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Reflexivity

We start by discussing semi-reflexivity and Montel spaces and present a number of
examples of function spaces. At the end we present duality properties for reflexive
spaces and Montel spaces.

We recall from Chapter 3 that a locally convex space E is called semi-reflexive if
it is Hausdorff and the canonical embedding x: E < E” is surjective. E is called
reflexive if additionally « is continuous, where the image space is equipped with the
strong topology.

From Theorems 6.7 and 6.8 we know that (E, 7) is reflexive if and only if E is
semi-reflexive and quasi-barrelled, or equivalently (because always t € B(E, E’), by
Proposition 6.4) if and only if E is semi-reflexive, and t = B(E, E’), or equivalently
(by Theorem 6.14), if and only if E is semi-reflexive and barrelled.

This is the reason why in the following we will mainly discuss semi-reflexivity.

Theorem 8.1
Let E be a Hausdorff locally convex space. Then E is semi-reflexive if and only if every
bounded set in E is weakly relatively compact.

Proof
For the necessity we note that semi-reflexivity implies that B(E’, E) = u(E’, E). Therefore,
if A C E is bounded, then A° is a w(E’, E)-neighbourhood of zero, and there exists a
o (E, E")-compact barrel C C E such that A° D C°. Then A C A°° C C°° =C.

For the sufficieny we note that the condition implies that B(E’, E) = u(E’, E), which
in turn implies that (E’, B(E’, E)) = (E’, u(E’, E)) = E. O

Remark 8.2 Note that the condition in Theorem 8.1 is a generalisation of the known
criterion for the reflexivity of Banach spaces. A
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A semi-Montel space is a Hausdorff locally convex space in which every bounded
set is relatively compact. (This terminology reminds of Montel’s theorem from complex
analysis; see Example 8.4(d).) A Montel space is a quasi-barrelled semi-Montel space.

Corollary 8.3 If E is a semi-Montel space, then E is semi-reflexive. If E is a Montel space,
then E is reflexive.

Proof
This is obvious from Theorem 8.1. O

For use in the following example (b) we mention the notation Cy(€2), for the space
of continuous functions ‘vanishing at co’, on a Hausdorff locally compact space 2:

Co(Q):={feC(Q); Ve >03K C Qcompact: [f(x)| <& (xeQ\K)}.
For a function f € C(2), the support is defined by spt f := {x eQ; f(x)# 0}.

Examples 8.4
(a) The space s of rapidly decreasing sequences is a Fréchet-Montel space, i.c., a Fréchet
space which also is semi-Montel (hence Montel, because Fréchet spaces are barrelled).
Indeed, if (x¥)cny is a bounded sequence in s, then one can choose a subsequence converging
in each coordinate, and it is easy to show that this subsequence is convergent in s. Hence s is
reflexive.

(b) Let 2 € R” be open and bounded. Then

CoP(Q) :={f € C¥(RQ); 3°f € Co(Q) (@ e N},
with norms
pm(f) :=max {10°flloo; || <m} (meNo, feCF ),
is a Fréchet-Montel space, therefore reflexive.
Indeed, C3°(£2) is a Fréchet space. Also, every bounded set is relatively compact because
of the Arzela—Ascoli theorem, and therefore the space is semi-Montel.
A partial description of the dual is given as follows. If n € C{°(£2)’, then there exist
m € Ng and ¢ > 0 such that [n(f)| < cpm (f) (f € C5°(R2)). The mapping

@2 (CE*(Q), pm) = Co(@ IS f s (39F) e

is linear and isometric, and therefore the Hahn—-Banach theorem implies that there exists
i € (Co()t |"“<’”})/ such that #j o ® = 5. The Riesz—Markov theorem (see [Rud87,
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Theorem 2.14]) implies that there exists a family ('“0‘)|a\ <m of finite Borel measures on
2 such that

(g = Z /ga dig (g = (go‘)\a|<m € Co()l@ \algm}).

la|<m

For f e C3°(2) this means that

"=y /3°’fdua = (X Mo ) .

|| <m la|<m

where the derivatives of the measures should be interpreted in the sense of distributions.
(Strictly speaking, the last formula would only be valid for f € C°(£2), but the distributions
can be extended by continuity to f € C§°(£2).)

(c) Let € R” be open. Then £(R2) := C*°(R2), with semi-norms

prn(f) :==max {|0°f |k ; le| <m} (K € compact, m €Ny, f€E(Q)

(where || - || x denotes the sup-norm on K) is a Fréchet-Montel space, in particular reflexive.

Let (%) reny be a standard exhaustion of €, i.e., € is open, relatively compact in
Qi1 (k € N), and ey @ = Q. Define Ki := € (k € N). Then any compact
subset of €2 is contained in some Kj; hence the topology of £(2) is generated by the set
{pKk,m; keN, me No}; therefore £(€2) is metrisable, and also it is complete. (Note
that, even though we use the standard exhaustion for the proof of the above properties, the
topology does not depend on the choice of the exhaustion.)

Next we sketch why £(2) is semi-Montel. As an intermediate step let k € Ng, and let
(fj) be a sequence in £(L2), sup; {||8[fj ks 1 <I< n} < 00. Then the sequence (f;) is
bounded on K1 and equicontinuous on Ky, and by the Arzela—Ascoli theorem there exists
a || - || k,-Cauchy subsequence. Now let (f;) be a bounded sequence in £(£2). This means that
sup; px,m(fj) < oo for all compact K € €2, m € No. Applying the previous remark and
a suitable diagonal procedure one obtains a subsequence which is a pg_,,-Cauchy sequence
for all compact K € 2, m € Ny, i.e., a Cauchy sequence, and therefore convergent in £(£2).

(d) Let 2 < C be open, H(S2) := {f: Q—->C; f holomorphic}, with semi-norms

rr(f) = Iflk (f € H(RQ), K € Q compact).
Then H(£2) is a Fréchet—-Montel space, therefore reflexive.
The Montel property of H(£2) is just Montel’s theorem, and for completeness we recall

its proof. Let H € H(£2) be a bounded set. Let (£2,,) be a standard exhaustion of €2, and for
neNlet K, := ,. For all n € N one has

Cui=sup{llfllx,; feH} < oo,
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and there exists r, > 0 such that K,, + B¢ [0, r,] € K,+1. Then Cauchy’s integral formula
for the derivative,

a1 7@
fe= i /33(z,r) (e Z)z ’

implies that | f/(z)| < C,,Jrl(r,,/Z)*2 forall z € K,, + Bc(0,r,/2), f € H, and this estimate
shows that Hg, := { Sk, JeH } is equicontinuous. From the Arzela—Ascoli theorem we
conclude that Hg, is a relatively compact subset of C(K}).

Now, starting with a sequence (fx) in H we can choose a subsequence ( fi ) jeN such
that (fkj K, )jeN converges in C(K,) foralln e N, i.e., (Jfk;) jeN is convergent in C(£2). This
shows that H is relatively sequentially compact in the metric space H(£2), hence relatively
compact.

(e) Let 2 € R” be open,

H(Q) :={f eC*(Q); f harmonic},
with semi-norms

rr(f) =Ilfllk (K S compact, f € H()).

We recall that harmonic means that Af = Z;’: 1 8_}2 f = 0. We will explain that then H (£2)
is a Fréchet-Montel space.

(i) Let P := Z‘ al<m ay, 0% be a partial differential operator with constant coefficients.
Then it is easy to see that the space

Ep(Q):={f €&(Q); Pf =0}

is a closed subspace of £(£2), therefore a Fréchet—-Montel space; see Theorem 8.8(b) below.
In the following we will sketch why H(2) = Ea(R2).

(i1) We recall that harmonic functions f have the mean value property, i.e., if x € €,
r > 0 are such that B[x, r] C €, then

1
fx) = / fx+r§)dSE).
On—1Js,_,

We refer to [Eva98, Section 2.2.2, Theorem 2] (or any other textbook on partial differential
equations) for this property.

(ii1) Let (Qk)keN be a standard exhaustion of Q, Ky := Q, dx := dist(Kg, Q2 \ Qk+1),
and let p € C(R"), px = 0,spt px € B(0,di), [ pr(x) dx = 1, pp(x) = pr(y) if |x| = ||
(k € N). Then, for f € H(2), the convolution pf * f,

ok * f(x) == / pe(x —y) f(y)dy,

Qg1
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is defined for x € €, and in fact is equal to f(x), because of the mean value property of
f. Differentiating under the integral sign, one concludes that f is infinitely differentiable on
Qy, and that

0°f (x) = / 0 (x - NFO)dy (x e, aeNY).
Qi1

(iv) From (iii) it follows that, fork e N, o € Ng there exists a constant ¢ o such that

10°f ke < kel fllkesy  (f € H(Q).

This shows that the topology on H (£2) defined above is the topology induced by £(2).
Therefore the assertion follows from (i).

(f) The Schwartz space S(R"), also called the space of rapidly decreasing functions,
is defined by

SR") :={feC®®R"); x> (1+ 1x|2)" 3% f (x) bounded (m € No, o € N} 1.
with norms
Pk (f) == max { (1+|x[)™[9°F (¥)]; x €R", || < k} (m, k €Ng, f € SRM).

It is standard to show that S(R") is a Fréchet space. Next we show that S(R") is a Montel
space.

Let m € No, (fx) a sequence with M := sup; ppm+1,m+1(fk) < oo. We show that then
there exists a p;, »-Cauchy subsequence. Let ¢ > 0; choose R > 0 such that | ﬁeZ < &.
Then

sup { (1 + [x[)™[8%fe ()5 |x] > R, la| <m} < e.
k

For || < m the set {3”fi; k € N} is || - loo-bounded and equicontinuous on B[0, R], and
therefore, by the Arzela—Ascoli theorem, there exists a subsequence (f;); such that (0% fx )i
is || - |loo-convergent on B[O, R], for all |o| < m. Repeating this argument for smaller and
smaller ¢ and choosing suitable subsequences, we obtain a p,,_ ,,-Cauchy subsequence.

If (fx) is a bounded sequence in S(R"), then the previous procedure can be carried out
for arbitrary m € N, yielding a Cauchy sequence in S(R").

We mention the remarkable fact that S(R) is isomorphic to the space s;
see [MeVo97, Example 29.5(2)]. An analogous result for S(R") is presented in
[ReSi80, Theorem V.13]. A

After these examples we come back to some further theory.
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Theorem 8.5
Let E be a reflexive Hausdorff locally convex space. Then the space (E', B(E', E)) is
reflexive.

Proof
Let t be the topology of E. By hypothesis and Theorem 6.8, (E, 1) = (E”, B(E", E")).
Therefore E” = (E”, B(E", E)) = (E, t) = E', with B(E", E") = B(E', E). 0

Theorem 8.6
Let E be a Montel space. Then (E', B(E', E)) is a Montel space.

For the proof we need a preparation. Let E be a topological vector space. We define
the topology 7. on E’ to be the topology of compact convergence, i.c., the polar
topology T4, corresponding to the collection M. of compact subsets of E.

The fact proved next is, in principle, a property of a uniformly equicontinuous set of
functions on a uniform space; topological vector spaces are special uniform spaces. In
fact, part of the proof is just a generalised version of the proof of the following standard
property: If B is an equicontinuous set of functions on a compact metric space A, and
f € B, ¢ > 0, then there exists a finite set F C A such that

{g€B: suplgx) — f(x)| <e/3} S {geB; llg— fllo < &}

xeF

Proposition 8.7 Let E be a topological vector space, and let B C E’ be equicontinuous.
Thent.NB=0(E,E)NB.

Proof
The inclusion ‘2’ follows from 7. 2 o (E’, E). For ‘C’ it is sufficient to show: For yy € B
and compact A, there exists a finite set F C E such that

{yeB; suplix,y —yo) < 1/3} € {yeB; sup|{x,y — yo)| < 1}.

xeF xXeA

(This property expresses that each t.-neighbourhood in B of y( contains a suitable o (E’, E)-
neighbourhood in B of yp.) As B is equicontinuous, there exists a balanced U € Uy such that

sup  [{x, y)| < 1/3.
xeU, yeB
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Due to the compactness of A, there exists a finite set /' C A such that A € F + U. Now
let y € B be such that supzcp (X, y — yo)| < 1/3. For x € A there exists X € F such that
x — X € U, which implies that

[,y = yo)l < [{x =X, )1+ (X, y = yod [+ [{(X —x, yo)| < I
hence sup, 4 [(x, y — yo)| < 1. O

Proof of Theorem 8.6

The space (E’, B(E’, E)) is reflexive, by Corollary 8.3, therefore barrelled. Let B C E’ be
B(E’, E)-bounded, convex and closed. Theorem 6.8 implies that B is equicontinuous, there-
fore o (E’, E)-compact (by the Alaoglu—Bourbaki theorem). Now Proposition 8.7 implies
that B is t.-compact. Since E is a Montel space, 7. N E' = B(E’, E), and therefore B is
B(E', E)-compact. O

Theorem 8.8

Let E be a locally convex space, F C E a closed subspace. Then:
(a) If E is semi-reflexive, then F is semi-reflexive.

(b) If E is a semi-Montel space, then F is a semi-Montel space.

Proof
(a) is a consequence of Theorem 8.1, because o (F, F') = o(E, E') N F (recall Corol-
lary 2.16).

(b) is obvious. O

Remark 8.9 The analogue of Theorem 8.8 with ‘reflexive’ instead of ‘semi-reflexive’ or
‘Montel’ instead of ‘semi-Montel’ does not hold. There even exists a Montel space with
a non-reflexive closed subspace. We refer to [Sch71, Chap. IV, Exercises 19, 20] for an
example. A

Notes The author was not able to trace the origins of (semi-)reflexivity and the

(semi-)Montel property in locally convex spaces. The examples are standard in analysis.
The isomorphy of S(R) and s, mentioned in Example 8.4(f) is due to Simon [Sim71,
Theorem 1]. Theorem 8.6 can be found in [K6t66, VI, § 27.2], [Sch71, Chap. IV, §5.9].
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