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Abstract We consider the delayed antibody-antigen competition model for two-
dimensional array of biopixels

xijn+ 1) =x; j()exp {8 —yyi;j(n —r) = dxij(n —r)} + S{xi,j(n)} ,
yi,jin+1)=y; ;(n) exp{ — py +nyxi j(n—r) — 5},yi,j(n)}, i,j=1,N,

n,r € N. Here x; ;(t) is the concentration of antigens, y; ;(t) is the concentra-
tion of antibodies in biopixel (i, j), i, j = 1, N. 8{x; j(n)} = (D/A®){xi_ ;j(n) +
Xig1,j(n) + x; j—1(n) + x; j11(n) — 4x; j(n)} is spatial diffusion-like operator. Per-
manence of the system is investigated. Stability research uses approach of Lyapunov
functions. Numerical simulations are used in order to investigate qualitative behav-
ior when changing the value of time delay » € N and diffusion D/A?. It was shown
that when increasing the value of time delay r, we transit from steady state through
Hopf bifurcation, increasing period and finally to chaotic behavior. The increase of
diffusion causes an appearance of chaotic solutions also.
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1 Introduction

One of the most important current research is related with design of sensor devices.
They are considered as cornerstones of Industry 4.0 [2, 20] relying primarily on
cyber-physical systems, which include smart sensors with supervision and commu-
nication purposes. A lot of modern applications in biology, medicine, ecology, food
industry are dealt with biosensors. They are kind of sensors aimed for measurements
of biological substances. The design of biosensor devices includes estimation of
parameters enabling us their stable functioning.

The most of models describing biosensors uses partial differential equations. How-
ever it does not take into account discrete nature of spatial coordinates of the biosen-
sor, which is based on two- or three-dimensional biopixels array. That is why in series
of works (see [15, 19]) finite lattice differential equations were offered to describe
biosensor devices.

Differential equations which are used in the biosensors modelling are based
on population dynamics for describing different biological species interaction. For
example, in case of immunosensors, which are kind of biosensors, we use antigens
and antibodies, which play roles of preys and predators respectively. In such a way we
result in well-known predator-prey differential equations in the biosensor modelling.

A lot of results for the predator-prey models with discrete or distributed time
delays has been obtained. As it was mentioned in [13], the problem is that the most
of these results are related with the continuous-time systems but discrete-time mod-
eling is more appropriate in cases “when populations have a short life expectancy,
nonoverlapping generations in real world”.

Let x; ;(¢) be concentration of antigens, y; ;(t) be concentration of antibodies in
biopixel (i, j), i, j =1, N.

The model is based on biological assumption for arbitrary biopixel (i, j), which
are described in [15]. It includes the following constant parameters: birthrate for anti-
gen population, 3 > 0; death rate of antigens, ¢, ; probability rate of neutralization
of antigens by antibodies, v > 0; birthrate of antibodies, 1i,; death rate of antibod-
ies, d,; probability rate of immune response with respect to antibodies, 7. Immune
response appears with some constant time delay 7 > 0. For the sake of simplicity we
assume the same delay 7 for the death rate of antigens. We have some diffusion of
antibodies from four neighboring pixels (i — 1, j), i + 1, j), (i, j — 1), @, j + 1).
The complete biological reasoning and description of the model is presented in [15].

So we start from considering a very simple delayed antibody-antigen competition
model for biopixels two-dimensional array which was offered and investigated in [15]

dx; ; A
):l—;(t) =B = vy j(t =7) = 0xx; j(t — T)x; () + S{xi ;},
. )]
dy; j (1) 5
— = +nyxi (& — 1) — 0y i ; (8) ) yij (@)
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with given initial functions

xij () =x);(1) =0, yi;j(0)=y);(t) =0, te[-T,0),

2
x;,;(0), y;,;(0) > 0.
For asquare N x N array of traps, we use the following discrete diffusion form of
the spatial operator, which was already applied for modelling biosensors (see [19])

S{xi,j} =DA™? |:xi1,j + Xig1,j + Xij—1 X — 4xi,ji| i,j=1L,N (3

Each colony is affected by the antigen produced in four neighboring colonies, two
in each dimension of the array, separated by the equal distance A.

We use the boundary condition x; ; = 0 for the edges of the array i, j =0, N + 1.

The techniques, which are used in the work for discretization, permanence and
stability investigation are primarily based on the approach developed in [13] for
predator-prey system. Here they were extended in case of finite lattice model with
diffusion.

The paper is structured in the following way. In the Sect.2 we employ the dis-
cretization technique to derive the discrete version of system (1). The conditions for
quasi-permanence are investigated in Sect. 3. Global stability research is presented in
Sect. 4. Results of modeling (1) are displayed in Sect. 5. It can be seen that qualitative
behavior of the system is determined mostly by the time of immune response 7 (or
time delay) and diffusion rate D.

Within this paper we use the following notation:

— the symbol i = m, n for some integer i, m,n ,m <nmeansi =m,m+ 1, ..., n;
— |x] denotes the greatest integer less than or equal to the real value x;

— a" =sup,ya(n) and a' = inf,cy a(n) for any bounded sequence {a(n)};

— R™* denotes the set of nonnegative real numbers;

— N be the sets of nonnegative integers;

— ® denotes the direct product of matrices.

2 Deriving the Difference Equations Model

The system (1) without diffusion is approximated by the following differential equa-
tions with piecewise constant arguments

dx; j

2D (ﬁ vy (Lt I — L/ k) — by, (Lt B — Lr/th))xi,jm,
dyi

20 _ ( = 1y 1y Lt/ B = L/ ) = 6yy,-,,-<Lr/th>)yi,,-<r>

4)
fort € [nh, (n + 1)h),n € N.



300 V. Martsenyuk et al.

Noting that |t/ h] = n, |[T/h] = r € N, we integrate (4) over [nh, t), where t <
(n 4+ 1)h, then (4) can be reformulated as

w = (ﬂ — vy, j(nh —rh) — 0cx; j(nh — Vh))%’,j(f),
dy; i (t
%” - ( — pty + 11, (b — rh) — 6yyi,,-<nh))y;,,<t>.

Denoting x; j(n) = x; j(nh), y; j(n) = y; j(nh), then we have

xi,j(t) = xi,j(n) exp {ﬁ —Yyij(n—r) = 0uxi j(n — r)},
3
Yi.j(t) = vi,j(n) exp { = py X, j(n = 1) — 5)‘)’1’,1’(”)}.

Setting t — (n 4 1)A in (5) and simplifying, adding diffusion to the first equa-
tion,' we get a discrete analogue of continuous time system (1) with the form

xij(n+1) =x; j(n)exp {ﬂ —yi,j(n—r) —0xx; j(n — r)} + S'{xi,j(n)},
(6)
yij(n+1)= yi,,-(n)exr){ — py +0yxij(n—r) — 5yyi,,-(n)},

We pay attention that behavior of the system (6) may not be the same as for
the differential one (1). The equivalence of differential versus difference equations
trajectories, which are obtained with help of forward Euler, backward Euler or cen-
tral difference schemes, may be for “sufficiently small discretization time steps”
only [12]. The problems of equivalence of difference and differential Lotka—Volterra
equations were firstly studied in [18]. The derivation of the discrete model (6) is the
standard connection between Lotka—Volterra continuous time model and discrete
time Nicholson-Bailey model [18]. The Nicholson—Bailey model was derived in
order to have similar dynamical properties as Lotka—Volterra ones.

In [16] nonstandard Mickens scheme of time-discretization was described, which
was further used in order to get dynamical consistency between discrete-time and
continuous-time models in a lot of research and applications [17].

With respect to time-discretization of lattice reaction-diffusion equations we have
a wide range of research—in the one-dimensional lattice [5, 6], higher dimensional
lattices [9], papers dealing with the exact role of the time discretization on the exis-
tence of travelling waves [10] or validity of maximum and comparison principles [23]
which is the main reason which led authors to the alternative discretization. There
are also numerous contributions in the case of delayed lattice differential equations,
for example [14, 25].

IDiffusion term is considered be additive in order to get clear permanence and stability results.
Actually the diffusion on discrete space may be represented by a matrix multiplication also [4].
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In Sect.5 we investigate the problem of qualitative consistency between (6) and
(1) numerically.
We introduce the following definitions for finite lattice difference equations (6).

Definition 1 It is said that system (6) is quasi-permanent if there exist pos-
itive constants m,, My, my; ;j, My, ;, i,j =1, N that every positive solution

{ (xz (), yi, ,(n)) } =1, N of system (6) satisfies

m, < lim 1nf Z x; j(n) <lim sup Z xi,j(n) < M,,

n~>oo

1 ,j=1 i,j=1
my;; <lim mf y,j(n) <lim sup y; j(n) < M,; ;.
n—oQ
Definition 2 A positive solution { (xl* i (n), y; i (n)) } i, j =1, N of system (6) is

globally attractive if each other positive solution (x, (), yij (n)) }

of system (6) satisfies

Jim |x; j(n) —x7;(n)| =0, lim Jy; ;(n) — yim| =0, i,j=1N.

3 Permanence

In spite of the fact that a series of results were obtained when considering permanence
of Nicholson models without diffusion, e.g. recent ones are [7, 13, 26], much more
less permanence results were established for discrete reaction-diffusion models. Here
we mention work [1] for on one- and two-dimensional lattices. These results were
approved numerically in [3].

Here we have already introduced the notion of quasi-permanence of the system
(6) which is “weaker” as compared with traditional permanence. The reason is the
taking into account diffusion of x; ; within the finite lattice. In turn, the system is
permanent with respect to y; ;(n) in a traditional sense.

In order to prove quasi-permanence of the system (6), we need the following
auxiliary results from [26].

Lemma 1 It holds

—1
max x exp B(1 —x)) = % 7

for 3 > 0.

Lemma 2 Assume that x (n) satisfies x(n) > 0 and
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x(n+1) < x(n)exp{s(n)(1 —ax(n))} ¥

forn € [ny, 00), where a is a positive constant. Then
. 1
lim supx(n) < — exp {s“ - 1} . )
n—o0 as#
Lemma 3 Assume that {x(n)} satisfies

x(n+1) = x(n)exp{s(m)(1 —ax(n))}, n= No, (10)

lim,_, o supx(n) < x* and x(Ny) > 0, where a is a constant such that ax* > 1 and
Ny € N. Then

lim inf x(n) > lexp{s“(l —ax")}. (11)

n—00 a

The next auxiliary result is related to necessary condition to the positive invariance
of the positive orthant

Q= {(x,-,j(n),yi,j(n)> i, j=1,N,x; j(n) >0,y ;(n) > o}

Lemma 4 Assume that the positive orthant S2 is positive invariant for the system

(6),i.e.x; ;(0) > 0, y; ;(0) > Oimpliesx; j(n) >0,y ;(n) >0,neN,i, j=1N.
Then

> = (12)

holds.

Proof We assume for purposes of contradiction that ¢’ < 4A—D2. Consider a counterex-
ample, if N = 1. Then the first equation (6) together with the boundary conditions
Xo,1 = X2,1 = X1,0 = X12 = 0 = yo,1 = y2,1 = y1,0 = y1.2 introduced above, yields

xpi(n+ 1) =xi 1) exp{B—yyi1(n —r) — Gx1.1(n — r)} — (4D/A*)x 1 (n)
< x,1(m)(e” —4D/A%) <0

for any x;,1(0) > 0, y1,1(0) > 0, contradicting the original supposition.

The next result introduces a sufficient condition for the underlying grid size ensur-
ing that the solution of (6) is non-vanishing.

Lemma 5 Let for the system (6) the positive orthant §2 be positive invariant. Besides
that, let N be such that fou,.(N) < 1 holds, where

e’ — 4—D<1 + cos mk+1) cos mk—D )' (13)
2IN+1) 2(N+1D

fextnc(N) = max
N
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Thenlim,_, o x; j(n) =0,i, j =1, N.
Proof Itrequires a comparison principle for difference equations (see [24], Theorem

2.1, p. 241).
The following inequalities hold for x; ;(n + 1)
xijn+1) < xiﬁj(n)eﬁ + S {x,-,j(n)} .
Consider N2-vector of the form
X(n) = (xl,l(n)v x12m), ..., xin(), x21(n), ..., x2n(n), ...,

T
xN,l(n), ey xN,N(n)) .

We compare X(n + 1) < CX(n), where C = Iy ® A+ B® Iy,

r,3 _ 4D D B
€~ A
D 3_ 4D D
a2 ¢ T ana
D
x .
A= 4 e RVV,
3 _ 4D D
e A
D" ,8_ 4D
- A2 A2
- _
0 &
D g L
A? A2
D
B = Az ERNXN,
D
0 &
b0
L 2z YV

Iy is N x N identity matrix. The N? eigenvalues of C are of the form (see [11],
Theorem 8.3.1) A\; ;(C) = M (A) + N(B), k, I = 1, N, where the eigenvalues of A

_8_43D 2D _TW
M(A) = ¢’ = =5 = ZZcos (mk/(N+ 1)), k=T.N,

the eigenvalues of B

2D _
N(B) =~ cos (l/(N + 1), 1=TN.
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The comparison system Z(n 4+ 1) = CZ(n) tends asymptotically to zero if
>\k,l < 1. That is,

max < 1.

kI=1,N

3 4D 2D 7k 7l
e’ — — — —| cos 4+ cos
A2 A2 N +1 N +1

Theorem 1 Consider the system (6) satisfying the positive invariance of the set 2.2

Let G-1)
exp(f —
ayj = —Hy + 77’YMx,i,j5—,
exp(aq; i — 1
;= -y 2R = D L ). (14)
y
my
03 = —py + 5 exp(on,; (1 — 0xGi i),

where (; j, i, j =1, N are some constants.
If there exist M, ; j(r) > 1, i, j = 1, N such that for any (;; >0,1,j=1,N
conditions

min {oy;;, k=1,3,i,j =1, N} >0 (15)
hold, then system (6) is quasi-permanent.

Proof Since §2 is a positive invariant set of (6), we assume that { (x,-, (), yij (n)>,
i,j=1,N } is its arbitrary positive solution.

Firstly we prove that x,-,j(n),y,',j(n)),i,j =1, N} is uniformly upper
bounded. Consider the first equation of (6). We get

Xijn+ 1) < xim)yexp (B — dexi j(n — 1)} + 8 {xi ()

Ox A
= x; j(n) exp {,6(1 — Ex”(n — r))} + S {x,’,j(n)} .

(16)

Letn; ;(r) € N be such that

Xi,j(n)

——— < M,;;, n>nj.
x,',j(l/l —r)

Applying Lemma 1 it implies for n > n;; ;j(r)

2Lemma 4 offers necessary condition (12).
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Xij(n+1) <My ; j(r)xij(n —r)exp {ﬂ <1 - %xi,j(” —V))} +~§{xi,j(”)}

_1 N
< M., ,»(r)éﬁe"p(ﬁT) + 8 {xi ()
_1 N
- X,i,j(r)e’(p(?—) + 8 {xi, ).

X

Hence, forn > ny(r) = max; ;_yyni, ;(r) we have

4 exp(B— 1) +
lim sup Z xij(n) < pé— Z M, i j(r) =: My(r).

i,j=1 i,j=1

Moreover, there exists a sufficiently large n,(¢) € N, that for any constant € > 0

it holds? |
3 () < Mx,,-,,-<r)exp(f—_) fe n=me. (17)

Consider the second equation of (6). Hence we get

exp(B—1)
yi,j(n+1) <y j(n)exp {—uy + U’Y[Mx,i,j(r)%

Oy
=yi,j(n) exp {afc,i,j (1 - 6—))/[,](”))} .
Qi

. exp(B—1)
QY= —Hy +ny [wai,j(r)pa— + e:|

X

+e€] — 5y)’i,j(n)}

Here

Applying Lemma 2 and letting e — 0, we have

exp(a?. . — 1
M — FY.. (18)

Jim sup y; ;(n) < 5 L

3In order to substantiate it, we assume the contrary, namely, there are ¢; > 0 andi*, j* € 1, N such
that xpe j+(n) > My e j» () 22P=D 4 ¢; foralln > 0. Then

J exp(B—1) epB-1)
Jim sup Y0 i) = ———— Y Maij() < ——— > M)
ij=1 ! ij=1 * i j=Lii £

-1

N
exp( P
e — e S —— D My () + 8 {xis jr(n = D} — e,
X

i,j=1

which is a contradiction at n — co.
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Hence it follows that

N N 0
] exp(al’iyj -1 '
e
ij= i,j=

Further we prove that {(x;;, yi;),i,j = 1, N} is uniformly ultimately lower
bounded.
According to (18), there exists an n3(e) > n,(e) such that

exp(af, ; = 1)

+
3, ‘

yi,j(n) <

for n > n3 and constant € determined above.
Due to the first equation of (6) we have

0. =1
Xi j(n+1) > x; j(n)exp {ﬁ—v(exp(a;#—i-e) —6xx,»,j(n—r)}.
y

We have to differ two cases. Case 1. There exists ng(€) > n3(e) suchthatx; ;(n) <
xij(n —r), n > ny. It implies

xi,j(n+1) > x; j(n) exp {a;i.j(l — (5xx,~,j(n)} .

. exp(a?f—l)
Qi :Zﬁ—7<é—’j+6 .
y

Due to Lemma 3 we get

1 exp(f —1
xi,j () = 5. P {O‘;,i,j(l — 0x (Mxﬁi,j(r)$ + e) }

Here

Let € — 0. It implies

. 1 0 exp(8 — 1)
nli)rgo infx; j(n) > 5 exp {%,i,j (1 — M, (r)T
Case 2. For all n > ny(e) we have x; j(n) > x; j(n —r). It follows that
lim,,_, 0 X; j(n) = x;fj exists, where xi‘fj := x;,;(0) exp 8. On the other hand xi‘fj >
%. It follows that

— 1 "
nlingo inf x; j(n) > a exp {ag,,-,j(l — 5xxi,j)}
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Considering the second equation of (6), we get
dy
Vijin+1) >y j(n)expyki | 1— F)’i,j(”) .
ij

Here ny
Kij = —Hy + 5 exp {agyi,j(l - (5xxlffj)} .
X

Further we use the following inequality*

5, . _exp(af,; ;) —1 . exp(af, ) —1

i T = 0
Ki,j Ki,j AL, j

> 1.

Applying Lemma 3, we have

li inf ( )> K:i,j 1 6}’ u
Jim infy; ;(n) > 5 eXp | Ki,j - Yij (-

y

4 Stability Investigation for the Finite Lattice Difference

Model of Immunosensor

4.1 Steady States

307

The complex topology of set of endemic steady states for lattice Nagumo reaction-
diffusion dynamical systems were studied in [6]. Moreover, when considering
Nagumo equation on graphs, in [22] they observed that for sufficiently strong reac-
tions (or sufficiently weak diffusion) there are exponentional growth of the number

of endemic steady states.

In general case steady state &; ; = (x,; i Vi, j), i, j = 1, N for difference system

(6) can be found as a result of solution of the algebraic system:
Xi,j = Xi j €Xp {5 —Vij— 5xxi,j} + S{xi,j}y

Yi,j = Yi,j €Xp { — My + 07X — 5yyi,j},

19)

with respect to (x; j, ¥i,j), i, j = 1, N. We have to distinguish the following cases.

4Here we use that Xlexp(x —1)>1forx > 0.
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Antigen and antibody-free steady state 81.(? .jo = £00 = (0, O), i,j=1,N.

Antibody-free endemic’ steady state. The system (6) has so-called antibody-free
steady state, namely

ﬁf59w=<§ﬁ),hj=LN

Identical endemic steady state. In case if x; j = x >0, i, j =1, N (it yields

S‘{xi,j} = 0) we get steady state &; ; = /9" = (xid”’, y"d’”), where

idn _ B0y vk yidnt — —Hy0c + 18
%+ 6.0, 7% + 60,

We see that if —1,0, + 13 > 0, then £ is endemic.

Nonidentical endemic steady state. In general case we need to solve the algebraic
system (19) to find endemic steady state, which we call here as nonidentical steady

idnt _ idnt idnt P —1 N : idnt idnt

state £ = (x,-’f‘j’-”' S /it ) i, j =1, N.Incaseifall (x}§"", yrsmenty >
0, then £""4" ig endemic. We note that the values of x'¥"* and y*¥* can be used
as initial approximations for numerical methods to solve nonlinear algebraic sys-
tem (19).

4.2 Global Attractivity

In [21, 28] there were studied the global attractivity of the positive equilibrium of the
discrete Nicholsons model. Global attractivity of Nicholson’s differential equation
with continuous diffusion was investigated in [27] with help of maximum princi-
ple. In case of continuous-time reaction-diffusion model from R” on graphs, it was
shown that at some parameters there are 3" stationary solutions, out of which 2" are
asymptotically stable [22].

It is natural to expect a possible global attractivity of large number of positive
solutions for difference model (6). The next result offers the sufficient conditions of
global attractivity, which were obtained with help of Lyapunov functions.

Theorem 2 Assume that conditions of the Theorem 1 hold and there exists a positive
constant & such that

SHere we use epidemiological term “endemic” meaning the state when the “infection” (in this
context, antigen) is constantly maintained at a baseline level in an area without external inputs.
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1
exp{'ymy—i-éxmx—ﬁ}—(5x—m——7wz§,

) (20)
min {(5y, w (5),} —y =&
y

Then any positive solution { <x:j (n), y:j(n)), i,j=1, N} of system (6) is globally
attractive.

Proof Consider {(x,;j n), yi, j(”)), i,j=1, } is arbitrary positive solution of
system (6). Let

Vi1ij(n) = [In <x,,(n) {x,,(n—l)})—ln<x () — S {x} (n—l)})l

Then it follows from the first equation of (6) that

Vi Slnx j(n) —Inx?;(m)| + vy j(n —r) =y} ;(n —r)]

(21
8yl (1 = ) = x7 (1 = 7).
By the Mean Value theorem, we get
Inx; j () — Inx; ;(n) = ﬁ(x,-, ROEEAON
where 6 (n) lies between x; ;(n) and xifj (n),
In(xi,; (1) — 8 {x; j(n — D)) = InGx; ;) — § {0 — D))
= %((xi,j(”) x; i (n) — $ {xij(n =D} - {xl](n - D)),
where 6, (n) lies between x; ;(n) — {x, j(n—1)} and X7 () — {x (n — }
We consider
[Inx; ;(n) —Inx] ;)]
= [In(x; ;(n) — S {xi;(n — D} = In(x} ;) — S {x};(n — D}
= In(x; ;(n) — {xl/(n - D} —In(x} ;) — {x (n—=D)I
+ |Inx; j(n) —In xi‘j(n)l (22)

1 1
> Vi j(n) — <02(n) e )>| xi,j () — xf ()

1 A
—%< {xlj(n—l)} {x (n — )})
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Combining (21) and (22), we have

AV i) = Vi jn+1) = Vi ()
1 1 .
=~ ~ o0 =00
+ 1y j(n—r) =y ;(n—r)] (23)
+ dxlxi j(n —r) — x! ;(n — )]

1 o o *
~Hw (S {xij(n =D} = 8{x7 ;00 = 1)} )

Next, we let

n—1 n—1
Vinijm) = Y Slxi () —x} )+ Y Alyij(s) = v ()l
Then we have
AVigiim) = Vig;jn+1)—Via; i(n)

= ﬁi Olxi,j(s) — x7 ()] + ﬁi Vi () = ¥} ()
s=n+1-r s=n+1-r
n—1 n—1

= > Galxi () = x ;= D Ay s) = ¥} 9

*

,‘,j(n — )|

+1yij(n) =y ;) = ylyij(n —r) = ¥ ;(n —r)l.

= Oulxi j(n) — x7 ()| — 0xlx; j(n —r) —x

Welet Wy ; ; = Vi1,i,j(n) + Vi 2, ;(n). Then it follows from (23) and (24) that
AVy;i(n) = AVy,;j(n) + AV, i(n)
oY AL [N
y— ——+ —— ||x;i(n) —x . (n
- Or(n) ~ O1(n) )" o
+ b () — 37, )]

l o o *
o (S {xij0 =D} =S {x7 ;00 - 1)})

(25)

In a similar way we define for the second equation of (6)
Vo i) = Vo, ;j(n)+ Voo, i(n),

where
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Va1:;(m) = [Iny; j(n) —Iny!;(n)l,
n—1

Voo j(n) = Z nylxi,j(s) — x5 ()]
Then we have
AVy1;n) = Vo1 n+1) = Vo, ;(n)
< ! | ! Oyl i j(n) — yi sl
_ o _ () — vE
-\ 6 7 Yhi Vi

+mylxij(n —r) = x7;(n =)l

where 0 is between y; j(n) and y; ;(n),
AV j(n) = nylxi j(n) — x7 ;)| —nylxi j(n —r) — x[;(n — 1)l

Hence
AVyin) = AVa,; j(n) + AVas,i i(n)

§—<031n) —I%—%I)Iyi,j(n)—y,fj(n)l (26)
+ mylxi j(n) — x7 ().
Now, we introduce for any pixel (i, j) Lyapunov function
Vi,jm) = Vi j(n) + Vo, j(n). 27
According to (25)-(27) we have

AV ij(n) = AVy; j(n) + AVa,; (n)

1 1 .
= (6)( - 0,(n) + 0, (n) + 77’7)|xi,j(n) —Xij (n)|
1
+ (v - === 5y|>lyi,j(n) =y ;)]
n 3

(S {xij(n— D} = 8 {x;,(n — D} >

We let V(n) = Zyjzl V;,j(m). When summing AV; ;(n) through i, j = 1, N, and

taking into account the diffusion properties of spatial operator, we get
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B2 Bi()

N
+ m) D Ixij(n) = x7 ()

i,j=1

L 3 :
n (7 ~e Vo m 6y|> D i) = i)

i,j=1

AV(n) < (6,\ -

1 N
= (5)5 — exp {’me +§xmx _ﬁ} + m_ +77’Y) Z |)C,',j(l’l) —x;j(n)|

i,j=1

5 N
+ <'y — min {éy, T (5y}> Z lyi,j(n) — yi ()]

Y ij=1

N N
< —5( D lxiim) = x4+ > |y — y,-t,-<n>|).

ij=1 i,j=1

It completes the proof.

5 Numerical Investigation

In work [15] we investigated numerically the continuous-time model of immunosen-
sor (1) at parameters values:

f=2min"!, y=2 00 py=1min"', n=08/7, 6 =057, §, =
0.5 e, D/A* = 2.22min"".

Here we analyze its discrete analogue, which we obtain with help of scaling some
of the corresponding parameters due to discretization step 4 = 0.01 and choosing
the others experimentally®”:

B=2h, y=2h, puy="h, n=0.01184/vy, 6, =0.5h, §, =0.5h, D/A* =
2.22v/h.

We see that the scaling of the parameters should be studied deeper. But the exact
numerical consistency with the continuous-time system is not the objective of this
work. We leave it for our future research.

We start from investigating of positivity of the solutions. Firstly, we see that
the necessary condition (12) of positive invariance of the set §2 holds. Then,
in order to check that lim,_, o x; j(n) #0, i, j = 1, N, we analyze the function
Jextne (V) (Fig. 1). We see that the value N = 14 is the threshold below which
Jexme(N) < 1, that is lim,,_, o X; j (1) # 0. Moreover, since fexnc(16) > 1, we con-
clude that lim,,_, o x; j(n) # 0.

SHereinafter we omit units of dimensions of parameters.

7 After scaling of y the value 7 = 0.8/~ may not be applicable for Nicholson-type difference system
(it causes number overflow). So, we have decreased it to 0.01184 experimentally.
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Fig. 1 The values of the function fexinc(N) for N € {1,2, ...
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After calculating the steady states for pixels (identical and nonidentical ones), we
can apply the global stability conditions (20).
Similarly to differential equations in the discrete-time model we can see that when
changing the value of time delay » we have changes of qualitative behavior of pixels
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Table2 The phase planes of the system (6) for antibody populations y; ; versus antigen populations
X j» i, j =7,9. Numerical simulation of the system (6) at » = 12. Here e indicates initial state,
indicates identical steady state, e indicates nonidentical steady state. The solution converges to a
stable limit cycle
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and entire model. We considered the parameter value set given above and computed
the long-time behavior of the system (6) describing two-dimensional 16 x 16-pixels
array (N = 16) forr = 8, 12 and 15. The phase diagrams of the antibody vs. antigen
populations for the pixel (8, 8) and its neighborhood for these values of r are shown
in Tables 1, 2, 3.

For example, at r < 10 we can see trajectories corresponding to stable node for
all pixels (see Tables 1). At values » = 10 Hopf bifurcation occurs and further trajec-
tories correspond to stable limit cycles of ellipsoidal form for all pixels (see Table 2).
We note that in order that the numerical solutions regarding Hopf bifurcation were in
agreement with the theoretical results, we should apply a Hopf bifurcation theorem
from the work [8] which proves appearance of small invariant attracting cycles of
radius O (V).

For r = 12, the phase diagrams in Table 2 show that the solution is a limit cycle
with two local extrema (one local maximum and one local minimum) per cycle.
Then for r = 14, 15 the solution is a limit cycle with twelve local extrema per cycle
(see Table 3). Finally, for r = 16, the behavior looks like chaotic one. Similarly as
in continuous-time model [15], we have regarded behavior as chaotic if no periodic
behavior could be found in the long-time behavior of the solutions.
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Table 3 The limit cycles on the phase plane plots of the system (6) for antibody populations y; ;
versus antigen populations x; j, i, j = 7, 9. Numerical simulation of the system (6) at r = 15. Here

indicates identical steady state, e indicates nonidentical steady state. Limit cycles are obtained as
trajectories for ¢ € [4000, 5000]. The solution converges to a stable limit cycle with twelve local
extrema per cycle
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At D = 0 (i.e., without diffusion) a numerical bifurcation diagram showing the
maximum and minimum points for the limit cycles for the antigen population x;
as a function of time delay is given in Fig. 2. The Hopf bifurcation from the stable
equilibrium point to a simple limit cycle can be clearly seen at »r = 18. Further
all dynamical behavior is characterized as limit cycles, which can be evidenced
numerically (see Fig. 3).

At D/A? = 0.02 a numerical bifurcation diagram showing the maximum and
minimum points for the limit cycles for the antigen population V; ;| as a function of
time delay is given in Fig. 4. The Hopf bifurcation from the stable equilibrium point
to a simple limit cycle and the sharp transitions at critical values of the time delay
between limit cycles with increasing numbers of maximum and minimum points per
cycle can be clearly seen.

As a check that the solution is chaotic for r > 16, we perturbed the initial con-
ditions to test the sensitivity of the system. Figures 5, 6, 7 show a comparison of
the solutions for the antigen population x; ; with initial conditions x; ;(n) = 1 and
x1,1(n) = 1.001, n € [—r, 0], and identical all the rest ones. In Figs. 6, 7 near the
initial time the two solutions appear to be the same, but as time increases there is a
marked difference between the solutions supporting the conclusion that the system
behavior is chaotic at r > 16.
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Bifurcation diagram of local extrema
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Fig. 2 A numerical bifurcation diagram at D = 0. The points show the local extreme points for
the V1,1 population at n € [3300, 5000]. Hopf-type bifurcation appears at r = 18
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Fig. 3 The time series of the solutions to the system (6) for the antigen population x1 1 from
n = 0to 5000 with D/A2 = 0.0 and = 24 for initial conditions x1,;(n) = 1 and x1 1 (t) = 1.001
(deviated), n € [—r, 0], and identical all the rest ones. The two solutions appear to be the same,
supporting the conclusion that the system behavior is not chaotic

When analyzing an influence of diffusion on qualitative behavior of the model
we pay attention on one more the way to chaos presented in Fig. 8. We see that
increasing the values of D/A? we transit from steady state to limit cycles and finally
to chaotic behavior at values D/A? & 0.025.
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Bifurcation diagram of local extrema
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Fig. 4 A numerical bifurcation diagram at D/A? = 0.02 showing the “bifurcation path to chaos”
as the time delay r is increased. The points show the local extreme points per cycle for the xj 1
population. Chaotic-type solutions occur at » = 16. Note that at » = 27, 28 we have unbounded
solutions
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Fig. 5 The time series of the solutions to the system (6) for the antigen population x; 1 from
n = 0to 5000 with D/A2 = 0.02 and r = 15 forinitial conditions x1,1(n) = 1 and x1,1 () = 1.001
(deviated), n € [—r, 0], and identical all the rest ones. The two solutions appear to be the same,
supporting the conclusion that the system behavior is not chaotic
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Fig. 6 The time series of the solutions to the system (6) for the antigen population x;; from
n = 0to 5000 with D/A2 = 0.02 and r = 16 forinitial conditions x1,1(n) = 1 and x1,1 () = 1.001
(deviated), n € [—r, 0], and identical all the rest ones. At the beginning the two solutions appear to
be the same, but as time increases there is a marked difference between the solutions supporting
the conclusion that the system behavior is chaotic
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Fig. 7 The time series of the solutions to the system (6) for the antigen population x1; from
n = 0to0 5000 with D/A2 = 0.02 and r = 26 forinitial conditions x1,1(n) = 1 and xq 1 () = 1.001
(deviated), n € [—r, 0], and identical all the rest ones. At the beginning the two solutions appear to
be the same, but as time increases there is a marked difference between the solutions supporting
the conclusion that the system behavior is chaotic
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Fig. 8 A numerical Bifurcation diagram of local extrema
bifurcation diagram at [ _
r = 12 showing the 151 5
“bifurcation path to chaos” [ ;
as the diffusion D/A? is [ g
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6 Conclusions

In the work we offered model of immunosensor which is based on the reaction-
diffusion system of the finite lattice difference equations with delay. The main results
of the work are conditions of permanence and global asymptotic stability for endemic
state. Unfortunately, we are not able to say about permanence of the solution in usual
sense. So, here we introduced some “weaker” notion of quasi-permanence allowing
us to get conditions in a clear form.

It was shown that the dimension of pixels array N should be large enough (suffi-
cient condition) and the diffusion D/A? should be small enough (necessary condi-
tion) to guarantee the positive invariance.

For the purpose of stability investigation we have used method of Lyapunov
functions (it is more correct to say “functionals” here). It combines general approach
for construction of Lyapunov functions of predator-prey models with finite lattice
differential equations.

Numerical examples showed us influence on stability of different parameters.
Increasing time delay we transmit from stable node to limit cycles and finally to
chaotic behavior. Such behavior is dynamically consistent with the behavior of
continuous-time model, which was studied in [15].

We note that difference with continuous-time model is the way to chaos. Namely,
in case of differential equations it was period-doubling, which was characterized
by the doubling of the number of local extrema. In case of difference equations we
have “chaos” as a result of increasing the number of local extrema (not doubling).
It is caused by the discrete nature of the delay » in contrary to the continuous-time
system.



320 V. Martsenyuk et al.

Another parameter causing changes in dynamic behavior of the system (6) is the

diffusion. Namely, it was numerically shown that when increasing D, we transit from
periodic solutions to chaotic ones also.
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