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Preface

Supergravity theories play an important role in present-day research on fundamental
interactions. A profound knowledge can only be gained by understanding how
supergravity theories are constructed. To understand the necessary techniques is not
easy starting from the published literature. Despite the presence of a few books, it
turns out that a detailed explanation is still lacking and this is particularly the case
for supergravity theories with matter couplings in so-called N' = 2 supergravity. In
this book, we want to provide a detailed explanation of these theories and tools that
researchers have used to construct supergravity theories with 8§ real supercharges, in
4, 5 and 6 dimensions.

The basic technique is the superconformal calculus. We explain these methods
from basic principles. Chapter 1 will introduce the basic ingredients: the multiplets
and the symmetries that will be instrumental in the rest of the book. In Chap. 2 it
will be explained how these symmetry groups can be promoted to gauge groups.
The matter multiplets will enter the game in Chap. 3: first defining these multiplets
in the superconformal context, and then actions will be constructed. These are
reduced to super-Poincaré theories in Chap. 4. The beautiful geometric structure that
these theories enjoy is discussed and characterized in Chap.5. These geometries
go together under the name of special geometries, which include special Kihler
geometry and quaternionic-Kahler manifolds.

For readers who want to progress soon to final results, Chap. 6 gives a shorter
account.

The text grew from lecture notes during the semester ‘Supergravity, superstrings
and M-theory’ at Institut Henri Poincaré, Paris, in November 2000. Parts of it have
been available on internet sites and were appreciated by many researchers. We hope
that this book will be useful as well for students as for researchers who want to know
how these standard theories are constructed and what is their geometric structure.

Palaiseau, France Edoardo Lauria
Leuven, Belgium Antoine Van Proeyen
September 2019
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Chapter 1 )
Basic Ingredients Shethie

Abstract We give an introduction to the book, discussing the role of the N' = 2
theories, its geometric structure, and the superconformal tensor calculus. We also
refer to other treatments. We then set out the plan of the book.

In the second part of the chapter we introduce tools that are useful for the
construction of superconformal gauge theory and multiplets. We first discuss the
catalogue of supersymmetric theories with 8 supercharges (Sect. 1.2) and their
multiplets (Sect. 1.2.1). After a short Sect. 1.2.2 with the strategy, we discuss the
conformal (Sect. 1.2.3) and then superconformal (Sect. 1.2.4) groups. The transfor-
mations of the fields under the conformal symmetry are also given in Sect. 1.2.3,
while for the fermionic symmetries, this is discussed in a short Sect. 1.2.5.

1.1 Introduction

Theories with 8 supercharges,i.e. N =2 in D =4, 5 and 6, occupy a special place
in the atlas of supersymmetric quantum field theories and supergravities. They lead
to very interesting geometries called ‘special manifolds’, including special Kéhler
and quaternionic-Kéhler geometries.

Why are the theories with 8 supersymmetries so interesting? The maximal
supergravities' contain 32 supersymmetries. These are the N = 8 theories
in 4 dimensions, and exist in spaces of Lorentzian signature with at most 11
dimensions, i.e. (10, 1) spacetime dimensions. If one allows more time directions,
32 supersymmetries are possible in 12 dimensions with (10, 2) or (6, 6) signature.
However, these theories allow no matter multiplets.” For the geometry, determined
by the kinetic terms of the scalars, this means that the manifold is fixed once the

I The restriction is due to interacting field theory descriptions, which e.g. in 4 dimensions does not
allow fields with spin larger than 2.

2We distinguish the multiplet that contains the graviton and gravitini, and is determined by
specifying the dimension and the number of supersymmetries, and other multiplets, which we
call ‘matter multiplets’.

© Springer Nature Switzerland AG 2020 1
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2 1 Basic Ingredients

dimension is given. For all theories with 32 supersymmetries this is a symmetric
space.

Matter multiplets are possible if one limits the number of supersymmetries to 16
(thus N' = 4 in 4 dimensions). Theories with 16 real supersymmetries exist up to
10 dimensions with Lorentzian signature. In this case, the geometry is fixed to a
particular coset geometry once the number of matter multiplets that are coupled to
supergravity is given.

The situation becomes more interesting if the number of supersymmetries
is 8. Now there are functions, which can be varied continuously, that determine
the geometry. This makes the geometries much more interesting. Of course, if
one further restricts to 4 supersymmetries, more geometries would be possible.
In 4 dimensions, e.g., general Kdhler manifolds appear. For 8 supersymmetries,
these are restricted to ‘special Kihler manifolds’, determined by a holomorphic
prepotential [1]. This restriction makes the class of manifolds very interesting and
manageable. The holomorphicity is a useful ingredient, and was e.g. essential to
allow the solution of the theory in the Seiberg—Witten model [2, 3]. The theories
with 8 supersymmetries are thus the maximally supersymmetric ones that are not
completely determined by the number of fields in the model, but allow arbitrary
functions in their definition, i.e. continuous deformations of the metric of the
manifolds.

A short account of the necessary techniques and results of this book has been
given in Chaps. 20 and 21 of [4]. The scope of this work is to elaborate further
on these results, as well as allowing a more complete and detailed explanation of
these techniques. Specifically, we will consider N' = 2 supergravities in 4, 5 and 6
dimensions, and at the end pay special attention to the D = 4 framework. We use the
terminology N = 2 in 6 dimensions for what is also called (1, 0) in 6 dimensions.
Indeed, in 6 dimensions one can have chiral and antichiral real supersymmetry
generators, and the nomenclature can thus be done by giving multiples of 8 real
chiral, namely the minimal spinor of Spin(5, 1). Also for N' = 2 in 5 dimensions,
the minimal spinor of Spin(4, 1) has 8 real components. We denote these theories
still as N = 2 because for practical work we always use doublets of 4-component
spinors. Note also that for other signatures (2 or 3 time directions in D = 5) one
can impose Majorana conditions such that only 4 of them survive (N = 1). But
for Minkowski signature,® one can only have (symplectic) Majorana conditions,
which need doublets of 4-component spinors. The basic properties of the spinors
are repeated in Appendix A.3. As well for D = 4, 5 and 6 we have an SU(2)
automorphism group of the spinors, and for 4 dimensions the automorphism group
has an extra U(1), important for the Kédhler geometry that we will discuss.

3In this review, we only consider Minkowski signature of spacetime. In the literature, also other
signatures are discussed, e.g. Euclidean signature in a series of papers [5-8], and special geometry
has also been defined for other signatures [9—12].
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The geometry described by the scalar fields in these theories is a main topic in
this book and for these theories in general. This geometry is a direct product of two
parts: the geometry of the scalars of vector multiplets and the one of the scalars
of hypermultiplets. Even the supergravity couplings do not mix these independent
parts [13]. That hypermultiplets in N' = 2 rigid supersymmetric theories lead to
hyper-Kéhler manifolds was already known since [14]. In supergravity theories
these geometries are upgraded to quaternionic [15] geometries.* The fact that
actions for vector multiplets can be constructed from an arbitrary holomorphic
function in supersymmetry has been found first for rigid supersymmetry in [17].
For the coupling in supergravity this appeared first in [1]. In the following years
it was called ‘Kéhler manifolds of restricted type’, see e.g. [18]. Later, Strominger
[19] gave it the name ‘special Kédhler geometry’. It was then also recognized that
this is the geometry of the moduli of Calabi—Yau threefolds. In the first years only
special coordinates were used. In [20] a start was made to formulate the geometry
in arbitrary coordinates.

At the start of the second superstring revolution, people first considered models
with N = 2 and special geometry [2, 3] because of the restrictive nature
(holomorphicity) of these theories. The concept of duality became very important at
that time. These dualities in N = 2, D = 4 have a natural formulation in the context
of superconformal tensor calculus.

Superconformal tensor calculus is another main topic of this book. It has been
the basis of the first constructions of general matter couplings. It was initiated
in N = 1 due to the work of S. Ferrara, M. Kaku, PK. Townsend and P. van
Nieuwenhuizen [21-23]. The extra symmetries of the superconformal group give
an advantage over the direct super-Poincaré approach since many aspects of the
theory get a clear structure. In fact, the natural vectors in which the dualities have
to be formulated are the multiplets of the superconformal tensor calculus. In this
approach, the superconformal symmetry is used as a tool to obtain the theories
that have super-Poincaré symmetry. All the super-Poincaré theories are constructed
as broken superconformal theories. Lately the conformal symmetry has gained
importance. There is of course its interest in AdS/CFT correspondence, although
in that context one mostly considers rigid conformal symmetry. But it may also
be interesting to consider which parts of the supergravity theory are explicitly
determined by the breaking of the superconformal invariance, and which parts are
generically determined by the superconformal structure. Thus the superconformal
approach may be more interesting than just as a tool to obtain super-Poincaré results.

The tensor calculus clarifies also the off-shell structure, and as such has been used
in the developments of ‘supersymmetric localization’, where the auxiliary fields in
the conformal calculus play an important role. We refer to [24] for an overview.

4Strictly speaking: to quaternionic-Kihler geometry, which means that there is a metric. For the
difference between these manifolds and the used terminology we refer to the review [16].
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The conformal tensor calculus is not the only one to obtain the theories that we
consider. There are several superspace methods® developed for N' = 2. Standard
superspace techniques for D = 4, N = 2 conformal supergravity have been
described long ago, see [25, 26] and references therein. For D = 5 and D = 6 they
have been developed in [27, 28]. An approach that is closer to the superconformal
methods is the ‘conformal superspace’ method. This has been developed in [29]
first for N = 1, and extended to D = 4, N = 2 in [30, 31], for D = 5 in [32]
and for D = 6 in [33, 34]. In this method the entire superconformal symmetry is
gauged as in the conformal tensor calculus, and the connection with the approach in
components was developed in detail in [31, 32, 34]. Especially for hypermultiplets,
the harmonic and projective superspace approaches are alternatives allowing off-
shell matter couplings at the expense of an infinite number of auxiliary fields,
packed in dependences on extra superspace coordinates. The harmonic superspace
for rigid N' = 2 supersymmetry has been developed in [35] and reviewed in [36],
while projective superspace was developed in [37-39] and is reviewed in [40, 41].
For supergravity the harmonic and projective approaches have been developed in
[42-45, 27, 46, 26, 47-49].

Furthermore there is the rheonomic approach that has been used for another
formulation of the general N' = 2 theories in four dimensions [50, 51], and in five
dimensions [52]. A relation with the conformal approach has been obtained in [53].
These methods (including the conformal tensor calculus) do not prove uniqueness
of the N' = 2 theories. Recently some uniqueness proofs (at least for the pure
supergravities) have been given in [54] based on BRST-BV methods [55-58]. They
are consistent with the results found with other methods.

The plan of the book is as follows. In the rest of this chapter we will introduce
some basic concepts: the supersymmetries and multiplets and the superconformal
groups. In Chap. 2 we gauge these groups by a gauge multiplet, which is called the
Weyl multiplet. This gauging of the spacetime symmetries is not straightforward
and needs curvature constraints.

In Chap.3 the matter multiplets are introduced: the vector multiplets in 6,
5 and 4 dimensions in that order, and the hypermultiplets, whose structure is
not dependent on the spacetime dimension. We have chosen to first present the
multiplets independent of the actions. We thus give the definition of the fields,
possible reality conditions, and how they represent the superconformal algebra.
Then we present the construction of the superconformal-invariant actions for vector
and for hypermultiplets. Another alternative order is possible in Chap.3: those
mainly interested in vector multiplets can go from Sect. 3.2.1 directly to Sect. 3.3.1
for D = 4 or Sect.3.3.2 for D = 5. On the other hand after discussing
hypermultiplets in Sects. 3.2.3 and 3.2.4 one can also directly go to the discussion
of its actions in Sect. 3.3.3.

SWe thank G. Tartaglino-Mazzucchelli for his assistance in this overview.



1.1 Introduction 5

After the partial gauge fixing (i.e. gauge fixing of the symmetries that are
not in the super-Poincaré algebra) the actions of vector- and hypermultiplets are
connected. The total action is considered in Chap.4. We first discuss in Sect. 4.2
pure supergravity in 4 dimensions, obtained by adding to the minimal field represen-
tation (Weyl multiplet + a compensating vector multiplet) a second compensating
multiplet. Here we consider three possibilities. In the other parts of the book, we
always use the hypermultiplet as second compensating multiplet. We also consider
the reduction of these pure supergravity theories to N = 1 in Sect.4.3. Then
we go back to the complete matter-coupled supergravities. We discuss convenient
coordinates for the scalars in these theories. The vector multiplets are discussed
more thoroughly in preparation of the following chapter. The D = Sand D = 6
theories are discussed shortly, referring to the techniques explained in detail for
D =4.

The structure of the special geometries that result are studied in Chap. 5. This
structure is also characterized independently of its supergravity construction. The
isometries (gauged or non-gauged) are discussed. In Sect.5.5 the (charged) black
holes are discussed as an application and the role of the symplectic transformations
in this context becomes apparent. In Sect. 5.6 we will also give an introduction to the
properties of quaternionic-Kéhler spaces independent of supergravity. The matter
couplings with N = 2 in 5 and 6 dimensions are very much related to those in
four dimensions as we discuss in Sect. 5.7. We discuss the differences and specific
properties of the N' = 2 theories in these dimensions. Very special geometry will
then show up in relations between the scalar manifolds defined by these theories.
This is further clarified in relations between the homogeneous spaces.

Chapter 6 gives the final super-Poincaré theory. In Sect. 6.1 the actions, super-
symmetry transformations and algebra are written explicitly for D = 4. Section 6.2
is a bit similar for D = 5, though we are less complete there, referring to [59] for
the full results in the same notation. In the final remarks in Sect. 6.3 we stress the
choices and restrictions that we made throughout the book. This includes then also
references to papers that go beyond the present text, and the outlook to applications.

The notation in this book is the same as in [4]. But in Appendix A this is
explained more explicitly for the theories that we consider. We repeat the use of
indices, spinor notations, SU(2) conventions and the relations between spinors in
D =6,D = 5and D = 4. A short summary of simple superalgebras is given
in Appendix B. Finally for convenience of the reader who also wants to use the
original papers, we give in Appendix C the translations of our notation to those of
these papers.

Readers may also choose to start immediately with Chap. 6. There we repeat the
main ingredients and that chapter contain references to earlier parts when necessary.
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1.2 Supersymmetric Theories with 8 Real Supercharges

As mentioned in the introduction, we will be focusing on theories with 8 super-
charges in D = 4, 5, 6, being the latter the maximal dimension for theories with
8 supercharges.® In fact, one could first construct D = 6 theories and then derive
several results for D < 6 from dimensional reduction. This programme has been
started for the superconformal theories in [60, 61]. There are many aspects that can
be treated at once for D = 4,5, 6. The treatment of the Weyl multiplets is for a
large part the same in these dimensions. Hypermultiplets (multiplets with scalars
and spinors only) do not feel the difference of dimension. This difference is relevant
for vectors and tensors, which under dimensional reduction decompose in several
representations of the Lorentz algebra. However, only a subset of the couplings of
vectors multiplets in D = 4 and D = 5 can be obtained from dimensional reduction,
as we will explicitly demonstrate in Sect.5.7. Spinors are also treated differently,
and this has an immediate consequence on the supersymmetry algebra.

In 4 dimensions, the supersymmetries are represented by Majorana spinors, but
in practice one can also use chiral spinors. We refer to [4, Chap. 3] for the notation
and definitions of the properties of the spinors. A supersymmetry operation is
represented as

8e) =& Qi +&Q',
€=y, Qi=n0, ea=-pa, O =-p0, (L)
where y, = iyoy1y2y3 is Hermitian with (,)? = 1l and Q is the supersymmetry
operator that acts on the fields, e.g. if §(e)X = ;E’)\;, then Q; X = é)\i and
0'X=0.
In 5 dimensions, one uses symplectic Majorana spinors. The reality rules of
Appendix A.3.2 imply that we have to insert a factor i in é(¢) (see also the different
meaning of the position of the indices i, as explained in Appendix A.3.2):

8(e) = i€' Q; . (1.2)
In 6 dimensions, symplectic Majorana—Weyl spinors can be used. In this case we
have
8(e) =& i,
yeel =€, p0i=—-0i, (1.3)

where y, is given in (A.39).

50f course one can introduce 8 supercharges in 1 or 2 dimensions, where the elementary spinors
have just one component. In 3 dimensions, gamma matrices are 2 x 2 matrices, and the theories
with 8 supercharges are N' = 4 theories where the spinors satisfy a reality condition (a Majorana
condition).
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The properties of the spinors also imply how the translations appear in the
anticommutator of two supersymmetries (the overall real factor is a matter of choice
of normalization):

D =4:{0k 0} ==} (aPL)g 87 P°
D:SandD=6:{ fx,lez—;eU (Vadap P (1.4)

On the use of spinor indices, see [4, Sect. 3.2.2]. The normalization of the spinor
generators is chosen to agree with much of the original literature in each case. See
Appendix C.

Exercise 1.1 Verify that, given (1.4) one finds
[8(1), 8(e2)]1 =% (1, €2) Pa (1.5)
with
D=4:g%e &) =} (e +aye])

D=5and D =6:£%e,e) = éégy“el. (1.6)

1.2.1 Multiplets

On general grounds, in any supersymmetric theory, the bosonic and fermionic
number of degrees of freedom must be equal.” More precisely, this rule applies
to transformations between states where the Q-transformation of a fermionic state
gives a bosonic state, and vice versa, with symbolically {Q, O} = P, and P
invertible. The invertible P can refer to translations in rigid supersymmetry or
general coordinate transformations in supergravity. On the contrary, this rule does
not apply to nonlinear realizations where some fields transform to constants.
Counting the number of degrees of freedom may be very subtle, and for this
reason we need to be more precise about the correct procedure that we should adopt.
Firstly, we will see that the anticommutator of supersymmetries often does not only
contain the translations, but also gauge transformations. Therefore, the argument
about equal number of bosonic and fermionic states is only correct up to gauge

"Different proofs of this statement can be given. A general argument has been given in [62].
This has been further discussed in [4, App. 6B]. For on-shell states in D = 4, see also [4, Sect.
6.4.1]. For solutions of field equations that preserve supersymmetry, a detailed explanation is in
Appendix B of [63].
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transformations. In other words, in general we should subtract the gauge degrees of
freedom in order to perform the counting.®

Secondly, there are two possible countings of degrees of freedom: on-shell
counting and off-shell counting. When the supersymmetry algebra is applied to
the physical states determined by the equations of motion we denote this as ‘on-
shell counting’. In that case, the consistency requires that there are as many
bosonic as fermionic physical states. On the other hand, in order to couple many
different actions to the multiplets that we are constructing, we usually want the
supersymmetry algebra to be satisfied independently of the equations of motion. In
other words, we consider an off-shell closed algebra and adopt off-shell counting of
degrees of freedom. More details on the concepts of on-shell and off-shell degrees
of freedom are explained in [4] in the beginning of Chap. 4 and in Appendix 6B.

Let us first consider on-shell states. The massless on-shell multiplets for extended
supersymmetry, on which we will later impose the superconformal algebra, are
classified in the classical reference [64]. The multiplets of N' = 2 for the dimensions
in which we are interested are given in Table 1.1. The on-shell components for
massless fields form representations of SO(D — 2) with an internal SU (2) group
(which is the R—symmetry group of N = 2 theories and is labelled by i-
type indices). The representation content is indicated then as its multiplicity in
(SO(D —2),SU(2)).

The vectors (V,, or W,) are a fundamental representation of SO(D — 2) and
have therefore D — 2 on-shell components (see the analysis in [4, Sect.4.1.2]).
The gravitons ej, are (after taking Lorentz symmetry into account) described as
the symmetric g,,,,. The on-shell components are symmetric traceless tensors so one
counts é(D —24+1D(D—-2)—1= D(D — 3)/2 (see the analysis in [4, Sect.8.2]).

In order to count the degrees of freedom for spinors one must take into account
that their characteristics differ in different dimensions. It is useful to first discuss
the off-shell degrees of freedom and then go to the on-shell degrees of freedom
which just differ by a factor é The number of complex components of a spinor
in dimension D is given by 2!°/?l. In D = 4 we can furthermore impose
consistent Majorana conditions, so that the minimal spinor has 4 real components,
or, equivalently consider one helicity with 2 complex components (and the other
helicity is then related by complex conjugation). For N' = 2, spinors in 4 dimensions
will be taken to be part of an SU(2) doublet with index i, leading to 8 real
components. For D = 5 it is not possible to define the Majorana condition in a
consistent manner and one must use the symplectic Majorana condition. This does
not lower the number of components but rewrites them as a symplectic pair of
Majorana spinors related through charge conjugation. Thus one finds that a spinor in
5 dimensions has 4 complex components or 2 x 4 real components. For D = 6 one
still needs to use symplectic Majorana spinors but, moreover, one can impose the
Weyl condition, which projects half of the components of the spinors, thus leaving

8General coordinate transformations are also local gauge transformations that are more general
than fixed translations. So the general coordinate-equivalent states should also be subtracted.
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Table 1.1 'Massless on-shell D=4 & v L V, Gravity
representations S0Q) Q.1 22) D
Wy, A X X*  Vector multiplet
(2,1) (2,2) (1,1) (LD
¢ q' Hypermultiplet
2,1) (1,2)
D=5 ¢ I/IL Vi Gravity
SO@3) G.D 4,2) 3,D
W, Al o Vector multiplet
3,1 (2,2) (1,1)
¢ q' Hypermultiplet
(2,1) (1,2)
D=6 ¢ L L B, Gravity
SO4) (3,3;1) (2,3;2) (1,3:1)
By, vh o Tensor multiplet
G.LD 212 1,LD
W, Al Vector multiplet
221 (1,22
¢ q' Hypermultiplet

2,51 (1,1;2)

The representation content is indicated as its multiplicity in
(SO(D — 2),SU(2)). The SU(2) representation can also be
identified from the i-type indices. For 6 dimensions, SO(4) =
SU(2) x SU(2), and the corresponding decomposition is written.
The non-symmetric representations are either chiral (chirality is
indicated on the field) or they are antisymmetric tensors with
self-dual (+) or anti-self-dual (—) field strengths. Of course, the
two-form indicated here is not =+ self-dual, only its field strength
is

us with ; the number of complex components. So, one gets 8§ complex components,
which can be described by the symplectic condition as 2 x 8 real components, and
due to the Weyl condition can be projected to 2 x 4 real components. Hence in all
three cases this leads to 8 real off-shell degrees of freedom. Going from off-shell to
on-shell degrees of freedom means multiplying the number of real components with
; leading to 4 real on-shell degrees of freedom for the three cases that we consider.

The gravitini are described by massless vector—spinors. Their off-shell degrees of
freedom are reduced by the supersymmetry, so that for D = 4,5, 6 we have 8(D—1)
components. The on-shell degrees of freedom are y -traceless in D — 2 dimensions
(see [4, Sect.5.1]). Therefore one has (D — 2 — 1) vector degrees of freedom where
the D — 2 comes from the vector representation and the —1 comes from the y-
traceless condition. One must then multiply these vector degrees of freedom with
the spinor degrees of freedom, which leads to 4(D — 3) degrees of freedom.

The vector multiplets in different dimensions are related by dimensional reduc-
tion. In the highest dimension (D = 6) one has a vector W, and a symplectic
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pair of spinors A’. The scalars in lower dimensions can be considered as some of
the vector components of D = 6 after the reduction. For 5 dimensions one has
an additional real scalar o = W5 and for 4 dimensions an additional complex
scalar X = é(W4 — i0). The notion that there are scalar fields present in the vector
multiplet for D = 4, 5 will give rise to special geometries described by these scalar
fields. We will describe this in detail in Chap. 5.

Looking at the hypermultiplets in Table 1.1 one notices that the scalars g’
transform as a doublet under SU(2). Following from the fact that the SU(2)-
transformations are complex this means that the scalars cannot be real. Taking them
complex is equivalent to taking 4 real scalars g X, which will due to supersymmetry
define 3 complex structures. The scalars naturally combine into quaternions as we
will describe in Sect. 3.2.3. The corresponding geometry will thus be of the type of
a quaternionic manifold, which we will exhibit in Sect. 5.6.

Remark that here the on-shell massless multiplets have been mentioned. The
same multiplet may be represented by different off-shell multiplets. In 4 dimensions,
physical scalars may be dualized to antisymmetric tensors. E.g. when one of the
scalars of a vector multiplet is replaced by an antisymmetric tensor, we obtain the
vector—tensor multiplet [65-67]

vector—tensor multiplet: V,,, )J, ¢, Buy. (1.7

When one of the scalars of a hypermultiplet is replaced by an antisymmetric tensor,
then this gives the so-called linear multiplet (the name is due to its relation with a
superfield that has a linear constraint)

linear multiplet: (pi, L(i/), E,. (1.8)

We write the antisymmetric tensor here as a vector E, that satisfies a constraint
9°E, = 0, such that E; = e4pcqd? E?. In this way, it can be generalized to D = 5
and D = 6 in a similar way. In these cases the E, is the field strength of a 3-form
or 4-form, respectively.

In 5 dimensions a vector is dual to a 2-index antisymmetric tensor. Therefore the
vector multiplets can be dualized to antisymmetric tensor multiplets:

D = 5 antisymmetric tensor multiplet: H,,, )J, ¢. (1.9)

For non-abelian multiplets, the two formulations are not equivalent. This has been
investigated in detail in a series of papers of Giinaydin and Zagermann [68—70] and
further worked out in [52, 59]. We will come back to this in Sect.6.2. The above
overview is not exhaustive.
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1.2.2 The Strategy

Our aim is to study the transformation laws and actions for the N' = 2 multiplets,
coupled to supergravity. As mentioned in the introduction, there are several ways to
accomplish this. One possible way is to use in intermediate steps symmetries that
will not be present in the final action. Auxiliary enhancement of symmetry has the
particular advantage that it facilitates the construction of the theories, clarifying a
lot of their structures.

The extra symmetry will be the superconformal symmetry and the method
we use goes under the name of superconformal tensor calculus. In the classical
work of Coleman and Mandula [71] and its supersymmetric extension by Haag—
Lopuszanski—Sohnius [72], it is proven that the superconformal groups is the largest
spacetime symmetry allowed for a non-trivial quantum field theory.” Although our
motivation and use of the group is completely different, this gives an indication that
the use of this group may be the most advantageous strategy. Over the years we got
more convinced that indeed the use of conformal symmetries is a very useful and
clarifying method. Analyzing the steps that are taken in local superspaces, we see
that after using part of the superspace constraints, the remaining part that leads to
more insight is equivalent to the structure that we use in the ‘superconformal tensor
calculus’.

What we have in mind can be illustrated first for pure gravity. We show how
Poincaré supergravity is obtained after gauge fixing a conformal invariant action.
The details of this example will come back in Sect. 3.1. We now just give the general
idea. The conformal invariant action for a scalar ¢ (in 4 dimensions) is!t0

L= [é (8M¢) (8%5) + 112R¢2] )
3¢ = Ap9, 8guv = —2ADguv » (1.10)

where the second line gives the local dilatation symmetry that leaves this action
invariant. Now, we can gauge fix this dilatation symmetry by choosing!! the gauge

=" (1.11)

9Coleman and Mandula prove that the largest spacetime group that is allowed without implying
triviality of all scattering amplitudes is the conformal group. This theorem is valid under some
assumptions, like the analyticity of the elastic two-body scattering amplitudes. Haag, L.opuszanski
and Sohnius base their analysis on the previous result and use group-theoretical arguments
(essentially Jacobi identities). For an extension of the theorem to strongly coupled quantum field
theories, see e.g. [73, 74].

10Note that the scalar here has negative kinetic energy, and the final gravity action has positive
kinetic energy.

1A gauge fixing can be interpreted as choosing better coordinates such that only one field still
transforms under the corresponding transformations. Then, the invariance is expressed as the
absence of this field from the action. In this case we would use g;w = “62 gw¢2 as D-invariant
metric. One can check that this redefinition also leads to (1.12) in terms of the new field.
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This leads to the pure Poincaré action
L= 2i2JgR. (1.12)

Pure Poincaré is in this way obtained from a conformal action of a scalar after gauge
fixing. This scalar, which we will denote further as ‘compensating scalar’, thus has
no physical modes. Note also that the mass scale of the Poincaré theory is introduced
through the gauge fixing (1.11).

What we have seen is (1) the use of conformal symmetry, (2) construction of a
conformal invariant action, (3) gauge fixing of superfluous symmetries.

In the remaining part of this chapter, we will familiarize ourselves first with the
conformal group, and first of all as a rigid symmetry. We will then take a look at
possible superconformal groups, and repeat the basis rules for gauging symmetries.
In Chap. 2 we will learn how to gauge the superconformal group. The step (2) of the
above overview involves the superconformal construction of multiplets and their
action. This will be the subject of Chap.3. The step (3) will be taken in Chap. 4,
which will allow us to obtain the physical theories, and be the starting point for
analysing their physical and geometrical contents.

1.2.3 Rigid Conformal Symmetry

Conformal symmetry is defined as the symmetry that preserves angles. Under a
conformal transformation, the metric may change by a Weyl factor. In terms of
infinitesimal transformations x’* = x# + &*(x), for a given flat metric 1., the
latter condition implies the following ‘conformal Killing equation’ for §# = £#(x)

2
06y + 0vEy — anapép =0. (1.13)

Exercise 1.2 Get more insight in the meaning of the statement that these are the
transformations that preserve ‘angles’. To consider angles, we should consider two
variations of the same spacetime point. Consider the vectors from x to x* 4+ (Ap)*
and another one to x* 4+ (A)*, where the deformations are considered to be small.
The angle between these two is

(A1 - A2)?

cos?h = .
(A1- A (Az- An)

(1.14)

Now we perform a spacetime transformation that takes a point x to x’(x) = x+&(x).
Then the first vector will be between x'(x) and x'(x + A1) = x'(x) + Ay - 9x'(x).
The new vector is thus

Al = Ay -9x'(x) = Ay + Aj - 0E(x). (1.15)
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We thus find that

Aj Ay = Ap- Do+ A (385 () munAS + Al nw Al (3,6 (), (1.16)
where we added indices for clarity. If the last factor gives just a scaling, i.e. if

AT (88" () muw A + Ay Af (9,8 (1)) = 2Ap@) Al AY, (117

then it is easy to see that (1.14) is invariant. Indeed, all factors scale with the same
coefficient as the scale factor has to be evaluated at the same spacetime point.

The requirement (1.17) amounts to the scaling of the metric. Indeed, if a metric
scales under spacetime transformations,

8(dx*nudx’) = 2dx” (9,E" (x)) nuudx” = 2Ap(x) (dx*n,,dx?), (1.18)

then replace dx in the above by (A; 4+ Aj) and subtract the diagonal terms. This
leads to (1.17) and hence to the invariance of the angle.

Angles are thus preserved by the transformations that scale the metric and these
are the conformal transformations. |

In D = 2 with as non-zero metric'? elements 7,z = 1, the Killing equations
are reduced to Cauchy—Riemann equations: 9§, = 09z& = 0. Therefore any
holomorphic (and anti-holomorphic) function is locally a conformal transformation
(&:(z) and &;(2)) and the conformal algebra becomes infinite dimensional (Virasoro
algebra). In dimensions D > 2 the conformal algebra is finite-dimensional and the
general solutions of (1.13) are

ER(x) = a + A x, + Apxt + (xz)\g — oy )\K) . (1.19)

They contain D translations P, corresponding to the parameters a*, one dilatation
D related to the parameter Ap, D(D — 1)/2 (pseudo-)Lorentz rotations M,,, corre-
sponding to the parameters A*" and a set of D ‘special conformal transformations’
K|, related to the parameters Aﬁ. One may notice that the full set of conformal
transformations contains (D + 1)(D + 2)/2 parameters.

The most general conformal transformation, ¢ (§), can be expressed in terms of
generators as follows:

8c(§) = a" Py + A" My + ApD + A K, . (1.20)

12 - : 1 (1, .0 - 1 (1_ .0
In Minkowski space z =, (x'+x% and z = ~ (x! = x9) are not each other complex

conjugates. In Euclidean signature they are complex conjugates.
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With these transformations, one can obtain the conformal algebra. The non-zero
commutators are
POy _ [p o]
[M,u.vs M ] - 46[MMV] 5
[P, Mupl =20u10 Ppys [Kpus Mupl = 2010 K
[P/u K,]= 2(me + M,u.v) s
[D,P,=P,, I[D Kul=—-K,. (1.21)
The conformal algebra defined on a flat space with signature (p, g), is iso-
morphic to the SO(p + 1, g + 1) algebra. In what follows we will consider a D

dimensional Minkowski space (whose signature is (D — 1, 1) in our conventions),
such that the conformal algebra is the SO(D, 2) algebra.!3 Indeed one can define

3 M Y (PR — KMy ) (PF 4+ KM
MM — _% (Pv _ Kv) 0 —D s (1.22)
~Ter+xy D 0

where indices are raised w.r.t. the rotation matrices M ﬁ,; with the metric
n = diag (—1,1,...,1,—=1). (1.23)

When applied on fields, conformal transformations have ‘orbital parts’ and
may have ‘intrinsic parts’. We absorb the orbital parts of all generators in the
conformal Killing vector £ (x), given by (1.19). The general form of the conformal
transformations of fields ¢i (x) is™4

Sc(&)e' (x) = E" (%)’ (x) — S Au"™ () mp' ;7 (x)
+Ap(x) kp' () (x) + Ak, (@) (x) (1.24)
where the x-dependent rotation Az, (x) and x-dependent dilatation Ap(x) are
given by
AM/w(x) = a[vgu] = )\,u.v - 4'x[,u.)»K v] s
Ap(x) = }3,6° = Ap — 2x - Ak, (1.25)

3In the 2-dimensional case SO(2,2) = SU(1, 1) x SU(, 1) is realized by the finite subgroup
of the infinite dimensional conformal group, and is well known in terms of L_;| = é(Po — P,
Lo = }(D+My), L1 = j(Ko+K1), L1 = J(Po+P1), Lo = }(D—Myo), L = ) (Ko—K)).
Higher order L,,, |n| > 2 have no analogs in D > 2.

14The expression & always determines the parameters {a*, A*", Ap, Aﬁ} asin (1.19).
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and m’ j¢7 (x), kp'($)(x) and k! (¢)(x) determine the intrinsic part of the
conformal transformations on the fields.

To specify for each field ¢ its transformations under conformal group one has to
specify the intrinsic part of the conformal transformation, namely

1. Transformations under the Lorentz group, encoded into the matrix (m W)i j- The
Lorentz transformation matrix m,, should satisfy

mlwikmpakj - mﬂaikmlwkj = znu[pmtf]vi/‘ - ZWV[ﬂmG]uij- (1.26)

The explicit form for Lorentz transformation matrices is for vectors (the indices
i and j are of the same kind as i and v)

muw’ o = 280, Mo , e.g. SVH =2V, (1.27)
while for spinors, (where i and j are (unwritten) spinor indices)
My = YV, eg 8W =—1ary,, 0. (1.28)

2. Transformation under dilatation specified by kp' (¢). In most cases (and for all
non-scalar fields), we just have

kp' (¢) = we' (1.29)

where w is a real number called the Weyl weight of the field ¢' (in principle,
different for each field). However, for scalars in a non-trivial manifold with affine
connection I'; jk (torsionless, i.e. symmetric in (ij)), these are closed homothetic
Killing vectors, see [4, Sect. 15.7], i.e. solutions of

Vikn! = dikp’ + T/ kp* = ws! | (1.30)

where again w is the “Weyl weight’ and the derivatives 9;, V; are with respect to
the field ¢. For I'; jk = 0, this reduces to the simple case (1.29).

3. Special conformal transformations can have extra parts apart from those in (1.19)
and (1.25), connected to translations, rotations and dilatations. These are denoted
as k;(¢). From the commutator [D, K,,] = —K,, and (1.29) it is easy to see

that!?

k! 8jkp' — kp! 3k, = k" . (1.31)

ISRemember that, for the intrinsic part, $x8p¢’ = 8 (k' (¢)) = 9k ()Sk /.
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For the simple form of the dilatations ('1.29), this means that k,/ (¢) must have
Weyl weight one less than that of ¢'. Also, for consistency of the [K, K]
commutators, the k), 9; should be mutually commuting operators.

In this way, the algebra (1.21) is realized on the fields as

[8c(61),8c()]¢ =8¢ (8" = &6 — /0,87 ¢, (1.32)

where £/ stands for the set {a*, AV, Ap, Aﬁ} building (1.19).

To understand fully the meaning of the order of the transformations, consider in
detail the calculation of the commutator of transformations of fields. See e.g. for a
field of zero Weyl weight (kp(¢) = 0), and notice how the transformations act only
on fields, not on explicit spacetime points x*:

Apa”[D, P,]¢(x) = (Sp(Ap)dp(at) — 8p(a")dp(Ap)) ¢ (x)
= dp(Ap)atdu¢(x) — p(a™)Apx" 3, (x)
=a"d, (ADxU) P (x)
= aMapdud(x) = Apal Pug(x). (1.33)

It is important to notice that the derivative of a field of Weyl weight w has
weight w 4 1. E.g. for a scalar with dilatational transformation determined by the
vector kp (and without extra special conformal transformations) we obtain, using

8c(8)(9u9(x)) = 9u(5c(§)p (x))

3c(E)ud(x) = £"(x)vdud (x) + Ap(x) dukp(9)
—Amp” ()¢ (x) + Ap(x)0u¢(x) — 2 Ak ukp(@) . (1.34)

The first term on the second line says that it behaves as a vector under Lorentz trans-
formations. Furthermore, this equation implies that the dilatational transformation
of 9,¢ is determined by 9, (kp(¢) + ¢). For the simple transformation (1.29), this
means that the derivative also satisfies such a simple transformation with weight
w + 1. Furthermore, the derivative d,,¢ has an extra part in the special conformal
transformation of the form Al"(k,) (0u@) = —2Ax,kp(), as can be seen by looking
at the special conformal transformation part in 8¢ (§)¢ (x).

With these rules the conformal algebra is satisfied. The question remains when
an action is conformally invariant. We consider local actions for fields ¢ with at
most first derivatives of the fields:

5= / dPx L@ (1), 8,0’ (X)) (1.35)

The fields ¢’ are scalars or other representations of the Lorentz group, and have
dilation transformation (1.29) with weight w; for each field (for an extension, see
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further Exercise 1.4). For invariance of the action under P, and M, one has the
usual requirements of a covariant action. For invariance under dilatation one needs
that the total weight of each term should be equal to the dimension D. Here 9,
counts also for 1, as can be seen from (1.34). Then

épL = g“aML + DAp(x)L
=9y (8" L) — (3u&") L+ DAp()L =3, (L) , (1.36)

so the remaining term is a total derivative which vanishes in the action.

Finally, we consider the condition for invariance of an action under special
conformal transformation. The special conformal transformations sit in the last
term of (1.24), and hidden in Ap(x) and Ay (x) in (1.25). The contributions
when the latter are not differentiated in the transformation of 8ﬂ¢i, are canceled
by the steps mentioned above where the Lorentz transformations and dilatational
transformations are considered (e.g. in (1.36)). When they are differentiated they
give rise to extra terms

3K extradu®’ = wi (AuAD)P — 5 (B AL Impo' j¢ . (1.37)

E.g. for scalars, the last term in (1.34) is the contribution due to the first term here.
The contributions due to the last term of (_1.24) act, using the chain rule, as a field
equation of ¢’ times the transformation k' (¢) (x). We thus remain with

_ 1% D 'ES ol i 4] 12 S(S_ i
aKS_z)\K/d ) (—n,ww,qb — ]q;f) S OICE

(1.38)

-
where 0 indicates a right derivative. In many cases the first terms already cancel

and no k, (¢) are necessary. In fact, the latter are often excluded because of the
requirement that they should have Weyl weight w; — 1, and in many cases there are
no such fields available.

Exercise 1.3 There are typical cases in which the first two terms of (1.38) cancel.
Check the following ones

1. scalars with Weyl weight 0.

2. spinors appearing as @A if their Weyl weight is (D — 1)/2. This is also the
appropriate weight for actions as AJA.

3. Vectors or antisymmetric tensors whose derivatives appear only as field strengths
Oruy Byuy...u,) 1f their Weyl weight is p — 1. This value of the Weyl weight is
what we need also in order that their gauge invariances and their zero modes
commute with the dilatations. Then scale invariance of the usual square of the
field strengths will fix p = 4.
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4. Scalars X' with Weyl weight 4 — 1 and
£=(0.x") (7)., (1.39)

where A;; are constants.
O

Exercise 1.4 When the scalars transform under dilatations and special conformal
transformations according to

8¢" = EF ()8’ + Ap(0)kh(9), (1.40)

with k]’S (¢) arbitrary, check that the conformal algebra is satisfied. Consider now the
action for scalars

Sse =—1 /de 30" gij(d) "7 . (1.41)

It is invariant under translations and Lorentz rotations. Check that the dilatational
and special conformal transformations leave us with

88 = — / dPx [AD(x)a,@i I [gk(,» (aj)ka n Fj)/‘/q)‘f) - 2)g,~j]
—23k9,0' gij ij} , (1.42)

if one identifies the affine connection with the Levi-Civita connection of the metric,
similar to (A.4). The invariance under rigid dilatations is thus obtained if

Vikjp = (D —2)gij . (1.43)

with the usual definition of a covariant derivative V;. Vectors satisfying this equation
are called ‘homothetic Killing vectors’.'® However, to obtain special conformal
invariance, the last term of (1.42), originating from a contribution 9, Ap(x), should
be a total derivative. Thus one requires that

kip = 0ik , (1.44)

for some k. Then V;kp is already symmetric, and thus with the requirement (1.43)
one obtains that (1.30) should be satisfied with w = (D — 2)/2. The vectors

16The terminology reflects that the right-hand side is a constant times gij- For a function times g;;
it is just a ‘conformal Killing vector’.
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satisfying (1.30) are ‘exact homothetic Killing vectors’. One can find that the scalar
kin (1.44)1is

(D — 2)k = kp' gijkp’ . (1.45)

A systematic investigation of conformal actions for scalars in gravity can be found
in [75]. O

Exercise 1.5 Check that for a Lagrangian of the form
L= (aﬂqsl) (8“(;52) , (1.46)
the conformal Killing equation has as solution
kp! = wio!, kp? = wa¢?, wi+wy=D—2. (1.47)

However, the Eq. (1.30) gives also that w; = wy = %(D — 2). Check that this is
necessary for special conformal transformations.
Modifying the Lagrangian to

L= <1 + i;) (aﬂqsl) (8“(]52) , (1.48)

one finds as only non-zero Levi-Civita connections

1 ¢'/9°
Mh= ., .. TIh=="".. (1.49)

¢+ ¢ +¢
The solutions of the conformal Killing equations (1.43) already fix (1.47) with w; =
wy = ;(D — 2). However, now the Eq. (1.30) gives no solution. Hence, this model
can only have rigid dilatations, but no rigid special conformal transformations. O

1.2.4 Superconformal Groups

A classical work on the classification of superconformal groups is the paper of
Nahm [76]. In the groups that he classified, the bosonic subgroup is a direct product
of the conformal group and the R-symmetry group, the automorphism group of the
supersymmetries. The latter are bosonic symmetries that are not in the conformal
algebra, hence are spacetime scalars, as motivated by the works of [71] and [721.17

1"However, with branes the assumptions of these papers may be too constrained. Other examples
have been considered first in 10 and 11 dimensions in [77].
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Table 1.2 Superconformal algebras, with the two parts of the bosonic subalgebra: one that
contains the conformal algebra and the other one is the R-symmetry

D Supergroup Bosonic group
3 OSp(N14) Sp(4) = S0O(3,2) SO(N)
4 SU(2, 2|N) SU(2,2) =S04,2) SUWN)x U(1)
5 OSp(8*|N) SO*(8) D SO, 2) USp(N)
F(4) S0G,2) SU(?2)
6 OSp(8*|N) SO*(8) = SO(6,2) USp(N)
7 OSp(16*|N) SO*(16) D SO(7, 2) USp(N)
8 SU(8, 8|N) SU(8, 8) D SO(8,2) SUN)x U(1)
9 OSp(N132) Sp(32) © S0O(9, 2) SON)
10 OSp(N|32) Sp(32) D SO(10, 2) SO(N)
11 OSp(N164) Sp(64) D SO(11, 2) SO(N)

In the cases D = 4 and D = 8, the U(1) factor in the R-symmetry group can be omitted for
N # 4 and N # 16, respectively

Another classification has appeared in [78] from which we can extract'® Table 1.2
for dimensions from 3 to 11. The bosonic subgroup contains always two factors:
the conformal group (one should consider its covering that allows the spinor
representation) and the R—symmetry group. When the first factor is just the
conformal group, then the algebra appears in Nahm'’s classification. Note that 5
dimensions is a special case. There is a generic superconformal algebra for any
extension. But for the case N' = 2 there exists a smaller superconformal algebra
that is in Nahm’s list. Note that for D = 6 or D = 10, where one can have
chiral spinors, only the case that all supersymmetries have the same chirality has
been included. Non-chiral supersymmetry can be obtained from the reduction in one
more dimension, so e.g. from the D = 7 algebra OSp(16*|N) we obtain (N, N)
supersymmetry in D = 6 [79]. So far, superconformal tensor calculus has only been
based on algebras of Nahm’s type.'”

In the case of our interest N = 2in D = 4, D = 5 and D = 6 the
superconformal algebras are, respectively, SU(2, 2|2), F2(4) and OSp(8*|2) and
with R-symmetry groups SU(2) xU(1), SU(2), SU(2). In the practical treatment, we
will not see any fundamental difference in the structure of these supergroups. The
fermionic part of the superconformal group is generated by the supersymmetries
Q' (superpartners of the translations P,) and the special supersymmetries S
(superpartners of the special conformal transformation K, ).

18See Appendix B for the notations of groups and supergroups.

19Note that the superalgebras that are relevant for quantum field theories, according to Coleman
and Mandula [71] and Haag—t.opuszanski—Sohnius [72], only exist for D < 6. The maximal
number of supercharges of the corresponding superconformal QFTs is bounded by the requirement
that they admit a suitable stress-tensor multiplet, see e.g. [80] for a recent discussion.
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The dilatations provide a 3-grading of the conformal algebra and a 5-grading
of the superconformal algebra. In the conformal algebra, the translations P, have
weight 1, in the sense that [D, P,] = P,. The special conformal transformations K,
have weight —1, while Lorentz generators M, and dilatations have all weight 0. Of
course, the R-symmetry algebra commutes with the conformal algebra and thus has
weight 0. The supersymmetries have weight —i—é (see already that this is consistent
with (1.4)), and the special supersymmetries have weight —;. Thus, there is a
clear structure in the superconformal algebra, ordering them according to the Weyl
(dilatational) weight:

1:P,
oo
0:D, My, U/, T
—; .S
—1:K,. (1.50)

This grading already determines the structure of many commutators.

Let us now present some details of the superconformal algebras.? First, we have
the conformal algebra, as given in (1.21). The other part of the bosonic algebra is
the R-symmetry. We denote U;/ as the anti-hermitian generators of SU(2) and T as
the real generator of U(1), the latter only for D = 4. The SU(2) algebra is

[U,-f, Uk‘] = U — 8/ Ut. (1.51)
The antihermiticity and tracelessness properties of the SU(2) generators are

vl =-(uf) . U=,

U/ =U-, (1.52)
with 7;/ = ig;/ in terms of the three Pauli matrices a;/. The 3-vectors U have real
components Uy, Uy and Us are real operators, for which the commutators (1.51)
imply

[Ur, Ux] =Us, [Uz, U3l =Uy, [Us, Uil =Us. (1.53)

20Ty prepare these formulae, we made use of [81] for D = 4, apart from a sign change in the choice
of charge conjugation, such that the anticommutators of fermionic generators have all opposite
sign. For D = 5, we made use of [82], and for D = 6 of [83], but replacing there K by —K and
Uij by — é Ui;.
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More on the use of the SU(2) indices is collected in Appendix A.2 and specifically
for the triplet notation in Appendix A.2.2.

The equations of the first line of (1.52) are valid as well in D = 4, where raising
and lowering of i-indices is done by complex conjugation, and in D = 5, 6 where
they are raised and lowered by the £/ as in (A.15). In 4 dimensions, the first equation
is written as

D=4:Ul=-U;. (1.54)

In 5 and 6 dimensions the one-index raised or lowered matrices are (e.g. 71;; =
‘L'l,'kskj = iO’liaz = —10'3)

D =5,6 : U =—ilUjo3 — U211 +i01U3, Ui = iUjo3 — U1l —io U3 .
(1.55)

The first equation of (1.52) implies with the charge conjugation rule (see Appen-
dices A.3.2 and A.3.3) M€ = oyM*o, that U is a C-invariant matrix. The
tracelessness translates in symmetry of Uy and U (/) Thus, in conclusion, U is
C-invariant and symmetric (and thus also U;/ = U/; here, different from (1.54)).

Then we include the fermionic generators. In 6 dimensions Q' and S are
symplectic Majorana—Wey]1 spinors with opposite chirality

Q' = PRQ' = —y.0', Si= PS8 =S8 (1.56)

In 4 dimensions, the Q; and S; have opposite chirality: i.e. Q; and St are left-handed
(compare with (1.1))

Si=rpr. S =S8, S; = PRS; = —4.S; . (1.57)

The commutators between the bosonic and fermionic generators are (we leave
implicit the trivial ones)

[Map, Q01 = =5 (Yab Qe [Map, SL1 = =) (YabS)a .
[D, Qu'] = 504", (D, S'1=—)5L,
(Ui, Qu*1 = 804 — 3817 Qu*. (U, $a*1 = 884 — J8i7 8"
Wi’ Quk] = =81 Qui + 87 Quk . Ui/, Sak] = —8k7 Sai + 58i7 Sak »
[T, Qo] = }iQu', [T, 541 = JiSa’
T exists only for D =4,
[Ka, Qiy] = SD (VaSi)ot s [Pa, Soti] = ED(VaQi)a s
D=4: s4=1,
with D=5: s5=i,

D=6:s=—1.
(1.58)
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and sp is the complex conjugate of sp (only different for D = 5). Note that the
commutators [K, Q] and [P, S] have a different form in different dimensions due
to the difference in reality and chirality conditions. The factors i are necessary in 5
dimensions if we use the same symplectic Majorana condition for all the spinors.
This can be seen easily from the C-conjugation rules in Appendix A.3.2.

The anticommutation relations between the fermionic generators are

D=4:{0,.0;"y = =}8;'(v"Ps.  {Qd'.QF) = 0,
(S, 8%y = =38 (v K. (Sd'. S} =0,
{0457} =0,
{04, 8P} = —18;'8,P D — 18,1 (y*")oP Mapy — 118;78,PT + 5,PU;" ,
D=56:{Qia. 0} = =167V P, (Sia. S} = =187 (y)o"Ka,
D=5:{Qiu 87y = ~1i (878, D+ 167 (")’ Map + 387U, 7)
D =6(Qic S} = 1 (878D + 16, (v My + 482U ) . (159)

Note that in 6 dimensions, the spinors have a chiral projection, and the gamma
matrices in the right-hand side should also be understood as their chiral projection,
thus e.g. in the last line 8P stands for é(]l — vl

Exercise 1.6 Check that in 5 and 6 dimensions the [U, Q] commutator can be
written as [U,'j, Qk] = 5(,’ij). O

1.2.5 Rigid Superconformal Symmetry

To upgrade a realization of supersymmetry to superconformal transformations, we
thus have to define also the S-supersymmetry transformations on the fields on top
of the Q-supersymmetry. At the bosonic side, we saw in (1.24) that conformal
transformations of fields have ‘orbital’ parts and ‘intrinsic’ parts. The same will
be true for the supersymmetries. Though the word ‘orbital’ is not really clear for
supersymmetries, we will use the same terminology since the procedure is similar.
The orbital parts at the bosonic side were chosen such that the first term in (1.24)
with the definition (1.19) already satisfies the conformal algebra. We can do the
same for supersymmetry: we replace the constant supersymmetry parameters € of a
rigid supersymmetric theory by

€(x) =€+ spyuxn, (1.60)
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where the € and 7 at the right-hand side are the constant parameters for rigid Q- and
S-supersymmetry, respectively. The constants sp are those in (1.58), such that the
algebra is satisfied.

Finally, in parallel with the special conformal transformations, we should
expect intrinsic contributions from S-supersymmetry transformations. As follows
from (1.50), these can only transform a field A to a quantity B that has dilatation
weight 1/2 less than A.
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Chapter 2 )
Gauging Spacetime Symmetries: s
The Weyl Multiplet

Abstract In this chapter, we will discuss the gauge multiplets of the superconfor-
mal algebra, called Weyl multiplets. We start by repeating the basic transformation
rules for gauge fields and curvatures, and discuss then the modifications necessary
for spacetime symmetries. We will see that one needs constraints on curvatures,
and will learn how to deal with them. At the end of this chapter we obtain a Weyl
multiplets for N = 2 theoriesin D =4, D =5 and D = 6.

2.1 Rules of (Super)Gauge Theories, Gauge Fields
and Curvatures

Consider a general (super)algebra with commutators
(1), 8(e)] =8 (€ = efef fan©) . 2.1

In general f4p€ may be structure functions, i.e. depend on the fields. Moreover, the
equality above may be satisfied only modulo equations of motion, as we will see
below. The f4 5C are related to the abstract algebra introduced in Sect. 1.2.4:

D =4,6:[Ta, Tg) = TaTp — (—)*BTpTs = fap°Tc,
D =5:[Ta, Tp}) = TaTp — (—)ABTpTs = (—)*B fap1c, (2.2)

where (—)# is a minus sign if T4 is fermionic. The extra sign factor for D = 5 is
due to the factorsiin (1.2). It is assumed that in all other cases the transformation is
generated by €4 T4.

The algebra above can be realized locally by introducing gauge fields and
curvatures. This means that for every generator there is a gauge field, B,LA, which

© Springer Nature Switzerland AG 2020 29
E. Lauria, A. Van Proeyen, N = 2 Supergravity in D = 4,5, 6 Dimensions,
Lecture Notes in Physics 966, https://doi.org/10.1007/978-3-030-33757-5_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-33757-5_2&domain=pdf
https://doi.org/10.1007/978-3-030-33757-5_2

30 2 Gauging Spacetime Symmetries: The Weyl Multiplet

Table 2.1 Superconformal
gauge symmetries, their
gauge fields and parameters

Tao |Pa Map D Ko U/ T Q S
BuA e;‘j ‘Uuuh by fu Vuj'l Ap Y du
LS i S o R FL VR

transforms as follows!:
8(e)Bu = 0, +€°B, 8 fpc?. (2.3)

Covariant derivatives have a term involving the gauge field for every gauge
transformation

Dy =9y —3(By), (2.4)
and their commutators are new transformations with as parameters the curvatures:

[Dy, Dv] = =6(Rpuv)

R,uvA = za[qu]A + BvCBuBfBCA s (2.5
which transform ‘covariantly’:
3R = €“Ryw® fac”, (2.6)

and, with the definitions (2.4), satisfy Bianchi identities
A _
DiuRvp1” =0. 2.7

Having in mind the motivations presented in Sect. 1.2.2, we now start gauging
the superconformal group. In Table 2.1 we give names to the gauge fields and
parameters for the generators that appeared in Sect. 1.2.4. The relation between
parameters (or gauge fields) and generators varies in different dimensions due to
the different spinor properties and notations for raising and lowering i indices. This

'Note that the order of the fields and parameters is relevant here. For fermionic fields, the indices
contain spinor indices and one may use the conventions of [1, Sect. 3.2.2]. Although the objects
may be fermionic or bosonic, you do not see many sign factors. The trick to avoid most sign factors
is to keep objects with contracted indices together. For example, you see here the B index of the
gauge field next to the B index in the structure constants, and then the C contracted indices do not
have other uncontracted indices between them.
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is encoded in the transformation rule § = €4 T4:

8§ =e"Ta = 33" Miap) + oD + XKy +

AU +0r T+ € Qi +&Q + 177 Si +71iS' for D =4
+AT U i€ Qi + 17’ S; for D=5 (2.8)
AU+ € Qi +71'S; for D =6.

The same correspondence holds for the gauge fields in expressions B,LATA. With
this correspondence, the commutators can be written in terms of parameters in
commutators of transformations, e.g. for D = 4, we have

[8s(m).,80(€)] = dp(ip(e, n) + M (e, m) + Suril (e, ).,
AD(€,n) = é(eini +h.c),
22 (e, ) = Ley®n; +he),

Ar(e,n) = i(—&'ni +&n').

Mle,m) =&n —&n’ — 15 @ m —anh, (2.9)
and
[87(A1).80(€)] = 80(€'(e, A1), €/(e.Ar) = ikre,
[suy (M), 80(€)] = 80(€'(e, 1),  €l(e,n) = rile;. (2.10)

Exercise 2.1 Check that the first equation of (A.2) corresponds to the defini-
tion (2.5) for R,w“b if we just consider the Lorentz group, i.e. the first equation
of (1.21), and define w,ﬂb as the gauge field of M. m]

2.2 Gauge Theory of Spacetime Symmetries

The sole procedure explained in Sect. 2.1 is not sufficient to define a suitable theory
for local spacetime symmetries. In the following we will explain the necessary steps
to improve the recipe given in Sect. 2.1.

2.2.1 General Considerations

The main problem is that in general relativity one should have general coordinate
transformations (gct) as a local symmetry rather than the local translations defined
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by rules of the previous section. The action of gct on spacetime scalar fields and
gauge vectors is, by definition

St (E)p(x) = EM ()30 (1) , (2.11)
Sect(8) Byt = €78, B, + (9,6")B,* = 856V B,5)B A — "R, (2.12)

where in the last line we have rewritten the transformation using (2.3) and (2.5).
On the other hand, the definition (2.3) with the algebra (1.21) would lead e.g. to
dpb, = 2&,f,“, which is not yet a general coordinate transformation. We will
take a few steps to relate gct to local translations as defined by the algebra (1.21)
and (1.58).

Step 1 First of all we distinguish the translations from all the other transformations.
All these others will be denoted as standard gauge transformations. We therefore
split the range of indices A in the following way:

Ty = P, T . (2.13)
—— ~—~—
Translations Standard Gauge

The gauge field of P, denoted as e, ¢, is required to be invertible as a matrix, and it
is interpreted as the frame field.

Step 2 When we consider the parameter a* in (1.19) as a local function, this
absorbs all the other terms in (1.19), and we further denote it as £ (x). In other
words, a change of basis in the set of the gauge transformations is performed such
that all the orbital parts of Lorentz rotations, dilatations and special conformal
transformations are reabsorbed into the general coordinate transformation. In the
same way the special conformal transformations in (1.25) are absorbed in the local
parameters A2? (x) and Ap(x) and the S -supersymmetry part in (1.60) is absorbed in

€(x).

Step 3 A further basis change is performed using covariant general coordinate
transformations (cgct) [2, 3]:

Seger(§) = 85ct(6) — 81 (6" B, ) (2.14)

Note that (2.14) is a combination of general coordinate transformations and all the
non-translation transformations (standard gauge transformations) whose parameter
€! has been replaced by £# B,,!. As we require that the final action is invariant both
under generic dgc¢ and 4y, it should be invariant also under cgct. To summarize, we
replace

S(€) = €Ty =P, + €Ty, (2.15)
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by a different transformation that leaves the action invariant:
§ = beger(8) + €' T = 8ges(®) + 81 (¢! = 6B, ) . (2.16)

Below, we will discuss the action of cgct in more detail for the different types of
fields.

Step 4 In order to identify the cgct transformations with gauged translations we
further need constraints on some curvatures. As we will see in Sect. 2.2.2, the first
one will be the curvature of translations that will be put to zero. This will imply
that the gauge field of Lorentz rotations w,ﬂb will become a function of e}, as is
common in general relativity, where it is then often called the ‘spin connection’.
The expression in the supersymmetric theory will also involve other fields such as
the gravitino. This is related to torsion, see e.g. [1, Sect. 7.9]. We will see in Sect. 2.4
that more constraints will be imposed such that also other gauge fields of Table 2.1
are composite rather than independent fields.

Step 5 When general coordinate transformations are properly implemented, the
numbers of bosonic and fermionic degrees of freedom in a supersymmetric theory
should match, as we discussed in the beginning of Sect. 1.2.1. In the N' = 2 theories,
this will involve the introduction of additional (auxiliary) degree of freedom, which
we will discuss in Sect. 2.6.

In summary the essential modifications of the procedure outlined in Sect. 2.1
are

1. Translations are replaced by general coordinate transformations, which are
further combined with other symmetries to covariant general covariant transfor-
mations (cgct) (2.14).

2. Some gauge fields will turn out to be ‘composite’, i.e. functions of the other fields

in the multiplet.

. The multiplet that gauges the superconformal group will contain auxiliary fields.

4. The structure constants will be replaced by structure functions.

(O8]

In the following we present the general form of cgct acting on frame fields,
other gauge fields”> and matter fields, which will be useful for our considerations. At
this point, it is important to keep in mind that the fundamental distinction between

2The part on gauge fields could be generalized to p-form fields. We do not include a general setup
for these, but the essential characteristics of cgct apply in the same way.
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‘gauge fields’ and ‘matter fields’ is that the former have a coordinate index ,” while
matter fields have no coordinate indices. In other terms,

Matter vs Gauge Fields
The transformation of matter fields does not involve a derivative of a gauge
parameter, while the transformation of gauge fields does have the BMEA term.

2.2.2 Transformations of the Frame Fields

Let us derive the explicit form of the transformations of the frame field. For a cgct
the last term of (2.14) cancels the first term of the second expression in (2.12),
apart from the translation part (where B takes only the values corresponding to
translations, i.e. b). As a result we obtain

Scgct(&)en” = 3,6" + E"B5 fpp® — £V R (PY) . (2.17)

The first two terms in the expression above are just (2.3), with € replaced by £¢. In
particular after imposing the constraint R, (P%) = 0, the cgct of the frame field is
equal to its P, transformation as it would directly follow from (2.3).

Let us now consider this first constraint using the explicit expressions of the
commutators that are of the form [P, -] = P in the algebra (1.21) and (1.58).

Ryw (PY) = 2 (00 + biyu) €8 + 200, eutp + £ (W, ¥0) =0, (2.18)

where £ is the function introduced in (1.6). This constraint implies that wﬂ“b is
the connection such that for pure gravity (hence ¥, = 0) the spacetime manifold
with metric g, = eZeva is torsionless, while the gravitino terms define a torsion.
We will come back to this constraint and its consequences below, and explain its
solution for wﬂ“b in general. The expression (2.17) then collapses to

Scget(®)ep = (3 +by) E° + 0,08, . (2.19)

30f course one could change it to a frame index a by multiplication with e,*, but we consider it
in the form B;:‘ as the basic field and B/ as the composite of ea“B‘f. This field B{j may still be
composite by itself, but that is not important at this point.
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The standard gauge transformations of the frame field follow straightforwardly
from the rule (2.3). That is, using the notation £%(-, -) from (1.6),

81(eNep® = €'BE f1" = —peu® — A%eun + £ (Y. €)
D=4:EWyu €)= 3y Y+ 2&av" V),
D=506:6Wu €)= 1y Yu. (2.20)

2.2.3 Transformations of the Other Gauge Fields

Transformations (2.3) of gauge fields other than e,“ are often deformed by the
presence of matter fields in the multiplet. That is, the expression (2.3) is often not
complete. This will be the case after other fields have been added as mentioned
above under ‘Step 5°, and will be discussed in full in Sect. 2.6. Here we will already
discuss how this modifies some general rules that were presented in Sect.2.1. A
simple example of this phenomenon appears in the supersymmetry transformation
of the gauge field W, in the abelian vector multiplet, which contains a ‘gaugino’,
Al

8o(@W, = —1eij€ yur! +hec., (D =4). (2.21)

Clearly the r.h.s. of the equation above cannot be seen as a part of (2.3). Therefore,
in order to account for these additional fields, we need to modify some of the
general rules presented in Sect.2.1. We allow in general a modification of (2.3)
by considering the following general form of standard gauge transformations:

5, (ef) B!l =due! + /B fas + €' M, (2.22)

The expression M, JI is a function of ‘matter fields’, which should be a covariant
quantity (i.e. not transforming with a derivative of a parameter, see Sect.2.3). As an
example, when the field B,i is the U(1) gauge field W, the term written in (2.21) is
of this form where the supersymmetry index is J = (i) and I refers to this gauge
field, say I = .:

Moi* = —ée,-j ()/,U)»j>a . (2.23)

As mentioned above, such terms will also appear for the gauge fields in Table 2.1
after auxiliary fields have been added.

In (2.22) there is still a sum over A, which we want to split in the standard gauge
transformations, and the contribution when B, 4 is the frame field e,%. Therefore
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we rewrite (2.22) as
5, (ef> Bl = .’ + ' B.S frs' + ! My,
Mas' = fas' +Mas". (2.24)
While the terms containing M, are determined case by case, depending on the

multiplet, those proportional to f,;! are fixed by the superconformal algebra (in
particular by the commutators [P, T7] = f.;'T7). Explicitly,

51 (61) ‘SDL —_ ... — sDyMni s
8 (e’)bﬂ =+ 2hKps
51 (e’) W, = — 4alde, P (2.25)

The constants sp are those that appear in the algebra (1.58). Including the matter
terms as in (2.24), the cgct (2.14) on the gauge fields B,i are

Seget(8) B,

—&"Ru’ +&°B f1a' —&"BI My’

—&"Ru’ —E“BIMay" . (2.26)

The second term in the first line only occurs for the transformation of the gauge
fields of supersymmetry, dilatations and Lorentz rotations. This is the original
P, transformation of the gauge field. In the second line appears a new covariant
curvature, which takes the transformations of the gauge fields to matter fields into
account. Indeed, the last term of (2.22) implies that R, I transforms in the derivative
of a parameter, i.e. there is a term 29 MeJ M ;1. In the last line we introduced the
modified curvature

R’ = R’ — 2By My =1’ — 2B Moy, (2.27)
which does not transform to a derivative of a parameter and we defined
ruv’ =288 + B.5B, f1k", (2.28)

by stripping all contributions from translations out of the curvatures.

Exercise 2.2 We saw already in (2.24)-(2.25) the explicit form of the terms that
make the difference between M and M. Using (2.27), this should allow you to
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determine that the only ones where these play a role are

Ry (M“b) = (M“b) + 8 le,,
Run(D) = 1, (D) — 4 fieuta,
R (Q) = run(Q) — 2spy[udv - (2.29)
O

The cgct of a standard gauge field, given by (2.26), takes into account the matter
fields as well as modifications of the gauge curvatures by the latter. On the frame
field, upon imposing the constraint (2.18), a cgct gives a local translation as dictated
by (2.3). In the case of standard gauge fields, the relation between local translations
and these covariant general coordinate transformations is less obvious. First of all,
we cannot simply put all curvatures equal to zero to use (2.12). This would impose
derivative constraints on all fields, and thus restrict their dynamics. It could be done
for R(P) because in that case, this constraint will just determine the spin connection
in terms of the frame field, without imposing further dynamical constraints.

We will only choose constraints that in the same way can be solved for gauge
fields. In this respect, (2.29) will be useful, which already shows that with such
constraints f,,* and ¢, may be determined in terms of other fields. How this is done
exactly and what are the consequences will be the subject of Sect. 2.4. Suppose that
this is done, let us count the number of off-shell degrees of freedom associated with
the independent fields of Table 2.1. This is done in Table 2.2, where for comparison,
we also included N = 1 in D = 4. As explained in the beginning of Sect. 1.2.1,
the number of off-shell degrees of freedom is given by total number of components
minus the gauge degrees of freedom. From the components we have a factor D for
the index p and a, a factor 3 for the SU(2) gauge fields, and a factor 8 for the spinors
of the N' = 2 theories (4 for N = 1). Upon subtracting the gauge degrees of freedom
corresponding to the superconformal group, we see that for N’ = 1 there remain an
equal number of bosonic and fermionic degrees of freedom. It turns out that indeed
the gauged translations can be identified with general coordinate transformations. A
detailed analysis can be found in [4]. On the other hand, the numbers do not match
for the N = 2 theories. A standard procedure to cure this mismatch introduces other
(auxiliary) fields, which will be new ‘matter fields’. This solution will be presented
in Sect. 2.6.

Table 2.2 Off-shell degrees of freedom in gauge fields

bosonic fermionic
fields symm. # |field|symm.| #
et by Vi Ay|Pa Mup D Ky Ui/ T |dof| y, |Q S |dof
N=1D =4{16 4 41-4 -6 -1 -4 -1/ 8| 16 |4 —4| 8
N=2D=4|16 4 12 4|-4 -6 -1 -4 -3 -1|17| 32 |-8 -8|16
N=2D=5|25 5 15 -5 -10 -1 -5 -3 21|40 [-8 -8|24
N D =6|36 6 18 -6 -15 -1 -6 -3 29| 48 [-8 —8|32
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2.2.4 Transformations of Matter Fields

Matter fields transform by definition without derivatives on the parameters. Using
this, we can rewrite the definition (2.14) of the cgct, extracting the £/, as

egct(€)9 = §"0,9 — 81 (6" BL)
—EDup.  Dud=dup—3 (B,ﬂ) 0. (2.30)

Note that the new derivative D, such defined is not a covariant quantity. Indeed,
under general transformations its transformation includes 9,,£" D, ¢, hence a deriva-
tive on a parameter. This can be avoided by defining D, ¢, as we will discuss below.
We will then also prove that this is a covariant quantity, and then the action of
translations on matter fields is P,¢p = D, ¢.

2.3 Covariant Quantities and Covariant Derivatives

We reserve the present section for a more specific discussion on covariant quantities
in gauge theories. Several important steps for this were obtained in [5, Sect. 3.2].
We start from the following definition:

Covariant Quantity
A covariant quantity is a field whose transformation under any local symmetry
has no derivative on a transformation parameter.

The Lie derivative (general coordinate transformation) of a world scalar (namely
an object with only frame indices) does not involve a derivative on the parameter,
while all other fields that have coordinate indices (components of forms, world
vectors, ... ) transform under general coordinate transformations with derivatives of
&M, Therefore, any covariant quantity must be a world scalar. Using this prescription,
we have immediately two ways to build covariant quantities:

1. A covariant derivative on a covariant quantity with its index turned to a frame
index:

Dot = e Dyp . 2.31)

2. Covariant curvatures with their indices turned to frame indices:

-~

Rap' =ed'er Ry . (2.32)
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The elementary matter fields transform under the symmetries in other covariant
quantities. As will become clearer soon, this is not a general property of covariant
quantities. For quantities that do not transform in covariant quantities, the expression
of the covariant derivative is not as in (2.30). Let us first look to covariant quantities
that do transform in covariant quantities. For those we have the lemma

Lemma on Covariant Derivatives If a covariant quantity ¢ transforms into
covariant quantities under standard gauge transformations, its covariant derivative
Dy given by (2.31), with D¢ given by (2.30), is a covariant quantity. Moreover,
if the algebra closes on the field ¢ then the standard gauge transformations of D, ¢
involve only covariant quantities.

An immediate consequence of the lemma is that under these conditions the cgct
D,¢p = P,¢ gives a covariant quantity.

In this lemma a difference is made whether the algebra is ‘open’ or ‘closed’ on
the original field. We refer for more information to [1, Sect. 11.1.3]), but repeat here
the essential statement. In general, the commutator of two transformations on a field
¢ is of the form

81 (61> p=exr,
(o1 (<) .80 ()| @ = ed el (f1s"xx + f1s Dt +m1s) . 233)

The last tensor, 1y, is the non-closure function for the field ¢. It is not always
possible to close the algebra on all fields without using equations of motion. If these
transformations occur for a theory based on an invariant action, the tensor 1y, is
proportional to equations of motion, and the algebra is still ‘on-shell’ closed, i.e.
using trivial on-shell symmetries.4 In conclusion if, for the field ¢, n;; # 0, then
D, ¢ is still a covariant quantity, but its transformation §; (61 )D, ¢ is not. Vice versa,
if ny; = 0, then the algebra closes off-shell, and the lemma says that §; (61 YD, ¢ is
again a covariant quantity.

A similar lemma holds for curvatures, which are in fact the generalization of the
covariant derivatives for gauge fields:

Lemma on Covariant Curvatures For a gauge field with transformation law
as in (2.22) where My;' is a covariant quantity, the covariant curvature (2.32),
with (2.27) is a covariant quantity.

The rest of this section is organized as follows. We first give a proof of the
lemma of covariant derivatives in Sect.2.3.1. In Sects.2.3.2 and 2.3.3 we discuss
the example of the D = 6 abelian vector multiplet, in which we see in practice how
the cgct indeed needs the seemingly non-covariant last term in (2.26) and how the

“Note that in principle, 57, may have contributions for all symmetries denoted by the indices I, J,
but in practice (due to the engineering dimensions of the transformations) non-closure functions
are related only to [§g, 8¢].
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lemma on the covariant curvature is realized: ﬁ,w does not transform to a covariant
quantity, but Rup does. As it will be clear soon, computing these variations is in
general long and painful. Useful simplifications happen if we strategically make use
the lemmas above, provided the algebra is closed, and this will be in fact the content
of Sect.2.3.4, the ‘easy way’. In Sect.2.3.5 we will also consider an example with
an open algebra.

2.3.1 Proof of Lemma on Covariant Derivatives

Let us start from computing § g€’ )D,¢. Using the definitions (2.30), (2.24)
and (2.33)

8y <€J> Dy = €' 0,x1 — ' BY fres" x1 — e’ Myus"x1 — BLS; <€J> X1
=€l (DM +45 (Bi)) XI — GJBlIffKJIXI
eI My xr — 8y (ef) 51 (B,ﬁ) . (2.34)

For the last term, we used the notation in the way it is used in calculating a
commutator. That means, the first § (¢) does not act on the BIIL within the §; (Bé)q&, as

it is done when one calculates a commutator. Then from this piece plus e'8;(B l{ VXTI
in the second line one reconstructs a commutator with €/ replaced by B/, and €, by
el Using then (2.33), we obtain

8,(eNDup = €' Dyuxi — €’ My x1 + €' Bl (f1°Datd +111)
=" Duxr — e My xr + GJB,inIJ
+ (31ehen” =€ el, for®) Du. (2.35)

At the end, we made use of (2.20). The first term in the bracket has an explicit ¥,
but is canceled when reverting to the transformation of D, ¢:

8 (/) Dut = € Duxs — ! Mas "1 + €' Blnis — € fu’ Do, (2.36)

namely D, ¢ is a covariant quantity, since 8, (¢”)D,¢ does not contain derivatives
on the parameters. If n;; = 0, the explicit gauge fields disappear from (2.36) and
the transformation of the derivative is again a covariant quantity. This proves the
lemma on covariant derivatives. We will come back to the meaning of the last term
of (2.36) in Sect. 2.3.4.
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2.3.2 Example: D = 6 Abelian Vector Multiplet

We will use an example to illustrate the closure of the algebra on gauge fields.
In Sect.2.3.3 this example is used to show how the transformation of curvatures
gives a covariant result. Finally, in Sect. 2.3.4 it is used to illustrate how to facilitate
calculations using the lemmas.

The D = 6 abelian vector multiplet consists of a vector W, and a spinor Al The
transformations® under standard gauge transformations are

81 (1) Wi = 9,6 + et
o1 ()2 = (340 = by ran) A 42705 = Ly Fue’ . (237)

where 6 is the parameter for the U(1) transformation that W, gauges. This U(1)
commutes with all other symmetries. W, is thus one of the B,{L in the general
treatment, and comparing with (2.22), we can identify

My "V = 5 (ki) (2.38)

where («i) stands for the combined index (spinor + extension) indicating a
supersymmetry. The i-index (and also the spinor index «) is implicit in the first
line of (2.37), as explained in (A.18). The modified curvature, which is called F),,,
is

Frw = Fuy — Yiuviihs F = 20, W, (2.39)

Instead of using (2.27), just recognize that derivatives in F,, have to be completed
to covariant derivatives.

Let us now comment on 8;(e/)A’. The Ap-term states that the fermion A has
‘Weyl weight’ ; We will explain in Sect. 3.2 how this weight can be easily obtained.
The Lorentz transformation is valid for all the spinors. Its form can in fact already
be seen from the first commutator in (1.58). Similarly, the SU(2) transformation is
general for any doublet. Finally, under supersymmetry transformations, the matter
field A! transforms to Fp, which is a covariant quantity (as will be shown explicitly
in Sect. 2.3.3). This should be the case, since Al is a matter field and should thus
transform to a covariant quantity.

SWe apologize for the many occurrences of A here. A’ is the spinor, while A% and A% are the
parameters appearing in Table 2.1.
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Transformations under cgct follow from (2.26)

chct(é)Wu = _évf/w - ;galﬁlﬁ/a)\
Seget N = E°DA . DA = Dyl + iy Fyy,
Dl = (8 = 3bu+ Ly Pwuan) N = Viia (2.40)

Let us first comment on the last expression. The D, introduced here only includes
the D, M, and R-symmetry, i.e. the linearly realized symmetries.®

Note that the last term in the first line is necessary for a correct result of
the anticommutator of two supersymmetries. Indeed, consider the exercise of
calculating the commutator of two supersymmetries on W,,. In order to close the
algebra, this commutator should give a cgct.

S0(edo ()W, = J&yu8o(eNr + Layar s (ene,® . (2.41)

The first term gives clearly the covariant curvature, and the second one leads to the
second term in the last expression of (2.26). The {Q, Q} algebra is thus closed on
Wy.

Exercise 2.3 Check further that one obtains indeed the right coefficient for the
transformations, using (1.6), symmetries using [1, (3.51)], Fierz formulae (A.48),
gamma manipulations using (A.42), and (A.17). |

2.3.3 Illustration of Full Calculation of the Transformation of
a Curvature

We will now show that Fp is a covariant quantity. We first calculate the super-
symmetry transformation of F, v, defined in (2.39). Therefore we need §p ;. The
matter terms are collected into the symbols 7),. As we have seen, the latter are in
principle determined by the gauge algebra. For the sake of simplicity we will leave
the matter terms arbitrary in the following derivation. The starting point is then

So¥u = Due + 7Y, D,Lei = (B,L + %bﬂ + }‘y“ba)ﬂab) el — V,Lijej ,
(2.42)

thus

80(€) Fuy = 3 (E1112) — (Dpue) yoh — Tiuvinh — Yiudo(€) (d) . (2.43)

That turns out to be convenient in computations, as will be illustrated below.
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The first 9, can be replaced by a covariant derivative D,, with only Yang-Mills
gauge connections, as it acts on a SU(2) scalar, Lorentz scalar, and D-invariant
quantity. To say so, we consider for now the parameter € as an SU(2) doublet,
Lorentz spinor, and of dilatational weight —; (check that A got weight g and the
implicit e, has weight —1, see (2.20)). That is implicit in the definition of D€’
in (2.42). Then we can ‘distribute’ this covariant derivative, and terms with D, on
€ cancel. This illustrates the convenience to work with the D,, derivatives. We are
left with

SQ(G)I?MU = EJ/IUDM])»—FEJ/“)» D[Mev]a—T[MJ/U])»—ZSQ(E)SQ(QD[M)WU] . (2.44)

The writing of the last term is similar to what was done in Sect.2.3.1, and the
following manipulations are similar to those that we did there. Replacing the first
derivative by a full covariant derivative, this can be written as DA = Dy A +
80 (¥, ). The latter term nearly leads to 8¢ (V)8 g (€)W, apart from that we have
to be careful that also the frame field transforms in the latter expression. We obtain:

80 Fuy = EYvDygh + €vak Dipen® = Tpuymh
+2[80 (W), 8o (€)] Wuy — Evardo(Y)en” . (2.45)
We already calculated the commutator on W,,, checking that it gives the covariant
general coordinate transformation. The parameter that we have to use here is,
see (1.6):
E (Ypuv €) = yey Y = 8p(e)ey” . (2.46)
That can be inserted in (2.40) and one can use the constraint (2.18) to obtain

0 =2Duen)* +&“ (Y, ) . (2.47)

We leave to you that after further Fierz manipulations as in Exercise 2.3, one arrives
at

80(€) Fuy = ey Dy — Tiuyuh — 2Fapdo(€)e” . (2.48)

The last term contains an explicit v,. This is canceled when calculating the
transformation

80(€) Fup = EypDarh — Yiaynh » (2.49)

which does not contain any explicit gauge fields. The gauge fields are hidden in the
covariant derivative.
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2.3.4 The Easy Way

This was enough to show that the transformation works out as expected. But the
calculation was complicated, and we were only looking to a simple example!
However, now comes the good news: once you know some tricks, you never have to
do all the computations. These tricks involve the knowledge of some basic facts:

1. D, on a covariant quantity and ﬁah are covariant quantities;

2. The transformation of a covariant quantity does not involve a derivative of a
parameter (definition).

3. Ifthe algebra closes on the fields, then the transformation of a covariant quantity
is again a covariant quantity, i.e. gauge fields only appear either included in
covariant derivatives or in curvatures.

Let us consider again the calculation of d¢ I?ab in the D = 6 abelian vector
multiplet, where from (2.41) we know that the algebra closes on the gauge fields.
The third principle implies that §¢ Fyp should be a covariant quantity. Let us start
from the definition (2.39)

Frv = Fuy — Yiuyhs Fpy = 200, Wy . (2.50)

First of all, consider the transformation 8¢ Fy,, =~ 20,80 W,), where oW, =
—ey, .. When taking the 9, derivative, we delete the term where the derivative acts
on the parameters «, €, because these have to disappear in the transformation of a
covariant quantity. Hence,

80 Fuy = €. 2.51)

Moreover we can forget about derivatives on a frame field. Indeed, a derivative on
any gauge field can only appear as its curvature, but we know that the curvature for
the frame field has been constrained to zero. Hence,

SoFup = €yponr = €ypDah. (2.52)

The last implication is just the ‘covariantization’ of the term involving the partial
derivative d,, which is not covariant. The covariant quantity must involve D,,
instead of 9,.

Let us now consider the second term, ¥, yyA- One can realize that the interesting
term arises from

(SoWiu) vk (2.53)

Indeed, if we would act with 6 on the other factors, then a v, remains and we
know that these must be included in those covariant derivatives that we have already
considered in the first term. For the same reason, regarding the variation of v, as
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for any B,IL gauge field, one can neglect the first and second terms in the first line
of (2.24):

51 () Bl = ' M., (2.54)

In our case this M is the Y-term in (2.42). These steps are quite general, leading to
the conclusion that the only relevant part of the transformation of gauge fields is M.

In light of this smart strategy, we now review the result of the transformation of
a covariant derivative on a covariant quantity, § (e’ YD, ¢, as obtained in (2.36). In
order to apply this method we need to assume that the algebra closes on the field
¢, since otherwise 8;(e’)D,¢ is not a covariant quantity and this ‘easy’ method
cannot be applied straightforwardly.

The first term in (2.36) is the covariantization of the 9, ¢ term in (2.34).

The second term, the M term, is the only one that remains explicit from
8y(e’ )B,IL, the rest being implicitly included in covariant derivatives. Thus, from
a practical point of view, these non-gauge terms are the most interesting terms in the
transformation of gauge fields. As shown in (2.24), M terms are of two types. The
first ones are those from the gauge algebra where the gauge field was the frame field.
These are the transformations explicitly given in (2.25). The others are the matter
terms, which we still have to find for each case. For the gauge field in the vector
multiplet, that was the relevant term, which gave its supersymmetry transformation
to the gaugino.

The third term appears only in case of non-closure. We will consider below the
fermionic field in the vector multiplet for which there is no closure.’

Now consider the fourth term, which finds its origin in transformations of the
frame field to the frame field, (2.20). This term refers to the first two terms in the
explicit expression of (2.20):

5y (ef) Datp = - — (xDaab 4 Aab> Dy, (2.55)

which amount to the following. The first one implies that the Weyl weight of D, ¢
is one higher than that of ¢. The second one implies that D,¢ is a Lorentz vector.

Exercise 2.4 Check that, whatever would be the S-transformation of A (here in 6
dimensions it is zero, however the corresponding fermion in 4 and 5 dimensions has
S-supersymmetry transformations), the S-variation of Fy is due to (2.25):

85(1) Fub = yap . (2.56)

O

7 Closure could be obtained if we would have introduced auxiliary fields, but for the didactical
value of the example, it is good to consider the situation without the auxiliary fields.
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Exercise 2.5 One can even give a general formula for the transformation of
curvatures, correcting (2.6) for the effects that gauge fields transform with matter-
like terms. To apply the methods explained earlier, the last decomposition in (2.27)
is most useful. Indeed, explicit gauge fields appear only quadratically in r,,’. You
can then determine that

8y (61) Ra' = €' Rap® frs' + 2’ DiaMyys' — 26X Miac? Myys' . (2.57)
Similarly, the Bianchi identity becomes

D[aﬁhc]l + ﬁ[abJMc]JI =0. (2.58)

2.3.5 Non-closure Terms in D = 6 Abelian Vector Multiplet

Finally, let us consider the fermionic field (gaugino) A’ in the D = 6 vector
multiplet, on which the supersymmetry algebra does not close. As we have already
calculated the supersymmetry transformation of Fap in (2.49), it is easy to calculate
the commutator of two supersymmetries on the gaugino. We do not take the Y-term
into account, as we do not know its form yet, and it is independent of the rest. The
commutator is

[So(en). 8p(e)] A = = DA é1y‘e
3 i = .,C 1 =0 cde J)
+ 163/"1))‘ €1y°€2 + 967/cde1))»j €, Y77°€) . (2.59)

The first term is the covariant general coordinate transformation. The others are
the non-closure terms, all proportional to PA. From these terms one finds that the
supersymmetry variation of D, A is (neglecting again possible extra matter terms in
transformations of gauge fields)

5Q(6)Da)¥i = _iybceiﬂa 2?bc + 136%'1))\1' Yay©e+ 916Vcde1))vj &éiycdeej) .
(2.60)

To conclude, we see explicitly that the transformation of D,A is not a covariant
quantity. It is now not possible to define D, D, A such that it does not transform to
a derivative of a gauge field. However, note that one can define it such that at least
the antisymmetric part in [ab] does not transform in a derivative. That is analogous
to a curvature. Also on a gauge field we cannot define a covariant generalization
of 9, W,y. The covariant DD, should just have extra factors ; for every term in
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which there are two gauge fields. Also that is similar to a curvature:
DDy = dpDagh’ + }‘J/Cdgﬁ[ibﬂa]ﬁ-d
- 332 VCZ))"i ‘/_fa Y Vb — 152 Vcdez))\j IﬁaiVCdewlg) . (2.61)

But these are objects that one seldom needs.

2.4 Curvature Constraints

As we advocated in Sect.2.2, we need to impose certain constraints in order that
the translations on the gauge fields take the form of (covariant) general coordinate
transformations. The kind of constraints we need are the so-called conventional con-
straints, which are algebraic (and not differential) conditions on some fields. At the
classical level, conventional constraints do not impose restrictions on the dynamic
itself. Importantly, this discussion is not specific for conformal supergravity.®

2.4.1 Constrainton R(P)

The vanishing of the P“ curvature has been already considered in (2.18) and
it is immediately clear why this leads to a conventional constraint. Concerning
representation content, (2.18) is a vector times an antisymmetric tensor, and the
same holds for the spin connection w, . For this reason one can solve (2.18)
algebraically for a),ﬂb, which from now on will become a dependent field’:

o = 0, (e, b) — £ (v v ) = 3 (v 0")
w, (e, b) = w, % (€) + 2¢,1b" (2.62)

where a),f‘h(e) is the usual expression of the spin connection, see (A.4), obtained
by the antisymmetric part of (A.3), which is a simplification of the above constraint
without b, and gravitini. The term with b® can be understood as necessary to
reproduce the special conformal invariance, see (2.25). The gravitino contribution
is already known from pure Poincaré N' = 1 supergravity [6-8].

It is important to realize that the constraint (2.18) is not invariant under all
the symmetries if one assumes for a)ﬂ“h the transformation rule that follows

8Indeed, one needs such constraints also in general relativity (as explained at the beginning of this
chapter) where the connection a)ﬂ“b must be a function of ¢}, and not an independent field.

This is what we were looking for (see the first item of the list of three shortcomings in Sect. 2.2).
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from (2.3), such that the curvatures would just transform as in (2.6). Explicitly, the
transformation 87 (e’) R, (P€) can be calculated from the definition (2.18) using
the ‘easy method’. The terms quadratic in the gravitino do not play a role in the
variation, as they will always leave a naked gravitino behind. Thus we should only
consider the variations of the frame field in the derivative. According to (2.20), this
involves only de, i.e. R,p(P), and 9, i.e. ﬁab(Q). The former are zero, so there
remains only a variation in ﬁab(Q):

51 (') Ran(P) = §° (Rus(©). €) - (2.63)

One may therefore expect that there would be a new constraint ﬁah(Q) = 0.
However, since in the expression for ﬁab(Q) there is no field that is a spinor—
antisymmetric tensor, this choice would be an unconventional constraint: it cannot
be solved. Instead, one should define the transformation laws of the dependent field
from its definition as in (2.62). As w,ﬂb is now defined by the vanishing of R,;(P),
its transformations can be defined by its expression in terms of the other fields.
Another way to say so, is that (Sa)lﬂb has extra terms to compensate for the non-
invariance of R, (P), calculated above.

To see how this method works concretely, let us be slightly more general and
consider a constraint C(w(¢), ¢), where w(¢) is a composite of the independent
field ¢ and we assume that C contains at least a curvature. The transformation of C
consists of the pure gauge terms, from the gauge theory algebra and following the
general rules, plus extra terms § pqw like in (2.24):

aC
0C = dgaugeC + SMC = dgaugeC + aw(SMw. (2.64)
Because ‘38 is invertible we can calculate the extra terms in the transformation of w

that are necessary in order that the constraint is invariant, 5C = 0. The result for the
constraint (2.18) has the same structure as the solution (2.62):

Sy = £l (ﬁu”](g), e) + 18, (ﬁ“b(g), e) , (2.65)

and can be thus interpret as the additional M term in (2.24) for the w gauge field.
A final consequence of the imposing (2.18) can be seen from the Bianchi
identity (2.7) applied to translations: Dy, Ry (P9) = 0. Of course the covariant
derivative used in this expression is not limited to the standard gauge transfor-
mations, and as such one will find covariantization terms corresponding to local
translations, i.e. ez fo J“Rvpj , Where fj, ¢ are structure constants in the commutator
[Py, Tj] proportional to P¢. This commutator is only non-zero for 7; being
dilatations and Lorentz rotations. According to the lemmas in Sect.2.3, these
covariantization terms (with all  indices changed to tangent spacetime indices) are
the only ones that we have to consider when we upgrade the curvatures to covariant
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quantities. Hence the Bianchi identity for translations immediately gives
— 810 Roer (D) + Rian (M) = 0. (2.66)

So far, this is independent of supersymmetry or even of the conformal group. In
fact, the last identity, without R(D) would then be the well-known equation that
the M-curvature antisymmetrized in 3 indices is zero. Multiplying (2.66) with §,¢
gives that the contracted M-curvature, i.e. the Ricci tensor, is symmetric if there is
no R, (D):

(2 — D)Rup(D) = 2Ry (M,,]d) . (2.67)

Exercise 2.6 The M-curvature can be calculated directly by taking the derivative
of (2.62). As the final result has to be covariant, we can drop all other terms, and
restrict to the dw term, where the derivative acts either on w(e) or on b,. This leads
to a direct relation expressing ﬁ,w (M“?) in the covariantization of dw(e), and I/Q\W.
Check that in this terminology, (2.66) implies that the former part satisfies the cyclic
identity Ry,.0]° = 0 and leads to a symmetric Ricci tensor. m|

2.4.2 Other Conventional Curvature Constraints

Now that we have seen the procedure how a)ﬂ“h became composite, we may
consider whether this can be done for other gauge fields in the same way. If we
look for the smallest possible multiplet, then we should use this procedure for
all the gauge fields that we can algebraically solve. The clue is given in (2.29).
These equations show which gauge fields appear ‘linearly’ in the curvatures, namely
multiplied by a frame field. In particular, we may choose constraints that determine
fu® and ¢,,. This looks rather convenient. Indeed, without such a constraint f,,“
would already appear in bosonic conformal gravity, while we do not know this
field in the physical conformal gravity. At first it looks that we can define it either
from a constraint on the dilatational or on the Lorentz curvature. But (2.67) implies
that R (D) is a function of R (M), so that we can restrict ourselves to the Lorentz
curvature. To be able to eliminate f,,“ completely, the constraint should be a general
d x d matrix:

R (M”C) +Cl =0, (2.68)

where C,¢ may be any covariant function that is independent of f,,%. Similarly,
there can be a third constraint that determines ¢, from a constraint of the form

Y R(Q)pa + pa =0, (2.69)
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where p, is a covariant spinor-vector. One might impose the constraints with C,”
and p, vanishing, but we will see in Sect.2.6 that modifying the constraints in
this way depending on other (auxiliary) fields can be convenient. In any case, the
addition or not of such extra parts amounts at the end only to a field redefinition of
the dependent gauge fields.

We go now again through the consequences of these constraints. Let us repeat
the names of the various covariantizations of curvatures (and introduce meanwhile
another one: R'):

ruv! = 28,By)’ + BB, frk!,

Ry =rw’ = 2By fus”
I/{uvl = RMUI — ZB[MJMU”I = r,wI - ZB[MJMU”I .
R, =run!' —2B My," =R + 2By fus . (2.70)
Furthermore, as a completion of the Ricci tensor, see (A.2), we define
Ruv = Ry (M) e, R=R,", @71

The solution of (2.68) and (2.69) is

1
AD =D = R = Cu e (R+a).

—sp(D —2)pa = y*R,,(Q) — pa —

.7 (v Rp(@) = v"0s) @.72)
2D —1) be
This is thus the analogue of (2.62). Similar to what we found there, the constraints
will have the consequence that the transformation law of the fields f,,“ and ¢,, get
extra matter-like contributions. We assume that the extra C,” and p terms in the
constraints have the same Lorentz structure, SU(2) structure, dilatational and U(1)
weight as the curvature term. As we explained at the beginning of Sect. 2.4.1 (see
e.g. around (2.64)), the constraints do not break supersymmetry (in general, this can
be as well Q as § supersymmetry) as long as one modifies the transformations of
the composite fields. The exact rules depend on the transformations of the matter
terms in the constraint. The simplicity of the result, e.g. invariance of the constraint
under S-transformations may even be an argument for the choice of the matter terms
in the constraints.

The K transformations of these constraints vanish due to the constraint on
R,,»(P), at least when the extra matter fields do not transform under K. Indeed,
this will not be the case due to a Weyl weight related argument that we will give in
Sect.2.6.1.

Furthermore, there are relations between the curvatures as a consequence of
Bianchi identities, similar to (2.66). Those give relations for the S and K curvatures.
The explicit form depends on the matter sector.
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2.5 Example: Non-SUSY Sigma Model

Before continuing with the full theory, let us illustrate the construction of a confor-
mal invariant action by looking at a scalar sigma model without supersymmetry.
In this context, the scalars ¢i are coordinates of a Riemannian manifold, with
metric g;;. The latter defines the Levi-Civita connection I'¥,. We assume that there
is a closed homothetic Killing vector as in (1.30), which allows to define the
conformal symmetry of the scalars. The gauge fields are e, w,%’, b, and f,°
(with conventions given in Table 2.1) and their transformation under local dilatations
and special conformal transformations follow directly from (2.3):

8¢' =kp'ip,
Se " = —Ape,“, Set, = Apety,
Sy = —4)\llgelb) ,
8by = duAD + 2AKu »
8fu = Ap fu + duAk” (2.73)

where as usual, e#, is the inverse of e,,“. The scalar fields are thus invariant under
special conformal transformations.'?
The covariant derivative for the scalars follows from (2.30):
Dud' = 0,¢' —bukp',  Dud' =Dy, (2.74)
leading to
5D.d = hp [Z)aqﬁi n (a ko' ) Dad’ ] — 2hkakp'
=D [(w + 1Dy’ — kp* T Dy ] — 2xakp' . (2.75)
The second (contracted) covariant derivative is therefore
DD’ = 0,09 + 21k’ — b [(w + DD — KT D0 |
+e"w,, " Dy . (2.76)
The covariant box is
0" = D' Dug’ + T Dutp’ D¢~ . (2.77)

lOkL (¢) = 0 in the terminology of (1.24), and this can be expressed by saying that ¢' are primary
fields.
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Since
SkOp =205 (D — 2 — 2w)D, ¢’ , (2.78)

the covariant box is conformally invariant only for w = (D — 2)/2.
We will show that the following action is conformal invariant:

1 . . 1 .
e L= _zgijDa¢lDa¢/ + wfaagijlekD/ : (2.79)

Both terms on the right-hand side scale under dilatations separately with a factor
2(w + 1), while the left-hand side scales with weight D. So it is consistent under
the same condition

w= (D=2, (2.80)
which keeps the conformal box also K-invariant. Now we will show the K-

invariance, which is why we need the second term in (2.79). The K transformations
of the action give

. Y o o
6_15K.£ = ZA%legijDQQV + w (3a)»f() g,'jlekD/ = waa (A?(gijlekD/) ,

(2.81)
where one uses that
3 (g,' kpikp! ) = 2wkp'gi;da¢’ . (2.82)
This finishes the proof of the invariance of the action (2.79).
The equations of motion from (2.79) with (2.80) read
) dPL = g;;07 (2.83)
8¢i - gl/ . .

We now consider the constraint (2.68) with C,” = 0. Indeed, here we do not
have any reason nor fields available to consider a different C.”. Then (2.72) leads to

1

fi =4k (2.84)

We now just write R, rather than R to indicate that there are no further corrections
to the usual bosonic scalar curvature of the metric. Therefore, the Lagrangian is

1

1 . . . .

—1 i qya i
=— giiD,P' D¢ — Rgiikp'kp’ . 2.85
e L 2gl/ “ 2(D—1)(D —2) 8ijb D ( )
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In order to have positive energy for gravity, the metric g;; should have a negative
signature in the direction of the homothetic Killing vector kp’. In flat space, kp' =
we¢' and we obtain

1

2 P
) Rg,'jqﬁ ¢*/ . (2.86)

. . D —
“lp_ _ "y, i J_
L= gDt D =

For D = 4, in the case of a single scalar with negative kinetic energy, this reduces
to (1.10).

2.6 The Standard Weyl Multiplets

The aim of this section is to construct and describe the multiplet of pure super-
conformal gravity, called Weyl multiplet. As long as we are not interested in
higher-derivatives supergravity theories, we do not need to consider an action for the
Weyl multiplet. Instead, in the spirit of the superconformal calculus, results given in
the present section will be very useful to build up actions for Poincaré supergravity.

2.6.1 Matter Fields Completing the Weyl Multiplet

So far, the problem mentioned in the fifth step of Sect. 2.2.1 has not been considered.
We saw in Table 2.2 that the number of bosonic and fermionic components of
the independent gauge fields do not match. As a consequence, the supersymmetry
algebra cannot give rise to invertible coordinate transformations. We could expect
this result, since given the general forms for the covariant general coordinate
transformations and for the other gauge transformations, nothing guarantees that
supersymmetries anticommute to the covariant general coordinate transformations.
The matter terms M in the transformations of the gauge fields (2.22) should
be chosen appropriately to obtain the right anticommutator, and they should be
functions of new matter fields.

The solution is not unique and the arguments to obtain it are not so obvious. The
first one of this nature was obtained in 4 dimensions from splitting a linearized
Poincaré multiplet [9-11] that was found earlier. One way of constructing the
complete set of fields is to make use of supercurrents. One starts with a multiplet
that has rigid superconformal symmetry and considers the fields that couple to the
Noether currents. This method has been used in various cases, see [12—18]. We will
not go into this subject any further here.

We present here the solutions with the fields mentioned in Table 2.3, which are
called the ‘standard Weyl multiplets’. Alternative versions for Weyl multiplets have
been constructed [5, 18, 19], which differ from the above ones in the choice of
auxiliary fields (fields below the double line in Table 2.3). These multiplets contain
a dilaton auxiliary field and are therefore called the ‘dilaton Weyl multiplets’. The
existence of a D = 4 version, recently found in [19] was already noticed in [20,
Sect. 4.4].
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Table 2.3 Number of off-shell components in the fields of the standard Weyl multiplet

| D=4 D=5 D=6| w c y.|gauge transf. subtracted
e, 5 9 14/-1 0 P4 Map, D
b, compensating K¢ 00 D K¢
w, P composite 00 Mab
Ju© composite 10 K<
Viui? 9 12 15/ 00 SU(2)
A, 3 00 u(l)
' 16 24 320-3 1 + ok St
gb,,i composite +% % - St
T,,.T,,. 10 10 11
1 1 1l 20
i 31
TOTAL |24 + 24 32 + 32 40 + 40| |

The columns D = 4, 5, 6 indicate the number of components of the fields in the first column with
gauge transformations subtracted. The next columns contain the Weyl weight, the chiral weight
(only for D = 4, where it means that the transformation under U(1) is é7¢ = ic¢ A7), and the
chirality for the fermions for even dimension. Note that for D = 4, changing the position of the
index changes the chirality, while in 6 dimensions the chirality is generic. Finally, we indicate the
symmetry for which it is a gauge field, and possibly other gauge transformations that have been
used to reduce its number of degrees of freedom in this counting

The standard Weyl multiplet involves an antisymmetric tensor 7', with two
indices in 4 dimensions (7,5, you may take it anti-self-dual, but then it is
complex) [21], with two or three indices in 5 dimensions (these are dual to each
other) [18], or an anti-self-dual real tensor in 6 dimensions [5]. Further there is a
real scalar D and a fermion doublet x'.

In order to obtain the transformation laws of the standard Weyl multiplet one
uses the general procedure outlined in [5].

(1) As afirst step one must construct the linear Q-supersymmetry transformations
of the matter fields and also the additional transformations for the gauge
fields due to the presence of these matter fields. This is done by writing a
general ansatz linear in the fields with yet undetermined coefficients. These
coefficients will be fixed by demanding that the commutator of two super-
symmetry transformations gives a local translation, i.e. [§g(€1), dp(€2)] =
&% (€1, €2) P, with £9(eq, €2) given by (1.6). In writing the ansatz one makes
use of the Lorentz structure of the fields and of course their spin. Recalling
the tricks presented in Sect.2.3.4, a derivative acting on a gauge field can be
replaced with the corresponding (modified) curvature. Similarly, one must also
covariantize all the derivatives using the covariant derivative. Both the explicit
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expressions of the covariant derivatives and the curvatures will change during
the procedure that we outline here. More specifically one will encounter M, ;/
terms, which will modify the transformation laws and curvatures as shown
in (2.22) and (2.29), respectively.

Next one would like to obtain the bosonic transformation rules of the matter
fields. The Lorentz transformations follow straightforwardly from the index
structures of the different fields. For the fields that we consider here, the action
of the dilatation on a field is of the form

Spg = wApg, (2.87)

determined completely by the Weyl weight w of the field. The Weyl weights of
the gauge fields are easily found by looking at the algebra. For the matter fields
one must use another consequence of the algebra, namely that the Weyl weight
of the Q-supersymmetry transformation must be é higher than the original
field on which it acts. This is equivalent to considering the Weyl weight of the
parameter € as —é and demand an equality of the Weyl weight of the left-
hand side and right-hand side of the Q-supersymmetry transformations that
we have just determined. In this one must also use that the Weyl weight of a
covariant derivative is 1 and that a curvature has Weyl weight 2 higher than
the corresponding gauge field. This is due to the presence of frame fields in
their expressions. The determination of the Weyl weights is an important step
because they restrict the other transformations severely. Especially for the K-
transformation, which lowers the Weyl weight of the field by 1. In the same
sense as for € one can consider the parameter Ay as having weight 1. So in
order to construct these transformations, one must look whether there are fields
present in the multiplet that obey this restriction.

One is then left with the R-symmetries. For the T transformation in D = 4
one uses similar rules as for dilatations, using a chiral weight ¢ for every field
with the meaning

St = icopArr . (2.88)

The complex conjugate of a field has opposite chiral weight. In the same way,
the right-projected field, e.g. x; has ¢ = —é since x! has ¢ = —}—é. To find
the weights, the commutator [T, Qi ] in (1.58) implies that one can count €l as
having chiral weight é, and thus ¢; as weight —é. The SU(2) transformations
are implicit in the position of the indices, see (A.26).

The S-supersymmetry transformation is determined by using the action of the
commutator [K, Q] ~ S on the fields. Since for the Weyl multiplet, b, is the
only one of the independent fields that transforms under K -transformations
(as in (2.25)), the S-transformation is easy to get in the following way. First
consider all occurrences of b, in the transformation law (hidden in covariant
derivatives and composite fields such as (2.62)). This should lead to terms
proportional to b#y“ei. Then replace bﬂy“ei by —2spn’ where sp are the
sign factors in (1.58).
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Exercise 2.7 An immediate example of how this procedure works consists in
obtaining the first line in (2.25) from the supersymmetry transformation of the
gravitino

5V, = Dye+ - = (;bu + L, e, b)y“b) et (2.89)

O

At this point we have determined all the transformations for the fields of the
standard Weyl multiplet. However, there are two complications which will further
modify these transformations. A first modification applies only to the composite
fields as discussed in Sect. 2.4. There we have shown that in order for the constraints
to be invariant under the symmetries one must change the transformations of the
composite fields. First, it is important that one uses the modified curvatures due to
the extra matter terms in, for example, the Q-supersymmetry transformations of the
gauge fields.

Further, as shown in Sect.2.4.2, it is possible to change these constraints by
adding additional covariant functions of fields. In some cases, these functions can be
chosen in a way that they simplify the transformations of the composite fields. For
D = 4 and for D = 6 (the (1, 0) theory that we treat here) we will be able to choose
the constraints invariant under S-supersymmetry, avoiding extra S-transformations
for the constrained fields. Observe, however, that this is a choice for convenience,
which is even not necessary possible (it is not possible in D = 5 [18] or for (2, 0) in
D = 6 [17]). In principle all constraints of the form (2.68) and (2.69) are equivalent
up to field redefinitions.

A second, and more important, complication is the fact that one obtains addi-
tional transformations if one determines {Q, Q}. For example if one calculates this
commutator on the frame field one will obtain a general coordinate transformation,
as expected, but also an additional Lorentz transformation. These transformations
will depend on the fields and thus change the algebra into a soft algebra, which
has structure functions rather than constants, see [1, Sect. 11.1.3]. This change in
the algebra is the start of an iterative process. First one imposes the newly found
commutator {Q, Q} on all the fields, i.e. one demands that the Q-transformations of
all the fields are such that their commutator gives a Lorentz transformation acting on
the field. In order to be able to do this one may need to use terms that are nonlinear
in the fields, e.g. second order. If these nonlinear Q-transformations are found, one
again calculates the commutator on all the fields. If one finds a new transformation
as a result, one must impose this again on all the fields and thus change the Q-
transformations. This iterative process stops if one finds no new transformations
in calculating the commutator and thus obtains closure. A same procedure can be
applied to {Q, S} and {S, S}.
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262 D=4

We present here the Q and S supersymmetry transformations in D = 4. First for the
independent gauge fields:

So.s(e. ey = Y&y +hee.,
8.s(e. Mby = 3& i — 571" Vi
—géi]/p,)(i + h.c.,
So.s5(€,MAy = = i€ i — 5l Yui
— i€ yuxi +hee.,
So.s(e. Vil = —&d) — v},
—G—ZE,' J/ﬂ)(j — (h.c.; traceless),
so.5€ M = (8 + 1y + sy e — Jia,) € = Vjlel
- 1163/ : Tisijyuéj - V,u.ni ;
80,5(€,MT,;, = 2 Rap(Q) i) ,
80,s(e, n)xi = —2143/ ~1)T‘8i/ej — éﬁji . yej + éiﬁ(T) . yei + éDei
+y - T eln;,
80.s(e,m)D = J& Dy; +hec., (2.90)
where R ji is the SU(2) curvature, R(T) the U(1) curvature, and y - R = y®°Ry,.
The notation A’; — (h.c.; traceless) stands for A'; — A;/ — ;Sji(Akk — AN,
For the gauge fields, the first line represents the original gauge transformations, and
the second line are the terms that were symbolically represented by M in (2.26).

Observe the covariance of these terms and the transformations of the matter terms.
The dependent fields are defined by the constraints

0= R, (P).
0=y Rpa(Q) + 3vax’ .
0= Rue(M") — iR, (T) + 12T+ 4 35,0D . 2.91)

The terms that could appear in these constraints are fixed by compatibility with Weyl
weights (thus that we do not want to modify the dilatational transformations), and
as mentioned above, the coefficients are chosen such that they are invariant under
S-supersymmetry.
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The expressions of the dependent fields in terms of the physical fields are
0 = 0, (e, b) + ! [‘/}Ly[a‘/fib] + Pyl ]/‘fi[ayﬂwh]i] ’
fuf = _zltléua + 214%“1% + }‘i;? “T) - 116TcuT+ac - SeM“D,

ol = =3y R, (O + Lyuy ™R, (0D + Lvux'. (2.92)
Here appears the dual of the U(1) curvature, and the Ricci tensor (2.71) of
Ry (M) = 1) + [F 70 (3 3 + R (00))
+ Ay e Tl 4 h.c.] ,
ruw (M) = 201,00°" + 201, con)™ — Yl v P o — Vit y Pl (2.93)
and
R\Lu(Qi) =2 <a[u + %b[u + zlxyahw[uah - éiA[u) I/Gi] + Zv[uij‘/ﬁ{]
- abT hs’/ Yutlj - (2.94)

We present the transformations of the constrained fields in 3 lines: first the orig-
inal transformations, then the M -transformations determined by the non-invariance
of the constraints, and finally terms that represent modified structure functions:

80.s(e, Mwu™ = Yy + Sy Py

—3E Yy Py — ey R ()
—l&@T eyl .,
So.ste,m i =371y Pui
— e €@ Dxi + 4V DR (Q)i
— L&y Dy T e — 2Eyay,: D +h.,
50,56 M}, = (9 = 1y + 4y wuar - éiAu) 0+ Vil i = [ v
1

—312@T yyﬂsfe/ g R i yyﬂe/—81R(T) yyﬂe
+al (Xjveel) vavl, — ( ) e'l. (2.95)
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The third line of each of the (2.95) show that the commutator between two
supersymmetries is modified as follows:

[So(e. S(e)] = deger (69) + 0 (14 + 3k (1) + 85 (5) . 2.96)
where the associated parameters are given by the following expressions:

£8 = éééy“eu +h.c.,

)\gb = i?ié% T+ab8,'j + h.c.,
1-i 3 -
3 = géi€ DpT e + Pelyte;; D+ hee.,
i3z .
M3 = 4 €121 Xj - (2.97)

These extra terms become important in applications where they can give rise to
central charges if the fields appearing in the structure functions get non-zero vacuum
expectation values. We will see that in the presence of vector multiplets, there appear
extra terms of a similar nature involving the scalars of the vector multiplet.

263 D=5

We report here the O- and S-supersymmetry transformation laws of the independent
fields using again the same splitting in two lines for gauge terms and matter terms'!

80.s(e. Meu® = Yey Y. .
80.5(e. Wby = yied, + Hifpy,
—2€yux,
so.5(e, MV, = =3ielg)) + Jiiy)
+aely, 0 +iely P Tyl
80.5(e, n)lﬁL = d,€ + ébﬂei + ia)zb]/ahéi — V,ijq —iyun’
Hy P Tpyyet,
80.5(€. M Tap = Ji€yapx — 5i€Rap(Q) .

So.s(e,mx’ = je'D— 614J/“b§ij},(V)6j + gl P DTpe’ — §iy I DPType!

U For 8y the split in two lines is accidental due to the length of the expression.
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_iyadeTachdei + éTzei + iyabTabni s
80.s(e, M)D = Py — 3iey“PTapx —iiix - (2.98)

In 5 dimensions, not much simplifications are possible by taking appropriate C
in (2.68) or p in (2.69), so that we just took the constraints [18]

RA,(P)=0,  y'Rpa(Q)' =0,  Ruc(M*)=0. (2.99)

Following the methods in Sect.2.4, we find expressions for the dependent gauge
fields: gauge fields associated with S and K symmetries, respectively:

o =w e b) = 3y Iy, — Lty
¢l = Liv'R,, () — vy R.,1(Q),
R}, (Q) = 2000y + Yo Pvan¥rly + by — 2V vy j + 21y - Tyl
fa® = g (~R@) = S,y D,
+ é%y“b"l/fi Veij + 16,y x — 4y Ty + gill_fb)’abcdllf“ TCd) .
(2.100)

The full commutator of two supersymmetry transformations is

[B0(e1), 60(e2)] = 8eger (61) + 81 (197 ) + 85 n) + 8 (1)) + 8 (35cs) -
(2.101)

The covariant general coordinate transformations have been defined in (2.14). The
parameters appearing in (2.101) are

£l = Jayue,
250 = —iéayly I Taye
Agj = iégy“bTabe{) ,
ny = —%ieex' + jieyeeryyx’
+4111€§i7/cd6{) (J/Cde +1 ﬁ"dj(Q)) ,
My = —layteD + &y el Ryeij(V)
+ i€ (=5y P Dy Tea + 9Dy TH) €

+é (VadeeTbche — 4y T T + %y”Tz) €]. (2.102)
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For the Q, S commutators we find the following algebra:
(85, 60(€)] = 8p (3ién) + 8 (Liey*Pn) + v (—3i€n”) + 5k (35s) .
[85(m), 8s(n2)] = 8xc 3y “mi) . (2.103)
with
My = 68 (V" Thova = Yvar"Toc) . (2.104)
For practical purposes (see how to calculate transformations of covariant deriva-
tives), it is useful to give the extra parts of the transformation laws of dependent
gauge fields, i.e. the parts denoted by M,,; in (2.24). These are (for the gauge field

of special conformal transformations we suffice by giving the transformation of the
trace, as this is what one often needs)

So.se. M = -+ = JeyIRNQ) — ey R™(Q) — de, eyl
8o.se.mel, =---— i {V“”m - iym/“”} Ry’ j(V)el +
+§ [ﬂ)yabTahy[L - D,uyabTah + VMVCDaTac] Ei +
i [ ~Vuabea T T + 8y, T Ts — 29,2 € +
+3i 8y Tys — yuy - T) ',
ss(m) fa" = =5iny, (2.105)
withy - T = y“b T, and T2 = T%T,;,. Note that there are other terms, which
however are proportional to gauge fields, determined by the algebra. For example,
the Ag‘b expression in (2.102) implies that the supersymmetry transformation of the

spin connection contains a term

Sp(€)w, b = — eyl Ty Ny, . (2.106)

264 D=6

The transformation laws of the independent fields are
80.s(e.men = Yey iy,
80.5(6, Wby = =€y + 57y

1 -
—4€YuX
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So.s(e. MV, =280l + 270y )
+ég(i7/MXj) ,
So.s(e, MY, = (au + 0, + iy“bwwb) €+ Vel
+oy7 T yue +yun',
80.5(6.MTyp. = = 35V Vape Rae(Q) — g&VaveX -
So.s(e.mx’ =+ Duy - THyle —3RV(V) -ye; + JDe + 1y - Ty
8g.s(e. D =& Dy; — 2ijx (2.107)

where y - T = y“hCTabc, e

The constraints that we took in 6 dimensions are

0=R%,(P),
0=y"Rea(@) + §yax’
0= Rue (M) = Tpo, 7770 4 L5, (2.108)

The last equation contains a sign correction!? to the equation in [5].
The transformations of the dependent gauge fields a)M“b and ¢, contain as
covariant terms (terms not determined by the algebra)

So(@w, P = - — L&yl R, P (Q) — ley, R (Q) — Leul®eyy
80()¢l, =+ 3 {y””m — éymf”"’] Rap' j(V)el +
g5 (D™ T )€ (2.109)

In this case the constraints are also S-invariant, and thus there are no extra S-
supersymmetry transformations.
The algebra is only modified in the anticommutator of two Q-supersymmetries:

[80(e1), 80 (€2)] = Scget (éézyMQ) +m (éézycﬂT*“b") + 85 (214)&;)("52)/“61)

+ ok (—emer (DT + Lyt D)) . 2.110)

12We thank T. Kugo for this correction.
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Again, this implies that the transformations of gauge fields contain extra terms
with gauge fields as e.g. there is in the transformation of the spin connection

+

gycqufabc.
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Chapter 3 )
Matter Multiplets Shethie

Abstract After the Weyl multiplet is introduced, we can now define matter
multiplets whose transformations respect the algebra with structure functions that
depend on the fields of the Weyl multiplet. We treat here vector multiplets and
hypermultiplets. We define them for D = 4, 5 and 6, first for rigid supersymmetry
and then for the superconformal theory. In the second part of this chapter we define
actions for these multiplets, which will be the basis for the further chapters.

The goal of this chapter is to construct local superconformal actions for the matter
multiplets, exploiting our knowledge of the Weyl multiplet. In principle there are
many representations of the superconformal algebra that define matter multiplets.
The physical theories for D = 4 can all be obtained with vector multiplets and
hypermultiplets. For D = 5 and D = 6 tensor multiplets can lead to inequivalent
theories. For D = 5, this has been included in the treatments of [1-5], to which we
will come back to this in Sect. 6.2. One might also prefer formulations in terms of
other multiplets to make connections with other descriptions, e.g. in string theory.
We will briefly discuss the D = 4 tensor multiplet in a superconformal background
[6] in Sect. 3.2.5. The action with one tensor multiplet was given in [7] and extended
to more multiplets in [8]. On-shell matter couplings using different formalisms have
been given in [9-11]. Recently [12], also the (off-shell) coupling of one tensor
multiplet to an arbitrary number of vector multiplets has been obtained.

The main focus of this chapter will be on vector and hypermultiplets. Importantly,
the latter will be used not only as physical multiplets, but also as compensating
multiplets to describe super-Poincaré theories with matter couplings. This is in the
spirit of the general strategy outlined in Sect. 1.2.2 that we review in Sect. 3.1.

The remainder of this chapter is split in two parts. In Sect.3.2 we explain
the structure of first vector and then hypermultiplets and their embedding in the
superconformal algebra. The construction of actions is postponed to the second part,
Sect. 3.3. We explicitly construct the superconformal invariant actions for sets of
these multiplets, which will be combined in Chap. 4 by the gauge fixing to Poincaré
supergravity. Many parts of this chapter, especially for the case of D = 4, have been
obtained in the context of the master thesis of De Rydt and Vercnocke [13].
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66 3 Matter Multiplets
3.1 Review of the Strategy

In Sect.1.2.2, we already outlined the general idea of the superconformal con-
struction for actions with super-Poincaré invariance. At that time, we had not yet
explained the gauging of the conformal algebra. Now we can be more precise. For
this example, we will still restrict to the bosonic case. Consider a scalar field ¢ with
Weyl weight w and no intrinsic special conformal transformations: k, (¢) = 0. Its
superconformal covariant derivative is

Dugp = (9 — wby) . (3.1)

The transformation of the covariant derivative 9D,¢ can be easily obtained from
the ‘easy method’ (Sect.2.3.4). One takes into account (2.25) to find that there is a
K transformation. The transformation law of a covariant derivative determines the
covariant box

0Ch = 1P Dy Dugp = (a,mm — (w+ D)byDa + 0y apD'd + 2w f,m¢)

=1 (8 — (w+2 — D)by) g™ (8, — why) ¢ — 2(Dw_ HRO 62

We use here the constraint (2.72) (without matter for the pure bosonic case). The
last term is the well-known R/6 term in D = 4. In fact, choosing w = 12) — 1, one
has a conformal invariant scalar action

S = /de e (3.3)

Exercise 3.1 Show that f dPx eD,p D¢ is not a special conformal invariant,
while O¢ is invariant under K iffw = 5 — 1. O

In order to obtain a Poincaré invariant action, we have to break dilatations and
special conformal transformations (as these are not part of the Poincaré algebra).
Considering (2.25), it is clear that the latter can be broken by a gauge choice

K — gauge: b, =0. (3.4)

One could take as gauge choice for dilatations a fixed value of a scalar ¢. As a
consequence, the action (3.3) reduces to the Poincaré gravity action: only the frame
field of the ‘Weyl multiplet’ (which was in the background) remains.

The lesson to learn is: once the gauge for the superfluous symmetries in the
matter action is fixed, without considering any action for the Weyl multiplet, we
find kinetic terms for the gravity sector.
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We can schematically summarize this procedure in the following diagram:

Weyl multiplet: e,,“, b, (Background)
+
matter field: ¢
N gauge fixing K,, D

Poincaré gravity e, * , 3.5

namely we introduce, in the background of the Weyl multiplet, the conformally
invariant action of a matter field ¢ and we fix the gauge to get the action of
Poincaré gravity. In the above scheme, the field ¢ provides the compensating field
degree of freedom that makes the combined field gauge equivalent to an irreducible
multiplet of Poincaré gravity. We remark that, at the classical level, every gauge
fixing is equivalent to redefinitions of the fields. In this case, defining (the conformal
invariant)

g/w = g,u.v¢4/(D72) ) 3.6)

and writing the action in terms of R(g), the field ¢ disappears from the action

D -2

S =_
4D —1)

d?x VER(@3). (3.7)

The absence of ¢ from the action above is just a consequence of dilatational
invariance

b [8S5(&.¢) . . 85(8. ¢) _
/ o [mu(x) D8I sy PP } =0 G

which, together with 6pg,, = 0, implies S(g, ¢) = S(g).

3.2 Conformal Properties of the Multiplets

Having the Weyl multiplet, the further step now is to introduce other multiplets in
the background of the Weyl multiplet. The resulting algebra, which depends for part
on the fields of the Weyl multiplet, is fixed for what concerns the superconformal
transformations. On the other hand, extra terms with gauge transformations of extra
vectors or antisymmetric tensors may still appear in the algebra. As long as the fields
of the Weyl multiplet are inert under these transformations (as we will impose by
hypothesis), these extra transformations do not modify our previous results.
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A first modification of this structure is obtained by the introduction of a gauge
vector multiplet. The commutator of the supersymmetries can still be modified by a
gauge transformation that depends on fields of this vector multiplet. For this struc-
ture to make sense, the algebra of the Weyl multiplet had to close without using an
equation of motion. Furthermore, as long as the vector multiplet is well defined off-
shell, a matter multiplet (in the background of both the vector and Weyl multiplet)
may now be introduced whose algebra closes only modulo equations of motion.

All fields in ‘matter multiplets’ will now have to obey the same ‘soft’ algebra
defined by the Weyl multiplet. A first step is to define their transformations under the
bosonic symmetries. We assume the rules (2.87) and (2.88) under Weyl and chiral
transformations, where the weights will be given in Table 3.1. The R-symmetry
SU(2) transformation is implicit in the index structure of the fields.

Table 3.1 Fields in some

superconformal matter D=4 D=5 D=6
multiplets field] w ¢ # |field w #|field w #|[SU2) 7.
Off-shell vector multiplet
X[ 1 1 2 [o 11 1
W, | 0 0 3 |W, 04w, 05| 1
Y| 2 0 3 |v,; 23lyv; 23| 3
Q|32 172 8 |w: 3/28[ A4 328 2 +

On-shell tensor multiplet
B,, 0 3|B,, 0 3| 1
6 1 1o 21| 1
AN 3724 ¢t 5/24| 2

On-shell hypermultiplet

qx 1 0 4 g% 3/24[q% 2 4] 2
A372 172 4 |27 2 4|72 50124| 1 +
Off-shell chiral multiplet

A w w 2 1

B,‘j w+1lw-1 6 3
G ,lw+lw=-1 6 1

C w+2w-2 2 1

v wslw-1"3 2+
A |w+ % w— % 8 2 -

Off-shell linear multiplet

Lij| 2 0 3 |Lij 3 3|L;jj 4 3| 3

E, 3 0 3 |E, 4 4E, 5 5| 1

G 3 -1 2 | N 41 1

@i | 5/2 1)2 8 | ' 7/28| ¢t 9/28| 2 -

We indicate for each dimension the Weyl weight (and for D =
4 chiral weight), the number of real degrees of freedom, the
SU(2) representations, which is the same in any dimension,
and the chirality for D = 4 and D = 6. For each multiplet
we give first the bosonic fields, and then the fermionic fields
(below the line)
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3.2.1 Vector Multiplets

Vector multiplets can first be defined in 6 dimensions, and then reduced to 5 or 4
dimensions.

3.2.1.1 Vector Multiplet in 6 Dimensions (Abelian Case)

Consider the vector multiplet in D = 6, which has already been introduced in
Sect.2.3.2. It has been shown in (2.59) that the supersymmetry transformations
do not close. The solution to this issue is well-known: the 5 bosonic components
of the gauge vector, and the 8 components of the spinor, need an SU(2)-triplet
of real scalars, Y@/ The latter will appear in the transformation law of the
fermion.

As an illustrative example, let us show how the transformation laws of the
D = 6 vector multiplet have been determined with methods that can be used
in general. In general, it is useful to first consider the Weyl weights of the
fields. One useful principle is that gauge fields (beyond the Weyl multiplet)
should have Weyl weight 0, as all transformations beyond the superconformal
group must commute with the conformal generators. Equivalently, all the
parameters beyond the superconformal group have to be considered' as Weyl
weight 0.

For the U(1) gauge vector W, whose abelian gauge transformation is ¢ W, =
9,0, the previous argument implies that W, has Weyl weight 0.% The same argument
holds in fact for any gauge field, or gauge two-form, .... Then the associated
curvature F,, has Weyl weight 2 (due to the frame fields involved in F,, =
eq.*ep’ Fyy). As we have explained, these are the covariant quantities that should
appear in the transformations of other matter fields. The supersymmetry parameter
€ should be considered to be of Weyl weight —é, identical to its gauge field .
Thus the supersymmetry transformation of the gaugino to the field strength of the
gauge field determines that the conformal weight of A is indeed g

Exercise 3.2 Determine the same result from the transformation of the gauge field
to the gaugino. (]

The auxiliary field Y/ can appear in the transformation of the fermion via an extra
term 81’ = Y%, hence the auxiliary field should be of Weyl weight 2. In its
supersymmetry transformation law can appear a covariant fermionic object of Weyl
weight g This is consistent with a transformation to the covariant derivative of the

n principle parameters do not transform, but the commutators of symmetries can be stated in
these terms.

2We could straightforwardly have generalized to a non-abelian algebra. We will do this below for
D =5and D =4.
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gaugino, in order to cancel (2.59). The full transformation laws are
1 -
Wy = 0,0 + ,€vuh,
63 = (340 = Ly Phan) X+ 42 = Ly Fupel — Ve,
8YU = 2ppY 4 )My D — Leippd) 4 U0 (3.9)

Starting from the rigid transformations, we replaced F;, by the covariant expression
F,p and the derivative of A/ has been replaced by a covariant derivative.

F,u,v =Iryy — 1ﬁ[/ﬁ/\)] s

Dy = (au — by + iyabwuab) M=V, + i‘/}ﬂyahﬁ\ab + Yy ;.
(3.10)

The consistency with Weyl weights does not leave place for other terms in the
Q-transformations. Since the S-supersymmetry parameter n has to be considered
as having Weyl weight é, the only S-transformation that can occur consistent with
Weyl weights is the last term in (3.9). Its coefficient has to be fixed from calculating
the [8g(€), §o(n)] commutator on the gaugino or from the method in item (3) in
Sect.2.6.1. One can check that the extra terms from Y%/ cancel the non-closure
terms (2.59).

Exercise 3.3 Check that all the transformation laws determine (and are consistent
with) A to be a left-chiral spinor, in accordance with Table 1.1. O

3.2.1.2 Vector Multiplet in 5 Dimensions

The transformations of the vector multiplet in 5 dimensions can be obtained from
dimensional reduction? of the transformations for D = 6. Note that one component
of the D = 6 vector is a real scalar o in D = 5.

We will introduce here the vector multiplet in a non-abelian group, based on
matrix representations with [t7,77] = f; 7Ktk Note that we will use the index [
from now on to enumerate the vector multiplets, and thus the generators of the non-
abelian algebra that can be gauged. We hope that this does not lead to confusion
with the index I that was used so far to denote all standard gauge transformations
as it was done in Chap. 2.

3The reader can easily find the linearized transformations from those in (3.9) using the rules in
Appendix A.4. It may be more difficult to find the nonlinear transformations, since there are
redefinitions such as W, (D = 6) = W, (D = 5) + eia. It is easier to obtain the nonlinear
transformations from directly imposing the supersymmetry algebra in D = 5.
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The full rules can be found in [14, 5] for a generalization containing also tensor
multiplets. For simplicity, we give here the supersymmetry transformations for only
vector multiplets:

SWh =000 —0' WS fix" + Jeyuu' — Jioley,,
syl = — Telpy 't 4 Liely .7yl —dig’el x I,
+ 16(’fu< oy K iy
81/[”:—4)/-F1€l—2i@016i Yile;+oly -Te + o'y,
so! = liey . (3.11)

The (superconformal) covariant derivatives are given by
Dyol =Dyo’ = iy,
Dy’ = @y — b’ — fr' Wko,
@Mwil — Dp,l/fil + };V . f]w;j{ + EI@UI‘/&Q + YUI]/[[,Lj _ O'I]/ . T'(/fl ,
+ fik'ol oKyl — ol g,

D" = (8 = 3bu + Yy ® ) W' = Viwl = fr WEG. 1)
with F! given by

f,fu = F' — Yy’ + S =20, Wy, + W WE frx”
(3.13)

There is one more aspect in the dimensional reduction (whether the multiplet is
abelian or not). Remember that the covariant general coordinate transformations
contain a linear combination of all gauge symmetries. That involves also the
gauge transformation of the vector. Thus in the commutator of two supersymmetry
transformations in D = 6 is a term é*€; W,,. When reduced to 5 dimensions (and
below also to 4 dimensions), some components of W, are replaced by the scalars
o. This is the origin of a new term in the supersymmetry commutator involving
structure functions depending on the scalars, which is implicit in the form of the last

termin F. ,uv> Which is of the form of the last term in (2.5) for gravitini as gauge fields.

3.2.1.3 Vector Multiplet in 4 Dimensions

Further dimensional reduction leads to the vector multiplet in 4 dimensions. As
mentioned already in Sect. 1.2.1, it has then a complex scalar, built from the fourth
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and fifth components of the vector of 6 dimensions. To get the right behaviour of
gauge and general coordinate transformations, one has to consider the reduction
of the vector with tangent spacetime indices (see [15, 16] and a useful general
introduction to dimensional reduction is [17]). In other words, the object from where
the scalars originate in the dimensional reduction should be a world scalar, e,* W,
which has Weyl weight 1. Therefore the complex* scalar X of the D = 4 vector
multiplets has w = 1.

Before giving the supersymmetry transformations, we have to translate the reality
of the triplet Y;; in appropriate notation for 4 dimensions. In 6 dimensions the reality
is Y = Y* = 02Y 0. It is in the form with Y€ that we have to translate it, thus
giving rise to

Yij =eueie¥', YU =¥t (3.14)

As for D = 5, we write the transformations for the non-abelian vector
multiplet. The transformations under dilatations and chiral U(1) transformations
follow from Table 3.1, with the general rules (2.87) and (2.88). The supersymmetry
(Q and S§), and the gauge transformations with parameter 6 in 4 dimensions
are?

sx' = el —o'xX k!,

(SQ{ = Dxle + iy“bﬁ‘—:{b_sijej + Yiﬁ.ej + XJ)_(KfJKIS,'jej

+2X"n; — 07 QK 17,
(SWli = ;sijéi)/,qu + EijéilﬁquI + h.c. + 8M91 — QJWIffJKI,
8V} = JeaDRl + Lenejne* DR + e (éj)xfsz"K - ékXJQj)K) frx!

—0'Y% frx!, (3.15)
where
1— _ 1l— 1vIp—
Flo =FL - X'T,. (3.16)

In the latter expression Ilf:al » denotes the anti-self-dual part of I?a », Which is covariant
with the new structure functions, as dictated by definitions given in Chap.2 and

4To be in accordance with common practice here, we denote the complex conjugates of the scalar
fields by X rather than X*.

SFor the translation from D = 5, we use X! = é(W4I —io’), and Q has been defined with the
opposite sign as would straightforwardly follow from Appendix A.4: v = —Qi! — Q§s-f i
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reported here for convenience
Fo' = Fu' + (=& ¥l QY —ejdl v X' +h
wy = Ly ij Yl 8111@% +h.c.),
Flo=0,W =W, + W, WX r ! (3.17)

Indeed, the second term of the transformation of the vector reflects the presence
of the new term in the commutator of two supersymmetries, as already discussed
for D = 5, and modifies (2.96) to

[So(en). 8g(ex)] = 8 (§5) + 8ur (157) + b (15s) + 85 (na)
+36 (0](1, &) = eeyen; X  +he) . (B18)

where 8¢ is the (non-abelian) gauge transformation parameterized by 6/ .
Exercise 3.4 Check that this leads to the form of F, v I'as givenin (3.17). ]
The covariant derivatives are

D X" =D, X" - Q]
DuX" = (3 — by —iAL) X+ Wi XX £,
D,U-Qil = DMQII - @Xlwui - iyahﬂlhigij%i

—Yiwj = XT XK fixei vl —2X b, (3.19)
D,Q] = (au + 40 yap = by — %iAu) Qf + v/ Q" + wief fik’.
As will become clear in the following section, the vector multiplet is a con-

strained chiral multiplet. This observation becomes relevant when constructing
actions for the vector multiplet (Sect. 3.3).

3.2.2 Intermezzo: Chiral Multiplet

A multiplet corresponds to a superfield in superspace. A multiplet or a superfield
can be real or chiral, or carry a Lorentz representation, or be in a non-trivial repre-
sentations of the R-symmetry, .... For the multiplet, this just reflects the property
of its ‘lowest component’.® For example, a chiral multiplet is characterized by the
fact that its lowest component transforms ‘chirally’, i.e. only under the left-handed
supersymmetry and not under the right-handed one. In superspace this means that
one chiral superspace derivative vanishes on the field. Furthermore multiplets or

6‘Lowest’ refers here to the Weyl weight in superconformal language (or to the engineering
dimensions, if we do not discuss the superconformal properties).
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superfields can be constrained. In this section we explain, first in the context of rigid
supersymmetry, how further constraints on a chiral multiplet lead to the vector mul-
tiplet, which is smaller. A generalization to the rigid superconformal case follows.

Let us consider a general scalar multiplet, whose ‘lowest’ component is a
complex scalar A. In general, a complex scalar can transform under Q to arbitrary
spinors

Sp(@A = 1w + 16", (3.20)

Then the transformations of these arbitrary spinors ¥; and A’ can have arbitrary
expressions containing new fields, as long as it is consistent with the algebra. See
e.g. [18, Sect. 14.1.1] for the example of N = 1 chiral multiplets, and in Sect. 2.2
of [19] this is worked out for the chiral multiplet of N = 2, which we consider
here.

If A’ = 0, then the lowest component only transforms under left supersymmetry:

Sp(©)A =1, (3.21)

and the multiplet is called chiral. Imposing the rigid supersymmetry algebra leads
to the following general expressions:

3p(©)A = &'V,
80OV = JAe; + Bije! + [yarG~eijel
8o(€)Bij = yeadV¥j) — 3& A
80(€)Gy, = 16V & dyap Vi + L€ yap i ,
SN = —1y™G,, 3 & — IBijel*er + Y Ceyjel
80(€)C = —e&JA; . (3.22)

The reader can count that this is a 16 + 16 multiplet counted as real components. In
fact it is reducible, since one can impose the following consistent constraints’:

Bij — sixejeBY =0,

JW —giN; =0,

TThere is an extension possible that the first of these expressions is not zero [20] but a constant. This
leads to magnetic couplings in rigid supersymmetry, and possibilities for partial breaking to N' =1
supersymmetry. Recently [21], it has been shown how to generate these constants dynamically
using multiplets with 3-form gauge fields, and in [22] this has been related to deformations in
Dirac—Born—Infeld actions. It is not clear how to generalize this to supergravity, and hence we will
not further discuss this.
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ab(G+ab _ Gfab) =0,

C —23,0°A =0, (3.23)

where B! is, as usual, defined by the complex conjugate of By, and similarly G T
is the complex conjugate of G, and thus self-dual as G~ is anti-self-dual. These
constraints are consistent in the sense that a supersymmetry variation of one of them
leads to the other equations, and this is a complete set in that sense.

The third equation is a Bianchi identity that can be solved by interpreting G
as the field strength of a vector. To conclude, the independent components are then
those of the vector multiplet, with the following identifications:

X=A, Q=V, Fu=Gum, Y;=B8j. (3.24)

Indeed the linear part of (3.15) corresponds to (3.22). We have thus identified the
vector multiplet as a constrained chiral multiplet.

To define the chiral multiplet in the conformal algebra, one first allows an
arbitrary Weyl weight for A, say that this is w. Then consistency with Weyl
weights imposes that a general S-supersymmetry transformation for W; should be
proportional to A. Imposing the {Q, S} anticommutator immediately shows that the
chiral U(1) weight of A should be related to its Weyl weight. In fact, to avoid the ¢;
terms in this anticommutator, one should impose that under dilatations and U(1),

dp,7(AD, AT)A = w (Ap +iAT) A. (3.25)

The same transformations for the other fields can be obtained by requiring compat-
ibility with Q-transformations, to obtain

8.7 (hps A7) W; = ((w + ;) b +i (w - ;) AT> v
8p,7(Ap, A7)Bij = ((w + DAp +i(w — DAr) Bij,
5p, 7(Ap, A7)G, = (W + DAp +i(w — DAr) G,
8.7 (hps A7) A; = ((w n 3) Ap +i (w - g) AT) A,
8p,7(Ap, A7)C = (w +2)Ap +i(w — 2)A7) C. (3.26)

To complete the superconformal multiplet, one has to add S-transformations, and
there are nonlinear transformations involving the matter fields of the Weyl multiplet
xi and T,p, necessary in order to represent the anticommutators (2.96). The full
result was found in [23]:

8o.5(€.MA = S,
8p.s(e, MY; = DAe; + B,’jéj + 41‘7/ . Gfsijéj 4+ 2wAn; ,
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80.5(e. M Bij = Y& DV)) — & Agej + (1 —w)ij ¥,y ,
80.5(€. MGy, = 1eVE DY) + L€ vapAi — 167 (1 + w)Tivap ¥V, ,
Sg.se, A =—4y -G~ Dei— DBjjexe’* + ) Celej
—sDAT - y)ei — ywADT) - yei — 3 (Xiva YDy exe’®
—2(1 +w)Bjje’*m + L (1 —w)y - Gy,
80.5(e,MC = —eT&DA; — 6& xjBree™ el

+aw— D&y -T D Vel + Ly - TDV e + 2welij; A .

(3.27)
This time, the set of consistent constraints is®
0= B —eaeji B,
0= PU! —sijAj,
0= (Gf, — G+ §ATup — JATur) = (U Zivp¥j — b)) .
0=-20A—- G/, T" -33¥' - C. (3.28)

Interestingly, the constraints above are consistent only for a specific choice of w.
For example, the first constraint is a reality condition, and it is easy to check that
this is only consistent if the chiral weight of B;; is zero. This fixes w = 1, which in
turn is the appropriate value also to interpret G4, as a covariant field strength. Note
that the Bianchi identity in the third line of (3.28) shows the shift between the pure
covariant field strength and the G. Compare this with (3.16).

The chiral multiplet plays an important role in the construction of the actions
in rigid supersymmetry, as its highest component C is a scalar transforming to
a total derivative. That action corresponds in superspace to take the full chiral
superspace integral of the chiral superfield. However, in local supersymmetry, as
in the superconformal transformations in (3.27), the transformation of C is not a
pure derivative. Therefore in order to have an invariant action, one has to include
more terms, i.e. something of the form

I:/d4xeC—|—-~-~|—h.c.. (3.29)

The +--- in (3.29) are terms that should be such that the transformation of the
integrand is a total derivative.

8For rigid supersymmetry, an imaginary constant in B;j would be possible, describing magnetic
charges.
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But we can first make a few general observations. The integrand should be
invariant under all superconformal transformations. Let us start with the Weyl
transformations. The Weyl weight of the determinant of the frame field is —4, so
C should have Weyl weight 4. It should also be invariant under T -transformations,
which means that the chiral weight should be zero. We see from (3.26) that these two
requirements are consistent with a requirement that the chiral multiplet should have
Weyl weight 2. Note that this implies that it will not be a constrained chiral (i.e.
vector) multiplet. We found above that these have Weyl weight 1. But if we start
from a vector multiplet, any holomorphic function of X still transforms only under
1 chirality of Q. Hence any F(X) is a chiral multiplet. If we take a homogeneous
function of second degree in X, this gives us a chiral multiplet with w = 2 on which
we can use the action formula.

To determine the full expression in (3.29) one considers other terms that have
Weyl weight 4 and chiral weight 0, and imposes the condition of invariance of
the action. In practice, imposing S-supersymmetry is easiest to determine all the
coefficients of these terms. For local superconformal symmetry the result is [23]

1
A T:}; T+ab

_ .. 1 - ..
eil.£= C — i -j/Ajé‘l] + 8lﬁm)/' TJFJ/'U'\I/]'SU — 4

1- . _ ..
_ZWuiVWij Bkls'kefl + Vuitje (Gﬂw _ AT“‘")
1oy B} B}
+218’/ eXle LMo it iWok (Yo Ve + YorA) +he.. (3.30)

This is called the chiral density formula.

3.2.3 Rigid Hypermultiplets

Hypermultiplets are the analogues of the chiral multiplets of N' = 1 supersymmetry.
They contain four scalars and two spin- 1/2 fields. In supergravity, they are defined
in the background of the Weyl multiplet and possibly also in the background
of the vector multiplet (i.e. they can transform non-trivially under the gauge
transformations of the vector multiplets). One can further introduce auxiliary fields
to close the algebra for the simplest quaternionic manifolds. The methods of
harmonic or projective superspace mentioned in the introduction [24-30] are also
equivalent to introducing an infinite number of auxiliary fields. However, we do not
need auxiliary fields any more at this point because the hypermultiplets are at the
end of the hierarchy line.’

9We are not going to introduce any further multiplet in the background of the hypermultiplets, as
these do not introduce new gauge symmetries. This is to be confronted to when we considered the
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The closure of the supersymmetry algebra will impose equations that we will
interpret as equations of motion, even though we have not defined an action yet.
Later we will see how an action can be constructed that gives precisely these
equations as Euler—Lagrange equations.

Although our interest is the local case, the present section is mostly devoted to
rigid super(conformal) symmetry. This choice has been made since the rigid case
provides already simpler and explicative examples of the story. We remark that since
dimensional reduction for scalars and spin-1/2 fermions leads to the same type of
particles in lower dimension, the properties of the hypermultiplets do not depend
on whether we consider D = 6, D = 5, or D = 4 (or even D = 3). There is a
technical difference since the four on-shell (or eight off-shell) degrees of freedom
are captured in symplectic Weyl, symplectic or Majorana spinors, respectively. In
practice, we mostly report formulae in D = 5. These can be translated to D = 6
and D = 4 by the rules in Appendix A .4.

Before starting the mathematical formulation, we still want to point out how
massive hypermultiplets can be described in this context, since the readers will
mainly see equations of motion that describe only massless hypermultiplets. This
is of course also related to the fact that we are mainly interested in conformal
theories. Massive hypermultiplets in rigid supersymmetry are obtained in this setting
by adding a coupling to a vector multiplet that has just a first scalar component
equal to the mass, and all other components zero. The reader can glimpse at (3.88)
for D = 5 with o/ equal to a mass, or to (3.93) and (3.95) for X/ providing the
mass to see that with a suitable choice of the Killing vectors these are massive
field equations. In supergravity this will be natural for the o or X/ referring to the
compensating multiplet.

3.2.3.1 Rigid Supersymmetry

We consider a set of ny hypermultiplets. The real scalars are denoted as g¥,
with X = 1,...,4npy, and the fermions are indicated by ;ﬂ, where the indices
A =1,...,2npz will indicate a fundamental representation of Sp(2ny). Imposing
the supersymmetry transformations on the bosons lead to the identification of
a hypercomplex manifold'® parameterized by these bosons ¢X. The structure is
determined by frame fields f*?x, connections wy.#% and I )Z( y (the latter symmetric
in its lower indices) such that

Py rfia =5y, s = 8585 (3.31)

vector multiplets. The construction of the latter had to take into account that the multiplets can be
used for various possible actions (including hypermultiplets or not).

1010 supergravity the scalars span a quaternionic manifold, see Sect. 5.6.



3.2 Conformal Properties of the Multiplets 79

and
VyfXia= oy fria— ora® @ fXis + T3 ,(@) fZia=0,
Vy %% = oy % + P xors™ (@) - Tix (@) P2 =0, (3.32)

are satisfied. The frame field satisfies a reality condition, for which we will also
introduce indices A:

. * . * .. -
(f’ﬂx) = f18xejivga (fxiﬂ) = el p"B X g, (3.33)
in terms of a non-degenerate covariantly constant tensor p ¢ that satisfies

PagP™ = =0, 07 =(0ag) - (3:34)

By field redefinitions, we could bring it in the standard antisymmetric form

o 0 I\ _ a4s
Pag = <_]1nH 0 ) = p7. (3.35)

We will not impose this basis choice in general. In Sect.3.3.4 we will show how
such a basis could be implemented.
The complex conjugate of wy 7>

is
* - _
(oxa®)" = ax7g = —p™oxc®pps. (3.36)
The above conditions lead to the identification of almost quaternionic structures
21 % Y = 8% 85 + Ix" i SUES FU Pl
* . .
Ix' = (JXY> = —f % f¥ jari) (3.37)
We use here_ the 3-vectors notation and 7,/ = ig;/ in terms of the three Pauli-
matrices a;’/ as in (1.52), (1.54). Related formulas are given in Appendix A.2.2.
The three matrices J satisfy the quaternionic algebra, i.e. for any vectors A, B
A-Jx’B-Jz¥ =—8sx"A-B+(AxB) - Jx'. (3.38)
In passing, we note that we can solve (3.32) for wx 42, such that the independent
connection is ['yy%. The latter is the unique connection on the scalar manifold

respect to which

VzIx¥ =020x" —TzxYIu? + Tz 1Y =0. (3.39)
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This last condition promotes Jx! to be quaternionic structures.
The integrability condition of (3.32) relates the curvatures defined by the two
connections:

Rxy"z = 20xTy )z + 2TV x TV 2 »

Rxys” = 20 xwy18” + 2wx10 0y 18,

Rxy"Wz = fViaf®Rxys™, Rxys” =3 Vi f " zRxy"w .
(3.40)

In order to work with these tensors, it can be useful to introduce also tensors L that
are orthogonal to the complex structures:

LyZ?a® = fZiaf®y, Y Lyv?a®=0,
Lx" a®Ly?c® = Lx*c®54"
Lx*a42 =2848, LxY#8Ly*cP =2502847 . (3.41)

If the affine connections is the Levi-Civita connection of a metric, then the
curvatures satisfy the cyclicity properties R(xy" z) = 0, and one can show that

Xicf¥ joRxys™ = _%Sij Weps™, Wasc® = —e" fXiaf jgRxyc® .
(3.42)

The tensor Wagc? is symmetric in its lower indices, and the other curvatures can
be expressed in function of this one as

RxyV 7 = L7V ¢ Rxyc? = —e&i %szcﬂfiﬂxijY Wasc? . (3.43)

The Bianchi identity on Rxy#? implies also a symmetry of the covariant derivative
of W:

FXiaVxWaeo® = f%iaVxWisen)® . (3.44)

When a metric will be defined on the manifold, the W-tensor will become
symmetric in the 4 indices. As a consequence, the manifold will be Ricci flat:

Ryz = Rxy*7 =0. (3.45)
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3.2.3.2 Reparameterizations and Covariant Quantities

The hypermultiplet is defined in terms of the scalars g%, which form a param-
eterization of a 4ny-dimensional manifold, and the fermions {ﬂ, which are a
parameterization of a 2npy-dimensional manifold of fermions. Both these basic
parameterizations can be changed [14]. There are thus two kinds of repara-
meterizations. The first ones are the target space diffeomorphisms, ¢X — §%(¢),
under which f X, # transforms as a vector, a)Xy[B as a one-form, and TxyZ as a
connection. The second set are the reparameterizations, which act on the tangent
space indices A, B etc. On the fermions, they act as

M= ) = PugTg), (3.46)

where U#®(q) is an invertible matrix, and the reality conditions impose U* =
o~ 'Up, defining G£(r, H). In general, the right-hand side of (3.46) depends on the
¢7 and on the scalars. Thus the new basis Eﬂ is a basis where the fermions depend
on the scalars ¢ . In this sense, the hypermultiplet is written in a special basis where
g~ and 7" are independent fields. We will develop a covariant formalism which also
takes into account these reparameterizations.

The supersymmetry transformations in D = 5 are

8¢% = —ie'¢M fXiq,

seM = i Ax g e — (Poxs™sq™ . (3.47)

They are covariant under (3.46) if we transform f iA x(g) as a vector and wy ng

as a connection,
wxa® — xa® = [(BXU’1> U+ U*leU]ﬂB. (3.48)

These considerations lead us to define the covariant variation of vectors (see [18,
Appendix 14B]) with indices in the tangent space, as ¢, or a quantity AX with
coordinate indices:

ScM =80+ Boxs™8qX . SAX =5AX + ATy, %8¢7, (3.49)

for any transformation ¢ (as e.g. supersymmetry, conformal transformations,.. . ).
Two models related by either target space diffeomorphisms or fermion reparame-
terizations of the form (3.46) are equivalent; they are different coordinate descrip-
tions of the same system. We usually work in a basis where the fermions and
the bosons are independent, i.e. Bxgﬂ = 0. But in a covariant formalism, after
a transformation (3.46), this is not anymore valid. This shows that the expression
dx ¢ has no basis-independent meaning. It makes only sense if one compares a
transformed basis, like the £# with the original basis where dx¢? = 0. But in the
same way also the expression ¢ Bwx g™ makes only sense if one compares different
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bases, as the connection has no absolute value. The only object that has a coordinate-
invariant meaning is the covariant derivative

Vit = ax e+ Poxg™. (3.50)

In the basis where the fermions ¢7 are considered independent of the bosons, i.e.
dIx¢ A = 0, which is the basis used to write down the transformation rules (3.47),
only the second term in the covariant derivative above remains, and thus (3.49)
becomes

SeM =80 4+ vx M sq ¥, (3.51)

We will always consider independent bosons and fermions when we write varia-
tions.

On any covariant coordinate quantity that depends only on the coordinates g%,

covariant transformations act by covariant derivatives, e.g. for some vectors yX (q),
W4 or WA,

SVX(q) = 8q¥ vy VX (q) = 8¢ (BYVX(q) - FfszZ(q)) ,

SWhiq) = 8q" vy W(g) = 8g" (oy WHiq) + W (@wors™) .

SWa(g) = 8q” VyWala) = 8" (3 W(@) — ora®Wa(@)) .

(3.52)

In particular, 5 of any covariantly constant object (like the frame fields f"y) is
zZero.

Note that we can exploit covariant transformations to calculate any transforma-
tion on e.g. a quantity W (g)¢™:

5 (Wa@)e™) =5 (Wa@t™) = 8" VxWa e+ WaBe™. (353)
Coordinates are not covariant, but their derivatives are, and e.g. the Laplacian11

0gX = V*8,4% = 9"9,¢% + Tyz* (aqu) (8“6]2) , (3.54)

is covariant for target space transformations.

Tn the local (gravity) theory, the first term should be (\/g)_1 0/88"Y 0.
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Another interesting relation is that the commutator of 3 and V gives rise to
curvature terms:

SV VX =V, 8VE + Ry Xy VY (&12) (aﬂqw) . (3.55)
Similarly the commutator gets adapted by curvature terms:

[8(€1), 8(e)] V* = 8(e3)VY —

[Ben. S| v¥ =SenVv* + Raw ™y VY (sena”) (sa™) . (3:56)

where €3 is the function of €1 and ¢, determined by the structure functions. With
these methods, it is easy to compute the commutator of two covariant derivatives.
E.g.in D = 5 with (3.47) for the fermions

[Blen. S(e]¢™ = yten f e Ve P X5 — (1 & 2)
=,v" [@eD) + Y @yve)] V!
=Vue@yren + ) [(E@e) — vy @yeD] VI, (3.57)
with the definition
Ve = 0,67 + (049" ) P oxs™, (3.58)
Indices i, j are raised and contracted as in Appendix A.3.2. This result shows that

the algebra does not close: we will interpret the extra parts as equations of motions
of a putative action, see Sect. 3.3.3.

3.2.3.3 Non-closure Relations for Fermions and Bosons

From the result (3.57), using (3.56), we can obtain the following commutator of
transformations:

[8(e1), 8(e)1 ¢ = 18,0 @y ) + ) [(@2e1) — v (E@yven] VT
+ B Ryy s cC X icdl P Y i (3.59)

With (3.42) and a Fierz transformation, we obtain that the non-closure terms (the
last term on the first line and the second line) are

+ 1 [@e) — ¥y  EweD Yo' + § Weps B [(@261) + v" Emen1 2.
(3.60)
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Using some D = 5 Fierz identities:
5S¢0 = —y e BrCye?,
g(ﬂézcyvé_ﬂ) — _VVE(QSEC{D), (3.61)
we find
[8(e1), 8(e)1 ¢ = £13,07 + i [(Eée{) —yV (Eéyue{)] gjil 7, (3.62)
i.e., the non-closure terms are proportional to'?

ir'=ye? + ;Wgcz)ﬂé‘gé_‘cg‘@. (3.63)

The expression above must be interpreted as an equation of motion for the fermions.
The supersymmetry transformation of (3.63) gives then also an equation of motion
for the scalar fields:

3(e)r? = ; Fil e AX, (3.64)
where
AX =0g% - ;Zgyaé“ﬂaaqyfiCfoiﬂWBcz)ﬂ
- iVyWBCDﬂESKDECKBfiYSme- (3.65)

The equations of motion given by (3.63) and (3.65) form a multiplet, since (3.64)
has the counterpart

SOAX =&Y fXiq — &80 X i aWsen™ (3.60)
where the covariant derivative of ' is defined similar to (3.58). As announced
before, we thus have already physical equations despite the absence of an action.
3.2.3.4 Rigid Superconformal

To allow the generalization to superconformal couplings, the essential question is
whether the manifold has dilatational symmetry. This means, according to (1.30),

12We inserted a factor i in order that ' is symplectic Majorana.
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that there is a ‘closed homothetic Killing vector’ [31] (see also [18, Sect. 15.7]). The
dilatations act as'3

Sp(rp)g* = rpkn* (9), (3.67)

where kpX satisfies (we generalize here already to D dimensions, as the modifica-
tions involve only a normalization factor)
D -2

VykDX = aykDX + F;(ZkDZ = ’ 5YX. (3.68)
On a flat manifold, the fields ¢* have thus Weyl weight (D — 2)/2. The presence
of this vector allows one to extend the transformations of rigid supersymmetry to
the superconformal group [31, 32, 14], with e.g. transformations under the SU(2)
R-symmetry group:

1

kY Iy X. 3.69
D_2DJY (3.69)

SsupyMg® =F21 -k,  Kk¥=

Note the sign difference between D = 4, upper sign, and D = 5, 6, lower sign, as
in (A.24).
In general, one can introduce the sections

AN = i iy, (3.70)

and in terms of these

1 ) )
kX = _D_zAlﬂr,»ffXjﬂ. (3.71)
Using tl_le rules of covariant transformations (and in particular that Vy f Ay
implies § f'?x = 0), the A'™ transform as

SAL?I: flﬂXVYkl))(SqY — ) flﬂXSqX

D=2

) (—iéfgf“ + ADA”“) + AT (3.72)

13Note that we give here only the intrinsic part of the dilatations, i.e. the Ap term in (1.24), and
not the ‘orbital” part included in the general coordinate transformation £ (x). Similarly for special
conformal transformations, we will write here only the intrinsic part represented as (k,¢) in that
equation and also the ‘orbital’ S-supersymmetry part (1.60) is not mentioned explicitly.
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using (3.68) and (3.69). Note that the supersymmetry transformation in this
equation is written for the symplectic spinors of D = 5, 6. Below, we will write
them for D = 4.

We can then derive the other (super)conformal transformations using
the algebra. The intrinsic special conformal transformations on gX and ¢7
vanish. They have only the ‘orbital’ parts as follows from (1.24). The latter
imply e.g. that 8x(Ax)#gX # 0. The algebra gives then for the intrinsic S-
supersymmetry

85 = —Ay; . (3.73)
The (intrinsic) bosonic conformal symmetries act as

D-1

Spcft =
D¢ ’

e, Ssupe=0. (3.74)

The fermions are inert under SU(2) R-symmetries group.

3.2.3.5 Isometries and Coupling to Vector Multiplets

So far we considered the hypermultiplet with ungauged isometries. A more general
situation includes couplings to vector multiplets and in this case one has to define
the hypermultiplet in the algebra including the vector multiplet with its gauge
transformations. Let us consider general isometries (not necessarily gauged) of the
hypermultiplet:

36(0)g* = 0"k % (q), (3.75)

where 6/ are constant parameters and the k; X (¢) represent the transformations. The
index I identifies the different generators of the isometry group. Then a subgroup
of these could be gauged, identified by an embedding tensor [33-36] projecting
from all the symmetries to those that are gauged.'* When we have a metric, k; % (q)
should be Killing vectors in order to define symmetries of the action. As we have
not discussed a metric yet, we could define here some generalization of symmetries,
but we just refer the interested reader to [14]. The transformations (3.75) constitute
an algebra with structure constants f7;%,

ki¥oyk, X —kyYoyk;X = f1,8 kX . (3.76)

14However, we will here soon gauge the symmetries, and thus restrict the index / to the gauged
symmetries.
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We consider symmetries that respect the hypercomplex structure. This is the
requirement that k7% (¢) is tri-holomorphic:

(vxkf) 7 =Ty (Vyklz> . (3.77)
Extracting affine connections from this equation, it can be written as
(Lo d) x¥ = ki%02dx" — dzk " Ix? + axki 2" =0. (3.78)

This is the Lie derivative of the complex structure in the direction of the vector k.
Multiplying (3.77) with f¥; 7 f/®y proves that f¥;aVyk;* f/®x should be
proportional to (Sl./ . This leads to the definition of the matrices

1 . . .
ta® =2meVYk1Xf'BX, friaVvkX f78x = 8lt14" . (3.79)
These matrices satisfy a reality and an almost covariant constancy equation'>

E3 - _
(IMB) = —,OﬂCIICDP@g = —tlﬂg, Vxtra® = kY Rxya®, (3.80)

as well as the commutation relations
(11,1187 = fri¥tks™ — k¥ kY Rxyg™, (3.81)

which are consistent with (3.56).

The transformation of the fermions under the gauge group follows from the
requirement that the commutator of supersymmetry and Killing symmetries van-
ishes. It is given by the above-defined matrices:

560 =017 () B . (3.82)

For the coupling of the hypermultiplet to the vector gauge multiplets in the
presence of the superconformal algebra, these isometries should be consistent
with the conformal structure. The requirement that dilatations commute with the
isometries is the equation

D -2

kX, 3.83
, ki (3.83)

0= kDYaykIX — k1Y3ykDX = kDYVYk[X —

I5Note that we defined tlﬂg using the common NW-SE convention for raising and lowering
indices, and that the equation implies in this sense that #; is imaginary.
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This implies that the dilatations also commute with the SU(2) transformations
generated by k¥, defined in (3.69). This equation can also be written as

. D—2 .
APy =T ket (3.84)

One can also obtain the covariant transformation of A*? (as for the other
transformations in (3.72)), using (3.77) and (3.83)

36O A = ABply g7t (3.85)

3.2.3.6 Non-closure Relationsin D =5

We now have all the ingredients to understand the case when the isometry with index
I is coupled to the gauge symmetry of the vector multiplet (label by index I)—see
Sect. 3.2.1.2. The full form of (3.47) is now

So(e)g™ = =i ¢" fXia,
So©¢c™ = 1iDgX fhxei + Lok ¥ f e, (3.86)

with covariant derivatives defined as follows:
D,LqX = B,LqX — WlikIX,
Vit = 0,07+ (0, ¢ Boxs™ - WicBus” (3.87)
Due to the gaugings, there are extra terms in the supersymmetry transformation

of the fermions and the non-closure functions (3.63) and (3.65) are now modified to
[14]

. 1 = . ; .
ir=vye+ ) Waco'¢PCe? — ik vyl +icBolt™,
1 ¢ 1 ; - -
AX = 0g* - ZCﬂVaKBDanWYXﬂB - 4me€”ijsvyWBcoﬂigéoécig
— k3% Y +olol kY vykf
+ 20 By g? X — Yol kf Wy X ags 7 (3.88)
where Og*¥ is now also covariant for gauge transformations:

Og* = 8,Dq* — Duq" Vykf W + D.q¥ D*¢*T,, (3.89)
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and we introduced the notation, using (3.41),

Wx¥ag = Lx" cPWagc® . (3.90)

3.2.3.7 Rigid Superconformal Case in D = 4

To formulate the results in 4 dimensions, we consider the same bosonic fields
g*. The fermionic formulae have to be translated using the rules explained in
Appendix A.4. This leads again to 2n spinors, whose left-handed part is 7, with
A = 1,...,2ny and the left-handed ones (C-conjugates of the former) are ¢ z.
Thus, in absence of an SU(2) index on these spinors, the chirality is indicated by
the fact that it has the index A up or down. One can start again by allowing arbitrary
transformations for the scalars, and transformations of the spinors to derivatives
of the scalars and deduce again the conditions on quantities that appear in these
transformations. We would arrive again at (3.31) and (3.32). But as we have already
done all the work for D = 5 (for which in fact the formalism is easier) we can also
translate the results from what we already know.
This leads in 4 dimensions to the transformations [18, (20.33)]

Sp©g* = —if*iaé'¢™ + iinﬁéifﬁ,
ZXS\Q(G){"?I = éifiﬂquxéi —i—iXIkIXfiﬂXeijGj s
807 =—1ifiaxPqa™e —iX"ki* fiaxee; (3.91)
where the complex conjugates of the frame fields are denoted as f XiAl (fXia*
and f; 4y = (f%)*, see e.g. (A.31). D,LqX is given in (3.87).
The non-closure of the supersymmetries on the fermions is obtained in

Appendix A.4 as an example of the translation rules from D = 5to D = 4.
The result is

[8o(e1), 8p(e)] ¢ = £48,07 — 16V BT gérienj — L yuéf v emi T,

(3.92)
with £# as in (1.6). The non-closure functions are
M =~y 4+ I Wec® ep0%cC +2X 150 + i P kX ey QY
Ta=—Ya+ 3Wpalatet® +2X 1157¢% +iki™ fPx Q] pga
(3.93)

where Wgcbﬂ = pD‘gWgcgﬂ and Wgéz)ﬁ is its complex conjugate. We will raise
or lower indices changing the holomorphicity with the tensors p 45 in NE-SW
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convention, e.g.
- - = *
B 8 8 B
11 = pM 45, lLhag =UA Pgg = (Uﬂ ) . (3.94)

These fermionic non-closure functions transform in real bosonic quantities AX as
in (3.64)'°:

st ==lifxe A,
AX = 0gX 42 (X’Xf + XJX’) kY kX — 2k 3y X Y
+ X kY Wy X pee® + )_(IkIYWYXﬁgEﬁZﬁ + EA)/aQ;DanWYXﬂg
+ éfxiﬂsiijjBVY W@SCAE‘@ZCE@KS
— 2% aQ et B 4 2 AR Bt (3.95)

Finally, for the remaining U(1) factor in the R-symmetry group we find

EU(l)qX =0,
Suaye? = linpe (3.96)

3.2.4 Hypermultiplets in Superconformal Gravity

The previous results (Sect.3.2.3) for rigid hypermultiplets can be generalized to
local superconformal invariant theories by properly ‘covariantizing’ the previous
expressions with respect to the superconformal algebra.

3.24.1 CaseD =5

The supersymmetry rules for the hypermultiplet coupled to the D = 5 standard
Weyl multiplet and the gauge symmetry of the vector multiplet were found to be
[14] 17

8q* = —ie' ¢ ¥ a1,

8¢ = 1iDg* f e + Yo kX f M xei — ATy (3.97)

16Note that we use here the translation between Y%/ and Y from (A.21), which will be used a lot
further on.

17A few changes of notation can be found in (C.3).
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The new ingredients with respect to (3.86) are the ‘matter terms’ of the Weyl
multiplets and the S-supersymmetry. These transformations and the conformal and
R-symmetry transformations determine the superconformal covariant derivatives

Duq™ = Dug™ +iV;,¢" ¥z,

Dug* = 8uq™ — buky — 2V, - kX — Wik,

Dyt™ = Dyt = 3 iBg™ f i — 3y - Tho™ £ 7% Vi — 30 kX
+AM Y, (3.98)

Dyut™ = 9,07+ b ypet ™ — 26,07 — WPt 5™ + 8,g% 0x 8 E.

The equations of motion for 7 can be obtained by imposing the closure of the
superconformal algebra

. 1 - .
T = De7 4+ Waep e P00 + 20y P Tt ”
— ik X ] +icP0 g™ + SikpX 1y xi (3.99)

3.24.2 CaseD =4

The covariant supersymmetry transformations are those from (3.91) with only a
replacement of D, by the fully covariant O,,, which are

Dug* = Dug* +iv;,¢7 iz IS’JP‘ﬂmeé“ﬁfXj:g,

Dug* = 9, — bukp* +2V, - KX = W, k¥, (3.100)
@ﬂ;.ﬂ — b'uc.ﬂ _ ;‘ifiﬂX@qX“/f,ui _ i)_(IkIXfiﬂXSijwli _ iAl'.ﬂ(p'ui ,

DMCﬂ = (au + iwuabVah b + 5 ViA ) M- W;tIBﬂCB + au‘]XCUXBﬂéng

Note that the hatted covariant derivatives are covariant for target space transforma-
tions as well and that 9 q in the last term should not be covariantized to obtain this
covariant expression D ;ﬂ Because of central-charge like terms, the algebra does
not close on the spinors. The new non-closure functions I'* will be used to derive
the action for the hypermultiplet, as we will explain in Sect. 3.3.3.

In terms of A*? (3.70), the covariant transformations are

gAiﬂE(;Aiﬂ+AiBwXBﬂ8qX _ _igigﬂ_l_ig.;_gjipziﬂ’

Sc = I@Alﬂe,+1x’k, [ Axeijel +iATy; (3.101)
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where we used
@MAi?{ _ fi?{XVYkDXDMqY _ fmeMqX
_ fiﬂxaﬂqx _ bﬂAm _ Aj?{VW,i _ W;A’f’ngﬂ
il oM — if05e0 0P (3.102)

Note that the 8 used in (3.101) has no SU(2) connection, similar as in (3.32).

3.2.5 Tensor Multipletin D = 4 Local Superconformal Case

The tensor multiplet in D = 4 dimensions was obtained in [7]. It is in fact the
multiplet of the constraints (3.28). We can name these constraints, respectively, as
Lij, cpi, E, (satisfying a differential constraint) and G. These transform in each
other and thus form a multiplet. It starts from an SU(2) triplet L;; (hence satisfying
the reality property as in (A.21)). The constrained E, implies that the multiplet has a
gauge tensor £, (3 degrees of freedom) and a complex auxiliary G, to balance the
8 fermionic degrees of freedom in ¢;. The transformation rules in the background
of conformal supergravity are'®

SLij = €ipj) + eikeje E(k(pg) +2ApLij,
5(pi = %Z)Lij €j + ésij Eéj — éGGi +2LY nj+ (g)\.D + éi)\T) (pi ,
8G = —&D¢" —3& LY x; + Ly T g eV + 279" + (3ip —irr) G,

SEu = Li€ v’ eij — Li€ivup) 7 + JiLije ey — SilV e &y k|
(3.103)

where

EM = e 1My E ), — % (&iy“”(pjsij +h.c.) - éieile“”p"L,’jejktﬁ,’;ypwak.
(3.104)

A first step in building actions from this multiplet has been set in [7], but more
applications can be found in [8].

180f course the tensor multiplet for rigid supersymmetry can be obtained from (3.103) by setting to
zero the fields of the Weyl multiplet (7" and v/,,) and replacing the covariant derivatives by ordinary
derivatives.
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3.3 Construction of the Superconformal Actions

This section is devoted to the construction of local superconformally invariant
actions for the vector and the hypermultiplet. As we have shown in the example of
Sect. 3.1, later one gauge-fixes the extra symmetry such that the remaining theory
has just the super-Poincaré invariance. Crucially, as we will explain in Chap. 4, for
these last steps one needs to include compensating multiplets. Besides interacting
matter, the resulting action from the gauge fixing will contain also the pure gravity
sector.

3.3.1 Action for Vector Multiplets in D = 4

Let us consider the basic supergravity multiplet coupled to n vector multiplets. The
physical content that one should have (from representation theory of the super-
Poincaré group) can be represented in terms of particles with spin as follows:

SUGRA vector multiplet
2
% % 3.105
1 1 —n+1’ (3.105)
+n * é ;
0 0

The supergravity sector contains the graviton, 2 gravitini and a so-called gravipho-
ton, W, (that is a spin-1 field). When coupled to n vector multiplets, W,, gets part
of a set of n 4 1 vectors, which will be uniformly described by the special Kihler
geometry. The scalars inside these vector multiplets appear as n complex fields z%,
witha =1,...,n.

In the framework of superconformal calculus, we consider n 4 1 superconformal
vector multiplets with scalars X! (I = 0, ...,n) in the background of the Weyl
multiplet (main formulae can be found in Sect. 3.2.1). One of these multiplets should
contain the graviphoton, while we will use the missing fermions and scalars to fix
superfluous gauge symmetries of the superconformal algebra.

Exploiting the fact that vector multiplets are constrained chiral multiplets
(Sect.3.2.2), we can build an action for the vector multiplet from an action for
a chiral multiplet. The lowest component of the chiral multiplet should be A =
;iF (X),'° being then A a new chiral superfield, given by an arbitrary holomorphic
function of the scalars in vector multiplets. This function F(X) will determine the

19The overall normalization is for later convenience to get a result with the normalization that is
most used in the literature
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action, and is called the prepotential. The further components are then defined by
the transformation laws, which give, comparing with (3.21), ¥; = %iF T Q,I , where
we defined

3 . 9 - -
Fi(X) = aXIF(X)’ Fi(X) = aXIF(X)’
9 9
Fii= g gys FEO e (3.106)

Calculating the transformation of W; one finds B;;, G;b,

A = }iF
v, = éiF[QiI

Bjj = jiF1Y} — §iF1;Q1Q]
G, = SiFIF, = [6iFr @l yapQ] e
Ai = —3iF Q7 ey — YiF, f] XTI QK — LiFyetF, Q)
— iFr Y5l + SiFr kv @ var g 7
C = —iF D, DX" — JiF;F I T — 3iF %, Q1 + JiF; f1. QY QiKey;
_iFlffoLJMXKXLXM - ;iFIJYijIYif + }‘iF”?‘a;IT*“bJ
+3iF QPR — JiF1y [ XX Q] QY + ik YO QF
— 1 Fike " Qly P F QN + LiF Q] @K apel M. (3.107)

This is the composite chiral multiplet that we discussed at the end of Sect. 3.2.2,
and on which we can apply the ‘density formula’ (3.30). As mentioned, F'(X) must
be homogeneous of weight 2, where the X fields carry weight 1. This implies the
following relations for the derivatives of F:

2F = Fi X', Fi X' = Fy, Frix XK =o. (3.108)
Inserting (3.107) in (3.30) leads to
e 'Ly = —iF D, DX + }iF 7., 7 + JiF @l pet!

— ) F YUY 4 JiF g YT QT QK

— 161 FrrxeI Qly P F T QK 1+ LiF1 QI Q] QK QLel ek

1: I oiJojkK 1 I vKaJoL,ij
+21F1fJKQl Q7 8,’j—21F11fKLX Qi Qjé‘”
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—iF fle £ XK XXM

— JFIF T — S @ — JiF i - y QLYY
FIFL ] X i - )’QfSU — YiFpy; -y PR

+ o iF F i - VV“hQJJSij

+112iFIJKQZJQ§(I/_fi -y Qfeliekt + 116iF11/_fm)/ . T+V“Q§5U

—MFT TP

— i1y Y YT — S FT e + i F 7 e
— 1o F11 Vi QLY Q] e e + {iF QEQY Wiy ek el

— Yeligkte=1emvPo i, ok (Vo FIQL + Fioe) + hec. (3.109)

The first terms of the action (3.109) are kinetic terms for the scalars X, the vectors
and the fermions €2. The following term says that Y;; is an auxiliary field that
can be eliminated by its field equation. The first 5 lines are the ones that we
would encounter also in rigid supersymmetry, see [18, (20.15)]. For these terms,
the relations (3.108) have not been used, and this part is thus the general result for
rigid supersymmetry. The other lines are due to the local superconformal symmetry.
For those interested in rigid symmetry, we repeat that in that case the covariant
derivatives (3.19) reduce to, e.g.,

DX =8, xT —wKx7 1!,
D! = 0,2~ WER s,
Fap = 20aWiy + WEW frx". (3.110)

Note that the Lagrangian is a total derivative if F(X) is a quadratic function of X’
with real coefficients:

FXy=cpyX'x’,  ChyeR - S:/d4x.£g =0. (3111

In deriving the above formulae, we assumed for simplicity that F is a gauge-
invariant function such that £, is invariant under gauge transformations. However,
the property (3.111) suggests that there is a more general situation [37, 38] in which
F transforms under the gauge transformations as

8G(OF = F108x7 fix! = —0'Cr kX7 XX, (3.112)
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where Cy jk are real constants. In fact, due to (3.111), the action is invariant for
rigid transformations that satisfy (3.112), transforming to

86Ly = 3Cryxe" o0l Fl FK . (3.113)

In order to allow this extra possibility with local 67, one has to add to (3.109) a
Chern—Simons term

Les = 3C ke W, ' W,7 (3pWaK + gfLMKWpLWHM) : (.114)

To prove the supersymmetry invariance of £; +.Lcs one needs a few more relations
that follow from (3.113). Replacing the arbitrary 8% by XX the variation vanishes,
and thus for the consistency of (3.112) we should have

CaipnX'x'x¥=o0, (3.115)

namely the completely symmetric part of C;, jx must vanish.
By taking two derivatives of (3.112) we obtain

Cx.10 = fxa“Fnr — Froo X" fux® = fea“Fnr — SFron XM fux ™.
(3.116)

To prove the invariance of the sum of (3.109) and (3.114) one needs an identity [37]
fxe™Curs =2fnk™Cryim + 2 frik™ Cryom (3.117)

which follows from the requirement that the gauge group closes on F(X). A simple
example of the occurrence of a Chern—Simons term is given in [37, (3.21)].

3.3.1.1 Simplifications

In order to get a more useful form of the action, one has to make the conformal
covariant derivatives explicit. The principle is explained for the bosonic case
in (3.2). This leads here to

0°X! =9, 0"X" — 0, "' D, X" —iW, D*X" +2f, "X -}, DMQ!
LUty TTQI e — QM y - — 3y i X!

Sl YR fl = degl @R e G
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Hence the first term of (3.109) after adding a total derivative, is

—iF, 0K =iF ;D X' (@ﬂ)‘(’ - ;WQ”) —20F; £, X! + LiF 9, DA
g 700 —1oila... 1 g &il 4 3ip T wI

piF 1y, vy - T Q7 e+ ,iFiQ "y - i + JiFIY" -y xiX

+ 3iFre g -y QI XN flg + G iFe v -y X5 £l
—‘riFMﬁ[iMj/va]i (Z)'u)_(l — ;1&#9”)
+ total derivative. (3.119)

The other term that has to be written explicitly is the covariant derivative of the
fermions

pQ = pai’ — Y“)’vl/’,i (@U;{J _ 51/;”9/1)
_ }‘yﬂy . 7:+J]/f;}8ij —y o (Y9 4 eUXKXEFL ) 2Ry g
(3.120)
Deleting total derivatives, the action is at this point (adding also (3.114))
e Ly =iF DX DX < 2iF £, X! + LiFyF F e — LT T
— JFFRITY = SiF YL —F ] S XEXEXM 4 e Lo
HiF X Yy ol + SiF QLD + JiFuy y D, X
+ 0iF QM y - ¢
+ éiFMﬁmVWV CF iy, — 312iF11ﬁLV“7/ STHQI gy
+ F ey X!
+ LRty QI XKl 4 LiFeg vy I XK £l
FF Y Y (z)ﬂ)‘(l - ;lp;*sz”) — 3R Q!
+ 0iF £ QY QK ey
— YiF D Xyl Q! = JiF iyt D, Q1
- éiFIJQiIV”J/VWLDuXJ + FF T e
— §iF1Qyuy - FH e — JiF,Qly - e T XKXE £
—iF X' Qly - ¢ = i1 £ X5Q] Qe + JiF1 kYT Q] QK

1; ij &I aba—I oK
— 161 F1IK eV QYT ) R
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= Jie T (FTH ;= by - THyr R

+ 211k X i -y Qe + GiF LT iy y 2]l

+ fﬂﬂm@{@f&i cyQlelight — 4iF11ﬁW-y“”yp¢]’;1ﬁkak’

+ g UF1 QU Wiy e’ el + i1 Qv y b @7

+ 4181F11KLQ(QZJQ§Q/€8U5M — G IF 1y Wiy Ly Q] el ekt

— 48T e PP iy Yok (Vo FI + Fiioe) + hec. (3.121)

We use then (3.16) and the values of the conformal gauge fields that follow from the
constraints:

+ {Sw “YXi + 241e 8“””“&2%)1),;1#@ + ZZ&vajsijTJ““” —i—h.c.] ,

¢ = 4Yux' + (Vvﬂ)’u - ;WVUP) (D”'/’f) — 6V T_gijy”w”j)
(3.122)

This leads to various simplifications, after which the vector action reduces to [18,
(20.89)]:

e 'Le=—NR —ND—N;;D,X"D'X’ + N;; Y- Y/
+ Ny fr " XEXE fun? XM XN e Les
+ i_}tiﬁ”f;ﬂ P _ 116N”X1XJ Ta-il;T+ab + iN”XIfJ)JTﬂb
—WNQUDQ! + (N iy P DY
—INViay x + Ny X'QY xi — YNy X QU y ™ Dy
AN DX Yy Q] + AN X iy Py DX
iy e (Q1y = XL Wi F — iF @yt @lel By K
AN Q] S (QF 4y X ) XK
+ (112N Tewl — IN XLy + 3121F,,Ks'2{y“b§zj)‘(’<) el
= §iFL kDX Q] @K 4 LiFy kYT QY QK 4]

+ 4-fermion terms . (3.123)
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Here, important quantities are introduced, which will often be used below:

Niy=Niy(X,X)=2ImF;; = —iF;; +iFyy, N=NyX'x’.
(3.124)

Since F is a function of XX, we have the chain rule for the gauge transforma-
tions:

8F1j = Fryx8X% = Fryx0txM fyr X, (3.125)
and therefore the gauge transformation of Ny is by (3.116)
_ opk L
SNij =26 fK(I NJ)L. (3.126)

Covariant derivatives are presented in (3.19) together with

Dyt = (B + Jouvan + Yo+ JiAL) Vi + Vil vy . 3.127)

3.3.2 Action for Vector Multiplets in D = 5§

The scheme for D = 5 is similar to (3.105) with the only exception that vector
multiplets20 have only one real scalar, and thus at the end we will have n real scalars,
which are the o that we saw already in Sect.3.2.1. For D = 6, which we will not
treat in detail here, it is also be similar but without scalars in the vector multiplets.

The rigid superconformally invariant action D = 5 is determined by a prepoten-
tial Cryxo’o”’oX cubic in the scalars o/ [39, 40]. Since the vectors W] can gauge
a group, [ is also the index of the adjoint of the gauge group. As a consequence, the
local superconformal action is determined by a gauge-invariant symmetric tensor
Crik

fraMCxrym =0. (3.128)

20We use here and below freely the terminology “spin 1’ for vectors, spin-; for spinors, . . ., though
of course only in 4 dimensions the representations of the little group of the Lorentz group can be
characterized by just one number, which is called ‘spin’. In higher dimensions, the representations
should be characterized by more numbers, but often the same fields, like graviton as a symmetric
tensor, vectors, ...occur, and we denote them freely with the terminology that is appropriate for
the 4-dimensional fields.
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Note that this tensor has no relation to the tensor Cj ;x introduced for D = 4
in (3.112). The presence of this tensor allows Chern—Simons terms in the action.
The kinetic term of the scalars defines the ‘very special real geometry’ (see [18,
Sect. 20.3.2]). The full superconformal invariant action takes the form [5]

e_l.Eg =Crjx I:(—iflivf“” — él/_flﬂ)llfj + éal\]caj

+4De0 ! Dio! 42X Y ) 0¥
galajaK (D + 236TabT”b> +401011/~"\QI§,T“1’

_ El;i]ﬁly . I?JWK _ éilpillﬁj]Yif +iocl gty - Ty K — 8iolo? §Kx

+ 4o Gyt (i0? DUF + i@k — Ly By K 207y Ty K

—80101()()

—éll_faybwl (ajfabK . 8UJGKTab) _ 112011/‘&]/#%1#1;51(

+ llziallBHWb (Ujl’;‘abK _80.10.KTab) + 41810 Ujmyuw\pw FK

— 3ol ylyt S 4 Lol o gyl YK = il iy g K

+ Liv ey - o ! y*“wK + 0 ULy
— Lol vy ey X + o GJWW“VWKI// Yy

+ il oy Y b K+ gool ol oKy ey g,

— sye e W (RS FE - fFGJWVFWf (3FK = b furkwiwt))

+ liolod fry Kyl wM] (3.129)

where covariant derivatives and f;ﬁv are given in (3.12) and (3.13), and the
superconformal d’ Alembertian is defined as

1 — DaDaO,I
= (8“ — 2b° +wbb”> Dyo! + frx'w! Dk — éil/_/uDl‘l//I =201y, 7y
o0ty Ty + gyt 20 el =y i oK (3.130)

The dependent gauge fields are given in (2.100).
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3.3.3 Action for Hypermultiplets

While the actions of vector multiplets were constructed using tensor calculus manip-
ulations, for the hypermultiplets we use another procedure. The main difference
is that we have already the equations of motion from the non-closure relations,
e.g. (3.99)in D = 5, and we can therefore infer the action from the latter. To this
end, we need a few ingredients that we are going to introduce in the following.

3.3.3.1 Ingredients

We first define a covariantly constant antisymmetric tensor C#g(q) that describes
the proportionality between the field equations for the fermions ¢! and the non-
closure functions. For example, in D = 5,

) Shyper

sin = 2C 4518 . (3.131)

Then, once the right-hand side of (3.131) is known, one can functionally integrate
the above equation in order to obtain the action. The properties of the tensor are
(independent whether we consider D = 5 or D = 4):

VxCag = dxCag + 20x1a°Caic =0,
Cag=—Cga,

C = (Cag)* = p”Cp®PCcp . (3.132)

As will become clear below, the kinetic terms involve the Hermitian metric in
tangent space

d%g = —p™Ces,
d%g = @®2)* = p™CdPcpyp . (3.133)
such that
Cas = pacd°s. (3.134)
We also define an inverse

CcTCCge = Mg, (3.135)
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so that we can use these matrices to raise and lower A indices, using the common
NE-SW convention

Va=V3Cga, VA =My, (3.136)

On the other hand, we raise or lower indices changing the holomorphicity as

in (3.94). This is then consistent with changing the holomorphicity using d”'g. For
example, for the gauge-transformation matrices in (3.94):

t1as = t1a°Cos = 1, 23d" 5. (3.137)
Consistency of the transformations of the left- and right-hand side of (3.131)

under the isometry group, determined by (3.82), implies that this matrix should be
symmetric:

trag = tBA - (3.138)
This equation is, using (3.80), equivalent to
1A zd%c = 184 %, (3.139)

which shows more clearly that it is related to the invariance of the action with
signature matrix d”g. )

With the above conditions, d”'g respects the quaternionic structure. It has been
proven in [37], using the theorems of [41], that at any point one can choose a basis
such that p is in the form (3.35) and at the same time

dg = = , p+qg=ny. (3.140)

For rigid supersymmetry, positive kinetic terms will be obtained for p = 0 and
q = np. For supergravity we need one compensating multiplet and will use p = 1.
These matrices should be covariantly constant. As we use a basis where they are
actually constant, this implies from (3.132) that (using the lowering of indices as
in (3.136))

20x1#°Cgic = —wxas + oxga = 0. (3.141)
Thus the USp-connection is symmetric in such bases. From

Vxd7e = —@xﬁgd@c —wxcPd%p =0, (3.142)
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one finds
d7cwxg® = —ox:dC. (3.143)

When d = 1 the above condition is the antihermiticity of w. In the preferred basis
with (3.35) and (3.140) we can also write

Cog = 07 f A% = Uur vi Vil =gV, W;T =nW,
=m0/ wyUt) U= Uy, V= -W.
(3.144)

This expresses that the transformations are in the subgroup of Gé(ny, H) that

preserves the antisymmetric metric C 44 and the metric g, whichis USp(2p, 2¢).
We define then the metric of the manifold to be

g \* Z . . .
gxy = (f’ﬂx) d7g Py = fFxeijCas Py, (3.145)
such that the holonomy associated to gxy is indeed USp(2p, 2¢).
The curvature tensor on the scalar manifold is determined in terms of a 4-index

symmetric tensor in Sp(2n ), denoted by Wagcn:

Wasco = Wasc®Cep = — ' fXiaf¥ jsRxvco
=115 arVigf*c ¥ oRxyzw (3.146)

where we used the metric gxy (3.145) to lower the indices.

3.3.3.2 Remark on the Conformal Symmetry

Due to the fact that we have now a metric available, we can invoke the homothegic
Killing equation (3.68) and, similarly as in (1.45), introduce a scalar function kp
such that

kpx = gxykp” = dxkp . (3.147)

It is also possible to start from this scalar function, and generate the metric from

2 -
= Vxoykp . 3.148
gxy =, ,Vxdrkp ( )

We also define kp? using the metric (3.145)

kp? = gxvkikd . (3.149)
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It will be also useful to express kp? in terms of the sections introduced in (3.70) and
their complex conjugates

. * . . .. 5
Az = (Atﬂ) = ABpgaeii. AT = el pPAA . (3.150)

1

To do so, we note that the matrix
M = A"ﬂdsﬂA/@, (3.151)

is Hermitian and equal to eikg jeM ., i.e. oM 2. Therefore it should be propor-
tional to the unit matrix. Indeed, using (3.70) and (3.145)

M= ;aj.Ak?‘dBﬂAkg = }85kp®. (3.152)
Another way in which kp? appears is in terms of an inner product of the SU(2)
Killing vectors introduced in (3.69):

kp? = L(D —2)%ky - kX (3.153)

It is useful to record the relation between these quantities for arbitrary vectors A
and B:

1
X 2
A -kyB- k% = ( 2)2kD A-B. (3.154)

3.3.3.3 Moment Maps

The isometries defined in (3.75) can be expressed in terms of moment maps. The
definition of the latter depends on the theory. As we will discuss in Sect.5.4.1,
isometries for Kdhler manifolds can be generically generated from a real moment
map function using the complex structure and the metric. The hypermultiplet
geometry has three complex structures, and as such have a triplet moment map for
any isometry P;. They should satisfy

axPr = Jx kiy . (3.155)

Furthermore, they satisfy an ‘equivariance relation’, which is necessary to build
supersymmetric actions with these symmetries:

ki*Ixvks" = f1,5Pk. (3.156)
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With conformal symmetry, the solution of (3.155) is determined to be?!

1
P, =KXk x = kp Iy Xkix =

> _
D-2 (oA AT A BUST)

In this context, it is also convenient to rewrite an expression that appears in the
potential that occurs in these theories

k?(ij = SiinﬂAjBt[y{CCCZ)l‘JB'(D. (3.158)

4
(D —2)?

3.3.3.4 Action for Hypermultipletsin D = 5

The resulting action is [5]

e 'Ly = —égxyDaqXDan + AP + 3DkD2 + 287 T Tapkn?
+ PiZaxikp™ £ x +2icay - T — [ WapcpgA¢BrCeP
— sWay xkp? = 3Cayy - TYaik® fi4% — ity y®Vai Dpg ™ f14 x
+ 3 fakp? — §iWay PPpkn? + Cay daikn® A%
+ ST U] Do Tyx ko™ = §ikn? 0 (V0T — Ly Ty
+io t1pcac® — 2k f1 A xZaw] — S0 kS FIAXEAY Vi
— Uy P + iill_fél/“bilfgﬁlpnj + Y,§ PIU —sololkfkyx,

(3.159)

with covariant derivatives given in (3.98).

3.3.3.5 Action for Hypermultiplets in D = 4

When we discuss D = 4, we can multiply (3.131) at both sides with a chiral
projection Pg. Using the rules (A.63) we should now impose for the action Shyper

8S 7 q
WPEr _ 5 g A8 (3.160)

5{;1

211t is a nice exercise to prove that (3.155) is solved by (3.157). You may replace the dy by
covariant derivatives and use (3.69), (3.39), (3.68), (3.77) and (3.83).
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We also want the action to generate the field equations for the scalars that we have
seen in (3.95). This leads in rigid supersymmetry to

Ly =— )gxyDug*D'q" (CﬂWZBdﬂBthC)
+ 3 Was® dCed®r et e "
<2X1tmg§ B 420 [N 500 e ;d% 4 + hc. )
+ 2P - Y —2X" Xk Xk x, (3.161)
with the covariant derivatives in (3.87), which satisfies (3.160), and also

) Shyper

o = exyAY — (2Eﬁr%mcdﬁc +h.c.) . (3.162)

See [18, Exercises 20.8 and 20.9] for a concrete example.

After gauge covariantization and using the values of the conformal gauge fields as
in (3.122) and the covariant derivatives (3.100), the superconformal hypermultiplet
action with gauged isometries in D = 4 is [18, (20.93)]

e 'Ly = — Lkn?R+ 1kn?D — Lexy Dug¥ DPqY — 2X" X ki¥kyx + 2P - Y/
+’ - Zﬁ@(ﬁdﬁs + kD Wiy Dyl
+ skp iy x’ — 2id7 g ABE i
+ 318y Ba Vi [P xd Mg — LidP g AB gy Dy
+ (1lzidﬁBAi84:ﬁVawg - 418kD2%W1f) T+ab8ij
— 4 Ear T eaC £ 2iX KX T vyl eijd 7 f B x
+2X'¢ 7B ag + Zik;(fmxfgﬂﬂsijd‘(gﬂ
+ é’ﬁajVaQ,-IPIij + %Xllpéyablﬁ;f Prij + h.c.}
+ 19l y ey DegXky - T;7 + 4-fermion terms . (3.163)

We can rewrite the kinetic terms for the scalars qX in terms of the sections (3.70)
using the bosonic part of (3.102)

exy DugXD"q¥ = £1,Cap (ﬁMAiﬂ) (BMAJ‘B) . (3.164)
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3.3.4 Splitting the Hypermultiplets and Example

In general we did not use the basis (3.35). Sometimes, however, it will be convenient
to use such basis in examples. To do this, we split the index A = 1, ..., 2ny into
A= (xa),witha =1,2anda =1, ..., ny. The index A will then have the same
form, but with a in the opposite (up-down) position. We can then write the canonical
basis with (3.35) and (3.140) as

Pag =capby.  ds =1},  Cas=Tapeap . (3.165)

The components of A™” can then be written as A’®“ and (A/%%)* = A/Pbg;;ep,.
Upon this splitting the action (3.163) starts with

e_l,Eh =— 112kD2R + }‘kDZD — ;lD\ﬂAiaaﬁﬂAJﬂhSi/‘Eaﬂnab +---,

kp? =A AP0 ey 5 = A (AP) gy (3.166)

The conditions on the symmetry matrices ¢; 5«{8 (see (3.144)) are such that they can
be decomposed as

tlotaﬂb = l‘IOabgoz/S + tlabfaﬂ , tl()ab, tlab €R,
tIOab = _nactIOandb s tlab = nactldcndb . (3167)
As an example, we may consider
tea”’ =101a"(03)a” . Q1" €R, Q1" =n"Qicnaa.  (3.168)
Then from (3.84) and (3.157) we have
ki =if%ia AP Q1p% (03)%
P, = 3iA" Q1ap(APP) T (03)4" (3.169)

with Qrap = Q14Nch = Q1rba-
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Chapter 4 )
Gauge Fixing of Superconformal Shethie
Symmetries

Abstract In this chapter we combine the actions for vector multiplets and hyper-
multiplets, containing also compensating multiplets. We gauge fix the superconfor-
mal symmetries that are not necessary for the super-Poincaré theory, and in such
way obtain matter-coupled Poincaré supergravity theories. We extensively discuss
pure supergravity (using also other compensating multiplets leading to the off-shell
theory) and discuss its reduction to A/ = 1. Then we discuss appropriate variables
for the gauge fixing of general matter couplings.

4.1 General Considerations

In the previous chapters, we constructed the local superconformal invariant actions
involving vector multiplets and hypermultiplets. The total action is then given by the
sum of the vector multiplet and hypermultiplet actions, given respectively by (3.123)
and (3.163) [1]!

L=Le+ L. “.1)

It remains to break the superfluous symmetries in order to obtain a super-Poincaré
invariant action. This can be done by taking a ‘gauge choice’ for the parts of the
superconformal symmetry that are not in the super-Poincaré algebra: dilatations,
K-symmetries, S-supersymmetry and the R-symmetry. As we illustrated at the end
of Sect. 3.1, classical gauge invariance implies that some degree of freedom in the
set of fields {¢'} in fact disappears from the action S[¢']. More precisely, from the
gauge symmetry requirement one has

_ 58101,

spr 00 (4.2)

0 =145S5[9]

'We concentrate here on 4 dimensions. The principles are the same for D = 5 and for a large part
also for D = 6.
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and if one can redefine the basis of fields such that all 8¢i = 0 Vi except, for
example, i = 0, then (4.2) clearly implies that S does not depend on ¢°. This
argument immediately shows that, after writing out all covariant derivatives and
dependent gauge fields, b, should disappear from the action. Indeed, as clear from
Eq, (2.73), from our fundamental fields only b, transforms under K and therefore

5S
S()S = . 2hku =0. 4.3)
8by,

Since the action does not depend on b, in this basis, we can arbitrarily fix a gauge
for K -invariance. Conventionally

K-gauge: b, =0. (4.4)

We could repeat a similar procedure for the other gauged symmetries that we want to
fix.? However, this procedure is often cumbersome (field redefinitions are often non-
local) while the result is just the same as taking a ‘gauge choice’ for this symmetry.
The example presented in Sect. 1.2.2 can illustrate these remarks.

Note that if one imposes a gauge condition, it does not imply that one should
forget about the transformations that are gauge fixed, e.g. the K transformations
after the choice (4.4). The correct conclusion is that now the K transformations are
dependent on the other ones, in such a way that the gauge condition is respected. In
other words, the K transformation must act in such a way on b, so that it eliminates
all the other transformations that act on it. Only then will (4.4) be a consistent
gauge condition that does maintain the invariance of the action, where the field truly
vanishes. In D = 4, using (2.25) and (2.90) while demanding that §; (e’)bu =0,
we obtain a decomposition law:

MG en) = =" [0ur0 + } (&0 — 38 yux — i +he.) |
4.5)

With the above expression for the parameter of K transformations, (4.4) will be
a consistent condition. The action of a K transformation is now dependent on the
other transformations, via the decomposition law (4.5), e.g. the first term in (4.5) is
a contribution to local dilatations of the action where b, is omitted.

The present chapter is structured as follows: In Sect. 4.2 we explain the gauge
fixing procedure for pure N' = 2 supergravity in D = 4, i.e. where the physical
fields are just the graviton, the doublet gravitino and the so-called graviphoton.
We will discuss 3 different ways of obtaining an off-shell representation using
various sets of compensating multiplets. In Sect. 4.3 we consider the reduction of

2If there is one field that has the same number of degrees of freedom than the gauge symmetry
itself, one can often make redefinitions proportional to that field such that only that one field
transforms.
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the NV = 2, D = 4 pure supergravity theory to N' = 1. In Sect.4.4 we will re-
introduce vector multiplets and hypermultiplets (both as matter and compensators).
We derive the equations of motion for the auxiliary fields of these actions in
D = 4,5 and choose appropriate gauge fixing conditions, focussing mostly on
D = 4 supergravity. Then we will introduce appropriate (projective) coordinates,
which will parameterize the Poincaré theory. In Sect. 4.5 this will be done for the
scalars of the vector multiplets, which will allow us to discuss already the main
properties of special Kihler geometry. In Sect. 4.6 we will in the same way introduce
appropriate coordinates to discuss the quaternionic-Kiahler geometry for the scalars
of the hypermultiplets. We end this chapter in Sect. 4.7 with some remarks on the
gauge fixing for D = 5 and D = 6 supergravity, which follows similar patterns as
what we discussed for D = 4.

All these ingredients will be intensively exploited in following chapters on
special geometry and to define the final actions for N' = 2 matter-coupled Poincaré
supergravity in Chap. 6.

4.2 Pure N = 2 Supergravity

This section is devoted to the construction of the pure A = 2 supergravity, i.e. there
are no other physical fields than the graviton, the gravitino and the graviphoton.
We will also pay attention to the off-shell structure of the theory, in particular
discussing the auxiliary field structure. Though the principles that we discuss here
are applicable in general, we will concentrate in this section on D = 4.

We start by introducing the so-called minimal field representations. As we will
explain in Sect.4.2.1, the latter is sufficient to fix the dilatation symmetry, but
it leads to an inconsistent action. In order to overcome this problem we need a
second compensating multiplet, for which there are several known choices: the
hypermultiplet, the so-called nonlinear multiplet [2-4] and the tensor multiplet. In
each case one gets a different set of auxiliary fields for the N' = 2 super-Poincaré
theory, with the same number of field components (40 4 40 off-shell degrees of
freedom) [5]. We will discuss these in following subsections.

4.2.1 The Minimal Field Representation

It is natural to perform the gauge fixing of dilatations and of the U(1) part of the
R-symmetry group using the scalars of a vector multiplet. They are rather similar to
the scalars of chiral multiplets in A/ = 1, which are used in that case to define the so-
called old-minimal sets of auxiliary fields, see [6, 7] and reviewed in [8, Sect. 16.2].
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The starting point is (3.123) for only one vector multiplet with complex scalar X:
F(X) = —}iX? — Noo = —1, N=-XX. (4.6)

The minus sign reflects that X defines a compensating multiplet and not a physical
multiplet, similar to the fact that the action (1.10) has negative kinetic terms for its
scalar. We fix the U(1) gauge by restricting X to be real, and the dilatational gauge
by taking X = «~!, then we are left with

e 'Lo=k 2R +k2D+---. 4.7

The Weyl multiplet with the 24 4 24 field components in Table 2.3 and a
compensating off-shell vector multiplet with 8§ + 8 components as in Table 3.1
forms a ‘minimal field representation’ of N' = 2 supergravity. However, when
considering this minimal field representation for building an action, we are faced
with two issues. First, the action (4.7) contains a term linear in the D field, which
would impose XX = «~2 = 0 as a consequence of the equation of motion for
D, therefore removing the Einstein—Hilbert term. Second, there is still a remaining
gauged SU(2) R-symmetry, because the scalars of the vector multiplets are invariant
under these transformations. The super-Poincaré group does not contain this group,
and thus a matter-coupled A/ = 2 supergravity does not necessarily have such an
SU(2) gauge symmetry.

Both problems can be solved by introducing a second ‘compensating’ multiplet
in the background of the vector multiplet, involving scalars that do transform under
SU(2) and that can be therefore used to fix the SU(2). In this book we concentrated a
lot on the hypermultiplets, whose scalars indeed transform under SU(2) and whose
action (3.163) contains another term for the auxiliary field and for an Einstein—
Hilbert term. This is indeed one of the possibilities, but in this section we will
present also the other known solutions.

Off-shell fields form a massive representation of supersymmetry, which become
propagating in a super-Weyl gravity [9]. Massive representations contain represen-
tations of USp(4) [10]. Let us recall the relevant massive representations of N' = 2
supersymmetry>:

spin 2 multiplet : 24 424 : (2!, ()*, 15, 11, (D)*, 0},
spin 1 multiplet: 848 : {1', ()*, 0%},
spin } multiplet: 444 : {(})*, 0%}. (4.8)

3We first write the number of bosonic + fermionic components (2 + 1 components for spin j),
and then the spin content of the fields with notation (j )#, separating USp(4) representations.
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The fields of the Weyl multiplet represent the components of a massive spin 2
multiplet:

field dof spin 2 spin % spin 1 spin é spin 0

e 5 1

by, 0

Vil 9 3

Ay 3 1 (4.9)
T, 6 2

D 1 1

V.16 4

x' 8 4

Note that in this and the following tables, the off-shell number of degrees of freedom
(dof) of fields are given, subtracting all the superconformal gauge dof. The following
columns order these according to the massive spin representations. We thus find
indeed the multiplet as written in the first line of (4.8). Similarly, the vector multiplet
of the minimal field representation of A/ = 2 supergravity represents a spin 1
massive multiplet:

field dof spin 1 spin ; spin 0

X 2 2

W, 3 1 (4.10)
Yi; 3 3

Q8 4

We can use some of these fields to fix superconformal symmetries. The first of
these was already mentioned in (4.4). The complex scalar X can be put to a constant
to gauge fix the dilatation and the U(1) R-symmetry. Similar as in the example in
Sect. 1.2.2 we can choose a convenient value to obtain the standard normalization of
the Einstein—Hilbert action. But we will choose this only after we have considered
the full action. Similarly, the fermion ' of the compensating multiplet can be fixed
to a value to remove S-supersymmetry as an independent symmetry (similar to K
in (4.5)). The combination used for pure Poincaré supergravity is thus of the form
(a spacetime index p indicates that the field is a gauge field, while those with a are
not gauge, and thus have 4 components)

Weyl multiplet: e, *, by, 1/;,’;, Vil Ap, Taps x', D
_I_

vector multiplet: X, Qi, Wy, Yij
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gauge fixing symmetries K,, D, U(1), S
by choosing values for b,, X, Q'

N = 2 super-Poincaré multiplet (32 + 32)

en® (6). Wy (3). Viur/ 9). Aa (4), Tup (6). D (1), Yi; (3)
Vi 24, 1 (®).

@.11)

The graviton, gravitino and graviphoton (the latter originating in the vector
multiplet) are the physical fields. On the other hand, Vm/ , Tap, Xi and D are
auxiliary fields in the Weyl multiplet, while Y;; is the SU(2) triplet auxiliary field
originating in the vector multiplet.

We now consider the three possibilities for the second compensating multiplet.

4.2.2 Version with Hypermultiplet Compensator

We can use a hypermultiplet as a second compensating multiplet [11]. We use for
this multiplet constant frame fields £y, such that (3.68) is solved by kp* = ¢*.
Then (3.70) just defines another parameterization of the 4 physical scalars in the
form A'A, They are thus written as a doublet of the R-symmetry group SU(2) and
A = 1,2 are indices for a priori another USp(2) = SU(2) group. To define the
metric as in Sect. 3.3.3 we take dA B= —5A B, where again the negative sign reflects
that this is a compensating multiplet. With this choice, removing a bar from the
index induces a minus sign and this is in accordance with Sect. 3.3.4, where a now
runs only over one value and 111 = —1. Normalizing C 43 = —¢& .43, we thus have
e.8. Py = €AB, such that (AAY* = AJBSJ;SBA. In this way the action (3.163)
starts with

e Ly == Hkp R+ jkp?D + 33, A0 A Beije a4 -
sz = — Ai’AAjBSijS_AB = —Ai'A(Ai'A)* . (412)

In the case of a single hypermultiplet it is known how to close the supersymmetry
algebra off-shell by including auxiliary fields F’ A, appearing in the transformations
of the fermions ¢ [1, 12-15]. In particular, one adds to the symmetry group
transformations (3.75) a non-compact generator Z, such that kz% fiAy = FiA
This generator is then gauged by the vector multiplet in the minimal field repre-
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sentation, leading to central charge transformations. We do not discuss here the full
procedure.*
The off-shell multiplet is then of the form

field dof spin ; spin 0

iA
?M j j (4.13)
A8 4

To gauge fix the SU(2), we restrict the quaternion to be a real number.> We write

SU(2) gauge: AA = 2 gi At , — kp? = —di 2,
(4.14)

being &’ A the Levi-Civita antisymmetric symbol, which breaks the local SU(2) on
the i indices while leaving a global SU(2) group acting now on both indices. Here u
is an auxiliary field, which in the sum of (4.7) and (4.12) appears together with the
auxiliary field D:

e 'L =élc_2 R (1 + 232“) R+«k2 (1 — e2“) D + 2K‘2e2“3ﬂu otu+---.
(4.15)

On-shell # =~ 0 and the Einstein—Hilbert term has the canonical normalization.
The scheme that extends (4.11) is thus:

Minimal field representation

+
second compensating multiplet: A™A, ¢A, FiA

gauge fixing SU(2) symmetry
by choosing A4 in terms of real u

=

N = 2 super-Poincaré gravity (40 + 40)

eu® (6), Wi (3), Vail (12), Aq (4), Tup (6), D (1), Yij (3), u (1), F'A (4)

/ j 4.16
vl (24), x' 8). ¢4 (). (4.16)

“It is not clear whether such a procedure can also be done when the quaternionic geometry is not
flat.

S5This is of course similar to the gauge fixing of U(1), which fixes the phase of the complex X of
the compensating multiplet.
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In the remaining set of fields of the N' = 2 super-Poincaré theory, ¢, and W), are
the physical graviton and the graviphoton, and 1/;,’; are the gravitini. All the others
are auxiliary fields, and the full set includes 40 4 40 off-shell degrees of freedom.

One denotes by gauged N/ = 2 supergravity the situation where the gravitinos
transform under a local SU(2) and where this induces then also a cosmological
constant (anti-de Sitter supergravity). As an example, in the present formalism we
can gauge a U(1) C SU(2) if the scalar of the compensating multiplet transforms
under a U(1) subgroup of the USp(2) group acting on the indices .A. We see from the
first line in (3.163) that such a gauging produces a potential. For example, since gxy
for the compensating multiplet is negative definite, the term 2X/ X7 k;Xgxyk;Y
produces a negative term in the potential. There will be another negative term
after elimination Y°. Since the involved fields are now constants, this is a negative
cosmological term, whose size is determined by the choice of the Killing vector.
Thus we have anti-de Sitter supergravity. Due to the gauge condition (4.14), the
gauge U(1) is then identified with a subgroup of the SU(2) R-symmetry group.

If more vector multiplets are included, the full automorphism group SU(2) can
be gauged by having the second compensating multiplet transforming under an
SU(2) group. Also in this case, the gauge fixing (4.14) mixes the SU(2) factor of
the superconformal group with the group gauged by vector multiplets. The first
compensating multiplet and two physical vector multiplets can even gauge a non-
compact SO(2, 1) gauge group [16] leading to a massive vector multiplet.

4.2.3 Version with Tensor Multiplet Compensator

The second choice is to use a tensor multiplet as second compensating multi-
plet [16]. The tensor multiplet, shortly discussed in Sect.3.2.5, contains a triplet
of scalars L;;, a gauge antisymmetric tensor £, a doublet of Majorana spinors ¢!
and a complex scalar G. As massive fields they represent a spin 1 multiplet:

field dof spin 1 spin é spin 0

Lijj 3 3

E. 3 1 (4.17)
G 2 2

o 8 4

The scalars L;; form a triplet of the SU(2) part of the R-symmetry group. Therefore,
a gauge choice on this field, e.g.

SU(2)/U(1) gauge: Lij = (SUe” (4.18)

breaks this group to a U(1) subgroup. This remaining subgroup is gauged by one
of the components of V,;/: with the choice (4.18) this is proportional to V,/L =
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Vi 12 — Vﬂzl. On-she}l, the latter is identified with the graviphoton W,. The othel_r
2 components of V,,;/ are then no more gauge fields, and indicated below as V;’
(hence with 2 x 4 dof). The scheme that extends (3.5) is thus:

Minimal field representation
_l’_
second compensating multiplet: L;;, (pi , G, Eyy

gauge fixing SU(2)/ U(1) symmetry
by choosing L;; in terms of real u

¥

N = 2 super-Poincaré gravity (40 + 40)

en (6), Wi (3), V,, 3), Vai! 8), Aq (4), Tup (6), D (1), Yij (3),
Eu@3),u(), G?2) (4.19)
vl 24), X' ®), ¢ (8).

Again the physical fields are e,%, W, 1//L and the others are auxiliary. With the
gauge antisymmetric tensor and the remaining U(1) gauge group, this version has
similar properties as the ‘new minimal’ set of auxiliary fields of A" = 1 supergravity
[17].

Similarly to the previous case, the gauged N' = 2 supergravity can be obtained
by coupling the first compensating multiplet (vector multiplet) to the compensating
tensor multiplet, which will include in the Lagrangian a term ¢#"°? E;,, F o (W).

4.2.4 Version with Nonlinear Multiplet Compensator

The third choice (historically, it is the first version [2, 11]) is to use as a second
compensating multiplet a nonlinear tensor multiplet [18], consisting of the fields
QD;A, i, MUV, The scalar field <I>lf4, A =1,2isa?2 x 2 special unitary matrix,
where the indices A are unrelated to the R-symmetry SU(2) indices i. This multiplet
is called nonlinear because its transformation rules are nonlinear in the fields. The
fields @ represent 3 degrees of freedom due to the nonlinear constraint. The
linearized version of this multiplet is again the tensor multiplet. The vector field V,
is constrained in the superconformal background due to the following (linearized)
relation:

3. V"= D+ }R, (4.20)
where R is the Ricci scalar. One may view this equation as eliminating one of the

4 degrees of freedom of the vector in the nonlinear multiplet, which with the two
real components in the complex M/ and CID;4 complete the 8 bosonic degrees of
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freedom of this multiplet. However, in the superconformal framework we will use
it to eliminate the auxiliary field D, which was the cause of the first problem of the
minimal field representation mentioned at the start of Sect. 4.2. The multiplet is also
a spin 1 massive multiplet:

field dof spin 1 spin é spin O

A 3 3

Mmlil 2 2 “4.21)
V. 3 1
Ai 8 4

To break the local SU(2) invariance one imposes on the 3 components of CID;4

SU(2) gauge: oA =54, (4.22)

1

such that the distinction between indices A and i, j, ... is lost. The scheme that
extends (3.5) is thus:

Minimal field representation
+
second compensating multiplet: d>;?‘, Aiy Mij, Vg
gauge fixing SU(2) symmetry
by choosing CID;4 and solve for D
N = 2 super-Poincaré gravity (40 + 40)
eu” (6), Wi (3), Vail (12), Aa 4), Tap (6), Yij (3), Va (4), Myij) (2)
v, (24), x'(8), 2 (8).
(4.23)
The theory remains invariant under rigid SU(2), corresponding to the residual group
of (4.22). Finally, a U(1) subgroup of this residual SU(2) (acting on the index .4)

can be gauged via the first compensating multiplet. This produces gauged N' = 2
supergravity.

4.3 Reduction from N =2toN =1

We now discuss the reduction of the 3 sets of auxiliary fields to N/ = 1.
This has been first considered in the discussion section of [5]. We will be
more explicit here. For any version of auxiliary fields, we have to start from
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the Weyl multiplet with the vector compensating multiplet. We treat here just
the pure supergravity theory. More general reductions in the Poincaré formula-
tion have been discussed in [19, 20]. A conformal treatment has been given in
[21].

4.3.1 Reduction of the N' = 2 Weyl Multiplet

To reduce the D = 4, N/ = 2 Weyl multiplet, we consider (2.90) and the Majorana
spinors € = el + €1, = nl + 11, and put €2 and 12 to zero. We then compare
with the transformations in [8, Chap. 17] for the reduction to A/ = 1. Obviously this
reduction breaks the SU(2) part of the R-symmetry group of A" = 2 to a U(1) part,
i.e. the part where

aml=—-2eiR, rAZ=x'=o0. (4.24)

The frame field transforms to v¥,,1 + w&, which is thus the N' = 1 gravitino. Its
transformation is

syl = (a,L + b+ 4y P ouan — iAy — V,h) e —yun'. (4.25)
This identifies the real combination
AP = 1A, -3V, (4.26)

as the A, field of N =1, which transforms into
SAY = —Jie'gu1 + gielyuxi + Simy) +hee. (4.27)
The composite field ¢, for A/ = 11s as in (2.92), but without the x-term, i.e.
b = PLoyV + v, 6V =du — Jvux. (4.28)
so that the (Q-susy part of the) right-hand side of (4.27) is indeed proportional to

(D
o
The transformation of b, in (2.90), rewritten using (4.28), is

8by = 3¢V — 1&yux1 — 3"V +hee (4.29)
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But b, transforms also under special conformal transformations, see (2.73). There-
fore we identify the A' = 1 supersymmetry as a linear combination of the ¢!
supersymmetry with a special conformal transformation:

8D (e) = 8(e") +ok(k),  Aku = §€'yux1 +he, (4.30)

which eliminates the terms with x; in (4.29). The fields of the NV = 1 Weyl
multiplet are thus {e,ﬂ, by, 1//1, , A,(})}. The combination (4.27) implies that the

superconformal U(1) of N/ = 1 is a diagonal subgroup of the U(1) x SU(2) of
N =2:

AW =1 (g —2in") . (4.31)
Similarly, one can check that there is an N/ = 1 vector multiplet containing®
’BM, i = g0, D} . Bu=—2(Au+iVu'). (4.32)
The gauge field gauges a combination of A7 and iA;!, complementary to (4.31)
0=—3r+int). (4.33)

The remaining fields of the A/ = 2 Weyl multiplet form a double spin-3/2
multiplet:

N = 2 Weyl Weyl multiplet spin 1 multiplet 2 spin g multiplets

e’ ey
by by
A V! APD B,
2 2
Vit Vi e (4.34)
Tab Tup
D D
Yl v ¥
X! x! x*
24+ 24 8+8 444 12412

In conclusion, the 24 4 24 fields, reduce to 8 + 8 Weyl and a 4 + 4 vector multiplet
under the truncation. The remainder are two 6 + 6 spin 3/2 multiplets. However,

6The factors, e.g. i in the second component, are introduced such that the transformations agree
with [8, (17.1)].
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note that the spin 3/2 multiplets cannot be treated separately beyond the linear level,
since the nonlinear transformations involve the frame field and the A/ = 1 gravitino.

4.3.2 Reduction of the Compensating Vector Multiplet

The superconformal transformations of the vector multiplet are in (3.15). We now
need the abelian version, i.e. we can omit the index 7, and f; kT =0.The complex
scalar X transforms chiral and is thus the basic field of a chiral multiplet:

1
X, Q1Y . 4.35
{ 2 1 11} (4.35)

The scalar X transforms under the 6 transformation (4.33). Indeed, considering the
U(1) transformations:

5X = iArX =i (MTD + 9) X. (4.36)

Thus the chiral multiplet transforms under the gauge transformation of the vector
multiplet (4.32). This is also important to understand the following contribution
to the Q-transformation of the auxiliary field Yj;. According to (3.19), D,
contains a term —2X¢,,1, which, after use of (4.28) implies that the transformation
of Y11 contains a term €1 x1 X. This term thus depends on the fermion of the gauge
multiplet (4.32). The latter is the transformation term that the auxiliary fields of
chiral multiplets obtain in Wess—Zumino gauge in A/ = 1 supersymmetry due to
the 6 symmetry (4.36). For the normalization, see e.g.[8, (17.3)].

The remaining fields of the A/ = 2 vector multiplet form the A/ = 1 vector
multiplet:

[W -y — Q2 2iY12} . (4.37)
Thus the reduction goes as follows:

N =2 vector spin ; multiplet spin 1 multiplet

X XeC

W W (4.38)
Yi; Yi1€C Y12 e R

Q; Q Q)
8+ 8 4+4 444

For clarity, we indicated the reality properties of the Y11 and Y72, see (A.21). The
component Y77 is the complex conjugate of Y.
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One consistent reduction to A = 1 consists in keeping only the Weyl multiplet
of (4.34) and the chiral multiplet (4.35), which provides then the compensating
fields for dilatation, U(1) and S-supersymmetry. The conformal action of the chiral
multiplet in the background of the Weyl multiplet gives the N' = 1 pure supergravity
with the ‘old-minimal’ set of auxiliary fields.

If we keep also the spin-1 multiplet of (4.34) in the background, since
the chiral multiplet transforms under 6, see (4.36), this will induce a Fayet—
Iliopoulos term e X X D. However, to describe pure supergravity, there are no
kinetic terms for the spin-1 multiplet. Therefore the field equation for D is
inconsistent with a gauge choice that gives a non-zero value to X. That is
why we need the second compensating multiplet as viewed from the A/ = 1
perspective.

4.3.3 Reduction of the Second Compensating Multiplet

We comment here on the reduction of the two versions that have linear transforma-
tion laws. When we use the hypermultiplet, there are two N = 1 chiral multiplets:

{A““, —2icA, —;ZXFZA} . (4.39)

These are chiral multiplets for each value of .A. Remember that A2 s dependent
on the complex conjugate of A" In the N = 1 reduction we can include one of
these two chiral multiplets, e.g. A = 1. Under the U(1) transformations:

SAA = AT =i (A + 10) A (4.40)
Hence, these multiplets transform also under 6 and there is another Fayet-Iliopoulos

term, such that the field equation of D relates X to A and a consistent dilatational

gauge (and gauge for A(Tl) and 0) can be chosen.
When we take for the second compensating multiplet of A/ = 2 the linear
multiplet, we find that the A" = 1 reduction leads to a chiral multiplet

[L“, V24!, —G] , (4.41)
and an A/ = 1 linear multiplet
{ile, ¢*+ 2. Epunt . (4.42)

In Sect. 4.2.3 we chose the gauge fixing (4.18). The proportionality with §;; was just
an arbitrary choice in SU(2). Here we could choose the same (which means L 1 real,
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but as well iL'? to be the non-zero component. L'! transforms under the remaining
part of the SU(2), (4.24), and hence under the 6 of (4.33). On the other hand L2
is invariant under that remaining U(1). Therefore, if we keep the chiral multiplet in
the N/ = 1 reduction, it performs the same role as one of the multiplets (4.39) to
allow a consistent field equation for the auxiliary D. If we keep the linear multiplet
in the reduction, then there is also a Fayet-Iliopoulos-like coupling of that field
with D, but moreover a local U(1) remains. Hence we find the situation as in new
minimal supergravity, having a preserved local U(1) (and gauge auxiliary tensor
E ) coupled to the other matter multiplets of the reduction of the Weyl and first
compensating multiplet.

4.4 Matter-Coupled Supergravity

In this section we consider again the full action (4.1), which includes vector
multiplets and hypermultiplets, as well as the compensating multiplets. In light
of the discussion in Sect.4.2, the latter is thus the extension of the action with
an hypermultiplet as second compensating multiplet, considered in Sect. 4.2.2. We
choose the hypermultiplet as compensating multiplet such that the couplings of
the physical hypermultiplets can be obtained as a projection from a conformal
hyper-Kéhler manifold, similar to the way in which the couplings of the vector
multiplets are obtained as a projection from a conformal special Kidhler manifold.
The disadvantage of this choice is that it is not known how to keep the structure
with auxiliary fields F iA mentioned in Sect.4.2.2 for a non-trivial hyper-Kihler
geometry without introducing an infinite number of fields as in harmonic or
projective superspace. In total we therefore have n + 1 vector multiplets and ngy + 1
hypermultiplets, described by the action (4.1), being Lg, L the action for the
vector multiplets and hypermultiplets, respectively. We thus redefine the range of
the indices X and A for the hypermultiplets to, respectively, 4(n + 1) and 2(ngy + 1)
values.

Though in this section, as in the previous one, we will mostly focus on D = 4
dimensions, some results for D = 5 will also be presented along the way, exploiting
the fact that the treatment is very similar. Full results for D = 5 in the conformal
setting are given in [22-25] and with other methods in [26-28].

In Sect. 4.2 we took gauge choices, keeping the auxiliary fields. In the present
section we first eliminate the auxiliary fields (Sect.4.4.1) and then we consider the
gauge fixing (Sect.4.4.2). We conclude with the final formulae for the resulting
action (Sect. 4.4.3) and corresponding transformations (Sect. 4.4.4).
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4.4.1 Elimination of Auxiliary Fields

We now present the equations of motion for the auxiliary fields of the matter-coupled
supergravity in D = 4, 5. It has been expected for a long time, but proven only
recently [29], that equations of motion can always be represented in the form of
covariant equations. This means that gauge fields (in our case mostly the gravitino)
appear only within covariant derivatives.”

44.1.1 CaseD =5

The vector multiplet and hypermultiplet actions are given by (3.129) and (3.159).
The theory then contains several auxiliary fields. In particular, the matter D, T, and
x', and gauge field V; i are inherited from the Weyl multiplet, while the gauge triplet
Yli belongs to the vector multiplet. Both D and x' appear as Lagrange multipliers in
the action, leading to the following covariant equations of motion, where the symbol
~ denotes the ‘on-shell’ relation®:

D: C[JKO'IO‘JO'K—ékpzwo,

X =8 (C,,Ka’ohp”f - §iA"A;A) ~0), (4.43)

where we used A’A as defined by (3.70). The covariant equation of motion for the
SU(2) gauge field V,L is

0~ kyDug™ — 3 Crixe ™ § y . (4.44)

The first term, using (3.98) and (3.154) contains, according to (3.98), — ngZ V,ij,
so that this equation can be read as

2 L .
9kD2V[/%k;8Mq ~ WP+ 2 ADA L Cryka K Gy Y (445)

using (3.71) and the moment maps (3.157).

TThe proper field equation of a field ¢ is in general not covariant if the derivative of that field
3u¢i appears in the transformation of another field 8¢/ . However, using the field equation of oy
removes the non-covariant terms in the field equation of ¢*.

8Since the supersymmetry transformation of D contains the spacetime derivative of x, see (2.98),
the proper field equation of x contains a non-covariant term, which is however proportional to the
field equation of D and we have thus omitted here. Similar covariantizations have been done below
and will not be indicated anymore.
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The covariant equations of motion of the other auxiliary fields Y1§ and T, are
given by

ijJ K _1pij 1 7id . JK
YVICryko™ & = PP + ,iCryg Yt

64 - N -
9 k> Tup ~ 40'a? EXC1 x + 10! 9 yapy® Crix + 20 ayant ™.
(4.46)

44.1.2 CaseD =4

The vector multiplet and hypermultiplet actions are given, respectively, by (3.123)
and (3.163). The fields D and x' appear in the total action as Lagrange multipliers.
Therefore, their (covariant) field equations imply the following conditions:

D: =N+ jkp* ~0,
X0 N X'Q! +idB A zet ~ 0. (4.47)

The covariant equations of motion for the U(1) gauge field A, and SU(2) gauge
field V,,;/ are

0~ JiNy (X' DX — X/ DX’y + §iNyy QiTy, Q! — Jit qyutBdAg,
0~ gxyDug*k’ — Ny, Qly @070, (4.48)
which can be solved in the forms
N Ay~ 3N (x"a, X7 — X9, x") + WP} + JiNyy

x (X’&;Q{ - X’&W-Q”) + LN @iy, Q! — NE yucBdAs,
—;kpz A\ gXYanXkY — WéP[ + éi‘rijd'AB (AjA&L{A — AiB&W'{'A)

— AN Qe (4.49)
where for the SU(2) part again we used (3.71) and the moment maps (3.157). For
the U(1) part, the moment maps for the Kéhler isometries P;) appear. They are real
functions, defined® such that

Ni8@)X! =—io'a;P). (4.50)

9For a general discussion of moment maps in Kéhler manifolds, see e.g. [8, Sect. 13.4.1], and also
Sect. 5.4.1 below.
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The condition above is satisfied by
P} =iNy fxi’ XX X", 4.51)

due to the definition (3.124) and the homogeneity relations (3.108). Inserting
again (3.124) and (3.116) it can be rewritten in various ways:

P = 15X Fx + X' Fg) —2Cp X7 XX
= —iNpy fxr) XX X5 =Ny fe ! XEXE = —iNgg fu? XK XE O 4.52)
and
xX'P)=x"P)=0. (4.53)
The covariant field equations of the other auxiliary fields, Y iJ and T,p, are
Niy Y,-f ~ —Ppij — iiFIJKQ,'JQf + iiFIJKgiijZQkJQZKa
CNXIXIT) ~ INp XS — LiF ik Qi ya @07 XK ei; — LT 1yan5CAB.

(4.54)

4.4.2 Gauge Fixing for Matter-Coupled Supergravity

We now move to the gauge fixing of the total action (4.1). Though the principles
are the same for D = 5 (and for a large part also for D = 6) for simplicity
here we concentrate on 4 dimensions, and comment on D = 5 and D = 6 in
Sect.4.7.

As mentioned before, the conformal coupling of vector multiplets and hyper-
multiplets, has been chosen such that there is in each sector one multiplet with
negative kinetic energy, used for gauge fixing, and all the others have positive
kinetic energies.'? We recall that (4.1) contains the fields of the Weyl multiplet as
a background. Dependent fields in this Weyl multiplet have already been solved
for in the final actions that we presented. As mentioned in (4.4), the dilatation
gauge field b, can be eliminated by a gauge choice for the special conformal
transformations K. We will combine the field equation of the auxiliary field
D, (4.47), with a dilatation gauge choice to eliminate the modulus of the scalars
of the compensating multiplets. The U(1) gauge eliminates the phase of the scalar

10The positivity of the kinetic energy is a further constraint on the choices of N (X, X) and the
quaternionic metric, which we discuss further in Sect. 4.5.4.
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of the compensating vector multiplet.'! Similarly the quaternionic phases of the
scalars of the compensating hypermultiplet are fixed by gauge choices of the
SU(2).

On the fermionic side the x' field equation will be combined with a gauge for
S-supersymmetry to eliminate the fermions in the compensating multiplets.

The only remaining field of the compensating multiplets is the vector field W,,,
which becomes the graviphoton in the final super-Poincaré action. The result will
be the coupling of ny hypermultiplets and n vector multiplets to N' = 2, D = 4
Poincaré supergravity, see Sect. 4.4.3.

It is important to remark that the fixing of gauge symmetries leads to a change
in the definitions of covariant derivatives. Indeed, the fields that we use in the
Poincaré supergravity are chosen such that they do not transform any more under
the broken symmetries. Moreover, the parameters of the broken symmetries will
be expressed in terms of the independent parameters by the decomposition laws,
similar to (4.5).

We now give the explicit expressions for the gauge fixing of dilatations and
S-supersymmetry. For the dilatations, we have already mentioned in the simple
example (1.11) that our aim is to have a standard kinetic term for gravity. Hence, we
just collect the terms with the scalar curvature and obtain'?

D-gauge: — éN — llsz2 = é/c’z. (4.55)
Combining this with the field equation for D, (4.47), we obtain
N=—k"2, kp? = —4k 2. (4.56)

The condition that fixes the dilatation gauge is physically the requirement that the
kinetic terms of the scalars and the spin-2 field are not mixed.

The total action does contain terms of the form y#V9, 1//,’;, multiplied with
fermion fields of the vector and hypermultiplet. These would imply a mixing of
the kinetic terms of spin 3/2 and 1/2. We choose, in analogy to the bosonic sector,
the S-gauge condition such that such a mixing does not occur. Hence, we put to zero
the coefficient of V9, ¥ :

S-gauge: Ny X'Q) —2iA,zdB 40 =0. 4.57)

THere is the only difference with 5 dimensions. In that case the superconformal algebra does not
contain a U(1), but the scalar of the vector multiplet is also real, such that this step is not necessary,
see Sect. 4.7.

12The dimensionful coupling constant « in fact appears here for the first time, thus breaking the
dilatation invariance.
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Combining (4.57) with the field equation of the auxiliary field x;, (4.47), leads to
NuX'Ql =0, ApdPact=o0. (4.58)
Importantly, at this point the R-symmetry is still gauged. The gauge fixing of the
latter will have some surprising consequences on the Nature of our A/ = 2 theories,

leading to the so-called Special geometries. This important passage will be therefore
discussed separately, in Sect. 4.5.

4.4.3 Full Action for D = 4

We now have all the ingredients to write down the full action. Using the gauge
conditions and the definition (3.16), we find

e L=k (éR - Iﬁm}’wpDvlﬂf,) — NiyDuX'D*X? -} exyDug* Dq”

=N R 4 N XX TT e |

=Ny Y'Y = NI PP P) o XXk Yk x

+ 31k e T WLI WL (3, Wo K 4 3 fraa K W, LW, )

+ 3y Y (5§N11?_(1DCXJ + Deq™kx - Tji)

+ {— iNIJQ”l})Q,-J - Q:AL})CBdAB

+ N Via DXy QY + i’ﬁiaquXJ/“ﬁfindAB

— JNiyeij (Qil)’u - XIIZ’,Z) Yl FmmT — 1161F1JK§_2,(V“”Q]!€ijF,ZvK

+ %%W“ [Q§Pz"f + Q§N1JfKLJXL)_(K8ij - 4iX1k1XfiBXCBA§A]

+ %NIJQ,'IfKLJQ/L'XKgij + é)_ﬂ%yab%{f’n]‘

+ 2XIEA§Bt1AB + ZikffiBXsijdABEAle + h.c.} + 4-fermion terms.

(4.59)

We have used the field equations to determine the auxiliary fields, which are thus no
longer to be considered as independent fields, but stand for their values in (4.49)—

(4.54). For example, the term that was +N;;Y! - Y/ + other Y terms in (3.123)
and (3.163) are now written as — N; ;YL Y7. The covariant derivatives are (omitting



4.4 Matter-Coupled Supergravity 131

contributions that give rise to 4-fermion terms)'3

D, X" = (8, —iA,) X" + W, XX 1",

Dug* = d,9% +2v, - KX —w, kX,

D.el =p,@f +1! k05D, X",

D! = (aﬂ + L, () yan — ;iAM) Qf + v+ wiok k!,
é/L;A = (au + iwuab(e)yab + ;LAM) fA - W,itIBAfg + 8MQXU)XBA§B

Dt = (9 + Jou(©vas + 3id) Yi + Vi Y (4.60)

The connection I" 5 ¢ refers to the completely holomorphic connection in a Kihler
manifold with metric Ny;. See below, (4.73), for more detail. 4, and V,u-j are the
bosonic parts of their expressions in (4.49):

Ay = A+ A},
Ay = =ik Ny (X8, X7 — X7 8, x7)
= Ag — KZW,iP}),
A% = =ik Npy (X9, X7 — X7 9, X7,
AE SIKZNIJQZI)/FLQJ 21/( g‘ yMCBd B,
V=V, + Vi,
YV, = ;szxéuqx = él(z (kxaﬂqx — W;PI) ,
Vi = N Qe (4.61)
where we used
0u X! = 0, X7 + W, XX frx!,
duq™ = 0,5 — W, 1k, X . (4.62)

Another way to split the covariant derivative D, X in (4.60) splitting the geometric
and the gauge parts is

131n the previous chapter, the auxiliary fields were considered independent, and appeared as such
in the ‘linear’ part of the covariant derivatives D, see e.g. (3.19) or (3.100). Here we consider e.g.
A, as its solution in (4.61), and the linear part written as D, contains only A,.
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DX = v, x! + wk (isz,%X’ +fKJIXJ) ,

VX' =9, X" —iA0x". (4.63)

4.4.4 Supersymmetry Transformations

The transformation laws for physical fields can be obtained by plugging into
the superconformal transformations the values for the gauge fixing as well as
the parameters as fixed by the decomposition laws. The superconformal trans-
formations from which we have to start are those of the Weyl multiplet, (see
Sect. 2.6.2), the vector multiplets, (3.15), and the hypermultiplets (3.100). Restrict-

ing ourselves to the physical fields, the Q- and S-supersymmetries are (using
also (3.101))

Sey* = €y “Yui +he.,
5Vl = (3 + §y P opan — 3idu) € + Vil jel = [y BT ey e; — vt
sx' = 1éQ],
8 =DX'ei + vy Fup'eijel + Yij'el + XXX frxleijel +2X i,
SWyy = e &y’ + eV &y, X +he.,
5q¥ = i cAfX 4 +is pAPec 1 f ¥ i,
A = —iel¢A g g el pBA

ScA = ;i@A"Ae,- +iX kX fiAyeiel +ian; (4.64)

where we use the covariant transformations as defined in (3.52). Covariant
derivatives and covariant gauge field strengths are given in (3.16), (3.19), (3.102).
The relevant bosonic symmetry transformations are the U(1) and SU(2) R-
symmetries and the Yang—Mills gauge symmetries:

8y, = yirr v, + YA

X! =inr X' +07 XX fie s,

8Qf = YirrQ] —n/Qh+07Qf kit

SWh = 0,0" +0' WK )"
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8g%X = =20 - KX + 07k, %,
§aM = A+ ABol gt

S¢A = —linpeA + 0By (4.65)

4.4.4.1 Decomposition Laws

The gauge choices from Sect.4.4.2 imply that the parameters of the gauge fixed
symmetries are functions of the remaining gauge symmetries. The decomposition
law for the K symmetry is given in (4.5). But since none of the fields in (4.64)
transforms under special conformal transformations, we do not need this decompo-
sition law of Ag.

The S gauge (4.57) is the Q-supersymmetry transformed of the D-gauge (4.55).
Therefore, with this choice, the latter is invariant under ordinary supersymme-
try, and the invariance then implies that the dilatation parameter can be put to
zero:

Ap =0. (4.66)
We also need the decomposition law for the S-supersymmetry. We can calculate
the variation of any of the two equations in (4.58), which should lead to the same
result. These equations are gauge invariant. We use the field equations of Sect. 4.4.1.
When calculating the Q-supersymmetry of the first one, a useful relation due to the

field equation (4.54) is
N X Fol = = 4iFrxQlyapQ XX el +  Capt yant® . (4.67)

In both ways we obtain

Kk 2ni(e) = — éPIinlej + %Kfzy“eijj"
+ 47a€' T 17 ¢ Bd A + g vars' €;CABE 1y g5, (4.68)
where VaFl.j is the traceless expression in (4.61):

Vil = —i? (S'Z,-’VaQ“ - ;8{52,£ya9k1) NiJ. (4.69)

Finally, the gauge fixing of the R-symmetries will be discussed in Sect. 4.5. The
U(1) and SU(2) decomposition laws are presented (6.43) and (4.168), respectively.
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4.5 Vector Multiplet Scalars: Special Kihler Geometry

The constraints (4.56), obtained by combining the dilatational gauge fixing with
the D-field equation, determine a real condition on the manifold spanned by the
scalars {X'} and {¢*X}. As we will see, the gauge fixings of the U(1) and SU(2) R-
symmetries remove another real degree of freedom of the {X’} and 3 real degrees of
freedom of the {gX}. This procedure defines a complex n-dimensional submanifold
of the manifold spanned by the (n + 1) variables X, as well as a quaternionic 7 -
dimensional submanifold of the real 4(ny 4 1)-dimensional manifold spanned by
the ¢X. These submanifolds can be identified by choosing an appropriate system
of (projective) coordinates. This identification, for what regards the scalars of the
vector multiplets which defines special Kihler geometry, will be the subject of this
section. Similarly, as we will present in Sect. 4.6, the scalars of the hypermultiplets
define quaternionic-K#hler manifolds.

As a further simplification, in this section we will focus on the geometric part for
the scalars of the vector multiplet, hence reducing D, X I'to VX I asin (4.63), and
leaving the connection with the gauge vectors Wlﬁ to the following chapters. Upon
this reduction, the relevant term of (4.59) are

e Ly =—g"" NV XV, X VX' =9, x" —iA0 X", (4.70)

where Nj; is defined in (3.124). Due to the homogeneity of F(X)—see (3.108)
and (3.124)—one also has

3 9 ,
_ N=0a;3N. .71

N;j =
1J BXIBXJ

4.5.1 Rigid Special Kihler Manifold

We first look back to the vector multiplets in rigid supersymmetry with conformal
symmetry. Hence, we just consider 9, X " in (4.70). We also do not consider the
constraints (4.56) and the fields X/ are thus independent. Then (4.70) defines X I as
complex coordinates of a Kihler manifold with Kihler metric'*:

G,;7=Niys, Gy =Gj5;=0, 4.72)

14To apply the general relations of Kihler manifolds we have to distinguish indices I and I, which
cannot be done consistently for the relations that follow from the prepotential F, see e.g. (3.124)
or the first of (4.72) where at the right-hand side N;; is symmetric and at the left-hand side there
is a holomorphic and an anti-holomorphic index. In (4.73) we use the metric connection with all
holomorphic indices, considering just G, ; as metric, ignoring these relations to a prepotential F.
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and Kihler potential N. Because the manifold is Kihler, the affine connection is
given by [8, (13.19)]

I =G"9,Ge; =N ""Mlo;Ng, = —iN"EF ;. (4.73)
The homogeneity equations also imply
XKk Niy = —ixKFre =0, x'rly =o0, (4.74)

and their complex conjugates. Therefore kp! = X is a closed homothetic Killing
vector of this metric (look at (1.30) with w = 1).

This Kihler geometry encountered in rigid supersymmetry is in the mathematics
literature also indicated as affine special Kihler geometry [30-33].

4.5.2 Coordinates in the Projective Special Kahler Manifold

We now turn to the supergravity case, where a key ingredient is the gauged U(1)
T-symmetry. First, there is the contribution of the T-gauge field A° in (4.70).
Furthermore, we will impose the first relation of (4.56), which was related to the
gauge choice for dilatations, and a gauge choice for the T-symmetry.'> We will
see how this projection from the n + 1-dimensional (complex) Kihler manifold
of Sect.4.5.1 leads to n-dimensional special Kéhler geometry [34-36], which is
sometimes also denoted as ‘projective’ special Kihler, and has a non-trivial U(1)
curvature. '®

This mechanism for the emergence of projective special Kihler manifolds is
similar to what appears in AV = 1 and has as such been reviewed in [8, Sect. 17.3].

To exhibit the projective nature of the manifold, we first consider the on-shell
value of the auxiliary fields as it follows from (4.70):

A = 2;\] [X’N,J(aﬂ)?f) - (a,LX’)Nuff’]
— 2;\] [(aMXJ)SJN - (BMXI)31N] - (4.75)

I5Note that such a U(1) symmetry, here included as part of the superconformal algebra, in fact
follows from the presence of a complex structure and the dilatational symmetry, see e.g. [8, Sect.
17.3.2]. Similarly the SU(2) symmetry in the hypermultiplet sector follows from the hypercomplex
structure and the dilatation.

16The reader will find in Chap.5 a more detailed discussion on special Kihler geometry
independent of this construction procedure.
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One can check that this agrees with (4.61) upon using the gauge condition (4.56).
The value of (4.70) using (4.75) is

-1 1 v/ 1 v/ 1 2
'Ly = N x'o' % + | [BMX BN — 9, X a,N]

—XT0R X (03N — L@@y |~ L g
H N 4N H
S 1
=N, X'9"X78;3;log|N| — 4NaﬂN A*N . (4.76)

On the surface defined by (4.56), the last term vanishes. But the first one contains
derivatives N; and Nj that are non-vanishing. This will lead to another Kihler
manifold as compared to the rigid Kéhler geometry.

4.5.2.1 Projective Coordinates

As we anticipated, the proper way to manifest this new structure is to select
appropriate (projective) coordinates, in which we split between the direction
orthogonal to the surface and along the surface. For this to be done, it is useful
to split (n + 1) complex variables {X’} as {y,z%}, « = 1,...,n (and their
complex conjugates {y,z%}), where the variables y will serve for defining the
surface and z% for coordinates on the n-dimensional surface. We will therefore
refer to the space spanned by the {X’} as the embedding space, while that
spanned by the {z*} as the projective space. The latter will describe the physical
scalars.

The embedding in the (n + 1) dimensional manifold is given by functions
Z1(2), Z!(7) defined as follows:

x'=y7 (), x'=57). 4.77)

As we require invariance under reparameterizations z¢ — z'%(z), the Z!(z) must
be n + 1 non-degenerate!” arbitrary holomorphic functions of the z%.

We can now assign to y the dilatation and U(1) charges carried by X’ (according

to Table 3.1):

Sp.r X' = (p +irr) X! — dp, 7y = (Ap +iA7)Yy, Sp,rz% =0.
(4.78)

The non-uniqueness of the splitting (4.77) will be related to the Kéhler transfor-
mations, which will be discussed in Sect. 4.5.6. A practical choice for the functions

17 The matrix 9, Z' has to be of rank n and the matrix (Z/, 8, Z') has to be of rank n + 1.
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Z!, which is often used, is called ‘special coordinates’ and corresponds to
2’ =1, Z%z) =z%fora=1,...,n. (4.79)

For these ‘special coordinates’ one can obviously write

. X0z
=10= - (4.80)

4.5.2.2 Gauge Fixing of Dilatations and U(1) R-Symmetry

The dilatation gauge fixing amounts in the vector multiplet to the first of the
conditions (4.56). We will rewrite it using (3.124), and use the homogeneity
properties of Ny (of degree 0 in X’ and X') to define Ny, (z, 2):

Ny (X' X1 = N1y(2'(2), 2! @) = N1y (2. 2). (4.81)
Therefore we can write the effective dilatational gauge condition as

3k72 forN =1,
k=2 forN =2.
(4.82)

NX,X) = y*PZ" )Ny (2, DZ'(3) = —a, a= {

We introduce here the arbitrary constant a, such that the treatment is the same for
N = 1and N = 2 supergravity, but for the purpose of this book a = x~2. The
condition (4.82) fixes the modulus of y in terms of z* and their complex conjugates.

With these definitions and transformations (4.78) a consistent U(1) gauge choice
is

T-gauge: y =Y, (4.83)

which removes the phase of y as an independent variable and fixes completely y
(and 7)

y= [—a—lz’(z)NU(z, z)Z’(Z)]fl/2 : (4.84)

As a result of the D, U(1) gauge fixing, we are left with only the z* (and their
complex conjugates) as unconstrained variables, which in turn will be related to the
physical vector multiplet scalars in the Poincaré supergravity.

Before proceeding, we still want to make two remarks on the previous results:

* At least as long as we consider only the bosonic part of the vector multi-
plet (4.70), in practice we will not need to specify a T-gauge choice once in the
projective basis (4.77). Indeed, the phase of y is the only bosonic quantity that
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transforms under 7' and therefore—as shown at the beginning of Chap. 4—gauge
invariance implies that the latter cannot appear in (4.70). As a consequence, we
will not need a T-decomposition law for the bosonic sector. On the other hand,
fermions of the vector multiplet do transform under the 7-symmetry.'8

+ The value (4.84) for y is a function of z and Z. Therefore the transition from X
to z% does not respect the holomorphicity. In other words, the complex structure
that is relevant in the submanifold is not the same as the one in the embedding
manifold.

4.5.3 The Kdhler Potential

It follows from our derivation that, after the projection, the resulting action for the
scalars z% is the first term of (4.76). We will now explicitly show that this defines
again a Kéhler manifold with a Kéhler potential:

K(z,7) = —aln [—a_lZI(Z)N”(Z, Z)ZJ(Z)] . (4.85)

To verify that (4.85) is indeed correct, we can use the homogeneity properties of
Ny to obtain its derivatives. See e.g. (4.74), which implies that 9, (Z'N;;Z”7) =
(32 Z")(Ny;Z7), and hence we find the useful relations

NisZ’0,2"
8aIC - g 1J 01_ 7
NgrLZKZzL
9y = avgz0;27 vy | - N1 4 NikXEXENL
9 = a0y B yy|— N + N2
= —ad,Z'05Z7 yy0,0;In N . (4.86)
Hence we can write
e Lx = —8,2%0"7P 0,95 , 4.87)

confirming that I is the Kéhler potential of the projective manifold.

18We will relate these also to Kihler transformations in Sect. 4.5.6, and then this has a consequence
on the global structure of the Kéhler manifold, see footnote 24.
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It will also be useful to write the on-shell value of the T-gauge field in terms of
the Kidhler potential

Ap = Jia ™! (0.K 9,2 — 06K 8,2%) — JiduIn . (4.88)

Note that we have not implemented yet the gauge condition (4.83), which would
eliminate the last term, which is anyway a pure gauge term. Note also that
the d,y, 9"y, d,y0"y terms cancel as a consequence of the relations (4.74).
Furthermore, we can now rewrite (4.84) in terms of IC

y=j=e"0, (4.89)
and thus, with (4.77), we have
xI =Mzl  xI= M7z, (4.90)

In view of the importance of the Kihler potential, we still give an alternative way
to present (4.85). First we remark that due to the homogeneity, F7(X) is first order
in X, and we can thus write

Fi(X) = yFi1(Z(2)), Fi(X) = yF1(Z(2), 4.91)

where F7(Z) is the same functional dependence as F;(X) and can thus also be
written as'®

d
F1@) =, F(ZQ@), (4.92)

where F(Z) is the same function as F(X). Finally
K2 =—« |62/ &) Fi ) - i?2! ) F13)] | (4.93)

and thus the Kidhler potential is written in terms of derivatives of the holomorphic
function F(Z(z)). Note that the last equations, starting from (4.91), are only valid
for N = 2, and thus we used @ = k2 in (4.93).

4.5.3.1 Interpretation as Sasakian Cone

There is an alternative interpretation of the metric (4.87), which gives another
geometrical view on the projective manifold.?? Before any gauge fixing we can

19Note that F is obtained as F; (Z(3)) using for F;(Z) the same functional dependence as Fr(X).
20This will not be important for what follows, and the reader may thus skip this part.
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write the action (4.70) as follows:
e Lx = =N OuN) =N (A — A+ Y (050,K) 2002 (4.94)

where Ag is the geometric part of A, that we wrote in (4.75).

The obtained metric in (4.94) is a cone [37, 38]. Indeed, starting from the
n + 1 complex variables {X!} we have defined {y,z%}, where we can choose
y = |yle’. As follows from (4.82), the modulus |y| appears in N (in order to
obtain a canonical parameterization of a cone, it is useful to define 7> = —N). The
resulting coordinates are thus:

» aradius r (gauge degree of freedom for dilatations)
* anangle 6 (U(1) R- symmetry degree of freedom);
¢ n complex variables z*.

In terms of (r, 0, z%, z%) the metric (4.94) takes the form

-\12
ds? = dr? + 72 [A+d0 + }i (8K (2, 2 dz” — 0Kz, 2) d27) |
— r?0,05K(z, 7) dz%dz% , (4.95)

where A is the one-form gauging of the U(1) group, and K(z,z) is a function
of the holomorphic prepotential F(X). When U(1) is not gauged (A, = 0), the
base of the cone (the manifold with fixed N or r) is a Sasakian manifold with
a U(1) invariance.?! When the U(1) is gauged, the auxiliary field A, can be
redefined such that the whole expression in square brackets is the field equation
of A, itself, and it drops out on-shell. In that case, with fixed r (gauge fixing
the superfluous dilatations), the remaining manifold is Kéhler, with the Kéhler
potential /C determined by F(X). Therefore in the situation where U(1) is gauged,
the geometry is further constrained to special Kéhler, living on a Kihler submanifold
of the (n 4 1)-complex-dimensional manifold defined by a constant value of r. This
is a real condition, but the U(1) invariance implies that the other real variable 6 has
disappeared.

4.5.4 Positivity Requirements

A standard requirement for a suitable Lagrangian of a physical system is that its
kinetic terms should define positive kinetic energy. The kinetic terms of the spin
2 particle, the graviton, are included in the Einstein—Hilbert term, the first term

2IThis has been remarked first in a similar situation with hypermultiplets in A = 2 in [38], and
has been looked at systematically in [37].
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in (4.59). This is positive due to the gauge choices in (4.55), and for the vector
multiplet part this is the choice of the sign in (4.82). In fact, according to (4.82),
this choice requires that the prepotential ' (X) and the range of the scalars allow a
domain where

Z'N; ;77 <0. (4.96)

Thus Nyj(z,z) should have at least one negative eigenvalue for all values of the
scalars in the domain. The positivity of the kinetic energy of the scalars in Lo
requires g,z to be a positive definite matrix. Using (4.86) with N negative, this
implies that N;; should be a matrix with n positive eigenvalues and 1 negative
one. The negative one has the significance of the direction of the ‘compensating
multiplet’ in the (n + 1)-dimensional embedding space {X!}. The separation of
the positive and negative definite parts will become explicit in the next chapter,
see (5.65). These conditions define a so-called positivity domain for the scalars
{z*}. The requirement that the positivity domain is non-empty, restricts the space
of prepotentials F that can be used. Finally, these two conditions also imply
the positivity of the kinetic terms of the spin-1 part, namely that Im Ay is a
negative-definite matrix [39]. The mentioned matrix equation (5.65) will make this
property explicit. Since a symmetric matrix with a negative-definite imaginary part
is invertible, these remarks prove that the inverse of A is well defined. Several
theorems on these matrices are collected in [31].

4.5.5 Examples

We give here some examples of functions F(X) and their corresponding target
spaces:

F=-ix%! Sud, 1 (4.97)
u(l)

F=x"Y/x° Slé((ll’)l) (4.98)

F=—-2/X0(x1)3 S%((ll’)l) (4.99)

F = iix’n,,xf SUS(E)(;’) '3(1) (4.100)

F = dABCX;OXBXC ‘very special’ (4.101)

The first three functions give rise to the manifold SU(1, 1)/ U(1). However, the first
one is not equivalent to the other two as the manifolds have a different value of the
curvature [40]. The latter two are, however, equivalent by means of a symplectic
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transformation, as we will show in Sect. 5.2.2. In the fourth example 7 is a constant
non-degenerate real symmetric matrix. In order that the manifold has a non-empty
positivity domain, the signature of this matrix should be (— + - - - +).

The last example, defined by a real symmetric tensor dapc, with A, B,C =
1,...n, defines a class of special Kéhler manifolds, which are denoted as ‘very
special’ Kéhler manifolds. These can be obtained by a dimensional reduction of
D = 5 supergravity—vector multiplet couplings [41] where the tensor dapc is
identified with the tensor Cj ;g introduced in Sect. 3.3.2. We will say more on these
in Sect. 5.7.

Exercise 4.1 We go through the example (4.100) in some detail. We get easily the
second derivative

Fry=Jingg,  Nyy=np. (4.102)

We will now specify to the case

Ny = <_01 ?) . (4.103)

We thus write the formulae for n = 1, but they can be easily generalized for arbitrary
n by taking the lower-right entry to be a unit n x n matrix. From (4.90) we get

e KD = 207200) — 2\ (02 @). (4.104)

The right-hand side should be positive. A convenient parameterization consists in
using the special coordinates (4.79), i.e. 79 = 1, Z! = 7. Indeed, then 0; Z! is
of rank 1, while the 2 x 2 matrix (Z/, 3!) is of rank 2. The domain for z is then
1z|2 < 1.

This leads to
o= C K2g: = k20,0:K = b (4.105)
Z 1_Z27 2z Yz (1_ZZ)2
You may check that the indefinite signature of (4.103) was necessary to have a
positive metric. (]

4.5.6 Kdihler Reparameterizations

The careful reader may have noticed that the splitting (4.77) is not unique. The
projected coordinates are defined up to Kihler reparameterizations that leave
invariant X and X:

y =yel@a 71—zl f@a (4.106)
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where f(z) is an arbitrary holomorphic function.?> The Kihler potential is not
invariant under these reparameterizations. From (4.85) we see that

K'(z,2) =K 2+ f@)+ ), (4.107)

where we consider f(z) and f(Z) as independent transformations. If we choose
the U(1) gauge (4.83), then this leaves a combination of the U(1) and the Kéhler
transformation. The decomposition law for Kihler transformations is thus

S, F@O1 =8k @), F@I+8rlrr = La ' (f(2) — F@)],  (4.108)

where 8x [ f(z), f(Z)] are the transformations in the conformal setting, i.e. induced
by (4.106) for small f. The remaining Kihler transformation can, e.g., be used
to choose one of the Z/, say AR equal to 1. In any case, one can choose the
parameterization of the n physical scalars z* (with @ = 1,...,n) at random, as
stressed in [42-44].24

4.5.7 The Kdhler Covariant Derivatives

Let us consider the U(1)-covariant derivative V, X I as defined in (4.63). This object
is of course invariant under Kihler transformations since it was defined before
splitting the variables {X’} as in (4.77). However, after defining y and Z’, we
have to split (4.63) into derivatives of these new variables, which are not invariant
under Kihler transformations. To do so in a Kihler-covariant way, it is convenient
to introduce a connection for the Kéhler transformations [8, (17.71)] (see also more
details in [47]) as follows:

Vuy=duy— iAgy — aila)ﬂy, VMZI = BMZI +a71a)MZI , (4.109)
where
wy = wgduz”, (4.110)

and w,, is a Kéhler connection, which means that under small holomorphic Kahler
transformations it should transform as

Sy = o f . 4.111)

22We stress the fact that Kihler reparameterizations are transformations of the target space
functions, like Z/ (z). They do not act on the coordinates {z, z}.

23The symbol [ for Point-carré is used to indicate transformations in the Poincaré theory.

24Note that, as it is clear from Sect. 4.4.4, the fermions transform under the superconformal U(1)
factor, and hence, by (4.108), under the (finite) Kéhler transformations. This implies that the Kihler
form should be of even integer cohomology (Kdhler—Hodge manifold) [45, 46]. This is similar to
what is needed in A" = 1 and has been explained in several steps in Appendix 17.A of [8].
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In this way V,y and 9, Z! transform as y and Z!. Since the Khler potential
transforms as in (4.107), we can identify

Wy = 0, K. 4.112)
‘We can then also write

V. Z! =Vz!9,2%, Vez!l = (aa + a*lwa) 7! (4.113)
Using the expression of Ag in (4.88), the covariant derivative V, y is given by

1
ydu(Inyy) — Sa~ 'y, K. (4.114)

\V4 =
wy )

So far we have only redefined the fields X’. If we now perform the gauge fixing for
dilatations and T -symmetry: (4.89) we find

Vuy=0. (4.115)

We can then also write the value of (4.88) as a pullback of derivatives on the
projective manifold:

AY = A0z + Aaduz®

1 1
Ay =103 Iny = _ 10,K = _ iwy,
2a 2a

1 1
Az = —idglny = — 195K = — _ iwg . (4.116)
2a 2a

The Kéhler covariant derivatives on a scalar quantity G(z, ) on the projective
space can be defined in general as

V,G(z,7) = VoG 8,2 + VaGd,7*, (4.117)

with?

VoG = 3,G +a 041G (0,K) , VsG = 035G +a '"%_G (0:K) ,
(4.118)

2From (4.116), A, and w, are both related on 9,K, hence (4.117) should contain only
combinations of weight w4 and c.
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and
ﬁ)+=w++§c, ﬁ),zw,—éc, (4.119)

where c is the chiral weight, and w. and w_ are Kahler weights for a transformation
with infinitesimal f(z) and f(z), according to

(rlrr1+6kLf, 1) G D) = (iehr —wia™ @) —w-a™' [®) Gz D).
(4.120)

In the Poincaré frame, (4.108) leads thus to
SRLS f1G(z, D) = —a " (b4 f(2) + - f(D) G(z. 2) . (4.121)
For example,
G c wy w_ Wy W
XI,Fp 1 0 0 12 —1p
X', Ff =1 0 0 —1)2 1)
y 1 =1 0 —12-1)2 (4.122)
y —-10 —1-12-1/

zZLFr0 10 100
zZl,F;0 0 1 0 1.

The weights of V, G are equal to the weights of G. Furthermore,
[va, vﬂ—] G=a (- — di)g;G - (4.123)

Note that (4.115) together with (4.117) imply that

Vay(z,2) = Vay(z,2) =0, (4.124)
and hence
Vo X! =yv, 2!,
VaX! = yviz!,
Vo X! =vzX' =0. (4.125)
The covariant derivative of N = —a, using (4.74), implies

(Vo XD)NiyX7 =0. (4.126)
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These relations will be very useful when rewriting the conformal theory in
Poincaré language. In particular we will use ‘covariant transformations’ [47] for
all ordinary transformations that are defined on functions of z and z by

5G(z,7) = (az“va + 525‘%) G(z,7). (4.127)

See the similarity with (3.52). Note that this differs from the ordinary transfor-
mation in Poincaré frame:

896G (2, 2) = (620, + az&aa) G(z.7),
5G(z.7) =896 +a Gz 2) (ﬁ)+82°‘8a + uv,az&a&) K
=59G(z,7) — oY [f = §2%0,K, f = 825‘8&16] . (4.128)

Since both terms in the right-hand side are symmetries, also this covariant trans-
formation is a symmetry. Note that (4.124) implies that for whatever symmetry
transformation

3y =0. (4.129)

4.6 Coordinates in the Quaternionic-Kihler Manifold

We will now introduce also convenient coordinates for the hypermultiplet side. This
concerns the scalars g%, where the index X runs over 4(ny + 1) values. In this
case, we want to take coordinates that take into account the second parts of (4.56)
and (4.58). We want to project out the four directions defined by the homothetic and
SU(2) Killing vectors in the hyper-Kihler manifold (they are, respectively, kp* and
kX, see (3.67) and (3.69)).

4.6.1 Projective Coordinates

We denote the direction of the dilatation generator with the coordinate ¢° and the
directions of the SU(2) R-symmetry generators with ¢” (r = 1, 2, 3). On these
coordinates we will apply gauge fixing conditions for, respectively, dilatations and
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the SU(2) transformations (3.69). The remaining 4n g real variables are indicated
as g". Our new basis for the scalars of the hypermultiplet is therefore

{a*y=14" 4", 9"}, (4.130)
and
kX =1{2¢% 0,01, Kk¥={0, K, 0}. (4.131)

In analogy with the special Kihler manifolds, we will refer to the {gX} as the
coordinates of the embedding space, and to the {¢g"“} as those of the projective space.
Note that we use the index r for the choice of coordinates and the vector sign for the
3 directions of the SU(2) vectors. The vector k™ connects these as a 3-bein and can
be a function of ¢” and ¢".

This choice of coordinates leads to equations for the complex structures in
this basis. Using (4.131), from (3.69) it follows that JoX has only components
in the X = r directions. Similarly, after some algebraic manipulation one
can obtain the following expressions for coordinates of the complex structures
[48]:

Jo'=0,  J' ="K, J"=0,
W=k, J'=¢""'kxkK, J"=0,
1.0 =k,, 35 = @) 7" (ke x K + 1. ky - KY) | (4.132)
where
K -k, = —q%", (4.133)

and J,V separately satisfy the quaternionic algebra (3.38). Using the constraints of
dilatation invariance and general properties of the quaternionic frame fields, one
can derive relations between the connection coefficients [48]. The quaternionic
metric (3.148) takes the form?©

X4 Y (dq0)2 uq v 1 X4 Y
gxydg~dg” = — 4 + huv(g)dg”dg —qokx~kydq dg” .
kydg® =k.dg" + k,dg" . (4.134)

Note that although k¥ has only 3 non-zero components according to (4.131), the
vector kx has components in the r- and u-directions. One can now first check

26We normalize here hxy with a factor qo different from [48].
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from (3.153) that
kp? = —44°, (4.135)
and (3.154) then implies for arbitrary vectors A and B:
A K ky -B=A Kk, -B=—¢"A-B. (4.136)
With the present notation we have that k, = g,,k” and k, = g,,k°.

For the fermionic side of the hypermultiplet, we denote by A the coordinates
on the target space enumerating the 2(ny + 1) fermions, and these can be split in
2 + 2ny. This is consistent, since the distinction of ¢° and ¢” splits the structure
group Gl(ny + 1, H) to SU(2) x Gl(ny, H). We thus write

{A} ={i, A}, (4.137)

where i = 1,2 is an SU(2)-index. We will use this split also for distinguishing
compensating and physical fermions in Sect. 6.1.2

ety =1, ¢h). (4.138)

It has been shown in detail in [48] that the coordinates can be chosen such that some
components of f iAy and fX; 4 vanish and one obtains, e.g.

o= =% =f2%=0,  fia=@) " fUak Kk,

Fio=igh | 1 p0 = g a (4.139)
24° ! V2

In these coordinates, the p 45 introduced in (3.33) as well as the C 43 and d“‘ig
from Sect. 3.3.3 are block-diagonal, e.g.

Cij =e¢ij , Cia=0, dj=-8;, d,=0,

pij = —¢&ij, piz=0. (4.140)
The A’A introduced in (3.70) has only components for A in the doublet range:

AV = i\/ZqOSU ., AM=0, A= —i\/zqoe,-,-, Aia=0.
(4.141)
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We can now reduce the fundamental relations of the quaternionic structures in
the embedding space to relations in the projective space, making use of (4.139):

fhof i =8y Fuft s = 8583,
(flAu)* = f/BugjipBA— , (f;uiA)* — SU,OABfujB,

BC c iB .
PARPT =04, Al (V) N .
ZflAuijé = 8;8; —_}— ‘[j_l -JuY, J) = (Juv)* — _flAufvjATi/ ’
dAB — (dBA)* — pACdDCpBD ,
Cap =—Cpa=pycd“s. CAB = (Cap)* = p*Cd®¢,

huy = fiAugijCAijBv = (fiAu)*dABfti .
(4.142)

Using (3.38) and (4.132) the authors of [48] found that the condition (3.39) is
projected to”’

Vudi = Vi’ + 204 x 3" = 8uJu’ — T35, 0" + T 35 4 20, x 1" =0,
(4.143)

where I')j,, = I}, is the torsionless Levi-Civita connection of the metric /,,,. There
is a new term, originating in the embedding space from I"y,,*J,”, containing

1
Wy = _Zquu . (4.144)

The triplet @, is an SU(2) connection on the projected manifold, characteristic of the
quaternionic-Kéhler geometry. Another important projection from (3.39), namely
from the antisymmetric part of Vi, J,° = 0is?®

Ryy = 20 @y) + 204 X @y = —2(q") 7 0" hu. (4.145)

Thus, the SU(2) curvature becomes proportional to the complex structure. This is
a main property of a quaternionic-Kihler manifold, as will be further discussed in
Sect. 5.6.

2TFor these projections one needs the Levi-Civita connection of the embedding metric gxy
expressed in the quantities of the projective manifold. They are all given in [48]. We repeat here a
few components useful for the projections:

Foo® ==3@)7'5 . To’=Ta’=0, To'=3@"7"85.  Tou'=,6¢""s.

Fuv(): éguvv Furoz_é(qo)_lku’kr~

28We write in the right-hand side explicitly J,,* i, since so far all raising and lowering of indices
was done with 8xvy,e.g. Juw = Jurgrv + Juwng =Ju"hyy + (qo)_lku x ky.
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Finally, from (4.142) the condition (3.32) is projected to

VoA = 0 f14 =T f14 + I ou + FBuwp® =0. (4.146)

4.6.2 S-Supersymmetry, Dilatations and SU(2) Gauge Fixing

Having chosen a convenient set of coordinates, it is now easy to proceed with the
gauge fixings to the Poincaré theory. We start from the dilatations: using (4.131)
and (4.134), the second condition in (4.56) becomes

@ =k=—v". (4.147)
The parameter v will play a role in the characterisation of Quaternionic-Kéhler
manifolds, see Sect.5.6. Similarly, we gauge fix the SU(2) by choosing the phases
of the compensating quaternion in the hypermultiplet to be some constants g:

SU(2)-gauge: q" = qq. (4.148)

With the above conditions, the bosonic part of V, in (4.61) becomes
_ N u 1 _ u 1, 21
Vi =V, = ik (kuaﬂq - W#P1> — —wuduq" — SCWIPL (4149

Inserting the above expression into the covariant derivatives (4.60) and plugging in
the SU(2)-gauge (4.148) we obtain

DugX =V.qX —w! (k;‘ + %P, -kX) L Vg  =8,0% — 2(@uduq") - KX
(4.150)

Furthermore, due to (4.131), the second term in VMqX only contributes for X = r.
The various cases give

v,.q° =0, Vuq" = —20,9")w, - K, Vuq" = 0,q". (4.151)

If we now restrict to the non-gauge related part in D, g%, upon using the above
relations together with (4.136), the kinetic terms of the g¥ in (4.59) reduce to

Lq=—38xyVug® V*q" = —18,9",q" (guv + kK, -kv> i (4.152)
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A quick comparison with (4.134) shows therefore that the final metric on the 4ng-
dimensional space is h,,, used in (4.134):

huy = guv + 4K_2wu cWy. (4.153)

The S-supersymmetry gauge fixing together with the x' field equation (4.47)
lead to (4.58). Upon using (4.141), the second of these implies the S-gauge

S-gauge: ¢'=0. (4.154)

4.6.3 Isometries in the Projective Space

Let us now explain how the isometries of the target space (defined in (3.75)) get
projected onto the spaces of the {¢"“}. Upon requiring the corresponding Killing
vectors in the target manifold k;*X to commute with the closed homothetic Killing
vector (this is the condition (3.83)), one can show that there exists a frame in which
the components of these ;X in the projection are [48]

ki*(q) ={ki® =0, k)" =K -r7, k"), (4.155)

where r;(g) are arbitrary holomorphic vectors.”” The moment maps in the embed-
ding space satisfy the condition (3.155), which can be rewritten in the projective
space using (4.155) and (4.132) as

VP = 0,P; + 20, x P = V. hywk . (4.156)

The value of the moment map P; in (3.157) can be written using (4.136) and (4.144)
as

P, = ki*kx = k' ke + ki"ky = —x 2 (r7 + 2k " 04 (4.157)

A similar relation for the special Kihler geometry will appear in Sect. 5.4, where
also a rp (or r; for the gauged symmetries) will describe the transformation of
the compensating fields, see (5.89). Using the metric in (4.134) and (4.136), the
relation (4.157) implies

ki, = —k’k, - P; . (4.158)

29We can make this choice since the k" introduced in (4.133) can be considered as invertible 3 x 3
matrices. The first O in (4.155) is then the statement that the isometries commute with dilatations,
which according to (4.131) act only on the O-component.
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The equivariance relation (3.156) gets also an extra part when we split the index X
and use the metric /,,:

ki YU huokV + k*Pp x Py = f1,5Pk. (4.159)

This equation admits unique solutions for Py if the quaternionic-Kéhler manifold is
non-trivial (ny # 0):

2npk’Pr = —J,'Voki". (4.160)

On the other hand, when ny = O the first term in (4.159) drops and there are two
possible solutions for the moment maps, which are then called Fayet-Iliopoulos
(FI) terms. First, in the case where the gauge group contains an SU(2) factor, we
can have

P; =e/é&, (4.161)

for any arbitrary constant £, and e; being non-zero constants only for / in the range
of the SU(2) factor and satisfying

K’ger x e = f1s¥ex, (4.162)
in order that (4.159) is verified.
The second case are the U(1) FI terms. In that case the only remaining term

in (4.159) tells that P; and P; should be in the same direction in SU(2) space.
Hence

P; =ef, (4.163)

where e is an arbitrary vector in SU(2) space and &; are constants for the 7
corresponding to U(1) factors in the gauge group.

4.6.4 Decomposition Rules

To find the decomposition laws, we start from the complete transformations of the
hypermultiplet scalars in the conformal setting (from (3.91), (3.67), (3.69), and
(3.75)):

8q% = (8olel + 8plripl + suy[A] + 8601) ¢

- [—iéig“AinA + h.c.] + apkp® — 21 - KX +67kX. (4.164)
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We now consider what remains from (4.164) when we restrict to Poincaré transfor-
mations (denoted as 8'3), namely those combinations of (4.164) that preserve the
gauge conditions. As we explained previously, under projection and gauge fixing,
among the ¢g*, the only remaining physical fields are g*. Thus & U are the transfor-
mations induced by the dependence on ¢“, times the transformations of the latter.

First, for X = 0, since qo is a constant in the Poincaré frame and k° =
{AinA = k;% = 0 (see (4.131), (4.139), (4.154), (4.155)), only the dilatation term
remains, and we thus find 0 = §p(Ap)q?, i.e. implying that we should put Ap = 0
in order to obtain Poincaré transformations. Also ¢” is a constant by (4.148), and
thus we get for X = r the decomposition law for the SU(2) symmetry:

0= = [—iéigAf’,»A + h.c.] — 2K + 07K (4.165)

Using (4.139) and (4.155) all terms are proportional to k", which is invertible as a
3 x 3 matrix, and we find

P [—ié";Af”iA + h.c.] + 107k, (4.166)
The last case of (4.164) is
s9q" = g = [—ié";““f“m + h.c.] +oTkY. 4.167)
Inserting this in (4.166), we obtain
A= —w,8¢" — Jk*0'P;. (4.168)

The second term determines that any gauge symmetry in the Poincaré theory has a
contribution from the SU(2) R-symmetry in the conformal theory.

47 D =5and D = 6, N = 2 Supergravities

So far we discussed D = 4 theories, but the main procedure is very similar for
D = 5 and D = 6 theories. We review in the present section the main result for
D =5and D = 6, N = 2 supergravities.

471 D=5
For D = 5 one can again use a vector multiplet and a hypermultiplet as
compensating multiplets.’? The difference from D = 4 is that now the vector

30For an overview of constructions with linear multiplets and other Weyl multiplets, see [49].
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Table 4.1 Multiplets and fields in the superconformal construction for D = 5

spin  |Weyl vector hyper gauge fix auxiliary
a

Y
2 Y .

Vii? s Tab auxiliary
1 n+1
% X 2n+1) 2(ng +1) (2:S x! with 2 others
0 D n+1 4(nyg + 1) |1: dilatations, 3: SU(2) D and 1 other

multiplet has only a real scalar. This fits remarkably well with the fact that the R-
symmetry group contains only SU(2), and no U(1), which we used in D = 4 to fix
the phase of the scalar field of the vector multiplet. This is schematically represented
in Table 4.1. We already gave the field equations in Sect. 4.4.1. The field equations
in (4.43) constrain a doublet of spinors and a real scalar together with the gauge
fixings of dilatation and S-supersymmetry, similar to how this happens in D = 4,
see Sect. 4.4.2. Vice versa, the field equations of these components of the vector and
hypermultiplet eliminate x and D. We give here the bosonic gravity sector in more
detail. The Riemann scalar appears in f, = —R/16 + ... in (2.100), which in its
turn appears in the sum of (3.129) and (3.159)

1
L=Ly+Li=—, R (C,,Ka’afaK+kD2)+~-~ (4.169)
The dilatational gauge fixing is chosen such that this gives the canonical normaliza-
tion of the Einstein—Hilbert action, i.e. eR/ (2x32). Combining with (4.43) leads to
the analogue of (4.56):
kp® = —9%k 2.

Cryxo'lo’oX = —3k72, (4.170)

This is used to obtain the Poincaré theory as we will further illustrate in Sect. 6.2.

472 D=6

As we discussed in Sect. 2.6, the D = 6 Weyl multiplet contains an antisymmetric
tensor 7, ., which is anti-self-dual. If one wants to build an action with manifest
Lorentz-invariance, this has to be combined with a self-dual tensor F an .» Which
sits in a tensor multiplet. The sum of these two can then be considered as the
field strength of a physical antisymmetric tensor By,. The added tensor multiplet
acts also as first compensating multiplet. There are constructions with as second
compensating multiplet a hypermultiplet or with a linear multiplet, see e.g. [S0-53].

Importantly, the construction of D = 6 minimal supergravity differs slightly
from that for D = 4 and D = 5, since the tensor multiplet involves constraints that
define the field D of the Weyl multiplet in terms of fields of the tensor multiplet.
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This has to be contrasted with the cases of D = 4,5, in which the field equation
of the field D in (4.47) combines with a dilatation gauge condition (4.55) to give a
condition on a scalar of the first compensating multiplet and another condition on
a scalar of the second multiplet, see (4.56). Indeed, in D = 6, the field D of the
Weyl multiplet is not anymore independent from the tensor multiplet, and we thus
have only one condition, which imply that there remains a physical scalar. The latter
is in the Poincaré theory part of the tensor multiplet. This results matches with the
expectation that, also in the Poincaré theory, we need one tensor multiplet in order
to be able to construct Lorentz-invariant actions.>!

Adding an arbitrary number of vector and hypermultiplets, one obtains super-
Poincaré theories which all contain one tensor multiplet.>> Such actions were also
constructed independently in [55, 56]. The general super-Poincaré theory is given in
[57]. It builds on earlier work, e.g. [58—60].

Famously, theories in 4n + 2 dimensions can suffer from gravitational (and
gauge) anomalies. These can be calculated with the methods of Alvarez-Gaumé
and Witten [61]. Anomaly-free theories, using the Green—Schwarz mechanism, have
been identified in [62, 63, 56, 64].
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Chapter 5 )
Special Geometries s

Abstract In this chapter we will discuss the geometric concepts behind the special
geometries. In terms of the supergravity theories, this means that we will restrict to
the bosonic sector of these theories. In the first part of this chapter, we will examine
the scalars of the vector multiplets, and we will see that the special Kdhler geometry
for the scalars is very much related to the symplectic transformations defined by
the dualities of the vector fields. We will also discuss the attractor mechanism
for black holes in this context. Then we will study the geometry of quaternionic-
Kéhler manifolds, related to the scalars of the hypermultiplets. Finally, we will
present the relations between these manifolds and their versions in the different
dimensions.

The special geometries are defined as the geometries of the scalars in N = 2
supergravities in D = 4,5, 6. As we will discuss, a very important role in these
geometries is played by the R-symmetry group, namely SU(2) for D = 5, 6, and
SU2) x U(1) for D = 4. In particular:

e The SU(2) subgroup acts on the scalars of the hypermultiplets, leading to the
three complex structures of the corresponding manifolds. The gauge connection
of SU(2) promotes the hyper-Kéhler manifold of hypermultiplets to a quater-
nionic manifold.

e In D = 4, the U(1) factor acts on the complex scalars of the vector multiplet,
whose manifold therefore inherits one complex structure. The gauge connection
of this U(1) will be the Kahler curvature.

There are three types of special manifolds. These are either associated to geometry
of the real scalars of vector multiplets in D = 5, to the complex scalars of D = 4
vector multiplets or to the quaternionic scalars of hypermultiplets.! However, these
spaces are not completely independent. An additional relation among them, called
¢ map and r map (see Sect. 5.7), defines a precise correspondence.

ISince there are no scalars in the vector multiplets of D = 6 (see Table 3.1), there is no geometry
in that case.
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Most of this chapter will be concerned with the special Kéhler geometry of the
scalars in the D = 4 vector multiplet, which was obtained in the previous chapter.
We will see how properties of this geometry, due to supersymmetry, are inherited
from symplectic transformations acting on the gauge vectors in the multiplet. The
latter generates dualities between D = 4, N' = 2 theories [1-4], which can be
thought as generalizations of the well-known electric-magnetic dualities of Maxwell
equations. Afterwards, we will discuss quaternionic-Kéhler geometries (Sect. 5.6),
and finally relations between all the manifolds (Sect.5.7), where we will also
consider special situations when the manifolds are homogeneous or symmetric.

51 D =4, N =2 Bosonic Action

Before we start, let us rewrite the bosonic part of the action associated to the vector
multiplets. The bosonic part of the matter-coupled supergravity action appears in the
first 4 lines of (4.59). Omitting for now the hypermultiplet sector (¢ terms) and the
Chern—Simons term in the fourth line (this will be included in the full action later,
Sect. 6.1) we find

¢! Lhos =3k *R+ Lo+ L1,
Lo=—28,;Vu" V' — V(2,2), g5 = 00K, 2),
Ll :élm (N]] FJV1F+MUJ)

=,Am N ) FL F) — Le= 1 (Re Ny et  FL F) (5.1)
with V,,z% defined in (4.63), and we have used the results of Sect.4.5 to write the
kinetic terms in Ly. This is in fact the general form for a theory with scalar fields z*
in a Kéhler manifold, and n + 1 non-abelian vector fields labelled by an index /. The
scalar potential V (z, z) is very important for physical applications. Here we want
to emphasize that V (z, z) is determined by the gauging as in the third line of (4.59)
(see Sect. 6.1.1.2 for more details).

Crucially, the kinetic terms in £; are controlled by the complex functions N .
The latter are defined by the second line of (4.59), upon using the equation of motion
of Typ (4.54),

(N X¥) (N7 XF)

Nis(e.2) = Fis +i Ny XEXM

(5.2)
These functions become the effective (complexified) gauge couplings, whenever
the scalars have a non-zero vacuum expectation value (v.e.v.) on some classical
background. In particular the v.e.v. of Im N gives the effective gauge coupling,
while that of Re NV gives the so-called theta angles.
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Exercise 5.1 Consider the model of Exercise 4.1. Check that in this case, the kinetic
terms of the two vectors are determined by the matrix (5.2)

1.(10 i 1 —z i ) N
Nij= - _ 2 .
Y 21<0—1)+z2—1(—z 22) 1—22( -z S(1+2Y

(5.3)

The imaginary part is negative definite as it should be for positive kinetic terms of
the vectors. O

5.2 Symplectic Transformations

A prerequisite to understand the structure of special Kéhler geometry is a study of
symplectic transformations. As we will explain in this section, the latter first appear
as generalized electric-magnetic dualities in the context of pure D = 4 abelian
gauge theories. We will argue that symplectic transformations and consequent
dualities can be extended to the full N = 2 vector multiplets by means of
supersymmetry.

5.2.1 Electric-Magnetic Dualities of Vector Fields in D = 4

A striking property of pure abelian gauge theories is that their equation of motions
and Bianchi identities are left invariant by a group of symplectic transformations,
which act on the (complexified) gauge couplings. In other words, symplectic
transformations generate dualities of these theories.

Let us recall some key ingredients to understand symplectic transformations,
following the main ideas discussed in [5, Sect. 4.2.4].> The starting point is to
consider the kinetic terms of the vector fields, £ in (5.1), which can be written
as

£ =i (N FE R Y) = L (FHGHY) (5.4)
with, viewing £; as function of F JUI and F ;Zul ,
d
Ghy=2i Lﬁ, = Ny FH (5.5)
Fy

2There the kinetic matrix Ny is written as Nj; = —i fl J.
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and the tensor NV defined in (5.2). Importantly, in selecting the kinetic terms of (5.1),
we are setting f7;X = 0, such that (5.1) becomes effectively a U(1)"*! gauge
theory. Non-abelian parts will be discussed later, in Sect. 5.4, when the symmetries
of the kinetic terms will be identified and gauged.

The field equations and Bianchi identities are invariant under Sp(2(n + 1), R)
transformations’

Fr F+
<5+> =S <G+) , SeSpR(n+1),R). (5.6)

Specifically S is a symplectic transformation, namely a real matrix* satisfying

_(AB T _ (01
S_<C D)’ ST QS =Q, where Q_<—110>. 5.7

This is equivalent to the requirements
ATc-cTa=0, B'D—-D"B=0, ATD—cTB=1. (5.8)
It is not hard to verify that under (5.6) the kinetic matrix N transforms as
N = (C+DN)(A+BN)". (5.9)

Importantly, (5.9) preserves the condition Im ' < 0, namely the positivity of the
kinetic terms for £; (see Sect.4.5.4). In the language of symplectic geometry, a
2(n 4+ 1)-component column V transforming as V = SV. The prime example
is (5.6). The invariant inner product of two symplectic vectors V and W is

v, wy=viQw. (5.10)

Finally, observe that if we apply (5.6) to the last of (5.4), the action is invariant
only if B = 0 (see that Im F*/F*/ is a total derivative). For this reason the
subgroup of Sp(2(n + 1),R) with B = 0 are sometimes called ‘perturbative
symmetries’. It is possible to construct an action invariant under the more general
transformations with B s 0, at the price of introducing magnetic duals of the vector
fields W!.

3We use here and below the tilde to indicate the transformed fields. We hope that the reader does
not confuse these with the duals, (A.8), which are contained in the (anti)self-dual F*.
4Quantization of electric and magnetic charges breaks Sp(2(n + 1), R) to Sp(2(n + 1), Z). We do
not discuss quantum effects in this section.
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5.2.2 Symplectic Transformations in N = 2

Let us apply the arguments of the previous section to N' = 2 supergravities. Our
starting point is the tensor NV, which is determined as a function of F, as explained
in Sect.5.1. From its definition (5.2) we can immediately derive the following
suggestive relations:

N X! =(F; +iN)X! = Fr X! = Fp,

NijVaX! =F; VX! =V F;, (5.11)

where in the last line we used also (the complex conjugate of) (4.126) and we
introduced the Kéhler covariant derivatives of Sect. 4.5.7)

VaF =0z F1+a " (0K F;,  VaX! =X +1a (70X’ .  (5.12)

The identities (5.11) are of a similar form as (5.5) relating the lower components
of a symplectic vector to its upper components by multiplication with N ;. Hence
we can identify two 2(n + 1)-component symplectic vectors (and their complex

conjugates)
I I
V= (X ) , Uy = (V“X ) , (5.13)
Fr Vo F1

and check that they indeed transform as in (5.6). With this identification in mind,
we can reconsider the kinetic terms of the scalars and note that the Kéhler
potential (4.93), and the constraint (4.82) are symplectic invariants. This is the
starting point of the symplectic formulation of the special geometry, which we
will discuss in Sect. 5.3. There we will see that (5.11) can be seen as an alternative
definition of the matrix N.

An immediate consequence of this construction is that a symplectic transforma-
tion on V induces a change of coordinates X’ +— X' such that

x'=Al;x) + BVF;(X), Fi=Ci;X' + D/ F;(X). (5.14)
If the first equation is invertible,’ i.e. defines a relation X’ ()~( ), then

9 - 3xK aF,

° =" . 5.15
ax) 1T axI 9xXK ©-15)

SThe full symplectic matrix is always invertible due to (5.7), but this part may not be. In rigid
supersymmetry, the invertibility of this transformation is necessary for the invertibility of N’ (due
to the positive definiteness of the full metric), but in supergravity we may have that the X’ do not
form an independent set, and then £ cannot be defined. See below.
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The inverse of the first factor and the last factor can be obtained from (5.14) and
then (5.8) implies that (5.15) is symmetric in (/). This is the integrability condition
for the (local) existence of a new prepotential F (X), such that

Fr(X) = 07l (5.16)

Invertibility of (5.14) thus guarantees the existence of a new formulation of the
theory, and thus of the target space manifold, in terms of the prepotential F(X).

The attentive reader may have noticed that the prepotential has entered automat-
ically our superconformal construction in Sect. 3.3.1. This is not surprising due to
the homogeneity conditions (3.108), also valid for F, which allow one to determine
F from (5.14) as follows:

T T
F(X(X)) = (1C)fo IC)T ) V. (5.17)

However, as we will show in the following, there are also symplectic transformations
such that the prepotential is not defined in the new symplectic basis, i.e. that the
new F 7 cannot be obtained as a derivative of a function F (X ). A concrete example
exhibiting this feature will be given in Sect. 5.3. Therefore, one may expect new
formulations without a prepotential to be generically available. We will show in the
following that this is indeed the case.

Let us first consider an example [6], starting from the prepotential (4.98). If we
apply the symplectic transformation

0
0
0

S = O O

0
1/3

, 5.18
0 (5.18)
0

S O O

-3

using (5.17) one arrives at F(X (X)) = —2(X")3X°, which is just (4.99) after the
trivial field redefinition X — X. Thus the two theories based on (4.98) and (4.99)
are equivalent. We will call this a pseudo symmetry between the two formulations,
and the transformation is called symplectic reparameterization .

On the other hand consider

143 u 0 0
A 14+e 0 2u/9
0 0 1—-3¢ —A
0 —-6r —u 1-—c¢

S= , (5.19)
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for infinitesimal €, ., A. Since F is invariant under this transformation, the latter
defines a symmetry of the model. On the scalar field z = X!/ X9, the transforma-
tions act as

8z =M\ —2ez— puz2/3. (5.20)

All in all, the set of transformations (5.19) form an SU(1, 1) isometry group of
the scalar manifold. The domain were the metric is positive definite is Imz > 0,
hence proving the identification of the manifold as the coset space in (4.98), or
equivalently (4.99).

In general, we have to distinguish two situations: [7]

1. The function F (f( ) is different from F (f( ). In that case F provides a dual
description of the classical field theory with prepotential . The two functions
describe equivalent physics and we have a pseudo symmetry. The transformations
are called symplectic reparameterizations [8]. Hence we may find a variety of
descriptions of the same theory in terms of different functions F.

2. If a symplectic transformation leads to the same function F, then we are dealing
with a proper symmetry. This invariance reflects itself in an isometry of the target
space manifold.

Note that a symplectic transformation with

10
S= (c 11) , (5.21)

does not change the X/ and gives F=F+ éC”XIXJ. The matrix C must be

symmetric as required for S to be symplectic. Indeed, the difference between F
and F is then of the form (3.111), and the action is invariant. Hence these are
proper symmetries.

The two cases above are called ‘duality symmetries’, as they are generically
accompanied by duality transformations on the field equations and the Bianchi
identities. The question remains whether the duality symmetries comprise all the
isometries of the target space, i.e. whether

Iso(scalar manifold) C Sp2(n + 1), R). (5.22)

This question was investigated in [9] for the very special Kéhler manifolds, and it
was found that in that case one does obtain the complete set of isometries from
the symplectic transformations. For generic special Kdhler manifolds no isometries
have been found that are not induced by symplectic transformations, but on the other
hand we do not know a proof that these do not exist.

That the full supersymmetric theory allows such symplectic transformations
can also be seen in another way. We mentioned before that the vector multiplets
are chiral multiplets, with w = 1 that satisfy constraints (3.28). One of these
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constraints is the Bianchi identity for the vector. The functions F;(X) transform
also in a chiral way under supersymmetry, and thus define also chiral multiplets,
with Weyl weight w = 1. Now it turns out that the same constraints on these
chiral multiplets are in fact the field equations. One of these is the field equation
of the vectors. Thus the symplectic vectors V (5.13) are the lowest components of
a symplectic vector of chiral multiplets. If the vector of chiral multiplets satisfies
the mentioned constraints, then these imply as well that the multiplets are vector
multiplets rather than general chiral multiplets, and that the fields of these vector
multiplets satisfy the field equations. This is thus a supersymmetric generalization
of the symplectic set-up of Sect.5.2.1. For the supergravity case this has been
worked out in [10]. In this way, even the equations for models in a parameterization
without prepotential can be obtained. Such situations will be explained in the next
section.

5.3 Characteristics of a Special Geometry

In Chap.5 we defined the Special Kihler geometry [11] as a property of the
scalar couplings in N' = 2 supergravities. However, one may wonder what is
the definition of special geometry, independent of supersymmetry. A first step in
that direction has been taken by Strominger [12]. He had in mind the moduli
spaces of Calabi—Yau spaces. His definition is already based on the symplectic
structure, which we also have emphasized. However, being already in the context of
Calabi—Yau moduli spaces, his definition of special Kéhler geometry omitted some
ingredients that are automatically present in any Calabi—Yau moduli space, but have
to be included as necessary ingredients in a generic definition. Another important
step was made in [13]. Before, special geometry was necessarily connected to
the existence of a holomorphic prepotential F(X) or F(Z(z)): it was recognized
as those Kihler manifolds where the Kihler potential is of the form (4.93)
with (4.92).

However, the authors of [13] found examples of N = 2 supergravities coupled
to Maxwell multiplets where the ¥ in (4.93) is not a derivative of a prepotential
as in (4.92). Crucially the latter were obtained from a symplectic transformation
of a model admitting a prepotential. This surprising fact raised some natural
questions: are all the models without prepotential symplectic dual to models with
a prepotential? Can one still define special Kihler geometry as always symplectic
dual to a formulation with a prepotential? And, of course, is there a more convenient
definition that does not involve this prepotential? These questions have been
answered in [14], and are reviewed here. A lot of this is based on formalism that
has been developed using other methods in [15-18].
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5.3.1 Symplectic Formulation of the Projective Kihler
Geometry

The scope of this section is to reformulate the special Kihler geometry of Sect. 5.1
using the symplectic formalism. The basic building block is the symplectic vector

V', which transforms as in (5.6),
XI
V= . 5.23
(F) (5.23)

It is important to realize that F; is not necessarily a function of X/, as is the case in
the formulation with the prepotential. The dilatational gauge fixing condition (4.82)
is chosen in order to decouple kinetic terms of the graviton from those of the scalars.
It can be written as a condition on the symplectic inner product (5.10):

V.Vy=X'F - FiX' =ia =ik2. (5.24)
To solve this condition, we define

V=y@2v@), Y3 = K@D (5.25)

where v(z) is a holomorphic symplectic vector

_ ZI(Z))
v(z)—<ﬁ(z) : (5.26)

and K (z, 7) will be the Kihler potential. Z/ (z) and 77 (z) are so far 2(n+1) arbitrary
holomorphic functions in the n complex variables z%, reflecting the freedom of
choice of the coordinates z%, up to a non-degeneracy condition that we will soon
discover. In terms of (5.25) the condition (5.24) implies a value for the Kihler
potential in terms of a symplectic invariant:

y 2= e KGCD — 2y, §). (5.27)

We now act on (5.24) and (5.27) with the following K&hler covariant derivatives
(see Sect.4.5.7):

Vot (2) =820(2) + k20(2) (3K, =0

Ve =0,
VoV =0,V + 362V (3aK) , VoV =0. (5.28)
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This implies
(Vgu,0) =0, (VaV,V)=0. (5.29)
A further derivation implies, using (4.123)
(Vo V, vgm = —(V3VaV, V)= —igys. (5.30)
Hence the Kihler metric can be obtained as
8uf = (VaV,V5V). (5.31)
There is an important extra condition on the inner product

(VoV, V) =0. (5.32)

In most examples® the matrix (5.41) is invertible and we will prove at the end of
Sect. 5.3.2 that then this condition implies the existence of a prepotential. Here we
can already see that the condition is always satisfied for any F; = 9, F. Indeed, in
that case, due to the homogeneity of F;

(VoV, V) = (Vo X)) Fr — (Vo FN X! = (Vo XY F1 — F1; (Ve X)X = 0.
(5.33)

However, in full generality and without requiring a prepotential, we will
impose (5.32) in a definition of special Kihler geometry, see Sect.5.3.2. The
conditions (5.24), (5.31) and (5.32) can be combined in the (n + 1) x (n 4+ 1) matrix
relation

. %4 - k720
1<<vav)’ (V VBV)) = ( o ga,s) . (5.34)

G

If we further require positivity of G, namely of the kinetic matrices g,z and
k2> 0,7 this in turn implies that the (n + 1) x (n + 1) matrix

(XTI Vo x!) =y (2! vo2), (5.35)

61t has been proven [14] that there always exist a symplectic frame where this is the case.

TThese are thus the positivity requirements of the kinetic terms of the spin 0 and spin 2 fields.
Recall from Sect. 4.5.4 that this in turn implies positivity for the kinetic terms of the spin 1 fields.
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which is the upper part of (I_/ Vu V), is invertible. For clarity: the matrix (5.35) is in
full

X0 vix0 ... v,x°
v 1 1
...V
X' vix ¢ (5.36)
X" VviX" ... V,X"

Such theorems on positivity and invertibility of symplectic matrices are collected
in [14, Appendix B]. To prove the above statement, suppose that (5.35) is not
invertible. Then there is a zero mode aX! + ba Ve X! = 0. Also its complex
conjugate is then zero, which leads to

0={aV + bgVaV, @V + by Ve V) = (a ba)<<vavv) ’ <V V’SV)> (15&“)

= @) -6 () (537)

This is contradictory to the positivity of G. Invertibility of (5.35) is the non-dege-
neracy condition on the choice of (5.26) that we mentioned below that equation.

In terms of these quantities, and using the invertibility of (5.35), the kinetic
matrix for the vectors is defined by

Nis = (F VaFy) (X7 vax?) ™", (5.38)

which is the product of two (n+1) x (n+ 1) matrices. This agrees with the definition
of N, starting from a prepotential, since the latter implied (5.11).

5.3.1.1 Models Without a Prepotential and Examples

In the previous sections, all the requirements listed above were satisfied with Fy
defined via a prepotential, i.e. F; = a;, F(X). The conclusion of the current
analysis is that we can get rid completely of this last requirement. We can now
appreciate how a symplectic transformation may relate symplectic vectors of a
special Kihler manifold determined by a prepotential to new symplectic vectors
where I:} cannot be written as the derivative of a function F (5(). A famous
example [13] comes from the reduction to N' = 2 of two versions of N = 4
supergravity, known, respectively, as the ‘SO(4) formulation’ [19-21] and the
‘SU(4) formulation” of pure N’ = 4 supergravity [22].% In the initial duality frame

8This was revisited in exercises 20.18 and 20.19 in [5].
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the prepotential is
F=—ik2x%". (5.39)

After a symplectic transformation, one finds a new model based on the symplectic
vector

1
v = Ll (5.40)
—K"°z
—ik 7%z
After this mapping, z does not appear anymore in (Z°,Z"), the upper two
components of the symplectic vector. It is then clear that from (5.26) we cannot
define the function F(Z°, Z!), which would play the role of a prepotential. Another
surprising phenomenon showing up in this model,” but being in fact very general,
is that the set of perturbative symmetries (those with B = 0) is different before or
after the transformation. In particular in the formulation with a prepotential there
is only one ‘perturbative’ symmetry, while in the formulation without prepotential
there are three.
The existence of a prepotential is intimately related to the invertibility of the
matrix

(X1 vex1). (5.41)

One can easily check that, as opposed to (5.35), the above is not always invertible—
for example in the formulation (5.40). If that matrix is invertible, then a prepotential
exists [14]. This will be proven below, related to (5.49). It turns out that the
following 3 conditions are equivalent:

1. The matrix (5.41) is invertible;
2. Special coordinates are possible; these are coordinates defined in (4.79);
3. A prepotential F'(X) exists.

Another important example of the absence of a prepotential occurs when
describing the manifold

Su, 1) SO(r, 2)

. (5.42)
u() SO(r) ® SO(2)

This is the only special Kéhler manifold that is a product of two factors [23]. In
physics, these manifold emerge in the classical limit of the compactified heterotic

9This is explicitly worked out for the above example in exercise 20.20 in [5].
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string, where the dilaton does not mix with the scalars of the other vector multiplets
and thus the target space should be a product of two factors. The first formulation
of these spaces used a prepotential F of the form (4.101) [24]. As mentioned in
Sect. 4.5.5 this is therefore an example of a ‘very special Kihler manifold’.!? In this
case

dapc X2 XBXxC = X' X X", ab=2,...,r+1, (5.43)

with 1,5 a constant metric of signature (+, —, ..., —).

In this description of (5.42) by a prepotential, only part of SO(r, 2) belongs to the
set of perturbative symmetries. In other words, one needs B # 0 in the duality group
to generate the full SO(2, r). This is somehow unexpected from string theory point
of view, as from the superstring compactification one expects the full SO(2, r; Z) to
be explicitly realized as a perturbative (7'-duality) symmetry group. The key point
is that there exists another symplectic frame where the full SO(r, 2) is realized
as a perturbative symmetry [13]. After that symplectic transformation one finds a
symplectic vector (X!, F;) satisfying

X'nyx! =0,  Fr=Sn,x’, (5.44)

where nyy is a metric for SO(2, r) and the dilaton S is one of the variables {z%}.
The first constraint comes on top of (5.24), and thus implies that the variables {z*}
cannot be chosen between the X/ only. Indeed, S occurs only in F;. Therefore, in
this new formulation, which realizes the full SO(r, 2) as a symmetry of the action,
special coordinates are not possible and we do not have a prepotential.

5.3.2 Definitions

After this extension of the formulation, the reader may wonder what is then really
special Kéhler geometry. This question has been addressed in [14] and leads to a
few equivalent formulations of a definition. We will first give a definition using the
prepotential, and then a second one using only the symplectic vectors. We will then
show the equivalence. There is also a more mathematically inspired definition [25],
which was summarized in [5, Appendix 20C] and we will not repeat here.

Definition 1 of (Local) Special Kihler Geometry

A special Kihler manifold is an n-dimensional Kédhler-Hodge manifold with on
any chart n 4+ 1 holomorphic functions Z I(z) and a holomorphic function F(Z),
homogeneous of second degree, such that, with (5.26), the Kéhler potential is given
by (5.27) and the v(z) are connected by symplectic transformations Sp(2(n+1), R)

10This example will reappear in Sect. 5.7.2: see the third line of Table 5.4.
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and/or Kihler transformations.
v(z) = e/ DSu(z), (5.45)

on overlap of charts. The transition functions should satisfy the cocycle condition
on overlap of regions of three charts.

We mentioned that there are formulations without a prepotential, e.g., the one
based on the symplectic vector (5.40). In this case, the above definition turns out
not to be applicable in an arbitrary symplectic frame. Therefore we will now give a
second definition, and will comment about their equivalence.

Definition 2 of (Local) Special Kiihler Geometry

A special Kdhler manifold is an n-dimensional Kdhler—-Hodge manifold, that is the
base manifold of a Sp(2(n + 1)) x U(1) bundle. There should exist a holomorphic
section v(z) such that the Kdhler potential can be written as (5.27) and it should
satisfy the condition

(Vqu, Vgu) =0. (5.46)

Note that the latter condition guarantees the symmetry of Ny;. This condition
did not appear in [12], where the author had in mind Calabi—Yau manifolds. As we
will see below, in those applications, this condition is automatically fulfilled. For
n > 1 the condition can be replaced by the equivalent condition

(Vqu,v) = 0. (5.47)

For n = 1, the condition (5.46) is empty, while (5.47) is not. In [10] it has been
shown that models with n = 1 not satisfying (5.47) can be formulated.

Equivalence of the Two Definitions

It is thus legitimate to ask about the equivalence of the two definitions. Indeed, we
saw that in some cases definition 2 is satisfied, but one cannot obtain a prepotential
F. However, that example, as others in [13], was obtained by performing a
symplectic transformation from a formulation where the prepotential does exist.
In [14] it was shown that this is true in general. If definition 2 is applicable, then
there exists a symplectic transformation to a basis such that F'(Z) exists. However,
in the way physical problems are handled, the existence of formulations without
prepotentials can play an important role. For example, these formulations were
used to prove that one can break N' = 2 supersymmetry partially to N' = 1 [26]
and not necessarily to N' = 0, as it was thought before. This is an extremely
important property for phenomenological applications. Note that by introducing
magnetic vectors the partial breaking can be obtained in the context of the theory
with a prepotential, since this is just a dual formulation of the same theory. This is
understood well using the embedding tensor formalism [27-31], as clarified in [32].
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Recent investigations of the possibilities of partial breaking have been performed in
[33, 341.11

On page 170, we gave equivalent conditions on the symplectic basis for the
existence of a prepotential. The first and second conditions are clearly equivalent.
Indeed, the invertibility of (5.41) is equivalent with the invertibility of (X' 8, X'),
i.e. with ordinary derivatives, since the difference is proportional to the first
column. Then one can define the coordinates as in (4.79), which clearly satisfy
the invertibility condition. In these coordinates it can be shown that a prepotential
exists. One first notices that (X / X°) is independent of 7. Then also F;/ X? is by the
homogeneity only function of z and one can define holomorphic functions F;(X),
by replacing those z* by their value in (4.79):

F X
F(X) = x° Xg (z ( XO)) . (5.48)

The constraints (5.46) then imply

I
< X 1> i Fn (X7 9,X7) =0, (5.49)
0u X
and since the first and last factor is invertible, it follows that the middle fglctor should
vanish, which is the integrability condition that in any patch Fy = ; ; F(X) for
some F'(X).

5.3.3 Symplectic Equations and the Curvature Tensor

Let us first summarize the symplectic inner products that we found. They can be
simply written in terms of the 2(n + 1) x 2(n 4 1) matrix

V=(V Uy Vk20%,
Uy = VoV = [aa + 12 (aoﬂ()] v,
Uy = VsV = [a& + 12 (8&7()] v, 0%=g"0;, (5.50)
as
VYIQV = —ik2Q, (5.51)

where €2 is the standard antisymmetric matrix in (5.7).

I Breaking by nonlinear terms has been investigated in [35].
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Thus, the matrix V is also invertible. Covariant derivatives on these equations
lead to new ones, like

(V,VoUg) = (V, VoUg) = (Uy, VoUg) =0,

(VoUg, Uy) + (Ug, VoU,) = 0. (5.52)

Note that V, Ug contains also Levi-Civita connection.
VaUp = [ + 162 00 |95 + 362 (355) | V = T, (5.53)

Due to these e_quations (5.52) and the invertibility of (5.50), V,Ug must be
proportional to a UY, defining a third rank tensor Cygy,:

VoUpg = Caﬂy(jy, Copy = —1(VoUg, Uy). (5.54)

Since (5.53) is already symmetric in («f), (5.52) implies that Cyg, is completely
symmetric.

Exercise 5.2 Check that if there is a prepotential, then one can write
Copy = iF11kVa X' VgX'V, XK, (5.55)

where the covariant derivatives may be replaced by ordinary derivatives due
to (3.108). O

The curvature of the projective manifold can be obtained from the commutator of
covariant derivatives. The connections contain Levi-Civita and Kdhler connections,
see (5.53), so the commutator will lead to a sum of the curvature of the Kéhler
manifold as function of the Levi-Civita connection of g,z and the curvature of the
Kihler connection. The latter is the original U(1) from the superconformal algebra
(on Kihler-invariant quantities) when it is pulled back to the spacetime, see (4.116).

(Vo Vg |V = —iRS V. RS =005 - 957 = —ikPg,5.  (5.56)

Hence we have
[Va V5|V = =%V, > VaVaV =Vila=xPg5V.  (557)
On U, we get

[va, Vﬂ-] Uy = —iRX;U, — Ry5'yUs. (5.58)
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To make the calculation of the left-hand side, one lemma that we still need is that
Cypy is covariantly holomorphic. From the definition (5.54)

iV5Copy = (V5VoUg, Uy) + (VoUg, VzU,) = 0. (5.59)
Both terms vanish separately. For the first term, use (5.58) and (5.57) and (V, U,) =
0 and (Uy, Ug) = 0 (both part of (5.51)). The second term is by (5.57) and (5.52)

immediately zero.
Now we can calculate the left-hand side of (5.58):

Vo VgUy =178, 5Us ,
V5ValUy = Caye8“Ce358"Us . (5.60)
Subtracting the two and insert the result in (5.58) gives
(KzgyBSg _ cayggféégﬁgg“) Us = (—K2ga55§ _ Rag‘sy) Us. (5.61)

We can drop the Us, e.g., by taking a symplectic product of this relation with U?.
This establishes the form of the curvature tensor [24]

RaByS = K2 (gaﬁgyg + gwggyg) — Cayggégégﬁg . (5.62)

Hence, this has a contribution from the gauged Kéhler symmetry and one from the
Kaihler curvature.

Having all this machinery, we want to derive a few more relations that are often
used in special Kéhler geometry. Define the 2(n + 1) x (n 4 1) matrix U as the left
part of V, (5.50),

- X v x\ (!
U= (VU,) = <F1 vaF,) = <f1), (5.63)

where the last equation defines (n + 1) x (n 4 1) matrices. The matrix x’ (columns
as in (5.63) and rows defined by I) is invertible. With these definitions, the matrix
N in (5.38) is written as

Nij = fl(f)jl ) or U= <%{> x. (5.64)

The (n 4+ 1) x (n 4+ 1) matrix G, introduced in (5.34), can then also be written as

K_2 O . T -~ )_(1 J vJ
G = ( 0 g —iu szfu_—z(vaxl)lm/v” (x VX ) (5.65)
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The above relation implies that Im N7, is negative definite if the metric g,z is
positive definite. The following consequences are often used'?:

~LamA) T =, X1 PV X7 4P RIXY
N — é(ImN)—HIJ — 2 (XIXJ + )‘(IXJ>
=Vo X' gV X — XX (5.66)
Another way to write (5.65) is

1

) i - 1
UG 'U" = 2vvl 4+ U¢P2U0T = —
o TUBs e =75 |y

ey L
>(ImN) (1 N)——2M+21§2,
(5.67)

in terms of the real matrix M introduced in [16], that is often used for describing
black hole solutions:

—1 —1
ME( ImN ImN~'Re N ) (5.68)

ReNImN L1 ImN +ReNImN ' Re N

Exercise 5.3 Check from the definition (5.2) and the gauge fixing (4.56) the
following useful relations:

Im A )—(J 1 N[JXJ
m = — s
7 262 Ny XLXM
1
X' AmNHX = o
2K4XIN11XJ
f =2
- 1K -
Capyg”’ Vs X (ImN; X7 = — FximVe XX VgXEXM . (5.69)

2XIN; X7

Check also that (5.65) is consistent with the matrix equation

x! S - .20
Niy (R V%) = . 5.70
<%X’) AT 0 gy 70
The latter is similar to the one in N = 1 supergravity, and illustrates that Ny; has
to be of indefinite signature. O

12The first is the inverse of (5.65), while for the second, one proves first from the definition (5.2)
that N~ 4 «2(XT X7 + X7 X7) is the inverse of —2Im N .
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Finally, we discuss the relation between the curvature in the projective mani-
fold (5.62) and the geometry in the embedding manifold. The embedding manifold
of the X! in the formulation with a prepotential and metric (4.72) has affine
connections (4.73) and therefore (see e.g. [5, (13.22)])

Rijxi =G0 x = —FiguN "™V Fgj; . (5.71)

With (5.55) and the relation (5.66) for N~'"™N we can relate (5.62) to this
curvature:

Rofys = (8585 + 838y ) + Ve X VX O, XKGXER i (572)

This relation is also true in Kéhler geometry in N' = 1 supergravity and can
elegantly be shown when including 1"5 x connections (4.74) in a covariant derivative
V. First note that

Vo X! =0 + 36 2@ KNX" +T7 1k XX (0, X7) = Vo X', (5.73)
since the I' term is vanishing due to (4.74). However, we then have

Vo VX' =0 + 3k 20 K)NVpX" = T2,V X' + Tk VXK (0,X7) = 0.
(5.74)

Indeed from (4.73) with (5.66) and the homogeneity relation X 'Fr7x =0 we find
Tk VXK VX! = -V X177 Cppyy = —iVa Vg X', (5.75)

using (5.54). This vanishing of (5.74) can also be shown directly [36] from applying
a /750[ derivative to the second line of (5.70) in the formulation where the last factor
in that equation is invertible (existence of prepotential). Since Nyj = G j it is inert
under V.

The curvature relation (5.72) can then be obtained by acting with [ﬁh /V\B] on

vV, X ! ysing the vanishing of (5.74). We summarize below the relevant equations
for V on X/:

VeX! = v, X', Vax! =vix! =o,
VaVpX' =0,  VgVoX' =VaVeX' =g, ;X" (5.76)
However, we will only use vV on objects where it is clear whether the / index
is holomorphic or anti-holomorphic. The mixing of these two is in fact due to the

constraints in chiral multiplets, in (3.23), which, applied to the gauge multiplet,
connect Yé with its complex conjugate, and thus does not preserve a distinction of
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indices I for fields of the chiral multiplets and I for those of the antichiral multiplet.
The same holds then also for the gauge field strengths.

5.4 Isometries and Symplectic Geometry

In considering the symmetries of special Kdhler manifolds, there are a priori three
different concepts, which we will relate:

¢ Isometries of the Kédhler manifold,
* Symplectic transformations,
* Gauge group of the vector multiplets.

We will show that the group of transformations gauged by the vector multiplet
belongs to the isometry group of the Kihler manifold and can be embedded in
the group of symplectic transformations. On the other hand, not all isometries of
the Kihler manifold are gauged. The gauged isometries can be selected from the
general set of isometries by an embedding tensor formalism. We do not treat this
here, and refer for the embedding tensor approach to [27-29] and to [30, 31] for
reviews.

5.4.1 Isometries of a Kihler Metric

Isometries of a Kihler metric are defined as symmetries that preserve both the
Hermitian metric and the covariantly constant complex structure. In the present
section we will explain how isometries of the embedding manifold, with coordinates
(X1}, descend to isometries of the projective manifold. These steps apply to both
N = 1 and N = 2 supergravity. For the convenience of the reader, we will first
review the main results on isometries of a Kihler metric (more details can be found
in [5, Sect. 13.4.1]).

We start with a generic Kihler metric g, j = 8a8/3-7((z, Z) parameterized by
scalars z¢. Let us consider general (not gauged) isometries labelled by an index A.
Such isometries act on the scalars, defining a Killing vector k,®!3:

8(0)2% = 0%kn%(2), (5.77)

and kA * must be holomorphic in z in order to preserve the complex structure. Killing
vectors are generated by a moment map, P (z, Z), which is a real function defined

13The ‘embedding tensor’, mentioned above would be a tensor relating the index A to the index
for gauge vectors, electric or magnetic. We will restrict here for gauging to identifying the index
A, or part of its range, to / index of the gauge vectors Wlﬁ.
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as
ka®(2) = —ig*P95Pa (2. 2) | (5.78)
and satisfying
Vo dpPr(z,2) =0. (5.79)

The isometries (5.77) are not required to be symmetries of the Kéhler potential.
The latter can transform with a Kéhler transformation depending on a holomorphic
function r (z):

8K (z,2) = 0 rax) + A (D], (5.80)

since the new potential then leads to the same Kéhler metric. Due to this fact, one
can find a general solution of (5.78) as

Pa(z,2) = ilka® (23K (2, ) — ra(2)] = —ilka® (20K (2, 2) — Fa(2)].
(5.81)

Furthermore, when the isometries are non-abelian, the Killing vectors generate a
Lie algebra

kaPogks® — ksPoghka® = fax"kre. (5.82)
One can restrict the moment maps by a so-called ‘equivariance relation’ [18]

kn®gupks” — ks®guzka’ =ifas"Pr. (5.83)

This relation is satisfied by the moment maps that appear in a supersymmetric
Lagrangian.

The properties discussed above are general requirements that isometries for a
general Kihler manifold must fulfill. In particular, they must apply for the isometries
of the embedding manifold, which are further constrained by the conditions that the
dilatational and R-symmetry U(1) structure have to be preserved. We can start with
the general results written above using the following substitutions:

& — X',
K =N, (5.84)
8p — Nis,

rA,FA —> 0.
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The first three rules follow directly from what was discussed in Sect.4.5.2. The
last rule in the previous equation follows from the fact that a transformation of the
form (5.80) would now imply

SOIN(X, X) = 01 [ra(X) + 7o (X)], (5.85)

which would be inconsistent with the (Weyl,chiral) weight (2,0) of the left-hand
side. All together, the isometries of the embedding Kihler manifold act on the
scalars X/ as follows:

s§O)X! =02ka (X). (5.86)
The moment map (5.81) then becomes
PrX, X) =ikpa'Nis X7 (5.87)

The goal is now to interpret these isometries of the embedding manifold as
isometries in the projective manifold. We go to the projective manifold by splitting
the X/:

X! ={y,z%). (5.88)

In these variables, only y carries the dilatational and U(1) weight. The requirement

to preserve the dilatational and U(1) structure thus implies that y should transform

linear in y and the transformation of z* should not contain y. We write this
14

as

8@y =a'yry)0". (5.89)

Note that we have introduced here a new holomorphic function r4 (z). This is not
to be confused with the function that is set to zero in (5.84). It will turn out that the
latter 5 (z) is the function that describes the non-invariance of the Kéhler potential
in the projective manifold. Imposing the commutation relations (5.82) for (5.89)
leads to the condition

kAaaarz — kzaaarA = fAzrrr . (5.90)

The gauge fixing, i.e. restriction to the projective manifold, is performed by
selecting the section (4.89). Since y transforms both under (4.78) and (5.89), there
is a decomposition law for the invariance of the condition y = y. This determines a
dependence of A7 on the parameters of the isometry . We indicate the remaining

2

14We keep here the notation a = x 2 since this part is also valid for N' = 1 with a = 3x 2.
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transformation as 8- 0):
820) =8(0) + 81 (Ar (9)).

1 ! ]
rr(O) =, i0M A —Fa@) = 6" (—PA + ka0, % — kA“a&«)) .
(5.91)

This implies for y
o LA - LA (e a
5Oy =, yOt ra+in) = v0 (kA8a7(+kA8&‘K) . (5.92)

Note that, together with (4.89), (5.92) implies that K indeed transforms as in (5.80),
by an amount precisely controlled by ra(z).!> Equation (5.91) shows that, for
any field that carries a non-trivial U(1) weight in the embedding manifold, a T
transformation must be included in its effective symmetry transformation in the
projective manifold, 85(0). The new terms from A7 have no effect on the scalars z*
since they are invariant under 7 transformations, while fermions do transform. In
other words the scalars z* transform as

sH9(0)2% = 8(0)2% = 02kA%(2), (5.93)

and the Killing vectors in the projective manifold are related to those in the
embedding manifold via

ka! = y(ka®VoZ' +ia"'Pr2z"), (5.94)

using the Kihler covariant derivative (4.113). The moment map 5 is the same
in the embedded and projected manifold. In the former it is written as (5.87).
In the projected manifold an imaginary constant in P is undetermined from the
transformations of the scalars. We can still define it as in (5.81), satisfying (5.78).
The undetermined constant imaginary parts of r5 or real parts of 5 are the so-
called Fayet-Iliopoulos terms. For a non-abelian theory these arbitrary constants
are eliminated by the equivariance condition (5.83). The curious reader may have
noticed already the similarity between (5.81), i.e.

kp%9K =ry —iPa,  ka%0aK =7p +iPa, (5.95)
and (4.157) for the projected quaternionic geometry, keeping in mind the identifica-

tion of 3,% as w, in (4.112). Note that the derivative of the first of (5.95) w.r.t. 7%
brings us back to the definition of the moment map in (5.78).

15Note that this is consistent with (4.129).
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5.4.2 Isometries in Symplectic Formulation

In this section we will show how the general isometries discussed in Sect.5.4.1
can be embedded in the symplectic group. It will be useful to adopt the symplectic
formulation (see Sect. 5.3.1) and work with covariant transformations (4.127) under
the isometries:

30)v =02k Vyv,
3O)V =02ka"VoV = y3(O)v. (5.96)

Covariant transformations 8 are related to the Poincaré transformations & = (namely
those induced by the dependence on z* and z%) by (4.128)

3 =87 (O)v + k202 (ra — iPAIV,
5OV =8OV + kP00 —FA)V — kP00 PAV (5.97)

where we used the weights in the first and one but last row in (4.122) and (5.95).
Furthermore, the Poincaré transformations are related to the transformations in the
conformal setting § by (5.91), and thus

50)v =8O)v + K202 (ra — iPa)v,
SOV =806)V — k202 P,V . (5.98)

The correspondence between the two expressions above agrees with V' = yv and
8V = ydév using (5.89). We can re-express the second of (5.98) using (5.96) as

5(0)V = 62 (kA"‘VaV + iKZPAV> . (5.99)

Therefore, upon contracting with V and using (5.29), the last equation implies
a symplectic expression for the moment map associated to the isometries in the
embedding manifold

0MPA = —(8(O)V, V). (5.100)
From the expression above it is clear that §(8)V must be part of the sym-
plectic group. Indeed, being §(9)V a transformation in the conformal setting, it
must be holomorphic in X and consistent with dilatational symmetry. Moreover,

since (5.100) is symplectic invariant, the only possibility is'®

SOV =—0°T\V,  TaeSpRn+1),R), (5.101)

16We use here the opposite sign convention for T as in [5, (20.147)].
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where 1l + T, is a symplectic matrix, such that the symplectic inner products
discussed in Sect.5.3 are preserved. The most general form of Tp, according
to (5.8), is then

I 1J
s = (a/\ J ba

7 ) ) ba' = by, CAIJ = CAJI - (5.102)
CAl] —an’r

In particular for isometries we require the transformation (5.102) to be a symmetry
of the action, which implies bAI I =0, according to the discussion at the end
of 5.2.1. Isometries of the embedding manifold are therefore part of the symplectic
group, as simply dictated by the following identity:

Pp = (TAV, V) =K (Tpv, 7). (5.103)

Exercise 5.4 Here is an exercise leading to a formula that will be important in the
context of the potential. First combine equations of this section to

ka%VyV = —TAV — k202 PAV . (5.104)

Then obtain
kn®gupks? = ika®(VaV, V5V )ks? = i(TaAV. T V) + *PsPs.  (5.105)
0

5.4.3 Gauged Isometries as Symplectic Transformations

The symmetries gauged by the vector multiplet are of course a subgroup of the
generic isometries A considered so far, and as such are expected to be represented
by symplectic transformations. To specify such transformations we fix the index
A to be in the range of I (which label the vector multiplets) as each symmetry is
gauged by a vector. The moment map P, is then identified with the P?, introduced
in (4.51).

The gauge transformations §g(6) of the scalars in the vector multiplet were
written in (3.15)

scO) X! = —6K ;1 x7 (5.106)
where 0K are the parameters. Notice that 85 in (5.106) is understood to be a sym-
metry before the gauge fixing to the Poincaré theory. The transformations (5.106) fit

in the general scheme of isometries defined by Killing vectors

kil (x) = xX fx st (5.107)
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The associated moment map, from (5.87), is called the ‘Kéhler moment map’ and it
is identified with (4.51). The matrix T of (5.101) is thus of the form (5.102) and
comparing with (5.106), we write

fxkst0 ) (X’>
TV = , 5.108
K <2CK,IJ —fxi’ ) \F; ¢ )

where Cg ;y is symmetric in the last two indices according to (5.102). The
transformation (5.101) with this matrix leads to (5.106) and

8GOV Fr = —20KCk 17X + 6K fx1' Fy . (5.109)

In particular
ScO[X'Fj1 = —20%Ck 1x"x7 . (5.110)
In the tensor calculus, where F; are functions of X! and X'F; = 2F (X),

Eq.(5.110) tells us that the prepotential transforms in a real quadratic function,
which does not contribute to the action. In fact, this corresponds to (3.112).17
Furthermore, the matrices Tx should satisfy the algebra of gauge transforma-
tions (5.106):

[Ty, /1= fi1,5Tk, (5.111)

which imposes again the condition (3.117).
In the more general case without a prepotential, we can proceed from compar-
ing (5.99) and (5.101) replacing the #* by X’ leading to

Sc X)X =Xk Vo X! +ik*POX/ X" =0,
86 (X)F1 =X"kj*VoF +ik>POX’ Fy = —2XXCi 1y X7 + XX i1 Fy .
(5.112)

Multiplying the latter with X’ and using the first one gives

—2X'X7Cy kXK = X' X KAV Fr — XT IS F Vo X! = —XTkS(V, Vy V) = 0.
(5.113)

We thus re-obtain (3.115) in this more general setting. This is the equation that says
that if all the X are independent, C; sk does not have a completely symmetric part.

For the gauged symmetries, we already found other relations for the moment
maps in (4.51)—(4.53). The relation between the embedding and projective gauge

17This is the reason why we put the factor 2 in (5.108).
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transformations (5.94) is now written as
kil = y(ks*Vo 2"+ PYZT) = ks Vo X +i? PYXT = XK fies!, (5.114)

where we repeat at the end also the expression (5.107) for easy reference below.

Exercise 5.5 Prove the following interesting relation from the definition (5.78)
and (4.53):

X'k = —ig®? X195 P) = ig"P PPV X" . (5.115)
Further, with (5.114) rewrite the gauge terms in the covariant derivative (4.63) as
DX =V, X! — WKkg* VX! = Vo X! (%z"‘ - W,ka“) : (5.116)

O

5.5 Electric-Magnetic Charges: Attractor Phenomenon

In this section we put all the ingredients of special geometry together to study some
universal property of charged black hole solutions in ' = 2 supergravity.'® It
turns out that scalars in the background of charged black holes take fixed values
at the horizon. These values are universally determined by (conserved) electric and
magnetic charges, and independent of the initial configuration of the scalars (i.e.
their value at infinite distance from the black hole). This phenomenon is called
‘attractor mechanism’ in special geometry [38, 39]. Even though we will restrict
here to D = 4 for simplicity, the phenomenon hasa D = 5, 6 counterpartin N' =2
theories[40-42].

This section is structured as follows. First, we obtain from the supergravity
action (5.1) an effective action for the extremal black holes. In the usual way to
proceed, at least in the case of static and spherically symmetric black holes, one
eliminates the vectors through their equation of motion and then integrates out the
angular dependence of the supergravity action to obtain an effective theory that
governs the dynamics of the scalars. Crucially, the integration introduces a charge-
dependent black hole potential along the way. For completeness, a Hamiltonian
constraint has to be imposed on the system. Instead, we will employ an alternative
derivation of such an effective action using only Einstein’s equations, together
with the equation of motion for the scalars and those on the vectors [43]. The
Einstein equations that cannot be derived from this effective action, will become
constraints that have to be imposed on the solution. Along the way we will show

18 A recent review on black hole solutions in these theories can be found in [37].
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that the black hole potential governing the effective action has a simple expression
in the symplectic language. We will conclude this section by showing the universal
solution corresponding to the attractor mechanism for the scalars.

5.5.1 The Spacetime Ansatz and an Effective Action

Consider a static spacetime metric'”:

ds? = —e?Vdrdr + e 2V y,,,dx"dx",
ie.goo=—e¢"Y, gm=eYyu, Je=e Yy,
QU = & Ymn = 0. (5.117)

We are interested in the theory of a complex scalar z coupled to Maxwell fields
and gravity.?” The relevant action can be recovered from the more general (5.1) and
takes the schematic form
S = SEinstein + S(O) + S(l) s
SEinstein = / d4x ;«/gR(g) s

sO — _ / d*x/gg" 0,20,7 ,

nvt po
(5.118)

s = /d4x [1v/eam NI FL P — SRe Nipyer o FLL S, |

where Fl, = 20, W,,. Note that the metric appears in S only in the term with
ImN.

As explained at the beginning of this section, we want to obtain an effective
action starting from the Einstein equations. Let us consider the Einstein tensor:

) 1 8 SEinstein

sghv = Ruv — 48R (5.119)

G;w = 2(«/8

19<Static’ means that it admits a global, nowhere zero, timelike hypersurface orthogonal Killing
vector field. A generalization are the ‘stationary’ spacetimes, which admit a global, nowhere zero
timelike Killing vector field. In that case the components g, could be non-zero. For simplicity we
look here to the static spacetimes.

20The generalization to non-trivial Kihler manifolds is obvious.
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For the static metric (5.117), one obtains

Goo = &*U (%R(V) 2D, " — amuamu) ,

G = (Ymny"™ — 267,55) (—;R,S(y) + B,UBSU) . (5.120)

Here yy, is used to raise and lower indices, and to define the covariant derivative
D,,. For the bosonic sector, the Einstein equations are

G;w = T;w s (5.121)

where T}, is the energy—-momentum tensor. We split it in the scalar part and the spin
1 part:

0 1
Ty =T + T}

I
88O ssm
0 -1 1 -1
T = -2(/2) sgiv’ ') = —2(/g) s (5.122)
The energy—momentum tensor induced from S is
T = —gu08"" 9p2067 + 20,2007 - (5.123)
For our metric ansatz (5.117), this gives
7O = etymny, 0,7, TO = (_anyrs + 25;,,5;‘)) 9zdz.  (5.124)
The energy—momentum tensor induced from S is
T\ = ~ImNpy (=48 Fly F/% + Fl, Flig?” ). (5.125)
If we now use the spacetime metric (5.117), the non-zero terms are
1
Ty = —ImNyy (12U By ™ B, + LV By y )
1) = = Npy (3™ yun Fpy P By = 4 yun F iy v 24 F,,
—e VR Ry + U FL y P anq) . (5.126)
We now introduce the magnetic vectors
El =1y, (Jy) 1P F! (5.127)
m — o Ymn /Y Pq° .
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such that
I _ pq 1
an—\/ygmnpy Fq’
1 1, ,rs 1 1 ,rs 1
FlL,y™y"F), =2Fy"F], F y"Fyl = ywnFly" F] — F|F;.
(5.128)

Using these, we can again write the energy—momentum tensor in a similar form as
for the gravity field and for the scalars. We find

Ty = Uy Vi, T8 =€V (yuny"™ — 28,85) Vi (5.129)
where
Vo = =3I Ny (e ™V, By + FaF ). (5.130)
The Einstein equations thus reduce to the following two equations:

2 Run (V) + 8nU 3,U + dnzdnyz — eV Vi = 0, (5.131)
D, d"U — Uy, =0. (5.132)

We can obtain (5.132) using the following effective action:
Seff = /d3x¢y [—BmU Y™, U — Oz y™ 9,7 — Uy an] . (5.133)

Indeed, the field equation of this action for U is (5.132) if we keep Vi, fixed
during the variation. Of course, as U is never involved in the z-dependent part of
the action, the latter is not determined by this requirement. We will prove that the
field equation for the scalar z can also be derived from this action for a specific
parameterization of V,,,. This will be clarified in Sect.5.5.2. Only then it will be
clear how to use this effective action. We remark here that y”*" should not be seen
as a dynamical variable in this action. Instead of its field equations as following from
this effective action, we impose the extra constraint (5.131), which is not derivable
from (5.133).

5.5.2 Maxwell Equations and the Black Hole Potential

The quantity (5.130) is expressed in components of the field strengths F, /511‘
However, we can write it in terms of the symplectic vectors of field strengths and
field equations. To do so, we start from the real form of (5.5), which can be rewritten
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using the Hodge duality relation (A.8) as follows:
Gruv =Re Ny Fl,+ 3 Im Ny guwgor (V) eV PIF . (5.134)

Then F ;ﬁv’ G 1 v are components of a symplectic vector. Introducing now the three-

dimensional duals as a generalization of (5.127):

Fn11 = ;an(\/y)ﬂS"qu,fq, Glm = ;an(\/y)ilsnqulpqs (5135)
we obtain from (5.134) with 7P = —g"P4 (as we use £9123 = —1, see (A.5))
FI ) FJ
om ) = —eZUMQ< m ) : 5.136
(GIOm Gim ( )

where M was given in (5.68) and 2 is the symplectic metric (5.7). These matrices
contain indices / and J at appropriate positions automatically for (5.136) to make
sense. Equation (5.130) then becomes

J
Vom = L (1 G1m) @M ( Fi ) , (5.137)
Gin
where
7 _ —1 -1
QMQ:( P R;_l) . R=ReN, I=ImN. (5.138)

Note that U does not appear in this expression for V,,,. This implies that if we
consider V,,,,, as a function of Fnli, G 1, and the scalars implicitly present in (5.138)
and we insert it as such in the effective action (5.133) then this action still generates
the field equation (5.132) for U. We now check that in this way it also generates the
same scalar field equations as those obtained from the original action S and SO,
where the vector fields W;i were the other independent variables. Hence these field
equations that should be reproduced are

0= 0,4/88" 07 + 4/g0-:(Am Ny FL FIY — L5 (Re Ny et 1 FY .

(5.139)

Specifying the metric (5.117) and the expressions for the field strengths in terms of
F,,Ii and G,,, this becomes

J
0= 3y Y™z + s /vl y™ (EL Gur) QMK ((’; ) , (5.140)
nJ
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where the indices I and J appear again in appropriate positions on the submatrices
of Q9. M. The latter is indeed the field equation obtained from the effective action

Serr(U, z) = /d3x«/yymn [_amU 0, U — 0z 02

—1e2 (F! F/ >:|
(Fl Gim) QM (GJ,, (5.141)
The (U, z) in the left-hand side indicates that Sef should be considered as an
effective action for varying with respect to {U, z}, while y"*", F,fl and Gy, should
be considered as background. We saw already that the field equations of the original
action for y™" lead to the constraint (5.131). We will now check what the field
equations of the vector sector impose.

The field equations from SV in (5.118) with independent vectors W,ﬁ are
equivalent to the field equations and Bianchi identities

FI

ehvPay, ( ) =0. (5.142)
Ipo

Using our preferred variables, this gives

N B =0, metIMQ Fo =0 5.143
mAYY G; [m€ Gm =0 (5. )
n n

One way of solving these equations is to define F! = 8,,H! and G, = 9,,H,
such that the first of (5.143) becomes

O/ Yy ™ H! = 8y /yy™ 0, Hr = 0. (5.144)

We remain then with Bianchi identities of the form
HI
(8[me2UM) Qb (H ) -0, (5.145)
I

which can be solved by assuming that all fields (U, the scalars z and the harmonic
H!' and H 1) depend only on one coordinate. This ensures that the 9, and 9,, for
m # n in the above equation cannot both be nonvanishing. We denote this one
coordinate as 7. Thus U(t), z(t), H! () and H; (7).

A convenient metric is, e.g., [44]

4 2

S, i+ S (6% +sin*0d¢?). (5.146)
sinh™ ¢t sinh” ¢t

c
Ymndx™dx" =
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Details on this parameterization are given in an appendix of [45]. This parame-
terization has the property ,/yy ™" = sin6é, which will be useful. In this basis,
condition (5.144) is just H” = 0 (where a prime is now a derivative w.r.t. 7), so we

can take
pl
I = ( ) . (5.147)
q1

H! h!
pe (M) =reen = (M),

We have here introduced the magnetic and electric charges in the symplectic vector
I'. We come back to their meaning in Sect. 5.5.3. The effective Lagrangian for the
scalars is obtained upon plugging these solutions into (5.141). Up to a constant we
get

Lo =U?+ eV Vgu + 77, (5.148)
where the ‘black hole potential’ is now
Ve = Ver = ,TTQMQT. (5.149)
The one-dimensional effective Lagrangian (5.148) does not reproduce all the Ein-
stein equations. Indeed the Einstein equations (5.131)—(5.132)lead to 2 independent
equations:

A-U?—77+evgy =0, ~U" +e*Yvgy = 0. (5.150)

The second one is the one that can be obtained from the effective action, while the
first one cannot. It must be considered as an extra constraint.

5.5.3 Field Strengths and Charges

In (5.147) we already wrote p! and g; for the components of T, suggesting that
they are charges. Indeed, when we consider field configurations with electric and/or
magnetic charges in 4 dimensions, this means that there are 2-cycles S surrounding
the sources such that

/ F} dx* Adx” = 8mp’, / Guvdx™ Adx’ = 8mq;. (5.151)
S2 S2

Exercise 5.6 Check that the solution that we gave above, leads indeed to the
identification of the charges here and in (5.147). (]
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There is also the field strength that occurs in the gravitino transformation, see
e.g. (2.90), which is the value of the auxiliary field 7},,, of the Weyl multiplet. When
we restrict to the bosonic part of its value, determined in (4.54), we obtain

T, =2TiF, (5.152)
_ N X’ _ 2 J_ .2 K J ol _
Ti= fonr g = 2 IMNLX =ik (FI—N”X ) X7 =1,

where use has been made of (5.69).

Assuming that F; and X! are sufficiently constant in the integration region (such
that they can be taken in and out of the integral), the integral of this quantity gives
[46]

i B ! L y
Z 167'[/(2 ﬁZ Tu'vdxu/\dxv :87-[ /;2 (X GIH,V_FIF;,w)dxM/\dXU
1
87

=X'q; - Fip'. (5.153)

/2 (XIGI,W — FrF},)det A de®
N

Between the first and the second line we used that the combination with the self-
dual field strengths vanishes due to F7 = Nj; X 7. The object Z is called the central
charge, because its value appears in the commutator of two supersymmetries, as can
be seen from (2.96)—(2.97).

When we take the holomorphic covariant derivatives of the final expression, then
we have to use Vo F; = N, 17Va X7, and therefore only the self-dual parts remain.
This gives thus

VoZ = VoX'q1 — Vo Frp'

1 I+ +1
= /52 (VaX'G,, = VaFiFl ) det A dx”

24

= | Dux'"ImN FH Ak Adx” (5.154)
8w S2 s

The latter quantities V,, Z are the objects that appear also in the transformation laws

of the physical gauginos. Indeed, the fermions of the conformal multiplets transform

according to (3.15) to quantities ¥, whose bosonic part is

Fol = (5§ - )'(’TJ) Fil (5.155)

The physical fermions are the ones that satisfy the S-gauge condition (4.58), which
means that they vanish under projection with 77. We find indeed 777, l;f =0.
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Using the vector I" of (5.147), we can write in a symplectic notation
zZ=(,n=vlar, Vol = Uy, T), (5.156)

and can derive from (5.67) a simple expression for the ‘black hole potential’ [16,
44, 47]

Ven = ZZ + VaZg*v;Z = IrTamear. (5.157)
Similarly, by using the same identity, one derives

VZ+U387VeZ = L (MQ+iDT. (5.158)

5.5.4 Attractors

The attractor solution [38, 39, 47] is the solution near the horizon. This is the large t
behaviour. In that case supersymmetry is preserved, which is expressed as V,Z =
0. This extremizes the black hole potential. So it is consistent with constant z% as
solution of the field equation for the scalars. In this case (5.158) simplifies. The
imaginary part is

—2Im(VZ) =T. (5.159)
These are the attractor equations. The BH potential reduces to

Veupes = | Z1%, (5.160)

where the indication ‘BPS’ is used because we started from an extremal black hole
solution. Then we determine U by the constraint

U? =e*Vaupps,  ie. U =+eY Veupps. (5.161)
The Vgu pps being constant, this automatically implies the other field equation
U =e* Viupps . (5.162)
Finally, the solution is

e~V = F|Z|t + constant . (5.163)
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Since Z is completely determined by the charges via (5.153), the solution above
shows that the near-horizon (tr — o0) value of the scalars is universal and
independent of the initial conditions.

5.6 Quaternionic-Kihler Manifolds

Quaternionic-Kdhler manifolds entered supergravity research first in the seminal
work [48]. In [49] a lot of interesting properties were already discussed. Workshops
on quaternionic geometry have been organized where mathematics and physics
results were brought together [50]. Other important papers that reviewed the
properties of quaternionic manifolds are [51-53].

As a result of Swann [54], every quaternionic manifold can be obtained as a
cone with an SU(2) gauging. The condition that a hyper-Kéhler manifold can be
formulated in a conformal way is equivalent to the condition that there is a cone.
Therefore, those hyper-Kihler that satisfy this condition are one-to-one related with
the hyper-Kéhler manifolds that can be made quaternionic by an SU(2) gauging.
The result of Swann has been made explicit in [55] by the construction with
the embedding of the manifold in a conformal manifold, as written in Sect.4.6.
There it has been shown how any quaternionic-Kéhler metric can be obtained in
this way. The procedure is the same whether applied for D = 4, D = 5 or
D =6.

5.6.1 Supersymmetry and Quaternionic Geometry

The quaternionic geometry is a bi-product of the supersymmetry algebra, which
leads to the definition of the almost quaternionic structures J %Y, see (3.37).
Furthermore, in order to build an action, we require this manifold to possess an
invariant metric gxy, which was defined in (3.145). If the almost quaternionic
structures are covariantly constant (up to a rotation among them) with the Levi-
Civita connection associated to gxy (see (3.39)), the manifold is promoted to a
hyper-Kéhler manifold. The requirement of conformal symmetry further restricts
the manifold. The gauge fixing then leads from a 4(n g + 1)-dimensional embedding
manifold to a projection on a 4npg-dimensional submanifold, which turns out
to be quaternionic-Kihler (see Sect.4.6). The latter is parameterized by scalar
fields ¢“, while its tangent space contains vectors labelled by indices (i, A).
Using the basis (4.130), a quaternionic-Kéhler metric /,,(q), is obtained from
the embedding metric in (4.153). Similarly all other geometrical quantities
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are obtained by a projection from the embedding to the quaternionic-Kéhler
space.”!

Considering the differential equation on the frame fields in the quaternionic-
Kihler space, (4.146), we see that it contains SU(2) connections wy, ji as well as
USp(2ng) connections?? w, g4. The latter is similar to the condition in the embed-
ding manifold, (3.32), but the SU(2) connection was absent in the hyper-Kéhler
manifold. This SU(2) connection w,, promotes the almost quaternionic structure
to a quaternionic structure, such that the resulting manifolds are ‘quaternionic’. If
the SU(2) connection is zero, they are called ‘hypercomplex’, which is the case
before the gauge fixing (and in rigid supersymmetry). Note that the same SU(2)
connection also appears in the differential equation on the hypercomplex structures
in the quaternionic-Kahler manifold, (4.143), while it was absent in that of the
hyper-Kéhler structure (3.39). For physics applications we further require a positive
definite energy in the Einstein—Hilbert action, which results in additional constraints
on the geometry.

5.6.2 Quaternionic Manifolds

As mentioned above, a main ingredient is the equation that states the covariant
constancy of the frame fields (4.146), which can be considered in terms of a
connection on the tangent space

Q' = fY)p (auf,fA - F,L”,,fiAw) = —w,j'8p" —wup™sit. (5.164)

If this Q, jp'4, for each u, would be a general 4ny x 4ny matrix, then we would
say that the holonomy is not restricted (or sits in G¢(4n g, R)). The splitting as in
the right-hand side of this equation implies that the holonomy group is restricted to
SUQ) x Gl(np, H).

The integrability condition of (4.146) leads to an expression for the curvature of
quaternionic manifolds:

wauv = fwiAfijRuvji + fwiAfinRuvBA = _waRuv + fwiAfinRuvBA s
(5.165)

21The terminology ‘quaternionic’ and ‘quaternionic-Kihler’ is used in mathematics in this sense:
the first requires a quaternionic structure on the manifold, and the second demands moreover
compatibility with a metric structure.

22We demanded the preservation of the metric gxy (see (3.145)), therefore the Gl(ny, H) is
restricted to USp(2np).
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where

RY iy =20, Ty, + 23,1,

u ;J]x’
Ry 223[,4&)”] + 2w[u X Wy],

RMUBA Eza[ua}v]BA + Zw[u|C|va]BC . (5.166)

Thus the curvature of the affine connection is split in an SU(2) partand a G¢(n g, H)
part.

5.6.3 Quaternionic-Kdahler Manifolds

Quaternionic-Kdhler manifolds (which include ‘hyper-Kdhler manifolds’ in the
limiting case that the SU(2) curvature vanishes) by definition have a metric, A, .
This corresponds to the requirement in the matter couplings that there is an action.
There is the request that the connections preserve the metric, which restricts the
holonomy group to SU(2) x USp(2n y7). The affine connection I'}Y, is now the metric
connection, and the first line of (5.166) is the metric curvature, while the last line is
the USp(2n ) curvature.

For ny > 1 one can prove that these manifolds are Einstein, and that the SU(2)

curvatures are proportional to the complex structures>>
Ruy = RY ' R Ruv = sv] ! R
= = s = LV s Vv = .
uv uwv 4}11_1 uv uv 2 uv 4nH(nH +2)

(5.167)

For ny = 1 this is part of the definition of quaternionic-Kéhler manifolds. Hyper-
Kéhler manifolds are those where the SU(2) curvature is zero, and these are thus
also Ricci-flat.

5.6.4 Quaternionic-Kdihler Manifolds in Supergravity

In supergravity we find all these constraints from requiring a supersymmetric action.
Moreover, we need for the invariance of the action that the last equation of (5.167)
is satisfied with v = —«2, see (4.147). This implies that the scalar curvature is
R = —4ny(ny + 2)k2. The fact that this is negative excludes, e.g., the compact
symmetric spaces. In Sect.5.7.2 all the symmetric spaces in this class will be
mentioned, and these are thus all noncompact.

231n the conventions of this book, such proofs are given in [53, Appendix B].
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5.7 Relations Between Special Manifolds

So far we discussed separately the Kéhler manifolds (associated to the vector
multiplets) and the quaternionic-Kéhler manifolds (hypermultiplets), even though
we paid attention, along the way, to various similarities among these spaces.
Although our discussion has been mostly limited to D = 4, as we pointed out
at the beginning of Chap. 5, there exists an analogous special geometry associated
to the real scalars in the D = 5 vector multiplets. Perhaps not surprisingly, all
these ‘special manifolds’ are related by maps, which are denoted as ¢ map and r
map.

5.7.1 c-Map and r-Map

The ¢ map [8] connects a special Kéhler to a quaternionic-Kéhler manifold. It is
induced by dimensional reduction of an N' = 2 supergravity theory from D = 4
to D = 3, by suppressing the dependence on one of the (spatial) coordinates. The
resulting D = 3 supergravity theory can be written in terms of D = 3 fields and this
rearranges the original fields such that the number of scalar fields increases from
2n to 4(n + 1). This is shown in Table 5.1. Essential in this map is that D = 4
vectors leave first a scalar component in D = 3, but also the other part, vectors in
D = 3, are dual to scalars. This map is also obtained in string theory context by
changing from the reduction of a type IIA theory to the reduction of the T-dual type
IIB theory or vice versa.

This leads to the notion of ‘special quaternionic manifolds’, which are those
manifolds appearing in the image of the ¢ map. They are a subclass of the
quaternionic manifolds.

The r map [9] is determined by the reduction of vector multiplets in D = 5 to
vector multiplets in D = 4. Starting with n — 1 physical vector multipletsin D = 5,
one ends up with n vector multiplets in D = 4 (2n real scalars) as schematically
shown in Table 5.2. The manifolds defined by coupling (real) scalars to vector
multiplets in 5 dimensions are called ‘very special real manifolds’. They are
determined by the symmetric tensor Cyjg in Sect. 3.3.2. The corresponding D = 4

Table 5.1 The ¢ map as

. . . D = 4 spins 2 1 0
dimensional reduction from
D =4 to D = 3 supergravity numbers 1 n+1 2n
D = 3 spins
2 1
0 2 2(n+1) 2n

The number of fields of various spins is indi-
cated
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Table 5.2 The r map

induced by dimensional
reduction from D =5 to numbers 1 n n-1
D = 4 supergravity

D =5 spins 2 1 0

D = 4 spins

2 1

1 1 n

0 1 n n-1

The number of fields of integer spins is
indicated

couplings will then also be determined by such a tensor, and one parameterization
is in terms of the prepotential (4.101). As already indicated there, the special Kéhler
manifolds that are in the image of this r map are then denoted as ‘very special
Kihler manifolds’ . Their further image under the cor map are then called ‘very
special quaternionic manifolds’.

The ¢ map has been studied in superspace in [56, 57] and the mathematical
structure has been clarified in terms of the so-called Swann bundle in [58]. An off-
shell extension has been found [59] in view of applications with higher derivatives.
It is then useful to formulate the hypermultiplets in the form of tensor multiplets
[60].

5.7.2 Homogeneous and Symmetric Spaces

Homogeneous and symmetric spaces are the most known manifolds. These are
spaces of the form G/H, where G is the isometry group and H is its isotropy
subgroup. The group G is not necessarily a semi-simple group, and thus not all the
homogeneous spaces have a clear name. The symmetric spaces are those for which
the algebra splits as g = h + k and all commutators [k, k] C h. The homogeneous
special manifolds are classified in [61].

It turns out that homogeneous special manifolds are in one-to-one correspon-
dence to realizations of real Clifford algebras with signature (¢ + 1, 1) for real,
(g + 2,2) for Kihler, and (¢ + 3, 3) for quaternionic manifolds. Thus, the spaces
are identified by giving the number ¢, which specifies the Clifford algebra, and by
specifying its representation. If g is not a multiple of 4, then these Clifford algebras
have only one irreducible representations, and we thus just have to mention the
multiplicity P of this representation. The spaces are denoted as L(g, P). If ¢ = 4m
then there are two inequivalent representations, chiral and antichiral, and the spaces
are denoted as L(g, P, P). The fact that the chiral and the antichiral representations
are conjugate implies L (4m, P, 15) = L(4m, P, P). A special case is ¢ = 0 for
which L(0, n) = L(n, 0). These manifolds are listed in Table 5.3. If we use n as the
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complex dimension of the special Kéhler space, the dimension of these manifolds is
(P =0if g # 4m)

dimg[very special real L(q, P, P)] =n — 1
n=3+q+ P+ P)DqH , dimg[special Kéhler L(g, P, P)] = 2n
dimg [quaternionic-Kihler L(g, P, P)] = 4(n + 1).
(5.168)

where D, is the dimension of the irreducible representation of the Clifford
algebrain g 4+ 1 dimensions with positive signature, i.e.

Dy1 =1 forg=-1,0, Dyr1=2forg=1, Dyy1 =4 forg=2,

Dyy1 =8forg=3,4, Dy =16forg=5678, Dyg=16D,.
(5.169)

The very special manifolds are defined by coefficients C; ;g . For the homogeneous
ones, we can write them as

2

Crox W' W% =3 {0t (1) = n (") = 1 (') + vy W 1 BT}

(5.170)

We decomposed the indices I = 1,...,nintol = 1,2, u,i,withpu=1,...,g+1
andi = 1,...,(P + P)Dq+1. Here, y,i; is the (¢ + 1,0) Clifford algebra
representation that we mentioned. Note that these models have predecessors in 6
dimensions, with ¢ + 1 tensor multiplets and (P + P)Dq+ 1 vector multiplets. The
gamma matrices are then the corresponding coupling constants between the vector
and tensor multiplets.

Considering further Table 5.3, we find in the quaternionic spaces the homoge-
neous ones that were found in [62], together with those that were discovered in [61]
(the ones with a = except for the series L(0, P, P ), which were already in [62], and
denoted there as W (P, P)). A new overview of the properties of these homogeneous
manifolds can be found in [63], where these (apart from the pure D = 4 and pure
D =5 theories) are also constructed as double copies of Yang—Mills theories.

Observe that the classification of homogeneous spaces exhibits that the quater-
nionic projective spaces have no predecessor in special geometry, and that the
complex projective spaces have no predecessor in very special real manifolds.
Similarly, only those with ¢ > —1 can be obtained from 6 dimensions. L(—1, 0)
corresponds to pure supergravity in 6 dimensions. In general, the scalars of the
tensor multiplets in D = 6 describe a SO(1, g 4+ 1)/SO(g + 1) manifold.

In the range ¢ > —1, some of these manifolds are in fact symmetric manifolds.
These are collected in Table 5.4. For the symmetric special Kéhler spaces, this
reproduces the classification obtained in [64]. A study of the full set of isometries
could be done systematically in these models. All this has been summarized in [65].
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Table 5.3 Homogeneous manifolds

5 Special Geometries

n real Kahler quaternionic

USp(2P+2,2)

L(-3, P) P TSp(2P+2)8SU(Q2)
U(1,2)

SGy SG Theu@

L(=2, P) I+P U(Iisfl-;]e;lljzl) SU(Pig;gsggg))@U(l)

SU(l, 1) G

SGs 1 SG o) SU(2)®ZSU(2)

L(-1,P) 2+P ST * *

L(4m, P, P) * * *

L(g, P) X(P, q) H(P,q) V(P, q)

In this table, ¢, P, P and m denote positive integers or zero, and g # 4m. SG denotes an empty
space, which corresponds to supergravity models without scalars. The horizontal lines separate
spaces of different rank. The first non-empty space in each column has rank 1. Going to the right
or down a line increases the rank by 1. The manifolds indicated by a % did not get a name. The
number 7 is the complex dimension of the Kihler space as in (5.168), which simplifies in many

cases

Table 5.4 Symmetric very special manifolds

L(~1,0)
L(~1, P)
L(0, P)
L, 1)
L2, 1)
L4, 1)

L@, 1)

n
2
2+ P
3+ P
6
9
15

27

Real

SO(1, 1)

SO(P+1,1)
SO(P+1)

SO(P+1,1)
SO, 1) ® “sopti)

SE(3,R)
SO(3)

S¢@3,0)
SU@3)

SU*(6)

USp(6)

E¢

Fy

Kihler Quaternionic
sun1? SO(3,4)
um (SU(2))?
SU(LD o SO(P+2,2) SO(P+4,4)
u(l) SO(P+2)®S0(2) SO(P+4)®S0(4)
Sp(6) Fy
U@d) USp(6)®SU(2)
SU@B,3) Eg
SUBR)®SUB)®U(1) SU6)®SU(2)
SO*(12) B
SU©G)®U(1) SO(12)®SU(2)
E; Eg
Ee¢®U(1) E7®SU(2)

Note that the very special real manifolds L(—1, P) are symmetric, but not their images under the
r map. The number r is the dimension as in Table 5.3
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Chapter 6 )
Final Results Chack for

Abstract The previous part of this book first considered conformal couplings,
and finally these were projected to a subspace after gauge choices. We saw how
then special and quaternionic-K#hler geometries emerge. In this chapter we obtain
the final action and transformation laws for N = 2, D = 4 (Sect.6.1) and
D = 5 (Sect.6.2) Poincaré supergravity coupled to ny vector multiplets and ny
hypermultiplets after elimination of auxiliary fields and in terms of the variables of
Poincaré supergravity. We end with final remarks indicating also future directions.

6.1 Final D = 4 Poincaré Supergravity Results

This chapter repeats all definitions and is readable by itself for what concerns the
final results. For the origin of the equations and more detailed explanations we refer
to the previous chapters. Here we will first collect the already obtained relevant
results for the bosonic sector, and then complete it for the fermionic sector. These
final results could also have been obtained in other ways. In particular a geometric
and rheonomic approach has been used in [1], where the complete results found in
this chapter have also been obtained.
We consider the theory with

* Supergravity including the frame field ¢j, the doublet gravitino I/J‘L = Pr I/J‘L
and the graviphoton. The description of the graviphoton is unified with the
description of the vector multiplets.

e n = ny vector multiplets with ny complex scalars z%, ny physical fermions,
described as x* = Prx; (and their right-handed components ') and ny
vectors. The unified description of these vectors and the graviphoton is in W/,

I =0,...,ny, with the field strengths FI{V
Fl, =20, W)+ fix' Wiwk. 6.1)

The gauge algebra has structure constants f;x!. We will say more about the
definition of the physical fermions in Sect.6.1.2. Here we concentrate on the
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description of the scalars. The latter are described as independent variables in a
holomorphic 2(ny + 1) component symplectic vector,

_ ZI(Z)>
v(z) = (T[(Z) . (6.2)

This symplectic vector satisfies constraints such that the independent physical

scalars are z* witha = 1, ..., ny. The constraint is expressed using a symplectic
inner product defined by (5.10):

(Vav, Vo) =2 (V[azl) (VaF1) =0, Vv = dv + K20, K0,

(6.3)
where the Kihler potential K is determined by
e KED = i, §) = —ik? (2'F, — F12') . (6.4)
This Kihler potential is related to the metric of the scalar manifold via:
. Kk2K -
8af = 30{337( =ie" " (Vqu, V/gv). (6.5)

We require this metric! to be positive definite in the physical domain of the
scalars z.

The geometric structure of the manifold is most visible in the fundamental
equation (5.34):

i<(\7 Vo V), (v;—/\7>> —G= (";2 gSg) , 6.6)

where we use the symplectic sections

— — XI K27(/2
V(z,2) = y(z, Dv(z) = <F1> , y=¢e . 6.7)

Demanding positive kinetic terms, the matrix G should be positive definite, and
thus the vector

(z'vaz') o (Z! v,Z') (6.8)

I There are further cohomological restrictions concerning the global structure of the metric, i.e. it
should be Kéhler manifolds of restricted type or ‘Hodge manifolds’, but these global restrictions
are not discussed here. See footnote 24 page 143.
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should be invertible (see proof in (5.37)). This then allows to define the kinetic
matrix for the vectors (see the action below in (6.15)):

Ni = (71 VaF1) (27 vaz’) " . (6.9)

The positivity properties of G imply that the imaginary part of Ny is negative
definite.
The ‘usual case’ is when the (ny + 1) x (ny + 1) matrix

(2" voz!) (6.10)

is invertible. This can always be obtained by symplectic transformations (but
one might sometimes prefer not to use such a symplectic basis). In this ‘usual
case’ the condition (5.46) implies the existence of a holomorphic function ¥ (Z),
homogeneous of second order in Z, such that

d

Fi1(z) = 971

F(Z(2)). (6.11)

In the basis where a prepotential 7 (Z) exists, (6.9) can be expressed as in (5.2)

- NiNNjg ZNZK
Nij(z,2) =F i ,
17(z,2) 1+ Ny ZLZM

Npy=2ImFr;=—iFr+iFy, Frj = 0710;F , (6.12)

where 9; are derivatives w.r.t. Z!. Due to the homogeneity of F(X), we have
F17 = F;j, where the latter is the second derivative of F(X) w.r.t. X'.

¢ npg hypermultiplets with scalars g%, u = 1, ..., 4ny and spinors ;A = PLg“A
(their right components are ¢ ;) with A, A = 1,...,2ny. We introduced the
fermions already in (4.138) and give more details in Sect.6.1.2. The scalar
manifold has a quaternionic-Kéhler property, which has also been obtained from
a projection in (4.153). The main ingredients are the metric h,,, the triplet of
hypercomplex structures J,” and a triplet connection w,(g). They are related
by (4.143), which extends the Levi-Civita covariant derivatives V,,, defined from

the metric 4, to covariant derivatives %M that preserve the complex structures:
Vudi’ = Vol + 20, x J,° =0. (6.13)

The interactions are determined by the frame fields, f 1A invertible as 4ng x
4n p matrices, which satisfy a covariant constancy condition that contains also a
USp(2n ) connection wy 48

Vo = 0 f12% 4 2w + f1B w0 —TY f14, =0. (6.14)
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Table 6.1 Multiplets and fields of the super-Poincaré theories for D = 4

field spin  |pure SG vector mult. hypermult. |indices
eﬁ 2 1 wa=0,...,3
i 3 2 i=1,2
WJ 1 1 ny I=O,...,nv
XL, oA z 2ny 2ny A=1,....2ny
z%, q" 0 2ny dngy a=1,...,ny;u=1,...,4nyg

Notice that the connection w,, is written here as a traceless anti-hermitian w,;”’.
We often switch between one and the other notation using (A.19). There are also
reality conditions on these objects, for which we refer to (4.142).

Summarizing, Table 6.1 gives the physical fields in the Poincaré theory, multi-
plets in Poincaré language and the corresponding range of indices.

6.1.1 The Bosonic Action

We start by summarizing the results for the bosonic sector. The bosonic action is
¢ Loos = SR — g0 292 — Lhudug B — V(o 3
bos = K 8aponi 072 2Muvopuq 0"q (z,z,9)
+,Am N ) FL FT — S(Re Npj)e™ e Fl F)

+3Cr ke e WIWS (9,WE + 3 fuXWEWH) . (6.15)

The first line starts with the Einstein—Hilbert term, which is the kinetic term for
the graviton. It has been normalized to this form by our choice of dilatational
gauge (4.55). Then appear the kinetic terms for the scalars related to the geometric
structure. The main feature visible in these kinetic terms is that the scalar field space
is divided in a special Kihler manifold, parametrized by {z%, z%} (and was obtained
in (5.1)) and a quaternionic-Kéhler manifold parametrized by {g"}, with a metric
obtained in (4.152). The hats on the kinetic terms are related to the gauging, see
Sect.6.1.1.1. The potential V (z, z, g) will be discussed in Sect. 6.1.1.2, since it is
determined by this gauging. The second line contains the kinetic terms of the vectors
using the matrix (6.9) or (6.12). The last line contains a Chern—Simons term that is
also related to the embedding of the gauge group in the symplectic group.

6.1.1.1 The Gauging

The scalars have covariant kinetic terms for possible gaugings by the gauge vectors
Wl with I =0,...,n:
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0z = 8,2% — W kg%, 0" = 0ug" — W k", (6.16)

First note that in these covariant derivatives the U(1), respectively SU(2), connec-
tions are absent, since the physical scalars z% do not transform under the U(1)
transformation and ¢“ do not transform under the SU(2) (see (4.130)).

The covariant derivatives are covariant for the gauge transformations, which are
for the bosons:

5 OW!L =8,60" —0” frc' WK,
8(0)z" = 0'ks*
56(0)q" = 0"ks" . (6.17)
The Killing vectors k7% (z) and k" (g) separately satisfy the algebra with structure
constants fyx!. They are projections of the Killing vectors of the embedding
manifolds, see (5.114) and (4.155). They, respectively, preserve the complex and

quaternionic structures, which can be seen in that they can be related to a real
moment map PIO and triplet real moment map P;, see (5.78) and (4.156):

8ogk] =ida Py
huoky == 13, - VP . (6.18)
The gauge transformations do not necessarily leave the Kihler potential invariant
86OVK(2.2) =0" (r1(2) +71(2) . r1(x) =kjo, K +iP]. (6.19)

Supersymmetry implies that the gauge transformations of the scalars are related to
those of the vectors, and thus related to the structure constants.

This can best be seen in the symplectic formulation, where the vectors V
transform in the conformal setting with a matrix

J
T, = ( ik 0 ) , (6.20)

2C1 x —f1s%

where C; jk are real coefficients, symmetric in the last two indices and
7177 7% jx = 0. They appear in the last line of (6.15).
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Following Sect.5.4.2 the gauge transformations in the Poincaré frame and the
covariant transformations are of the form

8&OW(R) =01 (=Tr —k*rpv(z),  SO)() = 0! (=Tr — k> PY)v(z) .
6.21)

The moment map can be written as a symplectic inner product
P =M (Tpu(2), 52) = —e K ((2). TI5@)) . (6.22)

Other ways to write PI0 are given in (4.52).

On the quaternionic side, the moment maps P; are defined from the Killing
vectors in (4.156). We use here 4, to raise and lower indices, and thus the main
equations are

guPI = 8uPI + 2(J"u X P1 = Juvklv s
ki"Juok ' +k* Py x Py = f1,5Pk . (6.23)

As we discussed around (4.160), the solution for P; is unique when ng # 0, and
for ng = 0 there are two types of FI terms possible: for SU(2) and for U (1) factors.
From the derivatives of the quaternionic Killing vectors, one can define matrices

ta® =3 fUiaVoki fB, (6.24)
which satisfy the gauge algebra and are relevant for the gauge transformation of the
fermions of the hypermultiplets.
6.1.1.2 The Potential
The remaining bosonic part of the action (6.15) is the scalar potential. It originates
in the conformal setting from the third line in (4.59). We can use the bosonic part of
the field equations for Y (4.54) to obtain

V=N"P P+ N PPPY 4+ 2X X ks ¥ ks gxy - (6.25)
We rewrite this now in the Poincaré frame. For the first two terms we use (5.66)
and (4.53). For the last term, we use the decomposition of the metric (4.134) and

Killing vector (4.155) with the conditions (4.147), (4.157), (4.136):

ki*ks Y gxy = ki"ky huy — k*Pp Py (6.26)
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We obtain

V= —43Xx %P Py — Lam a1 [P, P+ P})P})] 2% X ke .
(6.27)

Since Im N is negative definite, only the first term gives a negative contribution
to the potential. If there are no physical hypermultiplets (n g = 0), this term can still
be there for constant vectors P;, which are then the ‘Fayet-Iliopoulos terms’.

Since the potential is important for applications, it is worthwhile to give
alternative expressions. Therefore, let us first introduce [1-3]

U = ¢ x'vxY = — ) (amay) 1 - 2xT 7 (6.28)
and using (4.53), we can write
V=-32X'X'P; - P; + U P, - Py + PP PY) + 2h, KikS X X7 (6.29)

Only the first term is negative. After we have discussed the supersymmetry
transformations, see (6.88), we will understand the three terms in this expression
as squares of supersymmetry transformations of, respectively, the gravitino, the
gauginos (split in the SU(2) triplet and SU(2) singlet part) and the hyperinos. The
fact that the scalar potential can be written in such a way is a general feature in
supergravity (see, e.g., [4]).

Finally, let us still give alternative expressions for the part

Vi = U POPY = g*P X1V X7 POPY = g, 5k1%ks" (6.30)

where for the last expression we used (5.115). Another way uses (5.105) on the last
expression (remember that for gauged symmetries £ 5 is PIO), leading to

Vi =iX'X'(1;v, T; V). (6.31)

Using the explicit form of the matrices in (5.108) we get
Vi =—ix!'x’ fr, X x* (fLKMFM + 2CL,KMXM) +h.c. (6.32)
Exercise 6.1 As a simple example, consider the special Kihler manifold that we
have discussed in example 4.1, which has n = 1, i.e. 2 vectors. The algebra should
be abelian to leave F invariant. We consider no physical hypermultiplet, i.e. in the

superconformal setup there is just a trivial one that is needed for compensation. Then
the potential can only originate in the gauging of the compensating hypermultiplet,
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which is equivalent to having constant moment maps P;. In the equivariance
condition, second of (6.23), only the second term survives, which says that Py and
P, should point in the same direction in SU(2) space. Hence as in (4.163) we take

P; =¢&je, e-e=1. (6.33)

To calculate the potential we first obtain U7, which can most easily be determined
using V, Z!. This gives, using (4.105),

L
v.z! =82 + k2219, = s (i) . vx! =Ky 71
— IZ
2K 1 Z_ 2 -2
e = _, g =k"(1 —z2)*,
1—2zz
2 - _
B} 1
vl = <ZZ Z) . XIx/ = i (1 Z_) . (6.34)
1—zz\z 1 1—zz \z2zz

Thus the potential, originating from the first two terms of (6.29) leads to

2
v DB —2mn e D +Ea -3 (6.35)
Before the gauging the model has an SU(1, 1) rigid symmetry. The properties of
the potential depend on the SU(1, 1)-invariant ég — 512. There are thus 3 relevant
cases, whether this invariant is positive, negative or zero [5]. In each case, we can
take a standard choice by reparametrization, and we find, respectively, the following
extrema

e Take &y = & and & = 0. There is an extremum at z = 0 with negative V (z = 0),
i.e. anti-de Sitter. £, U!7 &, which is the contribution from the supersymmetry of
the gaugini, vanishes. Therefore this vacuum preserves supersymmetry.

e £y = &). In this case there is no extremum in the positivity domain |z| < 1.

e £ = 0and & = &. There is an extremum with positive V, i.e. de Sitter, with
non-vanishing £; U’/ £, i.e. (spontaneously) broken supersymmetry.

Note that in the first case we can omit the scalars, and this case thus occurs in pure
N = 2 supergravity with possible gauging leading to the anti-de Sitter N' = 2
supergravity. (]

6.1.2 Physical Fermions

In the bosonic sector we have defined appropriate coordinates for implementing the
conditions (4.56). We saw in the vector multiplet sector that it was often useful
to use the invertible matrix (6.8) to split equations between the compensating part
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and physical part, as is most clear from (6.6). For usual symplectic bases where a
prepotential is defined, we can simplify it to (6.10). We will use such a basis in
this part, since the tensor calculus on which we base ourselves is developed in this
setting.? For the hypermultiplets we defined an appropriate basis (4.130) where the
first quaternion {¢°, ¢”} is put to a constant using the conformal gauge conditions,
and the physical fields are g“.

Similarly, we will now split the fermions in the parts that are put equal to zero
by (4.58) and the physical fermions of the matter-coupled Poincaré supergravity
theory.
6.1.2.1 Fermions of the N = 2 Vector Multiplets

For the fermions of the conformal vector multiplet we consider the following
splitting in 1 + n doublets:

QZI =X,'0X1 —l—)(f‘VaXI, QI =y O0xT 4 yiavxT . (6.36)
Since the first condition in (4.56) leads to (5.70), the first of (4.58) imposes
W=0, - Q =xVx". (6.37)
The inverse can be obtained using (5.70) or (5.65):
X =gV RINL Q] = 26 VX Im Ny, Q) (6.38)
Thus x* will be the n physical spin 1/2 fields, and their conjugates are defined as
Qi = yioy, x!. (6.39)
In the conformal setting the transformations of X/ are
sx' =1l + (o +irr) X +65kk ! (6.40)
If we use (6.37) and (5.114) for the gauged isometries, we can write this as
5X' = L& 3@V X' + (p +inr) X! + 0K (kK“VaXI n 1K2P,3X’> . (641)
In the Poincaré theory, only supersymmetry and the gauge symmetry survive, and

the other parameters Ap and A7 become functions of € and 6% by the decomposition
laws.

2For a more general formulations where the fermions are also in a symplectic vectors, see [6].
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On the other hand, after these gauge transformations X !'is only function of z*
and z%, and thus these transformations should also be obtainable as

SUXT =520, X! + 67995 X!
=52 (Vo = 320,5) X' + 267705 KX (6.42)

where we used (4.125) and the definition of the covariant derivatives in that section.
Identifying this with (6.41) we find

8(e,0)z% =§Eixf‘ + 0%k,

A (e, 0) =0, Ar(€,0) = Jik? (8270, K — 87%05K) — k20K PR . (6.43)
Thus our parametrization (6.36) is convenient for defining the physical fermions
x;* as supersymmetry partners of the z%.

On the other hand, when we use covariant transformations (4.127), the U(1)
compensation is much simpler. Indeed, the covariant transformation is

Sx! =v,x! sz, (6.44)
which is then identified with (6.41) by the same z* transformation and
Ap(€,0) =0,  Ar(e,0) = —«*0%XPY . (6.45)
One can also check that the difference between (6.44) and (6.42) is in agreement
with (4.128).
6.1.2.2 Fermions of the N' = 2 Hypermultiplets
For the hypermultiplet we use the coordinates introduced in Sect. 4.6:
=1 M. (6.46)
In these coordinates the second part of (4.58) with (4.141) reduces to
t'=0, (6.47)

and the physical fermions are ¢A. The reduction of (4.64), including (6.17), is

8g" = —ie'cA fUia +ie pABE L f i + 0Tk " (6.48)
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The Poincaré supersymmetry transformations have a contribution from the SU(2)
symmetry as in (4.168):

AMe, 0) = —w,8q" — Lk?0'P; . (6.49)

One may notice the similarity with (6.43). However, with the coordinate

choice (4.131), these transformations (3.69) do not act on the physical scalars
u

q".

For objects that transform under the SU(2), we can define covariant transforma-
tions that contain the geometric part of the gauge field (4.149), which then, similarly
to the case for the T-transformations above, reduces the remaining compensation of
SU(2) transformations to a gauge transformation:

Ae, 0) = —)k%0'Py, (6.50)

similar to (6.45).

6.1.3 The Fermionic Part of the Poincaré Action

All this allows us to obtain the action for the physical fields. In the language of
conformal fields, this action was given in (4.59). The first four lines gave rise to the
bosonic action (6.15), and the gravitino kinetic term

Lkin,gravitino = _elzfi,u)/lw'oDv 1/’;; s
Dp,llfvi = (3;1, + ia)p,ab(e)yah + élﬂu) Yvi + (V,uijllfvja . (6.51)

Here and below appear the (bosonic part of the) effective U(1) and SU(2) composite
gauge fields:

A =12 | I0D.2" — a500,2% | - W] P
=102 — @60, | + LiW] = 7).

Vi == uduq" — x> WPy
= — @uduq" + 3 Wrr, (6.52)

where w,,, which is in the conformal variables — %szu, is in the Poincaré variables
the connection defined by (6.13).
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Moreover these first four lines of (4.59) contain auxiliary fields, whose expres-
sions in the conformal terminology have been given in (4.54) and (4.61) and contain
also fermionic terms.

To translate to Poincaré language, it is first useful to use the expression of D, X!
obtained in (5.116)

D, X" =v,x19,z*, (6.53)

with 5Mz°‘ defined in (6.16). It is then convenient to repeatedly use (5.70), which
then e.g. shows that the first term on the fifth line of (4.59) vanishes. For the second
term, we note that the bosonic part of (4.48) is DMqX kx, which thus vanishes when
we use field equations.

The sixth line of (4.59) contains the kinetic terms of the gauginos and hyperinos.
We obtain for the covariant derivatives of the gauginos

D@ =(Duxt)VaX" + %k 85X 8477 . (6.54)
B”X;x = <3ﬂ + iw”ah(E))’ab + %iﬂ”) )(l-a + (V,u'j)(f — Wlixiﬁv,gk[a
+T%, X 0u2” . (6.55)

Let us take some time to explain this in more detail, since this is also relevant
to understand the gauge transformations of the x/ in Sect.6.1.5. The covariant
derivative that is used here is given in (4.60). Then (6.37) should be used. The
chiral weight of €/ is 1/2. The chiral weight of V4 X/ is the same of that of X/,
i.e. +1. Thus the chiral weight of x is —1/2. We will have to care then also for the

difference between the term — éiﬂMQ"I in D,LQI.I and the one included in the term
with Dy x, i.e. this remaining term is

(D = Dux) Vo X! = .. —iA IV X" (6.56)
For the geometric part, we write

D] =Dy (x7VaX") = (D) Vo X" + 4 VpVa X' 8,27 + 5 VgVa X' 9,2,
(6.57)

and with (5.76) this leads to (6.54) (and the covariant derivative 6,3 Vo X! takes
into account (6.56) for what concerns the non-gauge part). The remaining question
concerns the gauge part: how it reduces to the Wli terms mentioned in (6.55). For

that, we see that the explicit Wli terms in (4.60) lead to the terms

D@l = ...+ xVa Wi X5 frx"). (6.58)

1
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Note that W,{ appears here inside the bracket in order that the covariantization
is respected. In this equation we then also treat the index J as holomorphic.
The interpretation is similar to the discussion after (3.46): we treat the W,{ as

independent of the z%, but then /750[ Wl{ = FIJ( LW;% 9, XX . Then we insert (5.114)
and obtain

Dl =... = xVa(W] k")

1
= = xIVa (W] kP VX" — i xfVa (W) PHX" = xF W, PIVe X,
(6.59)

using once more (5.76). Note that in the last line we removed the hats on the
covariant derivatives either because the J index is anyway contracted or the fact that
Vo X! = V, X!, This then allows to extract the W,/ out of the covariant derivative.
In the last term we use that the gauge part of A, is —K2Wl{ Pﬁ) and this term thus
cancels the gauge part in (6.56). The second term can be identified with the gauge
term included in éﬂzﬁ in (6.54) using (5.78). This finally leaves the explicit Wli
term in (6.55).

Using (5.70), the parts proportional to X/ in D\MQZI do not contribute to the
kinetic terms, which reduce to

€_1£kin,matterferm = - iga,g)?f‘ll)xiﬁ — EADdeAB + h.c., (6.60)

where our task at the hypermultiplets side was simple since the gauge choices just
restrict 7 to 4. The covariant derivative is

b'ué.A = (aM + iwuab(e)yab + élﬂﬂ) {A _ W,litlBA{B + auquwuBAé‘B ,
(6.61)

where w, 3 appears in (6.14). Note that since we now are restricted to the physical
fermions we could replace d®'g by 67z, thus reducing also {7 to 4. We will keep
here the covariant way of writing.

For the terms bilinear in fermions and derivatives of bosons, which are Noether
terms (seventh line), we use (6.53) for the gaugino part, and for the hyperini the
restriction of 7 to ¢4 implies that we can use

Dug™ fx = Dug" £ =g f . 0" = 8ug" — WKY . (6.62)
Therefore, these Noether terms are

¢ L Noether = Vip [égag(az“)y“xiﬁ + i(ﬁq”)y“fiAuiA] +hec. (6.63)
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For the coupling of the gauge field strengths to the fermions, we first have to take
into account that the graviphoton field strength (last line of (4.54)) contains also a
fermionic part, which is thus included in the 77T term in the second line of (4.59).
We can rewrite the expression for 7, using the special geometry relations (5.69)
and (5.54) as follows:

Toy = =2 I N1 X7 [4F 5 + 1 Capy 87 Vs X! 30 vapx ] e

a

+27 X E4 0 Cas | (6.64)

The square of this expression contains 2-fermion terms, which combine with the
terms on the eighth line in (4.59) to the so called ‘Pauli terms’>

e Logui = F,/ ImN7; 0~ 4 hec,,
0= = v X! (égﬂézcﬂyaiiyyahx?gij + X&iya]/fbjgij)
+ X7 (ewhel + 12y e BCap) (6.65)

Notice that the above expression contains the coupling between fermions and gauge
field strengths. The precise form of this term is governed by symplectic geometry.
In particular, by similarity with (5.38) we can identify

Qabf.l )
(NIJQab_J ’ (6.60)

as a symplectic vector [7]. The Pauli term is then i/2 times the symplectic inner
product of this with the symplectic vector of F a_bl and G, ; defined in Sect. 5.2.1.
The ninth line in (4.59) are Goldstino terms:
e Lyolastino = —(¥i - yv' +h.c), vl = 3 Welx§ + 2N agt,
Wo'l = (167 PP = /') VaX! = —e'l g gkt P X" — PV, X,
Ny =iX"k;" f1B,Cpa, (6.67)
where we used (4.52).

The remaining terms in (4.59) are in the last two lines, and fermionic terms
originating from the auxiliary field term —N;,;Y! - Y/, using the expression

3In the expression of Q?’~/ we did not explicitly write that one should take the anti-self-dual
combination in [ab] since anyway this is multiplied by an anti-self-dual field strength in the Pauli
terms.
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in (4.54). The latter we can write using (5.66) and (5.55) as

Yj=—N"Py [X?Xfcaﬂyngfil +Xi5‘Xj’SC&B;7gV?VVX1] '
(6.68)

These are thus fermion mass terms, which we can parametrize as

L =, Sijvl " v — %mijaﬁ)_(,q)(f —ml 4% ¢t — Imapl?c® +hee.

(6.69)
All these expressions are determined by the gauging. We obtain
Sij = Prij X',
mijaﬂ = éPIijCalgygySVgXI + SijVaXIkI?gﬁy R
miy = 2ike;; f14,VaX!
ml, = —2ikY¥ f'8,CpaVa X",
MAB =—4X1t[AB. (6.70)
For the x x mass term we used (5.114).
6.1.4 Total Action
We have rewritten the action in Poincaré variables. The result is
L =Loos (6.15)
+ L kin,gravitino (6-5 1)
+ L kin, matter ferm (6.60)
+ L Noether (6.63)
+ L Pauli (665)
+L goldstino (6-67)
+ Ly (6.69)
+ 4-fermion terms, (6.71)

where we indicate where these parts can be found.
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6.1.5 Supersymmetry and Gauge Transformations

We still have to obtain the transformation rules under which this action is invariant.
After all the gauge choices, the remaining local symmetries are (apart from the
obvious general coordinate transformations and Lorentz symmetry): supersymmetry
and the gauge transformations parametrized by 6/ .

In Sect. 6.1.2 we already obtained the transformations of the scalar fields in the
Poincaré theory*:

(e, )z =1& x + 0%k,
5(e.0)q" = — & ¢ fUia + 16" pBE 5 f" i 4+ 07k (6.72)

The other bosonic physical fields are the gravitons and the gauge fields W/, for
which we can immediately obtain from (4.64) and (4.65)

8(e, ey =3y “Yui +hc.,

8(e, OW, ' =36 &yuxIVa X + Vv X +he. + 0,07 +60" WS fi,’ .
(6.73)

We can read off the gauge transformations of the fermions from their covariant
derivatives (6.55) and (6.61). We explained the derivation there in full. The
explanation of the gauge transformations is identical by replacing W,ﬁ by 67. In
that derivation it was clear that the covariant transformations are a useful tool. The
contributions of (6.45) and (6.50) are identical to the Wli parts in the expressions
of the auxiliary fields A, and V,, in (6.52). Thus we get

5O =0" x gk, + L0 (1P1 x“ +P,»fx;?‘),
501" =0"t52 ¢ B + Lic?oTiPY e (6.74)

Due to the compensating U(1) and SU(2) transformations, also the gravitino
transforms under the gauge transformations. The covariant transformation is

SO, = — 1k’ (iP,OwL + ijw,i) . (6.75)

For the supersymmetry transformations of the fermions we need the values of
the auxiliary fields, which we rewrite here in the conformal context. We obtain

4All the transformations in this section are the Poincaré transformations, indicated at some places
in this book with [J. We will use this indication only at the end of this section when we make the
connection with the superconformal theory.
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from (4.61)
AL = — g2 g s X Pyuxf + 3yl Bd?
Vi =528 X P yuxTi . (6.76)

These appear in the covariant derivatives. The linear part of D, X’ in (3.19) was
simplified in (5.116), and we obtain the full result:

DX =V X18,2% — 1AL X" — Lyl Ql

=Vo X! (327 = 30l ) + 22X (= Lgup 2P v + Eaviuc i) .

(6.77)
The covariant derivative of the hyperscalars in (3.102) are
@ﬂAiA zfiAuDMqu ’
Dyug" =0,q" + il — iy L5 67 pBA (6.78)

With (6.76) we can also rewrite the contribution of S-supersymmetry from (4.68)
as

k') = =) X Prej + vl g s X Praxt + v el e;C B ryanty
+Va6i [116ga5)?73/axj’3 + iZ‘AVaé‘BdAB] . (6.79)

The value of the auxiliary field 7,;, was already given in (6.64). It appears in the
transformation of the gravitino and is therefore called the graviphoton field strength.
Its bosonic part can also be written as

Topluos = —4X I Ny Fp! = <2 (X6, — FiFS). (6:80)

where G, was defined in (5.5). The graviphoton is thus a scalar-field dependent
combination of the field strengths of the (ny + 1) gauge fields. The last expression
in (6.80) is symplectic invariant and can thus also be used in the absence of a
prepotential.

Note that this graviphoton field strength is the ‘projection’ of Im N ; F, a_bJ on X',
The gaugino field strengths are the projection of these quantities on Vg X’

G, =g"PVsX " ImNi F' (6.81)

We are ready to give the supersymmetry transformations of the fermions. The
most relevant part for applications is the bosonic part in the transformations,
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and we will here restrict to these. For the full transformations, again covariant
transformations would be helpful. But the difference between the two is quadratic
in fermions.

For the gravitino, we obtain from (4.64)

8(6)1/’12 = (au + zltwuabyah - ;iﬂu> e — (Vujiej - 116VahTa775ijVu€j
+ %szMSijej +..., (6.82)

where . .. refers to terms of higher order in the fermions; A, (V,/' jand T , are
found in (6.52) and (6.80). In (6.79) only the first term is bosonic, and is proportional
to the triplet S/ defined as mass matrix of the gravitini in (6.70).

For the gauginos, we insert the transformation (4.64) in (6.38) and obtain

SEOXf = 8" PVaX N1y [ DX + |y Fup’ sijed + Yij '€l
“FXK)_(LfKLJS,‘jGj + 2XJI7,':| +...
= azaei — %G;bayabsijéj + gaﬂéjWEjl- + ... (6.83)
The n term does not contribute here due to one of the expressions in (5.70). In fact,
the part of QZI that transforms under ; is the orthogonal one to x*, which has been

gauge-fixed to zero. The first term follows directly from the bosonic part of (6.77).
For the second term, one uses that (6.81) can also be written as

Gt =— %g“ﬁ VB)_(I NyyF,, + fermionic terms, (6.84)

which follows from the definition (3.16), the expression for 7~ in (6.80) and the
difference between the two formulas in (5.66). For the following terms we use
(6.68) and (4.52), and these combine in the expression W 5 ;;, the complex conjugate
of the expression in (6.67)

Waij = (—is,'jPIO — P[,'j) V&)_(I = —Sijgﬂ&k[ﬂ)_(l — PI,-/-V&)_(’ . (6.85)
For the hyperini, we project from (4.64), use (6.78) and the S-supersymmetry
again does not contribute due to (4.141) (again because the physical fermions have

been chosen like this). Also (4.139) implies that only one term contributes from the
Killing vectors (the index X reduces to #) and thus we get

)¢t =Lif A ilg e +iX kX fidxejel + Nite +.. (6.86)
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with again the complex conjugate of the expressions in (6.67) (using (4.142))
NA = (N 4)* = —iegjd 78 k"X (6.87)

Let us introduce the name ‘fermion shifts’ [8, 4] for the scalar, non-derivative
parts of the supersymmetry transformations of the fermions. Thus these are the
last terms in (6.82), (6.83) and (6.86). The fact that these matrices appear in the
mass terms of the gravitino (6.69) and in the Goldstino (6.67) is a general fact,
or Ward equation of all supergravities.> They also lead to another interpretation of
the potential. A general formula in supergravity says that the square of the fermion
shifts, using the kinetic matrix of the fermions, obeys

Sle - _ 3K25iijk + WaikgaEWBjk +4N1A(d71)ABN]B ,

2V =~ 3k25% Syt + W g P W5 +ANT 4@ DA GNE L (6.88)

To prove this explicitly for the non-diagonal part, one needs the equivariance
relation (4.159). For the diagonal part, inserting the definitions and e.g. (A.22) one
re-obtains the form of the potential as in (6.29).

6.1.5.1 Relation Between Symmetries

A few final remarks are in order for the relation between the supersymmetry and
gauge transformations. Let us first summarize how the symmetries of the Poincaré
theory are related to those of the conformal theory (decomposition law):

5e, 0] =dglel + 8601 + ds[n(e)] + dr[Ar (e, 0)] + dsu)[A(e, 0)]
+ 8[([)»%(0, e, n]. (6.89)

At the right-hand side of this equation are the superconformal transformations. In
the third term appears (6.79). For the T and SU(2) transformations, the parameters
are given by (6.43) and (6.49). When using covariant transformations, they can be
reduced to (6.45) and (6.50). The final term uses (4.5), in which we can now put
Ap = 0. This last term is not often important since none of the independent fields
transforms under K -symmetry.

The commutators between symmetries in the Poincaré theories are then obtained
from the conformal commutators (3.18), (2.9), (2.10) combined by (6.89). We

5This can be proven by looking just at the variation of the action linear in matter fermions and with
one spacetime derivative.
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obtain (omitting terms of higher order in fermions)

(85 (en), 87 e2)] = b (85 (e1, €2)) + 01 (A5 (€1, €0)) + 8 (6] e1.e))
£ = ey +he.,
Agh(el, €)= }‘Ell (T+ab€,'j + K2le/“bP1 ,'j) Gg +hec.,
601 (e1, €2) = eVéye1; X! +hec., (6.90)

and

[66(0). 65(©)] = 8¢ [e3(e.0)] .

ei(e,0) = L%’ (iP}’e" 4 P,/) el (6.91)

For example, the second term in )\‘3‘17 (€1, €2) originates from the [Q, S] conformal
commutator where the bosonic part of the parameter (6.79) is used.

One can also see that the appearance of the last term in (6.90) is consistent
with the transformation of the gauge vectors proportional to the gravitino in
(6.73) following general rules as in (2.3). Similarly, the gauge transformation
of the gravitino (6.75) or its supersymmetry transformation proportional to Wli
included in (6.82) implies that these gauge transformations do not commute with
the supersymmetry and also lead to (6.91). This non-vanishing is the contribution of
gauge transformations to R-symmetry and is an interpretation of the moment maps.

The result (6.90) is important for interpreting solutions of the field equations. For
example, for solutions with non-vanishing value of X/ and a gauged isometry group
or non-vanishing value of 7¢% (charged black hole solutions), this implies that there
is a central charge in the preserved algebra.

6.2 Final Results for D = 5 Poincaré Supergravity

As in the previous chapter for D = 4, we will collect here the main results of D = 5
for general couplings with vector multiplets and hypermultiplets, though we will be
much shorter since the results in our conventions have been collected in [9], for a
large part based on previous work, e.g. [10-12]. Actually, in giving these results, we
will extend the vector multiplets, which we discussed in Chaps. 3 and 4, to vector-
tensor multiplets, where the vector multiplets are off-shell, but the tensor multiplets
are on-shell.
We consider the theory with

* Supergravity, including the frame field e}, and gravitino w/ir The graviphoton is
included in the vector multiplets.
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* Vector-tensor multiplets enumerated by I = 0,...,ny + nt where ny is the
number of vector multiplets and n7 is the number of tensor multiplets. The index
isfurthersplitasf: (I,M),wherel =0,...,nyand M =ny +1,...,ny +
nt. The vector or tensor fields are grouped in

HE, = (FL Bl ). Fl =200 W+ fox Wi wWE, (6.92)

where E,% are the fundamental tensor fields and W,ﬁ are the fundamental vector

fields, gauging an algebra with structure constants f;x’. The fermions of these
multiplets are denoted as A*" and the real scalars as ¢* wherex =1,...,ny +
nrt. In Sect.3.3.2, we constructed actions for the vector multiplets based on a
symmetric constant tensor Cy jg . For vector-tensor multiplets this is extended to
a tensor Cjjg. In order to get a standard normalization, we rescale the C5 5z

symbol and the vector multiplet scalars ol (generalizations of the o/ introduced
in Sect. 3.2.1) as follows:

T3 7 _ 2k?
o' = 2K2h, Cijg=-—2 3 Cijg- (6.93)

Furthermore, for the tensor multiplets we need an antisymmetric and invertible
metric Q5 and the structure constants f 7K are extended to transformation

: K
matrices ¢, 7~ related by

3 -
Cuik = \/8K2f(7E)PQPM, tI[MPQN]P =0, t,(jMCEZ)M =0,
- - K (1), N
g =0, @i = (f’é ((t,l));N> (6.94)

Note that this implies that at least one index of a non-zero Cjjg should
correspond to a vector multiplet. The above-mentioned physical scalars ¢* are
a parametrization of the manifold defined as solution of the constraint (4.170),
which is now written as

Crigh' @h’ @h" (@) = 1. (6.95)
 npy hypermultiplets with scalars ¢* and spinors {4, where u = 1, ..., 4ny and
A = 1,...,2ny. Their interactions are determined by the frame fields, f'4,,

invertible as 4n gy x 4n gy matrices, identical to what we saw for D = 4.



226 6 Final Results

Table 6.2 Multiplets and fields of the super-Poincaré theories for D = 5

field pure SG vector/tensor mult. hypermult. |indices

eZ 1 na=0,...,4

" 2 i=1,2

WI 1 ny I=0,...,nv

EW nr Mznv+1,...,nv+n7=n,
I1=0,...,ny+nr=n

ax, A 2n 2ny A=1,....2ny

o~ g n dny x=1...,nu=1,...,4ng

This leads to the independent physical fields in Table 6.2.

As mentioned, the full results are in [9].° We repeat the main results. The bosonic
action is

¢ Loos =, R~ YaprHI HTW — L. D, ¢*DigY — L g, Dyug" Dig? — v
+ lége‘le“”p‘”ﬂmﬁ,ﬁ (B2, +2g1, Wi FL. + 112V W) BL,)
i Gy [l
+1r6! WEWS (=3 ES + \y fu K wiwE)]

— ée_ISMMPUQMNt[KMl‘FGNWéWfo( VFK + ! fHLKWHWL> .

250 T 10 o Vo
(6.96)
The metrics for the vectors and the vector—scalars are defined by
ary = —ZCNhoI? + 3hihy, h;EC;jghNhE =a1~J~hJ~,
gy =hlhayz,  hl= —/ 2i28xh7(¢)' (6.97)

Many useful relations are given in Appendix C of [9].

The domain of the variables should be limited to i’ (¢) # 0 and the metrics ay ;
and gy, should be positive definite. Similar to (5.70) for D = 4, one can block-
diagonalize the metric ay; in a singlet corresponding to the compensating multiplet,
and the part corresponding to the physical scalars:

1
(Z,) ary (hf h;) = ((1) go ) . (6.98)
X Xy

OA few changes of notation are mentioned in (C.3).
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The metric for the hyperscalars is the same as discussed for D = 4 in Sect. 6.1.1
with curvature as in (5.167).

All other quantities in (6.96) are related to gauged symmetries. The gauge
symmetry transformations (with parameters 8') of the bosons are

SgWh =0,0" —67 fix' WK, 8cBM =071,z HE,

sch'(¢p) = —071,5"n"
X 1 x x_l 3 ,J? J X
Sg¢t = 0"k, ki = 2tIJ h'hg,
scq" = 0"k, (6.99)

where k" should be isometries of the quaternionic-Kihler metric 4,,, whose
commutators are determined by the structure constants f7;X:

2k ok = fro¥kx" . (6.100)

These transformations determine immediately the covariant derivatives in this
bosonic truncation:

D¢ = 0,9" — Wlki*,  Dug" = 0.q" — Wlk". (6.101)

The gauge transformations are also in one-to-one relation with triplet moment maps.
For example, the moment map is obtained from the Killing vectors in (4.160),
derived in the treatment of D = 4 and also valid here. The potential V will appear
below in (6.104) after discussing the supersymmetry transformations.

The N' = 2 supersymmetry rules of the fermionic fields, up to bilinears in the
fermions, are given by’

SV, = Dy (@) + [xh;H’”ﬂ (Vuvp — 48uvvo) € + 2/<—1Pj"yﬂe/] ,

i
46

Dy(w)e = (aﬂ + }‘w,ﬁ”yah) € +0uq wyj'e! + JKPW Pyilel
S(e)ar = —;iﬁqﬁxei + }1)/ . HINh’Iiei +K’2ijiej + élc’szei,

8¢ = diytDug" fue — kI NHe. (6.102)

7Remember that indices are lowered with the symplectic metrics &; j and Cpp using the NW-SE
convention as in (A.15), while the index x is lowered with g,,. The translation from triplet to
doublet notation in (A.19) holds for all vectors such as P or P,.
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Here appear quantities with some similarity between the vector and hypermultiplet
sector

3. BT : 6
Mt == R N = —*i K

P = «h'Py, P, = «2h!. (6.103)

wW* =

6 .
—\A/‘- <h hlkluflAus

See e.g. that P is the real analogue of §;; in (6.70). As in (6.88) the supersymmetry
transformations determine the potential, which is

V=" (P P— PP, —2W WY — 2N"Ae,~jCABN/B) . (6.104)

Let us finally note that the remarks about the gauge transformation of the grav-
itino (6.75) and the non-vanishing commutator between gauge and supersymmetry
transformations (6.91) that we had for D = 4 are also applicable for D = 5 by just
omitting P?, since in D = 5 there is no U(1) factor in the R-symmetry group.

Also here the commutator of two supersymmetries contains a scalar-dependent
gauge transformation

[5(e1), 8(e)] = ...+ 8¢ (9’ = _i6ix—1h’é§el,~> : (6.105)

6.3 Final Remarks

We reviewed the constructions of the supergravity actions for N = 2 with
vector and hypermultiplets. We restricted ourselves to actions at most quadratic in
spacetime derivatives in the bosonic side, linear for the fermionic parts. We used
the superconformal techniques to obtain these results.” With the same techniques
also theories with higher derivatives can be obtained. See e.g. the review [13]. See
also [14-16] for various aspects of higher-derivative actions in this context and [17]
for an application to get Killing spinor identities. New possibilities with higher-
derivative terms and supersymmetry breaking (related to nonlinear realizations of
supersymmetry) have also been explored in [18].

80ne could even improve the similarity by e.g. defining Wil = ; Wi/ + Py’ to those in (6.67)
and (6.70).
9There are many other approaches. We gave an overview in the introduction.
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We made several further choices. For the Weyl multiplet, we used the ‘standard
Weyl multiplet’. An alternative would be the dilaton Weyl multiplet [19-22]. As far
as we know, this does not lead to other matter couplings when considering theories
quadratic in spacetime derivatives.

In Sect.4.2 we discussed already the choices of the second compensating
multiplet for D = 4. A similar choice exists also for D = 5 and D = 6. We
have chosen in the further treatment the hypermultiplet as second compensating
multiplet because this exhibits the structure of quaternionic-Kihler manifolds as
projective manifolds in the same way as special Kdhler manifolds are obtained. A
disadvantage is that this multiplet is on-shell from the start. When one uses the
tensor multiplet or the nonlinear multiplet [23, 24], one keeps the theory off-shell.
See e.g. the construction for D = 6 in [25]. In our treatment we have chosen to
eliminate auxiliary fields at an early stage, i.e. before the gauge fixing to the Poincaré
theory. It may be useful to eliminate these fields only at a later stage such that off-
shell Poincaré supergravity is obtained. The techniques explained in the book can
then still be used.

The ideas of localization, considering rigid supersymmetric theories on a curved
background, are often based on off-shell supergravity. For N' = 2 this has been
considered in [26]. In view of these ideas, Euclidean versions of supergravity are
studied. Special geometry in Euclidean versions is constructed in [27-30].10 The
off-shell D = 5 Minkowski supergravity treated in this book can also be reduced
over time to an Euclidean D = 4 theory [33].

The main methods that we have explained in this book are still applicable for
all these extensions. We hope that the extensive explanations that we gave here will
be useful for future developments of the theory and for exploring the physics of
solutions to the field equations.'!
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Appendix A
Notation

We use the same conventions as in [1]. This implies that the sign factors s; to s9
in Appendix A of that book, see also (C.1), are equal to +1. In particular, we use
the metric signature (— + ... +). If you prefer the opposite, insert a minus sign for
every upper index which you see, or for an explicit metric 745, or g,.. The gamma
matrices y, should then be multiplied by an i to implement this change of signature
consistently.

We collect the indices that we use in Table A.1.

(Anti)symmetrization is done with weight one:

Aab) = 3 (Aap — Apa)  and Ay = » (Aap + Apa) - (A.1)

The antisymmetric tensors are often contracted with y matricesasin y -7 = YT,

A.1 Bosonic Part

For the curvatures and connections, we repeat here the main formula from the
conventions of [1, Appendix A.1] in order to be able to compare with other papers
in the literature.

R (e) = 201,001 (€) + 20, ()b (e)

Ruvpa = Rpaahegevb = Za[pru + ) el it

olv t[p oy
R,u,v = Rp,u,baebpeva = vap,u. s R = gle,u,v s
1)
-1 4 1
Guw=e sghv /d xeR =Ry — ,guwR. (A.2)
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234 A Notation

Table A.1 Use of indices

1% 0,...,3 Local spacetime

a 0,....3 Tangent spacetime

i 1,2 SU(2)

In Chaps. 1 and 2

o 1,...,4 Spinor indices

A All the gauge transformations

1 All gauge transformations excluding translations

From Chap. 3 onwards

1 0,...,n=ny Vector multiplets

X 1,....,4ny Scalars in hypermultiplets

A 1,...,2ny Spinors (or USp(2ng) vector) in hypermultiplets

A% 1,2,3 Triplet of SU(2), see Sect. A.2.2

From Chap. 4 onwards, indices I, X, A are split and

o l,...,n=ny Independent coordinates in special Kéhler

X 1,....,4nyg + 1) Scalars in hypermultiplets = {0, r, u}

A 1,...,2(ng +1) Spinors (or USp(2(ny + 1)) vector) in hypermultiplets = {i, A}
r 1,2,3 Compensating directions, part of X

u 1,....,4ny Independent coordinates in quaternionic-Kéhler, part of X

A 1,...,2nyg Spinors (or USp(2(n g )) vector) in hypermultiplets, part of A

The formulations in terms of spin connection @ and in terms of Levi-Civita
connection I" are equivalent by demanding

0=V,e," = e, +w, C(e)evs — Toep, v = e naper’,  (A3)
which leads to
a)ﬂ“b(e) = 2e”'“amev,b' — e”[“eb]aewaveac,
T, = 38" (208v — 08uwv) - b, =50 Ing. (A4)

Note that the Ricci tensor and scalar curvature are of opposite sign as in several
older papers in this field. The sign is now chosen such that Einstein spaces with
positive scalar curvature are compact.

The anticommuting Levi-Civita tensor is real, and taken to be

€o123 =1, e = 1, (A.5)
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the — sign is related to the one timelike direction.! For convenience, we give below
the formulae for an arbitrary dimension D and number of timelike directions ¢. The
contraction identity for these tensors is (p + n = D)

. . : cpl
Satanby. by NP = (<) plaldl . 8. (A.6)

For the local case, we can still define constant tensors

_ ,—1l,a ap H1-UD — ,,H1 D od1...ap
Eurpp =€ € ..., Eayap e =ee, ...eple . (A.7)

They are thus not obtained from each other by raising or lowering indices with the
metric. In some papers in the literature a difference is made between €,,...,,;, and
€u1--1up» Such that one of the two has the factor ¢! in the definition (A.7) and the
other one has not. We only use the symbol defined by (A.7).

Exercise A.1 Show that the tensors in (A.7) are indeed constants, i.e. that arbitrary
variations of the frame field cancel in the full expression. You can use the so-called
Schouten identities, which means that antisymmetrizing in more indices than the
range of the indices, gives zero. The constancy thus implies that one can have (A.5)
without specifying whether the 0123 are local or flat indices. (]

The definition of dual tensor is in 4 and 6 dimensions, respectively,
D=4: F"=-)ig""Fy, D=6: F"=—]ebdlF, (A8

The minus sign in the definition of the dual is convenient for historical reasons.
Indeed, when, as written in footnote 1, this ¢ is i times the ¢ in these earlier papers
then this agrees with the operation that was taken there (e.g. in [2]). In 4 dimensions
the dual is an imaginary operation, and the complex conjugate of a self-dual tensor
is its anti-self-dual partner, while in 6 dimensions the (anti-)self-dual part of a real
tensor is real.

The self-dual and anti-self-dual tensors are introduced in even dimensions as

Fa:ll:_._an = é (Fal...a,, + ﬁal...an) . (A9)

It is useful to observe relations between (anti)self-dual tensors. In 4 dimensions:

G+abH7ab =0, G:I:c(aH:I:b)C — _inabGiw’Hicd ,
+ gc
Gl Hy¢=0. (A.10)

INote that in many papers, e.g. [2], one takes in 4 dimensions an imaginary Levi-Civita tensor to
avoid factors of i in definitions of duals (A.8).
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In 6 dimensions:

GiahCHiabc =0 s G+Cd(aH_h)cd = énahG-'_CdeH_cde s

G H 0 =0, Gy, HH"=0. (A.11)

A.2 SU(2) Conventions

We use the Levi-Civita ¢/ for which the important property is that
gijelt = 8%, (A.12)
where in principle &'/ is the complex conjugate of &; 7, but we can use (¢ = io)

cn=¢2=1. (A.13)

A.2.1 Raising and Lowering Indices

There is an important difference on the use of the i, j indices between the formulae
for D = 4and D = 5, 6. For D = 4 these indices are raised and lowered by
complex (or charge) conjugation (here A’ is used for any doublet)

D=4 : (AHC = 4A;, (A)H€ = A" (A.14)
For D = 5, 6, these indices are raised or lowered using &'/ . We use NorthWest—
SouthEast (NW-SE) convention, which means that this is the direction in which
contracted indices should appear to raise or lower indices: see

D=506:A=¢VA;, A =Algy. (A.15)

Note that this also implies that for these dimensions, interchanging the position of
contracted indices leads to a minus sign:

A'B; = —A;B' . (A.16)
Another useful relation is that for any antisymmetric tensor in i j

Al = 1l AR (A.17)
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Exercise A.2 Check that we can consider ¢;; as the tensor 8;7 with the Jj index low-
ered. For this it is important to write §;/ and not §/;. Also ¢ is the corresponding
tensor with raised indices. ]

Implicit summation (in NW—SE direction) is also used for bilinears of fermions, e.g.

Ax =AMy, (A.18)

A.2.2 Triplets

SU(2)-triplets can be converted into 2 x 2 matrices using the anti-hermitian T,
defined as 7;/ = io;/, being o;/ standard Pauli matrices. We define the triplets
as the traceless anti-hermitian matrices

Yil =7 Y, Y =1ty Y =20 Y. (A.19)
For D = 5, 6 indices can be raised and lowered and thus
D=5,6: 1/ =gty = 7J' = (io3, —1I, —ioy) = (7;))*. (A.20)
The correspondence between real symmetric matrices and triplets is
YV =Y = (v;))* = ket (YF¥, Y =117y = T Y. (A2
The auxiliary field Y%/ of vector multiplets in D = 4 has the reality property (3.14),
so that this is consistent with the introduction of a real vector Y.
Useful formulae for the symmetric tensors are
zij - T = 88! + 858,

A,-jBfk =35A-B+ (A xB) - ;. (A.22)

This has been written explicitly for the SU(2) generators in (1.52)—(1.55).

A.2.3 Transformations, Parameters and Gauge Fields

As mentioned in (1.52)—(1.55), the generators U;/ satisfy the same properties in
D = 4,5,6,butin D = 4 the U'; are defined as the complex conjugates, which
implies (1.54), while for D = 5, 6, the property that U;; = U}; after raising and
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lowering of indices implies
D=4:U)=-U;, D=56:U'=U/;. (A.23)

The correspondence with the parameters is different with the two conventions
(see (2.8))

D =4 : dsu) ZKijUji =-2A-U, D =5,6 : dsu) =)»ijU,'j =2A1-U.
(A.29)

Using (1.53), this implies

[8su@) (A1), Ssu@)(A2)] = Ssu)(A3), Az =F2Ah1 x A2, (A.25)

where the upper sign is for D = 4 and the lower for D = 5, 6. Despite the difference
in properties in (A.23), which can also be used for the parameters, there is one form
that can be used in general § = ... — A/;U;".

The SU(2) transformation of a doublet, like Al can be written in different ways

D =4 :8AT = AJx;T = -\ AT, SA; = —MTA; =AM,
D=5,6:8A" = VA; =2 AT, 8A; = —rijA) = Aj)di . (A26)

A.3 Gamma Matrices and Spinors

A general treatment of gamma matrices and spinors is given in [3, Sect. 3].
In that review general spacetime signatures are treated. Of course, that material
is not original, and is rather a convenient reformulation of earlier works [4-7].
Another approach to the theory of spinors has been presented in [8]. For Lorentzian
signatures, the conventions that we use are given in [1, Chap. 3].

Coefficients #, = =1 appear in Majorana flip relations and relations between
spinors and conjugated spinors

)_‘Valmarx = tr)zyalmar)\ ,
Xay...ar = Valmar)\ - )_(almar = tOtr)_\chma, s (A.27)
and they are given by
fo 11 1 13 14 15
D=4+ ——+4++

D=5++——++
D=6—++——+

(A.28)
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However, take into account that often the i, j indices are hidden, see (A.18), such
that e.g. in 5 dimensions

D=5:ix=Axi=xrMN=—x'hi=—%xr. (A.29)

A31 D=4

One useful tool, which is explained in [1, Chap. 3], is that complex conjugation can
be performed by using charge conjugation, since for a Lagrangian the two are equal.
The most important rules are as follows>:

* For scalars in spinor space, charge conjugation is equal to complex conjugation.

* For matrices in SU(2) space (and scalars in spinor space), the choice of the
position of the indices is chosen such that (complex and) charge conjugation
changes the height of the index: e.g. (M)C = M;;, or (M })C = M;/.

+ Majorana spinors in a Weyl basis satisfy (x/)¢ = x;. The position of the i
index indicates the chirality, see Tables 2.3 and 3.1, and thus charge conjugation
changes the chirality.

* For a bispinor built from two spinors and a matrix M in spinor (and possible
SU(2)) space):

AMy)C =2 MCyC eg. AMIy)HC =My, (A.30)

and (MN)¢ = MENC.

* The action in spinor space can be derived from yac = ¥4, and y*c = —Vx-

* For the fermions of hypermultiplets, the index (A is by charge conjugation raised
or lowered and at the same time replaced by its barred one, A, e.g. the charge
conjugate of ¢ = Pr ¢ is ta = Pré g

For the frame fields of hypermultiplets in 4 dimensions:

(inﬂ)C = (f%a)" = JRGE €ijﬂﬁ8ijzs, fiax = (f%)".
(A.31)

For the USp(2r) connection one has

(0x4%)€ = (0x4%)" = "3 = —p™Pwxp®ss .- (A.32)

2These properties follow from the definition that the charge conjugate of a spinor x is x¢ =iCy%x
and ¥ = xTC.
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The charge conjugate of the antisymmetric metric C #g is CAB.
(Cag)* = CB = p7CpBDCey, . (A.33)

These matrices are also used to raise and lower indices on bosonic quantities with
the NW-SE convention.

A32 D=5

In odd dimensions the antisymmetric product of all the matrices is proportional to
the unit matrix. We choose the sign as follows:

yabcde — iSabcde . (A34)
Exercise A.3 Check that this implies

J/abcd _ i&‘adee)/e ,

zyabc _ i&‘adee)/ d
= ed »

b : .abcd
3!Va = ig"" eyedc‘a

4!ya — iSadeeYedcb ,

5! = iSadee)/edcba ,
. d
ISadee)/gf — 4y[ah68f] ,
igatheVefg — 12y[ah8;?] ) (A.35)

d

The charge conjugation C and Cy, are antisymmetric in D = 5. We include a
multiplication by &/ in the definition of charge conjugation®:

()\'i)C = —iyOC*I()\j)*Sji. (A.36)

The elementary spinors are ‘symplectic Majorana’, which means that they are
invariant under this C operation.

3The choice of sign is motivated by the requirement that the translation parameter in the
supersymmetry commutation relation reduces from D = 5to D =4 as in (A.59) below.
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The practical rules are as follows:

* For bosons charge conjugation is equal to complex conjugation. However, a
bispinor A’ x; built from symplectic Majorana spinors is pure imaginary.

+ For abosonic matrix in SU(2) space, M, the charge conjugate is defined as M€ =
02 M* oy, or explicitly (M; 7)€ = —g;p (M4)* et

* For a bispinor that is also a scalar in SU(2) space: ()_\MI/I)C = —)\.CMCI/IC,
where M can be a matrix in spinor space and/or SU(2) space.

* Symplectic Majorana spinors are invariant under C.

» For matrices in spinor space: yac = —Ya-

As an example, see that the expression
AyHan (A.37)

is real for symplectic Majorana spinors.

For hypermultiplets the reality condition depends on a matrix p 3. The charge
conjugation under which the symplectic Majorana spinors are invariant is then
similar to (A.36):

()€ = —iy°Cc ! (£B) p® = . (A38)

A33 D=6

Here there is again chirality, as for every even dimension, but moreover, there are
real self-dual tensors. Similarly, we define

Ve=vo...vs=—y"..p7, (A.39)

without a factor i. The essential formula is

Yabe Vs« = —Vabe » (A.40)

Exercise A.4 Show that y,pc PL = v, as in 4 dimensions where y,» PL = y,,,. U

Spinors can satisfy the (symplectic) Majorana condition and be chiral at the
same time, and we generally use such ‘symplectic Majorana—Weyl’ spinors. Thus
complex conjugation does not change chirality, and we can raise and lower i indices
as in (A.15).
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We choose the charge conjugation matrix to be symmetric.* We use the same
definition for charge conjugation as in (A.36), and thus this also applies for
symplectic Majorana spinors.

The rules for charge conjugation are

* For bosons charge conjugation is equal to complex conjugation. Also a bispinor
A i built from symplectic Majorana spinors is real.

+ For abosonic matrix in SU(2) space, M, the charge conjugate is defined as M€ =
o2 M* oy, or explicitly (M; 7)€ = —g;p (M*)* et

* For a bispinor that is also a scalar in SU(2) space: AMy)C = —ACMCyC,
where M can be a matrix in spinor space and/or SU(2) space.

* Symplectic Majorana spinors are invariant under C.

* For matrices in spinor space: yac =y, and y*C = V.

A.3.4 Products of y Matrices and Fierzing

There are some useful identities for calculations in arbitrary dimensions [9]. For a
product of two antisymmetrized gamma matrices, one can use

i+j .y -
by..b; ij! b by bsi1..bj
Yar.aiy" " =) Ot O Yar " (A41)
ke=li—j]
s=5+j—k., t=3i—-j+k, u=,(—i+j+k.

The numeric factor can be understood as follows. Between the i indices of the first
gamma factor, we select s = i — ¢ of them for the contraction. That choice is a
factor (i) The same number of indices s is chosen between the j indices of the
second factor. That is a factor (f ) Finally, we can contract these s indices in s!
ways. In [9] a few extra rules are given and a diagrammatic technique is explained
that is based on the work of Kennedy [10].

For contractions of repeated gamma matrices, one has the formula

by...b,
Vby..byYay...arV 1Pk = Ck,tVaj...a

min(k,£)

cre = (DR N <f)(i:f>(—>", (A42)

i=0

4That is a choice in 6 dimensions, as we can also use the antisymmetric charge conjugation matrix
C' = Cy,.
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for which tables were given in [9] in dimensions 4, 10, 11 and 12. Useful examples
in 4 dimensions are

VY Y = v Pyevar =0, Y™ VeaVap = 4vea. (A.43)

Further, there is the Fierz relation. We know that the gamma matrices are matrices
in dimension A = 2! P/2 and that a basis of A x A matrices is given by the set

[D]=D foreven D,
[D] = (D —1)/2 forodd D,
(A.44)

{117 Yas Yajays -+ - » J/alma[m} where {

of which only the first has non-zero trace. This is the basis of the general Fierz
formula for an arbitrary matrix M in spinor space:

[D]
21m(D/2)Maﬁ — Z(_)k(k*l)/Zkl! (lemdk)a B Tr ()/al“‘akM) ) (A45)
k=0

Further Fierz identities can be found in [10].

Exercise A.5 Check that Fierz identities for chiral spinors in 4 dimensions lead to
VLoL XLhr = —SULAL XLdL + gLy AL XLYab®L |
VLoL XRAR = — VLY AR XRVa®L - (A46)

An extra minus sign w.r.t. (A.45) appears here because fermions A and ¢ are
interchanged. In 5 dimensions the Fierz equation is

Vo AN = = A ) =y A i e + 0 v A X v (AAT)
In 6 dimensions (&R = &PL) one has
YROL XLAR = — yURY AR XLYaBL + s URY P“)R XLVabeL -
VROL XRAL = — JWRAL XROL + §VRY AL XRVabPL - (A.48)

For those that want to go further, a more complicated identity for doublet spinors in
4 dimensions is

Sjk]/ab)\,'xj' Vabrk = 8s/kkkiikj. (A.49)
It uses the first equation of (A.46), symmetries of the bilinears and manipulations

between the ¢ symbols.
]
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A.4 Spinors from 5 to 6 and 4 Dimensions

For some part of this text (especially for hypermultiplets) we started from explicit
formulae for symplectic Majorana spinors in D = 5 and these formulae are
useful also in 4 and 6 dimensions. The spinors have different properties in 4 and
6 dimensions, but we can easily translate the formulae.

Let us temporarily write cA for the symplectic Majorana—Weyl spinors in D =
6, which are right-handed. We consider them now as 4-component spinors, and
translate to the spinors 4 of D = 5 by

A =i, T (A.50)

For spinors that are left-handed in 6 dimensions, e.g. the supersymmetry parameter
€', we have

e =é, e =e. (A.51)
Finally, the last y -matrix from 6 dimensions, y5 gets translated to an imaginary unit:

i on a left-handed spinor, and —i on a right-handed spinor. Combined with the above
factors, we thus have

ysé =iet,  pslh = A, (A.52)

Reduction from 5 to 4 dimensions is a bit more involved [11]. We give here the
rules and some illustrative examples. Now the tilde indicates quantities for D = 5.

The rules are based on the fact that the y4 matrix in 5 dimensions is identified with
¥« in 4 dimensions, and the charge conjugation matrix of 5 dimensions is C = Cy
in 4 dimensions. An important difference is that in 5 dimensions i, j indices are
raised and lowered as in (A.15), while this is related to charge conjugation and
change of chirality in 4 dimensions, see Sect. A.3.1. The symplectic Majorana
condition of D =5, (A.36), can be written as

O* =iCy"%eji . (A.53)
This is now translated in terms of the 4-dimensional charge conjugation as
OHC = —pdieji . (A.54)

Now translation rules depend on the choice in 4 dimensions whether A’ is left- or
right-handed:

M=ty h=Twh. (A.55)
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In order to be consistent with (A.54) we can then write
A=l F el (A.56)

This then also implies
~ N . .N\T _. N
Xi=(GHTe = ()J q:Ajsf’) Cy* =30 + 76l . (A.57)

Similar rules apply to the spinors of the hypermultiplets, replacing &;; by o 45. We
took in D = 4 the choice ¢ = Py 7, hence we have

. . LA .
N S O N G N T (A.58)

As a first example, let us start from the translation parameter in terms of two
supersymmetries, which are left-handed in D = 4, as in (1.6):

E9@, &) = Yeyy éle;:
= ; (Eé + Ezkski) y (e{ — eweg/) &ji
= 18y + Laytel = &9, (A.59)
since the other terms disappear by chirality. The right-hand side is the correct

expression in 4 dimensions. The 5-dimensional commutator contains another
component:

£, &) = %51 yieleji

= ( + éxxe ) (e{ — ewszj) £ji

= é s,j + 62,61/ gl . (A.60)
As a second example we translate the non-closure relation obtained in (3.62)
(8@, 8@)] &7 = 819,87 + | [ @) — " @Ene) | el
- e

A=V 4+  Ween™c%0 27 (A.61)
We define in 4 dimensions the I'”* as right-handed, and for convenience redefine the
I'4 in D = 4 from the rule with the lower sign in (A.56) with a factor i (and thus —i

for the left-handed component in order to define Majorana spinors in D = 4), i.e.

ifA = 1A 4 1A, (A.62)
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which leads to
— TR = —prT A = PRIl T4=PT5=—Pil%pgy. (A.63)
We thus obtain the expression ['/! from projecting to the right-handed part:
=D = Ve 4 Waen™ (2575 ”, (A64)

since Fierz identities together with the symmetry of the W tensor annihilate the part
with 3 antichiral fermions. We thus obtain

M = =97+ IWscPAep 20, Wec®7 = pPoWace™. (A65)

In the same way, the left-handed part of the commutator (A.61)is
[8(e1), 8¢ = 18,07 + Lel&yier ;T gp®™ + Ly T4 (Eyver + Exipvel)
(A.66)

Note that the reduction to 4 dimensions implies that the spacetime derivative d4
vanishes. However the v = x* part in (A.61) contributes such that the left-handed

.. . . ~Uoj
parts cancel a similar contribution from &, €.



Appendix B
Superalgebras

Lie superalgebras have been classified in [12]. We cannot go through the full clas-
sification mechanism of course, but will consider the most important superalgebras,
the ‘simple Lie superalgebras’, which have no non-trivial invariant subalgebra.
However, one should know that for superalgebras there are more subtle issues, as
e.g. not any semi-simple superalgebra is the direct sum of simple superalgebras.
A good review is [13]. The fermionic generators of such superalgebras are in
representations of the bosonic part. If that ‘defining representation’ of the bosonic
algebra in the fermionic generators is completely reducible, the algebra is said
to be ‘of classical type’. The others are ‘Cartan type superalgebras’ W(n), S(n),
S(n) and H(n), which we will further neglect. For further reference, we give
in Table B.1 the list of the real forms of superalgebras ‘of classical type’ [14—
16]. In this table ‘defining representation’ gives the fermionic generators as a
representation of the bosonic subalgebra. The ‘number of generators’ gives the
numbers of (bosonic,fermionic) generators in the superalgebra. We mention first
the algebra as an algebra over C, and then give different real forms of these
algebras. With this information, you can reconstruct all properties of these algebras,
up to a few exceptions. The names which we use for the real forms is for some
algebras different from those in the mathematical literature [14—16] and chosen
such that it is most suggestive of its bosonic content. There are isomorphisms as
SU2|1) = OSp(2*|2,0), and SU(1, 1|1) = S€(2|1) = OSp(2|2). In the algebra
D2, 1, a) the three S¢(2) factors of the bosonic group in the anticommutator
of the fermionic generators appear with relative weights 1, « and —1 — «. The
real forms contain, respectively, SO(4) = SU(2) x SU(2), SO(3,1) = S¢(2,0)
and SO(2,2) = S£(2)x S£(2). In the first and last case o should be real, while
o = 1+ ia with real a for p = 1. In the limit @ = 1 one has the isomorphisms
D?(2,1,1) = OSp(4 — p, p|2).

For the real forms of SU(m|m), the one-dimensional subalgebra of the bosonic
algebra is not part of the irreducible algebra. In some papers these are called
PSU(m|m), keeping the name SU(m|m) for the algebra including the abelian factor.
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Table B.1 Lie superalgebras of classical type

B Superalgebras

Name Range Bosonic algebra Defining Number of
repres. generators
SU(mln) |m =2 SU(m) & SU(n) (m, n)® m? +n* -1,
m#+n e U(l) (m, n) 2mn
m=n no U(1) 2(m? - 1), 2m?
S¢(m|n) St(m) & S¢é(n) ®S0(1, 1) ;.
SU(m - p,pln—-q,q) | SUm—-p,p) ®SU(n-gq,q) & U(1) m%n
SU*(2m|2n) SU*(2m) & SU*(2n) ®S0(1, 1)
S¢ ' (n|n) S¢(n, C)
OSp(m|n) |m >1 SO(m) & Sp(n) (m, n) %(m2 - m+
n=24,.. n2+n),mn
OSp(m — p, pln) SO(@m - p, p) ® Sp(n) n even
OSp(m*|n - q, q) SO*(m) ® USp(n — g, q) m, n, q even
D2, 1,a) |0 <a <1l [SO@) &St2) |(2, 2,2) |9, 8
|DP 2, 1, SO - p, p) ®SE(2) p=01,2
F(4) | SO @St [38,2) [24, 16
FP(4) SO(7-p,p) ®SLQ2) p=073
FP4) SO(7 - p, p) & SU(2) p=12
G(3) G, ®50(2) [(7,2) [17, 14
[Gp(® Gop ©50(2) p=-14,2
Pim-1) |m23 |S{’(m) |(m®m) |m2—1,m2
Om-1) [m=>3 SU(m) [Adjoint [m*—1,m* -1
O(m-1) S€(m)
Q((m-1)") SU*(m)
UQ(p,m—-1-p) SU(p, m - p)

Note that the superalgebras SU(m|m), which are indicated in this table with bosonic subalgebra
SU(m)@®SU (m) are often indicated as P SU (m|m), while then SU(m|m) refers to the (non-simple)
algebra including the U(1) factor

Furthermore, in that case there are subalgebras obtained from projections of those
mentioned here with only one factor SU(n), S£(n), SU*(n) or SU(n — p, p) as

bosonic algebra.



Appendix C
Comparison of Notations

Unfortunately the normalization of F and various other functions vary in the N' =2
literature. A lot of standard notations can be summarized in factors sp, ..., s9.
The first three of these were already identified in the book of Misner—Thorne—
Wheeler [17]. More explanations are given in [1, Appendix A]. We summarize here
a few relevant formulae

Nap = sidiag(— + ++) ,
Ru’o =52 (8,T0, — 3,Th, + T4, T7 —TO T,
$253Ru0 = R’ vy
Dy =y + 5054 0, ®Pvap, DV =8,V + 52520, Vp |

0123
€0123 = 55, & =

—S5,
YuYv + WY = 2568uv »

. 1 d .55,
Ye = ¥5 = S7100¥172V3 » 2€abedV ™ = =i ivsvan
7

(Ya)" = ss(—tot) YA,
[8(e1), 8(€2)1¢p = s9 2y €18, (C.1)

Note that the factor (—fgt1) = 1 for D =4 and D = 6, see (A.28).
In Table C.1, we compare notations between this book and some of the original
papers in the development of N = 2 matter-coupled supergravity in D = 4.

Here : means the notation used in this book, and for most part also used in! [18-20].

The exception is the Ricci sign (sign of R) that has been chosen negative in these papers.
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Table C.1 Comparison of

: Here I I

notations 5= 1
s12345 = (+1,-1,-1,1,i) (-1,-1,-2,1,-1)
56,7,8,9 = +1, -1, +1,+4)  (+1,+1,+1,2i)
Y Yu iy
8up —8AB gij*
K —-K K
F —iF
x! x! LA
z! z! x4
Fr —iFI M
N1y =Ny —Nasx
N1y iNy Nas
Copy e X 0apc iCijk
Fl, Fl, —2F1
fr* —gf1r® fas
P —Pa
€ 2e V2e
Yu Yu V2y
Qf Qf
ni ni
P Sbu
fu 2 I
AK 1Ak
Vui./ é(vuij
x! x!
Tye T

C Comparison of Notations

I : The second column refers to many of the original paperson D =4 N =2
superconformal tensor calculus and special geometry. These are e.g. [21-36].

II : The third column contains the notation of the the matter-coupled
Lagrangians of [37, 38].

A few comments are in order. In the original papers often the Pauli signature
was used, which means that there is an index a = 4 or u = 4, we translated for
vectors to V4 = iV{ in order to put them under the general scheme. The factor 5753
determines the normalization of the Ricci scalar R = g*" R,,,.
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Note also that in the older papers an antisymmetrization [ab] was (ab — ba)
without the factor as in (A.1). Also one used

Oab = ;yab . (C2)
Finally, we want to point out that there are also a few changes in notation between

this book and the notation the papers [39, 40]. To use the latter papers in the present
notation, one has to make the following substitutions:

k1X<— —kIX, AL(— W,ﬁ, Dy < DAM,
B _t 4B 1 J i J
f1aA” < —tia”, Py < SPr, o) « it/ (C.3)
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