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Initial Topology, Topological Vector
Spaces, Weak Topology

The main objective of this chapter is to present the definition of topological vector spaces
and to derive some fundamental properties. We will also introduce dual pairs of vector
spaces and the weak topology. We start the chapter by briefly recalling concepts of
topology and continuity, thereby also fixing notation.

Let X be a set, 7 € P(X) (the power set of X). Then t is called a topology, and
(X, 7) is called a topological space, if

forany S C t onehas | JS €7,
for any finite 7 C 7 one has (| F € 7.

(This definition is with the understanding that | J@ = @, (@ = X, with the
consequence that always &, X € r.) Concerning notation, we could also write

Us=-Uv. NF=Na

UeS AeF

If S = (U).,er or F = (A,),ey are families of sets, with N finite, then one can also
write

Ufvscery=Ju. N{aninenN} =) A

el nenN

The sets U € t are called open, whereas a set A C X is called closed if X \ A is
open. For a set B € X we define

B (=intB) := | J{U; U ez, U C B}, the interior of B (an open set),

B (=clB):=(){A; AD B, A closed}, the closure of B (a closed set).
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2 Chapter 1 - Initial Topology, Topological Vector Spaces, Weak Topology

Forx € X, aset U C X is called a neighbourhood of x if x € ﬁ , and the collection
U, :={U < X; U neighbourhood of x}

is called the neighbourhood filter of x. (Note that U NV € U, if U,V € U,.)
A neighbourhood base 5 of x is a collection B C U, with the property that the
neighbourhood filter coincides with the collection of supersets of sets in B. (Note that
neighbourhoods need not be open sets.)

A topological space (X, ) is called Hausdorff if for any x,y € X, x # y, there
exist neighbourhoods U of x, V of y suchthat U NV = &.

If (X, d) is a semi-metric space, i.e., X is a set and the semi-metricd: X x X —
[0, oo) is symmetric and satisfies d (x, x) = 0 (x € X) as well as the triangle inequality

d(x,y) <d(x,z)+d(z,y) (x,y,z€X),

then d induces a topology 7; on X: A set U C X is defined to be open if for all x € U
there exists » > 0 such that B(x,r) C U, where

B(x,r) = Bx(x,r) = By(x,r) := {y eX;dly,x) < r}

is the open ball with centre x and radius r. The corresponding closed ball will be
denoted by

Blx,r] = Bx[x,r] = Bylx,r]:={ye X; d(y,x) <r}.

(We mention that our definition of ‘semi-metric’ often runs under the name ‘pseudo-
metric’; we found our notation more convenient, as it is parallel to ‘semi-norm’,
mentioned later.) The topology 7, is Hausdorff if and only if d is a metric, i.e.,
additionally to the previous properties one has that d(x, y) = 0 implies x = y.

A topological space (X, 7) is called (semi-)metrisable if there exists a (semi-)metric
on X such that T = 7.

If ¢ D o are topologies on a set X, then 7 is said to be finer (or stronger) than ¢, and
o is said to be coarser (or weaker) than 7. The trivial topology {&, X} is the coarsest
topology on X, and the discrete topology P(X), i.e., the collection of all subsets of X,
is the finest topology on X.

Let (X, 7), (Y, 0) be topological spaces, f: X — Y, x € X. Then f is continuous
atx if f~1(V) is a neighbourhood of x, for all neighbourhoods V of f(x). The mapping
f is called continuous, if f is continuous at every x € X, and this is equivalent to the
property that f~!(V) € t for all V € . The mapping f is a homeomorphism, if f is
continuous and bijective, and the inverse f~!: ¥ — X is also continuous.
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Remark 1.1 Let X be a set, ' € P(P(X)) a set of topologies. Then it is easy to see that
(T is a topology on X. In order to spell this out more explicitly, we note that

ﬂF:ﬂt:{AgX;Aerforallrer}.

tel

(In this case, because of the subscript ‘v € I'", (1) T does nor mean (., U.) A
Let X be aset, S € P(X). Then
topS = m{‘f; 7 topology on X, t 2 S}

is the coarsest topology containing S, called the topology generated by S, and S is
called a subbase of top S.
If 7 is a topology, B C t, and for all U € t one has that

U= JtveB;vcuy,
then B is called a base for 7. If S is a subbase of 7, then it is not difficult to show that
B:= {ﬂf; Fcs, ]-"ﬁnite} (1.1)

is a base of 7.
Let X be a set. Let I be an index set (i.e., a set whose elements we use as indices), and
fort e I let (X,, 7,) be a topological space and f,: X — X, a mapping. The topology

top{f "' (U): U e, tel} (1.2)

is the coarsest topology on X for which all mappings f, are continuous; it is called the
initial topology with respect to the family (f,; ¢ € I). A base of the initial topology is
given by

{ﬂ £~y ; F C I finite, U, e, (1€ F)}; (1.3)

teF

this is a consequence of (1.1) and (1.2).
The product topology on [],_, X, is the initial topology with respect to the family
(pr,; ¢ € I) of the canonical projections. A base of the product topology is given by

{HUL X 1_[ X,; F C [ finite, U, €1, (LEF)}.

LEF tel\F

The following theorem is an important key result on initial topologies, which will be
used repeatedly in this treatise.
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Theorem 1.2

Let (Y,0), (X, 1), (X\, 1) (t€) be topological spaces, g: Y — X, fi: X — X,

(t € 1), T the initial topology with respect to (f,; 1€ I). Let y € Y. Then:

(a) g is continuous at y if and only if f, o g is continuous at y (1 € I).

(b) g is continuous if and only if f, o g is continuous (1 € I).

(c) The initial topology on Y with respect to g is the same as the initial topology with
respect to (f, 0 g; L€ ).

Proof

(a) The necessity is clear. In order to show the sufficiency, let U be a neighbourhood of
g(y). There exist a finite set ¥ C I and U, € 7, (+ € F) such that (. ffl(Ut) CUis
a neighbourhood of g(y). (Recall that these sets constitute a base of the initial topology.)
Therefore, the set

(N ) =Ne ' (7 W) =Nhop™ W

el el el

is a neighbourhood of y, and is a subset of g~ (U).
(b) is a consequence of (a).
(c) is an immediate consequence of (b). O

Next we define topological vector spaces and derive some basic properties.

Let E be a vector space over the field K (where K € {R, C}), and let T be a topology
on E. Then t is called a linear topology, and (E, 7) is called a topological vector
space, if the mappings

a:EXE—E, (x,y)—>x+Yy,
m:KxE— E,(Ax)— Ax

are continuous.
In a topological vector space (E, T) we will denote the neighbourhood filter of zero
by Uy (or Up(E), or Uy(1)).

Examples 1.3
(a) A vector space E with the trivial topology v = {@, E} is a topological vector space.

(b) A vector space E # {0} with the discrete topology is not a topological vector space.
Indeed, it is easy to see that the scalar multiplication m is not continuous.

(c) The scalars R and C are topological vector spaces.

(d) Normed and semi-normed spaces are topological vector spaces. A
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For more explanation on Example 1.3(d) we recall that a semi-norm p on a vector
space E is a mapping p: E — [0, co) satisfying

px +y) < px)+ p(y) (x, y € E), the triangle inequality,
p(Ox) = |A|lp(x) (x € E, A € K), i.e., p is absolutely homogeneous.

The semi-norm p gives rise to a semi-metric d on E, defined by d(x, y) := p(x — y)
(x,y € E). Then the inequalities p((x + y) — (xo — y0)) < p(x — x0) + p(¥y — Yo)
and p(Ax — Aoxo) < |Ap(x — x0) + |A — Aol p(x0) (x, X0, ¥, Yo € E, A, A9 € K) show
the continuity of addition and scalar multiplication. The semi-metric d is a metric if and
only if p is a norm, i.e., if additionally p(x) = 0 implies x = 0, for x € E.

In the following theorem we collect some basic properties of topological vector
spaces.

Theorem 1.4

Let (E, ) be a topological vector space. Then:

(a) Forall x € E the mapping a,: E — E, y — x + y is a homeomorphism. The
topology t is determined by a neighbourhood base of zero.

(b) Forall » € K\ {0} the mapping m, : E — E, x — \x is a homeomorphism.

(c) Each U € Uy(E) is absorbing, i.e., for all x € E there exists « > 0 such that
x € AU forall A e K with |A| > «.

(d) Forall U € Uy(E) there exists V € Uy(E) such that V +V C U.

Proof
(a) It is sufficient to show that the mapping a, is continuous. It is a consequence of
Theorem 1.2 (and the definition of the product topology on E x E) that the mapping

Jxi E—>EXE, y— (x,y)

is continuous. Then a, = a o j is continuous, because the addition a is continuous. The last
statement is then obvious. (Note that the topology is determined if for each point in the space
one knows a neighbourhood base.)

(b) Similarly to (a), we note that the mapping

i E—>KXE, x+— (A x)

is continuous. Then the continuity of m; = m o j, follows from the continuity of the scalar
multiplication m.

(c) Similarly to part (a) one shows that the mapping K > A — Ax € E is continuous.
Therefore there exists @ > 0 such that Ax € U for all A € K with |A]| < «.

(d) Let U € Uy(E). Then, by the continuity of the addition at the point (0, 0), there exist
Vi, Vo €e Up(E) such that Vi + Vo, C U. Then V := V| N V, is as asserted. O
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Next we introduce the concept of dual pairs of vector spaces, a central notion in our
treatment.

A dual pair (E, F) consists of two vector spaces E, F over the same field K and a
bilinear mapping b = (-, -): E x F — K. The mapping b gives rise to mappings

by: E — F*, defined by b;(x) :==(x, -) (x€E),
by: F — E*,defined by by(y) :==(-,y) (yeF),

where E*, F* denote the algebraic duals of E, F, respectively. The dual pair is
separating in E if

x € E, (x,y) =0(ye F)implies that x = 0, i.e., b; is injective,
separating in F if
yeF,{x,y)=0(x e E)implies that y = 0, i.e., b, is injective,

and separating, if it is separating in E and F.

The weak topology o (E, F) on E with respect to the dual pair (E, F) is defined
as the initial topology with respect to the family ({-, y); y € F); the weak topology
o(F, E) on F is defined analogously.

If B C F is finite, then

Up:={x€E; |(x,y)| <1 (yeB)}

is a o (E, F)-neighbourhood of zero. A o (E, F)-neighbourhood base of zero is given
by

{UB; B C Fﬁnite};

see Remark 1.6.
The following theorem is basic for the theory and important for the construction
of topological vector spaces; it shows (amongst other facts) that o (E, F) is a linear

topology.

Theorem 1.5

Let E be a vector space, ((EL, T); el ) a family of topological vector spaces,
fi: E — E, linear maps (v € 1), T the initial topology on E with respect to (f,; t€ I).
Then (E, t) is a topological vector space.

Proof

First we show the continuity of the scalar multiplication m: K x E — E. By Theorem 1.2 it
is sufficient to show that f, om: K x E — E, is continuous forall t€ /. For A €K, x € E,
one has

from(h, x) = fi(hx) = Afi(x) =m, (%, f,(x)),
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with m, denoting the scalar multiplication in E|; therefore f, o m = m, o (idg X f,). Noting
that Theorem 1.2 implies that idx x f,: K x £ — K x E, is continuous we obtain the
assertion.

The continuity of the addition « in E is proved analogously: For ¢ € I, the continuity of
fioa = a, o (f, x f,) follows from the continuity of f, x f;: E x E — E, x E, and the
addition g, in E,. O

Remark 1.6 If, in the situation of Theorem 1.5, U, is a neighbourhood base of zero, for all
t € 1, then a neighbourhood base of zero for the initial topology on E is given by

{ﬂ £7NWUY; F C I finite, U, e Y, (zeF)}.
eF

This follows from (1.3) A

Examples 1.7
(a) The weak topologies o (E, F) and o (F, E), for a dual pair (E, F'), are linear topologies.
(b) Let E be a vector space, P a set of semi-norms on E. Then the initial topology tp on
E with respect to the mappings id: E — (E, p) (p € P) is called the topology generated
by P. Theorem 1.5 implies that tp is a linear topology.
(c) Let I be an index set. Then K/, with the product topology T, the initial topology with
respect to the projections pr, : K/ — K, (x,)ie; + X, is a topological vector space, by
Theorem 1.5. With

ce(D) := {(er €K's €15 yo # 0} finite]
we form the dual pair (K’ ¢.(I)) by defining the duality bracket

(y) =) w0 =0Der €Ky = (er € ce(D).

el

Then 1 = o (K, ¢c(I)). Indeed, it is evident that T < o (K!, ¢.(I)), because pr,x =
(x, &c), where &, € cc(I) is defined by 8, := 1, 8, := 0if ¢ # k. On the other hand, for each
y € cc(I), the mapping x — (x,y) is a finite linear combination of canonical projections,
hence continuous with respect to t.

The product topology is also generated by the family of semi-norms (py)cer, where
Die (X)) := [xe] (x = (x)iex GKI)-

(d) Let X be a topological space, E := C(X) the space of continuous functions
f: X — K. For compact K C X we define the semi-norm pg, by

px(f) = sup lf@l  (feCX)),
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and set
P = {pK; KCX Compact}.

Then tp is the topology of compact convergence; it is a linear topology.
(e) Let ((EL, T,); LE I) be a family of topological vector spaces, and let E := ]_[lel E,.
Then E, with the product topology, is a topological vector space. A

For a topological vector space (E, ), the dual, or dual space, (E, 7)’ is defined as
the vector space of all continuous linear functionals on E. We will not always explicitly
specify the topology of a topological vector space E, and accordingly, we will denote
the dual of E by E’ if it is clear from the context to which topology on E we refer.

By definition, every linear functional (-, y), for y € F, is continuous for o (E, F);
the following result shows that the converse is also true.

Theorem 1.8
Let (E, F) be a dual pair. Let n € (E, o (E, F))'. Then there exists y € F such that
n(x) = (x, y) (x € E). Expressed differently, one has (E, o (E, F)) = by(F).

For the proof we need a preparatory lemma from linear algebra.

Lemma 1.9 Let E be a vector space, n, 01, ..., 0, € E*,

n
ﬂ kern; C kern.
j=1

Then there exist ¢, ..., c, € K such that n = Z?:l cinj.

Proof
(i) We start with a preliminary tool. Let F, G be vector spaces, f: E — Fandg: E - G
linear, g surjective, and ker g C ker f. Then there exists f : G — F linear, such that f =
fos

Infact, f(g(x)) := f(x) (x € E)is well-defined: If g(x) = g(x1),thenx —x; € kerg C
ker f, and therefore f(x) = f(x1). The linearity of f is then easy.

(i) Apply () with f = n, ¢ = (,....,m): E — g(E) < K", to obtain
f : g(E) — K. There exists a linear extension f : K" — K, and this extension is of the
form

f» =) ¢y (yeK™,
=

N

with suitable (¢y,...,c;) € K". Thenn = fo(ny,...,nn) = Z?:l cinj. O
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Proof of Theorem 1.8
As n is continuous with respect to o (E, F), there exists a finite set B C F such that

n(Up) =n({x € E; |{x, )] < 1 (ye B)}) € Bx (0, 1)
(the open unit ball in K), or expressed differently,

n()| < max [{(x, y)| (x€E).

For x € E with (x,y) = 0 (y € B) one concludes that n(x) = 0. From Lemma 1.9 we
conclude that there exist ¢, € K (y € B) such that

n=Y eyl ¥ =( ) ). O

yEB yeB
Example 1.10
Coming back to E = K! — see Example 1.7(c) — we note that Theorem 1.8 implies that
E'= (K, oK', cc(]))) = ce(D). A

From the definition it is clear that o (E, E’) is the coarsest linear topology on E such
that E’ 2 by(F), and Theorem 1.8 expresses that for this topology one even has E' =
b, (F). Later we will also obtain a finest locally convex topology with this property; see
Chapter 5.

Notes The material of the present chapter is standard, and it is rather impossible to
give precise information where the contents originated. For the fundamental notions of
topology we refer to [BouO7c]; in particular, our Theorem 1.2 is as in [BouO7¢c, Chap. 1,
§ 3, Proposition 4].

Concerning topological vector spaces and in particular locally convex spaces we
include at this place a list of treatises on the subject, in principle in historical order:
[Ban32], [Edw65], [K6t66], [Hor66], [Sch71] (first edition 1966), [Tre67], [Gro73],
[RoRo073], [Rud91], [Wil78], [BouO7a] (new edition from 1981 of [Bou64a], [Bou64b]),
[Jar81] [MeVo97], [Osbl4], [BoSm17]. The beginning is marked by Banach’s pio-
neering book. As mentioned in the preface, it was in the 1960s that the topic became
“fashionable” also for teaching, and the treatises are of varying character, volume and
focus. Wilansky’s contribution is notable for its richness of exercises and examples,
and we add Khaleelulla’s Lecture Notes [Kha82] to the list as an abundant and well
structured source of counterexamples.

The list indicated above contains only texts in which the main emphasis is on locally
convex topological vector spaces. Many books on Banach space theory, functional
analysis or operator theory contain also substantial parts on topological vector spaces.
As examples, we mention the encyclopedic volume [DuSc58] and the treatises [ Yos80],
[Con90] and [Werl8].



	1 Initial Topology, Topological Vector Spaces, Weak Topology

