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Abstract. Region-based image segmentation methods often require a
global statistical description of the image intensities in the entire fore-
ground and background, which however is in general not available for
real world images due to the complicated intensity variation within the
regions of interest. In this paper, we propose a foreground-background
segmentation algorithm for images with intensity inhomogeneity in a
level set framework, which exploits simple distribution of local image
intensities. We assume that the intensities of the foreground and back-
ground within a small enough neighborhood are separable and can be
well approximated by two constants. We call such a neighborhood an
intensity separable neighborhood (ISN). Given a set of overlapping ISNs
that form a cover of the entire image domain or a region of interest,
we formulate image segmentation as a problem of seeking for an optimal
level set function that represents the foreground and background with its
positive and negative sign, and a pair of constants that approximate the
local foreground and background intensities within the ISNs. This formu-
lation is a significant extension and improvement of our previous work.
The main contributions in this paper include: (1) We eliminate an intrin-
sic drawback in our previous work that the fitting functions are not well
defined for points far away from the zero level set, which causes unstable
performance of segmentation; (2) The new algorithm is more efficient
than our previous algorithm due to the sparse placement of the ISNs.

Keywords: Level set · Overlapping neighborhoods · Image
segmentation · Intensity inhomogeneity

1 Introduction

Image segmentation is a well-studied area which plays an increasingly impor-
tant role in quantitatively analyzing the information in medical imaging appli-
cations. In recently years, segmentation algorithms in level set framework have
attracted much attention. Comparing with other segmentation methods [7], level
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set method can achieve sub-pixel accuracy of the object boundaries, and auto-
matically handled topological changes, and incorporate various prior knowledge.

Yang et al. [11] embed a Markov random field (MRF) energy function to
the conventional level set energy function to enhance the robustness against
noise, they explored algebraic multigrid (AMG) and sparse field method (SFM)
to increase the time step and reduce the computational domain. Wu et al. [10]
demonstrated that the unique global minimized value of the energy function is
within the interval [−1,1] of any image, so they proposed a level set formula-
tion with a strict convex energy function. Swierczynski et al. [9] developed a
mathematical formulation to jointly segment and register based on a level set
formulation.

In [6], Ngo et al. proposed level set method combining with deep learning for
the automated segmentation of the left ventricle. Combination of these methods
brings together the advantages of both approaches, requiring small training sets
and producing precise segmentation results. However, this method do not use in
images with intensity inhomogeneities.

In real-world images, intensity inhomogeneity is common, which arising from
the imperfections of imaging acquisition processing and unavoidably leads to
many difficulties and challenge in image processing and computer vision. So
far numerous level set algorithms have been proposed to segment images with
intensity inhomogeneity.

In [12], inhomogeneous objects are modeled as Gaussian distributions of dif-
ferent means and variances, where the original image is mapped to another
domain using a sliding window to defined a maximum likelihood energy function.
A level set method based on local approximation of Taylor expansion proposed
by Min et al. [5] to solve the nonconvex optimization problem in the context
of intensity inhomogeneity. In this method, the local statistical information and
the variation degree information of intensity inhomogeneity are combined into
the proposed model. This method can segment intensity inhomogeneity regions,
unlike other linear approximation method. However, high computational cost
occurred because of the complicated local information in the formulation.

In this paper, we propose a novel foreground-background segmentation algo-
rithm for images with intensity inhomogeneity in a level set framework. Our
method is based on a number of overlapping neighborhoods that form a cover of
the image domain. The basic idea is to introduce a Intensity Fitting on Overlap-
ping Cover (IFOC) model in a variational formulation, so that the segmentation
result can be achieved by seeking for an optimal level set function. Moreover,
it is not sensitive to initialization in the new proposed method. Compared with
the previous work [1,3], we demonstrate that our segmentation method is com-
petitive and presents better results both in terms of effectiveness and efficiency.

2 Intensity Fitting on Overlapping Cover

In [2], Li et al. proposed a local binary fitting (LBF) model for image segmenta-
tion based on images with intensity inhomogeneity. The LBF model is based on
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the assumption that the image intensities on the two sides of the object bound-
ary can be locally approximated by two constants. More specifically, Li et al.
consider the neighborhood Oy for every point y in the image domain Ω. If Oy is
divided by the object boundary into two parts, then the image intensities within
the two parts can be approximated by two constants f1(y) and f2(y). Therefore,
they define the following local binary fitting energy

Ey(φ, f1, f2) = λ1

∫
K(x − y)|I(x) − f1(y)|2H(φ(x))dx

+λ2

∫
K(x − y)|I(x) − f2(y)|2(1 − H(φ(x)))dx (1)

where φ is the level set function. H is the Heaviside function. Thus, image
segmentation is formulated as a problem of seeking for optional level set function
φ and the fitting functions f1(y) and f2(y), such that the local binary fitting
energy Ey(φ, f1, f2) is minimized for every neighborhood Oy for all y in Ω. This
can be achieved by minimizing the integration of the LBF energy Ey(φ, f1, f2)
with respect to the neighborhood center y over the entire image domain Ω.
Therefore, a global energy F (φ, f1, f2) is defined as

F (φ, f1, f2) =
∫

Ey(φ, f1(y), f2(y))dy (2)

The choice of the kernel function K is flexible. In this paper, it is defined by

K(u) =
{

a, for |u| ≤ r
0, otherwise

(3)

where a is a positive constant such that
∫

K(u) = 1, and r is the radius of the
neighborhood Ou,r. This kernel function K is a truncated uniform function.

Let φ be a level set function defined on the image domain Ω. We define

Ω+ = {x : φ(x) > 0}
Ω− = {x : φ(x) < 0} (4)

We consider an image with a foreground and a background, denoted by Ωf

and Ωb, respectively. Our goal is to find a level set function φ such that the
regions Ω+ and Ω− match the foreground Ωf and background Ωb, respectively.
To achieve this goal, we formulate our method as following.

For a point u ∈ Ω, we consider the image intensities I(x) in a neighborhood

Ou,r = {x : |x − u| < r} (5)

which includes a part of foreground and background. We assume that the inten-
sities Ωf ∩Ou,r and Ωb∩Ou,r are separable and can be well approximated by the
constants f1(u) and f2(u), respectively. We call such a neighborhood an intensity
separable neighborhood (ISN), and u is the ISN center.

Due to the intensity inhomogeneity in the image, it does not make sense to
approximate the intensities in Ωb and Ωf by two global constants c1 and c2,
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respectively. However, the local intensities I(x) for x in Ou,r ∩ Ωf and Ou,r ∩
Ωb can be well approximated by the constants, denoted by f1(u) and f2(u),
respectively.

The ISN center can be placed in different ways. In this paper, the ISN centers
are only placed near the zero level set of the level set function, such that the ISN
is always divided by the zero level set into two parts. Thus, f1(u) and f2(u) are
defined as the constants that approximate the image intensities in the two parts
of the ISN divided by the zero level set. Note that, in RSF model in [3], the fitting
functions f1(u) and f2(u) are not well defined for u far away from the zero level
set, which does not pass through the ISN centered at u. Therefore, the fitting
functions f1 and f2 are not well defined at such location. This is a theoretical
drawback of RSF model, which in fact cause some undesirable segmentation
results as shown in Figs. 3 and 4, due to the not-well-defined fitting functions f1
and f2 in RSF model. In this paper, we eliminate this drawback by placing the
ISN centers only near the zero level set, such that the ISN is always divided by
the zero level set into two parts, as shown in Fig. 1.

Given a set of ISNs with centers at uk, k = 1, · · · , N , which form an over-
lapping cover of the entire image domain or a region of interest, both denoted
by Ω. For each ISN centered at uk ∈ Ω, we define the following local intensity
fitting energy:

Euk
(φ, f1(uk), f2(uk))

= λ1

∫
Ω+

K(x − uk)|I(x) − f1(uk)|2dx

+ λ2

∫
Ω−

K(x − uk)|I(x) − f2(uk)|2dx (6)

It can be seen that the above defined local intensity fitting energy Euk
is mini-

mized when the zero level set of φ matches the interface between the foreground
Ωf and background Ωb, as in the case shown in Fig. 1(b), and the constants
f1(uk) and f2(uk) best approximate the image intensities I(x) in Ω+ ∩ Ouk,r

and Ω− ∩ Ouk,r, respectively.

E(φ, f1, f2) =
N∑

k=1

Euk
(φ, f1(uk), f2(uk)) (7)

In level set methods [8], a contour φ ⊂ Ω is represented by the zero level set
of a Lipschitz function φ : Ω → R, which is called a level set function. In this
paper, we let the level set function φ take positive and negative values outside
and inside the contour C, respectively. Let H be the Heaviside function, then
the energy functional Euk

(φ, f1(uk), f2(uk)) can be expressed as
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Euk
(φ, f1(uk), f2(uk))

=
2∑

i=1

λi

∫
Kσ(x − uk)|I(x) − fi(uk)|2Mi(φ(x))dx

+ ν

∫
|∇H(φ(x))|dx (8)

where M1(φ) = H(φ) and M2(φ) = 1 − H(φ). Thus, the energy E in (7) can be
written as following,

E(φ, f1, f2) =
N∑

k=1

Euk
(φ, f1, f2) (9)

thus,

E(φ, f1, f2)

=
2∑

i=1

N∑
k=1

λi(
∫

Kσ(x − uk)|I(x) − fi(uk)|2Mi(φ(x)))dx

+ ν

∫
|∇H(φ(x))|dx (10)

where the last term
∫ |∇H(φ()x)|dx computes the length of the zero level contour

of φ. The length of the zero level contour can be equivalently expressed as the
integral

∫
δ(φ)|∇φ|dx with the Dirac delta function φ.

To preserve the regularity of the level set function φ, which is necessary for
accurate computation and stable level set evolution, we introduce a level set
regularization term in our variation level set formulation. As proposed in Li’s
article [4], we define the level set regularization term as

P(φ) =
∫

1
2
(|∇φ(x)| − 1)2dx (11)

which characterizes the deviation of the function φ from a signed distance func-
tion. Therefore, we propose to minimize the energy functional

F(φ, f1, f2) = E(φ, f1, f2) + μP(φ) (12)

where μ is a positive constant.
We minimize the energy functional F(φ, f1, f2) with respect to φ using the

standard gradient descent method by solving the gradient flow equation as
follows:

∂φ

∂t
= − δ(φ)(λ1e1 − λ2e2) + νδ(φ)div(

∇φ

|∇φ| )

+ μ(∇2φ − div(
∇φ

|∇φ| )) (13)
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where δ is the Dirac delta function. In numerical implementation, the Dirac
delta function is replaced by a smooth approximation as in [3], e1 and e2 are the
functions

ei(x) =
N∑

k=1

∫
Kσ(x − uk)|I(x) − fi(uk)|2dx, i = 1, 2 (14)

where f1 and f2 are given by follows,

f1(x) =
∫

Kσ(x − uk)I(x)H(φ(x))dx∫
Kσ(x − uk)H(φ(x))dx

(15)

f2(x) =
∫

Kσ(x − uk)I(x)(1 − H(φ(x)))dx∫
Kσ(x − uk)(1 − H(φ(x)))dx

(16)

(a) (b)

Fig. 1. Two situations of the location of the zero level set (solid dark line) and the
foreground (shaded region) and background (white region). (a) The zero level set does
not match the interface between foreground and background. (b) The zero level set
match the interface between foreground and background.

3 Experiment Results

Our method has been validated on the real vessel images and the data set for
the Medical Image Computing and Computer Assisted Intervention (MICCAI)
2009 grand challenge on cardiac segmentation, respectively. Contour accuracies
in terms of Dice Similarity Coefficient (DSC) are used to quantitatively evaluate
the accuracy of our method. DSC is defined as

DSC =
2 × |R1 ∩ R2|
|R1| + |R2| (17)

where | · | is the area of a region, R1 is the region obtained from a segmentation
algorithm, and R2 is a reference region. In the following experimental results, we
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use a segmented region of a segmentation algorithm as the reference region R2

to compute its similarity with other segmentation results. It can be easily seen
that a higher value of DSC indicates a better performance. The parameters in
this paper are set as follows: σ is set to 5.0 , ε is set to 1.0 , μ is set to 1.0. Others,
λ1, λ2, ν, and the time step �t are set to 1.0, 1.5, 0.004, 0.1, respectively.

The proposed IFOC algorithm has been tested on the number of images of
different modalities. In this section, we show some examples mainly of medi-
cal images. For examples, Fig. 2 shows the segmentation results of IFOC on 8
test images: the real image of a T-shaped object suffers from non-uniform illu-
mination; the synthetic image, two X-ray images of vessels are typical images
with intensity inhomogeneity, and the second row are cardiac different modality
images (including CT and MR). The final segmentation results in Fig. 2 show
that the proposed IFOC method can achieve desirable results for all images with
intensity inhomogeneities.

Fig. 2. Performs of our new method for different images. The initial contours (green
contours) and final segmentation results (red contours) are shown in every image.
(Color figure online)

With the DSC metric, we can quantitatively evaluate the performance of our
method with different initializations. We applied IFOC to X-ray vessel image
(Fig. 3) and cardiac magnetic resonance (MR) image (Fig. 4) with 20 differ-
ent initializations of the contour. Figures 3 and 4 demonstrate the robustness
of proposed method IFOC to initialization. In Fig. 3, we show three of the 20
initial contours (green contours) and corresponding results (red contours). For
comparison, we also applied RSF model in [3] to these images with the same ini-
tializations. It can be seen that despite the significant difference in the locations
of initial contours, the proposed method precisely produces the same results, all
accurately capturing the object boundaries, while the RSF model is sensitive
to initialization. In this paper, we are not able to quantitatively evaluate the
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Fig. 3. Robustness of our method to contour initializations is demonstrated by its
results for a X-ray vessel image with different initial contours comparing with RSF
model. Row 1: Segmentation result of RSF model; Row 2: Segmentation result of our
new method; Row 3: Comparison of two methods in term of accuracy measured with
DSC.(Color figure online)

segmentation accuracy without ground truth obtained by manual segmentation.
By comparing the IFOC with the RSF [3], we observed that the results of two
methods are similar if the initial contours are placed appropriately. However, we
found that the proposed IFOC algorithm is significantly less sensitive to contour
initialization than RSF model. This can be quantitatively verified by computing
the DSC between the segmentation results for 19 initializations with the 20th
initialization as a reference. The boxplots in Figs. 3 and 4 show that the 19 DSC
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Fig. 4. Applications of our method to a cardiac MRI image at end-systole. Row 1:
Segmentation result of RSF model; Row 2: Segmentation result of our new method;
Row 3: Variation of the segmentation results from different contour initialization in
terms of Dice similarity coefficient.

values of IFOC segmentation results are all very close to 1, while the 19 DSC
values of RSF segmentation results significantly vary in a considerable large
range. This experiment quantitatively demonstrate that IFOC is more robust to
initialization.

4 Conclusions

In this paper, we introduce a novel region-based image segmentation method
in a level set framework, which is not only effective and efficient when segment
images with intensity inhomogeneity, but also has ideal performance in different
initializations. The new algorithm IFOC reduce the dependence on initialization,
significantly improve the robustness. Due to the sparse placement of the ISNs,
our new algorithm is efficient than our previous work and eliminate an intrin-
sic drawback in our previous work. Experimental results have demonstrated the
advantages of our new method over other methods in terms of accuracy, effi-
ciency, and robustness.



IFOC: Intensity Fitting on Overlapping Cover for Image Segmentation 585

References

1. Li, C., Huang, R., Ding, Z., Gatenby, J., Metaxas, D., Gore, J.: A level set method
for image segmentation in the presence of intensity inhomogeneities with applica-
tion to MRI. IEEE Trans. Image Process. 20(7), 2007 (2011)

2. Li, C., Kao, C., Gore, J., Ding, Z.: Implicit active contours driven by local binary
fitting energy. In: Proceedings of IEEE Conference on Computer Vision and Pat-
tern Recognition (CVPR), pp. 1–7. IEEE Computer Society, Washington (2007)

3. Li, C., Kao, C., Gore, J., Ding, Z.: Minimization of region-scalable fitting energy
for image segmentation. IEEE Trans. Image Process. 17(10), 1940 (2008)

4. Li, C., Xu, C., Gui, C., Fox, M.: Level set evolution without re-initialization: a
new variational formulation. In: IEEE Computer Society Conference on Computer
Vision and Pattern Recognition, CVPR 2005, vol. 1, pp. 430–436. IEEE (2005)

5. Min, H., Jia, W., Zhao, Y., Zuo, W., Ling, H., Luo, Y.: Late: a level set method
based on local approximation of Taylor expansion for segmenting intensity inho-
mogeneous images. IEEE Trans. Image Process. 27(10), 5016–5031 (2018)

6. Ngo, T.A., Lu, Z., Carneiro, G.: Combining deep learning and level set for the
automated segmentation of the left ventricle of the heart from cardiac cine magnetic
resonance. Med. Image Anal. 35, 159–171 (2017)

7. Oktay, O., et al.: Anatomically constrained neural networks (ACNNS): applica-
tion to cardiac image enhancement and segmentation. IEEE Trans. Med. Imaging
37(2), 384–395 (2018)

8. Osher, S., Sethian, J.: Fronts propagating with curvature-dependent speed: algo-
rithms based on Hamilton-Jacobi formulations. J. Comput. Phys. 79(1), 12–49
(1988)
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