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Abstract We review some theorems and mistakes in linearized oscillation results
for difference equations with variable coefficients and constant delays, as well as
develop linearized oscillation theory when delays are also variable. Main statements
are applied to discrete models of population dynamics. In particular, oscillation of
generalized Pielou, Ricker and Lasota—Wazewska equations is considered.
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1 Introduction

Linearized theory usually relates properties of nonlinear equations to their linearized
versions. Results connecting oscillation properties of a nonlinear delay difference
equation

x(n+1) —x(m) + Y ) fillx(n — 7)1 =0 forn > no, (D
k=1
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where {ri(n)} C Rf :=[0,00), 7x € Ng:={0,1,...}, k =1,2,...,m, with the
linear equation

m

x(n+1) —x(n)—l—Zrk(n)x(n—Tk) =0 forn > ny 2)
k=1

go back to 1990ies [14]. Here in (1), ufy(u) > 0 for u € R\{0} and either
lim inf filw)

k= 12Mm

In[14, Theorem 6], under natural assumptions, Yan and Qian stated that oscillation
of (2) implies oscillation of (1). However, in [10, p. 478], Tang and Yu disproved
the statement by Yan and Qian by constructing a counterexample in the case of
a single constant delay to show that (1) may have a nonoscillatory solution while
every solution of (2) is oscillatory. This happens in the critical case when the variable
coefficient is close to the boundary of the oscillation domain, see [11] for more details.

It is mentioned in [9] that to explore linearized oscillation of the autonomous
equation

=1 or | fi(u)| > |u| in some neighborhood of the origin for any

X(n+1) = x() + Y pfilx(n =71 =0 forn > no, 3)
k=1

it is sufficient to imply limitations on nonlinear functions in a small neighbourhood
of zero.

Proposition 1 ([9, p. 570]) Assume that p; € RT := (0, 00), fi € C(R, R) satis-
fies ufi(u) > 0 for all u € (=8, 6)\{0}, where § € RT, and lim fi(w) =1 for

u—>00 U

k=1,2,...,m. Every solution of (3) is oscillatory if and only if every solution of
the autonomous equation

x(n+ 1) —x(m)+ Y pex(n—7) =0 forn=ny (4)
k=1

is oscillatory.
However, a slight modification of [9, p. 574] disproves this statement.
Example 1 LetT € Nand p € [1, 0o). Consider the nonlinear equation
x(n—i—l)—x(n)—}—psin(x(n—T)) =0 forn>0. (®)]
As any eventually positive solution of the linearized equation

xn+1) —x(n)+px(n—71)=0 forn>0
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should be monotone decreasing for n > ng, we get x(ng + 1) < 0. Similarly, there
are no eventually negative solutions. However, (5) has an infinite number of constant
nonoscillatory solutions {x(n)} = {jn}, j = £1, £2, .. ., both positive and negative.

Reducing conditions to a small neighbourhood of zero as in Proposition 1 is
allowed only when all nonoscillatory solutions {x(n)} tend to zero as n — oo.

The purpose of the present paper is to establish connections between oscillation
properties of the nonlinear equation with variable coefficients and delays

x(n+ 1) —x(m) + Y r@) filx(le(m)] =0 forn > ny (6)
k=1

and the linear equation

m

x(n+1) = x(m) + Y ri(m)x(hi(m)) =0 forn > no, (7)
k=1

as well as to apply the obtained results to some models of population dynamics
models.
We consider (6) under some the following assumptions:

(Al) Fork =1,2,...,m, {r(n)} CR{.

(A2) Fork =1,2,...,m,{hy(n)} C Z, hy(n) < n,n > ng and nli)rglohk(n) = 00.
(A3) Fork=1,2,...,m, fi € C(R, R) satisfies ufi (u) > 0 for all u € R\{0}.
(A4) lim A tork=1.2.. . .m.

u
(A5) There exists § € RT such that either

0< fi(u) <u forallu € [0,0]andk =1,2,...,m, ®)

or
0> fy(u)>u forallu € [-0,0landk =1,2,...,m. )

For all results concerning (6), we assume that (A1) and (A2) hold. Define

n_p:= mkinmin{hk(n) T n > ngl,

which exists and is finite by (A2). By a solution of (6), we mean a sequence
{x(n)};Z,_, for which

x(n+1) = x(n) — Zrk(n)fk[x(hk(n))] forn =ng,ng+1,... .
k=1

It is well known that (6) has a unique solution satisfying the initial condition
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x(n) =¢pu_pn, forn=n_y,n_1+1,...,np,

where g, @1, ..., @Yn,—n_, are prescribed real numbers.

A solution {x(n)} of (6) is said to be oscillatory if x(n) are neither eventually
positive nor eventually negative. Equation (6) is oscillatory if all its solutions are
oscillatory. Otherwise, (6) is called nonoscillatory.

After linearization, we have to apply oscillation results for linear equation (7), so
we present below some of them.

Proposition 2 ([7, Corollary 7.1.1]) Assume that py € R and 1 € Z for
k=1,2,...,m. Linear autonomous equation (4) is oscillatory if and only if the
characteristic equation

A=1+) pA =0 (10)
k=0

has no positive roots.

Proposition 3 ([12, Theorem 1]) Let (Al) and (A2) hold and

e - rr(n)
liminf inf {3 —— by
e /\el?(),l){; AL — e } ~

Then, (7) is oscillatory.

Proposition 4 ([15, Corollary 3]) Assume that (Al) and (A2) are satisfied and there
exist Ao € (0, 1) and ny > ng such that

i¢<l for n > ny.
£ Ng(1 = Mgy = -

Then, (7) is nonoscillatory.

Denoting

_ u(n)
() = {—1 - u(n)}

in [3, Theorem 2.1], we get the following.

Proposition 5 ([15, Corollary 3]) If (A1) and (A2) hold, the following statement are
equivalent.

(i) Equation(7) is nonoscillatory.
(ii) There exists ny € 7Z such that the inequality

x(n+1)—x@n) + Zrk(n)x(hk(n)) <0

k=1
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has an eventually positive solution for n > ng and/or
x(n+1) —x(m) + Y re(m)x(he(m) = 0
k=1

has an eventually negative solution for n > ny.
(iii) There exist ny € Z and a sequence {j1(n)} C Rg such that

pn) =Y ) [T [+ p(] forn = ny, (1)
k=1 J=hi(n)
where ny > ny satisfies hy(n) > ng foralln > nyandk =1,2,...,m.

A
Remark 1 Proposition 4 follows from Proposition 5 with {u(n)} = { 1 0/\ }
— Ao

Next, we quote an oscillation result for nonlinear equation (6).

Proposition 6 ([7, Theorem 7.4.1]) Assume that (A4) and (A5) hold, p; € R* and

T € Nofork = 1,2, ..., m. The autonomous nonlinear equation
x4+ 1) —x(m) + Y pefilx(n — 1)1 =0 forn >ng (12)
k=1

is oscillatory if and only if the autonomous linear equation
m
x(n+1)—x) + Zpkx(n —1) =0 forn>ngy
k=1
is oscillatory.

Proposition 7 Assume (A4) and (AS5). The autonomous nonlinear equation (12) is
oscillatory if and only if the characteristic equation (10) has no positive roots.

By analyzing the characteristic equation
A= —=p)+gX7 =0,
we get the following result.

Proposition 8 Assume f, g € C(R, R) satisfy (A4) and (AS), p € [0,1), q € Rg
and T € Ny. The autonomous nonlinear equation

x(n+1) —x(n) + pflx(m] +qglx(n = 7)1 =0 forn = ng
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is oscillatory if and only if
q(T+1)T+1 > (1 _p)7'+17_7"

Further, Sect.2 contains known and some new auxiliary statements that will be
required to prove main results in Sect. 3. In Sect. 4, we apply linearization theorems
to equations of mathematical biology generalizing Pielou’s equation, Ricker’s model
and Lasota—Wazewska equation. Some final comments are presented in Sect.5.

2 Auxiliary Results

We will assume without further mentioning that (A1)—(A3) hold. Let us start with the
statement that under (A1)—(A3), unlike Example 1, there is a nonoscillatory solution
which does not tend to zero if and only if the series of the sum of coefficients
converges.

Theorem 1 The following statements are equivalent.

(i) Y rlj) < oo,
j k=1
(ii) Equation(6) has a nonoscillatory solution {x(n)} such that lim x(n) # 0.

Proof (i) = (ii): Pick L > 0 and denote M := m]iix Lma);L{fk(x)}. Since the
oo m o

series Z Z rr(j) converges, we can find n; > ng such that
j k=1

o0 m L
ZZrk(j) < Im forn > n;.

j=n k=1

By (A2), there is n, > n; such that sz (n) > n; for n > n,. Define x¢(n) := 1 for
n > np and {x;(n)} for £ € N as

L+ Y n filxer ()], n=n,

xXe(n) = j=n k=1

2L, n <n <ns.

Inductive arguments yield that 2L > x,(n) > xy41(n) > L for n > n; and £ € N.
Define {x(n)} by x(n) := elim x¢(n) forn > n;.
— 00

Then, we see that {x (n)} is a positive solution of (6) satisfying lim x(n) = L > 0.
n— o0
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(il)) = (1): We may suppose without loss of generality that {x(n)} is an eventually
positive solution of (6) such that lim x(n) # 0. By (A1)—(A3) and (6), {x(n)} is
n—o0

eventually nonincreasing. Then, lim x(n) =: L > 0. We can find n; > ng such that
n—0oQ

x(n) > 0and & < x(hi(n)) < 3 foralln > ny. Setm := min min {f;(x)}, then

IL-x|<&
m > 0 by (A3). Summing (6) from n; to (n — 1), we get
n—1 m
0=xmn)—x(m) + Z Zrk(j)fk[x(hk(n))] foralln > ny,
Jj=ni k=1

which yields

n—1

Z Zrk(j) =< YO o all n > nj.
m

j=n1 k=1

This proves (i) provided that {x(n)} is eventually positive. The case of {x(n)} being
eventually negative is similar and thus is omitted.

Let us illustrate that in Theorem 1 the limit assumption on variable delays in (A2)
is necessary, as well as continuity and the sign condition on f in (A3), with two
examples.

Example 2 The equation
x(n+1)—x(n)+x(—-1)=0 forn>0

with the initial conditions x(—1) = —1 and x(0) = 0 has an eventually positive
solution {x(n)} = {n}, which does not tend to zero, because the delay obviously
does not satisfy lim h(n) = oo of (A2).

n—o0o

Example 3 For the equation
xn+1)—x(n) +2f[x(n—1)]=0 forn >0, (13)
where f is either

1
1’

1_|1_

u, u = . 3 3 uy, u
or u) .=

%(u—l), u>1 o) é(’/l—l), u

IV 1A

fi(u) 32{

all the conditions but one (continuity for fi or sign condition for f,) in (A3) are
satisfied. However, all solutions of its linearized counterpart are obviously oscillatory,
while {x(n)} = {1 + 27"} is a positive solution of (13) with the initial conditions
x(—1) =3 and x(0) = 2 since

1
x(n+ 1) =142"0FD =407 _ E2—" =x(n) —2filx(n —1)] forn=0,1,... .
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With f = f,,itis easy to verify that {x(n)} = {1} is also a solution of (13) with the
initial conditions x(—1) = 1 and x(0) = 1.

Now, consider the condition

o0 m

D0 () = oo (14)

j k=l

Corollary 1 Every nonoscillatory solution {x (n)} of (6) tends to zero asn — < if
and only if (14) holds.

Remark 2 Tf (6) is oscillatory, then (14) holds.

Lemma 1 Assume that every nonoscillatory solution {x(n)} of (7) satisfies
lim x(n) = 0. Then, there exists a solution {j(n)} of inequality (11) satisfying
n—oo

n—1

—1
lim (]‘[[1 + u(j)]> = 0.

J

Proof Without loss of generality, let {x(n)} be an eventually positive solution of (7)
such that x(n) — 0 as n — oo. Then, we can find n; > ng such that x(n) > 0 and
x(hy(n)) > O0foralln >nyandk =1,2,...,m. From (7), x(n + 1) < x(n) for all

n > ny. Now, define u(n) := ﬂ— 1 >0 forn > ny,then
x(n+1)
n—1 —1
x(n) =x(n1>(1"[[1 +u(j)]> forn > n;. (15)
Jj=ni

Substituting (15) into (7), we get

m

py = re) [T [0+ (] forn = n,

k=1 j=hi(n)

wheren, > njissuchthath;(n) > niforalln > njandk = 1,2, ..., m,ie., {un)}
satisfies (11) with equality. Further, we have

n—1 -1
. . . x(n)
Jim ([Tor+wom) - = jim 05 =0

J=ny

This completes the proof.
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3 Main Results

Our first main result states that oscillation of the perturbed linear equation implies
oscillation of the nonlinear equation.

Theorem 2 Assume that (A4) holds, and there exists 0 € (0, 1) such that the linear
equation

x(n—|—1)—x(n)+02rk(n)x(hk(n)) =0 forn=>ng (16)
k=1

is oscillatory. Then, (6) is oscillatory.

Proof Assume the contrary that {x(n)} is a nonoscillatory solution of (6). First,
suppose that {x(n)} is eventually positive. Then, we can find n; > ng such that
x(n) > 0andx(hy(n)) > Oforalln > nyandk = 1,2, ..., m.From(6),x(n + 1) <
x(n) for all n > n;. By Corollary 1, we see that nli)rglox(n) = 0. Thus, we can find

n, > n; such that
fk[x(hk(n))] > Hx(hk(n)) forallm >ny,andk =1,2,...,m.
From (6), we obtain the inequality

x(n+1)—x(n) +0 ) r(mx(he(n)) <0 foralln > ny.
k=1

By Proposition 5, Eq. (16) also has a nonoscillatory solution. The case where {x(n)}
is eventually negative is similar, which concludes the proof.

Next, we show that oscillation of a nonlinear equation implies oscillation of its
linearized counterpart.

Theorem 3 Assume that (AS5) holds and (6) is oscillatory. Then, (7) is also oscilla-
tory.

Proof Assume the contrary, let {x(n)} be a nonoscillatory solution of (7). By

Corollary 1 and Remark 2, we have lim x(n) = 0. By Proposition 5, there exists a
n—o0o

positive sequence {xo(rn)} such that

m n

uo(n)zZrk(n) l_[ [1+ po(j)] foralln > ny,

k=1 Jj=hi(n)
where n; > ng. Thus, by Lemma 1, we have

-1

n—1
Tim [ TTo0+p(1) =0

J=n
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First, suppose that there exists § € R satisfying (A5) with (8). We can find n, > n,
-1
n—1
such that l_[ [1+ u(j)] < dforalln > n,. By (A2), we can find n3 > nj such

J=n
—1
hi(m)—1
that hy(n) > npforalln > nyandk = 1,2, ..., m. Note that 1_[ [T+ u(j)]

J=n

<dforalln >nzandk =1,2,...,m. Define {uy(n)} by

m hy(n)—1

—1 n
pe(n) =" re(n) fi ( [] o+ u“(j)]) [0+ sea (i)
k=1

J=n j=n

foranyn > n3and £ € N. Clearly, uo(n) > p1(n) > -+ > pue(n) > per1(n) > O0for
n >n3and £ € N. Let yu(n) := llim pe(n) for n > n3, and define

n—1 -1
y(n) = (l_[ [1+ u(j)]) for n > ns.

J=n3

Then {y(n)} is an eventually positive solution of (6). If (AS) holds with (9), we
can proceed similarly and show that (6) has an eventually negative solution, which
completes the proof.

4 Applications

Discrete population models are usually constructed assuming that per capita pro-
duction rate g is density-dependent x(n + 1) — x(n) = x(n)g[x(n)]. However, this
rate may depend on population size at one of the previous stages x(n + 1) — x(n) =
x(n)g[x(h(n))]. To account for reference population sizes at different moments in
the past, either additive

x4+ 1) = x(m) = x(0) Y re(mg[x ()] forn = no
k=1
or multiplicative
x(n+1)—x(n) =x(n) Hrk(n)gk[x(hk(n))] forn > ng
k=1

extensions can be considered.
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4.1 Pielou’s Equation with Several Arguments

First, consider the following Pielou’s difference equation with variable delays

m u pr(n)
Nn+1)=N f > no, 17
(n+1) (n)ﬂ[ i (n))} orn > ny (17)

1+ BN (

where {hy(n)} satisfies (A2), oy € (1,00), B € RT and {pi(n)} C Ra’ for
k=1,2,...,m (see [8, p. 22]). One can show that if N(n) > 0 for n < ny and
N(np) > 0, Eq.(17) has a unique positive solution.

In the case of a single delay term, (17) includes the so-called logistic equation

( N(h(n)))
Nn+1)—Nn)=vNmn+ 11— —x forn > ng,

where {h(n)} satisfies (A2), v € (0, 1) and K € R™.
Let us suppose that there exists K € R* such that

o —1 =K@ fork=1,2,...,m. (18)

If we let
N(n)

x(n) = ln|: ] for n > ny, (19)

then (17) takes the form

m

x(n+1) —x@) + Zpk(n)ln[l +’yk(eX(hk(")) — 1)] =0 forn>ngy, (20)
k=1

where 7 := 1 — aLk e, Dfork=1,2,...,m.
We therefore showed the equivalence between oscillation of all solutions of non-
linear equation (17) about K and oscillation of nonlinear equation (20) about zero.
Note that for k = 1,2, ..., m, the function f;(u) := %ln[l + v (" — 1)] for
u € R satisfies 0 > fi(u) > u forx <0, ie, fork =1,2,...,m, f; fulfills (AS)
with (9) and any § € R*. In view of our discussion in Sect. 3, we associate (17) with
the linear equation

x(n+1) —x(n) + ) wpem)x(hi(n)) =0 forn > no. 1)
k=1

Thus, we obtain some explicit oscillation and nonoscillation tests for (17).
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Proposition 9 Assume that {h; (n)} satisfies (A2), oy € (1, 00), 3 € R, {pr(n)} C
Ra' for k=1,2,..., m. Assume further that there exists K € R such that (18)
holds.

(i) If there exists 0 € (0, 1) such that the linear equation
X+ 1D —x() +0) e (hem) =0 forn=ng  (22)
k=1

is oscillatory then (17) is oscillatory about K.
(ii) If (21) is nonoscillatory then (17) is nonoscillatory about K.

Corollary 2 Assume that {h;(n)} satisfies (A2), oi € (1, 00), B € RT, {pr(n)} C

Ra’ for k=1,2,..., m. Assume further that there exists K € R™ such that (18)
holds.
(i) If
o S wupe(n)
s Aé‘(}fn{; m} = @)

then (17) is oscillatory about K.
(ii) If there exist \y € (0, 1) and ny > ng such that

“ Yk Pr (1)
Z N = gy =1 formzm @

then (17) is nonoscillatory about K.
Proof (i) From (23), there exists 6 € (0, 1) such that

liminf inf { ZA(IW"”"(”) }>1 (25)

n—>00 \e(0,1) — A\)n—hi(m)

Due to Proposition 3, (25) implies that (22) is oscillatory. An application of
Proposition 9 completes the proof.
(i) The proof follows from Propositions 4 and 9.

The following result for autonomous equations follows from Proposition 7.

Proposition 10 Assume that 7, € Ny, oy € (1, 00), Bk, px € RT, and there exists
K € R* such that (18) holds. The equation

Pk
:| forn > ng

m o
N 1)=N _——
D (")Dl[l + BN —70)
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is oscillatory about K if and only if the characteristic equation

A=+ wpA T =0, (26)
k=1
where vy, =1 — aikfor k=1,2,...,m, has no positive roots.

4.2 Generalized Ricker Model with Variable Arguments

Next, consider Ricker’s stock and recruitment model with variable delays

m Yk
Nmn+1) =Nmn) exp{Zpk(n)(l — [W] )} forn > ng, 27
k=1

where all {h;(n)} satisfy (A2), {pr(n)} C Ry, v € RT and K € R* (see[1, p. 91]).
Substitution (19) transforms (27) into

x4 —x(m) + Y pe[ ™ —1]=0 forn>ny. (28
k=1

This implies the equivalence of oscillation of nonlinear equation (27) about K to
oscillation of (28) about zero.

1
Note that fork = 1, 2, ..., m, the function f;(u) := —(e™"* — 1) for u € R sat-

isfies 0 > fr(u) > u foru <0, ie., fork=1,2,..., n;yk fi fulfills (AS) with (9)
and any 0 € R*. We associate linear equation (21) with (27), see Sect. 3. Since (27)
is associated with the same equation as Pielou’s equation (17), we can give the
following results without a proof.

Proposition 11 Assume that K € R, {h;(n)} satisfies (A2), {pr(n)} C R:{ and
v € R fork=1,2,...,m.

(i) If there exists 6 € (0, 1) such that (22) is oscillatory then (27) is oscillatory
about K.
(ii) If (21) is nonoscillatory then (27) is nonoscillatory about K.

Corollary 3 Assumethat K € R*, {hi(n)} satisfies (A2), {px(n)} C Ry andy, e R*
fork=1,2,...,m.

(i) If (23) holds then (27) is oscillatory about K.
(ii) If there exists Mg € (0, 1) such that (24) holds then (27) is nonoscillatory
about K.
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Proposition 12 Assumethat K € RY, 7, € Noand pi, v« € Rt fork =1,2, ..., m.
The equation

m _ Yk
N(n—i—l):N(n)exp{Zpk(l—I:W] )} forn > ng
k=1

is oscillatory about K if and only if the characteristic equation (26) has no positive
roots.

4.3 Lasota—Wazewska Equation

Finally, consider the discrete retarded Lasota—Wazewska equation for the survival of
red-blood cells (see [13])

N@n+1) = N@) = —pm)N®n) + qn)e "N forn > ny,  (29)

where {h(n)} satisfies (A2), {p(n)} C [0, 1) describes probability of cell death ateach
step, {g(n)} C R(J{ and v € R™ are production parameters such that p(n) = Kq(n)
for some K € RT and n = ng, ng + 1, .... We will suppose that {p(n)} or {g(n)}
does not vanish eventually. Then, there exists a unique number N* € R* such that

KN*=e V",
which is called the equilibrium of (29). By applying the change of variables
x(n) == v[N(n) — N*] for n > ny,

we transform (29) into another nonlinear equation
x(m+1)—xm) + pn)x(n) + 'yN*p(n)[l — e_x(h("))] =0 forn >ng. (30)

Denote ri(n) := p(n), fi(u):=u, hi(n) :=n, rn(n):=~vN*pn), fo(u):=
1 —e™, hy(n) := h(n). Obviously f; and f, satisfy (A4) and (AS).
Therefore oscillation of nonlinear equation (29) about N* is equivalent to oscil-
lation of (30) about zero.
Proposition 13 Let {h(n)} C Z, h(n) < nforalln > ny, lim h(n) = oo, {p(n)} €
n—oo

[0, 1), {g(n)} C RS, v € RT and there exist K € R such that p(n) = K q(n) for
n=ngp,np+1,...

(i) If there exists 0 € (0, 1) such that the linear equation
x(n+1) —x(n) +0pn)x(n) + 0yN*p(n)x(h(n)) =0 forn =ny (31)

is oscillatory then (29) is oscillatory about N*.
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(ii) If the linear equation
x(n+1) —x() + p(n)x(n) + ’yN*p(n)x(h(n)) =0 forn>ny

is nonoscillatory, Eq. (29) is nonoscillatory about N*.

Corollary 4 Let {h(n)} C Z, h(n) <n for all n > ny, lim h(n) = oo, {p(n)} €
n—oQ

[0, 1), {g(n)} C Ry and vy € RT. Assume further that there exists K € R such that
pn) = Kq(n) forn =ng,no+ 1, ...

(i) If
N*
liminf inf { VNTp(n) : } ~1, (32
n—oo Ae(0.) | A(1 — \)n—h szh(n)(l — p(J))
then (29) is oscillatory about N*.
(ii) If there exists \g € (0, 1) such that
YN*p(n)
- — <1 foralllargen,
Ao(1 = Ay Ty (1= p()))
then (29) is nonoscillatory about N*.
Proof (i) From (32), there exists # € (0, 1) such that
OyN*
liminf inf { TN p@) } 1. (33)
n=00 A0 [ A(1 = N~ TT7_, 0 (1= 0p())

Note that (31) transforms into

OyN*p(n)
[T (1= 0p())

y(n+1) — y(n) + y(h(n)) =0 forn>=ny (34)

by the sign-preserving substitution

x(n)

y(n) = — forn > nyg.

[Tj=, (1= 6p())

Due to Proposition 3, (33) yields that (34) (and hence (31)) is oscillatory.
Therefore, an application of Proposition 13 completes the proof.
(ii) The proof follows from Propositions 4 and 13.

Theorem 4 ([5, Theorem 1]) Assume that p € [0, 1), g € R, v € RT and 7 € N,.
The equation

Nn+1)—Nn) =—pNn) +qe "V forn > ny (35)
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is oscillatory about N* if and only if
pPYN*(T+1)T+1 - (l—p)T+17—T.

Proof For (35), linearized Eq. (30) has the form
x(n+1) —xn) + px(n) + p’yN*[l - e_x("—”] =0 forn > ng

for which Proposition 8 applies, which concludes the proof.

5 Final Comments

In the present paper, we have reviewed some known results and mistakes connected
to linearized oscillation of difference equations. Sufficient linearization results are
obtained for equations with variable coefficients and delays. They are illustrated
with examples and applications to discrete delay models of population dynamics.
Let us note that Proposition 12 solves [6, Problems 1-3 of Exercise 7.3]. Theorem 4,
obtained here as an illustration of the main linearization method, is the main result
of [5].

It is well known that the properties of difference equation with constant and vari-
able delays and variable coefficients are usually essentially different when delays are
unbounded. It would be interesting to consider linearization in the case of pantograph-
type difference equations. In particular, it is possible to explore models studied in
the present paper:

Pk
n

forn > ng,

Nt = N(”)H[l +ﬁkN(L"J)]

N L& Tk
N(n—i—l)—N(n)exp{Zl:lk(l [ (;”D} )} for n > no,

k=1

m N Z)y7%
N(n—i—l):N(n)exp{Z%(l—[ (;Tkj)] )} for n > ny,

k=1

where nyg € Nand |-] is the floor function, i.e., |u] is the greatest integer not exceed-
ing u € R. We expect that the result on monotonicity of oscillation properties on time
scales [4] can be applied to connect pantograph differential and difference equations.

In addition, careful treatment of the critical case known for differential equations
[2] will also be interesting for difference equations. As mentioned in the introduction,
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itis the area of parameters where the discrepancy between the properties of linearized
and original equations is observed.

References

o

10.

11.

12.

13.

14.

15.

. Allen, L.J.S.: An Introduction to Mathematical Biology. Pearson Prentice Hall, Upper Saddle

River (2006)

. Bastinec, J., Berezansky, L., Diblik, J., Smarda, Z.: On the critical case in oscillation for

differential equations with a single delay and with several delays. Abstr. Appl. Anal. Article
ID 417869 (2010)

. Berezansky, L., Braverman, E.: On existence of positive solutions for linear difference equations

with several delays. Adv. Dyn. Syst. Appl. 1, 29-47 (2006)

. Braverman, E., Karpuz, B.: On monotonicity of nonoscillation properties of dynamic equations

in time scales. Z. Anal. Anwend. 31, 203-216 (2012)

. Chen, M.P, Yu, J.S.: Oscillation and global attractivity in the discrete Lasota—Wazewska model.

Soochow J. Math. 25, 1-9 (1999)

. Elaydi, S.: An Introduction to Difference Equations. Undergraduate Texts in Mathematics, 3rd

edn. Springer, New York (2005)

. Gybri, 1, Ladas, G.: Oscillation Theory of Delay Differential Equations with Applications.

Oxford University Press, New York (1991)

Pielou, E.C.: An Introduction to Mathematical Ecology. Wiley, New York (1969)

Tang, S., Xiao, Y., Chen, J.F.: Linearized oscillations in nonlinear delay difference equations.
Acta Math. Sin. (Engl. Ser.) 15, 569-574 (1999)

Tang, X.H., Yu, J.S.: Oscillation of nonlinear delay difference equations. J. Math. Anal. Appl.
249, 476-490 (2000)

Tang, X.H., Yu, J.S.: Oscillations of delay difference equations in a critical state. Appl. Math.
Lett. 13, 9-15 (2000)

Wang, Z.C., Zhang, R.Y.: Nonexistence of eventually positive solutions of a difference inequal-
ity with multiple and variable delays and coefficients. Comput. Math. Appl. 40, 705-712 (2000)
Wazewska-Czyzewska, M., Lasota, A.: Mathematical problems of the dynamics of a system
of red blood cells. Mat. Stos. 3(6), 23—40 (1976)

Yan, J.R., Qian, C.X.: Oscillation and comparison results for delay difference equations. J.
Math. Anal. Appl. 165, 346-360 (1992)

Zhou, Y.: Oscillation and nonoscillation for difference equations with variable delays. Appl.
Math. Lett. 16, 1083-1088 (2003)



	 Linearized Oscillation Theory for a Nonlinear Nonautonomous Difference Equation
	1 Introduction
	2 Auxiliary Results
	3 Main Results
	4 Applications
	4.1 Pielou's Equation with Several Arguments
	4.2 Generalized Ricker Model with Variable Arguments
	4.3 Lasota–Wazewska Equation

	5 Final Comments
	References




