|
lgi(k, H)| < M5(1 4+ Ke™)?, |g5'(k, H)| <[l — M6(1 + Ke™)]™!
lgi1(k, Hy) — gi1(k, Hy)| <2MKe™*6[1 + Ke™*]|H, — H»|,
lgs ' (k, Hy) — g5 ' (k, Ha)| < [1 — M3(1 + Ke )] 2M&Ke ®|H, — Hs|
so that if |Hy|, |Hy| < 1,
| fk, H)) — f(k, Hy)| < 0|H) — Hy|,

where
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0=[1—-M5(Q0+Ke ] "2MKe “5[1 + Ke ]
+MS(1+ Ke™?[1 —M5(1 + Ke )] ?MéKe™®
< (1 —2KMH)24K?*e “MS5.

Also we have

Mo

— —iT! _
Lf(k, 0)] = [T+ Coo(=K)] 7 [ |Ca1(—k)| < =15

The transition operator of equation
Hk+1) = Ay(=k) "H(k) A1 (=k), kel—J,
isWk,mH=®,(1 —k,1 —m)H®(1 —m, 1 — k) and satisfies

W (k,m)| < Ke**~™

for m < k. Then, applying Lemma 2 with = % ¢ = 4K%e “MO and A = 1 we

1—M3° (I—2K M?)?
see that if
e* —1 8K3M§
Méf< ———— and —— < e —1,
2Ke® + e — 1 (1 —2KM$)?

equation (19) has a solution bounded on 1 — J and hence (17) has a solution bounded
onJ.

In fact, |Hay (k)] < 2KM(1 — e=*)~'(1 — M&)~'5. Then provided

|Hyp (k) Hyy (k)| < 4K2e™*M*(1 — e~ *)72(1 — M) 26% < 1,

x = S(k)w is a kinematic similarity taking (13) into (15).

Next we show that the transformed Eq. (15) is strongly exponentially separated.
Note that

|C1(k) + Cra(k) Hay (k)| < 01, [Caz(k) + Cor(k)Hyiz (k)| < 6y,

where
8 = MS&(1 +2KM max{l, Ke °}(1 —e ) ~'(1 — M&)7'9).

Then it follows from Lemma 1 that
|®1(k, m)| |P2(m, k)| < K~ lolHKOW/A=KODE=m) =y <

@, (k, m) being the respective transition matrices. Provided that



174 F. Battelli and K. J. Palmer

log[(1 + Kd61)/(1 — K] < a,

it follows that (15) is strongly exponentially separated with constant projection

P = (I 0). Hence (12) is strongly exponentially separated with projection Q (k) =

00

T (k)Sk)PS~ (k)T ' (k). Now the projection for the unperturbed systemis P (k) =

T (k)PT~"(k). It follows that

10(k) = P(O)| < IT(K)||SK)PS™" (k) — P||T " (k)|

<ITWOI[IS®) =1 PSR+ |PIIS™ (k) = 1] 1T (k)|

<M[ISGk) =1 |P||ST K|+ |P[IS™ (k) — 1]
< N¢

for some constant N, since |S(k) —I| = 0(9), |S~'(k) —I| = O(6).

6 Exponential Separation in Block Upper Triangular
Systems

In this section we consider a block upper triangular system

An(k) Appk) -+ A, (k)
wle+1) = Atougo = | 0 A2 Ay

0 0 - Ak

where A;; () is n; x n;, and its associated block diagonal system

Ajytky 0 -~ 0
ue+n=[ O ARO 0 g,
0 0 Ak

(20)

2y

In Proposition 6, we show if (20) is strongly exponentially separated on a half-axis,
then (21) is strongly exponentially separated also. Then in Proposition 7, we show
the converse of this statement on a half-axis or whole axis but with a boundedness
condition. At the end we give some results for diagonal systems and upper triangular

systems, where the blocks are scalars.

Proposition 6 If the block upper triangular system (20) is strongly exponentially
separated on a half-axis J, then the projection for the exponential separation of (20)

at k = 0 can be taken as
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Py P Pi3 - . Py,
0 Py Py--- - Py
oo P )
P = 00 0 -.. - ) . (22)
00 0 --PyyPyy,
000 - - P

where the P; are projections. Moreover, the block diagonal system (21) is strongly
exponentially separated with projection at k = 0 given by

PO O - 0
0P O - 0
~loop-
000--P, ;0
000 - P,

In the unbounded case, “strongness” is necessary here to get exponential separa-
tion. Consider the following example.

uk +1) = ((1) ek(el_ 1)) u.

This upper triangular system is exponentially separated on Z,, since we have the
two solutions (1, 0) and (e¥ — e, 1). However the diagonal system is clearly not
exponentially separated. The reason for this is that the exponential separation is not
strong.

Example 3

In order to prove the proposition, we use the following lemma from [2].

Lemma 3 Consider the Cartesian product of vector spaces
U=U1XU2X-‘-XU/<,

where k > 2. If V is a subspace of U, there is a projection P on U with range V,
which has the form

Py Py P3--- - Py
0 Py P3Py
1o o0 P - .
P = o0 0 --- - . ’
0 0 0 - Py Piork
00 O0-- 0 P
where P; is a projection on U; fori =1, ... k.

Now we prove Proposition 6.
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Proof Denote by V the stable (resp. unstable) subspace for (20) at k = 0. Then it
follows from Lemma 3 that there is a projection P of the form given in the statement
of the Proposition which has range V'; in the case Z_, we replace P by I — P so that
the new P has nullspace V. It follows from Proposition 2 that we may take P as the
projection for the exponential separation at k = 0. The transition matrix for (21) is

Dk, m) 0 0
Oteomy=| O SEmo 0
0 0 - @,k,m)

whereas that for (20) is

Dy (k, m) Wia(k,m) --- Wy, (k, m)
Uk, m) = 0 d’z(lf,m) Wzm(.k,m)
0 0 e @, (k,m)

where ®; (k, m) is the transition matrix for x; (k + 1) = A;; (k)x; (k). We take

PLO O - 0
0PO - 0

= |0 0P
000 P 0
000-- - P,

Then P(k) = U(k,0)PU(0, k) is an invariant projection for (21) and P(k) =
U(k,0)PU (0, k) is a projection for the exponential separation of (20). We see that
U(k,0)PU (0, m) = Uk, m)P(m) and U(k)PU~"(m) = U (k, m) P(m) only dif-
fer in the (i, j)-entries, i < j, with those in U(k, m)f’(m) being zero. It follows
that 3 3

\U (k, m)P(m)| < |U(k, m)P(m)|.

(Note we use a matrix norm with the property that if A = [A;;] and B = [B;;] are
partitioned matrices with |A;;| < |B;;| forall i, j, then |A| < |B|.) Similarly

[T (m, k)X = P (k)| < |U(m, )X — P(k))|.

Since by Proposition 4 the strong exponential separation of (20) implies the existence
of positive constants K and « such that

U Gk, m) P(m)[ |U (m, k)X = P(k))| < Ke "™, m <k,

we conclude that
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Uk, m)P(m)||1U(m, kYA — P(k)| < Ke™*™ m <k.
|

Then the proposition follows from Proposition 4.
Now we prove the converse.

Proposition 7 Consider system (20) on J = Z, Z_ or Z, where Ai_il(k)Ai (k)
is bounded for i < j. Then if the diagonal system (21) is strongly exponentially
separated, system (20) is also strongly exponentially separated.

Proof We define the matrix

L, 0 -« 0

0 0 "'5”_lln,,

where A;; (k) is n; x n; and 3 > 0. A simple calculation shows that with A(k) as
in (20),

An(k) BARK) - - ﬂ":;Alp(k)
STIAWS = Agty = | O A Br=2 Ay (k)

0 0 - Apk)

This means the constant kinematic similarity u = Sv takes (20) into the system
v(k +1) = Ag(k)v(k), where

A 0 -0 0 BA ALK - BPTAT A, (K)
Agio=| O AR O ' '

: : e BAY Ay,

0 0 - App(k) 0 0 0

However, when A;l (k)A;j(k) is bounded for i < j, the last matrix is small when
(3 is small. Then it follows from Theorem 1 that v(k 4 1) = Ag(k)v(k) is strongly
exponentially separated if 3 is sufficiently small. From this it follows that (20) is
strongly exponentially separated.

Example 4 These examples show that in Proposition 7 the boundedness condition
on Ai_il(k)Ai (k) for i < j is necessary. In both examples the diagonal system is
strongly exponentially separated. In the first example the triangular system is not
exponentially separated but in the second example it is exponentially separated but
not strongly so. Note we use the maximum norm in R,

(i) Consider the system

k
u(k + 1) = (g el)u(k).
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Clearly the diagonal system is strongly exponentially separated on Z. having the
solutions
u (k)=<0> u (k)=(6k> k>0
s 1 ’ u 0 ’ — .

However we will show that the upper triangular system is not exponentially separated.
The solution with #(0) = (a, b) is u(k) = (¢*~'(ea + bk), b). When b # 0, we see
that |u, (k)|/|u(k)| — 0 as t — oo. So if the system is exponentially separated on
Z.., u, (k) must be the unique stable solution and we may take w(k) = (ke*~!, 1) as
the unstable solution. Then there must exist positive constants K and « such that

AR
()] Tw ()] ~

, k>m.

That is,
m
m < Ke =™  for any k >m > 1.

But, with k = 2m, m > 1, this gives

<Ke ™ -0 asm — 00,

N =

a contradiction. Hence the system is not exponentially separated.
(ii) Next consider the system:

1

k+1

25
uk +1) = <k61 )u(k).

When § = 0 it is strongly exponentially separated on Z, with constant projection

(8 ?) The stable solution is (0, %) and the unstable is (i—k,, O). When § # 0, the

transition matrix is
2t 2§ (1 - &2)
@k, 0) = (k! k! 2k >
’ 0

L
Kt

Let u(k) be the solution (—5 k2 %) and let v(k) be the solution (%, 0). Then, for

k>m>6"1-2,

lu®lvm)| k42

— —k=m) k=) /(m+2)p=(k=m) _ ,—(og2=})(k—m)_
lum)| v m+2 - -

So this system is exponentially separated. However it is not strongly exponentially

separated. To see this, note that taking u (k) = (—%, (%) as the stable solution and

v(k) = (i—k,, O) as the unstable corresponds to taking the projection P (0) as
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P(0) = <8 _125> .

Then, by invariance, a projection for the exponential separation is

P(k) = @ (k, 0) P(O)® (0, k) = (8 ~36+ 2)) |

Since |P (k)| — oo as k — 00, it follows from Proposition 5 that the system is not
strongly exponentially separated.

We finish the section with two propositions about upper triangular systems, that is,
block upper triangular systems where the blocks are scalars. We need the following
lemma, which gives information about the stable subspace of (21) when it is strongly
exponentially separated. Actually we only need it for scalar diagonal systems but
prove it for the block diagonal case.

Lemma 4 Assume (21) is exponentially separated on Z+ (resp. Z._). Then the sta-
ble (resp. unstable) subspace is a Cartesian product Vi x Vo x --- x V,, where V;
is a subspace of R™. Moreover, if 1 <dimV; <n; — 1, u;(k + 1) = A;; (k)u; (k) is
exponentially separated with stable (resp. unstable) subspace V; and strongly expo-
nentially separated if (21) is.

Proof First we prove the case p = 2. Define V| as the subspace of R™' consisting
of those ¢ for which (@ (k, 0)&, 0) is in the stable (resp. unstable) subspace for
(21) and V; as the subspace of R™ consisting of those 1 for which (0, @, (k, 0)n) is
in the stable (resp. unstable) subspace, where @;(k, m) is the transition matrix for
ui(k + 1) = A;;(k)u; (k). Then V| x V, is a subspace of the stable (resp. unstable)
subspace for (21) at k = 0.

Suppose z(k) = (u;(k), up(k)) is a solution of (21) (still with p = 2) in the stable
(resp. unstable) subspace with i (0) # 0, u;(0) # 0and suppose there exists o and 3
with a3 # 0 for which w(k) = (au; (k), Sua(k)) is not in the stable (resp. unstable)
subspace. Then we can choose the unstable (resp. stable) space so as to include w (k).
Then, in the Z,. case, there exist positive constants K and y such that

Iz(k)||w(m)| < —y(k—m) k>m
lz(m)| lw(k)| ~ T

However note that w(k) = Dz(k), where D = (a(l)"‘ ﬁ? ) so that
ny

lwim)| _ lzem)] 1
lw)| ~ lz®)| DD

This implies that

; < Ke_”l’(k—m)’ k >m,
|D| D1
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which is clearly absurd. In the Z_ case, there exist positive constants K and - such
that
W@ _ )

—_— < k> m.
[w(m)| |z(k)]

However
G

lw@m)| = |z(m)| |D||D~"]

which, as before, leads to an absurdity. So we have proved thatif z(k) = (u (k), u»(k))
isasolution in the stable (resp. unstable) subspace, then all solutions (au (k), Bus (k))
with a8 # 0 are in the stable (resp. unstable) subspace. Then we can let («, §) —
(1,0) and (0, 1) and conclude, by continuity, that (u;(k), 0) and (0, u,(k)) are in
the stable (resp. unstable) subspace. It follows that z(0) € V| x V,. Thus we have
shown that the stable (resp. unstable) subspace at k = 0is V| x V5.

Then we let W; be subspaces such that R* = V; & W;. Then by Proposition 2
we may take W = W; x W, as the unstable (resp. stable) subspace at k = 0 for
the whole system. Then the conclusion about exponential separation of u; (k + 1) =
A;; (k)u; (k) follows easily. Note also that when (21) is strongly exponentially sep-
arated, it follows from Proposition 5 that the angle between V;(k) x V,(k) and
Wi (k) x Wy (k) (here V; (k) = ®;(k,0)V;, etc.) is bounded below by a positive num-
ber. Hence the angles between the V; (k) and W; (k) are bounded below by positive
numbers also, and so the systems u; (k + 1) = A;; (k)u; (k) are strongly exponentially
separated also.

The proof for general p > 2 follows by induction on p using the p = 2 case.

Now we give a necessary and sufficient condition that a diagonal system be
strongly exponentially separated. As we shall see, strong exponential separation
and exponential separation are equivalent for diagonal systems.

Proposition 8 The diagonal system

u;k+1)=a;ku;k), i=1,...,n (23)
is exponentially separated on J = 7, 7., or Z_ with rank r if and only if there exists
I C{1,...,n}, where #I = r, and there exist constants K and o« > 0 such that

k-1
Z[log la;(p)| —logla;(p)|] = K — alk —m) (24)
p=m

foriel, j¢lIand k> min J. Morever, if (23) is exponentially separated, it is
also strongly exponentially separated.

Proof Suppose (23) is exponentially separated on Z (resp. Z_). Then by Lemma 4,
there exists I such that the stable (resp. unstable) subspace is span{e; : i € I} (resp.
span{e; : i ¢ I}), where the ¢; form the standard basis in R”. Then we may take the
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unstable (resp. stable) subspace as span{e; : i ¢ I} (resp. span{e; : i € I}).If (23)1is
exponentially separated on Z, then these must of course be the stable and unstable
subspaces. Then if x;(k) = ]_[l;;t a;(p)e;, there exist positive constants K and «
such that
OGO atm s i
lx; (m)]]x; (k)| — B
fori € I, j ¢ I, from which the inequalities (24) follow with log K instead of K.
Suppose conversely that inequalities (24) hold. Let P be the projection with range
span{e; : i € I} and nullspace span{e; : i ¢ I}. Then, for k > m, if @ (k, m) is the
transition matrix for (23), @ (k, m) P is a diagonal matrix with ]_[];_:111 a;(p) in the
ith position when i € I and O otherwise and @ (m, k)(I — P) is a diagonal matrix
with ]_[I;;in(l/aj (p)) in the jth position when j ¢ I and O otherwise. If we use the
maximum norm for matrices, then for all k > m there existi € I and j ¢ I such that

k—1 k—1
[Pk, m)P||®(m, k)X — P)| = ]_[ lai (p)] l_[(l/laj(p)l) < eKeotom,
p=m p=m

The strong exponential separation follows.

Finally we examine the relation between the strong exponential separation of an
upper triangular system and its associated diagonal system.

Proposition 9 If the upper triangular system

ay (k) app(k) - - ay, (k)

uk+ 1) = Aty = | 0 an® o an®

0 0 - auk)

is strongly exponentially separated on a half-axis with rank r, then there exists
I C{1,...,n}, where #I = r, and there exist constants K and o« > 0 such that

k—1
> loglaii(p)| —loglaj;(p)] < K — a(k —m)

p=m

foriel, j ¢ Iandk > m. The converse holds lelf((Z; is bounded fori < j and on
the whole axis also.

Proof ITmmediate from Propositions 8, 6 and 7.
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7 Exponential Separation in Linear Symplectic Systems

In this section we restrict to bounded systems so that exponential separation is equiv-
alent to strong exponential separation. We begin with the observation that, in general,
exponential separation does not imply that the dichotomy spectrum (or Sacker—Sell
spectrum) has at least two components. For example, consider the diagonal system

x(k+1) = <“g‘) e%?(k)) x(k)

onZ,,withO < v < 3 — a, where a(k) is a bounded real sequence such that 1/a (k)
is also bounded satisfying

k—1 k—1
a= ,}H},};nog;nlog la(p)l < 8= lﬂi‘i‘i;}’g la(p)l.

This is clearly exponentially separated. However for any A > 0,

-1
k1) = (A ado A—lﬁa(k)) (k)

has an exponential dichotomy if and only if each scalar equation has (see Theorem
3.1 1in [12]) and hence if and only if (see Proposition 2.4 in [12])

1 ¢ [e®/X e’/N], thatis, A ¢ [e°, 7]

and
1 ¢ [e“TV/N, eP7/A], thatis, A ¢ [e“T7, e77].

So the dichotomy spectrum of the system is the single interval [¢®, e”] U [,
"] = [e”, e"].

However in this section, we show when the system is bounded linear symplectic
and it is exponentially separated with subspaces of the same dimension, the system
has an exponential dichotomy with stable and unstable subspaces having the same
dimension and hence the dichotomy spectrum has at least two components.

Let

x(k+1) = A(k)x(k), x(k) e R (25)

be alinear system, where A (k) is bounded together with its inverse, and is symplectic,
that is,

A*(K)TAKk) =7, where J = (_(; Ig)
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Theorem 2 Let (25) be a linear symplectic system, where A(k) is bounded together
with its inverse. Suppose (25) is exponentially separated on an interval J = 7, 7.
or Z._ such that the stable and unstable subspaces have the same dimension n. Then
(25) has an exponential dichotomy on J with stable subspace of dimension n.

Proof The transition matrix @ (k, m) associated with (25) is symplectic. So, as in
[2], we have the Iwasawa decomposition

@ (k,0) = G(k)R(k),
where G (k) is orthogonal and

_ (Ru(k)  Ria(k)
R(")‘< 0 (Rfl(k))-l)’

R (k) being upper triangular with positive diagonal entries. Note that
Ak) =@k +1,k) = @k +1,000(0,k) = Gk + DRk + DR ()G (k).
The transformation x (k) = G (k)y(k) takes system (25) to

y(k+1) = B(k)y(k) = G~ '(k + DAMK)G (k) y(k) = R(k + DR (k) y (k).
(26)
It is clear that B(k) and its inverse are bounded. Of course, it is trivial that G (k) and
its inverse are bounded. It follows that (25) and (26) share those dynamical properties
preserved by kinematic similarity.
B(k) is a block upper triangular matrix
_ By (k) Blz(k)>
B(k) = R(k+ DR '(k) = ,
(k) = Rtk + DR () ( 0 Btk

where By (k) = Ry (k + l)Rfl1 (k) is upper triangular and
By(k) = (R}, (k + )" R}, (k) = (B~ (k).

Then B,; (k) is lower triangular with diagonal entries the reciprocal of those in By (k).
Since (25), and therefore also (26), is exponentially separated with rank » on an
interval J = Z, Z. or Z_, we conclude using Proposition 6 that the block diagonal

system
_(Buk) 0

is exponentially separated with rank n on J also. We can turn this into an upper
triangular system by reversing the order of the last # variables. Then we can conclude,
by Proposition 9, that on each half-axis (that is, on J when J = Z, or Z_ and on
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Zy and Z_ when J = 7Z), its diagonal part is also strongly exponentially separated
with rank n. Returning to the original variables, this diagonal system has the form

yitk+1)=a;k)yk), i=1,...,2n,

where a;,(k) = 1/a;(k) fori =1, ..., n. It follows from Proposition 8 that there
exist constants K and a > 0 such that the set {1, 2, ..., 2n} can be divided into two
disjoint subsets I; and I, of cardinality n with

k—1
> “loglai(p)| —logla;(p)l] < K — otk —m), k=m

p=m

when i € I} and j € I,. Suppose we have i € I} and i +n € I; for some i. We
subtract n from those numbers in /; or I, which exceed n. So there must be a number
J» 1 < j < n, which after this subtraction does not appear in /;. This means j € I,
and j +n € I,. Then

k—1
> loglai(p)| —logla;(p)[1 < K —atk —m), k>=m

p=m

and
k—1

> log(lain(p)| —loglajn(p)] < K — alk —m), k= m.

p=m
The latter means that

k—1
> (= log(la;(p)| +logla;(p)|] < K — alk —m), k= m.

p=m
and we conclude that

k—1
—K +atk—m) <y [loglai(p)| —logla;(p)| < K — a(k —m)

p=m

so that
atk —m) <K, k=>m,

which is clearly impossible. Hence i and i + n cannot both belong to ;. Similar
reasoning shows that they cannot both belong to I;.

Suppose i € I,. Then i 4+ n € I, where we interpret i +n asi —n when i > n.
Then
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k—1
> loglai(p)| — (—loglai(p)] < K — atk —m), k=m
p=m
so that
k—1
D loglai(p)l < K/2 = (a/2)(k —m), k= m.
p=m

Nextsupposei € I,. Theni + n € I;, where we interpreti +n asi — n wheni > n.

Then
k—1

> [=loglai(p)| —loglai(p)llu < K —atk —m), k=m

p=m

so that
k—1

Y loglai(p)l = —K/2+ (/) (k —m), k=m.

p=m

Hence the diagonal system has an exponential dichotomy on J with projection of
rank n when J is a half-axis and on each half-axis when J = Z. Then, by Theorem
4.1 in [12], system (26) and hence (25) has an exponential dichotomy on J with
projection of rank n when J is a half-axis and on both half-axes when J is the whole
axis. This finishes the proof when J = Z4 or Z_.

When J = Z, we know from Corollary 1 that on Z, the stable subspace (for the
exponential separation) on Z and the unstable subspace on Z_ intersect in 0 and each
has dimension n. However, by Corollary 3, since (25) has an exponential dichotomy
with projection not equal to zero or the identity, it is exponentially separated with
the same stable and unstable subspaces, the stable (resp. unstable) subspace being
unique when J = Z, (resp. Z_). Hence, by the discrete analogue of Proposition 1
in [1], system (25) has an exponential dichotomy on Z with projection of rank .
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