Chapter 11 )
Numerical Solution of Generalized Chack for
Minimax Problems

Ladislav Luksan, Ctirad Matonoha, and Jan Vicek

Abstract This contribution contains the description and investigation of three
numerical methods for solving generalized minimax problems. These problems con-
sists in the minimization of nonsmooth functions which are compositions of special
smooth convex functions with maxima of smooth functions. The most important
functions of this type are the sums of maxima of smooth functions. Section 11.2 is
devoted to primal interior point methods which use solutions of nonlinear equations
for obtaining minimax vectors. Section 11.3 contains investigation of smoothing
methods, based on using exponential smoothing terms. Section 11.4 contains
short description of primal-dual interior point methods based on transformation of
generalized minimax problems to general nonlinear programming problems. Finally
the last section contains results of numerical experiments.

11.1 Generalized Minimax Problems

In many practical problems we need to minimize functions that contain absolute
values or pointwise maxima of smooth functions. Such functions are nonsmooth
but they often have a special structure enabling the use of special methods that
are more efficient than methods for minimization of general nonsmooth functions.
The classical minimax problem, where F(x) = maxj<k<m fk(x), or problems
where the function to be minimized is a nonsmooth norm, e.g. F(x) = || f(x)| oo,
F) = [f+®les F@® = [f @l F&) = (£ with fx) =
[1(), s fu@OIT and fy(x) = [max{fi(x),0}, ..., max{f,(x),0)]", are
typical examples. Such functions can be considered as special cases of more
general functions, so it is possible to formulate more general theories and construct
more general numerical methods. One possibility for generalization of the classical
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minimax problem consists in the use of the function

F(x) = max p! f(x), (11.1)
1<k<k

where p;, € R",1 <k <k,and f : R" — R" is a smooth mapping. This function
is a special case of composite nonsmooth functions of the form F(x) = fo(x) +
max1<k<k(p,{ f(x) + br), where fy : R* — R is a continuously differentiable
function [8, Section 14.1].

Remark 11.1 We can express all above mentioned minimax problems and nons-
mooth norms in form (11.1).

(a) Setting p; = ex, where ey is the k-th column of an identity matrix and k = m,
we obtain F(x) = maxj<k<m fk(x) (the classical minimax).

(b) Setting p; = ek, p,, 1 = —ex and k = 2m, we obtain
F(x) = max| <g=m max{ f(x), — fx ()} = | £ (®)lloo-

(c) Setting p;, = ey, p,,.1 =0and k = m + 1, we obtain
F(x) = max{maxj<t<m fx(x), 0} = || f () + oo

(d) If k =2™ and p;, 1 <k < 2™, are mutually different vectors whose elements
are either 1 or —1, we obtain
F(x) =Y 0L max{ fi (x), — fi ()} = [ £ ()1

(e) If k =2" and p;, 1 < k < 2™, are mutually different vectors whose elements
are either 1 or 0, we obtain F(x) = Y ;_; max{ fk(x), 0} = || f ()l

Remark 11.2 Since the mapping f(x) is continuously differentiable, the func-
tion (11.1) is Lipschitz. Thus, if the point x € R" is a local minimum of F(x),
then 0 € 9 F(x) [25, Theorem 3.2.5] holds. According to [25, Theorem 3.2.13], one
has

IF(x) = (V) convpy : k e Z(x)},

where Z(x) = {k € {1,...,k} : p,{f(x) = F(x)}. Thus, if the point x € R” is
a local minimum of F(x), then multipliers Ay > 0, 1 < k < k, exist, such that
M(plf(x)— F(x))=0,1<k <k,

k k
Zkkzl and ZAkJT(x)pk=0,

k=1 k=1

where J (x) is a Jacobian matrix of the mapping f(x).

Remark 11.3 1t is clear that a minimum of function (11.1) is a solution of a
nonlinear programming problem consisting in minimization of a function F :
R"! — R, where F(x, z) = z, on the set

C={(x,z) eR"™ : pl f(x) <z, 1 <k <k}
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Denoting ¢ (x, z) = kaf(x) —zanday = Vep(x,z), 1 <k <k, we obtain a; =
[pFJ(x),—1]" and g = VF(x,z) = [07, 117, so the necessary KKT conditions
can be written in the form

Ak (p,{f(x) —z) =0, where Ay > 0,1 < k < k, are the Lagrange multipliers and
z = F(x). Thus, we obtain the same necessary conditions for an extremum as in
Remark 11.2.

From the examples given in Remark 11.1 it follows that composite nondifferen-
tiable functions are not suitable for representation of the functions F(x) = || f (x) |1
and F(x) = || fy+(x)|/1 because in this case the expression on the right-hand side
of (11.1) contains 2" elements with vectors p;, 1 < k < 2™. In the subsequent
considerations, we will choose a somewhat different approach. We will consider
generalized minimax functions established in [5] and [23].

Definition 11.1 We say that F : R" — R is a generalized minimax function if

F(x) =h(Fi(x),..., Fu(x)), F(x)= max fu(x), 1=<k=m,
1<l<my
(11.2)
where h : R — Rand fiy : R" - R, 1 <k <m,1 <1 < myg, are smooth
functions satisfying the following assumptions.

Assumption 11.1 Functions fy, 1 <k <m, 1 <1 < my, are bounded from below
on R, so that there exists a constant F € R such that fy(x) > F, 1 < k < m,
1 <1l <my, forallx € R™.

Assumption 11.2 Functions Fy, 1 < k < m, are bounded from below on R", so
that there exist constants F;, € R such that Fi(x) > F;, 1 <k <m, forallx € R".

Assumption 11.3 The function h is twice continuously differentiable and convex
satisfying

a
0<hk§8 h(z) <hy, 1<k<m, (11.3)
Zk

foreveryz € Z ={z e R" : zx > Fi, 1 <k < m} (vector z € R"™ is called the
minimax vector).
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Assumption 11.4 Functions fiy(x), 1 < k < m, 1 < 1 < my, are twice
continuously differentiable on the convex hull of the level set

Dr(F)={xeR": Fi(x) < F, 1 <k <m}

for a sufficiently large upper bound F and subsequently, constants g and G exist
such that ||g,;(x)|| < gand |G (x)|| < Gforalll <k <m,1 <1 < my, and
x € convDp(F), where g1 (x) =V fr(x) and Gy (x) = szkl(x).

Remark 11.4 The conditions imposed on the function A (z) are relatively strong but
many important nonsmooth functions satisfy them.

(1) Let h : R — R be an identity mapping, so h(z) = z and h’'(z) = 1 > 0. Then
setting k = 1, m; = [ and

F(x) = h(F(x)) = Fi(x) = max p] f(x)

1<i<l

(since f1; = plT f(x)), we obtain the composite nonsmooth function (11.1) and
therefore the functions F(x) = maxj<k<m fk (%), F(x) = || f(X) |0, F(x) =
£+ () oo ‘

(2) Leth : R™ — R, where h(z) = z1+- -+ 2m, SO 8‘;kh(z) =1>0,1<k<m.
Then function (11.2) has the form

m m
Fx)=Y Fx) =) max fu(x) (11.4)

k=1 k=1
(the sum of maxima). If my = 2 and Fy(x) = max{ fi(x), — fr(x)}, we obtain
the function F(x) = || f(x)|1. If my = 2 and Fy(x) = max{fx(x), 0},
we obtain the function F(x) = | f+(x)|1. It follows that the expression
of functions F(x) = | f(x)|l1 and F(x) = | f+(x)|1 by (11.2) contains

only m summands and each summand is a maximum of two function values.
Thus, this approach is much more economic than the use of formulas stated in
Remark 11.1(d)—(e).

Remark 11.5 Since the functions Fi(x), 1 < k < m, are regular [25, Theo-
rem 3.2.13], the function A (z) is continuously differentiable, and iy = aik h(z) > 0,
one can write [25, Theorem 3.2.9]

m m
dF(x) = conv Z hid Fr(x) = Z hyd Fr (x)
k=1 k=1

= th conV{gkl(x) 1le ik(x)}’
k=1
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where Zy(x) = {l : 1 <1 < my, fr1(x) = Fi(x)}. Thus, one has

m myg
OF(x) =D hi Y hugu(x).
k=1 =1

where for 1 < k < m itholds Ag; > 0, Agy (Fr(x) — fru(x)) = 0,1 <1 < my, and
o g = 1. Setting ugy = hghg, 1 <k <m, 1 <1 < my, we can write

m  mg

OF(x) = ungy).

k=1 I1=1

where for 1 < k < m itholds ux; > 0, ug(Fr(x) — fruu(x)) = 0,1 <1 < my,
and Z;’Zl up = hg. If a point x € R" is a minimum of a function F(x), then
0 € 9 F(x), so there exist multipliers ug;, | <k <m, 1 <1 < my, such that

m  mg my P
DD g =0, 3w =he, =, h), (11.5)
k=1 1=1 =1 <k
up =0, Fr(x) — fu(x) =0,  up(Fr(x) — fu(x)) = 0. (11.6)

Remark 11.6 Unconstrained minimization of function (11.2) is equivalent to the
nonlinear programming problem

minimize F(x,z) = h(z) (11.7)
subjectto  fiy(x) <zx, 1=<k=<m, 1=[=<my. |

The condition (11.3) is sufficient for satisfying equalities zx = Fr(x), 1 < k < m,
at the minimum point. Denoting cx;(x, z) = fr1(x)—zx and ax;(x, 2) = Ven(x, 2),
1 <k <m,1 <[ < my, we obtain ay (x, z) = [g],(x), —el 17, where g, (x) is
a gradient of f;(x) in x and e is the k-th column of the unit matrix of order m.
Thus, the necessary first-order (KKT) conditions have the form

m  mg my P

g =3 gu@uu=0. Y uy=hi he=, h@. (118
k=1 1=1 =1 2k

ug >0, zk— fux) =0, upy(zx— fulx)) =0, (11.9)

where uy;, 1 < k <m, 1 <1 < my, are Lagrange multipliers and z;x = Fi(x). So
we obtain the same necessary conditions for an extremum as in Remark 11.5.
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Remark 11.7 A classical minimax problem
F(x) = [ max Ji(x)
can be replaced with an equivalent nonlinear programming problem

:minimize F(x, 7) =2

subjectto  fy(x) <z, 1<k <m,

and the necessary KKT conditions have the form

m m
dg@up=0, Y up=1,
k=1

k=1

up =0, z— file) =20, wur(z— fix)) =0, 1<k=m.

Remark 11.8 Minimization of the sum of absolute values
m m
Fx) =Y _1fi®)] =Y max{f (), fi )},
k=1 k=1

where

e = fix),  fi (x) =—fi(x)

can be replaced with an equivalent nonlinear programming problem

- m
minimize F(x,z) = Y z
k=1

subjectto  —zx < fi(x) < z,

L. Luksan et al.

(11.10)

(11.11)

(11.12)

(11.13)

(11.14)

(11.15)

(there are two constraints ¢, (x) = zx — fr(x) > 0 and c,j x)=zk+ fix) >0
for each index 1 < k < m) and the necessary KKT conditions have the form

m
dog —u) =0, uf +u =1,
k=1

w20,z — fi(x) =0, uf(zk— fi(x) =0,

ue 20,z + fix) =0, w2k + fi(x) =0,

(11.16)

(11.17)
(11.18)
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where 1 < k < m.If we set ux = u; — u; and use the equality u;” +u; =1, we
obtain u;” = (1 + ux)/2, uy = (1 — ug)/2. From conditions u;” > 0, u; > 0 the
inequalities —1 < uy < 1, or |ux| < 1, follow. The condition u,j +u, = 1 implies
that the numbers u,:“, u, cannot be simultaneously zero, so either zx = fi(x) or

2k = — fr(x), that is zx = | fi(x)|. If frx(x) # 0, it cannot simultaneously hold
Zk = fr(x) and zx = — fix(x), so the numbers u,':, u, cannot be simultaneously
nonzero. Then either u; = u,:r = land zx = fx(x) or ux = —u, = —1 and

2k = — fr(x), that is uxy = fi(x)/|fx(x)|. Thus, the necessary KKT conditions
have the form

Y a@ur =0, 7 =|fix),

k=1

_ Jit)
| (o)l

Remark 11.9 Minimization of the sum of absolute values can also be reformulated
so that more slack variables are used. We obtain the problem

lurl < 1, ug if [ fie(x)| > 0. (11.19)

- m
minimize F(x,z) = Y (" +2))
&t (11.20)

subjectto  fi(x) =z —z;, <z =0, z; >0,
where 1 < k < m. This problem contains m general equality constraints and 2m
simple bounds for 2m slack variables.

In the subsequent considerations, we will restrict ourselves to functions of the
form (11.4), the sums of maxima that include most cases important for applications.
In this case, it holds

h(@) =)z Vh@) =& V*h(z) =0, (11.21)
k=1

where ¢ € R™ is a vector with unit elements. The case when %(z) is a general
function satisfying Assumption 11.3 is studied in [23].

11.2 Primal Interior Point Methods

11.2.1 Barriers and Barrier Functions

Primal interior point methods for equality constraint minimization problems are
based on adding a barrier term containing constraint functions to the minimized
function. A resulting barrier function, depending on a barrier parameter 0 < p <
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W < 00, is successively minimized on R" (without any constraints), where u | O.
Applying this approach on the problem (11.7), we obtain a barrier function

m  mg

Bu(x,2) =h@ +p) Y e —fukx), 0<up=<p, (11.22)
k=1 [=1

where ¢ : (0, 00) — R is a barrier which satisfies the following assumption.

Assumption 11.5 Function ¢(t), t € (0, 00), is twice continuously differentiable,
decreasing, and strictly convex, with lim; o ¢(t) = oo. Function ¢'(t) is increasing
and strictly concave such that lim; 10 ¢’ (t) = 0. For t € (0, 00) it holds —t¢' (1) <
1, 129" (t) < 1. There exist numbers t > 0 and ¢ > 0 such that for t < t it holds

—t¢9'(t) = ¢ (11.23)
and
¢' (" (1) — ¢"(1)* > 0. (11.24)
Remark 11.10 A logarithmic barrier function
o(t) =logr™' = —logt, (11.25)
is most frequently used. It satisfies Assumption 11.5 with ¢ = 1 and T = oo but

it is not bounded from below since log¢ 1 oo for ¢t 1 oo. For that reason, barriers
bounded from below are sometimes used, e.g. a function

t
o) =logt™' +171) = —logt;, (11.26)

which is bounded from below by number ¢ = —log t, or a function

p(t) = —logt, 0<t<Tt, o) =at > +br ' +e, t>1, (11.27)

which is bounded from below by number ¢ = ¢ = —logt — 3/2, or a function

o) = —logt, O0<t<r, o) =at" +br7 V24, =1, (11.28)

which is bounded from below by number ¢ = ¢ = —logt — 3. Coefficients a,
b, c are chosen so that function ¢(¢) as well as its first and second derivatives are
continuous in t = t. All these barriers satisfy Assumption 11.5 [23] (the proof of
this statement is trivial for logarithmic barrier (11.25)).

Even if bounded from below barriers (11.26)—(11.28) have more advantageous
theoretical properties (Assumption 11.1 can be replaced with a weaker Assump-
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tion 11.2 and the proof of Lemma 11.2 below is much simpler, see [23]), algorithms
using logarithmic barrier (11.26) are usually more efficient. Therefore, we will only
deal with methods using the logarithmic barrier ¢ (#) = —log¢ in the subsequent
considerations.

11.2.2 Iterative Determination of a Minimax Vector
Suppose the function 4 (z) is of form (11.21). Using the logarithmic barrier ¢(¢) =
—log¢, function (11.22) can be written as

m  mg

Bu(x,2) =) zk—py Y loglzk— fux), 0<wm=pm (1129
k=1

k=1 I=1

Further, we will denote g,;(x) and Gy;(x) gradients and Hessian matrices of
functions f(x), 1 <k <m, 1 <[ < my, and set

I

up(x,z) = >0,
u(¥,2) 2k — Ju(x)
vk (X, 2) = " , = 1u,%,(x,z) >0, (11.30)
(zk — fru(x)) 7
and
ur1(x, z) ve1(x, z) 1
up(x,z) = : ;o vk(x,z) = : , e =

Uiy (X, Z) Vkmy (X, 2) 1

Denoting by g(x,z) the gradient of the function B, (x,z) and yx(x,z) =
32 B, (x,z), the necessary conditions for an extremum of the barrier func-
tion (11.22) can be written in the form

m  mg m
gx.2) =Y Y gu@uux.z) =Y Ar(x)u(x.z) =0, (11.31)
k=1 I=1 k=1
mg
v 2)=1- up(x.2)=1-élm(x.2)=0, 1<k<m, (1132
=1

where Ag(x) = [gg1(X), ..., &km, (X)), which is a system of n + m nonlinear
equations for unknown vectors x and z. These equations can be solved by the
Newton method. In this case, the second derivatives of the Lagrange function (which
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are the first derivatives of expressions (11.31) and (11.32)) are computed. Denoting

m  mg

Gx,2) =) Y Guxuux,2), (11.33)

k=11=1
the Hessian matrix of the Lagrange function and setting
Ui (x, 2) = diaguk1(x, 2), ..., km (X, 2)],
Vi(x, z) = diag[vg1(x, 2), ..., Vi (%, 2)] = llLUkz(x, 2),

we can write

m  mg m. mg

d
g 8ED =D Guuu(x, )+ YD g ®)vu (¥, gk ()

k=1 1=1 k=1 i=1

=Gx.2)+ Y Arx)Vi(x, 2)A] (x), (11.34)
k=1

9 ok
9y 8D =~ Y gu@vn(x, 2) = —Ar(x)vi(x, 2), (11.35)

=1

] ok
. Ye(x,z) = — ; v (%, 2) g1 (x) = —vj (x, 2) Af (x), (11.36)

9 ok 7

g, VD) = > vn(x.2) = & vi(x. 2). (11.37)

=1

Using these formulas we obtain a system of linear equations describing a step of the
Newton method

W(x, z) —A1x)v1(x,2) - —Ap(x)vy(x, 2) Ax
oI, AT @) efvix,z) - 0 Az
) ) (11.38)
vl (x, .z)A,fi(x) 6 - é;vm.(x, 2) A%m
g(x,z)

vi(x,2)

Ym(X,2)
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where
m
Wx,2) =Gx,2)+ Y Ar(x)Vi(x, 2)Af (x). (11.39)
k=1
Setting
Clx,z) =[A1(x)v1(x,2), ..., An(X)Vp(x, 2)],
D(x,z) = diag[é] vi(x,z2), ..., &L v, (x, 2)]
and y(x,2) = [1(x,2),..., vm(x, z)]T, a step of the Newton method can be
written in the form
|: ng,z) —C(x, z)} [Ax} __ [g(x,z):|. (11.40)
—C"(x,2) D(x,2) || Az y(x,2)

The diagonal matrix D(x, z) is positive definite since it has positive diagonal
elements.

During iterative determination of a minimax vector we know a value of the
parameter p and vectors x € R", z € R"™ such that zx > Fr(x), 1 < k < m.
Using formula (11.40) we determine direction vectors Ax, Az. Then, we choose a
step length « so that

B, (x +aAx,z+aAz) < B, (x.2) (11.41)

and zx + ¢Azx > Fy(x + ¢Ax), 1 < k < m. Finally, we set x;1 = x + ¢ Ax,
Z+ = Z + oAz and determine a new value uy < p. If the matrix of system of
equations (11.40) is positive definite, inequality (11.41) is satisfied for a sufficiently
small value of the step length «.

Theorem 11.1 Let the matrix G(x, z) given by (11.33) be positive definite. Then
the matrix of system of equations (11.40) is positive definite.

Proof The matrix of system of equations (11.40) is positive definite if and only
if the matrix D and its Schur complement W — CD~!CT are positive definite [7,
Theorem 2.5.6]. The matrix D is positive definite since it has positive diagonal
elements. Further, it holds

m
W-cD'cT =G + Z (AkaA;f - Akaék(éI{Vkék)_l(Akaék)T) ,
k=1

matrices AkaA,{ — Akaék(é,kaék)_l(Akaék)T, 1 < k < m, are positive
semidefinite due to the Schwarz inequality and the matrix G is positive definite
by the assumption. O
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11.2.3 Direct Determination of a Minimax Vector

Now we will show how to solve system of equations (11.31)—(11.32) by direct
determination of a minimax vector using two-level optimization

z(x; u) = argmin B (x, z), (11.42)
zeR™
and
x* = argmin B(x; 1), B(x; ) = B (x, z(x; w)). (11.43)

xeR?

The problem (11.42) serves for determination of an optimal vector z(x; u) € R™.
Let B,L (z) = Bu(x,z) for a fixed chosen vector x € R". The function B,L ()
is strictly convex (as a function of a vector z), since it is a sum of convex
function (11.21) and strictly convex functions —p log(zx — fr(x)), 1 < k < m,
1 <1l < mg. A minimum of the function B,L (z) is its stationary point, so it is
a solution of system of equations (11.32) with Lagrange multipliers (11.30). The
following theorem shows that this solution exists and is unique.

Theorem 11.2 The function 15’” (z) : (F(x),00) — R has a unique stationary
point which is its global minimum. This stationary point is characterized by a system
of equations y (x,z) = 0, or

mj

. 3
l—elup=1- =0, 1<k<m, (11.44)
k ;Zk_fkl(x)

which has a unique solution z(x; u) € Z C R™ such that
Fr(x) < Fe(x) + 1 < zi(x; ) < Fr(x) +mpp (11.45)

forl <k <m.

Proof Definition 11.1 implies fi;(x) < Fr(x), 1 <k <m, 1 <1 < my, where the
equality occurs for at least one index /.

(a) If (11.44) holds, then we can write

my
n n
1= > &z — Fr(x) > p,
= = Sux) = Fi(x)
- n Mt
k
= 7k — Fr(x) < mpu,

=1 Sk~ S (x) = zk — Fr(x) <

which proves inequalities (11.45).
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(b) Since
my
e F i ZI_X;MJrFk(xI;—sz(x)<1_Z=0’
< n T
e Emgs) =1- ; Mg+ B — fa @) T m

and the function yi(x, zx) is continuous and decreasing in Fr(x) + p <
2k (x; w) < Fr(x) + my by (11.37), the equation yk(x, zx) = 0 has a unique
solution in this interval. Since the function Ig’u(z) is convex this solution
corresponds to its global minimum.

O

System (11.44) is a system of m scalar equations with localization inequali-
ties (11.45). These scalar equations can be efficiently solved by robust methods
described e.g. in [14] and [15] (details are stated in [22]). Suppose that z = z(x; ©)
and denote

m  mg

B(x; p) = sz W) =iy Y log(ar(x; ) — fux)). (11.46)

k=1 I=1

To find a minimum of B, (x, z) in R"+™ it suffices to minimize é(x; W) in R,

Theorem 11.3 Consider the barrier function (11.46). Then

VB ) =) A(our(x: ). (11.47)
k=1

V2B (x; p) = W(xs w) — Clx; ) D~ xe; ) CT (x5 )

=Gx; 1)+ Y Ar@)Vilx; wAf (x)
k=1

Z Ar(x) Vi (x; M)ekek Vie(x; ) AL (x)
k=1 ek Vk(xs /’L)ek

, (11.48)

where G(x; ) = G(x,z(x;u)) and W(x;n), Clx;p), D(x;u), Ur(x;p),
Vilx; n) = Ukz(x; w/u, 1 < k < m, are obtained by the same substitution. A
solution of equation

V2B(x; w)Ax = —VB(x; 1) (11.49)
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is identical with Ax given by (11.40), where 7 = z(x; ) (so y(x, z(x; n)) = 0).

Proof Differentiating the barrier function (11.46) and using (11.32) we obtain

m m  mg

VB(x; ) = Z ORI IICE u)( 2k (s ) — xfkl(x>)

k=1 k=1 I=1

m  mg

=Zaiz,<<x;u)( Zukl(x u>)+22uk1(x W, fua®)
k=1

k=1 I1=1

m  mg

=YY gu@uux ) =Y Aui(x; ),

k=1 1=1 k=1

where

upr (x5 n) = g I<k<m, 1<I<my. (11.50)

zk(xs ) — fu(x)’

Formula (11.48) can be obtained by additional differentiation of relations (11.32)
and (11.47) using (11.50). A simpler way is based on using (11.40). Since (11.32)
implies p (x, z(x; 1)) = 0, we can substitute y = 0 into (11.40), which yields the
equation

(W(x, 2) = Cx,2)D7 ' (x,2)CT (x, z)) Ax = —g(x,2),
where z = z(x; u), that confirms validity of formulas (11.48) and (11.49) (details

can be found in [22]). O

Remark 11.11 To determine an inverse of the Hessian matrix, one can use a
Woodbury formula [7, Theorem 12.1.4] which gives

(V2BGe; )™ = Wl e ) — Wl i Clxs )
—1
(€T ipW ™ s ) C s 1) — DGx: ) )
CTx; W x; o). (11.51)

If the matrix V2B (x; w) is not positive definite, it can be replaced by a matrix
LLT = V2B(x; u) + E, obtained by the Gill-Murray decomposition [10]. Note
that it is more advantageous to use system of linear equations (11.40) instead
of (11.49) for determination of a direction vector Ax because the system of
nonlinear equations (11.44) is solved with prescribed finite precision, and thus a
vector y (x, z), defined by (11.32), need not be zero.
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From
1 -
Vites ) = UP(esp), me(xip) 20, efup(xip) =1, 1<k<m,
w

it follows that || Vi (x; )|l 1+ oo if u | 0, so Hessian matrix (11.48) may be ill-
conditioned if the value w is very small. From this reason, we use a lower bound
u > 0 for .

Theorem 11.4 Let Assumption 11.4 be satisfied and n > @ > 0. If G(x; ) is

uniformly positive definite (if a constant G exists such that v! G(x; w)v > G||v|?),
then there is a number k > 1 such that k (VZB(x: w) < k.

Proof
(a) Using (11.30), (11.48), and Assumption 11.4, we obtain

IVZBGe; il < |G )+ ) Ar®) Vi(xs wAf (x)
k=1
m mp 1
=53 <|sz<x>ukz(x, Wi+ [udies u)gkl(x)g,{,m\)
k=1 I=1 ®
§m<’uG—|—g2>éC§C, (11.52)
2 T

because 0 < ug;(x; pn) < é,{uk(x; w=11<k<m,1 <] <my,by(11.44).
(b) From the proof of Theorem 11.1 it follows that the matrix V2l§(x; W —G(x; )
is positive semidefinite. Therefore,

AMV2B(x: ) > MG (x; p) > G.

(c) Since (a) implies A(Vzé(x; w) = ||V21§(x; W < c/u,using (b) we can write

AMV2B(x; D)

V2B ;
K ( (x; W) = MV2BCE: 1) MG

K. (11.53)
O

Remark 11.12 1f there exists anumber k > 0 such that/c(VzB(x,, wi)) <k,i €N,
the direction vector Ax;, given by solving a system of equations V2B(x;; i) Axi =
—VB(x,, Wi), satisfies the condition

(Ax)" g (xi; i) < —eollAxillllg i wo)ll, i €N, (11.54)

where gy = 1/\//( and g(x; u) = Vé(x; w). Then, for arbitrary numbers 0 < g1 <
&2 < 1 one can find a step length parameter «; > 0 such that for x; 1 = x; +o; Ax;
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it holds
B(xii1: i) — B(x;: w;
< (Xiy1 Hz)T (xis i) <o, (11.55)
o (Ax;)" g (x5 wi)
so there exists a number ¢ > 0 such that (see [26, Section 3.2])
B(xivi: i) — Bleis i) < —clgGeiz nn)l*, i € N. (11.56)

If AssumptionAl 1.4 is not satisfied, then only (Ax;)” g(x;; ;) < 0 holds (because
the matrix V2B (x; w) is positive definite by Theorem 11.1) and

B(xit1; i) — B(xi; i) <0, ieN. (11.57)

11.2.4 Implementation

Remark 11.13 In (11.39), it is assumed that G (x, z) is the Hessian matrix of the
Lagrange function. Direct computation of the matrix G(x; u) = G(x, z(x; wn)) is
usually difficult (one can use automatic differentiation as described in [13]). Thus,
various approximations G ~ G(x; p) are mostly used.

* The matrix G & G(x; i) can be determined using differences

1[{& -
Gw; = 5 (Z Ar(x + 8w j)ug(x; w) — ZA(x)uk(x§ H)) .

k=1 k=1

The vectors wj, 1 < j < k, are chosen so that the number of them is as small as
possible [4, 27].

e The matrix G & G(x; ) can be determined using the variable metric methods
[17]. The vectors

m m
d=xi—x. y=) A =) Ac@u(es:
k=1 k=1

are used for an update of G.
» If the problem is separable (i.e. fy;(x), 1 <k <m, 1 <[ < my, are functions of
a small number ng; = O (1) of variables), one can set as in [12]

m  mg

G = Z Z Zkléklzlz;ukl(xa Z)’

k=1 I=1
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where the reduced Hessian matrices Gy are updated using the reduced vectors
diy = Zl, (x4 —x) and §1y = Zi (g1 (x4) — g (x)).

Remark 11.14 The matrix G ~ G(x; ) obtained by the approach stated in
Remark 11.13 can be ill-conditioned so condition (11.54) (with a chosen value
g0 > 0) may not be satisfied. In this case it is possible to restart the iteration
process and set G = [. Then G = 1 and G = 1 in (11.52) and (11.53), so it is
a higher probability of fulfilment of condition (11.54). If the choice G = I does not
satisfy (11.54), we set Ax = —g(x; u) (a steepest descent direction).

An update of p is an important part of interior point methods. Above all, o | 0
must hold, which is a main property of interior point methods. Moreover, rounding
errors may cause that zx (x; u) = Fi(x) when the value p is small (because F (x) <
Zk(x; w) < Fr(x) + mpp and Fi(x) + mpu — Fr(x) if w | 0), which leads to
a breakdown (division by zx(x; u) — Fi(x) = 0) when computing 1/(zx(x; u) —
Fi(x)). Therefore, we need to use a lower bound u for a barrier parameter (e.g.
w = 1078 when computing in double precision).

The efficiency of interior point methods also depends on the way of decreasing
the value of a barrier parameter. The following heuristic procedures proved success-
ful in practice, where g is a suitable constant.

Procedure A

Phase 1. If ||g(x;; ui)ll = g, then w;4+1 = u; (the value of a barrier parameter is
unchanged).
Phase 2. If ||g(x;; ui)|l < g, then

iy =max i, . 102w Pl (11.58)

where F(x;y1) = F1(xi+1) + -+ + Fn(xi+1), €p is a machine precision, and

fir = min fmax(is, /(0 + DY max(ligGei; w1074}
(11.59)

The values u = 1078, 2 = 0.85, and o = 100 are usually used.
Procedure B

Phase 1. If |g(x;; ui)||®> = ¥, then Wi+1 = Wi (the value of a barrier parameter
is unchanged).
Phase 2. If ||g(x;; wi)ll> < 9 i, then
piy1 = max{p, |1g; Geis u)l1%). (11.60)

The values 4« = 107% and ¥ = 0.1 are usually used.
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The choice of g in Procedure A is not critical. We can set g = oo but a lower
value is sometimes more advantageous. Formula (11.59) requires several comments.
The first argument of the minimum controls the decreasing speed of the value of a
barrier parameter which is linear (a geometric sequence) for small i (the term A ;)
and sublinear (a harmonic sequence) for large i (the term w; /(o ; + 1)). Thus, the
second argument ensuring that the value p is small in a neighborhood of a desired
solution is mainly important for large i. This situation may appear if the gradient
norm ||g (x;; ii)l|l is small even if x; is far from a solution. The idea of Procedure B
proceeds from the fact that a barrier function 1§(x; ) should be minimized with a
sufficient precision for a given value of a parameter u.

The considerations up to now are summarized in Algorithm 11.1 introduced in
the Appendix. This algorithm supposes that the matrix A(x) is sparse. If it is dense,
the algorithm is simplified because there is no symbolic decomposition.

11.2.5 Global Convergence

Now we prove the global convergence of the method realized by Algorithm 11.1.
Lemma 11.1 Let numbers zi(x; ), 1 < k < m, be solutions of Eq. (11.44). Then
m  mg

a 0 A
g kW >0 Lk =m, o B = - Y log(z(x; ) — fi(x)).
k=1 I=1

Proof Differentiating (11.44) with respect to i, one can write for 1 <k <m

my mg

! m 9
- L w) =0,
2 2k (s ) = fia (x) t2 (zk (5 ) — frr (x))? 8sz(x 2

I=1 =1
which after multiplication of  together with (11.30) and (11.44) gives
) g 2 -1 g . -1
ap K = (; (e (3 1) — sz<x)>2> = (; i ’”) =0
Differentiating the function

m mg

Blx; )=zt —p ) Y log(zk(xs w) — fia(x)) (11.61)
k=1

k=1 1=1



11 Numerical Solution of Generalized Minimax Problems

and using (11.44) we obtain

8 R m 8 m mpg
s B =3 we ) =YY loglak(x; 1) = fu(x))
K k=1 K k=1 1=1
my

—iz g e
Zk (s ) — fru(x) dp

k=1 I=1

a m mg
= BMZk(xQH)Z<1_Z g )

=1 = (s ) = fu(x)

m  mg

_ Z Z log(zx (x5 1) — fr(x))

k=1 I=1

m  mg

- _ Z Zlog(Zk(x; W) = fr(x)).

k=1 I1=1

381

O

Lemma 11.2 Let Assumption 11.1 be satisfied. Let {x;} and {j;}, i €N, be
the sequences generated by Algorithm 11.1. Then the sequences {B(x;; i)},
{z(x;; ui)}, and {F(x;)}, i € N, are bounded. Moreover, there exists a constant

L > 0 such that for i € N it holds

B(xit1; it1) < B(rivs ) + L(i — pit1)-

Proof

(11.62)

(a) We first prove boundedness from below. Using (11.61) and Assumption 11.1,

one can write

m m  mp

B; )= F =) zxs ) — F =y Y log(ar(x; ) — fu(x))

k=1 k=1 1=1

> ) (a0 — F — mgplog(ze(x; ) — F)).
k=1

A convex function ¥ (t) = t — mpulog(¢) has a unique minimum at the point

t = mu because ' (mu) = 1 — mu/mu = 0. Thus, it holds

m
B(x; ) > F + Z(mw — mjplog(mpp))
k=1
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m
> F+ ) min{0, meu(l — log(me)}
k=1

m
> F+ Y min{0, myu(l — log(mpn)} 2 B
k=1

Boundedness from below of sequences {z(x;; ©;)} and {F(x;)}, i € N, follows
from inequalities (11.45) and Assumption 11.1.
(b) Now we prove boundedness from above. Similarly as in (a) we can write

m
A k(X () —
B(x;u)— F > E
(x5 w) =L )

Z(Zk(x " - —mkﬂlog(Zk(x§“)_F)>'

A convex function ¢ /2 —mpu log(¢) has a unique minimum at the point ¢t = 2mpu.
Thus, it holds

Z 2k (x; M) + Fa Zmin{o, mu(1 —log(2myw))}
k=1 k=1

" (s ) —
= Z 5

k=1

I \%

or

> (ar(xs p) — F) < 2(B(x; ) — B). (11.63)
k=1

Using the mean value theorem and Lemma 11.1, we obtain
B(xit1; tiv1) — B(xigrs i)

m  mg

= Z Zlog(Zk(xm; i) — fr(eiv) (i — mis1)

k=1 I=1

m mi
sZZlog<Zk<x,+1 i) = fuGeir1) (i = pis1)
k=1 1=1
Z milog(zx(xit1; i) — F) (i — pig), (11.64)
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where 0 < pi+1 < 1; < p;. Since log(t) < t/e (where e = exp(1)) for ¢t > 0,
we can write using inequalities (11.63), (11.64), and (11.45)

B(xii1: tiv1) — B < B(xjy1; ui) — B
m
+ Y milog(i (xig1; wi) — F)(ui — piv1)
k=1
< B(xiz1; i) — B
m
e 'Y mi(ar(rivts ) — F) (i — i)
k=1
< 1§(M+1; wi) — B
+2e ' m(B(xig1s i) — BY (i — pit1)
= (1 +A8)(B(xi11; i) — B)
< (14+28)(B(x;; i) — B),

where A = 2m/e and §; = u; — wi+1. Therefore,

L
B(xiyriimiv)) — B < [ [ +48)(BGx1: 1) — B)

~
—

=<

(1+ A8:)(B(x1; 1) — B) (11.65)

—

i=1

and since
o0 o0
Z)»Si =A Z(,U«i — fi+1) = A(p — lim p;) < Ap
i—1 i=1 oo

the expression on the right-hand side of (11.65) is finite. Thus, the sequence
{1§(x,-; wi)}, i € N, is bounded from above and the sequences {z(x;; w;)} and
{F(x;)},i € N, are bounded from above as well by (11.63) and (11.45).

(c) Finally, we prove formula (11.62). Using (11.64) and (11.45) we obtain

B(Xis1; iv1) — B(xig1s i)

m
<Y milog(i(xiyi; i) — F)(ui — pig1)
k=1
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m
sZ mi log(Fi(Xi11) + mipti — F) (i — ig1)

3

<Y mglog(F + mgp — F)(ii — pitr)
k=1

(1>

L(wi — it1)

(the existence of a constant F' follows from boundedness of a sequence {F(xi)},
i € N), which together with (11.57) gives B(x,+1, Wir1) < B(x,, wi)+L(ui—
Wi+1), i € N. Thus, it holds

- - ~ A .
B(xi; i) < B(x1; u1) + Ly — wi) < B(xy; 1) +Lpw=B, i€N.
(11.66)
O

The upper bounds g and G are not used in Lemma 11.2, so Assumption 11.4 may
not be satisfied. Thus, there exists an upper bound F (independent of g and G) such
that F(x;) < F for all i € N. This upper bound can be used in definition of a set
Dpr(F) in Assumption 11.4.

Lemma 11.3 Let Assumption 11.4 and the assumptions of Lemma 11.2 be satisfied.
Then, if we use Procedure A or Procedure B for an update of parameter i, the values
{ui}, i € N, form a non-decreasing sequence such that u; | 0.

Proof The value of parameter u is unchanged in the first phase of Procedure A
or Procedure B. Since a function 1§(x; W) is continuous, bounded from below by
Lemma 11.2, and since inequality (11.56) is satisfied (with u; = p), it holds
llg(x;; w)|l 4 0if phase 1 contains an infinite number of subsequent iterative steps
[26, Section 3.2]. Thus, there exists a step (with index i) belonging to the first
phase such that either ||g(x;; n)|| < g in Procedure A or ||g(x;; WI?* < 9 in
Procedure B. However, this is in contradiction with the definition of the first phase.
Thus, there exists an infinite number of steps belonging to the second phase, where
the value of parameter u is decreased so that u; | O. |

Theorem 11.5 Let assumptions of Lemma 11.3 be satisfied. Consider a sequence
{x;},i € N, generated by Algorithm 11.1, where § = ¢ = 4 = 0. Then

m  mg mj

lim > guiua e ) =0, Y Jun i ) = 1,

k=1 1=1 I=1
k(X i) — fru(xi) =20, wup(xi; i) =0,
Lim ugy (x5 i) (2 (x5 i) — fr(xi)) =0
itoo

forl <k <mandl <l <my.
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Proof

(a) Equalities é,{uk(x,-; wi) = 1,1 < k < m, are satisfied by (11.44) because
8 = 0. Inequalities zx(x;; (i) — fr(x;) = 0 and ug(x;; ;) > 0 follow from
formulas (11.45) and statement (11.50).

(b) Relations (11.56) and (11.62) yield

B(xig1; wiv1) — B(xi; i) = (B(is1; pis1) — B(xig1; wi)
+(B(xis1; i) — B(xis wi)
< L (i — pir1) —cllgxis w)l?

and since lim; o0 t; = 0 (Lemma 11.3), we can write by (11.66) that

B < lim é(xi+1; Hit1)
itoo

o0 o0
< B+ LY (i —piv)) —c Y g w)ll?
i=1 i=1

(0.¢] (0.¢]
<Baip)+Lu—c) lgiiu)lP=B—c) g ml*

i=1 i=1

Thus, it holds

> 1
> llgis m)l’ < (B = B) < oo,

i=1

which gives g(x;5 i) = Y iy Y% graeum (xi5 i) 4 0.
(c) Letindices 1 < k < m and 1 <[ < my are chosen arbitrarily. Using (11.50)
and Lemma 11.3 we obtain

wi(zie(xis i) = fa(xi))

is Wi iy Mi) — i)) = =ui 0
ugr(xis i) (2 (Xi; i) — fe(xi)) 2 ) — fuxd) Hi 4

O

Corollary 11.1 Let the assumptions of Theorem 11.5 be satisfied. Then, every
cluster point x € R" of a sequence {x;}, i € N, satisfies necessary KKT
conditions (11.8)—(11.9) where z and u (with elements zx and uy;, 1 < k < m,
1 <1 < my) are cluster points of sequences {z(x;; i)} and {u(x;; u;)}, i € N.

Now we will suppose that the values 4, ¢, and p are nonzero and show how
a precise solution of the system of KKT equations will be after termination of
computation.

Theorem 11.6 Let the assumptions of Lemma 11.3 be satisfied. Consider a
sequence {x;}, i € N, generated by Algorithm 11.1. Then, if the values § > O,
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e > 0, and u > 0 are chosen arbitrarily, there exists an index i > 1 such that

mg
1= g Ceis )

=1

llg(xi; u)ll <&, <,

k(X i) — fru(xi) =0, wup(xi; i) =0,

wig (X3 i) (ze (xis i) — fru(xi)) < u,

forl <k <mandl <[ < my.

Proof Inequality |1 — é,{u k(xi; pni)| < 6 follows immediately from the fact that the
equation é,{uk (xi; i) = 1,1 < k < m, is solved with precision . Inequalities
2k (xis i) — fru(xi) = 0, ug(x;; ui) > 0 follow from formulas (11.45) and
statement (11.50) as in the proof of Theorem 11.5. Since x; | 0 and g(x;; w;) | 0
by Lemma 11.3 and Theorem 11.5, there exists an index i > 1 such that u; < u
and ||g(x;; ui)|l < e.Using (11.50) we obtain

iz ey i) — fra(xi)) _

(15 i) e (i i) = fra (1)) = i ) — fuGen)

i =

O

Theorem 11.5 is a standard global convergence result. If the stopping parameters
8, &, u are zero, the sequence of generated points converges to the point satisfying
the KKT conditions for the equivalent nonlinear programming problem. Theo-
rem 11.6 determines a precision of the obtained solution if the stopping parameters
are nonzero.

11.2.6 Special Cases

Both the simplest and most widely considered generalized minimax problem is the
classical minimax problem (11.10), when m = 1 in (11.4) (in this case we write
m, z,u, v, U, V, A instead of m1, z1, u1, v1, Uy, Vi, A1). For solving a classical
minimax problem one can use Algorithm 11.1, where a major part of computation
is very simplified. System of equations (11.38) is of order n 4 1 and has the form

|:G(x, )+ AX)V(x, 2)AT (x) —Ax)V(x, z)é} [Ax} . |:g(x, z)}
—&'V(x, AT (x) ¢'vix.oe [Az] T |ly@xo)
(11.67)

where g(x,2) = A®)u(x,2), y(x.2) = 1 — & u(x,2), V(x.2) = UX(x.2)/u =
diag[u%(x, 2), ...,ufn(x, 21/, and ug(x, z) = n/(z— fr(x)), 1 <k < m.System
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of equations (11.44) is reduced to one nonlinear equation

1—éTu@x,z2)=1- Z (11.68)

fk(x) 0

whose solution z(x; w) lies in the interval F(x) + u < z(x; u) < F(x) + mu. To
find this solution by robust methods from [14, 15] is not difficult. A barrier function
has the form

B(x; ) = z(x; ) — Yy _ log(z(x; ) — fi(x)) (11.69)
k=1

with VB(x; n) = A(x)u(x; w) and

A(x)V (x; u)“TV(x M)AT(x)

VZB(x; 1) = G(x; ) + Ax)V (x; ) AT (x) —
e V(x ne

If we write system (11.67) in the form

[ W(x,z) —c(x,z)} [Ax} . [g(x,z)}
—cT(x,2) 8(x,2) ||4z] |y, 2]’
where W(x,z) = G(x,z) + AX)V(x,2)AT (x), ¢(x,z) = A(x)V(x,z)é and

8(x,z) = &' V(x, z)e, then

c(x; el (x; w)

2p (- — . —

Since

[ W —c:|_l B [W‘l —Wlew \eTH! —W_lcw_1i|

—T s leTw—1 —w!

where w = ¢ W—1¢ — §, we can write
Ax| _ | W —c - gl _[Wlcaz—g)
Az =T 8 vl Az ’

Az = afl(cTWflg + ).

where
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The matrix W is sparse if the matrix A(x) has sparse columns. If the matrix W is
not positive definite, we can use the Gill-Murray decomposition

W+E=LLT, (11.70)

where E is a positive semidefinite diagonal matrix. Then we solve equations

LLTp=g, LLTq=c (11.71)
and set
T
Azchp—H/, Ax = q Az — p. (11.72)
clqg—34

If we solve the classical minimax problem, Algorithm 11.1 must be somewhat
modified. In Step 2, we solve only Eq.(11.68) instead of the system of equa-
tions (11.44). In Step 4, we determine a vector Ax by solving Eq.(11.71) and
using relations (11.72). In Step 4, we use the barrier function (11.69) (the nonlinear
equation (11.68) must be solved at the point x + o Ax).

Minimization of a sum of absolute values, i.e., minimization of the func-
tion (11.14) is another important generalized minimax problem. In this case, a
barrier function has the form

Bu(x,2) =) zk—p Y loglar — fi()) — ) log(zk + fi(x)

k=1 k=1 k=1
m m

=D —u logz; — ff(x)), (11.73)
k=1 k=1

where zx > | fi(x)|, 1 < k < m. Differentiating B, (x, z) with respect to x and z
we obtain the necessary conditions for an extremum

m

2 m
P =3 e, 20 g(0) =0,
=i = (11.74)
e (e, 20) = 21 fi(x)
’ 22— i)
and
212k 2 fietx)
- = 1-u(x, =0 L 2) = . (175
2 2 up(x Zk)fk(x) = up(x, zx) o ( )
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where g, (x) = Vfi(x), 1 < k < m, which corresponds to (11.31)—(11.32).
Equations in (11.44) are quadratic of the form

2uzi(x; 1)

_ 2000 1Y) — £20x) — .
2000 — f200) < g p) = fr(x) = 2pze(xs w, (11.76)

where 1 < k < m, and their solutions is given by

a0 ) = kw2 R, T<k<m, a1.77)

(the second solutions of quadratic equations (11.76) do not satisfy the condition
Zk > |fr(x)l], so the obtained vector z does not belong to a domain of By, (z)).
Using (11.75) and (11.77) we obtain

w0 = 2 s ) = ) Ji(x) (11.78)

Wl w) i i+ R0

forl <k <m and

B(x; ) = B(x,z2(x; ) = Yzl ) — pu Yy log(zz (x; ) — fE(x))

k=1 k=1

2k (s ) — Y log(2puzi(x; )
1 k=1

I
NE

~
Il

NE

[z (x5 1) — plog(z(x; w)] — wmlog(2u). (11.79)

~
Il
—

Using these expressions, we can write formulas (11.47) and (11.48) in the form
m
VB =) giun(x: ) (11.80)
k=1
and
m m
VZB(x; ) = Wxs ) = Y Gr(®)ur(x; ;1) + ) g ()i (x; gy (x),

k=1 k=1
(11.81)
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where

2p
G =V? , Cp) = , l<k<m. 11.82
k(x) (), ve(x; ) 200+ £200) <k<m ( )

A vector Ax € R" is determined by solving the equation
V2B(x; p)Ax = —g(x; ), (11.83)
where g(x; ) = Vé(x; w) # 0. From (11.83) and (11.81) it follows
(A0 g(x; 1) = —(Ax) V2B (x; ) Ax < —(Ax) G(x; ) Ax,

so if a matrix G(x; w) is positive definite, a matrix V1§(x; W) is positive definite
as well (since a diagonal matrix V(x; p) is positive definite by (11.82)) and
(Ax)T g(x; ) < 0holds (a direction vector Ax is descent for a function 1§(x; w).

If we minimize a sum of absolute values, Algorithm 11.1 needs to be somewhat
modified. In Step 2, we solve quadratic equations (11.76) whose solutions are given
by (11.77). In Step 4, we determine a vector Ax by solving Eq. (11.83), where
matrix V2l§(x; w) is given by (11.83). In Step 4, we use the barrier function (11.79).

11.3 Smoothing Methods

11.3.1 Basic Properties

Similarly as in Sect. 11.2.1 we will restrict ourselves to sums of maxima, where a
mapping k : R” — R™ is a sum of its arguments, so (11.4) holds. Smoothing meth-
ods for minimization of sums of maxima replace function (11.4) by a smoothing
function

(i) =) Sex: ), (11.84)
k=1

where

mg
Sk(x; ) = plog Z exp (fkl;x)>

=1

my
= Fk(x)—l—,ulogZexp( (11.85)

=1

S (x) — Fk(x)>
i ,
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depending on a smoothing parameter 0 < p < u, which is successively minimized
on R" with i« | 0. Since fi;(x) < Fr(x), 1 <[ < my, and the equality arises for at
least one index, at least one exponential function on the right-hand side of (11.85)
has the value 1, so the logarithm is positive. Thus Fi(x) < Si(x; u) < Fr(x) +
w log my, 1 < k < m, hold. Therefore

F(x) < S(;p) < F(x)+p Y _log my, (11.86)
k=1

soS(x;u)— F(x)ifu | 0.

Remark 11.15 Similarly as in Sect. 11.2.2 we will denote g;,(x) and Gy;(x) the
gradients and Hessian matrices of functions fi;(x), 1 <k <m, 1 <1 < my, and

up1(x; w) 1
wp(x; p) = : . ep=|:1,
Uy (X5 (1) 1
where
exp(fir (x)/ ) exp((fi (x) — Fie(x))/10)
)= = . (11.87
OGS = oG~ S o) — Ry’ )
Thus, it holds ug;(x; ) > 0,1 <k <m,1 <1 < my, and
nmp
epui (s ) = ) up (s ) = 1. (11.88)
=1

Further, we denote Ai(x) = JkT(x) = [8r1(X), .-, &k, (¥)] and Ui (x; ) =
diaglugi(x; ), ..., Ugm, (x; w)] for 1 <k <m.

Theorem 11.7 Consider the smoothing function (11.84). Then
VS(x; pn) = gx; w (11.89)
and

1 m
VAS(x; ) = Glx; 1) + " ZAk(x)Uk(x; WAL (x)
k=1

1 m
— > Ao (s ) (Ar()ur(x; 0)"
s k=1

1 1
=G(x; ) + MA(x)U(x; AT (x) — MC(x; w)C(x; )’
(11.90)
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where g (x; 1) = Y_j_; Ax(0)ug(x; w) = A(x)u(x) and

Gx;p) = ZGk(x)uk(x; W, Ax)=[A1(x), ..., An(x)],
k=1

U(x; p) =diag[Ui(x; ), ..., Un(x; w)l,
Cx; ) =[A1()ur(x; w), ..., A (X uy (x; w)].

Proof Obviously,

m m
VSGe ) =) VSiGeip),  VASGeip) =) VESi(x ).
k=1 k=1

Differentiating functions (11.85) and using (11.87) we obtain

mj

1
! 3 exp(fu )/ g (x)

VS (x; =
() D2y exp(fia (0)/p) = 1

mg
= ngl(X)ukl(x; n) = Ap(xX)ug(x; p). (11.91)
=1

Adding up these expressions yields (11.89). Further, it holds

1 exp(fu(x)/wm)
Y exp(fia (x) /1)

my 1
_ SRV S @) ) g )

() exp(fu(x) /)" 1= #

Vup(x; p) = 81 (x)

1 1 <
= W g () = i WY un(x; pg (). (11.92)
=1

Differentiating (11.91) and using (11.92) we obtain

mp mg
V2Se(i 1) = Y G (i (1) + Y gy (X) Vg (x: o)
=1 =1

1 &
= G(x; ) + " ngl(x)’/lkl(x§ gl )
=1
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1 my my T
. > g (O)ug(x: ) (Z g () up (x; u))
=1

=1

1
= Gi(x; ) + MAk(x)Uk(xQ AT (x)
1
- MAk(x)uux; 1) (Ag (0)ug (x5 1)

where Gi(x; u) = Z;":kl Gri(x)ug(x; u). Adding up these expressions
yields (11.90). |

Remark 11.16 Note that using (11.90) and the Schwarz inequality we obtain

vIV2S(x; v = v G(x; p)v

3 (vTAk(x)Uk(x; WAL @y -

(T Ap(X) U (x; u)ék>2)
k=1

& Ur(x: e

v G(x; pyv,

v

because é,{ Ur(x; pe, = é,{uk(x; un) = 1, so the Hessian matrix V2S(x; W) is
positive definite if the matrix G (x; ) is positive definite.

Using Theorem 11.7, a step of the Newton method can be written in the form
X4+ =X + aAx where

V2S(x; w)Ax = —=VS(x; ),
or
1 T
Wx; ) — MC(x; wIC" (x; w) | Ax = —g(x; w), (11.93)
where
1
Wix; n) =G n) + MA(x)U(x; WA (x),  glx; ) = A@ulx; w).
(11.94)
A matrix W in (11.94) has the same structure as a matrix W in (11.48) and, by
Theorem 11.7, smoothing function (11.84) has similar properties as the barrier
function (11.46). Thus, one can use an algorithm that is analogous to Algorithm 11.1
and considerations stated in Remark 11.12, where S(x; @) and V2S(x; ) are used

instead of é(x; w) and Vzé(x; ). It means that

S(i1s wi) — S(xiz i) < —cllg(xi; w)l|* foralli €N, (11.95)
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if Assumption 11.4 is satisfied and
S(xir1; mi) — S(xi; ui) <0 foralli e N (11.96)

in remaining cases.

The considerations up to now are summarized in Algorithm 11.2 introduced
in the Appendix. This algorithm differs from Algorithm 11.1 in that a nonlinear
equation éTu(x; @) = 1 need not be solved in Step 2 (because (11.88) follows
from (11.87)),Eq. (11.93)—(11.94) instead of (11.71)—(11.72) are used in Step 4, and
a barrier function B (x; w) is replaced with a smoothing function S(x; ©) in Step 6.
Note that the parameter p in (11.84) has different meaning than the same parameter
in (11.46), so we could use another procedure for its update in Step 7. However, it is
becoming apparent that using Procedure A or Procedure B is very efficient. On the
other hand, it must be noted that using exponential functions in Algorithm 11.2 has
certain disadvantages. Computation of the values of exponential functions is more
time consuming than performing standard arithmetic operations and underflow may
also happen (i.e. replacing nonzero values by zero values) if the value of a parameter
W is very small.

11.3.2 Global Convergence

Now we prove the global convergence of the smoothing method realized by
Algorithm 11.2.

Lemma 11.4 Choose a fixed vector x € R". Then Sx(x; u) : (0,00) - R, 1 <
k < m, are nondecreasing convex functions of u > 0 and

9
0 <logm; < 9 Sk (x; u) < logmy, (11.97)
"

where my, is a number of active functions (for which fi;(x) = Fy(x)) and

mi

Jia(x) = Fk(x)) By (sz(x) — Fi(x)

)ukl(x; ).
w w

(11.98)

3 <
5 Sy (x; 1) =logZexp<
® I=1 I=1

Proof Denoting ¢k (x; ) = (fiu(x) — Fr(x))/u < 0,1 <k <m,so

A YR (x5 )
EHNE - >0,

9
k(x5 u) =
I
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we can write by (11.85) that

m

Sk(x; 1) = Fi(x) + plog ) exp pu(x; 1)
I=1

and
9 - ST @, (s 1) exp g (s 1)
Sk(x; ) =log ) expop(x; w) + ™"
I ; Yok exp g (x; 1)

my mg
= log ) " expeua(x; p) = Y @i(x: W (x; ) = 0, (11.99)
=1 =1

because @i/ (x; ) < 0, ug(x; ) > 0,1 < k < m, and @i (x; u) = 0 holds
for at least one index. Thus, functions Sk (x; ), 1 < k < m, are nondecreasing.
Differentiating (11.87) with respect to i we obtain

U (X5 ) = — 1 ra (x5 1) exp gra (x5 1)
" | w2 exp o (x: )

1 expou(x; ) D ou(x; ) exp g (x; i)
M 2]1;1 m exp gy (x; 1) Z;ikl exp ¢k (x; 1)

1 <
=Mukz(x;u) —pu (65 1) + Y (s Wup (x5 ) |-
=1
(11.100)

Differentiating (11.99) with respect to u and using Eqs. (11.88) and (11.100) we
can write

2

1 &
auzsk(x; n = T > ou (s W (x; 1)

=1

1 & 1 & 9
+ Y o ke ) — Y e ) u (s 1)

1 & 9
— Y eule ), un(x; p)
! ou

1 my mg
2 (Z i (x5 g (x; M)) (Z g (x; u))
=1

=1

2
1 (&
T2 (Z @i (5 () ugr (X u)) >0,

=1
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because

my 2 my 2
(Z @it (5 pug (% u)) = (Z r1 (5 0V g (5 10/ g (x M))

I=1 =1

mp my
<Y o Wk (x; 10) Y g (x; )

=1 =1

holds by the Schwarz inequality. Thus, functions Sk (x; @), | < k < m, are convex,
so their derivatives B‘L Sk (x; ) are nondecreasing. Obviously, it holds

5 my my
lim =~ Sp(x; pn) = limlo exp o (x; ) — im » @ (x5 wug (x; p)
nl0 dp 140 & ; P #d0 ;

1 <
=logme— g%;wz(x; 14) exp i (x; p) = logmy,

because @i (x; n) = 0 if fry(x) = Fr(x) and limy 0@ (x; n) = —oo,
limy, o i (x5 1) exp g (x; w) = 0if fi(x) < Fi(x). Similarly, it holds

d
li Sk (x;
MlTrgo o k(x5 )

utoo

myg mg
lim log Z exp or1(x; (L) — ;PTTO Z R (x5 ug(x; 1)
=1 =1

logm,

because lim yoo @k (x5 1) = 0 and limyqoo [ug (x; w)| < 1forl <k <m. |

Lemma 11.5 Let Assumptions 11.2 and 11.4 be satisfied. Then the values |, i €
N, generated by Algorithm 11.2, create a nonincreasing sequence such that u; |, 0.

Proof Lemma 11.5 is a direct consequence of Lemma 11.3 because the same
procedures for an update of a parameter w are used and (11.95) holds. O

Theorem 11.8 Let the assumptions of Lemma 11.5 be satisfied. Consider a
sequence {x;} i € N, generated by Algorithm 11.2, where ¢ = . = 0. Then

m  mg mi
m > up(ei; p) g () =0, Y up(xi; pi) =1

ool 3=t I=1

and

Fr(xi) — fru(x) =0, ugg(xi; i) =0, il%lglo ur(xi5 wi) (Fe(xi) — fra(x)) =0
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forl <k <mandl <l <my.
Proof

(a) Equations é,{uk(x,'; ni) = 1for 1 < k < m follow from (11.88). Inequalities
Fie(xi) — fiu(xi) = 0 and up(xi; i) > Oforl <k <mandl <1 < my
follow from (11.4) and (11.87).

(b) Since Sk (x; ) are nondecreasing functions of the parameter ;« by Lemma 11.4
and (11.95) holds, we can write

m
F <) Frlxirn) < SGeigis i) < S(ivs i)
k=1

l
< SGrit i) — cllgeiz u)l* < SGerz ) — e > llglej: I,
j=1

where F = ZIT:I Fi and Fy, 1 < k < m, are lower bounds from
Assumption 11.2. Thus, it holds

oo
F < 1im SCeig1; pip1) < S@i; ) —c Y lgleis w)l,
itoo

i=1

or
> 1
> lgGeiul? <SGz ) = F),
i=1

so |lg(xi; wi)ll 4 0, which together with inequalities 0 < wuyg;(x;; i) < 1,
1 <k<m,1=<1<my,gives limjyco ttr (X;; i) g (x;) = 0.

(c) Letindices 1 <k <m and 1 <! < my be chosen arbitrarily. Using (11.87) we
get

k1 (X5 i) €XP @i (Xis5 [Li)
0 < gt (s 1) (Fe(xi) — fia () = —pg TK S0 H) SXPORITEE T
21:1 exp @ (Xi; i)

i
< —Wigi (x5 (i) exp o (Xi; i) < e’ ,

where @i (x;; i), 1 <k <m,1 <1 < my, are functions used in the proof of
Lemma 11.4, because

mg
Zexp(/)kl(xi; wi) =1
=1
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and the function 7 exp¢ attains its minimal value —1/e at the point t = —1.
Since p; | 0, we obtain ug (x;; ;i) (F(x;) — fur(xi)) 0.
0

Corollary 11.2 Let the assumptions of Theorem 11.8 be satisfied. Then every
cluster point x € R" of a sequence {x;}, i € N, satisfies the necessary KKT
conditions (11.5) and (11.6), where u (with elements uy, 1 < k < m) is a cluster
point of a sequence {u(x;; u;)}, i € N.

Now we will suppose that the values € and p are nonzero and show how a precise
solution of the system of KKT equations will be after termination of computation
of Algorithm 11.2.

Theorem 11.9 Let the assumptions of Theorem 11.5 be satisfied and let {x;},i € N,
be a sequence generated by Algorithm 11.2. Then, if the values ¢ > 0 and p > 0
are chosen arbitrarily, there exists an index i > 1 such that

lgxi udll <&, &lur(xi;u) =1, 1<k<m,

and
Fexn) — fuGn) =20, wgCeis w) = 0, waCeis w) (Fe(xi) — fuei) < ’:

foralll <k <mand1 <[] < my.

Proof Equalities é,{uk(xi; ui) = 1,1 <k < m, follow from (11.88). Inequalities
Fr(xi) — fru(xi) > 0and ugy(xi;ni) > 0,1 <k <m,1 <1 < my, follow
from (11.10) and (11.87). Since w; | 0 holds by Lemma 11.5 and ||g (x;; wi)ll { O
holds by Theorem 11.8, there exists an index { > 1 such that u; < p and
llg(xi; wi)ll <e.By (11.87), as in the proof of Theorem 11.8, one can write

wi
wig (X3 i) (Fe(x;) — fru(xi)) < —pi@ri (Xi; 14i) exp orr(xi; i) < el < .

forl <k<mandl <[ < my. O

Theorems 11.8 and 11.9 have the same meaning as Theorems 11.5 and 11.6
introduced in Sect. 11.2.5.

11.3.3 Special Cases

Both the simplest and most widely considered generalized minimax problem is the
classical minimax problem (11.10), when m = 1 in (11.4) (in this case we write m
and z instead of m and z7). For solving a classical minimax problem one can use
Algorithm 11.2, where a major part of computation is very simplified. A step of the
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Newton method can be written in the form x+ = x + ¢ Ax where

V2S(x; w)Ax = —VS(x; 1),

or
1
(W(x; n) — Mg(x; we’ (x; u)) Ax = —g(x; u), (11.101)
where
1
W, u)=Gx; n)+ MA(x)U(x; AT (x), g p) = A@)u(x; ).
(11.102)
Since

1 -1 . WlggTw!
<W— ggT) =w+ SO
Iz w—g'Wg

holds by the Sherman—Morrison formula, the solution of system of equa-
tions (11.101) can be written in the form

H -1

Ax =
gTW-lg —pu

g. (11.103)

If a matrix W is not positive definite, it may be replaced with a matrix LLT = W+E
obtained by the Gill-Murray decomposition described in [10]. Then, we solve an
equation

LLTp=g, (11.104)

and set

Ax = H

= p. (11.105)
g'p—n

Minimization of a sum of absolute values, i.e., minimization of the func-
tion (11.14) is another important generalized minimax problem. In this case, a
smoothing function has the form

S(x; pn) = F(x)

m _ + B 3
wzlog(exp(_m(xn £ (x))+exp<_|fk(x)| 5 m))

k=1 H s

=S 1@+ log <1 L exp (_2|fk(x)|)> |
k=1

k=1 H



400 L. Luksan et al.

because f;" (x) = | fe(0)| if fe(x) = 0 and £ (x) = | fi ()| if fic(x) <0, and
by Theorem 11.7 we have

m m m
VS ) =Y (gluf +gru) =) gl —up) = grux = g(x; ),
k=1 k=1 k=1

m m
_ 1 _
V2S(x; p) = E Gk(”/—: —u )+ 9 E gkgf(u/? +up)
k=1 k=1

1 & B 1
- ngg,{(u,j—uk )2 =Gx; ) + ngg,f(l —ul),
s K=

(because u;” +u; = 1), where g = g (x),

exp <_ fk(x)Mf,f(x)) ~exp (_ |fk(x)|ufk(x))
+ —_

Up =up —uy = . _
exp <_ \fk(x)\;fk (x)) +exp (_ |fk(x)|l:fk (x))

1 —exp (_2|fk(x)|

© .
= sign( fi (x)),
1+exp <— 2”’;}”') ‘

and
4exp (_ 2|f;<x>|)

(1 + exp <_ 2|f1;£(x)|)>2’

and where sign( fi (x)) is a sign of a function fi (x).

1—u,%=

11.4 Primal-Dual Interior Point Methods

11.4.1 Basic Properties

Primal interior point methods for solving nonlinear programming problems profit
from the simplicity of obtaining and keeping a point in the interior of the feasible
set (for generalized minimax problems, it suffices to set zx > Fi(x), 1 < k < m).
Minimization of a barrier function without constraints and a direct computation of
multipliers ug;, 1 <k <m, 1 <1 < my, are basic features of these methods. Primal-
dual interior point methods are intended for solving general nonlinear programming
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problems, where it is usually impossible to assure validity of constraints. These
methods guarantee feasibility of points by adding slack variables, which appear
in a barrier term added to the objective function. Positivity of the slack variables
is assured algorithmically (by a step length selection). Minimization of a barrier
function with equality constraints and an iterative computation of the Lagrange
multipliers (dual variables) are the main features of primal-dual interior point
methods.

Consider function (11.4). As is mentioned in the introduction, minimization of
this function is equivalent to the nonlinear programming problem

m
minimize Zk

k§1 (11.106)
subjectto  fiu(x) <zx, 1<k<m, 1<I<my.

Using slack variables sg; > 0, 1 <k <m, 1 <1 < my, and a barrier function

m m  mg
Bu(x,z.8) =) zk—p ) log(su), (11.107)
k=1 k=1 I1=1

a solving of the problem (11.106) can be transformed to a successive solving of
problems

minimize By (x, z, §) (11.108)
subjectto  fu(x) +su—z2k =0, l<k=m, 1=<Il=<my,

where o | 0. Necessary conditions for an extremum of the problem (11.108) have
the form

m  myg

g u) =" gy =0,

k=1 I=1

I—Zu]d:(), 1§k§m7
=1

skt — =0, 1<k=<m, 1=I=<my,
Jux)+su—z=0, 1<k<m, 1=<I]=<my,

which is n + m + 2m equations for n + m + 2m unknowns (vectors x, Z = [zx],
s = [spil,u =[ug], 1 <k <m,1 <1l <my), where m = m| + --- + my,,. Denote
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Ax) =[A1(x), ..., Au)], f =1ful, S = diag[si], U = diagluy], 1 <k < m,
1 <1 <myg,and
e 0---0 e 71
0ey--- 0 é) 22
E = , e= , Z=
00-.---¢, e Zm

(matrices Ay(x), vectors er, and numbers zz, 1 < k < m, are defined in
Sect. 11.2.2). Applying the Newton method to this system of nonlinear equations,
we obtain a system of linear equations for increments (direction vectors) Ax, Az,
As, Au. After arrangement and elimination

As = —U~'Su + Au) + uS~ e, (11.109)

this system has the form

Gx,u) 0 A®x) Ax g(x,u)
0 0 —ET Az | =— ¢e—ETu ) (11.110)
AT(x) —E -U"'S| | Au fx)—Ez+uU'e

where G(x,u) = Y |, Z;”:kl G (x)ug;. Vector & in the equation & — ETu = 0
has unit elements, but its dimension is different from the dimension of a vector e
in (11.109).

For solving this linear system, we cannot advantageously use the structure
of a generalized minimax problem (because substituting zx = Fi(x) =
maxi</<m; fxi(x) we would obtain a nonsmooth problem whose solution is
much more difficult). Therefore, we need to deal with a general nonlinear
programming problem. To simplify subsequent considerations, we use the notation

¥ = [xT’ ZT]T,
- g(x,u) ~ Gx,u)0 ~ A(x)
g(xau)_|:e_ETui|a G(xau)_|: 0 0:|a A( )_|:_ETi|a
(11.111)
and write (11.110) in the form
G~(i,u) A®) ([ax] _ gF, u) (1L.112)
AT@) —U'S||Au| ™ |e®) +pnU-lte]’ '

where ¢(¥) = f(x) — Ez. This system of equations is more advantageous against
systems (11.49) and (11.93) in that its matrix does not depend on the barrier
parameter p, so it is not necessary to use a lower bound p. On the other hand,
system (11.112) has a dimension n + m + m, while systems (11.49) and (11.93)
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have dimensions n. It would be possible to eliminate the vector Au, so the resulting
system

(GE, u) + AGM AT () A% = —g(F, u) — AG) (M 'e(®) + nS'e),
(11.113)

where M = U~1S, would have dimension n + m (i.e., n + 1 for classical minimax
problems). Nevertheless, as follows from the equation ug;sy; = ., either ug; |
Oorsgy | 0if w | 0, so some elements of a matrix M -1 may tend to infinity,
which increases the condition number of system (11.113). Conversely, the solution
of Eq. (11.112)is easier if the elements of a matrix M are small (if M = 0, we obtain
the saddle point system, which can be solved by efficient iterative methods [1, 18]).
Therefore, it is advantageous to spht the constramts to actlve w1th Skl < Euy (we
denote active quantities by ¢(x), A(x) §, A8, 8,4, A0, U, M =0~ 1S) and 1nact1ve
with Sk > guy; (we denote inactive quantities by ¢(¥), A(x) s, AS, S u, Au, U
M=U" 1S) Eliminating inactive equations from (11.112) we obtain

Al = M7V @@ + A@®)T AR +pS e (11.114)
and
G(x u) A(x) _ g(i«', u)
[ AT(®) —M} [Au} - [é(g) + M(j—léi| . (11.115)
where

GE, u)=GE, u) +Ax)M AT (x),
gF u) = g®, u) + A@)(M~1e®) + nS'e),

and M = U~ 1S isa diagonal matrix of order m, where O < m < m is the number
of active constraints. Substituting (11.114) into (11.109) we can write

AS = —M (@ + Ai) + pU e, =—(+ AT A% +3). (11.116)

The matrix of the linear system (11.115) is symmetric, but indefinite, so its Choleski
decomposition cannot be determined. In this case, we use either dense [3] or
sparse [6] Bunch—Parlett decomposition for solving this system. System (11.115)
(especially if it is large and sparse) can be efficiently solved by iterative conjugate
gradient method with indefinite preconditioner [20]. If the vectors AX and A# are
solutions of system (11.115), we determine vector Az by (11.114) and vectors AS,
AS by (11.116).
Having vectors Ax, As, Au, we need to determine a step length o« > 0 and set

¥y =%+aA¥, sp=s(@), u;=u), (11.117)
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where s(o) and u(o) are vector functions such that s(a) > 0, s'(0) = As and
u(o) > 0, u’(0) = Au. This step is not trivial, because we need to decrease both
the value of the barrier function BM (X,s) = B, (x, z, s) and the norm of constraints
lle(X)]|, and also to assure positivity of vectors s and u. We can do this in several
different ways: using either the augmented Lagrange function [20, 21] or a bi-
criterial filter [9, 29] or a special algorithm [11, 16]. In this section, we confine our
attention to the augmented Lagrange function which has (for the problem (11.106))
the form

P(@) = Bu(% +aA%, s(@) +  + Aw)’ (c(F + aAF) + s())
o ~ ~
+, lle + aAX) + s(@)||, (11.118)
where o > 0 is a penalty parameter. The following theorem, whose proof is given

in [20], holds.

Theorem 11.10 Lets > 0, u > 0 and let vectors AX, Au be solutions of the linear

system
G(x.u) A(%)]| [ A% &%, u) Ir
| A o T [ T

where ¥ and ¥ are residual vectors, and let vectors Au and As be determined
by (11.114) and (11.116). Then

P0) = —(AD)TGF, u)A% — (As)TM ' As — o e(®) + s|°
+ AD)r+o@E) +5TF. (11.120)

If

_ ADTGE, u) A% + (As)T M~ As

11.121
lle(®) + 112 ( )

and if system (11.115) is solved in such a way that

A r+0@®)+5TF < (AT GE, w)Ax + (As)T M~ As+ o (le@)+s),
(11.122)

then P'(0) < 0.

Inequality (11.122) is significant only if linear system (11.115) is solved
iteratively and residual vectors r and 7 are nonzero. If these vectors are zero,
then (11.122) follows immediately from (11.121). Inequality (11.121) serves for
determination of a penalty parameter, which should be as small as possible. If
the matrix G(it, u) is positive semidefinite, then the right-hand side of (11.121)
is negative and we can choose o = 0.
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11.4.2 Implementation

The algorithm of the primal-dual interior point method consists of four basic
parts: determination of the matrix G(x, u) or its approximation, solving linear
system (11.115), a step length selection, and an update of the barrier parameter
. The matrix G (x, u) has form (11.33), so its approximation can be determined in
the one of the ways introduced in Remark 11.13.

The linear system (11.115), obtained by determination and subsequent elimina-
tion of inactive constraints in the way described in the previous subsection, is solved
either directly using the Bunch—Parlett decomposition or iteratively by the conjugate
gradient method with the indefinite preconditioner

_[ b A®
C= [A,(x) B }, (11.123)

where D is a positive definite diagonal matrix that approximates matrix G (%, u).
An iterative process is terminated if residual vectors satisfy conditions (11.122) and

Irl < wlg@E wl, [IFl < omin{|e(®) + w0~ "ell, [é(®) + §}.

where 0 < w < 1 is a prescribed precision. The directional derivative P’(0) given
by (11.118) should be negative. There are two possibilities how this requirement can
be achieved. We either determine the value o > 0 satisfying inequality (11.121),
which implies P’(0) < 0 if (11.122) holds (Theorem 11.10), or set 0 = 0 and
ignore inequality (11.122). If P/(0) > 0, we determine a diagonal matrix D with
elements

Djzr if MM@”<F
D _ if T < Hg|‘|Gj]|

forl < j<n+m,whereg = g(x,u)and0 < I" < I, seté(fc,u) = D and
restart the iterative process by solving new linear system (11.115).

We use functions s(a) = [sg(@)], u(a) = [ug(a)], where sy (o) = sy +
Oy Akl uki (@) = ugr + oty Augg and

Qg =, if Asy >0,
a5 = minfa, —y AV’A‘IH} if Asy <0,
Qyy = a, if  Auyg >0,
oy, = minfa, —y A“L’;il} if Aug <0

when choosing a step length using the augmented Lagrange function. A parameter
0 < ¥y < 1 (usually y = 0.99) assures the positivity of vectors s and u
in (11.117). A parameter @ > 0 is chosen to satisfy the inequality P(«) — P(0) <
g1a P’ (0), which is possible because P’(0) < 0 and a function P () is continuous.
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After finishing the iterative step, a barrier parameter u should be updated.
There exist several heuristic procedures for this purpose. The following procedure
proposed in [28] seems to be very efficient.

Procedure C

Compute the centrality measure

m ming {sguk )

’

sTu

wherem =mj+---+myand 1 <k <m, 1 <l < my. Compute the value
. 1-0 )}
A =0.1min {0.05 .2
Q

and set u = As u/m.

The considerations up to now are summarized in Algorithm 11.3 introduced in
the Appendix.

11.5 Numerical Experiments

The methods studied in this contribution were tested by using two collections of test
problems TEST14 and TEST15 described in [19], which are the parts of the UFO
system [24] and can be downloaded from the web-page www.cs.cas.cz/luksan/test.
html. Both these collections contain 22 problems with functions fi(x), 1 <k < m,
x € R", where n is an input parameter and m > n depends on n (we have used
the values n = 100 and n = 1000 for numerical experiments). Functions fi(x),
1 < k < m, have a sparse structure (the Jacobian matrix of a mapping f(x) is
sparse), so sparse matrix decompositions can be used for solving linear equation
systems.

The tested methods, whose results are reported in Tables 11.1, 11.2, 11.3, 11.4,
and 11.5 introduced in the Appendix, are denoted by five letters. The first pair of
letters gives the problem type: either a classical minimax MX (when a function
F(x) has form (11.10) or F(x) = || f(x)|lco holds) or a sum of absolute values SA
(when F(x) = || f(x)|l1 holds). Further two letters specify the method used:

PI —the primal interior point method (Sect. 11.2),
SM  —the smoothing method (Sect. 11.3),
DI —the primal-dual interior point method (Sect. 11.4).

The last letter denotes the procedure for updating a barrier parameter p (pro-
cedures A and B are described in Sect.11.2.4 and procedure C is described in
Sect. 11.4.2).


www.cs.cas.cz/luksan/test.html
www.cs.cas.cz/luksan/test.html
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Table 11.1 TEST14 (minimization of maxima) — 22 problems
Newton methods: n=100 Variable metric methods: n=100

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

MXPI-A 2232 7265 11575 0.74 4 - 2849 5078 2821 032 2 -
MXPI-B 2184 5262 9570 0.60 1 - 1567 2899 1589 024 1 -
MXSM-A 3454 11682 21398 129 5 - 4444 12505 4465 1.03 - -
MXSM-B 10241 36891 56399 4.15 3 - 8861 32056 8881 221 1 1
MXDI-C 1386 2847 14578 090 2 - 2627 5373 2627 096 3 -
Newton methods: n=1000 Variable metric methods: n=1000

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

MXPI-A 1386 3735 7488 5.58
MXPI-B 3153 6885 12989 9.03
MXSM-A 10284 30783 82334 54.38
MXSM-B 18279 61180 142767 87.76
MXDI-C 3796 6677 48204 49.95

- 3237 12929 3258 591 6 -
- 1522 3287 1544 268 5 -
4221 9519 4242 8.00 8 -
- 13618 54655 13639 4510 9 1
- 2371 5548 2371 1889 3 -

(o2 NN WEN [N SN
'

Table 11.2 TEST14 (Lo-approximation) — 22 problems
Newton methods: n=100 Variable metric methods: n=100

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

MXPI-A 2194 5789 10553 0.67 3 - 2890 5049 2912 048 1 -
MXPI-B 6767 17901 39544 379 4 - 1764 3914 1786 037 2 -
MXSM-A 3500 9926 23568 .79 7 - 8455 23644 8476 469 4 -
MXSM-B 15858 48313 92486 833 5 - 9546 34376 9566 259 9 1
MXDI-C 1371 2901 11580 .12 8 - 2467 5130 2467 159 3 -
Newton methods: n=1000 Variable metric methods: n=1000

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

MXPI-A 4110 14633 20299 18.89 4 - 1549 2636 1571 251 3 -
MXPI-B 6711 31618 29939 30.73 7 - 1992 6403 2013 496 4 -
MXSM-A 9994 24333 88481 6745 11 - 6164 15545 6185 2937 8 -
MXSM-B 23948 84127 182604 149.63 8 - 24027 92477 24048 132.08 8 1
MXDI-C 3528 9084 26206 49.78 12 - 1932 2845 1932 1873 5 -

The columns of all tables correspond to two classes of methods. The Newton
methods use approximations of the Hessian matrices of the Lagrange function
obtained by gradient differences [4] and variable metric methods update approxi-
mations of the Hessian matrices of the partial functions by the methods belonging
to the Broyden family [12] (Remark 11.13).
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Table 11.3 TEST15 (L s-approximation) — 22 problems
Newton methods: n=100 Variable metric methods: n=100

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

MXPI-A 15525 20272 55506 441 1 - 6497 8204 6518 137 3 -
MXPI-B 7483 17999 27934 327 5 - 1764 7598 2488 0.74 2 -
MXSM-A 17574 29780 105531 11.09 4 - 9879 15305 9900 595 - -
MXSM-B 13446 29249 81938 6.80 9 1 9546 34376 9566 259 3 -
MXDI-C 980 1402 7356 079 1 - 1179 1837 1179 1.06 2 -
Newton methods: n=1000 Variable metric methods: n=1000

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

MXPI-A 10325 15139 32422 3930 6 - 6484 9904 6502 13.77 2 -
MXPI-B 14836 30724 46864 68.70 10 - 7388 15875 7409 1998 3 -
MXSM-A 11722 24882 69643 61.65 10 - 6659 12824 6681 41.55 8 -
MXSM-B 13994 31404 86335 7845 9 1 15125 25984 15147 61.62 10 -
MXDI-C 1408 2406 10121 1563 6 - 2228 3505 2228 35.13 10 -

Table 11.4 TEST14 (L-approximation) — 22 problems
Newton methods: n=100 Variable metric methods: n=100

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

SAPI-A 1647 5545 8795 0.63 5 - 12265 23579 12287 137 2 1
SAPI-B 1957 7779 10121 0.67 6 - 4695 6217 10608 067 3 -
SASM-A 1677 4505 16079 0.74 3 - 20025 27369 20047 283 4 -
SASM-B 2389 8085 23366 1.18 4 - 5656 11637 5678 1.02 2 -
SADI-C 4704 13012 33937 416 7 1 6547 7012 6547 9.18 8 -
Newton methods: n=1000 Variable metric methods: n=1000

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

SAPI-A 7592 19621 46100 1539 4 - 22277 36610 22298 19.09
SAPI-B 9067 35463 56292 19.14 6 - 16650 35262 16672 14.47
SASM-A 5696 13534 41347 1528 4 - 20020 30736 20042 23.05
SASM-B 8517 30736 57878 23.60 6 - 18664 28886 18686 18.65
SADI-C 6758 11011 47960 94.78 11 1 13123 14610 13124 295.46

[NV BNV e NN |
N = = = =

The tables contain total numbers of iterations NIT, function evaluations NFV,
gradient evaluations NFG, and also the total computational time, the number of
problems with the value A decreased and the number of failures (the number of
unsolved problems). The decrease of the maximum step length A is used for three
reasons. First, too large steps may lead to overflows if arguments of functions (roots,



11 Numerical Solution of Generalized Minimax Problems 409

Table 11.5 TESTI15 (L-approximation) — 22 problems
Newton methods: n=100 Variable metric methods: n=100

Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail

SAPI-A 15760 21846 58082 4.24 8 - 39469 58157 39486 628 4 1
SAPI-B 4592 17050 17778 146 5 - 5932 25035 5952 148 6 1
SASM-A 10098 14801 610511 3.54 5 - 9162 28421 9184 365 6 1
SASM-B 4528 14477 290379 294 8 - 3507 9036 3528 127 6 -
SADI-C 877 1373 6026 0.84 3 - 15528 15712 15529 1449 5 1
Newton methods: n=1000 Variable metric methods: n=1000
Method NIT NFV NFG Time A Fail NIT NFV NFG Time A Fail
SAPI-A 18519 39319 70951 61.04 5 - 27308 44808 27327 36.64 4 1
SAPI-B 12405 57969 43189 55.06 7 - 12712 32179 12731 2148 8 1
SASM-A 19317 32966 113121 62.65 8 - 22264 42908 22284 6246 7 1
SASM-B 14331 33572 86739 57.56 6 - 12898 42479 12919 47.05 7 1
SADI-C 2093 3681 12616 20.01 3 1 23957 28000 23960 18692 5 3

logarithms, exponentials) lie outside of their definition domain. Second, the change
of A can affect the finding of a suitable (usually global) minimum. Finally, it can
prevent from achieving a domain in which the objective function has bad behavior
leading to a loss of convergence. The number of times the step length has decreased
is in some sense a symptom of robustness (a lower number corresponds to higher
robustness).

Several conclusions can be done from the results stated in these tables.

* The smoothing methods are less efficient than the primal interior point methods.
For testing the smoothing methods, we had to use the value & = 107, while the
primal interior methods work well with the smaller value & = 10~8, which gives
more precise results.

e The primal-dual interior point methods are slower than the primal interior point
methods, especially for the reason that system of equations (11.115) is indefinite,
so we cannot use the Choleski (or the Gill-Murray [10]) decomposition. If the
matrix of linear system (11.115) is large and sparse, we can use the Bunch—
Parlett decomposition [6]. In this case, a large fill-in of new nonzero elements
(and thus to overflow of the operational memory or large extension of the
computational time) may appear. In this case, we can also use the iterative
conjugate gradient method with an indefinite preconditioner [18], however, the
ill-conditioned systems can require a large number of iterations and thus a large
computational time.

* It cannot be uniquely decided whether Procedure A is better than Procedure B.
The Newton methods usually work better with Procedure A while the variable
metric methods are more efficient with Procedure B.
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e The variable metric methods are usually faster because it is not necessary to
determine the elements of the Hessian matrix of the Lagrange function by
gradient differences. The Newton methods seem to be more robust (especially
in case of L-approximation).

Appendix

Algorithm 11.1: Primal interior point method

Data: A tolerance for the gradient norm of the Lagrange function ¢ > 0. A
precision for determination of a minimax vector § > 0. Bounds for a barrier
parameter 0 < p < u. Coefficients for decrease of a barrier parameter
0<A<l1l,0 >1(r0 < @ < 1). A tolerance for a uniform descent
go > 0. A tolerance for a step length selection £ > 0. A maximum step
length A > 0.

Input. A sparsity pattern of the matrix A(x) = [A1(x),..., An(x)].
A starting point x € R”.

Step 1. (Initiation) Choose n < p. Determine a sparse structure of the
matrix W = W(x; u) from the sparse structure of the matrix A(x) and
perform a symbolic decomposition of the matrix W (described in [2,
Section 1.7.4]). Compute values fi;(x), 1 < k < m, 1 <1 < my, values
Fr(x) = maxi</<m; fr(x),1 <k < m, and the value of objective function
(11.4). Set r = 0 (restart indicator).

Step 2. (Termination) Solve nonlinear equations (11.44) with precision &
to obtain a minimax vector z(x; i) and a vector of Lagrange multipliers
u(x; ). Determine a matrix A = A(x) and a vector g = g(x; u) =
AX)u(x; n). If w < pand ||g|| < ¢, terminate the computation.

Step 3. (Hessian matrix approximation) Set G = G(x; ) or compute an
approximation G of the Hessian matrix G (x; ) using gradient differences
or using quasi-Newton updates (Remark 11.13).

Step 4.  (Direction determination) Determine a matrix V21§(x; ©) by (11.48)
and a vector Ax by solving Eq. (11.49) with the right-hand side defined
by (11.47).

Step 5. (Restart) If r = 0 and (11.54) does not hold, set G = I, r = 1 and
goto Step 4. If r = 1 and (11.54) does not hold, set Ax = —g. Setr = 0.

Step 6.  (Step length selection) Determine a step length @ > 0 satisfying
inequalities (11.55) (for a barrier function 1§(x; W) defined by (11.46)) and
a < A/||Ax]||. Note that nonlinear equations (11.44) are solved at the point
x + aAx. Set x := x + aAx. Compute values fi;(x), ] <k <m,1 <
[ < my, values Fi(x) = maxi</<m, fri(x), 1 < k < m, and the value of
objective function (11.4).

Step 7. (Barrier parameter update) Determine a new value of a barrier
parameter ;¢ > u using Procedure A or Procedure B. Go to Step 2.
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The valuese = 107%,8 = 1070, u = 1078, u = 1,1 = 0.85,0 = 100, 9 = 0.1,

&) = 1078, &1 = 1074, and A = 1000 were used in our numerical experiments.

Algorithm 11.2: Smoothing method

Data: A tolerance for the gradient norm of the smoothing function ¢ > 0.
Bounds for a smoothing parameter 0 < © < . Coefficients for decrease of
a smoothing parameter 0 < A < 1,0 > 1 (or 0 < ¥ < 1). A tolerance for
a uniform descent &g > 0. A tolerance for a step length selection 1 > 0. A
maximum step length A > 0.

Input. A sparsity pattern of the matrix A(x) = [A1(x),..., Au(x)].
A starting point x € R”.

Step 1. (Initiation) Choose nu < pu. Determine a sparse structure of the
matrix W = W(x; n) from the sparse structure of the matrix A(x) and
perform a symbolic decomposition of the matrix W (described in [2,
Section 1.7.4]). Compute values fi(x), | < k < m, 1 < 1| < my,
values Fy(x) = maxi<i<m, fr(x), 1 < k < m, and the value of objective
function (11.4). Set r = 0 (restart indicator).

Step 2.  (Termination) Determine a vector of smoothing multipliers u(x; ©)
by (11.87). Determine a matrix A = A(x) and a vector g = g(x; u) =
AX)u(x; p). If w < pand || gl < e, terminate the computation.

Step 3. (Hessian matrix approximation) Set G = G(x; ) or compute an
approximation G of the Hessian matrix G (x; @) using gradient differences
or using quasi-Newton updates (Remark 11.13).

Step 4.  (Direction determination) Determine the matrix W by (11.94) and
the vector Ax by (11.93) using the Gill-Murray decomposition of the
matrix W.

Step 5. (Restart) If r = 0 and (11.54) does not hold, set G = I, r = 1 and
goto Step 4. If »r = 1 and (11.54) does not hold, set Ax = —g. Setr = 0.

Step 6.  (Step length selection) Determine a step length @ > 0 satisfying
inequalities (11.55) (for a smoothing function S(x; 1)) and @ = A/|| Ax]|.
Setx := x + o Ax. Compute values fi;(x), 1 <k <m, 1 <[ < my, values
Fr(x) = maxi</<m; fru(x), 1 < k < m, and the value of the objective
function (11.4).

Step 7. (Smoothing parameter update) Determine a new value of the smooth-
ing parameter i > p using Procedure A or Procedure B. Go to Step 2.

The values ¢ = 1076, 4 = 107, u = 1, » = 0.85,0 = 100, ¥ = 0.1,

g0 = 1078, &1 = 1074, and A = 1000 were used in our numerical experiments.
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Algorithm 11.3: Primal-dual interior point method
Data: A tolerance for the gradient norm ¢ > 0. A parameter for determina-
tion of active constraints & > 0. A parameter for initiation of slack variables
and Lagrange multipliers § > 0. An initial value of the barrier parameter
@ > 0. A precision for the direction determination 0 < w < 1. A parameter
for the step length selection 0 < y < 1. A tolerance for the step length
selection &1 > 0. Maximum step length A > 0.
Input. A sparsity pattern of the matrix A(x) = [A1(x),..., Au(x)].
A starting point x € R".

Step 1. (Initialization) Compute values fij(x), 1 < k <m, 1 <1 < my,
and set Fi(x) = maxi</<m; fr(x), 2x = Fr(x) + 6,1 < k < m. Compute
values ¢y (X) = fri(x) — zx, and set sp; = —Ckl (X), up; = 8. Set u = w and

compute the value of the barrier function By, (X, s).

Step 2. (Termination) Determine a matrix A(%) and a vector g(¥,u) =
A(¥)u by (11.111). If the KKT conditions ||g (¥, u)|| < &, |c(®) + 5| <€,
and sTu < ¢ are satisfied, terminate the computation.

Step 3. (Hessian matrix approximation) Set G = G(x, u) or compute an
approximation G of the Hessian matrix G (x, u) using gradient differences
or utilizing quasi-Newton updates (Remark 11.13). Determine a parameter
o > 0by (11.121) or set o = 0. Split the constraints into active if §; < &uig;
and inactive if §; > ilg.

Step 4.  (Direction determination) Determine the matrix G = G, u
by (11.111) (where the Hessian matrix G(x,u) is replaced with its
approximation G). Determine vectors AX and A# by solving linear sys-
tem (11.115), a vector Az by (11.114), and a vector As by (11.116). Linear
system (11.115) is solved either directly using the Bunch—Parlett decom-
position (we carry out both the symbolic and the numeric decompositions
in this step) or iteratively by the conjugate gradient method with indefinite
preconditioner (11.123). Compute the derivative of the augmented Lagrange
function by formula (11.120).

Step 5.  (Restart) If P'(0) > 0, determine a diagonal matrix D by (11.124),
set G = D, o = 0, and go to Step 4.

Step 6.  (Step length selection) Determine a step length parameter « > 0
satisfying inequalities P(a) — P(0) < e1aP’(0) and ¢ < A/|Ax].
Determine new vectors X := ¥ + ¢ AX, s := s(«), u := u(«) by (11.117).
Compute values fi(x), 1 < k < m, 1 <1 < my, and set cy(X) =
Jux) —zk, 1 <k <m,1 <1 < my. Compute the value of the barrier
function éu (x,5).

Step 7. (Barrier parameter update) Determine a new value of the barrier
parameter u > p using Procedure C. Go to Step 2.

The values ¢ = 1079, =0.1,6 = 0.1, =0.9,y =0.99, u = 1, &1 = 1074,
and A = 1000 were used in our numerical experiments.
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