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Why with the time do I not glance aside
to new-found methods and to compounds
strange?

William Shakespeare,

Sonnet 76.



Preface

The discovery and the control of new quantum behaviors of strongly interacting
systems is by now a crucial issue for the advancement of the quantum technologies
needed for quantum information processing and quantum devices. The aim of
engineering and manipulating new classes of quantum devices poses, at the same
time, many fundamental science problems since one has to describe the collective
behavior of strongly interacting quantum particles when they are confined to per-
tinent geometries and topologies at the nanometer scale.

It is well known that, as one proceeds to smaller and smaller length scales,
quantum properties can be substantially modified by the presence of interactions
and correlations leading to the emergence of non-perturbative regimes which cannot
be described by conventional mean-field theory approaches. In their most spec-
tacular form, interactions at the nanoscale lead to strongly correlated states of matter
already evidenced in fractional quantum Hall fluids, high critical temperature
superconductors, some topological insulators and superconductors, graphene
bilayers, and in “synthetic materials” such as Josephson superconducting networks
and arrays, or junctions of quantum wires and one-dimensional ultracold atomic
systems. In many instances, non-perturbative, as well as counterintuitive, properties
of these materials may be used to engineer new platforms for the solid-state
implementation of quantum devices.

Impurities are ubiquitous in condensed matter systems: the discovery of the
Kondo effect and of Anderson localization have brought to the forefront their
relevance for stabilizing new and unexpected behaviors of a quantum system. When
realized in a condensed matter system, such features are expected as emergent
phenomena. There is, indeed, growing evidence that by judiciously engineering the
coupling of impurities to their environment, i.e., to the other modes of the con-
densed matter system containing the impurity, one can:

(A) Set new stable phases, frustrate decoherence, and facilitate enhanced responses
to external perturbations in quantum devices;
(B) Engineer devices useful for topological quantum computation;

vii



viii Preface

(C) Generate long-distance correlations (entanglement) and improve the efficiency
of quantum communication in spin systems;

(D) Apply to the engineering of solid-state devices analytical methods recently
developed in string and boundary conformal field theories.

Paradigmatic examples of experimentally well controllable systems, where
Kondo-like impurities lead to the emergence of new behaviors relevant for their
applications to quantum devices, are provided by spin chains, ultracold atoms
trapped in optical lattices, anti-dots in fractional quantum Hall (FQH) systems, and
junctions of either quantum wires or superconducting Josephson junction arrays.
For these systems, boundary field theories together with the Tomonaga—Luttinger
liquid description have been providing useful insights for the existence of new fixed
points escaping conventional mean-field theory analyses as well as for establishing
remarkable connections with Kondo physics.

It is by now well known that progresses in condensed matter physics and other
disciplines may influence each other. Long ago, the study of superconductivity has
been closely related to structures underlying the standard model of elementary
particle physics such as spontaneous symmetry breaking and the Higgs mechanism.
A generation later, the understanding of renormalization in field theories describing
elementary particles was beautifully mirrored in an almost complete solution of the
theory of critical phenomena and second-order phase transition.

In more recent years, in addition to quantum field theory, some new approaches
have entered the fray. In fact, condensed matter theory has been more and more
informed by string theory, through the holographic study of strongly coupled
systems. This approach maps certain quantum dynamical systems in their strong
coupling limit onto purely classical gravitational systems in higher dimensions;
questions about the highly correlated deep quantum limit of the dynamical system
are then answered by solving the Einstein equations which govern classical gravity.
This has the promise of a quantitative approach to certain quantum systems in the
limit where the interactions among their constituents are very strong, to the point
where their analysis is inaccessible to any other known analytic technique short of
brute force numerical simulations. Not only would this strongly correlated limit be
analyzable in a quantitative way, but it would be systematically correctable.
Whether it can be used to study realistic models of condensed matter systems is still
an open question which is currently under investigation. At the very least, this
approach will provide models which give a qualitative description of entirely new
states of matter and, more importantly, new paradigms which should aid physicists
in understanding and classifying the behavior of such systems. This idea is relevant
since some unsolved problems in condensed matter physics—such as high-
temperature superconductivity or heavy fermion systems—almost invariably
involve strong coupling physics and perhaps new states of matter.

Condensed matter physics shows also an interesting interface with quantum
information theory. In fact, condensed matter physicists are gradually learning that,
in a study of the states of a quantum mechanical system with a large number of
degrees of freedom, there is invariably an advantage to be gained in taking into
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account the quantum information that is stored in the states, and in describing the
states themselves in an information-theoretic framework. The storage, transport,
and manipulation of quantum information have become relevant issues in modern
condensed matter physics; for instance, systems with minimal environmental
decoherence will no doubt lead to many interesting developments for condensed
matter. Moreover, one of the most utile diagnostics of the storage of quantum
information, the entanglement entropy, in strongly coupled systems is, these days,
in many examples, computed using a string theory holographic formula.

Another line of development is a new interface with mathematics and considers the
classification of the topological phases of matter such as topological insulators and
topological superconductors. The K-theoretical classification of topological insulators
is the prototypical example. This subject is only at its beginning, as the most complete
developments so far apply only to non-interacting and to weakly interacting systems.
A full understanding of the topological phases of strongly correlated matter is still an
open problem. Approaches to this problem could well make use of holographic duality
and already have made use of ideas from quantum information theory. Properties
of the reduced density matrix and the information about quantum entanglement that
they contain, for example, are thought to carry the information as to whether a system
is in a “topological” or a “non-topological” phase. It is likely that string theory
holography will have something to say about these systems at strong coupling.

Another important interface of condensed matter is with atomic physics and cold
atoms. Cold atoms provide an experimental technique where important statistical
mechanical systems can be engineered and studied in a wide array of circumstances.
Analogs of systems which are strongly correlated in the real world can be simulated at
various values of the coupling and studies in a variety of regimes. This is combined
with the fact that the experimental measurements that can be performed on a cold atom
system are often complementary to those available in the condensed matter system.
This has the potential of yielding unprecedented information about models, like the
Hubbard model, in regimes which are important for their physical applications, for
example, in the regime where they model high-temperature superconductivity.

Recently, new low-energy neutral fermionic excitations (Majorana edge modes)
have been claimed to be relevant in a variety of condensed matter systems, also
providing new insights for the investigation of non-Fermi liquid states in correlated
systems. Majorana fermions were first proposed in 1937 by Ettore Majorana (19) who
considered a modification to the relativistic Dirac equation for conventional spin %2
particles (Dirac fermions) that gave purely real (as opposed to complex) solutions.
These Majorana fermions are particles that are their own antiparticles—their creation
operator in quantum theory is equal to their annihilation operator, unlike the case for
conventional (Dirac) fermions such as electrons and holes which are different due to
their opposite charge. Being real they are neutral excitations.

Low-energy Majorana modes have been recently the object of many theoretical
and experimental investigations. Located at the edges of one-dimensional (1D)
devices are responsible for the emergence of stretched non-local electron states
allowing for distance-independent tunneling, crossed Andreev reflection,
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teleportation-like coherent transfer of a fermion, and fractional Josephson effects.
Their effects emerge in a variety of condensed matter platforms.

The huge interest in Majorana fermions goes beyond fundamental curiosity since
there is enormous potential for future quantum information technology if devices
can be made based on manipulation of Majorana fermions, which are effectively
fractionalized particles (anyons) obeying non-Abelian rather than Fermi-Dirac
statistics. This would allow a qubit to be stored non-locally in a pair of widely
separated Majorana bound states. These could be more insensitive to the effect of
local sources of decoherence, which is currently the major obstacle to realizing a
scalable quantum computer.

One can easily convince oneself that the breadth of the technical skills needed to
synthesize these research directions is truly staggering. Condensed matter systems
such as high Tc superconductors, topological insulators, and superconductors, and
Kondo systems realized with pertinently engineered quantum devices all exhibit a
variety of new behaviors, which may be accounted by pertinent strongly coupled
field theories. The book will provide an insightful panorama on some of these topics
emphasizing interesting connections between them. The contents are based on the
lectures given at the program (conference +workshop) on “Strongly Coupled Field
Theories for Condensed Matter and Quantum Information Theory” held at the
International Institute of Physics in Natal during August 2015. The book suffered an
undue delay caused by a serious illness of the corresponding editor who is very
grateful to all the authors for the extra effort done in updating their lectures.

Acknowledgements: We thank all the IIP staff for the qualified help given
during the Conference and Workshop held in Natal. We thank Margareth Barqueiro
and Bia Pessoa for their kind and efficient help in assisting us during all the stages
of the conference and for taking good care of all the organizational tasks. In
addition, we are very grateful to Margareth Barqueiro for helping in the preparation
of this book; without her qualified help, we could not have prepared the final
version submitted to the editor. P. S. is very grateful to IIP, Natal, for a stimulating
and pleasant hospitality at the Institute from Aug 2011 to October 2016; unfortu-
nately, his stay suddenly terminated due to a very serious illness (He partially
recovered at last!). Two of us (P. S. and A. F.) are grateful to the Ministry of
Science, Technology, Innovation and Communication (MCTIC) and to the CNPq
for financial support for granting them a “Bolsa de Produtividade em Pesquisa”.
Finally, we also want to acknowledge the agencies CAPES and CNPq for the
support given for our Workshop/Conference as well as the Minister of Education
for generously supporting the IIP throughout the past years.
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Chapter 1 ®)
Effective Field Theories for Topological oo
States of Matter

Thors Hans Hansson and Thomas Klein Kvorning

Abstract Since the discovery of the quantum Hall effect in the 1980s it has been
clear that there exists states of matter characterized by subtle quantum mechani-
cal effects that renders certain properties surprisingly stable against dirt and noise.
The theoretical understanding of these topological quantum phases have continued
to develop during the last few decades and it has really surged after the discov-
ery of the time-reversal invariant topological insulators. There are many examples
of topological phases that have been important for the theoretical understanding
of topological states of matter as well as being of great physical relevance. In this
chapter we will focus on some examples that we find particularly enlightening and
relevant, but we will not make a complete classification. Some of the most important
tools for the understanding of topological quantum matter are based on effective
field theory methods. We shall employ two different types of effective field theories.
The first, which is valid at intermediate length and time-scales, will not capture the
physics at microscopic scales. Such theories are the analogs, for topological phases,
of the Ginzburg—Landau theories used to describe the usual symmetry breaking non-
topological phases. The second type of theories describe the physics on scales where
non-topological gapped states would be very boring, namely at distances and times
much larger than the correlation length and the time set by the inverse gap. On these
scales everything is independent of any distance and the theories will be topological
field theories, which do not describe any dynamics in the bulk, but do carry informa-
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2 T. H. Hansson and T. Klein Kvorning

tion about topological properties of the excitations, and also about excitations at the
boundaries of the system. Finally, we will also study effective response actions. In
a strict sense these are not effective theories, since they do not have any dynamical
content, but encode the response of the system to external perturbations, typically
an electromagnetic field. As we shall see, however, the effective response action for
topological states can be used to extract parts of the dynamic theory through a method
called functional bosonization.

1.1 Introduction

In school we learn about three states of matter: solids, liquids and gases. Typically
these occur at different temperatures so that heating a solid first melts it into a liquid,
then evaporates the liquid into a gas. The transition between two such phases of matter
does not happen gradually as the temperature changes, but is a drastic event, a phase
transition, that occur at a precisely defined transition temperature. The classification
of matter according to the three states just mentioned is not at all exhaustive. For
example, solids can be insulating or conducting and depending on the temperatures
they can, or cannot, be magnetic.

Over the years, this picture has become more and more refined, but most of the
fundamental ideas governing phases of matter was for a long time based on the work
of Lev Landau in the 1930s. However, a few decades ago this completely changed
with the advent of topological phases of matter. As you will see, these phases are of
a fundamentally different nature, and they are the subject of these notes. But before
we get there some words on terminology:

Matter denote systems with many degrees of freedom, typically collections of
“particles” that can be atoms or electrons, but also quantum mechanical spins or
quasiparticles such as phonons or magnons. In these notes we shall however only
deal with systems composed of fermions, and typically these fermions should be
thought of as electrons in a solid.

With a phase of matter we mean matter with certain characteristic properties such
as rigidity, superfluid density, or magnetization. A phase is however not defined by
any specific values for these quantities, but by whether they are at all present—
for example, the transition between a solid and a liquid happens when the rigidity
vanishes. Thus, by definition, one cannot gradually interpolate between two phases—
they are only connected via the drastic event of a phase transition.

We shall here study properties of matter which is kept at such low temperatures
that the thermal fluctuations can be neglected; the temperature is effectively zero. In
a quantum system where the ground-state is separated from the first excited state by a
finite energy gap, AE, this amounts to having kg T < AE, where kg is Bolzmann’s
constant. Although there is a lot of current interest in gapless phases, we shall only
consider those that are gapped.

Contrary to what you might think, not all matter solidifies even at the lowest
temperatures. Many interesting phenomena such as superconductivity and superflu-
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idity persist even down to zero temperature and this is due to quantum rather than
thermal fluctuations. Phase transitions occur also at zero temperature, but are then
driven by quantum rather than by thermal fluctuations, and are induced by changes in
some external parameter. The transition from a superconductor to a normal metal by
changing the magnetic field is a well know example of such a quantum phase transi-
tion. While the usual finite temperature phase transitions show up as abrupt changes
in various thermodynamical quantities, quantum phase transitions are signaled by
qualitative changes in the quantum mechanical ground-state wave function.

Since these quantum phases occur at zero temperature their properties are encoded
in qualitative properties of the ground-state of the system. Thus, classifying and
characterizing zero temperature states of matter is equivalent to doing this for ground-
state wave functions with a very large number of degrees of freedom. More precisely,
two systems at zero temperature are said to be in different phases when, in the
thermodynamic, i.e., large volume, limit, there is no continuous way to transform
one state (i.e., the ground-state wave function) into the other while remaining at zero
temperature and not closing the energy gap. So when we say that one state cannot
continuously be transformed into another we mean that this cannot be done in the
thermodynamic limit while keeping the energy gap finite.

There are two complementary ways to precisely characterize (quantum) phases of
matter. The first, which goes back to the work of Lev Landau in the 1930s, is based
on symmetries [1]. The basic idea is that of spontaneous symmetry breaking which
means that the ground-state has less symmetry than the microscopic Hamiltonian.
An important concept is the order parameter, y,, which transforms according to
some representation of a symmetry group. The archetypal example is a ferromagnet
where the order parameter is the magnetization, M, which transforms as a vector
under spatial rotations, and is non-zero below the Curie temperature. While the
order parameter is essentially a classical concept, and the phase transitions studied
by Landau are driven by thermal fluctuations, the Landau approach equally well
applies to quantum systems. These can also be classified according to their pattern
of spontaneous symmetry breaking, and the order parameter appears as the ground-
state expectation value, ¥, = 1%>, where ¥, (x, f) is an operator with appropriate
symmetry properties that can be measured locally. Low-lying excitations around
the symmetry broken ground-state corresponds to long wave length oscillations in
Y, (x, t) which are gapless if the broken symmetry is continuous—these are the
famous Goldstone modes.

The second way phases can be distinguished, which is special to quantum sys-
tems, was developed in the last decades, and is drastically different from the Lan-
dau paradigm. Such phases differ by properties of the quantum entanglement of
the ground-state wave functions, and they cannot directly be distinguished by local
measurements. They are referred to as ropological phases of matter or topological
quantum matter and are the main topic of these notes.

Topology is the mathematical study of properties that are preserved under con-
tinuous transformations, and in this context it refers to properties of the ground-state
wave function preserved under continuously changing external parameters. The dis-
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tinctions between different topological phases of matter are somewhat intricate and
require a systematic study using tools developed in the field of mathematical topol-
ogy, motivating “topological” in the expression topological quantum matter.

There are two classes of topological phases with quite different properties: the
symmetry protected topological states (SPT-states) and the topologically ordered
states (TO-states). As already mentioned, two states are in different phases if one
cannot continuously transform the ground-state wave function of one into that of the
other. In many situations this turns out to be too restrictive and would not allow us
to identify important topological phases. The reason is that there can be symmetries
that all physically realizable perturbations respect. The natural question to ask is then
what the possible phases are if one is restricted to systems with a certain symmetry—
symmetry protected phases. That is, we widen the definition and say that two states
which respect a specific symmetry S are in different SPT phases as long as any
continuous transformations between them violate S.

A most striking property of the SPT states is that they support boundary states
which can be used to classify them. The boundary state of a d-dimensional SPT state
is described by a d — 1 dimensional field theory which cannot describe a bona fide
d — 1 system which preserves the symmetry (we will use lower-case d to denote the
number of spatial dimension, while upper-case D will denote the number of space-
time dimensions, i.e., D = d + 1). Typically, what happens is that the application
of an external field makes the conserved charge, corresponding to the symmetry,
flow from bulk to edge, thus preventing them from being individually consistent.
As you will see, for some of these topological states this goes hand in hand with a
quantization of certain transport coefficients, most notably the Hall conductance.

Symmetry protected phases have been known, at least as a theoretical possibility,
since the work of Haldane on topological effects in 1d spin chains [2]. However, the
field got a renaissance after the fairly recent both theoretical and experimental dis-
covery of the time-reversal invariant topological insulators, see e.g., [3]. These states
can be realized by non-interacting fermions and their discovery led to a systematic
study of those states that continuously can be transformed into each other, restricting
one self to only non-interacting systems. Soon, there was a complete classification
of non-interacting fermionic systems with U (1) symmetry and/or non-unitary sym-
metries in terms of non-interacting topological invariants [4, 5].

Since, in the real world, there are generally some interactions present, this clas-
sification would seem to apply only to very fine-tuned situations and be, at best,
of marginal interest. Fortunately, however, for many (but not all) of the systems
with non-interacting topological invariants there are characterizing properties, such
as boundary states and quantized transport coefficients that do not dependent on
interactions being absent. At a more theoretical level, it has also been shown that
many of the non-interacting topological classes are characterized by various quantum
anomalies, which are known to be insensitive to (at least weak) interactions [6].

The non-interacting classification has been essential for pinpointing these char-
acteristics and is of great importance for the understanding of topological quantum
matter in general. All SPT states that we will discuss in these notes can be real-
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ized with non-interacting fermions, but note that SPT phases appear in more general
settings. For instance, all non trivial bosonic SPT states are interacting.

The meaning of TO has varied over time and there still no complete consensus
concerning the nomenclature. However, some states are considered topologically
ordered regardless of convention, namely the ones that support localized fraction-
alized bulk excitations with non-trivial topological interactions. The most famous
examples are in 2d where these excitations are anyonic quasi-particles, anyons,
which have a remarkable type of interaction. At first sight they do not seem to inter-
act at all, at least not at long distances, but a closer look will reveal that there is a
subtle form of interaction, referred to as anyonic, or fractional, statistics!: the state
of the system will depend not only on the positions of the individual particles, but
also on their history. Or more precisely, on how their world lines have braided.

In fact, one can classify the TO ground-states in terms of the properties of the
quasi-particles they support without specifying the Hamiltonian. At first this may
seem strange: If you only know the ground-state, any states could be made the low
lying excited ones by judiciously picking the Hamiltonian. However, if you assume
that the Hamiltonian is local, meaning a sum of local terms, H= Z{x} fzx where

each /1y only has exponentially small support outside of a region close to x, then
there is a close connection between the properties of the ground-state, and those of
the excitations, see e.g., [7, 8].

We discuss 2d states that support anyons but also touch upon analogous states
in other dimensions. In 1d, there are none, and in dimensions higher than two the
states will support higher dimensional excitations (such as strings and membranes)
that can realize higher dimensional analogs of anyons.

There are also phases that are topologically ordered in the sense that they are well
defined without requiring the presence of a symmetry, but they have no excitations
which interact topologically and their physical characteristics resemble that of SPTs.
It is for these states that the conventions on whether they are topologically ordered
or not vary. With an abuse of the concept they can be considered SPTs but the
“symmetries” that protect them are not really symmetries, in the sense that they
cannot be broken. An important example (that we will discuss) is the Majorana
nano-wire [9] which can be considered protected by fermion parity conservation
[10]. Fermion parity conservation is not really a symmetry since it cannot be broken,
it is a property that always is present.

There are many examples of topological quantum matter that have been important
for the development of the theoretical understanding of the field as well as being of
great physical relevance. However, in these notes you will neither find an exhaustive
list of such examples nor attempts to a complete classification. But rather focus on a
few examples that we find particularly enlightening and relevant.

I The topological interaction between anyons is a generalization of the Berry phase of —1 acquired
by the exchange of two identical fermions. This minus sign is directly related to Fermi statistics
and in the same way the topological interaction is related to a specific “exclusion statistics”. This
is the reason for the term “statistics” in anyonic statistics.
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Since we only consider gapped local Hamiltonians we have characteristic time and
length scales T = h/ Eg,p and the correlation length £. We will employ two different
types of effective field theories. The first, which is valid at length and time scales
at the order of £, t and longer, will not capture the physics at microscopic scales
(like the lattice spacing a ~ A or the bandwidth Ae ~ ¢V). Such theories are the
analogs, for topological phases, of the Ginzburg—Landau theories used to describe the
usual symmetry breaking non-topological phases. Examples are the Chern—Simons—
Ginzburg-Landau theories for QH liquids, see e.g., [11], and the Ginzburg—Landau—
Maxwell theories for superconductors.” These theories have information both about
topological quantities, such as charges and statistics of quasi-particles, and of col-
lective bosonic excitations such as plasmons or magnetorotons.

The second type of theories describe the physics on scales where non-topological
gapped states would be very boring, namely at distances and times much larger than
& and 7. On these scales everything is independent of any distance and the theories
will be topological field theories, which do not describe any dynamics in the bulk,
but do carry information about topological properties of the excitations, and also
about excitations at the boundaries of the system. Typical examples we shall study
are the Wen-Zee Chern—Simons theories for QH liquids [16, 17] and the BF-theories
for superconductors and topological insulators [18, 19].

Finally, we will also study effective response actions. In a strict sense these are
not effective theories, since they do not have any dynamical content, but encode
the response of the system to external perturbations, typically an electromagnetic
field. As you will see the effective response action for topological states can however
be used to extract parts of the dynamic theory through a method called functional
bosonization.

We have tried to make these notes reasonably self-contained, but of course we
will often refer to other texts. The list of references is by no mean exhaustive; when
there are good reviews we often cite these rather than the original papers.

1.2 The Quantized Hall Conductance

Figure 1.1 shows a schematic view of the experiment by von Klitzing et al. [20], where
the quantum Hall effect was discovered, and also the original data. The quantum Hall
effect will be discussed again later, but for now it suffices to know that the quantum
Hall effect is observed in a two-dimensional electron gas, which is gated so that
the chemical potential increases monotonically with the gate voltage V, shown in
Fig.1.1. von Klitzing’s experiment was performed at a temperature of 1.5K and a
magnetic field of 18 T. A constant current I = 1 pA was driven through the system

2Most textbooks in condensed matter theory will cover the Ginzburg—Landau-Maxwell theory.
For a modern text see e.g., [12]. Reference [13], by S. Weinberg, one of the founders of effective
field theory, gives a good presentation from the field theoretic point of view. There are also several
excellent recent textbooks, as for instance [14, 15], on the general subject of these notes.
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Fig. 1.1 Data from the original paper [20] with a set-up as is schematically depicted above: a two
dimensional electron gas is subject to a magnetic field, B, and a constant current, /, is driven through
the system. The chemical potential of the electron gas increases monotonically with V, and there
are clear plateaux with constant Hall resistance Ry . Figure by S. Holst

and the perpendicular voltage Uy was measured. In Fig. 1.1 you can see clear plateaux
where the resistance is constant, and on a closer inspection these plateaux are located
at integer multiples of the von Klitzing constant, Rg up to relative errors of the order
<1073,

Since then, similar experiments been performed a large number of times on dif-
ferent systems and in different parameter ranges including at room temperature [21].
The result is always the same, the Hall resistance is quantized at multiples or rational
fractions of Rg. This is remarkable! Remember that we are dealing with macro-
scopic systems which depend on a practically infinite number of parameters. Even
so, if you keep a constant current the voltage will be exactly the same in samples
that can vary extensively. How can this be? In this section you will not only find the
answer to this question and its related consequences, you will also become familiar
with response actions, and topological field theories. These are important tools for
analyzing topological states of matter, and they will be used extensively throughout
these notes.

1.2.1 The Hall Conductance as a Chern Number

‘We now explain why the Hall conductance is quantized in gapped 2d system at tem-
peratures kg T < AE. Thisis amostimportant fact: a quantized value cannot change
continuously, so there has to be a phase transition between states with different Hall
conductance—the quantized value is one of the phase-distinguishing characteristics
mentioned in the introduction.

The argument given here is based on the work by Niu, Thouless, and Wu [22].
There are however many important earlier contributions that lay the ground work for
the understanding, most notably [23-26].

By definition, the conductivity tensor gives the linear current density response to
an electric field and in two spatial dimension it can be parametrized as,
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Fig. 1.2 A torus with flux
¢/, encircled by the two
independent non-contractible
loops and an example of a
curve I" which encircle the
flux ¢y. Figure by S. Holst

j'=0"E; =oye"E; +oLE", (1.1)

which defines the usual longitudinal conductivity o, and the transverse, or Hall,
conductivity oy . What is measured in an experiment, is however, not the conductivity,
but the conductance for some macroscopic (or mesoscopic) sample. The conductance
gives the current response to a voltage, or an electromotive force, &, which is defined
by,

cf:/dLE, (1.2)
Y

where the integral is along some curve y . For an open curve, & is just the voltage dif-
ference between the endpoints, as in the Hall bar shown in Fig. 1.1, while in toroidal,
cylindrical or Corbino geometry, the curve is closed, and the electromotive force
should be understood as generated by a time dependent magnetic field through a
hole, as in Fig. 1.2. Multiplying the definition of longitudinal and Hall conductances
(1.1) with £ and integrating along a curve y gives,

Iy=/d1~EaH+/dleaL, (1.3)
Y Y

where conductances I, is the current passing through the curve y. Assuming a
homogeneous sample, so that the Hall conductivity is constant, this become

Iy:0H£y+oLfdle, (1.4)
Y

which shows that in a pure 2d sample the Hall conductance actually equals the Hall
conductivity which is a material property. In particular notice that no geometrical
factors, that would be hard to measure with high precision, enter the relation.’

3This is not true in higher dimensions, and it is also not true for the longitudinal 2d conductance.
Even for a pure sample does not equal the conductivity. For a rectangular Hall bar as in Fig. 1.1
the longitudinal conductance is (W/L)o where W and L are the widths and length of the bar
respectively.
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Now consider a 2d Hall bar which is large enough that the transport properties
do not depend on the boundary conditions. We can then pick them to be periodic,
which is the same as assuming that the space is a torus. Furthermore assume that the
spectrum on the torus has a gap AE > kgT above an N-dimensional subspace of
degenerate states (up to splittings that vanish in the thermodynamic limit). We will
also imagine having magnetic fluxes, ¢, ,,, through the torus as illustrated in Fig. 1.2.
Our assertion is then that for a big system the Hall conductance will not depend on
these fluxes, and will also equal that for a physical Hall bar.

Inserting an arbitrary flux, ¢,,y, through any of the non-contractible loops on
the torus (see Fig.1.2) does not change the conductance, but it does change the
Hamiltonian.* However, for the special case of inserting a flux quantum, ¢y = hc/e,
the resulting Hamiltonian is identical to the one where there is no flux. Thus, the
Hamiltonian depends on the parameters ¢,,, which are defined on a space where
the points (¢, ¢,) and (¢, + neo, ¢, + ny¢o) are identified. Put differently, the
parameter space T} = {(¢., ¢,)} is a torus, which we will refer to as the flux-torus
to distinguish it from the physical space, which, because of the periodic boundary
conditions, also is a torus.

The idea is now to consider maps from the parameter space into the space of
ground-state wave functions. Such maps are characterized by an integer ch, called
the first Chern number. The proper mathematical setting for this concept is the theory
of fiber bundles, and more precisely, the degenerate ground-state wave functions form
a complex vector bundle over the parameter space T¢2. For a brief introduction to
Berry phases and Chern numbers we refer to Sect. 1.8.1.

The basic result is that the Hall conductance oy is given by the formula,

h
oy = opok | (1.5)
N

where oy = ¢*>/h and N is the number of degenerate ground-states. We are now
ready for the actual calculation.
Let us first pick the gauge potential as

A ¢x,\ ¢y,\
A=A+ — —y, 1.6
+Lx+Ly (1.6)

x y

where the integral of A; along any of the non-contractible torus-loops is zero. Chang-
ing ¢r/y —> ¢x/y + Po would give back the same physical Hamiltonian but in a dif-
ferent gauge; so, ¢,,, is used not only label the fluxes through the holes, but also
the gauge choice. Assume now that we have a monotonically increasing ¢, (¢) such
that in time 7 a full unit of flux is inserted in the hole, i.e., ¢, (t) = ¢,(0) + ¢o.
According to Faraday’s law, this generates an electromotive force,

“In some references you will come across the notion of “twisted boundary conditions” this is
equivalent to inserting flux through the holes of the torus.
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100,
gy=/d1.E=-ﬁ, (1.7)
Y c ot

where y, is any of the non-contractible loops encircling the flux ¢, once. The conduc-
tance is defined in the limit of vanishing electric field so we should assume 7 — o
and, since there is an energy gap to all excited states, the time dependence is thus
given by the adiabatic theorem. We choose an orthonormal basis of the ground-state
manifold, for each ¢,, at ¢, = ¢,(0) =0,

{1@x. 950}, (1.8)

|

which is taken as a smooth function of ¢,. Under the adiabatic time evolution U (t) =
U (¢ (1)) (recall that ¢, (¢) is monotonic) this evolves into,

(B, 8)); &) = U($y) 19, 0); @) (1.9)

Now we are ready to calculate the current. With no loss of generality we shall take
the curve y to be a straight line in the y-direction, and get,

=—/d2xx jx) = /dle//( ) ( )W( 1)

cdH(A)
- /cﬂx 000 S0, 0) = ] (25, H) 1)
(1.10)
where we used the definition of current density operator j(x) = c dH (A)/dA, and

our decomposition of the gauge potential, (1.6). We can, with out loss of generality,
assume that we start out in the state |(¢x, ?y); 1>, and we then have the expression,

Ly, (¢y) = c((@x. ¢y): 11 (3, H) (2. §y): 1) (1.11)
which by, repeated use of Leibniz rule and using
H |(¢x. ¢y): 1)—zh =09, [0, 9)):1) (1.12)

and Ey = (((/)X, @y); LIH|(dx, ¢y); 1), can be rewritten as

09y

L, (¢y) = cdy, Eo + ihc—— Py (1.13)

When averaging over ¢, and 7, the first term vanishes since Eo(¢x, ¢y) = Eo(¢, +
27w, ¢y) and we get
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- he'l
I J—

" goe

$o oo -
/0 /O A dpye” 0, (e, ) 1] 3, | (Brr )5 1) (1.14)

The integrand equals a term in the trace of the Berry field strength corresponding to
the state |(¢X, ®y); 1), see (1.186) in Sect. 1.8.1; so, if we average over the different
states in the degenerate ground-state manifold we end up with

- he 1 [P [ Tr (%) le
I, = - d¢,dp,——— = ——ch;, (1.15)
" Ne¢ot Jo Jo 2 Nt

where the first Chern number, ch, is defined in Sect. 1.8.1. We now argue that without
loss of generality we can do just that: Let us for simplicity assume that there are two
ground-states, and compare their conductivity in some bounded region. (This can in
principle can be measured by a local probe.) One possibility is that the conductivity is
in fact the same in the two states, so that the conductance trivially equals the average
of the conductances in the two states. The other possibility is that there is a region
where the conductivities do differ, which means that there are local operators with
different expectation values in the two states. Now think of weakly perturbing the
Hamiltonian in some region with such terms. This will break the degeneracy, and
result in a unique ground-state an the question of averaging is gone.

To get the conductance we are left with calculating the electromotive force. From
Faraday’s law, (1.7) we get,

_ 1 b T A,
G = L//dWh¢:@, (1.16)
dotc Jo 0 ’ ot TC
and then finally, B
L chi (1.17)
oy = — =00—, .
H Z, 0

which concludes the proof of (1.5)—the quantization of the Hall conductance.

This formula allows for a conductance which is a fraction of the quantum of
conductance oy, but only if the ground-state degeneracy cannot be broken by any local
operator. This is in fact a characteristic property of topologically ordered states—
the ground-state degeneracy is a topologically protected number. We will return to
this point briefly in Sect. 1.6, and you should note that this type of degeneracy is very
different from what you are used to. Normally a degeneracy is either “accidental”,
that is dependent some fine tuning of parameters, or due to some symmetry. In both
cases the degeneracy can be broken by adding local terms, which in the second case
has to violate the symmetry.

As we just mentioned the states with a conductance of a fraction of oy, are topo-
logically ordered. But what about the states which have a conductance of an integer
times oy. Are they topologically ordered or symmetry protected?

The Hall conductance is a charge response and one could at least in principle
imagine breaking the U (1)-charge conservation symmetry by proximity to a super-
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conductor. The Hall-conductance would then no longer be well-defined and could
no longer be used as a characteristic for a phase of matter. You might therefore think
that the states with integer quantized Hall conductance are SPTs protected by U (1)-
symmetry. And you would be right; One could, in principle, imagine an SPT with
quantized Hall conductance. However, in all realistic situations the quantized charge
Hall conductance goes hand in hand with a quantized thermal conductance: the heat
current is proportional to a quantized constant, the temperature, and the temperature
gradient. This quantized constant is harder to access experimentally than the charge
Hall conductance, but it is by no means impossible, see e.g., [27]. However, it is the
theoretical importance that is of main interest here; energy conservation is part of
the definition of quantum matter (without it you could not define zero-temperature),
so one cannot get rid of the thermal conductance in the same way as with the charge
conductance. The states with integer quantized Hall conductance are therefore topo-
logically ordered but of the kind, mentioned in the introduction, that are similar to
SPTs.

1.2.2 The Chern—Simons Response Action

In this section we shall first encode the quantum Hall response, derived above, in an
effective response action. From now on we put ¢ = 1, and often 7 = 1. We assume
there is a conserved U (1) current (typically the electric current) which we can couple
to a gauge field A,. The effective action, I'[A,], is the generating functional for
connected n-point functions,

[[A,] = —ilog Z[A,] = —i log<GS|§eifdtH(A“(’))|GS> , (1.18)
where |G S) is the ground-state and .7 denotes time-ordering. Taking derivatives of

I'[A,] gives time-ordered connected current n-point functions. Most importantly
the current expectation value,

A ix, 1) = <GS|f“(x, t)|GS> : (1.19)

oAl (X, 1) pa,

j/l, (x,1) = yeiftm d”H(Au(t’))fM(X) yei [1 A H(AL@) . (1.20)

where A, is a back-ground gauge potential.

Since we consider gapped systems, which by definition have have no mobile
charge carriers, and thus do not conduct, we first remind ourselves of the effective
action for usual insulators. In these materials, external electric and magnetic fields
gives rise to dielectric and diamagnetic effects, such as a polarization charge, 0,0 =
—x.V - E. This linear response is captured by the effective action,
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[y = /dtd3x (% B — %’”BZ) , (1.21)

where . and y,, are the electric and magnetic susceptibilities respectively. This is
the expression with the lowest number of derivatives, which is quadratic in the fields
(and thus gives linear response), and is invariant under rotations, reflections (parity),
time reversal and gauge transformations. Thus it describes the response of a large
class of isotropic materials in weak and slowly varying electromagnetic fields.

We now turn to the Hall response. The relation j* = oy ¢” E; can be written as

j'=one’ (A; —d;A0) , (1.22)

where 0 is the time index, the roman letters i, j, ... are the space indices. Equation
(1.22) together with current conservation, d; j| = o j° gives the Streda formula,

aojo = aiji = O’HSU 0; (aoAj - ajAO) =opdB,

where B is the component of the magnetic field perpendicular to the 2d system.
Assuming B = 0 at t = —o0, this can be combined with (1.22) to give

Jt=one"09,A, , (1.23)
and, by integration, the corresponding term,

TulA] = %” /d3x £ AL (X)) Ay (x) (1.24)

in the effective response action.

As opposed to Iieq., the Hall term, I'y, violates both time-reversal and parity
symmetry. Thus we can conclude that in a system where these symmetries are present
we have zero Hall conductance. In the quantum Hall systems the symmetry is broken
by a background magnetic field, but as you will see, a magnetic field is not necessary;
other physical systems which violates the symmetry in other ways can also produce
a non-zero Hall conductance.

Another point to notice is that the Hall term is not written only in terms of field
strengths, so one might worry that it is not gauge invariant. Under the gauge trans-
formation

Ay = A, + 30 (1.25)

one gets the variation

5[ dx "7 A, (x)d, Ay (x) =/ dx'E; ()1 (x) , (1.26)
\%4 A%
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where 9V is the boundary of the space-time volume V. The Hall term is thus gauge
invariant only up to a boundary term. Since gauge invariance is a consequence of
current conservation, this means that we do not have current conservation if the
system of consideration has a boundary. The resolution to this quandary is that there
is an extra piece in the effective action that only resides on the boundary and describes
an edge current in the quantum Hall sample. Such edge currents are known to be
present and it is important to find a formulation of the effective low energy theory
that incorporates them in a natural way.

1.2.3 The Topological Field Theory

The basic tool to find a formulation of the effective low energy theory will be that
of topological field theory. We shall return to this concept several times later, but for
now just look at the simplest example and see that it has the desired properties. We
take the Lagrangian

. 1 . e o .
LA, j) = _ng” b, d,by — Zs““ budyAs — jlby (1.27)

where b is an auxiliary gauge field,’ and j, a quasi-particle current. The first term
in (1.27) is called the Chern—Simons (CS) term, and this particular topological field
theory is thus called CS theory. To understand the meaning of the field, b, we calculate
the electric current j,

8L
A T (1.28)
3A, 2

jV-
So, b is just a way to parametrize j. Note that j, which by definition is conserved, is
invariant under the gauge transformation

by — by +9d,x, (1.29)

where x is a scalar, since it is the field strength corresponding to the vector potential
b. Since b is related to the conserved current, we shall refer to it as “hydrodynamic”.

Why is this theory is referred to as topological? First you notice that it does not
depend on the metric tensor. A normal kinetic term has the general covariant form
~g"" D, ¢ D,¢, and thus depends on the geometry of the space on which itis defined.
If the action does not depend on the metric, correlation functions of operators cannot
depend on the metric either, specifically they cannot depend on any distance or time.
Furthermore, the equation of motion for the b field is,

SNote that the conventions for this field differ. We use the notation from [11], while in the work by
Wen [17] the field here denoted by b is denoted by a.
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e 0,by, = —ee""?09,A, — an(j‘ , (1.30)

that is the field strength is completely determined by the external sources. This
means that, as opposed to usual Maxwell electrodynamics, there are no propagating
photons—the equations of motion are just constraints. For instance, the zeroth com-
ponent of (1.30) is 27rp = &'/ 9;b; = B®, which relates B, to the charge density,
o = j°, of the external sources. The analysis just given is, only for a system on an
infinite plane, the case of boundaries will be discussed below, in Sect. 1.2.4.

Since the Lagrangian, (1.27), is quadratic in b we can integrate it out to get an
effective action for A only. We can use the following path integral formula,

o TIAG] — f@[b]eifdzrf(b?f‘vf) , (1.31)

to get the response action. Performing the integral we get,

(A, j1= /d3x [%s”v“AM(x)BUAU(x) —}-ej;‘(x)A,L(x)]

4 / Exd’y jlx) (%)W(x —Vig
(1.32)

where you should recall that oy = ¢?/27, and where (1/d) uv(x — y) is the inverse
of the Chern—Simons operator kernel ¢*"? d,. The first term in this expression is
just the Chern—Simons response term, (1.24), derived earlier, while the last term is
a topological interaction between the particles described by the source j,. The last
term provides the minus sign that the wave function acquires when two identical
fermions are exchanged. A simple way to understand this phase is to recall that the
equation of motion (1.30) associates charge with flux and that the resulting charge-
flux composites will pick up an Aharanov—Bohm like phase when encircling each
other. (The story is a little more subtle and we will come back to in the last section
on the fractional quantum Hall effect.) We again stress that the above result is only
correct on an infinite plane, since it does not conserve current at the edge.

1.2.3.1 Functional Bosonization

You might find the above discussion somewhat unsatisfactory since the topological
field theory in the previous section was merely postulated. Here we amend this by
describing a rather general method to actually derive a topological field theory given
an effective response action [28]. After a general exposition of the method we then
specialize to Hall response.

The starting point is the path-integral formula for the partition function,
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21,0 = [ 751, (133)

where the action S describes the system of interest. We will not do the integral
explicitly, but make use of the fact that for a gapped system at zero temperature the
functional Z°[A,, ] will be local.

Because of current conservation, the effective response action, and therefore also
Z , needs to be gauge invariant meaning that

ZA, +a,]l =Z[A,], (1.34)

for any a being a pure gauge, i.e., satisfying,

Suv = 0pay — dpa, =0. (1.35)
Thus one can express 2 as
2101 = [ A Zia+a [] o Psifp@ont.  (136)
L

where the delta functionals under the product sign enforce the zero field-strength
constraint. Here, x isapointin D = d + 1 dimensional space-time, and e*"*~# is the
D-dimensional totally anti-symmetric Levi-Civita symbol. Introducing an auxiliary
tensor field by, 1, .. up,_, to express the delta functional as a functional Fourier integral,
we get,

D@F[A] — / g[a]g[b] g[A + a]ei%fd[)x Slll'k"‘uﬁb,wku.faﬁ(a) , (137)
and by the shifta — a — A, finally,
Z1Al = / P1alZ1b) Z [a)e's ] 47x e bun Uug @ =Fug (A)

E/Q[a]g[b]e"fd%f, (1.38)

where the last equality defines the Lagrangian .. Note that this action, by construc-
tion, is invariant under gauge transformations of the electromagnetic potential A,
since the electrical current is conserved in the model of consideration. Below you
will see that this implies the existence of edge modes.

Given this one can calculate the expectation value of the U (1) current as

. _ L SInZ[A] .
(" (x)) _IW = ("4 8,by.. (X)) (1.39)
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and similarly for higher order correlation functions. Note that by construction the
current is conserved. To appreciate the meaning of the field b,,,,.., let us look at the
simplest special cases. For D = 2, b is a scalar, and the above relation reads,

(J* () = (""0,b(x)) , (1.40)

which you might recognize if you are familiar with the method of bozonization in

1 + 1 dimension. This case is special, in the sense that it holds even if the average is

removed, that is it holds as an operator identity. A concise account of the fascinating

physics and mathematics of (1 4 1) D systems can be found in the books [14, 29].
For D = 3, b is vector field and

(JH(x)) = ("7 0,bo (x)) (1.41)

Up to a normalization, which we will discuss below this is the same as the previously
derived relation for the electric current, (1.28).

Clearly the expression for Z°[A,] derived above, (1.38), is useful only if we
can, at least approximately, evaluate the fermionic functional integral to get Z[a].
In 1 4 1 dimensions this can sometimes be done exactly. In higher dimensions this
is not possible. However one can find an approximation by assuming there is a gap
and making a derivative expansion.

In the case of 2d systems with quantum Hall response, we already know one piece
in Z[a] that will for sure be present namely the Hall term, (1.24). Combining this
with the just derived expression for Z°[A,] (1.38), gives the effective Lagrangian,

1
L = _Z‘guvabuau(aa - Aa) + %Suvaaﬂava” ’ (142)

where we renormalized the field b so that it, up to the factor (—e), is identical to the
previous expression for the electromagnetic current, (1.28).

Above we used a seemingly arbitrary argument to fix the normalization of the
field b, and you should worry about this since a different convention would give
a different value for oy when b is integrated over to obtain the effective response
action. To understand this point, we must look closer at the first term in the above
Lagrangian, (1.42) which is the 2d incarnation of the topological BF theory which
is defined in any dimension as,

1
PLor = _ngmaﬁbmm fup(a). (1.43)

In Sect. 1.6.2 we shall briefly discuss the 3d case in the connection with fluctuating
superconductors. There is a rich mathematical literature on BF theory, [30, 31], but
here we shall only cover material of direct relevance for physics. One such point
is the question of normalization brought up above. With the chosen normalization



18 T. H. Hansson and T. Klein Kvorning

the ground-state is unique, as is required for a number of filled Landau levels. A
derivation of this result is given in Sect. 1.8.2.

1.2.4 The Bulk-Boundary Correspondence

We now show how the Chern—Simons topological field theory (1.27) in a natural
way incorporates the presence of edge excitations. For a more thorough discussion
you should consult the paper by Stone [32] and the review by Wen [33]. We specify
the action by integrating the CS Lagrangian, (1.27), over a bounded and simply
connected region D, and for simplicity we will put o = o throughout this section,

S[b; A] = / dx Zb, A). (1.44)
D

This action is not gauge invariant since we get a non-zero variation at the boundary
0D. What this means is that the pure gauge mode, 9, x which in the bulk has no
physical meaning, (and would be removed by gauge fixing) will at the edge manifest
itself as a physical degree of freedom. To see this explicitly we substitute b,, = 9, x
into the Lagrangian to get,

1
S[b, x; Al = ——f d*x "% b, 0,b, +/ drdx x 0,(0; —vay) x(x,1),
4w Jp aD
(1.45)

where for simplicity we neglected the external field A (which is easily reintroduced),
and where the field yx (x, ¢) has support only on the boundary d D parametrized by
the coordinate x. We also added an extra term ~x Bf x that does not follow from
the Chern—Simons action (1.44), but which will be present if there is an electrostatic
confining potential [33], which is needed e.g., in the quantum Hall effect to define
the quantum Hall droplet. The meaning of this term is clear from the equation of
motion for the x-field,

(0 —vi)x(x, ) =0, (1.46)

which shows that v is the velocity of a gapless edge-mode propagating in one direc-
tion. The physical origin of this velocity is obvious: it is the E x B drift velocity
of the electrons in the external magnetic field and the confining electric field at the
boundary. If we reintroduce the electromagnetic field and study the current conserva-
tion at the boundary, we will see that the non-conservation of the bulk current, which
follows from the non gauge-invariant part of the Chern—Simons action, (1.26), is
compensated by a corresponding non-conservation of the boundary current; so the
total charge is conserved [32].
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The mathematics related to this result is quite interesting. The boundary theory
should after all just be a model for electrons moving in one direction along a line, and
as such we would expect the theory just to be that of a Fermi gas, or if interactions are
present, a Luttinger liquid. In both cases we would expect the boundary charge to be
conserved. What is special here is that the mode is chiral, i.e., it only propagates in
one direction. From the theory of Luttinger liquids, we learn that in the presence of
an electric field, the right and left moving currents are not separately conserved, but
only their sum, which is the electromagnetic current. The difference, which defines
the axial current, which in Dirac notation reads j,f =Yy yu ¥, is not conserved
because of the axial anomaly. The subject of anomalies in quantum field theory is
fascinating, but will not be discussed in these lectures.

1.3 Physical Systems with Quantized Hall Conductance

In this section we move from the general discussion to real physical systems that have
a quantized Hall response. We begin with the integer quantum Hall effect IQHE),
which started the whole field of topological states of matter. Given the previous
general analysis, we can use a simple symmetry argument to explain it.

We then turn to the systems that have been game changers for the last decade—the
various kinds of topological band insulators. Recall that one of the early successes
of quantum mechanics was the division of crystalline materials into conductors,
semiconductors and insulators depending on whether or not the Fermi level is inside
a band gap (there is no sharp distinction between insulators and semi-conductors;
only a conventional classification depending on the size of the gap). The insulators
seem to be the most boring states, and it was an important discovery that they can
belong to different topological classes which differ in their quantum Hall response.

In an intermediate step, we study a system with both a magnetic field, and a weak
periodic potential. This is instructive not only for providing a more realistic model for
the quantum Hall effect, but also for showing how to calculate a topological invariant
for a clean (non-interacting) band insulator. We then turn to the first example a system
with a quantized Hall effect without any magnetic field, the Chern Hall insulator,
and stress the importance of breaking time-reversal invariance.

1.3.1 The Integer Quantum Hall Effect

The integer quantum Hall effect is observed when a very clean two dimensional
electron gas is cooled and subjected to a strong perpendicular magnetic field.

If we neglect electron—electron interactions, this is the famous Landau problem
and we know that the energy is quantized as E,, = nhw, with the cyclotron frequency
w. = eB/m. Each of these Landau levels (LLs) has a macroscopic degeneracy such
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that there is one quantum state in the area EnE% = 27 h/e B which corresponds to a
unit flux, g9 = h/e = 2m/e.

In Sect. 1.2.1 you learnt that for a gapped state the Hall conductance is always
quantized in integer multiples of the quantum of conductance divided by the degen-
eracy of the ground-state. For a number of filled Landau levels, the ground-state
is non-degenerate, and one can obtain the Hall conductance by a simple symmetry
argument: Let us start from the idealized case of non-interacting electrons moving
in the xy-plane, and no impurities. Having p completely filled LLs corresponds to a

charge density p = —ne, where n = p/(27€%) is the electron number density. From
this we get
2nh 1
=222 ), (1.47)
p e P oo
where B = BZ.

Now assume that in our frame we have an electric field E = 0 and vanishing cur-
rent density j = 0. Then consider a frame moving with velocity —v, v < ¢, relative
to us. In this frame B is unchanged, but E = —v x B, so

j=pv=pogzxE, (1.48)

from which follows that the Hall conductivity is oy = poy, and since our system is
invariant under Galilean transformation, this result holds in any inertial frame. We
now return to a realistic system with electron—electron interactions, and impurities.
Since we have already shown that the conductance is quantized as long as the gap
remains we know that the conductance must stay the same as these potentials are
turned on under the assumption that the gap does not close.

1.3.2 The Hall Conductance in a Periodic Potential

We shall now present a special case of a problem originally treated in a very influential
paper by Thouless et al. [24]. Recall that in a constant magnetic field, the (magnetic)
translation operators, 77 and T,, which commute with the Hamiltonian, do not com-
mute among themselves. This follows because 7, ' T,”' T; T; does not equal identity,
since it amounts to a closed path that encloses flux and thus by the Aharonov-Bohm
argument gives a phase to the wave function. From this we learn that if one picks a
flux lattice, which is defined such that there is exactly one flux-quantum through a
unit cell, the lattice translation operators will all commute and can be simultaneously
diagonalized.

We shall consider the case where the Bravais lattice of the periodic potential is
such that the unit cell of the flux lattice contains an integer number of unit cells of the
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potential.® In this case we can still diagonalize the magnetic translations, and then
invoke Bloch’s theorem to express the wave functions as,

Vien(X) = e ug,(x) | (1.49)

where n is aband index (here the LL index) and k the crystal, or quasi, momentum that
lives in the “magnetic Brillouin zone”, |k;| < w/¢p = w/ ¢B.” The Bloch functions
uk , (x) are eigenfunctions of the Bloch Hamiltonian,

h2
HB[=2—(—iV+eA+k)2+Vlat~ (150)
m

We will assume that the periodic potential is weak enough that the cyclotron gap
persist, and that the lowest N bands are completely filled. For each k in the Brillouin-
zone (BZ) there are N wave functions

("N u, ), s (1.51)

so associated to each k € BZ there is an N dimensional sub-Hilbert-space, i (k), of
the full single particle Hilbert space. The set {k, 4 (k)}x where k € BZ, is thus a fiber
bundle over the Brillouin-zone, see Sect. 1.8.1. By definition the Berry connection
on this fiber bundle is

A" (&) = —i (Yicn (O |3k, [ Yicm (X)) = —i / dx g, ()3, Y (X) -

This can also be written as the anti-commutator of the creation and annihilation
operators,

A = {ak,,, Bkiaim] (1.52)

where ain and ay, are the Fourier components of the electron creation and annihi-
lation operators ¥ (x) and ¥ (x) satisfying {y/"(x), ¥ (x)} = 8*(x — X'). The cor-
responding Berry field-strength, which we denote by £ to distinguish it from the
previously defined flux-torus field strength, becomes

= 0 A — B A A LA A — i) A" (1.53)

where the repeated index p should be summed over. Since the Brillouin-zone is
two-dimensional, the field strength has only one independent component

OReference [24] treated the case where the ratio between the areas of the unit cells in the flux lattice
and the Bravais lattis of the potential is a rational number ¢/ p. In case one has to consider a larger
unit cell, and each filled band will in general have a larger Hall conductance.

7In a translationally invariant system, the shape of this zone is arbitrary, but the area is fixed to
support 7 units of magnetic flux. In our case the shape has to be taken as to be commensurate with
the Bravais lattice of the potential.



22 T. H. Hansson and T. Klein Kvorning
B =l B . (1.54)

From now on we will suppress the upper indices m, n etc. and multiplications of %
or </ has the meaning of matrix multiplication. In this short hand notation we have

B =& (0, + i, ) (1.55)

for the the Berry “magnetic” field in the Brillouin-zone.

Although this Brillouin zone bundle is conceptually quite different from the flux
bundle, with Berry curvature .%, introduced in Sect. 1.2.1, they turn out to be closely
related in the present case where electron—electron interactions and random impuri-
ties are neglected. To see this, first recall that the non-interacting many body ground-
state is given by

IGS) ]_[]_[akn : (1.56)

n=1keBZ

Secondly, from the Bloch Hamiltonian, Hp;, we can, by taking a vector potential
describing fluxes through the holes in the torus, infer that the Bloch functions at
finite flux are related to those at zero flux by,

27 27 by ) (1.57)

¢»¢» 0,0 . ,
R O O R~

where ¢, and ¢, denote the fluxes encircled by the two independent non-contractible
loops on the torus, see Fig. 1.2. This means that a derivative with respect to a the flux
¢; can be turned into a derivative with respect to the crystal momentum k;. We can
also define the Chern number for the flux-torus fiber bundle, defined by the N first
LLs,

N
S0 =[] [Taly0i:  aly= [@rv'wuli®m. sy
n=1keBZ

i.e., with Berry connection
Ay, =(GS, $10,1GS. ¢) . (1.59)

In Sect. 1.2.1 we showed that the Chern number of this connection is proportional
to the Hall conductance, and in Sect. 1.8.1.4 we show that the first Chern number
for the flux-torus fiber bundle, and the Brillouin zone bundle are equal. Combining
these results yields the formula
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oy = ﬂ/dszr%, (1.60)
27

for the Hall conductance. Thus, in this case we can express the Hall conductance in
terms of the first Chern number of the BZ bundle. This result was originally obtained
in [24] by using linear response and properties of the Bloch wave functions.

The above calculation using the Brillouin bundle relies on translational invariance,
and the absence of interactions and is thus much less general than the result derived
in Sect. 1.2.1. When applicable the formula derived here is however much simpler to
handle, and it has been essential in developing the classification of non-interacting
topological matter—its theoretical importance should not be underestimated.

1.3.3 The Chern Insulator

The formula (1.60) for the Hall conductance opens the possibility of having a topo-
logical phase in a crystalline system even in the absence of a magnetic field. Impor-
tantly, it demonstrates that topological band theory can be used to determine the
actual values of the topological invariants.

In an important paper from 1988, Haldane showed that one can have a quantum
Hall effect without any net magnetic field [34]. He constructed an effective model
of electrons hopping on a hexagonal lattice penetrated by a staggered magnetic field
that is on average zero. The model did, however, break time-reversal invariance and
is today referred to as a Chern insulator that exhibits a quantized anomalous Hall
effect. A model that is slightly simpler than the one used by Haldane is free electrons
hopping on a square lattice, with a w-flux on each elementary plaquette [35]. Since
the main theme of these notes are continuum field theory descriptions, we will not
give the position space lattice Hamiltonian, which you can find in the original work
[35]. For the present purpose, it suffices to say that the Chern insulator can be
modelled by the following two-band momentum space Hamiltonian,

He = chﬁahwﬂ(k)ckﬂ , (1.61)
k

with
h*f (k) = d, (K)ogs; d = (sink,, sink,, M + cosk, + cosky) , (1.62)

where both energy and M are measured in units of some hopping strength, ¢.

To calculate the Berry flux, we note that 2%# (k) is nothing but the Hamiltonian
for a spin-half particle moving in a magnetic field d. The spectrum, given by the
Zeeman energy, is thus £|d|, and the eigenfunctions satisfy,

d-o|Ep; %)==+ |E; ). (1.63)



24 T. H. Hansson and T. Klein Kvorning

Fig. 1.3 Diagram giving
rise to the CS action as the
lowest term in a derivative
expansion

Assuming that there is no gap closing, i.e., |[d| > 0, and taking the Fermi energy to
be zero, the Berry field strength can be shown to be

B (K) = &0,/ = :F%g,-ja? - Od x 8;d (1.64)
where the lower sign corresponds to the filled band and we used the short hand
notation 9;/; = 9, .. The most direct way to show the above formula, although a bit
tedious, is to first find | E;; —) and then just calculate. An alternative derivation that
does not require the explicit wave functions is given in Sect. 1.8.3.

The expression on the right hand side of the above expression is the Jacobian of
the function d(k), and we define the integer valued Pontryagin index by

1 PO .
2= gfdzksijd - 8id x 3;d, (1.65)

which measures how many times the surface of the unit sphere on which d is defined,
is covered by the map from the compact manifold where k is defined.

It remains to determine the value of n = 2. For large |M|, where the hopping
can be neglected, the eigenfunctions | E;) become k-independent and the Pontryagin
density is identically zero. (M > 1 is the atomic limit where the wave functions are
sharply localized at the lattice sites.) 2 is a topological quantity, so it can only change
when the gap in the Fermi spectrum closes and d no longer is a smooth function of k.
From the expression E; = —|d(k)|, one realizes that the gap closes for M = —2 (at
k=0),for M =2 (atk = (;r, w)) and for M =0 (atk = (0, 7) and k = (7, 0)).

Let us now analyze what happens when M increases from a large negative value
towards —2. Putting M = —2 4 m, and linearizing the Hamiltonian one gets,

Hiin = kyoy + ky0'2 + mos, (1.66)

which we recognize as the Hamiltonian for a D = 2 + 1 Dirac particle. Since the
topological nature of a phase is a low-energy property, one should be able to capture
the change in phase by analyzing the continuum theory in the vicinity of m = 0. We
now show how to do this.

The continuum D = 2 + I Dirac theory is defined by the Lagrangian,

ZLp =Y (y"(id, —eA,) —m) ¥ (1.67)
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with y* = (o3, ion, —ioy). We calculate the electromagnetic response by integrating
out the fermions, which, to lowest order in A,, amounts to calculating the loop
diagram in Fig. 1.3. This was originally done by Redlich [36] with the result,

2
IplA] = %;—”/d?’x A0, Aq . (1.68)

Note that a Dirac mass term in 2d breaks the parity symmetry, so it is not surprising
that a Chern—Simons term appears in the effective action. The term persists even
in the limit m — 0, where the classical Lagrangian respects parity, and is therefore
often referred to a parity anomaly.® In Sect. 1.8.4 we give an alternative derivation
of this result by calculating the response to a constant magnetic field. Just as the
Schrodinger case, the eigenvalues of the Dirac equation falls into Landau levels,
E, = £+/neB + m?, forn > 0, and the contribution from these states to oy cancel.
Only the lowest Landau level, with » = 0 and energy E, = m, contributes. This
derivation stresses that even though anomalies seem to be related to the short distance
behaviour of the theory, they should be considered as a low energy effect.

Note that the coefficient in the response action derived from the Dirac Lagrangian,
(1.68), translates into a Hall conductivity oy = *0p/2 which is half of the one
calculated above. This is surprising since we have argued that the Hall conductivity,
for topological reasons, must be an integer times oy. The solution to this apparent
contradiction, is that it is not possible to consistently formulate the Dirac equation
on a lattice without “doubling” the number of low-energy fermions. This result, first
obtained in the context of high energy physics by [37], basically says that the low-
energy physics of fermions in a band of finite width, cannot be faithfully represented
by a single Dirac field.® We now return to the two-band model (1.61). Recall that we
put M = —2 + m, and we want to know what happens as m is tuned from a small
negative value to a small positive value. Doing this changes the spectrum only in the
close vicinity of k = 0, so the change in oy should be faithfully represented by the
linearized Dirac theory. From the response action derived from the Dirac Lagrangian
(1.68) we get the change Aoy = %(1 — (—1))og = 0. A similar analysis can be
made for the other gap closing points. The result is that o, in units of oy changes
as0— 1— —1 — 0 as M is tuned from —oo to 0o. It should now also be clear,
that the effective topological theory for the Chern insulator is identical to that for the
IQHE given by (1.42). Note that at M = 0 the gap closes at two points, so to model
this transition we need two Dirac fields, and thus the change of two units in 0.

In 2013, aquantized Hall effect was observed in thin films of Cr-doped (B1,Sb), Tes
at zero magnetic field, thus providing the first experimental detection of a Chern
insulator [38].

8 As explained in [36] a gauge invariant regularization of the ultraviolet divergence (e.g., using the
Pauli-Villars method) gives rise to the anomaly term, but does not fix the sign.

9See Sect. 16.3.3 in [14] for more details.
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1.4 Generalizing to Other Dimensions

1.4.1 The 1d Case

Until now we discussed the 2d systems with U (1) symmetry and showed that in the
topological scaling limit, their response action is the Hall term

A, = ‘%’/d% e A, Fyo | (1.69)

which encodes the Hall response. We again emphasize that this expression is inde-
pendent of the metric.

In 2d we knew from the start that we where looking for, a Hall response. Now
assume that we had not known that, but would anyway have asked the question: Is
there a possible topological response? A strategy in this hypothetical case would
have been to write down all possible response actions that are gauge invariant and
independent of the metric (and thus of any length or time scale). On a technical
level the absence of a metric implies that the only way to contract indices is by the
anti-symmetric epsilon tensor. In (2 + 1) D this leaves only one option namely the
Chern—Simons action (1.69). In (1 4 1) D, there is also only one choice namely

I'(A,] = %/dzxes’“’Fw, (1.70)

which we will refer to as the 1d 6-term. This is the integral of the electric field
strength, and is thus, as opposed to the Chern Simons term, fully gauge invariant,
and it does not contribute to the equations of motion. The choice of the symbol 6,
which indicates an angle, is not accidental as will be clear below.

The -term is different from the Chern—Simons term in (2 4+ 1) D in that uniform
fields do not induce any currents but only polarization. In the static case, polarization
amounts to creating a dipole density that partially screens the external electric field,
D = (1 + x.) E, or equivalently it creates edge charges. To see how the topological
term alters this, consider a line segment with endpoints at x = x. Choosing the
gauge with A, = 0, and assuming 6 in the 1d 6-term, (1.70), to be constant gives,

0
I' =—e 2—/dt [Ao(xy,t) — Ap(x_, )] . (1.71)
T
Varying I" with respect to Ag(x, t) gives the charge at x,

0
0F = Fe —, (1.72)
2

where Q7 and Q™ are the charges on the right and left ends of the line segment
respectively. Thus the topological term adds a constant to the edge charge. Including
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the usual non-topological action ~ [ d’x x.E? (cf. the 2d linear response action
(1.21)) for a dielectric gives

0
0F = +x.eV Fe—, (1.73)
27

where V. = Ag(x4, t) — Ag(x_, t) is the voltage difference between the left and right
end.

We can now see why 6 should be regarded as an angular variable. Making the shift
6 — 6 + k 27, amounts simply to adding k unit charges at the ends of the wire which
is a local effect that for instance can be due to impurities. A non integer value of
0 /27w, on the other hand, is a bulk polarization effect, and we now show that it differs
from the usual polarization ~x, in being quantized as long as certain symmetries
are respected.

For this, we again look at a system with periodic boundary conditions, i.e., a circle.
Now imagine that we adiabatically transform a system from a trivial insulator to an
insulator with a non-trivial 1d 6-term (1.70). During this process, a charge, Q, will
be transported around the circle and this charge is, as we will see, given purely by 6.
This is directly related to the bulk polarization, since to create a polarization charge
0, it has to flow past every point except close to the edges where it accumulates.

Varying the 1d 6-term, with respect to A,,, the current

0,0 (1)
2

: (1.74)

jx:e

and the total charge that has been transported around when 0(¢) is changed from 6,
to the final value 6,, is

90(1) 6, —0
Q:/dtszfdtetz()zez L.

T 21

Now lets calculate this in a microscopic picture using a many body state | (¢, ¢)) that
start out in the atomic limit, and then evolves adiabatically to some state | (f2, @)) (¢
denotes the magnetic flux passing through the circle). A similar set of manipulations
as those used to show that the Hall conductance is the first Chern number gives

def.

Je = (0010s%) — (0¥ 10:9) = Ty - (1.75)

Here .#,, is the Berry field strength of the fiber bundle with the cartesian product of
the time-interval [7;, #,] and the space of flux-values through the circle as base space
and on-dimensional fibers spanned by |y (¢, ¢)). The total charge passing through a
point on the circle during the process is now obtained by integrating over ¢. Also,
as in the case of the Hall conductance, we invoke locality to average over the flux
(here meaning that the polarizability cannot depend on the flux through the circle).
We get,
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1 2 h 2 2
(0] —/ dq’)/ dt,?:/ d¢)%(t2)—/ de 27 (1t1) , (1.76)
0 I3l 0 0

=27'r

where

Ay (t) = (V10p9) — (0¥ V) (1.77)

is the ¢ component of the Berry connection of the just mentioned fiber bundle. We
now refer to Sect. 1.8.1, where the 1d Chern—Simons invariant is defined as,

1 2
CSle )] = 2 ), Ay (1)d¢ (1.78)

and where it is shown that 2w times the exponent of this is a well defined basis
independent property. At #; the state is just a product state of localized electrons, so
we can choose a gauge where .7 (¢;) = 0 and it follows that

TSI ] . i270/e — 2TCSIT] (1.79)

where f, is suppressed since the state |1/ (¢,)) is the many-body state of interest i.e.,
we define @ = (¥ (12) |9,V (12)) — (0¥ (1) | (12)) .

The above phase (1.79) has an alternative interpretation as the Berry phase accu-
mulated when a unit flux is adiabatically inserted through the circle. Since both
time-reversal and chiral symmetry (that is charge conjugation composed with time
reversal) maps inserting an upward flux to inserting a downward flux, one can con-
clude that if any of these symmetries are present during the adiabatic process, one

has ) ,
el ol — o=l Sodd (1.80)

which leaves only two possibilities,

¢'™ non-trivial
27 CSi [ ] — (181)

0  trivial

el =¢

corresponding to having & = 0 or 6 = rmod 27.

If we have a non-interacting system with lattice translation invariance we will as
in 2 4+ 1 dimensions have a fiber bundle defined by the Bloch states over the Brillouin
zone circle. Again, in the same way as the Chern number, the exponent of the Chern—
Simons invariant of the flux-circle bundle will be the same as the exponent of the
Chern—Simons invariant of the Brillouin zone circle. We will make use of this in the
next section where we study a model which has a topological polarization response.
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1.4.2 Realization with Dirac Fermions

Rather than studying a lattice model, we shall pick a continuum model with a global
chiral symmetry, and would therefore be expected to be characterized by the Chern—
Simons invariant and thus fall into one of the two classes we found above. Since
topological response is a long distance effect, we expect that such a continuum
theory will also describe chiral symmetric lattice models.

With this motivation, we shall investigate the 1d Dirac fermion ¢, with mass
m, coupled to a gauge field a using path integral methods. Our starting point is the
partition function,

Zla] = / Dy, Yle' | Cx I @d—a-my (1.82)

We parametrize the gauge field as a, = ¢,,0,§ + d,A, so that F = &""9,a, =
—02&; the term containing A is just a gauge transformation which does not con-
tribute to the action (provided we are on a simply connected manifold). One can now
verify that the chiral transformation

Y e My, (1.83)

where y3 = iyyy1, eliminates the transverse gauge field ¢#” 9, & from the action, while
the mass term is changed,

Y8, — a,) —m)y — Y (yrid, —me )y (1.84)

This looks very strange, since for the massless case it seems like we by this transfor-
mation can get rid of a non-trivial field. The resolution of the apparent contradiction
is that the path integral measure is not invariant under the transformation. Using tech-
niques pioneered by Fujikawa [39], one can show that under the chiral transformation
(1.83),

DY, U1 = DI, Yle = Exeve (1.85)

which is the path integral incarnation of the axial anomaly referred to at the end
of Sect. 1.2.4. In particular we shall be interested in a (space-time) constant chiral
transformation &(x) = —6/2, which does not change the coupling to a, but only
affects the mass term, and introduces a 1d 6-term, (1.70), in the response action.

For the case of the continuum Dirac equation we shall follow the same logic
as in the 2 4+ 1 dimensional case, and only calculate how the value of 6 differs
between different phases. From (1.84) one realizes that taking 2§ = 8 = 7 amounts
to changing the sign of the fermion mass. Taking the gamma matrices,

yozal; yl =i03; y3= iaz, (1.86)
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we have

(0 m—ik\_(0Q}
H_<m+ik 0 )_(Q o)’ (1.87)

It is straightforward to obtain the wave functions, and calculate the Brillouin-zone
Berry potential,

1 m
=——. 1.88

2 k% 4+ m? (1.88)
We can now form the corresponding Chern—Simons invariant by integrating over the

filled states labeled by k,

CSilef] = %/ dk of . (1.89)

—0Q

Using the expression for the Berry connection of the Brillouin-zone fiber bundle
(1.88) and the definition of the Chern—Simons invariant (1.89) we get
© 1 m 1 m

1
CSi=— | dko—=—— 1.90
"o ) 2kt mE T 4 m) (1.90)

for the filled Dirac sea. Previously, in the discussion of the Chern insulator, we
saw that the Chern number of the Brillouin-zone fiber bundle and the flux-torus
fiber bundle were equal. Analogously the just derived Brillouin zone Chern—Simons
invariant equals the flux-circle Chern—Simons invariant, which was introduced in the
previous section and was shown to be proportional to the topological polarisation.
There is an alternative way to characterize the topology of Hamiltonian of the
form on the right hand side of (1.87). (It can be shown that a general Hamiltonian
with chiral symmetry can be written in this form [5], so it applies to more than the
Dirac equation.) This alternative characteristic is by the winding number defined by,

w:l—/dkgflakgzl—/dkizlﬂ (1.91)
2 2 R+m?2  2|\m|’
i.e., it equals twice the invariant CS;. Note that the winding number changes by one
unit when the sign of the mass changes, consistent with 8 in (1.70) changing by .
Just as in the discussion of the Chern number for the Dirac sea, you might wonder
how something that is called a winding number can be non-integer. The resolution
is again related to the regularization of the continuum Dirac theory. If we instead
consider the lattice version,

Hyy = sin(k)o? + (m — 1 + cos(k))o'! (1.92)

so that Q = —i sin(k) — (m — 1 + cos(k)) we get
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i T .
w= —/ dk 9 In(m — 1 4+ e~ ). (1.93)
2 J,

For m < 0 the curve m — 1 4 e~* does not wind around the origin, so the logarithm
can be picked to be single valued and thus w = 0. For 0 < m < 2 it winds one turn
in the negative direction and w = 1. The change of the winding at m = 0 is the same
as in the continuum model.

1.4.3 Higher Dimensions

Both in the 2 4 1 and the 1 4 1 dimensional cases, there is only one possible topo-
logical U (1) symmetric response term. This is the case in any dimension, and it turns
out that all odd space time dimension cases are similar to the (2 + 1) D case while
all even ones are similar to the (1 + 1) D case.

To find topological response terms in D space-time dimension we need a D-form
to contract with the anti-symmetric epsilon tensor with a result that is gauge invariant
in the bulk. These conditions are very restrictive, and leave us with,

'A,] « / d’x e"F,, D=2 (1.94)
I'[A,] o</d3x " A, Foo D=3 (1.95)
I'A,] « / d*x """ F,, F,, D=4 (1.96)
'A,] « f dx "M AL Fop Fy D=5 (1.97)

You notice a difference between even and odd space time dimensions. In the even
case the actions are Chern—Simons terms that only are gauge invariant up to edge
terms. The most important example is the already discussed 2d case, and the higher
dimensional analogs are very similar:

Using similar arguments to the ones for the (2 + 1) D case one can show that
the response in D = 2k 4 1 following from the response above (1.97) is the kth
Chern number of the flux-torus bundle and for a non-interacting system in a periodic
potential this equals the kth Chern number of the bundle of filled states over Brillouin
zone (there are 2k independent fluxes that one can thread in a d = 2k dimensional
torus). Thus, just as in 2d, there is a quantized current response.

Using similar arguments as in the (1 + 1) D case one can show that the response
in D = 2k is given by the exponent of 27 times the kth Chern—Simons invariant of
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the flux torus bundle. This is as in (1 4+ 1) D, not quantized unless one can assume
either time-reversal or chiral symmetry.

Let us briefly mention the most important example of these topological responses,
namely the one in (3 + 1) D that describes a 3d time-reversal invariant topological
insulator:

0
d*x e By = —2 [ d*xE-B.
2

i 90’0

F[A”]_E

This term has many important implications that we will list without any derivations:

e A time-reversal invariant system with & = r mod 2, i.e., a 3d topological insu-
lator, has a gapless surface mode.

e If the time-reversal invariance is weakly broken at the surface, the system will
have a quantized Hall response with o = %ao mod og [40].

e The Witten effect [41]: A magnetic monopole will be accompanied by a local-
ized electric charge of %e mod e, and conversely, putting an electric charge near
the surface of a topological insulator, will induce a “magnetic monopole” in the

bulk! [42].

1.5 Systems Characterized Only by Edge Modes

The topological phases we have considered so far were all characterized by their
U (1) response. All of them also supported gapless edge modes; so, you might think
that these characteristics go hand in hand. As we shall now discuss, this is not true:
there are topological phases of matter which have no topological response, but still
exhibit topologically protected gapless edge modes. We shall exemplify with two of
the most important cases: the 2d time-reversal invariant topological insulator, and
the Kitaev chain with and without time-reversal invariance, which is also referred to
as a 1d topological superconductor.

1.5.1 The Time-Reversal Invariant Topological Insulator

Although you learned that a magnetic field is not necessary for having a quantized
Hall response, clearly time-reversal invariance has to be broken since the current is
flowing in a particular direction. This invites the question of whether it is possible to
have topologically non-trivial states which are time-reversal invariant. An obvious
way to get such a system is to add two copies of a Chern insulator, and since the
particles are electrons, the natural candidates for the two “species” are the two spin
directions: up and down. Such a system will exhibit a quantized spin Hall effect that
can be described very similarly to the Chern insulator. Just as in case of the integer
QH effect, we can construct a topological field theory to describe the quantum spin
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Hall effect. Since there are now two conserved currents, corresponding to spin up
and spin down, we expect a topological action with two gauge fields »' and b*.

1
ZLosu = s (e"7bha,b] + &bl a,by) . (1.98)

This is an example of a doubled Chern—Simons theory. There is no QH effect, since
the contributions to oy obtained by coupling to an external electromagnetic field
come with different signs and cancel each other. Similarly, there is no chiral electric
edge current, but instead a chiral spin current. This is however only relevant in the
cases where one component of the spin is conserved, which is normally not the case
in real materials. Surprisingly, however, there are topologically distinct states even
when the spin current is not conserved. It is these time-reversal invariant states that
are commonly referred to as topological insulators. To arrive at this conclusion using
field theory would require that we break the symmetry as U(1) x U(1) — U(1),and
show that the resulting theory still has protected gapless edge modes. As of now, we
do not know of any way to do this. However, since the seminal work by Kane and
Mele [43, 44], it has been known that the gapless edge modes persists even when
the symmetry is broken. Furthermore they showed that there is new topological “Z,
invariant” that tells whether the insulator is trivial with no edge modes, or topological
with gapless edge modes. The analysis by Kane and Mele was for non-interacting
systems, and, at least in this limit, the topological insulator is a time-reversal protected
SPT state. The edge modes are seen in many experiments with topological insulators,
and are believed to be a generic feature of a large class of materials, see e.g., [3].

1.5.2 The Kitaev Chain

All phases we have discussed so far have a U (1) symmGennestry corresponding to
conservation of electric charge. There are, however, important phases of matter which
are most easily described using a formalism where this symmetry is broken. This is
when there is a condensate, either of fundamental bosons (like in “He), or Cooper pairs
(as in a superconductor) that act as a reservoir of charged particles. Mathematically
this amounts to having terms of the type ~Av ¢ in the Hamiltonian, and in this
section we will consider the “reservoir” A as static, and the electromagnetic fields as
a background with no dynamics. An important physical situation where this happens
realized is when A is generated by proximity to a superconductor.

We will refer to quadratic Hamiltonians with terms breaking U (1) as Bogolliobov—
de Gennes (BdG) Hamiltonians. It has been realized for quite some time [4, 5]
that BdG systems are also part of the comprehensive classification schemes of free
fermion theories that was alluded to in the introduction.

Of particular interest are the chiral systems of p-wave type, since their bound-
ary theories typically support Majorana modes which can be thought of as a
“half fermion”. This is in fact one of the most striking examples of edges of
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topological phases that cannot be realized as bona fide boundary systems not con-
nected to a bulk. The simplest example of this is the Kitaev chain, which is of large
current interest since it can be experimentally realized in quantum wires with strong
spin-orbit coupling [45] or in chains of magnetic atoms on top of a superconductor
[46].

The following presentation is a shortened, and somewhat simplified, adaption of
[9]. The Kitaev chain is a model for spinless fermions hopping on a 1d lattice, and
is given by the Hamiltonian

Hyx = Z [—t(a;fajﬂ +a_']’-'+,aj) — /L(ajfaj — %) + A*ajajp + Aa_L]a;] .
J

(1.99)

Here ¢ is a hopping amplitude, x a chemical potential, and A an induced supercon-
ducting gap. In terms of the Majorana fields,

i I ;
Cj-1=aj+aj; ) = lf(aj—a_}), (1.100)
the Hamiltonian becomes

Hg = 5 Z [—ucaj1c2j + (t + A)czjerjsr + (=t + A)cajic2j42] . (1.101)
J

Let us now consider two special cases.

1. The trivial case: A =t =0, u < 0.
. 1 i
H, =—u;(aja,~—5> = §<—m;cz,_1c2, (1.102)

The Majorana operators c»;_1, ¢2; related to the fermion v; on the site j are
paired together to form a ground-state with the occupation number 0.
2. A=t >0, u=0.In this case

H2=il26‘2]’6‘2]‘+1, (1.103)
j

and here the Majorana operators c;;, c;+1 from different sites are paired. We
can define new annihilation and creation operators

- 1 ) . 1 )
aj = 5(02_/' +icojt1); a; = 5(02]‘ —ics1), (1.104)

which are shared between sites j and j + 1. The Hamiltonian becomes
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Fig. 1.4 Winding numbers v of d(k) for the full Kitaev chain, in a trivial phase with w = 0, for
0 <t < pu/2,A > 0,btopological phase withw = 1 foru = 0,0 < t = A and c topological phase
withw = —1 for u = 0,0 < t = —A. The arrows denote the direction in which k increases

H2—2tz<a a; ——>. (1.105)

Note that neither ¢ nor ¢, is part of the Hamiltonian, and as a consequence the
ground-state is degenerate, since these two Majorana operators can be combined to
a fermion,

v = %(cl ticaw), (1.106)

which can be occupied or unoccupied, corresponding to a two-fold degeneracy. The
fermion number corresponding to this field, is, however, delocalized at the two ends
of the chain. Thus, no local perturbation can change the occupation of this state. It is
this property that has made fractionalized fermions an interesting object for quantum
information technology. If a qubit could be stored in a pair of spatially separated
Majorana fermions, it would be very robust against noise [47].

Although the above analysis was only for two very special points in the parameter
space, Kitaev established that the whole parameter region A # 0, and || < 2|t] is
topological.

It is illustrative to see how a topological index appears if we assume A € R,
which corresponds to time-reversal invariance. To this end, we introduce the Nambu
spinor U = (aZ, a_y) in terms of which the Hamiltonian (1.99) in momentum space
becomes,

Hy = Z W A (k)W (1.107)
k

with J¢% (k) given by

Iy (k) = (—/L/Z — tcos(k))rZ — Asin(k)ty, = —d(k) - T (1.108)
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where the Pauli-matrices 7; act in the particle-hole spinor space. Just as in the
case of the 1d insulator discussed, the topological invariant takes the form of
a winding number. To show this, consider the curve traced out by the vector
d(k) = (0, Asin(k), u/2 + t cos(k)) in the (zy, 7;)-plane (i.e., the space of Hamil-
tonians), as k sweeps through the full Brillouin zone. This is illustrated in Fig. 1.4,
where we schematically show the curve swept by d(k) in the trivial phase, with
winding w = 0, and the two different topological phases, with winding w = +1.

One can construct Hamiltonians that realize any integer number of windings (a
simple way is just to take many copies of the Kitaev wire), and one would think that
there is one topologically distinct state for every integer, a so called Z classification.
However, it turns out that this is true only in the absence of interaction. Fidkowski
and Kitaev [48] showed that including carefully chosen four-fermion interactions,
there are only eight distinct phases which amounts to a Zg classification.

Note that the result so far is based on time-reversal invariance symmetry that
ensures that A is real. So, the eight states are time-reversal protected SPT states. If
the time-reversal symmetry is broken (e.g., by a current in the s-wave superconductor
inducing A) the phase of A will vary, and the winding number will no longer be well
defined. However, the Majorana modes are still present for general A, but there is
only a Z, index—either there is a Majorana or not.'? The Majorana modes are present
even in the presence of interactions, and no symmetry was assumed; So, this is an
example of TO, but of the kind, mentioned in the introduction, that resembles SPT
states. One can thus regard the Majorana chain as being protected by fermion parity
[10], which is not a symmetry but a property common to all fermionic systems.

1.6 Superconductors Are Topologically Ordered

In this section we shall discuss the perhaps simplest example of a topologically
ordered state, namely an usual s-wave paired BCS superconductor coupled to elec-
tromagnetism described by Maxwell theory. We start by some general remarks and
then turn to examples.

It is known that even a weak attractive interaction will turn a Fermi liquid into
a superconductor at sufficiently low temperature. The mechanism is the formation
of Cooper pairs composed of two electrons with equal but opposite momenta. Such
pairs form, not because of the strength of the interaction, but because of the large
available phase space, given by the Fermi surface. This means that even though the
theory is weakly coupled (in conventional superconductors by an electron-phonon
interaction) the ground-state is non-perturbative.

10This has a direct consequence for the spectrum of Josephson junctions. In the first (real) case, the
junction between two topological states with winding number £1, will host two Majorana zero-
modes, which amounts to a single Dirac zero-mode, while in the second (complex) case such a
junction will have no zero-mode, see e.g., [49].
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Most common superconductors have Cooper pairs where the spins form a singlet,
which forces the orbital wave function to be symmetric. The simplest possibility is an
s-wave, and this is in fact the symmetry of the order parameter in most conventional,
or low T, superconductors. From the quantum field theory point of view, the BCS
approach to superconductivity amounts to a self-consistent mean field approximation,
based on the pairing field A(x) = ¥4 (X)) (x).

The fermions are now gapped and can be integrated out. The resulting field theory
is to a good approximation the Ginzburg-Landau theory for superconductors.

The Ginzburg-Landau theory supports vortex solutions. The elementary vortex
has a core that captures half a unit of magnetic flux, since the Cooper pair has charge
2e. This means that a quasi-particle will pick up a phase ¢'™ = —1 when encircling
a vortex at a distance large enough for it not to penetrate the vortex core. This is an
example of a topological braiding phase, which can, as we shall show, readily be
captured by a topological field theory. We will now clarify the distinction between a
real, “fluctuating”, superconductor coupled to electromagnetism, and a model super-
conductor described by a BAG theory without a dynamical electromagnetic field.
The difference, which was first clearly pointed out by [50], is that the former totally
screens the electromagnetic current while the second does not. Thus, in the fluctu-
ating superconductor, the only low energy degrees of freedom are the vortices, and
electrically neutral fermionic quasi-particles. That this is a topologically ordered
phase was first pointed out by [51]. The topological field theory that describes the
low-energy properties of the s-wave superconductor is the very same BF theory that
we already discussed in connection with the IQHE and the Chern insulator. For sim-
plicity we will focus on the 2d case, but with a short comment on the 3d case in
Sect. 1.6.2. For pedagogical reasons we shall first give a heuristic derivation of the
BF theory, using an analogy with the Chern—Simons theory discussed in Sect. 1.2.3.
Later, in Sect. 1.6.3, we outline a derivation of the BF theory from a microscopic
model.

1.6.1 BF Theory of s-Wave Superconductors—Heuristic
Approach

We first consider the (2 4+ 1)D case where both quasi-particles and vortices are
particles, and we can proceed in close analogy to the bosonic Chern—Simons theory
for the quantum Hall effect. Recall that in that case the equations of motion relating
charge and flux, and the statistics of the quasi-particles (which in that case is simply
holes in the filled Landau level) followed from the coupling to the gauge field. The
present case differs from the above in that we have two distinct excitations, quasi-
particles and vortices, and we will describe them with two conserved currents, j'
and j/', which we couple to two different gauge fields, a and b, by the Lagrangian,

Lo = —aujy —buj)’ (1.109)
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A simple calculation shows that in order to get a phase 7 when moving a j, quantum
around a j, quantum we should take

1
Lor = Esmbﬂ @) (1.110)

where f%) = 9,a, — d,a,. This we recognize as the BF action, but with a coefficient
that differs from (1.42) derived in the QH context. Putting the parts together we have
the topological action,'!

1
Liop = —""7budvas —anj; — bujy - (1.111)
T
The topological nature of %, is clear from the equations of motion,

1 1 1 1
L _ @. o _ b
= ey = A= e b, = e A

(1.112)

which show that the gauge invariant field strengths are fully determined by the cur-
rents, just as in the Chern—Simons theory. These equations both have a very direct
physical interpretation. For instance, if we write (1.112) as j)' + (1/7)e*"?9,b, = 0
this expresses that the quasi-particle current is totally screened by the superconduct-
ing condensate shows that (—1/m)e""? 9, b, should be interpreted as the screening
current. This observation can indeed be used to give an alternative derivation, or
rather motivation, for our topological field theory; the potential a,, is nothing but a
Lagrange multiplier that enforces the constraint of total screening of the current j,.
For a more detailed discussion, see [18].

It is interesting to consider the quantization and conservation of charge in our
topological field theory. Quantisation of charge implies that the current couples to a
U (1) gauge field A, that is not only invariant under

Ay — A+ 0,4, (1.113)

where A is a continues well-defined (i.e., single valued) function, but the more
general transformation

1. ‘
Ay — Ay + —eid et (1.114)
q

The symmetry properties of the Lagrangian (1.111) are worth a comment. Under the parity
transformation (x, y) — (—x, y) the two potentials transform as (ao, ax, ay) — (ao, —ay, ay) and
(bo, by, by) — (=bo, by, —by), while under time reversal the transformations are, (ag, ax, ay) —
(aop, —ayx, —ay) and (bo, by, by) — (=bo, by, by), respectively. The unusual transformation prop-
erties of the potential b, follow from those of the vortex current. It is easy to check that the BF
action is invariant under both P and T'.
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where g is the minimal charge, and e’/ is a well defined function, although A is not a
continues well-defined function. We call a gauge field with this property compact. A
simple example will clarify the distinction between compact and non-compact gauge
fields. Consider a 2d gauge field and use polar coordinates (o, ¢). An usual gauge
transformation (1.113) with A = ng is not allowed since A is not a continues well-
defined function. However, ¢"¢ is, and the gauge transformation (1.114) reads A, —
A, + n/gp. Although this transformation introduces a singularity in the gauge field,
it leaves the Wilson loop exp(ig § A,), for any closed curve (including one that
encircles the singularity at the origin) invariant, and you can think of the gauge
transformation as inserting an invisible flux in the system.

If we want the two currents j;* and jj' to be integer valued, the above argument
leads us to require the gauge fields a, and b, to be compact and transform as

a, — a, +eMid, e b, — b, + e Mid e, (1.115)

The question of current conservation is more subtle. Since the world line of a point-
like vortex can be thought of as a vortex line in space-time, non-conservation of
the vortex charge would amount to having such world lines ending at a point. This
could happen if there were unit charge magnetic monopoles in space-time, on which
two such world lines could terminate. Such monopoles in space-time are called
instantons and are known to exist in many field theories. Since we do not have any
magnetic monopoles, this is however not a realistic option, and the vortex charge
is conserved. The situation is quite different when it comes to the electric charge.
Here the Cooper-pair condensate acts as a source of pairs of electrons, and in our
topological theory such processes, corresponding to formation or breaking of pairs,
this could be incorporated by having instantons in the b field.

1.6.2 The 3 + 1 Dimensional BF Theory

Turning to the case of 3 4+ 1 dimensions, we have essentially the same construc-
tion, but with the difference that the vortices are now strings, and the field b is an
antisymmetric tensor, b,,,. The action is still again of the B F type and reads,

1
Lyr = —e""*b,, 050 . (1.116)
b1
The gauge transformations of the b field are given by

bu,v - b;w + 8#51} - 8\)&“ s (1117)

where &, is a vector-valued gauge parameter. The minimal coupling of the b potential
to the world sheet, X, of the string is given by the action,



40 T. H. Hansson and T. Klein Kvorning

d(x*, x")
Svort - - drdo™” b;w = — drdo | —=
by > d(t,o)

where (7, o) are time and space like coordinates on the worldsheet. This is a direct
generalization of the coupling of a to the world line, I", of a spinon,

by, (1.118)

dx*
Sy = _/ dx" a,, = _/ dr S—a,, . (1.119)
r r dr

Combining these elements we get the topological action for the 3 4 1 dimensional
superconductor,

SlOP = /d4x ZLer + Ssp + Svort - (1.120)

The proof that this action indeed gives the correct braiding phases can be found
e.g., in [31], and a discussion of this action in the context of superconductivity has
appeared before in [52].

1.6.3 Microscopic Derivation of the BF Theory

So far, we did not derive the BF theory, but rather constructed it, or guessed it, from
the braiding properties of quasi-particles and vortices. It would obviously be more
reassuring if the theory could be derived from a microscopic model. Here we outline
such a derivation starting not from the original fermionic theory, but from an effective
Ginzburg-Landau model coupled to a quasi-particle source. (The derivation of this
theory from a model with paired electrons is a standard exercise that can be found
e.g., in the book by [12].) For simplicity, we shall follow [18] and consider a toy
version of the Ginzburg-Landau theory, namely the (2 + 1) D relativistic Abelian
Higgs models defined by the Lagrangian,'?

1 . 2)\1_2m21_12 "
gAHZﬂ“Du‘N _Z(¢ ®) —7¢¢—ZF,W—€A;LJ¢, ; (1.121)

where we used a standard particle physics notation where ¢ is the charge —2e scalar
field representing the Cooper pair condensate, i D, =9, + 2eA,, is the covariant
derivative, F),, is the electromagnetic field strength and the conserved current j,ﬁ‘ s

12This is a toy model not only because we use a relativistic form for the kinetic energy, but also
because we use 2 + 1 D Maxwell theory, which amounts to a logarithmic Coulomb interaction. The
generalization to the more realistic case is straightforward, and the result is qualitatively the same.
The derivation, however, becomes less transparent. For the interested reader [53] is a good reference
to see how to include fermions and also see how the chiral d-wave case works.
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with charge e, is introduced to describe the gapped quasi-particles discussed above. '3
Just as in the usual Ginzburg-Landau theory the Abelian Higgs model supports
vortex solutions, which are characterized by a singularity in the phase of the Cooper-
pair field. Defining ¢ = /o €'¢, and writing ¢ = @ + 1, where 7 is regular, and
can be removed by a proper gauge transformation, the vorticity is encoded in the
gauge field a, = %aﬂw, which depends on the vortex positions. The corresponding
conserved vortex current is parametrized as j, = (1/7)e""?9,a,. It is now a matter
of algebraic manipulations, involving integrating out gapped degrees of freedom, to
derive the topological theory (1.111), see [18]. For this to work, it is crucial that we
include a dynamical electromagnetic field, it is only then that the external currents
are completely screened and all bulk modes are gapped and can be integrated over.
Making a derivative expansion, and keeping terms to second order results in the
effective Lagrangian,

1 1 1/ e \*
o vo o @N2 _ — (= b)\2 _ L .
Lugy = " buduay = 5 () 4(W) A0V = apil = bl
(1.122)

where m? = 4¢?p /M, and p is the average density. Note that the topological theory
emerges as the leading term in this expansion! The higher derivative terms, which
are of Maxwell form, are not topological, and have the effect of introducing bulk
degrees of freedom. These are however gapped, and can be identified as the plasmon
mode. At low energies the plasmons can be neglected and we can retain only the
topological part. Another physical effect captured by the Maxwell terms is the London
penetration length A, which is the size of the magnetic flux tube associated to a vortex.
In the purely topological theory, the vortices are strictly point-like. In this section
we strictly dealt with s-wave superconductors. The extension to the d-wave case is
relatively straightforward, but since there are gapless quasi-particles associated to
the nodal lines, the effective theory must include these, and becomes quite a bit more
complicated [54]. The p-wave case is considerably more difficult because of the
Majorana modes associated to vortices.

1.6.4 The Two-Dimensional p-Wave Superconductor

In the previous section we assumed that the fermionic part of the Lagrangian was
gapped and could be integrated out. In the p-wave case this cannot be done since there
are Majorana modes associated with vortices. These modes form a finite degenerate
subspace of the Hilbert space, and the system has a most amazing feature: Quasi-
adiabatic braidings of the vortices correspond to non-commuting unitary operators
acting on the finite-dimensional Hilbert space. Since the vortices should are identical

3Note that in spite of the relativistic form we normalize the kinetic term such that |$|? has the
dimension of density.
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particles, this amounts to having non-Abelian fractional statistics. There is a very
close resemblance between this state and the strongly correlated Moore-Read pfaffian
quantum Hall state [55], that is a candidate wave function for the plateau observed
at filling fraction v = 5/2. (This state will be discussed briefly in the last section.)
The simplest realization of a 2d chiral p-wave superconductor is by spin-less elec-
trons with a parabolic dispersion relation, i.e., taking the single-particle Hamiltonian
tobe H; = (—iV — eA)?/2m and adding an attractive short-range interaction,

V=5 [ @y e oV R - rmre), . )

where reg denotes that the potential can be approximated by AV28%(x — y) only
for small momentum transfers close to the fermi surface. (The precise form of the
potential is not needed for the coming discussion.)

Since we expect a condensation of Cooper pairs, it is practical to introduce a
Hubbard-Stratonovich boson, A, which mediates the interaction. More precisely,
we add an action for A so that the classical solution is A, = A(¥ V) e, meaning
that we can, at the mean-field level, replace the quartic interaction by a term A -
1/fTV1/fT + h.c. (h.c. means Hermitean conjugate).

To proceed we assume a chiral condensate and make the mean-field ansatz A =
Az = MY 0zY) e and A, = A{Y 0,1 )ree = 0. For simplicity we will from now on
drop the subscript reg, but all momentum sums involving A should be understood to
have a cutoff. With these assumptions we get the Hamiltonian,

H= fdzx Ui (Hy — ) + T A0.9" + hee., (1.124)

and proceed to find a homogeneous solution A = const. Fourier transforming the
field operator, ¥ (r) = Y, e '¥Tex /A/V, we get

1 . £ Aty + ik { cx
— _ 1 k Y x P
=3 ;(Ck ¢-x) <A(ky —iko)  —& )
Hy
where & = k?/2m — . From the property
oyHyo, = —H g, (1.125)

it follows that all negative-energy solutions at —k can be written in terms of positive-
energy solutions Hy (Ux, V)T = Ex(Ux, V)7, at k. We can thus diagonalize the
Hamiltonian with the positive-energy solutions [ P = Ukcli + Vkc_x that,

H=E0+2Ekrljrk,
k
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and the positive eigenvalues are obtained by directly diagonalizing H,

Ex =/&2 +1Ak[2.

Note that the normalization |Uy|*> + |Vi|?> = 1 follows from requiring {F N k’} =

Sk - The ground-state (| BC S)) is thus the state annihilated by all I, i.e., o [ ], Tk|0).
To get the normalization right, we note that

Llil0) = V¥, (U;; + v;cikc;) 0) ,

and from the requirement |Uy|? + |Vi|*> = 1, we realize that the correctly normalized

ground-state is
/

Bes) =[] (U;; + v;c*_kcli) 0) |
k

where ]_[/ indicates that the product is over half of the k values, as for instance,
k e {kx >0ork, =0, kyzo} . (1.126)

To show thatthe ansatz A, = Oand A; = constant is self-consistent, we calculate
the mean field A,;,,

Apsiy = MY dsziy¥) = Y _(ky ik UV =Y f(k|, Ak £43) . (1.127)
k k

where f is a function determined by Uy V;. In the last step we used (U, Vx)
( fUK], A)(ky, + iky), 1) which is obtained by explicitly diagonalizing Hy. Since the
above sum is symmetric in interchange of k, and k, we infer that A, = 0. For A we
instead get a gap-equation which determines its ground-state value.

We are now ready to see how the Majorana modes appear in the vortices. In a
vortex solution the phase of A winds around some points (vortex cores). Close to a
vortex core r’ we have

A(r')=0; Ar) = |A] ™ agr—r)+ik o7

where A is a regular function. There are no analytical self-consistent solutions to the
vortex problem, but we do not need the precise form, just the fact that a solution
exists. Since A carries charge 2e we infer that for a solution to have finite energy
there must be a magnetic flux with strength nhc/2e associated to the vortex. We
will now show that in the presence of vortices with odd strength there are fermionic
zero-modes, and that hese zero-modes imply non-Abelian statistics see [56, 57].
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The fermionic mean field Hamiltonian (1.124) is quadratic so it can be diagonal-
ized by single-particle operators

oh, =/d2x (v v @) <':g;) , (1.128)

and the Heisenberg equation of motion [¢] ,, H] = E¢, , becomes

Hi—p 34,00 (u@) _ . (u@®
(-% {A*, 0z} —2H1* +u> (v(r)) =E (V(r)> : (1.129)

H

The single particle Hamiltonian .7 has a number of discrete modes and a continuum.
Using the property
ox oy = —H (1.130)

we notice that an odd number of discrete modes implies an odd number of zero-
modes. Changing the parameters, modes can come down from the continuum and
become discrete and vice versa, but because of the property (1.130) they must always
come in pairs. Therefore we can with certainty say that one cannot change the parity
of the number of zero-modes. If we have one zero-mode we will continue to have
(at least) one. If, by chance, there is an extra pair of zero-modes, interactions would
most likely gap out two of the three, so for generic parameters we expect exactly
one zero mode. Note that (1.130) is not a physical symmetry that can be broken
by changing the Hamiltonian. Instead it follows from the structure of the second-
quantized Hilbert-space.

The above argument is only valid for a single vortex on the infinite plane. For
any finite system there will necessarily be an even number of discrete modes and it
seems like the argument fails. However, as long as the vortex modes are exponentially
localized, and the vortices are well separated compared to this length scale, the
vortices can still be treated as isolated up to small perturbations.

These perturbations will allow tunneling of one vortex zero-mode into another,
which turns them into two non-localized non-zero energy modes. But the splitting
will be proportional to the tunneling rate, and therefore exponentially smallin A /L,
where L is the distance between the vortices, and A is the size of the vortex zero-
modes. We are thus left with proving that the zero-modes are (exponentially) local-
ized, and that there is only one (or an odd number) of them at each vortex. Although
we cannot solve the (1.129) in general, we can find analytical expressions for the
zero-modes if we make some approximations. We begin by considering an isolated
vortex and no disorder potential. With this assumption, and taking (r, ) as polar
coordinates centered around the vortex core, the only 6 dependence in (1.129) is
in the phase of A, and we can assume A = f(r)e'® with Q = inf 4+ i) and A a
constant. Next we notice that the ansatz,
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u . ei(n71)9/2+ik/2ul(r)

<v> =" (ei(nl)e/zm/zvl(r) > (1.131)
with (u;(r), v_;(r)) real, diagonalizes ¢ in the 0 variable so we are left with a one-
dimensional problem 5 (u; (r), v_;(r))T = E(u;(r), v_;(r))". Note that if n is odd
must be an integer, and if # is even, [ must be a half integer. Analogous to (1.125) the
effective 1d Hamiltonian . has the property o, H;*o, = —H_;. So, for each zero
energy solution (u;(r), v_;(r))” there is necessarily a dual solution, (v_; (r), u; (r))7.
It therefore seems that all zero-modes come in pairs, and we could not possibly get
an odd number. However, when the vortex strength n is odd, we have a self-dual
solution,

(uo(r), vo(r)" = (o (r), ug(r)",

and thus an odd number of zero-modes.

Let us examine the equation for the self-dual mode in more detail. Since
uo(r) = vo(r) we are left with a single one-dimensional second-order equation. It
can be brought to a more familiar form by the gauge choice A = Ag(r)é and the
transformation,

uo(r) = x(r)exp <_%/ f(r’)dr/> .

Substituting this into (1.129) gives

" ’ 2 2

—XT:) - ’;7(:) ;D" 2mlr)2/ 2y + LA IZ)ZAG Dy + %x(r) = ux(r).
which we identify as a Schrodinger equation for a particle of mass m, with angular
momentum k = (n — 1)/2, moving in a potential mf2/8, and a radially symmetric
magnetic field B = }_Ag + 0, Ap. Further assuming that the coherence length & (i.e.,
the radius of the region where |A| differs substantially from its asymptotic value
| Ag|) is much smaller than X, and the London length 1, (i.e., the radius of region
with non-zero magnetic field) is much larger than the same length scale, we obtain
the solution,

e~ mAolr/2 g (r\/2,um — (m|A0|)2/4) for pu > m|A0|2/8

up(r) =
e=mldolr/2 (r\/(m|A0|)2/4 — 2um) for 0 < u < m|Aof2/8,

which is exponentially localized. The approximations we made were to assume that
we have an extreme type II superconductor, but the result holds independent of this
approximation as long as u > 0.

We here found the vortex Majorana zero modes from a detailed calculation. How-
ever, we want to stress that they are directly related to anyonic nature of the vortices
and therefore also the topological order. So, the existence of the modes does not rely
on any of the detailed assumptions. As long as the energy gap remains open the zero
modes cannot disappear even if the system is changed considerably.
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1.7 Fractional Quantum Hall Liquids

Our second example of states with topological interactions are the archetypical ones,
namely the quantum Hall liquids. We start with the most celebrated ones.

In 1982, not long after the discovery of the IQHE, Tsui, Stormer and Gossard
observed a plateau in the conductance at oy = 1/30¢ [58]. Later, many more states
were discovered with oy = p/qoy, the vast majority with an odd denominator gq.
This is the celebrated fractional quantum Hall effect (FQHE). The FQHE poses a
much more difficult theoretical challenge than the integer one. The basic difficulty
is the massive degeneracy of the free electron states in an partially filled Landau
level. Neglecting the lattice potential, the only energy scale is that of the Coulomb
interaction Ec ~ ¢*p~'/2, where p'/? is the mean distance between the particles.
(We assume that the cyclotron gap, Ep ~ eB/m is large, so that for all practical
purposes Ec/Ep = 0.) As a consequence there is no small parameter, and thus no
hope to understand the FQHE by using perturbation theory.

The first, and in a sense most successful, approach to the FQH problem was
due to [59], who, by an ingenious line of arguments, managed to guess a many-
electron wave function, that gives an essentially correct description of the states with
conductance oy = ao/m.

Another approach, which which we will take, is to try to find an effective low
energy theory, and we will outline how this can be done. This resulting low-energy
theory is called the Chern—Simons—Ginzburg—Landau theory.

1.7.1 The Chern—Simons—Ginzburg-Landau Theory

The starting point is the microscopic Hamiltonian for N electrons in a constant
transverse magnetic field B, interacting via a two-body potential V (), which should
be thought of as a (suitably screened) Coulomb potential,

1 & N
H= ﬁ;(pi —eA))? + Y V(X — X)), (1.132)

i<j

where A(x) = g( —y, x). Our aim is to find an equivalent bosonic formulation of this
theory, which should be amenable to a mean-field description. A direct application
of the method of functional bosonization described in Sect. 1.2.3.1, will not work
since we would not be able to compute the partition function Z[a], for a partially
filled Landau level. Another approach that might come to mind is to invoke pairing
and introduce a Cooper pair field. This will however also not work since it would
describe a superconductor, not an insulating QH state. Instead we proceed by first
performing a statistics changing transformation on the electrons.
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The idea is to relate the fermionic wave functions to their bosonic counterparts
by the unitary transformation

lI/F(Xl, .. .XN) = ¢k(X1 .. .XN)WB(Xl, .. .XN) (1133)

where the phase factor ¢y is given by
Gr(X) ... Xy) = eF a0 | (1.134)

with k£ an odd integer, and ¢, the polar angle between the vectors x, and x;. The
corresponding bosonic Hamiltonian is identical to the fermionic one, except that it
includes a coupling to a statistical, or Chern—Simons, gauge potential,

a(x) =kV Y ag. (1.135)
b#a

Thus, instead of studying the original fermionic Hamiltonian (1.132) we can study
the bosonic Hamiltonian

1 N
Hp = Z —eAx) + k)] = Y V(x, — %)) (1.136)

a<b

To proceed we first notice that although a looks like a pure gauge, it is singular at
the positions of the particles, so that the statistical magnetic field is given by,

eVta; = b =2k Y87 (Xa — Xp) (1.137)
b#a

which amounts to attaching a singular flux tube of strength k to each particle. The
statistical exchange phase, 8 = km can thus be seen as an Aharanov—Bohm effect.'*

We are now ready to construct a quantum field theory describing our bosonized
electron in a path integral formulation. The variables will be a non-relativistic boson
field, ¢, describing the electrons, and the statistical gauge field a. The expression for
the statistical magnetic field (1.137) implies that a is such that there is a flux tube

tied to each particle, i.e.,

2kp = 20¢*¢ = e d;a; . (1.138)

14The naive picture of the “composite bosons” flux-charge composites, is however slightly mis-
leading since that would implies that you get a phase 2 x k27 when taking one particle a full turn
around another; there are equal contributions from the charge circling the flux and the flux circling
the charge. This is not what happens, the correct phase is k27 corresponding to the exchange phase
kr [60].
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This local constraint is implemented by a Lagrange multiplier field ag, and the result
is the non-relativistic Chern—Simons—Ginzburg-Landau (CSGL) field theory,

(.
fnglp—i—ﬂaoe-’aiaw (1139)
where
1
Ly =¢"(idy —ap + eAg)p — %I(p +eA—a)p’ — V(4. (1.140)

and where A" is an external electromagnetic field, that includes the constant back-
ground magnetic field B, and p = ¢*¢ is the density. The term ~aoe” 8;a ;j is nothing
but the Coulomb gauge version (i.e., V - a = 0) of the full CS action ~¢*"a,,d,a,;
so, we can finally write the partition function as

Z[A,) = / DNG* 12191 Dla,,) e/ ' Zesor@a:d) (1.141)
with
1
— _ ohvo
LeserL =Ly + ¢ a, 0,0, - (1.142)

To proceed we employ a mean field approach. To do so we first assume V in .Z}, to
be a contact potential,

A
V(g = —%|¢|2+Z|¢|“,

where both p and A are positive, so the minimum occurs at finite density. In the
mean field approach we assume that the thin flux tubes that make up the statistical
gauge field b = ¢/ 9;a j» can be replaced by a smeared out field that can be cancelled
against the constant external field B, i.e., €/d;a; = e/ 9;A;. With this, we can
choose a gauge where the combination eA — a = 0, and the vector potential terms
in %, then disappear. The equation of motion for the aj field gives the constraint,

eVda; = 2wkg*p = 2mkp , (1.143)

which combined with the mean field assumption results in

To get the full mean field solution, the mean density p is picked as to minimise V (p),
and in summary we have,
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p=¢o=p= %; a=cA. (1.144)
This is only possible if
1 1 00
=27 T k" T %k (1.143)

(where py is the density of a filled Landau level). Or in other terms, the filling fraction
is v = 1/k, where k can be any odd integer.

Just as in the usual Ginzburg-Landau theory, the GLCS theory supports mean
field vortex solutions, which in Coulomb gauge, for a unit strength vortex is,

. 1
o ~ Jpe; a, ~ - a,=0. (1.146)

(2 £
r—o0 r—>oo r

Since the statistical magnetic field is tied to the charge density (1.138), we can
calculate the excess charge related to the vortex by integrating the expression for the
statistical magnetic field (1.145),

2 ve 2. ij v
0,= | drpx)=— [ dxe”da; = —e | dx-a=ve. (1.147)
2 2

So, the vortex describes a quasi-particle with fractional charge ve. In [11, 61] you
find a more detailed analysis of the CSGL theory including the demonstration that
the quasi-particles are Abelian anyons with a statistics angle vz . Here we shall show
how it can be used to extract an effective topological theory for the Laughlin states.

1.7.2 From the CSGL Theory to the Effective Topological
Theory

In the presence of a collection of vortices, we parametrize the field ¢ as

¢ =V pX)eME(x), (1.148)

where we have extracted the singularities in &, and 6 is a smooth fluctuating phase.
Next we substitute this parametrization (1.148) into the CSLG Lagrangian (1.142)
and expand the Lagrangian around the mean-field solution,

_ =, oo i0
¢ = <\/E+2ﬁ> £,e'f (1.149)

and the temporal term then become
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zemp = dp (_810 + l‘i::at§v —ao+ er) +0 (8,02) + O (8p(eAp — ap)) .
(1.150)
The term p9d,8p vanishes when the derivative is integrated over and does not con-
tribute. The leading contribution from the kinetic energy is

P>+ 0(3p)

5 (VO —i&"VE, —a+eA) + 0 (3:p) , (1.151)
m

ﬁ(inz_

and we linearize this quadratic term by introducing a Hubbard Stratonovich field X,
to get,
Zin = =X+ X (V0 — i£]VE, —a+ eA) + ho.. (1.152)
o

where h.0. denote terms of higher order in the expansion. We now recognise 6 as a
Lagrange multiplier field, imposing conservation of the three-current (§p, X), which
therefore can be parametrized in terms of a field b, as

1
(6o, X)) = —e""99,b, . (1.153)
21
The terms containing &, can now be taken together and written as

1 Vo
5787 (670,8) dubs - (1.154)

To interpret this term, let’s look closer at &,. The integral
/dlf;‘VEv (1.155)
v

gives the change of the phase of &, along the curve y and thus, by definition, if y is
a closed curve

1
—,/dlfv*Vév:qv, (1.156)
2mi J,

where g, denotes the number of right handed minus the number of left handed vortices
encircled by y, i.e., the vortex charge encircled by . Using the 2d version of Stokes
theorem we can thus conclude

L/e"f‘ag*a-g =q (1.157)
i s iSy Yjsy Vo .
where g, is the vortex charge in the region S. It follows that the vortex charge density

is
1 ij *
py= e iE10j6 . (1.158)

i
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Generalizing this argument by letting y be a general space-time curve, we can write
the full vortex current as

1
]# = ﬁs’waavéjagév . (1159)

By integration by parts, of the derivative 9,, and using the above identity for j!,
(1.159), the term that contain the &, of the Lagrangian (1.154) can be written as
b, jy'. Collecting everything, we get the full Lagrangian,

1 vo . 1 vo
L = e Ay — a)dubo + bl + e auda, + ho . (1160)

where h.o. denote all higher derivative terms in b,,. Finally, integrating out a,, we
end up with

k
Liop = = 5" bdbs — %e’”"Aﬂavbg b (1.161)

Note that for a filled Landau level, i.e., v = 1, this exactly reproduces the previ-
ously derived expression for the topological Lagrangian (1.27), and just as before
the gauge field b parametrizes the current. For the Laughlin states £ = 3,5, ...
the theory superficially looks very similar, but the higher integer values of k have
far reaching consequences: fractional charge and statistics for the quasi-particles,
ground-state degeneracy on higher genus surfaces, and chiral bosonic edge modes
with k-dependent correlation functions [33].

1.7.3 The Abelian Hierarchy

In experiments on very clean samples, one sees a large number of FQH states [62].
Most of them fit beautifully into a hierarchical scheme [63, 64], where “daughter”
states are formed by the condensation of anyonic quasi-particles in a “parent” FQH
state, just as the Laughlin states can be thought of as a condensation of the original
electrons.

Starting from the just derived topological Lagrangian (1.161) we can deduce what
possible topological states can emerge from condensing quasi-holes. To do so, we
need a dynamical theory for the holes, that in principle could be obtained by keeping
higher order terms in above derivation of the effective theory. This is however difficult
so we shall use a heuristic approach.

The basic, and quite reasonable, assumption is that the condensation of the quasi-
holes can be described by the same procedure as was used above for the electrons.
This amounts to taking the following Ginzburg—Landau theory for the quasiholes,
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i 1 2
L, = ¢y(i00 — bo)py — %I(P +b)dl” = Vip), (1.162)

where ¢, is abosonic vortex field associated to the quasiholes. We can again introduce
a statistical gauge potential @ and couple it to ¢,, but this time with the coefficient
1/4mk, where k; is an even integer,

Hvo
e"?a,0,a, .

(1.163)
This is a trivial statistical transmutation, which adds the phase ¢!>"¥ to each particle
exchange. In the mean-field approach, it will however have the effect to make the
hole condensate thinner, just as in the original electron condensation. We can now,
as before, find a mean-field solution where a,, cancel against b,,. The equation of
motion for the density is obtained by varying by and ay,

- 1
L =10 +bo — a0y = —I(p+b - a)g, > — V(p,) + yora

k .. e
v=—o—eldb;+ B p,
p 2 it 2 P

= ida; . 1.164
27Tk28 4 ( )

Combining this with the requirement ¢/9;b; = ¢"/9;a; imply that the mean-field
solution is possible only when p, = £/9;b; /27 equals

To obtain the vortices in the field ¢, we can do almost exactly as above, with the
result,

k k 1
Lop = —Es““"bMZ}Ubg—ﬁs‘”"biavbi — g T buduby

1 e . .
—Ea“””biaubd — 56" Auduby + bujl +bjk .
To see how this generates a whole hierarchy of states, we consider condensation of
the vortices in the previous state and so on. At level n that is with n consecutive
condensations we end up with n gauge fields and the Lagrangian

1 e
—_— Vo 1,0 B _ - o o o
L = . - KaﬁE”' bﬂavbo' Xa: ' l‘aAﬂgl‘-V avbg + Xa:l“blt]u , (1165)

where the K-matrix K and the the charge vector t takes the values

Ko = kobop — Sav1,8 — S pr1s ta =0a1 » (1.166)
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and where the vector 1 is integer valued and describes all possible the quasi-particles
excitations. As we realize from how this was constructed &, is an even integer except
for k; which is odd. It is explained in detail in [17] how to extract the topological
information from this Lagrangian, and here we just quote the following important
results for the filling fraction v, and the charge (Q,) and statistics angle (6,,) for the
ath quasi-particle:

v=t'K't; Qu=—et’K'l; 6,=nl"K'I. (1.167)

1.8 Mathematical Background and Proofs

In this section you will find mathematical background that complement the main text
of this chapter. You will also find proofs, too technical for the main text, of some of
the statements made in the text.

1.8.1 Vector Bundles and Chern Numbers in Quantum
Mechanics

Consider a N dimensional subspace % (b) of a Hilbert space .7 that varies continu-
ously with the parameters b in some manifold b € B. The space

E = b} x h(b),

beB

which is a subspace of B x 7, is an example of a fiber bundle. The manifold B is
called the base space, and the space i (b) is called the fiber at b. More specifically
this is an example of a complex vector bundle, since the fibers are complex vector
spaces. In the main text we encounter two distinct cases:

1. A quantum mechanical many-body systemon a 2d torus with fluxes ¢ = (¢, ¢,)
through the two holes. For each value the fluxes there are N degenerate ground-
states (recall Fig. 1.2 in Sect. 1.2.1). In this case the base manifold B = Td>2 is the
flux-torus from Sect. 1.2.1, .77 is the many-body Hilbert space and /(¢) is the
N-dimensional sub-space consisting of the degenerate ground-states at ¢.

2. A systems of non-interacting fermions on a lattice. The base manifold B = B.Z.
is the Brillouin-zone torus, ¢ is the single-particle Hilbert space and A (K) is
the space of occupied single-particle states at lattice momentum k.

Complex fiber-bundles are geometrical structures which have certain characteris-
tics which take discrete vales, and which therefore cannot be altered by continuous
transformations. Below we will construct one set of such characteristics, the Chern
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numbers. For the two above examples of fiber bundles, these Chern numbers are
related to experimentally measurable transport coefficients.

We will also describe another set of characteristics called the Chern—Simons
invariants. Contrary to the Chern numbers they are not topological invariants of
the fiber-bundle, but for the two-mentioned examples, they are quantized if certain
symmetries are invoked.

Both these quantities are defined in terms of a Berry connection which we will
now define.

1.8.1.1 The Berry Connection

The Berry connection .7, is an operator taking i (b) to h(b + db"); it relates an
element |b) € h(b) to the elementin (b + db*) closest to |b). If k(b) is independent
of b the closest element to |b) in (b + db*) trivially is |b) itself, while if /2(b) varies
with b that is not necessarily the case. The notion of distance in the Hilbert space
J€ is given by the inner product and the vector closest to |b) in 2(b + db*) is the
orthogonal projection of |b) into k(b 4 db*),

P (b+db")|b) . (1.168)
The Berry connection is defined by
P (b+db")|b) = (]L — iﬁfﬂdb”) |b) , (1.169)
where .27, are operators from /i (b) to h(b + db*).
Although this abstract form sometimes is useful we usually have to choose a
specific basis to do any calculation. We therefore pick a basis

{Ib: &) et v (1.170)

that varies smoothly in some region B and we can write

b) = au(b) [b; ) , (1.171)

o

for some coefficients a, (b). In this basis the projection operator from 4 (b) to A(b +
db") is represented by,

a
(b+ db"; «|P (b+db") |b; B) = Sf — <b; O{|W|b; ,3>db" , (1.172)
(the relation (% (b; aDb; B)) = — (b; a|%|b; ﬂ)was used) and we get the expres-

sion
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g (b) — Z<b; a|%|b; ,3>aﬁ(b)db“ (1.173)
B

for the left hand side of the definition (1.169) of the Berry connection. We can then
read of

d
B — b vl h-
%M_l<b’a|abu|b’ ,3> . (1.174)

1.8.1.2 The Berry Field Strength

The Berry connection relates coefficients of vectors in two different Hilbert spaces,
one at #(b) and the other at (b + db"). Thus, the matrix %/Z can be taken arbitrary
since one could change the basis of /(b) independent from the basis of & (b + db*).
The representation, %ﬁ, thus cannot be used to characterise the fiber bundle, we
clearly have to look for something else.

The strategy is to consider a closed curve to define a matrix acting in a single
Hilbert space i (b). A matrix is a representation of an operator, and the precise form
of the matrix is not basis independent, the trace however is, and we now show how
it can be used to define the Chern numbers.

Consider an infinitesimal loop obtained by first moving the db"* in the b*-
direction, then db" in the v-direction, db* backward in the u-direction and finally
back to where we started. We start out with the fiber |b) then take the fiber closest to
itin A(b + db"), i.e.,

P (b+db")b) , (1.175)

then take the fiber closest to that in A(b 4+ db* + db") etc. until the loop is closed;
we end up with

P ()P (b+db") P (b+db" +db") P (b+db")b) . (1.176)
The Berry field strength .#,,, is defined from this expression by

P (b) P (b+db") P (b+db" +db") P (b +db") |b) = (1 —i.%,,db"dD") b) .

(1.177)
By Taylor expanding the projectors it is straight forward to write the field strength
in terms on the connection,

Fuy = 0, — ), + i, — i, (1.178)
or written as matrices in a specific basis,

Fr =0 -8, vid) dP —id) P

o py apnlyv (AN

(1.179)
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where summation over repeated indices is understood. If B is two-dimensional .%,,,
has only one non-trivial component and we suppress the lower indices and use the
notation

1
F = ﬂ’lz = —561 = Ee‘“ﬁw . (1180)

The field strenght .%,,, is an operator that act within a fiber (b) and the trace of it
equals the sum of the diagonal components

Tr[Z 0l = 5. (1.181)

in any basis (remember that the repeated index « is summed over). The Berry connec-
tion on the other hand is different. .27, (b) is an operator from the fiber 4 (b) to the fiber
h(b + b*) and an operator between two different spaces have no notion of a trace.'
We will still write Tr[.27,] (and similar for products Tr[.e7,.27,] etc.) as a short-hand
for «7,%, but you have to remember that this is a basis dependent expression. It is
instructive to see how this comes about in an explicit calculation: From the definition
of the Berry connection (1.169) it follows, that under a coordinate transformation,

b; ) — Y Uap(b) [b; B)
B

the coefficients of the Berry connection transforms as
T8 _ eyt
g —U)FN U —iuf o), (1.182)
while the field strength just rotates,

) B
T, = U F) U (1.183)
So from the cyclic property one realize that .7, , is basis independent and equals
the trace of the operator .%#,,. One the other hand, Tr[.%7,] = %(ﬂ transforms as

Trl/,] - Trl«,] — iU} 79,U" (1.184)

under a basis transformation.

We will end this section with a useful formula for the trace of .%#,,. Note that in
the expression for the Berry field-strength (1.179) the two terms without derivatives
come with different sign and thus vanishes when traced over, because of the cyclic

15You might object since 27, (b) is an operator within the full Hilbert space #, so one should be able
to define its trace. That is, in principle, a correct assumption but the trace of .27, (b) does not depend
only on the structure of the fibers but of the full Hilbert space .# and it does not necessarily equal
'5‘{0(71, (b), in a particular basis. The reason is the fact that the basis {|b; «)} varies with b; %/ft (b) is
the representation of the operator .7, (b) where the bras are written in the basis {|b + b*; )} and
the kets in the basis {|b; «), see (1.172).
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property of the trace,
Tr [—id, o, + iy, = i, —id,) % = (1.185)

One can therefore write

: 3
Tr (Fw) = Z,5,0, :_’Z(abﬂ <b | ——[b; a> P <b o ——b: a>> .

(1.186)

1.8.1.3 First Chern Number and Chern-Simons Invariant

Let us now assume that B is two-dimensional (or think of a two-dimensional sub-
manifold of a general B), and form,

chi[F1(S) = 41{ / d?b " Tt F,,] - (1.187)

This expression defines the first Chern number, ¢/, and the integrand (including the
prefactor) is called the first Chern character.

One can in general cannot define a basis for each /(b) that varies continuously
for all b € B. For any region topologically equivalent to a subset of R" one can
define a continuous basis. If B is topologically equivalent to a disc we can define a
continuous basis in the whole of B, and we can use the basis dependent expression
%ﬁ throughout B. Then by using "' Tr[.27, 4%, ] = 0 (remember that Tr[.%7,.27,]
is defined by the basis dependent expression %‘Z) we can write "' Tr[.%,,] =
2e1v9,, Tr[.e7,]. This allows us to use Stokes theorem to rewrite the Chern number as

1
— 1" Trle,]. 1.1
e faBd [, ] (1.188)

The integrand (again including the prefactor) is called the first Chern—Simons form.
Next we assume that B is a sphere'® and to evaluate the integral in (1.187) we cover
the sphere with two caps, the northern hemisphere («) and the southern hemisphere
(B). With this we have

1 v 1 v 1 v
/ d*b " Tr[F,,] = yo /a d’b "V Tr[.F,] + yo fﬁ d?b " Tr[F,,] -

s
(1.189)
Since both the caps are topologically equivalent to the disc, we can in each one of
them pick a continuous basis. Using Stokes theorem we get,

I6The fact that the first Chern number is an integer, proven here, hold for a general closed manifold
as e.g., the torus. The proof is more involved since one has to divide B into more regions, but the
arguments are analogous to the one for the sphere.
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1 1 1
— | b Te[F ]l = — | dI* Te[@ ——/ dI* Tr[«Z®7], (1.190
471/3 o T F ] Zn/aa Il S R :

where we used the fact that 9 is the same curve as dco, but with opposite orientation,
and where the superscript o« means that ,Qflf"‘) is defined with respect to a coordinate
system that is continuous in the region «, and similarly for &/Xfﬁ). On the equator
both coordinate systems are continuous and they are thus related by some unitary
transformation U,

T[] = Tr[./\*] — iTr[U"0, U] . (1.191)

Putting this together we get

1 1
— / Ebe" Tt Fy) = — | dI"Tr[UT9,U]. (1.192)
47T B 2

Tl Jya

The matrix trace is the same in all basis so we can consider it in the basis where U
is diagonal
U = diag (e', e, ...) , (1.193)

to get
ch\(S) = L[dlﬂ Tr[U3,U] = LZ/ dl"e %9, (1.194)
27i J, " 21i S e '

The ith term in this sum gives the change of the phase angle 6; accumulated when
integrating over dc, but since this is a closed curve this change has to equal 27 n for
some integer n, which completes the proof that ¢k (S) is an integer.

The formula (1.191) allows for another important conclusion. Since Tr[.27,]
changes by —iTr[U79,U] under a basis transformation and [ dI*Tr{U79,U] =
2mrni for some integer n, the exponent of 27 times the first Chern—Simons invariant

1
CSil(y) = 5= / di"Tr.«,]
2w J,
is also a basis independent quantity, meaning that exp(iCS;) is well defined. It is
however not necessarily quantized as an integer.

1.8.1.4 Relating the Brillouin-Zone and the Flux-Torus Chern Numbers

For a non-interacting fermionic system on lattice with periodic boundary conditions
we can define two different fiber bundles. The first is the flux-torus fiber bundle with
the flux torus T¢2 as base space and fibers /(¢) the one-dimensional Hilbert spaces
spanned by |G S; ¢) (i.e., the ground-state at flux ¢ which are the fluxes encircled
by the two independent non-contractible loops on the torus).
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The other fiber bundle has the Brillouin-zone as the base space and the fibers at
lattice momentum k are spanned by the single particle wave functions,

Vien (X) = e ug,(x) | (1.195)

of the N filled bands. The Berry connection over the Brillouin-zone fiber bundle is
given by

Ay (K) = —i (Yien (X)| 0k, [ Y (X)) = / dx Y, (%) 3, Y (X) (1.196)

This can also be written as the anti-commutator of the creation and annihilation
operators,

oK) = —i [akn, akialm} (1.197)
where
a, = /dlelf XYk (X);  akn = /dzx Y (X) Yy, (X)) (1.198)

and v 7(x) is the operator that creates an electron at position x,

W, vx)} =8x-x). (1.199)

The corresponding Berry field-strength is (which we denote by % to distinguish it
from the previously defined flux torus field strength %)

ik, = Oy — e T+ i, AN — i, A (1.200)

where the repeated index p should be summed over. Since the Brillouin-zone is
two-dimensional the field-strength has only one independent component

B =" By, . (1.201)
We can then write

Tr[B) = & Tr[0), %, ] = —i Z {akn,ak akm] , (1.202)

for the the defining component of the Brillouin-zone Berry field-strength. Now turn
to the other fiber bundle. The fibers are spanned by the ground-states at flux ¢,

1GS:¢) =[] [] atng!0) . (1.203)

n KkeB.Z.
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where

ain,,s = /de Y () Ykng(X) (1.204)

and v, ¢ (x) is the single particle wave function in band 7, at lattice momentum k
and at flux ¢. The Berry connection is given by

Ay = —i (GS; $104,1GS; §) (1.203)
and the defining component of the Berry field strength is
F = —ie" 9, (GS|94,1GS) . (1.206)

Using the commutation realtions
{(lkm(ﬁ’alz’n(b} Zamnskk/; {akmtﬁ’ ak’n¢} = {akm¢,a|:/n¢} =O, (1207)
we can write

(GS: ¢10,,1GS: ¢) = Zfdzk{akw,a@a,iw} : (1.208)

and

F (i, ¢)) = —ie05 / dk {akn¢, a¢/a§n¢} : (1.209)
We now pick the gauge potential

A:A—l—L—)?—i-—'y, (1.210)
where the integral of A; along any of the non-contractible loops on the torus is zero.
With this, the Bloch Hamiltonian become

K2 ) ~ 21 2
Hp = >~ =iV +eA+k+ == (¢e/Le.dy/Ly) ) +Viar.  (1211)
2m bo .
Comparing with the Bloch Hamiltonian at zero flux,

hZ
Hp = %(—iV +eA +K)? + Vi, , (1.212)

we realize that we can put ¢ = 0 and replace
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2w 1
84,,, — ——ak,. 5 (1213)
L; ¢o
which results in
7@ = —i*0 [ @k ol V=L [ @tes 1214
</(¢)——l¢—§ ki 1Ok ns Ok, @y, —¢—§ r (%) , (1.214)

where we used (1.202). Finally integrating over the flux torus concludes the proof
that the two Chern numbers are equal.

1.8.2 How to Normalize the Current

Here we shall study the first term ~&#"?b,, 9, a, in (1.42) a bit more carefully. Just as
the Chern—Simons term this is a topological action, and the two fields a and b have
no bulk dynamics. This is however not the full story. If the system is defined on a
finite area, L, x L, with periodic boundary conditions, the zero-modes of the fields
do acquire dynamics. To understand this, we write the action on the Hamiltonian
form,

_ X Sx ghve 1.21
Spr = 5— | dxe"buda, (1.215)
k . . .
= &x [ aib; + ag(e” 3;bj) + bo(e” d;a))] .
T

Note that although the Hamiltonian formally vanishes in the ag = by = 0 gauge,
these fields are Lagrange multiplier fields that impose the “Gauss law” constraints
'0;a; = €79;b; = 0, which can be solved by,

27 _

a; = irs(X, 1) + L—(li(l‘) (1.216)
2 -

bi = 0;Ap(x,1) + L—bi(l)

where a; and b; are spatially constant, and A, s are periodic functions on the torus.
Inserting this into (1.215) gives the Lagrangian

Spr = k2nfdt eVaib; . (1.217)

From this we can read the canonical commutation relations.!”

7In case you do not know how to handle actions that are first order in time derivatives, you can
learn in e.g., [65].
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_ i ..
G b = —— gl | 1218
lai. bj1 = 5 ¢ (1.218)

The Wilson lines along the cycles of the torus given by,
,QZ‘ — eifdx; ai _ 62711'& %i — ei.(fdx,» bi _ eZm'E (1219)
are invariant under the large gauge transformations a; — a; + n{, and b; — b; + nf.’ R
corresponding to threading unit fluxes though the holes in the torus.
To assume that the charges that couple to the gauge fields a and b are conserved
is equivalent to taking the these fields to be compact, which means that field config-
urations differing by the large gauge transformations are identified. Put differently,

the dynamical variables are not the constant U (1) fields a; and b;, but the Wilson
loop operators .27 and %;, which satisfy the commutation relations,

A, By — et Bty =0 | £m. (1.220)

For k = 1 all operators commute, and there is a unique ground-state, while for k = 2
we have the algebra,

A By + Byt =0 and o, By + Boty = 0. (1.221)

Each of these algebras have a two dimensional representation (think of the Pauli
matrices!) and thus the ground-state is 2 x 2 = 4 fold degenerate.

1.8.3 The Relation Between the Chern Number and the
Pontryagin Index

We will use the notation, d (k) - 0 £L(K) = F£4(K) and & = &, which means that
the creation operator for the filled band takes the form

aj = Z £ (K)ey (1.222)

and using the definition (1.55) the Berry connection is
o = —ila, d,ap} = —i&" (K)d,&(k) (1.223)

Now suppressing the k dependence and using the short hand notation 9;/; = 9y, ; we
have,
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(0:£M8,6 = 8;(67d - 0)0;& = (8i")d - 09,6 +E7(8;d - 0)0;&
= (9,£Nd -0 +£7(8d - 0)3;(d - 08) (1.224)
= (%£"d -00;& — " (8d - 0)3;E +E7(d - 0)(3;d - 0)E

where we in the last equality used 0%6” = —6?0® +28% and d - 3;d = 0. Making
similar manipulations we get,

(3:£M8,6 = (3,6")d - 00;& + %s*(aic? .0)(0;d - 0) (1.225)

Next winvokee need the spectral decomposition of the Hamiltonian, d-o= EET —
& Si and the resolution of unity 1 = ££7 4+ £_&" to get the two identities,

@:ENd 00 = 0,87V (88" — £.60)8;6 = oo, + (£T0:6_)(E70;8) (1.226)
(28108 = (05" (e +£.81)0,6 = —oiof; — ET:E_)(E19;8)

where we used £79;£ = —(9;£7)& etc. Combining (1.225) and (1.226) gives,
4 1 . A - n
(Siél)ajé = - A + Z%‘I(Gid -0)(0;d -0)d -0& (1.227)
Again using the o matrix algebra, we finally get,

I 4 A A
%(k) = is,-J»B,ETE)ﬁ = —E(B,d X 8jd) -d (1228)

1.8.4 The Parity Anomaly in 2 + 1 Dimensions

The most direct way to extract the effective action (1.68) is to simply calculate the
Feynman diagram in Fig. 1.3 with a suitable regularization [36]. An alternative, and
quite instructive, way is to pick a specific background field where the Dirac equation
can be solved exactly and then invoke gauge and Lorentz invariance to find the
general result.

We define the Dirac a-matrices by,

B, o', a?) = (03, —02, ") (1.229)

and will use complex coordinates

eB .
t= S +iy) (1.230)
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and the notation 3 = 9, and d = d:. In the symmetric gauge, A = g(— ¥, x), where
B is a constant magnetic field. The Hamiltonian for the relativistic massless Landau
problem becomes,

H=a- (p—-eA) (1.231)
0 —-=@0-z — (0a'
T (0 —2) :eB<Oa)
5@ +2) 0 a0
where p = —iV, and [a, a’] = 1. Introducing the corresponding number operator

state a'a |n) = n |n), we easily find the following solutions to the Schrodinger equa-
tion,

[¥o) = <|8>> ; Ey=0 (1.232)

_ 1 ) : _
[Wt) = Wi (i - 1)> ;. Ey=+4+vneB. (1.233)

Note that after adding a mass term, H,, = Bm, |{y) is still a solution but with the
eigenvalue Ey = m.

The energy levels are however massively degenerate, and in the radial gauge the
relevant extra quantum number is the angular momentum. Defining,

b'=a+v2z (1.234)

we have [b, b'] = [a,a’] =1 with all other commutators vanishing, so the full
Schrodinger spectrum is obtained from (1.232), by the replacement

(bH* (@
Vi /n!

Next we expand the Dirac field operator in the eigenfunctions ¥, r+ = (x) Yk nt

In) —

[0,0) . (1.235)

P = 2 [Unkre B ens Vi B ]+ Y Yo Me (1236)
k

n,k

where we regularized the zero-mode by adding a small mass m? < eB, and intro-
duced the fermionic operators ¢, ; and d, ; satisfying {c; ];} = Bn’ﬁSk’ 7 etc., and the

Majorana operator e which satisfies ¢> = 0 and anti-commutes with all other Fermi
operators.

For simplicity we considered the m = 0 case, but it is not too hard to find the
full solution even for m # 0. The zero-modes we have already found, and the only
thing we shall need for the following is that the rest of the spectrum is gapped and
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symmetric around E = 0 which follows from charge conjugation symmetry; fact the
energies are E,, = +/neB + m?.

The next step is to calculate the vacuum expectation value of the current operator
P g n
Jr=sW vy (1.237)

and for simplicity we shall just consider the time component, i.e., the charge. Realling
that y° = B, we get

P=p= gw — ) (1.238)

and because of the charge conjugation symmetry, only the zero-modes contribute to
the expectation value

e
(p) = iigwauz. (1.239)

where the positive sign corresponds to a negative m meaning that the (almost) zero-
modes are all filled so the contribution comes from the first term in (1.238); the
negative sign amounts to these modes all being empty. A direct calculation of the
zero-mode wave functions gives,

) eB [2¢ N eB 2n 2 €B
Ek [ok | Ek |\/ 271_\/ k!Z e Ek 271_( [z]7)"e . ( )

which just shows that the density of state in the lowest Landau level is the same as
in the non-relativistic case. Inserting this in (1.238) gives

m e¢’B
(0) = m| dm (1.241)

and by Lorentz and gauge invariance we get

2
iy = ey 4 _8T0lAL
\m| 47 SA,

(1.242)
for any constant electric, or magnetic, field. Integrating this expression to get the
effective response action, we get the result (1.68) quoted in the main text. Note
that although the Chern—Simons term is not gauge invariant, its variation, given by
(1.242), is.
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Chapter 2 ®)
An Introduction to Entanglement oo

Measures in Conformal Field Theories
and AdS/CFT

Erik Tonni

2.1 Introduction

Entanglement in quantum systems and many quantities introduced to study is has
attracted a lot of research during the last decade, in particular in quantum information
theory, condensed matter theory and quantum gravity.

Many excellent reviews have collected all the relevant results about the aspects
of entanglement that are relevant for the various communities. In particular, let us
mention [1, 2] for quantum field theories (QFT), with particular focus on confor-
mal field theories (CFT), [3] for condensed matter theory and [4, 5] for quantum
gravity within the approach based on the gauge/gravity correspondence (AdS/CFT
correspondence).

The entanglement entropy is the measure of entanglement that has been mostly
studied in the literature because it fully quantifies the bipartite entanglement of pure
states. For mixed states a quantity characterising completely the bipartite entangle-
ment is not known and various proposals have been suggested (e.g. the logarithmic
negativity).

These introductory lectures focus on the following topics: the entanglement
entropies and logarithmic negativity in quantum field theories, with particular empha-
sis on the analytic results obtained in two dimensional conformal field theories, and
the holographic entanglement entropy within the holographic (AdS/CFT) correspon-
dence.
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2.2 Bipartite Entanglement

Let us consider a quantum system whose Hilbert space H can be bipartite, namely
it can be written as H = H; ® H,. The quantum state is characterised by a density
matrix p and it can be either pure or mixed. In the former case the density matrix is
a projector p = |W)(W| on a vector |W) of the Hilbert space.

Let us first consider pure states. By introducing an orthonormal basis {|¥("), 1 <
m < d;} for H;, a pure state |V) € H can be written as

di dy

Z Z A, W) @ W) (2.2.1)

ay= laz 1

where the coefficients A, 4, can be collected into a rectangular matrix A. By employ-
ing the singular value decomposition of a generic complex matrix, A can be written
as A = UD V', where U and V are unitary matrices of order d; and d, respectively,
while D is a d| x d, matrix whose elements )\, can be non vanishing only along a
diagonal, hence 1 < k < dj, where dyp = min(d;, d»). The unitary matrices U and
V can be used to change the local basis of H; and H, respectively. Writing the state
(2.2.1) in terms of the new orthonormal basis {|®)), 1 < k < d;} for H;, we get the
Schmidt decomposition

dy
=> Mo @ 10) 2.2.2)
k=1

where )\, are the Schmidt coefficients. The Schmidt rank ry < dj is defined as the
number of non vanishing Schmidt coefficients. The normalization (¥ |W) =1 is
equivalent to the constraint y ", [Ax|> = 1 on the Schmidt coefficients.

The properties of the bipartite entanglement associated to the pure state |¥) and
the bipartition H; ® H, are encoded into the Schmidt coefficients. For instance,
when \; = 0 forall k # ko, then |[W) = |®1D) ® |®@) is a product state, hence it is
not entangled. In any other case | W) is entangled. When all the Schmidt coefficients
have equal size, namely |\¢| = 1/,/r¢ for all values of k, then |W) is maximally
entangled.

The bipartite entanglement of mixed states is more difficult to evaluate. A quantity
measuring it is discussed in Sect.2.4.

2.2.1 Entanglement Entropies

Given a state characterised by the density matrix p and the bipartition H; ® H,, the
reduced density matrix p; associated to H; is the hermitean operator obtained by
tracing over the complementary part of the Hilbert space, i.e.
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pi = TI"H/.,O (223)

Thus, two reduced density matrices p; and p, can be introduced.
The entanglement entropy is the Von Neumann entropy associated to the reduced
density matrix p;, namely
S; = —Tr(p; log pi) 2.2.4)

An important family of entanglement quantifiers parameterised by an integer
n > 2 is given by the Rényi entropies

s = . ! log(Trp?) (2.2.5)

—n

A crucial feature of these scalar quantities is that they provide the entanglement
entropy (2.2.6) once a proper analytic continuation in n is performed. In particular,
the entanglement entropy can be computed as

S = lim S = =0, Te ()|, _, (2.2.6)

The entanglement entropy satisfies important inequalities for any state p of the
system.

Given the bipartition H; ® H, of the Hilbert space and adopting the notation
S; = S(p;) the Araki-Lieb inequality [6] is given by

S(p1) = S(p2)| < S(p) < S(p1) + S(p2) (2.2.7)

The second inequality is also called subadditivity condition.
Another characteristic feature of the entanglement entropy is given by strong
subadditivity inequalities [7]
S(p2) + S(p123)
S(p1) + S(p3)

{ S(p12) + S(p23 2.28)

)
S(p12) + S(p23)

AR\

where the notation p;, the reduced density matrix obtained by tracing over Hsz. When
‘H, = 0, the first inequality of (2.2.8) reduces to the subadditivity condition.

The entanglement entropy fully characterises the bipartite entanglement of pure
states.

The density matrix associated to the pure state |\W) is the projector p = |W)(W¥].
By employing the Schmidt decomposition (2.2.2), the reduced density matrix p; can
be written as

d/ ro
pi =Y (®P[p|®P) =" [Nl |0f) (@] j#i (2.2.9)
k=1

(1/:1
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This expression tells that: (a) the reduced density matrices p; are linear combinations
of projectors, hence they describe mixed states; (b) the two reduced density matrices
p1 and p; have the same non vanishing eigenvalues wy, = |\¢|>.

When the entire system is in a pure state |W), the expression (2.2.9) holds for
pi, hence the corresponding entanglement entropy can be written in terms of the
Schmidt coefficients as follows

ro
S; = — Z wy log wy (2.2.10)
k=1

This tells us that S; = S, for pure states, hence (2.2.10) provides the entanglement
entropy of the bipartition when the system is in a pure state.

When the pure state |W) is a product state, then S; = S, = 0, while when it is
maximally entangled we have that §; = $; = logry.

For pure states we can employ (2.2.9), where {|<I>,((’))} an orthonormal basis for
‘H;, finding

ro
Trp! = Z w! (2.2.11)
k=1

Thus, also the Rényi entropies can be determined from the Schmidt coefficients, and
this implies that S;" = S also for the Rényi entropies.

2.3 Geometric Entanglement Entropies in QFT

When the bipartition of the Hibert space corresponds to a spatial bipartition A U B of
a slice of the spacetime at constant time, the bipartite entanglement depends also on
the geometry of the bipartition itself. In these cases (2.2.5) and (2.2.6) are sometimes
called geometric entanglement entropies [8—13] and they are denoted as SX') and
so.

In a Quantum Field Theory, a state can be represented by employing the path
integral. Denoting by ¢, the Euclidean time coordinate and by x € R?~! the remaining
spatial coordinates, at fixed ¢, = 0 we have that

1 ‘
W (¢o(x))) = Zin / OD¢> 8(p(re = 0,%) — go(x)) eI (2.3.1)

where we have denoted by ¢((x) the field configuration at #, = 0. Similarly, the path
integral representation of (\IJ(QSO (x))| involves the integration over #; > 0. Given
these expressions, the density matrix p = |W) (| can be written as follows
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L/

Fig. 2.1 Riemann surface #Zy , corresponding to an interval (N = 1) andn =3

pore.0-0) = 5 [ Do [ Do 00% 0 = 01(0) 5(6070) =6 ) =51
’ (23.2)
which can be roughly understood as the continuum limit of a matrix where ¢ (x)
and ¢_(x) are the continuum limit of the rows and the columns respectively.

The reduced density matrix is obtained by identifying the fields ¢, (x) and ¢_ (x)
only for x € B and performing the path integration corresponding to this region.

This gives

Tg>

pa(6s ). 6 (x2)) = /

Do [T6(¢+x5) = 6-(xp)) p(¢+(x), - (x))
tg= x

' 2.33)
where we have adopted the notationx = x5 € Bandx = x4 € A.Notice that(2.3.3)
depends on the field configurations ¢ (x 4) and ¢_(x 4), which are defined respec-
tively slightly above and below A along the Euclidean time direction.

Given the path integral representation (2.3.3) for the reduced density matrix, the
Rényi entropies can be constructed in a similar way by taking n copies of (2.3.3)
and tracing them along A in the proper way. In particular, the field configuration
¢+ (x4) of the jth copy must be identified with the field configuration ¢_(x 4) of
the (j 4 1)th copy in a cyclic way. This procedure, which holds for any number
of spatial dimensions, is described in Fig.2.1 for the simplest case case where the
spacetime has two dimensions and A is an interval.

The net result is that the Rényi entropies can be written in terms of the partition
function Z, of n copies of the model coupled through the boundary conditions
imposed by joining the copies as above. Thus

n Zn
Teply = 25 (2.3.4)
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which is normalised to Tr p4 = 1, being Z the partition function of a single copy of
the model. Equivalently, Z, can be evaluated as the partition function of the model
defined on the n-sheeted hypersurface defined by the joining procedure described
above. We remark that (2.3.4) holds for a generic number of dimensions and also
when A is made by disconnected regions. In Fig. 2.2 we show an example where A
is made by two disjoint intervals having equal length.

Another useful way to compute the Rényi entropies (2.3.4), and then the entangle-
ment entropy through the analytic continuation n — 1, is to introduce some partic-
ular operators along JA whose expectation value provides the moments Trp’, of the
reduced density matrix. These operators belong to a particular class of rwist fields.
In the context of entanglement they have been first used in [13].

When the Euclidean spacetime is two dimensional and A = (u, v) is an interval
on the infinite line, A is made by two isolated points. In this case the moments
(2.3.4) can be computed also as the following two point function

Trpy = (T, (w) T,(v)) (2.3.5)

where the twist fields 7,, and ’]_71, that are one the inverse of the other one, are located
respectively at the left and at the right endpoint of the interval. This procedure allows
to treat the case where A is made by N disjoint intervals in a straightforward way.
The Riemann surface underlying the partition function Z, occurring in (2.3.4) will
be denoted by Zy . For instance, for two disjoint intervals A = (uy, v1) U (43, v2)
we have B B

Trply = (Tu(ur) T, (v1) Ty (u2) T (v2)) (2.3.6)

which can be easily extended to the case where A = UY | (u;, v;) is made by N
disjoint intervals, finding

Trpy = (T (ur) Tp(v1) T, (2) T (v2)) (2.3.7)

For higher dimensional spacetimes, the twist fields are non local operators whose
support is given by a connected component of A, which has codimension two. Thus,
for instance, in a four dimensional Euclidean spacetime, when A = A; U A, is made
by the union of a disk A and an ellipse A;, the corresponding Rényi entropies can
be computed as a two point function of two twist fields whose supports are A and
0A,. The twist fields can be understood also as special class of defects [14, 15].

Conformal field theories (CFT) provide an important class of quantum field the-
ories for our purposes because this symmetry allows to get analytic results for the
entanglement entropies of some configurations. We mainly focus on two spacetime
dimensions because in this case the conformal symmetry is infinite dimensional,
while in higher dimensions it has a finite number of generators. The generators of
the conformal symmetry in two spacetime dimensions satisfy the Virasoro algebra,
which is determined by an important model dependent constant ¢ known as central
charge.
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2.3.1 Intervals in 2D CFT

In quantum systems defined in one spatial dimension, the simplest configuration
to consider is a single interval A when the entire system is in its ground state. In
this case the moments of the reduced density matrix p4 can be written as (2.3.5).
Focussing on Conformal Field Theories, the conformal symmetry can be employed
to evaluate (2.3.5). In particular, in [13] it has been shown that the twist fields 7,
and 7,, are primary operators. For these operators, conformal symmetry constraints
the two point function to depend on the distance £ = |u — v| between the positions
of the operators and on their common conformal dimension. For the twist fields, we

have
Cﬂ

s (2.3.8)

Trpy =

where € is the UV cutoff and

A_i< l) (23.9)
n — 2 n_n i

is the scaling dimension of the twist fields 7,, and 7,, being c is the central charge of
the model and ¢, is the normalisation constant. The normalisation condition Trps = 1
is guarantee by the requiring ¢; = 1. Taking the replica limit (2.2.6) for the moments
(2.3.8), one obtains [10-12]

—

Sy = g log(£/e€) + const (2.3.10)

We remark that the Riemann surface underlying the computation of Z, is the two
dimensional sphere.

The conformal symmetry allows also to explore the cases where A is an interval
in the infinite line while the entire system is at finite temperature 7 = 1//3. In this
case, one obtains

Cn

[ £ sinh(r¢/B)

Trp" =
PA 3

]Mn Sa = ¢ log[% sinh(ﬂ/ﬁ):| + const (2.3.11)
Notice that for £ <« [ the zero temperature results (2.3.8) and (2.3.10) are recov-
ered, as expected. In the large temperature regime ¢ > ( and (2.3.11) gives Sy =
wcl/(306) + ..., which is the extensive Gibbs entropy for a system of length £.

Another configuration that can be studied analytically by exploiting the conformal
symmetry is the one given by an interval of length £ in a circumference of length
L > ¢, when the entire system is at zero temperature. For this configuration the
moments of the reduced density matrix read
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==&

Fig. 2.2 Riemann surface Zy , corresponding to two disjoint intervals (N = 2) and n = 3 (left)
or n = 4 (right) (Figure on the right reprinted with permission from [33])

Cn

L
Trpy = Sy = ¢ 10g|:— sin(ﬂ'E/L)i| + const  (2.3.12)
e

[L£ sin(re/L)] 3

In the limit £ >> L the results (2.3.8) and (2.3.10) for the interval in the infinite line
are recovered, as expected.

In the framework of the two dimensional CFT, also models with physical bound-
aries, namely boundary CFT (BCFT) can be considered. In these models the boundary
conditions imposed on the fields enter in a crucial way to determine the spectrum of
the allowed operators. In the context of entanglement, an analysis similar to the one
performed to get (2.3.10) allows to study the configuration where A is an interval of
length ¢ in a semi-infinite line adjacent to the boundary, i.e. whose endpoint coincides
with the initial point of the semi-infinite line. In this case one finds

Sa = % log(£/€) + const (2.3.13)

where the subleading term depends on the boundary conditions characterising the
BCFT.

When A is made by two or more disjoint intervals in the infinite line and the
entire system is in its ground state, the Riemann surface Zy , obtained through the
replica method that occurs in (2.3.4) has higher genus givenby g = (n — 1)(N — 1),
where N > 1 is the number of disjoint intervals and n > 2 the number of copies.
In the simplest case of N = 2 intervals, %>, has genus g = n — 1 but it is not the
most generic Riemann surface having this genus. Indeed, Zy ,, obtained through the
replica method provide a small subclass of Riemann surfaces (see Fig.2.2, on the
right, where %, 4 is shown). Furthermore, focussing on two dimensional CFTs, the
conformal symmetry does not allow to fix entirely the dependence on the positions
of the endpoints of the intervals. Thus, these configurations are more difficult to treat
analytically.
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The simplest case within this class of configurations is given by A = (u;, v;) U
(u2, v2), namely two disjoint intervals in the infinite line. In two dimensional CFT, the
conformal symmetry allows to write the four point function (2.3.7) in the following
form

[y — usz| v — va 2
Trp" = 2 Fox 2.3.14
Pa ”(|u1 ~ o1 [z — val ey — va] [z — v 0 @39

where A, is the scaling dimension (2.3.9) and x is the harmonic ratio of the four
endpoints, i.e.

(g —v)(u2 —v2)

(u1 —uz)(v1 — v2)

(2.3.15)

The function F,,(x) is model dependent and it is known analytically only in few
cases. Furthermore, its dependence on the replica index n can be highly non trivial,
making the replica limit very difficult to perform.

For instance, for the two dimensional Ising CFT, which has ¢ = 1/2, it has been
found that [16, 17]
>, |Olel0]7(x))|

T = e )]

(2.3.16)

being © the Riemann theta function with characteristic e' = (¢!, 8"), that is defined
as

Olel(z|) = Y explin(m+e)'- Q- (m+e)+ 27im + €)' - (z + 0)]
meZr

(2.3.17)
where z € C?/(ZP + Q7ZP) is the independent variable, while £ and § are vectors
whose entries are either O or 1/2, and w is a p x p complex, symmetric matrix with
positive imaginary part. In (2.3.16), the sum in the numerator is performed over all
the possible characteristics and the elements of the (n — 1) x (n — 1) complex and
symmetric matrix 7(x) are given by

= JFi(k/n, 1 —k/n; 151 — x) o
<r2>i_/—1;;sln<wk/n> T CoLmk/nt = )]

(2.3.18)
in terms of the hypergeometric function ; F;.

The function F,,(x) can be written analytically also for the free massless boson
compactified on a circle and for the free massless Dirac fermion, which have central
charge c = 1[16, 17].

For these three simple CFTs, analytic results can be obtained also for the most
general case where A is made by N disjoint intervals on the infinite line [18].

The analytic continuation of (2.3.14) with F,, given by (2.3.16) is difficult to
perform. Thus, a numerical method based on the rational interpolation has been



78 E. Tonni

employed [19], finding agreement with the corresponding results obtained through
spin chains calculations [20] (see also [21]).

2.3.2 Higher Dimensional CFT

Evaluating the entanglement entropy S4 of a spatial domain A in a CFT,4; with
d > 1 is challenging also because the shape of A occurs in a highly non trivial way.

When the CFT is in its ground state and for smooth entangling hypersurfaces 0A,
the following expansion of the entanglement entropy as € — 0 is obtained

Area(0A)  C3 Cs Fq+o(1) even d
SA = T m ﬁ P —
€ € € Cuelog(R/€) +0(1)  oddd
(2.3.19)

where R is a typical length of A (e.g. the radius for a spherical region) the coefficients
Ci. of the divergent terms depends on the geometry of JA. The coefficient of the
leading divergences is proportional to the area of the entangling hypersurface and
this property is known as area law of the entanglement entropy. For odd values of
d, notice that a logarithmic divergence occurs. This is very important because its
coefficient C,, contains the central charges of the underlying CFT. The simplest
example is given by d = 1, where C,,, = ¢/3, being c the central charge of the CFT,.

Various techniques have been employed to study the coefficients occurring in the
expansion (2.3.19). For spherical regions, conformal mappings have be very suc-
cessful because they lead to important results also for the corresponding reduced
density matrix [22]. For generic shapes, a promising approach is based on the com-
putation of the moments of the reduced density matrix as correlation function of
proper defect operators [14, 15], which are the higher dimensional generalisation of
the twist fields.

Configurations where A is made by disjoint regions have been also explored [23].

2.4 Entanglement Negativity

The bipartite entanglement of mixed states, i.e. the entanglement associated of a
bipartition of the Hilbert space H = H; ® H, when the entire system is in a mixed
state, is difficult to quantify and various quantities have been introduced. Unfortu-
nately, many of them require to perform extremization procedures that make very dif-
ficult to get quantitative results. Here we focus on the logarithmic negativity because
these extremisation procedures to not occur in its evaluation.

In order to define the logarithmic negativity, we must introduce the partial trans-
pose. Considering the density matrix p characterising the mixed state in the bipartite
Hilbert space H = H; ® H,, its partial transpose with respect e.g. to H,, that will
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be denoted by p™, is defined by introducing its elements as follows

D 2 1,2 D@2 1,2
(e e 10" [efPe®) = (e[VeP | pleVe?) @4.1)

The partial transpose p’' w.r.t. H, can be defined in a similar way [24, 25].
It is important to remark that, while p is semipositive definite, p™> can have also
negative eigenvalues. By considering the trace norm of p’2, we obtain

HpTZHETr!ﬂ“!=Z M= A=Y n=1-2) N =1+2N 242

Ai>0 Ai<0 Ai<0

where the normalisation condition ) ; A; = 1 has been employed. In (2.4.2) we
have introduced the negativity N as minus the sum of the negative eigenvalues. The
logarithmic negativity is defined as follows

& =log|p"| (24.3)

The logarithmic negativity £ satisfies the conditions required by a measure of the
bipartite entanglement for mixed states. For instance, for any bipartition of the Hilbert
space we have

E=6& (2.4.4)

A useful approach to study the logarithmic negativity is based on a replica limit
similar to the one introduced for the entanglement entropy [26, 27]. In particular, let
us consider the moments of the partial transpose

myne ZA?" = ST S I (24.5)

Ai>0 Ai<0
PO Z A = ; Al = ; Al (2:4.6)
;>0 i <0

where n, is an even positive integer and n, is an odd positive integer. Thus, the parity
of n plays a crucial role due to the occurrence of negative eigenvalues.

From the last expression in (2.4.5) it is straightforward to realise that the trace
norm (2.4.2) can be also obtained through the following analytic continuation

o™ = Jim  Tr(p" 2y (2.4.7)

implying that the logarithmic negativity (2.4.3) can be computed through the follow-
ing replica limit
£ = lim log(Tr( Tz)”“) (2.4.8)

ne—>
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where only the sequence of the moments corresponding to even n’s must be con-
sidered. The same limit performed on the moments Tr(pTz)n” gives zero identically,
because of the normalisation condition Tr p’ = 1. The result is based only on the
definition (2.4.3), hence it holds for any quantum system and for any state p. The usual
technical difficulties related to the analytic continuation occur also in this analysis.

When p is pure state, the Schmidt decomposition can be employed to show that

Tes 1/ 2
" rz(p” ) even n = n,
Te(p")" = 2 ‘ (2.4.9)

Tr, p5° odd n=n,

where Tr, = Try, and is the reduced density matrix p, = Try, p. Combining (2.4.9)
and (2.4.8), it is straightforward to find that for pure states the logarithmic negativity
is equal to the Rényi entropy of order 1/2, i.e.

£=s? (2.4.10)

In the remaining part of this section, we will consider partitions of the Hilbert
space corresponding to a geometric partitions of a spatial slice of the spacetime. In
order to study the bipartite entanglement of a mixed state, one can study a spatial
bipartition A U B of a system in a pure state (e.g. its ground state) and consider the
mixed state defined by the reduced density matrix p4. Then, by introducing a spatial
bipartition A = A U A, the partial transpose w.r.t. either A or A, can be explored.

For quantum field theories, the twist field approach has been employed to study
also the moments of the partial transpose [26, 27]. Then, the logarithmic negativity
is obtained through the replica limit (2.4.8).

In two dimensional spacetimes (one spatial dimension), the most intuitive config-
uration to consider is the one where A = A U A, is made by two disjoint intervals
Aj = (u1,vy) and Ay = (13, vp). The moments of the partial transpose w.r.t. A, can
be computed through the following four point function of twist fields

Te(p2)" = (T (ur) Tp(v1) T (u2) T (v2)) (2.4.11)

where the order of the fields along the line is the crucial difference with respect to the
moments of the reduced density matrix in (2.3.7). The four point function in (2.4.11)
can be also evaluated through the partition function of the model on the Riemann
surface shown in Fig. 2.3 in the case of two disjoint intervals having the same length.

From the previous result we can find how to employ the twist fields to evaluate the
moments of the partial transpose for the configuration where A; and A, are adjacent
intervals. Indeed, taking the limit u, — v;, for two adjacent intervals A; = (1, w)
and A, = (w, v) we find that

Tr(p})" = (T.) T, (w) T,(v)) (24.12)
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Fig. 2.3 Riemann surface underlying the evaluation of Tr(pﬁz)" when A = A; U Aj is made by
two disjoint intervals of equal length

where in this correlator the new field 72 occurs.

Finally, we can also address the configuration where the system is in a pure state
p = 1Y) (| and the bipartition of the spatial dimension is given by A; U A,. This
configuration can be studied by taking the limit B — ¢ of the previous one made by
two adjacent interval. The result reads

Tr(p%)" = (T2 ) T2 (v)) (2.4.13)

We remark that, in quantum field theories, finding the properties of composite
fields (like 72 and 72) from the elementary ones is a highly non trivial task.

In our case the geometrical interpretation of the twist fields allows to conclude
that 72 and 7?2 implement a jump from the ith copy to the (i + 2)th copy once one
encircles the branch point where either 72 or 72 is located.

In two or higher spatial dimensions the analysis of the moments of the partial
transpose becomes more complicated because the underlying twist fields are non
local. Numerical analysis for some free lattice models have been performed in [28,
29].

2.4.1 Intervalsin 2D CFT

In two dimensional conformal field theories, the infinite dimensional conformal sym-
metry allows to get analytic results for some of the correlation function mentioned
above. In the following we report some results obtained in [26, 27].

For the spatial bipartition of a pure state, the two point function (2.4.13) occurs
and, by employing (2.3.8) and (2.4.9), one finds that
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c?

TN

where the scaling dimensions of the twist fields 72 and 7> can be written in terms
of the scaling dimensions A, in (2.3.9) of the twist fields 7 and 7 as follows

20,2 evenn = n,
AD = { / (2.4.15)

Ay, odd n=n,

The moments of the partial transpose and the logarithmic negativity can be com-
puted also for some bipartitions of mixed states. In particular, for two adjacent inter-
vals, by employing the general structure of the three point functions in CFT with
the proper scaling dimensions given in (2.3.9) and (2.4.15), the replica limit (2.4.8)
provides the following universal expression for the logarithmic negativity

C 6152
E=-1 t 2.4.16
1 og<£l+ez>+cons ( )

where c is the central charge and the constant term is non universal.

The moments of the partial transpose for the configuration where A = A; U A, is
made by two disjoint intervals is more complicated and non universale because the
four point function (2.4.11) occurs. In particular, since all the fields in the correlator
have the same scaling dimension, we have that

2A,
Tr(p7)" = c,%( iy = uaf Jor = 2 ) G,(x)  (24.17)
lur — vi||uz — va| lug — v2| lus — v

where the function G, (x) is a model dependent function of the ratio (2.3.15). It can
be shown that this function is related to the one introduced in (2.3.14) for the Rényi
entropies of two disjoint intervals as follows

Qn(x)z(l—x)"(”””)”fn( a ) (2.4.18)

x—1

where we stress that the function F,, depends on the underlying CFT.
Taking the replica limit (2.4.8) by employing the expressions (2.4.17) and (2.4.18),
one finds that the logarithmic negativity of two disjoint intervals in CFT is given by

n,—1

£ = lim f<i> (2.4.19)
x—1

This analytic continuation is very difficult to find analytically. Furthermore, the
function F,, is known in very few cases. For instance, for the Ising model on the
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infinite line the function F,, is given by (2.3.16) and it has been shown that it can be
extended also to complex values of x.

In the literature, the moments of the partial transpose have been checked against
lattice calculations both in fermionic chains [30-33] and harmonic chains [26, 27].
Then, in some cases numerical extrapolations have been performed [19].

2.5 Holographic Entanglement Entropy

In the context of quantum gravity, the gauge/gravity correspondence (also called
AdS/CFT correspondence) provide a crucial arena to explore quantitatively quantum
gravity models (coming from string theories as microscopic model) through quantum
field theory methods. According to the gauge/gravity duality, the strong coupling
regime of a (d 4+ 1) dimensional CFT can be described through the semiclassical
limit of gravity model where the background is given by an asymptotically (d + 2)
dimensional Anti de Sitter (AdS) spacetime. For instance, for a C F T, with central
charge c, the regime described by a semiclassical gravitational model in AdSs3 is
given by ¢ — 0.

The AdS,;, spacetime is a maximally symmetric spacetime with constant nega-
tive curvature. In Poincaré coordinates, it is defined by the following metric

L2
mzzif(—dﬂ+df+dﬁ+~~+dﬁ> 2.5.1)

where L . is the radius of AdS,;,,. The dual CFT,; is defined on the boundary of
AdS; 40, atz = 0.

Considering a constant time slice of a CFT;4; and introducing a spatial bipar-
tition A U B, the entanglement entropy S4 in the regime of strong coupling can be
computed through a gravitational computation in the corresponding asymptotically
AdS,, spacetime. This formula has been found by Ryu and Takayanagi in [34, 35]
and it requires to compute the area A4 of the minimal area surface 4, anchored
to OA (sometimes called entangling hypersurface) and extending into the gravita-
tional asymptotically AdS,» background. In particular, the holographic entangle-
ment entropy reads
4G,

Sa (2.5.2)

where G\ is the gravitational Newton constant in (d + 2) spacetime dimensions.
The covariant prescription for the holographic entanglement entropy, that is crucial
to study e.g. the time dependent gravitational backgrounds like the one describing
the formation of a black hole, has been proposed in [36].

In AdS,, that is described by (2.5.1) with d = 2, a constant time slice is the
Euclidean hyperbolic space Hjs. In this case A is a two dimensional spatial region
in the boundary at z = 0 and its boundary OA is a closed curve whenever A is
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Fig. 2.4 Minimal area surfaces 74 in the Euclidean hyperbolic space Hj (a constant time slice of
AdS4) anchored the entangling curve JA (red curves) defined in the boundary. In the left panel
the entangling curve is smooth, while in the right panel it contains a corner (Figures reprinted with
permission from [41, 52] respectively)

finite. In Fig. 2.4 we show two examples of minimal area surfaces 44 anchored to the
entangling curve JA (red curves in the figure): in the left panel A is smooth, while
in the right panel it contains a singular point given by the vertex of a corner.

The area of A, is divergent because 7, reaches the boundary z = 0 of the AdS
space, that is a non compact spacetime. Thus, in order to evaluate (2.5.2), first one
introduces a small cutoff £ > 0, evaluating the area of the part of 44 having z > e.
Then, the holographic entanglement entropy (2.5.2) can be written as an expansion
as ¢ — 0 whose coefficients depends on various features of the minimal surface 7.
For smooth regions A, an expansion like (2.3.19) is obtained, where the coefficients
of the divergent terms depend on the geometry of JA, i.e. only on the part of 4,
close to the boundary.

It is important to remark that the definition of the holographic entanglement
entropy (2.5.2) includes the condition that 4,4 must be homologous to A, i.e. it must
be possible to obtain A by deforming 74 in a smooth way inside the spacetime [37].
This condition (called homology constraint) is relevant when the asymptotically AdS
gravitational background contains a black hole.

The formula (2.5.2) for the holographic entanglement entropy has been tested in
various ways. It has been shown in [37] that it satisfies the highly non trivial con-
straints given by the strong subadditivity condition (2.2.8). Furthermore, also the
Araki-Lieb inequality (2.2.7) has been discussed through the holographic formula
(2.5.2) [37, 38]. Besides the characteristic features of the entanglement entanglement
entropy, the holographic entanglement entropy (2.5.2) satisfies additional properties
that could be employed to identify conformal field theories that can have a gravita-
tional dual description. The main example is given by the monogamy of the mutual
information. In order to define this property, let us consider three regions A, A, and
Aj; and introduce the tripartite mutual information as

I3(Ayr, Az, A3) = Sa, + Sa, + Say — Saua, — Saua; — Sa,uas + Sau4,04,
(2.5.3)
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The sign of I3(A;, A,, A3) is not determined by fundamental properties of the entan-
glement entropy. For the holographic entanglement entropy given by (2.5.2), it has
been shown that I3(A;, A;, A3) < 0 for any choice of the regions [39].

Finding minimal area surfaces analytically and then computing their area can be
a very hard task. The difficulty originates both from the shape of the region A and
on the type of gravitational background that must be considered. In the simplest
case of AdS,» and for very simple regions like infinite strips and spherical regions,
where some symmetry can be employed, 44 and their regularised area have been
found already in the original references [34, 35]. Other smooth domains and more
complicated backgrounds have been explored e.g. in [40—42].

There are other important features of the holographic entanglement entropy (2.5.2)
that can be used to characterise the field theory with a holographic dual descrip-
tion. Here we mention the occurrence of transitions in the holographic entanglement
entropy of a domain made two or more disjoint components as the distances between
the different components change [43—45]. The simplest case is when A = A; U A,
is made by two disjoint intervals on the line. It is not difficult to realise that the
geodesic in AdS; connecting the endpoints of an interval on the boundary is given
by half circumference. Thus, given A} = (11, v;) and A, = (u2, v2), when the two
intervals are very far apart 44 is made by two half circumferences anchored to A,
and A;; while when they are very close, 44 is made by two half circumferences
anchored to (u#1, v2) and (v, u»). These two configurations are geometrically very
different and a transition between them occurs at some critical distance.

A more complicated example in AdS, is given in Fig.2.5, where we show the
the minimal area surface 44 when A is made by three disjoint disks with the same
radius whose distances between the centres compared with the radius guarantee the
existence of a connected 4,4. Obviously, when the disks are very far apart from each

Fig. 2.5 Minimal area surfaces 44 in Hj3 anchored to A, with A made by the union of three
disjoint disks having the same radius (Figure reprinted with permission from [40])
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Fig. 2.6 Minimal area surfaces 44 in AdS4/BCFT3 anchored to OA given by the red curve. The
surface intersects orthogonally the green brane delimiting the bulk gravitational dual, that encodes
the boundary conditions of the dual BCFT3 whose spatial slice is the grey horizontal half plane
(Figure reprinted with permission from [53])

other 44 is made be three disconnected surfaces anchored to the boundaries of the
three disks. Thus, as the distances change, transitions occur in the tripartite mutual
information (2.5.3). The occurrence of these transitions is a characteristic feature of
the holographic entanglement entropy (2.5.2).

In the above discussion we have considered only smooth regions. Focussing on
the case of AdS4/CFT; for simplicity, when the entangling curve 0A is smooth,
we have that A4 = P4/ — Fa + o(1) as ¢, being P, the perimeter of A. When A
contains corners, i.e. the entangling curve is singular, also a logarithmic divergence
occurs, namely

Ay = % — blog(Ps/e) + O(1) 2.5.4)
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where the coefficient b = ). f(6;) is a sum over the corners of a function f(6) of
the opening angle of the corner. The function f is often called corner function. This
logarithmic divergence for singular entangling curves occurs also for a generic CFT;
and the corner function is model dependent. For AdS4/CFT3, the corner function has
been computed analytically in [46], while for some free theories it has been found
in [47, 48].

The holographic entanglement entropy formula (2.5.2) has been employed also
in the context of the so called AdS/BCFT correspondence [49-53], where the con-
formal field theory has a physical boundary whose holographic gravitational dual
corresponds to an hypersurface in the bulk that enclose the gravitational bulk. In
Fig.2.6 we show a minimal surface.

Finally, we find worth remarking that the covariant prescription for the holo-
graphic entanglement entropy given in [36] has been largely employed to study
the holographic evolution of the entanglement entropy in gravitational backgrounds
describing the formation of a black hole [54-61].
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Chapter 3

Entanglement Content of Many-Body e
States via Concurrence, Negativity

and Schmidt Gap

Sougato Bose, Abolfazl Bayat, Henrik Johannesson and Pasquale Sodano

Abstract Quantum entanglement is nearly ubiquitous in equilibrium and non-
equilibrium many-body states. Although it has been largely studied through the
von Neumann entropy of a subsystem, which quantifies the entanglement between
two complementary parts of a many-body system, this is not necessarily the only
way. Here we review how some other measures can be fruitful in characterizing
the entanglement content of many-body states. For example, we can look at the
entangement between two individual spins through the concurrence or between two
non-complementary, but in principle large, parts of a many-body system through the
negativity. Alternatively, a quantity inspired through entanglement studies, but not
itself a measure of entanglement, namely the Schmidt gap, can be effective as an
order parameter for phase transitions in which only the entanglement structure of a
many-body system changes. We exemplify using equilibrium states of short-range
and impurity models and their quantum phase transitions.
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3.1 Quantum Entanglement and Its Quantification

An example of an entangled state of two spin-1/2 systems (two qubits) with states
|0) and |1) is

1
V2

which can never be written down as a pure product of states of the individual systems
such as in the form [ x)|¢). A general separable (nof entangled) state of two systems
A and B is one given by the equation

V) = —=(0)[1) — [1)[0)) (3.1

pas =Y PIV)¥1a ®16)(@s. (32)

Any state which is not of the above form is called an entangled state.

Entanglement is a huge area of quantum information science, with several reviews
such as [1]. It is a quantifiable, as well as a measurable entity. Simply stating,
the “harder” it is to approximate a state as a probability distribution over prod-
ucts of pure states, the “higher” is its entanglement. For example, for the case
of two qubits, the state |1 ~) is the most entangled, whose amount is generally
set to unity, while a product state of the form |x)|¢) or mixed states of the form
plxi){(x1la ® 1¢1){(P1l + (1 — p)Ix2){x2la ® |¢2)(¢2]p have zero entanglement.

Quantification of entanglement has been accomplished in several ways. The cru-
cial property for an entanglement measure to satisfy is that it cannot be increased
between two systems held by distant parties Alice and Bob if they are solely using
local operations and classical communications (LOCC). The first measure of entan-
glement to be introduced was the von Neumann entropy of entanglement [2]. It
applies to the entanglement of two systems of arbitrary dimensions (such as when
each system is a multi-qubit system), but only for pure states. This is computed by
first computing the reduced density matrix p4 of system A from the state psp of
the total system using the procedure ps = Trp(pap), where Trg( ) denotes partial
tracing over system B. The entanglement of the two systems A and B in the pure
state p4 p is then given by the von Neumann entropy [2]

S = —Tr{palog, pa}, (3.3)

which in terms of the eigenvalues n; of pa, is ¥ = — ), n; log, n;. This measure
has been studied and computed for a vast majority of (pure) ground states quantum
many-body systems when they are divided into two complementary parts [3]. We
will thus not concentrate on the von Neumann entropy in this article.

Here, we would rather concentrate on applying those measures of entanglement to
condensed matter systems which are less common. They give entanglement between
two non-complementary parts of a many body systems—such as well separated
blocks of spins or pairs of individual spins. For the case of two qubits (e.g. spin-1/2
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systems) in a mixed state, given by a density matrix p, its entanglement can be
computed [4]. The procedure is to first compute the matrix

PaB =0y Q 0yp4p0y @ 0, (3.4)

where the complex conjugate p* of p is taken in the basis |00), |01), |10), |11). Then
the entanglement can be quantified by a number called concurrence & given by [4]

é”‘:max{O,)q —)»2—)»3 —)»4}, (35)

where A;s are the square roots of the eigenvalues of pp in decreasing order.

However, at times you may have two larger dimensional systems in a mixed state
and want to compute their entanglement—for example, for two non-complementary
blocks of spins. Then it is best to use another measure of entanglement termed the
negativity. The reduced density operators p4p carry the information on the entan-
glement between the blocks A and B. As p4p is a mixed state, the block entropy
is inappropriate as a measure of the entanglement. We have to use instead the neg-
ativity [5, 6] A = (3, la;| — 1) where |a;| denote the modulus of the eigenval-
ues of the partial transpose (p45)7* of psp With respect to the subsystem A, i.e.,
(wl-A wf|p£‘}|w,f wZB) = (w,? w_f|pAB|wiA WIB> [1]. {I]wS)} and {|w®)} are the orthog-
onal basis states of A and B respectively, chosen by the DMRG procedure. This is a
widely used genuine measure of quantum correlations (entanglement monotone [7])
and provides a bound to the fidelity of teleportation with a single copy of the state [8].

Moreover, we will be using another measure, which, although, is not a measure of
entanglement, it does indicate, in the broadest coarse grained way, the entanglement
present between two complementary halves of a pure state system. This is called
the Schmidt gap. We cut the system in two parts, A and B, and write the Schmidt
decomposition of a pure state, say the ground state |G S), as

1GS) =) VAlA) ® 1B), i =0, (3.6)
k

with mutually orthogonal Schmidt basis states |A) and | B). The density matrix of
each part is diagonal in the Schmidt basis,

pa =) alow)leul, @ =A.B. (3.7)
k

with the eigenvalues A; > A, > ... in descending order forming the entanglement
spectrum (frequently defined as {—1In A;};—1 », .. in the literature). Then the Schmidt
gap is defined as Ag=A;—A, — where A and A, are the two largest eigenvalues of
the reduced ground state density matrix as defined above.
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3.2 Concurrence Between Two Spins of a Many-Body
System

As an illustration, we will first study a model of an open ended chain of four spin-1/2
particles coupled through a nearest neighbor isotropic Heisenberg interaction, so that
the Hamiltonian is

H=) oo (3.8)
The ground state of this chain

2
|GS) = (\/gh//_)h/f_) — 0.1494(]00)|11) — |01)|01) — |10)|10) + |11)|OO))

(3.9)
is manifestly an entangled state (just looking at the form of the state is enough to spot
that) and for a long time condensed matter physicists have known that the ground
states of such systems are indeed entangled. What is more important, though, is
the “amount” of entanglement between two spins of the system. This had not been
computed till the advent of quantum information. In order to do this, we first obtain
the reduced density matrix p;; of the spins i and j. From the expression of |G S),
it is clear that p;, for example, is a mixed state with a significant proportion (2/3)
of the maximally entangled state [y ~). The entanglement between spins i and j
is computed as the concurrence & from the formula given in Sect.3.1. However,
it is worth mentioning here that because of certain symmetries of the Heisenberg
model, the concurrence & reduces to a very simple formula and one need not involve
all elements of the reduced density matrix p;; for the calculation of concurrence.
Note that all the states involved in the expression for |G S) have the same number of
zeros. This is a consequence of the commutation of H with )", o and holds for all
eigenstates of H, and consequently also for their mixtures such as thermal states. It
is then easy for the reader to verify (I leave it as an exercise here) that the density
matrix p;; cannot have any off diagonal terms (or coherence) between spaces with

different values of azi + 0;17 . In the standard basis |00), |01), [10), |11), o;; will thus
be of the form

x 0 0 0
0 yw z O
0 z¢ » O
0O 0 0 w

For such a simple form of p;;, the concurrence is given by the simple formula & =
2max{0, |z| — /xw}.

The concurrence between spins 1 and 2 is found to be 0.866, which is quite
high (the highest possible value, for a maximally entangled state, being 1). These
are nearest neighbors. On the other hand, no entanglement exists between 2 and 3,
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Fig. 3.1 A plot of the entanglement between two spins interacting via exchange in a magnetic
field as quantified by their concurrence. It shows that entanglement ca persist at finite temperatures,
and can even increase due to heating when the system is under an applied magnetic field. This
latter case, while counter-intuitive, can be qualitatively understood as the ordering tendency of an
external magnetic field competing with the fluctuations of the temperature to give rise to a finite
entanglement

though they are nearest neighbors. The entanglement pattern of the chain is dimerized
because of its open ends and there is no entanglement between any of the non-nearest
neighbor spins (such as 1 and 3 or 1 and 4). Interestingly, the entanglement between
two spins as quantified by concurrence can persist even in systems in a thermal
state p(T) = e M/*T /7 for a system described by a Hamiltonian H at non-zero
temperatures (thermal entanglement) and moreover, given a can also be tuned by
a magnetic field. With respect to the simplest rudimentary case, namely, two spins
coupled by an exchange interaction and placed in an external magnetic field,

N
H=) (Bo!+Jo' o' (3.10)

i=1

where o' = (a, 0}, 0!) in which ol /. are the Pauli matrices for the ith spin (we
assume cyclic boundary conditions 1 + N = 1), with J > 0 (antiferromagnetic inter-
actions), the entanglement is shown as a function of the magnetic field and temper-
ature in Fig. 3.1 which is taken from [9]. Reference [9], which was the first study of
entanglement between individual spins of a spin chain in its natural (thermal/ground)
state, also described the entanglement between spins of longer spin chains. Subse-
quently, the variation of such entanglement was also studied across quantum phase
transitions [10]—when the ground state of certain quantum many-body systems
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undergo a sudden “qualitative” change due to the variation of a parameter of the
Hamiltonian. Speaking very roughly and qualitatively, the ground state near a quan-
tum phase transition is a highly entangled state because of a competition between
different ordering tendencies of different terms of a Hamiltonian. On either side of
the transition different tendencies win and impose their order, while at the transition
neither can win and only an entangled state can be the lowest energy state. This com-
petition between different ordering tendencies was shown to be captured in terms of
the entanglement between two spins i and j, usually nearest and next nearest neigh-
bors, by a peak of the entanglement near the point of a quantum phase transition
[11,12].

3.3 Entanglement Negativity in a Many-Body System: Case
Study with the Kondo Model

In the context of spin chains, entanglement negativity was first studied in simulta-
neous papers [13, 14]. For critical ground states which have no built-in scale, it was
found to be scale invariant in the sense that it only depended on the ratio u = x/L
of the separation x of two noncomplementary blocks of spins in a spin chain, and
the length of the blocks L (length of both the blocks are taken to be equal here). This
is shown in Fig.3.2. A combination of an exponential and a power-law dependence
of the entanglement in the ratio © was found numerically in these papers [13], while
subsequently the exponential dependence has also been analytically proved [15].
Entanglement negativity can also be used for quantification of multipartite entangle-
ment in many-body systems which also shows scaling behavior near quantum phase
transition [16]. Here we will next concentrate on how the entanglement negativity
can be used to extract the Kondo cloud in a spin chain emulation of the Kondo model
as discussed in [17].

The simplest Kondo model [18] describes a single impurity spin interacting with
the conduction electrons in a metal; the ground state is a highly nontrivial many
body state in which the impurity spin is screened by conduction electrons in a large
orbital of size &, termed as the Kondo cloud. Many physical observables vary on the
characteristic length scale &, which is a well defined function of the Kondo coupling
[18]. Determining the spatial extent of the Kondo cloud has been so far a challeng-
ing problem repeatedly addressed by various means [19, 21, 22]. This includes an
investigation which introduces a quantity called “impurity entanglement entropy”
which, however, is not a bonafide measure of entanglement [19, 20]. Kondo systems
are expected to have a more exotic form of entanglement than the widely studied
spin-spin and complementary block entanglements. Indeed, in Kondo systems, the
impurity spin is expected to be mostly entangled with only a specific block of the
whole system. This is, of course, merely an intuition which needs to be quantitatively
verified with a genuine measure of entanglement: this is indeed a task that negativity
can accomplish as we will elucidate in this section following [17].
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Fig. 3.2 The figure shows the dependence of the entanglement between two blocks of spins in a
spin chain as quantified by the entanglement negativity. The entanglement is depicted as a function
of the ratio u = L/x of each block L and their separation x

It is known [23] that universal low energy long distance physics of this Kondo
model arises also in a spin chain when a magnetic impurity is coupled to the end of
a gapless Heisenberg anti-ferromagnetic J; — J, spin 1/2 chain, where J; (J;) is the
(next) nearest neighbor coupling. This is described by the Hamiltonian

N—1 N-2
H = J’(U] .0 + J20'1 .0’3) + Z 0;.0+] + J2 Z 0;.0i42, (311)
i=2 i=2

where the nearest neighbor coupling J; has been normalized to 1, 0; = (07*, 07, 07)
is a vector of Pauli operators at site i, N is the total length of the chain. The impurity
spin, located at one end of the chain, is accounted for by weaker couplings J' to the
rest of the system. When J, exceeds a critical value, the spin chain enters a gapped
dimerized regime and its relation to the Kondo model breaks down. Namely, for
0 < J, = J; =0.2412, the spin system is gapless and it supports a Kondo regime
[19, 20]. For J, > J;, the system enters the gapped dimer regime, where the ground
state takes a dimerised form (Fig. 3.3).

To study the entanglement of the ground state can be accomplished using DMRG
as described in [17]. We determine the size of the block A when the entanglement
between the impurity and block B is almost zero; by this procedure we measure
an Entanglement Healing Length (EHL) L*, i.e. the length of the block A which is
maximally entangled with the impurity. We show that, in the gapless Kondo regime,
EHL scales with the strength of the impurity coupling just as the Kondo screening
length, &, does. Thus, in the gapless regime of the Kondo spin chain, our approach
yields a method to detect the Kondo screening length [19, 21, 22] based on a true
measure of entanglement. In addition, we find that entanglement in the Kondo regime
is essentially unchanged if one rescales all the length scales with the EHL. L*.
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Fig. 3.3 (Color online) a Kondo Spin chain with next nearest neighbor Heisenberg interaction with
one impurity at one end. b The chain is divided into three parts, an impurity, a block A and a block
B. Entanglement is computed between the impurity and block B

(a)
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Fig. 3.4 (Color online) a L* versus l/ﬁ for both Kondo (J» =0) and dimer regime
(J» =0.42). b Entanglement versus L/N for fixed N/L* =4 when J; =0. ¢ Entangle-
ment versus L/N for fixed N/L* =4 at the critical point J, = J5. d Entanglement versus
L/N for fixed N/L* = 4 in the dimer regime (J, = 0.42)
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We find that there is an EHL L* so that, for L > L*, the entanglement between the
impurity and block B is almost zero: L* provides us with an estimate of the distance
for which the impurity is mostly entangled with the spins contained in block A. For
large chains (N > 200) in the Kondo regime, one finds that L* is almost independent
of N and depends only on J'. In the Kondo regime, i.e. for J, < J5, L* depends on J’

just as the Kondo screening length £ does [19, 20]; for small J/, L* o %/ ‘ , Where
a is a constant. We plot L* as a function of 1/+/J” in Fig. 3.4a. In a semilogarithmic
scale, the straight line plot exhibited in the Kondo regime (J, = 0) shows that L*
may be regarded as the Kondo screening length. Moreover, the nonlinearity of the
same plot in the dimer regime (J, = 0.42), especially for small J', shows that, here,
no exponential dependence on 1/+/J” holds.

We observe also a remarkable scaling of negativity in the Kondo regime. This
scaling may be regarded as yet another independent evidence of the fact that L* is
indeed the Kondo length &. In general, the entanglement E between the impurity and
block B is a function of the three independent variables, J', L and N which, due to
the one to one correspondence between J’ and L*, can be written as E(L*, L, N).
We find that, in the Kondo regime, E = E(N/L*, L/N). To illustrate this, we fix
the ratio N/L* and plot the entanglement in terms of L/N for different values of J'
(or equivalently L*) for J, = 0 (Fig.3.4b) and for J, = J5 (Fig.3.4c). The complete
coincidence of the two plots in Figs.3.4b and ¢ shows that, in the Kondo regime,
the spin chain can be scaled in size without essentially affecting the entanglement as
long as L* is also scaled. In the dimer regime the entanglement stays a function of
three independent variables, i.e. E = E(L*, L, N), and, as shown in Fig.3.4d, the
entanglement does not scale with L*. In our approach, the Entanglement Healing
Length L* may be evaluated in both the Kondo and the dimer regime: the scaling
behavior, as well as the dependence of L* on J', discriminates then between the very
different entanglement properties exhibited by the spin chain Kondo model as J,
crosses Jy .

We defined L* such that there is no entanglement between the impurity and block
B when block A is made of L* spins. Conventional wisdom based on previous
renormalization group analysis suggests that, in both regimes, the impurity and the
block A of length L* form a pure entangled state, while block B is also in a pure state.
This is indeed approximately true in the dimer regime (exactly true for J, = 0.5)
but it turns out to be dramatically different in the Kondo regime. To check this, [17]
also computed the von Neumann entropy of the block B when block A has L* spins
and found it to be non zero. Thus, the blocks A and B are necessarily entangled
in the Kondo regime as there is no entanglement between the impurity and B. In
fact, after a distance L*, the impurity is “screened” i.e, the block B feels as if it is
part of a conventional gapless chain and has a diverging von Neumann entropy. The
Kondo cloud is maximally entangled with the impurity as well as being significantly
entangled with block B. Based on the above, a simple ansatz for the ground state
|G S) in the Kondo regime is provided by

L) — | DILY
|GS>=Za,-|T)| i ( ))ﬁ| WL ( ))®|Ri(J/)), 3.12)

i
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where «; are constants, {|LLT(J/)), |Li¢(J’))} and {|R;(J"))} are sets of orthogonal
states on the cloud and the remaining system, respectively. At the fixed point J* — 0
all spins except the impurity are included in |Ll.T (J")) and |Li¢ (J)). AtJ" — 1, very
few spins are contained in |L,T(J/)) and |LI-¢(J/)) while {|R;(J'))} represents most
of the chain.

The above exercise illustrates the efficacy of Negativity as a mixed state entangle-
ment measure to capture emergent structures in many-body states such as the Kondo
cloud, and use that to infer variational representations of the states.

3.4 Schmidt Gap for Signalling Quantum Criticality: Case
Study with an Impurity Phase Transition

‘We now move to studying another quantity, the Schmidt gap, as defined in Sect. 3.1,
which, although not a bonafide measure of entanglement, is an indicator of the same.
It is extremely useful as an indicator of quantum phase transitions which do not have
alocal order parameter, such as generic impurity quantum phase transitions in which
it is only the entanglement structure of the ground state which is re-arranged as one
crosses the critical point.

As case study we again turn to a Kondo model, but now with rwo localized spin-1/2
impurities, coupled to the spins of the conduction electrons by an antiferromagnetic
Kondo interaction and to each other via a Ruderman—Kittel-Kasuya—Yosida (RKKY)
interaction. This is the two-impurity Kondo model [25], a theoretical workhorse in the
study of impurity quantum phase transitions. When the Kondo interaction dominates,
the electron spins screen the impurity spins (similar to the screening of a single spin-
1/2 impurity in the ordinary Kondo model), while in the opposite limit the two
impurity spins form a local singlet. The crossover between the two regimes sharpens
into a quantum phase transition when each impurity is connected to its own distinct
reservoir of conduction electrons [26]. The resulting “non-Fermi liquid” response
of transport and thermodynamic observables has attracted much attention, with the
first experiment reported in 2015 [27]. The lack of an easily identifiable local order
parameter which exhibits scaling at the phase transition has triggered a search for
alternative markers of the transition, the Schmidt gap being one viable candidate [28].

For a numerical computation of the Schmidt gap, using a Density Matrix Renor-
malization Group (DMRG) approach, it is convenient to first map the spin sector
of the two-impurity Kondo model onto a spin chain, similar to what was done in
the previous section for the ordinary Kondo model. One thus obtains a Hamiltonian
H=),_, g Hy + H;, where

Ny —1 Np—2

H, =1, (Jio]"-03" + Joo"-03") + J; Z ool + Z ooy, (3.13)
i=2 i=2

Hy=J Kol -of.
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Fig. 3.5 a Schmidt gap as a function of the RKKY coupling K for different system sizes. b The
derivative of the Schmidt gap with respect to the RKKY coupling K which shows non-analytic
behavior as the system size increases. The figures are taken from [28]

Herem = L, Rlabels two chains, denoted “left” and “right” respectively, with 0" the
vector of Pauli matrices at site i in chain m, and with J; (J,) nearest- (next-nearest-)
neighbor spin-exchange amplitudes. The parameters J; > 0 and J; > 0 play the
role of antiferromagnetic Kondo couplings, with K the RKKY coupling between the
impurity spins o and o . The total number of sites is thus N = Ny, + Ng. Similar
to the spin chain representation of the ordinary Kondo model, the ratio J,/J; is fine
tuned to the dimerization point (J/J;). = 0.2412 of the spin chain [29], in this way
killing off logarithmic corrections to the numerical finite-size data. In Fig.3.5a we
plot the Schmidt gap Ag (cf. Sect. 1) as a function of the RKKY coupling K when
the system is cut across the bond between the two impurities. In other words, we
regard the left (or right) chain as a subsystem of the full composite chain. As seen in
the figure, the order-parameter-like profile of Ay becomes sharper as the size N of
the chain increases, suggesting that A drops to zero at some critical value, K = K,
in the thermodynamic limit. The interpretation of K, as a critical point is evidenced
by the sharp cusp of dAs/9K at K. as seen in Fig.3.5b, with the cusp serving as a
finite-size precursor of a critical non-analyticity in A’ in the thermodynamic limit.
Moreover, as shown in [28], by monitoring how the cusps move as functions of the
Kondo coupling J’, one finds, for sufficiently large systems, an almost perfect fit
to the known exponential scaling of the quantum critical point K, ~exp(—a/J’) of
the two-impurity Kondo model (with « a positive constant) [30]. It may be worth
pointing out that cuts taken far away from the impurities yield Schmidt gaps which
depend only weakly on the RKKY coupling, as expected from the local character of
the transition [28]. Such cuts are thus less useful for spotting an impurity quantum
phase transition.
A finite-size scaling analysis, with the Ansatz

As = NPV f4 (1K — KN, (3.14)
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gives further support for using the Schmidt gap Ay as a stand-in for a conventional
order parameter. Here f,, is a scaling function, with 8 and § the critical exponents
governing the scaling of Ag and the crossover scale £ [31] at the critical point:
As ~ |K — K | and& ~ |K — K.|™" respectively. The choice 8 = 0.2 £ 0.05 and
v = 2 4 0.1 yields a near-perfect data collapse when plotting N#/” Ag as a function
of |[K — K.|N'/” for different N and different impurity couplings J' [28]. The value
v =2 agrees with results from conformal field theory [32].

To summarize, DMRG data on the two-impurity Kondo model strongly suggests
that the Schmidt gap faithfully captures its critical behavior. It is important to note that
while the Schmidt gap is a nonlocal quantity, it can be represented as a superposition
of n-point spin correlation functions, and therefore, in principle, be measured. To
carry this out in an experiment clearly remains a challenge for the future. In the
meantime, it would be interesting to attempt a characterization of impurity quantum
phase transitions for other models using the Schmidt gap.

3.5 Entanglement Negativity as a Measurable Entity

In fact, the measure of negativity that we have used in large part of this article to
quantify the entanglement, is also a measurable entity and one can accomplish it as
long as one has the experimental access to several replicas of a system. In this section
we show how to estimate logarithmic negativity using experimentally measurable
quantities.

Logarithmic Negativity: For a generic mixed state, logarithmic negativity [5—8]
is an entanglement measure. As logarithmic negativity does not rely on usual opti-
mization over Hilbert space, needed in other entanglement measures, is computable
efficiently. For a generic mixed state p4p which explain the quantum state of two
subsystems A and B the logarithmic negativity is defined as It is defined as:

& =log, ‘p/{”l‘g‘ = log, ‘pi’;‘ = log, Z [ Akl (3.15)
k

with | - | the trace norm, p,fg the partial transpose with respect to subsystem X, and
{A} the eigenvalues of p/{%. Because of the non-trivial dependence of & on pyg,
there is no state-independent observable that can measure it—generally demanding
full state tomography. The {);} are the roots of the characteristic polynomial, P(A) =
det(A — ,0?3) =Y, c,A", where each ¢, is a polynomial function of the partially
transposed moments:
_ Tg \m1 __ m
tm = Tri(pg)"] =Y A, (3.16)
k

This means that, {i,,} contains full information about the spectrum {A;}. Interest-
ingly, even though partially transposed density matrices are generically unphysical,
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Fig. 3.6 Schematics: Example measurement set-up for the moments, p,, = Tr[(p %)™, here for
m = 3, from which one can extract the logarithmic negativity & between A and B The generic
mixedness of p4 g could arise from entanglement with environment C. Here the subsystems contain
N4, Np and N¢ particles respectively. The scheme involves three copies of the original system,
and two counter propagating sets of measurements on A and B, ordered by the shown numbers,
with direction depicted by the filled arrows

measurement of their moments is possible. In fact, there area few proposals in the liter-
ature for computing the the moments ., using m copies of the system. This includes,
replica techniques [15] proposed for conformal field theory models, exploiting con-
trolled swap operators between the copies [33, 34] and counter propagating swap
measurements [35]. In the following, we provide a brief review of how to measure
the moments based on the scheme of [35].

Measuring the Moments of p.%: Here, we show that any moment can be mea-
sured using only SWAP- operators between the individual constituents of the m copies
of the state p4 g, namely ,0 N = ®Zl=1 Pa. .- This general set-up is shown in Fig. 3.6,
where the mixedness of p4p arises from possible entanglement with a third system
C,suchthat ppp = Trc|Wagc)(Wasc| with W4 gc) being a pure tripartite state. The
first step is to write the matrix power as an expectation of a permutation operator on
the partially transposed copies:

Hon = Tr[(® PAs)P"]

= Tr[(® pas)(P™], (3.17)

c=1

where P™ is any linear combination of cyclic permutation operators of order m and
the second line makes use of the identity Tr(pl’j; 0) = Tr(papO™®), valid for any
operator O. A schematic of the equality in (3.17) for m = 3 is shown in Fig. 3.6. For
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spin lattices, our choice of P™ to measure the moments (., results to the following
steps in practice:

1. prepare m copies of the state p,p;

2. sequentially measure a ‘forward’ sequence of adjacent swaps, Sf\’CJrl between
neighbouring copies of system A fromc¢ = 1tom — 1;

3. sequentially measure a ‘backward’ sequence of adjacent swaps, S;Cfl between
neighbouring copies of system B from ¢ = m to 2;

4. repeat these steps in order to yield an expectation value.

This procedure is also depicted for m = 3 in Fig.3.6. For each m < 2 we require
O (N4 + Np) measurements. This is in stark contrast to tomography, which gener-
ically for qubit systems requires 22Na*N5) measurement settings. It is also worth
emphasizing the difference between this procedure and other operational methods
for measuring Renyi entropies [36—38]. First of all, Renyi entropies only quantify
entanglement for pure states, and cannot be used in the more general mixed state
scenario. Secondly, while for entropies the operations are only performed on a single
subsystem, here, one performs both ‘forward’ and ‘backward’ operations on two
subsystems at once, as explained above.

Estimating the logarithmic negativity from the moments of ,,: To estimate
the logarithmic negativity, a precise knowledge of all A; is not required. Since —% <
M <1 for all k£ [39] and Zk Ax = 1, generically, the magnitude of the moments
quickly decreases with m, with the first few carrying the most information. This is
crucial to help computing the logarithmic negativity with measuring only very few
moments. One approach using only the even moments has been proposed in the
quantum field theory literature [15] by exploiting numerical extrapolation. However,
this method neglects the odd moments and generally requires a large number of
moments and thus copies. In [35], it has been shown that the moments required,
{m : m < M}, toaccurately estimate the entanglement can number as few as M = 3.
This is achieved by avoiding reconstruction of the spectrum or state and instead
employing machine learning to directly map moments to logarithmic negativity.
Note that 1 is simply the dimension of the systems Hilbert space, while ; = 1 in
all cases. Additionally, it can be easily shown that u, is equal to the purity of the
state = Tr[pi gl, and as such, M > 3 is needed to extract any information about &.
Therefore, using M = 3 copies is optimal in terms of resources.

Machine Learning Entanglement: Machine learning is as a key tool for mod-
eling an unknown non-linear map between sets of data. In the supervised machine
learning setup, one trains a model with a set of known inputs and their corresponding
outputs. Once trained, the model can then be used to predict the unknown output of
new input data. We follow the machine learning algorithm of the [35] for estimating
the logarithmic negativity from the information contained in the moments, w,,. The
moments /., are taken as the input and the logarithmic negativity & as the output for
training a deep neural networks [40, 41]. Training is performed by taking a large set
of states for which u,, and & can be computed on a classical computer. This model
can then be used to predict & from a set of experimentally measured moments.
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Training the neural network with random states: From an entanglement per-
spective, relevant states in condensed matter physics can be classified as either area-
law, or volume-law. In the first case, the entanglement of a subsystem A with the
rest is proportional to the number of qubits along their boundary. In the second,
this entanglement is instead proportional to N4, the number of qubits in A. Area-law
states arise as low energy eigenstates of local gapped Hamiltonians, with logarithmic
corrections in critical systems. Volume-law states however, are associated with the
eigenstates found in the mid-spectrum, and as such arise in non-equilibrium dynam-
ics. In order to train a neural network, a set of suitable training states, including both
volume and area law quantum states, are required for which both the moments and
logarithmic negativities are known. To encompass both area- and volume-law states,
we consider two classes of states |¥4pg): (1) random generic pure states (R-GPS), e.g.
sampled from the Haar measure, which typically have volume-law entanglement [42,
43]; (ii) random matrix product states (R-MPS) with fixed bond dimension, which
satisfy an area-law by construction [44]. In order to generate a training set with a
wide range of entanglement features, subsystem sizes, and mixedness, we perform
the following procedure:

1. For a fixed number of qubits N, take either a R-GPS, or R-MPS with bond
dimension D.

2. Take different tri-partitions such that N = N4 + Ng + N¢, and for each calculate
Wy and & for pap.

3. Repeat for different random instances, while separately varying N and D.

e D=2 x D=4 D=8 D=16 D=32 . D=64 Random

Fig.3.7 Machine learning entanglement. Estimated logarithmic negativity zg’ﬁl\;L, using a machine
learning versus actual logarithmic negativity &, for the same set of random states described in the
main text. Training and prediction is performed using the moments ju,, generated from: a M =3
copies; b M = 10 copies. The respective insets show the distribution of error, é"}\vf]“ — &. The figure
is taken from the [35]
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To check the performance of the neural network, we take the set of random states
and split it in two, one half for training the neural network model, and the other
as ‘unseen’ test data. In Fig. 3.7a we plot the machine learning model’s predictions,
&, for the test data, using only M = 3 copies, in which a high degree of accuracy is
achieved. In the inset of Fig. 3.7a, we plot a histogram of the errors &y — &, which
displays a very sharp peak at zero error with standard deviation ~ 0.09 A further
improvement, particularly in outliers, is achieved by increasing the number of copies
M to 10, see Fig.3.7b, where the error standard deviation decreases to ~ 0.07.
Regardless, the machine learning method is already very accurate for extracting
entanglement using only three copies.

3.6 Conclusions

We have reviewed here the study of entanglement in many-body systems from an
angle which is slightly different from the bulk of the literature. Most of the lit-
erature has concentrated on the entanglement between two complementary blocks
in a many-body system or a quantum field theory. On the other hand, if we were
to examine entanglement between two non-complementary parts of a system, this
strategy will not work—in those cases concurrence and, for arbitrary dimensional
systems, negativity, has to be employed. We have exemplified that study with exam-
ples: thermal entanglement and evidencing the Kondo cloud as an “entanglement
cloud” around the impurity spin. We have also presented a strategy of how negativity
can actually be measured in a many-body system using replicas in the laboratory, and
how machine-learning can be used to make this more efficient. On a different vein,
we have also exemplified how the Schmidt gap, which is not an entanglement mea-
sure, but a somewhat broad-brush indicator of entanglement, can be used to identify
impurity quantum phase transitions.
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Chapter 4 ®
Generalized Entanglement Entropy oo
in New Spin Chains

Fumihiko Sugino and Vladimir Korepin

Abstract Motzkin and Fredkin spin chains are new spin chain models exhibiting
extraordinary amount of entanglement entropy scaling as a square root of the volume
in spite of local interactions. This is a distinguished feature of the models from other
spin chains with entanglement of at most logarithmic scaling. We first compute
generalized entanglement entropy, called as the Rényi entropy, of these models. The
Rényi entropy has further importance, since it can provide the whole spectrum of an
entangled subsystem. We find non-analytic behavior of the Rényi entropy that can be
regarded as a phase transition never seen in any other spin chain investigated so far.
This new phase transition indicates unique and rich structures of the entanglement
spectrum.

4.1 Introduction

Entanglement is one of the most characteristic features of quantum mechanics, which
provides correlations to objects unable to be explained in classical mechanics. In case
that a given full system S is divided into two subsystems A and B, the reduced density
matrix of A is defined by tracing out the degrees of freedom of B in the density matrix
of the full system p:

pa=Trpp, 4.1)

where Tr 3 means the trace over the Hilbert space belonging to B. Even if p is a
pure state, i.e., can be expressed as the form p = |) (| for some state |{/), p4 is
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no longer so in general and takes a form like p4 = ¢ |¥1) (Y] + 2 [¥2) (V2| + - - -
(c;’s are positive numbers summed to 1) that is called a mixed state. Entanglement
is normally measured by the von Neumann entanglement entropy (EE):

Sa = —Tr (palnpa), 4.2)

which vanishes for the pure states but not for the mixed states. p4 carries information
of interactions between A and B, some of which can be read off through (4.2). We can
say that difference of the behavior of (4.2) reflects difference of dynamical property
of the system.

Rényi entropy [16] is a generalization of the EE and defined by

Saa = 7 InTr pf, 4.3)

-«
where « is a positive number not equal to 1. It is easy to see that (4.3) reduces to
(4.2) in the limit @ — 1. The Rényi entropy has further importance than the EE,
because the whole spectrum (entanglement spectrum) of p4 or equivalently of the
entanglement Hamiltonian

Hena = — In ps (4.4)

can be obtained once the Rényi entropy is known as a function of «. In terms of

(4.4), the Rényi entropy takes a form analogous to the “thermal free energy” with
the “temperature” 1/a:

InTr ¢ @Hent s, 4.5)

S =
YT g

In this article, we compute the EE and Rényi entropy for highly entangled spin
chains to be introduced in the next section, and find a new phase transition with
respect to the parameter «. Figure4.1 shows a phase diagram for the EE and Rényi
entropy of the models with respect to «.

4.2 Motzkin and Fredkin Spin Chains

Let us consider ground states of quantum many-body systems with local interactions,
Normally, their EEs are proportional to the area of the boundaries of A and B, which
is called as an “area law” [9]. In gapped systems, it can be naturally understood from
that the correlation length is finite and relevant interactions to the EE are localized
around the boundaries. There is a mathematical proof only for the case of gapped one-
dimensional systems [10]. In gapless systems described by the (1 4 1)-dimensional
conformal field theories (CFTs), we can see violation of the area law [6, 11, 12]:
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SAa: O(lnn) O(y/n) O(n)

1 1/a

B O O(y/n) O(n)

Fig.4.1 Phase diagram for the EE and Rényi entropy of the models with respecttoa. Sa. ¢ = O (n)
for 0 < o < 1 (“high temperature”), whereas S4 o = O(Inn) for & > 1 (“low temperature”). At
the transition point @ = 1, the EE behaves as O(4/n). At the bottom, height of paths dominantly
contributing to the EE and Rényi entropy is shown

SA~C+E

InL, (4.6)

where ¢ and ¢ are central charges of the holomorphic and anti-holomorphic sec-
tors of the CFT, and L denotes the length scale of the subsystem A. Equation (4.6)
is the asymptotic form for L large. In one spatial dimension the boundary is a
(zero-dimensional) point, which implies that the area law means S, asymptotically
approaching to a finite constant as L grows. In addition, it was pointed out in space-
time physics that black holes have entropy proportional to the area of their horizons
from an analogy to thermodynamics [1, 2]. A possibility has been discussed that the
entropy of black holes can be interpreted as an EE satisfying the area law [3, 7, 19].

In gapless systems in D spatial dimensions, the EE had been believed to violate
the area law as S, = O(LP”~"1n L) over decades. Namely, the violation would be at
most logarithmic. Recent discovery of a highly entangled spin chain by Movassagh
and Shor [14], called as Motzkin spin chain, is striking in this sense. In spite that
the Hamiltonian of the model consists of local (nearest neighbor) interactions, the
EE exhibits the square-root violation of the area law: S, = O (v/'L), which is much
larger than logarithmic. A different spin chain whose EE behaves similarly, called
as the Fredkin spin chain, has been constructed by Salberger and one of the authors
(V.K)) [17] (see also [8]). In the remaining of this section, we introduce these two
spin chains.

4.2.1 Fredkin Spin Chain

The Fredkin spin chain [17] of length 2n has up and down quantum spin degrees of
freedom with multiplicity (called as color) s at each of the lattice sites {1, 2, ..., 2n}.
We express the up- (down-)spin state with color k at the site i as |u) (|d})) with
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k =1,...,s. The Hamiltonian is defined as the sum of projection operators and has
local interactions ranging up to next-to-nearest neighbors:

2n—-2

mam X 3 (el el ol
f,"Zf;H S 2 o)) (4~
- e+ ] @
where
upel ) = %(‘uk Wi din) - [ di b)) @)
Dt ) = 5 (o ey - | aia)). @)

4.2.1.1 Ground State and Dyck Walks

For colorless case (s = 1), the up- and down-spin states can be represented as arrows
in the (x, y)-plane pointing to (1, 1) (up-step) and (1, —1) (down-step), respectively.
Each spin configuration of the chain corresponds to a length-2n walk consisting of
the up- and down-steps. The Hamiltonian has a unique ground state of zero energy,
which is superposition of states with equal weight. Each of the states is identified
with each path of length-2n Dyck walks that is random walks starting at the origin,
ending at (2n, 0), and not allowing paths to enter y < 0 region.

For s-color (s > 1) case, the above identification goes on with additional color
degrees of freedom. Namely, each spin configuration of the chain corresponds to a
length-2n walk consisting of the up- and down-steps with color. The ground state
is unique, and corresponds to length-2n colored Dyck walks in which the color of
each up-step should be matched with that of the subsequent down-step at the same
height. The other is the same as the colorless case.

The ground state is given by

1

vV NF, 2n, s WEPE 2.5

where Pp, 2, s denotes the formal sum of length-2n colored Dyck walks, w runs over
monomials appearing in Pk, 2y, 5, and N, 2, s stands for the number of the length-2n
colored Dyck walks:

| PE.2n, ) = lw) (4.10)

s Mm
NF,Zn,s:anF,2n:m<n ) “4.11)
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Fig. 4.2 Colored Dyck

walks corresponding to the /\

two states of the summand in

(4.12). Colors k and ¢ are /\/\ + / \
represented by red and blue

Fig. 4.3 A path in case of y

2n=8,r=0and h = 2.

Colors of violet and orange A B

are matched in A itself and B 3

itself, respectively. On the

other hand, colors of blue

(«1) and green (k) are 2 0 o

unmatched in A or B alone ) .

and matched across the 1

boundary of A and B 3 k)
0 1 2 3 4 5 6 708 z

Nk 2, denotes the number of colorless Dyck walks of length 2n, which is equal to
the n-th Catalan number C,. Note that Ng. 5, , can be obtained by setting all the u*
and d* to 1 in Pr 2, 5. For example, 2n = 4 case reads

1 s

PRy ;)= — ut, ds, u, dy) + |ub, ul, dy, df)) . (4.12)
Prad= 7 2 )+ )

The two states of the summand are drawn as colored Dyck walks in Fig.4.2.

We take the first (n + r) sites as the subsystem A (and the remaining (n — r)
sites as B), and compute the EE and Rényi entropy in case of n £ r = O(n) (r takes
(positive or negative) integers). This gives a generalization of our previous paper
of the half-chain (r = 0) case [20]. Let PF@;;};) , be a part of colored Dyck paths
belonging to A that is from the origin to (n 4 r, h) in the (x, y)-plane. The height &
takes non-negative integers. Similarly, the remaining part belonging to B is denoted

by Pl_th (?S. Each path in Pé?::;?x has 4 unmatched up-steps that are supposed to be
(h—0)

~ - P F,n—r,s*

as PF(O:F};) () (PF(’hn_: (l) ,({m})) the paths with the color degrees of freedom of

the unmatched up- (down-) steps fixed to «1, .. ., kp, where k,, denotes the color of

unmatched up- or down step connecting the heights m — 1 and m. An example of a
path in case of 2n = 8, r = 0 and & = 2 is depicted in Fig.4.3.
The numbers of the paths are given by

matched across the boundary with 42 unmatched down-steps in We write

O—=n) _ pO—h M (k) GO—h)  _ —h A (0—h) =R ()
NF,n+r, s F,n+rs wk=dk—1 =s 2 NF,n’ NF,nJrr,s =S NF,nJrr, s s 2 NF,n+r
(4.13)

with
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1+ (=D+h p4 1 n+r
NP = o ) (4.14)
F, n+ 2 n+;+h +1 +2+

N(h—)O) — N(O—)h)

F,n—r,s F.n—r,s and

By considering the reverse of paths, it is easy to see

Néhntor)s = ngogihr) ;- The ground state is decomposed as a linear combination of

tensor products of two states belonging to A and B (Schmidt decomposition):

n—lr| s s
h 5 (0— 7 5 (h—0
Prans) =D 2 Y [PO o) @ [ B0 (e,
h=0 k=1 kp=1
4.15)
Here,
- 1
0—h
PO D) = e D I (4.16)
Y NF, n+r, s WEIBP(-f)ﬁ/;)S({Km})
- 1
h—0
\p;;gs({Km}»: — Y ), 4.17)
N(O—)h) =10
V YEon—r,s wePp L, ({kn})
and NO=h 5 O—h) N® W
(h) _ 'F,n+r,s"'Fon—r,s _  —p"'F,n+r""F,n—r 4.18
pF,n+r,n—r,x - N =S N : ( : )
F,2n,s F,2n

From the density matrix of the ground state p = | Pg, 2, 5) (P, 20, s| With (4.15),
the reduced density matrix is obtained as

n—|r

I s s
pPA = Trgp = Z Z e Z pl(!,l)nJrr,nfr,s

h=0 K1=1 K;,=1

PO o) (PO (k|

4.19)
where we used the orthonormal property:
(B (i) [P0 kD) = by by (420)

Since py4 is a diagonal form, the EE (4.2) and the Rényi entropy (4.3) are recast as

n—|r|
_ ho (h) (h)
SF, A= Z S PF, n+r,n—r, s In pF,n+r,n—r, s? (421)
h=0

n—|r|

1 «
Sk e = s (pgf; +_) : 4.22)
h=0

l -«
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(h)
Note pF, n+r,n—r,s

the factor s".

does notdepend on i, ..., k; and thesums 7y _; --- >0 _ yield

()

F,n+r,n—r,s

4.2.1.2 Asymptotic Form of p

We plug (4.11) and (4.14)—(4.18) and evaluate its asymptotic behavior. For n, n £
h > 1, use of Stirling’s formula x! ~ /27 x* 2 ¢+ [14+0G™hH](x — o0)leads
to

P s L VR
F, n+rin—r,s 2 ﬁ n+ryn—r
n+r+h+3 n4+r+h n4+r—h+1, n+r—nh
X exp | — In — In
2 n+r 2 n+r
n—r+h+3 n—-r+h n—r—h+1 n—r—h]
- In — In
2 n—r 2 n—r
x[1+0(n*1)]. (4.23)

In case of 1 < O(n'/?), we can further expand the logarithms in the exponential in
(4.23) to find

p L4 (=Dt g n 32 _ ne)?

(h) h 2

~ -~ h 1 (n+r)(mn—r)

pF n+r,n—r,s s 2 ﬁ (n+r)(n_r) ( + ) e
x[1+0m™"] (4.24)

4.2.2 Motzkin Spin Chain

The Motzkin spin chain [14] has additional spin degrees of freedom (we call zero-
spin) at each site compared with the Fredkin spin chain. We express the up- and
down-spin states with color k = 1, ..., s and the zero-spin at the site i as |uf‘>, ; )
and |0;), respectively. The Hamiltonian of the Motzkin spin chain of length 2n is
also defined by the sum of projection operators:

2n—1 s
Hys = ZZ | Jj+1 jj+1|+|Djj+1)( Jj+1|+| jj+1>(Fk]+1|}
j=1 k=1
2n—1 K
+ 0 Db a3 {[ai)dt] + ) (b, |} @25)
=1 k£t k=1

where
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Uf i) = 7 (10, ufy,) = [ut, 0544)) . (4.26)

|D§,.i+]> 7 (‘O/’ ]+l> ‘dfv Oj+l>) > 4.27)
1

|F ) = ﬁ(\()j,o.m) |ub,dt,,) . (4.28)

and the interactions are among nearest neighbors.

4.2.2.1 Ground State and Motzkin Walks

The Hamiltonian has the unique ground state at zero-energy. By the same identifica-
tion of the spins and 2D steps as before with the additional zero-spin corresponding to
the arrow (1, 0) (flat-step), for colorless case (s = 1) the ground state is expressed by
the equal-weight superposition of length-2n Motzkin walks, which are random walks
consisting of up-, down- and flat-steps, starting at the origin, ending at (2n, 0) and
forbidding paths to enter y < 0 region. For s-color case (s > 1), the color assigned
to each up-step should be matched with that of the subsequent down-step at the same
height, which is the same as in the Fredkin spin chain.
The ground state is expressed as

1

— )
M, 2n, s WEPM, 2, s

where Ny, 2., s in the normalization factor is the number of the length-2n colored
Motzkin walks given by

}PM, 2n,s) = |W) s (429)

n

2n\ ,—
NM.zn,s=Z( )s ? N 2n-2p- (4.30)

p=0

where 2p stands for the number of the flat-steps. For example,

1
|PM,4,S> = —|:|01, 02, 03, 04)
V14 6s + 252
+ > {|uh, 5. 05, 04) + |01, 45, df, 04) + |01, 0, k. )

k=1
+ |l/t]f, 02, dé‘, 04) + |01, Mg, 03, d!f) + |M]f, 02, 03, df)}

+ 3 {|ut. a5, ub, df) + \u’l‘,ug,df,dff)}] (4.31)
k=1
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We repeat similar computational steps to what was done in the Fredkin case, and
obtain

n—|r|
SM*A =" Z Sh pl(\fll,)n-&-r,n—r,s In pliz,)n-&-r.n—r,s’ (4.32)
h=0
1 n—|r| .\ o
SM.Aq = - In Z sh (pli/[,)n,n,s) (4.33)
h=0

with

N(()—>h) N(Oﬁf),
(h) _ S_h M, n+r,s* "M, n—r,s , (434)

pM, n+r,n—r,s —

NM, 2n,s
ntr—h + N h
— n r ndr—pth
Ntnirs = D ( ) ) Nivar—p s~ 7 (4.35)
p=0
4.2.2.2 Asymptotic Form of pl(\fﬁn +rn—r,s
We rewrite (4.35) as
01 e G Ve
Ny =s"h+1))" ———Coip (4.36)
p=0
where )
mls 2

Cunp = (4.37)

p!(W)!(m_TM+1>!’

and m takes n + r or n — r. Use of Stirling’s formula for m, m — p &+ h > 1 yields

2m—p+l mm"l‘js 5

Cho ™
m,h,p T pp+%(m _ p)m7p+2
m—p—h+1 m—p—h m—p+h+3 m—p+h
xXexp|— In - In
2 m—p 2 m—p
x[1+0m™h]. (4.38)

We evaluate the sum of p in (4.36) by the saddle point method. The saddle point
equation
Cm,h,p = Cm,h,p+29 (439)
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118
reads
@As—DE*+26+n*—1=0+0(m™") (4.40)
with & = p/m and n = h/m, which is solved by
m n2 |
p=po+0m), pp=-—-" —1+\/4s—(4s—1)— . (4.41)
4s — 1 m?

After expanding (4.38) around the saddle point as p = pg + x (x < m), we have
sThI2 pmts (m — po — h>h;l

C ~
e ogs  mtd \m—po+h

Po
1
X exp | — —2\/4sm2 —(4s — Dh2 + 0(m™?) | x?
8505

X exp [% @2m —2(m + Dpy — h) x + O (x* /m*, x*/m’, )] )

(4.42)

The sum in (4.36) can be carried out by converting it to an integral as

- m—p+h 3]
Z 14 (- 1) ’ (...)%%f dx(---). (4.43)

p=0 o0

where we perform Gaussian integrations after expanding the exponential in the
last line of (4.42). As a result, contribution from the last line amounts to a factor

[1 + O(m’l)]. We finally find

NIE/([)—’h) 12 ymts h+1 <m —po — h>hz+l
m,s et 2 1/4 _
2ms pi*3 [4sm? — (4s — DA2]"* \m —po+h
x[1+0@m™h]. (4.44)
(h)
M, n+r,n—r,s

N, 20, s 18 obtained by setting m = 2n and & = 0 in (4.44), and then p
through the relation (4.34). When £ is at most O (n'/?), the expression simplifies to

h) —h 2 n 3/2 (h + 1)2 L _n(+D?
~ I 20 (n+r)(n r)
Pwm, n+r,n—r,s s \ o3 (n+r)(n_r) ¢
< [1+0m™)] (4.45)

: — s
with o = NS E
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4.3 Rényi Entropy of Colorless Fredkin Spin Chain

First, let us compute asymptotic behavior of the Rényi entropy (4.22) as n — oo
o
for colorless case (s = 1). In the sum ZZ:O (pgf)nﬂn_n s=l> with (4.23), there is a

saddle point #, = O(4/n) . which justifies use of (4.24).
After converting the sum to an integral:

n—|r|

__1\ntrth ©
Zi(...)_ﬁ\/ﬁ/ dx () (4.46)
h=0 2 2 0

. _ L .
with x = N obtain

n

Q) “ 8 1
Z(pF,rrkr,nfr,s:l) ~ m En -

h=0
w12

o0 a2 a2
X / dxx® e =" — / dx x2 ¢ 12 s 4.47)
0 0

where we set u = r/n. The first integral in the parenthesis is elementary and the
. 1
second one is evaluated as O (n~“~2). The result becomes

1 — 1 1
SFAa:—ln(n+r)(n r)—l- Inl" o+ -
o 2 l -« 2

n —

1 T
——— la+2a)1 nZ 41 16}
2(1_05){( +2a)Ina + o n64+n

+(terms vanishing as n — 00). (4.48)

This grows logarithmically as n — oo, and the « — 1 limit gives the EE:
1 — 1 1
SkA= Elnw + —lnz +y - 5 + (terms vanishing as n — 00)

n 2 4
(4.49)
with y being the Euler constant. This is consistent with the result obtained in [17].

4.4 Rényi Entropy of Colorless Motzkin Spin Chain

After similar calculation to the previous case, the result reads
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1 — 1 1
SMAaz—ln(n+r)(n r)+ InI' o+ =
o 2 o 2

n 1 -
1 T
—m l(l 4+ 20) Inx —I—alnﬂ +1n6}
+(terms vanishing as n — 00). (4.50)

Again, this grows logarithmically as n — oo, and reproduces the EE obtained in [4,

13] in the ¢ — 1 limit:

1. m+r)yin—r) 1 2&m 1 L

SM A4 =-In—— + —In— + y — = + (terms vanishing as n — 00).
' 2 n 2 3 2 451)

4.5 Rényi Entropy of s-Color Fredkin Spin Chain

We compute asymptotic behavior of the Rényi entropy (4.22) for colored case (s > 1).
The expression (4.23) leads to

h () *
ZS (pF,n+r,n—r,s)

h>0
o éot
~ (i) ( n )2 P22 N4+ —r+2) In(r—r)
JT m+ry(n—r)
1 + (_1)n+r+h ot .
— ¢ 14+ 0 4.52
x /;‘: 5 M x [1+0m™] (4.52)

with

fr(h) =0 —a)(ns)h
—%(n+r+h+3)ln(n+r+h)—%(n—i—r—h—i—l)ln(n—i—r—h)
—%(n—r+h+3)ln(n—r+h)—%(n—r—h—}—l)ln(n—r—h)
+2oIn(h + 1). (4.53)

We discuss two cases 0 < o < 1 and o > 1 separately.
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45.1 0<oa <1Case

We evaluate the sum in (4.52) in the saddle point method for large n. The saddle
point equation fr(h) = fr(h + 2) reads

l—a (n+h)? —

2 Ins=In——— + 0! 4.54
——Ins=In = + (n™), (4.54)
and its solution is
he=n& +0@"), & =cothf — [ ——— +u? (4.55)
sinh” 0
with
l -« r
6 = Ins, u=-. (4.56)
07 n

In (4.55) we chose the “—” branch, because the “+” branch leads to &, larger than
n for u = 0 that is unphysical. Notice that the value of 4, is O (n), and use of (4.23)
instead of (4.24) is consistent. We obtain

” a sinh? 6 1 ) _1
f ) = —— : g T [1+0n™h]. (4.57)
frthy) = -1 —a)lns —a(m+2)In (n %9)
€/ g T ur Hu(l +u)
—2un e +0mY,  (458)
2 é smh&+u2_u(l_u)

and evaluate the sum as an integral around the saddle point:

n—|r|
1 1 n+r+h
Z +( 2) (h + 1)2 efe®

h=0
1 [ | g
= (hy + 1)¥efr E/ dx e2 fF X o [1 + O(n_l)]
—o0

27

h2a fe(hy)
—fi(h)

x [+ 0m™h]. (4.59)

Combining (4.52) and (4.59), we end up with
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SA o — IHZ (pl(?‘ht)htrn T, s)
h>0
inh 6
— 1 1 1+u 1 l—uSIH
n-— {n[( +u) ™1 —u) 2.
__m Smh 5 Tur+u(l+u)
smh2 +u? —u(l —u)
lta 2 -
——1n 1— 1 1 In (2 sinh
+2(1—a) (n( u)) ns~|—2n7r+l_a n( sin 9)
+1 1 S L 10l sinne 1+2]/4
n — n | Sin
20—a) 2a(l—wd) 1-a sinnZ@ ' "
+0(n™"). (4.60)

The Rényi entropy grows linearly as the volume in large n. Note that we cannot take
o — 1 or s — 1 limit in (4.60). In the limit, & becomes vanish and &, also goes
to zero, which makes invalid the computation so far for 4, = O(n). Namely, the
n — oo limit does not commute with @ — 1 or s — 1 limit.

For r = 0 (u = 0) case in which the subsystems A and B are the same length n,
(4.60) reduces to

1
Saa=n In co sh —i—i nn
’ l—« 2(1 — )
1 1 1 0
—1ns+—1nz——1noe— In cosh —
2 4 2(0—-w) l—« 2
200 . _1
—|—1 Insinhd +~ O(n™ "), 4.61)
-«

which coincides with the result in [20].

4.5.2 o > 1 Case

o
In this case, the summand of Y, s" (p}(f’l)1+' nr. J) contains a factor s~ @ Dh

which damps exponentially as & grows Since there is no other factor compensating
this damping, we can say that 7 < = O (n") is relevant to the sum. Hence,
use of (4.24) leads to

n—|r|
8 1— ( 1)n+r+h o
(h) 4 o o
Z (pF n+r,n—r, s ~ ( JT> ( ) IZ ( l)th
h>1

h=0

~ (x— l)]ns

x[l+0m™H], (4.62)
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where
1

Tl —u?

B , (4.63)

<
I
S|

and the factor e~ % #*+1° was further simplified as 1 + O (n~!). The sum cannot be
converted to an integral, but should be treated as it is. By introducing the Lerch

transcendent
o0 k

z
D(z,s,a) = _— 4.64
(z.5.0) kZ:(; T (4.64)
the final result is expressed as follows:
3 _
Se 4y = o In n+r)(n r)+ o lnl
o 2(x — 1) n 2 — 1) 322
1
- In® (s2 D 20, - )+0n™" (4.65)
oa—1 2
for n + r even, and
3a n+r)(n-—r) o T
SE Aa = | —1 ——— In—
FAe=Sa—1 " n St S e—1) 3
1
——— o (s72=D —20,0) + O(n™") (4.66)
a—

for n 4+ r odd. Both of the expressions have the common logarithmic term of the
volume, whereas the difference appears in On°) terms. At r = 0, these results
reduce to what is obtained in [20]. Again we cannot take « — 1 or s — 1 limit
in (4.65) or (4.66), because the damping by s~@~ D" ceases in the limit and the
computation will become invalid.

Qualitatively, the Lerch transdents in (4.65) and (4.66) behave as

a—1 _
o (520D, _2g. l s I'Ca+1,(a¢—1)In s)’ 4.67)
2 2(a — 1) In 5)2o+!
rQ 1
® (s72°D, —2a,0) ~ (ot 1) (4.68)

2(a — 1) Ins)2et1’

where I"(z, x) is the incomplete Gamma function:

Iz, x) = / dr ¥ te ™. (4.69)
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4.5.3 EE of s-Color Fredkin Spin Chain

In the expression of the EE (4.21) with (4.23) or (4.24), the first factor s” in the
summand cancels with s " in pl(:h)n 4rn_r. s> and the summand does not contain expo-
nentially growing factor with /. Then, the saddle point of /2 in (4.21) is O (\/n), which
justifies the use of (4.24). By converting the sum to an integral with & = /n x, we
have

s 4 fm dr x2e P In | ¢l 8n~'72 2 g2
= - n —_—
F, A ﬁ(l—u2)3/2 L xx“e K ﬁ(l—uz)mxe
x[1+0m™")] (4.70)

with (4.63). We divide the integral [, to [;° — [i' " Where the second integral

is evaluated as O (%) and negligible. After computing the first integral, we obtain

- 1 - 1 1
Se.a = (2Ins) /w—i——lnw—i——lnz—l—y———lns
mn 2 n 2 4 2

+(terms vanishing as n — 00). “4.71)

This is consistent with the result in [17], and coincides with the computation in [20]
atr = 0.

4.5.4 Phase Transition

The Rényi entropy Sk, 4., shows different asymptotic behavior for 0 < o < 1 and
a > 1.1t grows linearly with the volume for the former case, whereas logarithmically
for the latter. From the point of view of (4.5), the result can be interpreted as a phase
transition occurring at o = 1.

As we saw in the computation, Dyck walks with large height 4 = O(n) dom-
inantly contribute to the Sg 4 o in “high temperature” region 0 < o < 1, which
leads to the volume law behavior. On the other hand, Dyck walks with low height
h = 0(n°) dominate in “low temperature” « > 1, which does not give qualitative
change to the behavior of the colorless case. The transition point itself forms a phase,
where the EE behaves as a square root of the volume. Main contribution to (4.71)
comes from & = O(+/n). These are summarized in Fig.4.1.
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4.6 Rényi Entropy of s-Color Motzkin Spin Chain

In this section, we compute large-n behavior of the Rényi entropy of s-color Motzkin
spin chain (s > 1). Plugging (4.34) and (4.44) to (4.33), the sum we should evaluate
becomes

"if‘ o () )~ ( ! ) (213 (n 4 r) () (n — ) (1)

pM,n+r,n—r,s n+23)a
— ﬁsl/4 (2\/§+ 1)(2 +2)
n—|r|
x Z MO S [1+0m™], (4.72)
h=0
where

fmh) =1 —a)(Ins)h — (n+r+ %) In poy — <n —r+ %) In pg_

! {In(n +r — poy —h) +1In(n —r — po— — h)

—In(n+7r —poy +h) —In(n —r — po_ + h)}
—% In[4s(n + )2 — (4s — HA?] — %m [4s(n — r)* — (4s — D)h?]
20 In(h + 1). 4.73)

h+
+a
2

Po+ 18 given by pg in (4.41) with m replaced by n & r. We discuss the two cases of
0 <o < 1and o > 1 separately.

4.6.1 0 <o <1Case

We try to evaluate (4.72) by the saddle point method. Noting the relation
= m+r — pos)* — 4spi, (4.74)

the saddle point equation reads

[ = %P6 [] = _%eo
SR 72y A el T omn™). (4.75)
Y D My P A

nFr=por)? (n=r—p)?
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It seems however technically difficult to solve (4.75) analytically. Let us consider
the case r = 0, in which the subsystems A and B have the same length n. Then,!
po+ reduces to pg, and (4.75) becomes

e
Vel B L om)). (4.76)
1— _ 4s,0&
(n—p0)?
This is solved by
si — sl’i
hy = n— ] + 0", 4.77)
s +s17% + 1
n
Poly=n, = ———————+ 01", (4.78)
S2 +§' 72 4+ 1
which give
1 g 2
2u <s2a 4576 + 1)
) = —=— x[1+0m™)]. (4.79)

1 1
no osu 457w 445

fu(hy) = —(2n + 2)aInn + 2n + 3aln (si sl 4 1) —(1—a)lns

o (ZSi + 1) <2s1’i + 1)
——In|1+4

I-a e\ 2
S 2 —§ 2o

2

Evaluating the sum for » = 0, we end up with

1

SM, A0 =

(h)

n
; o
=" (i)
h=0

2 —a —a 1
:n1 ad 11‘1|:¢7(s]ZT +57127 +s71/2)]+ to Inn
o

1

1
2 o Ve

+—Inm —

30 —
l—«

+

+(terms vanishing as n — 00)

2(1 — @)

1
In (si +slfﬁ + l)

201 — @)
1

+o0m™.

In (si -l—s'*ﬁ +4s> +

(2si + 1) (2s‘*i + 1)

Infl1+4

o
T 2(1—a) (l;u

(4.80)

In(20)

4.81)

1 Although the analysis for the case r = 0 is already given in [20], we briefly present the derivation
to make this article self-contained as much as possible.
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2\7311' The Rényi entropy has asymptotic behavior proportional to the
volume as we saw in the s-color Fredkin case (4.60). The coefficient of In#n term
coincides with that in (4.61), which implies to show some universal property.

with o =

4.6.2 o > 1 Case

—(a=Dh

As in the Fredkin case, due to the exponential damping factor s in the sum

o
Shosh (pl(\z.)nﬂnfr S) , we canregard h as a quantity at most O (n°), which justifies

the use of (4.45).
With the notations (4.63) and (4.64), the sum is recast as

n—|r| o —3a
o 4 n\ 2" i e
) st (pl(\z,)n-ﬁ—r,n—r,s) ~ <_ﬁ) (E) sTIH P (7@ D 24, 0)

h=0
x[1+0m™H]. (4.82)
We thus find
3a n+ry(n—r) o T
S o= In|{2 —1 =
MA«= S —1) n<0 n ) St oe—1 "6
1
- In@ (s~ —20,0) + 0™, (4.83)
o —

which reduces to the result in [20] at r = 0. Qualitative behavior of @ (s’(“*l),
—2a, 0) is evaluated as

I'Qa+1)

@ (s~ @V, 20,0) ~ ————
( ) (( — 1) Ins)>*!

(4.84)

4.6.3 EE of s-Color Motzkin Spin Chain

After similar computation to the s-color Fredkin case, we have

2 — 1 — 1 1
Smoa = 2lns) iMJF,mMJF,m@M)H — Z —lns
’ T n 2 2 2
+(terms vanishing as n — 00). (4.85)

Again this reduces to the result of the half-chain case [20] at r = 0. As mentioned
there, in the computation we should not approximate z + 1 to & in (4.45) to obtain
the O (n") term correctly.



128 F. Sugino and V. Korepin

4.6.4 Phase Transition

Similar to the s-color Fredkin case, the Rényi entropy Sum. 4, « has different asymptotic
behaviorfor0 < o < landa > 1-linear of the volume and logarithm of the volume.
Motzkin walks with large height & = O (n) dominantly contribute to the Sy, 4, In
“high temperature” region 0 < « < 1, leading to the volume law behavior, whereas
Motzkin walks with low height # = O (n°) dominate in “low temperature” o > 1,
qualitatively same as the colorless case. The transition point itself consists of a phase,
where the EE behaves as a square root of the volume. Main contribution to (4.85)
comes from height h = O(y/n). Figure4.1 give a summary of the result.

4.7 Discussion

We have analytically computed the EE and the Rényi entropy of two blocks of unequal
length (n + r and n — r) in highly entangled Motzkin and Fredkin spin chains. In
case of 0 < o < 1 in the colored Motzkin spin chain, we presented the result of half
chains (r = 0) due to technical difficulty.

For colored cases, we found non-analyticity in the expression of the Rényi entropy
at @ = 1, which is a totally new phase transition never seen before in any spin chain.
We investigated for two blocks of unequal length but both of n 4 r and n — r being
O (n). It is interesting to extend our analysis to the case of two blocks of different
orders of size and to see to what extent the phase transition persists. Finally, it will
be intriguing to perform similar computation to cousins of the models [5, 15, 18,
21-23].
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Chapter 5 ®
Topological Kondo Effect e

Francesco Buccheri and Reinhold Egger

Abstract We review recent theoretical progress in the understanding of the topo-
logical Kondo effect in Coulomb-blockaded Majorana devices and generalizations
thereof. The central ingredient in Majorana devices is the so-called Majorana box
which encodes a spin-1/2 degree of freedom in the Majorana subspace that can
be addressed by electron cotunneling processes. In particular, after explaining the
basic physics of the topological Kondo effect in a Majorana box connected to a set
of normal-conducting leads, we discuss the Josephson current-phase relation in a
superconducting multi-terminal setup where the central junction is again formed by
a Majorana box but the leads are phase-biased superconductors. For large Kondo
temperature, one finds that the competition between two-channel Kondo physics and
the gap opening in the leads results in a 6z periodicity of the current-phase relation.
This periodicity is due to the fractionalized charge excitations characterizing the
non-Fermi liquid two-channel Kondo fixed point. We also explore generalizations
of this Majorana-based topological Kondo setup to platforms hosting parafermionic
excitations.

5.1 Introduction

An important aim of contemporary condensed matter physics is to understand the
physics of devices containing Majorana bound states (MBSs) [1-4], or even more
exotic setups hosting parafermionic zero modes (i.e., fractionalized Majorana states)
[5, 6]. Besides the inherent fundamental interest in such systems, a set of local-
ized zero modes can encode quantum states featuring non-Abelian braiding statis-
tics. Such states may be useful for topologically protected quantum information
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processing applications [5, 7]. While experimental signatures of MBSs have already
been reported in a variety of experimental platforms [8-24], condensed-matter real-
izations of parafermions (PFs) are still in their infancy; for recent progress towards
possible PF implementations, see [25, 26]. The physics expected to be seen in PF
devices has been addressed by a large number of theoretical works [6, 27—43]. Theo-
retical PF constructions often rely on competing gap-inducing mechanisms acting on
the edge states of topologically ordered 2D phases, e.g., bilayer fractional quantum
Hall (FQH) systems [36], proximitized fractional topological insulators [27], and
proximitized FQH systems with filling factor v = 2/3 [33] or v = 1/(2k + 1) (with
integer k) [27, 29]. Eventually this may allow one to realize Fibonacci anyons which
are capable of topologically protected universal quantum computation [33, 40].

For a Coulomb-blockaded superconducting island containing more than two
MBSs (the so-called Majorana box [44]), an effective impurity spin operator is
encoded by pairs of spatially separated MBSs. When normal leads are coupled
to the MBSs, this spin is screened through cotunneling processes, culminating in
the topological Kondo effect (TKE). The theory of the TKE has been laid out in a
series of recent articles [45—67]. It exhibits local quantum criticality associated with
a non-Fermi liquid fixed point. This physics should be experimentally observable at
temperatures 7' below the Kondo temperature Tk, see below for a definition. Unlike
conventional overscreened multi-channel Kondo systems [68—71], the TKE is intrin-
sically stable against anisotropies. Majorana devices could thus realize multi-channel
Kondo effects without delicate fine tuning of parameters.

Theoretical [72—74] and experimental [15] work has pointed out the important
role of Coulomb charging effects in a floating mesoscopic topological superconductor
(TS), i.e., in a Majorana box. Since charge degrees of freedom are gapped out and, in
addition, several quasiparticle poisoning channels are blocked [75, 76] by a large box
charging energy E ¢, the Majorana subsector of the Hilbert space tends to be stabilized
by charging effects. Moreover, charging effects suppress sequential tunneling in favor
of long-ranged cotunneling events. The latter effectively connect different leads—
coupled to the Majorana box through tunnel contacts—in a phase-coherent fashion.
For that reason, Majorana boxes are also discussed as promising ingredients for
topologically protected quantum information processing applications [44, 76-79].

Consider now a Majorana box operated under Coulomb valley conditions, where
we assume that M > 3 normal-conducting (and due to the MBS spin polarization
also effectively spinless [1]) leads are individually tunnel-coupled to different MBSs
on the box. In that case, the Majorana subsector of the Hilbert space will be equivalent
to an effective quantum impurity spin with orthogonal SO(M) symmetry [45]. (The
orthogonal symmetry, as opposed to the conventional unitary one, can be traced back
to the reality condition y = y ' imposed on Majorana fermion operators [50].) For the
minimal case M = 3, this impurity spin corresponds to a standard spin-1/2 operator,
where different spin components are nonlocally represented by distinct Majorana
bilinears on the box, see below. The lead space also has an SO(M) symmetry, and
therefore cotunneling processes effectively implement an exchange coupling of the
lead spin density at the central junction (the box). Through this exchange coupling,
the effective impurity spin undergoes screening which in the end drives the sys-
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tem to a robust non-Fermi liquid fixed point [45]. This fixed point is similar to the
overscreened multi-channel Kondo fixed point [68].

One can even include Coulomb interactions in the leads within this scenario.
Taking M > 3 spinless Luttinger liquid leads with interaction parameter g, where
g = 1 for the noninteracting case and g < 1 for repulsive interactions [68, 80], the
linear TKE conductance between leads j and k has the form [47, 50]

2g€? 1
G"jfi(E _ gh [1 _ (T/T[()ZAMiz + .. ] <M — 811() s (51)

where the scaling dimension Ay, = 2g(M — 1)/ M refers to the leading irrelevant
operator at the strong-coupling fixed point. Equation (5.1) holds for Ay > 1 and in
the asymptotic low-temperature regime 7 < Tk . The non-Fermi-liquid nature of the
TKE fixed point is visible in the power-law T dependence with rational (non-integer)
exponent. Moreover, it is worth stressing that the conductance tensor becomes com-
pletely isotropic, regardless of possible anisotropies in the bare tunnel couplings.
By observing the conductances in (5.1), experiments could detect strong evidence
for nonlocality due to MBSs. Let us give an example: For g = 1 and M = 3, the
T = 0 conductance between leads 1 and 2 has the (large) value G1XE = 2¢?/3h.
After decoupling lead 3 by a suitable gate voltage change, the TKE is destroyed and
only an exponentially small conductance G, due to residual cotunneling is expected
[74]. This offers a very distinct and hard-to-fake Majorana signature since the MBS
coupled to lead 3 is located far away from the MBSs coupled to leads 1 and 2. Recent
works have studied various other aspects and variations of the above setup, including
systems of coupled Majorana boxes [67].

In this article, after reviewing the basic TKE physics, we discuss two recent
generalizations of the above setup. The first generalization concerns the Josephson
effect for a Majorana box connected to superconducting instead of normal leads, as
we schematically illustrate in Fig. 5.1. Most theoretical works for Majorana systems
contacted by superconducting electrodes have addressed cases without TKE [82-86].
Below we summarize the results of [62] for the superconducting version of the TKE,
where a nontrivial competition between superconductivity and TKE arises because
no lead states below the superconducting gap A are available for screening the box
spin. The corresponding single-channel spin-1/2 Kondo variant is of Fermi-liquid
type and can be realized for two superconducting leads connected to an Anderson
impurity (spinful quantum dot) [87]. The latter case has been studied in great detail
over the past decades, both theoretically [88-96] and experimentally [97-102]. It
is known that a local quantum phase transition for A/Tx =~ 1 separates the so-
called O-phase (realized at small A/ Tk ) from the so-called 7 -phase (at large A / Tk ).
Remarkably, almost the entire crossover in the free energy of the Josephson junction
was found to be described by universal scaling functions of A/Tk. In the deep
0-phase, the Kondo resonance persists and yields the current-phase relation of a
fully transparent superconducting junction [96], while in the m-phase the Kondo
effect is almost completely quenched and one finds a negative supercurrent.
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Fig. 5.1 TKE setup for the case of M = 3 superconducting leads. As concrete platform, one may
imagine two long parallel InAs or InSb nanowires with superconducting shells. These proximitized
nanowires define 1D TS segments (green) hosting MBSs at their ends (filled red circles, shown
only on the Majorana box). The Majorana box has Majorana operators y;, where the two central
TS segments are connected through a floating conventional s-wave superconductor (blue island).
The box has a large charging energy Ec. Short non-proximitized wire sections (yellow) serve as
gate-tunable tunnel contacts. Superconducting leads are realized by contacting the outer nanowire
sections with large conventional superconducting electrodes (blue). Using the shown loop geometry,
one may study the supercurrents /; as function of the superconducting phases (¢1, ¢2, ¢3) by means
of tuning the magnetic fluxes @1 2, cf. [81]

For the Majorana device in Fig.5.1, [62] has shown that an even richer interplay
between superconductivity and (now multi-channel) Kondo screening physics takes
place. The TKE symmetry group is however changed by even a tiny gap A due to
the proliferation of crossed Andreev reflection processes. For A « Tx and M = 3
attached leads, an exact strong-coupling calculation along the lines of [103—-105]
predicts that two-channel Kondo physics is responsible for a 6 periodicity of the
Josephson effect, with a critical current of order I. ~ eA?/hTk. This periodicity
directly implies charge fractionalization in units of e* = 2¢/3 for the elementary
transfer processes across the junction. One thus has to wind the phase by 67 in order
to transfer a Cooper pair. On the other hand, for A >> T, one obtains the 477 -periodic
current-phase relation of a parity-conserving topological Josephson junction [1-3]. In
view of the rapid experimental progress on MBSs in semiconductor-superconductor
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devices, these predictions could be put to experimental tests, e.g., using techniques
used for observing the 47 Josephson effect [106].

As second generalization of the Majorana-based TKE scenario, we here describe
what happens for fractional MBSs, i.e., parafermions (PF). References [42, 43]
have introduced a PF box device generalizing the Majorana box to a setup with
parafermionic zero modes. This PF box can in principle be realized by using opposite-
spin FQH edge states proximitized by alternating SC and FM domains, closely fol-
lowing the proposals in [27, 29] but taking into account the charging energy Ec of
the box; recent experiments reported progress along these lines [25, 26]. The PF
model then replaces the normal-conducting (Luttinger liquid) leads behind (5.1) by
chiral FQH edge states, which are described by chiral Luttinger liquid theory and
host fractional quasiparticles [68, 80, 107, 108]. Importantly, such edge states are
experimentally under control for more than two decades [109—114]. In order to see
whether PFs will also establish a—possibly modified—Kondo effect, we study whether
the TKE conductance tensor in (5.1) will be modified in the PF scenario. In fact, as
discussed below, [43] argues that such a PF generalization does not yield a Kondo
Hamiltonian which is invariant under the action of a continuous group. For M = 3
edges, the quantum impurity spin defined on the PF box transforms in a representation
of the SU(n) group, where n = 2/v for filling factor v = 1/(2k + 1). Remarkably,
the effective low-energy Hamiltonian does, however, not have this symmetry. Tech-
nically, the reason behind this fact is that one cannot perform rotations in lead space
because each FQH lead necessitates different Klein factors. Nevertheless, for M > 3
chiral edges attached to the PF box, one finds a non-trivial strong-coupling regime
where the conductance tensor exhibits an almost identical behavior as in (5.1). The
PF generalization therefore constitutes a new multi-terminal quantum junction setups
for Luttinger liquids that is distinct from all previously studied cases [115-127], even
though transport exhibits qualitative similarities to the TKE [46, 47, 50] and to the
junctions considered in [125, 127]. Although both the physical realizations and the
transport characteristics differ, all three problems share key features. In particular,
the system is driven to a strong coupling regime, where at the fixed point incoming
currents are universally distributed between all outgoing channels, without producing
any shot noise.

The remainder of this article is structured as follows. In Sect.5.2, we provide a
basic introduction to the standard TKE with normal-conducting leads. In Sect.5.3,
we then discuss the case of superconducting leads where the TKE competes with
the gap opening in the leads [62]. In Sect. 5.4, a PF generalization of the TKE setup
is discussed [43]. Finally, in Sect.5.5, we offer some conclusions. We often put
h = e = kg = 1, and sometimes also set the Fermi velocity vy = 1.

5.2 TKE Basics

We now turn to a theoretical description of the setup in Fig.5.1. For convenience,
we directly allow for a superconducting gap in the leads, even though the results
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considered in this section are for A = 0. The M leads attached to the Majorana
box are described as semi-infinite TS wires. The effectively spinless low-energy
Hamiltonian for the leads is given by [1]

M oo
Hicats = ) / dx &/ (x) [=id,0. + Aje™ %0, | W, (x), (5.2)
j=170

where A is the absolute value and ¢; the phase of the respective proximity gap, Pauli
matrices oy, . and unity oy act in Nambu space, and the spinors ¥; = (¢, p, Iﬂ; 7
are written in terms of right/left-moving fermion operators with boundary condition
¥;,r(0) = ;1 (0). We shall only discuss results for identical gaps, A; = A, but see
[62]. Notably, we do not assume conventional s-wave superconductors as leads since
different pairing symmetries for the box and the leads would imply a supercurrent
blockade [82], where only above-gap quasiparticle Josephson transport is possible
[83-86]. Fortunately, leads with effective p-wave pairing symmetry may be imple-
mented in a natural way, see Fig.5.1. For A = 0, we will then arrive at the canonical
TKE model first studied by Béri and Cooper in 2012 [45].

At the position of the contact to the box, which is taken at x = 0 for each lead,
the respective boundary fermion v; is then coupled by a tunnel amplitude #; to
the Majorana operator y; = y ; on the box, with anticommutator {y;, yx} = 6x. We
assume that only energy scales well below the proximity gap Apox on the box are
probed, where Apox and A (for simplicity, we take A < Apy) are formally indepen-
dent parameters. Above-gap quasiparticles on the box are neglected throughout. For
large charging energy E ¢, charge quantization implies a parity constraint for the box
MBSs and tends to suppress certain quasiparticle poisoning events. At the same time,
the ground state of the isolated box is degenerate for all M > 2, where the Majorana
bilinears iy;y, represent the box quantum impurity spin [45, 51]. The projection to
the Hilbert space sector with quantized box charge yields [45]

M
Hec =Y ] 09,0y, (5.3)
J#k

where the dimensionless exchange couplings A j. = 2¢;¢;"/ Ec describe elastic cotun-
neling between leads j <> k.

For the case of interest in this section, A = 0, [45-47] have demonstrated that
Hyeaas + Hece gives a TKE of SO, (M) symmetry. The Kondo temperature is given
by

- 1
Ty = Ece "BV 5= ———— %", 5.4
K ce M(M—l) — jk ( )

where the group relation SO, (3) ~ SU4(2) implies a four-channel Kondo effect for
M = 3[103]. The low-energy regime of this problem can be studied in an essentially
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exact manner by bosonization, exploiting the Klein-Majorana fusion trick [46, 47].
One then arrives, e.g., at the TKE conductance tensor in (5.1).

Before turning to generalizations of this basic TKE scenario, we briefly discuss
how one may realize this model for the simplest nontrivial case M = 3, cf. Fig.5.1.
The floating box is defined by connecting two parallel TS wires by an s-wave super-
conductor. Nanowires can be fabricated with an epitaxial superconducting shell,
where a magnetic field simultaneously drives both wires into the TS phase [1]. We
assume that the TS sections on the box are so long that overlap between different
Majorana states is negligible. Non-proximitized wire parts yield gate-tunable tun-
nel barriers, and leads are defined by the outer TS wires in Fig.5.1. Using available
Majorana wires [ 15], it appears possible to realize the Kondo regime [45, 50, 51, 64].

5.3 Superconducting Leads: The Josephson Current-Phase
Relation

We now consider the case A # 0 in (5.2), i.e., superconducting electrodes. Here the
competition between Kondo physics and superconductivity is controlled by the ratio
A/ Tk . We note in passing that for ¢; = 0, the above model describes junctions of
off-critical anisotropic spin chains [48, 49, 60, 61]. In aloop geometry with magnetic
fluxes [81], one can change the phase differences between TS leads and measure the
current-phase relation.

In our effective field-theoretical description, the free energy F of the system is
written in terms of functional integral over the Grassmann-Nambu spinor fields (see
(5.2)) and the localized Majorana fields described above. Specifically, the partition
function reads

7 = e_ﬁF = / .@(II/, yj)e_S . (55)

The action S = Sjeads + Svox + Sec consists of three terms, describing the dynamics
of the leads, of the Majorana box and the cotunneling of fermions through the box.

The box action is
1
Son = 5 / dr ; vy (5.6)

and the interaction of the leads in the box is written from (5.3) as Sgc = f dt Hgce (7).

It is convenient to integrate out all fermion modes in the leads away from the
boundary at x = 0, in order to write Sje,qs in terms of a single boundary fermionic
degrees of freedom ¥; = ¥, (7) for each chain. It reads

1 P 7 - / /
Sieads = _5/0 dtdr/zllfj(r)Gj Yz = Hw, (o). (5.7)
J
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at inverse temperature 8. The Fourier transform of the boundary Green’s function
G (1) is then [85]

A? Ajefiw./”z
G(w) = —i sgn(w)/ 1+ — 00+ ———0x. (5.8)
w iw

The supercurrent /; exiting lead j and entering the box is computed from the phase
derivative of the free energy in (5.5), I; = (2¢/h) 0y, F. The current conservation at
the junction is encoded in the sum rule

Y I=0. (5.9)
J

A simple and instructive limit is the so-called atomic limit, defined by A > Tk.
In other words, it is the limit in which pairing correlations are dominant with respect
to the Kondo physics. The gap is so wide, that there are no low-energy quasiparticles
in the low-temperature dynamics. Also in the leads, therefore, the only degrees of
freedom are effectively the Majorana modes localized on the boundary of the TS. In
this limit, (5.8) takes the simple form

4,
Gj(w) ~ E(UO + oy) (5.10)

in which we have chosen, without loss of generality, a gauge which removes the
phases ¢; from the bulk order parameter. The price to pay, of course, is to have
complex tunneling amplitudes. From (5.10), one can see that the effective action can
be written in terms of the single boundary Majorana combination

vi+v]
= ——— 5.11
nj oy (5.11)
as {
SleadS:EZ/dr njdm; . (5.12)
J
The effective low-energy Hamiltonian can be written from (5.3) in the form
1 i(0—
He = 5 3 v/ Aj Ak jue ™ 0 myiy . (5.13)

J#k

All mutually commuting products 2in;y; = o; = %1 are conserved. In fact, the set
{o;} determines a fermion parity sector for all tunnel contacts. Setting all A; = A,
we arrive at the 4 -periodic supercurrents
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Fig. 5.2 TKE with
superconducting leads:
multiple tunneling through A A

the island generates crossed
Andreev reflection ?
processes, see main text. ®

Only the two participating
MBSs are shown

,\‘ ® E,
A
A -
Ij:% Ajkajoksin<%), (5.14)
oy

We note that (5.14) also describes topological Josephson junctions with featureless
tunnel contacts [1], which can be traced back to the fact that the Kondo effect is
suppressed in the atomic limit because low-energy quasiparticles in the leads, which
are necessary to screen the box spin, are not available below the gap.

5.3.1 Renormalization Group (RG) Analysis

We now study the running of the coupling constants A jx, using perturbation theory
up to second order. First of all, we notice that, even when absent at zeroth order,
crossed Andreev reflection will be generated at this order. This correspond to the
simultaneous cotunnelling of two fermions from two different leads, creating an
additional Cooper pair on the third lead as visualized in Fig.5.2. The conjugated
process, i.e., the splitting of a Cooper pair, with the subsequent tunneling of two
electrons to different leads, is also generated. Together, these are modeled by the
additional term

Hear = Y 1] O O)ney; +hec. (5.15)

Jj<k

This implies that we have to take into account also the running of the crossed
Andreev reflection amplitudes « j; = ;. These are generally complex-valued, since
the order parameters of the three leads have different phases. We remark that A
is also a running parameter in our RG scheme and that it is possible to define the
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dimensionless parameter §(£) = e‘A /D, with the bandwidth D ~ min(E¢, Apox)
acting as a natural UV cutoff. The flow has a natural endpoint as soon as §(£) >~ 1.
It is always possible to choose a gauge in which the phase dependence appears
in Hpc 4+ Hcar only. Considering the case in which all the superconducting gap
parameters are equal, i.e., A; = A for all j, we obtain the RG equations

b 2 U
B = 2 3 [V (ymank + jmkg) + 8 G+ KjmPnt) |- (5.16)
m# (k)
dejp 2 A .
i T x X [8()‘jm)‘mk+’(jm’(mk)+ 1+ 6% (A jmKmk + K jm mk)]
)
with j # k.

The phases of the coupling constants will also flow under renormalization. First,
let us consider the phase-unbiased situation, in which all ¢; = 0. The RG equa-
tions (5.16) can be solved analytically by defining the real symmetric matrices
A(I.jk[) = Ajr £ «jk. The flow Eq.(5.16) are now decoupled as

(£
dAjk

__(\/1+52j:5) Z AT A (5.17)

m#(j.k)

which are equivalent to those for the TKE, apart from the presence of the gap param-
eter §. Analogously to [45-47, 50], even if the initial conditions for A(].jk[) are chosen
to be anisotropic with respect to the pair of indices j, k, the matrices scale towards
a unique value Aﬁ) (£) = A+(O)[1 — 5 i]. Rephrasing, anisotropies are irrelevant
perturbations.

The flow can be solved for any initial value, but the solution has a simple form
for isotropic initial conditions, A (0) = A. The coupling A can then be taken as the
average defined in (5.4). From (5.17), one has

A
AL() =1() k() = - 2<M—2>Xg‘i(g)’ (5.18)
in which the functions
3(0)
V1482 -1
F()=|vV1+82+In,| ——— =+ . (5.19)
= V1+82+1

8(0)

appear. We observe that both AL grow for small values of the flow parameter ¢, but
the fate of the couplings will depend on the bare value of A as well. For A > Tk,
with Tk in (5.4), the dimensionless parameter § reaches the value of unity before
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Ay can catch up. In this regime, the topological Kondo effect is suppressed by the
strong electron-electron pairing and one can effectively consider the leads to be in
the atomic limit.

In the opposite regime A < Tk, the situation A4 > A_ is quickly reached and
the coupling A, shows a divergence, while A_ remains bounded. The energy scale
where A (£) enters the strong-coupling regime can be estimated from (5.18) as

T ~ Ty + A (1 - e*m) , (5.20)

We see from the above equation that a small pairing interaction increases the Kondo
temperature. In this regime, the difference between the A and the x couplings is much
smaller than their sum. For an arbitrarily small pairing A, finite CAR couplings «
are generated and they flow to strong coupling together with the A. One can then
tentatively write a strong coupling Hamiltonian in which the two sets of variables
are equal and verify that the localized Majorana modes only couple to half of the
channels in the wires, which corresponds to a SO, (M) Kondo fixed point. Therefore,
any finite A destabilizes the SO, (M) Kondo fixed point and induces a flow to a stable
fixed point with symmetry group SO;(M). For M = 3, this has been shown in [60],
where the relation SO (3) ~ SU,(2) implies a two-channel (instead of the A =0
four-channel [45, 103]) Kondo fixed point.

We now study the effect of having different phases ¢; # 0 of the superconduct-
ing order parameter in the different leads. The RG flow thus only depends on the
gauge-invariant phase differences ¢; — ¢;. In order to retain simplicity, we discuss
the limit A <« Tx for M = 3 leads. The RG equations (5.16) acquire a phase depen-
dence, which can then be studied numerically. The flow of the absolute value is
not altered by the phase bias, but, as the strong-coupling regime is approached,
Ajx(€) = A(£)e'i=¥/2 and K j; (L) — Kk (£)e'*, having isolated the phase depen-
dence. The phases of the CAR parameter are 0, = (¢; + ¢x)/2 — @, where the
symmetry under exchange of the legs and gauge invariance determine the value of
the center-of-mass phase ¢y = (¢ + ¢» + ¢3)/3 at the stable strong-coupling fixed
point.

5.3.2 Physics at Low Temperatures: The Topological Kondo
Effect

Having established which couplings are expected to dominate the low-temperature
physics, we focus here on M = 3 and A <« Tk. In analogy to [105], we will consider
perturbations around the two-channel Kondo fixed point [52, 104] and argue that they
do not destabilize this fixed point.

The Hamiltonian equation (5.7) can be written in terms of a single chiral fermion
via the “unfolding” transformation
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Q§j(x >O)=1ﬂj,R(x), (Dj(x <0)=1ﬂj,L(—x). (521)

The real and imaginary part of the fermion field define two Majorana fields @ (x) =
[n;(x) +i§; (O)1/¥/2 for j =1,2,3. Using these definitions, out of the boundary
degrees of freedom, we can define the spin-1/2 operators

S= —’5;' xy., §,= —%n(O) xn©), 8= —’55((» x £0)  (5.22)

where we have used the vector notationy = (y1, v», ¥3)7,aswellasn = (1, 02, n3)7
and £ = (&, &, &)7. The operators in (5.22) satisfy the Pauli algebra.

We argued that, once the RG flow reaches the strong-coupling regime, we have
A4+ > A_. Using (5.18) this implies that . & « for every pair of legs. Having also
determined the phases of the renormalized couplings, we find it convenient to use the
gauge transformation ¥; /g (x) — €'“i=%)/2y; g, (x), which removes the phase
factors from Hgc + Hcar. Substituting into the interaction Hamiltonian and making
use of the definitions in (5.22), one has the residual interaction which perturbs the
Kondo fixed point in the form

Hgc + Hear = A4 S-S, + A_S - Sg, (5.23)

in which we have considered again the limit A < A,. Werecognize here acompeting
Kondo interaction proportional to A_. Whenever A ~ A_ = 0, we have a single
spin-spin interaction between the island and half of the fermionic degrees of freedom
of the wire, which describes precisely the two-channel Kondo problem.

Analogously to the the description of [105], one can study the low-temperature
physics. In particular, the strong coupling fixed point is characterized by a change
in the boundary condition for the Majorana field n, which obeys twisted boundary
conditions, obtained by the substitution

n(x) — sgn(x)n(x) . (5.24)

Conversely, the other component of the complex bulk fermions still obeys &(x) =
&(—x). In terms of the original fermions, these boundary conditions correspond to
perfect Andreev reflection at the boundary, iR 0) = —w;_ . (0).

The Kondo screening of the impurity effective spin can be modeled via the
replacement S — i/Txyon(0), as in [105]. Here, the Majorana operator y, =
i£1(0)&,(0)&3(0) switches between the states of the two-dimensional low-energy
manifold in which the imaginary part of boundary fermions on the legs are con-
strained. Its time-ordered ( .77) correlation functions are {7 y,(1)y9(0)) = %sgn(r).
The leading irrelevant operator around the Kondo fixed point, describing the com-
petition of the kinetic term of the lead Hamiltonian against the tunneling, can then
be written as

Hiio = 27T " yom1 (0)n2(0)13(0) (5.25)
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and has scaling dimension d = 3/2. The coupling of the island to the real part of the
boundary fermions on the leads, proportional to A_ in (5.23), is also an irrelevant
operator with dimension d = 3/2.

We now discuss the bulk pairing o A in the leads and compute the Josephson
current. We will find a fractional dependence on the relative superconducting phases,
which is detectable by probing the system with a finite frequency electric field, as in
[106].

In order to achieve our goal, the boundary Green’s functions of the field com-
binations [y} (0) — w; L O]/ V2 at the strong coupling fixed point are needed.
Given that “half” of the boundary spin is producing the screening on the Majorana
island, the strong-coupling theory consists of decoupled leads where the n Majo-
rana fermions obey twisted boundary conditions. Following [85], one obtains the
Majorana correlation functions at the boundary (x = 0%) in the form

(Tn;j(1)&(0)) = —id;rAcos(p; — ¢o) f(7), (5.26)
(T n;j(0)n(0)) = (TE;(1)&(0)) = =810 f (1),

where the function

do1 — e*\/m/Tk
f(r) = / cos(wt) 5.27)

27 /0?2 + A2

has been employed. The Josephson current can now be computed from the relation

11m F(T) (5.28)
g, T

in which the free energy F'(T) is evaluated to second order in perturbation theory as
1
F? = —E/dr(ﬂH’(t)H’(O)). (5.29)

Using (5.26) and Wick’s theorem, one arrives at the Josephson current

3

I . . Pjip T Pr, Pkt Pp
Li(p1, 2, 93) = gOZ[%m(pj,k%—sm”Tkp—sm% ., (5.30)
k#j

where p # j, k. This is a function of phase differences ¢, = ¢, — ¢» only. The
critical current /., is set by

A2 A% F3(0
IO_C;LTK C=#. (5.31)
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In the non-topological version of the Kondo effect, a perturbative calculation of
the critical current in the pairing parameter has been presented in [88]. We remark,
in comparison, the additional suppression factor A/Tx < 1 due to the residual
unscreened spin encoded by yy. Current conservation (5.9) is satisfied, which can be
checked by inspection.

Noticeably, the phase dependence of the current (5.30) has a 677 -periodic compo-
nent, alongside a 2 -periodic component, in sharp contrast with (5.14), obtained in
the atomic limit. In general, the 677 periodicity coexists with 27 and 47 effects. Given
that the particle number and the phase of the superconducting order parameter are
conjugated variables, one can argue that the elementary charge degrees of freedom,
in proximity of the strong coupling fixed point, carry fractional charge e* = 2¢/3.
Note that, for any finite A, the low-temperature fixed point is a two-channel instead
of a four-channel Kondo problem, hence this value of ¢* differs from the one for
normal leads probed by shot noise [50, 64].

5.4 Parafermionic Version

We now turn our attention to a parafermionic generalization of the TKE. The first
ingredient is naturally a set of localized parafermionic modes, which constitutes a PF
box. Subsequently, we need to engineer external leads which can probe the fractional
quasiparticles and couple them to the localized modes.

5.4.1 The Hamiltonian

Two FQH puddles are created with opposite spin orientation. We assume that only
one massless mode is running along the edge and, in particular, we consider the
series v = 1/(2k + 1). These effectively one-dimensional modes are described by
the Hamiltonian [68, 80, 107, 108]

Vv N
Huse = 7= [ dx(@9)” (532)
T
where v is the edge velocity. The bosonic field ¢ satisfies
[$(x), $(x)] = imsgn(x —x') (5.33)
Counterpropagating edge modes from different FQH puddles can be gapped by
proximitizing them either with a superconductor (SC), which introduces a relevant

perturbation pinning the ¢ field, or with a ferromagnet (FM), which instead tends to
pin the conjugated field € in the respective segment.



5 Topological Kondo Effect 145

Low-energy excitations can only originate from operators, which create localized
domain walls between adjacent domains. The low-energy Hilbert space, in particular,
is spanned by the states |Qyy, @1mod 2, ..., Oy_mod 2), where Q,y is the total
charge of the proximitizing SCs and the FQH edges within the PF box. Importantly,
Qo can assume fractional values differing by multiples of v. Moreover, given that
the number of Cooper pairs is undetermined in a superconductor, Q. is only defined
module 2. Similar to the Majorana case, the operators creating a domain wall switch
between states of a zero-energy manifold, i.e., create stable zero-energy modes. These
are the PF operators &, obeying the Z, PF algebra with index n = 2/v,

¥k j)OtkOI W= XM = iV, (5.34)

@il =

The construction of the PF box is then completed by applying a backgate voltage

to the device. The Hamiltonian of the floating device, finally, is complemented by
the Coulomb charging energy depending on the total charge Qi,

N 2
Hyo = Ec (Ou = ) - (5.35)

The parameter gy depends on the applied voltage and can be tuned in such a way
that the box has quantized ground-state charge, given by the value of Qy closest
to go. When the charging energy E¢ is the largest energy scale, indeed, only virtual
transitions to states with a different values of Q. are allowed. Special values of g
correspond to charge degenerate points, but we will not consider such cases here.
This recipe has been outlined in [27, 29, 42], where more details on these localized
parafermionic modes can be found.

We now construct the external leads, which serve as probing leads in transport
studies. As shown in Fig. 5.3, it is possible to insert Ohmic contacts between different
segments of the edges of the FQH droplet, so that the boundary degree of freedom
in each segment is dynamically independent from each of the others. We denote
the bosonic field as ¢ i, with a subscript j =1, ..., M denoting the edge portion.
The commutation relations between these chiral boson fields already incorporate
Klein factors [68] since (5.36) follows from a single-edge commutation relation by
imagining that all leads actually belong to one long edge.

[6;(0). ()] = iz [jusgn(x — x) +sgnk — )], (5.36)
The dynamics of the chiral bosons is encoded in the free edge Hamiltonian

+L/2

Hegge = Z4n / dx (3.0, (5.37)

L2

Anisotropies in these velocities do not cause physical effects since they can be
absorbed by a renormalization of cotunneling amplitudes. Since we are not inter-
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FQH |

Fig. 5.3 Schematic setup of the parafermion box for the generalization of the topological Kondo
effect. Proximitizing FM and SC domains to a pair of FQH edges with opposite spin opens spin gaps
or superconducting gaps in the different regions. At each interface, pair of parafermion operators
a&; are created (with opposite spin). In this realization, the different superconducting domains are
connected in order to establish a common coherent phase. A FQH drop can be shaped in such a
way that the gapless edges are close to the localized parafermions, such that tunneling becomes
possible. Dynamical independence of the edges is ensured by Ohmic contacts, the brown squares
in the figure above

ested in finite-size effects in the leads, we will also assume L — oo. The fractional
quasiparticle operator can then be expressed as vertex operator of the respective
chiral boson field, )

Ui(x) ~ eV (5.38)

see [68, 80, 107, 108]. Using (5.36), the fractional quasiparticle operators (5.38)
obey the algebra

P (i (x') = ¢TIt g () (). (5.39)

Using the construction of the parafermion modes in [27], one can also show the
commutation relation

[ng(x),&k] =V, (5.40)
from which one also has
V()@ = e @ ;(x) . (5.41)

We can now write down a tunneling Hamiltonian for the fractional quasiparticles.
According to [27, 42], for a point-like tunnel contact at x = 0, it is given by
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M
Hun =Y ;9 (0)&] + h.c. (5.42)
j=1

where the amplitudes n; are generally complex-valued and describe tunneling of
quasiparticles between the respective edge (@@ ;) through the FQH bulk to the PF box
via &;. The relations (5.39) and (5.40) imply that all terms in (5.42) commute with
each other. The Klein factors, which are needed to ensure proper statistical phase
relations between different edges [68], are fully taken into account by (5.36), (5.34),
(5.39) and (5.41).

Due to the large charging energy E¢ in (5.35), the ground state of the PF box
has a fixed value of Qy, and the dominant low-energy processes are cotunneling
of fractional quasiparticles from one edge to the box and from the box to some
other edge. By projecting the full Hamiltonian, H = Hegge + Hpox + Hun, to the
charge ground-state sector of the PF box via a Schrieffer—Wolff transformation [80,
131], one obtains the effective Hamiltonian H — Hefr = Hegge + Heor, With the the
cotunneling term H,y in the form

M
Hoo=— Y 2 (0),0)&;6] (5.43)
Jok=1; j#k

=Y s (U5 0,0 + U= 0] ).
J

where the notation
A =i (U +UTY) (5.44)

for the cotunneling amplitude from lead k to lead j has been used. Here, Uy and U_
denote the energy cost for adding one quasiparticle to the box or or for removing one
quasiparticle from it, respectively. Besides (5.43), a term describing the simultaneous
tunneling of two quasi-particles onto/off the island is obtained [131], but such a term
would change the PF box electric charge by 42¢* and thus can be neglected after
the projection to the low-energy subspace. The complex phases of n; can, without
loss of generality, be gauged away via the gauge transformation

¢;(x) = ¢;(x) + const . (5.45)

After such a shift of the bosonic fields, all A j; in (5.44) are real, non-negative and
symmetric in the leg indexes, i.e., Aj = A jx > 0. The total electric charge on the PF
box is explicitly preserved by (5.43), as well as the total Z, charge described in [6].
Summarizing, we have obtained the parafermionic generalization of the topological
Kondo model as the effective Hamiltonian
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M 0 M
v - - A
He = ; yo /_ N dx(3,¢,)* — ;;)\jkwj(owk(om ia, (5.46)

together with the commutation relations in (5.36), (5.34), (5.39), and (5.41).

We remark that, from (5.41), the localized parafermions are the Majorana opera-
tors of the previous section when the filling v = 1. Therefore, the quantum impurity
spin operators in (5.46) reproduces then the definition of S in (5.22) and generate the
so(M) algebra [45, 50]. In fact, (5.46) reduces to the TKE Hamiltonian. However,
for v < 1, the PF bilinears & j&,l' appearing in (5.46) do not constitute a closed Lie
algebra. On the other hand, it is always possible to close the su(n!™~1/21) algebra,
where [x] is the integer part of x, by adding powers and products of PF bilinears.
For comparison with the TKE (i.e., n = 2), let us note that the algebra su(d), with
d = 2I™=D/21_ contains the expected subalgebra so(M) for M > 7. In the TKE,
Majorana bilinears generate this subalgebra, and leads are only coupled to this sub-
algebra [45]. For M < 7, on the contrary, the Hilbert space dimension is d < M,
meaning that the system forms a representation of so(M) which is smaller than the
fundamental one. The quoted value for d follows by noting that one needs at least
[(M + 1)/2] PF pairs on the box to couple to M external edges (leads), where con-
straining the total Z,, charge of the box is equivalent to removing one PF pair, cf. [42].
In particular, for M = 3, the algebra su(n) is generated by the set of operators

fatabatel, (5.47)

where integers k; are defined modulon = 2/v as &? = 1, and we have used the con-

vention &j_k = (&;)k for k > 0. The fact that the dimension of the quantum impurity
representation space is n follows from the PF representation in [6, 133] together with
the Z,-charge conservation constraint. For v = 1/3, we obtain the 35 generators of
su(6) plus the identity from (5.47). The bilinears & j&,l' appearing in the Hamiltonian
(5.46), however, constitute only a subset out of these algebra generators.

Taken all this into account, (5.46) has the form of a quantum impurity problem, in
which M independent chiral edges interact with localized fractional quasiparticles
in the origin. The cotunneling between the edges causes transitions between the

different states of the PF box ground state manifold via the PF bilinears ~ & j&,;" .

5.4.2 RG Equations

We now argue that, analogously to the Majorana box, the coupling to the PF box
will make the boundary conditions for the chiral edges unstable, driving the sys-
tem towards a non Fermi-liquid low-temperature fixed point. The operator product
expansion of the vertex operators [132] can be used to derive RG equations up to
second order in perturbation theory. Importantly, the new operator
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/ b\ 2 > A2 AT A
H' = (3[©) ;0 i, 0dzaa), (5.48)

of scaling dimension A’ = 3v, will be generated after contraction of two tunneling
terms. This is marginal for v = 1/3, and irrelevant for larger filling fractions and
for v =2/3 in particular. Given that the cotunneling terms ~ A j; in (5.46) have
smaller scaling dimension A j; = v, we neglect in the following this family of terms.
Contractions of cotunneling operators can only produce PF bilinears of the type
~Q j&z, which are in turn already present in (5.46).

Defining the variable

.L.l—v

k= «/Civ” Ajks (5.49)

where . denotes a ultraviolet cutoff in imaginary time, the RG equations take the
same form as those for the Kondo coupling in the Majorana-based TKE with Luttinger
liquid parameter g = 1/v [46, 47],

di

M
o ==kt Y Kb (5.50)

)

For simplicity, let us first consider all the cotunneling amplitudes to be equal A k=
A(1 — 8;1). Then, (5.50) is simplified as

3_2 =1 =i+ (M—2)2?%, (5.51)

and its solution can be readily written as

X(O)e(l—v)é
1+ 2=250)[1 — -0t

) = (5.52)

We can see that A(¢) grows under renormalization. A Kondo temperature can be
defined as the energy scale for which (5.52) diverges, the system therefore entering
a regime which is nonperturbative in the Kondo coupling. One finds

m —2io)" "

Comparing with the Kondo temperature characterizing the Majorana box, one sees
that the dependence on the bare cotunneling coupling A(0) is now a power law, in
contrast with (5.4) [45].

We will not tackle here the analysis of the tentative strong coupling theory and
of its stability. A thorough study of the low-temperature fixed point and a derivation
of the conductance tensor can be found in [43]. Here, we limit ourselves to remark
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the similarities, both in the Hamiltonian and in the RG equations, with the Kondo
and the Topological Kondo models, which let us expect interesting nonperturbative
physics at low temperature.

5.5 Conclusions

In this article, we have provided a summary of the present activities devoted to
topological Kondo physics in Majorana devices. In particular, we have stressed two
recent noteworthy developments, namely the Josephson effect for a multi-channel
topological Kondo impurity and a parafermionic extension of the topological Kondo
setup. The former problem could be realized using a Majorana box device with
superconducting leads. The different periodicities in the atomic and in the strong-
coupling limit (47 vs 6 for three leads) are particularly interesting. Moreover, we
believe that there could be a so-far unexplored quantum phase transition at A ~ Tk.
This point requires a detailed numerical study. As second example, we have examined
recent progress on a parafermionic extension of the basic TKE setting. We hope that
experiments can soon start to catch up with the rapid theoretical developments.
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Holographic Kondo Models e

Johanna Erdmenger

Abstract These lecture notes are devoted to studying the Kondo problem from the
perspective of gauge/gravity duality. This duality is a major recent development
within theoretical physics. It maps strongly coupled quantum systems to weakly
coupled gravity theories and thus provides a new approach to their description. The
Kondo model as originally proposed by J. Kondo in 1961 played a decisive role in the
development of major concepts in quantum field theory, such as the renormalization
group and the use of conformal symmetry. It describes describes a spin impurity
interacting with a free electron gas: At low energies, the impurity is screened and
there is a logarithmic rise of the resistivity. In quantum field theory, this amounts to a
negative beta function for the impurity coupling and the theory flows to a non-trivial
IR fixed point. In these lectures we construct and examine a variant of the Kondo
model within gauge/gravity duality. The motivation is twofold: On the one hand,
the model may be used for calculating observables for the case of a spin impurity
interacting with a strongly correlated electron gas. On the other hand, the models
allows for new insights into the working mechanisms of gauge/gravity duality. For
constructing the gravity dual, we consider a version of the Kondo model with SU (N)
spin at large N, in which the ambient electrons are strongly coupled even before the
interaction with the impurity is switched on. We present the brane construction which
motivates a gravity dual Kondo model and use this model to calculate the impurity
entanglement entropy. The resistivity has a power-law behaviour in this model. We
also study quantum quenches, and discuss the relation to the Sachdev-Ye-Kitaev
model.
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6.1 Introduction

Dualities are special relations between theories in physics as given by a Hamiltonian
or Lagrangian. Two different theories describing the same physical system are dual
to each other. A familiar example is the duality between the Thirring model and
the sine-Gordon model. The Thirring model describes fermions in 1 4 1 dimensions
with a quartic interaction. As discovered by Coleman [1], it may be mapped to the
bosonic sine-Gordon model via bosonization. Both theories thus describe the same
physics.

Gauge/gravity duality, as first realized by the AdS/CFT correspondence of
Maldacena [2], is a very special duality in the sense that it relates a gravity the-
ory to a gauge theory, i.e. a quantum field theory without gravity. This new relation
implies new questions about the nature of gravity itself: How is gravity related to
quantum physics? It is equivalent to a non-gravity theory at least in this special
context-does this imply that it is non-fundamental? This is an open question which
we will not explore in detail here. Nevertheless we note that gauge/gravity duality
opens up new issues about the nature of gravity. It is important to emphasize in this
context that so far the known examples of gauge/gravity duality involve gravity the-
ories with negative cosmological constant, different from the theory describing our
Universe in which the cosmological constant is extremely small but positive.

The best understood example of gauge/gravity duality is the AdS/CFT correspon-
dence. For a quantum field theory in 3 + 1 dimensions, it maps .# =4 SU(N)
supersymmetric Yang-Mills theory to supergravity on the space AdSs x S°, where
AdS stands for Anti-de Sitter space and S° for the five-dimensional sphere. Anti-
de Sitter space is a hyperbolic space with a negative cosmological constant and a
boundary. The .4~ = 4 supersymmetric quantum field theory is a conformal field
theory, i.e. its coupling is not renormalized and the theory is invariant unter local
scale transformations. It may be viewed as being defined on the boundary of the
4 4 1-dimensional Anti-de Sitter space.

The equivalence between the two theories in the AdS/CFT correspondence may
be made plausible by two arguments: First, the holographic principle [3, 4], and
second, the fact that the symmetries of both theories coincide. The holographic
principle states that the information contained in a volume is stored on its boundary.
More precisely, in the context of semiclassical considerations for quantum gravity,
the holographic principle states that the information stored in a spatial volume Vj is
encoded in its boundary area A;_;, measured in units of the Planck area lﬁ“. This
principle is realized for black holes for instance, for which according to the famous
result of Bekenstein [5], their entropy scales with the area of its horizon. Secondly,
in a string theory approach it may be seen that the symmetries under which the fields
of the quantum field theory involved transform is realized geometrically in the dual
gravity solution.

Applications of gauge/gravity duality. The fact that gauge/gravity duality relates
strongly coupled quantum field theories to weakly coupled classical gravity theo-
ries provides a new approach to calculating observables in these strongly coupled
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quantum field theories. Generically, such theories are hard to study since there is no
universal approach for calculating observables in them. This is crucially different
from weakly coupled quantum field theories, for which perturbation theory is the
method of choice and provides very accurate results. An example for an approach to
strongly coupled theories are advanced numerical techniques such as Monte Carlo
methods, in which space-time is discretized. This approach is very successful in
calculating observables such as bound state masses and determining the structure of
the phase diagram. However, it is afflicted by the sign problem which renders the de-
scription of transport properties very complicated, in particular at finite temperature
and density. It is thus desirable to have an alternative approach at hand which allows
for comparison. Gauge/gravity duality provides such an approach.

Strongly coupled quantum field theories appear in all areas of physics, including
particle and condensed matter physics. Weakly coupled theories may successfully be
described in a quasiparticle approach. Quasiparticles are quantum excitation in one-
to-one correspondence with the states in the corresponding free (non-interacting)
theory. In strongly-coupled systems however, this map is no longer present. In gen-
eral, the excitations in these systems are collective modes of the individual degrees of
freedom. Gauge/gravity duality provides an elegant way of describing these modes
by mapping them to quasinormal modes of the gravity theory. These modes are com-
plex eigenfrequencies of the fluctuations about the gravity background: Their real
part is related to the mass of the fluctuations and their complex part to the decay
width.

Before we proceed, it is important to stress that to the present day, gauge/gravity
duality is a conjecture which has not been proved. The proof is hard in particular
since it would require a non-perturbative understanding of string theory in a curved
space background, which is not available so far.

Holographic Kondo model. As an example of how to generalize the original
example of the AdS/CFT correspondence to more general cases of gauge/gravity
duality, we will study in this lecture how to obtain a gravity dual of the well-known
Kondo model of condensed matter physics.

The original Kondo model [6] describes the interaction of a free electron gas
with a localized magnetic spin impurity. A crucial feature is that at low energies,
the impurity is screened by the electrons. The Kondo model is in agreement with
experiments involving metals with magnetic impurities, as it correctly predicts a
logarithmic rise of the resistivity as the temperature approaches zero.

The significance of the Kondo model goes far beyond its origin as a model for
metals with magnetic impurities. In particular, it played a crucial role in the develop-
ment of the renormalization group (RG). The impurity coupling in the Kondo model
has a negative beta function and perturbation theory breaks down at low energies,
a property it shares with quantum chromodynamics (QCD). In some respects the
Kondo model may thus be viewed as a toy model for QCD. Moreover, the Kondo
model corresponds to a boundary RG flow connecting two RG fixed points. These
correspond to a UV and a IR CFT, respectively. CFT techniques have proved very
useful in studying the Kondo model, as reviewed in [7]. Moreover, the Kondo model
has a large N limit in which it may be exactly solved using the Bethe ansatz [8, 9].
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The holographic Kondo model we will introduce below differs from the original
condensed matter model in that the ambient electrons are strongly coupled among
themselves even before the interaction with the magnetic impurity is turned on. More-
over, the impurity is an SU (N) spin with N — oo. The ambient degrees of freedom
are dual to a gravity theory in an AdS; geometry at finite temperature. The impurity
degrees of freedom are dual to an AdS, subspace. As we will see in detail below,
the dual gravity model corresponds to a holographic RG flow dual to a UV fixed
point perturbed by a marginally relevant operator, which flows to an IR fixed point.
In addition, in the IR a condensate forms, such that the model has some similarity to
a holographic superconductor [10]. For this model, we may calculate spectral func-
tions and compare their shape to what is expected for the original Kondo model. This
may be relevant for the physics of quantum dots. Including the backreaction of the
impurity geometry on the ambient geometry allows to calculate the entanglement
entropy. Quantum quenches of the Kondo coupling may also be considered.

Related sets of lecture notes including discussions of the holographic Kondo
model by the same author may be found in [11, 12]. Detailed information on
gauge/gravity duality, the AdS/CFT correspondence and its applications may be
found for instance in the books [13-17].

6.2 AdS/CFT Correspondence

6.2.1 Statement of the Correspondence

Let us begin by considering the best understood example of gauge/gravity duality,
the AdS/CFT correspondence. Here, ‘AdS’ stands for ‘Anti-de Sitter space’ and and
‘CFT’ for ‘conformal field theory. The Dutch physicist Willem de Sitter was a friend
of Einstein. The prefix ‘Anti’ refers to the fact that a crucial sign changes from plus to
minus. In fact, Anti-de Sitter space is a hyperbolic space with a negative cosmological
constant.

In this example a four-dimensional CFT, .4 = 4 SU (N) Super Yang—Mills the-
ory, is conjectured to be dual to gravity in the space AdSsx S°. This was proposed
along with other examples for AdS/CFT by Maldacena in his seminal paper [2] in
1997. As we will see, the two theories have the same amount of degrees of freedom
per unit volume and the same global symmetries. We will first state the duality and
then explain it in detail. The AdS/CFT correspondence states that
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A = 4 Super Yang-Mills (SYM) theory
with gauge group SU(N) and Yang—Mills coupling constant gym

is dynamically equivalent to

IIB superstring theory
with string length /[, = +/a’ and coupling constant g
on AdSs x S° with radius of curvature L, and N units of Fs) flux on S°.

The two free parameters on the field-theory side, i.e. gym and N, are related to
the free parameters g, and L/+/a’ on the string theory side by

gvm =27g,  and 283N = L*/a.

For understanding this duality and its motivation in detail, let us first recall some
properties of the ingredients involved. We begin with the field theory side and intro-
duce conformal field theories and .#” = 4 supersymmetry.

6.2.2 Prerequisites for AdS/CFT

6.2.2.1 Conformal Symmetry

An essential aspect for the AAS/CFT correspondence is that the quantum field theory
involved is a conformal field theory (CFT). Such a theory consists of fields that
transform covariantly under conformal coordinate transformation. These leave angles
invariant (locally) and in flat d-dimensional spacetime are defined by the following
transformation law of the metric,

dx dx" = 27 (x)dx,dx" . (6.1)

Infinitesimally, with £2(x) = 1 — o (x) and x™* = x* + v#(x), this gives rise to the
conformal Killing equation

1
vy + 0y, =20 ()N, , ox) = 33 SV (6.2)

In d = 2 dimensions, this reduces to the Cauchy—Riemann equations, which are
solved by any holomorphic function. This implies thatin d = 2, conformal symmetry
is infinite dimensional and thus leads to an infinite number of conserved quantities.
In more than two dimensions however, conformal symmetry is finite dimensional
and the only solutions to the conformal Killing equation (6.2) are

V(X)) = at + ot ox” + Axt + bEx? =2 - x)xP; Wy = —wyu,0(x) =1 —2b-x. (6.3)
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In d > 2, the conformal Killing vector v, (x) is at most quadratic in x. It contains
translations (of zeroth order in x), rotations and scale transformations (both linear in
x) and special conformal transformations (quadratic in x). The scalar A, the vectors
a, and b, and the antisymmetric matrix w,,, contain a total of

1+2d+dd—-1)/2=(d+1)d+2)/2 (6.4)

free parameters. In Euclidean signature, the symmetry group generated by these
transformations is SO (d + 1, 1), while in Lorentzian signature, it is SO (d, 2). Let
us examine the algebra associated to the infinitesimal transformations (6.3) with
parameters (a”, w"”, X, b*) for the Lorentzian case. The generator for translations
is the momentum operator P,. The generator for Lorentz transformations is denoted
by L,.,. The generator for scale transformations is D and the generator for special
conformal transformations is K,. The conformal algebra consists of the Poincaré
algebra supplemented by the relations

[L;w, Kp] = i(nupKv - nupKu) , [D, P[l.] =iP,, (6.5)
[Da K},L] = _iK/,L9 [D»Luv] =Oa [KM’KV] =O’ (6'6)
[Kyu, Py] = —2i(nuwD — L) . (6.7)

For the representations we postulate

[D,¢(0)] = —iAgp(0) (6.8)

for any field ¢ (x). This implies
P() = ¢'(x) =27 (x) (6.9)

for x — x’ = Ax. A is the scaling dimension of the field ¢. For an infinitesimal
transformation this gives

Spp =[D,¢(x)] = —iAd(x) —ix" 0,9 (x), (6.10)

with similar relation for the other conformal transformations dp¢, §1.¢, 6k ¢.
For organising the representations, it is useful to define the quasiprimary fields
which satisfy
[Ku. ¢(0)] =0. 6.11)

This defines the fields of lowest scaling dimension in an irreducible representation of
the conformal algebra. All other fields in this multiplet, the conformal descendents
of ¢, are obtained by acting with P, on the quasiprimary fields.

The infinitesimal transformations ¢ give rise to the conformal Ward identities
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n

D (Br1(x1) .. 8¢ (xi) . pa(xa)) = 0. (6.12)

i=1

For scalar conformal fields this implies

i A=A =A,
(p1(x1)2(x2)) = :“‘"‘2) v g (6.13)

0 otherwise.

For fields with spin, the conformal transformation acts also on the spacetime indices
and reads

A .
8.0() =—L,00).  Li=v-o+ 0= %B[MV"]LW : (6.14)

for an operator & (x) of arbitrary spin. The Lorentz generator L, acts on the spin
indices. For these operators, the conformal correlation functions are more involved.
However, conformal symmetry still fixes them up to a small number of independent
contributions.

6.2.2.2 ./ = 4 Supersymmetry

The A = 4 SU(N) Super Yang—Mills theory has some very special properties which
are at the origin of it possessing a gravity dual. First of all, it was shown [18, 19] that
this theory is conformally invariant even when quantised; its beta function vanishes
to all orders in perturbation theory and also non-perturbative contributions are absent.
A further important property is that this theory has a global SU (4) symmetry, which
is isomorphic to SO (6). We will see that both the SO (4, 2) conformal symmetry as
well as SU (4) are also realized as isometries in the dual gravity theory.

Forthe .4~ = 4 theory, the global SU (4) symmetry is realized as an R symmetry of
the supersymmetry algebra. This algebra has four supersymmetry generators which
satisfy the anticommutation relations

Q4. Opp) =20" 4 P8y, a=1,2,34, (6.15)

with o# = (1, o) and o the three Pauli matrices. Equation (6.15) is invariant under
SU (4) rotations. This algebra may be combined with the conformal algebra into a su-
perconformal algebra. This requires the introduction of further fermionic generators,
the special superconformal generators S that satisfies

{89, 8,50 = 20" 5K ,8% ., a=1,2,34, (6.16)

with K, the generator of special conformal transformations. We note that the anti-
commutation relation for the generators S (6.16) is formally similar to the one for
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Table 6.1 Supermultiplet of .4 = 4 supersymmetry

Fields SU (4) rep.
Gauge field Ay 1
Complex fermions AL 4
Real scalars X! 6

the generators Q¢ given by (6.15), with the momentum operator P, replaced by the
special conformal transformations K. The operators P,, L,,, D, K, together with
the Qg, S form the superconformal algebra associated to the superconformal group
SU(2,2|4).

The elementary fields of .4~ = 4 Super Yang—Mills theory are organized in asingle
multiplet of SU(4), as shown in Table6.1. The SU (N) gauge field is a singlet of
SU (4). Moreover, the supermultiplet involves four complex Weyl fermions A, in the
fundamental representation 4 of SU (4) and six real scalars X' in the representation
6 of SU(4). Note that due to the supersymmetry, both the Weyl fermions and the
scalars are in the adjoint representation of the gauge group SU (V) since they are in

the same multiplet as the gauge field.
The action of .4~ = 4 Super Yang—Mills theory reads

4 6
1 . o
S= tr/d4x (_WF“”FW —i) 36 Dyrg — Y Dy D'
a=1

i=1

. - - . - 2 . .
+evm Y CPidalg’, 1+ gvm Y Ciand[¢’, A1+ gYTM DI ¢f]2) , (6.17)
ij

a,b,i a,b,i

with ggym the Yang-Mills coupling. The C#® are Clebsch-Gordan coefficients that
couple two 4 representations to one 6 representation of the algebra of SU (4)g. We
note that in addition to the kinetic terms, this action contains interactions between
three and four gauge fields via the non-abelian gauge-field commutators in F*”, as
well as Yukawa interaction terms between two fermions and a scalar, and a quartic
scalar interaction.

6.2.2.3 Large N Limit

The large N limit plays an essential role for the AdS/CFT correspondence. It cor-
responds to a saddle point approximation. As realized by ’t Hooft in 1974 [20], the
perturbative expansion of fields in the adjoint representation of the SU(N) gauge
group may be reorganized using a double-line notation.

A field ¢ in the adjoint representation may be written as

¢ =¢'T" & (¢); =" (TY, (6.18)
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Fig. 6.1 Double-line i - |
propagator

J < k

where the T4 are the N> — 1 generators of SU (N). These are matrices with indices
i, j. If ¢ is a scalar field in 3 + 1 dimensions, then its propagator in configuration
space is given by

¢

(@840 = 818 s (6.19)

where g is a typical coupling in the theory. The Kronecker deltas enter from the
SU (N) completeness relation

N2—1
. . 1 .
DTN =808 — 28t (6.20)

A=1

in which the second term is suppressed for N — oo. The double-line propagator for
(6.19) is shown in Fig.6.1.

For scalar fields, g in (6.19) may be the coupling of a cubic interaction term; a
quartic interaction term may then enter with coefficient g2. In Yang-Mills theory,
g will be the gauge coupling. It will turn out to be extremely useful to define the
't Hooft coupling

r=g’N. (6.21)

Let us now count how the contributions corresponding to Feynman diagrams scale
with N and with A. Note that in the normalization for the propagators chosen in
(6.19), the vertices scale as 1/ g2. Also, the sum over traces of indices contributes a
factor of N for every closed loop. Assembling all the ingredients, we find that the
Feynman diagrams scale as

f, N) ~ NVETFREZV — NXQEZV (6.22)

where V, E and F are the numbers of vertices, edges and faces of the surfaces created
by the Feynman diagrams, respectively. x is the Euler characteristic given by

x=V-—E+F=2-2G, (6.23)

with G the genus of the surface. We see that the leading order in N is given by G = 0,
i.e. by planar diagrams. We note that double-line Feynman diagrams are similar to
string-theory diagrams, with strings splitting and joining. This provides a hint that
large N quantum field theories are related to string theories. In the simple example
with scalar fields considered here, it is not possible to determine exactly which
string theory is given by the collection of large N field-theory Feynman diagrams.
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The AdS/CFT correspondence however provides a map between well-defined field
theories and string theories.

6.2.2.4 AdS Spaces

Anti-de Sitter (AdS) spaces play an important role in the AdS/CFT correspondence.
This has several reasons: First of all, the isometries of AdS space ind + 1 dimensions
form the group SO(d, 2), which corresponds to the conformal group of a CFT in d
dimensions. Moreover, AdS space has a constant negative curvature and a boundary
at which we may imagine this CFT to be defined.

The embedding of (d + 1)-dimensional AdS space into (d + 2)-dimensional flat
Minkowski spacetime is provided by the surface satisfying

X2+ X2+ 4+ Xa* — Xo* — Xgp1® = —L?, (6.24)

where X, X1, ... X 41 arethe coordinates of (d + 2)-dimensional Minkowski space.
L is referred to as the AdS radius. We note that in Lorentzian signature, the symmetry
of the isometries of AdS, is thus SO(d, 2), which coincides with the symmetry
of a CFTy, i.e. a conformal field theory in d dimensions with Lorentzian signature.
In Euclidean signature, the sign in front of X? becomes a plus and the symmetry is
SOd+1,1).

The boundary of AdS;; is located at the limit of all coordinates X, becoming
asymptotically large. For large X, the hyperboloid given by (6.24) approaches the
light-cone in R%2, given by

d
— X+ Z X2 — X4’ =0. (6.25)

i=1

The boundary corresponds to the set of all lines on the light cone given by (6.25)
which originate from the origin of R?2, i.e. 0 € R%2. This space corresponds to a
conformal compactification of Minkowski space.

A set of coordinates that solves (6.24) is

XO
Xd-H

L coshp cost,
L coshp sint, (6.26)
X' = L& sinhp, fori=1,...,d,

where §2; with i =1, ...,d are angular coordinates satisfying >, .le = 1.The
remaining coordinates take the ranges p € Ry and t € [0, 27[. The coordinates
(p, T, £2;) are referred to as global coordinates of AdS,, . It is convenient to in-
troduce a new coordinate 6 by tan# = sinh p. Then the metric associated to the
parametrization (6.26) becomes that of the Einstein static universe R x S¢,
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L2
ds? = pven (= dr? + do* + sin*0d2]_,). (6.27)

Since 0 <6 < %, this metric covers half of R x S¢.
It is often useful to consider a metric in local coordinates on AdS;.;. This is

obtained from the parametrization, with x = (x!, ..., x?1),

L’ r 22 2

X0:5<1+F(X —1°+L )) ,

X,-:% for i €{1,....d -1},
L’ r? 2 2 2

Xd=5<1~|—§(x -1 —L)) s
rt

Xin =" (6.28)

This covers only one half of the AdS spacetime since » > 0. The corresponding
metric is referred to as Poincaré metric and reads

L2 }’2
ds? = r—zdrz + ﬁn,wdx“dx”“ . (6.29)
The boundary is located at ¥ — oo. The embedding of the Poincaré patch into global
AdS is shown in Fig.6.2.
Note that the Ricci scalar and cosmological constant for Anti-de Sitter space are
both negative,
dd+1) A= dd—-1)

== (6.30)

— ’

L2

A further choice of coordinates is obtained by introducing the coordinate z = L?/r,
for which the Poincaré metric (6.29) becomes

L2
ds® = = (dz? + nuvdxtdx’) . (6.31)

In this case, the boundary is located at z — 0. Note that in this limit, there is a
coordinate singularity but the space remains regular since the curvature remains
finite.

6.2.3 String Theory Origin of the AdS/CFT Correspondence

In full generality, the Maldacena conjecture [2] states that .4#* =4 SU(N) Super
Yang—Mills theory is dual to type IIB string theory on AdSs x S for all values of
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Fig. 6.2 Within AdS,, the _
poincaré coordinates cover T — 2?(
the triangular region shown.

The dashed lines correspond

to fixed constant values of r.

The boundary is at r = co. 6

and t are as defined in (6.27)

S
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|
SIE
S
|

N and . While this is a very beautiful idea, performing actual explicit calculations
for testing this proposal requires to consider particular low-energy limits which we
will discuss in detail. This is due to the fact that quantum string theory on curved
backgrounds has not yet been formulated. This is also a reason why it is hard to
provide an actual proof for the AdS/CFT proposal.

6.2.3.1 Motivating AdS/CFT from String Theory

As a particular limit, we consider weakly coupled string theory with string coupling
gs < 1, keeping L/+/a’ fixed. The leading order is the classical string theory with
gs = 0, which means to only tree-level string diagrams are taken into account. On
the CFT side, since g5, = 27 g, this implies g%, u =A/N — 0. This in turn im-
plies that N — oo since A = L*/(2a'?) remains finite. We are thus considering the
"t Hooft limit. The duality conjectured in this limit, where X is fixed but may be small,
and the dual field theory contains classical strings, is often referred to as the strong
form of the AdS/CFT correspondence. There is also the weak form of AdS/CFT in
which additionally, A is taken to be very large such that the CFT involved becomes
strongly coupled. In this case, the strongly coupled CFT is mapped to a classical
gravity theory of pointlike particles, since &’ = €2 (with £ the string length) becomes
asymptotically small. The gravity theory involved is type IIB supergravity in the
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Table 6.2 Different forms of the AdS/CFT correspondence

A =4 SYM theory IIB theory on AdSs x §3
Strongest form any N and A Quantum string theory,
8 #0,a' #0
Strong form N — o0, X fixed but arbitrary | Classical string theory,
g —> 0,0 #0
Weak form N — oo, A large Classical supergravity,
g —> 0,0 >0

Table 6.3 Embedding of N coincident D3-branes in flat ten-dimensional spacetime
0 1 2 3 4 5 6 7 8 9
ND3 |e ) . ° - - - - - -

example considered. Type IIB supergravity admits D3-brane solutions. The possible
limits of the AdS/CFT correspondence are collected together in Table 6.2.

Let us now consider D3-branes to motivate the weak form of the AdS/CFT corre-
spondence. These branes may be viewed from two different perspectives: The open
and the closed string perspective. It is crucial for the correspondence that in the low-
energy limit where only massless degrees of freedom contribute, open strings give
rise to gauge theories while closed strings give rise to gravity theories.

Open string perspective. We begin with the open string perspective on D3-
branes. For g;N « 1, D-branes may be visualised as higher-dimensional charged
objectd on which open strings may end. The ‘D’ stands for Dirichlet boundary condi-
tion. Consider a stack of N D3-branes embedded in 9 + 1 flat spacetime dimensions.
(Recall that in 9 + 1 dimensions, superstring theory is anomaly free and thus consis-
tent.) Neumann and Dirichlet boundary conditions are imposed on the string modes
according to Table 6.3.

For N coincident D3-branes, the open strings are described by a Dirac-Born-Infeld
(DBI) action with gauge group U (N), with integration over the 3 + 1-dimensional
worldvolume of the branes. In flat ten-dimensional space, the DBI action is given by

Sper = — Tstr /d4xe*“’\/—det(P[g] +2na’F)

+ fermionic partners, (6.32)

where T3 = 2/((27)3a’?g,) is the brane tension, ¢ is the dilaton, and P[g] is the
pullback of the metric to the worldvolume of the branes. F is the field strength
tensor of the gauge field associated to the brane charge. We now consider low-
energy excitations with E <« a'~!'/2, such that only massless excitations are taken
into account. In this limit, the DBI action reduces to
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Sper = —

6 6
1 . . .
4 v i i i 2
e, tr /d x EF,“,F“ +,~§:1 d"¢'0,¢" — mgs E (9", ¢’]

i,j=1

+ fermions + O(a'), (6.33)

where the six scalars ¢’ = ¢/4T* in the adjoint representation of U (N) arise from
the pull-back of the metric to the world-volume of the N D3-branes. They are given
by X'*3 = 2ma’¢p’ with the X’ + 3 the coordinates in the directions perpendicular
to the brane.

The total action for the D3-branes is

Sp3 = Spei + Sclosed + Sint » (6.34)

where Sgoseq describes the closed string excitations in the ten-dimensional space
and Sj, the interaction between open and closed string modes. In the low-energy
limit o’ — 0, the open strings decouple from any closed string excitations in the
9 + 1-dimensional space: In (6.34), Sciosed becomes a free theory of massless metric
fluctuations, and Si,; goes to zero. In this limit we are thus left with the low-energy
modes in the DBI action as given by (6.33), plus free massless gravity excitations
about flat space. The low-energy modes described by the DBI action coincide with
the field-theory action of .4~ = 4 Super Yang—Mills theory as given by (6.17),

o}'iino SpBI = Sy =4SYM » (6.35)

subject to identifying 2w g, = g%, v+ We thus recover the action of .4 =4 Super
Yang—Mills theory in this limit. By modding out the center of the gauge group,
we may reduce the U (N) gauge symmetry to SU(N). Note that the limit taken is
o’ — 0 while keeping u = r/a’ fixed, with r any length scale. This is referred to as
the Maldacena limit.

Closed string perspective. We now turn to the closed string perspective on
D-branes. In the limit ggN >> 1, the N D3-branes may be viewed as massive ex-
tended charged objects sourcing the fields of type IIB supergravity. Closed strings
will propagate in this background. The supergravity solution of N D3-branes pre-
serving SO (3, 1) x SO(6) symmetry in 9 4 1 dimensions is given by

ds? = H(r)""n,,dxtdx’ + H(r)'/?8;;dy'dy’ (6.36)
V=g, Cay=1-Hr Ndx"Adx' Adx®rndx’+...,

with uv € {0,1,2,3} and i, j € {1,2,...,6}. Here, > = y7 + y3 + --- + yZ and
the terms denoted by the dots ... in the expression for the four-form C 4, ensure
self-duality of F(5y = dC4), i.e. the five-form given by the exterior derivative of C(4).
Inserting the ansatz (6.36) into the Einstein equations of motion in 9 + 1 dimensions,
we find that H (r) must be harmonic, i.e.
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AH(r)=0, forr #0, (6.37)

with A the Laplace operator in six Euclidean dimensions. The Laplace equation is
solved by

NG
Hr)y=1+ <7> . (6.38)

We will determine L below.

Similarly to the open string case considered before, we now investigate low-
energy limits within the closed string perspective. First we note that asymptotically
forr — oo, wehave H(r) — 1,i.e. asymptotically for large r we recover flat 9 + 1-
dimensional space. On the other hand, there is the near-horizon limit in whichr <« L.
Then, H(r) ~ L*/r* and the D3-brane metric becomes

a5 = o ey + Ly avidyl
—Lzml_v 2 ijday ay’,
L2
== (nwdxdx’ 4 dz?) + L?d$2; , (6.39)

where in the second line we define the new radial coordinate z = L?/r and introduced
polar coordinates on the space spanned by the six y' coordinates, dy’dy’ = dr? =
r2ds$22 with d$22 the angular element on S°. We see that in the near-horizon limit,
the D3-brane metric becomes AdSs x S°!

L, i.e. the radius of both the AdSs and the S°, may be determined from string
theory. For this we note that the flux of F(s) through the S3 has to be quantized. The
sphere S° surrounds the six Euclidean dimensions perpendicular to the D3-branes at
infinity. The charge Q of the D3-branes is determined by

1
=—— [ *Fgs. 6.40
Q 167TG10 / ) ( )

S5

The charge has to coincide with the number of D-branes, i.e. Q = N. This implies
the important relation
L* = 4ng,No'?, (6.41)

since 167 G1g = 2«7, = (2m) g2

For stating the correspondence, we note that asymptotically, we observe two kinds
of closed strings: Those in flat space at r — 00, and those in the near-horizon region.
Both kinds decouple in the low-energy limit. For an observer at infinity, the energy
of fluctuations in the near-horizon region is redshifted,

Eo ~ %E 0. (6.42)
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Recall that Vo’ is fixed, but r < L. This implies that for an observer at infinity, the
energy of fluctuations in the near-horizon region is very small. We thus have two
types of massless excitations: Massless modes in flat space at r — oo and the modes
in the near-horizon region, which appear as massless too.

Combining open and closed string perspectives. The AdS/CFT correspondence
is now motivated by identifying the massless modes in the open and closed string
perspectives. First we note that as discussed above, both in the open and closed
string pictures there are massless modes corresponding to free gravity in flat 9 + 1-
dimensional space. Moreover, in the open string picture further massless modes are
given by the Lagrangian of 3 4+ 1-dimensional .4#” =4 SU(N) Super Yang—Mills
theory. On the other hand, in the closed string picture we have gravity in the near-
horizon region, which is given by IIB supergravity on AdSs x S°. Identifying these
second types of massless modes in the open and closed string pictures gives rise to
the AdS/CFT conjecture.

As a final remark in this section, we note that in the near-horizon limit of the
closed string picture, it is not possible to locate the D3-branes. In particular, it is not
correct to state that they sit at » = 0. Rather, the D3-brane is a solitonic solution to
10d supergravity which extends over all values of » and which gives rise to AdSs x
S5 in the near-horizon limit.

6.2.3.2 Field-Operator Map

The argument given in Sect. 6.2.3 motivates the conjectured duality between a quan-
tum field theory and a gravity theory. The map between these two theories may be
refined to a one-to-one map between individual operators, i.e. between gauge in-
variant operators in .4 = 4 SU(N) Super Yang—Mills theory and classical gravity
fields in AdSs x S°. Each pair is given by identifying entries transforming in the
same representation of the superconformal group SU (2, 2|4). The most prominent
example are the 1/2 BPS or chiral primary operators in the [0, A, 0] representation of
the algebra of SU (4). Here, the three entries are the Dynkin labels, with A the con-
formal dimension of the corresponding operator.' The corresponding gauge invariant
field theory operators are

Ox(x) = Str (X" (X2 (x) ... X)) =C7, w (XD @)X @) ... X)),
(6.43)
with the elementary real scalar fields X’ as in (6.17). Str denotes the symmetrized
trace over the indices (a, b) of the SU(N) representation matrices TAZ. The sym-
metrization involves the totally symmetric SU(4) rank A tensor representation
Cfml.A. An important property of the 1/2 BPS operators is that their two- and three-

point functions in .4/~ = 4 Super Yang—Mills theory are not renormalized and thus
independent of the 't Hooft coupling A. The perturbative small A results for these

1A review of the group theory concepts mentioned here may for instance be found in Appendix B
of [13].
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two- and three-point functions may then directly be compared to their counterparts
calculated from the gravity side, which apply to large .. However, since these cor-
relation functions are independent of A, an exact matching of the field theory and
gravity results is expected and was indeed obtained in explicit computations [21,
22]. This provides a non-trivial test of the AdS/CFT proposal.

To obtain the corresponding fields on the supergravity side of the correspondence,
a Kaluza—Klein reduction is performed on S, i.e. the fields in ten dimensions are
expanded in spherical harmonics on S°,

$(x,2,25) =)' (x, )Y (R25),

=0

1
Ogs Y (825) = —El(l +4)Y'(825). (6.44)

This calculation was already performed in 1985 in [23]. From the Kaluza—Klein
modes of the supergravity metric and five-form, we may construct five-dimensional
scalars s’ (x, z) that are in the same representation [0, A, 0] as the field-theory oper-
ators 02 if I = A. These scalars satisfy

1
Daasss' (z, x) = —ﬁl(l —d)s'(x,2). (6.45)

Asymptotically, near the AdS boundary at z — 0, the solutions to this equation
satisfy
s'(z, x) ~ s(lo)z4_A + (0)z* + subleading terms. (6.46)

According to [24], the leading term s(’O) may be identified with a source for the 1/2
BPS operator &', while the subleading term involves the vacuum expectation value
of this operator.

For writing the AdS/CFT conjecture in terms of an equation, we add sources for
any gauge invariant composite operators to the CFT action,

§=5- / d*x ) (x) O (x). (6.47)

Wick rotating to Euclidean time, the generating functional for these operators then
reads

Zlp@)] = e 1?0l = <exp ( / d“x¢) (x)ﬁ(x)>> ) (6.48)

CFT

The AdS/CFT conjecture may then be stated as

Wigo] = Ssuaral ]| (6.49)

!i_%w (x.2)287)=¢(0) (x) .
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Fig. 6.3 Witten diagram for
a three-point function

The boundary values of the supergravity fields are identified with the sources of
the dual field theory. Within AdS/CFT, the operator sources of the CFT become
dynamical classical fields propagating into the AdS space in one dimension higher.
Note also that AdS/CFT has elements of a saddle point approximation since the CFT
functional is given by a classical action on the gravity side. This is expected in the
large N limit which also amounts to a saddle point approximation.

From the proposal (6.49) we may calculate connected Green’s functions in the
CFT by taking functional derivatives with respect to the sources on both sides of this
equation. On the field theory side we have

"W
8y (x1) - . . 8bfhy (xn) 16 =0

(ﬁl(xl)n'ﬁn(xn» = (6.50)

Using (6.49) we may thus calculate CFT correlation functions from the propagation
of the source fields through AdS space. Since the gravity action is classical, only tree
diagrams contribute. The classical propagators on the gravity side are given by the
Green’s functions of the operator [ags,, while the vertices are obtained from higher
order terms in the Kaluza—Klein reduction of the ten-dimensional gravity fields on
S3. The corresponding Feynman diagrams are referred to as Witten diagrams [25].
These are usually drawn as a circle depicting the boundary of AdS space, with the
interior of the circle corresponding to the AdS bulk space. An example for a Witten
diagram leading to a three-point function is shown in Fig.6.3. Here, each of the
three lines in the bulk of AdS corresponds to bulk-to-boundary propagator, i.e. to the
appropriate Green’s function of [aqs, with one endpoint at the boundary. For scalar
operators, the bulk-to-boundary propagator is given by

o r'4) 20 4
KA(z0,2;X) = AT (4= 1) (z§+(z—x)2) (6.51)

in Euclidean AdS space with five-dimensional coordinates z = (z¢, z) with z( the
radial coordinate and z the four coordinates parallel to the boundary. For the second
coordinate, xo = 0 since x is located at the boundary. The index A corresponds to
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the dimension of the dual scalar operator. Moreover, the vertex in the Witten diagram
corresponds to a cubic coupling obtained from the Kaluza—Klein reduction of the
type IIB supergravity action on S°. For four-point functions or even higher correlation
functions, there are contributions involving bulk-to-bulk propagators that link two
vertices in the bulk of AdS space. The calculation of two- and three point functions
of 1/2 BPS operators in .4~ = 4 Super Yang—Mills theory and in IIB supergravity on
AdSs x S° provides an impressive test of the AdS/CFT conjecture: The results for
the three-point function in field theory and gravity coincide, subject to an appropriate
normalization using the expressions for the two-point function [21, 22].

6.2.4 Finite Temperature

Let us now consider how the AdS/CFT correspondence may be generalized to quan-
tum field theory at finite temperature. In fact, there is a natural way to proceed, which
is based on the following. In thermal equilibrium, quantum field theories may be de-
scribed in the imaginary time formalism. This means that the ensemble average of
an operator at temperature 7 is given by

(0)s =tr(@ﬁ) . Z=trexp(—BH). (6.52)

where B = 1/(kpT) and we set kg = 1. H is the Hamiltonian of the theory consid-
ered. Formally, B corresponds to an imaginary time, ¢ = i7. An important point is
that the analyticity properties of thermal Green’s functions require 7 € [0, 8]. This
implies that the imaginary time t is compactified on a circle.

Let us consider the gravity dual thermodynamics of .4 = 4 Super Yang-Mills
theory on IR?. We note that the compactification of the time direction breaks su-
persymmetry, since antiperiodic boundary conditions have to be imposed on the
fermions present in the field theory Lagrangian.

The essential point for constructing the gravity dual is that on the gravity side,
the field theory described above is identified with the thermodynamics of black D3-
branes in Anti-de Sitter space. The solitonic solution for these branes is given by the
metric

r2

ds> =H(r)"'? (= f(r)de* + dx*) + H(r)'? (% - r2d952) . (653)

4 L4
f(r):l—(rTH) . HO) =1+ (6.54)

The blackening factor f(r) vanishes at the Schwarzschild horizon r;, of the black
brane. The difference between a black brane and a black hole is that the black brane
is infinitely extended in the spatial x directions, which span IR>. Setting z = L?/r,
Wick rotating to imaginary time and taking the near-horizon limit as before, this
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gives

dsz—L—2 (1 4>dr +dx% +
Tz Zy

~d7? | 4 L2, (6.55)
B E
with z i the Schwarzschild radius. As for ablack hole, we note that g, — 0, g,, — 00

for z — zg. Let us now introduce a further variable

2
Z=2zu (1 — %) . (6.56)

Here, p is a measure for the distance from the horizon at z g, outside the black hole.
We expand about the horizon. To lowest order in p, the (7, z) contribution to the
Euclidean metric becomes

4 2
ds? ~ 22 de? 4+ dp?. (6.57)
H

With ¢ = 2t/zy, this becomes ds?> = dp? + p>d¢?. For regularity at p = 0, we have
to impose that ¢ is periodic with period 2, such that we have a plane rather than
a conical singularity. This implies that 7 becomes periodic with period At = 7zy.
From the field-theory side we know that At = 8 = 1/T, which implies

1
= —. 6.58
= (6.58)

Thus the field-theory temperature is identified with the Hawking temperature of the
black brane!

We may now compute the field-theory thermal entropy from the Bekenstein-
Hawking entropy of the black brane [26]. In general, the Bekenstein-Hawking en-
tropy is given by the famous result

) (6.59)

where A;_ is the area of the black brane horizon and G, is the Newton constant.
For a black D3-brane, the horizon area is given by

L
Az = /d X /83 SVoI(S$%), g = 81182833 = —
I=IH

7O L3T3Vol(R?) , (6.60)

where we used the useful formulae Vol(S°) = 731,
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G]() J'[L3
= =—, 6.61
Vol(S5) ~ 2N2 ©.6)

Gs
2k10 = 161G g = (2”)7“/4&2 and L* = 4w g, Na'?>. Combining all results, we find

n? 273 3
SpH = TN T°Vol(R7) . (6.62)

This result, valid at strong coupling, differs just by its prefactor from the free field
theory result

27° 273 3
Stree = TN T°Vol(R”) . (6.63)

We note that the result at strong coupling is small by a factor of 3/4.

6.3 Kondo Model Within Field Theory and Condensed
Matter Physics

We now turn to the discussion of models for magnetic impurities. We begin by
considering the original model of Kondo [6], which describes the interaction of a
free electron gas with a SU (2) spin impurity. The electrons are also in the spin 1/2
representation of a second SU (2). Using field-theory language, the corresponding
Hamiltonian may be written as

H="Eiytoy + Lags@x)-S. 6.64)
2 2

Here, vy is the Fermi velocity, and S is the magnetic impurity satisfying
[5¢,8"] = ig“se, (6.65)

which takes values in the internal SU (2) spin space. The spin impurity interacts with
the electron current
J4=yloty, (6.66)

with ¢ the Pauli matrices. The Hamiltonian consists of a kinetic term for the electrons
and an interaction localized at the site of the impurity. Hence the interaction term
involves a delta distribution.

The Kondo model is simplified in the s-wave approximation, where the prob-
lem becomes spherically symmetric. We thus introduce polar coordinates (r, 6, ¢).
The dependence on the two angles becomes trivial and we are left with a 1 4 1-
dimensional theory in the space spanned by (r, t). The radial coordinate r runs from
zero to infinity. The impurity sits at the origin and provides a boundary condition.
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r=10

Fig. 6.4 Analytic continuation to negative values of r. The right-movers become left-movers trav-
elling at negative values of r

sesssssssWessssssasssssssss¥osannnnns

Fig. 6.5 One-loop Feynman graph contributing to the renormalization of the Kondo coupling, with
an electron (solid line) scattering off the impurity (dashed line)

The electrons separate into left- and right movers. It is now convenient to analytically
continue r to negative values. Then, the previous right-movers become left-movers
travelling at negative values of r, i.e. Yg(r) — ¥ (—r), as shown in Fig.6.4.

The Hamiltonian (6.64) was proposed and solved perturbatively by Jun Kondo
[6]. To first order in perturbation theory, the quantum correction to the resistivity is

D 2
p(T) = po [AK + VA% ln7+--~} , (6.67)

where v is the density of states and D a UV cut-off, for instance the bandwidth.
The corresponding Feynman graph is shown in Fig. 6.5. This correction explains the
experimental result for a logarithmic rise at low temperatures. From a theoretical
perspective, we note that perturbation theory breaks down at a temperature scale

1
TK =D eXp <_F> s (668)
K

which defines the Kondo temperature Ty . At this scale, the first order perturbative
correction is of the same order as the zeroth order term, which implies that pertur-
bation theory breaks down.

For the coupling itself, the first order perturbative correction gives the beta function

drg 2
ﬂ()‘-K)one—loop =T——=—vAg. (6.69)
dr
So the beta function is negative. This is analogous to the gauge beta function in QCD,
which is also negative—a property associated with asymptotic freedom in the UV.
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By analogy, we see that the Kondo temperature Tk plays a similar role as the scale
Aqcp in QCD, at which perturbation theory breaks down.
A resummation of (6.69) leads to the effective coupling

Ak
1 —vigIn(D/T) "

Ae(T) = (6.70)

Aetf (T) diverges at T ~ Tx = D exp(—1/(vAk)). In the IR for T — 0, the theory
has a strongly coupled fixed point where the effective coupling vanishes. In fact, the
impurity is screened: The impurity spin forms a singlet with the electron spin,

L
V2

This is reminiscent of the formation of meson bound states in QCD.

The theories at the UV and IR fixed points of the flow are described by boundary
conformal field theories (bCFT). Using the analytic continuation described above, In
the UV, the theory is free, and we may impose the boundary condition ¥;, (0) = ¥ (0)
for the left- and right moving electrons introduced above. In the IR however, due to
the screening it costs energy to add a further electron to the singlet at » = 0. The
probability for an electron to be at 7 = 0 in the ground state is zero. This observation is
encoded in the antisymmetric boundary condition ¥ (0) = —, (0). Within bCFT,
the Kondo model was analyzed extensively by Affleck and Ludwig [27], making
non-trivial use of the appropriate representations of the conformal and the spin Kac—
Moody algebra.

Both the UV and the non-trivial IR fixed point of the Kondo RG flow may be
described using CFT techniques. Essentially, the interaction may be translated into
a boundary condition at r = 0. Let us sketch this approach, considering a general
SU(N) spin group instead of the SU(2) considered above, as well as k species
(also called channels or flavours) of electrons. In the UV, the boundary condition
relating the left- and right movers is just ¥z (0) = ¥x(0). In the IR, a bound state
involving the impurity spin forms, which is a singlet when N = k = 2. This implies
that it costs energy to add another electron at r = 0, and the probability of finding
another electron there is zero. This is described by an antisymmetric wave function
as provided by the boundary condition v, (0) = —1x(0).

It may be shown [7] that by introducing the currents

W) =—7 M) =141 . (6.71)

Jcharge = WTMW‘” i ‘]S(;Jin = wTaiTo?ﬂwﬂi o ‘]Léannel = wTairiAjwaj i
(6.72)
where the colon denotes normal ordering, 7.# are SU(N) generators and t/*/ are
SU (k) generators, the Kondo Hamiltonian may be written as
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1 Lo 1
27-[(1\/ + k) JSP"1 JSPm + 2T (k + N) channel Jc?mnnel + = 47 (Jcharge)
+ Ak 8(r)S I - (6.73)
In the IR, by writing
jspm = Jsapm + )‘KS(V)SH s (674)

the interaction term may be absorbed into a new current 7, . Written in terms of
this new current, the Hamiltonian again reduces to the Hamiltonian of the free theory
without interaction. The interaction is thus absorbed and replaced by the non-trivial
boundary condition discussed above.

At the conformal fixed points, the spin, channel and charge currents may be
expanded in a Laurent series,

@)= "L (6.75)

nez

The mode expansions then satisfy Kac—-Moody algebras,

[Je, I8 = ifebege, + %kaabsmﬂ,g, (6.76)
as shown here for the spin current with SU (N), symmetry, where k denotes the level
of the Kac—Moody algebra. Similarly, for the channels we have a SU (k) y symmetry.
The total symmetry of the model is SU(N); x SU (k)y x U(1). The representations
of the two Kac—Moody algebras are fused in a tensor product. The two different
boundary conditions in the UV and in the IR lead to different representations and
thus operator spectra for the total theory.

In the simplest example when the spin is s = 1/2 and there is only one species of
electrons, k = 1, then in the IR a singlet forms. More generally, a singlet is present
when 2s = k, which is referred to as critical screening. When k < 2s, however, the
impurity has insufficient channels to screen the impurity completely, and there is a
residual spin of size |s — k/2|. This is referred to as underscreening. On the other
hand, when k > 2s there are too many electron species for a critical screening of the
spin, which leads to non-Fermi liquid behaviour, a situation called overscreening.

6.4 Large N Kondo Model

As was found by condensed matter physicists in the eighties [28, 29], the Kondo
model simplifies considerably when the rank N of the spin group is taken to infinity.
In this limit, the interaction term J - S reduces to a product ¢¢&" involving as scalar
operator ¢, and the screening corresponds to the condensation of &'. For comparison
to gauge/gravity duality, it will be useful to consider this large N solution in which
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the Kondo screening appears as a condensation process in O + 1 dimensions. In the
large N limit, a phase transition is possible in such low dimensions since long-range
fluctuations are suppressed. Moreover, there is an alternative large N solution of the
Kondo model using the Bethe ansatz [8, 9].

The large N limit of the Kondo model involves N — oo, A — 0 with AN fixed.
The vector large N limit of the Kondo model provides information about the spec-
trum, thermodynamics and transport properties everywhere along the RG flow, even
away from the fixed points. 1/N corrections may be calculated.

We consider totally antisymmetric representations of SU(N) given by a Young
tableau consisting of one column with g boxes, g < N. We write the spin in terms
of Abrikosov pseudo-fermions x, which means that we consider

S=x"T%x;, a=12,...,N —1, (6.77)

with x in the fundamental representation of SU (N). A state in the impurity Hilbert
space is obtained by acting on the vacuum state with g of the x . This gives rise to
a totally antisymmetric tensor product with rank ¢g. Since (6.77) is invariant under
phase rotations of the x’s, there is an additional new U (1) symmetry. This implies
that we need to impose a constraint since considering the x’s instead of S should
not introduce any new degrees of freedom. We impose

x'x=4q, (6.78)

i.e. the charge density of the Abrikosov fermions is given by the size of the totally
antisymmetric representation. Together with the fermions ¢ of the Kondo model,
we have a SU (N) singlet operator

_ 1
o =y'y, As= 3 (6.79)

Now in the large N limit, the Kondo interaction J - S simplifies considerably as
follows. We make use of the Fierz identity (6.20). For the Kondo interaction this
implies

1
A()JS" =28 T T0) = 32500 (66" = L) . (6.80)

where for sufficiently small ¢ we may neglect the last term in the limit N — oo.

In the large N limit, the Kondo coupling is thus the coupling of a ‘double-trace’
deformation &0, with two separately gauge invariant operators ¢ and ¢*. This
is similar to double-trace operators where two separately gauge-invariant operators
are multiplied to each other. For operators involving fields in the adjoint represen-
tation, traces have to be taken to generate gauge-invariant operators. Here however,
0 is gauge invariant without trace, since both i and x are in the fundamental of
SU(N). The operator 0" is of engineering dimension one. As defect operator, it is
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marginally relevant, i.e. it is marginal at the classical level, but quantum corrections
make it relevant.

In the large N limit, the solution of the field-theory saddle point equations re-
veals a second order mean-field phase transition in which & condenses: There is a
critical temperature 7, above which (') = 0 and below which (&) # 0. The critical
temperature T is slightly smaller than the Kondo temperature Tx and may be calcu-
lated analytically. The condensate spontaneously breaks the U (1) symmetry of the
x fermions. 1/N corrections smoothen this transition to a cross-over.

At large N, the Kondo model thus has similarity with superconductivity that is
triggered by a marginally relevant operator. This observation provides a guiding
principle for constructing a gauge/gravity dual of the large N Kondo model.

6.5 Gravity Dual of the Kondo Model

The motivation of establishing a gravity dual of the Kondo model is twofold: On
the one hand, this provides a new application of gauge/gravity duality of relevance
to condensed matter physics. On the other hand, this provides a gravity dual of
a well-understood field theory model with an RG flow, which may provide new
insights into the working mechanisms of the duality. It is important to note that our
holographic Kondo model will have some features that are distinctly different from
the well-known field theory Kondo model described above. Most importantly, the
1 + 1-dimensional electron gas will be strongly coupled even before considering
interactions with the impurity. This has some resemblance with a Luttinger liquid
coupled to a spin impurity. Moreover, the SU (N) spin symmetry will be gauged.
The holographic Kondo model has provided insight into the entanglement entropy
of this system. Moreover, quenches of the Kondo coupling in the holographic model
provide a new geometric realization of the formation of the Kondo screening cloud.
It is conceivable that further work will also lead to new insight into the Kondo lattice
that involves a lattice of magnetic impurities. The Kondo lattice is a major unsolved
problem within condensed matter physics. Preliminary results in this direction that
were obtained using holography may be found in [30]. Further holographic studies
of holographic Kondo models include [31].

6.5.1 Brane Construction for a Holographic Kondo Model

Here we aim at constructing a holographic Kondo model realizing similar features to
the ones of the large N field theory Kondo model described in the previous section,
including a RG flow triggered by a double-trace operator [32]. For this purpose,
consider an appropriate configuration of D-branes which allows us to realize the
field theory operators needed.
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Table 6.4 Brane configuration for a holographic Kondo model

0 1 2 3 4 5 6 7 8 9
ND3 |X X X X
1D7 |X X X X X X X X
1D5 |X X X X X X

The field theory involves fermionic fields i in 1 4+ 1 dimensions in the funda-
mental representation of SU(N), as well as Abrikosov fermion fields x localized at
the 0 + 1-dimensional defect. These transform in the fundamental representation of
SU(N) as well. From these we will construct the required operators. For the brane
configuration we will use probe branes, which means that a small number of coinci-
dent branes are embedded into a D3-brane background, neglecting the backreaction
on the geometry. For a holographic Kondo model, a suitable choice of probe branes
consists of D7- and D5-branes embedded as shown in Table 6.4. Fields in the fun-
damental representation are obtained from strings stretching between the D3- , D5-
and D7-branes. The D7-brane probe extends in 1 + 1 dimensions of the worldvol-
ume of the D3-branes. As we discuss below, strings stretching between the D3- and
D7-branes give rise to chiral fermions, which we identify with the electrons of the
Kondo model. On the other hand, since the D5-brane only shares the time direction
with the D3-branes, the D3-D5 strings give rise to the 0 4+ 1 dimensional Abrikosov
fermions.

We note that in a in absence of the D5-branes, the D3/D7-brane system has eight
ND directions, such that half of the original supersymmetry is preserved. However,
the D5/D7-system has only two ND directions, such that supersymmetry is broken.
This leads to the presence of a tachyon potential and a condensation as required for
the large N Kondo model. The tachyon, a complex scalar field @, is identified as the
gravity dual of the operator & = 7 x.

As discussed in [33, 34], the D7-brane gives rise to an action

S; = %/dZXI/JZ(iB_ — Ay (6.81)

of chiral fermions which are coupled to the .4 = 4 supersymmetric gauge theory in
3 + 1 dimensions. A_ is arestriction of acomponent of the .#” = 4 Super Yang—Mills
gauge field to the subspace of the fermions. These fermions are in the fundamental
representation of the gauge group SU (N). For simplicity, from now on we drop the
label L for left-handed. The gauge field A_ is a component of the .4#” = 4 theory
gauge field on the 1 + 1-dimensional subspace spanned by the D7-brane. We identify
the 7 with the electrons of the Kondo model.

Similarly, for the Abrikosov fermions y we obtain from the D3/D5-brane system
the action

S5 = /dzx"‘(ia, — A, — Do)y . (6.82)
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Table 6.5 Field-operator map for the holographic Kondo model

Operator Gravity field
Electron current J# = {ry s
Charge density ¢ = x T x
Operator ¢ = Ty

Chern-Simons gauge field A in Ad S3
2d gauge field a in Ad S
2d complex scalar @ in AdS;

AR

Here, @y is the adjoint scalar of .#” = 4 Super Yang—Mills theory whose eigenvalues
represent the positions of the D3-branes in the x° direction. In (6.82), both A, and
@, are restricted to the subspace of the x fields. Note that unlike the original Kondo
model, the SU (N) spin symmetry is gauged in this approach. Also, the background
A = 4 theory is strongly coupled in the gravity dual approach and provides strong
interactions between the electrons.

Let us now turn to the gravity dual of this configuration. The N D3-branes provide
an AdSs x S° supergravity background as before. The probe D7-brane wraps an
AdS3 x S subspace of this geometry, while the probe D5-branes wraps AdS; x S*.
The Dirac-Born-Infeld action for the D5-brane contains a gauge field a,, on the AdS,
subspace spanned by (¢, r), with 7 the time coordinate and r the radial coordinate in
the AdS geometry. The a, component of this gauge field is dual to the charge density
of the Abrikosov fermions, ¢ = x T x. The D7-brane action contains a Chern—Simons
term for a gauge field A, on AdS;3. As noted before, the D5-D7 strings lead to a
complex scalar tachyon field.

We may thus establish the holographic dictionary for the operators of the field-
theory large N Kondo model. This is listed in Table 6.5. The electron currentin 1 + 1
dimensions is dual to the Chern—Simons field in 2 + 1 dimensions. The Abrikosov
fermion charge density ¢ in 0 + 1 dimensions is dual to the gauge field component
a; in 1 4 1 dimensions. Finally, the operator & = v "x in 0 + 1 dimensions is dual
to the complex scalar field @ in 1 4 1 dimensions.

The brane picture has allowed us to neatly establish the required holographic dic-
tionary. Unfortunately, it is extremely challenging to derive the full action describing
the brane construction given. In particular, the exact form of the tachyon potential is
not known.

For making progress towards describing a variant of the Kondo model holograph-
ically, we thus turn to a simplified model consisting of a Chern—Simons field in
AdS; coupled to a Yang—Mills gauge field and a complex scalar in AdS,. This sim-
plification still allows us to use the holographic dictionary established above. The
information we lose though is about the full field content of the strongly coupled
field theory. On the other hand, this simplifield model allows for explicit calculations
of observables such as two-point functions and the impurity entropy, as we discuss
below. It is instructive to compare the results of these calculations with features of
the field-theory large N Kondo model, as we shall see.

The simplified model we consider is
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N
/dzdxdt«/—g (R=24) — / ANdA
T

AdS;

S =
SJTGN
— Nfdxdu/—g (%tl‘fmnfmn + (D" ®) (D, ®) — V(d))) . (6.83)

Here, z is the radial AdS coordinate, x is the spatial coordinate along the boundary
and ¢ is time. The defect sits at x = 0. The first term is the standard Einstein—Hilbert
action with negative cosmological constant A. The second term is a Chern—Simons
term involving the gauge field A, dual to the electron current J#. We take A, to be
an Abelian gauge field, which implies that we consider only one flavour of electrons,
or—in condensed matter terms—only one channel. f,, is the field strength tensor
of the gauge field a,, with m € {z, z}, which we take to be Abelian too. Its time
component a, is dual to the charge density x*x, which at the boundary takes the
value Q = g/N with ¢ the dimension of the antisymmetric prepresentation of the
spin impurity. D,, is a covariant derivative given by D,, = 0,, + iA,,® — ia,, P . For
the complex scalar, we assume its potential to take the simple form

V(@ )= M*d"d . (6.84)

We write the complex field as @ = ¢ expi8 with ¢ = |®|. We choose M? in such a
way that @7 is a relevant operator in the UV limit. It becomes marginally relevant
when perturbing about the fixed point. Moreover, for the time being we consider the
matter fields as probes, such that they do not influence the background geometry. For
this background geometry we take the solution to the gravity equations of motion
which corresponds to the AdS BTZ black hole, i.e.

1 1
dsgy =7 (mdzz - h(Z)dfz) )
Z2
h(z) =1-—, (6.85)
Z

h

where we set the AdS radius to one, L = 1, and z,, is related to the temperature by

1
T = .
27z,

(6.86)

The non-trivial equations of motion for the matter fields are given by

3.A, = dw8(x)/gg" ap?,
d.(V—gg“g"d,a) = 2/—g8" a;¢*
9.(vV—8g“0.9) = V—gg"al¢ + V—gM*¢. (6.87)
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The three-dimensional gauge field A, is non-dynamical, but will be responsible for
a phase shift similar to the one observed in the field-theory Kondo model.

Above the critical temperature T, where & dual to the scalar field condenses,
we have ¢ = 0. Then, asymptotically near the boundary, we have a,(z) ~ % + u,
where p is a chemical potential for the spurious U (1) symmetry rotating the x’s.
The charge density is given by x"x = N Q, with Q = ¢/N.

For generating the Kondo RG flow, we need to turn on the marginally relevant
‘double-trace’ operator & ¢". We choose the mass M in the potential such that the
field ¢ (z) is at the Breitenlohner—Freedman stability bound [35]. The asymptotic
behaviour of ¢ (z) near the boundary is then

#(2) = az'?In(Az) — Bz + 0(Z** In(Az)) . (6.88)

Following [36, 37], the gravity dual of a double-trace perturbation is obtained by
imposing a linear relation between « and S,

a=«p. (6.89)
We choose « to correspond to a source for the operator &, while § is related to is

vacuum expectation value. The physical coupling ¢(z) should be a RG invariant,
i.e. invariant under changes of the cut-off A. This implies

K
K= WO(A()/A) . (6.90)
At finite temperature, we obtain the analogous result
K = m 6.91)
This expression for the coupling x diverges at the temperature
Tx = iAel/Ko , (6.92)

2

where T is the Kondo temperature. A similar behaviour is observed in the condensed
matter Kondo models. Moreover, this behaviour bears some similarity to QCD, where
the coupling becomes strong at a scale Aqcp, below which bound states provide the
natural description of the degrees of freedom. Of course, in the holographic Kondo
model there are two couplings, one between the electrons themselves and secondly
the Kondo coupling x7. While the first is strong along the entire flow, k7 diverges at
the Kondo temperature and then becomes small again at lower temperatures, where
the condensate forms.

For determining the physical properties of the model considered, we have to resort
to numerics to solve the equations of motion (6.87). We find a mean-field phase
transition as expected for a large-N theory, as shown in Fig.6.6. In the screened
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Fig. 6.6 Expectation value of the operator & = T x as function of the temperature. Below T,
a condensate forms. a Close to the transition temperature, displaying that the phase transition is
mean-field; b Log-log plot showing a larger temperature range. The VEV appears to approach a
constant at low temperatures, however further stabilisation by a quartic potential contribution is
expected to be required in the limit 7 — 0. Figures from [32]

phase, a condensate of the operator & = vy forms. We note that for very small
temperatures, the numerical solution of the equations of motion becomes extremely
time-consuming and thus our results are less accurate in this regime. We expect that
in the limit 7 — 0, to obtain a stable constant solution for (&) requires to add a
quartic term to the potential (6.84).

Our holographic model allows for a geometrical description of the screening
mechanism in the dual strongly-coupled field theory. For this we consider the electric
flux .# of the AdS, gauge field a,(z). At the boundary of the holographic space, this
flux encodes information about the impurity spin representation,

lim 7 = lim V=g f = /()]0 = Q. (6.93)
—> —>

with O = ¢g/N and g as in (6.78). When ¢ = 0, this flux is a constant and takes the
same value at the black hole horizon. However for T < T, the non-trivial profile ¢ (z)
draws electric charge away from g, (z), reducing the electric flux at the horizon. This
implies that the effective number of impurity degrees of freedom is reduced, which
corresponds to screening. This is shown in Fig. 6.7 which shows the flux .%,_, ., at
the horizon as a function of temperature. The numerical solution of the equations of
motion yields a decreasing flux when the temperature is decreased.

The temperature dependence of the resistivity may be obtained by an analysis
of the leading irrelevant operator at the IR fixed point, i.e. by perturbing about the
IR fixed point by this operator. This gives p(T) o« TV with y € R a real number.
A similar behaviour occurs also in Luttinger liquids [38]. The model thus does not
reproduce the logarithmic rise of the resistivity with decreasing temperature observed
in the original Kondo model. This behaviour is expected since the model is at large
N and the ambient electrons are strongly coupled.

Let us emphasize again the differences between the holographic Kondo model
considered here and the large N Kondo model of condensed matter physics: Here,
the electrons are strongly coupled among themselves even before coupling them to
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the spin defect. The system thus has two couplings: the electron-electron coupling
which is always large, and the Kondo coupling to the defect that triggers the RG flow.
Moreover, we point out that in our model, the SU (V) symmetry is gauged, while it
is a global symmetry in the condensed matter models.

To conclude, let us consider different applications of the holographic Kondo model
we introduced. These involve three aspects: the impurity entropy, quantum quenches
and correlation functions.

6.6 Applications of the Holographic Kondo Model

6.6.1 Entanglement Entropy

The concept of holographic entanglement entropy introduced by Ryu and Takayanagi
in 2006 has proved to be an important ingredient to the holographic dictionary [39],
opening up new relations between gauge/gravity duality and quantum information.
In general, the entanglement entropy is defined for two Hilbert spaces .7#4 and 3.
In the AdS/CFT correspondence, it is useful to consider A and B to be two disjunct
space regions in the CFT. Defining the reduced density matrix to be

pa =1rgp, (6.94)

where p is the density matrix of the entire space, the entanglement entropy is given
by its von Neumann entropy

S =—trppalnp,. (6.95)

The entanglement entropy bears resemblance with the black hole entropy since
it quantifies the lost information hidden in B. Ryu and Takayanagi proposed the
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Fig. 6.8 The impurity AdS A
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(6.96)

where G4 is the Newton constant of the dual gravity space and y, is the area of
the minimal bulk surface whose boundary coincides with the boundary of region A.
For a field theory in 1 4+ 1 dimensions, the region A may be taken to be a line of
length £, and the bulk minimal surface y4 becomes a bulk geodesic joining the two
endpoints of this line, as shown for the holographic Kondo model in Fig.6.8. We
note that for a 1 4+ 1-dimensional CFT at finite temperature, with the BTZ black hole
as gravity dual, it is found both in the CFT [40] and on the gravity side [39] that the
entanglement entropy for a line of length ¢ is given by

Spu(6) = §1n< sinh(27r£T)> , (6.97)

weT

with ¢ a cut-off parameter.

For the Kondo model, a useful quantity to consider is the impurity entropy which
is given by the difference of the entanglement entropies in presence and in absence
of the magnetic impurity,

Simp = Oimpurity present — Simpurity absent - (698)

In the previous sections, we considered the probe limit of the holographic Kondo
model, in which the fields on the AdS; defect do not backreact on the AdS; geometry.
However, including the backreaction is necessary in order to calculate the effect of
the defect on the Ryu-Takayanagi surface. A simple model that achieves this [41,
42] consists of cutting the 2 + 1-dimensional geometry in two halves at the defect at
x = 0 and joining these back together subject to the Israel junction condition [43]
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Fig. 6.9 Cutting and joining of two halves of the AdS BTZ geometry subject to the Israel junction
at the defect. Figure by Mario Flory
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Fig. 6.10 Geometry in a vicinity of the backreacting defect brane at positive brane tension. The
horizontal black line corresponds to the boundary of the deformed AdS space, as in Fig.6.9. The
volume is increased in a given region around the defect as compared to the case when the brane
tension vanishes. This will lead to a longer geodesic for a given entanglement interval and thus to
a non-zero positive impurity entropy. Figure by Mario Flory

Ko — vk = —%GT,W, (6.99)

This procedure is shown in Fig. 6.9. We refer to the joining hypersurface as ‘brane’.
In (6.99), y and K are the induced metric and extrinsic curvature at the joining
hypersurface extending in (¢, z) directions. T}, is the energy-momentum tensor for
the matter fields @ and @ at the defect, and «¢ is the gravitational constant with
K(z; =8nG N-

The matter fields @ and a lead to a non-zero tension on the brane, which varies with
the radial coordinate. The higher the tension on this brane, the longer the geodesic
joining the two endpoints of the entangling interval will be, as shown in Fig.6.10.
A numerical solution of the Israel junction condition reveals that the brane tension
decreases with decreasing temperature, which leads to a shorter geodesic. This in
turn leads to a decrease of the impurity entropy (6.98). This decreases is expected
and in agreement with the screening of the impurity degrees of freedom.

In the holographic Kondo model, the brane is actually curved since the brane
tension depends on the radial coordinate. For large entangling regions ¢, we may
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Fig. 6.11 Left: Quench of the ‘double-trace’ Kondo coupling from the unscreened to the screened
phase. Right: Reaction of the system to this quench: A condensate forms. There are no oscillations
about the new equilibrium configuration. Figure from [46]

approximate the impurity entropy to linear order by noting that the length decrease
of the Ryu—Takayanagi geodesic y, translates into a decrease of the entangling region
£ itself. To linear order, this implies that the entangling region is given by £ + D in the
UV and by £ in the IR, for D « £. Using (6.97) we may thus write for the difference
of the impurity between its UV and IR values

ASimp = Sga(£ + D) — Sgu(¥)

2r DT
~D-09,Sgu(t) = coth(2m£T) . (6.100)
It is a non-trivial result that subject to identifying the scale D with the Kondo cor-
relation length of condensed matter physics, D « &k, then the result agrees with
previous field-theory results for the Kondo impurity entropy [44, 45].

6.6.2 Quantum Quenches

A quantum quench corresponds to introducing a time dependence of the Kondo
coupling. On the gravity side, this implies that the equations of motion become
partial differential equations (PDEs), since both the dependence on the AdS radial
coordinate and on time are relevant. Quenches of the holographic ‘double trace’
Kondo coupling k7 were considered in [46]. Figure 6.11 shows a quench from the
unscreened to the screened phase. The system reacts to this quench of the coupling
by forming a condensate. There is a certain time lapse before this happens. It is also
noteworthy that the reaction is overdamped, i.e. there are no oscillations around the
new equilibrium value. This behaviour follows from the structure of the quasinormal
modes, i.e. the eigenmodes of the gravity system. The leading eigenmode is purely
imaginary in this system. This is in agreement with the behaviour of the correlation
functions discussed in the next section.
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6.6.3 Correlation Functions

AdS/CFT allows to calculate retarded Green’s functions by adapting the methods
presented in Sect. 6.2.3.2 to Lorentzian signature [47]. The required causal structure
is obtained by imposing infalling boundary conditions on the gravity field fluctuations
at the black hole horizon. Moreover, a careful regularization using the methods of
holographic regularization [48] is essential. This approach was used in [49, 50] to
calculate spectral functions for the Kondo operator & = y"x of (6.79). Spectral
functions are generally obtained from the retarded Green’s function by virtue of

(@) = —21Im Gg(w) . (6.101)

The spectral function measures the number of degrees of freedom present at a given
energy. The results for the holographic Kondo model obtained in [49, 50] are shown
in Fig.6.12.

Above the critical temperature, these spectral functions show a spectral asym-
metry related to a Fano resonance [51]. In the holographic case, this asymmetry is
characteristic of the interaction between the ambient strongly coupled CFT and the
localized impurity degrees of freedom. A similar spectral asymmetry also appears
in the condensed-matter large N Kondo model (which involves free electrons) at
vanishing temperature [52]. In the screened phase, the holographic spectral function
displayed in Fig.6.12 is antisymmetric, consistent with the relation

wp x —i[(O)? (6.102)

between the condensate and the leading pole wp in the retarded Green’s function. This
relation is also satisfied by the condensed matter large-N Kondo model involving
free electrons [53].

A similar spectral asymmetry also arises in the context of the Sachdev-Ye-Kitaev
(SYK) model that received a lot of attention recently [54, 55]. In fact, the original
variant of this model due to Sachdev and Ye [54] involves Weyl fermions, as opposed
to the Majorana fermions of the SYK model. This Sachdev-Ye may be obtained from
the Ising model by the same mechanism as discussed in (6.77) above, i.e. by writing
the Ising spin in terms of a bilinear of auxiliary fermions. In this case, the Ising model
is given by

1
Hy=——= ) JupSsB — §9= i1, (6.103)
>

where the A, B label the different sites of the Ising lattice, and the index a refers
to spin space as in (6.77). We see that inserting the fermion bilinear expression for
S“ into the Ising model will give rise to a four-fermion model. Indeed, as explained
in [54, 56], reducing (6.103) to a single-site model by averaging over disorder, and
taking the large N limit, gives rise to the Sachdev-Ye model
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Fig.6.12 Spectral function p (w) for the Kondo operator & at the defect, as function of the frequency
w. a Left: In the unscreened phase above 7. The spectral function corresponds to a Fano resonance
with a spectral asymmetry. b Right: In the screened phase below 7. The spectral function is
antisymmetric. The Green’s functions’ poles leading to the extrema in p(w) are determined by the
size of the condensate for &. Figures from [49]

N
1 _ A
Hsy = N > T x T =Y xS (6.104)
ij k=1 i

where the second term involving the chemical potential u is added to fix the repre-
sentation g of the spin impurity. As discussed in [57], the Sachdev-Ye model also
displays a spectral asymmetry. This asymmetry is of an analogous form to the one
found above for the holographic Kondo model. In [57], it is shown that the spectral
asymmetry in the Sachdev-Ye model may be mapped to the entropy of a black hole
in AdS, space. A similar mechanism is expected to be at work in the holographic
Kondo model introduced above.
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6.7 Conclusion and Outlook

The holographic Kondo model demonstrates nicely how the original concept of
the AdS/CFT conjecture may be applied to more involved configurations, in this
case involving a marginally relevant perturbation by a ‘double-trace’ operator and a
condensation process. It also demonstrates that holographic models may be linked to
previous results, in this case the large N Kondo model of condensed matter physics.
On the other hand, they also add new features, in this case the coupling of the magnetic
impurity to a strongly coupled electron system, leading in particular to new features
in quantum quenches and in the spectral function.

The AdS/CFT correspondence and gauge/gravity duality are undoubtedly one of
the most exciting developments in physics within the last twenty years. As discussed,
new avenues are opening up and are expected to lead to further important discoveries
in the future.

Acknowledgements Iam very grateful to my collaborators Mario Flory, Carlos Hoyos, Max-Niklas
Newrzella, Andy O’Bannon, Ioannis Papadimitriou, Jonas Probst and Jackson Wu.
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Chapter 7 )
Local Probe of the Kondo Length at a e
Y -Junction of Critical Quantum Ising

Chains

Domenico Giuliano and Pasquale Sodano

Abstract We estimate the screening length associated to the Kondo effect at a Y-
junction of quantum Ising chains from the scaling behavior of the local magnetization
at the junction. We propose a simple way to probe the Kondo screening length in
a system whose parameters, including the effective length of the chains, can be in
principle tuned at wish.

7.1 Introduction

The Kondo effect was discovered as an upturn, below a certain, nonuniversal tem-
perature, of the resistivity in conducting metals containing magnetic impurities as,
for instance, in Cu doped with Co atoms. It was explained as a consequence of the
magnetic exchange interaction between the magnetic impurities and the conduction
electrons [1-3]. It arises due to the cooperative effect of the conduction electrons sur-
rounding the magnetic impurity, whose spins adjust themselves so as to dynamically
screen the impurity magnetic moment [2].

In the energy domain, the above screening is determined by electrons with energy
ranging all the way down to a characteristic dynamically generated energy scale
Dk that is invariant along the renormalization group trajectories, dubbed the (Boltz-
mann constant times the) Kondo temperature [4, 5]. As the running energy scale
D approaches D, a crossover takes place between the weakly coupled regime, in
which the itinerant electrons perturbatively interact with the magnetic impurity with
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a small “bare” coupling constant, and the strongly coupled regime, in which coop-
erative, nonperturbative low-energy electron dynamics leads to the formation of the
Nozieres Fermi-liquid state, with the itinerant electrons cooperating to screen the
impurity spin into a localized spin singlet [6]. Thus, the Kondo effect is regarded as
the crossover between an ultraviolet, weakly coupled fixed point (the isolated impu-
rity) and an infrared, strongly correlated fixed point (the Kondo correlated state).

While the crossover is typically driven by acting on a dimensionful scale such
as the energy, or the temperature, using the Fermi velocity of fermions at the Fermi
surface, vy, it is possible to trade the energy scale Dk for a length scale Ag ~
v¢/Dg.Having an emerging length scale suggests the possibility to regard the Kondo
crossover as taking place in real space, as well. In fact, L has been identified with
the size of the electronic cloud screening the impurity spin and accordingly it has
been dubbed the “Kondo screening length” [5, 7].

While there is a solid theoretical argument implying the existence of the Kondo
screening length, any attempt to experimentally detect it in conducting metals has
failed so far. Indeed, when considering magnetic impurities in conducting metals,
there are several reasons for this failure, such as having a finite density of mag-
netic impurities combined with the large value of Ag, with the correspondingly
non-negligeable interference effects among impurities, spurious effects due to the
electronic interactions, et cetera [8]. Given the difficulty of detecting the Kondo cloud
in electronic systems, it becomes of the utmost importance to design protocols of a
possible detection of the Kondo screening length in condensed matter systems.

The Kondo effect has become by now a paradigm in the physics of many-body
correlated systems, providing a testing ground for a number of methods, includ-
ing Wilson’s numerical renormalization group technique [5], as well as Anderson’s
analytical scaling approach [4]. Indeed, a renewed interest in the Kondo effect has
recently arisen, since it became possible to realize it in a controlled way in solid
state systems, such as small quantum dots with metallic leads [9-11], or in mag-
netic impurities in gapless spin chains [12], or in “topological” devices [13-16], in
which an effective magnetic impurity could be realized by means of Majorana modes
emerging at the interface between topological superconductors in their topological
phase, and normal conducting wires [17].

The Kondo effect emerges also in Y-junctions of XX and Ising chains [18-20]
and of Tonks—Girardeau gases [21].

In the following, we see how the Kondo screening length may emerge at a Y-
junction of quantum Ising chains and point out how to estimate it by means of a
pertinent local measurement. While the onset of Kondo effect at a junction is by
now a well-established feature [19, 22], the corresponding issue of the origin and
the definition of the Kondo screening length in spin networks has so far never been
addressed in detail. To this purpose, we argue here for the emergence of a length
scale associated to the Kondo energy scale.

We shall employ the standard renormalization group approach to the Kondo prob-
lem [4], adapted to a symmetric, finite-size version of the junction (that is, with the
three chains all assumed to have a finite length £). We show that, at given values of all
the other junction parameters, the system may, or may not, crossover to the Kondo
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regime depending on the value of £. In terms of energies, this is readily related to the
appearance of a finite energy gap in the excitation spectrum of the chains, Aps oc £7,
which depletes the corresponding spectral density at low energy, that is, in the energy
window that is relevant for the Kondo impurity screening [2]. Conversely, moving to
real space, we propose to relate the finite-¢ suppression of the effect to the need for
the system to fit in it the whole Kondo screening cloud, in order for Kondo screening
to be effective. Thus, we propose to naturally identify the Kondo screening length as
the length scale £, such that the junction does not show/does show the onset of the
Kondo effect for £ < €, (£ > £,). Eventually, we show how our approach provides
us with estimates for the Kondo screening length that are numerically consistent with
the expected relation Ax oc D'

The real-space picture of the Kondo cloud lies at the hearth of our proposal of a
local probe of Lk, and it can be most readily formulated in Kondo spin chains [12].
In these systems, it has been shown [23-25]. That the Kondo spin cloud is formed by
all the spins fully entangled with the impurity. As a result, the impurity and the spins
of the cloud should form an extended singlet [23], and, thus, one expects that the
magnetization of the spins belonging to the cloud is equal to 0. Indeed, when fully
formed within the spin system, the Kondo screening cloud corresponds to a fully
entangled state of the magnetic impurity with the spins [23-25]. Here, we propose
to probe the Kondo length in a Y -junction of quantum Ising chains by extracting A g
from the scaling behavior (with the chain length ¢) of the average value of a local
spin operator at the impurity location [20, 26].

The paper is organized as follows:

e In Sect.7.2 we review the model Hamiltonian for a Y-junction of quantum Ising
chains and we show how to implement the Jordan—Wigner transformation to map
it onto an effective Kondo Hamiltonian;

e In Sect.7.3 we address the onset of the Kondo regime in the junction with chains
of infinite length and with the parameters chosen so that their excitation spectrum
is gapless (“critical chains’). We review then the approach of [20] to estimate the
corresponding Kondo temperature;

e In Sect.7.4 we analyze the junction made with finite-length chains. There, we
shall focus on how the finite length of the chains—and the corresponding nonzero
finite-size gap- affects the onset of Kondo regime;

e In Sect.7.5 we show how to effectively vary the chain length by acting on local
parameters only and we analyze how to probe the onset of Kondo regime by
looking at the local magnetization at the junction;

e Section 7.6 is devoted to concluding remarks;

e In the appendix we review known facts about Jordan—Wigner approach to a single
quantum Ising chain.
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7.2 Y-Junction of Quantum Ising Chains: Jordan—Wigner
Transformation and Effective Kondo-Like Hamiltonian

The Kondo effect at a Y-junction of quantum Ising chains (QIC’s) was originally
addressed in [19] where an appropriate version of the Jordan—Wigner mapping [27]
from quantum spin operators onto lattice fermion operators was employed, leading to
an effective overscreened Kondo Hamiltonian [6]. The model Hamiltonian proposed
in [19] consists of three critical QIC’s connected to each other at one of their endpoints
via an additional Ising exchange interaction between the spin operators lying at the
endpoints. Assuming for simplicity that the Hamiltonians of the three chains all have
the same parameters, the “bulk” Hamiltonian of the system, Hpgyx for three critical
QIC’s of length £ is given by

3

-1 ¢
Hpa =) —2J ) S,S7 , +HY S, ¢ . (7.1)
r=1 j=1 j=1

with §; , being a quantum spin-1/2 variable lying at site- j of the chain A, J being the
Ising magnetic exchange strength, H being the applied, transverse magnetic field. As
stated above, the three chains are connected to each other at their endpoints (j = 1)
via the junction “boundary” Hamiltonian H,, given by

3

Hy=—-2J2) S%,St,41 - (7.2)
r=1

with, in general, J5/J < 1. In the “critical” limit, J/ = +H, the total Hamiltonian
Hi_chain = Hpuk + Ha is a paradigmatic example of a junction of three quantum
spin chains mapping onto an effective two-channel Kondo Hamiltonian [19].

A multi-channel generalization has been proposed in [22] still using quantum
spin chains, and the corresponding model Hamiltonians have proven to be exactly
solvable in the continuum limit [28]. In addition, a generalization of H3_cpain tO
a junction of three quantum XY -spin chains was proposed in [20]. It provides a
means to continuously interpolate between the Y-junction of three QIC’s, and the
Y -junction of three X X-chains discussed in [18]. Finally, it should be mentioned
that an effective Kondo-like Hamiltonian may arise in pertinent Josephson junction
networks [26].

To resort to the effective Kondo-like Hamiltonian, one recasts H3_chan in
fermionic coordinates by implementing a pertinent generalization of the Jordan—
Wigner transformation, in which real-fermionic Klein factors { o I o2, 03} areintro-
duced, one per each chain, to recover the correct commutation relations between
spin operators lying at sites located on different chains. Specifically, one sets
{o*, %} =26, . Accordingly, one introduces the generalized Jordan—Wigner
transformations, given by [18]
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with the fermionic lattice operators satisfying the algebra

{cjn,cpn)= {C;,p C;'.A'} =0
{cin ’C;’,A/} =& S

{o*, 0¥} =82 . (7.4)

Inserting (7.3) into (7.1), one obtains the fermionic version of the bulk Hamiltonian

3 -1 -1
J& . J .
Hpyk = { -3 Z{C_;,XCHLA + C_;+1,AC,',,\} + ) Z{Cj,xcjﬂ,x + C}+1,AC;,A}
=1 = =1
¢
+H Zc;,kcj,x} . (7.5)
=1

From (7.5) one sees that the generalized Klein factors disappear from the bulk
Hamiltonian. At variance, they do explicitly appear in the boundary junction Hamil-
tonian; indeed, the boundary is the only place where the three chains explicitly
interact with each other. In particular, in terms of the Jordan—Wigner fermions, plus
the generalized Klein factors, one obtains [19, 20]

Hy=2J,% %, (7.6)
with

BRGIEXIEIGIEIEY olo
Ti=—= | i+l +en) | s Z=—= | oo

O 0
(e, +ea)

(7.7)

It is straightforward to check that the components of X;, as well as the ones of %,
close the algebra of the quantum angular momentum. Therefore, the Hamiltonian
in (7.5), (7.6) describes a magnetic exchange interaction between the “effective”
isolated magnetic impurity % and the angular momentum density of the network of
the three chains, X';, at the endpoint of the chains, j = 1. In particular, the boundary
Kondo Hamiltonian in (7.6) corresponds to the peculiar realization of overscreened,
2-channel Kondo effect put forward in [29].
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As a first observation we note that (see the appendix), even for critical chains, i.e.,
for J = +H, in a finite-length QIC of length ¢, the excitation spectrum of the chain
has a finite-size gap Aps ~ 7w J /€. As £ — 00, Ags — 0; accordingly, one finds that
the low-energy excitation spectrum of Hgyx contains gapless excitations carrying a
nonzero X'-spin-density. In perfect analogy with what happens with the Kondo effect
in normal metals [2], we expect that those excitation provide an effective screening
of %, that is, the mechanism that lies at the hearth of the Kondo effect in the Y-
junction of three QIC’s. Accordingly, the onset of the Kondo effect at the Y -junction
corresponds to a crossover in the running coupling associated to J, towards the
nonperturbative regime, J, ~ J.

In the following, we review the onset of the Kondo regime in the £ — oco-limit
by means of a pertinent application of Anderson’s poor-man scaling approach to the
specific problem we are investigating here.

Before concluding this section, it is worth mentioning that the Kondo effect may be
also recovered at a Y -junction of off-critical QIC’s, provided the Kondo temperature
Tk is much larger than the bulk gap of the system, Agyx ~ ||J| — |H||. Specifically,
one sees that the off-critical junction maps onto a remarkable two-channel version
of the Kondo model for a magnetic impurity connected to two superconductors [30],
which has been used to analyze the transport across a quantum dot at Coulomb
blockade connected to two superconducting leads [31-34].

In the next section, we study the onset of the Kondo regime and we estimate the
Kondo temperature in the critical system.

7.3 The Kondo Regime and the Kondo Temperature

For studying the onset of the Kondo effect at a Y'-junction of critical QIC’s, we resort
to the imaginary-time formulation, in which the boundary dynamics is encoded in
the imaginary time boundary action S,, given by

B B
Sp = / dt Ha(z) =2J, / dr X1(v) - Z(t) , (7.8)
0 0

and B = (kgT)~!, where T is the temperature and k is Boltzmann’s constant.

To resort to the standard poor man’s analysis, one first rewrites (7.8) in (Matsubara)
frequency space and in the 7 — O-limit. Sending the temperature to O requires the
introduction of a cutoff D with the dimension of an energy (high-energy cutoff—
typically identified with the excitation bandwidth). Accordingly, the imaginary-time
action is rewritten as [20]

D de
Sa— 2Js / o Y D=7 (2) (7.9)
-b A=l

The renormalization group (RG) approach leads to an appropriate scaling equation
for the running coupling associated to J,. For this purpose, one has to effectively
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reduce the cutoff D, by pertinently taking into account the corresponding corrections
to J4. We first split the integral in (7.9) into the sum of an integral over [-D, —D /«k],
an integral over [D/x, D], and an integral over [—D/k, D/k], with k = 1 + € and
0 < € <« 1; on rescaling D, one finally obtains

>}

3 D 3
ds2 P 2JA d 2
i [y 5 xstcawee = L5 3 = () (5)

A=1
(7.10)

=

As aresult [8], H, corresponds to a marginal boundary interaction, that is, the right-
hand side of (7.10) does not depend on «. Therefore, the only renormalization of J
comes from summing over the frequency windows [—D, —D/k] and [D/k, D].

In the sequel, one resorts to a method discussed in detail in [2] for the Kondo
problem in a metal and in [20] for the specific case we are addressmg here. As a
result, one obtains an additional correction to the boundary action, 5% A » arising to
the second order in J, and given by [20]

D
58P =243 /
-D

3
2—9 Z SH=2)Z () MDY+ T —=D)ID (1=« h)
= (7.11)

with

1 2
re; 2)=lim — —_—
( ) ﬂggcﬁg:[iﬂ iw

:|Gl,l(i(1)) ; (7.12)

here the sum is taken over the fermionic Matsubara frequencies w, with the Jordan—
Wigner fermion Green’s function G ; (iw) defined in (7.59) of the appendix. In the
£ — oo-limit, I"(£2) has been derived in [20] along the whole critical line connect-
ing the Y-junction of X X-spin chains [18] to the junction of QIC’s. At finite-¢, a
straightforward generalization of the metod of [20] yields

-1 . 2n+1 37 2n+1
re: D)= l1d) 2D Z 27 sin [ 55 | cos® [ 37 | (7.13)
REREECA (P ) R iewirrice s | B

Note that, differently from [20], here we explicitly keep the dependence of I" on £
since, in the following, we shall use £ as a control parameter. Eventually, we check
that the results of [20] are recovered in the thermodynamic limit, £ — oo.

Considering (7.11), (7.13) alltogether, we see that summing over the frequency
windows [—D, —D/k] and [D/k, D] provides a renormalization of the coupling
strength J4 as Jo — Jx + §J4, with

5 8D
8Ja=—J5pW: D) — . (7.14)
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Note that, in (7.14), we have defined § D so that §D/D = (1 — k') and we have set
p(; D)= D[I'(¢; D) + I"'(¢; —D)]/2, in order to recover the standard functional
form of the RG equations for the Kondo problem [2].

Introducing a running coupling strength at a given £, J5(¢; D), one may trade
(7.14) for the differential equation given by

dJa(¢; D)

= /A D)pE:D) (7.15)

with dl = dIn(Dy/D), D being the running energy scale, and Dy being an high-
energy cutoff ~J. On integrating (7.15), one obtains for J,(¢; D) the expression
[20, 35]

U

1_]20) fDDO P(ijx)dx

Jall; D) = (7.16)

The integrated scaling flow for J,(£; D) allows to define a scale D,(£) as the
scale at which the denominator at the right-hand side of (7.16) vanishes. As £ — oo,
D,({ — o0) — Dg, with Dk being the Kondo energy scale associated to the Y-

junction of critical QIC’s.
To estimate Dk, we note that, as £ — 00, one gets

) D' p(t = 003 x) / 5[ 84sin(@)cos’3g) _ 87 sin(g) cos’(3q)
b T dx = d -
0 472sin2(q) + (D)2 4J2sin?(q) + (D)>

D X
(7.17)
As aresult, since Jo(£ — oo; D) = J4(D), one eventually obtains
Ja(D 79 /D - 2%
Azg '~ ,?.)/ —— = Dx=Dye 4, (7.18)
4 D
O 1= (R)

with Jéo) being the (bare) running coupling at the reference scale Dy. Equation (7.18)
contains the expected result for the Kondo scale of the Y-junction of QIC’s in the
{ — oo-limit.

The key observation about Dy is that, in general, the running coupling (as well
as the physical observables) must be a scaling function of D/Dg [4]. For instance,
for the running coupling one expects a scaling relation of the form

JaDy JY
JaD) _ J4” F D ) (7.19)
Do Do Dx

with the perturbative (in J,) asymptotic form of .# (D—DK) derived from (7.18) and

given by
D 1 J
F <—)%—+ﬁ<—A> . (7.20)
D]( In (DA ) DO
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For finite-¢ QIC’s one expects the scaling relations to be violated by the presence
of the additional nonuniversal energy scale Ags. Roughly speaking, as long as Aps <
Dk, the net effect of the finite-size gap is just to provide a slight renormalization
of D itself, in perfect analogy with what happens when an additional energy scale
is introduced by means of a local magnetic field acting on the spin impurity in the
Kondo effect in the XXZ-spin chain [36, 37]. Eventually, resorting to larger values
of Aps/Dk can strongly affect Kondo effect till possibly leading to its suppression.

To evidence this last point, one has to generalize to finite-¢ the definition of the
“critical Kondo coupling” J (£). According to [35], one defines J .(£) so that a
necessary condition for the junction to crossover towards Kondo regime is that the
bare coupling Jéo) > Ja.(£). Thus, one sets

1 Do p(e;
- / LGP (7.21)
Jacl) Jo x
which allows to recast (7.15) in the form
T T ()

Jall; D) = (7.22)

Ja.c0) = I + TP Ta 0 [ 252 dx

X

Equation (7.22)shows that the nonperturbative onset of the Kondo regime can
only be recovered provided that Jéo) > Ja(£). In[20], J4 . was derived for a junc-
tion between infinite X Y -chains, in which case the Ising case was recovered in the
extremely asymmetric, y — 0 limit (see [20] for details). While we expect (7.21)
to give us back the result for y = 0 once £ — oo, for the purpose of our following
discussion it is important to discuss the explicit dependence on ¢, which is induced
in J, . by the dependence of p on each QIC length.

On qualitative grounds, the reason for this dependence can be understood from
the fact that the onset to Kondo regime is basically due to impurity screening via low
energy spinful excitations in the “bulk” of the system (for instance, by low-energy
conduction electrons, close to the Fermi energy, in the “standard” electronic Kondo
effect). In our specific case, the screening is dynamically induced by the presence
of low-lying Jordan—Wigner fermions in the bulk spectrum of the chains, whose
energy is cutoff at Agg in the finite-size system. Therefore, a finite value of £ implies
a “depletion” of the low-energy part of the fermionic excitation spectrum, so as to
make it harder for the system to crossover towards Kondo regime. Accordingly, the
less effective is the dynamical screening from bulk fermions, the larger has to be the
bare coupling for the junction to be able to crossover to Kondo regime. An explicit
dependence of J4 . on £ is, therefore, expected and, in particular, one may infer that,
as £ — 00, J, . tends to the value estimated in [20] in the Y -junction of QIC’s, for
£ — oo. This trend is ultimately confirmed by the plot in Fig. 7.1, where we display
the estimate of J, /Dy as as a function of £, for 1 < £ < 300 and with the band
cutoff Dy = 2J. While we see that, at large values of £, J4 ./ Dy tends to the expected
value of about 0.13 [20], it definitely increases, as £ gets lowered, as expected from
the discussion above.
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Fig. 7.1 Semilogarithmic plot of J /Dy as a function of £ for £ ranging from £ = 1 to £ = 300.
At large values of ¢, one obtains Ja /Do ~ 0.13, which is the appropriate value for a ¥ -junction
of infinite quantum Ising chains [20]. For small values of £, J4 . exhibits the expected increas, as £
gets smaller, due to the depletion of the low-energy part of the Jordan—Wigner fermion spectrum,
because of the finite-size gap in their spectrum

In the following section, we analyze the effects of having a chain of finite size £.
‘We shall introduce a new scale £, such that the Kondo effect is suppressed in chains
of length £ when £ < £,. In this approach £, is used to estimate the Kondo screening
length [38].

7.4 Modified Scaling of the Kondo Coupling at Finite-¢

Having finite-length QIC’s amounts to introduce an additional dimensionful scale,
corresponding to the finite-size gap Ags. Accordingly, the one-parameter scaling
relation in (7.19) is modified into

LCTIN 54[ D ~@] (7.23)

Dy Dy | Dk Dg
where the generalized scaling function ¢ (x, y) must satisfy the condition ¥ (x, 0) =
Z(x). When Dg /Ags < 1, one might trade (7.23) for another one in which Agg
works as a reference scale, that is

. (0)
Jal D) I g[ b ] (7.24)

Dy Dy Ags

A rigorous derivation of the scaling functions in (7.23), (7.24) would ultimately
require a numerical derivation of the appropriate scaling functions from which to
extract the running coupling at a given £ [39]. In the following, we shall provide an
approximate asymptotic expression for the right-hand side of (7.23).

By resorting to the perturbative RG approach in the infinite-¢ limit, one may
exhibit an approximate expression for the function % (x) by keeping ¢ finite and
considering the approximate numerical fit given by
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Table 7.1 Table of values of E*[Jéo)] as a function of J4 o

7L /Dy 071 [Numerically .07 [From (7.27)]
estimated]
0.40 5 5.96
0.35 7 7.70
0.30 12 10.82
0.25 16 17.41
0.20 36 35.57
0.15 130 117.10
0.10 —00 1265.04

=0 n=0

— : 2n+1 2| 37 2n+1 _ : 2n+1 2| 37 2n+1
s 27 sin| 3 3t |eos? [ £ 34| : 27 sin| 3 3t |oos? [ £ 34|
(E+1) 4 1 net1

12
D2 + 42 sin? [gggil] €+ 472 4+ 4J2sin? [ggéil]

L« y (¢D 2
~ Lo - L (ﬁ) , (7.25)

with o ~ 2.8, y &~ 8.7. On inserting (7.25) into the (7.15) for the running coupling
at a given £, one obtains

JY

2
Ol‘lzo) )/7'[21(A0> D
1— Do IH(Z) + 2Do A_FS

Ja(t; D) = (7.26)

In (7.26), the left-over term o In(¢), which accounts for the explicit dependence of
Ja.c on £, has the expected scaling form, being an explicit function of the ratio A%s'
The functional form of the right-hand side of (7.26) leads to the important observa-

tion that, in order for the running coupling to crossover towards the strongly coupled

] ;O
regime, one needs that 1 — <3
0

of the Kondo regime is given by

In(£) < 0. Thus, a necessary condition for the onset

2Dy

> 0,[I01=e (7.27)

To double check the resultin (7.27)—which depends on an approximate numerical
fit to a not explicitly known functional relation involving the various dimensionful
scales in the problem—in Table 7.1 we plotted some extrapolated values for £, [JAO)]

as a function of Jéo). As expected, E*[Jéo)] — 00 as soon as Jéo) < Ja . taken in

the £ — oo limit. On increasing JZ\O), &[Jé\o)] decreases, till it becomes 0 for Jéo)
greater than the value taken by J . for £ — 0.

As one readily checks, once the appropriate numbers are inserted in (7.27), one
recovers the results for E*[Jio)], showing a good level of consistency between the
numerical and the analytical results obtained from (7.27).
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The emergence of the scale E*[Jéo)] can be interpreted by stating that, in order
for the junction to crossover towards the Kondo regime, one necessarely has to have
> L.(J, (0)) i.e., the junction must be “large enough” to make a block of size £..(J 4 (0))
fitinto it. This is nothing but a way for defining the Kondo cloud, so that one naturally
identifies Z*[]io)] with the corresponding value of the Kondo screening length (in
units of the lattice step, which we have set to 1 from the very beginning) [8, 38,
39]. Incidentally, we note that the identification of £, [Jéo)] with the Kondo screening
length can be also inferred by comparing (7.27) with (7.18) for Dk and taking
into account that 2/2.8(=0.714) ~ 7 /4(=0.7854) (of course, the mismatch can be
readily attributed to different regularization schemes), which yields K*[JSO) ] x D,}l.

Our analysis suggests that one can directly probe the Kondo screening length at
the Y-junction of quantum Ising chains, provided one has a way to actually rescale
the length of the system ¢, and a physical quantity M (£) that is sensitive to the onset
of the Kondo regime. Indeed, on increasing ¢ starting from rather small values, one
expects that, as £ ~ K*[Ji\o)], M (€) crosses over towards the value expected when
the system is within Kondo regime. In the following section, we address these two
specific points.

7.5 Probing the Onset of Kondo Regime

In this section, we first illustrate how introducing an impurity, may lead to an effec-
tive reduction of the chain length. Then, we show how the scaling properties of a
pertinently defined local impurity magnetization at fixed chain length-£- point to the
emergence of the Kondo effect in a Y-junction of QIC’s.

To show how an impurity may effectively vary £, one begins from the Bogoliubov—
de Gennes equations for the lattice wavefunctions in (7.45) and slightly modifies
them from the homogenous chain discussed in the appendix, by assuming a different
exchange amplitude (J) between sites j — 1 and j and between sites j and j + .
For the sake of generality, we assume that the magnetic field at site j, H', is # H.

The Bogoliubov—de Gennes equations for the eigenfunctions corresponding to
the eigenvalue € at sites j — 1, j, j + 1 are given by

J J’ J J’
euj—l,e:_iuj -2 214’ 2 j -2 A ) /e+Hu 1,e
J J’ J J’
€Vile = Evffz,e + Evj_',e - EMJ_?Z,G + ?uj_f - vafl,e » (7.28)
by
J J’ J J’
€Uj e = _Euf-&-Z,e - ?ul_e - 5"7-&—2,6 + = ) Vie + Huj+1 €
J J’ J J’
€EVifle = 2 Vit2e + 5 Vie + TUj2e T FHje T Hvi o o (71.29)
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and, finally, by

J 7 7 7 ,
Euf,e = _71'{]-&-1,6 - Euj—l,e - Evj+l,e + ?vf—l,s +H ui,s
J J’ J’ J’
€vi, = ?vj-»ﬂ’g + Evj—l,e + ?"‘jﬂ,e — ?ui*l’e — H/vjf,e . (7.30)

To simplify the derivation, we use different labels for the wavefunctions at the left-
and at the right-hand side of site j. Specifically, we set

- <[ oo
- . U<h > LN G>=) - (7.31)
|:VJ"6 :| |:vj,e Vj’g ij
Assuming for both [l:fj } and |:L:f>€ :| the form givenin (7.53), (7.28), (7.29) become
J-€ Js€
Jujf,e —Ju;  + Jvﬁe —Jv;. =0
Juz - Juj, — Jv: + Jvie=0, (7.32)
while (7.30) imply
J/
Uje = _2[6 —H'] {uf—l,e + Urite 7 Vi1e +vf+1,s]
J/ < > < >
vijf = 2[6 + H/] {fol,s + Vj_'Jrl,e - uffl,e + uj+1,€} : (733)
When J' — 0, (7.28) imply
J J
Ui 1e=—Ujoct SVia +Hup

J J

Vi-te = FVj-2e T FHj2e T Hv; . (7.34)
which leads to (see Appendix 7.6)
u; . +vi.=0 . (7.35)

Equation (7.35), together with the first line of (7.46), corresponds to an effective
shortening of the chain to j — 1-sites. Clearly, the same result is obtained by sending
to oo the field H' in (7.33). Thus, we find two, basically equivalent, ways to effectively
shorten the spin chains by tuning the impurity. Being able to effectively tune the
single-chain length provides us with a tool to probe the Kondo effect arising at a
Y -junction of QIC’s.
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We now show how to probe the crossover towards the Kondo regime by measuring
the local magnetization at the impurity. As stated in [20, 26], a suitable procedure to
detect the onset of Kondo regime at a Y -junction of critical Ising chain consists in
measuring the local magnetization along the z-axis in spin space, right at the junction.
This, for a Y-junction of a QIC’s, is defined as

1 3
=-0O 5, - (7.36)
A=1

In the disconnected chain limit (J, — 0), one may readily express m at finite
£, my(£), in terms of the (imaginary-time representation of the) Green’s function
G1,1(7) we provided in (7.59). In particular, one obtains

¥ 1 . 1
mo(£) = <Cl,1cl,1 - §> = lim {—5 + Gl,l(f)}

=0t
{—1

1 2 372 1
:———i——Zcosz[—n nt } . (7.37)

2 t+1 2 2041

In Fig.7.2a, m((¢) is plotted as a function of £. Thus, by acting on £, one has minor
effects on the magnetization of the disconnected junction.

When JA(D) — oo with £, one has that, at the onset of the Kondo regime, J
takes over, due to the running J4 (D) with £. The value of m can be inferred by noting
that, to minimize the boundary energy, the junction sets into a “locally ferromagnetic”
state, involving the three spins S; ;, at j = 1. This is either one of the states labeled
with | =) and | <=) in [20], corresponding to all the spins S7 ; pointing upwards, or
downwards (for a detailed discussions of the effects of the corresponding residual
degeneracy in the system’s groundstate see, for instance, [29, 40]). When averaging
the total spin at j = 1in the z-direction over either one of these states, one obtains (=
13 =) =(=1 o [ST, <) = 0, which eventually leads us to conclude
that m — 0 well w1thin Kondo regime [20, 26].

(a) (b)
05 . 00
m, ﬁ dm
0.0 ~0.16
035 50 O 50
[ [

Fig. 7.2 a: Junction magnetization in the disconnected limit, m((€), as a function of £, for 1 < ¢ <
50. In a few lattice sites, mq(£) converges towards the expected asymptotic value mo(f — oo) = %;
b: First nontrivial correction to m, 8m, (see (7.38)) as a function of ¢. For large enough ¢, ém
converges to its asymptotic value 8 (¢ — 00) = —0.32
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To see how the Kondo regime is approached, one has to compute the leading (in
J4) corrections to m, §m. From [20], one obtains

-1
'Q{(nl)d(nz)%(l’lz)%z(yu)em .
" An r;:o { (6"1 + 6”2)(6712 + ens)(eng + Enl) 4 m(e)
| (7.38)
with
o (n) = \/7_2 cos 37w 2n 41
{41 2 20+1
93(”) =,/—— sin nw
L+1 2041
€, = 2J sin 12n+1 (739)
" 2204+1 .

In Fig.7.2b, dm(£) is plotted as a function of £. One sees that it rapidly grows
till, for large enough ¢, it converges to the “asymptotic” value 3, ~ —0.32 [20].
As expected, turning on J, works to effectively reduce m. To improve this result,
nontrivial renormalization effects of the running coupling J 4 (D) have to be included.

From the second-order renormalization group equations leading to poor man’s
scaling running parameter flow, one may safely assume that the only effect of rescal-
ing the cutoff is to induce a renormalization of J,, according to (7.22) for the asso-
ciated running coupling J, (¢; D). As a result, the renormalization group flow of the
local magnetization at a given £, m(£; D), is obtained by setting

m(€; D) = mo(£) + 2J2(L; D)Sm (L) (7.40)

with mq(£) defined in (7.37) and 8m(£) in (7.38).

In Fig.7.3 the curves obtained from the formula in (7.40) are plotted by draw-
ing m(¢; D) as a function of D for Jzo)/Do = 0.3 and for Jéo) /Dy = 0.6. Specif-
ically, referring to Fig.7.1, the curves corresponding to £ = 8 and to £ = 30 are
drawn. Indeed, from Fig.7.1, J5 (¢ = 8)/Dy > 0.3. Thus, for Jéo) /Do = 0.3, one
expects that, on lowering the reference scale D, m (¢ = 8; D) renormalizes to a finite
nonuniversal value for D — 0; this shows how the junction never enters the Kondo
regime (see the red curve of Fig.7.3a). At variance, Ja (¢ =30)/Dy < 0.3 and,
accordingly, one expects that, on sending D — 0, m(¢ = 30; D — 0) renormalizes
all the way down to O as, indeed, it is apparent from the blue curve of Fig.7.3a.
From Fig.7.1 one also sees that Jf)c_ € =30) < Ja.(€=28)/Dy < 0.6. Thus, one
expects that both m(¢ = 8; D) and m (€ = 30; D) renormalize all the way down to
0, as D — 0. Indeed, this appears from both plots in Fig.7.3b, which are drawn
assuming Jgo) /Do = 0.6.

Ideally, one may construct a sequence of plots such as the ones drawn in Fig. 7.3,
by holding Jéo) fixed and by drawing plots of J4(¢; D) at fixed ¢, as a function of D.



210 D. Giuliano and P. Sodano

(a) (b)
0.50 0.50
m((,D) m(/,D)
0.25 0.25
0.00 0.00
0.0 1.0 0.0 1.0
D/D, D/D,

Fig. 7.3 am(¢; D) as a function of D/Dg for Jo/Dy = 0.3 and for £ = 8 (red curve), and £ = 30
(blue curve). For £ = 8 m(¢ = 8; D — 0) renormalizes to a finite value, consistently with the plot
in Fig.7.1, that shows that Ja (¢ = 8)/Dgy > 0.3. For £ = 30, m(¢{ = 30; D — 0) renormalizes
to O (note that the points below D = Dk have been removed from the plots, due to the expected
unreliability of the perturbative renormalization group equation in this regime), consistently with
the result that J4 (¢ = 30)/ Dy < 0.3; b Same as in (a), but with j, /Dy = 6.0. In this case both
m = 8; D — 0) and m(¢ = 30; D — 0) renormalizes to 0, consistently with Fig.7.1 that shows
that J4 (£ = 8)/Dy < 0.6

Beginning with very small values of ¢ (or, which is the same, with very large values
of Apg), since the finite-size gap implies a depletion of the low-energy window of
excitation spectrum in the Y-junction, one expects a strong suppression of Kondo
screening and, accordingly, a mild renormalization of m (¢; D) toward values smaller
than mo(£), as D runs towards 0. On increasing £, the renormalization of m(£; D)
becomes more effective, so that, the larger is £, the stronger is the renormalization
towards smaller values of m(¢; D) as D — 0. By construction, assuming that Jéo) >
J ., there will be a value of £, £,[ J], such that m(£,[ J"1; D — 0) — 0.

According to the discussion of Sect.7.4, one is led to identify £,[ Jéo)] with the
Kondo screening length for the Y -junction. As a result, one has, on one hand, iden-
tified how a Kondo screening length emerges at a Y -junction of QIC’s, on the other
hand one has proposed a way to probe it, by looking at how the local magnetization
at the impurity, m(€; D), scales. Indeed, tuning ¢ in each one of the three QIC’s just
means acting on appropriate local parameters in the chains, such as the magnetic
exchange strength between nearest neighboring sites, or the local applied magnetic
field.

These observations complete our proposal for a protocol suitable to estimate the
Kondo screening length at a Y-junction of QIC’s.

7.6 Concluding Remarks

We analyzed the emergence of the screening length Ag (= £,[ Jéo)]) associated to
the Kondo effect at a Y-junction of quantum Ising chains. In particular, we showed
that effectively varying the length £ of the QIC’s allows for directly probing the
Kondo screening length. Specifically, we proposed to look at the scaling behavior of
the local magnetization at the impurity on lowering the reference energy scale D, at
fixed £.
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When ¢ < Ak, the full Kondo screening cloud does not fit into the Y -junction.
This suppresses the onset of the Kondo regime and, consequently, prevents the local
magnetization from flowing all the way down to zero. When £ > Mg, instead, the
Kondo cloud does fit into the Y-junction, the system enters the Kondo regime and,
accordingly, the magnetization flows all the way down to O.

We proposed to identify the Kondo length A ¢ as the value of £ at which the junction
crosses over between the two complementary behaviors. Thus, our method provides
an effective mean to probe Ax from the scaling behavior of the local magnetization
at the junction at given ¢, in analogy with the results provenin the infinite-chain limit
[20, 26].

We performed our derivation by means of an adapted version of the perturbative
RG approach to Kondo problem [4]. While our approach allows us for qualitatively
recovering the main features associated to the onset of Kondo regime at the junction,
itrelies on a number of rough estimates of nonuniversal quantities (cutoff scales, etc.),
so that it would be of the utmost importance to perform an indipendent numerical
analysis of the problem.

For a single spin chain, DMRG has already proven to be able to provide the
correct scaling between the two different regimes (weakly- and strongly-coupled
fixed points) [37]. Efficient algorithms to extend DMRG to Y-junctions of spin
chains have been by now well established [41] and, as a further development of
our work, we plan to employ them to numerically derive the scaling properties of
m(£; D) (which, in our derivation, takes the place of the integrated real-space spin-
spin correlations X'[ x] of [37]), to eventually complement our analytical derivation
with quantitatively rigorous numerical results.

Appendix

The one-dimensional quantum Ising model is exactly solvable via the Jordan—Wigner
fermionization of the spin variables [27]. This method is especially suited for a chain
with open boundary conditions. In particular, it allows for an exact solution of the
model with open boundary conditions. In this appendix we set the parameters of the
chain at their “critical” values. A QIC of finite length ¢ is defined by

-1 £
Hi_chain =—2J Y _SISI +HY S5 | (7.41)
j=1

j=1

with S; being a quantum spin-1/2 impurity residing at site j, J being the Ising
magnetic exchange strength and H being the (transverse) applied magnetic field. In
particular, as £ — oo, the chain becomes critical for H = J, with a corresponding
gapless excitation spectrum [42].
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The Jordan—Wigner tranformation is based on the realization of the spin-1/2 oper-
ators in terms of spinless complex lattice fermions {c;, c;} as

S;F = Cleer 16:€
T = in r=1 CrCi
Sj cje e
" 1

P (7.42)

S;:cj )

with the spin ladder operators given by Sji =5+ iS;'. On inserting (7.42) into the
lattice spin Hamiltonian in (7.41), one gets

N~

—1 -
7%
H|_cChain > HF = —= E cj_,_1 +c]+1cj 0 E {cjcjt1 -i-c]_’_1 J}+H E c' c] + const.
j=1 Jj=1

1

. (7.43)
Hp in (7.43) is similar to the Kitaev Hamiltonian [17] for a spinless, p-wave one-
dimensional superconductor. It is then diagonalized by defining the energy eigen-
modes I, via the Bogoliubov—Valatin transformations as

14
I, = Z{uj,ecj + vj,ec:;} , (7.44)
j=1

and with the wavefunctions (u; ., v; ) satisfying pertinent Bogoliubov—de Gennes
equations. These are obtained by requiring that [I,, Hr] = €I, and are given by

J J
€Uj = —E{Mj+1,s +‘uj_1e}— E{Vj+1,e —Vj_1,e)+ Huj,
J

J
€Vje = E{Vj+1,e + Vi1l + E{uj+1,s —uj_1ey—Hvjo (7.45)

forl < j<¥.
Over the open chain, (7.45) must be complemented with the appropriate boundary
conditions. On the fermionic wavefunctions, these are given by [20]

Uo,e — V0,e = 0
Uppte T Ver1,e =0 . (7.46)

e | = | M| gt (7.47)
Ve Vk ’ ’

To solve (7.45), one sets



7 Local Probe of the Kondo Length at a Y-Junction ... 213
thus obtaining the secular equations for the amplitudes uy, v; given by

[e — J(1 —cos(k)Jug +iJ sin(k)vy, =0
—iJ sin(k)uy +[e + J(1 —cos(k))]vy =0 . (7.48)

The amplitudes uy, vy satisfy

l[e — H+ Jcos(k))]uy +iJ sin(k)vy, =0
—iJ sin(k)uy + [e + H — J cos(k)) vy, =0 . (7.49)

Solving (7.49), one finds the dispersion relation

& = & = J(J costh) — H)2 + J2sin? () (7.50)

which implies a gap in the excitation spectrum Ag, = ||J| — |H||. Specifically, in
the following one looks at the “critical” limit, defined by setting H = J. In this case,
(7.50) implies

k
€ = ¢, = £J sin <§> , (7.51)

with the corresponding solutions given by

L] =

To recover the boundary conditions in (7.47), one considers the linear combination
between the wavefunction with momentum k and the one with momentum 27 — k,

that is
[uj,k} Y |: cos (’;Tkk)) ] Oy |: cos (”Tnkl)} oiki (7.53)

Vik i sin (Z* —i sin (Z7*

Imposing the boundary conditions, one obtains the secular equation for the allowed
values of k

sin [k(z F 1)+ ”T_k] 0 , (7.54)

which implies k = 7 [Z‘I{], n=0,...,¢—1. As a result, from (7.51) one sees

that, even at the critical value of the bulk parameters, due to the constraint on the
values of k stemming from the secular equation for the finite-¢ system in (7.54), at
finite ¢, the QIC exhibits a finite-size gap Aps(£) = J sin (575) ~ 7. As expected,
Ars(£) — 0as £ — oo.
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From the boundary conditions in (7.47), one sees that the wavefunction for the
single Jordan—Wigner fermion excitation must be given by [20]

wi] 2 cos (X% sin[kj—ﬂ ]
[ }_ T [ T 7 l] . (1.55)

Vik +1 —sm( 1 )cos[k]

From the results given above, one constructs the Jordan—Wigner fermion operators
in the Heisenberg representation at imaginary time t as:

[ 2 —k —k —k —k
cj(r) = Z 1 {cos(n4 )sin |:kj7 7r4 ]er*EkT 7sin<ﬂ )cos |:kj7 HT}FJ"E“}
k
+ -~ [ 2 T—k\ . __n—k ot T —k ,_rr—k —t
[j('[) = Xk: e {cos( 1 )sm |:k] 1 e sin cos | kj 0 Tye s

(7.56)

with the set of allowed values of k determined by k = 7 (%Ll), n=0,...,¢—1.
For our purpose we need to compute the imaginary time-ordered Green'’s function
G, i (t) = —(T:§;(z)§;;(0)), with T, being the imaginary time-ordering operator

and &;(t) =c;(r) + c; (7). This is computed as

G (1) =—e(r) — 1 Z cos [k (j + %)] cos [k (j' + %>j| {e_eklr‘f(—ek) + eeklt‘f(Gk)},
k

(7.57)
with f (e) being Fermi distribution function. In the Fourier-Matsubara space one gets

Gj iiw) 2 > k(j+2 (i + ] oy !
Y = CcOS - Cos =
PN =T n 73 P73 [ liotra io—«

(7.58)
For j = j’ = 1 (which is the case of relevance for us), one obtains
-1
cos’ [ (577
Gi(iw . 7.59
Liie) = ; {w2+4ﬂsm2[% (3] 759
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Chapter 8 ®)
Gauge Theories with Ultracold Atoms oo

Joao C. Pinto Barros, Michele Burrello and Andrea Trombettoni

Abstract We discuss and review, in this chapter, the developing field of research of
quantum simulation of gauge theories with ultracold atoms.

8.1 Introduction

During the School on “Strongly Coupled Field Theories for Condensed Matter and
Quantum Information Theory”, held in Natal (Brazil) in the days 2—14 August 2015,
one of the authors gave a course on “Quantum Simulations of Gauge Fields with
Ultracold Atoms”. The course was meant to be informal, at the blackboard, with time
for discussions and to interact with the younger part of the audience. Subsequently, in
2017 J. C. Pinto Barros obtained the Ph.D. in SISSA (Trieste) defending a Thesis on
“Field and Gauge Theories with Ultracold Atoms”, under the supervision of Andrea
Trombettoni and Marcello Dalmonte and with Michele Burrello and Enrique Rico
Ortega acting as external referees. The present chapter is based on the Natal’s course
and on the above mentioned Ph.D. Thesis of Pinto Barros [1]. The latter Thesis is
available at http://www.statphys.sissa.it/wordpress/?page_id=1095.
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The course gave an introductory discussion on lattice gauge theories, and then
moved to explain how to simulate gauge potentials and gauge fields. A prior knowl-
edge of ultracold atomic systems was assumed, even though during the lectures the
corresponding concepts and notions were briefly reminded.

8.2 Gauge Theories

A gauge theory is a model that has a gauge symmetry. Such symmetry can be seen
as a redundancy in the description of the degrees of freedom. In other words, this
means that one can have two mathematically distinct solutions of the equations
describing the system and nonetheless they describe the same physical situation.
The paradigmatic example is classical electrodynamics. It describes the behavior of
the electric field E (¢, x) and the magnetic field B (¢, x) in the presence of an electric
charge density p (¢, x) and the current density j (¢, X). The system is governed by the
Maxwell equations:

V- Et,x)=p(t,X); VxB(,x)—0E(,x)=j(,Xx); 8.1)
V-B(t,x) =0; VXE(@,x)+0B(,x)=0. )
In the above equations and in the rest of this chapter, natural units shall be adopted.
The homogeneous equations, which are independent of charges and currents, can
be straightforwardly solved by introducing a scalar potential ¢ (¢, X) and a vector
potential A (¢, x):

E(,x)=—-Vo(t,x) —0,A(t,X), B(,x) =V xA(,Xx). (8.2)

Using these two relations the last two equations in (8.1) are fulfilled and the ones from
the first row can be written in terms of ¢ (¢, x) and A (¢, x). After a solution is found,
it can be plugged in (8.2) in order to obtain the electric and magnetic fields. However,
not all different ¢ (¢, X) and A (¢, x) will give different electric and magnetic fields.
In fact if two fields ¢ (¢, x)’ and A (¢, x)’ are related to another solution ¢ (¢, x) and
A (1, x) by:

d(,x) = ¢ @,x)+ daltx), A, x) =A@, x)— Va(t,x), (8.3)

for some regular function « (¢, x), then the electric and magnetic fields, given by
(8.2), remain unchanged. This means that the solutions ¢, A and ¢’, A’ correspond
to the same physical situation and therefore they are just redundant descriptions of
the same physics. The transformations of (8.3) are called gauge transformations.
The existence of a gauge symmetry does not require the field to be dynamical.
Consider a charged quantum particle in a background of a classical electromagnetic
field. The Schrodinger equation for this system can be written as the equation in
the absence of any field and “correcting” the canonical momentum p — p — ¢A. In
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the presence of an electromagnetic field the mechanical momentum, associated with
the kinetic energy of the particle and denoted here by 7r, is no longer the canonical
momentum given by p. The relation between them is w = p — eA which is at the
core of this substitution. The same happens for the time derivative with the scalar
potential i0; — 9, — e¢. Therefore, the Schrodinger equation reads, in the absence
of any other interactions:

(i, —ed) Y (t,X) = (—iV — eA) > ¢ (1, X) . (8.4)

Also this equation is invariant under the transformation (8.3) provided that the wave
function is transformed by a position-dependent phase:

P (1, X) = e Uy (1, x) . (8.5)

Given the space and time dependence of this transformation, it is denoted as a local
gauge symmetry.
Inquantum field theory anillustrative example is provided by QED. The Lagrangian

is given by:

L= (0" (10— eAu) —m) b — 3 FuF*. (8.6)
Implicit sum over repeated indices is assumed. y* are the gamma matrices sat-
isfying the Clifford algebra {v",~"} = 2n"", n*” is the Minkowski metric n =
Diag (1, —1, —1, —1), 1 the Dirac spinor and ¢ = ¢)'4°. The indices x run from
0 to 3 where 0 corresponds to the time index. A, is called gauge field and the last
term of the Lagrangian corresponds to its kinetic term where F,,, = 0,A, — 0, A,,.
Also in this case there is a local set of transformations that leave this Lagrangian
invariant. Explicitly:

1 .
Ay@®) = A () = -0 (), Y ) ey (x) (8.7)

One can define the covariant derivative D, = 0, + i eAj, such that, under a gauge
transformation, D,1) — €'*™ D 1. In this way, the local gauge symmetry becomes
apparent.

This is an example of a U (1) gauge theory: a gauge transformation is defined,
at each point, by phases « € [0, 27[ which combine according to the group U (1).
This construction can be generalized to other gauge groups, like Zy, or even non-
Abelian, like SU (N), for N an integer number. For example, the Kitaev toric code
is a Z; (Abelian) gauge theory [2] whereas Quantum Chromodynamics (QCD), the
theory that describes strong interactions in particle physics, isa SU (3) (non-Abelian)
gauge theory [3-5]. In the following a brief description of non-Abelian SU (N) gauge
invariance in quantum field theory is provided. For more details see, for example, [6].

In order to explore these other symmetries, extra indices must be inserted (in the
paradigmatic example of QCD these are the color indices). To simplify the notation,
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whenever 1 it is used it is meant:

Y1

(2
= . (8.8)

Un
where each one of the v; corresponds to a (four-component in 3 4+ 1 dimensions)
Dirac spinor. Consider then a general symmetry group and a respective set of gener-

ators represented by Hermitian n x n matrices #“. The goal is to build a Lagrangian
which is invariant under the set of local transformations

P (x) = O (x) . (8.9)

This is a unitary transformation that mixes the n components of the vector (8.8)
following a n-dimensional representation of the gauge group element ¢/®* )" The
gauge field becomes, in turn, a matrix which can be parametrized as Aj#“. Under a
gauge transformation the field transforms as

A% — e (Ajjt“ + ;au> gt (8.10)

Writing the covariant derivative as D, = 8, — igA%r* one finds D1 (x) — el
D, (x). In this way ¥ ('y” D, — m) 1) is a gauge invariant operator which includes
the fermionic kinetic term and the matter-gauge coupling. Note that 1 is to be inter-
preted as line vector with components ¢; and v/ are diagonal on the color indices, i.e.
act the same for every color by standard matrix multiplication *1);. In order to define
the gauge field dynamics, its gauge invariant kinetic term must be inserted. A pos-
sible way to derive its form is by considering the commutator [DN, DV] =it"Fy,.
Putting it differently, a general form for Fjj, can be obtained from this formula.

Explicit computation yields F, = 9, A% — 8,A% + g f*"° Ab A where the structure
constants % are given by [t", tb] = it° f%¢ and depend only on the symmetry
group. From the transformation law for the covariant derivatives, one can see that

Fj, F" is gauge invariant. The full Lagrangian can then be written as

L= (y"Dy—m)p — %F;VF““”. (8.11)

The perspective of implementing these kind of models in table top experiments
is very appealing. First of all, it could give answers to very fundamental questions
in physics like, for example, the exploration of the phase diagram of QCD. That is
certainly a long term challenge and the path envisioned towards it involves the imple-
mentation of simpler intermediate steps. While QCD has a SU (3) gauge symmetry
and involves 3 + 1 dimensions, this does not need to be the main target. A much sim-
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pler case of a U (1) gauge symmetry in 1 4 1 dimensions is already of great interest.
In fact, this was the target of the first experimental implementation of a lattice gauge
theory [7](to be discussed in Sect.8.4.3). Step by step one may think to be able to
realize more and more complex models. It is clear that if these models are realized
they become interesting on their own both theoretically and experimentally. In partic-
ular, for example, it may also be advantageous to have situations where only certain
degrees of freedom live in higher dimensions keeping others in lower dimensionality
[8-10] which could be used to simulate systems with long-range interactions. This
has been the subject of an intense investigation in the last years [11-20].

8.2.1 Gauge Symmetry on the Lattice

8.2.1.1 Static Fields

Following the discussion in the previous section, a many-body Hamiltonian in the
presence of a magnetic field can be obtained by replacing the momentum components
for each particle by p; — p; — eA;. On the lattice, instead, this can be approximated
by the Peierls substitution where the hopping parameters become complex. This is
valid in a tight-binding regime and for a slow varying magnetic field. Explicitly the
kinetic term is modified according to

At A AT 00 A
K = thar+jar +hc. — thar+;e’ i, +h.c. (8.12)
r,j r,j

In the previous equation the sum of r is taken over the lattice sites and the sum of
J is taken over all d directions corresponding to the dimensionality of the system.
The angles 6; (r) are just phases that can depend, on general grounds, on both the
direction of the hopping and the position. The key difference is that this phase here
is non dynamical, so there is no kinetic term for it. This simply corresponds to allow
the hopping parameter of the particles, on the lattice, to be complex. Similarly to the
models in continuum space, not all complex hoppings represent different physical
scenarios as there is gauge invariance. In Sect. 8.3, several examples of techniques
to engineer complex phases on the hopping parameters are discussed. Reviews can
be found in [21-24].

8.2.1.2 Dynamical Fields

In order to study a dynamical quantum (lattice) gauge theory, the lattice system
under analysis must include also the degrees of freedom for the gauge fields and
the complex hopping parameters are therefore promoted to operators acting on these
degrees of freedom. Such degrees of freedom are usually associated to the lattice
edges and their kinetic term must be supplied.
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A constructive way to define such a system consists on taking the Lagrangian
(8.11), write an Hamiltonian and perform a naive discretization. This offers a recipe
to engineer possible quantum simulations of these systems: a straightforward way
of proceeding is indeed to create a system implementing the specific Hamiltonian
of the lattice gauge theory. As a result it is useful to consider such theories in their
Hamiltonian formulation [25].

To describe the U (1) case one can introduce the following link operators, acting
on the gauge degrees of freedom:

a(r+f)
. Er;
Urj =exp | ie dxA;(x) |, Lyj= ) (8.13)

ar

U and L are operators corresponding respectively to the connection and electric field
of the theory (see, for example, [26] for more details). Based on these operators, we
can define the Hamiltonian

' 2
_l r + ae
H=->-3" (wl Urj¥rij = h.c.) Yy Uit oY L. (814)
r,j n "

which reproduces the correct continuum theory when the naive continuum limit is
taken. In the expressions above a is the lattice spacing, r are the lattice points and
J labels the links connected to it. Ey; is the discretized version of the electric field
which is the conjugate momentum of A ; in the continuum version. The commutation
relations between the link operators are

[Lri, Ur j] = 6er0ijUr,i, I:Lr,ia U

r',j

| = =il [UeisUe]=[U]

r r,i’

Uy ,] —0.

(8.15)
We pause here to point out a couple of subtleties. The first concerns the so-called
naive continuum limit, obtained by simply sending a — 0. While this works well for
bosons, fermions suffer from the so-called “fermion doubling problem”. When this
limit is taken with more care each fermion flavor on the lattice gives rise to 2¢ fermion
flavors on the continuum, being d the number of discretized dimensions. The Nielsen—
Ninomiya Theorem [27-29] states that this is always the case when the fermion action
is real, local and invariant under lattice translations and chiral transformations. There
are alternative approaches to evade the Nielsen—Ninomiya Theorem which have their
own advantages and disadvantages. A possible choice, popular among the quantum
simulation community, is provided by staggered fermions [30] (also known as Kogut—
Susskind fermions). The idea consists on distributing the spinor components among
different lattice sites. In this way, instead of a spinor per site, one has only one
fermion. Only for the Hamiltonian formulation of the 1 4 1D theory the fermion
doubling problem can be completely solved in this way. In this case the Hamiltonian
becomes
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i
H=-— (cUcn+1 h.c.) +mZ( l)ccn+—ZL2. (8.16)

Spinors can be reconstructed from ), = (can, cons1)’ / ;.

In higher dimensions the most non-trivial step consists on the existence of pla-
quette terms or, in other words, an energy cost for magnetic fields. These are
gauge-invariant terms which must be present in order to fully represent the gauge
theory. The absence of these terms is related to the strong coupling limit of the
theory. On a 2D square lattice, the plaquette term originating at the point r is
Ug = U, UH,;,_VU U/ r.y consisting on the smallest loops possible to draw on

r4-3,x
the lattice. The Hamlltoman for d spatial dimensions takes the form:

H—=_ zl_aZ (_1)r1+...+ri71 (C:Ur,icr+§ _ h.C.) + mz (_1)r1+...+rd CICr
r,i r
2—d 2 d—4 (8.17)

a e 2 a +
+ YL - Y (Vo ud).
O

r,i

The extra alternating signs on the first term are required to obtain the correct Dirac
Hamiltonian in the continuum limit with staggered fermions [30].

Another fundamental point, associated with the Hamiltonian formulation, consists
on the restriction of the Hilbert space to physical states. This can be derived from the
Lagrangian formulation by noting that the component A is non-dynamical (there
is no term OyAp). As a consequence it acts as a Lagrange multiplier enforcing the
Gauss’ law as a constraint. Therefore the physical states are defined by the relation

G |¥)=0 (8.18)

for each lattice site r, where

Ge=3(Lej=L,j;) = Or. (8.19)

i

where Q, is the dynamical matter charge. For the 1 + 1D case, for example, O, =
chen + # The alternating term, which may look odd, is related to the staggered
formulation. Considering a state with no electric field. The Gauss law demands that
fermions populate the odd sites while leaving the even empty. This is because the
spinor degrees of freedom are distributed along the lattice. Occupied odd sites have
the interpretation of a filled Dirac sea. When a fermion hops from an odd to an
even site it creates a hole in the Dirac sea while creating a particle above it. This is
interpreted as the creation of particle/anti-particle pair where the hole plays the role
of an anti-particle. In the presence of gauge fields, the hopping described above must
be accompanied by a change on the electric field preserving Gauss’ law, as described
by the connection operator in the first term of the Hamiltonian (8.17).
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The G, are also generators of the gauge transformation and can be extended for the
U (N) and SU (N) gauge theories. To this purpose, one can consider matter fields v,
that transform under the gauge symmetries under a suitable representation of dimen-
sion n of the gauge group. The generators of the gauge symmetries must therefore
satisfy the relation [G‘r‘, wr] = %, where t* are n-dimensional representations of
the (left) group generators.

In order to preserve the gauge-invariance of the Hamiltonian, the connection
operators must transform like tensors under the gauge transformations and they must
follow the same representation of the matter fields: Uy ; — /%" U, je_’a3+i " In
particular the connection is multiplied on the left side by the transformation inherited
from the lattice site on its left and on the right side by the inverse of the transformation
inherited from the lattice site on its right. When we deal with anon-Abelian group, it is
thus useful to distinguish left and right generators for the group transformations [25],
labelled by L, ; and R, ; respectively (see, for example, [26]). The local generators
of the gauge transformation can therefore be defined as:

Gy = Z (L‘r‘,i + Ri‘_;_,-) + 1. (8.20)

l

Finally, the lattice Hamiltonian for the non-Abelian theory will be:
i i T r T T
H = _ZZ (_1)r|+...+r,7| (Tprl Uriwr+; _ h.C.) + mz (-1 e ¢rl¢r
r,i r

a27d92 a2 a2 ad74
+ 5 () + (R) )—nggn (vo+ul). 21

r,i,a

Again, the Gauss law should be imposed on physical states G§ |¥) = 0.

Often times, in the proceeding sections, the matter-gauge correlated hopping will
be written as 1/)2' Urib,,; + h.c. rather than i (wr‘ Uit — h.c.) as above. While the
latter reproduces the familiar continuum Hamiltonian in the naive continuum limit,

both are related by a gauge transformation.

8.2.1.3 Challenges, Limitations and Quantum Link Models

Cold atom systems offer the possibility to construct Hubbard-like Hamiltonians with
tunable hopping parameters and on-site interactions. However, gauge potentials and
gauge fields demand more than that.

When the field is static, as described in Sect.8.2.1.1, the hopping parameters
become complex. This is not readily available in simple optical lattices, but, thanks
to recent experimental developments, it is nowadays possible to engineer static gauge
fields, as we will discuss in Sect. 8.3.
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For dynamical gauge fields, as discussed in Sect. 8.2.1.2, the matter hopping and
link operators must be correlated in such a way to guarantee the existence of the local
gauge symmetry (at each lattice site). Such kind of hopping is not natural in a cold
atomic system and a discussion on how to implement is presented in Sect. 8.4.

There is, yet, a further difficulty for dynamical gauge fields. Take, for example,
the commutation relations in (8.15) pertaining a certain link. The operator U, acts
as a raising operator of the electric field (or equivalently of L,). But, for a U(1)
theory, this corresponds to an infinite Hilbert space per link. Constructing such links
is certainly an experimental challenge, even for small lattice sizes. A solution of
this problem is provided by quantum link models which are characterized by a finite
Hilbert space per link, without violating the required gauge symmetry. These models
were introduced by Horn in 1981 [31] and were further studied in [32—-36]. Proposed
as an alternative formulation to Wilson gauge field theories on the lattice, they became
an attractive realization of gauge symmetries for quantum simulation purposes.

In quantum link models the link degrees of freedom are replaced by quantum spins,
such that the algebra in (8.15) is replaced by the algebra of angular momentum. In
particular this correspond to consider alternative link operators:

Liri =S5, +iS;

i Lei =S¢, (8.22)
where the raising and lowering operators L., ; replace U, and its conjugate. With
this construction, the first two relations of (8.15) are still satisfied. However, the last
no longer holds because U and U" do not commute any longer. In particular, L..;
are not unitary whereas U, was.

Even though the algebra itself is different, the angular momentum operators
can be equally used to construct a gauge theory without compromising the gauge
symmetry. In particular, we can choose the dimension of the Hilbert space in
each of the links to be 25 4 1 with § a positive half integer (corresponding, in
the spin language, to the total spin). It is expected that in the limit of large S
the Wilson formulation should be recovered. Explicitly one can use the following
link variables Up; — L.ri/+/S (S + 1). The new non-zero commutation relation is
[Uri. U | =243/ (S + 1). In the limit of § — 00 the right hand side goes to
zero and the initial algebra is recovered.

There is an analogous construction for U (N) non-Abelian symmetries. One can
see that the symmetry can be realized using an SU (2N) algebra (note that for N = 1
this gives, correctly, SU (2)). It is possible to construct the new algebra using the
so-called “rishon fermions” [36]. They are written in terms of pairs of fermionic
operators /;"; and r;"ﬂ?’j for each link between the sites r and r + f These operators

define additional left and right gauge modes laying on the lattice sites r and r + 7
with the aim of describing the link degrees of freedom. m labels their color index.
We can write:



226 J. C. Pinto Barros et al.

| R 1
1] T
Lo = ghistmles s Rej = 3ri v (8.23)
_ my m mi ym
By =5 (0t — W) (824
— nt
U;n; — ll"’.’jrr+;’j . (825)

The finiteness of the Hilbert space is a feature desirable for future quantum simulation
schemes. Even though not a primary concern at this stage, it is reassuring that the
effective continuum limit can be achieved even if one uses quantum link models [34].

8.3 Simulation of Gauge Potentials

In accordance with the previous discussion, the goal of this section is to show specific
examples on how a complex hopping parameter can be engineered. The two main
strategies described will be two contrasting situations. In one external parameters
are varied adiabatically (Sect. 8.3.1), while in the other fast modes are integrated out
(Sect.8.3.2).

8.3.1 Adiabatic Change of External Parameters

The idea of this approach has, in its core, the tight relation between the Aharonov—
Bohm phase [37] and the Berry phase which was a concept introduced by Berry in
[38]. The first is the phase acquired by a particle traveling around a closed contour.
At the end of the path, when it is back to the initial position, the wave function
acquires a new phase which is independent of the details of how the path was done
and only depends on the total magnetic flux through the contour. On the other side,
the Berry phase corresponds to the phase acquired when some external parameters
of the system are varied in time, “slowly”, coming back again to their initial value for
a non-degenerate state. In a more precise way, the starting point is an Hamiltonian
H (g%, \;) where g“ are degrees of freedom and ); are a set of external parameters.
If these parameters are varied sufficiently slow returning, in the end, to their initial
value, and if the initial state is an non-degenerate eigenstate, then the system will be
back to its initial state. During the process, however, it will acquire a phase:

W)y  — ). (8.26)

adiabatic change

The phase 7 can be derived by computing the time evolution operator and subtract the
“trivial” dynamical phase acquired simply due to the time evolution. Let us consider
the adiabatic evolution of a system such that each energy eigenstates remain non-
degenerate during the whole process. In this case, starting from one of the eigenstates
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of the initial Hamiltonian, the system will continuously evolve remaining in the
corresponding eigenstate, with energy E(), at each time. Therefore the dynamical
phase is e~*/ E()d! The additional Berry phase reads instead:

1= Amax, (327)
c
where C is the closed path in the space of the parameters ); and A; are given by:

- . 0
Ai (V) =i (o N N I (M) (8.28)

where |¢ ()\)) are reference eigenstates taken with an arbitrary choice of their overall
phases. A ()) is the Berry connection. Different choices of the reference eigenstates
with different phases, for example |¢'(\)) = €!*¥ |¢ (\)), would just reproduce a
gauge transformation on A:

- - - Oa
A — A=A — —. 8.29
— A N (8.29)

This principle can be applied in multi-level atomic systems in order to reproduce
artificial gauge fields in an ultracold atomic setting. As an example, the computation
can be done for a two level atom, where it is shown how this vector potential appears
explicitly at the Hamiltonian level. These two levels correspond to two internal
states of the atom, the ground state |g) and an excited state |e¢). The center of mass
Hamiltonian, assumed diagonal on the internal states, is taken to be simply the free
particle Hamiltonian. The total Hamiltonian is H = Hp + U. By a suitable shift of
the energy spectrum we can assume that the ground and excited state energies are
related by £, = —E,. Then U can be written as

Q [ cosf e?sind
U= 2 (e"‘j sin 6 —0050) (8.30)

where 6 and ¢ may depend on the position. The frequency 2 characterizes the strength
of the coupling between the two states and it is assumed to be position independent.
The eigenstates of this operator, denoted as “dressed states”, are given by:

) i i 0
COS 5 —e sin 5
mn:(Ww@), Wﬁ=( wﬂz) (8:31)
2

2

with eigenvalues £/ /2 respectively. We assume that the initial internal state is
|x1) and that the evolution is adiabatic, such that the system remains in the state
|x1) at all times. Hence the state of the system can be described by a wave function
|y (t, 1)) = @ (t, 1) |x1 (r)) where o (¢, r) will obey a modified Schrodinger equation
due to the dependence of | (r)) on the position. Plugging this into the Schrédinger
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equation and projecting on |x; (r)), we find the effective Hamiltonian governing :

2 ; 2
(Pi—ita®iZa®)  [oeol Lo
“+

H. =
eff 2m 2m

+ @ (8.32)
T .

As expected, a vector potential A; (r) corresponding to the Berry connection is
found. Additionally a potential V (r) is also created and related to virtual transitions
to the other state |x, (r)). In this two level approximation, these two quantities
: i _ cosf—10¢ 5oy (VO 4sin? 0V 1 :

are given by A; (r) = S and V (r) = ~———_ —. Discussions about the
practical implementation on optical lattices can be found in [21, 22, 39, 40]. First
experimental evidence of scalar potentials in quantum optics was found in [41] and
the first observation of geometric magnetic fields in cold atomic physics was done
in [42]. By considering a set of degenerate or quasi-degenerate dressed states it is
possible to achieve non-Abelian gauge potentials as well [21, 22].

8.3.2 Effective Hamiltonian in Periodic Driven System

In contrast to the approach of the previous subsection, where the creation of the
magnetic field relied on a slow change in time (i.e. the particle moves slowly enough
such that the position dependent internal state is followed adiabatically), the follow-
ing technique relies on fast oscillations. The basic principle consists on having two
very distinct timescales. A fast oscillating time dependent potential will give rise to
an effective time independent Hamiltonian which will present the desired complex
hopping term. A general technique was proposed in [43] and it is based on a generic
time-dependent periodic Hamiltonian:

H=Hy+V() (8.33)

where all the the time dependence is relegated to V () = V(¢ + 7) where T is the
time period. V () can be decomposed as:

V() = Z (Vase™ + V,_e™") (8.34)

n

where V,,1 are operators and w = 27 /7. The condition V. = V,f_ guarantees the
Hermiticity of the Hamiltonian.
A unitary transformation ¢/ ¥ generates an effective Hamiltonian given by:

Heff — 6‘iK(t)I_IefiK(t) 4 <%ei1((t)> efiK(t). (835)



8 Gauge Theories with Ultracold Atoms 229

We choose a periodic operator K (¢) such that the effective Hamiltonian is time
independent. Under this requirement, the time evolution operator can be represented
as:

U (t[ — lf) = /K (1) g Hen (1y=11) o=1K (1) (8.36)

and it can be shown that, at lowest order, the effective Hamiltonian can be writ-
ten as [43]:

Hey = Ho + 7’2 [Vits Vae ] + O (77). (8.37)

This expansion relies on the small parameter V7 where V is the typical energy scale
of V(¢). This expansion turns out to be very useful in the effective description of
ultracold atomic systems though care should be taken, in a case by case scenario, in
order to be sure about the convergence of the series.

8.3.2.1 Lattice Shaking

The lattice shaking approach consists on having an external time dependent optical
potential that is changing in time in accordance to the previous description. Then a
change of basis is performed for a co-moving frame that, along with a time aver-
age, will create an effective Hamiltonian with the desired complex hopping. As
an example, a brief prescription is presented along the lines of the realization in a
Rb Bose-Einstein condensate [44]. The Hamiltonian considered is the usual tight-
biding Hamiltonian in 2D with the usual hopping and on-site part H,; (by on-site it is
intended one body potential and scattering terms that act in single sites). In addition,
there is an extra time dependent potential:

H = _Zt”'&:ﬁ&f + Hos + Y _vp (1) &l dr. (8.38)
r,j r

The function vy (¢) is periodic on time with period 7: vy (f) = vy (t + 7). A uni-
tary transformation on the states is performed and plugged in on the Schrédinger
equation, thus defining new states |¢) such that [ (1)) = U (¢) |¢/' (¢)). The Hamil-
tonian becomes H' (t) = U (t)" HU (1) — iU (t)" U (r) (where the dot stands for
time derivative). The transformation is given by

U (t) — e_i j(]r dr' Zr Ur(t/)ﬁ:[lr . (839)

It is straightforward to see that this transformation cancels the part of H (which will
be present also on U HU ) corresponding to v; (t) 4} a,. On the other side, since this
does not commute with the kinetic term, a time dependence will be inherited by the
hopping terms. For a set of rapidly oscillating function v; (¢) the Hamiltonian can be
replaced by an effective one, resulting from time averaging over a period. The new
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hopping parameters will read:

iAur‘,»)

Iej = Iyj (e (8.40)

T

where (), stands for the average over a period: 77! fOT dt and Ave; = ve (1) —

Ve (0 = (00 (0) = vy )

T

8.3.2.2 Laser-Assisted Hopping

In this case the effective dynamics is induced by the coupling of the atoms on the
optical lattice with a pair of Raman lasers. A fundamental ingredient consists on
introducing an energy offset A on neighboring sites. It is enough to consider such
scenario along a single direction. Considering a 2D lattice:

A A .
H=-1)" (cj+jcr n h.c.) + S D e+ Vo) (8.41)
r,j r

where r = (x, y) runs through the lattice sites. The offset term, characterized by
A, can be obtained by tilting the lattice, introducing magnetic gradients or through
superlattices. The potential V () is the result of the two external lasers that induce an
electric field E; cos (K| - r{ — wyt) + E> cos (K - 1y — wpt). It is assumed that the
frequencies are fine-tuned such that they match the offset w; — w, = A. Neglecting
fast oscillating terms the potential is written as:

V() =2E1E) e *¢ie, +hec. (8.42)
r

with kg = k; — k. Then one can get the effective Hamiltonian in two steps. First
performing an unitary transformation exp[—it% 3. (=" ¢lée] will create oscilla-
tory hopping terms (with exp (i At) in front). Then one may apply the previous
formalism building an effective Hamiltonian using (8.37):

H==1y" (] yér i1 +he)
X,y

2tEE . . o e . B
_ 1£2 Z [(elkR'r—l) (ElkR‘rc;ycx_g.l,y-i-e ikR rCT_l’ny_y>+h.C.]+O(A 2).

A X
(8.43)
It is clear that this generates complex hopping and one finds that the lattice has
staggered flux. With a choice kg = (P, @) (as also made in the experiment [45])
one can write upon a gauge transformation:

X even,y



8 Gauge Theories with Ultracold Atoms 231

H==1Y" (&l yérys1 +he)
x,y

_ M‘EZAw Y (e ey + e e eey) +he] v 0 (a7?)

(8.44)
where it is clear that a sequence of fluxes £& alternates in the plaquettes along
the x direction. More refined techniques allow for the realization of systems with
uniform fluxes [46]. In such systems the Chern number of the Hofstadter bands was
measured in [47]. It is worth noting that other kind of one-body terms, beyond the
staggered term, can be used as it was done in the first quantum simulations of this
model with ultracold atoms [48, 49]. In that case a linear potential is used. These
kind of approaches can be adapted to more general scenarios including different
geometries and multi-component species. The latter, for example, can be achieved
by introducing spin dependent potentials as done in [48].

X even,y

8.4 Simulation of Gauge Fields

In the context of Abelian gauge theories, the goal of simulating gauge fields consists
in attributing dynamics to the complex phases on the hopping parameters that were
identified in the previous section. In order to construct such dynamics one should
identify degrees of freedom that will play the role of the gauge field. Several proposals
have been put forward which map the gauge degrees of freedom into some other
controllable variables. The platforms used include ultracold atoms, trapped ions and
superconducting qubits. They may be analogue or digital quantum simulators and
include Abelian or non-Abelian symmetries [S0-76]. A more detailed description
of two particular approaches in analogue cold atomic simulators will follow: the
gauge invariance will be obtained by either penalizing with a large energy cost the
non-physical states or by exploiting microscopic symmetries.

There are other symmetries which have been explored, namely Z,, [54, 65] which,
in particular, can provide an alternative route towards U (1) symmetry in the large n
limit [54] and can be addressed with similar approaches. Proposal for the realization
of CP (N — 1) [77, 78] models have been put forward in [71, 72]. These models
can serve as toy models for QCD and are also relevant in studying the approach to
the continuum limit, in the context of D-theories, where the continuum limit is taken
via dimensional reduction [35, 36]. Furthermore other formulations are possible for
specific groups [26, 79-82]. Gauge theories with Higgs fields have also been the
target of quantum simulation proposals [8§3-86].

Another relevant approach is the so-called quantum Zeno dynamics which takes
inspiration on the quantum Zeno effect, stating that a system being continuously
observed does not evolve on time. Furthermore, if the measurement commutes with a
certain part of the Hamiltonian, then it can freeze a certain part of the Hilbert space but
still enables the dynamics in another subspace [87]. This feature can be used in order
to freeze gauge dependent quantities and let the system evolve in the gauge invariant
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subspace. The Hamiltonian to be implemented has the form H,oise = Hy + H; +
V2K nya G¢ where Hy and H, are time independent and are, respectively, gauge
invariant and gauge variant parts of the Hamiltonian. The operators G¢ are associated
to the constraint one wishes to impose G¢ [¢)) = 0. In the case of gauge theories G§
are the generators of gauge transformations. An advantage of this approach, with
respect to the energy punishment approach of the next section, is that only linear
terms on the generators must be imposed on the Hamiltonian (energy punishment
requires quadratic terms). By other side leakage from the gauge invariant subspace
of the Hilbert space happens as a function of time, which does not happen in the
energy penalty approach. This approach was developed in [63].

Another approach, that was successfully implemented in the first quantum sim-
ulator of a gauge theory using trapped ions [7], is the digital quantum simulator
[88]. The key idea consists on in dividing the full time evolution operator e~/
into smaller pieces of sizes 7 = ¢/N and apply time evolution of smaller parts of
the Hamiltonian at a time. Consider for example an Hamiltonian which is a sum of
M contributions: H = ZZI H,. Each part H, can represent, for example, a nearest
neighbor spin interaction in which case only two spins are coupled on each H,,. For
large enough N one can write:

" N
ol — (e—iHT)N ~ (l_[e_iH“T> . (8.45)

a=1

Each time step can now be interpreted as an individual gate. While in the analogue
simulation the great difficult lies on building the appropriate gauge invariant Hamilto-
nian, in digital quantum simulations that is not a problem. The difficulty lies, however,
in building an efficient sequence of gates. Other then the scheme used in the first
experimental realization [89], other proposals towards digital quantum simulations
of lattice gauge theories have been put forward [50, 52, 61, 69, 73, 74].

8.4.1 Gauge Invariance from Energy Punishment

The energy punishment approach is a quite general approach which allows for the
theoretical construction of models that will exhibit a given symmetry in its low
energy sector. It consists on building a Hamiltonian which does not prohibit the
symmetry violation to occur but instead punishes it with a large energy. In a more
concrete way, let suppose one wants to implement a set of symmetries corresponding
to a set of generators {G,} commuting with each other [GX, G y] = 0. Furthermore
consider a typical Hamiltonian H,y which does not respect these symmetries. Then
one constructs the following Hamiltonian:

H=Hy+T» G (8.46)
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where I' is a large energy scale, meaning much larger than the energy scales involved
in Hy. Since G, are Hermitian G2 have non-negative eigenvalues. One can choose
the lowest eigenvalue to be zero by an appropriate definition of G,. Then, at low
energy («KI"), the states will respect approximately the condition G, [¢) >~ 0. If
not, this would give a state automatically in an energy scale ~TI". It is then possible
to construct an effective Hamiltonian, valid in low energy, which will respect the
symmetries generated by {G,}. Let G be the projector operator on the subspace of
the total Hilbert space obeying G, |1)) = 0 andlet P = 1 — G. Then the low energy
Hamiltonian can be written as:

1 1
Her = GHyG — —GHyP—— PHyG + O (I'? 8.47
eff 0 G Ho G WG +0O(I'?) (8.47)

which fulfills the symmetries. Within this framework an effective Abelian gauge
theory can be constructed. In non-Abelian theories the generators of the gauge trans-
formation do not commute and this construction fails. There are, of course, several
possible drawbacks even on the theoretical level. For example the Hamiltonian (8.47),
even though gauge invariant, may contain unwanted interactions or miss some par-
ticular terms which are present on the target system.

In order to construct a quantum simulator the first task is naturally to map the
degrees of freedom of the target theory into the laboratory controlled ones, in this
case the atomic variables. The matter fields, which are fermionic, will naturally be
described by fermionic atomic species. Regarding gauge fields, the target will be
the quantum links formulation discussed in Sect. 8.2.1.3. Therefore the goal consists
on building the quantum links satisfying the algebra [ Ly ;, Uy ;] = 0;j6e Uy, ; and

[Uri. US| = idee2Lei /S (S + 1),

r,
This can be achieved using the Schwinger representation. Given two bosonic
species b@ with o = 1, 2 which are associated to each link, one can write

1 1 ;
Uy = mbf”bg), L= (bﬁf” by — bi?'bfr})) : (8.48)

Each link is loaded with a total of 25 bosons where S is an half integer. Then one has
the desired representation for the quantum links in terms of atomic variables. Now
the variables are identified. One then can then build a d dimensional optical lattice
where fermions are allowed to hop among lattice points and in each links there are
a total of 2.5 bosons. For 1D, the target Hamiltonian is of the form:

2
H =t (c}Upcrsi +hc) +md  (=1) cle, + %ZL%. (8.49)

When comparing to the general structure of (8.21) there are two differences: the
plaquette term and the position-dependent coefficient of the kinetic term. The pla-
quettes are naturally absent in 1D, whereas the tunneling amplitude can be fixed
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by a gauge transformation ¢, — (—i)" ¢,. The Hamilton (8.49) has, therefore, the
required structure and can be targeted with the Schwinger boson approach. It then
becomes

== (; = 1); <c;b§f”b,gf’>cn + h.c.) +an: (1) clen + %Xn: (bf}”bff) - b,ﬁ”*b,ﬁ”)z.
(8.50)
The two last terms can be, in principle, implemented directly using a proper tuning of
the interactions between the bosons and the potential for the fermions. The first term,
instead, is a correlated hopping between bosons and fermions which is obtained less
easily. Furthermore the additional terms that are not gauge invariant, like b*"5(®
and chn ;> must be suppressed. This is solved by the energy punishment approach.
In general the non-gauge invariant Hamiltonian with the ingredients described has

the form:

Hy == [tr (cjeass +hc) — 15 (575" + h.c.)]

n,i

3 (sl T ) + U 00 -0
n a n

(8.51)
Using the generators for the U (1) gauge symmetry in (8.19) one considers the full
Hamiltonian:

. 1= (=D)"\?
H = Hy+ FZ <Lﬂ — L1 —clea+ %) . (8.52)

It is crucial that one has access to the interactions that are introduced on the last term
corresponding to the energy punishment. To see that this is the case it useful to be
more specific about the labels o. One can take, as in [53], the labels o = 1, 2 mean-
ing respectively left and right part of the link, which can be thought to coincide with
the lattice site. In this way »®7b(1 are just regular hopping terms. Furthermore it is
recalled that the total number of bosons associated to each link is conserved. There-
fore one can write: L, = —S + bP'pP = § — b{V7H{D . This means that terms like
L? and and L, L, can be written as a density-density interaction. Regarding the
last case, recall that b,(ll) and b,(lz_)] are effectively in the same site, see Fig.8.1. Now
(8.47) can be applied. The number of particles in each site is a good quantum number
to describe the eigenstates of G,. The number of particles in the site j are denoted
by nf = clej nt = b6 and n? = b'? 75\ The subspace of gauge invariant
states is then characterized by:

1— (=1

F 1 2 _
nj+nj+nj_25+ 2

(8.53)

At the lowest order only the two last terms of (8.51) survive as any single hopping
destroys the above relation. At the next order there are three possible virtual processes
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2 —1 2 25 + 1

BOSONS 1
s OO/
%BOSONS 2

Fig. 8.1 Superlattice configurations for the two boson species and the fermionic one. Bosons of
the species 1 at an even site 2 j can only hop to 2j — 1 while a boson of species 2 has only access to
the site 2j + 1. The Figure presents an example of a gauge invariant state configuration (on these
three sites) where G [¢) =

that preserve this condition. Up to some linear terms on the particle density operator,
they are:

i Boson-boson hopping: a boson hops to the neighboring site on the same link and
another boson hops back. It gives rise to a boson density-density interaction.

ii Fermion-Fermion hopping: a fermion hops to a neighboring site and then hops
back. Only possible if neighboring site is unoccupied and gives rise to a nearest
neighbor fermion density-density interaction.

iii Boson—Fermion hopping: a fermion hops to a neighboring site and a boson
belonging to the link that connects the two sites does the opposite path. It gives
rise to a correlated hopping.

The terms coming from (i) should be joined with the last term of (8.51) in order
to form the correct kinetic term for the gauge fields. The terms in (ii) are some-
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how unwanted and correspond to a repulsion between neighbor fermions nf nf E
Naturally, they do not spoil gauge invariance and their inclusion should not be a prob-
lem [53]. Finally the terms originating from (iii) give rise to the correlated hopping
responsible for the matter-gauge coupling as written on the first term of (8.48). There
is another issue which should be addressed. From the beginning it was assumed that
the the number of bosons in each link is conserved. In particular this means that
bosons are not allowed to pass to a neighboring link. In order to guarantee this con-
dition in an experiment one should introduce an extra bosonic species and this is the
reason that bosons in neighboring links were represented with different colors on
Fig.8.1. Then one bosonic species is trapped on the even links and the other in the
odd links. This will prevent bosonic hopping between links. A numerical study of
real dynamics of the the model as well as accuracy of the effective gauge invariance
obtained was also done in [53].

Finally, in a possible experimental realization, the first fundamental step is to
guarantee that the system is initialized on a gauge invariant state. This can be done
by loading the atoms in a deep lattice such that they are in Mott phase. Afterwards
the system should evolve according to the fine tuned Hamiltonian described above
(after lowering the lattice barriers). Finally measures of relevant quantities can be
performed.

This principle is valid in higher dimensionality where one has to face the difficulty
of generating plaquette terms. This was done for the pure gauge in [59, 90] by suitably
allowing hopping between links. In the first case each link has an infinite dimensional
Hilbert space that is represented by a Bose—Einstein condensate. In the second the
proposal is simplified by considering a quantum link model.

8.4.2 Gauge Invariance from Many Body Interaction
Symmetries

This approach consists on building a lattice which will have the necessary local
gauge invariance arising from microscopic symmetries. Specific proposals may vary
significantly even though the same principle is used. For example in [76] the simu-
lation is built upon the global symmetry conserving the total number of excitations
and is achieved via a state-dependent hopping. In turn, see for example [65, 91], are
built upon conservation of angular momentum. For concreteness the later approach
will be described in more detail below. In the case of [62] SU (N) symmetries of
the ground state manifold of alkaline-earth-like atoms could be exploited in order to
built non-Abelian gauge theories.

Symmetries only allow for certain type of processes to occur and, by exploiting
these constraints, one can build a gauge symmetry. This can be done, as said before,
considering angular momentum conservation. The Schwinger model is taken as an
illustrative example. Bosons, that will make up the gauge fields, are placed at the
two boundaries of the links. Because the goal consists, partially, in forbidding gauge
dependent terms like simple boson or fermion hopping, the lattice should be spin
dependent. In this way a single hopping is forbidden as it does not conserve angular
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momentum. By other side one should guarantee that correlated spin between bosons
and fermions is allowed. This can be achieved by a judicious choice of respective
hyperfine angular momentum in each lattice site. For concreteness, consider a single
link connecting two sites and a total of two bosonic (b",6®) and two fermionic
species (c,d). The site at the left of the link can only be populated by ¢ while the right
side by d. Analogously the left end of the link can only be populated by 5" while
the right end can only be populated by 5. Then the conditions described above for
allowed/forbidden hopping are automatically satisfied if one chooses the hyperfine
angular momentum of each atomic species to satisfy:

mp(d) —mp (c) =mp (bV) —mp (b?). (8.54)

It is intended that the lattice is, indeed, spin dependent so that mp (d) 7# mp (c)
and mp (b'V) # mp (b'?). In other words, what this means is that the difference
of angular momentum caused by a fermion hop can be exactly compensated by a
bosonic hop in the opposite direction. This leads directly to the correlated hopping
desired which, in fact, comes from the scattering terms between bosons and fermions.
The only other allowed scattering term between fermions and bosons correspond
to density-density interactions like c'c (6@ 6@ + bV Tp1). These are just linear
terms on the fermionic number operator due to the conservation of the total number
of bosons per link. Summing over all lattice sites will give just a constant shift of the
energy. The scattering terms between bosons give rise to the gauge kinetic term as
before (in 1 4+ 1 dimensions).

Again, for higher dimensionality, there is a non-trivial extra step consisting on
building plaquette interactions. If plaquettes are ignored and the model described
above is loaded on an higher dimensional lattice the result corresponds to the strong
coupling limit of the gauge theory.

The plaquette terms can be achieved by the so-called loop method. It uses pertur-
bation theory in a similar way that was used in the energy penalty approach. In order
to discuss the essence of the construction of the plaquette terms, one can consider
just the pure gauge theory. The target Hamiltonian is

2

Hypoor = 2 L2.—LZ Ug + Ul (8.55)

arget ) ri 492 O o) - .
O

r,i

The description will be specialized for 2 + 1 dimensions but the theoretical construc-
tion for higher dimensions is analogous. The construction of the plaquette term relies
on a perturbative expansion similar to (8.46) but, in this case, Hy is already a gauge
invariant Hamiltonian. For reasons that will be explained below one should have two
fermionic species, say x and 1), and build the trivial part of the generalization of the
1 + 1 process:

2
g
Hy=—tY  ($]Usithy; + X{Urixps; +hc) + ?;Li . (8.56)

r,i
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The fermionic species are auxiliary and in the effective model they will be integrated
out. There should be no interacting term between them. Here the energy penalty must
enforce the following conditions at each site r = (ry, r3):

e there is a fermion v if both r; and r, are even
e there is a fermion Y if both 7; and r;, are odd
e no fermion otherwise

The positions of these fermions is represented on Fig. 8.2a. This kind of constraint
can be obtained, for large I", with a Hamiltonian of the form:

14+ (=D)) (14 (=D") . 1= (=D)) (1= (=1
Hpenalty:_FZ[( D )4( b )wler‘f‘( D )4( - )XIXr

(8.57)
Through perturbation theory, according to (8.47), one gets the plaquette terms at
fourth order. This process is “cleaner” if the U, in (8.56) are considered unitary. In
particular we may consider a unitary limit, in which the total spin of the quantum
link goes to infinity: S —= +o00. Order by order:

1. Only the pure gauge part of (8.56) contributes, no fermionic term occurs.

2. Trivial constant contribution assuming that U, are unitary. The virtual process
giving rise to this contribution is a single link interaction where a fermionic-
bosonic correlated hopping occurs back and forth restoring the initial state. There
are never fermions on the neighbor lattice site. In the unitary limit there is an
infinite number of bosons such that [U, U] — 0. In the case of finite bosonic
number, extra contribution corresponding to a renormalization of the pure gauge
term of (8.56) will appear, together with another term which can be discarded by
application of the Gauss law.

3. Trivial constant contribution assuming that U, are unitary. Virtual contributions
evolving links constitute again back and forth hopping plus a pure gauge term at
any stage of the process. The extra contributions coming from considering a finite
number of boson per link cannot be disregarded trivially as at second order.

4. It gives the desired plaquette term plus renormalization of the pure gauge term
of (8.56) assuming that U, are unitary. The last case corresponds to the virtual
process where a fermion goes around a plaquette and returns to the initial place.
This virtual process is represented on Fig. 8.2b. Naturally, in the non-unitary case,
more terms appear.

Plaquette terms only appear at fourth order. However, in the unitary limit, most
contributions are trivial. One can then see that it is effectively a second order contri-
bution [92].

When one considers a finite number of bosons in the links there are extra contri-
butions appearing which cannot be disregarded. As in the case of the energy penalty,
these contributions, even though unwanted, can be tolerated as they are naturally
gauge invariant. However one should guarantee that these extra contributions are not
more important than the plaquette term which is the target term. That can be achieved
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(a) (b)

Fig. 8.2 Loop method for obtaining the plaquette terms. In the panel a it is depicted the positions
of the auxiliary fermions that are used to construct the plaquette term using gauge invariant building
blocks. One of the species, say 1, is represented in red and placed on sites with both coordinates even.
In turn x;, in pink, is placed on sites with both coordinates odd. This correspond to the ground-state
of (8.57). In the panel b it is represented a virtual process that gives rise to a plaquette term

if the coupling term, parameterized by g2, is taken to be small in units of ¢. By taking
g*> ~ t?/ T one makes the unwanted terms at third order effectively of the same order
as the plaquettes and unwanted terms of the fourth order effectively of higher order
than the plaquettes.

On top of these, an extra species of fermions can be introduced to play the role
of matter fields. They will consist, in the initial Hamiltonian, to the usual correlated
hopping with the bosons. Furthermore the staggered mass term (of (8.17)) should
also be introduced. In the unitary case this extra piece commutes with the interacting
part of (8.56) and no further contribution is obtained in perturbation theory. In the
truncated case there is an extra (gauge invariant) correlated hopping coming at third
order. Another different aspect of the introduction of dynamical fermions is that
the Gauss law (Zi L. — Lr—?,i = const) can no longer be used to trivialize terms.
The divergence of the electric field gets a contribution from the charge density of
the dynamical fermions. Nonetheless it can still be employed and the extra charge
density terms can be compensated on the initial Hamiltonian if proper fine tuning is
available experimentally.

In [91] it was proposed a realization of the Schwinger (1 + 1) model using a
mixture of >*Na for the bosons and ®Li for the fermions as well as an extensive study
on the influence of the finiteness of the number of bosons per link in that case.

8.4.3 Encoding in 1 + 1 Fermions

The case of the Schwinger model, 1 + 1 Dirac fermions coupled to a gauge field,
is an interesting experimental and theoretical playground. It shares some non-trivial
features with QCD like confinement, chiral symmetry breaking and a topological
theta vacuum [93]. However, due to its simplicity, it allows for analytical and numer-
ical studies which may become significantly harder in more complicated theories.
Furthermore it was the target of the first experimental implementation of a lattice
gauge theory [7]. In the context of quantum simulations it may not only provide the
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entrance door towards more complicated experimental realizations but also a way of
benchmarking experimental techniques.

One of the reasons why this model bares an intrinsic simplicity, as mentioned
previously, is the fact that the gauge fields are non-dynamical. This is reflected on the
absence of plaquette terms in the Hamiltonian formulation. Furthermore the Gauss
law fixes the gauge field and can be used to integrate out its degrees of freedom.
This results in a long-range interacting model which will be addressed next. In the
following the lattice Hamiltonian formulation is considered for N lattice sites:

2N1

= _lzz i Upcurt —hec] —i—mZ( " c*cn+ ZL (8.58)

n=1

Here an infinite dimensional Hilbert space per link is considered, therefore the oper-
ators U, are unitary and the non-trivial commutation relations on the links are given
by [L, U,] = U, 0, Equivalently the link can be written as U,, = ¢ The Gauss
law is imposed in accordance with the relations (8.18) and (8.19). This model can be
formulated in terms of Pauli spin operators [94] through the Jordan—Wigner trans-
formation:

Cn = H (ioz (D) o™ (n)
H( io; () o™ (n)

l<n

(8.59)

where o; (1) represent the Pauli matrices in the site / and o (n) = o, (n) £i oy (n).
In terms of the spins the Gauss law is determined by:

1
Gn=Ly=Ly1—3 (0. )+ (=D)") . (8.60)

By restricting ourselves to the physical space, through the Gauss law G, |¢)) = 0,
the link variables can be almost completely eliminated. Using periodic boundary
conditions (Lo = L) one finds:

] n
L,=Lo+ EZ (0. D)+ (=1)") . (8.61)

The value of L is a parameter of the theory and corresponds to a background field.
For simplicity it will be taken to zero at the present discussion. By using the above
relations the Hamiltonian (8.58) can be rewritten as:

2
N N 2 N n
= t’; |:g'+ (n) et o~ (n+1)+h. c] + — Z (=D)" o5 (n) + s Z |:Z (UZ 0 + (l)"):|

n 1 n=1 [ =1
(8.62)
where a trivial constant term was dropped. The remaining gauge field variable 6,
can be eliminated by a residual gauge transformation [95]:
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ot (n) - oF (n) Heim/ . (8.63)

j<n

This is a non-trivial transformation as #’s are operators. More precisely, the above
relation should be seen as defining a new set of operators &% (n) = oF (n) IT; j<n eFili
The o still respect the angular momentum algebra between each other. Therefore they
are still spin operators on the sites of the lattice, despite acting non-trivially on the
links. Since the links degrees of freedom are being traced out using the Gauss law,
one can arrive at an effective spin model for the sites. Plugging this transformation
and expanding the interaction term, the resulting model is a long-range interacting
spin model:

H =t

Mz

N 2
[cF (m)o™ (n+1) +h] +Z (% (—1)" — % (1- (—1)”)> o, (n)

n=1

Il
-

n

4>|‘Q

2 N-2N-1
ZZ (N=Do.(n)o. (). (8.64)
=1 [=1

This is a useful formulation for quantum simulations since the total of N particles
and N — 1 gauge fields are simulated by just NV spins (with exotic long-range interac-
tions), thanks to the gauge invariance. The difficulty was moved towards an efficient
way of implementing the long-range asymmetric interaction between spins. This
Hamiltonian was implemented as a digital quantum simulator in [7] using trapped
ions (*°Ca™). The system was composed of four qubits. The Schwinger mechanism
of pair creation of particle-antiparticle was explored, as well as real time evolution
of entanglement in the system. Based on the staggering prescription in Sect. 8.2.1.2,
a particle on an odd site corresponds to the vacuum and a hole as an antiparticle (the
contrary holds for particles in the even sites). Following this picture the number of
particles at the site n is given by v, = (1 — (—l)”) /2+ (=1)"c}c, and therefore
a relevant observable is the particle density v (1) = 2N)™' Y, (1 + (=1)" o, (n)).
Starting from a bare vacuum (v (0) = 0) it is observed a rapid increase of the particle
density followed by a decrease which is due to particle/anti-particle recombination.
Also the vacuum persistence G (t) = (0] e~/ |0) and entanglement were evaluated.
The latter is done by reconstructing the density matrix and evaluating the entangle-
ment in one half of the system with the other half through logarithmic negativity.
Entanglement is produced through particle creation that get distributed across the
two halves. More detail on the simulation and experimental results can be found in
[7, 89]. Future challenges include the simulation of larger systems as well higher
dimensionality and non-Abelian symmetries.
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Chapter 9 ®)
The Remarkable BEC Dimer G

David K. Campbell

Abstract We provide a short review (to appear in the proceedings of ‘Strongly
Coupled Field Theories for Condensed Matter and Quantum Information Theory’,
held in Natal 2015) of several articles by the author and his collaborators on aspects
of the ‘Bose—Hubbard” dimer (also known as the “Bose Josephson junction™) as
realized by a Bose Finstein Condensate (BEC) in a double-well optical trapping
potential. We discuss the semi-classical model for this system (the Gross-Pitaevski
(GP) equation) which is valid for a large number of atoms in the condensate and show
that it is equivalent to an integrable classical dynamical system with multiple fixed
points whose locations depend on the parameters of the system. We then discuss
the full quantum mechanical model (the Bose—Hubbard Hamiltonian) both with
and without dissipation. We demonstrate the surprising result that dissipation can
actually enhance the condensate fraction and the EPR entanglement by driving the
system nearer to the (classical) fixed points. We also show that the full quantum
model predicts a tunneling phenomenon that is absent in the GP equation and that,
in principle, should be observable in near-term experiments.

9.1 Introduction

The experimental realizations of Bose—Einstein Condensates (BECs) and degener-
ate Fermi gases (DFGs) revolutionized the field of atomic, molecular, and optical
(AMO) physics, and when combined with the remarkable precision of magnetic
and optical trapping—in particular, optical lattices—have allowed these ultra cold
atomic systems to serve as highly tunable analogues of solid state systems, enabling
the study of otherwise unobtainable exotic phases [1]. In this short contribution, we
discuss several examples of the interesting physics that can be observed in one of
the simplest BEC systems in an optical lattice: a condensate trapped in a double well
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optical potential, or a “BEC dimer.” The results we discuss are taken primarily from
several recent papers by the author and his collaborators [2, 4, 5], to which the reader
is referred for the full details.

9.2 Modeling Bose Einstein Condensates (BEC)

A Bose Einstein Condensate (BEC) is typically described by a single quantum wave
function @ (x, ). In the context of cold atomic vapors trapped in an external potential
(typically combined magnetic confinement and an optical potential) in the mean
field/semi-classical approximation [1], @ (x, t) obeys the “Gross-Pitaevskii” (GP)
equation
L 0D (x, 1) h?
ih————— =

= _%(V)%p + [Vext + g0l @ *12. ©.1)

Nonlinear dynamicists will recognize this immediately as a variant of the nonlinear
Schrodinger (NLS) equation, here in three dimensional form and with an external
potential. The interaction term describes s-wave scattering of the atoms [1]. In the
one-dimensional case (which is realizable depending on the external potential) we
expect (continuum) NLS solitons among the excitations.

9.2.1 BEC:s in Optical Lattices

When a BEC is placed in a one-dimensional optical lattice, the counter-propagating
laser pulses create a standing wave that interacts via the AC stark effect with the
neutral atoms in the condensate so that the BEC experiences a periodic potential of
the form [1]

Vext (1) = UL (x, y) sin®(2m2/3) ©.2)

Here Uy (x, y) is the transverse confining potential, A is the laser wavelength (typ-
ically of order 850 nm), and “z” is the direction of motion. Equation 9.2 describes
a 1D periodic potential in which the BEC resides. Just as in a periodic solid state
system, we can describe this system in terms of (localized) Wannier wave functions
centered on the wells of the potential (but allowing tunneling between the wells).
Expanding the GPE equation in (9.1) in terms of Wannier functions and focusing on
(1D) motion in the z-direction leads to the Discrete Nonlinear Schrodinger (DNLS)
equation for the Wannier functions. In the normalization we shall later use, one finds

.3% - A 2 _ 1[ + ] 9.3
l? - |wn| Wn 5 ¢;1—1 ¢n+1 . ( . )



9 The Remarkable BEC Dimer 249

which comes from the Hamiltonian

g M-l
H = Z[Unm + |V ]——anwmﬂc) 94)

n=1
where n =1, ..., M is the index of the lattice site, |1/, ()| = N,(¢) is the mean

number of bosons at site n (also referred to as the norm N, (7)), U = 4 k2 goVesr/m
describes the interaction between two atoms at a single site (Ve is the effective mode
volume of each site, m is the atomic mass, and g is the s-wave atomic scattering
length), w, is the on-site chemical potential, and J is the tunneling amplitude. In
(9.3), the “nonlinearity” parameter A = 2UN/J.

The above mean-field/semi-classical approach applies in the limit of a large num-
ber of atoms N in the total system. As N is reduced, quantum effects can become
significant. In the case of a sufficiently deep optical lattice so that the lowest band is
widely separated from the first excited band and the Wannier functions decay suffi-
ciently rapidly that only nearest neighbor tunneling is allowed (already assumed in
the above GPE equation), the BEC in the optical lattice is described by the (quantum)
Bose—Hubbard Hamiltonian [1], which for a general lattice takes the form

M-1
=7 ) @an +ay,a) +U Z i’ ) 95)

n=1 n=1

9.2.2 The BEC Dimer or “Bose Josephson Junction”

In the present article, we shall focus on the problem of a single coherent BEC in a
“double well” optical potential. This is analogous to a two-site “dimer” system in a
solid, and can therefore be called a “BEC dimer”. However, it is also analogous to a
Josephson junction with tunneling between two superconducting states (which can
have different phases), and is therefore also known as a “Bosonic Josephson Junction”
(BJJ) [2]. In this case, the parameters of the system are the total number of particles in
the BEC (V) and the number in each of the two wells N| and N, = N — N, the phase
difference between the condensate fractions in each of the wells (¢ = ¢; — ¢»), the
tunneling/resonant coupling between the two wells (J) and the interaction of the
bosons within the condensate, U (Fig.9.1).

Our study will focus on the differences between the mean field approximation
(defined by the appropriate two-site DNLS/GP equation) and the fully quantum BH
dimer. We shall focus on two key observables and follow them as functions of time.
The first is the “purity” or condensate fraction, c;(¢, z), which is defined as the
maximum eigenvalue of the reduced single-particle density matrix

. 1 [m}a]) <aIaz)} (9.6)

N [(aja)) (ajaz)
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Fig. 9.1 Schematic of
Bose-Hubbard Dimer
showing the two separate
parts of the condensate
trapped in the two wells

W |

The second is the Einstein—Podolsky—Rosen (EPR) entanglement, which is given by

E = |(aja)? — (a]adjay). 9.7)

For E > 0, the state is EPR entangled.

Our discussion is a much-reduced version of [2], to which the reader is referred
for critical details and the complete set of references. We begin by studying the
mean-field/ semiclassical GPE in what we term “the global phase space approach”.

9.3 The Global Phase Space Approach

Introducing z = Ny — N>, one can show [2, 3], that the two-site DNLS/GP equation
can be rewritten as an integrable classical Hamiltonian system with the Hamiltonian

2

A
Ho(z. ¢) = TZ — V1= 22 cos(@) . 9.8)

with z and ¢ as conjugate variables. Recognizing that z plays the role of momentum,
we see that the Hamiltonian in (9.8) looks like a pendulum equation but with a
momentum-dependent length. The corresponding equations of motion are

7= —+y1—2%sing 9.9)

and
ZCos ¢

V1—2z?

These equations have fixed points that depend non-trivially on the nonlinear-
ity parameter A. In particular, for A < 1, there are two stable fixed points at

b=Az+ (9.10)
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Fig. 9.2 The fixed pointsfor A <1, A > 1,and A >> 1

Fig. 9.3 The global phase space for (left panel) A < 0.5; (center panel) A = 1.5; (right panel)
A = 5. The figures show the value of ¢,(¢, z) at a given time after starting the system in a pure
condensate (solid dark red in [2] for all values of (¢, z) at ¢t = 0. (Color available in [2]: The
regions around the classical fixed points are still dark red, indicating high condensate purity; they
are separated by regions of intermediate purity from the low purity regions, shown in blue in [2]

(z,¢ = (0,0) and (0, 7)), whereas for A > 1 there are three stable fixed points

at(z, ¢ =(0,0), (z+, ), and (z_, w)) where 7, = ‘/? andz_ = —@. Note
thatas A — oo,z — land z_ — —1. These fixed points are shown schematically
in Fig.9.2.

The classical trajectories follow the lines of constant energy H,;(z, ¢) = E and are
determined by the initial position (¢, zo) in global phase space and the dimensionless
‘nonlinearity’ parameter A = 2U N /J. The nature of the trajectories and the “global
phase space” are shown for three distinct values of A in Fig.9.3 above. In this
figure, the classical orbits are shown by thin black lines. The actual figures, with
the colored/distinct regions, reflect the results of a calculation that includes quantum
features beyond the classical approximation, which we will describe below (see also
[2]). First, we note that the semiclassical model provides a remarkably good fit to
experimental data. This is shown in Fig.9.4, which is taken from [6] and shows
that experiments started with different values of (zg, ¢9) “track” the semi-classical
trajectories quite well for fairly long times. For the precise details, the reader is
referred to [6].

Nonetheless, there are important quantum effects beyond the mean-field/semi-
classical GPE model that affect experimental observables such as the condensate
fraction and EPR entanglement. In particular the GPE implicitly assumes a pure
BEC at all times. This would correspond to a single, solid (red) color in Fig.9.3 at
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Fig. 9.4 Experimental results showing how the data follow very closely the predictions of the GPE
in the global phase space. From left to right for A = 0.78, A = 1.551, and A = 3.1. The symbols
show the experimental results at different times: each symbol is a different experiment. The ability
to prepare an experiment at a given (¢, zo) is remarkable. Data and figure from Zibold et al., PRL
105 204101 (2010)

time ¢ = 0. What this figure actually represents is the value of the condensate fraction
¢/ (z, ¢) atasubsequent time, where the ¢, has remained high in certain regions but has
decreased substantially in other regions. In the color versions of Fig. 9.3 (see online
version of [4]), the red areas indicate high condensate fraction regions whereas blue
is low condensate fraction, with green/yellow regions being intermediate condensate
fraction. The reader should observe that the regions of highest condensate fraction,
for all values of A shown, are around the classical fixed points, including the self-
trapped fixed points for A > 1. The full explanation of this is beyond the scope
of this short summary, but readers can find it in [4]. Here we content ourselves
with a brief explanation of how the images in Fig. 9.3 are created (for full details, the
reader should consult [2]). To capture quantum features beyond GPE approximation,
including quantum mechanical spreading over time, one represents a quantum state
|W) by the Husimi function Q(¢, z) = (¢, z|¢o, zo)|* (Which is a (quantum) phase-
space density) instead of a single classical trajectory. Here, |¢, z) denotes an atomic
coherent state which is nothing but a pure BEC. As discussed in [2], the dynamics
of the Husimi function follows a classical Liouville equation with the Hamiltonian
(9.8) plus quantum correction terms vanishing as 1/N.

As shown by the color scale on the right side of Fig.9.3, regions of red indicate
high purity regions whereas blue is low purity, with green/yellow being intermediate.

9.4 Full Quantum Dynamics in the BJJ: The Bose Hubbard
Hamitonian

For the two-well system, (9.5) reduces to the quantum Bose—Hubbard dimer equation

H=—J@la+adla) +U (afzaf + a;%a;) . ©.11)
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Fig. 9.5 The nature of quantum “orbits” near a classical fixed point in the self-trapped region of
the BJJ. Left panel: A schematic graph of the original classical orbit in the GPS. Center panel: The
corresponding quantum orbit plotted in GPS showing the “thickening” of the original classical orbit
due to quantum effects described in the text. Right Panel: The EPR entanglement as a function of
time showing clearly the existence of two frequencies. Note the systems is EPR entangled only for
E=>0

For N bosons on the dimer, there are N 4 1 states in the Hilbert space (think of
the Fock space representation) rendering the solution to the quantum dynamics a
straightforward matrix diagonalization problem. Importantly, as shown in [4] (to
which readers are referred for full details), this dynamics can still be visualized in
the GPS approach discussed above: namely, one starts with an initial pure BEC wave
function of the form

1 4 , N
@) = = (VIF D24 + /T=02 ew®al) 1) 0.1

and studies its time evolution as a function of the initial starting position in the
GPS, (2o, ¢o). The full quantum wave function at any given time is projected back
onto the GPS, revealing the key features of the quantum dynamics. One finds ([4])
that instead of the classical line trajectories, “thick” trajectories, as shown in the
center panel of Fig. 9.5, where the “thickness” results from a “quantum drift” motion
perpendicular to the classical trajectory. In fact, the overall motion exhibits two clear
frequencies: a “high frequency” motion corresponding to the classical trajectory and
a “low frequency” motion, which can, at least in the vicinity of the classical fixed
points, be understood in terms of beating among the three highest eigenstates of the
Hamiltonian [4].

9.4.1 Quantum “Orbits” Near Fixed Points: Dissipationless
Case

The GPS approach of [2] enables us to gain insight into the full quantum dynamics
of entanglement and coherence in the BEC dimer. In [4], we found that the wells are
entangled in the Einstein-Podolski-Rosen (EPR) sense only in the neighborhood of
the classical fixed points and that the time dependence of the entanglement can be
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understood completely in terms of beats among three eigenstates of the BH Hamil-
tonian for the system. In [4] we found these eigenstates numerically (essentially to
exact precision) but our analytical perturbative results in the limit of weak coupling
between the wells were in excellent agreement with the (numerically) exact results.
‘We found similar results for the dynamics of other observables, such as the well pop-
ulation imbalance and condensate fraction. We summarize these results briefly in this
section. In Fig. 9.5, the left panel shows a schematic of the classical orbit around the
fixed point z. . The center panel shows an actual calculation of the quantum orbit (as
projected onto the GPS), clearly indicating a “thickening” of the classical trajectory.
The right panel demonstrates the existence of two distinct frequencies in this motion,
reflected in the behavior of the EPR entanglement.

As discussed in [4], the higher/faster frequency is expected on the basis of the
mean-field/GPE model. If one linearizes the equations of motion obtained from the
Hamiltonian of (9.5) about the fixed point, one finds

A?—11J
b4

SME = (9.13)

=

As shown in the center panel of Fig. 9.6, this fit works remarkably well over a large
range of A. The lower/slow frequency motion, which leads to the “thickening” of
the orbit, cannot be captured within the mean-field/GPE approach, but we showed
in [4] that this fspow can effectively be interpreted in terms of a quantum revival
(which in the limit J — 0 would yield fspow = %). The fit for J # 0 is shown in
the right panel of Fig. 9.6 and is quantitatively accurate again over a range of A such
that the motion is near the classical fixed point.

9.4.2 Quantum “Orbits” Near Fixed Point: The Dissipative
Case

As discussed in detail in [4], atoms can be removed for the double-well optical
potential with single site precision, using a focused electron beam or strong resonant
laser blasts. This removal adds (controlled) dissipation to the problem and drives the
system closer to the classical fixed point. Based on our observation that the purity
is highest near the classical fixed points, we expect that this (temporary) dissipation
will lead to greater entanglement in the system: in short, the counterintuitive result
of “dissipation-induced coherence.” Indeed, this is the result we found in [4] and
summarized in Fig.9.7. The left panel again illustrates the schematic motion of the
classical trajectory when the system is subjected to a burst of dissipation which is
then removed: the classical orbit moves closer to the fixed point. The central panel
shows the two corresponding “thickened” quantum orbits. Finally, the right panel
shows that the EPR entanglement is driven to values E > 0 by the burst of dissipation
and remains there in the evolution afterwards.
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Fig. 9.6 Comparison of numerical results versus theoretical predictions for the high and low fre-
quency oscillations observed in the quantum motion near a classical fixed point in the BJJ. Left
panel: A schematic illustration showing the high frequency arising from the classical motion and
the low frequency originating from quantum revivals. Center panel: Comparison of the semiclassi-
cal prediction of the high frequency oscillations observed in the EPR entanglement with the exact
numerical results of the full BHH calculation; even down to small A, the agreement is remarkably
good; Right panel: The low frequency oscillations near the fixed point as a function of A. The
numerically exact results (circles) are well described by a second-order perturbation results (see [4]
for full details) whereas the zeroth-order perturbation theory (dashed line) slightly underestimates
the frequency. Adapted from [4] to which readers are referred for full details
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Fig.9.7 Dissipation induced coherence: Left panel: Schematic depiction showing that a short pulse
of dissipation drives the classical (and quantum) motion closer to the classical fixed points where
the condensate fraction and EPR entanglement are expected to be highest; Center panel: The actual
quantum orbit over the time period of the calculation. The motion remains in the over oval until the
dissipation is turned on, and then moves to the inner oval under the dissipation, remaining there after
the dissipation is turned off. Right panel: the EPR entanglement versus time. The shaded vertical
region between times 1.0 and 1.5 s indicates that time interval in which the dissipation is on. Notice
the greatly enhanced EPR entanglement after the dissipation. Adapted from [4] to which the reader
is referred for full details

9.4.3 Quantum Tunneling Between Self-trapped Fixed Points

In this section we explore another quantum phenomenon in the BEC dimer that
goes beyond the GPE model: namely, quantum tunneling between the two “self-
trapped” regions—that is, the regions that contain z, and z_—that exist within the
mean-field/GPE model, as depicted in the center and right panels of Fig. 9.3. Within
the mean field approach, these regions are divided by a classical separatrix and
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Fig. 9.8 (Color available in online version of [5]). Tunneling between the two fixed points as a
function of time as illustrated by the Husimi function depicted at five times spaced by one quarter
of the tunneling period expected from the two-state model. The relevant parameters are N = 500
atoms, A = 1.025, and U = 27 (x)0.063 Hz. Adapted from [5]

motions within them are distinct and uncoupled. Does this remain true in the full
quantum description given by the Hamiltonian Equation 9.5? In [5] we investigated
and answered this question and showed that in the full quantum model, for values
of A slightly greater than 1 and moderate values of N, it is possible for the BEC
to tunnel back and forth between the two self-trapped regions, just as in elementary
quantum mechanics a particle in a double well potential whose wave function is
initially localized in one well tunnels back and forth between the two wells. While
this seems intuitively clear, the case of the BEC dimer is much more complicated
than this simple quantum analogy suggests, and the semi-classical calculations to
establish this tunneling are quite complicated [5]. For this reason, we refer readers
interested in the details to [5] and to the video showing the dynamics of the tunneling
in the supplemental material to [5]. Here we simply display two figures that illustrate
the key results. The first figure (Fig.9.8) depicts the Husimi function, Q(¢, z) =
[(¢, z|¢o, z0)|?, at several times during the tunneling process for A = 1.1 and the
other parameters described by in the figure caption. In Fig. 9.9 the left panel shows
the tunneling frequency as a function of A for different numbers of atoms (V) in the
condensate. As expected, as N is decreased, the quantum effects are increased and
tunneling becomes more prominent. The right panel In Fig. 9.9 shows the expected
tunneling frequency as a function of A for the experimental parameters of [6]. While
this suggests that one should be able to observe the tunneling in current or near-
term experiments, the level of control on the parameter A and the length of time
that one can control the condensate pose substantial challenges to the experimental
observations. Nonetheless, given the ingenuity of our experimental colleagues, we
are hopeful that this theoretical prediction will be confirmed in the future.
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Fig. 9.9 Left Panel: The tunneling frequency between the two classical self-trapped regions of a
BJJ as a function of A for different numbers (V) of atoms in the condensate. The mean field result of
no tunneling is approached as N — oo but for any finite N there is a non-zero tunneling frequency
for any A and N. In all plots, J = 10 Hz. Right Panel: The frequency of tunneling between the
classical BJJ fixed points versus A for U = 27 (x)0.063 Hz and N = 500, which correspond to the
experimental parameters of [6]. Both figures adapted from [5]

9.5 Conclusions

In conclusion, we believe that this short summary of our results has justified our claim
that the BEC dimer is indeed “remarkable” and worthy of continued theoretical and
experimental scrutiny. Importantly, the quantum effects we have found in the dimer’s
behavior are not only interesting in their own right but also suggest a new approach to
understanding the less numerically tractable behavior of BECs in multi-well optical
lattices. The self-trapping fixed points of the dimer are analogous to discrete breathers
observed in larger systems in the GPE approach (see, e.g., [7, 8]). Itis likely that these
entities will serve as regions in the high dimensional phase space where entanglement
and condensate purity are enhanced and that targeted dissipation can further enhance
their coherence. There remain many exciting questions to be studied in the future.
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Chapter 10 ®)
Quantized Vortex Lines in BECs with a Cecte
Generalized Equation of State

Tommaso Macri

Abstract Vortices are of fundamental importance for the understanding dynamical
and thermodynamical properties of quantum fluids. In this chapter we focus on the
effects of the corrections to the equation of state of a BEC on a vortex state. We
consider the case of a condensate with short-range interactions in the absence and in
the presence of an external harmonic confinement. We derive the equations obeyed
by a static vortex line in both configurations and solve them both numerically and by
a convenient ansatz for the wavefunction of the vortex state originally introduced by
Fetter. Interesting generalization of this work include the study of the static properties
of vortex lines in mixtures of BECs and condensates with non-local interactions, such
as dipolar atoms.

10.1 Introduction

Quantized vortices have been observed in a variety of superfluid systems, from “He
to condensates of alkali-metal bosons and ultracold Fermi gases along the BEC-BCS
crossover. Vortices are a direct manifestation of the genuine quantum behavior of
superfluid systems. A well known example is superfluid helium, which has been
extensively studied over the last century. Ultracold quantum gases offer the inter-
esting possibility to investigate vortex properties in a very different regime in terms
of particle numbers, interaction strength, and range [1, 2] with either bosonic [3]
or fermionic [4] atoms. Systems with long-range interactions, such as dipolar con-
densates may also display vortices with unique properties as a consequence of the
long range and angular dependence of the interactions [5—8]. Excitations of vortex
states are also important for the study of the stability of such configurations. As an
example, for a three-dimensional condensate with a vortex line and in the presence
of a periodic potential, the spectrum of transverse modes may display a rotonlike
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minimum [9, 10], which destabilizes the straight vortex leading to a helical or a
snakelike configuration [11, 12].

Modeling of superfluids of ultracold atomic gases at zero temperature are gener-
ally based on mean-field approximations which describe experiments [13] accurately.
They span from analytic treatments and variational approaches to full numerical
solutions. Terms in the equation of state beyond such mean-field description have
been measured for strongly interacting Bose gases [14] and for ultracold fermions
along the BCS-BEC crossover [15] and compared with ab initio quantum Monte
Carlo calculations. The observation of self-bound droplets both in dipolar conden-
sates [16-22], and in Bose-Bose mixtures [23, 24] established the importance of the
fundamental role of quantum fluctuations in ultracold atomic systems [25-31].

In this chapter we will focus on the effect of beyond-mean field corrections to the
equation of state for a single vortex line both in the absence and in the presence of
an external harmonic trapping potential. We employ the local density approximation
to analyze the effect of the beyond-mean field term of a single component Bose—
Einstein condensate with contact interactions. After deriving the equation obeyed
by a vortex with unitary circulation, we solve it numerically and by the use of a
variational ansatz first proposed by Fetter [32, 33]. We find that the beyond-mean
field term affects the width of the vortex core even for relatively small interactions. In
the case of a trapped BEC, we will emphasize the regime of the so-called Thomas—
Fermi limit [2, 34], where the contribution from the kinetic energy term becomes
negligible compared to trapping and interaction energy. We derive analytical results
for the energy density as well as for the critical angular velocity for the formation of
a vortex in an axisymmetric trap.

This chapter is organized as follows: in Sect. 10.2 we derive the energy density of
a condensate with contact interactions at zero temperature including beyond mean
field corrections in the equation of state in the presence of a vortex line with unit
circulation. Then, in Sect. 10.3 we make use of the results of Sect.10.2 to extend
them to the case of a trapped three-dimensional BEC within the so-called Thomas—
Fermi approximation. This result is useful to obtain the critical angular velocity for
the formation of a vortex. Finally, in Sect. 10.4, we draw some conclusions and list
possible extensions of this work.

10.2 Vortex Line in a Three Dimensional BEC

In this section we derive the energy density of a vortex line in a three-dimensional
BEC in a uniform background. We consider a weakly interacting condensate with
average density n. The interactions we consider are short range, and the strength
is parametrized by the scattering length a. We begin by writing the mean-field and
the first beyond mean-field contribution, the well known Lee-Huang-Yang (LHY)
correction [35], to the energy of a homogeneous weakly repulsive Bose gas reads in
the local density approximation
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The last term in the energy functional (10.1) is the celebrated Lee-Huang-Yang
correction to the equation of state of a weakly interacting Bose gas [35]. The term
V(r) is an external (trapping) potential.
A generalized time-independent Gross-Pitaevskii equation obeyed by ¥ (r) can be
obtained by the stationarity condition of the energy functional, under the constraint

of the conservation of the total number of particles

o(E — uN
IE —uN) _ 0, (10.2)
oY+
where u is the chemical potential, resulting in
1) 32
(—2—v2+V(r>+g|w| + 3l 3/2)w py. (10.3)

For a uniform system the chemical potential reads

32
= o (1 + 37 (n a‘§)1/2> , (10.4)

where 1o = gn, and n = ||? is the density of the system.

The presence of a vortex line centered at the origin, allows us to write the
wave function in the form of a phase with circulation £ and an amplitude f(p),
Y (r) = f(p)e'* [33, 36], where we employed cylindrical coordinates (p, z, ¢). In
the following we will focus on vortices with unit circulation £ = 1. Substituting the
expression for ¥ (r) into (10.3) in cylindrical coordinates we get

1d( d 1 R d? 3,302
<_2mpdp<pd,0)+2m,o 2md2+V(,0 D+gfi+ 1/2f f=uf
(10.5)

For the rest of this section we will assume that the external potential is absent,
V (r) = 0. Harmonic trapping potential will be reintroduced in Sect. 10.3 to discuss
the energy of a vortex state inside a confined BEC. Equation (10.5) can be conve-
niently rewritten in terms of a rescaled units. To do so, we use the healing length &
as a unit of length, defined by
2
%52 =gn, (10.6)

and the radial wavefunction f(p) is rescaled by the asymptotic value fy, x = %
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In rescaled units GPE reads

1d d
— - (12 +—+x - x+a(x’=1)=0. (10.7)
x dx dx

For clarity of notation we redefine the prefactor of the beyond mean-field term o =

% ( 02a3)1/2 = % (na3)1/2. Upon inspection of (10.7) it is clear that x (c0) = 1,
i.e. for large distances one recovers the density of the uniform state.

The energy per unit length on a disc of radius D becomes

B2 D d 2 2 4 2
e = N / dx 2w x |:(—X> + X—z + = X + —aX (10.8)
0 X

m dx 2 5

To compute the energy associated to a vortex state we subtract the energy of a
uniform system with the same particle number v = 27t D?, where 7 is the density of
the uniform system [33]. Writing

D D
v = / dppf? =nD*f5 — / dpp2m (fg — 7). (10.9)
0 0

and substituting this expression into the equation for the energy density of the uniform
system we obtain

g0 = *§ (1 + 3717 (2a*)'?) 7 D?
2
D
=702 £ (1= sz S do027 (3 = 1) x (10.10)

172
(14 0 (b 1 aman - 1))

We notice that the integrals of the difference of the radial densities are proportional
to the square of the healing length &

D
fo dop2r (fy — [~ Ef;. (10.11)

Then the integrals of the type

B
(1= s Ji do02m (S = 1) =1 = iz [ dop2n (£ = 1) (10.12)

+0((§/D)Y),

where we neglected the term proportional to (£/D)%).
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Equation (10.10) can then be rewritten as

= Lo D2 £ [ 1+ 122 (foa¥™) (1 = gz fo dpp27 (£ = 1)

—¢f3 (Jy doo2n(f§ = 1)) (1 + 2= (foa) ]
(10.13)

o[58 (1% (1 s (21— 1)
—£2 (14 %) [P xom(1 — 2)].

To compute the energy of the vortex ey we substract gy from the bare energy ¢ in
(10.8)
Ey =& — &

=27 (O dxx [(§§)+ + 44 2y (10.14)

+ (317 —fet+a(l—y)]

After elementary manipulations one obtains

= zfn [DIE gy y [(jX) + 5+ 11— D+ 22X - 557 +3)
(10.15)
We note that for vanishing « = 0 we recover the well-known energy density by
Ginzburg and Pitaevskii [37]. Numerical solution of the minimum energy density
from equation (10.15) for the case o = 0 predicts &, = ”ﬁ:" log (1 .464%).
We now provide a variational estimate, using the same wavefunction introduced
by Fetter [32], of the LHY correction to (10.15), and we compare it with the full
numerical solution of the GPE in (10.15). Then

X
Minimizing (10.15) with respect to § one obtains
2
(10.17)

= (0 + 2231 - 3010g(2))/15)°

Again, for o = 0 one recovers the result § = 2 [32, 33]. Inserting the wavefunction
into (10.15) with the optimal value above one gets
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Fig. 10.1 Beyond mean-field correction to the density profile of a vortex configuration in uniform
BEC. Density profile for n a® = 0 (black) and for na® = 1073 (red)

wh*n D 200 172

gy = log | 1.497— (1 4+ — (31 — 301o0g(2)) . (10.18)
m & 15

A much better approximation to the numerical result is obtained by substituting the

6 = 0 prefactor (1.497) with the one obtained by the numerical solution of (10.15)

with § = 0 (1.464) leaving the beyond mean-field contribution depending explicitly

on « unaltered:

wh*n D 20 12
gy = log 1.464E 1+ 3(31 —301og(2)) . (10.19)
m

Upon separating the terms of the logarithm, it is interesting to notice that the
beyond mean-field correction does not depend explicitly on the ratio D /&.

In Fig. 10.1 we plot the rescaled radial wavefunction for vanishing beyond mean-
field correction, and for diluteness parameter n a® = 1073, The size of the vortex
core shrinks because the effective chemical potential increases, see (10.4), then the
healing length diminishes. Numerically, the size of the core is computed at the point
X|y=0.8 Where the wavefunction reaches 80% of its asymptotic value. For the case
shown in the figure the size of the vortex decreases by ~12% with respect to the
case without the inclusion of quantum fluctuations of a 3D BEC in the presence of
a vortex line.

In Fig. 10.2 we plot the energy density in units of w/h?n/m as a function of the
diluteness parameter n a*. The agreement between the full numerical solution of the
minimization of (10.15) and the mixed numerical-variational result (10.19) is excel-
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Fig. 10.2 Continuous line: Beyond mean-field correction to the energy density (10.19) of
a vortex configuration in uniform BEC computed at fixed D/& = 100 as a function of the
diluteness parameter y = (na®). Full dots: numerical minimization of (10.15) for na’ =
1073, 1074, 1073, 1072, 1071, 1

lent. We point out that the beyond mean-field term is crucial for proper calculation of
the energy density, even for very large distances (~100£). It is then impressive that
the very same variational ansatz captures extremely well the contribution even for
very large values of the diluteness parameter. We notice, however, that the validity
of this result is based on two crucial assumptions, namely that perturbation theory
providing the LHY contribution holds in this regime, and the local density approxi-
mation. Both these assumptions ought to be compared with full ab initio numerical
approaches such as Quantum Monte Carlo calculations.

10.3 Vortex Line in a Trapped Three Dimensional BEC

We now compute the energy of a vortex in a BEC in a trap, when the conditions of
the Thomas—Fermi (TF) approximation are met [33, 34]. To compute the energy of
a vortex in a trapped configuration one can proceed by noting that £&y/R ~ hw, /21
[33], where R is the characteristic Thomas—Fermi radius of the BEC. When the radial
trapping frequency is much smaller than the chemical potential, the radial extension
of the BEC is much larger than the size of the vortex. One can then proceed by
separately adding vortex contribution in a uniform medium and the hydrodynamic
kinetic energy of the bulk. Following [33], outside the vortex core, up to a distance
p1, much smaller than the TF radius R and greater than the healing length &, we can
employ (10.19) for the energy of the vortex inside the BEC. At larger distances from
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the vortex, the density is essentially the density of the condensate in the absence of
the vortex, with the difference that the velocity field is that imposed by the vorticity
of the wavefunction. In this region one can use standard hydrodynamics to derive
the energy contribution of the system.

First, we consider the 2D problem in which we neglect the trapping along the
direction of the vortex line. According to the considerations above, the energy per
unit length e, is given by

77 = 7n(0) 2 log (1.464% (1+ 231 - 30 1og(2)))”2> ¥
(10.20)
+% p‘? mn(p)v*(p)2mpdp.

To find a closed expression for the energy density we use the fact that the velocity
field is v(p) = h/mp, and the density in the 2D harmonic trap varies as

2

n(p) = n(0) (1 - p—2> , (10.21)

2

where n(0) is the peak density at the origin. In (10.21) we neglect corrections to the
TF density given by the beyond mean field terms. Substituting (10.21) into (10.20)
and by standard integration, we obtain

el = wn(0) log (1.464% (14 231-30 1og(2)))”2) n

(10.22)
+n(0) 2 <log (5—) — %) +O((01/p2)%)
Neglecting terms &'((p;/ 02)%) and recasting the terms in (10.22) we have
TF K2 02 2a 12
gy = nn(O)Z log 0.888? 1+ E(Sl —301og(2)) . (10.23)

We now extend our derivation to the three-dimensional case with density n(p, z).
If the extension of the cloud is 2Z along the direction of the vortex line. Under the
assumption that £ << Z, we can compute the total energy by summing the energy
of the BEC by integrating (10.23) along the vertical direction. Therefore we obtain

2 1z 2 172
EIF = nn(O)h—/ dzn(0, 2) log (o.ssspz@ (1 + 223130 log(Z)))
m J_z s 15

(10.24)
The TF density n(p, z) and the radius p,(z) are given by
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n(0,2) = n(0, 0) (1 - Z—)
(10.25)

pa(2) =R(1- Z—)

where n(0, 0) is the peak density and R the TF radial dimension. All such quanti-
ties can be computed by making use of the normalization condition on n(p, z) =
n(0,0) (1 — imw? p> — 1mw?z?), where w, . are the radial and longitudinal trap-
ping frequencies respectively.

Upon substitution into (10.24), and making use of elementary integrations, one
then obtains

4 2 R 2 1/2
ENF = ?”n(o, 0)— Z log (0.671E (1 + 1—‘;‘(31 —30 log(2))> ., (10.26)
m

where Z is the linear extension of the BEC along the vortex line, R the radial dimen-
sion. Again, as in the previous section, when o = 0 one recovers the known expres-
sion for the TF energy of a BEC in the presence of a vortex line. Finally, we would like
to point the attention to the fact that, within the approximation above that does not
include beyond mean field interactions into the density, the total angular momentum
is not affected by the beyond mean-field correction dependent on «. Such observation
is helpful for the calculation of the critical velocity for the formation of a vortex line
in an axisymmetric trap, which can be readily derived and it reads [33]

5 ( R ( 2u )'/2)
2. =>——1log [0.671= [ 1 + == (31 — 3010g(2)) . (10.27)
m £ 15

10.4 Conclusions

In this chapter we studied the effects of the beyond mean-field corrections to the
equation of state of a BEC in the presence of a vortex line. We considered the case of
a condensate with short-range interactions in the absence and in the presence of an
external harmonic confinement. We derived the equations obeyed by a static vortex
line in both configurations and solved them both numerically and by a convenient
ansatz for the wavefunction of the vortex state. Before concluding we would like
to mention that the use of the local density approximation for the equation of state
derives from the assumption that the spatial variations of the wavefunction take place
on distances greater than the healing length of the condensate. However, this might
not be the case for the vortex state, especially close to the origin. Therefore, it would
be helpful to have ab initio verifications of the results derived in this work, as e.g.
Quantum Monte Carlo calculations of the energy density of a BEC in the presence
of a vortex line [38, 39]. Interesting generalization of this work include the study
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of the static properties of vortex lines in mixtures of BECs [10, 33, 40, 41] and
condensates with non-local interactions, such as dipolar atoms, or Rydberg-dressed
systems [42—45]. An intriguing question may be especially related to the relevance
of the results obtained here for condensates in self-bound states in three dimensions,
observed recently in *K mixtures and Dy and Er dipolar condensates [46].
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Chapter 11 ®)
Topological View on Entanglement and e
Complexity

Dmitry Melnikov

Abstract Topological Quantum Field Theories are examples of quantum field theo-
ries with a discrete and even finite-dimensional Hilbert space. In this respect they are
an intermediate step between quantum mechanics and quantum field theory. Such
a special position allows one to study some non-trivial aspects of quantum field
theories in more accessible and familiar quantum-mechanical terms. In particular,
since the topological theories do not possess local dynamical degrees of freedom,
one can study, in such theories, various interesting non-local correlations. Quantum
entanglement is an example of non-classical, non-local correlation between parts of
a quantum system. Description of entanglement in topological terms is a familiar
idea in quantum information theory. In this note I will review some recent develop-
ments of this idea bearing explicit connections of entanglement with knots and their
topological invariants. The new formulation implies a somewhat updated view on
quantum computation. I will illustrate some new aspects by reviewing the notion of
complexity.

11.1 Introduction

One idea that quantum entanglement can be interpreted in terms of topological rela-
tions between objects representing parts of a quantum system is known in the theory
of quantum information as the Aravind’s conjecture. There are certain links in knot
theory that have a property that removing one component unlinks all the remaining
ones. Such links are generally called Brunnian and the simplest example are the
so-called Borromean rings
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(11.1)

a three-component link with this exact property. Aravind [1] notices that this is
reminiscent to a class of quantum entangled states with more than two subsystems
with a property that projecting on (making measurement in) one subsystem makes the
other subsystems unentangled. Such states are called Greenberger—Horne—Zeilinger
(GHZ) states and the simplest example thereof is the three qubit state

|000) + [111)
V2

In case of tripartite systems GHZ states furnish one of the two classes of non-
biseparable states (the other type is called W), which cannot be mixed by local
quantum operations [2]. Hence GHZ and W states characterize specific patterns of
quantum entanglement. Understanding and classifying different entanglement pat-
terns is an interesting question in the theory of quantum information.

The analogy of Aravind is in fact basis dependent. Several more recent works
make this proposal more specific. Kauffman and Lomonaco [3] (see also [4] and
references therein), introduce “quantum knots” to make knots more on par with
quantum mechanics. In the meantime the proposal of Balasubramanian et al. [5]
uses classical knots and associates basis-independent quantum states to links using
the approach of topological quantum field theories (TQFT).

In these notes I will review a connection between knots and entanglement more
in the spirit of the proposal of [5]. The idea naturally follows from a definition of
TQFT given by Witten and Atiyah [6-9], which associates a quantum mechanical
interpretation to topological spaces. This helps to give a topological meaning to the
entanglement of quantum states [10].

One of the standard tools to quantify entanglement is the entanglement entropy.
Computing the entanglement entropy in TQFT is much simpler, than in regular
quantum field theory [11, 12]. In particular, tools like replica trick express the entropy
in terms of topological invariants of knots [13]. In this sense the relation between
quantum entanglement and knots might be even deeper than originally expected.

Topological interpretation of basic notions reviewed in this text prepares the stage
for extending the technology further, to the subject of quantum computation. The
relation between knots and quantum computers is known for a while [14], but I hope
that some ideas discussed in these notes can enrich this relation. Thus, following the
discussion of entanglement in TQFT, I describe a topological invitation to the notion
of complexity of quantum states.

|GHZ) = : (11.2)
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11.2 Topological Quantum Field Theory

Let us define a Topological Quantum Field Theory (TQFT). I will start from the most
familiar example of the Chern—Simons theory and then give a formal definition.

11.2.1 Chern—Simons Theory. A Definition

The prime example of a TQFT is the Chern—Simons (CS) theory. It is a three-
spacetime-dimensional gauge theory with action

k

S=—
47 M

dx e Tr [ A;0; A +%A»A~A (11.3)
i0j Ak 3 iAjAag s .

where A; is a three-dimensional gauge field, in general non-Abelian (assume group
SU(N)). Parameter k is the level of the CS theory. It is an analog of the coupling
constant. Gauge invariance requires k to be an integer in the quantum theory.

The integral in (11.3) is taken over a three-dimensional manifold, which will most
of the time be assumed closed, e.g. .#3 = S°, or .#; = S* x S'. This theory is often
referred as SU (N); CS theory on ..

We note that the CS action depends on .3, but not on the metric g;; on it. Hence,
one expects that observables in the theory are metric-independent. Such theories are
called topological, because they only depend on the topology, but not geometry of
the spacetime. One consequence is triviality of the TQFT Hamiltonian. Indeed, the
Hamiltonian density is the component T of the stress energy tensor, but

88
3gij

TV =0. (11.4)
Therefore, the theory does not have a non-trivial dynamics. The solutions to equations

of motion
Fij=0;A; —9;A; +[Ai, A;]1=0, (11.5)

are pure gauge fields A; = gd;g~'. The only non-trivial degrees of freedom are
possible singularities of A;. They can be thought as of heavy non-dynamical particles
coupled to the gauge fields. Nothing depends on local perturbations of the particles,
but they possess non-trivial non-local correlations, expressed in topological terms.
The correlations can be seen in the quantum theory. Define a functional integral

Z[AM5) = /@A o' S (11.6)

In this formula, the dependence of the partition function on the manifold .# is made
explicit, but functionally the result of the integration depends on two parameters: the
level k and the rank of the gauge group N.
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For a probe particle an observable sensitive to the spacetime topology is the
holonomy

W) = @exp7§ A; dx' | (11.7)

Y

where the exponential should be path ordered if A; is a non-Abelian field. Holonomy
transforms under the action of the gauge group. To have a gauge-invariant quantity
one takes the trace. The trace can be taken in different representations of the group.
Consequently, interesting observables in the quantum CS theory are correlation func-
tions

Z(AMs; 1, -y V) = (Tegy W) - Trg, W(va)) (11.8)

where traces of holonomies are called Wilson loop operators. Implicitly, functional
integral Z depends on the representations R; associated to closed paths y;, k and N.
Witten [6] and others [15] showed that correlators (11.8) are topological invariants
of knots associated with y;. After an appropriate redefinition of parameters k and N,
they can be explicitly mapped to invariants known in knot theory (linking number,
Jones polynomials, HOMFLY-PT polynomials etc.)

To actually compute quantum partition functions and explicitly describe the
Hilbert space of the quantum CS theory canonical quantization is more appropri-
ate [6]. In mathematical terms, the problem on .#Z = X x R can be formulated as
finding the space of holomorphic determinant line bundles on . The correspond-
ing spaces also appear in the study of conformal fields theories (CFTs), in particular
U (N) level k Wess—Zumino—Witten (WZW) theories on X, where this space is called
the space of conformal blocks. Conformal blocks are solutions of certain differential
equations, which provide a basis for the CFT correlation functions. In this sense
they can be understood as a basis of wavefunctions in some Hilbert space. I will not
explain the quantization procedure here, but instead introduce the Hilbert spaces and
states rather formally, associating them to the data defining functional integral (11.6).

11.2.2 Axiomatic Definition

Let us now review a formal axiomatic definition of a TQFT in terms of the category
theory. The reader may skip this definition and go directly to the summary, where
the meaning of this definition is explained.

Following the definition of Atiyah and others [8, 9], TQFT is a functor Z between
the cobordism category Cob and the category of linear spaces Lin, Z : Cob — Lin.
The Cob, category has as its objects d dimensional oriented topological spaces,
while morphisms are d + 1-dimensional manifolds, whose boundaries are the d-
dimensional spaces (objects). One can think of the morphisms (cobordisms) as of
evolution histories of the d-dimensional spaces. Lin is the standard collection of
linear space with morphisms—Ilinear maps between linear spaces. As usual, the
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functor maps objects and morphisms of one category, to objects and morphisms of
another category. In particular,

e to any d-dimensional manifold X in Cob, functor Z associates a vector space V in Lin,
Z(%)=1V;

e toany d + 1-dimensional manifold ./, such that 3.# = ¥ functor Z associates a vector
vinV, Z(A) =v;

e to any d + 1-dimensional manifold .#, whose boundary is a disjoint union X U ¥ =
d. functor Z associates a linear map M between Z(X1) and Z(%;), Z(#) = M :
Z(%) — Z(%).

The TQFT functor satisfies a number of axioms:

1. If Z(x)=V then Z(X) = VT, where T denotes space ¥ with a reversed orientation
and V" is a linear space dual to V.

2. For a disjoint union X; U X the functor associates a tensor product of vector spaces,
Z(E1UX2) =Z(%1) ® Z(%).

3. Consider.# : ¥ — Xy and .4, : £ — X3 then one can form a new morphism .,
which is a composition .# = .#> o .#) : £; — X3. Functor Z maps the composition
of the morphisms to the composition of the linear maps, Z(.#, o #\) = Z(M>) o
Z(AM).

4. Coby is also assumed to contain empty manifold ¥ = ¢, which can also be introduced
through a morphism .# = 9%/, such that .# : £’ — {4, or through a morphism .# :
) — () with no boundaries. Functor Z associates to ) complex numbers C, Z(¥) = C.

5. There is a trivial morphism in Coby which maps any X to itself. Such a map is repre-
sented by a cylinder ¥ x I, where / is a unit interval. This is mapped to the identity
map of the linear spaces, Z(X x [) = 1.

The general idea of the category theory definition is to introduce a quantum
mechanical, or Hilbert space structure associated with certain spaces X, for example
two-dimensional Riemann manifolds. Quantum mechanical structure means states
(vectors in the Hilbert space) |v/), scalar products (|y’) and (unitary) operators
U : |y) — |¢'). Provided that the map (functor) is constructed we can endow the
following heuristic diagrams with a quantum-mechanical meaning.

A diagram of a manifold .# with a boundary X can be viewed as a state:

= |y). (11.9)

Scalar product of two states in the same Hilbert space 77 is “gluing” of two spaces
A and /' along the same boundary X:

/Q?“M. — E<1/f|v/’> (11.10)

The result is a manifold without boundaries. Since these are topological theories, the
shape of the manifolds on the diagrams do not matter, but only topology.
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Generalizing the above diagrams one can consider manifolds .# with multiple
boundaries X; U X, ---U X,

~ =TeHRQH Q5. (11.11)

=

In the simplest case with two boundaries 7 can be viewed either as an operator
T : 74 — 7, or as a state in the tensor product of the two Hilbert spaces. Formally,
inthe firstcase T € %”;f ® J6, since the operator should have a reversed orientation
to be able to “act” on J#.

One can notice that the idea of associating spaces to the vectors and operators in
some Hilbert spaces is similar to the idea of tensor networks. Manifolds .#, or T
are analogous to tensors, whose legs (X) belong to the corresponding Hilbert spaces
(see also [16]). So far, the TQFT tensors were “black boxes”. However, once map
(functor) Z is specified, the tensors-manifolds acquire a specific meaning.

11.2.3 Connecting Two Definitions

In some formal way one can propose that the functional integral of the CS theory is
an explicit realization of the TQFT functor Z. The key observation is that given a
“time” slice + = 0, one can define a wave function as a functional integral,

1

——Z[M#, 2],
AW/ ASWARE

(11.12)
where .4 is the normalization defined through the square of the norm Z[.Z U
). The integral is computed over the gauge field configurations with prescribed
boundary conditions on X.

We will assume that ¥ might have a set {P;} of points removed, so that we
actually associate the Hilbert space to X\ {P;}. Quantum mechanics on such spaces
should then be equivalent to cobordisms of spaces with punctures in such a way that
punctures should be cobordant to other punctures and no punctures can disappear in
the bulk of the corresponding ..

In CS theory punctures correspond to non-dynamical particles sourcing the gauge
field. Their worldlines correspond to open or closed Wilson lines in CS theory,
which are cobordisms of the punctures. Each worldline is “colored” by an irreducible
representation of the gauge group, as in correlation function (11.8).

Calculation of scalar products in the Hilbert space requires changing the ori-
entation of the boundary X. For consistency, this should imply replacing all the
representations of lines ending on X, and inside a corresponding .#, by their con-
jugate. This rule is consistent with assigning orientations to the worldlines, so that

1  S[A:
W =0)=— f DAy, €T =
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when ¥ and X are glued together, the glued worldlines have a continuous flow of
the orientation.

11.3 Examples of TQFT

Let us consider some explicit examples of Hilbert spaces .75 that can be associated
to two-dimensional Riemann surfaces ¥ and to X\{P;}, with removed points [6].

11.3.1 Hilbert Spaces of Punctured Spheres

To a two-sphere S? with no marked points the SU (N ), CS TQFT associates a one-
dimensional Hilbert space. From the WZW CFT point of view there is only one
conformal block for the descendants of the identity operator.

From the analysis of CFT on S? we know that any one-point function vanishes
unless it is a one-point function of an identity operator. Consequently, the Hilbert
space associated to S?\ P is zero-dimensional unless the representation correspond-
ing to P istrivial R = 0, in which case dim .7# = 1. The latter fact can also be related
to the observation that it is not possible to accommodate a non-trivial “charge” in a
closed space. The total charge must vanish.

For two punctures vanishing of total charge tells that the Hilbert space has dimen-
sion only if the corresponding representations are conjugated R; = R», in which
case dim .7 = 1. There are more possibilities for three “charges”. In general there
can be more than one way for two representations to “fuse” producing a third one.
The corresponding number is called multiplicity of the third representation. As fol-
lows from WZW CFT the dimensions of the Hilbert space are smaller or equal than
multiplicities, because of additional CFT restrictions. The corresponding numbers
are called “fusion” numbers. They are denoted N};fRZ.

Equipped with this basic information one can compute basic examples of topo-
logical invariants on S? x S', with periodic Euclidean time. Since the Hamilto-
nian is zero, the partition function is just the trace of the identity operator over the
Hilbert space. For a sphere with one point marked by representation R the result is
Z(S? x §') = 8go, which includes the case of no marked points for trivial R.

The following two results are also straightforward:

Z(S* x S'; Ry, Ry) = 8, (11.13)

and _
Z(S* x S'1 R\, Ry, R3) = Ngip, - (11.14)
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What one computes in these equations are correlations functions (11.8) of two and
three colored oriented Wilson lines winding around the S' of §? x S'.

11.3.2 Hilbert Space of T*

It is quite instructive to quantize CS theory on T2 x S (see [17], for example). The
Hilbert space .77 of the quantum theory is finite and has dimension (k —;Zi I ! )
in the case of SU(N); CS. The states of this theory are cobordisms of T2, of which
the simplest are the solid tori.

There is a canonical choice of basis on .7#7:. To define the basis vectors we
consider solid tori with Wilson lines inserted along the “longitude” of the torus:

@ =|R). (11.15)

R

The vectors are labeled by the representations of the inserted Wilson lines. In par-
ticular, an empty solid torus is understood as having a Wilson line in the trivial rep-
resentation. In SU (N); CS the number of admissible representations is finite, equal
to dim J#7: (cf. “integrable” representations in the corresponding WZW CFT).
States (11.15) are orthonormal with respect to the scalar product defined in
Sect. 11.2.2. To calculate (R;|R;) one constructs an .#3 by gluing two solid tori
along ¥ with an appropriate orientation. Since a solid torus is D, x S', adisk crossed
with a circle, then gluing corresponds to identifying two disks along the boundary
(producing a 2-sphere) and transporting the result along S'. Hence, .#; = S* x S!
and
(Ri|Ry) = Z(S* x S'; R1, Ry) = 8 (11.16)

where we applied (11.13). Indeed, when we glue the solid tori in the most obvious
way, the Wilson lines remain parallel in > x S'. In particular, they never braid, and
the partition function is the one of two unlinked circles winding S' of §? x S'.

One can now ask about a general state with an arbitrary knot or link placed inside
the solid torus, for example,

) = =Y corlQ) (11.17)
]

Indeed, any such state can be expanded in the basis (11.15) labeled by integrable
representations with coefficients c o g. This coefficients have a special meaning, which
can be understood if one computes the scalar product in TQFT
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cor = (O|¥r) = Z(8* x S'; Lpr) . (11.18)

The expansion coefficients are the partition functions of a link %z composed of a
circle and the original knot both wrapping the S! of S? x S'.

We note that the basis of eigenvectors (11.15) has an explicit representation in
terms of differential operators acting on the torus, e.g. [18].

11.4 Entanglement in TQFT

With the definition of TQFT in Sect. 11.2.2, which reinterprets quantum mechanics
in terms of topological spaces, it is straightforward to discuss entanglement in topo-
logical theories. Let us first discuss a naive interpretation of entanglement in TQFT.

11.4.1 General Idea

In quantum theory a state consisting of subsystems A and B is entangled if the
wavefunction (density matrix) is not separable, that is it cannot be presented as a
direct product of the wavefunctions (density matrices) of the subsystems, Waup #
Uy Wp.

To discuss the analogous situation in a TQFT we start with a Hilbert space .7 =
J) ® ¢ where we assume all ¥, 5 belong [10]. By one of the above axioms, this
should be represented by a disjoint union of spaces X4 U X . Then there are two
obvious candidates for a separable and an entangled states in .77

7y = S22 S

(11.19)
To check this proposal one can compute the von Neumann entropy of subsystems
A or B, given by formula Sg(A) = — Try p4 log p4 in terms of the reduced density
matrix of subsystem A, ps = Trp paup. Given the path integral, or formal TQFT
definition it is not obvious whether Sg(A) can be computed for states in (11.19).
A useful tool is the replica trick, which produces a clear graphical interpretation in
TQFT [10, 13]. It is useful to keep in mind the analogy with tensors—a contraction
of legs of two tensors corresponds to gluing two ./ along a common instance of X.
A network of tensors (density matrices) becomes a three-manifold with “handles”.
We start the calculation by introducing the density matrices, which are defined in
general as p = |¥)(¥|. For states in (11.19), we have to consider
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(11.20)
which represent the tensors to be contracted. Note that these matrices are not nor-
malized, so we have to divide them by their traces. Since trace is a contraction of a
pair of chosen indices in a tensor, we have to glue X4 with >4 and T with X3 in
diagrams of (11.20). The normalization factors will be closed three-manifolds, which
in TQFT correspond to numbers, and we define the normalized density matrices as

(11.21)
We stress that the manifolds on the above diagrams are schematic representations.
To understand what they actually are, one has to specify £4 and Xp.
It is straightforward to find the reduced density matrices. For subsystem A,

- I

(11.22)
One can already guess, that the second reduced density matrix is that of a mixed
state. One can now apply the replica trick computing

d
Sg = — lim — Tru p"(A) . (11.23)
n—1dn

To construct powers of p (A) with tensors (11.22) one glues X 4 with Y pn — 1 times.
Assuming an analytic continuation in n one computes the derivative. The result is

Se1 =0 and Sgy =log , (11.24)

confirming our expectations that the left state in (11.19) is separable, while the right
one is entangled. Without Wilson lines the object appearing in the second expression
is easy to compute. As in Sect. 11.3.1 it is nothing but the logarithm of the dimension
of the Hilbert space .7¢%;, . More examples appear below.
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11.4.2 Back to the Aravind’s Conjecture

An interesting proposal to interpret entangled states in terms of links was made
in [5]. Consider a state in a TQFT, obtained by cutting tubular neighborhoods (cylin-
ders) around a link inside a three-dimensional sphere S3. The complement of an
n-component link is a space .#3, whose boundary is a disjoint union of 7 tori.

A simple example to consider is a thick circle (a solid torus) inside $3. Cutting the torus
out produces a space, which is topologically also a solid torus. However such an inverted
torus is not fully equivalent to the original one: consider a circle drawn on its boundary
common to both the cut and inverted tori. If the circle is contractible in the bulk of one of the
tori it cannot be contracted inside the other one. This shows a subtlety related to defining a
TQFT state: given a T2 we can consider two cobordisms, which fill the space either inside
or outside, producing two inequivalent states. More precisely, since the orientation of T2 is
opposite for the two cobordisms, one state is not the dual of the other one.

The relation between different choices of contractible and non-contractible cycles on tori is
well-known. It is realized by the modular group PSL(2, Z) = SL(2, Z)/Z;. The element
of the modular group, exchanging the longitude and latitude of a torus is denoted S. Two
states in a TQFT, with Wilson lines drawn along the longitude and the latitude and colored
by representations R; and R; respectively, are related by a matrix Sg, g; in an appropriate
representation of SL(2, Z). For an SU (N )i CS the representation is defined by k and N.

From the point of view of the TQFT, the complement of a thick link on § disa
state in the tensor product of Hilbert spaces 7, |[¥) € ®7_, L%”T(é). Such a state can

be decomposed in the basis of that Hilbert space obtained by tensoring (11.15):

W)= crrIR)® - ®|R,) . (11.25)
Again, the coefficients have a special meaning. In [5] they are matrix elements
Cri-k, = (Ri, ..., Ry|¥) =Z(S* Ry,...R,), (11.26)

which correspond to an opposite operation of gluing tori to .43, in such a way that
one recovers the original link in S, now colored by the given set of representations.
The coefficients are then the corresponding topological link invariants on S°.

We consider an example of the Hopf link, the simplest linking of two circles. It
is not hard to see that it corresponds to an entangled state. A direct way is to find
coefficients cg, r,, which are matrix elements of the modular group element S

CrRyRy = (RalSIRp) = SEARB . (11.27)

One does not need to know their explicit form. As a modular group element, S is
subject to constraint S = 1, so that the reduced density matrix of state (11.25) is

Ra
= . 11.28
Tr §2 dim J%7> ( )
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In the numerator of the last expression appears the identity matrix of the space 7¢7:.
Hence, the von Neumann entropy is the logarithm of the dimension of that space,

(11.29)

Sg (Hopf link) = logdim .7#7> = log (k T\,]XI : ) :

The calculation can also be done following the approach of Sect. 11.4.1.
State (11.25) is heuristically encoded by the right example in (11.19) with 4 = T2
and X3 = T?. Consider such a state obtained by cutting a longitudinal tube inside a

solid torus
W) — . (11.30)

Section 11.4.1 applies directly to (11.30) and predicts that the entropy is given
by (11.29).

There is a subtlety in the last argument. State (11.30) only represents state (11.25)
up to the action of S on one of the boundaries. However, from the point of view of
entanglement entropy, this would be a local unitary transformation, which leaves the
entropy invariant. More precisely, state (11.30) has expansion

W) = rr|R1) ® |Ro) . (11.31)

This can be seen evaluating the scalar products of |¥) with the basis vectors and
observing that in such a way one finds partition functions on S x S', namely (11.13).
Consequently, |¥) in (11.30) is a simple analog of a Bell pair.

Authors of [5, 19] considered different links in S? and computed the associated
entanglement entropy. Some of the conclusions of those studies are

e The link is trivial (all components of it are unlinked) if and only if the associated von
Neumann entropy vanishes. This follows from the property of unlinked components that
their partition functions factorize. Associated states (11.25) are separable.

e The Hopf link is maximally entangled. It can be viewed as an analog of a Bell pair.

e The set of torus links (links that can be drawn on the two-dimensional surface of a torus
without self-intersections) with three or more components, correspond to the GHZ-type
states in quantum information theory.

e Considered hyperbolic links are consistent with the W-type entanglement.

This is similar to the Aravind’s proposal in the sense that entanglement implies
linking. However, the correspondence does not work exactly as expected: nor Bor-
romean rings, nor Brunnian links in general, give a GHZ-type of states in the sense
of [5]. Such multipartite states, are realized by torus links.
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11.4.3 Reinforcing Entanglement with Wilson Lines

As one could notice from Sect. 11.3.1, the case of & = S2 is a bit different. In partic-
ular, to have a non-trivial Hilbert space one should have at least three punctures on the
sphere. Therefore to discuss entanglement, one should always include Wilson lines
piercing the spheres [10]. Otherwise, following (11.24) the entanglement entropy for
the case (11.19) with ¥, = S? and 3 = §? is logdim %4> =log1 = 0.

With three or four punctures the simplest example to consider is the state

It is in general an entangled state. Its entropy can be calculated following the steps
of Sect. 11.4.1 giving

Sg(A) = “ @ EQ = logdim 7}, (11.33)

that is logarithm of the dimension of the Hilbert space of a sphere with four punctures
with fixed representations satisfying the zero “net charge” condition0 C R} ® Ry ®
R3 ® R4. Hence (11.32) is maximally entangled.

One can ask what happens, if the parallel Wilson lines in (11.32) are replaced
by a braid. A braid is produced by “local” permutation of punctures on either X4,
or ¥p. From the steps of the calculation in Sect. 11.4.1 it is clear that any such
braid will be unbraided in the reduced density matrix. Result (11.33) will persist
as a consequence of independence of the von Neumann entropy from local unitary
operations, where “local” means applied to either of subsystems, here A or B. A non-
trivial example would be considering a non-local braiding, which transforms (11.32)
to either “tangles”

One can show that in the first case there is no entanglement, since the corresponding
partition functions will only compute topological invariants of disjoint circles in
S% x S'. As long as the circles do not wind the S!, which they do not do in the
first example of (11.34), such partition functions factorize giving zero von Neumann
entropy. The second example is less trivial an involve calculation of “chains” in
52 x S!, as in the following diagram

(11.35)




284 D. Melnikov

but with n sections, analytically continued to real n. Evaluation of such invariants is
a subject of current research [20].

In case of two-spheres chosen as ¥ it is not enough to consider simple cobordisms
as in the right example of (11.19) to guarantee entanglement. The cobordisms should
be endowed with Wilson lines in order to support the correlations between the sub-
systems. For maximal entanglement the Wilson lines should have a braid structure,
as in state (11.32) rather than tangle structure, as in (11.34).

11.5 Complexity

Classical and quantum computing operates with a notion of complexity of a given
computational task. Complexity is supposed to tell how hard is the task in terms of
time and resource cost. Different quantifications of complexity were being discussed
in computer science and related matters, but more recently complexity was proposed
to have interesting (geometrical) meaning in studies of quantum gravity and quantum
field theory (see [21] and references therein). While it is rather straightforward to
import the notion of complexity to quantum mechanics and quantum computing,
it is not easy to generalize these ideas to quantum field theory, where locality and
causality are important. It is proposed here to approach this problem in terms of
TQFT, which are intermediate theories between quantum mechanics and quantum
field theory. I will discuss how a standard notion of complexity can be applied to
TQFT, further details will appear in [22].

11.5.1 Complexity in Quantum Mechanics

In quantum mechanics, one can ask how difficult it is to prepare a “target” state |7 )
given a “reference” state |Wg). Such a task is fulfilled by a unitary operator,

[Wr) = Ul¥g) . (11.36)

Hence, U is a quantum algorithm or “circuit”, solving the problem. Assume that we
have available a number of discrete operations U,, whose composition can approx-
imate U with a given accuracy. In principle, there can be more than one way to
approximate U with a composition of U,. The number of U, in a given circuit is
called the “depth” of the circuit d ({U,}), while the complexity is the minimum depth
of the circuit necessary to solve the problem

CWr Yr;{Us) = min d({U}) . (11.37)
W T ViU

a i Yai—
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Circuit U can always be viewed as an evolution operator with a time dependent
Hamiltonian. Since the values of the Hamiltonian at different times a priori do not
commute, the evolution is a path-ordered exponential of a such Hamiltonian

U(it) = Pexp (1/ H(t)) . (11.38)
0

Note that practically, the path integral is a sequence of discrete time evolutions.

An interesting possibility is H (¢) taking values in some Lie algebra, such that U,
are exponentials of a minimal set of generators, H(t) = H,(¢t)T“. The path ordered
exponential in (11.38) can be cast in terms of paths on the group space, that is the
space of available unitary operators. Complexity % in such a case can be defined
as the minimum length, or the geodesic distance, of the path in the group space
connecting the identity element and the operator U (¢) [23].

Integral in (11.38) can be written in terms of a “Berry connection”, H(t) =
</ (x)x', endowing U (t) with a Wilson line interpretation. When the connection
is flat, the integral does not depend on the particular path taken, but rather on the
topology of the space of operators. This makes the determination of complexity a
discrete problem, as in the following example [22].

11.5.2 Complexity of Torus Knot States

Complexity is also an intuitive notion in knot theory. The standard classification
of knots is by the minimum number of crossings in the diagram of a given knot.
While the knot is defined as an embedding of a circle in the three-dimensional
space up to an isotopy, the diagram of the knot is a projection of the embedding
onto an arbitrary two-dimensional plane. Smooth deformation of the embedding do
not change the isotopy class and one can find a projection with a minimal number
of self-intersections (crossings). Thus, crossings provide a natural definition of the
complexity of the knot.

The initial idea about knot complexity may be found a bit naive, because studies
of the topological invariants of knots show that some knots, or links, are “simpler”
than others, even if their number of crossings is larger. Torus knots give an example
of a simple family. Such knots can be drawn on the surface of a torus without self-
intersections—all of them are classified by a pair of coprime integers (m, n). Torus
knots are simpler for few reasons. One of them is that an explicit formula for most
general topological invariants is known for any pair (m, n) [24]. The results are
generalized to the case of torus links: a £-component torus link can be characterized
by a pair ({m, £n), where m and n are coprime.

I would like to review some basic ideas about the definition of complexity for
torus knots. Further details will appear in the future work [22]. The ideas are based
on the following construction of a torus knot.
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Given the Hilbert space .777» described in Sect. 11.3.2 one can discuss particular
states in this Hilbert space corresponding to a solid torus with a torus knot (m, n)
inside. In general, such a state can be expanded in basis (11.15), as in (11.17). On
the other hand, torus knot state can be obtained by the action of SL(2, Z) modular
transformations on the boundary torus with a circle along the longitude (unknot).
We already know the action of the element S, which takes the knot parallel to the
longitude to the knot parallel to the latitude of the torus. SL(2, Z) can be generated
by two elements: S and T with relations S> = 1 and (ST)* = 1. In particular, for
the circle around the longitude, generator 7' adds a loop around the latitude, which
in general is contractible in the bulk.

One can understand the two generators as the following matrices modulo sign (the
actual modular group is PSL(2, Z), which identifies g and —g for g € SL(2, Z))

01 10
s=(%0). =0, 130

An SL(2, Z) element of the form

ma
Wm’”_<nb)’ bm—an=1. (11.40)

will take the circle along the longitude to the torus knot (m, n).

Let us call reference state the vector | R) (1 ), which is a solid torus with a longitude
circle colored with R. We would like to define complexity of the target state | R) ¢.n),
in which the Wilson line is the (m, n) knot. From what we said above,

|R>(m,n) = Wm,n|R)(1,O) . (1141)

The element W,, , of SL(2, Z) can be presented as a word of generators S and T':
STHST*S-..ST%. Due to the relations for S and 7', there are many words of such
form that give the same element W,, ,. Hence, we would like to consider the shortest
word of the generators and call complexity the total number of generators in the
shortest word.

The shortest word representing W,,, , € SL(2, Z) is known to be related to the
following continued fraction presentation of m/n (assuming m > n):

m 1
=4 - (11.42)
" @

a,

where all |a;| > 1. The complexity of torus knot (m, n) can be defined as sum

¢ =Y lail+r. (11.43)
i=1
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In [22] further details and interpretations of this definition of complexity are
considered. One of the conclusions of that work in progress is that quantity (11.43)
grows slower than the number of crossings. Moreover, since SL(2, Z) also realizes
unitary representations of the three-element braid group Bj, the above discussion
can be extended to the class of two-bridge knots and links.

11.6 Conclusions

In these notes I reviewed different interpretations of quantum entanglement in terms
of topological quantum field theories and knots. It was explained how intuitive ideas
of quantum entanglement as a physical “linking” of subsystems can be explicitly
realized in topological theories. In particular, it was explained, how the fundamental
examples of entangled states, such as Bell pair and GHZ states can be constructed and
how the entanglement entropy can be expressed in terms of the topological invariants
of knots and links. An interesting further direction outlined in my joint work [25]
is to understand the role of knots in quantum computation and quantum algorithms.
The material of these notes contain a step in that direction. One example considered
in the notes is the notion of complexity of algorithms, which can be connected to the
natural notion of complexity of knots. Some interesting related material have been
left behind. The reader is referred to [4, 16, 26, 27] for a subjective choice of relevant
works.
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Chapter 12 )
Finite Size Effects in Topological oo
Quantum Phase Transitions

Mucio A. Continentino, Sabrina Rufo and Griffith M. Rufo

Abstract The interest in the topological properties of materials brings into question
the problem of topological phase transitions. As a control parameter is varied, one
may drive a system through phases with different topological properties. What is the
nature of these transitions and how can we characterize them? The usual Landau
approach, with the concept of an order parameter that is finite in a symmetry broken
phase is not useful in this context. Topological transitions do not imply a change of
symmetry and there is no obvious order parameter. A crucial observation is that they
are associated with a diverging length that allows a scaling approach and to introduce
critical exponents which define their universality classes. At zero temperature the
critical exponents obey a quantum hyperscaling relation. We study finite size effects
at topological transitions and show they exhibit universal behavior due to scaling.
We discuss the possibility that they become discontinuous as a consequence of these
effects and point out the relevance of our study for real systems.

12.1 Topological Phase Transitions

Topology studies the stability of forms, shapes under different operations. These may
occur in abstract spaces as in momentum space reciprocal to crystalline structures [ 1—
3]. If certain symmetries are present, they give rise to invariants that are robust under
different operations. In many cases, in condensed matter systems, these topological
invariants are directly related to physical observables [1-3]. The existence of non-
trivial topological phases derives from their symmetry properties, but may occur only
for restricted regions of the parameter space characterizing the system. As a conse-
quence, if these parameters are changed, the system may transit from one non-trivial
topological phase to another or even to a trivial topological phase. Here we will be
interested in topological transitions that occur at zero temperature (7 = 0) [4], as a
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physical parameter like the chemical potential is varied. The critical fluctuations in
this case are purely quantum mechanical and the topological transition is a quantum
phase transition [5]. These phase transitions that are of great interest nowadays dif-
fer [6], but also share many features with conventional ones. A significant difference
is the lack of an order parameter since in general there is no symmetry breaking at
a topological transition. The use of a topological invariant as an order parameter is
not a valid option as it changes abruptly. This may wrongly suggest that the phase
transition is discontinuous and does not fully develops. The main consequence of
the absence of an order parameter is that a Landau expansion [7] of the ground state
energy in terms of a small quantity near the transition is not possible.

The most important feature that characterizes a topological transition as a
genuine critical phenomenon is the existence of a characteristic length & that
diverges at this transition. If g is a control parameter, such that, the transition
occurs at g = 0, we can write

& =4&lgl™, (12.1)

where we will refer to v as the correlation length exponent and & is a natural
length of the system, as the lattice spacing.

The identification of this characteristic length is guided by a unique attribute of
non-trivial topological phases, namely, the existence of surface states that decay
as they penetrate the bulk of the material [8]. This penetration length diverges at
the topological transition and can be identified as the characteristic length scale
associated with this critical phenomenon [4, 9—13].

The existence of this diverging length allows to develop a scaling theory for
topological transitions [5]. The singular part of the temperature dependent free
energy as a function of the distance g to the transition can be written as [5],

fs o |g|" I F [L} : (12.2)

[
If hyperscaling holds, the quantum hyperscaling relation implies
2—a=v(d+2), (12.3)

where we introduced two new quantum critical exponents, o and z. Since
the scaling function F[0] = constant, the former characterizes the singular
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behavior of the ground state energy density [14]. The latter is the dynamic
critical exponent and d is the dimension of the system.

The dynamic critical exponent z plays a fundamental role in quantum critical
phenomena [5]. Here, it is defined by the form of the dispersion relation of the
excitations at the QCP, g = 0, i.e., (g = 0) « k*. In general for isotropic systems
close to the topological transition, the spectrum of excitations can be written as,
® = +/|g|*% + k% [15]. The wavevector k is that for which the gap A = |g|"* closes
at the transition. In the cases of interest here the dynamic exponent z takes the Lorentz
invariant value z = 1, as a consequence of the Dirac-like nature of the dispersion
relation at the transition [15].

It is important to mention that the quantum hyperscaling relation, (12.3), that
relates the quantum critical exponents to the dimension of the system can be violated
in several ways [5]. For example, when the critical exponent o determined by this
relation becomes negative. For the systems studied here with z =1 and v = 1, as
obtained below, this occurs for d > 1. In this case there may be analytic contributions
to the free energy, like f o |g|* that for @ < 0 will vanish more slowly close to the
QCP than the scaling contribution [16]. This implies that the exponent o remains
fixed at « = O for all 4 > 1. For d = 1, the marginal dimension, there may be also
logarithmic corrections for the ground state energy (see below). Hyperscaling may
also breakdown if the dispersion relation of the system is highly anisotropic, such
that, the correlation length exponent is not uniquely defined but depends on a given
direction [17].

Notice that in conventional quantum phase transitions the algebraic decay of
correlations of the order parameter at the QCP requires introducing a critical exponent
n [5]. This is related to the exponent 8 of the order parameter through another
hyperscaling relation 28 = v(d 4+ z — 2 + n) [5]. The exponents n and 8 play no
role in the characterization of topological quantum phase transitions as discussed
here.

In the next sections, we study two models exhibiting topological transitions and
determine their universality classes, essentially the critical exponents v, z and «.
We start with the one-dimensional (1d) Su—Schrieffer—Heeger (SSH) [3] model for
a dimerized tight-binding chain, which is one of the simplest model to exhibit a
quantum topological phase transition. We also consider the two-dimensional (2d)
Bernevig—-Hugues—Zhang model [3] and obtain the correlation length exponents v
for both models. Finally, we discuss a 3d model of a topological insulator and the
possible occurrence of a discontinuous transition in this system.

12.2 The Su-Schrieffer—-Heeger Model

The Su—Schrieffer—Heeger (SSH) model [3] has been proposed to study the electronic
properties of the polymer composed of repeating units of polyacetylene organic
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molecules (C,H3),,. The Hamiltonian in real space can be written as

A=Y US AV + Yy Bt + ¥, B Vg, (12.4)

where ¥, = (Y7, wr'l’ )T is the wave function vector of a unit cell n with wave function
components ¢ and ¥’ from a and b sublattices, respectively. The intra and inter
cell hoppings are given by 2 x 2 matrices (A); ; = #{'8; j—1 + t18;i—1,j and (B); ; =
t38;,j—1, respectively, where #; and t, are real numbers that represent the intra and
inter cell hopping terms. After a Fourier transformation of the Hamiltonian, (12.4),
we get

A= Y HE, (12.5)
k

such that, ¥ = (Y¢, w,'j)T and (H(k));;j =t(k)d; j—1 + t*(k)d;i—1,; with t(k) =
t + te'* . A diagonalization process allows to obtain the energies of the electronic
states of the model as

E(k) = |t (k)| = i\/tf + 13 + 2t11p cos k, (12.6)

where the lattice spacing was taken equal to unity. Notice that, for |#;| # ||, this
energy dispersion presents a gap around zero energy. Therefore, if the Fermi level
is taken at zero energy, the ground state describes an insulating phase. On the other
hand, this model undergoes a topological phase transition at the quantum critical
point, g = t; — t, = 0, with a gap closing at k = 7.

The insulating phase that arises when |#;| > |t,| is a trivial topological phase,
since the topological invariant winding number W is equal to zero. For ||| < |f],
the insulating phase is topologically non-trivial with winding number equal to
one. In the topological non-trivial phase, there are edge states with zero energy,
(Y4 (E = 0), Yy (E = 0)), that are protected by the topology of the Bloch bulk elec-
tronic states.

Solving recursively for the zero-energy eigenstates of the Hamiltonian (12.4), we
find for the ratio of the wave functions at sites n and 1 at the edge of the a sub-lattice,

Y(E =0) n\"!
Syt =L — = —— . 12.7
Vi Y (E = 0) (a) (127

These edge states are mostly located at the edges of the chain, more precisely in the
unit cells 1 and N of the SSH model. Their existence is guaranteed by the condition
E = 01in (12.6) that leads to t(lzo) = 0oreih = —(t1/1). Notice that in the case of
edges states with zero energy, ko is a complex number. Substituting, (¢,/t,) = —e' ko
in (12.7), the ratio of wave functions for the a sub-lattice can be written as
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Fig. 12.1 The square of the wave function (Edge states) as a function of the sites. Solid lines are
solutions for the a sublattice. The penetration depth & is shown for g = 0.02 (black curve). At & the
wave function satisfies the condition ¥, (§) = ¥ /e. The inset shows the penetration depth versus
g. Different colors represent different values of g as depicted in the inset. The angular coefficient
of the straight line is formally the critical exponent, v = 1

Sl = ghotnh, (12.8)

The value of k as a function of the distance from the critical point can be obtained
from the following equation

E(k) ~ g + tik?, (12.9)

which is a series expansion of (12.6) near the QCP. We have introduced g =, — 1,
to represent the distance from this QCP. For an edge state E (ko) = 0 and therefore
(12.9) yields ko = i (g//1112).

Finally, substituting IEO in (12.8), we obtain for the wave functions ratio

Syt = e (l/E, (12.10)

where & = \/f11;|g|~". The normalized wave function decays exponentially with n
within the bulk with a penetration depth & that diverges with critical exponent v = 1.
Notice that this result can also be obtained directly from (12.7).

Figure 12.1 shows the square of the wave functions (|y/¢ (E = 0)|?) of the edge
states obtained numerically from (12.4). The solid lines in the figure are the solutions
for a sub-lattice as a function of the sites. There are similar solutions for the b sub-
lattice (not shown) that in this case are localized near the last site.

We have defined the penetration depth & as the distance, relative from the initial
site, for which ¥, (xo + &) = ¥ (xo)/e. Now, by considering several values of g,
varying from g = 0.01 to 0.05, we obtain £(g) and determine the critical exponent
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v, as shown in the inset of Fig.12.1. We get, v = 1 in perfect agreement with the
analytic result of (12.10), showing that the numerical method is very reliable. In the
next section, we use the numerical approach to obtain the critical exponent v of the
2d BHZ model.

12.3 The Bernevig-Hugues-Zhang (BHZ) Model

The first experimental observation of a 2d topological quantum phase transition was
in a CdTe/HgTe/CdTe heterostructure. This consisted of a layer of HgTe sandwiched
between CdTe yielding a semiconductor quantum well [18]. At some critical thick-
ness value of these quantum wells, the topological quantum phase transition takes
place, from a conventional insulating phase to a quantum Hall effect phase with
helical edge states protected by the non-trivial topology of the bulk. This topological
quantum phase transition can be described by the BHZ model [19] associated with
the following Hamiltonian

H(ky, ky) = o - h(k), (12.11)

where h(k) takes values on the two-dimensional Brillouin zone (k,, ky) and ¢ =
{0y, 0y, 0.} are the Pauli matrices. Specifically, i, = t;, sink,, h, = t;, sink, and
h; = 2t;(cos ky + cosk,) + 1, — 4t;. In this Hamiltonian, the sub-lattice space rep-
resents the orbitals s and p for each atom. In order to describe the quantum wells in
HgTe/CdTe layers, the simplified spinless BHZ model introduces the hopping terms
tsp and 1, as well as, a mass term t,. The antisymmetric hybridization between the
orbitals of different parities, s and p has an amplitude given by #,,, and the hopping
between the same orbitals s or p of nearest neighbors atoms has an amplitude ¢;.

A topological phase can be identified by some proper topological invariant. For the
2d BHZ model, we can consider the Chern number invariant ¢ [20, 21] obtained at
the high-symmetry points [k, k,] = {[0, O, [0, 7], [=, O], [z, 7 ]}. It predicts a non-
trivial topological phase for the intervals 0 < #, < 4, with% = l and4t; < 1, < 84
with ¥ = —1. A trivial phase with ¥ = 0 occurs for #, > 8¢;. The Chern number
signs ¥ = %1 are related to edge states with propagation in opposite directions.

Here we are interested in determining numerically the correlation length critical
exponent for the two-dimensional BHZ model. For this purpose, we study the pen-
etration of the edge states, which requires one of the dimensions of the lattice to be
finite. Since these edge states are indeed connected to the real terminations of the
system, for a square lattice to keep one of the dimensions finite means to deform
the lattice into a cylinder. The finite axis takes the direction of the main axis of the
cylinder and the other dimension with periodic boundary conditions is represented
by the body of the cylinder.

The correlation length critical exponent as before characterizes the decay of the
edge states into the bulk close to the topological transition. Let us consider the edge
states of the BHZ model in one dimension. One way to get one of the dimensions
finite is to perform a Fourier transformation as
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1 . ,
Hi (k) =+~ D e I Hy (hy ky), (12.12)
X kx

where N, is the number of sites along the finite x-axis and {/, J} indexes run over
the matrix elements of (12.11). The positions of the atoms along the finite x-axis
are denoted by m and vary from O to N,. For example, considering the element
H, i (ky, ky) = h; we have

1 : ;
H i (ky) = F Zezkx(mﬂn )Hl,l(kx, ky)
L
1 : ;
=N kZe”‘*‘(’"‘m) [21) cosky, + C]
1 . , . )
— FX ;ezkx(m—m) [tl (elk" + e—lkx) + C]

- ¢ (elkx(m—m +1) + elk;(m—m —l)) 4 Celkx(m—m)]
N, ;[ !
=1 [8m,m’+l + 8m,m’—1] + C(Sm,m’a (1213)

where C = 2t; cosk, + (&, — 4t1) is independent of k, and the same procedure
should be applied to all the other matrix elements.

The sum over k, allows to work in real space along the x-axis. Notice that we
chose the k, to be in the finite direction, but since we consider a square lattice the
choice between k, or k, is irrelevant due the symmetry of the lattice. For the diagonal
directions of the square lattice [22], or for more complex lattices this is not necessarily
true. For instance, for the honeycomb lattice, the choice of the finite axis along one
or other direction means different edge arrangements [23].

Accordingly, after Fourier transforming (12.12), from momentum to real space
along the x-axis, we have

(12.14)

Hk,) = (Hll Hu) '

Hy, Hy

Following the procedure of (12.13) yields Hyy = [2t; cosky + (tp — 4t1) 18, +
t[8m.m+1 + Sm mw—1] that stands for sub-lattice a and H,, = —Hj; for sub-lattice
b. Here, the sub-lattices indexes a and b represent the subspace of the orbitals s
and p, respectively. The matrix elements responsible for the mixing of the different
orbitals or sub-lattices are given by Hiy = —ify, sinky8,, v — ”%[Sm.mr_l — Smom+1]
and Hy; = H 1T2~ The m index counts the unit cells or atoms along the finite x-axis
and in the same way m’ can be interpreted as a neighbor site in the real space
Hamiltonian, (12.14). Besides, the order of each matrix element H; ; is increased to
N, x N,, which means that the order of the final matrix becomes 2N, x 2N,.

For the purpose of obtaining the energy dispersion in real space, a numerical study
of the 2d BHZ model was developed to diagonalize the Hamiltonian, (12.14). We fix
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Fig. 12.2 (Color online)
Energy dispersion of the
BHZ model as a function of
1, for a fixed t; = 1. The red
lines are obtained for ky, = 0
and for N, = 50 sites.
Topological quantum phase
transition takes place for

to = 0 and tp, = 4. Along the
line E = 0, we highlighted
the presence of the two edge
states with thick lines

the energy scale as f; = 1 and take N, = 50 sites. In Figs. 12.2 and 12.3, respectively,
we present the energy E as a function of the topological transition control parameter
(mass) 1, at the high symmetry points, k, = 0 and k, = 7. In the first case, k, = 0,
topological quantum phase transitions take place for #, = 0 and #, = 4. The thick
lines in the figures show the presence of the edge states with zero energy. The same
is observed for k,, = i, but the transition points are now given by #, = 4 and 1, = 8.

For the study of the penetration of the edge states, we identify the eigenvectors
responsible for the zero energy dispersions in Figs. 12.2 and 12.3. For N, = 500, we
show in Fig. 12.4 the square of the wave function of the edge states in the vicinity of
the critical points. Actually, just one half of the lattice is presented, since the behavior
is the same on both sides. In addition, the results for sub-lattice a and b coincide. The
edge states are obtained for distances to the critical point ranging from g = 0.01 to
g = 0.05. As g increases, the edge states become more localized at the edges of the
lattice. The inset presents the characteristic length £ as a function of g and the points
are obtained from the numerical study of the model. From the linear fitting of these
points, we can conclude with accuracy that the correlation length critical exponent
for the 2d BHZ model is v = 1. As mentioned before, in real space the lattice is a
cylinder and Fig. 12.4 presents a pictorial view of the penetration of the edge states
from the perspective of this cylinder. The top cylinder represents the case where the
edge states penetration decays very fast. The color gradient follows the penetration
intensity of the edge state. In the same way, the bottom cylinder shows a case where
the edge state extends almost along the entire lattice. The color gradient here holds
inside the cylinder body. These results reflect strictly the behavior obtained for all
critical points #, = 0,1, =4 and t, = 8.
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Fig. 12.3 (Color online)
The same of Fig. 12.2, but
the blue lines are obtained
for ky = m. In this case, the
topological quantum phase
transition takes place for

tp =4 and r, = 8. Again, we
highlighted the presence of
the two edge states with
thick lines along E = 0

In the process of varying the distance to the quantum critical point, we notice that
as the system moves away from the QCP, the behavior of the penetration length for
the orbitals s and p (sub-lattices a and b) becomes distinct at the different edges.
Figure 12.5 shows that for g > 0.068, the wave function of the left edge state is
nearly localized and has mostly s-character, while that of the right edge has mostly
p-character. We also observe that the amplitude of the wave functions at the edges
and consequently their localization at these sites becomes larger as g increases. The
cylinders here indicate the correspondence between the edge states of the subspaces
and the termination of the lattice for each case. Finally, close to the QCP the wave
functions of the edge states have a mixed character, as shown in Fig. 12.4, due to
their strong hybridization.

In summary our numerical study of the 2d BHZ model shows that the critical
exponent for the penetration depth takes the value v = 1, the same we have obtained
for the 1d SSH and for a 1d sp-chain [5]. We have also pointed out a qualitative
change in the nature of the edge states for the 2d BHZ model as the distance to the
QCP of the topological transition changes.

12.4 Finite Size Effects at Topological Transitions

Quantum topological transitions as conventional phase transitions also exhibit finite
size scaling properties [15]. For a finite system close to quantum criticality, the
characteristic length £ and the finite size L are the relevant length scales. The singular
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Fig. 12.4 The square of the wave function (edge states) as a function of sites (N, = 500) sites close
to the quantum critical point, 1 = 0. We show just half of the lattice (N, = 250) for one sub-lattice,
since the behavior is the same on both sides for the two sub-lattices a and b. The color scheme and
the penetration depth follows that of Fig. 12.1. The inset shows the penetration depth versus g and
yields with high accuracy the value v = 1 for the critical exponent of the penetration depth. For
all the QCPs as g increases and the system moves away from these QCPs, the edge states become
more localized at the ends. The cylinders represent the finite BHZ lattice along the x-axis direction
(main axis of the cylinder) with periodic boundary conditions in y-axis (body of the cylinder). The
top cylinder shows the penetration of the wave-function of the edge states for g = 0.04 according
to the color gradient (green). Similarly, the bottom cylinder shows the same (red), but for g = 0.01.
In this case the wave function of the edge state penetrates almost the entire lattice

part of its free energy 8.% ¢ (g, L) is expected to have a finite size contribution that
can be written as [15],

SFM (g, L) = AcL™ @D £(L/§). (12.15)

This follows from dimensional analysis and a finite size scaling assumption. It is
a natural generalization of the classical result for the quantum case [24] and for topo-
logical transitions [15]. In (12.15), the dimension d of the classical system is replaced
by the effective dimension d + z as in the quantum hyperscaling relation [25]. At
the QCP of the bulk system, the characteristic length is infinite, and the scaling
function f(L/§ = 0) = 1. Ford 4 z = 1 4 1, conformal invariance implies that the
amplitudes A¢ are universal quantities [26].
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Fig.12.5 (Color online) The same of Fig. 12.4, but exploring the effect of the proximity to criticality
on the nature of the edge states. In the close vicinity of the topological quantum phase transition
the edge states of the subspace of the orbitals s and p, in purple color, coincide and exhibit the
same amplitudes in both sides of the lattice. This is represented by the bottom cylinder filled with
the same purple color in each edge. However, far away from the critical point (g > 0.068) the edge
states on different sides begin to present mostly s (left) or p (right) character. For instance, the wave
function of the edge state nearly localized at the left end has a very strong s character. The opposite
for the right end with a wave function with mostly p-character. This is indicated by the top cylinder
where the blue and red colors represent the s and p orbitals, respectively

The scaling form, (12.15), of the finite size contribution to the free energy has
been successfully verified for several systems exhibiting topological quantum phase
transitions [15], as the 1d p-wave superconductor model of Kitaev, the 3d SSH
model and a 3d model for topological insulators [15]. In all these cases, the dynamic
exponent is given by z = 1 and the correlation length exponent turns outtobe v = 1.

For the purpose of calculating the finite size properties of a system, it is useful to
consider it as confined within two parallel planes of area S separated by a distance
L. The free energy per unit area of this slab can be written as [24, 25, 27]

. F(g L)
lim —

= LFoux(g) + Fouface (8) +8F (g, L), (12.16)
S—o0 JS

where Fpy(g) is the dimensionless bulk free energy per unit volume of the uncon-
fined system, Fyyrface is the sum of the free energies of the surfaces, per unit surface
area, due to the confining planes and J is a natural energy scale of the bulk mate-
rial. If one uses periodic boundary conditions, the surface terms do not arise in the
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expression above [15]. The last term represents the finite size contribution to the
free energy per unit area from the slab of width L. It can be imagined as mediating
interface-interface interactions at a distance L. Close to criticality its singular part
has the scaling form given by (12.15) above. In the next sections, we use (12.16) to
obtain this term and explore the physics it contains.

12.4.1 Multi-band Topological Insulator

In this section we focus on a 3d multi-band topological insulator. Recently [28], a
theory has been formulated that points out the existence of a time-reversal invariant in
these systems with @2 = —1. This occurs whenever a band of conduction electrons
hybridizes with the m; = £1/2 doublet arising from the f-multiplet of a rare-earth
system in a crystalline environment for which this doublet is the ground state. The
theory considers an effective four-band model of dispersive quasi-particles, with
different effective masses. The parity of the orbitals forming these bands is such that
the k-dependent hybridization between them is antisymmetric [28]. The Hamiltonian
belongs to class A1, and is characterized by a Z, invariant. The dispersion relations
of the hybridized bands [28] of the model are given by,

w1 = % |:(EZ + 82) + \/(8]’: — 81’:)2 + 4|V(k)|2i| , (12.17)

where
gy = —&y + 2t(cos kya + coskya + cosk;a),

ey = &b + 2at (coskya + cos kya + cos k,a)

are the dispersions of the originals non-hybridized bands.

The quantity & multiplying the hopping term above accounts for the different
effective masses of the quasi-particles and eg’b are the centers of the bands. The k
dependent hybridization is given by

|V (k)|* = V§(sin® kya + sin’ kya + sin® k.a),

where V measures the intensity of the (antisymmetric) effective hybridization.

We consider here the simplest case of & = 1 and inverted bands, i.e, e? = —&f =

—e&x, such that, e§ = &b = . This preserves the topological properties of the original

model. In this case we get,
wipp =t et + |V (k)2 (12.18)

In the continuum limit and for k — 0, we obtain
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— 2 _ 2
& = —&g+ 6t —t(ak)” = g — t(ak)

and
IV()|* = Vg (ak)?,

with k> = k7 + k; + kZ and g = 61 — 9. This model has a topological transition at
g = Ofrom anon-trivial topological insulator for g < Otoatrivial onefor g > 0[28].
The dispersion relations close to the transition can be cast in the general form [29],

w12/ Vo = £y M? + (1 — 2M B)(ak)? + B*(ak)*, (12.19)

where M = g/Vy and B = t/Vj. Notice that at the QCP, M = 0 and for k — 0,
w o k* with the dynamic exponent z = 1. Alternatively, at k = O there is a gap in
the spectrum, w o |g| that vanishes at the QCP with the gap exponent vz = 1. The
dispersion relations, (12.19), describe a large variety of topological insulators [29].
The ground state energy density associated with these dispersions is given by

_Egs 1

fi = VoV~ (2n)3

/d3k\/M2 + (1 —2MB)(ak)? + BX(ak)*,  (12.20)

where V is the volume of the system. Close to the topological transition, we introduce
a characteristic length £ oc M~ o< g~!, such that, the ground state energy density
can be written in the scaling form,

A
fs 574/ 4rd (k&) (kE)* /1 + (k)2 (12.21)
0

where A is a cut-off and we considered only the most singular terms close to the
QCP. This equation can be cast in the scaling form,

fs o |g]" I FLAE], (12.22)

where v = 1, z = 1, as identified previously and d = 3.

Performing the integration of (12.21) and taking the limit A§ — oo, one
obtains different contributions for the free energy,

e acut-off independent term that corresponds to the scaling contribution, fgs
|g" @+ = |g|*.

e acut-off independent term, f; o |g|*log |g| that violates hyperscaling [29].

Cut-off dependent contributions including,
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e a constant term, i.e., independent of g, that represents to the most singular
cut-off dependent term.

e a term of order |g|> with a cut-off dependent coefficient. This appears for
alld > 1.

For the one, two and three dimensional systems studied here, the correlation length
exponents take the value v = 1, the dynamical exponents z = 1 and consequently
the gap exponents vz = 1. When these are substituted in the quantum hyperscaling
relation, (12.3), we obtain that < Oford > 1. In this case the non-universal, cut-off
dependent |g|? term in the free energy, present for all d > 1, dominates its behavior as
g — 0. Since this is the leading term for d > 1, thend = 1 plays the role of an upper
critical dimension for these topological transitions. According to this interpretation,
we expect the critical exponents to be fixed at their 1d values for all d > 1. The
presence of a logarithmic correction to the ground state energy in d = 1 is consistent
with its role as a marginal dimension.

If one considers an expansion of the more general expression for the free energy,
(12.20), in powers of B (B = (t/Vp) < 1), we find that the contribution proportional
to |g|*log |g| remains and acquires a B dependent coefficient [29]. Subtracting the
diverging, cut-off dependent terms in this expansion, this simple type of renormaliza-
tion leads to a free energy f;(M, B) that exhibits a discontinuous transition between
the trivial, M < 0 and topological insulator, M > 0 as a function of B [29]. This
possibility of a first order topological transition associated with a gap that never
closes [30] is very interesting and we wish to examine it using a type of renormal-
ization different from that of [29].

12.4.2 Casimir Effects in Topological Insulators

The first order topological transition found in [29] at B = B, relies on the renormal-
ization procedure to deal with the cut-off in (12.20). We explore here the possibility of
a discontinuous topological transition using a new scenario and a different renormal-
ization procedure. For this purpose we consider, as in Sect. 12.4, that the system with
the spectrum of excitations corresponding to (12.17) is confined within two parallel
plates of area S separated by a distance L. The free energy per unit area of this system
is given by (12.16). Here we present calculations of the quantity 8.7 (g, L) for a
slab of a multi-band topological insulator using a method similar to that for obtaining
the Casimir force between parallel plates in the theory of electromagnetism [31, 32].
Since Casimir’s calculation is also a renormalization procedure, we investigate the
possibility of a discontinuous topological transition in the multi-band topological
insulator using this approach. The boundary conditions in the slab are that the wave
functions assume the same constant value in both planes, at z = 0 and z = L. The
energy of the insulating slab can be written as,
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Es _4n°Sa (%) m\/M2 1—2M, B;)(y2 + n2) + B2(y2 + n2)>2
%W, vy Y\ M? A+ (1=2M BL)(y2 + n2) + B} (2 + n?)2.

n=—0o0

(12.23)
where y = ky L/2m, withk] =k} + k3, M, = M(L/2wa) and B, = BQna/L) =
Lo/L where we introduced a new length scale Ly = 2waB = 2mat/Vj associated
with the hybridization (a is the lattice spacing). The energy of the insulator occupying
the whole space is given by,

EB 47[2561

Vo | L3

o0 [o¢]
/ dyyf dt\/Mf + (1-2M By)(y* + 12) + B} (y2 + 12)2,
’ ” (12.24)
witht =k, L/2m.

The calculation of the energy difference, AE = Eg — Ep yields the scaling con-
tribution according to (12.16). It is carried out in [15] using the techniques to obtain
the Casimir force in critical slabs. We obtain for this energy difference at M = 0, or
& = o0, i.e., at the topological transition

AE _ —7a 3

A , 12.25
SVo 15 ( )
which obeys the finite size scaling form
AE
—— = AcL™“"Y, 12.26
SVo c ( )
withd = 3,z = 1 and the Casimir amplitude Ac = —m2a/15. Away from criticality,
since M; = L/&, we can write
AE 2 3
— = —16x“aLl™ f(L/§). 12.27)
SVo :

For L/& > 1, the scaling function f (L /&) o exp(—2m L /&) and the finite size con-
tribution vanishes exponentially for L > §.
The full expression for the energy difference is given by [15],

_ 3 X1 o0
AE  —327°B (/ L0 +/ d,ﬂ), (12.28)

S_Vo - L* et — et —
which is a function of M, B and L. The quantities x; » are given by

1

2
X = —_—
b2 oR?

[(1 _OMB)+/1= 4MB]. (12.29)

The functions in the integrand are
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Fig. 12.6 (Color online) E
The ground state energy
E(M, B, L) as a function of [
M for L = 3 fixed and 0.002 -
different values of B. Dotted
line (red) B = 0.41, Full line _(;_5‘ =
(black) B = B, = 0.39,

Dot-dashed line (purple)

B = 0.37 and dashed line

(blue) B = 0.35. For [
B = B, ~ 0.39, the -0.006 -
minimum at small, negative
M exchanges stability with -0.008 -
the one at positive M [

0.004}-

-0.002f

-0.004 |

Fig. 12.7 The ground state E
energy E(M, B, L) asa
function of M for different
values of L and

B = B. = 0.39 fixed. From
bottom to top (at M = 0):
dotted line (grey) L = 2.8,
full line (black) L = 3,
dashed line (blue) L = 3.5,
dot-dashed line (brown)

L =5 full line (red) L = 9.
For L =~ 3 there is a first
order topological transition
(full line) (see text)

1
fite) = in‘[%(l —a? =2/ =) — )1 =2 +o’) = (1230)
1 —2n% 4 o? ]
2/? = oA (1 =) ]

(11— a2)2 tan~!

for x, <t < xy, where n = t/x1, &* = (x3/x?) and

T

f0) =1 6x;‘(1 —a?)?, (12.31)

that is independent of 7 (+ > x).

Finally, the expression for the free energy difference E(M, B, L) = AE/SVj,
(12.28), can be integrated numerically and the results are shown in Figs. 12.6 and 12.7.
In Fig.12.6, E(M, B, L) is plotted as a function of M for a fixed separation L = 3
between the plates and different values of the parameter B. One notices the presence
of two minima, one at small negative values of M and another for positive M. These
minima exchange stability at a critical value of B = B, = 0.39. The quantity M
plays the role of an order parameter being negative in the trivial phase and positive in
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the topologically non-trivial phase [29]. For B > B, the stable minimum occurs for
positive M and the system is in the topological phase. For B < B, the minimum at
small negative M is the more stable and the system is in the trivial insulating phase.
They exchange stability at B = B, where a first order transition occurs.

In Fig.12.7, E(M, B, L) is plotted as a function of M, now for a fixed value
of B = B, and increasing separations L between the plates. For L ~ 3 there is a
first order topological phase transition (full black line), such that, for systems with
L > 3, the stable phase is the topologically trivial with M < 0. As L increases the
minimum at negative M moves to zero and the curve E(M, B., L — 0c0) has a single
minimum at this value of M. The amplitude of the minimum at M = 0 decreases
according to the finite size scaling law, (12.25) and the curve for E(M, B, L) becomes
progressively flat and small as a function of M.

A phenomenon similar to the one we have obtained, i.e., a first order transition in
finite slabs that eventually evolves to a continuous one for large separations between
plates has also been shown to occur in a strongly interacting system [33] exhibiting
a fermionic condensate. In both cases the discontinuous character of the transition is
due to finite size effects. Ultrathin films of topological insulators can provide ideal
platforms to investigate these finite size effects [34].

12.5 Conclusions

In this work we discussed how to describe and characterize topological quantum
phase transitions. We identified a characteristic length in this problem, namely the
penetration length of the surface modes in the non-trivial topological phase of the
system. It diverges as & o |g|” where v is the correlation length exponent and g the
distance to the transition. For simplicity, we neglected interactions, to put in evidence
the purely topological aspects of the phenomenon and avoid the interference of any
competing long range ordering. The role of interactions in topological systems is an
active area of investigation [35] and these may give rise to new universality classes.

We have obtained numerically the critical exponent v = 1 for two well known
systems exhibiting topological transitions, the SSH model in one dimension and
the two dimensional BHZ model. Besides v, two other critical exponents, z and
a determine the universality class of the topological transition. The former is the
dynamic critical exponent that for the systems studied here assumes the value z = 1
implying their Lorentz invariance. This value of z is also connected with the Dirac-
like spectrum of excitations at the QCP. The exponent « determines the singular
behavior of the free energy at zero temperature. These exponents are not independent
but related through the quantum hyperscaling relation [5]. We have however pointed
out that hyperscaling can break down and indicated how this may occur for non-
interacting systems. We discussed the existence of an upper critical dimension d¢
for the Lorentz invariant systems treated here and argued that it takes the value
dc = 1. We expect that for all d > d, the critical exponents remain fixed at their
values for d = dc.
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Finally, we have studied the possibility of discontinuous topological transitions
where the gap in the spectrum never closes. Our approach is inspired on that used
to study the Casimir effect, It turns out to be an efficient method of renormalization
that allows to get rid of infinities. We have shown that for a 3d slab with one finite
dimension, finite size effects can give rise to an exchange of stability between the
trivial and topological phases in a discontinuous transition. However, as the distance
between the plates of the slab increases, these effects disappear.
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Chapter 13
From Quantum Spin Chains to Chiral oo
Spin Liquids

Rodrigo G. Pereira

Abstract Chiral spin liquids are highly entangled phases of matter in which interact-
ing spins break time reversal and reflection symmetries, but do not develop magnetic
order even at zero temperature. The conventional analytical approach to describe
quantum spin liquids employs parton representations for the spin operator, but the
resulting gauge theories are hard to handle beyond mean-field approximations. In
this chapter, we review an alternative approach that starts from the conformal field
theory for weakly coupled Heisenberg spin chains. We provide two examples of such
coupled-chain constructions. The first one is the Kalmeyer—Laughlin chiral spin lig-
uid, a gapped topological phase that can be obtained by coupling parallel spin chains
with three-spin interactions that favor uniform spin chirality. The second example is
a gapless chiral spin liquid on a geometry of crossed chains with a staggered chirality
pattern. Using a renormalize group analysis, we identify the conditions necessary to
stabilize these nontrivial phases and discuss how to calculate their properties explic-
itly at the low-energy fixed points.

13.1 Introduction

The spin-1/2 Heisenberg chain was the first quantum many-body Hamiltonian to be
solved exactly by H. Bethe in 1931 [6]. This pioneer work led to the development
of the Bethe ansatz for integrable one-dimensional models, of which the spin-1/2
Heisenberg model and its anisotropic extension, the XXZ chain, are notable examples
[20]. In addition to the Bethe ansatz solution, analytical field theory methods [1] and
sophisticated numerical techniques [38] have been successfully applied over several
decades to reveal some remarkable properties of the antiferromagnetic Heisenberg
chain. For instance, it is known that the exact ground state for a chain with an even
number of spins is a singlet, i.e. a nondegenerate state invariant under global SU(2)
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spin rotations. While this behavior is familiar from the ground state of the two-
spin problem with antiferromagnetic exchange interaction, it contrasts starkly with
the classical picture of Néel order later proposed to describe the ground state of
antiferromagnets in two- or three-dimensional bipartite lattices [26]. Moreover, the
excitation spectrum on top of this ground state is organized in terms of elementary
excitations that carry spin-1/2, as opposed to the spin 1 of a magnon in ordered
magnets [10]. Selection rules then imply that these excitations, nowadays called
spinons, must be created in pairs. Such fractionalization of the spin quantum number
in spin chain materials has been confirmed experimentally through the observation
of a two-spinon continuum in the spectrum probed by inelastic neutron scattering
[24].

Inspired by the physics of the antiferromagnetic spin-1/2 chain and by Pauling’s
idea of valence bonds as a theory for unconventional metals, in 1973 P. Anderson
proposed the concept of a quantum spin liquid [3]. While a precise definition is still
lacking [31], the term has been used to refer to phases of interacting spin systems
which evade long-range magnetic order even at zero temperature, due to the strong
quantum fluctuations in the ground state. Hallmarks of quantum spin liquids are a
high degree of many-body entanglement and an excitation spectrum characterized
by deconfined fractional excitations analogous to the spinons in the Heisenberg spin
chain. In contrast with the exact methods available in one dimension, to describe
fractionalization in two and three dimensions one usually resorts to approximate
solutions of effective theories where the elementary excitations are slave fermions
or bosons (generically called partons) coupled to emergent gauge fields. Essentially,
a spin liquid phase arises when the fluctuations of the gauge field are harmless
enough to allow for parton deconfinement. In this case, mean-field approximations
manage to capture the essential features of Anderson’s resonating valence bond state
[36]. Beyond the mean-field level, there are a few examples of spin models, such as
Kitaev’s honeycomb model [19], which are exactly solved by parton representations
involving Majorana fermions and static Z, gauge fields.

Kalmeyer and Laughlin put forward one of the earliest proposals of wave func-
tions that can describe a quantum spin liquid ground state [16]. Starting from a
Holstein-Primakoff representation for spin operators, they argued that the antiferro-
magnetic Heisenberg model on the triangular lattice was equivalent to a model of
strongly interacting bosons in the presence of a fictitious magnetic field at filling
factor v = 1/2. This observation motivated the proposal of a gapped ground state
corresponding to a fractional quantum Hall effect of bosonic spin excitations. As
a result, the Kalmeyer—Laughlin state shares some properties with the electronic
fractional quantum Hall effect, such as topological order, anyonic quasiparticles and
gapless chiral edge states. A crucial difference is that the quasiparticles can carry
spin and energy, but no electric charge. Furthermore, rather than an external mag-
netic field, the mechanism for breaking time reversal and mirror symmetries in the
Kalmeyer—Laughlin state is a nonzero expectation value of the scalar spin chirality
operator X;jx = S; - (S; x Sg), where i, j, k are any three sites that form a triangular
plaquette on the lattice [4, 37]. In fact, a finite value of (¥;jx) in the absence of
long-range magnetic order is the defining property of a chiral spin liquid. A direct



13 From Quantum Spin Chains to Chiral Spin Liquids 311

(a) (b)
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Fig. 13.1 Schematic representation of a coupled-wire construction of the integer quantum hall
effect. a Dispersion relation for tunnel-coupled wires, showing the avoided level crossings at the
Fermi level Er. b In real space, the gapped bulk states correspond to pairs of right and left movers
living in different adjacent wires, while the edge harbors gapless chiral states

way to drive the system into a chiral spin liquid phase is to add to the Hamiltonian
the three-spin interaction J, X;jx, which favors either sign of the chirality for each
triangle depending on the sign of the coupling constant J,. Such term breaks time
reversal symmetry explicitly while preserving the spin SU(2) symmetry. This route
was used to stabilize the Kalmeyer—Laughlin state on the kagome lattice with uni-
form three-spin interactions [5]. Other examples of gapped chiral spin liquids include
non-Abelian phases in spin-1 systems [13] and in the Kitaev model in a magnetic
field [19]. On the experimental side, perhaps the best evidence for a chiral spin liquid
state comes from a recent measurement of quantized thermal Hall conductance asso-
ciated with a Majorana edge state in a Mott insulating material with strong spin-orbit
coupling [18].

As examples of strongly correlated topological phases, chiral spin liquids present a
challenge for analytical approaches which do not rely on mean-field approximations.
The question then is: can we go back to the beginning and use our knowledge about the
Heisenberg spin chain to construct and analyze chiral spin liquid states? In principle,
all we need to do is to couple spin chains in such a way that the spinons living in each
chain are set free to propagate in two dimensions. This is more easily said than done,
because interchain exchange interactions usually give rise to magnetically ordered or
dimerized phases [33]. On the other hand, a precedent for how to obtain microscopic
Hamiltonians for topological phases starting from one-dimensional critical systems
is the so-called coupled-wire approach [17, 32, 35]. Figure 13.1 illustrates the idea
for the simple example of an integer quantum Hall phase [32]. Consider an array
of noninteracting quantum wires contained in the xy plane which is threaded by
an external magnetic field B = BZ. If we work in the Landau gauge A = —ByxX,
where X is the direction parallel to the wires, the dispersion relations associated with
different wires are shifted in momentum space as shown in Fig. 13.1a. Turning on a
finite tunnelling amplitude between neighboring wires gaps out the crossing points in
the spectrum. If the Fermi level lies exactly at the energy of the crossing points, in the
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low-energy limit we are left with a single pair of gapless chiral fermionic modes: a
left-moving mode associated with the upper wire and a right-moving one associated
with the lower wire; see Fig. 13.1b. This describes an incompressible phase with
chiral edge states which is adiabatically connected with the integer quantum Hall
effect (in this example, v = 1) in a spatially isotropic two-dimensional system. The
advantage of the coupled-wire approach is that we can adapt it to include electron-
electron interactions nonperturbatively in the wires by treating them as Luttinger
liquids. The result is a coupled-wire construction of fractional quantum Hall states
[17]. More generally, the idea is to start with a set of critical one-dimensional systems
described by the appropriate conformal field theory, and gap out pairs of modes with
right and left movers that live in different wires, until the total central charge is
reduced to that of a particular chiral edge state [35].

The purpose of this chapter is to review the coupled-chain construction of chiral
spin liquids that use Heisenberg chains as building blocks [12, 23, 29]. The key step
is to couple the chains with suitable time-reversal-symmetry-breaking perturbations
that involve three-spin interactions on triangular geometries. We start in Sect. 13.2
by discussing the low-energy effective field theory for a single Heisenberg chain.
In Sect. 13.3, we explain the coupled-chain construction of the Kalmeyer—Laughlin
chiral spin liquid using arrays of parallel spin chains. Section 13.4 deals with the
construction of a gapless chiral spin liquid on a lattice constructed from weakly-
coupled crossing chains. Finally, in Sect. 13.5 we present some concluding remarks
and discuss some open questions.

13.2 Effective Field Theory for the Spin-1/2 Heisenberg
Chain

The Heisenberg chain is described by the Hamiltonian

N
Hip=17Y_ 8;-Sj1, (13.1)

Jj=1

where S; are spin-1/2 operators acting the local Hilbert space at site j, J > 0 is
the antiferromagnetic exchange coupling, and N is the number of sites with periodic
boundary conditions. The low-energy physics of the spin-1/2 chain is described by
the SU(2); Wess-Zumino-Novikov-Witten model, which is a conformal field theory
with central charge ¢ = 1 [2]. To derive bosonization formulas for the local operators
in the theory, one can start from the one-dimensional Hubbard model at half-filling
and gap out the charge degrees of freedom in the Mott insulating phase. The spin
operator is represented in the continuum limit by

S;j = S(x) ~ JL(x) + Jr(x) + (—1)/n(x), (13.2)
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where J,, with v = R, L = &, are chiral SU(2) currents associated with right- or
left-moving modes, respectively, and n is the staggered magnetization field. The
components of the chiral currents can be written in terms of chiral bosons in the
form

T
Ji(x) = TE(x) = geﬁm W) (13.3)

Vv
_ax v(X),
Nz @v(x)

where the bosonic fields obey the algebra [¢, (x), 0@y (x")] = iV, 8(x — x”). The
components of the staggered magnetization are

nE(x) = A VO () = o sin [V (o —eR)], (134)
where <7 is a non-universal constant of order 1. Another local operator in the the-

ory is the dimerization operator ¢(x), which appears in the expansion of the scalar
S; - Sy ~ (=1)’e(x) in the continuum limit. Its bosonized form reads

e(x) = o' cos [T (pr — ¢r)], (13.5)
where 7’ is another non-universal constant.

The symmetry properties of the local operators are important to analyze the per-
turbations of the conformal field theory. Under translation by one site, x — x + 1,
the fields transform in the form

Z:J,—=J, n>—-n &~ —s. (13.6)
Time reversal .7 involves complex conjugation and acts on the fields as follows:

T Jre =J., n— —n, g g. (13.7)

Site parity, defined as the reflection &; about an axis passing through a given site,
takes x — —x and

P Jp<J., n—>n, e+ —¢. (13.8)

Site parity, defined as the reflection &7, about an axis passing through the middle of
link between two sites, takes x — —x and

P Jr<J., N> —n, e ¢ (13.9)

The low-energy effective Hamiltonian for a single Heisenberg chain is written in
terms of the chiral currents as

2
Hip ~ /dx [? (Jx +37) +2mvgpds ~JR] (13.10)
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Fig. 13.2 Two parallel
Heisenberg chains coupled ® PS P . chain 2

J
by exchange and three-spin A R R
interactions in a zigzag * Q Q Q
geometry Q Q .
‘ ‘ a ‘ '

® [ . chain 1

.

Here v o< J is the spin velocity and g, < O is the dimensionless coupling constant
for the marginally irrelevant backscattering operator [1]. As the effective g; van-
ishes (logarithmically) in the low-energy limit, the theory becomes equivalent to free
bosons and the asymptotic decay of correlation functions can be calculated exactly.

13.3 Coupling Parallel Chains: The Kalmeyer-Laughlin
State

Letus now couple spin-1/2 chains to build towards the two-dimensional limit. We start
with two parallel chains with a zigzag geometry as illustrated in Fig. 13.2 [12]. We
consider the interchain exchange coupling J’ together with a three-spin interaction
Jy,

H = Z |:J Z Sit-Sjsii+JI'S;1-Sj2+ Sj+1,2):| +J, Z Kijk, (13.11)
J

=12 ijkeA

in the regime |J'|, | J,| <« J. The ordering of the spins i, j, k in the triple product
Xijk s set to correspond to a configuration with uniform chirality, as indicated by
all the arrows in Fig. 13.2 pointing either clockwise or counterclockwise. Note that
the operator x;jx is odd under time reversal, which takes S; — —S;, and under a
reflection that exchanges two of the three sites, %;jx = — X it = — Xik;j-

The unperturbed effective Hamiltonian for J' = J,, = 01is given by two copies of
the chain Hamiltonian in (13.10), with operators in each chain labeled by the index
I =1,2. For small J' and J,, the leading interchain couplings in the effective field
theory are all marginal operators. There is a twist operator [27] that depends on the
staggered magnetization fields,

SH,, = 27'rvgtw/dx n; - d,m, (13.12)

and two operators that couple the chiral currents in different chains

§Hpy, = 270 / v (gudvr - ot + g d1s - Tor), (13.13)
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where g4 = g £ g, with g oc J' and g, o J, to first order. For /' > 0 and J, =0,
this problem reduces to the familiar zigzag chain, whose ground state in the regime
J/J’ 2 0.241 is fully gapped and breaks translational invariance due to dimerization
(e(x)) # 0 (asinthe Majumdar—Ghosh model [22]). Within the effective field theory,
the dimerized phase is understood as the regime where both g and g_ flow to strong
coupling under the renormalization group, eventually pinning the bosonic fields to
the minima of a sine-Gordon potential [14]. The new interesting possibility that
appears when we add the time-reversal-symmetry-breaking interaction J, is that g,
and g_ can have opposite signs if J, is large enough, in the regime |g, | > |g|. In
this case, one of them flows to strong coupling while the other flows to zero. As
a result, we obtain a gapless quasi-one-dimensional phase with one pair of gapless
chiral modes, either Jy g and J,; for J, > 0, or J;; and J, g for J, < 0. Such
phase of the two-leg system can actually be verified exactly for a special value of J,
where the model is integrable [12].

The next step is to generalize this approach to an array of N, spin chains with
the same coupling between neighboring chains, forming an anisotropic triangular
lattice. From the effective field theory perspective, we have to write down all the
possible local interchain interactions allowed by symmetry. Here it is important to
analyze how the local operators of the SU(2); Wess-Zumino-Novikov-Witten model
transform under the various symmetry operations. Particularly important are the roles
of time reversal .7 and the reflection & that acts as site parity for chains labeled by
odd values of [ and as link parity for chains with even values of /. While both &
and .7 are broken by the three-spin interaction, the Hamiltonian and the chiral spin
liquid ground state we are looking for preserve the product 4.7 . The symmetries of
the lattice model are enough to rule out relevant operators in the effective field theory
for two chains, but not for N, > 2. In fact, if we allow for coupling between next-
nearest-neighbor chains, the effective Hamiltonian for the two-dimensional array
contains two relevant operators which involve the staggered magnetization and the
dimerization fields:

St =y Y. [ dx @ maa + gsren). (13.14)
1

where A is an ultraviolet cutoff with units of momentum and g, and g, are dimen-
sionless coupling constants. The g, interaction favors a transition to a collinear anti-
ferromagnetic phase in which the n; (x) fields are pinned, while g, favors a dimerized
or valence bond crystal phase where ¢;(x) acquires a nonzero expectation value [33].
Note, however, that these interactions couple next-nearest-neighbor chains. If we start
from a lattice model that contains only weak couplings J' and J, between nearest-
neighbor chains, the couplings g, and g. can only be generated at second order in J'
or J,, or even be pushed to higher order if we consider other lattices than the trian-
gular one [12]. As a result, even if the marginal current-current interactions (13.13)
are less relevant than the interactions in (13.14), either g, or g_ can reach strong
coupling before the other perturbations depending on the initial conditions of the
renormalization group flow. When this happens, the low-energy physics is governed
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by the interaction that gaps out pairs of chiral modes in different chains, leaving gap-
less modes on the edge of the two-dimensional array. There is no magnetic order at
such fixed point since the spin operators have zero expectation value. The picture is
analogous to Fig. 13.1b if we replace the wires by Heisenberg chains and, instead of a
chiral fermion, the edge state correspond to a chiral SU(2); Wess-Zumino-Novikov-
Witten model. This is precisely the edge state of the Kalmeyer—Laughlin chiral spin
liquid [16].

We can use the coupled-chain construction to verify other properties of the
Kalmeyer—Laughlin chiral spin liquid. For instance, the fractional spin of the bulk
quasiparticles follow from a semiclassical analysis of the dominant sine-Gordon
potential in the strong coupling limit. Bosonizing the transverse part of the current-
current interaction (13.13) generalized for N chains, we find

SHpp ~ g+ Z / dx cos[vam(¢,L — @iy1.8)] (13.15)
7

In the gapped phase, the bosonic fields are pinned to the minima of the potential,
given by /47 (9L — ¢111.8) = 2nn + 7, n € N. A quasiparticle localized in the
bulk corresponds to an excitation in which the value of the fields jumps by +27 over
some finite region in space. The change in the total spin associated with this kink is

AS? = Z/dx (Ji + Tip)
1

w2/
= — Z dx 0x(@1,L — @141,R)
4 ]

1
== X (13.16)
as expected for spinons. Similarly, we can demonstrate the spinon’s anyonic statistics
by constructing operators that transport quasiparticles around one another. We can
also consider the operators that transport quasiparticles around the entire system
in the noncontractible directions of a torus (on a system with periodic boundary
conditions), given by [12]

U, = eiﬁfdxawa.L(x), U, = 1_[ eiﬁ[‘ﬂl.L(X())_(p/.R(XO)]’ (13.17)
i

where /j labels an arbitrary fixed chain and x is an arbitrary point along the chains.
It is easy to verify that these operators obey the algebra U, U, = ¢'*U,U, with
6 = m /2, which can be identified with the statistical phase of semions [30].

The coupled-chain construction has been generalized to obtain non-Abelian chiral
spin liquids [21, 23] and even a time-reversal-invariant Z, spin liquid [28].
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Fig. 13.3 Crossed spin
chains that serve as the
starting point for the
construction of a gapless
chiral spin liquid. There are
three sets of parallel chains
labeledbyg =1,2,3
(colored in blue, green, and
red, respectively). Pairs of
chains are coupled at their
crossing by three-spin
interactions at the triangles
where two sites belong to
one chain and the third site
to the other chain

v

v

13.4 Coupling Crossed Chains with Staggered Chirality:
Gapless Chiral Spin Liquid

The coupled-chain construction described in the previous section leads to gapped
chiral spin liquids, where gapless chiral modes are confined to the edges of an array
with open boundary conditions. We will now discuss an alternative construction of
a gapless chiral spin liquid [8], which can be viewed as sliding Luttinger liquid
phase [25] with gapless chiral modes in the bulk. This construction is inspired by the
proposal of a gapless chiral spin in kapellasite, a material described by an extended
Heisenberg model on the kagome lattice [8].

As our starting point, we consider three sets of decoupled parallel chains as shown
in Fig. 13.3. Each set is labeled by an index g = 1, 2, 3, such thata chaininsetg £ 1
forms an angle of £25/3 measured from a chain in set ¢. It is convenient to use a
coordinate system where, for fixed ¢, the different parallel chains are distinguished
by an index / € Z that increases in the direction set by g + 1 chains [11]. The spin
operator at site j of the /th chain along the ¢ direction is denoted by S, (j, /). In the
low-energy limit, the effective Hamiltonian for decoupled chains is given by the sum
of (13.10) for each chain, with chiral currents denoted as J,, (x, [).

We can then couple pairs of spin chains with local interactions at their cross-
ings. Most natural is a Heisenberg exchange coupling between spins on sites clos-
est to the crossing point. In the geometry of Fig. 13.3, this corresponds to nearest-
neighbor exchange J; on the underlying kagome lattice. For comparison, the dom-
inant exchange coupling J along the chain directions lies on the diagonals of the
hexagons of this kagome lattice [8]. In order to stabilize a chiral spin liquid phase,



318 R. G. Pereira

we also add to the model the three-spin interaction given by

SHy = Jy Y [84(=j = 1,1) x Sq(—j, D1 - [Sgs1(j +1, ) +Sgi1 (G +1— 1, /)
q.J.!

+Sgi2(=l =1, —j =) + Sgi2(—L, —j = D]. (13.18)

This interaction is defined on triangles where two spins belong to the same chain,
labeled by g, /, whereas the third spin belongs to another chain that crosses the link
between the first two sites; see Fig. 13.3. The sign the coupling for each triangle is
chosen so as to preserve a C; rotational symmetry as well as a reflection symmetry
with respect to chain directions. This reflection symmetry is such that the chirality
is staggered between two triangles that share two sites on the same chain. This
symmetry, absent in the Kalmeyer-Laughlin state, plays an important role in the
projective symmetry group classification of chiral spin liquids on the triangular and
kagome lattices [7].

When taking the continuum limit in the interchain couplings, it becomes important
to pay special attention to the transverse coordinate / in the spin operators S, (j, [).
First, chains with even or odd values of / transform differently, either as site parity
or link parity, under reflections by the planes perpendicular to the chain directions
(which is not a symmetry of the model with finite J,, but can be combined with
time reversal to yield an actual symmetry). Thus, we must include in the mode
expansion of the low-energy fields both a uniform and a staggered component for
the dependence on the transverse coordinate /. Second, we must take into account
that, over a finite length Ax much larger than the lattice spacing, each spin chain
crosses a number of chains proportional to Ax. For this reason, the continuum limit
in the longitudinal direction also entails a coarse-graining of the chain index in the
transverse direction. The one-dimensionality of the system in the weak coupling
regime is preserved by imposing the usual power-law decay of correlation functions
along the chain direction, but short-range correlations in the transverse direction with
a length scale set by the ultraviolet cutoff of the theory.

Within this field theory approach, we can analyze the effects of the perturbations
allowed by symmetry. The leading perturbations to the decoupled-chain fixed point
are relevant operators that involve the staggered magnetization and the dimerization
fields:

SHyo = vA Z/dxdy [0 (=%, ¥) - Do (x + 3, %)
q

Fiee8g0 (=X, V) gr1.e(x + 3, 0)] (13.19)

where «, and k. are dimensionless coupling constants. The lower indices e, o refer to
the uniform and staggered parts of the fields with respect to the transverse coordinate,
respectively, which are even or odd under translation by one chain spacing in the
transverse direction. As in the coupled-chain construction of the Kalmeyer—Laughlin
state, the coupling constants of the relevant operators are generated at second order
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in the bare couplings of the original lattice model. When «,, reaches strong coupling
before all other perturbations, the two-dimensional system orders magnetically in
one of the so-called cuboc phases [11]. When «, prevails, it gives rise to a valence
bond crystal. These are the two phases expected in the model of crossed chains
weakly coupled by time-reversal-invariant exchange interactions [11]. However,the
three-spin interaction in (13.18) generates in the continuum limit various marginal
current-current couplings, such as

SHgr = 27va Z/dxdy Jore(=x,¥) - Jgr1.Re(x + ¥, X). (13.20)
q

There is a similar term that couples left-moving currents, but similarly to the case
of g4 and g_ in (13.13), the asymmetry between the corresponding couplings is
of first order in J,. As a result, an interesting regime becomes possible where the
chiral interaction favors strong coupling between right-moving spin currents in all
chains, while the left-moving currents remain essentially free. A renormalization
group analysis [29] shows that such a regime can be reached for sufficiently large
bare values of J,, such that A in (13.20) reaches strong coupling before the relevant
operators (13.19).

The simple picture for the ground state in this regime is a chiral spin liquid where
each chain harbors only one chiral mode, moving either to the “right” or to the “left”,
where the directions of “right” and “left” depend on the orientation of the chain and
varies with g as illustrated in Fig. 13.3. Note that, due to the C; rotational symmetry,
which imposes the angles of £27 /3 between chains with different g values, there is
no preferred direction for the propagation of excitations in the bulk. Despite being
gapless, the corresponding Hamiltonian for this chiral spin liquid is a stable fixed
point of the renormalization group. In fact, gapping out one chiral sector of the theory
(say, the right-moving bosons ¢,z (x, y)) implies that all excitations involving the
staggered magnetization or the dimerization are gapped, since these fields couple to
both chiral sectors; cf. (13.4) and (13.5). Thus, the relevant perturbations (13.19) are
ruled out from the low-energy theory and a sliding Luttinger liquid phase becomes
stable.

We can calculate physical properties of the gapless chiral spin liquid using the
operators in the coupled-chain construction [29]. For instance, the large-distance
decay of the spin-spin correlation is dominated by the gapless chiral modes propa-
gating along the chain directions:

Ay —y.ah)
(x —x')?

(84D - Sy (1, 1) ~ (Jgr(x, ¥) - Ty (X', ¥)) 84q' 5

(13.21)
where A(y, «*) is a non-universal function that describes short-range correlations
in the transverse direction with characteristic length scale «*. The latter is set by
the scale where the marginally relevant operator (13.20) reaches strong coupling

and is related to the gap in the right-moving chiral sector. Note that the correlation
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does not oscillate as a function of the distance in the chain direction and decays
with a universal exponent governed by the scaling dimension of the chiral currents
in the one-dimensional theory. By contrast, correlation functions for the staggered
magnetization and dimerization operators must decay exponentially.

While the gapless chiral spin liquid is not topologically ordered in the same
sense of the Kalmeyer—Laughlin state (namely, nontrivial ground state degeneracy
on the torus), it can be described as a highly entangled phase of matter. Consider a
finite subsystem A with characteristic length L contained within the two-dimensional
system. The von Neumann entanglement entropy S of A with the rest of the system
can be estimated by

S ~ Nchains X Schain ™~ %LlnL1 (13.22)

where N nains 1S the number of chains that cross the boundary of A and Schain ~ % InL
is the entanglement entropy associated with each chiral mode with chiral central
charge c. Therefore, the gapless chiral spin liquid is highly entangled in the sense
that it exhibits a logarithmic violation to the area law, a behavior also observed for
free fermions with a Fermi surface and strongly correlated systems whose spectrum
can be mapped to a large number of one-dimensional modes [34].

Itis also interesting to note that this gapless chiral spin liquid is stable against weak
disorder [29]. Intuitively, due to the energy gap in one chiral sector, backscattering
is suppressed and only forward scattering processes (where “forward” may mean
scattering a right mover in a g chain to a right mover in a different ¢ & 1 direction)
are allowed at low energies (Fig. 13.4).

Fig. 13.4 Bipartition of the
two-dimensional spin

system. The entanglement L

entropy between the finite LS >t
subsystem A with
characteristic length L with
the rest of the system B is

calculated by counting the -

number of chiral

one-dimensional modes that

cross the boundary of A < A
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13.5 Conclusion

Coupled-wire constructions have proven a useful tool to study topological phases
of matter. The work discussed in this chapter shows that chiral spin liquids can also
be approached this way. For instance, we have constructed the Kalmeyer—Laughlin
chiral spin liquid using an array of parallel spin chains coupled by three-spin interac-
tions that explicitly break time reversal and reflection symmetries. This is a gapped
topological phase equivalent to a fractional quantum Hall effect of bosons at filling
factor v = 1/2, and its topological properties can be verified within the coupled-chain
construction without resorting to Chern—Simons gauge fields.

We have also discussed a construction of a gapless chiral spin liquid that starts
from weakly coupled crossed chains. In this case, the low-energy picture that emerges
corresponds to gapping out one chiral sector of each chain while the other sector
remains gapless. This gapless chiral spin liquid also exhibits some exotic physical
properties, such as spatially anisotropic power-law-decaying correlation functions
and a logarithmic violation of the entanglement area law.

Some interesting open questions pertain to explicitly deriving a relation between
the operators in the coupled-chain construction, which stem from the conformal field
theory describing the one-dimensional modes, and the matter and gauge field opera-
tors in the usual parton construction of quantum spin liquids. Particularly in the case
of the gapless chiral spin liquid, a possible duality between the chiral one-dimensional
modes and a spinon Fermi surface state with a line Fermi surface protected by the
reflection symmetry has been suggested in [29]. Another interesting route to pursue
is an alternative construction of chiral spin liquids based on networks of Y junctions
of spin chains tuned to a chiral boundary fixed point [9].
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Chapter 14 )
Majorana Zero-Energy Modes in a e
Magnetic Field-Free Quantum Wire

Mariana Malard

Abstract We report on a proposal for engineering a one-dimensional topological
superconductor hosting Majorana zero-energy modes pinned at the edges of a spin-
orbit coupled and electron-electron interacting quantum wire subject to a spatially
modulated electric field and in proximity to an s-wave superconductor. The combina-
tion of the various interactions in the wire produces an effective spin-flip backscatter-
ing which opens a gap at two of the four spin-split Fermi points of the system, leaving
a helical Luttinger liquid state at the remaining gapless points. This state enters the
target topological phase for a certain regime of the proximity-induced pairing. This
all-electric setup does not rely on a magnetic field.

14.1 Introduction

A Majorana zero-energy mode (MZM) is an emergent quasi-particle that follows a
non-abelian statistics and has the distinguishing property of being its own antiparticle
[1]. It is the solid state counterpart of the fermion hypothesized by Ettore Majorana
back in 1937 [2] and whose confirmation as a free fundamental particle remains a
long-standing puzzle. In contrast, MZMs are expected to be found pinned to defects
or edges of materials and setups such as fractional quantum Hall systems [3], cold
atoms [4, 5] and hybrid structures realizing topological superconductivity [6-8], to
cite some well-known examples. In these systems, the MZMs appear as in-gap states
of zero energy [9]. Besides their relevance from a fundamental standpoint, MZMs
hold promise of high impact technological applications, notably in the making of a
fault tolerant topological quantum computer [10].

The realization that p-wave pairing (that makes a superconductor topological,
but is rare in nature) can be emulated in a two-dimensional topological insulator
combined with an ordinary s-wave superconductor [11] has led to an intense search
for topological superconductivity in different solid state architectures [9]. As known
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already from the primal toy model of a topological superconductor—the celebrated
Kitaev chain of spinless fermions [6]—the spinless character of the pairing is key
and, hence, “getting rid of spin” in real systems is a common feature encompassing
most proposals. Restricting to one dimensional (1D) realizations, among the most
promising are (i) a spin-orbit coupled quantum wire in a magnetic field and coupled
to an s-wave superconductor [12, 13] and (ii) a chain of magnetic impurities laid on
top of an s-wave superconductor [ 14]. In both (i) and (ii), a magnetic field opens a gap
in the energy spectrum of the system, pushing one of the spin-split bands away from
the Fermi level so that the later crosses a single, effectively spinless, quasiparticle
band. The states around the Fermi level form the so-called helical liquid in which
spin and momentum degrees of freedom are locked to each other. In a regime of the
pairing, these effectively spinless states enter a topological superconducting phase.

Like the two proposals highlighted above, most schemes for realizing 1D topo-
logical superconductors rely on a magnetic field which, although crucial for the very
emergence of a spinless state in those systems, ends up damaging the proximity
superconducting pairing by canting the spins in the wire [15]. Even more impacting
for applications, especially in quantum computing, a magnetic field would reduce
robustness against disorder [16, 17] of auxiliary nontopological states that would
have to be integrated with the quantum gates [18, 19]. And a strong enough mag-
netic field would be hard to apply locally [20] in order to avoid it affecting the entire
dispositive. From a more fundamental point of view, one could ask whether MZMs
could be obtained in one spatial dimension without breaking time reversal symmetry
explicitly as is the case with magnetic field-based setups.

In the search for non-magnetic options, quasi 1D schemes have been explored
using d,2_> [21] or s.-wave pairing [22], channel-dependent spin-orbit interactions
in double-channel wires [23], noncentrosymmetric superconductivity [24], among
others [25-33]. All these systems support paired MZMs [34]. Unpaired MZMs in
the absence of magnetic field have been predicted in a Floquet topological supercon-
ductor, with a time-dependent spin-orbit interaction [35]. Here, we instead make use
of a spatially periodic spin-orbit interaction to build a truly 1D magnetic field-free
topological superconductor supporting unpaired MZMs.

We consider a 1D electron system with Rashba and Dresselhaus types of spin-
orbit coupling, as well as electron-electron (e — ¢) interactions. An applied electric
field which is periodically modulated in space induces the same modulation on the
Rashba component. When the Fermi level is tuned so that the two outermost of
the four spin-split Fermi momenta sit at the boarders of the Brillouin zone (BZ), a
gap opens at those points, resulting in a helical Luttinger liquid (HLL) [36, 37] at
the two remaining gapless Fermi points inside the BZ. Kramers theorem—which
prevents a spectral gap from opening at the center or at the boundaries of the BZin a
time reversal symmetric system—is here avoided by a spontaneous breaking of time
reversal symmetry (TRS) at the outer Fermi points. The HLL at the inner Fermi points,
however, preserve TRS. A proximity-pairing may turn this HLL into an effectively
spinless topological superconductor falling in class BDI of the Altland—Zirnbauer
classification [38], thus hosting one unpaired MZM at each end. The emergence of
this phase, however, does not follow straightforwardly from topping the HLL with
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Fig. 14.1 (Color online) A spin-orbit coupled quantum wire immersed in an uniform magnetic
field B (left) is replaced by a spin-orbit coupled quantum wire in a spatially modulated electric field
E(x) (right). In both setups, a nearby s-wave superconductor induces superconducting pairing in
the wire

a superconducting pairing because the later competes with the spin-orbit-induced
backscattering yielding the HLL in the first place. Using a renormalization group
(RG) approach, we establish that both processes can, in fact, coexist.

In Sect. 14.2 we present a microscopic model capturing the necessary interactions
and show schematically how they play out to produce the topological superconductor.
As the scheme calls for e — e interactions, a low-energy bosonized version of the
model is provided in Sect. 14.3, along with the corresponding RG flow equations
yielding the various RG regimes of the model. Combining these regimes we delineate
the phase diagram of the model, as presented in Sect. 14.4. Our concluding remarks
are given in Sect. 14.5.

14.2 General Picture

Our proposal is to produce a topological superconductor out of the same ingredi-
ents used in the setup composed of a spin-orbit coupled quantum wire, an s-wave
superconductor and a uniform magnetic field [12, 13], but replacing the later by a
spatially modulated electric field, as illustrated in Fig. 14.1. More recently, a similar
scheme for realizing topological superconductivity employing a superlattice has been
investigated, but in that case the applied periodic field comes from superconducting
islands deposited on the sample [39].

In our system, the electrons in the wire experience Rashba and Dresselhaus spin-
orbit interactions which are present in crystals lacking inversion symmetry [40].
The Rashba component can originate also from asymmetries in the setup or mate-
rial architecture (such as, for example, the inversion asymmetry along the growth
direction in semiconductor heterostructures which produces an electric field in that
same direction) and from an applied electric field [40]. The latter allows for external
control of the Rashba coupling (more than doubling the base value in usual semicon-
ductor quantum wells [41]). For the setup shown in Fig. 14.1, the responsiveness to
an electric field means that the Rashba interaction will pick up the same modulation
of the applied field. Incidently, also the chemical potential gets locally modulated
by the electric field. The electrons in the wire acquire a superconducting pairing due
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to proximity with an s-wave superconductor. Finally, we take e — e interactions into
account for they are crucial, as we shall see, to drive the transition to the topological
phase.

The tight-binding microscopic Hamiltonian that captures the various interactions
introduced above is given by H = Hy + Hyoa + Hse + H.—. + h.c., where

N

0 . x . y T
Hy = E E [—1040 — VDO — EVROqu ] Ch o Cntlar +

n=1 a,o’

N
+ X_;Z%CTC (14.1)

N
Hmoa = ZZ[_VY}{ COS(Zﬂ-qn)U();a']Cj;,acnwtl,a’ +

n=1 a,o’
N /
+ Z Z % cos(2mqn) cfl’ac,,,m (14.2)
n=1 «
N
Hye = Y Acyicny, (14.3)
n=1
N
H,_, = Z Z Vin—n') c;ucl,’a,cngwcn,a. (14.4)

n,n'=1 a,o/

In the above, cn,a(cz,(},) creates (annihilates) an electron at site n = 1, ..., N with
spin projection « =%, | along an arbitrary quantization axis, c® is the 2 x 2 iden-
tity matrix and o** is the x(y) Pauli matrix. As for the model parameters, ¢ is a
kinetic hopping amplitude, vp (yg) is the hopping amplitude arising from the uni-
form Dresselhaus (Rashba) interaction, y is the uniform chemical potential; v} and
1 are, respectively, the amplitudes of the modulated Rashba hopping and modu-
lated chemical potential, with 27g /a the wave number of the modulation (a being
the lattice spacing); A gives the superconducting pairing energy and V (n — n’) the
intensity of e — e interactions. The model defined above has time reversal symmetry,
ie. [H,T] =0 with T = UK the time reversal operator composed of an unitary
transformation U that flips the electron spin and K the complex conjugation respon-
sible for reversing the momentum.
Defining new operators

1 . .
dyy = 7 (—ieilec,m + e’ec,w)

0

dp_ = ) (14.5)

(ef"ec,,,T —ié

-
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Fig. 14.2 In the presence of a spatial modulation with wave number 27g (setting the lattice spacing
a = 1) with ¢ = 1/3, each one of the two spin-split bands in the BZ of a spin-orbit coupled wire
a splits up in 3 sub-bands folded in a reduced BZ of size 27 /3. Setting the Fermi level so that the
outer Fermi points K §+ and K ’Ff match the boundaries of the reduced BZ, an effective spin-flip
backscattering lifts the degeneracies of the two lowest sub-bands at the zone boundaries ¢. An HLL

emerges in the vicinity of the inner gapless Fermi points K § “and K §+

where tan(26) = yp/vg, and 7 = % labels the spin projections along the rotated
quantization axis, (14.1)—(14.2) become almost diagonal in spin space:

N
HO = ZZ[_t + iT'Yeff] dZ,TdVH-],T —|— %d;Tme, (146)
n=1 7
N y
Hipoa = ; Zcos(qun) |:—E df d,,+
+ityRe ) dupir 4 ivRp ] duri o] (14.7)

where Yot =/ 7k + 7D VYRR = Vg €0S(20) = VpVR/Vett: VRD = Vg $in(20) =
YrYD/Yetr- All processes in (14.6)-(14.7) conserve spin, except the last one which
promotes a spin-flip and results from the interplay (encoded in ygp) between the
modulated Rashba (}) and the uniform Dresselhaus interaction (yp).

Diagonalizing Hp in (14.6) by a Fourier transform results in the well-known
spin-split spectrum £ (k) = —27 cos(ka — Tqoa) + p, with 7 = /t> +~2%; and
goa = arctan(7eg/t). These two bands are depicted inside the Brillouin zone (BZ)
in Fig. 14.2a with a = 1. Adding the modulated spin-conserving hoppings of Hyoq
in (14.7), the BZ gets reduced to the wave number 27q (setting a = 1) of the modu-
lation and each band of H splits up in r = 1/q sub-bands gapped at the boundaries
of the new reduced BZ. This is illustrated in Fig. 14.2b for ¢ = 1/3.

The modulated spin-flip hopping in (14.7) would like to lift the degenera-
cies at the center and at the boundaries of the reduced BZ through hybridiza-
tion of the degenerate spin up and spin down states. However, this is forbid-
den by Kramers’ theorem which dictates that the band crossings at the time
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reversal invariant momenta (TRIM)—k = 0, &7 /r in our reduced BZ—cannot be
removed [42]. Mathematically, the inability of the spin-flip term—call it H;—
to open a gap at the TRIM can be seen from the vanishing of its matrix ele-
ment between time reversal-symmetric single-particle states. Indeed, let |o) and
|T a) be, respectively, a single-particle state and its time reversal symmetric coun-
terpart (reversed momentum and spin). Using that [Hs, T] = 0 and the proper-
ties of the time reversal operator T' = T, T?|a) = —|a), (Ta|TB) = («|B) for
any |a) and |3), it follows that: (Ta|Hss|a) = (a|TTHXf|o¢) = {(a|Hy|Ta) =
(Ta|HSf|T2a) = —(Ta|H,s|a), and thus (T o|Hgr|a) = 0. The vanishing of this
matrix element implies that a hypothetic single-particle spin-flip backscattering
between TRIM states (which would open a gap at those points) does not happen.

Now, if |a)) would be a two-electron state, then 72|a) = |), meaning that a
two-particle spin-flip backscattering is actually allowed. However, the probability
of a simultaneous backscattering of two electrons in response to H; is negligible;
unless the electrons interact. In fact, e — e interactions can open a channel for a
correlated backscattering with spin-flip if the many-body state is “commensurate”
with the lattice modulation. More specifically, for a generic many-body state, there
will be four Fermi points k7" = tkr + 7qo, with x = R(L) if the sign in front of
kr is positive (negative), 7 = = as before, and kp = 7N,/2Na, where N,(N) is the
number of electrons (lattice sites). As we shall see in the next section, when the Fermi
level is adjusted so that the outer Fermi points kx © and k&~ fall close to the boundaries
of the BZ, Coulomb interaction (14.4) and H,s produce an effective sine-Gordon-
like backscattering which is quadratic (linear) in the spin-orbit (e — ¢) parameter.
This process becomes strongly relevant if the participating couplings fall in a certain
regime, breaking time reversal symmetry spontaneously at the outer Fermi points
via the formation of a spin-density wave (SDW). This enables the detachment of the
bands at the boundaries of the BZ, as illustrated in Fig. 14.2c. This “selective” gap
opening—that is, occurring only around the Fermi points that are separated exactly
by the wave number of the modulation—Ileading to a partially gapped band structure
differs from the usual situation in which an interaction opens a gap throughout the
Fermi level.

The inner Fermi points kﬁ’ and k%*, which are not apart by 27g, are insensitive
to the effective backscattering brought about by the modulation and remain gapless,
thus supporting a HLL of interacting electrons with spin-momentum locking. Such
a HLL is quite particular in that it is neither “holographic”, thus differing from the
well-known edge states of a quantum spin Hall insulator [42]; nor is it “quasi-helical”
[43], i.e. it is also different from helical states achieved in one dimension when a
magnetic field breaks time reversal symmetry explicitly.

Finally, the effective “spinless” states at the inner Fermi points may be turned into
a p-wave superconductor by adding superconducting pairing, Hy. in (14.3). If the
chain is finite with open boundaries, degenerate MZMs appear at the left and right
ends [6, 44] for, by construction, the Fermi energy is already tuned to the Majoranas’
degeneracy level.
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Having conceptually outlined our scheme, we next present the low-energy
bosonized (effective) theory describing the chain and the RG approach used to obtain
the parameter regimes of the theory.

14.3 Low-Energy Bosonized Theory and Renormalization
Group Treatment

To properly address e — e interactions, we recast the hamiltonian H = Hy + Hpoq +
Hi. + H,_, + h.c. discussed in the previous section in a low-energy bosonized
form. This is done by first linearizing the spectrum around the system’s four Fermi
points and rewriting the lattice operators in terms of fermionic right- and left-
moving fields in the continuum. A bosonization procedure transforms the fermionic
fields into canonically conjugated bosonic fields. The effective theory thus becomes
H= f dx (Houler + 7—[inner + Hmix) with

Houter = u(0:01)*+(8:61)*] — % sin (~ 4%9)

A

+ cos(V4m K ¢1)0, 6y, (14.8)
wKa
A 14
7_[inner - u[(ax02)2+(ax¢2)2]__ sin ( _7-(-92> s (149)
Ta K
K
Hoix = =0,610,62. (14.10)

where K = (1 4 ¢g/(mvg))~!/? is the Luttinger parameter determined by the bare
Fermi velocity vi = 2af sin(kra) and the Coulomb forward scattering of strength
g (Here we do not include Coulomb backscattering which is known to be irrelevant
in a Luttinger liquid [45] and also in the presence of spin-orbit interactions and
superconducting pairing [46]); and u = vy /2K is the Fermi velocity dressed by
e — e interactions. The superconducting pairing A appears as the amplitude of a
sine-Gordon potential and A = a~v,7vp/7err is the amplitude of a sine-Gordon-like
potential encoding an effective spin-flip backscattering induced by the combination
of spin-orbit interactions. The A — and A—potentials are both renormalized by K. The
fields ¢;(x) and 6;(x), i = 1, 2, are dual bosonic fields satisfying vp0,0; = F0,¢;,
with i = 1(2) referring to excitations around the outer (inner) Fermi points. The
bosonized theory is thus composed of two branches given by Hoyeer and Hinper acting
at the corresponding pair of Fermi points and coupled by H ;. In the non-interacting
limit of g = 0 — K =1, Hpix = 0 and the theory is described by decoupled and
non-renormalized branches Houier and Hipper-
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Disregarding, for the moment, the coupling between the two branches, the RG
solution of the sine-Gordon model in (14.9) yields a strongly relevant supercon-
ducting pairing if K > 1/2 (weak e — e repulsion), while if K < 1/2 (strong e — e
repulsion) the perturbation is marginally relevant provided its strength A is enough to
survive the e — e repulsion, satisfying aA /vy > (1/K — 2). In both cases, a super-
conducting gap opens up in the inner branch. If, on the other hand, K < 1/2 with
alA/vp < (1/K — 2), the superconducting pairing gets suppressed by strong e — e
repulsion, becoming irrelevant.

Coming to (14.8), we see that it describes a competition between the spin-flip
backscattering (o< ) and the superconducting pairing (o< A) around the outer Fermi
points. The fate of the topological phase is primarily determined by the outcome
of this competition. To solve it, initially disregarding the coupling between the two
branches, we pass to a Lagrangian formalism in which (14.8) is transformed into the
effective action:

. 2u 2 1 )
Souter = /dXdT[7<(ax¢l) + (2u)2 (af¢l) )
_ Vngo cos(V 16K ¢py) — vFg;C cos ( /4_7T€1> ], (14.11)
Ta Ta K

where 7 = it is the imaginary time and where g, = aA /vr and g5, = \*/(4v%) are
dimensionless coupling constants. Equation (14.11) describes a generalized sine-
Gordon theory containing the usual cosine of the ¢;-field, as well as the cosine of the
dual 6,-field [47-49]. When g, = g, (14.11) is invariant under the duality trans-
formation ¢ <> 0; and 2K < 1/(2K), i.e. is a self-dual sine-Gordon model [50].

Note that although the bare masses gy, and gs. of the two cosines originate
from completely independent processes (spin-orbit interactions and superconduct-
ing pairing, respectively), their respective scaling dimensionalities Ay, = 4K and
As. = 1/K are controlled by the same parameter K (i.e. by e — e interaction) in a
way that prevents the two potentials from being simultaneously minimized.

The RG solution of the model given by (14.11) can be obtained in a one-loop
expansion around the Gaussian fixed point K = 1/2 asin [50]. Defining K = 1/2 —
Gee + O(gge), the RG flow equations for g.., gs, and gy, are:

dgee

2 2

= - , 14.12
dl Y50 — Ysc ( )

dgso
= 4 sodee s 1413
dl 5o ( )

dgse

=—4 scYee » 14.14
al gscd ( )

where [ = In s, with s a scale factor.
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Fig. 14.3 RG flow diagram of the outer branch obtained by numerical solution of the flow equa-
tions (14.12)—(14.14). The critical plane equation is: g5 — gsc + 2gee = 0. aInitial (/. = 0) g, > 0,
b Initial (( =0) gee < 0

Figure 14.3 displays the flows obtained from numerical solution of (14.12)—
(14.14) for different choices of g.., gso and gy initial (/ = 0) values. For ease of
visualization, the flows are separated in two panels—Figs. 14.3a, b—according to
the sign of the initial g,.. There are two regimes separated by the critical plane
so — 9se + 2g.. = 0 (locus of the theory’s fixed points). Below the critical plane,
the spin-orbit term is irrelevant whereas the superconducting pairing is marginally
relevant if g,, > 0 (Fig. 14.3a) and strongly relevant if g, < O (Fig. 14.3b). It follows
that a gap (o g,.) opens below the plane, leading to a superconducting phase in the
outer branch. Above the critical plane, superconducting pairing goes irrelevant and
spin-orbit becomes strongly relevant if g,, > 0 (Fig. 14.3a) and marginally relevant
if g.. < 0 (Fig. 14.3b). As aresult, a gap (o gy,) opens up above the plane, sustaining

an insulating phase in the outer branch.

14.4 Phase Diagram

To obtain the phase diagram of the full theory the coupling between the outer and
inner branches must be addressed. Since the branch-mixing hamiltonian, Hp,x in
(14.10), contains the gradient of the ¢,-field, the effectiveness of the branch cou-
pling depends on the fate of ¢; in the outer branch. For a strongly relevant g,,-
perturbation, ¢; gets pinned at one of the minima of the corresponding cosine in
(14.11). This pinning occurs at a length scale which is shorter than the length at
which the marginal (scaling dimension equal to 2) Hy,ix would start to affect the RG
flow in the outer branch. As a consequence of the short-length pinning of ¢, Humix
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Fig. 14.4 A fixed-gs, cut through the 3D phase diagram of the system. The region labeled by a
question mark cannot be assessed with the present RG approach

is strongly suppressed and the branches effectively decouple in the regime above the
critical plane in Fig. 14.3a (for there g.. > 0 means a strong e — e interaction backing
astrongly relevant g;,-perturbation). But above the critical plane in Fig. 14.3b (where
gee < 01implies a weaker e — e interaction yielding an only marginally relevant g,,-
perturbation), the pinning of ¢; may be interrupted by Hyix, with the result that the
branches may remain coupled throughout the RG scaling. Or H i« is too weak to
stop the pinning of ¢; above the critical plane even when g., < 0, in which case the
branches would decouple also in this regime. These are, however, speculative sce-
narios; to determine the actual effect of Hp;x in the regime above the critical plane
in Fig. 14.3b is beyond the present perturbative RG approach. Differently, below the
critical plane the branches definitely remain coupled regardless of the value of ¢,,. As
shown in Figs. 14.3a, b, below the critical plane the g, -perturbation is the strongly
or marginally relevant one, with a pinning effect on 8; and, therefore, no suppression
upon Hpix.

Figure 14.4 shows a fixed-gy, cut through the 3D phase diagram which is obtained
by combining the parameter regimes found in Sect. 14.3 for both the outer branch and
the inner branch (the later rewritten in terms of g.. and g,.) and taking into account
the above scaling analysis of the branch-mixing.

In the “decoupled p-wave superconductor” a strongly relevant spin-orbit perturba-
tion opens a gap at the outer branch and causes the branches to decouple; meanwhile,
a marginally relevant superconducting pairing in the inner branch drives the HLL to
the desired topological phase. In the “decoupled HLL” the outer branch is the same
as in the “decoupled p-wave superconductor”, but an irrelevant superconducting
pairing is washed out from the inner branch, which thus remains in the HLL state.
The “coupled s-wave superconductor” has an irrelevant spin-orbit term in the outer
branch so that the theory reduces to two identical branches supporting a strongly
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or marginally relevant superconducting pairing, and coupled by the branch-mixing
term. The result is a conventional superconductor with pairing amplitude renormal-
ized by the e — e forward scattering. At last, the phase signaled with an interrogation
mark is the one for which the outer branch cannot be resolved within the present
formalism. This parameter regime could, conceivably, be analyzed with a density
matrix renormalization group (DMRG).

The “decoupled p-wave superconductor” stretching between the two critical lines
in Fig. 14.4 shows that the onset of this phase depends on a compromise between
the parameters: for a given g;, and g.. > 0, g;, must fit within a certain range so
that it is neither too strong (that it opens an s-wave superconducting gap throughout
the Fermi level), nor too weak (that it cannot change the primitive HLL state). To
demonstrate that this regime indeed corresponds to a topological superconducting
chain hosting MZMs at its ends, we consider the Hamiltonian which describes a 1D
spinless p-wave superconductor:

o> [0,
przfdx [¢ (‘ﬁ‘“) b= Ay <’k—F> ¢:|+H.C., (14.15)

where 1) is a spinless fermion field, m is an effective mass, y is the chemical potential,
and A, is the p-wave pairing. By linearizing the spectrum of (14.15) for 4 > 0 and
writing ¥ (x) = e/*r* R, (x) + e~ ***L_(x), H,, in (14.15) gets mapped (after drop-
ping rapidly fluctuating terms that average to zero upon integration) onto [ dx H/ ..,
with Hfmer given by the fermionic (pre-bosonization) version of (14.9) withoute — e
interactions (K = 1), and with A ~ 2A .

The Hamiltonian H,,,, and therefore H{, ., falls in the BDI symmetry class of the
Altland—Zirbauer classification, with winding number W = 1for s > Oand A, € R
[51], implying a single unpaired MZM at each end of the chain. It follows from the
above mapping that the same result is valid for the interacting (0 < K < 1) model in
(14.9), provided e — e interactions do not disrupt the superconducting gap enclosing
the MZMs [15, 52-57]. It is then established that the proposed scheme produces a
one-dimensional topological superconductor with an unpaired MZM at each end of
the wire.

14.5 Summary

We propose a scheme for realizing a magnetic-field-free one-dimensional topologi-
cal superconductor hosting unpaired MZMs. The system consists of a quantum wire
with modulated Rashba and uniform Dresselhaus spin-orbit interactions, as well as
e — e interactions, and proximity-coupled to an s-wave superconductor. The micro-
scopic Hamiltonian describing this systems is converted to a low-energy bosonized
theory amenable to a RG treatment. The phase diagram is obtained by combining
the resulting RG regimes, with the target topological phase emerging from a com-
promise between the various interactions. The realization of an all-electric device
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hosting robust MZMs would be fascinating, with relevant implications in topological
quantum computing.
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Chapter 15 )
From Graphene to Quantum oo
Computation: An Expedition

to the Dirac Sea

Eduardo C. Marino

Abstract Dirac fermions were originally proposed by Dirac as the solutions of his
relativistic wave-function equation. From then on they played a crucial role in the
relativistic description of quarks and leptons. In the recent years it has been realized
that several condensed matter systems contain electrons that, due to the presence of
the lattice, behave precisely like Dirac electrons. We explore here the consequences
of this fact in materials such as Graphene, Transition Metal Dichalcogenides and in
Topological Quantum Computation.

15.1 Introduction

The concept of a Dirac Sea was proposed by Dirac, in order to circumvent the
problem of negative energy solutions which appeared out of his relativistic wave-
function equation. It was soon realized that the Dirac sea did not exist as such,
but, nevertheless, its conceptual framework could be used for the prediction of the
existence of antimatter, which was soon experimentally observed.

The Dirac sea, however, has made an spectacular reappearance in the realm of
condensed matter systems, most noticeably in polyacetylene in 141D, graphene and
transition metal dichalcogenides, in 2+1D and Weyl semimetals in 3+1D.

In the case of polyacetylene, we have one carbon atom per site of a linear lattice
with lattice parameter a, in an sp? hybridization state, which contains one active
electron per site in the p.-orbital. The tight-binding energy band

Eg(k) = —2t coska (15.1)

therefore, is half-filled, with the Fermi level at Er = 0. Expanding this energy around
the points where Eq (k) = Er = 0,namely, k = £7/2a one readily obtains the linear
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dispersion relation, which befits a Dirac fermion [1]. Hence we conclude that the low-
energy excitations about the Fermi level have kinematics described by the Dirac,
rather than by the Schrodinger equation, being, therefore Dirac fermion excitations.
That is how Dirac fermions appear in condensed matter systems.

15.2 Dirac Fermions in Two-Dimensional Systems

15.2.1 Massless Dirac Fermions in Graphene

Graphene is a pure carbon structure formed by sp?-hybridized carbon atoms sitting
on the vertices of two interpenetrating triangular lattices, labeled A and B. As in the
case of polyacetylene there is a p, orbital per site, occupied by one electron.

We will apply now the tight-binding approach to graphene, which describes the
hopping of these electrons between nearest neighbors, which always belong to the
opposite sublattice.

Given a point in a sublattice, it will have three nearest neighbors in the opposite
sublattice, located at the points corresponding to the three vectors,

a a ﬁ 1 a «/3 1
di=—) dbh=—— 2+ -F] ds=—(—=%-=9] (52
= e ﬁ(z”zy) ’ ﬁ<2x zy)( )

The corresponding tight-binding hamiltonian will be

Hp=—t Y [zp;(R +di, 0)a(R, 0) + H.C.] (15.3)
R,i=1,2,3,0=1,]

where @;, g (T, 0)is the creation operator of an electron, with spin o, in the orbital p,

of the carbon atom located at the position r in sublattice: A, B.
Introducing

1 .
Yapr, o) = \/_ﬁ zk:e’k'rwA,B(k, o), (15.4)

we may re-write the hamiltonian as

Hrg =Y ik 0)ppk, o) [—t > e”‘“‘f} +HLC. (15.5)
Kk,o i

i=1,23

Introducing ¥'(k, o) = (wz (k, a)wg (k, o)), we may express this as
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Hrp = Z Uik, o) @ 85) vk, o) (15.6)
k,o
where
o) = —1 Y ok (15.7)
i=12,3

It follows, immediately, that the energy eigenvalues are

EK) = £|6(Kk)| = +t (15.8)

This expression, first obtained by Wallace in 1947 [2], describes the two bands of
graphene. These touch at the points K, where ¢(K) = 0. It is not difficult to see that
for

4 4
=% K=-2% (15.9)
3a 3a

K

we have
dK) =p(K) =1+ ei% + e_l? =0 (15.10)

The points K and K’ are vertices of the hexagonal First Brillouin Zone of graphene
and are called “valleys”.

Later on, Di Vincenzo and Mele and Semenoff [3], independently, demonstrated
that the low-energy excitations of graphene, which occur precisely around the valleys
K and K/, possess a dispersion relation, which corresponds to a relativistic particle
and, hence, are governed by the Dirac equation.

Indeed, expanding now the above hamiltonian around each of the valleys K and
K', we get

ta

hy = 7 |:—Zi:p -d; sin(K - dy)oy + Xi:p -d; cos(K-di)oy:|
(15.11)

and

ta

hg = -5 [— Zi:p -d; sin(K' - d))o, + Zi:p -d; cos(K’ - di)ay:| .
(15.12)
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or, equivalently

_ﬁta
2

_ﬁta
T2

K [psos + pyoy]

hg

[—pxox + pyoy] (15.13)

We now identify kg as the Dirac hamiltonian of a massless particle with velocity

Vp = @, instead of c. Actually vr ~ 10 m/s ~ ¢/300 and t ~ 3 eV.
As for hg/, we can put it on the standard Dirac form by performing a canonical

transformation

Wi (k, 0) —> exp {i%az}@\p,@ (k, o)

Wik, o) —> Wi (k, 0)oy exp{ — igaz}, (15.14)
whereupon
Hy =Y Wik 0)hgWg(k, o)
k,o
Hy =Y Wi (k, 0)hg W (k, o). (15.15)
k,o
Here
hg = hg = vp [pxax + pyay] (15.16)

The vector Dirac matrices are, then, o; = 0;, i = x,y and § = o, hence the
covariant Dirac matrices are given by

Y=0,; 4' = ioy ; v = —io, (15.17)
The energy eigenvalues can now be easily found:

_ﬁta
T2

E(p) = xvrlpl ; vr (15.18)

We see that the energy eigenvalues are such that two opposite cones are formed at
each point K, K’, where the valence and conduction bands touch. Each set of two
opposite Dirac cones corresponds to a “valley”. Notice the fact that E (p) is equal for
the two valleys, thus expressing the invariance of the system under the time-reversal
symmetry, which connects the two valleys.
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15.2.2 Massive Dirac Fermions in Transition Metal
Dichalcogenides

Transition metal dichalcogenides (TMD), such as W Se,, W.S,, MoSe; and MoS, are
a class of extremely interesting materials, which present a crystal structure similar to
graphene, however, with the sites belonging to sublattices A and B being occupied,
respectively, by transition metal and chalcogen atoms. The net effect is, again a
breakdown of the symmetry between the A and B sublattices of the honeycomb
structure, which existed in graphene. This generates a staggered local energy that,
ultimately, produces a gap in the energy spectrum. TMD’s present peculiar physical
properties such as strong electron-hole interaction, leading to exciton states with a
binding energy much larger than that of conventional semiconductors.

Transition metal dichalcogenides, form a class of materials that can be described
by the massive Dirac equation.

We can model TMD’s, by adding to (15.6) a staggered sublattice dependent M
term, as follows

Hrg :Zqﬁ(k, U)<$ ‘fM)\p(k, o) (15.19)
k,o

where ¢(k) is given by (15.7). Notice that the M-term, being proportional to a o,
matrix in the (A, B) space, describes the staggered energy, provenient from the local
atomic asymmetry between the two sublattices in TMD'’s.

Diagonalizing the hamiltonian, we readily find the energy eigenvalues are now

Ek) =+£/jp®)P+ M2 =% [12 Y *@-d) 4 p2 (15.20)
i,j=1,273

which clearly show the presence of a gap 2M.
We may re-write the hamiltonian as

Hrp .y = Z Uik, 0)hrp VY (K, o)
k,o

hrpy = —t [Z cos(k - d;)a, + ) sin(k - di)cryj| + Mo, (15.21)

where the ¢’s are Pauli matrices with entries in the (A,B) space.
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Now, expanding around the points K and K’, we obtain, respectively

V3ta
hg.m = - [pros + pyoy + Mo]
V3ta
hg' oy = 5 [—pxax + pyoy + MO’Z] (15.22)

Then, performing the same canonical transformation (15.14), in Wk ,(K), we see
that the mass term transforms as

MY}, 0. Vg, —>
¥ T T §
MYy, 0. exp { - lEO'Z]O'Z exp {z EO'Z]O'X‘I/[(/YJ =-MVyg, 0.V,
(15.23)

The terms linear in the momentum transform as before, hence we obtain, in the
massive case [1]

Hg =) Wik o)hxWk (ko)
k,o

Hg =Y Wi (k 0)hg Vi (k, o), (15.24)
k,o
where
hl( = Vf [Pxe + PyOy + Maz] (1525)
and
hg = vp [pxax + pyoy, — MO'Z] (15.26)

Notice that the mass at valley K’ has an opposite sign to that at valley K.

A primary mechanism for the existence of a mass term in the systems being
examined here, is any asymmetry between the two sublattices A and B. In the case
of TMD’s, the fact that different atoms occupy each of the two sublattices, naturally
generates a o, term in the hamiltonian, which expresses such asymmetry. Supposing
the local difference in chemical potential between the atoms in the two sublattices is
2A,then M = A.
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15.2.3 Electromagnetic Interaction of Two-Dimensional
Dirac Fermions: DC Conductivity in Graphene

The electromagnetic interaction of charged particles constrained to move on a plane,
as in the case of electrons in graphene and TMD’s can be described by minimally
coupling the Dirac field to the vector gauge field A,, of Pseudo Quantum Electrody-
namics [4].

DC-conductivity is given by Kubo’s formula,

o'l = lim £ (j7 j7)(w, p = 0) (15.27)
w—0 W
The current correlator is given by the vacuum polarization tensor, namely
(i (w, p) = N (w, p). (15.28)
Evaluation of such tensor up to two-loops, gives [1]

. 1 ¢? 92 — 972 - 1 1\ e* ..
ij— 7 |1y ZZ 7 o+ — — ) —¢€Y, 15.29
7 16h[+ 187 a"] 27r(”+2> ne (15.29)

where the two signs correspond to the valleys K and K', respectively, and we use
physical units of %

Summing the contributions of the four flavors in the set: K 1, K |, K’ 1, K’ |,
we get the total conductivity [5]

2 92 — 972 -
ol _4xg%[l+_ﬂao}5~

187
.. T 62 .. 62 ..
of = 5 [1+0.056 ag] 0" = 1.76-" (15.30)

Observe that the electrons of each valley give opposite contributions to the transverse
conductivity and, consequently, this vanishes. We have, in summary,

™ 62 62

=T 140056 0] & ~ 1765
op =5+ aol 7 h
XV O

(15.31)

Even though this is still not so close to the experimental result [6]

O oy = 2. 16 5U
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yet, it represents an improvement with respect to the non-interacting minimal con-
ductivity

2 82

o, = g%&if ~ 1576

and is the closest to the experimental value [7].

15.2.4 The Quantum Valley Hall Effect in Graphene

We have just seen that graphene exhibits a longitudinal conductivity, which receives
corrections from the electromagnetic interactions. No transverse conductivity, how-
ever was obtained in the absence of an external magnetic field.

We now introduce the concept of a “Valley Conductivity”, which is naturally
defined in terms of the difference between the conductivities of each valley, namely

ol =Y |l -] (15.32)
o=t.4

The valley conductivity, therefore, relates an applied electric field to the relative
current between the two valleys.
From (15.29), we conclude that

ij 1\ ¢ ij
oy =4(n+ 3 ze , (15.33)
or
oy =0
, 1\ €2
o =4 (n n 5) % (15.34)

The longitudinal valley conductivity vanishes whereas the transverse one is
nonzero. Notice that it is identical to the one obtained for the Quantum Hall effect in
graphene in the presence of an applied external magnetic field. This is an exact result,
by virtue of the Coleman-Hill theorem that rules out the correction of the transverse
part of the vacuum polarization tensor by higher order terms.

The fact that these two conductivities are identical can be understood from the
fact that both conductivities can be expressed in terms of topological invariants.
The emergence of the QVHE in graphene is the consequence of the electromagnetic
interactions among the p-electrons of carbon, described by PQED [5]. For this,
however, we need to use the full dynamical interaction instead of just the static
Coulomb interaction.
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15.3 Dirac Fermions in One-Dimensional Systems:
Non-Abelian Statistics

15.3.1 Interacting Massless Dirac Fermions

Consider a system of Dirac quasi-particles in one spatial dimension, described by
the massless lagrangian density [8]

L=i P =V, 1) (15.35)
where ) = <$1 ) , is a two-component Dirac spinor and V is an arbitrary potential.
2
Our convention for the y-matrices is v° = o, y' = ioy, 7> =199 = —0,.

We also assume invariance under global U(1) and chiral U(1) symmetries, namely

W — ey
b — e (15.36)

that leads to the conservation of charge and chirality.
A Lorentz boost will act on the space-time coordinates x,, under the vector rep-
resentation of the Lorentz group, namely, x* — A" ,x", where

v coshw —sinhw
Ay = (—sinhw coshw /)’ (15.37)

in such a way that tanhw = v, where v is the relative velocity between the two
reference frames connected by the boost.

The Dirac field, conversely, will transform under the spinor representation of such
group, namely

b —> (e—W) W= (e;w eow> " (15.38)

where s is a real parameter, known as the Lorentz spin of the Dirac field. In what
follows, we demonstrate that the parameter s determines how a many-particle state-
vector behaves under the interexchange of identical particles. It, consequently char-
acterizes the particle statistics, which may be either bosonic (2s = even), fermionic
(2s = odd) or anyonic (2s # integer).

From (15.37), it follows that the light-cone coordinates u = x° + x

x9 — x! transform as

Uand v =

u—e“u v— e“v (15.39)
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We want to determine the two-point correlation function of the Dirac field. On
the basis of the symmetries of the system, one can write

P _ (S 0
oo = (15 0. (15.40)

Using (15.38), we may infer that under a Lorentz boost this shall transform as

" e’ 0 fx) O ev 0
Ol )% 0)]0) ( 0 e)( 0 g(x)>< 0 e)

25w
oo - (<07 3.,) (15.41)

e

Consequently, the Dirac field correlator may be written in the form

(01 ()Y (0)|0) =

<F(—x2)v2s 0 >= F) s 0
0 G—xPu> )~ 0 G(—x) s

where the functions F', G depend on the specific form of the interaction potential ).

We now take the Euclidean limit of the Dirac field correlation functions. Start-
ing from (15.42), we make the analytic continuation xo — —ix¥. Introducing the
complex variable z = x; + ixf, we have —x? — x% = |z|*> and we can see that
the Wightman correlators (15.42) are mapped into the (Euclidean) functions of the
complex variable z,

(15.42)

_\2s
(W (Y] 0) s = F<X%>(|ZTZ)S
*\28
(W ()P 0))s = G(xD) (|Zz |)ZS
W VIO =0 3 () ()5 =0 (15.43)

Introducing the polar representation z = |z|e/A™@, we can re-write those func-
tions as

(W1 ()Y] )5 = F(Iz)e A=D1 (4hy ()] (0))s = G(|z[?)e2A=@
(15.44)

where we chose the cuts of the Arg functions as —7 < Arg(z) <7 and 0 <
Arg(-z) < 2, in such a way that we may write Arg(—z) = Arg(z) + .
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The Euclidean functions, corresponding to field correlators containing the same
Dirac fields as above but in a reversed order can be obtained in similar way and are

given by [9, 10]

W01 (x0))s = F(lz)e2 @ 1 (] (00 (x)s = G(|z]*)e > AE2),
(15.45)

It follows that
(1] (0)hi ()5 = €™ (s (X))} (0)) 5. (15.46)
The “braiding” or particle exchange operation in this one-dimensional system is
a well-defined operation in the framework of the Euclidean functions: functions of
opposite arguments will correspond to different ordering of field operators [1].

15.3.2 Majorana Spinors with Non-Abelian Statistics

We now introduce the Majorana and anti-Majorana spinor fields
_ [ pix
ee=(20).

o= s(wit9]) 5 e =5 (w - 4) (1547)

Yi=gir +pin 3 W =i —pin (15.48)

where

Let us analize now the two-point functions of the Majorana and anti-Majorana
fields built out of the Dirac field.

(Olpi+ () iy NN0)w = —(0lepi - (x)pi - (¥)|0) w
1 N
7 (0@ 010w + O] s (110} w ) (15.49)

and

Olpi- (@i (MO = —(Olpis (Wi (M) =
1 . ;
7 (0@ 010w = O] s (IO} w ) (15.50)

where i = 1, 2, represent the two chiralities, namely rightmovers and leftmovers.
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Notice that for i # j, (0]¢;+(x)@;+(y)|0)w has a trivial analytic structure in
terms of the complex variables, implying that nontrivial braiding will only occur
involving states for which i = j, that is states with the same chirality.

Using (15.44), we obtain

(Pre@)pir(M)s = —(@1-@p1-(y))s =
iF(Lx _ y|2) [eiZSArg(yfx) 4 einArg(xfy)] (1551)

and

{(P1- @1+ ()s = =(0lp11 (D P1-(»]0)s =
% F(lx — y|2) [ei2sArg(y—x) _ ei2sArg(x—y)] (1552)

with similar expressions for the 2-components.
We now investigate the braiding properties of the above functions. For this purpose
we use the relation Arg(y — x) = Arg(x — y) + 7 and obtain

[eiZSArg(xfy) + eiZsArg(yfx)] X Z y

[eiZSArg(y—x)e—iZW‘v + eiZ‘SArg(x—y)eiZWS] (1553)

with analogous relations for the corresponding expressions in the ¢, functions.

When the Dirac field, v is either bosonic or fermionic, the two complex phases
generated above by the braiding operation are equal, namely e>™ = ¢=2™ = 41
and we conclude that

(P (M pL ()5 = ™ (e (xX)px(¥))s (15.54)

implying that o4 will also be bosonic or fermionic.
Conversely, when the Dirac field is an anyon, '™ # ¢~">™ and we obtain

(P1+(M @1+ (x))s = cos (P14 (X) @14 (¥))s — i sin {1+ (X)p1-(¥))s
(15.55)

(1= P14 (x))s = =i sin {11 (X)@14(¥))s + cos 3 {1+ (X)Pi—(¥))s
(15.56)

where in the above expressions § = 27s.
We conclude that when the Dirac field is an anyon, the ¢4 fields will have non-
abelian braiding given by
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((991+(y)<p1+(x))s> _ ( cosd —i siné) ((901+(x)<p1+(y))s>
(e1-(Me1+ (X)) s —isind cosé (e1+e1-(¥))s

(15.57)

with similar expressions for the ¢, functions.

15.3.3 Majorana Qubits

We have seen that the interchange of identical particles exhibiting non-Abelian statis-
tics, in 2-particle states, produces matrices of dimension 2, known as the monodromy,
or braiding, matrices. These act on the set of degenerate 2-particle states with non-
Abelian statistics, which form the qubits, where the information is stored in a process
of quantum computation.

The particles with non-Abelian statistics are, therefore the basic building blocks
of the qubits. They are, by their turn, obtained from abelian anyons in the form of
self-adjoint or anti-self-adjoint combinations, which characterizes them as Majorana
and Anti-Majorana quantum states.

The monodromy matrices process the Majorana (Anti-Majorana) qubits, produc-
ing a certain output state for a given input state. Now, for the system considered here,
whenever the spin/statistics of the basic abelian particles used to build the Majoranas
iss = 1/4, the monodromy matrices become one of the basic logic gates employed in
a quantum computation algorithm, namely, the NOT gate, as we can see in (15.57):

M=—-iX, inwhich X = <(1) (1)> (15.58)

The fact that qubits are made out of quantum states of Majorana quasi-particles
has profound implications, because of the peculiar features of such states.
Degeneracy at zero energy is a first property. Suppose

Pt x) = / dp p(E(p), e~ F PP,
Imposing the Majorana condition in coordinate space

0 (1, %) = p(t,x) = ¢'(E,p) = p(—E, —p). (15.59)
Imposing now the Majorana condition on the energy-momentum space, namely

¢'(E,p) = ¢(E, p), (15.60)

and using it in (15.59), we get
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o(E,p) = p(—E, —p).

Assuming that the Majorana field operator creates an energy eigenstate with eigen-
value E (p), it follows that

Hlp(E,p)) = E[p(E, p))
= H|p(=E, —p)) = —E|lp(=E, —p)) = —E|p(E, p)),
H|p(E,p)) = —E|p(E, p)), (15.61)

The first and last lines together imply that, if a Majorana state [ (E, p)) is an energy
eigenstate, then the energy eigenvalue must vanish: E = 0. It follows that all the
Majorana states are degenerate. The Majorana modes, are also gapless.

15.3.4 Superselecting Sectors and Coherence Protection

We have seen that Majorana and Anti-Majorana states can be written as linear combi-
nations of states carrying opposite charges. Surprisingly, such states cannot be phys-
ical [11]. The reason is charged states belong to superselecting sectors of the Hilbert
space, which never mix in a physical state. Charge is an observable that, despite its
quantum-mechanical nature, does not obey the uncertainty principle. Consequently,
a coherent combination of an electron field and its hermitean adjoint, each of which
creates states with opposite charge, just cannot be physical [11]. This seldom men-
tioned fact, is indeed remarkable. It is precisely the reason underlying the coherence
robustness of the Majorana qubits. What happens is that the above property precludes
the occurrence of isolated Majorana states in the bulk, and therefore they hide in the
edges of the system. Nevertheless, pairs of Majorana modes can manifest in the bulk
as charged states. It follows that by expressing a Dirac state as a combination of
Majoranas, we can use the fact that these cannot be in the bulk to place each one of
them far away from the other on the edges of the sample. This construction would
naturally make the Majorana pair, or the qubit, immune to the local environmental
perturbations, which are responsible for decoherence.
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Chapter 16
Quantum Dynamics from a Domain Wall o
Initial State, in Real and Imaginary Time

Jacopo Viti

Abstract Ireview some recent results regarding the time evolution of 1 4+ 1 inhomo-
geneous quantum systems. The main focus is on the so-called Domain Wall initial
state, a state such that average particle density or spin magnetization can have a
maximal discontinuity.

16.1 The Domain Wall Initial State: Free Fermions

The Domain Wall (DW) initial state [1] is perhaps at the root of one the simplest
quantum non-equilibrium protocol in 1 4+ 1 dimensions. Consider fermions hopping
on a one-dimensional chain with a free Hamiltonian

1
Hiree = _5 XEZ:[C:ECH—I + Ci_;_]cx]- (16.1)

In momentum space the Hamiltonian is diagonal and reads

™

Hfree = /dk ety (kyek), {c'(k), c(k)} = 6k, k') (16.2)
where c(k) = \/#27 Y ez e**¢, and e(k) = — cos(k). Suppose moreover that at time

t = 0 all the particles are on the left half of the chain, i.e. the initial quantum state is
a DW initial state
IDw) =] ]<ll0), (16.3)

x<0
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being |0) the Fock vacuum. Intuitively, after time passes, particles will flow from left
to right, building a non-trivial density profile along the chain

px() = (DW(t)|cicx|DW(t)), (16.4)

together with a position dependent particle current j,(¢). It is indeed clear that at
fixed ¢ for x sufficiently large and negative (positive), p, (t) will be one (zero) and
the current vanishing. The density profile in (16.4) and the current can be determined
exactly for large space-time separations x, ¢ >> 1 by stationary phase analysis [2].
We will use the shorthand notation limyg (standing for hydrodynamical) for the
combined limits lim,_, o lim,_, o, with x/t = £ € R. In a field theory context, the
limit is actually called a continuum limit. It is instructive to comment the outcome of
the stationary phase analysis more in detail. We can introduce the function n(k, x/t)
representing the average occupancy of fermionic modes of momentum k, or fillings,
along a space-time ray &. For large space-time separations along a given ray, the
density and current are obtained as in thermodynamical equilibrium through the
following integrals

. [ dk o F dk
lim p.(1) = / Sk O, lim () = f S nk,0), (16.5)

—r -7

v(k) = % being the group velocity of the fermions. The stationary phase analysis
shows that the ray dependent fillings satisfy the continuity equation d;n(k, &) +
v(k)Oyn(k, £) = 0 which can be recast into

(& —v(k)Oen(k, &) =0. (16.6)

Provided the boundary conditions n'*"'(k) = n(k, —oo) and n"€" (k) = n(k, o), the
solution of (16.6) is a step function

n(k, &) = n*"(k)O (k) — &) + n"M(k)O (€ — v(K)), (16.7)

with a discontinuity at k = v=!(€). Actually (16.7) can be used [3] to study the time
evolution of any free fermionic system that was initially prepared in state of the form
W) = |ty @ |wrieht) The fillings n'*M(k) (reps. n""(k)) specify the distribution
of momenta in the initial state | ¥/'°"!) (resp. | ¥"ie")). For the DW initial state: n'* = 1,
n"gh = 0 and v(k) = sin(k), giving the exact result [1]

1
lim p, (t) = — arccos(x/t) (16.8)
hd T
1

lim () = —
ha ® w1 — (x/1)2

(16.9)
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Fig. 16.1 Left. DensityPlot (with Mathematica) of limpg p,(¢) given in (16.8). At time
t = 0, the quantum system is the initial state | DW) with spacial density 1 (corresponding to the
colour yellow) on the left and O on the right (corresponding to the colour blue). Time-evolving such an
initial state with the Hamiltonian in (16.1) results for large space-time separations in the elementary
function in (16.8), whose density plot is depicted above. The quantum system is inhomogeneous
inside the dashed red lines corresponding to £+ = £max;v(k); this is the so-called light-cone.
Along a given ray £ (black line), the quantum state is described as in equilibrium with fillings in
(16.7). Right. DensityPlot (with Mathematica) of limpg p(x, y; R) given in (16.16). Now
the inhomogeneous region is contained inside a red dashed circle that is dubbed an arctic curve
in the jargon of statistical mechanics. Taking y = it and sending R — 0, the statistical mechanics
arctic curve is transformed into the quantum mechanical light-cone

depicted in Fig. 16.1 on the left. It is evident that an inhomogeneous region is built
inside a triangular shape, that is the so-called light-cone. Outside the light-cone, the
quantum system appears to be frozen in its initial configuration, where correlation
functions are trivial. Inside the light-cone correlation functions show short-distance
power-law singularities which are position independent. This a an example of two-
quantum phases (a trivial outside the light-one and a critical inhomogeneous inside)
separated sharply in space-time.

16.2 A Quick Look at Generalized Hydrodynamics

The results of the previous section can be reformulated in a spin-chain framework.
The model of interest is now the so-called XXZ spin chain in the gapless regime,
with Hamiltonian (L even)

L
L_g

1
Hxxz(A) = — Z |:S§S§+1 +8isi,, +A (sisiﬂ - Z):I ; (16.10)

x=—3
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s¢ are spin 1/2 matrices and A = cos(vy). For A = 0, the Hamiltonian in (16.10) can
be transformed into (16.1) through a Jordan-Wigner transformation, i.e. Hxxz(0) =
Hjee. The DW initial state in (16.3) has then a simple interpretation in the spin
language: it corresponds to the following step initial condition for the z-component
of the spin magnetization

IDW) = [ 11 ... 1) ... L) (16.11)

Mutatis mudandis, the result for the fermion density in (16.8) can be recast in an
exact result for the z-magnetization profile at A = 0 in the XXZ spin chain after
time-evolving from the initial state in (16.11).

At A # 0, time-evolution from the DW initial state was studied numerically in [4]
but an exact solution has been possible only recently, exploiting a remarkable gen-
eralization of (16.7) to Bethe Ansatz solvable models. In a Thermodynamic Bethe
Ansatz formalism [5], the fermionic fillings n(k) € [0, 1] characterizing the many-
body quantum state at equilibrium are replaced by the filling fractions ¥; () € [0, 1]
of any species j = 1, ..., np of bound-states present in the spectrum. The variable
A € R is called the rapidity and parametrizes both the bare momenta k?‘“e()\) and
energy E'J’-are () of the excitations. The use of the word bare will be clarified soon. If
a model is solvable by Bethe Ansatz, the bare energy and momenta of a bound state
are, in particular, exactly known. It is then also possible to define a bare bound-state

group velocity as
a/\ Ebare

bare J
Vj (A) = —b .
8,\ kjare

(16.12)

The fillings ¥; (A\) at equilibrium have been worked out in same relevant examples,
and in particular for generalized Gibbs Ensembles in the XXZ spin chain [5]. The
crucial difference between a free fermionic model and an interacting Bethe Ansatz
solvable one, is that the group velocity of the quasi-particles is different from the bare
one [6], since it actually depends on all the filling fractions ¥;(\), j =1, ..., np.
The effective velocity of propagation of the excitations is termed the dressed veloc-
ity vj-‘re“ed [¥(A\)], where the notation is chosen to emphasize its dependence on the
whole thermodynamical state of the system. Given v;?are (M) and all the fillings ¥ (\)
(j =1, ..., np) there s, for the XXZ spin chain [6] and other models, a well defined
procedure to determine v?re“ed[ﬁ()\)]. In presence of Bethe Ansatz solvable interac-
tions, (16.7) has been then conjectured to generalize to [7]

95008 = PO U] — ) + T VO E — WD, j =1 s
(16.13)
This set of equations together with the dressing transformation of the bare velocity
form the content of the so-called Generalized Hydrodynamics. In practice, 191]?f‘()\)

and ﬂ;}ght()\) are known a priori. At a given ray &, one first assumes v{***(}) =

v‘]?are(/\) and then uses (16.13) to determine the new fillings, after the velocity is
dressed and the procedure iterated until convergence is reached. Few iterations for
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Fig. 16.2 Slab of width 2R for time evolution in imaginary time y form a DW initial state |DW),
given in (16.3). Outside the inhomogeneous gray region the quantum state is frozen in its initial
configuration. The fermion density is p(x, y; R) = 1 (resp. p(x, y; R) = 0) for x sufficiently large
and negative (resp. positive)

a numerical solution suffice. For the DW initial state in the XXZ spin chain, the
Generalized Hydrodynamics equations can be solved exactly. Parametrizing v =
mQ/P and Q/P € Q with P, Q coprimes, it is possible to derive the following
result for the magnetization profile [8]

: : __ ' aesin( &
1}11(}1 (DW(@)IsLIDW(@)) = 37/ P arcsin (50) , (16.14)

being &, = sin(vy)/ sin(P). The remarkable feature of the magnetization profile in
presence of interactions is its the dependence on the denominator of the fraction
~/m. This indicates a no-where continuous behaviour of (16.14) as a function of the
anisotropy parameter A. It can be verified however that the continuation of (16.14)
to irrational y is well defined.

16.3 Imaginary Time Evolution

Finally we mention a remarkable connection between the quantum mechanical evo-
Iution from a DW initial state and a peculiar phenomena of phase separation in
statistical mechanics known as arctic curves.

Consider the time evolution from the DW initial state in imaginary time with the
Hamiltonian in (16.1) on a slab of width 2R. Now, see Fig. 16.2, the fermion density
on the slab is given by

(DW|eforee(R7y)Cicxeforee(R+y) |DW)
(DW e 2RHw | DW)

px,y; R) = (16.15)
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Again we expect that for x sufficiently large and negative (positive) p(x, y; R) =
1 (resp. p(x, y; R) = 0); i.e. that away from a central inhomogeneous region the
quantum state will be frozen in its initial configuration. The calculation of the fermion
density in imaginary time is harder than in real time, cf. (16.4), due to the presence
of the denominator in (16.15). It can nevertheless be performed [9] in the limit
x> 1, y> 1, R > 1, with their ratio fixed, through a similar stationary phase
analysis. We will denote the sequence of limits above the hydrodynamical limit
limyg, in analogy with Sect. 16.1. In such a limit the fermion density inside the strip
is

X

which is plotted in Fig. 16.1 on the right. In the imaginary time problem the inho-
mogeneous region, within which the the fermion density differs from the initial one
(i.e. is neither zero or one), is confined into a circle. Such a circle is an example of
an arctic curve. In two-dimensional statistical mechanics, arctic curves separate in
the thermodynamic limit two phases of a lattice model, one of which is frozen and
the other disordered and inhomogeneous. In the frozen phase, in particular, lattice
variables cannot fluctuate. A celebrate example of this phenomena is the so-called
arctic circle discovered in dimer coverings of the Aztec diamond [10], or equivalently
in the six-vertex-model with DW boundary conditions [11]. As discussed in [9], the
quantum mechanical curve represented in Fig. 16.1 is obtained from the Hamiltonian
limit of the statistical mechanics arctic circle.

1
lim p(x, y; R) = — arccos (16.16)
hd T
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Chapter 17 )
Quantum Thermodynamics at Impurity Gzt
Quantum Phase Transitions

Abolfazl Bayat, Gabriele De Chiara, Tony J. G. Apollaro, Simone Paganelli,
Henrik Johannesson, Pasquale Sodano and Sougato Bose

Abstract The study of quantum thermodynamics, i.e. equilibrium and non-
equilibrium thermodynamics of quantum systems, has been applied to various many-
body problems, including quantum phase transitions. An important question is
whether out-of-equilibrium quantities from this emerging field, such as fluctuations
of work, exhibit scaling after a sudden quench. In particular, it is very interesting
to explore this problem in impurity models where the lack of an obvious symmetry
breaking at criticality makes it very challenging to characterize. Here, by considering
a spin emulation of the two impurity Kondo model and performing density matrix
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renormalization group computations, we establish that the irreversible work produced
in a quench exhibits finite-size scaling at quantum criticality. Our approach predicts
the equilibrium critical exponents for the crossover length and the order parameter of
the model, and, moreover, implies a new exponent for the rescaled irreversible work.

17.1 Introduction

Impurities in the bulk of a material are the heart of solid state technologies which
is exemplified by the computing revolution driven by the invention of transistors.
In fact, even the addition of a single impurity can change the properties of matter.
The theory of quantum impurities underpins much of the current understanding of
correlated electrons. A case in point is the two-impurity Kondo model (TIKM) [1],
with bearing on heavy fermion physics [2], correlation effects in nanostructures [3],
spin-based quantum computing [4, 5], and more. The model describes two localized
spin-1/2 impurities in an electron gas, coupled by the Ruderman—Kittel-Kasuya—
Yosida (RKKY) interaction via their spin exchange with the electrons. In addition to
the RKKY coupling, the model exhibits a second energy scale, the Kondo temper-
ature Tk, below which the electrons may screen the impurity spins. For the sake of
simplicity, in numerical computations, a spin chain emulation of the TIKM has been
introduced which faithfully reproduces its physics [6]. Universal quantum quenches
[7] and entanglement properties [8] of the TIKM model have been investigated.

Out-of-equilibrium thermodynamics of closed many-body systems subject to a
variation of a Hamiltonian parameter has received considerable attention in the past
few years, both experimentally and theoretically [9]. The increasing level of control
over few-particle quantum systems has allowed to demonstrate experimentally the
information-to-energy conversion and the Jarzynski equality [10—14]. On the one
hand, the increasing level of control of simple systems consisting of a few quantum
particles has led to the experimental possibility both of building the first quantum
engines [15—17] and of investigating nonequilibrium theoretical predictions [11]. On
the other hand, studies of the interplay between quantum thermodynamics, many-
body physics, and quantum information, have shed light on fundamental aspects
of thermalisation of closed quantum systems [19], fluctuation theorems [20], and
prospects for quantum coherent thermal machines [21, 22].

A central issue is how the presence of a quantum phase transition (QPT) man-
ifests itself in the out-of-equilibrium thermodynamics after a sudden quench of a
Hamiltonian parameter [9, 19, 23—-32]. In the sudden quench approach, the thermo-
dynamic properties of a quantum system, initially at thermal equilibrium and experi-
encing a sudden variation of some global hamiltonian parameter, are investigated. It
is now well established [24] that a second-order QPT is signaled by a discontinuity in
the derivative of the irreversible entropy production (with the derivative taken with
respect to the QPT driving parameter which is being quenched), as well as of the
variance of the work [20]. This is to be contrasted with a first-order QPT, where the
derivative of the average work (i.e. the first moment of the probability distribution
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function of the work) exhibits a discontinuity at the transition [28] (with a peak in the
irreversible entropy production when the QPT is induced by alocal quench [32]). The
obvious parallels to the diverging behavior of response functions at a second-order
equilibrium QPT prompts the question whether out-of-equilibrium quantities, like
the irreversible work [20] (which is a measure of the nonadiabaticity of a quantum
quench), may also exhibit scaling at criticality. Here, via a novel inroad—studying
the quantum thermodynamics for a sudden quench across an impurity quantum crit-
ical point—we are able to provide an affirmative answer. Recent studies have also
demonstrated a similar conclusion for first order transitions [33].

While for an ordinary bulk QPT the behavior of thermodynamic quantities after
a sudden quench reflects the discontinuity of a corresponding equilibrium average
value of a global observable [25], the same is not so obvious in an impurity quan-
tum phase transition (iQPT) [34]. Local quenches in many-body quantum systems
displaying iQPTs have not been investigated adequately. The lack of such works can
be related both to the fact that iQPTs are a relatively new concept compared to the
more well-established theory of QPTs classified according to the Ehrenfest-Landau
scheme, and, most importantly but related, the identification of an order parame-
ter exhibiting scaling properties according to some critical exponents for the iQPT
has been only recently tackled [35, 36]. In ordinary QPTs the fact that the out-of-
equilibrium thermodynamics of a global sudden quantum quench highlights the QPT
point in the moments of the work probability distribution function (PDF) is due, in
the final analysis, to the discontinuity of a corresponding equilibrium average value
of a global observable, the latter being the order parameter. This holds, for instance,
in spin models where the magnetization and the susceptibility show, respectively, dis-
continuities for 1st- and 2nd-order QPTs, thus reflecting in nonequilibrium quantum
thermodynamics variables, which, as a consequence, inherit also the correspond-
ing universality class scaling behaviour [37]. Moreover, as the irreversible entropy
production can be related to the relative entropy of pre- and post-quenched thermal
states, the abrupt change induced by the QPT of the latter (at low temperatures)
is responsible for the its divergence at the critical point [25]. Based on these, one
may ask whether, after a local quench of the impurity coupling, the behaviour of
nonequilibrium quantum thermodynamic variables can reveal the iQPT?

In this paper, we elaborate on our results in [38] for the two-impurity Kondo
model (TIKM) [39], one of the best studied models supporting an iQPT [2, 40—48].
Here, two spin-1/2 quantum impurities are coupled to each other by a Ruderman—
Kittel-Kasuya—Yosida (RKKY) interaction, and, in the simplest variant of the the-
ory [45], to separate bulk reservoirs of conduction electrons by Kondo interactions.
When the RKKY interaction dominates, the two impurities form a local spin-singlet
state (RKKY phase), while in the opposite limit each of the impurities form a spa-
tially extended singlet state with the electrons in the reservoir to which it is coupled
(Kondo-screened phase). We shall show that the iQPT between these two phases is
signaled both by the irreversible work production and the variance of work following
a sudden quench. Remarkably, the irreversible work shows clear scaling with well-
defined critical exponents, related to known equilibrium critical exponents by scaling
laws. Moreover, by means of a small quench approximation for the irreversible work
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production, we are able to link the latter to the two-impurity spin correlation func-
tion, which is amenable to experimental determination. While our findings have
broad ramifications, they are particularly timely considering recent breakthroughs
in designing and performing measurements on tunable nanoscale realizations of the
TIKM [3, 49, 50].

17.2 Two Impurity Kondo Model

For the purpose of exploring quantum critical properties of the TIKM, it is sufficient
to focus on the spin sector of the model by considering its spin chain emulation which
is sufficient to reproduce the underlying physics [6]. This can be emulated by the
Kondo spin-chain Hamiltonian H(K) = ), _ L.g Hn + Hj [6], where

Hy, =J' (Jie] 0% + Lo -0%) +

Np—1 Ny —2
+Ji Z 0; -0+ Z 007,
i=2 =2
H; = J1Kot-ok. (17.1)

Here m = L, R labels the left and right chains with ¢" the vector of Pauli matrices
at site 7 in chain m, and with J; (J>) nearest- (next-nearest-) neighbor couplings
(see Fig.17.1). In the following we set J; = 1 as our energy unit. The parameter
J’ > 0 plays the role of antiferromagnetic Kondo coupling and K represents the
dimensionless RKKY coupling between the impurity spins 0% and %. The total
size of the system is thus N = Ny + Ng. By fine tuning J,/J; to the critical point
(J2/J1)e = 0.2412 of the spin chain dimerization transition [51, 52] all logarithmic
scaling corrections vanish, allowing for an unambiguous fit of numerical data using
the Density Matrix Renormalization Group (DMRG) [53-55]. Indeed, a DMRG
study reveals that the Hamiltonian (17.1) faithfully reproduces the features of the
iQPT in the TIKM [6].

3 o ),

), 0,
[\ o 00 [\/\ [\[\ o000 [\
y_K )y
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Fig. 17.1 Schematic of the two impurity Kondo mode. The two-impurity Kondo spin chain
model consists of two spin-1/2 impurities, each interacting with an array of spin-1/2 particles via
a Kondo coupling J’. The two impurity interacts with each other via an inter-impurity RKKY
coupling K which serves as the control parameter. By varying K system exhibits a second order
quantum phase transition at a critical value K = K. which depends on the impurity coupling J’
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17.3 Thermodynamic Properties: Work Distribution

We assume that the impurity coupling is initially K. The system is at zero tempera-
ture in its ground state | E(K)) with energy E((K). The impurity coupling is then
quenched infinitesimally from K to K + AK, with the Hamiltonian H (K) suddenly
changed to H(K + AK). The work performed on the system becomes a stochastic
variable W described by the probability distribution function (PDF) [20]

pW) =" [(E,| EoK)[* 8 [W — (E, — Eo(K))]. (17.2)

where {E;,} and {|E,’n)} are the eigenenergies and eigenvectors of H(K + AK),

respectively. Notice that the work PDF is an experimentally accessible quantity [56,
57] and that from its knowledge all the statistical moments can be derived as

(wr) = / W' p(W)dW. (17.3)

Due to the nature of the sudden quench in the Hamiltonian, the system is driven out
of equilibrium and, by means of the Jarzynski fluctuation relation [10], it is possible
to define the so-called irreversible work:

Wiy = (W) — AF >0, (17.4)

where AF is the difference between the free energies after and before the quench.
Since we assume zero temperature, A F is simply the difference of the post- and pre-
quench ground state energies. The irreversible work has a simple physical explanation
as the amount of energy which has to be taken out from the quenched system in
order to bring it to its new equilibrium state which, for our case, is the ground state
of H(K + AK) [27]. For the instantaneous quantum quench we have

Wir=(Eo(K)| H(K + AK) |Eo(K)) — Eg(K + AK) , (17.5)

i.e., the irreversible work is given by the difference between the expectation value of
the post-quenched Hamiltonian evaluated on the pre-quenched ground state and the
post-quench ground state energy. It is worth emphasizing that the (17.2) and (17.5)
are truly out-of-equilibrium quantum thermodynamic quantities, although evaluated
at equilibrium due to the sudden quench approximation. In fact, for quasi-static
processes, the work PDF would be a delta function peaked at the energy difference
between the pre- and post-quenched ground states, whereas the irreversible work
would result identically null. Instead, in the sudden quench case, which approximates
the case where the quench is performed at a rate much faster than the typical time
evolution scale of the pre-quenched ground state, both quantities give a measure of
the irreversibility by performing the quench [10, 27].
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17.4 Scaling of the Irreversible Work

In order to capture the iQPT between the Kondo regime and the RKKY phase, we
introduce the rescaled quantity

ind Wirr
Wirr = =25 (17.6)
and study the variation of W,,, when the coupling K is varied. In this paper we
only consider infinitesimal quantum quenches, AK < 1. InFig. 17.2a, b we plot the
irreversible work W;,, for two impurity couplings J' = 0.4and J’ = 0.5 respectively.
It is clear from the plots that VT/,W shows a sharp peak which becomes even more
pronounced by increasing the system size N (apart from slightly shifting towards
lower values of K’s). This signifies that Wm exhibits non-analytic behaviour at the
critical point in the thermodynamic limit. In finite-size systems, such as the ones
considered here, the position of the peak determines the critical point K. which
slowly moves towards the left by increasing N.

By considering the specific value of the RKKY coupling K at which Wi, diverges,
one can determine numerically the critical point K., which then shows a particular
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Fig. 17.2 The rescaled irreversible work near criticality. The irreversible work VT/i,, in terms
of K in a chain with a J' = 0.4; b J' = 0.5. ¢ The critical coupling K. (blue circles) versus 1/J’
in a semi-logarithmic scale and its exponential fit (blue line). d The maximum of the irreversible
work W' versus NO# and the linear fits. From top to bottom: J' = 0.4; J' = 0.5; J' = 0.6 and
J' = 0.7. From [38]
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dependence on 1/J’, just as the Kondo temperature Tk (which sets the energy scale
for the weak-to-strong of the renormalized Kondo coupling [39]). This can be seen
in Fig. 17.2¢ in which the critical coupling K, is plotted as a function of 1/J’. The
manifest linear trend in a semi-logarithmic scale confirms that

K, ~e ' ~ Ty (17.7)

for some constant a, in agreement with other studies of the two-impurity Kondo spin
chain [6, 35].

In the finite-size systems studied here, the divergence of Wi, at K = K, appears
as a finite peak becoming more prominent for increasing system size, as shown in
Fig.17.2a, b. We define the maximum of the irreversible work as W/, = W;,.(K =
K.). Since VT/,'I"r increases by increasing the system size N one can try to fit it by an
algebraic map of the form

W ~ N*, (17.8)
where A is a positive exponent. In fact, a perfect match is found for various impurity
couplings J’ by choosing A = 0.4 as depicted in Fig. 17.2d. Note that the exponent
A governs the scaling of a purely non-equilibrium quantity with system size. Note
that, whereas for a global quench the irreversible work is expected to have a func-
tional dependence on the system size because in (17.4) both the work and the free
energy become extensive quantities, it is far from trivial that the same holds for a
local quench. Nevertheless, in the TIKM here considered, this behavior of W7, is
determined by the distinctive nature of the iQPT, where a local change in the RKKY
coupling induces a global rearrangement of the ground state of the total system at
criticality. ~

The above analysis for W;,, suggests the Ansatz:

~ A
irr — |K—KC|K+BN7)“’

(17.9)

where A and B are two constants that may vary with J’. This Ansatz is based on
the fact that Wm diverges in the thermodynamic limit as Wm ~ |K — K.|7%, while
for finite-size systems at K = K, it increases algebraically with the system size as
in (17.8). In order to deal with the divergence more conveniently at the critical point
we define a normalized function as

Waor = (Wi, = Wip) /Wi, (17.10)

Using the Ansatz of (17.9) one can show that
Waor = g(NY¥|K — K.|), (17.11)

where g(x) is a scaling function which can be determined numerically. In order to
evaluate the exponent « we search for the value of « such that the values of W,,,, as



368 A. Bayat et al.

Fig. 17.3 Finite-size (a) 1 (b) 1
scaling. The finite-size
scaling of W,,,, according to 0.8 0.8
the Ansatz of (17.11) for: a
J' =0.4;bJ =0.5. From w08 /08
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a function of N*/*|K — K|, for various system sizes N, collapse on each other, as
shown in Fig. 17.3a, b for two different impurity couplings J' = 0.4 and J' = 0.5
respectively. As is evident from the figure, using the predetermined exponent 1. = 0.4,
one finds that k = 0.8.

The irreversible work has been measured in quantum mechanical setups using
various methods [13, 14]. Here we follow a different route, showing that, for the
present system and for small quenches, one can rely on measuring only the two-
impurity correlation function (a{‘ of ) with respect to the ground state. The SU(2)
symmetry of the Hamiltonian (17.1) implies that the reduced density matrix of the
two impurities is always a Werner state

3 +(0f~af), (of-af)
12 T3

Ploag = o) vl (17.12)
where |y ~) is the singlet state, I, represents the 4 x 4 identity matrix and (o4 -0 f)
is the two-point correlation function of the impurity spins with respect to the ground
state. It is immediate to see that the two-point correlation functions determine all
the properties of the two impurities [58], including their entanglement (measured by
concurrence [59]) which becomes

L. R
C:max{—M,O}. (17.13)

By expanding (17.5) for small AK we obtain

_ tofotof]
W=y L (17.14)

The divergence of W,-r, at the critical point and (17.14) suggest that the two-point
impurity correlator (o} - f) mimics the behavior of an order parameter, capturing the
quantum criticality and showing scaling behavior near the transition. In Fig. 17.4a, b

we plot the spin correlator (ol -a &) versus the coupling K for two impurity couplings
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Fig. 17.4 Two-point impurity correlation function. Correlation function (¢¥-0®) of the two

impurities versus RKKY coupling K in a chain witha J' = 0.4; b J’ = 0.5. The finite-size scaling
for (oL .o Ry withe J' = 0.4;d J' = 0.5[38]

J’ = 0.4 and J' = 0.5 respectively. The correlator varies from 0 (for K = 0) in the
Kondo regime to (of-0®) = —3 (for very large K) deep in the RKKY phase. To
extract its scaling properties, we make the finite-size-scaling Ansatz

(@i -af)y=NPPFINIK - Ko, (17.15)

where, in the limit N — oo, § characterizes scaling of the correlator near criticality,
(ol-afy ~|K — K.|?, v is the exponent governing the divergence of the crossover
scale £ ~ |K — K.|7V [42, 46], and f(x) is a scaling function. In order to determine
these critical exponents we identify the values of 8 and v such that the plots of
(ol-aR®YNP/" as a function of N'/”|K — K| collapse to a single curve for arbitrary
system sizes, as shown in Fig. 17.4c, d. The best data collapse is achieved by choosing
B = 0.2 and v = 2, which are in excellent agreement with the ones found from the
analysis of the Schmidt gap [35].

Furthermore, as an alternative way of computing the scaling of the irreversible
work Wi, one may directly differentiate both sides of (17.15) with respect to the
RKKY coupling K to get
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Wire ~ g (ot -of) ~ NP PN K — Ke), (17.16)

where f’(x) = df/dx. The finite-size scaling of (17.16) implies that Wi,, ~ |K —
K.|#~!, which then leads to
k=1-p. (17.17)

Moreover, comparing (17.16) and (17.11), we obtain another constraint between the
exponents as
K = Av. (17.18)

Equation (17.17) and (17.18) are indeed satisfied for the values found in our numerical
analysisas A = 0.4, v =2, 8 = 0.2 and k = 0.8, confirming our scaling Ansitze.
It is worth emphasizing that in our local quench problem the energy change, for
every finite quench, is always finite and, for an infinitesimal quench AK, the irre-
versible work can be approximated by W;,, ~ —AK A(ot -0 F)/2. Since (o} -0 F)
varies between O and 3, then W;,, < —3AK /2, which vanishes for AK — 0.
As a consequence, the un-rescaled irreversible work W;,, shows no divergences

evenas N — o0.

17.5 Variance Analysis of Work

The variance of work is another important non-equilibrium quantity which is
defined as
AW? = (W?) — (W) . (17.19)

For convenience, we also rescale the variance as AW2=AW?2 /AK?. For a sudden
quench one can show that

AW?=3-2(ot -0 F)— (ob o). (17.20)
The derivative of the rescaled variance with respect to K becomes

Ik (AW?) = 4 (1 + (ot -0 ) Wi, (17.21)
Since the correlation function (0% 6 f) is always finite, both W.,, and dg (AW?)
diverge at the critical point in the thermodynamic limit. Moreover, AW? takes its

maximum for values of K slightly smaller than K. where (¢}-0%) = —1, i.e. the
minimum value of K at which the two impurities are entangled [6].
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17.6 Out-of-Equilibrium Features

‘We should emphasise the fact that both the irreversible work and the variance of work
are truly out-of-equilibrium quantum thermodynamic quantities, although evaluated
at equilibrium due to the sudden small-quench approximation. In fact, for quasi-static
processes, the irreversible work would result identically null as the work equals the
free energy difference, and the work PDF would be a delta function peaked at the
energy difference between the pre- and post-quenched ground states, resulting in zero
variance. In the sudden quench case, however, both quantities give certain measures
ofirreversibility [ 10, 27]. Moreover, as another feature of non-equilibrium, we should
point out that whereas a temperature can be associated to the initial state (which is
T = 0in our analysis), the same does not hold after the quench has been performed.

17.7 Summary

In this paper, we have numerically shown that both irreversible work and work
variance, as non-equilibrium quantities, signal the impurity quantum phase transition
between the Kondo and RKKY regimes in the TIKM. Both quantities exhibit scaling
at the quantum critical point, and allow for known equilibrium critical exponents to
be extracted. In addition, a new critical exponent «, governing the behavior of the
rescaled irreversible work at the phase transition, is brought to light. Importantly, all
out-of-equilibrium quantities considered are amenable to experimental observation
in solid-state nanostructures or ultra cold atoms, since ultimately it is sufficient to
measure a two-point spin correlation function.
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Chapter 18 ®)
Information Delocalization in Many Guca i
Body Systems: From MBL Phases

to Black Holes

Javier Martinez Magan and Simone Paganelli

Abstract This is a short review of several articles of the authors on the issue of
information delocalization in many-body physics, to appear in the proceedings of
‘Strongly Coupled Field Theories for Condensed Matter and Quantum Information
Theory’, held in Natal 2015. Motivated by problems in black hole physics, expander
graphs, and MBL phases, we developed an approach to information delocalization
based on Mutual Information (MI). Intuitively, given a subsystem A, we looks at
the support of the minimal subsystem B which is maximally entangled with A. This
support can be computed analytically for random states, setting the intuition for non-
equilibrium scenarios. We describe its behavior in a wide range of models, such as
chaotic spin chains, Many-Body-Localized (MBL) phases, and systems displaying
large-N factorization. For the last class of models, and as expected from the AdS/CFT
correspondence, we find similar results when studying entropy evolution in black hole
collapse scenarios.

18.1 Introduction

The problem of quantum thermalization has a been a subject of intense debate over
more than two decades. The generic paradigm was laid down by Deutsch and Sred-
nicki [11, 42] in the early *90s, and since then it has been analyzed in great detail
in many different contexts (see the reviews [8, 13]). The problem of thermalization
can be briefly stated as the following question: given microscopic unitarity, how do
Gibbs (or generalized) ensembles emerge? Indeed, given an initial pure state |),
unitary evolution would lead to
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U@t) [yo) (Yol UT () # pTP* . (18.1)

Although exact thermality is out of reach, approximate thermality for certain observ-
ables &' might appear at sufficiently long times,

(Y] O 1Y) = Tr(p%"™ &) £ error , (18.2)

where the error should vanish in the thermodynamic limit. An interesting well known
interpretation from an information theory perspective is: if (18.2) holds for all oper-
ators in certain subalgebra A of the full operator algebra of the theory A ® A, then
the associated reduced density matrix ps = Tr;|v;) (| has to be very close to the
reduced density matrix of the thermal ensemble pﬁ = Tr;pp. In terms of Von Neu-
mann entropies, defined by S(p) = Trp log p, at sufficiently long times we expect

Sa(t) = S% + error , (18.3)

where the error should again vanish in the thermodynamic limit. On these time scales,
entanglement entropy scales linearly with the number of degrees of freedom N4, and
becomes an extensive property of the system: S4 o< N4. The reason to expect (18.2)
and (18.3) was nicely explained in two seminal papers by Lloyd and Page [23, 35],
where the properties of typical states in the Hilbert space were studied. One concludes
that, if the unitary evolution of the system is sufficiently chaotic so as to drive us
from the realm of simple states to the realm of random (or almost random) states,
then we expect both relations to be valid at long times.

This extensivity of entanglement entropy has become a proxy for thermal behavior
in out-of-equilibrium scenarios, and it has been studied in a wide variety of systems,
ranging from spin chains to CFT’s and black holes. In the context of black holes,
Sekino and Susskind, inspired by [18], used such entanglement extensivity to provide
the first proposed definition of what is known as the scrambling time [40]. Below, we
will call such entanglement extensivity notion as “Page-scrambling”, to distinguish it
from the modern approach/definition of information scrambling based on out-of-time
order correlation functions [32].

As it turned out, entanglement extensivity can be misleading for the following
simple reason. We might have certain classes of non-typical and far from thermal
states also showing extensive scaling. A transparent and flagrant example appears
when considering local systems on expander graphs, as described in [4]. Expanders
graphs are those graphs for which the number of boundary vertices in a certain
region scales as the total number of vertices in such region (see [24] for a complete
review). Intuitively, these are graphs for which Area o« Volume. Since vacuum states
of local quantum systems typically show area law entanglement, [4] concluded that
for quantum systems defined on expander graphs, vacuum states show an entangle-
ment entropy scaling extensively with the system size. Less shocking examples, but
still significant for us, are non-local systems, such as the ones described in [14] or
the more modern Sachdev-Ye-Kitaev models [20], as studied in [25-27].
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Entanglement extensivity as a proxy of thermal behavior also brings certain short-
comings when considering MBL phases. In MBL phases, vacuum states certainly do
not show extensive scaling, but quite unexpectedly, in out-of-equilibrium scenarios,
such an extensive regime is reached. This regime is expected to be associated with a
much different correlation pattern than that of random states, see [30], and this has
been a question of much debate.

Therefore, in certain situations, we might need finer grained notions of thermaliza-
tion in many-body quantum systems than just entanglement extensivity. Motivated by
these observations, and inspired by the approach to the information paradox described
by Hayden and Preskill in [18], in [29] we proposed a deeper approach based on
Mutual Information [29], which we then applied to several models [25, 27, 30], rang-
ing from MBL phases to chaotic spin chains and black holes, as we review below.

18.2 Information Delocalization Through Mutual
Information

In this section, we illustrate how both thermalization and localization processes can
be characterized by the behavior of quantum information quantities and, specifically,
the Mutual Information (MI) between two parties of the whole system under study.
Here we summarize the main ideas and give some examples, more details can be
found in [29, 30].

Consider a many-body system with a Hilbert space having a tensor-product struc-
ture of n single-particle Hilbert spaces

H =76 i=1,...,n, (18.4)

and divide it into three mutually non-overlapping subsystems A, B and C, as shown
in Fig. 18.1. To each of these we may associate an Hermitian operator algebra (respec-
tively o, A, €).

Treating subsystem C as an “environment”, the amount of information shared by A
and B in a global pure state can be quantified through a distance to state factorization,
lloap — pa @ pgl|. To this aim, a suitable quantity is the quantum relative entropy
S(pallpg) = Trp(log pa — log pp), because it bounds other common definitions [1,
45]. Since in our case A and B are disjoint, the relative entropy coincides with the
Mutual Information between A and B, defined from the von Neuman entropy of the
reduced density matrices

I(A, B) = S(papllpa ® pg) = Se(pa) + Se(pp) — Se(paB)- (18.5)

Fig. 18.1 Pictorial scheme

A
of the systems considered.
Here A=BUC .. o .
A
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The MI gives the total amount of quantum correlations between two subsystems [15]
and it is a measure of how much we can learn of A by studying B and viceversa.
Once the subsystem A is fixed, for every B the subadditivity of MI leads to
an upper bound for (18.5) I(A, B) < I(A, BC) = I(A, A) = Inax meaning that,
strictly speaking, to gain full information about A, one has to consider the whole
complementary subsystem A. Nevertheless, introducing a tolerance parameter &, one
can ask which is the smallest subsystem B, s.t. Inax — I (A, B;) < €. The number of
spins of this minimum B,
24 = log, dim 7%, (18.6)

defines what we called Codification Volume (CV) of the system A [29]. It quantifies
how many spins of the system most part of information of A spreads on. Just as an
example, CV is obviously zero if the system A is disentangled from the rest of the
universe. For systems with short-range connections, where area law behavior of the
entanglement entropy is observed, the CV is expected to be of the order of the number
of nearest neighbors. More in general, the way this quantity scales with the size of
the system A provides a benchmark for processes as localization or thermalization,
as we show hereafter.

18.2.1 Random States

As a case study, we consider a system where a scrambling mechanism produces a
state which is random with respect to the Haar measure. Here the CV is given by the
average of £29 over all the possible pure states of .77 equally weighted. For a random
state of n qubits (with dim.s#” = 2") the entanglement entropy of a subsystem A of
a qubits is [35, 41]
k=2" ”
Sam =Y ;—H (18.7)

i=2r—a+41

From this result, one can compute the average MI between A and another subsystem
B of b qubits I (A, B) obtaining

% forb <5, anda+b < 3
I(A,B) >~ { 2(a + b) —2717)71b()g22 12%;:# forb <%, anda+b >4
2a10g2+% forb > 3.
(18.8)

This structure is summarized in Fig. 18.2.

To find the CV, we fix a to be independent of n and compute the differ-
ence 1(A,A) — I(A,B) x g(a)(2720*" —27"+4) where g(a) = L2 ~ O(1).
Setting this quantity equal to a finite ¢, independent of n, we obtain
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Fig. 18.2 The Mutual . o e T
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(18.9)
So, for large n, in order to get a full information about a one needs to address half
of the system. This is what one also expect to find in a thermalization process.

18.2.2 Single Particle States

Another simple scenario is the single-particle limit, characteristic of the low energy
regime of certain many-body systems (e.g. fermionic quasiparticles of Landau-Fermi
liquid, bosonic collective modes, spin-waves, etc). In this limit, it is instructive to
study analytically two possible states produced by the introduction of some type of
disorder: localized states and delocalized random states.

To such end, notice that a generic single-particle can be written as

W)=Y ¥lr)., (18.10)
r=1
where |r) denotes local excitation basis | {)1--- | 4)r—1] D)rl $)rg1 -1 d)n = 17).

Simple algebra shows that the entanglement entropy of any desired set of spins A is
given by
S(pa) = —palog pa — (1 — pa)log(l — pa) . (18.11)

where py = 3 [¢, .

reA
Let’s start by analyzing 1-D localized wavefunctions which are typically char-

acterized by a peak located at a random site jy and a localization length &. Seting
Jjo = 0 without loss of generality we have
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Y, oce A (18.12)

To calculate the CV, we consider the peak-to-volume MI between the central
site jo = O (which plays the role of system A) and the set B of sites with |j| < b.
Setting a suitable threshold €, B, can be calculated from (18.11) (see also [30]). In
the thermodynamic limit one gets

. 2B, _
I(A,A)—I(A,B)=1(1,C) = ¢ ~ ?e Befs (18.13)

In other words, for a localized single-particle state the CV of the peak-site is of the
order of magnitude of & ~ &'(1). More importantly, as a byproduct, notice that the
scaling behavior of (1, C) provides another definition of the correlation length.
These considerations are expected to remain valid in the many particle scenario.

Now, at the opposite end of the localized/delocalized phase transition, we can
study the physical properties of typical states in the single particle subsector. Opera-
tionally, up to subleading corrections, this is achieved by assuming that the complex
amplitudes in (18.10) are gaussian random variables

1
Wiy}l = ~Bij s (18.14)

where [.] denotes the average of the random variable.
Following [26], we can compute again the MI between the first site and subsystem
B, composed by m sites. For m > 1

a, g~ " (18.15)
N1-%

while, for m ~ €'(1), MI vanishes in the thermodynamic limit faster than entangle-
ment entropy itself, a hallmarck of the delocalized phase. For any desired tolerance
¢, the size of the minimum B, containing the required information about A scales as
N in the thermodynamic limit.

18.2.3 Irreversible Growth of the CV in Chaotic Models

In a chaotic system, we expect that an initial state |,) evolves towards the sea of
random states [23]. We thus expect and irreversible growth of the CV. In order to
study such a mechanism, we choose A to be the single spin on the edge site 1 of a 1-D
chaotic spin chain, the subsystem B,, to be the set of sites 2, ..., m, and compute
the evolution of 7 (A, B,,) (¢).

The specific form of £2{ (| (¢))) depends on the interaction structure of the theory.
In particular, Lieb-Robinson’s causality bounds [22] limit the allowed growth.
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These bounds force information to propagate inside an effective light cone, up to
exponentially suppressed corrections. For a sufficiently short amount of time, the
information associated with the first spin is expected to have reached only the second
spin and we expect:

I(A, B)(t) ~ I(A, B3)(t) ~ - -- =~ I(A, A) (1) = 254(1). (18.16)

Then, at some ¢, , the information passes to the third spin. This moment ¢, , is
signaled by the sudden decrease of 1 (A, B,)(t). By now the information should be
found inside 7 (A, B3)(¢), and adding more spins should not increase the MI, again
due to Lieb-Robinson bounds. This process should continue until saturation. The set
of characteristic time scales ¢, ,, (when I (A, B,,)(t) begins to decrease) is clearly
related to the ability of the evolution to hide the information associated to A in bigger
and bigger subsystems.
As an example, consider the following Hamiltonian:

n—1 n
H=-1) oio}, + g > (B0 —07). (18.17)

i=1 i=l1

The Hamiltonian couplings are chosen so as to be far from integrability regions
[2]. We review the case of an anti-ferromagnetic initial state (for other initial
states see [29]):

Wat) =1 @[ )2@[ 1) @[ ), (18.18)

and set n = 10. The evolution of the MIs between the first site and different blocks
of spins is shown in Fig. 18.3, where the expectations previously described appear
in a transparent way.

The growth of £2{ as a function of time is depicted in Fig. 18.4, for a precision
¢ = 0.0001. The linear growth suggests ballistic propagation of information in the

Fig. 18.3 Temporal 1.4 T T T T T
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evolution of the Mutual gf%;.jé))
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starting from the initial state o
[Yraf) = 0.6f
B=(2....,5)
0.4f
0.2T 3B=(2.....4)
B=(2,3)
0 1 B=2
0 10 20 30 40 50 60

7
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Fig. 18.4 Temporal 9
evolution of £27 (p), for
e = 0.0001 and initial state 81
[¥ar) (top panel), and |ry+) 7t
(bottom panel) 6
>
G 5¢f
4 -
3 -
2 -
1
0 9

system, with an associated emergent velocity. This emergent velocity is difficult to
compute in general, but can be computed systems admitting a gravity dual [33], by
means of the Ryu-Takayanagi formula [38].

Finally, it can be checked, see [29], that the process tends to the random state
structure described earlier. In particular, the Mutual Information at stationarity shows
the same pattern as in (18.2).

18.2.4 Many-Body-Localized Phases

The onset of localization thwarts strong volume-like entanglement, characteristic
of systems satisfying the Eigenstate Thermalization Hypothesis. Such chaotic/MBL
phase transitions in the eigenstate structure can be studied with entanglement entropy
alone, see [5], where area type law was found for the entanglement entropy in the
MBL phase. Nevertheless, product states generically evolve into volume-entangled
linear combinations of weakly entangled eigenstates, and in these scenarios, our
approach might help to unravel the precise structure of information (de)localization.
To this end consider the Hamiltonian studied in [34, 46]:

n—1 n
H= Z Ji(ofof, +oj o)) + Jofol, + Z hiof (18.19)
i=1

i=1

where J;/J; = 0.2 and k; is arandom variable with uniform probability distribution
in the range [—n, n]. In the numerical simulations we diagonalize the Hamiltonian
exactly, with n = 8 spins, and average over 1.000 repetitions. When studying the
deep MBL phase we will set n = 6 [34].

The structure of the MI 7 (1, B) for eigenstates is depicted in Fig. 18.5 (green
line). Typically, the information shared by spin 1 is mostly contained in spin 2. QI is
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stored locally within nearest neighbors. This was expected from the area law found
in [5].

More interesting is to analyze the time evolution of certain product states realizable
experimentally [34]. Defining:

0 0
|Y)g = cos <§> | ) +1i sin (5) [ 1), (18.20)
we study the following family of initial states parametrized by 6 (Fig. 18.6):

[Wo) = [¥)e @ [¥)r—0 ® [¥)o ® [V)2-6®
Vo @ 1¥)r— @ V) ® ¥)r—o . (18.21)

with 0 < 6 < 7. The interesting aspect of this family is that it smoothly interpolates

between the “antiferromagnetic” state, for & = 0, and a product of all spins pointing
in the positive y direction for & = 7. The evolution of the multipartite entangle-
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Fig. 18.7 Codification 4.5 T T T T T T T
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ment structure of these two states was studied in [29] for the case of a quantum
chaotic Hamiltonian, and in both cases information fully delocalizes at long times.
On the other hand, for the MBL phase, the MI at stationarity for each initial state
|¥) shows an interesting pattern (18.6). The antiferromagnetic & = 0 case is the
horizontal lower line. As we increase 6 the structure of MI keeps approaching the
structure of the random state [29], which appears also in the figure as the higher
line. In a chaotic/delocalized phase, all initial states would collapse to the random
expectation. Finally, the delocalization properties can be also studied by establishing
certain tolerance ¢ and finding the codification volume B,. For ¢ = 0.3 the result is
given in Fig. 18.7.

From (18.6) and (18.7), it is transparent that the amount of delocalization of
quantum information in the MBL phase is directly controlled by 6 and thus strongly
depends on the initial state. This is an interesting peculiar phenomenon of MBL
phases which could be studied experimentally as well.

18.3 Large-N Models and Black Holes

One of the main motivations to develop the previous approach to quantum thermal-
ization was to discuss finer grained aspects of information dynamics in black hole
physics. In most contexts, black holes are described by distinct classes of large-N
theories, such as matrix models [3], gauge theories [12, 16, 31] or the recent SYK
[20, 39]. As emphasized in [40], such models share a common aspect: their Hamil-
tonians couple every degree of freedom with every other. We expect this observation
to have generic consequences for their associated information dynamics.

Studying Mutual Information and entanglement dynamics in such systems seems
quite challenging at first sight. It would be of great help to have a simple example in
which computations can be done explicitly, but that still contains the generic features
governing the physics in all other models. In [26, 27] one of us proposed that a system



18 Information Delocalization in Many Body Systems: From MBL ... 385

of N fermions with gaussian random interactions would suffice for these purposes.
It was later shown in [28] that such expectations turn out to be true in more realistic
and strongly interacting models, such as SYK. Finally, some of these aspects of
information dynamics were studied in the context of black holes in general relativity
in [19], by using the Bekenstein-Hawking formula, where a quite striking match was
found. This section describes these advances from a unified perspective.

18.3.1 Random Free Fermions

A system of random free fermions is described by the following (dimensionless)
Hamiltonian:

N N
H:Zc?ci+n2cj1/,-jcj, (18.22)

i=1 ij=1

where cj and ¢; create/annihilate spinless fermions and » controls the relative size of
interactions. The matrix V is arandom matrix taken from the GOE ensemble with zero
mean and unit variance (see [17, 43, 44] for different accounts on random matrices).

This model can be solved by exact diagonalization of V. If ¢¢ are the eigenvectors
N

of V with eigenvalues ¢,, and we define d, = > Y ¢;, then the Hamiltonian can be
i=1

written as:

N N
H=>Y (1+ne)djd, =) Edjd, . (18.23)
a=1

a=1

Therefore, any given set /' with cardinality N, of particles produces an eigenstate:

ey =[] 40 . (18.24)
acdl

and all eigenstates arise in this way.

It is known from the theory of random matrices [43, 44] that the eigenvectors are
distributed according to the Haar measure on the orthogonal group O (N). For our
purposes, this just mean that eigenvectors are normalized random vectors. Mathe-
matically:

1
Wi=0 [ ¥jl= 5 8wy (18.25)

where [p] denotes the average of the random variable p over the random matrix
ensemble associated to V. The average two point function in an eigenstate with N,
particles is therefore:
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ab=1 acd

(1 =L@ Icfc;lw ™)) =[ijwbwmw@w”} D i = ”%,

(18.26)
where the last sum runs over the subset 7 of particles chosen for |¥"r). Since
the system is gaussian, the EE and MI can be directly obtained from the two point
function [36]. leen a subsystem A with m degrees of freedom, and the covariance
matrix C;; v (lI/|c cj|¥), where i, j € A, the entanglement entropy is given by:

= (hilogh; + (1= A log(1 = 1)) . (18.27)

i=I

where the A’s are the eigenvalues of C¥. Such spectrum is not always possible to
find analytically. We can compute it two standard limiting cases: the thermal regime
N, > 1, and the single particle sector N, = 1, which was described above. For
the explicit computations we refer to [26]. For N, > 1, and m < N, which is the
interesting regime in relation to black holes, it can be shown that.

Wi N m2
S "N =mS - —— 18.28
5" 1 =m )" — 55— (18.28)
where: N N N N
N, 14 14 P )4
S '=—"Flog——(1——)1 1-—1, 18.29
Mg (1Y (1-2) s

This last expression can just be seen as a thermal entropy per degree of freedom,
since N, (the total energy) can be related to an effective emergent temperature [26].
The second term in (18.28) can be seen as a small deviation from thermal behavior.
This behavior was already discussed in section (18.2), when considering full-fledge
random states in the Hilbert space. Only the size of the deviations from thermality
changed, and the MI behaves qualitatively as in (18.8).

We now discuss out-of-equilibrium processes. Beginning with an initial state with
N excited oscillators:

W) =cl ¢} ... ch0), (18.30)

and writing the unitary evolution in the decoupled oscillator basis d,':

W (1)) = Z I//l wz w}l\_/ eil(Ej-ﬁ-Ek-ﬁ-.u-ﬁ-El)d}L d]j .. 'dIT 0) . (18.31)

.....

allows to write the covariance matrix as:
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Gi(t) = (WD) cfc; W @)
= Z W("'%Wf"'%“ﬂ”f o=t Ej+tEmE—mEn) o
Jlik,msn,p ’
x (0|d; ...did}d,df ...d] o). (18.32)

But since eigenvectors of random matrices are almost random vectors, it is simple
to conclude that on average:

i#j—[€;n]=0. (18.33)

The only surviving entries are the diagonal ones, the expectation values of all number
operators. The effective permutation symmetry of the Hamiltonian (18.22) implies
that the relaxation of initially excited particles is the same for all of them [(c¥ epl(t) =

n4(t), and the same holds for the initially non-excited ones [(cic @] =mn,(t). Up
to small deviations, entanglement entropy simply evolves as:

M

[Sal =— Z[nz(t) logn; (1) + (1 — n; (1)) log(1 — n; ()] . (18.34)

i=l1

Entanglement entropy is extensive all times, and so the MI and codification volume
behave in the same way as for random state.

Given formulas (18.26), (18.28), (18.33), (18.34), we can now summarize the
features we expect to remain valid in realistic models, like SYK or large-N gauge
theories:

e Entanglement entropy is extensive at all times and its functional form is that of
(18.34), in terms of occupation numbers.

e Information is delocalized instantaneously at all times, as defined by MI in
section (18.2).

e The reason is that the mean field approximation becomes exact in the thermody-
namic limit.

In the next section, we review a more abstract (but generic) method that was used in
[28] to prove these aspects in realistic, strongly interacting black hole models.

18.3.2 K-Body Ensembles, SYK and de Finetti Theorems

The easiest generalization of the random free fermion models is to the so-called
random k-body ensembles [6, 21], defined by the following Hamiltonian:

i i

H= Y JiigjiiCh e Chcj o)y - (18.35)
I=ij<--<ig =N
I=ji<-<jg=N
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Each term of the Hamiltonian contains k annihilation/creation operators, and
Jiy.ig; jyj. are random numbers with the only constraint of ensuring a hermitian
Hamiltonian. A cousin model is the SYK model [20, 39]:

H — k2 Z Jivis Xiy = Xig » (18.36)

1<ij<---<ix<N

containing N Majorana fermions interacting through random k-body interactions.
Strikingly, this is arguably the best toy model of black hole physics, given that it
saturates the bound on chaos [20, 32].

The crucial observation for our concerns is that both models show an emergent
O(N) symmetry on average, which contains the permutation group as a subgroup.
Such feature turns out to severely constrain the state structure, as dictated by the so-
called de-Finetti theorems [10]. The application of this theorem to large-N theories
and gravity was described by one of us in [28]. We briefly review the theorem and
main results here.

The classic version of the theorem is very old [10]. It considers probabil-
ity distributions py(xy, X2, ..., xy) invariant under permutations. Such distribu-
tions are “M-exchangeable” if there is another permutation symmetric distribution
pm(x1, X2, ..., xy) of M > N variables satisfying py(x1, x2,...,Xy) = try_n
pm(x1, X2, ..., xpy). If there exists such extended distribution for any M, we say
pn to be infinitely exchangeable. The theorem asserts that infinitely exchangeable
distributions are convex combinations of identically distributed uncorrelated ones:

PN Koy oy ) = / dulp()] per)p(x) - plry) - (1837)

In the previous formula p[ p(x)] is a measure on the space of probability distributions
of one variable. If py is only M-exchangeable, such convex combination is just
an approximation with an error depending on the ratio N/M. Theorem 18.37 is a
paradigmatic result, showing how global symmetries can constrain the state structure.

We apply this theorem to SYK type models here, but as described in [28] other
large-N models can be considered as well. Consider again the state (18.30) in which
the first N fermions has been excited. Unitarily evolving with (18.36) or (18.35) and
averaging, it can be shown that [25]:

(o) = [UO i) (YinlUT O] = D" paareayOlaraz -+ axMaraz - -ay| ,
avar—ay
(18.38)
On average, only the diagonal entries pg,q,..ay (t) = [|[{a1a2 - - - an|U (t) |¥in) 1] sur-
vive. Decoherence work at all times at a microscopic level. Therefore, the reduced
density matrix of the initially excited fermions reads:

P O1= Y PaaanDlaraz---ay)laas---ayl , (18.39)

ayay--ay
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Since piﬁ =|1y---1n)(1;--- 1y]| and the evolution display permutation symmetry,
the diagonal probability distribution pg,4,..q, (f) is permutation invariant, and the
theorem (18.37) applies:

1= 3 [ dutp i p@p@)- pavlaa-a)aa-ayl.

(18.40)
with [ p, t]is a time dependent measure on the space of binary distributions. Binary
distributions are just specified by a real number p € [0, 1]. Setting p(p) = p|0)(0| +
(1 — p)[1)(1] we find:

[P ()] ~ / dulp. 11p(P)®" . (18.41)

The first conclusion is that SYK states are close to separable (classical mixtures) at
all times. There is very little quantum entanglement in the large-N limit. In regards
to entropy evolution we find:

m / dulp, 11S(p(p)) < S(p*(®)) <m / dulp, 1]S(p(p)) + S(ulp.1]) .

(18.42)
Since S(u[p, t]) does not increase with m, entropy evolution is extensive at large
m." We conclude that large and small subsystems share the same characteristic time
scales, those of u[p, t]. In particular, two point functions are controlled by u[p, ],
and therefore they decay time scale controls the relaxation time scale of the global
system as well. This is intimately connected with the fact that information spreads
instantaneously over all degrees of freedom. In the next section we will see how these
aspects show in real black hole models.

18.3.3 Black Holes

The main conclusion of the previous approach to information dynamics when applied
to a black hole like system (large-N theories), is that information delocalizes instan-
taneously, entanglement entropy evolves extensively and the process relaxes in a time
scale controlled by that of a single degree of freedom. In collaboration with Aron
Jansen, in [19] we checked these aspects in exact black hole collapse scenarios in
general relativity. We accomplished this by numerically computing the Bekenstein-
Hawking entropy formula, which in units of the Planck length is just:

A
S = 7 (18.43)

ISuch relation can be used to bound the quantum distance to the maximally mixed state, see [28].
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More concretely we considered GR coupled to a scalar field, and choose an initial state
containing a black hole with entropy S; = A;/4 and a scalar field profile containing
enough energy to backreact on the geometry. As time evolves the scalar field collapses
towards the black hole, increasing its entropy to Sf = Ag/4. Here we will quote the
main results.

First, it is remarkable that extensivity in the entropy evolution follows directly
from (18.43), since given any two disconnected horizon patches <7 and %:

Suz(t) =S () + Sz (). (18.44)

Mutual information between different horizon patches thus vanishes at all times, and
the structure of information delocalization is akin to that found for SYK type models,
including the statement that the characteristic time scale for global relaxation does not
depend on the size of the chosen patch. To find such characteristic time scale we need
the specific law governing the evolution of geometric quantities near equilibrium. In
this regime the scalar field is described by so-called quasinormal modes, see [7] for
a review, which behave as damped harmonic oscillators,

d(r,t) = Ae™ " (cos(wrt+38)p; (r)+sin(wr? + 8)Pr(r)) . (18.45)

Although there is a whole spectrum of quasinormal frequencies, at late times only
the lowest mode w = wg + i wy survives. For different reasons, it turns out that the
correct ansatz for the black hole entropy near equilibrium is:

5S(t) =S¢ — S(t) = Ae 2" (cosQQuwrt +8) + B) , (18.46)

where w is the lowest quasinormal mode, and A and § parametrise the initial amplitude
and phase. The damping shift B, on the contrary, does not depend on the initial
conditions and its physics is still to be understood. Quite strikingly, for apparent
horizons it is such that oscillations saturate hawking area theorems [19], and it might
be a good smoking gun for microscopic models of black holes. Luckily, on a first
approach, it is not needed for connection the information/entropy dynamics of black
holes and microscopic models.

The previous ansatz was numerically confirmed in different space-time dimen-
sions and for different scalar field masses in [19]. It matches the one expected from
the results of the previous section. Formulas (18.34) and (18.28) relate the evolution
of the entropy to the evolution of the number operator. This happens for gauge the-
ories as well [27]. Since number operators arise by squaring fields, they decay with
twice the lowest quasinormal frequency, as in (18.46).
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18.4 Summary and Discussion

In this article, we have reviewed an approach to quantum thermalization developed in
[29], and its subsequent application to different examples, such as local spin systems,
MBL phases, large-N theories and black holes [26-28, 30].

The approach is based on Mutual Information. Intuitively, given a subsystem
A, it asks for the support of minimal size subsystem B maximally entangled with
A. There were various motivations to study this object. First, the approach to the
information paradox developed by Hayden and Preskill in [18], based on the struc-
ture of entanglement and quantum information in random subsystems (or systems
undergoing random Hamiltonian evolution) naturally leads to these considerations.
Second, it complements the study of entanglement entropy, which has been exten-
sively explored in the context of quantum thermalization. In such a context, and at
least for sufficiently chaotic systems, such entropy is expected to saturate to the ther-
mal one, and therefore become extensive in the subsystem size. On the other hand,
this extensivity does not grant the system to be “thermalized”, and more proxies are
needed. The pattern of Mutual Information contributes to a deeper understanding of
the state structure, at least for certain systems.

This approach can be analytically considered for random states (18.2) and sets
the intuition for more realistic ones. The conclusion, as expected, is that the support
is of the order of the entropy of the system. Such observation sets the expectations
for chaotic systems at late times, which has been confirmed above (18.2.3). From
a different perspective, such pattern of Mutual Information can be used to define
notions of correlation lengths in local systems and it is useful for the chaotic/MBL
phase transition, as discussed above.

Finally, we went out and study these quantities, including entanglement entropy, in
microscopic models of black holes, such as SYK and gauge theories. We also studied
them in black holes themselves, by using the Bekenstein-Hawking formula. The key
was to find a simple system, that of random free fermions, in which computations
are transparent enough, but that still contains the generic aspects to be extracted.
Unluckily, the results, in this case, do not really allow to distinguish the approach
based on entanglement entropy to that based on Mutual Information. This is because
Mutual information vanishes at all times, implying that information instantaneously
delocalizes over the system. To unravel further patterns of information dynamics
in black hole physics one needs even finer quantities, such as out-of-time ordered
correlation functions [32]. These quantities do not really tell us about how quantum
information delocalizes over the different degrees of freedom in the system, but how
it gets hidden in increasingly growing operators, as described in [37].
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Chapter 19 ®)
Breaking the Area Law: The Rainbow i
State

Giovanni Ramirez, Javier Rodriguez-Laguna and German Sierra

Abstract An exponential deformation of a 1D critical Hamiltonian, with couplings
falling on a length scale 2!, gives rise to ground states whose entanglement entropy
follows a volume law, i.e. the area law is violated maximally. The ground state is
now in the so-called rainbow phase, where valence bonds connect sites on the left
half with their symmetric counterparts on the right. Here we discuss some of the
most relevant features of this rainbow phase, focusing on the XX and Heisenberg
models. Moreover, we show that the rainbow state can be understood either as a
thermo-field double of a conformal field theory with a temperature proportional to &
or as amassless Dirac fermion in a curved spacetime with constant negative curvature
proportional to 4. Finally, we introduce a study of the time-evolution of the rainbow
state after a quench to a homogeneous Hamiltonian.

19.1 Introduction

Quantum many-body systems are models which allow us to illustrate important
notions about macroscopic physics, e.g. magnetic behaviour, in terms of micro-
scopic elementary interactions between the constituents of that system. In addition
to their physical interest, the development of new methods for their study has given
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an impulse to other fields such as quantum integrability [1], quantum groups [2],
quantum computation and information [3] or quantum simulators [4].

Early studies of many-body quantum mechanics used to make the assumption that
each particle moves under the effective field created by all the others, i.e. Hartree-
Fock or mean-field type methods [5]. These techniques are very successful to explain
many properties of electrons in solids, through the use of the Fermi liquid approx-
imation or Density Functional Theory [6, 7]. Nonetheless, they are unable to take
completely into account the effect of strong correlations, which are a key in many
magnetic properties of materials, superconductivity [8, 9], quantum Hall effect [10]
or topological insulators [11].

Furthermore, the advent of new technologies such as cold atoms in optical lattices
or trapped ions [12, 13], allows to engineer quantum systems in which strong corre-
lations are not avoided, but looked for. The reasons can be to mimic other quantum
systems or to harness the specific effects of quantum correlations to profit from them,
building better computation and communication technologies.

Quantum entanglement is defined as the property of those pure states which do
not allow a description as product states, i.e. non-factorizable states. For a composite
system divided in two parts A and B with Hilbert space ¢ = J¢, ® .73, a factoriz-
able state can be written as [{) = [{4) ® |Y¥g), Where states |1/ 4) and |{g) describe
A and B respectively. Factorizability of states can be determined using the Schmidt
decomposition [14], all states in .7# can be expressed as

X
W)= Aila) @ Ibi)
i=1

where |g;) and |b;) are orthonormal states of J#; and .73 respectively, and the
Schmidt coefficients A; € R* and Zi A; = 1. The Schmidt number (or Schmidt
rank) x is bounded by the dimension of Hilbert spaces of A and B, ie. x <
min{dim{J5%,}, dim{573}}. A state is factorizable if x = 1, and if x > 1 the state is
entangled.

Factorizability defines absence of entanglement. In order to quantify entanglement
it is convenient to consider an observer which is only allowed to access subsystem
A. Even when the global state is pure, |{), the subsystem accessible to A can be
mixed. Thus, its quantum-mechanical description is performed via a reduced density
matrix pq = Trz [ )|, where A is the complementary of subsystem A. We define
the von Neumann’s entropy of this reduced density matrix

Sa = —tr{palog(pa)} .

Let us remark that for a pure state, S4 = Sp. The von Neumann’s entropy satisfies
S4 > 0, with S4 = 0 only for factorizable states. Von Neumann’s entropy is also
called the entanglement entropy (EE).

Why is S, called an entropy? There is a deep relation with the concept of entropy
in statistical mechanics and information theory. Indeed, von Neumann’s entropy is a
quantum analogue of Gibbs entropy. But in contrast, it is not related to thermal fluctu-
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ations. The EE can be argued to measure quantum correlations between subsystems.
In classical information theory, the action of sending a message is also viewed as the
action of correlating the sender and the receiver. The average amount of information
contained in that message is measured with Shannon’s entropy [15]. Von Neumann’s
entropy is just Shannon’s entropy of the eigenvalues of the reduced density matrix,
which can be regarded as a probability distribution. Quantum information theory
builds upon this deep relation between entanglement and information.

The goal of this paper is to present some details of the rainbow model and then to
summarise some results previously obtained. This work is organised as follows. First
we present the rainbow model and some details of the concentric valence bond states.
After that, we present a summary of the results previously obtained, we include the
references where more details were discussed.

19.2 Concentric Valence Bond States

Consider a spinless fermion chain of L sites, whose dynamics is described by the
Hamiltonian

L
H=-> tclci1+he. (19.1)

i=1

where f; represents the hopping amplitudes between sites i and i + 1, c[T and c; are,
respectively, the fermionic creation and annihilation operators on site i, which satisfy
anticommutation relations: {c;, cz} =8k, {cj, ar} = {cj., ci} =0.

Hamiltonian (19.1), which is quadratic in fermionic operators, is also called free
fermion Hamiltonian. Moreover, free fermion Hamiltonians are solvable in terms
of single-body states that are occupied by particles which move independently of
each other. Diagonalising the hopping matrix, T;; = £;(8; ;41 + 8;i—1), Tvi = &Vx,
allows to obtain the single-body energy levels, ¢, and the single-body modes, vy ;,
which determine a canonical transformation

by =Y viic . (19.2)

where v;; is an unitary matrix, thus the new operators bz also follow fermionic
commutation relations, i.e. by are also fermionic operators.
All eigenstates of the Hamiltonian (19.1) have the form

)y =]]&i10), (19.3)
kes2
where §2 is a subset of {1, - - - , L} denoting the occupied modes and |0) is the Fock

vacuum, which is annihilated by the operators c;. The energy for the state (19.3) is
E =), & Therefore, the ground state (GS) is given by filling up all modes with
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lowest energy, i.e. 2 = {k | & < 0}. In absence of diagonal terms in the hopping
matrix T, particle-hole symmetry forces &y = —&r41_, so the number of particles
of the ground states is [§2| = np = L /2, i.e. we will operate at half-filling.

The correlation matrix, C, has elements defined by C;; = (G S| c;r ¢j |GS), which,
in terms of the single-body modes is

Cij=) Vkivk, - (19.4)

Let us now describe the family of local Hamiltonians whose GS approaches
asymptotically the rainbow state . For bookkeeping convenience, let us number the
sites as half-integers from —(L — 1)/2 to (L — 1)/2, and the corresponding links as
integers, see Fig. 19.1. The rainbow Hamiltonian then reads

w

L—
J J T+
—ECT. c_1 — 5 el [ci' Civ1 + cT_ic,(,-H)] +h.c. (19.5)

2

[N}

H

=

=4
where h € R" is the inhomogeneity parameter, and we may also define o =
exp(—h/2), as it is done in Fig. 19.1. Via the Jordan-Wigner transformation, this
Hamiltonian is equivalent to the XX model for a spin-1/2 chain. For 7 = 0 we
recover the standard uniform 1D Hamiltonian of a spinless fermion model with open
boundary conditions (OBC). Its low energy properties are captured by a conformal
field theory (CFT) with central charge ¢ = 1: the massless Dirac fermion theory, or
equivalently (upon bosonization) a Luttinger liquid with Luttinger parameter K = 1.

For h > 1 we obtain the Hamiltonian used to illustrate a violation of the area
law for local Hamiltonians [16]. On the other hand, for 27 < 0 and truncating the
chain to the sites i > 0, one obtains a Hamiltonian which has the scale-free structure
of Wilson’s approach to the Kondo impurity problem [17]. Models where ¢; is a
hyperbolic function of the site index i were considered in order to enhance the
energy gap [18].

Fig. 19.1 Rainbow state representation, showing the (—k, +k) valence bonds above the central
link. Each bond contributes as log(2) to the entanglement entropy, thus the entanglement entropy
of the left (or right) half of the chain is L log?2. The hopping amplitudes are given in terms of
a =exp(—h/2)
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It is worth to notice the striking similarity between our system and the Kondo
chain [19]. Indeed, let us divide our inhomogeneous chain into three parts: central
link, left sites and right sites. The left and right sites correspond, in our analogy,
to the spin up and down chains used in Wilson’s chain representation of the Kondo
problem. In both cases, they form a system of free fermions, with exponentially
decaying couplings. In the Kondo chain, notwithstanding, the central link becomes
a magnetic impurity, which renders the full system non-gaussian.

19.3 Results

In a first paper [20] we analysed the deformation of the critical local 1D Hamiltonian
to explore a smooth crossover between a log law and a volume law for the EE. We
presented the details of the Heisenberg XX model. The value # = 0 corresponds to
the uniform model, which is described by the CFT, and whose entanglement entropy
could also be obtained by means of the Fisher-Hartwig conjecture [21]. Inthe h — oo
limit the GS becomes the rainbow state.

We used a graphical representation for the correlation matrix which operates as
follows. For any matrix element, C;;, we draw a line inside the unit circle with a
colour which marks the strength of the correlation between those points. A finitely-
correlated state will be characterised by a correlation matrix whose representation is
given by short lines which do not go deep inside the unit circle. A conformal state,
with infinite correlation length, is characterised by a certain self-similar structure in
the geodesic pattern. Realisations of the rainbow state correlations are also very easy
to spot. Figure 19.2 shows the structure of the correlation matrix for a 1D system
with periodic boundary conditions (PBC) for a different systems. The intensity of
each line connecting two sites is related to ‘Ci J ]

We studied numerically the EE of blocks containing ¢ sites starting from the left
extreme of the chain within the GS of Hamiltonian (19.5). For large values of 1 we
observe a characteristic fent shape in the EE, i.e. an approximately linear growth up
to £ = L followed by a symmetric linear decrease, giving the volumetric behaviour.
Figure 19.3 shows the EE for different values of & for a system of N = 32 sites. As
the value of /1 decreases, the slope decreases and ripples start to appear and for 2 = 0
they recover the parity oscillations characteristics of the von Neumann entropy with
OBC. For positive &, the slope was empirically shown to be given by //6.

The analysis of the entanglement spectrum showed very interesting connections
between conformal growth S ~ log(L) and volumetric growth S ~ L. Indeed, the
spectrum is approximately equally spaced, with an entanglement spacing AL that
decays with the system size as 1/log(L) at the conformal point and as 1/L for
rainbow system. We have also found that the EE is approximately proportional to the
inverse of the entanglement spacing, in wide regions of the parameter space, which
generalises previous known results for critical and massive systems.
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Fig. 19.2 Structure of the correlation matrix defined by the elements C;; for a system of N = 32
with periodic boundary conditions. Left: for a homogeneous system. Right: for a rainbow system
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Fig. 19.3 Block entropy Sy, for a system of size L = 16 (32 sites). Notice the tent shape appear
for small inhomogeneities in the system, denoting volumetric growth of the entanglement entropy

In a second paper we have extended the analysis using field-theory methods [22].
We showed that the system can be described as a conformal deformation of the
homogeneous case & = 0, given by the following transformation

hixl _ 1
7= sign(x)eT , (19.6)

which maps the interval x € [—L, L] to X € [—L, L], where L = (¢ — 1)/ h.
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If we expand the local operators ¢, into slow modes, ¥ (x) and v (x) around
the Fermi points +kp

Cil

Ja

located at the position x = an € (—.%,.Z), where a is the lattice spacing and . =
aL and, at half-filling kr = 7/(2a) is the Fermi momentum. With this expansion
we were able to obtain the Hamiltonian

~ eikl"XI/fL(X) +€7ikl"xlﬁR(x) , (19.7)

L
H :i/ﬁ[ﬁam AR (19.3)

L

which represents the free fermion Hamiltonian for a chain of length 2L under trans-
formation (19.6) with the the fermion fields given by

. dx\ 2
YR,L(X) = (d—) VrL(x) . (19.9)
X

Thus, using conformal invariance and substituting L by L, we were able to transform
the EE for a block of one-half of the critical system [23]

SCFT = clog(L) /6 + ¢, (19.10)

into the EE of the rainbow system

5= Stog (o) 4o (19.11)
=—_1lo c .
LT '\ T

which is shown in Fig. 19.4 as a function of the half-chain size to check the theoretical
prediction for different values of /.

We also showed that the corresponding conformal transformations suggests the
definition of a temperature T = 1/8 = h/(2m). Based on the entanglement spec-
trum, which is given the eigenvalues of the entanglement Hamiltonian

Hp =Y e,b'b, + fo . (19.12)
p

where b, and b; are fermion operators and the entanglement energies are given
approximately by

2

:I:%,...,iL_l L :even
1,£2,...,£(L —2), L:odd,

1
&p X ALp, forp:{(:)tz’ (19.13)
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Fig.19.4 Comparing numerical results of the half-chain entropy of the rainbow system for different
values of & with the theoretical prediction

where the level spacing A is related to the half-chain entropy. Moreover, the single-
body entanglement energies fulfil

21 b4 272
~ R CFT _ _
ep = Pe, = <_h ) (—L p) - p. (19.14)

Thus, the appearance of a volume law entropy is linked to the existence of an effective
temperature for the GS of the rainbow model that was finally identified with a thermo-
field state

W)=Y e P52 n) In)g (19.15)

where |n) ; and |n); correspond to the homogeneous GS for the right and left parts of
the chain with 7 = 0. This striking result points towards an unexpected connection
with the theory of black holes and the emergence of space-time from entanglement.
These intriguing connections were further explored within the framework of CFT
[24]. Furthermore, we also showed how the deformation on the system accounts for
the change in the dispersion relation, the single-particle wave functions in the vicinity
of the Fermi point and the half-chain von Neumann and Rényi entropies. Finally, we
show how to extend the rainbow Hamiltonian to more dimensions in a natural way
and we to checked that the EE of the 2D analogue grows as the area of the block.
In a third paper [25] we applied methods of 2D quantum field theory in curved
space-time to determine the entanglement structure of the rainbow phase. We showed
that the rainbow system can be described by a massless Dirac fermion on a Rieman-
nian manifold with constant negative curvature everywhere except at the centre,
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equivalent to a Poincaré metric with a strip removed. We used this identification to
apply CFT for inhomogeneous 1D quantum systems [26] to provide accurate predic-
tions for the smooth part of the n-order Rényi EE for blocks of different types such
as the block at the chain’s edge given by the bipartition A = [—L, x], B = [x, L]

1
SCFT (x) = ";r InY @), (19.16)
n
where WL -
1 S
Y(x) = 8e‘h|x|eTcos (%ZM—_I> , (19.17)

or for a block at an arbitrary position given by the bipartition A = [x}, x2], B =
[—L,xi]U[x2, L]

1
SEPT () = o Y (31, )+ By (19.18)

where E, is a non-universal constant, and with ¢’ = ¢~ we have

eI 1612 (%) — F2) | nE) i
Y(x1,x) = ——— sin — cos| — )Jcos| — | .
2 cos (”("I—T“)> 4L 2L 2L
4L

(19.19)

Furthermore, we also showed that for a physical temperature 7 = J (xg), i.e.

a temperature in the range of the energies spanned by the values of the hopping

amplitude for a point xo € [—L, L], the system splits into three regions: x < —xy,

x € [—xp, xo] and x > x (cf. Fig. 19.5). The central region still behaves as if it were

at 7 = 0 while the two extremes as if they were at T — oo. Thus, the entropy of a
block is obtained by adding the contributions on each region

(L - |x|) lnza X € (_Lv _.X()) 9
S(x)~{ (L —x0)In2+ (xo — |xDh/6, x € (—x0, X0) , (19.20)
(L —2x04+x)In2, x € (xo, L) .

Rainbow

Thermal /_\ Thermal
[l

]
Loy«r T gsr TR jer  FL

Fig. 19.5 Tllustration for the finite temperature behaviour of the rainbow chain. Let us find xo such
that T =~ J(xo) = J(—xp). Then, for |x| > |xg|, J(x) < T and the system behaves as if it were at
infinite temperature. On the other hand, for |x| < |xp| the system behaves as if at zero temperature
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Fig. 19.6 Time evolution of the entanglement entropy. Left: for blocks of size ¢ starting from the
leftmost site. Notice the time periodicity and the strict order: the entropy of a larger block is always
strictly larger than the entropy of a smaller one. Right: for the tent shape (cf. Fig. 19.3) of the
entropy

In a fourth paper [27], we study the time-evolution of the rainbow state and the
dimer state, after a quench to a homogeneous Hamiltonian in 1D. The subsequent
evolution of the EE presents very intriguing features. First, the EE of the half-chain
of the rainbow decreases linearly with time and, after it reaches a minimal value,
it increases again, eventually reaching (approximately) the initial state. Blocks of
smaller sizes only decrease after a certain transient time, which can not be explained
directly via a Lieb-Robinson bound [28], since the quench is global (cf. Fig. 19.6).
There has been experimental proposals resulting in maximal entanglement with dif-
ferent technologies [29] and simulated quench with integrated photonic chips [30].

The dimer state, on the other hand presents an opposite behaviour: the EE grows
linearly for all blocks, reaching a maximally entangled state which resembles the
rainbow state. Afterwards, the EE decreases again, cyclically. We also focus on the
correlation between pairs of sites which suggests the motion of quasiparticles.- Thus,
we will attempt a theoretical explanation in terms of an extension of the quasiparticle
picture by Calabrese and Cardy [31].
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