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Preface

The theory of topological vector spaces — as a branch of functional analysis,
motivated by applications and pushed forward also for abstract reasons —
was developed over a long period of time, say, starting in the 1940s, and
adopted in universities for teaching in the 1960s, when it became mandatory
for advanced students in analysis to acquire knowledge in this topic. It was
indeed in the late 1960s that I attended a course, given by the late Prof. W.
Roelcke, University of Munich, on topological vector spaces and received
my fundamental education in this area. When working in partial differential
equations, operator theory, or some other topics in functional analysis, I
always appreciated my knowledge in this abstract part of functional analysis,
mainly as a somehow always present background.

It was in 2011, during discussions with some graduate students and
young colleagues, that I discovered that they did not have, and missed, this
kind of background — and in fact asked how they should have acquired it, due
to the lack of offered courses. It was then that I decided to teach a course on
this topic.

Due to the nature of the course, the book is certainly not intended to give
an exhaustive treatment of the topic. The background the reader should have
is the material presented in a basic course in functional analysis. In fact, the
first two chapters of the book contain topics which mostly had been treated
already in my basic course on functional analysis. Also, as seen immediately
from the table of contents, the course is directed toward the theory of locally
convex spaces.

The intended main objective of the course was the treatment of topologies
for dual pairs, fundamental properties of which are contained in Chapters 3
to 6 — but unavoidably dual pairs are always present in the theory of
locally convex spaces. In particular, the introduction of polar topologies
and the Mackey—Arens theorem can be considered as a minimal kernel
for the treatment of dual pairs. The topics of Chapters 8 to 11, reflexivity,
completeness, locally convex final topology including applications, and
compactness, are still pretty standard for the course.

Having covered these basic topics, I decided to present a choice of
results which are of interest even for Banach spaces but need the theory of
locally convex spaces. These are the Krein—Smulian theorem in Chapter 12,
the Eberlein-Smulian theorem in Chapter 13 and the theorem of Krein
in Chapter 14. Having talked so much about weakly compact sets in
Chapters 13 and 14, I used Chapter 15 to present an important nontrivial
example, in the form of weakly compact sets in L;-spaces. Finally, in
Chapter 16, I thought it of interest to present an example where it is possible
to determine the bidual of a locally convex space for which one does not have
an explicit representation of the dual.
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The topics of Chapter 7, on Fréchet spaces, and Chapter 17, the Krein—
Milman theorem, were not part of the actual course.

Clearly, in a presentation of results that have been developed over a long
time, one cannot expect much originality. Nevertheless, desiring to proceed
to interesting topics as fast as possible, I tried to present a streamlined
approach, omitting many sidelines which might be interesting but not
directly contributing to the aim I had in mind. According to my personal
tastes in reading, I preferred a concise style where all needed ingredients are
mentioned, but some active collaboration of the reader is required.

It may seem somewhat strange that I delegated the Hahn—Banach
theorem and the uniform boundedness theorem to appendices. The reason
is that I considered them as belonging to the prerequisites covered in a basic
course on functional analysis (and in fact in the course itself, they were not
included).

At the beginning of each chapter, I give a brief outline of topics treated
therein. In the notes at the end of each chapter I try to mention the sources
for the main results, sometimes adding further comments.

In an index of notation and an index, the reader can find the explanation
of the symbols and of the terminology used in the text.

Finally, I want to add acknowledgements of various kinds. First of all,
I want to thank the late Prof. Walter Roelcke for his introduction to the
topic. Next, it is a pleasure to thank my colleagues and friends for many
years from Munich times, Peter Dierolf and the late Susanne Dierolf, for
many discussions and exchanges on various topics in the area as well as
for the collaboration with Peter Dierolf. Finally, to come to more recent
times, my thanks go to the late Prof. John Horvéth for communication on the
manuscript and for encouragement. It is a pleasure to thank Sascha Trostorff,
Hendrik Vogt, and Marcus Waurick for many discussions on various topics
in the book, and to Sascha Trostorff and Marcus Waurick for reading the first
manuscript and discovering gaps, errors, and misprints. Also, I am much
obliged to Dirk Werner for various comments on contents, examples, and
misprints; in particular, it was his suggestion to include a chapter on Fréchet
spaces, because of their importance in analysis.

And last but not least, along another line, I thank my wife Marianne for
lifelong support and patience.

Dresden, Germany Jiirgen Voigt
August 2019
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Initial Topology, Topological Vector
Spaces, Weak Topology

The main objective of this chapter is to present the definition of topological vector spaces
and to derive some fundamental properties. We will also introduce dual pairs of vector
spaces and the weak topology. We start the chapter by briefly recalling concepts of
topology and continuity, thereby also fixing notation.

Let X be a set, 7 € P(X) (the power set of X). Then t is called a topology, and
(X, 7) is called a topological space, if

forany S C t onehas | JS €7,
for any finite 7 C 7 one has (| F € 7.

(This definition is with the understanding that | J@ = @, (@ = X, with the
consequence that always &, X € r.) Concerning notation, we could also write

Us=-Uv. NF=Na

UeS AeF

If S = (U).,er or F = (A,),ey are families of sets, with N finite, then one can also
write

Ufvscery=Ju. N{aninenN} =) A

el nenN

The sets U € t are called open, whereas a set A C X is called closed if X \ A is
open. For a set B € X we define

B (=intB) := | J{U; U ez, U C B}, the interior of B (an open set),

B (=clB):=(){A; AD B, A closed}, the closure of B (a closed set).

© Springer Nature Switzerland AG 2020
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Forx € X, aset U C X is called a neighbourhood of x if x € ﬁ , and the collection
U, :={U < X; U neighbourhood of x}

is called the neighbourhood filter of x. (Note that U NV € U, if U,V € U,.)
A neighbourhood base 5 of x is a collection B C U, with the property that the
neighbourhood filter coincides with the collection of supersets of sets in B. (Note that
neighbourhoods need not be open sets.)

A topological space (X, ) is called Hausdorff if for any x,y € X, x # y, there
exist neighbourhoods U of x, V of y suchthat U NV = &.

If (X, d) is a semi-metric space, i.e., X is a set and the semi-metricd: X x X —
[0, oo) is symmetric and satisfies d (x, x) = 0 (x € X) as well as the triangle inequality

d(x,y) <d(x,z)+d(z,y) (x,y,z€X),

then d induces a topology 7; on X: A set U C X is defined to be open if for all x € U
there exists » > 0 such that B(x,r) C U, where

B(x,r) = Bx(x,r) = By(x,r) := {y eX;dly,x) < r}

is the open ball with centre x and radius r. The corresponding closed ball will be
denoted by

Blx,r] = Bx[x,r] = Bylx,r]:={ye X; d(y,x) <r}.

(We mention that our definition of ‘semi-metric’ often runs under the name ‘pseudo-
metric’; we found our notation more convenient, as it is parallel to ‘semi-norm’,
mentioned later.) The topology 7, is Hausdorff if and only if d is a metric, i.e.,
additionally to the previous properties one has that d(x, y) = 0 implies x = y.

A topological space (X, 7) is called (semi-)metrisable if there exists a (semi-)metric
on X such that T = 7.

If ¢ D o are topologies on a set X, then 7 is said to be finer (or stronger) than ¢, and
o is said to be coarser (or weaker) than 7. The trivial topology {&, X} is the coarsest
topology on X, and the discrete topology P(X), i.e., the collection of all subsets of X,
is the finest topology on X.

Let (X, 7), (Y, 0) be topological spaces, f: X — Y, x € X. Then f is continuous
atx if f~1(V) is a neighbourhood of x, for all neighbourhoods V of f(x). The mapping
f is called continuous, if f is continuous at every x € X, and this is equivalent to the
property that f~!(V) € t for all V € . The mapping f is a homeomorphism, if f is
continuous and bijective, and the inverse f~!: ¥ — X is also continuous.
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Remark 1.1 Let X be a set, ' € P(P(X)) a set of topologies. Then it is easy to see that
(T is a topology on X. In order to spell this out more explicitly, we note that

ﬂF:ﬂt:{AgX;Aerforallrer}.

tel

(In this case, because of the subscript ‘v € I'", (1) T does nor mean (., U.) A
Let X be aset, S € P(X). Then
topS = m{‘f; 7 topology on X, t 2 S}

is the coarsest topology containing S, called the topology generated by S, and S is
called a subbase of top S.
If 7 is a topology, B C t, and for all U € t one has that

U= JtveB;vcuy,
then B is called a base for 7. If S is a subbase of 7, then it is not difficult to show that
B:= {ﬂf; Fcs, ]-"ﬁnite} (1.1)

is a base of 7.
Let X be a set. Let I be an index set (i.e., a set whose elements we use as indices), and
fort e I let (X,, 7,) be a topological space and f,: X — X, a mapping. The topology

top{f "' (U): U e, tel} (1.2)

is the coarsest topology on X for which all mappings f, are continuous; it is called the
initial topology with respect to the family (f,; ¢ € I). A base of the initial topology is
given by

{ﬂ £~y ; F C I finite, U, e, (1€ F)}; (1.3)

teF

this is a consequence of (1.1) and (1.2).
The product topology on [],_, X, is the initial topology with respect to the family
(pr,; ¢ € I) of the canonical projections. A base of the product topology is given by

{HUL X 1_[ X,; F C [ finite, U, €1, (LEF)}.

LEF tel\F

The following theorem is an important key result on initial topologies, which will be
used repeatedly in this treatise.
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Theorem 1.2

Let (Y,0), (X, 1), (X\, 1) (t€) be topological spaces, g: Y — X, fi: X — X,

(t € 1), T the initial topology with respect to (f,; 1€ I). Let y € Y. Then:

(a) g is continuous at y if and only if f, o g is continuous at y (1 € I).

(b) g is continuous if and only if f, o g is continuous (1 € I).

(c) The initial topology on Y with respect to g is the same as the initial topology with
respect to (f, 0 g; L€ ).

Proof

(a) The necessity is clear. In order to show the sufficiency, let U be a neighbourhood of
g(y). There exist a finite set ¥ C I and U, € 7, (+ € F) such that (. ffl(Ut) CUis
a neighbourhood of g(y). (Recall that these sets constitute a base of the initial topology.)
Therefore, the set

(N ) =Ne ' (7 W) =Nhop™ W

el el el

is a neighbourhood of y, and is a subset of g~ (U).
(b) is a consequence of (a).
(c) is an immediate consequence of (b). O

Next we define topological vector spaces and derive some basic properties.

Let E be a vector space over the field K (where K € {R, C}), and let T be a topology
on E. Then t is called a linear topology, and (E, 7) is called a topological vector
space, if the mappings

a:EXE—E, (x,y)—>x+Yy,
m:KxE— E,(Ax)— Ax

are continuous.
In a topological vector space (E, T) we will denote the neighbourhood filter of zero
by Uy (or Up(E), or Uy(1)).

Examples 1.3
(a) A vector space E with the trivial topology v = {@, E} is a topological vector space.

(b) A vector space E # {0} with the discrete topology is not a topological vector space.
Indeed, it is easy to see that the scalar multiplication m is not continuous.

(c) The scalars R and C are topological vector spaces.

(d) Normed and semi-normed spaces are topological vector spaces. A
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For more explanation on Example 1.3(d) we recall that a semi-norm p on a vector
space E is a mapping p: E — [0, co) satisfying

px +y) < px)+ p(y) (x, y € E), the triangle inequality,
p(Ox) = |A|lp(x) (x € E, A € K), i.e., p is absolutely homogeneous.

The semi-norm p gives rise to a semi-metric d on E, defined by d(x, y) := p(x — y)
(x,y € E). Then the inequalities p((x + y) — (xo — y0)) < p(x — x0) + p(¥y — Yo)
and p(Ax — Aoxo) < |Ap(x — x0) + |A — Aol p(x0) (x, X0, ¥, Yo € E, A, A9 € K) show
the continuity of addition and scalar multiplication. The semi-metric d is a metric if and
only if p is a norm, i.e., if additionally p(x) = 0 implies x = 0, for x € E.

In the following theorem we collect some basic properties of topological vector
spaces.

Theorem 1.4

Let (E, ) be a topological vector space. Then:

(a) Forall x € E the mapping a,: E — E, y — x + y is a homeomorphism. The
topology t is determined by a neighbourhood base of zero.

(b) Forall » € K\ {0} the mapping m, : E — E, x — \x is a homeomorphism.

(c) Each U € Uy(E) is absorbing, i.e., for all x € E there exists « > 0 such that
x € AU forall A e K with |A| > «.

(d) Forall U € Uy(E) there exists V € Uy(E) such that V +V C U.

Proof
(a) It is sufficient to show that the mapping a, is continuous. It is a consequence of
Theorem 1.2 (and the definition of the product topology on E x E) that the mapping

Jxi E—>EXE, y— (x,y)

is continuous. Then a, = a o j is continuous, because the addition a is continuous. The last
statement is then obvious. (Note that the topology is determined if for each point in the space
one knows a neighbourhood base.)

(b) Similarly to (a), we note that the mapping

i E—>KXE, x+— (A x)

is continuous. Then the continuity of m; = m o j, follows from the continuity of the scalar
multiplication m.

(c) Similarly to part (a) one shows that the mapping K > A — Ax € E is continuous.
Therefore there exists @ > 0 such that Ax € U for all A € K with |A]| < «.

(d) Let U € Uy(E). Then, by the continuity of the addition at the point (0, 0), there exist
Vi, Vo €e Up(E) such that Vi + Vo, C U. Then V := V| N V, is as asserted. O
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Next we introduce the concept of dual pairs of vector spaces, a central notion in our
treatment.

A dual pair (E, F) consists of two vector spaces E, F over the same field K and a
bilinear mapping b = (-, -): E x F — K. The mapping b gives rise to mappings

by: E — F*, defined by b;(x) :==(x, -) (x€E),
by: F — E*,defined by by(y) :==(-,y) (yeF),

where E*, F* denote the algebraic duals of E, F, respectively. The dual pair is
separating in E if

x € E, (x,y) =0(ye F)implies that x = 0, i.e., b; is injective,
separating in F if
yeF,{x,y)=0(x e E)implies that y = 0, i.e., b, is injective,

and separating, if it is separating in E and F.

The weak topology o (E, F) on E with respect to the dual pair (E, F) is defined
as the initial topology with respect to the family ({-, y); y € F); the weak topology
o(F, E) on F is defined analogously.

If B C F is finite, then

Up:={x€E; |(x,y)| <1 (yeB)}

is a o (E, F)-neighbourhood of zero. A o (E, F)-neighbourhood base of zero is given
by

{UB; B C Fﬁnite};

see Remark 1.6.
The following theorem is basic for the theory and important for the construction
of topological vector spaces; it shows (amongst other facts) that o (E, F) is a linear

topology.

Theorem 1.5

Let E be a vector space, ((EL, T); el ) a family of topological vector spaces,
fi: E — E, linear maps (v € 1), T the initial topology on E with respect to (f,; t€ I).
Then (E, t) is a topological vector space.

Proof

First we show the continuity of the scalar multiplication m: K x E — E. By Theorem 1.2 it
is sufficient to show that f, om: K x E — E, is continuous forall t€ /. For A €K, x € E,
one has

from(h, x) = fi(hx) = Afi(x) =m, (%, f,(x)),
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with m, denoting the scalar multiplication in E|; therefore f, o m = m, o (idg X f,). Noting
that Theorem 1.2 implies that idx x f,: K x £ — K x E, is continuous we obtain the
assertion.

The continuity of the addition « in E is proved analogously: For ¢ € I, the continuity of
fioa = a, o (f, x f,) follows from the continuity of f, x f;: E x E — E, x E, and the
addition g, in E,. O

Remark 1.6 If, in the situation of Theorem 1.5, U, is a neighbourhood base of zero, for all
t € 1, then a neighbourhood base of zero for the initial topology on E is given by

{ﬂ £7NWUY; F C I finite, U, e Y, (zeF)}.
eF

This follows from (1.3) A

Examples 1.7
(a) The weak topologies o (E, F) and o (F, E), for a dual pair (E, F'), are linear topologies.
(b) Let E be a vector space, P a set of semi-norms on E. Then the initial topology tp on
E with respect to the mappings id: E — (E, p) (p € P) is called the topology generated
by P. Theorem 1.5 implies that tp is a linear topology.
(c) Let I be an index set. Then K/, with the product topology T, the initial topology with
respect to the projections pr, : K/ — K, (x,)ie; + X, is a topological vector space, by
Theorem 1.5. With

ce(D) := {(er €K's €15 yo # 0} finite]
we form the dual pair (K’ ¢.(I)) by defining the duality bracket

(y) =) w0 =0Der €Ky = (er € ce(D).

el

Then 1 = o (K, ¢c(I)). Indeed, it is evident that T < o (K!, ¢.(I)), because pr,x =
(x, &c), where &, € cc(I) is defined by 8, := 1, 8, := 0if ¢ # k. On the other hand, for each
y € cc(I), the mapping x — (x,y) is a finite linear combination of canonical projections,
hence continuous with respect to t.

The product topology is also generated by the family of semi-norms (py)cer, where
Die (X)) := [xe] (x = (x)iex GKI)-

(d) Let X be a topological space, E := C(X) the space of continuous functions
f: X — K. For compact K C X we define the semi-norm pg, by

px(f) = sup lf@l  (feCX)),
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and set
P = {pK; KCX Compact}.

Then tp is the topology of compact convergence; it is a linear topology.
(e) Let ((EL, T,); LE I) be a family of topological vector spaces, and let E := ]_[lel E,.
Then E, with the product topology, is a topological vector space. A

For a topological vector space (E, ), the dual, or dual space, (E, 7)’ is defined as
the vector space of all continuous linear functionals on E. We will not always explicitly
specify the topology of a topological vector space E, and accordingly, we will denote
the dual of E by E’ if it is clear from the context to which topology on E we refer.

By definition, every linear functional (-, y), for y € F, is continuous for o (E, F);
the following result shows that the converse is also true.

Theorem 1.8
Let (E, F) be a dual pair. Let n € (E, o (E, F))'. Then there exists y € F such that
n(x) = (x, y) (x € E). Expressed differently, one has (E, o (E, F)) = by(F).

For the proof we need a preparatory lemma from linear algebra.

Lemma 1.9 Let E be a vector space, n, 01, ..., 0, € E*,

n
ﬂ kern; C kern.
j=1

Then there exist ¢, ..., c, € K such that n = Z?:l cinj.

Proof
(i) We start with a preliminary tool. Let F, G be vector spaces, f: E — Fandg: E - G
linear, g surjective, and ker g C ker f. Then there exists f : G — F linear, such that f =
fos

Infact, f(g(x)) := f(x) (x € E)is well-defined: If g(x) = g(x1),thenx —x; € kerg C
ker f, and therefore f(x) = f(x1). The linearity of f is then easy.

(i) Apply () with f = n, ¢ = (,....,m): E — g(E) < K", to obtain
f : g(E) — K. There exists a linear extension f : K" — K, and this extension is of the
form

f» =) ¢y (yeK™,
=

N

with suitable (¢y,...,c;) € K". Thenn = fo(ny,...,nn) = Z?:l cinj. O
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Proof of Theorem 1.8
As n is continuous with respect to o (E, F), there exists a finite set B C F such that

n(Up) =n({x € E; |{x, )] < 1 (ye B)}) € Bx (0, 1)
(the open unit ball in K), or expressed differently,

n()| < max [{(x, y)| (x€E).

For x € E with (x,y) = 0 (y € B) one concludes that n(x) = 0. From Lemma 1.9 we
conclude that there exist ¢, € K (y € B) such that

n=Y eyl ¥ =( ) ). O

yEB yeB
Example 1.10
Coming back to E = K! — see Example 1.7(c) — we note that Theorem 1.8 implies that
E'= (K, oK', cc(]))) = ce(D). A

From the definition it is clear that o (E, E’) is the coarsest linear topology on E such
that E’ 2 by(F), and Theorem 1.8 expresses that for this topology one even has E' =
b, (F). Later we will also obtain a finest locally convex topology with this property; see
Chapter 5.

Notes The material of the present chapter is standard, and it is rather impossible to
give precise information where the contents originated. For the fundamental notions of
topology we refer to [BouO7c]; in particular, our Theorem 1.2 is as in [BouO7¢, Chap. 1,
§ 3, Proposition 4].

Concerning topological vector spaces and in particular locally convex spaces we
include at this place a list of treatises on the subject, in principle in historical order:
[Ban32], [Edw65], [K6t66], [Hor66], [Sch71] (first edition 1966), [Tre67], [Gro73],
[RoRo073], [Rud91], [Wil78], [BouO7a] (new edition from 1981 of [Bou64a], [Bou64b]),
[Jar81] [MeVo97], [Osbl4], [BoSm17]. The beginning is marked by Banach’s pio-
neering book. As mentioned in the preface, it was in the 1960s that the topic became
“fashionable” also for teaching, and the treatises are of varying character, volume and
focus. Wilansky’s contribution is notable for its richness of exercises and examples,
and we add Khaleelulla’s Lecture Notes [Kha82] to the list as an abundant and well
structured source of counterexamples.

The list indicated above contains only texts in which the main emphasis is on locally
convex topological vector spaces. Many books on Banach space theory, functional
analysis or operator theory contain also substantial parts on topological vector spaces.
As examples, we mention the encyclopedic volume [DuSc58] and the treatises [ Yos80],
[Con90] and [Werl8].
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Convexity, Separation Theorems,
Locally Convex Spaces

Locally convex spaces are introduced as topological vector spaces possessing a neigh-
bourhood base of zero consisting of convex sets. It is shown that then the topology can
also be defined by a set of semi-norms. In order to show this and other features, we first
treat separation properties. The final topic is the characterisation of (semi-)metrisability
of locally convex spaces.

We recall that a sublinear functional on a vector space E is a mapping p: E — R
satisfying

p(Ax) = ip(x) (L =0, x € E), i.e., p is positively homogeneous,
px+y) < px)+ pQ»y) (x,y € E),ie., pis subadditive.

We also recall that a set A C E is called convex if (1 —#)x +ty € Aforallx,y € A,
te[0,1].

Proposition 2.1 Let E be a vector space. Then:
(@) Ifp: E — [0, 00) is sublinear, then the sets

Ay :={xeE; pkx) <1}, By:={xeE; p)< 1

are convex and absorbing.
(b) If A C E is convex and absorbing, then ps: E — [0, 00),

pa(x) :=inf{A € (0,00); x e AA} (x€E),
is sublinear, and
{er; palx) < 1} CAC {er; palx) < l}.
The mapping pa is called the Minkowski functional (or gauge) of A.

© Springer Nature Switzerland AG 2020
J. Voigt, A Course on Topological Vector Spaces, Compact Textbooks in Mathematics,
https://doi.org/10.1007/978-3-030-32945-7_2
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Proof

(a) The convexity of A, and B), is an immediate consequence of the sublinearity of p. In
order to show that A, is absorbing, let x € E. We will show below that there exists a constant
a > 0 such that p(yx) < « for all y € K with |y| = 1. Then, if A € K, |A] > «, one obtains

P(,{X) = \i|1’(‘;|x) <1
ie,x €AAp.

For K = R, the asserted inequality holds with o := max{p(x), p(—x)}. For K = C,
it is straightforward to show that the inequality holds with « := (max{ px), p(—x0))% +

. . o172

max{p(ix), p(=ix)}?) "

(b) It is easy to show that p4 is positively homogeneous. To verify the subadditivity, let
X,y € E, and assume that ps(x) + pa(y) < 1. Then there exist A, u > O with A + u < 1,
xeArA,yenuA . Thenx +y e rA+ uA = (A + p)A, by the convexity of A, and therefore

palx+y) <1
Ifx € E, pa(x) < 1, then there exists A < 1 withx e LA C A. Ifx € A, then pg(x) < 1
by definition. O

Theorem 2.2 (General separation theorem)
Let E be a topological vector space. Let A, B C E be convex, non-empty, A open,
AN B = &. Then there exists x' € E' such that

Rex'(x) < y := inf Rex'(y) (2.1
yEB

for all x € A.

This means that the ‘affine real hyperplane’ {x € E; Rex'(x) = y} ‘separates’ the
sets A and B.

Lemma 2.3 Let E be a topological vector space, A C E open, 0 # x* € E*. Then x*(A) is
open.

Proof
There exists xo € E such that x*(xp) > 0. For x € A the set A—x is absorbing (Theorem 1.4);
hence, there exists ¢ > 0 such that x + Bk (0, €)xo € A. This implies

B (x™(x), ex* (x0)) = x™(x) + Bk (0, £)x™ (xp) S x™(A). o
Proof of Theorem 2.2

It is sufficient to find x” € E \ {0} such that (2.1) holds with ‘<’. From Lemma 2.3 one then
obtains ‘<’. Without restriction we can assume that K = R; see Lemma A.1.
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(i) Special case B = {x¢}: Without restriction 0 € A; otherwise choose x; € A and
consider A — x1, xo — x1. Then A is absorbing. Let p4 be the Minkowski functional. Let
x": lin{xgp} — R be defined by x’(xg) := 1. Then x"(x9) = 1 < pa(xp); therefore

x'(Axg) = A < Apa(xo) = pa(rxo) for & >0,
x'(Axp) = A <0< pa(hxp) for A < 0.

By the Hahn—Banach theorem, Theorem A.2, x’ can be extended as x” € E* such that x"(x) <
pa(x) (x € E); in particular x’(x) < 1 = x’(xq) for x € A.

It remains to show that x” is continuous, and for this it is sufficient to show continuity
at 0 (because x’ is linear and the topology is translation invariant; see Theorem 1.4(a)). For
e >0,xee(AN(—A)) one has :i:éx € A, therefore

£x'(x) = ex' (£ x) <epaEly) <e

(ii) General case: A| := A — B = UyeB(A — y) is open, convex, 0 ¢ A;. By part (i),
there exists x’ € E’ \ {0} such that

x'(x —y) <X'(0) =0, ie,x'(x) <x'(y)
forallx e A, y € B. O

Example 2.4
In this example we illustrate that in a Hausdorff topological vector space E it can happen that
the only convex open sets are the sets &, E (and this implies that £’ = {0}).

Let0 < p < 1, and let (€2, 1) be a measure space. Define

Ly(w) :={f: Q@ — K measurable;; /|f|”du < oo}
(with functions a.e. equal identified; a vector space), with metric (!) d given by

d(f, g :=/|f—g|”du-

It can be shown that L ,(11) is a topological vector space, which is complete as a metric space.

We continue with the special & = (0, 1), with the Lebesgue measure A. If U € L, (0, 1)
is convex, open and non-empty, then we derive that U = L, (0, 1).

Let ¢ > 0. We show that co B(0,¢) = L,(0, 1) (with ‘co’ denoting the convex hull
and B(0, &) the e-ball with centre 0 in L, (0, 1)). Let f € L,(0, 1). For n € N there exist
floooos fa€Lp(0,1) suchthat f = fi+---+fu, [ 1 ;1P dr = ’11 JIfIPdr(j=1,...,n).
(Subdivide the interval (0, 1) suitably.) Then f = ’ll(nfl + -« + nfy), and f Inf;lP dr =
nP [1fj1Pdr =nP~! [|f]Pdr — 0 (n — 00). Choosing n with n?~! [| f|P dr < & one
concludes that f € co B(0, ¢). A

For the separation of non-open convex sets by continuous linear functionals one
needs an additional property of topological vector spaces.
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A topological vector space is called locally convex if each neighbourhood of zero
contains a convex neighbourhood of zero. In short, such a space will be called a locally
convex space, and also the topology will be called locally convex.

Examples 2.5
(a) Semi-normed spaces are locally convex.

(b) If (E,; t€ ) is a family of locally convex spaces, E a vector space, f,: E — E,
linear (¢ € I'), then the initial topology on E is locally convex: If I/, is a neighbourhood base
of zero of E, (¢ € I), then

U= {ﬂ YW F < 1 finite, U, €U, (te F)}
LEF

is a neighbourhood base of zero; see Remark 1.6.

By assumption, I/, can be chosen to consist of convex sets for all ¢ € I. Then U/ indicated
above consists of convex sets.

(c) Let (E, F) be a dual pair. Then o (E, F) is locally convex.

(d) Let E be a vector space, P a set of semi-norms on E. Then the topology
7p is locally convex. (In fact, the converse is also true, as will be shown below in
Corollary 2.15.) A

Theorem 2.6 (Separation theorem in locally convex spaces)
Let E be a locally convex space. Let B C E be convex and closed, xo € E \ B. Then
there exists x' € E' such that

Rex’(xg) < inf Rex'(x).
xeB

Lemma 2.7 Let E be a topological vector space, A C E convex. Then A and A are convex.

In the proof of this lemma we will need two technical details which we recall in the
following remarks.

Remarks 2.8 (a) If X and Y are topological spaces, and A € X, B C Y, then A x B =
A x B. Indeed, the inclusion ‘C’ holds because the set A x B = (A x Y)N (X x B) is
closed. On the other hand, if (x, y) € A x B, then for any neighbourhoods U of x, V of y the
sets U N A, V N B are non-empty, therefore (U x V) N (A x B) # &, and this implies that
(x,y) €A x B.

(b) Let X, Y be topological spaces, f: X — Y continuous, and B < X. Then
f(B) C f(B). Indeed, f~'(f(B)) is closed and contains B, hence also B. Therefore
fB < f(f7'(f(B)) € f(B). A
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Proof of Lemma 2.7
() Letx e A, ye X, O<r<LThen(l—-t)x+tye(l—1t)x+ tz, and the last set is an
open subset of A. Therefore (1 —#)x +ty e A.

(ii) The mapping f: Rx E x E — E, (t,x,y) — (1 — t)x + ty, is continuous, and
f(0,1] x B x B) € B if and only if B C E is convex. The properties mentioned in
Remarks 2.8 imply

f(0,1] x Ax A)= f([0,1] x A x A) C f([0,1] x A x A) C A;
hence A is convex. O

Proof of Theorem 2.6

As xo ¢ B, there exists U € Up such that (xo + U) N B = &; without loss of generality
one can take U convex and open (Lemma 2.7). From Theorem 2.2 we obtain the existence of
x" € E’ such that

Rex'(x) < inf Rex'(y)
yeB
forall x e xo + U. O

Corollary 2.9 Let E be a locally convex space.

(a) Let Ey C E be a closed subspace, xo € E \ Eq. Then there exists x' € E' such that
x g, =0, x'(x0) #0.

(b) E is Hausdorff if and only if (E, E') is separating in E.

Proof
(a) We apply Theorem 2.6 with the closed convex set B := Eg. As x'(x9) ¢ x'(Ep), we
conclude that x’'(Eg) = {0}.

(b) If E is Hausdorff, then {0} is closed, and part (a) shows that (E, E’) is separating
in E. On the other hand, if (E, E’) is separating in E and xo # O, then there exists
x" € E’ with x'(x9) = 1. Then the sets Up := {x € E; Rex'(x) < 1/2} and U; :=
{x € E; Rex'(x) > 1 /2} are disjoint neighbourhoods of 0 and xp, respectively, and this
implies that E is Hausdorff. O

Corollary 2.10 Let (E, F) be a dual pair which is separating in E, and let G € F be a
linear subspace. Then G is o (F, E)-dense in F if and only if (E, G) is separating in E.

Proof

By Corollary 2.9(a), G is dense in (F,o(F, E)) if and only if the only functional in
(F,o(F, E)) vanishing on G is the zero functional. Now, as (F, o (F, E)) = b (E), by
Theorem 1.8, the latter holds if and only if x € E, (x, y) = 0 for all y € G implies x = 0,
and this just means that (E, G) is separating in E. O
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If E is a locally convex space, then the topology o (E, E’) will be called the weak
topology of E. The following result on the closure of convex sets is very important; it
will often be used in the sequel.

Corollary 2.11 (Mazur) Let E be a locally convex space, and let B C E be a convex set.
Then:
(a) B is closed if and only if B is weakly closed.

) B=p"EE

Proof
Let 7 denote the topology of E.

(a) If B is weakly closed, then T 2 o (E, E’) implies that B is closed. Now suppose that
B is closed, and let xo € E \ B. Theorem 2.6 yields a functional x” € E’ such that

Rex’(xp) < inf Rex’(x).
xeB

Therefore there exists ¢ > 0 such that B(x'(xg), &) N {x'(x); x € B} = @, and thus
¥ ~UBX (x0),€)) N B = @. As x'~1(B(x'(x0), €)) is a o (E, E')-neighbourhood of xo,
one concludes that E \ B is weakly open, i.e., B is weakly closed.

(b) <’ follows from T 2 o (E, E’). On the other hand, B is convex by Lemma 2.7, and
hence therefore weakly closed by part (a). O

As the next topic in this chapter we treat some fundamental issues concerning
neighbourhoods of zero in topological vector spaces.

Let E be a vector space, A C E. The set A is called balanced, if AA C A for all
A € K with |A] < 1, and A is called absolutely convex if it is balanced and convex.

Remarks 2.12 (a) A set A is absolutely convex if and only if for all finite sets B € A,
Ly €K (x € B) satisfying ), .p |Ac| < lonehas ) pAcx € A.

If S € P(E), all A € S balanced, then (S is balanced, and the same property holds
with ‘convex’ and, ‘absolutely convex’ instead of ‘balanced’.

For A C E, the convex hull

COA = ﬂ{B CE;,ACB, B convex}

- {Zxxx; B C Afinite, 2y €[0, 1] (x€ B), Y Ay = 1}

xeB xeB

is the smallest convex set containing A, the balanced hull

bal A:=("|{B S E; A C B, Bbalanced} = Bx[0, 1]- A
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is the smallest balanced set containing A, and the absolutely convex hull
aco A = ﬂ{B C E; A C B, B absolutely convex}

= D" 2ax; B Afinite, € Brl0. 11 (x€B). Y 1hal < 1

xeB xeB

is the smallest absolutely convex set containing A.
(b) If A is a convex and absorbing set, then the Minkowski functional py4 is a semi-norm
if and only if A is absolutely convex. A

Lemma 2.13 Let E be a topological vector space, A C E.
(@) Then A = ﬂUEuO(A—{—U).
(b) Let A be balanced. Then A is balanced. If additionally 0 € A, then A is balanced.

Proof
(a) The element x belongs to A if and only if for all U € Uy one has (x — U) N A # @, i.e.,
xeA+U.

(D) IfxeA A <1 thenix €A =1A C A Ifx € A, 0 < || < 1, then Ax € AA =
int(rA) C A. O

Theorem 2.14

Let E be a topological vector space.

(a) Then the closed (resp., open) balanced neighbourhoods of zero constitute a
neighbourhood base of zero.

(b) If E is locally convex, then the closed (resp., open) absolutely convex neighbour-
hoods constitute a neighbourhood base of zero.

Proof

(a) Let U € Uy. There exists Uy € Uy such that Uy + Uy C U, therefore Uy C U
(Lemma 2.13(a)). There exists Uy € Uy such that AU, € U whenever [A] < 1. As a
consequence,

V= U AU> C Uy
A<l

is a balanced neighbourhood of zero, ‘C} CcCV C U < U, and ‘c}, V are balanced
(Lemma 2.13(b)).

(b) is proved like part (a), but additionally one assumes that U is convex, and one defines
V :=co U‘ A<l LU, observes that the convex hull of a balanced set is balanced, and at the
end also uses Lemma 2.7. o
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Corollary 2.15 Let E be a locally convex space. Then there exists a set P of semi-norms,
such that tp is the topology of E.

Proof
If U is a neighbourhood base of zero consisting of absolutely convex sets, then the assertion
follows with P = {pU; UeL{}. O

Corollary 2.16 Let E be a locally convex space, F C E a subspace, y' € F'. Then there
exists x' € E' such that x' p = y'.

Proof

Let P be a set of semi-norms on E generating the topology of E, and assume without less
of generality that P is ‘directed’ (defined below). Then there exist p € P, ¢ > 0 such that
Y| < cp(y) (y € F). The Hahn—Banach theorem, Corollary A.3, implies that there
exists a linear mapping x": £ — K with x’ p =y’ and |x"(x)| < ¢p(x) (x € E). The last
inequality implies that x" € E'. a

An ordered set (I, <) is called directed if for all ¢;, ¢, € I there exists ¢t € I such
that (; <tand i, <.

We close this chapter with a characterisation of semi-metrisability of locally convex
spaces.

Proposition 2.17 Let E be a locally convex space. Then the following properties are
equivalent:
(i) E is semi-metrisable;
(ii) there exists a countable neighbourhood base of zero;
(iii) there exists a countable set P of semi-norms generating the topology of E;
(iv) there exists a translation invariant semi-metric on E inducing the topology of E.

Here, a semi-metric d is called translation invariant if d(x, y) = d(x +z,y + 2)
for all x, y,z € E. In the following lemma we single out part of the proof in a more
general setup.

Lemma2.18 Let X be a set, let ((Xn, d”))neN’ with N C N, be a countable family of
semi-metric spaces, and let ( f;,)nen be a family of mappings f,: X — X,. Then the initial
topology on X with respect to the family (f,)nen is semi-metrisable.

Proof
By transporting the semi-metrics d,, to X,

dn(x, ) == dp (fu (), () (x,y€X, neN)

(and then denoting dy again by d,,) we see that we can transform the setup to the case where
(dn)nen is a family of semi-metrics on X.
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It is easy to see that

d(x,y) := Y min{d,(x,y),27™"} (x,y€X) 2.2)
neN

defines a semi-metric on X. In order to show that this semi-metric induces the initial topology
with respect to the family (d,),en it is therefore sufficient to show that they define the same
neighbourhoods.
Letx e X.Forne N,0 < § < 27", itis easy to check that B;(x,8) C By, (x, 8). This
shows that each neighbourhood of x for the initial topology contains a d-ball with centre x.
On the other hand, for all » € N one checks that

(| B (x,27"/n) C By(x,2'™"),
JjEN, 1< j<n

which implies that each d-ball with centre x contains a neighbourhood of x for the initial
topology. O

Proof of Proposition 2.17
(i) = (ii). If d is a semi-metric inducing the topology of E, then {Bd ©0,1/n); n e N} isa
countable neighbourhood base of zero.

‘(ii) = (iii)’ is proved in the same way as Corollary 2.15.

(iii) = (iv). Let (p,) be a sequence of semi-norms inducing the topology of E. Then
the semi-metrics d,, given by d,(x,y) := p,(x — y) are translation invariant, hence the
semi-metric d defined by (2.2) is also translation invariant, and d induces the topology of E.

‘(iv) = (i)’ is trivial. O

Two semi-metrics d and e on a set X are said to be (topologically) equivalent if they
induce the same topology. They are said to be uniformly equivalent if for each ¢ > 0
there exists § > 0 such that B;(x,d8) € B.(x, ¢) as well as B.(x,8) € B;(x, ¢) for all
x € X. If E is a vector space, and d, e are equivalent translation invariant semi-metrics
on E, then obviously they are uniformly equivalent.

A Fréchet space is a metrisable locally convex space which is complete with respect
to a translation invariant metric. The previous comments imply that then the space is
complete under each translation invariant metric. In the context of completeness for
topological vector spaces, in Chapter 9, we will see that one can also describe a Fréchet
space as a ‘complete metrisable locally convex space’, see Remark 9.1(f). Rather more
surprisingly, a Fréchet space is also a ‘completely metrisable locally convex space’, i.e.,
the space is metrisable with a (not necessarily translation invariant!) metric, making it a
complete metric space. For this result we refer to Theorem 7.11.
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Examples 2.19

(a) Coming again back to K/ — see Examples 1.7(c) and 1.10 — and assuming that I is
countably infinite, / = N, we see that KV is a metrisable locally convex space. A translation
invariant metric is given by

d(x,y) :=227” min{|x,, —y,,|,l} (x,yeKY),
neN

for instance. It is easy to see that (K, d) is complete, hence KN is a Fréchet space.

(b) Let X be a Hausdortf locally compact topological space, and assume that there exists
a sequence (K,),cn of compact sets with the property that every compact subset of X is
contained in some K, i.e., X is countable at infinity.

Clearly, the topology of C(X), defined in Example 1.7(d), is generated by the sequence
(Pk, )nen of semi-norms. A Cauchy sequence (fi)ien in C(X), with respect to a translation
invariant metric, is a Cauchy sequence with respect to all semi-norms pg,, hence a Cauchy
sequence with respect to uniform convergence on the compact subsets of X. This implies that
there exists f € C(X) such that f; — f (k — 00) uniformly on the compact subsets of X.
Hence C(X) is a Fréchet space.

(c) The space s of rapidly decreasing sequences is defined by

5= {x = () €KY |Ix|x := sup |x, [n* < oo for all k eNo},
n

with the increasing sequence of norms (| - ||x)xen, generating the topology. It is easy to show
that s is a Fréchet space.

To compute the dual space of s, we note that the topology of s is also generated by the
sequence (px)ken, of norms, where

o0
Pr(x) :=an|x,,| (x €5, keNp).
n=1

Indeed, for all x € s, k € N one has

1 1
Ille < pev) =3 2l < (Z n2)||x||k+2-

n=I1 n=1

Let n € s'. Then there exist C > 0 and k € Ng such that |n(x)| < Cpr(x) (x € s).
Using the fact that £] = £ (and applying suitable isomorphisms between £; and weighted
£1-spaces and between {o, and weighted {~o-spaces) we conclude that there exists y =
(n)nen € KN such that sup,, |y,|n~* < C,i.e., |ya| < Cn* (n € N), and

NG =Y xaye = (x.y)  (x€s).

neN
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This shows that

ti=s5"= U {y eKN: sup |y n* < 0o}.
keNo "

The sequences in ¢ can be called ‘polynomially bounded sequences’, but in analogy to
the dual of the Schwartz space — see Example 8.4(f) —, called the space of ‘tempered
distributions’, we will call these sequences tempered sequences.

Later we will determine the strong topology B(z, s) — see Example 7.7(a) —, verify that
s is reflexive — see Example 8.4(a) —, and show that the strong topology on ¢ is an inductive
limit topology — see Example 10.7. A

Concerning Example 2.19(b), it is for simplicity that we assume the locally compact
space to be Hausdorff. A topological space X is called o-compact if there exists a
sequence (K,),en of compact subsets such that X = UHGN K, . It is not difficult to
show that a Hausdorff locally compact space is countable at infinity if and only if it is
o -compact.

Notes As in Chapter 1, the material of the present chapter is standard. The separation
theorems Theorem 2.2 and Theorem 2.6 can be found in many treatments, e.g. in
[Edw65]. Corollary 2.11(a), for the case of normed spaces, is essentially due to Mazur
[Maz33, Satz 3].

Some authors define locally convex spaces as spaces whose topology is defined by a
set of semi-norms. The author prefers the definition that immediately reflects the name
(and then to derive the above property for these spaces).
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Polars, Bipolar Theorem, Polar
Topologies

In a dual pair (E, F) one wants to define topologies on E associated with collections of
suitable subsets of F'. (This generalises the definition of the norm topology on the dual
E’ of a Banach space E, in this case for the dual pair (E’, E).) Such a collection M
defines a ‘polar topology’ on E, where the corresponding neighbourhoods of zero in E
are polars of the members of M. Examples of such topologies are the weak topology
and the strong topology. In the first part of the chapter we define polars and investigate
some of their properties.

Let (E, F) be a dual pair. For A € E we define the polar (or ‘absolute polar’)
AO g Fa

A :={yeF;|(x, <1 (xeAd}={yeF; suplix,y)| <1}

xeA

Analogously, for B € F we define B® := {x € E; |(x,y)| <1 (yeB)} C E.

If E is a locally convex space and no space F is mentioned, then polars will be
computed in the dual pair (E, E’).

If E is a vector space, we will use the symbol ‘e’ (instead of ‘o”) to denote polars
computed in the dual pair (E, E*). (In fact, the symbol ‘e’ will also be used in some
other situations, which will then be mentioned explicitly.)

Remark 3.1 There is no general consensus in the literature on how to define the polar.
For instance, [Hor66] uses the definition as above, whereas in [Sch71] and [Werl8] the
condition in the definition is ‘Re (x, y) < 1’ instead of ‘|(x, y)| < 1°, and in [Bou07a]
the corresponding condition is ‘Re (x, y) > —1". A

The following result expresses how to single out the continuous linear functionals
within the larger set E* of all linear functionals; it may serve as a first motivation for the
notion of polars.
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Theorem 3.2
Let E be a topological vector space, U a neighbourhood base of zero of E. In the dual
pair (E, E*) one then has

E = U Ue.

UeU

Proof
The assertion is shown by the chain of equalities

E" = {x" € E*; there exists U € U such that sup |(x, x")| < 1}

xelU
= J ¥ eE™: swpix.x) <1} = [ U o
Ueld xet Ueld

Remarks 3.3 Let (E, F) be a dual pair, A, B € E. We note the following elementary
properties of polars.

(a)If A C B, then A° D B°.

(b) If L e K \ {0}, then (LA)° = iAo.

(c) If A is a collection of subsets of E, then ((JA)°® = (4 A°. A

Let E be a topological vector space. A set A C E is called bounded if for all U € U
there exists A € K such that A € AU, or equivalently, for all U € U, there exists ¢ > 0
such that A € AU for all |A| > «. (In a terminology introduced later, we could also say
that A is bounded if it is absorbed by all neighbourhoods of zero.)

Lemma 3.4

(a) Let E, F betopological vector spaces, f: E — F linear, continuous, A C E bounded.
Then f(A) is bounded.

(b) Let E, E, (1 €1) be topological vector space s, f,: E — E, linear, the topology on E
the initial topology with respect to (f,; 1€ 1), and let A C E. Then A is bounded if and
only if f,(A) is bounded for all 1 € I.

Proof
(a) Let V € Up(F). Then f~1(V) € Up(E), and there exists A € K such that A € Af~1(V).
This implies that f(A) C Af(f_l(V)) C AV.

(b) The necessity follows from (a). For the sufficiency, let /' € I be finite, and let
U, € Uy(E)) (¢t € F). Then there exists A > 0 such that f,(A) € AU, (1 € F); hence

AcC iR SN W) e k),

Aco() £ @.

eF
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As the sets (), fl_l (U,) constitute a neighbourhood base of zero for the initial topology
(see Remark 1.6), we obtain the assertion. O

Proposition 3.5 Let (E, F) be a dual pair, A C E. Then:
(a) AP° is absolutely convex and o (F, E)-closed.
(b) A° is absorbing if and only if A is o (E, F)-bounded.

Proof
(a) The representation

A° =[x, )" (BxI0, 1])

xXeA

shows that A° is an intersection of absolutely convex o (F, E)-closed sets.
(b) For y € F, X € K one easily computes that

yeAA® < (-, y)(A) C Bk[0, ||l

This shows that A° is absorbing if and only if (-, y)(A) is bounded for all y € F, and by
Lemma 3.4(b) the latter property is equivalent to the o (E, F))-boundedness of A. O

The following result plays a central role and will be used frequently.

Theorem 3.6 (Bipolar theorem)
Let (E, F) be a dual pair, A C E. Then

A°° = (A°)° = aco A”E P

(Recall that the polar of the set A° C F is a subset of E.)

Proof

It is evident that A € A°°; hence, aco A
Let xg € E \ aco AU(E’F)

that

BB o poo, by Proposition 3.5(a).

. By Theorem 2.6, and Theorem 1.8, there exists y € F such

U(E,F)}

sup |(x, y)| < sup{Re(x, y); x €aco A < Re(xo, y) < [(x0, );

xeA

by scaling y suitably we may assume that the left-hand side is equal to 1. Then y € A®, and
from 1 < |{xg, y)| we conclude that xo ¢ A°°. m|
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Remarks 3.7 (a) Let (E, || - ||) be a normed space. We will use the “standard notation”
B = {x eE; x| < 1} for the closed unit ball of E.
The bipolar theorem is a generalisation of Goldstine’s theorem, asserting that Bg» =

BEU(E D, Indeed, in the dual pair (E”, E’) one has

BE// = Bo/ — (BEO)O — BEOO — BEU(E JE)

where the first two equalities are a consequence of the definition of the norms in E” and E”,
and where Theorem 3.6 is used in the last equality.

(b) Here is another version of the bipolar theorem (as stated in [MeVo97, Bipolar theorem
22.13]): Let E be a Hausdorff locally convex space, A C E an absolutely convex set. Then
A = A°°. (The polars act in the dual pair (E, E’).)

This is a consequence of Theorem 3.6, because A = A by
Corollary 2.11(b). A

o(E,E")

As a preliminary consideration for ‘polar topologies’ we note that for a dual pair
(E, F) we want to define neighbourhoods of zero in E by polars B°. As these sets
have to be absorbing, Proposition 3.5(b) implies that only o (F, E)-bounded sets B are
eligible for this procedure.

Let (E, F) be a dual pair,

B,(F,E):={B C F; Bo(F, E)-bounded}.
For B € B, (F, E) we define gg: E — [0, 00),

qp(x) == sup{|(x,y)|; ye B} (x€E).
Then it is easy to see that g is a semi-norm, and

{er; gp(x) < 1} = B°.

Let M C B, (F, E). Then the set {qB ; Be ./\/l} of semi-norms generates a locally
convex topology T on E, the topology of uniform convergence on the sets of M. The
topologies defined in this way are called polar topologies. The topology generated by
M = B, (F, E) is called the strong topology, denoted by B(E, F).

Correspondingly, one defines polar topologies on F.

Remarks 3.8 (a) (). yer} =0 (E, F).

(b) If lin| JM = F, then tpq 2 o(E, F). Indeed, let y € B € M. Then q(y) < g3,
therefore id: (E, taq) — (E, qyy}) is continuous, and thus (-, y) € (E, tpq)’. Since every
y € F is a linear combination of elements from | M, we conclude that (-, y) € (E, trq)'.

(c) It may be tempting to conjecture that the converse in (b) holds. However, this
is not true, as the following example shows. Consider the dual pair (€1, ), B =
{xecos Ixlloo <1}, M= (B}
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Then B® = By, (the closed unit ball) and T4 is the norm topology on £, which is finer
than o (1, €oo). However, lin B = ¢g # {oo-

(d) If B € B, (F, E), then the semi-norm ¢p is just the Minkowski functional of B°.
Indeed, if x € E, then ppo(x) < 1 if and only if there exists A € (0, 1) such that x € AB°, or
equivalently, |(x, y)| < A (y € B), and this holds if and only if gg(x) < 1.

As a further observation we note that for A, B € B,(F, E) one has qaup =
max{ga, qp}- A

In the following proposition, the notion ‘directed’ is used for a collection of sets,
where the order refers to inclusion. Hence, ‘M directed’ means that for any A, B € M
there exists C € M suchthat AU B C C.

Proposition 3.9 Let (E, F) be a dual pair, and let M C B, (F, E) be directed.
(a) Then the collection

{{xeE; qp(x) <e}; BEM, ¢ >0} ={eB°; BeM, ¢ >0}

constitutes a neighbourhood base of zero for Trq.
(b) Assume additionally that for all A € M, a > 0 there exists B € M such that A < B.
Then the collection

{B°; Be M)}
is neighbourhood base of zero for Tpq.

Proof
(a) The hypothesis implies that the set P = {gp; B € M} of semi-norms is directed, and
therefore any finite intersection of closed e-balls for semi-norms in P contains the closed
e-ball for some semi-norm in P.

(b) The additional hypothesis implies that any e-ball for a semi-norm in P contains the

closed 1-ball for some semi-norm in P, i.e., the polar of some B € M. O
Example 3.10

We show that for a Banach space E, the topologies B(E, E’) and B(E’, E) are the norm
topologies.

(i) Let B € E’ be o(E’, E)-bounded, i.e., sup,/cp |x'(x)| < oo for all x € E. The
uniform boundedness theorem implies that B is norm bounded, i.e., B € cBpgs for some
¢ > 0. Therefore gp < qcB, = ¢qB, = C Il g- Since Bgr is bounded, we obtain the
assertion for B(E, E').

(ii)) If A C E is o(E, E')-bounded, then it is also o (E”, E’)-bounded in E”, and
therefore || - || gz-bounded by (i). Since || - ||z = || - ||[g» on E the assertion for B(E’, E)
follows as in (i).

Whereas in this case always (E, B(E, E')) = E’, the equality (E’, B(E', E)) = E
holds if and only if E is reflexive. A
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Let (E, F) be a separating dual pair. A locally convex topology t on E is called
compatible with (E, F) if (E, 1) = F.

For a locally convex space E, the bidual is defined as E” := (E’, B(E’', E))'. The
canonical map «: £ — E” is given by

k(@) (x") = x"(x) (x'€eE', xe€E).

(It follows from B(E’, E) 2 o(E’, E) and Theorem 1.8 that the image of E under «
is contained in E”.) If E is Hausdorff, then « is injective, and abbreviating one often
writes E C E”, omitting the canonical embedding «.

The space E is called semi-reflexive if E is Hausdorff and E” = E (as sets), and
E is called reflexive if additionally the canonical embedding k : E < (E”, B(E", E"))
is continuous. (In fact, in the latter case it follows that x is an isomorphism; see the
discussion at the beginning of Chapter 8.)

Notes The contents of this chapter are standard and basic for the investigation of locally
convex topologies on dual pairs.
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The Tikhonov and Alaoglu-Bourbaki
Theorems

The central result of this chapter is the Alaoglu—Bourbaki theorem: Polars of neigh-
bourhoods of zero in a locally convex space E are o (E’, E)-compact subsets of E’. As
a consequence in a dual pair (E, F) one concludes that, for a locally convex topology t
on E with (E, 1)’ = F, one always has o(E, F) € t C u(E, F), where u(E, F)
is the Mackey topology on E, corresponding to the collection of absolutely convex
o (F, E)-compact subsets of F. As a prerequisite we show Tikhonov’s theorem, and
as a prerequisite to the proof of Tikhonov’s theorem we introduce filters describing
convergence and continuity of mappings in topological spaces.

Theorem 4.1 (Tikhonov)

Let (X,)ie1 be a family of compact topological spaces. Then the product [ ]|
compact.

X, is

el

We will prove this theorem here, even if it is rather part of general topology.
However, the proof gives us the opportunity to introduce the notion of filters, which
we will need anyway in the further treatment.

We recall that a topological space (X, 7) is called compact if every open covering
of X (i.e., every collection S C 7 satisfying [ JS = X) contains a finite subcovering
(i.e., a finite collection F C S such that | J F = X). Equivalently, X is compact if every
collection C of closed subsets of X with the finite intersection property (i.c., (| F # &
for all finite 7 C C) satisfies [|C # @. Note that we use the notion of compactness in
the sense that a compact space need not be Hausdorff.

A subset C of a topological space (X, ) is called compact if (C, T N C) is compact.
(The topology tNC := {UNC; U € t} denotes the initial topology on C with respect to
the injection C — X, also called the induced topology.) If X is a Hausdorff topological
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space, and C is a compact subset, then it is easy to see that the complement of C is open,
i.e., that C is closed.

Let X be a set. A filter F in X is a non-empty collection 7 C P(X) satisfying the
following properties:

¢ F,
ifAeF,AC BC X,then B e F;
if A, Be F,then AN B € F.

A filter base Fj in X is a non-empty collection Fy C P(X) with:

& ¢ Fos
if A, B € JFy, then there exists C € Jq such that C € AN B.

If Fy is a filter base, then
fil(Fo) := {A € X; there exists B € Fy such that B C A}

is a filter, called the filter generated by F. A filter F is called an ultrafilter if there is
no filter properly containing F.

Let now X be a topological space, F a filter in X, x € X. Then F converges to x
(or x is a limit of F), F — x,if U, C F.If Fy is a filter base, then one also writes
Fo — x if the generated filter fil(F,) converges to x, i.e., if for all U € U, there exists
A € Fywith A C U. The point x is called a cluster point (also ‘accumulation point’) of
afilter 7, if forall U € U,, A € F onehas U N A # &, or equivalently, if x € (), A.

Examples 4.2
Let X be a set.

(a) If x € X, then Fp := {{x}} is a filter base. The generated filter is called the filter
fixed at x.

(b) If (x,,) is a sequence in X, then Fp := {{xj ;j=2n);ne N} is a filter base. The
generated filter is called an elementary filter.

If additionally X is a topological space and x € X, then o — x if and only if x, — x
asn — 00.

(c) Let X be a topological space, x € X. Then U is a filter (the neighbourhood filter
of x). A

Remarks 4.3 Let X be a set.

(a) If Fisafilterin X, A € X such that AN B # @ for all B € F, then obviously
{AN B; B e F}is afilter base, and the generated filter is finer than F (i.e., it contains JF).

(b) Let F be afilter. Then F is an ultrafilter if and only if for all A € X one has A € F or
X\ A e F.(Necessity: If AN B # @ for all B € F, then (a) implies that there is a finer filter
containing A, and this filter is equal to F because F is an ultrafilter; thus A € F. Otherwise
there exists B € F such that AN B = &, and then X \ A € F. Sufficiency: The condition
implies that there is no finer filter.)
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(c) For every filter F in X there exists a finer ultrafilter. This is an immediate consequence
of Zorn’s lemma. (In the proof that a maximal element is an ultrafilter one uses (a) and (b).)
(d) If X is a topological space, F is an ultrafilter in X, and x € X is a cluster point of F,
then F — x. (If U € Uy, then U N A # @ for all A € F, therefore U € F, because F is an
ultrafilter.) A

Remark 4.4 In our treatment we will use filters to discuss convergence and continuity in
topological spaces. Filters generalise sequences — see Example 4.2(b) — which are sufficient
for this purpose in metric spaces. (Another generalisation of sequences are ‘nets’, a notion
that we will not need.) The proof of Theorem 4.1 becomes particularly nice with filters, but
also for the discussion of completeness (Chapter 9) filters will be convenient. A

Proposition 4.5 Let X be a topological space. Then the following properties are equiva-
lent:
(i) X is compact;
(1) every filter in X possesses a cluster point;
(iii) every ultrafilter in X is convergent.

Proof
(i) = (ii). Let F be a filter in X. Then the collection {A; A € F} has the finite intersection
property, and therefore (), A # &, i.e., F has a cluster point.

(ii) = (). Let C € P(X) be a collection of closed sets with the finite intersection
property. Then Fy := {ﬂ A; AcCC ﬁnite} is a filter base. The generated filter F has a
cluster point, i.e., @ # (4er A =[)C.

‘(il) = (iii)’ is obvious, in view of Remark 4.3(d).

(iii) = (ii). If F is a filter in X, then there exists a finer ultrafilter; see Remark 4.3(c).
Every limit of this filter is a cluster point of F. O

Let X, Y besets, f: X — Y, Fafilterin X. Then f(F) := {f(A); Ae F}isa
filter base in Y, and the generated filter fil(f (F)) is called the image filter.

If F is an ultrafilter, then f(JF) is an ultrafilter base. Indeed, for B C Y one has
f~Y(B) € For f~1(Y \ B) € F. In the first case one concludes that f(f~'(B)) €
B € fil(f(F)), in the second case that Y \ B € fil(f(F)).

Proposition 4.6

(a) Let X, Y be topological spaces, x € X, F a filterin X, F — x, f: X — Y continuous
at x. Then f(F) — f(x).

(b) Let X, X, (t€I) be topological spaces, f,: X — X, (t € I), and let the topology on X
be the initial topology with respect to (f,)c1. Let x € X, F a filter in X. Then F — x
if and only if f(F) — fi(x) forall 1€ 1.
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Proof
(a) Let V be a neighbourhood of f(x). Then f “L(V)isa neighbourhood of x, and therefore
=Y (V) e F.From f(f~'(V)) C V one then obtains V e fil( f(F)).

(b) The necessity is clear from (a). For the sufficiency let U € Uy. Then there exist a
finite set F S I and neighbourhoods U, of f,(x) (1€ I) such that (), ffl(Ut) c U.
There exists A € F such that f,(A) € U, (¢ € F'). Therefore

AC YAy C 7N W) e,

Ac( i wycu.

el O

Proof of Theorem 4.1

Without restriction all X, # @. Let F be an ultrafilter in [],; X,. Then pr,(F) is an
ultrafilter base in X,, therefore convergent by Proposition 4.5, pr,(F) — x, € X, (tel).
Then Proposition 4.6(b) implies that F — (x,),es. O

As in the case of Banach spaces Tikhonov’s theorem implies the Banach—Alaoglu
theorem, i.e., the closed dual ball is weak*-compact, we now derive the corresponding
result for locally convex spaces.

Theorem 4.7 (Alaoglu-Bourbaki)
Let E be a locally convex space, U C E a neighbourhood of zero. Then U° C E' is
o (E', E)-compact.

Lemma4.8 Let E be a vector space. Then E* is closed in KE with respect to the product
topology.

Proof
For A € K, x, y € E the mapping

Prry: KE S K, fs fOx+y) —Af() — ()

is continuous. (Note that, for x € E, the mapping Kf 5 f — f(x) € K is one of the

projections defining the product topology.) Therefore E* = N @;. i,V(O) is closed. O
reK,x,yeE .

Proof of Theorem 4.7

Without loss of generality we may assume that U is absolutely convex. We note that x’ € U°

if and only if x” € E* and |(x, x’)| < py(x) (x € E). The condition is clearly sufficient. On

the other hand, if x’ € U°, x € E, A > py(x), then ix eyU, |(/{x,x’)| <1, [x, xDY < A
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therefore, |{x, x")| < py (x). This implies that
U° ={x' € E*; |{x,x")| < puy(x) (x € E)}
{feKE: IfWI < pu() (xe E)}N E*

_ (1_[ B[O, pU(x)]) nE*.

xeE

Theorem 1.2 implies that the weak topology on E’ and the product topology on
[1icr BkI0, py(x)] are the restrictions of the product topology on KE = [Liee K to
these sets. Because of Lemma 4.8 it therefore follows that U° is a closed subset of the

compact set [ [,z Bk [0, py (x)]. O
Let (E, F) be a dual pair. Let
M, :={B C F; B absolutely convex and o (F, E)-compact}.
Obviously one has M, C B, (F, E). Then the polar topology
W(E, F) :=1tMm|,

on E is called the Mackey topology. The Mackey topology w(F, E) on F is defined
correspondingly.

In the following Chapter 5 we will show that (E, u(E, F)) = by(F), and that
w(E, F) is the strongest topology with dual b, (F), in the following sense: If (E, F) is
a separating dual pair, then a locally convex topology t on E is compatible with (E, F)
ifandonlyifo(E, F) C v € u(E, F).

In the last statement, the necessity of the condition is easily obtained from our
treatment presented so far. If v is compatible, the property o (E, F) < t follows
from the definition of the topology o (E, F) (and Theorem 1.2), whereas the property
T C u(E, F) is a consequence of Theorem 4.7, as follows. The space (E, T) possesses
a neighbourhood base of zero U consisting of closed absolutely convex sets; hence

M:={U°; UelU} cM,,

by Theorem 4.7, and therefore T = 7o C ™, = pu(E, F).

The definition of M, suggests the question whether in a locally convex space the
closed absolutely convex hull of a compact set is again compact. Example 4.10 given
below shows that this is not always the case. We will show in Chapter 11 that it is
true if E is quasi-complete (Corollary 11.5). In particular it is true if E is a Banach
space (‘Mazur’s theorem’). In Chapter 14 we will show that it is also true for the weak
topology in a Banach space (‘Krein’s theorem’). However, it is always true that the
closed absolutely convex hull of a compact convex set is compact; this is the content of
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the following lemma. As a consequence one obtains u(E, F) = 1 M, also for
./\/l; = {B C F; Bconvex and o (F, E)—compact}.

Lemma 4.9 Let E be a topological vector space, and let A C E be a compact convex subset.
Then aco A is compact.

Proof
(1) If B C E is a balanced subset, then aco B = co B. This holds because

n n
coB = {ijxj; Moo M €10,11, Y A =1, x1,..., %, €B, neN}
j=1 j=1

is easily seen to be balanced.

() fK =R, thenbal A = [—1,1] - A C co(A U (—A)), and the latter set is compact
(as the image of the compact set {(A1, A2) € [0, 12 21 + A2 = 1} x A x (—A) under
the continuous mapping (A1, A2, X1, X2) + Ajx] + Azx2). Hence aco A = co(bal A) C
co(A U (—A)) is compact.

(iii) If K = C, then

balA = Bc[0,1]- A C \/200(14 U (@A) U (—A) U (—iA)),
where again the latter set is compact. The remaining argument is as in (ii). O

Example 4.10 (cf.[Kha82, Chap. Il, Example 10])

Consider the dual pair (c, £1), where c. := lin{e,, ; n € N}, with the ‘unit vectors’ e, in co (or
£1). The sequence (2", ), in €1 is o (£1, cc)-convergent to 0; therefore B := {2"¢,; n e NjU
{0} is o (£1, cc)-compact. For n € N, the element y" := Z_’;zl ej = Z_’;:l 271 (2ej)
belongs to co B. For a o (£1, c¢)-cluster point y = (y;) of the sequence (y"), the coordinate
y; would have to be a cluster point of the sequence (y_’i’)n, ie., y; = 1(j € N). However,
the element (1,1, 1....) does not belong to £;. This shows that the sequence (y"), does
not have a cluster point, and therefore the set co B is not relatively compact with respect to
o€y, ce). A

We include an additional information on metrisability in the context of the Alaoglu—
Bourbaki theorem.

Proposition 4.11 Let E be a separable locally convex space, U C E a neighbourhood of
zero. Then the topology o (E’', E) is metrisable on U° C E'.

Proof

Let A C E be a countable dense set, and denote by p the initial topology on E’ with respect
to the family (E’ >x — (x,x) € K)XeA. Then p is coarser than o (E’, E), and p is
metrisable, by Proposition 2.17 (where the denseness of A in E implies that p is Hausdorft).
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As (U°, o (E', E) NU°®) is compact by the Alaoglu—Bourbaki theorem, one concludes from
Lemma 4.12, proved below, that p N U° = o (E’, E) N U°. O

For completeness we recall (from general topology) the following important basic
observation concerning compactness.

Lemma4.12 Let X,Y be topological spaces, X compact, Y Hausdorff, f: X — Y
continuous and bijective. Then f is a homeomorphism.

Proof

We only have to show that f is an open mapping. Let U C X be an open set. Then X \ U is
closed, hence compact. This implies that Y \ f(U) = f(X \ U) is compact, hence closed,
i.e., f(U) is open. O

Notes Tikhonov’s theorem is one of the basic theorems of topology, in some sense
the first result in the development of set theoretic topology which does not come
along with a straightforward ‘evident’ proof. Tikhonov (in early German transcription
“Tychonoft”) proved the theorem for compact intervals in [Tyc30] and mentioned later
that the proof carries over to the general case. The main result of this chapter, the
Alaoglu—Bourbaki theorem (Theorem 4.7), uses Tikhonov’s theorem. For the case of
normed spaces it usually is called the Banach—Alaoglu theorem, proved for the separable
case by Banach [Ban32, VIII, § 5, Théoreme 3] and for the general case by Bourbaki
[Bou38, Corollaire de Théoreme 1] (and shortly after by Alaoglu [Ala40, Theorem 1:3]).
The first appearance of the general case may be in a paper of Arens [Are47, proof of
Theorem 2]. (It is also contained in Bourbaki [Bou64b, Chap. IV, § 2.2, Proposition 2].)
The Mackey topology was first defined and used by Arens [Are47]; we use the notation
w(E, F), for a dual pair (E, F), thereby following Floret [Flo80]. (A more traditional
notation, used by many authors, would be t(E, F), and the author has been told the
reason for this notation: o (E, F) is the ‘beginning’ of the scale of compatible locally
convex topologies, and t(E, F) is the ‘end’; like one often uses [a, b] for intervals
in R, the idea is to use the neighbouring letters o and 7 in the Greek alphabet as the
ends of the ‘interval’. As we use ‘t’ quite generally for topologies, we prefer Floret’s
notation. Anyway, ‘o’ in weak topologies probably comes from the ‘s’ in the German
“schwach”. The earliest place where the author could localise the use of ‘o (E, E’)’ for
the weak topology, is the note [Die40].)

Summarising the previous discussion, if the names given to theorems should indicate
their authors, then the Banach—Alaoglu theorem should be called ‘Banach—-Bourbaki
theorem’, the Alaoglu—Bourbaki theorem should be called ‘Bourbaki—Arens theorem’,
and the Mackey topology should be called ‘Arens topology’ (although in the latter case
‘Arens—Mackey topology’ would be equally justified).

Concerning Lemma 4.9, we refer to [Edw65, Remark 8.13.4(3)].
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The Mackey-Arens Theorem

The first objective is to complete the discussion concerning compatible topologies on
E for a dual pair (E, F), by showing that (E, u(E, F))’ = F. In examples we discuss
‘compatibility’ for non-locally convex topologies. For the dual pair (£, £;) we compute
the Mackey topology on £+; in this treatment there will come up interesting properties
of £, which will turn out of importance in Chapter 15.

Theorem 5.1 (Mackey-Arens)

Let (E, F) be a dual pair.

(@) Then (E, uw(E, F)) = by(F) (where u(E, F) is the Mackey topology defined in
the previous chapter).

(b) Assume additionally that (E, F) is separating. Then a locally convex topology t
on E is compatible with (E, F) ifand only if 6 (E, F) C t C u(E, F).

For the proof of the theorem we need further preparations.

Lemma5.2 Let E be a topological vector space, A, B C E compact. Then A + B is
compact.

Proof
Since the addition a: E x E — E is continuous, the sum A + B = a(A x B) is
compact. O

In the following lemma as well as in the proof of Theorem 5.1, the symbol ‘o’
will refer to polars taken in the dual pair (E, F'), whereas ‘e’ refers to polars taken in
(E, E*). We also recall the mapping b,: F — E*, by(y) := (-,y) (y € F) (from
Chapter 1).

© Springer Nature Switzerland AG 2020
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Lemma5.3 Let (E, F) be a dual pair, B C F absolutely convex, o (F, E)-compact. Then
B°® = by(B).

Proof

It is easy to see that B® = by(B)®. Also, the mapping by: F — E* is o (F, E)-o(E*, E)-
continuous, and this implies that b (B) is o (E*, E)-compact, and therefore o (E*, E)-closed

(and absolutely convex). Therefore the bipolar theorem in (E, E*) yields B°® = by(B)®® =
by(B). m]

Proof of Theorem 5.1
(a) As before, let

M, :={B C F; B absolutely convex, o (F, E)-compact}.

Then AB € M|, for all B e M, A € K. Also, if A, Be M, then C := A+ B € M, by
Lemma 5.2, and AU B C C. These properties imply that

U:={B°; BeM,}

is a neighbourhood base of zero for u(E, F) = tpm,,, by Proposition 3.9(b). Applying
Theorem 3.2 and Lemma 5.3, we conclude that

(E,wE F)Y = Jut= | B = | ba(B) =ba(F),
Ueld BeM,, BeM,,

where in the last equality we have used that aco{y} € M, for all y € F, and therefore

UM, =F.
(b) The necessity was shown at the end of Chapter 4. The sufficiency follows from
Theorem 1.8 and part (a). O

Remark 5.4 In the context of Theorem 5.1(b) one can ask whether there may exist non-
locally convex linear topologies on E such that the dual is F. This will be answered
affirmatively by the following examples. A

Examples 5.5
(a) We present a dual pair (£, F') and a non-locally convex linear topology on E which is
finer than the Mackey topology w(E, F), but such that the dual space is still F.

Let0 < p < 1, £, := {x = () e KN; Y2°, [xx|P < oo}, and define the metric
dp(x,y) = Z,fozl |xx — yk|? on £,,. Then it can be shown that £ ,, with the topology defined
by the metric d), is a topological vector space. Also, it is not difficult to show that £, C £y,
with continuous inclusion. In contrast to the situation in Example 2.4, there are continuous
linear functionals on £, in fact oo = €] C Z’p.

We will show that these are all continuous linear functionals, i.e., Z’p ={.Letne Z/p.
Then the restriction of 7 to ¢ is of the form n(x) = 3 keN MkXk (x € c¢). The continuity of
n implies that there exists § > 0 such that [n(x)| < 1 for all x € £, with Y,  [xk|? < 8.
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Applying this to multiples of unit vectors, we conclude that 1 > [n(8Y/Per)| = 8Y/P|ny|
(k € N), and therefore (1x) € £o0. This shows that each continuous linear functional on £, is
also continuous on £;.

Let E := £, let T, be the topology defined by the metric d), and let 7| be the topology
defined by the norm || - ||;. Then, because £, is dense in £1, we have shown that (E, t),)" =
(E, 71)’. We will see in Chapter 6 that u(E, E’) = 1 (1] being a locally convex metric
topology). As the topology 7, is strictly finer than 7; (the sequence (n_l/ P Z;l':l ej) isa
null sequence for 7y, but not for 7,), it follows from the Mackey—Arens theorem that ), is
not a locally convex topology.

A more detailed investigation of linear topologies finer than the Mackey topology, but
still resulting in the same dual space, has been given in [Kak87].

(b) The second example on the issue of ‘compatible’ non-locally convex topologies on
E, for a separating dual pair (E, F), concerns the question whether there also can be a non-
locally convex topology between the weak topology and the Mackey topology. The author
could not trace a treatment of this question in the literature. The example will show that the
answer to this question is also positive.

Let0 <g <1< p<oo,let E:=Ly0,1),and let o be the weak topology. Define the
metric dg (f, g) = JIf —gl? on E, and denote by 74 the topology defined by this metric. (In
other words, 7, is the topology on E induced by the non-locally convex linear topology of
L4(0, 1).) Define 7 on E as the initial topology with respect to the mappings id: E — (E, o)
andid: £ — (E, t4). Then t O o. But also u(E, E = T, 2 Ts because the mappings
id: (E, |- lp) = (E,o)andid: (E, || - l,) — (E, t4) are continuous. (Again, for the fact
that u(E, E') = 7)., We refer to Chapter 6.)

It remains to verify that the topology t is not locally convex. The first observation is that
a neighbourhood base of zero for 7 is given by {Ur, ¢; F C (E, ||-||,)’ finite, & > 0}, where

Ur, s :={f€E; sugln(f)l <&, dg(f,0) < e}
ne

We show that the t-neighbourhood U := {f € E; d;(f,0) < 1} of zero does not contain
the convex hull of any of the zero neighbourhoods UF, .. More precisely, we show that the
convex hull of Ur, . contains elements f € ﬂn cF n~1(0) with dy (f, 0) arbitrarily large.
Let F C (E, ||-||p)’ be finite, ¢ > 0. Let n € N. For 1 < j < n we can find
fi € Myer () ﬂLp(-’;1 . 1) (where we identify Lp(-’;1 . 1) with the set of elements in

L,(0, 1) vanishing on (0, D\ (7>, 7)), [ 1|7 = . Then f := ! (fi++++ f) € coUp,
and dy(f,0) = [|f14 =n—p(f|fl|q +...+/‘|fn|q) —pl-ag.

What we have shown is that U does not contain a convex neighbourhood of zero, and
therefore the topology 7 is not locally convex. A

Example 5.6
As an illustration of the Mackey—Arens theorem we will compute the Mackey topology
oo, £1).
(1) First we determine the o (¢, £~,)-compact sets, i.e., the weakly compact sets of £;.
We suppose that it is known that a set A C {; is relatively compact if and only if A is

bounded and sup, ¢ 4 Z;o:n [xj| = 0 (n — o0). (This is easy to show.) Equivalently, A is
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relatively compact if and only if there exists a decreasing null sequence o = (&) in (0, 00)
such that

o0
AC A, = {x=(x));els; Z Il < @y (neN)}.

Jj=n

In what follows now we will use the fact that A is weakly compact if and only if A is
compact. This will be shown below in Corollary 5.10.

(i) With A := {o; @ = (a;);adecreasing null sequence in (0, 00)}, M’ :=
{Al; a € A} we now obtain

T = iloo, £1)

(note that the sets A/, are absolutely convex). Next we show that one can replace the
collection M’ by

M = {oeBgl T o EA},

where o By, 1= {oex = (ajxj)j; x €y, x| < l}.

For o« € A one has By, C Aj, because from x € By, one obtains 377, ojlx;| <
7] Z]Do:n lxjl < an(ne N).

For o € A one has > o2 | (ety — ap1) = a1 (< 00). Therefore there exists B € A such
that >"02 /51,1 (n — apy1) < 1 (see Remark 5.7 below). With this 8 one has A), C BBy,
because for x € A}, one has

w1 1 1\ &

n

= >l (= ) Dl
; n ,31’; " ,32 ﬁl g "

1 1
< ﬂl(al—a2)+ﬁ2(a2—a3)+m<1-

(iii) Fora € Awe set Ay '= aBy,, po := qa, (= pAg), and we compute py. For y € £
one has

pa(y) = sup [{y,x})| = sup [y, x)| = sup an|ynl.
X€AL XEBy, neN

With P := {pa; o€ A} one now obtains u(£so, £1) = Tp.

Note that in the set P of norms there does not exist a sequence such that every norm in P
is dominated by some norm in the sequence. This means that the topology (£oo, £1) is not
metrisable.

(iv) Finally we show that (£o0, Tp) = £1. (Well, we know from the Mackey—Arens
theorem that this holds, but for the present example we want to obtain it directly.)
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Let n € ({oo, Tp)'. Since the set A is directed, there exists o € A such that
NI < pa(y) (¥ € Loo)-
This means that 7 € ({00, py)’. The mapping
Ji (beos pa) = co, y > @y

is isometric with dense range. Therefore there exists 7] € £] = 06 with

n(y) = {ay, n) Zanynnn»

i.e., n is represented by x = (x,)n = (@uNu)n € €1 in the standard dual pairing of £; and
L. This shows that (£, Tp)' C £1.
Also, for x € £, there exists « € A such that ( x,,) € {1, by Remark 5.7. Therefore

’Z)’nxn
n

This shows that (£s, Tp) = £1. A

Zlynxnl—ZI"“lan yal < G Pe() (3 € o).

Remark 5.7 Let (a,), be a sequence in [0, c0), Zn a, < 0o. We show that there exists an
increasing sequence (c,), in (0, 00), ¢, — 00 (n — 00), and such that Zn Chly < O0.
There exists a strictly increasing sequence (n;); in N such that

1 .
Zan<4j (jeN).
nznj
Define
1  forn <ny,
2J fornj <n<njy, jeN.
Then (c,) is increasing, ¢, — o0, and
np—1 ni—1

chan\zan Zzlzan\zan 22]4 ]<OO. A

n n= nj

In the treatment of Example 5.6 we have used that compactness and weak compact-
ness are equivalent for subsets of £;. This fact and related properties will be treated
now.
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Theorem 5.8
Let (x™) be a o (€1, £eo)-Cauchy sequence in £1. Then (x") is convergent in norm.

By a (¢}, £5)-Cauchy sequence or a weak Cauchy sequence (x"),cn in £; we
understand a sequence with the property that ({x", y)), is a Cauchy sequence in K for
each y € £.; analogously for ‘o (€1, cp)-Cauchy sequence’. This provisional definition
is consistent with the definition of Cauchy sequences in topological vector spaces given
later; see Chapter 9.

Proof of Theorem 5.8
The sequence (x") is bounded, by the uniform boundedness theorem (Theorem B.3).
Therefore (x") has a o (€1, cp)-cluster point x € £1, by Theorem 4.7, and because (x") is
also a o (£, cp)-Cauchy sequence we conclude that x" — x with respect to o (£, cp). (To
make this clear, let F C c¢o be a finite subset, and let ¢ > 0. Then there exists ngp € N
such that sup,.p [(x" — x™,y)| < & (m,n > ng), and there exists n; > ng such that
Supyep [{x"! —-x, )| < e.Thensupyp [(x"—x, y)| <2e(n > ng). See also Remark 9.1(b).)
Without loss of generality we may assume that x = 0.

We show that x” — 0 in £; as n — o0o. Assuming the contrary, we obtain & :=
limsup,,_, o, [Ix"] > 0.

Then it is not difficult to see that there exist a subsequence (x"*); and a subsequence
(my)g of N, such that

m e Mi41 € oo €
P D D D DI A e
j=1 Jj=mi+1 J=mpg1+1

For simplicity of notation and without loss of generality, we assume that (x*) = (x¥). We
define y = (y;) € £eo by

0 if 1 <j<my,

k

yj =
(—l)ksgn x;

ifmg < j <mpyr, keN,

where the signum function sgn: K — K is defined by sgnA := A/|A| if L # 0, sgn0 := 0.
For k > 2 one then obtains

(xk _ xkfl’ y)
my Mp41
—Zx yi+ =D I+ Z xyj
mg+1 myy1+1
Mmy—1 mg

o0
D L T G e W M ) W

1 my—1+1 mg+1
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and this implies that

k k—1 k., k k—1 & & & & I & &
— Xy = DR x> _f _
[ =) = D g sl D - E—E ) - =

This is a contradiction to (x¥) being a weak Cauchy sequence. O

Remarks 5.9 (a) Of course, the weak Cauchy sequence in Theorem 5.8 also converges
weakly to limx". So, Theorem 5.8 implies that £; is weakly sequentially complete (in the
terminology of Chapter 9). In Chapter 15, this property will be extended to all L;-spaces.
(b) The method employed in the proof of Theorem 5.8 is known under the name of
‘sliding hump’ or ‘gliding hump’ method. A

Corollary 5.10 A set A C £y is weakly compact if and only if A is compact.

Proof

It is clear that A is weakly compact if A is compact. Now assume that A is weakly compact,
and let (x") be a sequence in A. Proposition 5.11, proved below, then implies that (x")
contains a weakly convergent subsequence; for the application of Proposition 5.11 note that
£ is separable. Using Theorem 5.8 we deduce that this subsequence is also convergent in £.
So it is shown that A is sequentially compact, and because A is a metric space, this implies
that A is compact. O

Proposition 5.11 Let E be a separable Banach space, and let A C E be weakly compact.
Then (A, o (E, E') N A) is metrisable.

Proof

First we show that there exists a sequence (x;,), in E’ separating the points of E. Let (x,),
be a dense sequence in the unit sphere Sg of E. The Hahn—Banach theorem implies that
there exists a sequence (x},) in Sgr such that x, (x,) = 1 (n € N). Then the set {x;l ine N}
separates the points of E, because for all x € Sg there exists n € N such that ||x — x,|| < 1,
and therefore x), (x) = x,,(x — x,,) + x},(x,) # 0.

Let p be the initial topology on E with respect to the sequence (E 5 X B
(x,x)) € K)n o+ Then Proposition 2.17 implies that p is metrisable. On A one obtains
pNA = o(E,E") N A, because p is Hausdorff and coarser than o (E, E’); recall
Lemma 4.12. o

Notes Theorem 5.1 was proved by Mackey and Arens. More precisely, Mackey
[Mac46, Theorem 5] showed that among the compatible locally convex topologies there
is a coarsest one (the weak topology) and a finest one; and Arens [Are47, Theorem 2]
provided the description of the finest topology as what is now called ‘Mackey topology’.
In Example 5.6 we present an example for the Mackey topology (in a non-reflexive
situation), where one can still compute everything. It turns out that, in order to carry
this out for the dual pair (£, £), one needs interesting properties of convergence in ¢,
which are singled out in Theorem 5.8 and Corollary 5.10; these properties will also be
needed later in Chapter 15.
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Topologies on E”, Quasi-barrelled
and Barrelled Spaces

The topics of this chapter draw their motivation, with a locally convex space E, from
two questions: find topologies on E” such that the canonical mapping x: E — E” is
continuous, and investigate properties of topologies on E ensuring that « is continuous,
if E” is provided with the strong topology S(E”, E’). The first issue leads to the ‘natural
topology” on E”, the second leads to ‘quasi-barrelled’ spaces, and in particular, the
answer to the second question motivates the investigation of further related properties
of locally convex spaces.

The following theorem on bounded sets is important for the subsequent treatment.

Theorem 6.1 (Mackey)
Let E be a locally convex space, A C E. Then A is bounded if and only if A is weakly
bounded.

Note that the theorem could have been formulated equivalently for a dual pair
(E, F), by stating that a set A € E is bounded for some compatible locally convex
topology if and only if A is o (E, F)-bounded.

The next two lemmas are preparations for the proof. The first of these is the crucial
reduction of the theorem to the uniform boundedness theorem.

Lemma 6.2 Let (E, p) be a semi-normed space, A C E. Then A is bounded if and only if
A is weakly bounded.

Proof
The necessity follow from the continuity of id: (E, p) — (E, o (E, E’)) and Lemma 3.4(a).
To show the sufficiency, we note that (E, p)’ is a Banach space, with norm

<"l = sup{l{x, x')|; x € E, p(x) < 1}.
© Springer Nature Switzerland AG 2020
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For the canonical map x : E — E” one obtains ||« (x)| g7 = p(x) (x € E) as a consequence
of the Hahn—Banach theorem; see Corollary A.4. The weak boundedness of A implies that
k(A)is o (E”, E)-bounded; hence the uniform boundedness theorem, Theorem B.3, implies
that k (A) is bounded. Therefore sup,.4 p(x) < oo, i.e., A is bounded. O

Lemma 6.3 Let E, F be locally convex spaces, f: E — F linear and continuous. Then f
iso(E, E"Y-0(F, F')-continuous.

Proof
Theorem 1.2 implies that it is sufficient to show that y’ o f is o (E, E’)-continuous for all
y' € F’. This, however, is true because y’ o f € E'. |

Proof of Theorem 6.1

The necessity follows from Lemma 3.4(a). For the sufficiency recall that E carries the
initial topology with respect to (id: E — (E, p))pep, Where P is a set of semi-norms
(Corollary 2.15). For p € P the identity id: E — (E, p) is continuous, so that Lemma 6.3
implies that A is weakly bounded in (E, p), and therefore bounded in (E, p), by Lemma 6.2.
Therefore Lemma 3.4(b) implies that A is bounded. O

We recall that, for a locally convex space E, the bidual is defined as E” =
(E', B(E', E))'". The following considerations are motivated by the question for a
topology on E” inducing the original topology on E under the canonical map x: E —
E"”; the answer will be given in Theorem 6.7. A related question is finding properties
of the topology of E such that the canonical map is continuous if E” is provided
with the strong topology B(E”, E). The answer will given in Theorem 6.8: E should
be ‘quasi-barrelled’. This investigation opens up the discussion of further interesting
notions important for locally convex spaces.

Proposition 6.4 Let E be a locally convex space, U the collection of closed absolutely
convex neighbourhoods of zero, and define

M, ={U°; Ueu}.
Then the topology of E is the polar topology T, (in the dual pair (E, E')).
Proof
Recall from Theorem 2.14 that U/ is a neighbourhood base of zero. Then Theorem 3.6 and
Proposition 3.9(b) imply that

U={U°°; UeU}={B°; Be My}

is also a neighbourhood base of zero for Tp4, . O
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Remarks 6.5 (a) With the collection M, we want to define a polar topology on E”. To
verify that this is possible one has to show that M, C B, (E’, E”); this will be done
subsequently in Proposition 6.6.

(b) Let E be a topological vector space, B € E’. Then B is equicontinuous at 0 if for
all ¢ > 0 there exists U € Up(E) such that |[{x, x")| < ¢ (x € U, x’ € B), or equivalently, if
there exists U € Uy(E) such that |(x, x')| < 1(x € U, x’ € B), i.e., such that B € U°. For
simplicity, we will then call B equicontinuous.

Because of linearity, a set B C E’ is equicontinuous at 0 if and only if it is ‘uniformly
equicontinuous’, i.e., if for all ¢ > 0 there exists U € Up(E) such that |(x, x") — (y, x")| =
[(x —y,x")| <eforallx,y € E withx —y e U and all x’ € B.

(c) Now let E be a locally convex space. In view of the preceding discussion,
in Proposition 6.4 the collection M, could have been replaced by the collection
of all equicontinuous subsets of E’ (called £ in a discussion at the end of the
present chapter). A

Let E be a vector space, A, B C E. We say that A absorbs B, or that B is absorbed
by A, if there exists & > 0 such that B C AA for all A € K with |[A| > «.

Proposition 6.6 Let E be a locally convex space, U € Uy(E). Then U° is B(E', E)-
bounded.

Proof

Let V C E' be a B(E’, E)-neighbourhood of zero; without loss of generality we can assume
that V = B® for some weakly bounded set B C E. Theorem 6.1 implies that B is bounded,
and therefore U absorbs B. This, in turn, implies that V = B absorbs U°. O

Let E be a locally convex space. With M, from Proposition 6.4 the topology
Ty i= T,

on E”, with the polar topology formed in the dual pair (E”, E’), is called the natural
topology; this name is the motivation for the index ‘n’ in M, and 7,. (With the
terminology ‘natural topology’ we follow [K6t66, § 23.4], [Sch71, Chap. 1V, § 5.3].)

Proposition 6.6 can also be expressed by M, C B, (E’, E”), and this implies that
™ S B(E", E).

Theorem 6.7

Let E be a locally convex space. Then E carries the initial topology with respect to the
canonical map k: E — (E”, t,). The topology t, is the finest polar topology on E"
in the dual pair (E", E') for which k : E — E" is continuous. If E is Hausdorff, then
K is an isomorphism from E to the subspace k (E) of (E”, ).
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Proof
In this proof the polars taken in (E”, E’) will be denoted by ‘e’ (whereas ‘o’ denotes polars
in (E, E")).

Let U € Uy(E) be absolutely convex and closed. Then one has  ~1(U°®) = U°° = U.
This shows that k: E — (E”, 1,) is continuous and that E carries the initial topology as
asserted. If E is Hausdorff, then « is injective and one obtains x (U) = « (k1 (U°®)) =
U°® Nk (E), and this implies the last assertion of the theorem.

Let o4 be a polar topology on E”, with M C B, (E’, E”), and assume that k: £ —
(E”, taq) is continuous. Let B € M. Then B® is a tprq-neighbourhood of zero, and by
hypothesis B® = 1 (B*®) is a neighbourhood of zero in E. Therefore B € B°° € M,, and
this implies that Toq C . O

Theorem 6.8
Let E be a locally convex space. Then the following properties are equivalent:
i) ™ =BE" E);
(ii) every B(E’, E)-bounded set B C E’ is equicontinuous;
(iii) if U < E is absolutely convex, closed and bornivorous (i.e., U absorbs all
bounded sets), then U is a neighbourhood of zero.

Proof
As above, the polars taken in (E”, E’) will be denoted by ‘e’.

(1) = (ii). Let B € E’ be B(E’, E)-bounded. Then B is o (E’, E”)-bounded, because
B(E',E) 2 o(E’,E"). Hence B® is a B(E", E')-neighbourhood of zero, and therefore
B° = «~1(B®) is a neighbourhood of zero in E, i.e., B is equicontinuous.

(ii) = (iii). Let U be as in (iii). It is sufficient to show that U° is equicontinuous. (Then
U = U°° is a neighbourhood of zero.)

Let V € E’ be a B(E’, E)-neighbourhood of zero, without restriction V = B°, with
bounded B C E. Then U absorbs B, and therefore V = B° absorbs U°. This shows that
U®° is B(E’, E)-bounded, and property (ii) implies that U® is equicontinuous.

(iii) = (i). By Theorem 6.7 it is sufficient to show that the canonical map «x: E —
(E”, B(E", E")) is continuous.

Let U € E” be a B(E”, E’)-neighbourhood of zero, without restriction U = B® with
a o (E’, E")-bounded set B C E’. We have to show that « ! (U) = «~1(B®) = B®°is a
neighbourhood of zero. Because of (iii) it is sufficient to show that B® is bornivorous.

Let A C E be bounded. Then A° is a B(E’, E)-neighbourhood of zero, therefore A°
absorbs B (where it was used that Theorem 6.1 implies that B is B(E’, E)-bounded). This
implies that A € A°° is absorbed by B°. ]

Let E be a locally convex space.

A set B C E is a barrel if B is absolutely convex, closed and absorbing. Obviously,
B is a barrel if and only if there exists a o (E’, E)-bounded set A C E’ such that
B = A°. The space E is barrelled if every barrel is a neighbourhood of zero. E is
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quasi-barrelled (also ‘infrabarrelled’) if every bornivorous barrel is a neighbourhood
of zero. We note that Theorem 6.8 characterises quasi-barrelled spaces.

Theorem 6.9
Let E be a locally convex space and a Baire space (see Appendix B). Then E is
barrelled. In particular, Fréchet spaces and Banach spaces are barrelled.

Proof

Let B C E be a barrel. Then E = UneN nB, and therefore B #* . Letx € 1§, U an
absolutely convex neighbourhood of zero such that x+U € B. Then —x+U = —(x+U) C
B as well, and

U=,U+}U=)x+U)+)(-x+U) CB. o

Examples 6.10
(a) The spaces C(X), for X o-compact Hausdorff locally compact, and C k(Q), for @ C R”
open, k € No U {oo} are barrelled. Also L joc(£2), for 2 € R" open, 1 < p < oo, isa
barrelled space.

(b) The space (cc, || - |loo) is an example of a quasi-barrelled space that is not barrelled.
Indeed, let (o), be a null sequence in (0, co). Then

B = {(xn)n; [xn]| < ap (n EN}

is a barrel, but not a neighbourhood of zero. Thus the space is not barrelled. However, the
unit ball is bounded, therefore every bornivorous set absorbs the unit ball and therefore is a
neighbourhood of zero; hence the space is quasi-barrelled. A

A topological vector space is called bornological if it is locally convex, and
every absolutely convex bornivorous set is a neighbourhood of zero. Evidently, every
bornological space is quasi-barrelled.

Proposition 6.11 Let E be a metrisable locally convex space. Then E is bornological.

Proof
There exists a decreasing neighbourhood base of zero (U,), in E. Let A C FE be a subset
which is not a neighbourhood of zero. Then for all n € N there exists x,, € U, \ nA. Hence,
(xp) is a null sequence, therefore bounded, but the set {xn; neN } is not absorbed by A.
Thus, A is not bornivorous.

This shows that every bornivorous subset of E is a neighbourhood of zero. O

The reader may have noticed that the author distinguishes carefully between sets
and families. (A sequence of functions, for instance, which is a family, would always
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be written as (f,)nen Or (f,; n € N), maybe sometimes simply as (f;), but never as
{f1}nen.) A neighbourhood base of zero is, by definition, a collection (i.e., a set) of
sets. Nevertheless it is convenient to write a countable neighbourhood base of zero as a
sequence (U, ),en, as above, in particular if one wants to say that it is ‘decreasing’. This
kind of ‘inconsistency’ should not lead to confusion; the corresponding remark applies
also to the notion ‘cobase of bounded sets’, defined in Chapter 7.

Proposition 6.12 Let (E, T) be a quasi-barrelled locally convex space. Then t = u(E, E').

Proof
‘C’ is obvious.

For ‘2’ let U be a u(E, E’)-neighbourhood of zero, without restriction a barrel. Then
U is bornivorous because of Mackey’s theorem (Theorem 6.1). Since E is quasi-barrelled, it
follows that U is a neighbourhood of zero. O

Remark 6.13 Locally convex spaces (E, t) such that t = u(E, E’) are also called Mackey
spaces. However, we warn the reader that in some references bornological spaces are called
Mackey spaces. A

Theorem 6.14

Let (E, ) be a locally convex space. Then the following statements are equivalent.
() E is barrelled;

(ii) every o (E’, E)-bounded set B C E’ is equicontinuous;

(iii) == pB(E,E).

Proof
(i) = (ii). Let B € E’ be o(E’, E)-bounded. Then B° is a barrel, and therefore a
neighbourhood of zero. The latter is equivalent to B being equicontinuous.

(ii) = (iii). Since equicontinuous subsets of E" are o (E’, E)-bounded (a consequence
of Lemma 3.4(b)), one could formulate (ii) also by saying that the collection of o (E’, E)-
bounded sets is identical to the collection of equicontinuous sets. Proposition 6.4 implies
that 7 is the polar topology corresponding to the collection of equicontinuous subsets of E’;
hence it follows that T = B(E, E').

(iii) = (i). If B C E is a barrel, then B° is o (E’, E)-bounded, and therefore B = (B°)°
is a B(E, E’)-neighbourhood of zero. O

Remark 6.15 The statement in (ii) of Theorem 6.14 could be interpreted as a kind of
uniform boundedness theorem (for linear functionals). A
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In order to illustrate the interplay between the different notions we have introduced
we define the following notation. For a locally convex space E let

£ = {B CE;B equicontinuous},

C:= {B C E’; aco " o(E', E)—compact},
Bg :={B C E'; B B(E', E)-bounded},

B, = {B CE; Bo(E, E)—bounded}.

Lemma6.16 £ CC C Bg C B,.

Proof

The first inclusion is the Alaoglu—Bourbaki theorem (Theorem 4.7). For the second inclusion
note that 7¢ = w(E’, E). Therefore, for a set C = C°° € C the polar C° is a u(E, E')-
neighbourhood of zero, absorbing each bounded set B € E (by Theorem 6.1), which implies
that B® absorbs C°° = C. As the sets B° constitute a B(E’, E)-neighbourhood base of
zero, it follows that C is B(E’, E)-bounded. The third inclusion is clear because B(E’, E) D
o(E', E). O

Remark 6.17 For a locally convex space (E, t) we summarise the obtained results in a
scheme of implications:
E=C=Bg = ¢&=C
¢ ¢
metrisable = bornological = quasi-barrelled = 1 = u(E, E’)
o o
Fréchet space @~—— Baire = barrelled
¢
T=pB(E,E)

¢
E=C=By=8, A

Closing the present chapter, we give a statement concerning bornological spaces.
The equivalence expressed in condition (ii) gives a hint for the name ‘bornological’:
The continuity of a linear mapping is determined by the behaviour of the mapping on
bounded sets.
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Proposition 6.18 Let E be a locally convex space. Then the following statements are

equivalent:

(1) E is bornological;

(ii) for each locally convex space (resp. semi-normed space) F every bounded linear
mapping f: E — F is continuous (where ‘bounded’ means that for all bounded
A C E the image f(A) is bounded).

Proof
(i) = (ii) (for ‘locally convex’). Let F be a locally convex space, f: E — F linear and
bounded. Let V C F be an absolutely convex neighbourhood of zero, A € E bounded. Then
f(A) is bounded, and therefore is absorbed by V. Therefore A C f -1 f(A)) is absorbed
by f —1(V). This shows that the (absolutely convex!) set f —1(V) is bornivorous, hence a
neighbourhood of zero.

(ii) (with ‘semi-normed’) = (i). Let U € E be absolutely convex and bornivorous, py
the Minkowski functional of U. Thenid: E — (E, py) is bounded: If A is bounded, then A
is absorbed by U < {x eE; pyx) < l}. The hypothesis implies that id: E — (E, py) is
continuous, and therefore U is a neighbourhood of zero in E. O

Notes Theorem 6.1 is due to Mackey [Mac46, Theorem 7]. Discussions on the natural
topology can be found in [Ko6t66, V, § 23.4], [Sch71, Chap. IV, § 5.3]. The remaining
topics of the chapter are rather standard and difficult to trace to the origins.
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updates

Fréchet Spaces and DF-Spaces

Besides Hilbert spaces and Banach spaces occurring as function spaces in analysis, an
important role is also played by Fréchet spaces. It is for this reason that we include a
chapter on some properties of metrisable locally convex spaces and Fréchet spaces. The
first part of the chapter concerns the duality of Fréchet spaces: in short and simplified,
duals of Fréchet spaces are DF-spaces, and duals of DF-spaces are Fréchet spaces.
Looking at examples of duals of Fréchet spaces, one realises that quite often they can
only be described as quotients, and this is the reason for inserting a short interlude on
final topologies and topologies on quotient spaces. The third topic is a peculiarity of
Fréchet spaces: They could also have been defined as ‘completely metrisable’ locally
convex spaces.

For brevity it will be convenient to introduce the following notions. A countably
quasi-barrelled (also ‘countably infrabarrelled’) space is a locally convex space with
the property that each bornivorous countable intersection of closed absolutely convex
neighbourhoods of zero is a neighbourhood of zero. It is evident that ‘quasi-barrelled’
implies ‘countably quasi-barrelled’.

A cobase of bounded sets in a topological vector space E is a collection B of
bounded sets with the property that for each bounded set A C E there exists B € B such
that A C B.

A DF-space is a countably quasi-barrelled locally convex space possessing a
countable cobase of bounded sets. We will show that the dual of a metrisable locally
convex space is a DF-space and that the dual of a DF-space is a Fréchet space. Just for
an easy example: Each normed space is a DF-space; it is bornological, hence countably
quasi-barrelled, and the sequence (B(0, 1)), is a countable cobase of bounded sets.

It will be convenient to use the notation E} for the dual of a locally convex space E,
provided with the topology B(E’, E).
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Theorem 7.1

Let E be a metrisable locally convex space, and let (Uy,), N be a neighbourhood base
of zero. Then (UL)yen is a countable cobase of bounded sets in E'y, and the space E //3
is a DF-space.

Proof

Let A C E’ be a B(E’, E)-bounded set. Then for each bounded (equivalently, o (E, E’)-
bounded) absolutely convex set B C E there exists A > 0 such that A € AB°, therefore
A° D iB. This means that A° is bornivorous, hence a neighbourhood of zero (because E is
bornological, see Proposition 6.11), A°® D U, for some n € N, and A C (A®)° C U?. This
proves the first assertion of the theorem.

For the proof that E ,/3 is countably quasi-barrelled, let (V,),en be a sequence of
closed absolutely convex neighbourhoods of zero in E;g, and suppose that V := (), V, is
bornivorous. (The ‘problem’ — see below — is that the sets V,, are not necessarily o (E’, E)-
closed.) The procedure of the proof is to construct a sequence (W,), <N of absolutely convex
o (E’, E)-closed neighbourhoods of zero in E’ with W,, € V, (n € N) and such that
W := "), W, is still absorbing (even bornivorous). Then W = (W°)°, and W° is o (E, E')-
bounded; hence W C V will be a neighbourhood of zero, and the proof will be finished.

For the construction of the sequence (W,) let A, := U? (n € N). We show by induction
that there exist sequences (A,) in (0, c0) and (W,) of absolutely convex o (E’, E)-closed
neighbourhoods of zero satisfying

Ay SGVINW, (1<) <), .1)

WA SWaCVe (< j<n) (72)

for all n € N. Assume that Ay, ..., Ay—1, Wi, ..., W,_1 are found. As V absorbs A,, and
ﬂlg j<n W is a neighbourhood of zero, there exists A, > 0 such that (7.1) is satisfied. The
set

Cn :=ac0( U M‘Aj>=aco< U AjUf)

N N

is o (E’, E)-compact by the Alaoglu-Bourbaki theorem (Theorem 4.7) and Lemma 7.2
below. As V, is a neighbourhood of zero in E, there exists a bounded set B, € E such
that BY C ;V,,. Setting W, := BY + C,, we obtain an absolutely convex o (E’, E)-closed
neighbourhood of zero in E’ satisfying W,, C éVn + ;V C V,. (For ‘o (E’, E)-closed’ we
refer to Lemma 7.3 below.)

From (7.1) and (7.2) it follows that A;A; € W), for all j,n € N, hence A;A; € W for
all j € N, and this implies that W is bornivorous. O

In the proof given above we have used two properties concerning compact sets we
will show now.
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Lemma7.2 Let E be a topological vector space, and let Ay, ..., A, < E be compact
absolutely convex sets. Then the set aco(A1 U ---U A,) is compact.

Proof
It is sufficient to show this for n = 2. In this case one has

aco(A1 U Ap) = {)»1(11 +Maz; AM, A =20, A1 +A =1, ar €Ay, ap €A2}.

Indeed, it is obvious that the right-hand side is balanced, it is easy to show that it is convex,
and it clearly is the smallest convex set containing A; U A;. This means that aco(A; U A2)
is the image of the compact set

{O,22) €10, 1175 Ay + 20 = 1} x A1 x Ay
under the continuous mapping (A1, A2, a1, a2) — Ajaz + roaz; hence it is a compact set. O

Lemma 7.3 Let E be a topological vector space, A, B C E, A closed, B compact.
(a) If AN B = O, then there exists U € Uy(E) such that AN (B+U) = @.
(b) The set A+ B is closed.

Proof

(a) For each b € B there exists Vj, € Uy such that AN (b + V) = &, and there exists an open
Uy € Up such that Uy + U, < V). For the open covering (b + Up)pep of B there exists a
finite subcovering (b + Up)per. With U := ﬂbeF Up € Uy(E) we then obtain

ana+uycan(Je+un+v)can(Jo+vn)=2.
beF beF

(b)Letxe E\(A+ B),ie., (x —A)N B = . Asx — A is closed, part (a) implies that
there exists U € Uy such that (x — A)N(B+U) = T, ie.,(x —U)N(A+ B) = @. This
shows that E \ (A + B) is open. O

The following lemma is a preparation for the description of the dual of DF-spaces.

Lemma7.4 Let E be a countably quasi-barrelled locally convex space, and let B C
E’ be a B(E', E)-bounded countable union of equicontinuous subsets of E'. Then B is
equicontinuous.

Proof
Recall that B is equicontinuous if and only if B® € Uy(E).

If C C E is bounded, then C° is a neighbourhood of zero for B(E’, E); hence there
exists A > 0 such that AC°® D B, which implies iC c iCOO C B°. This shows
that B® is bornivorous. Let (B,) be a sequence of equicontinuous subsets of E’ such that
B = |, Bn. Then B® = ("), BY is a countable intersection of closed absolutely convex
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neighbourhoods of zero. Now the hypothesis that E is countably quasi-barrelled implies that
BP° is a neighbourhood of zero, i.e., B is equicontinuous. O

We mention that, in Lemma 7.4, the property ‘countably quasi-barrelled’ is equiva-
lent to the requirement that each B(E’, E)-bounded countable union of equicontinuous
subsets of E’ is equicontinuous; see [BouO7a, Chap. IV, § 3,Proposition 1]. In fact, it
is the latter condition that Grothendieck [Gro54, p.63] takes into his definition of DF-
spaces.

Theorem 7.5
Let E be a DF-space. Then E,’S is a Fréchet space.

Proof
By hypothesis, there exists a countable cobase (By,)nen of bounded subsets of E. Then (B;)
is a neighbourhood base of zero in £ /’3 This shows that E ;5 is metrisable; let d be a translation
invariant metric on E’ inducing the topology B(E’, E) (see Proposition 2.17).

Let (y,) be a Cauchy sequence in (E’, d). Then for any V € Uy(E 1’3) there exists ng such
that y, — ym € V for all m, n > ng. This implies that the sequence (y,) is bounded in E /’3 It
also implies that for all x € E the sequence (x, y,) is a Cauchy sequence in K; hence

Y@ = lim (v,y) @ €E) (7.3)

defines an element y € E*. Lemma 7.4 implies that {y,,; n e N} = Upenion} is
equicontinuous, i.e., there exists U € Up(E) such that

{m;neN}cU° cU®={zeE*; [(x,2)| <1 (xeU}.

Then (7.3) implies that y € U®; hence Theorem 3.2 show that y € E’. Finally, for each

bounded set B C E, the sequence ( (s ¥n) B) is a Cauchy sequence with respect to the

neN
sup-norm, hence uniformly convergent to (-, y) p. This shows that y, — y with respect to

B(E',E)asn — oo. O

Combining the previous results we now obtain information on the bidual of
metrisable locally convex spaces.

Corollary 7.6 Let E be a metrisable locally convex space. Then its bidual Eg (=
(E", B(E", E"))) is a Fréchet space, and E is isomorphic to a subspace of Eg via the
canonical embedding « : E — E”. In particular, if E is a Fréchet space, then E is isomophic
to a closed subspace of E //3/ .

Proof
From Theorem 7.1 we know that E//j is a DF-space, and then Theorem 7.5 implies that
Eg is a Fréchet space. As E is bornological, by Proposition 6.11, hence quasi-barrelled,
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the combination of Theorems 6.7 and 6.8 shows that « is an isomorphism between E and
k(E). If E is a Fréchet space, then « (E) is a complete, hence closed subspace of E ;3’ More
precisely, if d” is a translation invariant metric on E” inducing the topology B(E”, E’), then
the restriction d of d” to k(E) is a translation invariant metric on « (E) and (k(E), d) is
complete, hence « (E) is closed in (E”, d"). O

As a preparation for the following example we need a property for polars which we
did not use so far, and which we don’t want to treat in the middle of the example. Let
(E, F) be a dual pair, and let .4 be a collection of absolutely convex o (E, F)-closed
subsets of E. Then the bipolar theorem, Theorem 3.6, and Remark 3.3(c) imply

o [0 [e]e)
(ﬂA) = (mAe.A Aoo) = (UAeA Ao) = aCO(UAe.A AO)’ (7.4)
where the closure in the last term is with respect to o (F, E).

Examples 7.7

(a) Continuing the treatment of the space of rapidly decreasing sequences s and its dual ¢,
we determine the bounded sets of s. Recall the norms p; on s from Example 2.19(c). A set
B C s is bounded if and only if

Yk 1= sup p(x) < 0o
xeB

for all k € N, and then B C ﬂkeNO B, [0, yi]. This implies that

B:= | Mikeng Bril0s vil; v € (0, oo)NO}

is a cobase of bounded sets in s.
The ‘dual norm’ g on ¢ to py in the dual pair (s, ¢) is given by

a(y) = sup [y, lnF €[0,00]  (yer),
neN

and one obtains B, [0, c]° = By, [0, 1/c] for all k € Ng, ¢ > 0, with the polar taken in (s, 7).

This statement needs some explanation. For a dual pair (E, F) and aset A C E, we
define g4 : F — [0, oo] by

ga(y) i=sup{l(x, y)[; xe A} (yeF).

(In Chapter 3, this definition was given for the case that A is o (E, F)-bounded, yielding a
semi-norm g4 : F — [0, 00).) Extending our definition of balls we will use the notation

By [0,cl:=={yeF;qa(y) <c}  (c>0);

this still implies that A® = By, [0, 1].
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For the present case, the “norm” gx = ¢ga:t — [0, 00] corresponds to the set
A = By [0,1] C 5. For B = mkeNo B, [0, yx] € B one then obtains, applying (7.4), a
neighbourhood of zero for 8(z, s) by

B° = aco (Uren, Ba [0, 1/%]).

and these sets constitute a neighbourhood base of zero when B runs through 5.
In Example 10.7 we will show that B(z, s) is a locally convex inductive limit topology.
(b) Define

C™[0,1] := {f € C™®(0,1); f™ extends continuously to [0, 1], for all n € No},
with the topology t generated by the semi-norms
Pu() = 1f"llo  (f€C™[0.1], neNp).

It is standard to show that then C*°[0, 1] is a Fréchet space.
For the description of the dual space of C*°[0, 1] we first observe that the mapping
j: C®[0,1] > E :=C[0, 1Y, f > (f(”))neNO

is an isomorphic embedding, if E is provided with the topology generated by the sequence
of semi-norms (¢ )meN,>

am(@) = llgmllo (g = (gn)ner, € CI0, 110, m € Ny).

As for KN — see Examples 1.10 and 2.19(a) —, one shows that E is also a Fréchet space and
that the dual space of E is given by

E'= @ MI0. 1] := {n)nen, € MI0. 1170 3m € No : sy =0 (1 > m)},

neNy

where MO0, 1] denotes the space of signed Borel measures on [0, 1]. (Here one also has to
use that C[0, 1]’ is isomorphic to M0, 1], by the Riesz—Markov representation theorem; see
[Rud87, Theorem 2.14].)

Now let n € C*®[0, 1]. Then o j~! € j(C*>[0, 1], and applying Corollary 2.16 we
obtain 7 € E’ such that 7 j(ce0,1) =MN0° L

In order to express this differently we define the dual pair (C*°[0, 1]), E’), with duality
bracket

o) =G e =Y | f™ dua,

neNy (0.1]
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where 7] = (i )nen, - In this setting we have shown above that C*°[0, 11 = by (E’), where by
is the mapping by : E/ — C*°[0, 1]* defined in Chapter 1, for the dual pair (C*°[0, 1]), E’).
Not unexpectedly, by is far from being injective: For instance, if 0 # ¢ € CL(0, 1) and we
define 7 = (un) by o := —¢'A, u1 := @A (where A denotes the Lebesgue measure),
Un =0 (n > 2), then i) # 0, but

1 1
<f,fz>=<j(f>,ﬁ>E,E/=/0 f(—w’)dx+/0 flodx =0

for all f € C*°[0, 1]. As a consequence, defining (E”)g := ker by, we obtain C*°[0, 1]’ as
the quotient space E’/(E")o. A

In the previous example we have seen a natural description of the dual of a Fréchet
space as a quotient space. Further instances of this case are Example 8.4(b) or the space
treated in Chapter 16. We take this as a motivation for a short interlude on topologies on
quotient spaces. We start with preparations concerning the final topology for topological
spaces.

Remarks 7.8 (a) Let (X, 7) be a topological space, Y aset,and f: X — Y.On Y we define
the final topology by

o= {V cY; fﬁl(V) open}.

It is easy to see that indeed o is a topology, clearly the finest topology such that f: X — Y
is T-0 -continuous.

Suppose additionally that f is surjective. Then one has o C { fw); Ue ‘L'}. Indeed, for
V €0 oneobtains f~'(V)erand V = f(f~1(V)).

The mapping f defines an equivalence relation on X, with equivalence classes given
by f~1(y), for y € Y. Assume that for all open sets U C X the union f~'(f(U)) of the
equivalence classes of elements belonging to U is open. Then f(U) € o by definition, and
one concludes that o = {f(U); Ue ‘L'}.

In particular, the mapping f is open, i.e., f(U) is open for all open sets U.

(b) Let X, Y, Z be topological spaces, let f: X — Y be continuous, open and surjective,
andletg: Y — Z.

Then g o f is continuous if and only if g is continuous. Indeed, assume that g o f
is continuous, and let W C Z be open. Then f_l(g_l(W)) = (go f)_l(W) is open,
hence g~(W) = f(f_1 (g~! (W))) is open; so g is continuous. The reverse implication is
trivial. A

The following theorem is the basic result on quotient spaces and their topologies.
We state it without explicitly mentioning the quotient, but in the given context one can
interpret F' as the quotient of E by kergq.



60 Chapter 7 - Fréchet Spaces and DF-Spaces

Theorem 7.9

Let (E, ©) be a topological vector space, F a vector space, q: E — F linear and

surjective, and let o be the final topology on F with respect to q.

(@) Then q is a continuous and open mapping, and (F, o) is a topological vector
space.

(b) The topology o is Hausdorff if and only if ker q is closed.

Proof
(a) Let Eg := kerq. Then for each A C E the set qil(q(A)) is given by A 4+ Ey. This
implies that for open U C E the set g~ (q(U)) = U + Ey = Uero (x 4+ U) is open. Now
Remark 7.8(a) implies that g is open.

Leta: E x E — E be addition in E, and denote by a: F x F — F addition in F'; then

goa=ao(q xq).

It is easy to see that ¢ x ¢: E x E — F x F is open. (Use that (¢ x q)(U; x Uz) =
q(Uy) x q(U) is open in F x F for all open sets U, Uz € E, and recall that the sets
Uy x U, constitute a base of the product topology.). Therefore, the continuity of g o a and
Remark 7.8(b) imply that a is continuous. The continuity of scalar multiplication in F can
be proved analogously.

(b) The topology o on F is Hausdorff if and only if '\ {0} = g(E \ ker ¢) is open, and —
because ¢ is open — the latter holds if and only if E \ ker ¢ is open. O

Remark 7.10 For many Banach spaces one knows rather well, or even explicitly, the dual
space. The corresponding issue for Fréchet spaces is more involved. One of the questions
is already what is meant by “knowing the dual space”. The best answer would always be:
having an expression in terms of known spaces. Another answer would be to know that the
dual space is isomorphic to a known space.

Except for the space s, we will not look further at this problem, but rather refer to the
treatise of Meise and Vogt [MeVo97], where a whole chapter is devoted to an exhaustive
treatment of this issue. A

The next (and final) topic of this chapter is to derive an alternative description of
Fréchet spaces. To formulate this description, we define a topological space (X, ) to
be completely metrisable if there exists a metric d inducing t and such that (X, d) is a
complete metric space. Clearly, each Fréchet space is completely metrisable, even by a
translation invariant metric. It should come as a surprise that the translation invariance
is not really needed.
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Theorem 7.11
Let E be a completely metrisable locally convex space. Then E is a Fréchet space.

The proof depends on Baire’s theorem, see Appendix B, and requires some further
preparation. A subset A of a topological space X is called a Gs-set if it is a countable
intersection of open subsets of X.

Proposition 7.12 (Sierpinski) Let (X, d) be a metric space, Y C X, and let e be a metric
on Y such that (Y, e) is a complete metric space and such that d and e induce the same
topology on Y. Then Y is a Gs-subset of X.

Proof
(i) Let n € N. Then for each y € Y there exists r,(y) € (0, 1/n) such that B;(y, r,(y)) N
Y C B.(y, 1/n). (The ball B.(y, 1/n) is taken in Y, where the metric e is defined.) Then
G, = Uer B (y, ra(y)) is an open subset of (X, d); hence I' := (),,cy Gn is @ G5-subset
of (X,d),and clearly Y C T.

(ii) Now let us show that I" € Y. Let x € I'. For every n € N there exists y, € Y such that
X € Bg(yu, rn(yn)). This implies that y, — x in (X, d).

Let ¢ > 0; then there exists n € N such that 2/n < ¢. As d(x, y,) < r,(yn), we find
m € N such that

d(x, yo) + 1/m < ra(yn).

For k € N, k > m we then obtain

Ak, yn) < d(yk, x) +d(x, yp) < 1/k+d(x, yu) < ra(n),

hence

Yk € Ba(n, ta(yn)) NY C Be(yu, 1/n).

For j, k€N, j, k > m we conclude that e(y;, yt) < e(y;, yo) +e(yn, yj) <2/n < e.

So we have shown that (y,) is a Cauchy sequence in (Y, ¢), and the completeness of
(Y, e) implies that there exists y € Y such that y, — y in (¥, e). This shows that x =
d-limy, = e-limy, =yeY. O

Remarks 7.13 (a) An instructive easy example for the situation in Proposition 7.12 is the
choice X := R with the distance metric d, and ¥ := (0, 1) with the metric e(x, y) :=
|g(x) — g(»)|, for any continuous, strictly monotonically increasing function g: (0,1) - R
satisfying lim,_, o4+ g(x) = —o0, lim,_,1_ g(x) = oo. In this case the Gs property of ¥ =
(0, 1) is trivially satisfied.
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(b) In order to indicate more sophisticated examples we mention that it can be shown
that on any Gs-subset Y of a complete metric space X one can find a complete metric on
Y that is topologically equivalent to the restriction of the original metric to Y; see [Wil70,
Theorem 24.12]. A

Another tool we will need is a consequence of the duality of Fréchet spaces treated
above.

Proposition 7.14 Let E be a metrisable locally convex space. Then there exist a Fréchet
space E and an embedding k: E < E such that k: E — «(E) is an isomorphism (of
locally convex spaces), and k (E) is dense in E.

Proof
Let k: E — E” as in Corollary 7.6, and define E = «(E) Eﬂ. Then E is a Fréchet space
with the asserted properties. O

Proof of Theorem 7.11

Let e be a metric on E inducing the topology of E, and such that (E, e) is complete. As E
is metrisable, there exists a Fréchet space E D E as in Proposition 7.14, with a translation
invariant metric d inducing the topology of E. We will show that in fact E = E, which then
proves the assertion, because on E the metrics d and e induce the same topology.

To obtain a contradiction, suppose that E C E. For the following discussion we refer
to Appendix B, concerning the terminology and the results. Applying Proposition 7.12 we
conclude that E is a dense Gg-set, hence a residual set in (E, d). This implies that E \Eisa
meagre subset of (E,d). Letx € E\ E. Thenh,: E — E, y > y+x is a homeomorphism
mapping E to a subset of £\ E. (Indeed, y € E together with y+x € E would imply x € E.)
This shows that A, (E), and hence E is a meagre subset of (E, d). This is a contradiction,
because in the Baire space (E, d) a set cannot be residual and meagre simultaneously; see
Proposition B.2. O

Notes We have adopted the notion ‘countably quasi-barrelled space’ from Khalleelula
[Kha82]; in [BouO7a, Chap. IV, § 3] such spaces are called ‘semi-barrelled’. Also,
we have adopted the notion ‘cobase of bounded sets’ from [Wil78, Section 1-6,
Exercise 106]. The terminology ‘DF-space’ (French: ‘espace (DF)’) was coined by
Grothendieck [Gro54]. Obviously, ‘DF’ stands for ‘dual Fréchet’, and indeed the DF-
space properties are essential ingredients of duals and preduals of Fréchet spaces; see
Theorems 7.1 and 7.5. Grothendieck [Gro54, p.64] comments that the fact that dual
spaces of DF-spaces are Fréchet spaces ‘justifie notre terminologie’. Our treatment
follows mainly [BouO7a, Chap. IV, § 3] and [MeVo097, Section 25].

Motivated by Example 7.7(b), we have included some information on the topology
of quotient spaces.

The last part of this chapter describes Fréchet spaces as ‘completely metrisable
locally convex spaces’; see Theorem 7.11. Our source for this — seemingly not widely
known — fact is [Wil78, Section 4-5, Exercise 104]. The essential auxiliary fact needed
in the proof is Proposition 7.12, due to Sierpinski [Sie28].
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Reflexivity

We start by discussing semi-reflexivity and Montel spaces and present a number of
examples of function spaces. At the end we present duality properties for reflexive
spaces and Montel spaces.

We recall from Chapter 3 that a locally convex space E is called semi-reflexive if
it is Hausdorff and the canonical embedding x: E < E” is surjective. E is called
reflexive if additionally « is continuous, where the image space is equipped with the
strong topology.

From Theorems 6.7 and 6.8 we know that (E, 7) is reflexive if and only if E is
semi-reflexive and quasi-barrelled, or equivalently (because always t € B(E, E’), by
Proposition 6.4) if and only if E is semi-reflexive, and t = B(E, E’), or equivalently
(by Theorem 6.14), if and only if E is semi-reflexive and barrelled.

This is the reason why in the following we will mainly discuss semi-reflexivity.

Theorem 8.1
Let E be a Hausdorff locally convex space. Then E is semi-reflexive if and only if every
bounded set in E is weakly relatively compact.

Proof
For the necessity we note that semi-reflexivity implies that B(E’, E) = u(E’, E). Therefore,
if A C E is bounded, then A° is a w(E’, E)-neighbourhood of zero, and there exists a
o (E, E")-compact barrel C C E such that A° D C°. Then A C A°° C C°° =C.

For the sufficieny we note that the condition implies that B(E’, E) = u(E’, E), which
in turn implies that (E’, B(E’, E)) = (E’, u(E’, E)) = E. O

Remark 8.2 Note that the condition in Theorem 8.1 is a generalisation of the known
criterion for the reflexivity of Banach spaces. A
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A semi-Montel space is a Hausdorff locally convex space in which every bounded
set is relatively compact. (This terminology reminds of Montel’s theorem from complex
analysis; see Example 8.4(d).) A Montel space is a quasi-barrelled semi-Montel space.

Corollary 8.3 If E is a semi-Montel space, then E is semi-reflexive. If E is a Montel space,
then E is reflexive.

Proof
This is obvious from Theorem 8.1. O

For use in the following example (b) we mention the notation Cy(€2), for the space
of continuous functions ‘vanishing at co’, on a Hausdorff locally compact space 2:

Co(Q):={feC(Q); Ve >03K C Qcompact: [f(x)| <& (xeQ\K)}.
For a function f € C(2), the support is defined by spt f := {x eQ; f(x)# 0}.

Examples 8.4
(a) The space s of rapidly decreasing sequences is a Fréchet-Montel space, i.c., a Fréchet
space which also is semi-Montel (hence Montel, because Fréchet spaces are barrelled).
Indeed, if (x¥)cny is a bounded sequence in s, then one can choose a subsequence converging
in each coordinate, and it is easy to show that this subsequence is convergent in s. Hence s is
reflexive.

(b) Let 2 € R” be open and bounded. Then

CoP(Q) :={f € C¥(RQ); 3°f € Co(Q) (@ e N},
with norms
pm(f) :=max {10°flloo; || <m} (meNo, feCF ),
is a Fréchet-Montel space, therefore reflexive.
Indeed, C3°(£2) is a Fréchet space. Also, every bounded set is relatively compact because
of the Arzela—Ascoli theorem, and therefore the space is semi-Montel.
A partial description of the dual is given as follows. If n € C{°(£2)’, then there exist
m € Ng and ¢ > 0 such that [n(f)| < cpm (f) (f € C5°(R2)). The mapping

@2 (CE*(Q), pm) = Co(@ IS f s (39F) e

is linear and isometric, and therefore the Hahn—-Banach theorem implies that there exists
i € (Co()t |"“<’”})/ such that 7 o ® = 5. The Riesz—Markov theorem (see [Rud87,
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Theorem 2.14]) implies that there exists a family ('“0‘)|a\ <m of finite Borel measures on
2 such that

(g = Z /ga dig (g = (go‘)\a|<m € Co()l@ \algm}).

la|<m

For f e C3°(2) this means that

"=y /3°’fdua = (X Mo ) .

|| <m la|<m

where the derivatives of the measures should be interpreted in the sense of distributions.
(Strictly speaking, the last formula would only be valid for f € C°(£2), but the distributions
can be extended by continuity to f € C§°(£2).)

(c) Let € R” be open. Then £(R2) := C*°(R2), with semi-norms

prn(f) :==max {|0°f |k ; le| <m} (K € compact, m €Ny, f€E(Q)

(where || - || x denotes the sup-norm on K) is a Fréchet-Montel space, in particular reflexive.

Let (%) reny be a standard exhaustion of €, i.e., € is open, relatively compact in
Qi1 (k € N), and ey @ = Q. Define Ki := € (k € N). Then any compact
subset of €2 is contained in some Kj; hence the topology of £(2) is generated by the set
{pKk,m; keN, me No}; therefore £(€2) is metrisable, and also it is complete. (Note
that, even though we use the standard exhaustion for the proof of the above properties, the
topology does not depend on the choice of the exhaustion.)

Next we sketch why £(2) is semi-Montel. As an intermediate step let k € Ng, and let
(fj) be a sequence in £(L2), sup; {||8[fj ks 1 <I< n} < 00. Then the sequence (f;) is
bounded on K1 and equicontinuous on Ky, and by the Arzela—Ascoli theorem there exists
a || - || k,-Cauchy subsequence. Now let (f;) be a bounded sequence in £(£2). This means that
sup; px,m(fj) < oo for all compact K € €2, m € No. Applying the previous remark and
a suitable diagonal procedure one obtains a subsequence which is a pg_,,-Cauchy sequence
for all compact K € 2, m € Ny, i.e., a Cauchy sequence, and therefore convergent in £(£2).

(d) Let 2 < C be open, H(S2) := {f: Q—->C; f holomorphic}, with semi-norms

rr(f) = Iflk (f € H(RQ), K € Q compact).
Then H(£2) is a Fréchet—-Montel space, therefore reflexive.
The Montel property of H(£2) is just Montel’s theorem, and for completeness we recall

its proof. Let H € H(£2) be a bounded set. Let (£2,,) be a standard exhaustion of €2, and for
neNlet K, := ,. For all n € N one has

Cui=sup{llfllx,; feH} < oo,
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and there exists r, > 0 such that K,, + B¢ [0, r,] € K,+1. Then Cauchy’s integral formula
for the derivative,

a1 7@
fe= i /33(z,r) (e Z)z ’

implies that | f/(z)| < C,,Jrl(r,,/Z)*2 forall z € K,, + Bc(0,r,/2), f € H, and this estimate
shows that Hg, := { Sk, JeH } is equicontinuous. From the Arzela—Ascoli theorem we
conclude that Hg, is a relatively compact subset of C(K}).

Now, starting with a sequence (fx) in H we can choose a subsequence ( fi ) jeN such
that (fkj K, )jeN converges in C(K,) foralln e N, i.e., (Jfk;) jeN is convergent in C(£2). This
shows that H is relatively sequentially compact in the metric space H(£2), hence relatively
compact.

(e) Let 2 € R” be open,

H(Q) :={f eC*(Q); f harmonic},
with semi-norms

rr(f) =Ilfllk (K S compact, f € H()).

We recall that harmonic means that Af = Z;’: 1 8_}2 f = 0. We will explain that then H (£2)
is a Fréchet-Montel space.

(i) Let P := Z‘ al<m ay, 0% be a partial differential operator with constant coefficients.
Then it is easy to see that the space

Ep(Q):={f €&(Q); Pf =0}

is a closed subspace of £(£2), therefore a Fréchet—-Montel space; see Theorem 8.8(b) below.
In the following we will sketch why H(2) = Ea(R2).

(i1) We recall that harmonic functions f have the mean value property, i.e., if x € €,
r > 0 are such that B[x, r] C €, then

1
fx) = / fx+r§)dSE).
On—1Js,_,

We refer to [Eva98, Section 2.2.2, Theorem 2] (or any other textbook on partial differential
equations) for this property.

(ii1) Let (Qk)keN be a standard exhaustion of Q, Ky := Q, dx := dist(Kg, Q2 \ Qk+1),
and let p € C(R"), px = 0,spt px € B(0,di), [ pr(x) dx = 1, pp(x) = pr(y) if |x| = ||
(k € N). Then, for f € H(2), the convolution pf * f,

ok * f(x) == / pe(x —y) f(y)dy,

Qg1
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is defined for x € €, and in fact is equal to f(x), because of the mean value property of
f. Differentiating under the integral sign, one concludes that f is infinitely differentiable on
Qy, and that

0°f (x) = / 0 (x - NFO)dy (x e, aeNY).
Qi1

(iv) From (iii) it follows that, fork e N, o € Ng there exists a constant ¢ o such that

10°f ke < kel fllkesy  (f € H(Q).

This shows that the topology on H (£2) defined above is the topology induced by £(2).
Therefore the assertion follows from (i).

(f) The Schwartz space S(R"), also called the space of rapidly decreasing functions,
is defined by

SR") :={feC®®R"); x> (1+ 1x|2)" 3% f (x) bounded (m € No, o € N} 1.
with norms
Pk (f) == max { (1+|x[)™[9°F (¥)]; x €R", || < k} (m, k €Ng, f € SRM).

It is standard to show that S(R") is a Fréchet space. Next we show that S(R") is a Montel
space.

Let m € No, (fx) a sequence with M := sup; ppm+1,m+1(fk) < oo. We show that then
there exists a p,,»-Cauchy subsequence. Let ¢ > 0; choose R > 0 such that | ﬁeZ < &.
Then

sup { (1 + [x[)™[8%fe ()5 |x] > R, la| <m} < e.
k

For || < m the set {3”fi; k € N} is || - loo-bounded and equicontinuous on B[0, R], and
therefore, by the Arzela—Ascoli theorem, there exists a subsequence (f;); such that (0% fx )
is || - |loo-convergent on B[O, R], for all |o| < m. Repeating this argument for smaller and
smaller € and choosing suitable subsequences, we obtain a p,, ,-Cauchy subsequence.

If (fx) is a bounded sequence in S(R"), then the previous procedure can be carried out
for arbitrary m € N, yielding a Cauchy sequence in S(R").

We mention the remarkable fact that S(R) is isomorphic to the space s;
see [MeVo97, Example 29.5(2)]. An analogous result for S(R") is presented in
[ReSi80, Theorem V.13]. A

After these examples we come back to some further theory.
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Theorem 8.5
Let E be a reflexive Hausdorff locally convex space. Then the space (E', B(E', E)) is
reflexive.

Proof
Let t be the topology of E. By hypothesis and Theorem 6.8, (E, 1) = (E”, B(E", E")).
Therefore E” = (E”, B(E", E)) = (E, t) = E', with B(E", E") = B(E', E). 0

Theorem 8.6
Let E be a Montel space. Then (E', B(E', E)) is a Montel space.

For the proof we need a preparation. Let E be a topological vector space. We define
the topology 7. on E’ to be the topology of compact convergence, i.c., the polar
topology T4, corresponding to the collection M. of compact subsets of E.

The fact proved next is, in principle, a property of a uniformly equicontinuous set of
functions on a uniform space; topological vector spaces are special uniform spaces. In
fact, part of the proof is just a generalised version of the proof of the following standard
property: If B is an equicontinuous set of functions on a compact metric space A, and
f € B, ¢ > 0, then there exists a finite set F C A such that

{g€B: suplgx) — f(x)| <e/3} S {geB; llg— fllo < &}

xeF

Proposition 8.7 Let E be a topological vector space, and let B C E’ be equicontinuous.
Thent.NB=0(E,E)NB.

Proof
The inclusion ‘2’ follows from 7. 2 o (E’, E). For ‘C’ it is sufficient to show: For yy € B
and compact A, there exists a finite set F C E such that

{yeB; suplix,y —yo) < 1/3} € {yeB; sup|{x,y — yo)| < 1}.

xeF xXeA

(This property expresses that each t.-neighbourhood in B of y( contains a suitable o (E’, E)-
neighbourhood in B of yp.) As B is equicontinuous, there exists a balanced U € Uy such that

sup  [{x, y)| < 1/3.
xeU, yeB
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Due to the compactness of A, there exists a finite set /' C A such that A € F + U. Now
let y € B be such that supzcp (X, y — yo)| < 1/3. For x € A there exists X € F such that
x — X € U, which implies that

[,y = yo)l < [{x =X, )1+ (X, y = yod [+ [{(X —x, yo)| < I
hence sup, 4 [(x, y — yo)| < 1. O

Proof of Theorem 8.6

The space (E’, B(E’, E)) is reflexive, by Corollary 8.3, therefore barrelled. Let B C E’ be
B(E’, E)-bounded, convex and closed. Theorem 6.8 implies that B is equicontinuous, there-
fore o (E’, E)-compact (by the Alaoglu—Bourbaki theorem). Now Proposition 8.7 implies
that B is t.-compact. Since E is a Montel space, 7. N E' = B(E’, E), and therefore B is
B(E', E)-compact. O

Theorem 8.8

Let E be a locally convex space, F C E a closed subspace. Then:
(a) If E is semi-reflexive, then F is semi-reflexive.

(b) If E is a semi-Montel space, then F is a semi-Montel space.

Proof
(a) is a consequence of Theorem 8.1, because o (F, F') = o(E, E’) N F (recall Corol-
lary 2.16).

(b) is obvious. O

Remark 8.9 The analogue of Theorem 8.8 with ‘reflexive’ instead of ‘semi-reflexive’ or
‘Montel’ instead of ‘semi-Montel’ does not hold. There even exists a Montel space with
a non-reflexive closed subspace. We refer to [Sch71, Chap. IV, Exercises 19, 20] for an
example. A

Notes The author was not able to trace the origins of (semi-)reflexivity and the

(semi-)Montel property in locally convex spaces. The examples are standard in analysis.
The isomorphy of S(R) and s, mentioned in Example 8.4(f) is due to Simon [Sim71,
Theorem 1]. Theorem 8.6 can be found in [K6t66, VI, § 27.2], [Sch71, Chap. IV, §5.9].
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Completeness

Completeness is a property of a topological vector space as a ‘uniform space’. We do
not explicitly use uniform spaces but mention that the linear structure allows to define
neighbourhoods of ‘uniform size’ for all x € E by taking the translates x 4+ U for
U € Uy(E). This allows to introduce the notion of Cauchy filters, and completeness
requires Cauchy filters to be convergent.

After some discussion on completeness and quasi-completeness, we come to
Grothendieck’s description of the completion of a locally convex space, Corollary 9.16,
as the main result of this chapter.

Let E be a topological vector space, A C E. A filter F in A is called a Cauchy
filter if for every U € Uy(E) there exists B € F suchthat B— B C U.

The set A C E is called complete if every Cauchy filter in A is convergent to an
element of A, and A is called sequentially complete if every Cauchy sequence in A
is convergent to an element of A. A sequence (x,) in E is called a Cauchy sequence
if the elementary filter generated by the sequence is a Cauchy filter, i.e., if for each
neighbourhood of zero U there exists ng € N such that x, — x,, € U for all m, n > ny.

The space E is called quasi-complete if every closed bounded subset of E is
complete.

Remarks 9.1 (a) If F is a filter in A, F convergent to x € A, then F is a Cauchy filter.
(Let U be a neighbourhood of zero. Then there exists a neighbourhood of zero V such that
V —V C U.Then (x + V)N A € F, by hypothesis, and one obtains ((x +V)n A) — ((x +
V)NA)CV-VCU)

(b) Let F be a Cauchy filter in A, and let x € A be a cluster point of F. Then F — x.
(Let U be a neighbourhood of zero, V a neighbourhood of zero with V. +V C U, B € F
with B — B C V (in particular, B € b+ V for all b € B). Then B N (x + V) # &, and
therefore BC BN(x+V)+V Cx+V +V C x4+ U. This shows that F — x.)

(c) If E is Hausdorff and A is complete, then A is closed. (For x € A there exists a filter
F in A with 7 — x. Then F is a Cauchy filter, which is convergent in A. Then x € A, as the
limit is unique.)
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(d) If A is complete and B C A is relatively closed in A, then B is complete. (If F is a
Cauchy filter in B, then F is a Cauchy filter base in A, which is convergent in A. Since B is
closed in A and B € F, every limit of F in A belongs to B.)

(e) If E is a topological vector space possessing a countable neighbourhood base of zero
(Un)nen, then E is complete if and only if E is sequentially complete. (For the necessity let
(xn) be a Cauchy sequence, i.e., the collection {{xk s k>n};ne N} is a Cauchy filter base,
and a limit of this filter base is also a limit of the sequence. For the sufficiency let F be a
Cauchy filter. Then there exists a decreasing sequence (B,), in F, B, — B, € U, (n e N).
For n € N choose x,, € B,. Then (x,) is a Cauchy sequence, which by hypothesis converges,
x, — x. Itis easy to see that then x is a cluster point of F, and therefore 7 — x, because
F is a Cauchy filter.)

(f) Let E be a metrisable locally convex space, and let d be a translation invariant metric
on E inducing the topology. Then E is complete if and only if the metric space (E, d)
is complete (i.e., E is a Fréchet space). This follows immediately from (e) above and the
property that (B4 (0, 1/n)),en is a countable neighbourhood base of zero.

(g) Let E, F be topological vector spaces, u: E — F linear and continuous, and let F
be a Cauchy filter in E. Then fil(u(F)) is a Cauchy filter in F. (If V is a neighbourhood of
zero in F, then u~' (V) is a neighbourhood of zero in E. Therefore, there exists A € F such
that A — A C u~'(V), and this implies that u(A) — u(A) Cu@™'(V)) S V. A

Theorem 9.2

Let E be a Hausdorff topological vector space. Then there exist a complete Hausdorff
topological vector space E such that E is isomorphic to a dense subspace of E. The
space E is unique up to isomorphism and is called the completion of E.

We will not prove the existence, but rather refer to [Hor66, Chap. 2, § 9, Theorem 1]
or [Sch71, Chap. I, § 1.5] for a proof. For locally convex space s we will give a proof
later in this chapter. However, we will prove the uniqueness, and for this property we
need the following preparations. The first of these is a fundamental fact from topology.

Proposition 9.3 Let X and Y be topological spaces, Y Hausdorff and regular. Let Xg € X
be a dense subset, ug: Xo — Y continuous, and suppose that for each x € X \ Xo the limit
u(x) = limy_,x yex, uo(y) exists. On Xg define u := ug. Then u is the unique continuous
extension of ug to X.

Recall that regular means that every point y € Y has a neighbourhood base
consisting of closed sets. The existence of limy_,, yex, #o(y) means that the image
filter base uo(U, N Xp) is convergent, where U, is the neighbourhood filter of x, and
U, N Xy ={U N Xo; U e U,}. The limit is unique because Y is Hausdorff.
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Proof of Proposition 9.3

Concerning the uniqueness, assume that # and & are continuous extensions of ug. Then the
set {x € X; ulx) = ﬁ(x)} is closed (because the diagonal of ¥ x Y is closed) and contains
Xo, hence is equal to X.

To show the continuity of u, let x € X, and let V be a closed neighbourhood
of u(x). By hypothesis, there exists an open neighbourhood U of x such that
uo(U N X9) < V. Then U is a neighbourhood of each of its points z; hence,
u(z) = limy—; yeunx, uo(y) € up(UN Xo) € V = V. This shows that u(U) € V
and proves the continuity of u at x. O

Proposition 9.4 Let E and F be topological vector spaces, Eo € E a dense subspace, F
Hausdorff and complete, and let ug: Eo — F be a continuous linear mapping. Then there
exists a unique continuous extension u: E — F of ug, and u is linear.

Proof
Note that F is regular, because the closed neighbourhoods of zero in F form a neighbourhood
base of zero. Let Uy be the neighbourhood filter of zero in E, and let x € E \ Ep. Then

= (x +Up) N Eo = {(x + U) N Eo; U € Uy}

is a filter in E( converging to x, hence a Cauchy filter. This implies that u((Fy) is a Cauchy
filter base in F', hence convergent. Now Proposition 9.3 yields the existence and uniqueness
of the continuous extension u of ug.

In order to show the linearity of u we let A € K and note that the set

{x,y) €E x E; u(x +y) = du(x) +u(y)}

is a closed subset of E x E and contains the dense subset Eg x Eog, hence is equal to
E x E. O

Proof of the uniqueness in Theorem 9.2

Assume that E and E are completions, with embeddings Jjo: E — E Jo: E — E.
Interpreting, for the moment, E as a subspace of E, we conclude from Proposition 9.4 that jo
extends uniquely to j: E— E. Similarly, jo extends to j: E—E.Asj J o J is continuous,
and is the identity on E, it follows that j o J is the identity on E; hence J: E — Eisan
isomorphism. O

The next part of the chapter serves to collect miscellaneous properties concerning
completeness.

Proposition 9.5

(a) Let (E\) s be a family of topological vector spaces, and assume that E, is (quasi-)
complete for all 1 € I. Then E := [],¢; E, is (quasi-)complete.

(b) Ler I be a set. Then K! is complete.

(c) Let E be a vector space. Then (E*, o (E*, E)) is complete.



74 Chapter 9 - Completeness

Proof
(a) for ‘complete’: Let F be a Cauchy filter in E. Then pr,(F) is a Cauchy filter base in
E,, convergent to x, (te ). Then F — (x,),c; € E, by Proposition 4.6. The proof for
‘quasi-complete’ is analogous; observe that, for a bounded set B C E the images pr,(B) are
bounded (¢t € I).

(b) is a direct consequence of (a).

(c) Recall that E* is a closed subset of KZ (Lemma 4.8) and that o (E*, E) is the
restriction of the product topology to E*. O

Besides being of interest in its own right, the following result serves to prepare the
presentation of examples of quasi-complete spaces which are not complete.

Lemma9.6 Let E be a barrelled locally convex space. Then (E',o(E', E)) is quasi-
complete.

Proof

Let B C E’ be o (E’', E)-bounded and closed. Then B is equicontinuous (Theorem 6.14),
i.e., there exists U € Uy(E) such that B C U°. By the Alaoglu-Bourbaki theorem, U°® is
o (E’', E)-compact, and therefore complete. (If F is a Cauchy filterin U°, Fafiner ultrafilter,
then F is convergent, F — x; therefore x is a cluster point of 7, 7 — x.) This implies that
B is complete. O

Examples 9.7
(a) Let E be a Hausdorff locally convex space, and assume that there exists a linear subspace
which is not closed. Then the dual pair (E, E’) is separating in E, and passing to the dual
pair (E, E*), we note that Corollary 2.10 implies that E’ is o (E*, E)-dense in E*. It is not
difficult to show that under the above hypotheses E’ # E*, and therefore (E’, o (E’, E)) is
not complete.

(b) Let E be an infinite-dimensional Banach space. Then (E’,o(E’, E)) is quasi-
complete, by Lemma 9.6, but part (a) shows that (E’, o (E’, E)) is not complete. Indeed,
it follows from Baire’s theorem that countably infinite-dimensional subspaces of E
are not closed. A

The following result presents an interesting and surprising interplay concerning
completeness in different topologies. It will be important and applied repeatedly in
Chapter 14.

Theorem 9.8

Let E be a vector space, let 0 C T be two linear topologies on E, and assume that t
has a neighbourhood base of zero U consisting of o-closed sets.

(a) Let F be a t-Cauchy filter, x € E, F % x. Then F 5 x.

(b) Let A C E be o-complete. Then A is also t-complete.
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Proof
(a) Let U € U. There exists B € F such that B — B C U. For y, z € B one therefore has
y —ze€U,and as U is o-closed one obtains y — x € U. This implies that B C x + U, and
therefore F — x.

(b) This is clear from (a), because every t-Cauchy filter is a o-Cauchy filter. O

The analogous result also holds for the ‘sequential setup’, with ‘closed’ replaced
by ‘sequentially closed’, ‘Cauchy filter’ by ‘Cauchy sequence’, and ‘complete’ by
‘sequentially complete’.

Example 9.9
Let 1 < p < 00.0n ¢, let T be the norm topology, and let o be the restriction of the product
topology on KN,

The closed unit ball By, is easily seen to be sequentially o-closed and sequentially o-
complete. Therefore the sequential version of Theorem 9.8 is applicable, and part (b) yields
that B, (and therefore £) is complete.

This (seemingly complicated) proof of the completeness of £, is nothing but an abstract
version of the usual proof of the completeness of £,. A

The next aim is to prove the following result.

Theorem 9.10
Let E be a quasi-complete locally convex space. Then every o (E’', E)-bounded subset
of E' is B(E', E)-bounded, i.e., Bg = B, in the terminology of the end of Chapter 6.

Before we start with the preparations for the proof we mention a consequence of this
result.

Corollary 9.11 Let E be a quasi-complete quasi-barrelled locally convex space. Then E is
barrelled.

Proof

We will use the terminology of the end of Chapter 6. The fact that E is quasi-barrelled is
equivalent to £ = Bg (Theorem 6.8), whereas the quasi-completeness implies that Bg = By
(Theorem 9.10). Putting this together we conclude that £ = B, which is equivalent to E
being barrelled (Theorem 6.14). O

Let (E, t) be a locally convex space, and let B € E be absolutely convex, bounded
and closed. Define

Ep:= ﬂnB =lin B,
neN

with semi-norm pg. Then (Eg, pg) < (E, 7) is continuous (because B is bounded).
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If pp is a norm and (Ep, pp) is a Banach space, then B is called a Banach disc.
Note that pp is a norm if E is Hausdorff.

Lemma9.12 Let E be a locally convex space, and let B C E be absolutely convex,
bounded, closed and sequentially complete.

(@) Then (Ep, pp) is complete. In particular, if pp is a norm, then B is a Banach disc.

(b) Let D C E be a barrel. Then D absorbs B.

Proof
(a) follows from the ‘sequential version’ of Theorem 9.8, applied to Eg, withog, := tNEpg,
TEy = Tpy. The conclusion is that the ball B = {x € Ep; pp(x) < 1} is pp-complete.

(b) (Ep, pp) is semi-normed and complete, therefore a Baire space (see Appendix B),
hence barrelled (Theorem 6.9). The set D N Ep is a barrel in (Ep, pp), therefore a
neighbourhood of zero, and therefore absorbs B. O

Proof of Theorem 9.10

Let B € E' be o(E’, E)-bounded. Then B° is a barrel. If A C E is bounded, then A°° =
aco A is closed and bounded, and therefore complete, by hypothesis. Then Lemma 9.12(b)
implies that B® absorbs A°°, and therefore B C B°° is absorbed by (A°°)° = A°. This
shows that B is B(E’, E)-bounded. O

With the following theorem we start the proof of the existence of the completion of
a locally convex space; in fact, this theorem is the main ingredient of the proof and also
provides a description of the completion.

Theorem 9.13 (Grothendieck)
Let E be a Hausdorff locally convex space. Let M be a directed covering of E,
consisting of bounded, closed, absolutely convex sets. Let

F:={ue€E*; u 4 continuous (A € M)}.

Then M can be used to define a polar topology on F in the dual pair (E, F), and
(F, Ttaq) is a completion of (E', Tprq).

For the proof we need several preparations.

Lemma9.14 Let E be a Hausdorff locally convex space, and let A C E be absolutely
convex and closed. Let u € E*, u , continuous at 0, and let ¢ > 0. Then there exists x' € E’
such that lu(x) — (x, x')| < e (x € A).

Proof
It is clearly sufficient to show this for ¢ = 1.
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The continuity of u 4, at O implies that there exists an absolutely convex closed
neighbourhood of zero U C E such that |u(x)| < 1 (x € ANU). The polar U® (taken in the
dual pair (E, E*)) is a subset of E’, o (E*, E)-compact (by the Alaoglu-Bourbaki theorem)
and absolutely convex. Therefore Lemma 7.3(b) implies that A® + U® is o (E*, E)-closed.
Evidently, A® + U® is also absolutely convex, and therefore A® + U® = (A® + U®)*®, by
the bipolar theorem. Now,

uE(AﬂU).=(A"ﬂU").=(A.UU.)"g(A'—I—U')":A.—{—U..

(In the second equality we have used Remark 3.3(c).)
This shows that there exist w € A®, x’ € U® C E’ such that u = w +x’, and this implies
lu(x) — x'(x)| = |lw(x)| < 1forall x € A. O

Lemma9.15 Let X be a topological space, S < P(X). Then the space
Cv(X,S) = {f: X — K; f 4 bounded and continuous (A ES)},
with the semi-norms pj,

pa(f) = Suglf(X)l (f€Cr(X,5), A€S)

is complete.

Proof
Without loss of generality we may assume that | JS = X.

For A € S the space Ch(A) (bounded continuous functions with sup-norm) is complete.
Let F be a Cauchy filter in Cp(X, S). Then for A € S the image filter 74 in C,(A) under
the mapping f +— f 4 is a Cauchy filter, therefore convergent. This implies that there exists
g € Cp(X, S) such that F — g. (Observe that for A, B € S with A N B # & the limits
g4, gp of Fa, Fp coincide on A N B. Also, recall Proposition 4.6(b).) O

Proof of Theorem 9.13
We work in the dual pair (E, F).

First we show that M C B, (E, F) (which makes it clear that M defines a polar topology
on F). Let A€ M, u € F. There exists U € Uy(E) such that [u(x)] < 1(x e ANU). Also,
LA C U for suitable A € (0, 1] (because A is bounded). For x € A it follows that Ax e ANU,
lu(x)| < /1\ Therefore A is o (E, F)-bounded.

From Lemma 9.14 one concludes that E’ is dense in F. (Recall that M is directed. This
implies that U := {quA ; AeM, g > 0} is a neighbourhood base of zero for T.)

Finally, (F,tarq) is complete: Cn(E, M) is complete, by Lemma 9.15, and
id: Ch(E, M) — KFE is continuous (with the product topology on K%). Moreover E*
is a closed subspace of KE (Lemma 4.8). This shows that F = Cy(E, M) N E* is closed in
Cy(E, M), hence complete. O
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Corollary 9.16 (Grothendieck) Let E be a Hausdorff locally convex space, and recall the
notation £ = {B CE';B equicontinuous}, Then

E:={ueE™; uyo(E' E)-continuous (B € £)},

with the polar topology tg, is a completion of E. In particular, E is complete if and only if
E=E.

Proof
This is obtained by applying Theorem 9.13 to (E', 6 (E’, E)) and M := {U®; U € Up(E)}.
Then (E’, 0 (E’, E)) = E, and Tpq = ¢ is the original topology on E. O

Remark 9.17 If one is just interested in the existence of a completion of a Hausdorff locally
convex space E, one can proceed by a reduced method as follows. We only sketch this
procedure and refer to [MeVo97, Proposition 22.21] for more details.

With a neighbourhood base of zero U in E one equips

E"™ = {u € E™; u ;o bounded (U € Z/l)}
with the semi-norms g0,
qyo (u) == sup {|(u, y)|; y € U°} weE™, Ueld).

Then E C E’* isomorphically, in the natural way, and E’* is complete; hence a completion
of E is obtained as E 1= E* . A

Corollary 9.18 (Banach) Let E be a Banach space, and let u € E™ be o (E', E)-continuous
on B (the closed unit ball of E"). Then u belongs to E.

Proof
By hypothesis, u is o (E’, E)-continuous on all equicontinuous sets B C E’. Applying
Corollary 9.16 and using that E is complete one obtains u € E. O

We conclude this chapter with a result on the completeness of dual spaces.

Theorem 9.19
Let E be a bornological locally convex space. Then (E', B(E’, E)) is complete.

We need preparations for the proof.

Lemma9.20 Let E be a topological vector space. Then a set B C E is bounded if and
only if, for every sequence (x,)nenN in B and every null sequence (Ay),eN in K, the sequence
(AnXn)nen is a null sequence.
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Proof

For the necessity, let (x,) and (},) be as assumed above, and let U € Uy. There exist ¢ > 0

such that A.B C U for |A| < &,n9 € N such that |A,| < & (n > ng). Then Ayx, € U (n = no).
For the sufficiency, assume that B is not bounded. Then there exists U € U such that

B & nU (n € N). With x, € B\ nU one obtains !x, ¢ U (neN), [ x, 4 0. O

Lemma9.21 Let E, F be locally convex spaces, u: E — F linear, B C E bounded and
absolutely convex, u g continuous at 0. Then u(B) is bounded.

Proof

Let (x,) be a sequence in B, (A,) a null sequence in K. Then A, x, € B for large n, A,x, —
0 by Lemma 9.20, and by hypothesis r,u(x,) = u(ipx,) — 0 (n — 00). Therefore
Lemma 9.20 implies that u(B) is bounded. O

Remark9.22 In Lemma 9.21 (as well as in Lemma 9.14) a linear mapping u was used
whose restriction to an absolutely convex set is continuous at 0. It can be shown that the
continuity at 0 is equivalent to the continuity on the whole absolutely convex set; cf. [Hor66,
Chap. 3, § 11, Lemma 1]. A

Proof of Theorem 9.19
We apply Theorem 9.13 with

M= {A C E; A bounded, closed, absolutely convex};

then Tpq = B(E’, E).

Let u € E*, u 4 continuous for all A € M. By Lemma 9.21, u(A) is bounded for all
A € M, and therefore Proposition 6.18 implies that u is continuous, i.e., u € E’. Now
Theorem 9.13 implies that (E’, B(E’, E)) is complete. O

Remark 9.23 As metrisable locally convex spaces are bornological, Theorem 9.19 implies
that the duals of the following spaces are complete: Ci°(£2), £(£2), for open & € R", S(R"),
and C(X), for o-compact Hausdorff locally compact spaces X. A

Notes The material of this chapter, up to Lemma 9.12, is rather standard; Proposi-
tion 9.3 is from [BouO7c, Chap. I, § 8.5, Théoreme 1, p. 1.57]. Theorem 9.8 is an
interesting result which can be used to prove completeness of a set if completeness is
known in a finer topologys; its counterpart for uniform spaces can be found in [Bou0O7c,
Chap. II, § 3.3, Proposition 7 and Corollaire]. Theorem 9.13 and Corollary 9.16 are due
to Grothendieck [Gro50]. Following Horvath [Hor66, Chap. 3, § 11, Corollary 4], the
author attributes Corollary 9.18 to Banach, although he did not find a direct reference to
this result in Banach’s publications. However, we will show in Remark 12.3 that it is an
immediate consequence of another result of Banach’s.
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Locally Convex Final Topology,
Topology of D(R2)

The topic of this chapter is of interest because of its applications to function spaces
occurring in partial differential equations. In particular, we describe a neighbourhood
base of zero for the space D(S2) of ‘test functions’. A further highlight is Kothe’s
theorem on completeness, Theorem 10.18, which implies that D(£2) is complete.

Let 2@ € R” be an open set. Then we define the space of test functions
D(Q) :=CI(Q) :={feC®(Q); sptf compact].
For compact K C Q2 we define
Dk ()= {f e DQ); sptf S K} (= CF(K)),

a Fréchet space (whose topology we denote by tx.) The topology of D(£2) will be
defined as the finest locally convex topology for which all the embeddings Dk (2) —
D(2) are continuous.

Theorem 10.1

Let E be a vector space, (X,, T,).c; a family of topological spaces, f,: X, — E

(tel).

(a) Then there exists a finest linear (resp. locally convex) topology t on E, for which
all the mappings f,: (X,, 1) — (E, t) are continuous. t is called the linear
(resp., locally convex) final topology.

(b) If (F,o0) is a topological vector space (resp. locally convex space) and g: E —
F is a linear mapping, then g: (E,t) — (F, o) is continuous if and only if
go fi: (X, 1) — (F,0) is continuous forall t € I.
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Proof
(a) Let I" be the set of all linear (resp. locally convex) topologies on E, for which all f; are
continuous; note that I' # & because {&J, E} € I'. Then Theorem 1.5 implies that

T = topU r,

the initial topology with respect to the family (id: £ — (E, 0))ger, is a linear (resp. locally
convex) topology on E. Also, f,: (X,, 7)) — (E, 1) is continuous (¢ € I'), by Theorem 1.2;
therefore, T € I,

(b) The necessity of the condition is obvious. To show the sufficiency, let T’ be the initial
topology on E with respect to g. Then Theorem 1.2 implies that f,: (X,, 7)) — (E, /) is
continuous, for all ¢ € I. Therefore T’ €', T 2 7/,i.e., g: (E, 1) — (F, o) is continuous. 0

Now, in view of Theorem 10.1 we can define the topology tp of D(Q2) as the
locally convex final topology with respect to the family of mappings (’DK Q) —
ID(Q))KQQ compact”

Corollary 10.2 Let Q € R” be open, u: D(Q2) — K linear. Then the following properties
are equivalent:
(1) u is continuous;
(i) u py(q) is continuous for all compact K C 2
(ili) for each sequence (fi) in D(2) such that | ey spt fx is relatively compact, and such
that 3%fx — 0 (k — o0) uniformly on , for all o € N7, one has u(f;) — 0
(k — 00).

Proof
‘(i) < (ii)’ is a consequence of Theorem 10.1(b).

(ii) < (iii). This holds because the convergence stated in (iii) is just the convergence of
(fi) to 0 in Dk (2), for compact K 2 |Jycp spt fx. Since Dk () is a metric space, the
property described in (iii) is just the continuity of u p, () (at 0). O

Remark 10.3 In the ‘theory of distributions without topology’ one uses condition (iii) of

Corollary 10.2 as the ‘continuity condition’. D(£2)" is the space of distributions on €. The
conditions of Corollary 10.2 are further equivalent to

(iv) for all compact K C 2 there exist m € Ng and ¢ > 0 such that
()] < cmax {||3% flloos la| <m} (f € Dg(Q)).

It is obvious that (iv) is equivalent to (ii). A
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Let E be a vector space, I a directed ordered index set, (E,),c; a family of subspaces
of E,E, C E fort <k, E = ULGI E,. For 1 € I let 7, be a locally convex topology
on E,, and for ¢ < « let E, < E, be continuous. Let t be the locally convex final
topology on E with respect to (E,, 7,) <> E (1€ ). Then (E, 7) is called a locally
convex inductive limit. The inductive limit is called strict if 7, = 7, N E, for ¢ < «.

If (E, 7) is a locally convex inductive limit of a sequence of Banach spaces or
of a sequence of Fréchet spaces, then (E, t) is called an LB-space or an LF-space,
respectively.

Examples 10.4
(a) D(R) is a strict LF-space: If (Qk)xen is a standard exhaustion of Q and Ky =
(k € N), then D(2) is the strict locally convex inductive limit of (Dk, (2), Tk, )ken. (Note
that the topology on D(2) does not depend on the choice of the standard exhaustion.)

(b) For m € Ng, Q € R” open, the space

D"(Q) = Cl'(Q) :={f€C"(Q); spt f compact}.

is a strict LB-space. (Here it is understood that C”(S2) denotes the set of m-times
continuously differentiable functions, and that the topology on C" (2) is defined analogously
to the topology on CZ°(£2).)

(c) Let €2 be a Hausdorff locally compact space. Then C.(£2), with the topology as in (b),
for m = 0, is the strict inductive limit of ((CO(I%), I - lloo)) K €2 compact- If €2 is o-compact,
then C.(2) is a strict LB-space.

(d) Let I be a set. Then c.(/) = C.(I) corresponding to (c), with the discrete topology
on /, is a strict inductive limit. It is easy to see that c.(I)’ = K. (Recall Example 1.7(c).)

(e) Let £ := H({0}) be the space of germs of holomorphic functions near 0. Then
((Hb(B(O, 111)), Il - ||oo))n N is an ‘inductive spectrum’ for a locally convex inductive limit
topology T on E. In this case (E, t) is an LB-space, but the inductive limit is not strict.
However, here the mappings id: Hy(B(O0, rll)) — Hp(B(O, rHl_l)) are compact (n € N),
which makes E a ‘Silva space’. We refer to [Seb50], [Bar85, Definition 34.1] for more
information. A

Theorem 10.5
Let E be a vector space, (E,).c; a family of topological vector spaces, f,: E, — E
linear (1 € I),  the locally convex final topology on E.
(@) Then
U .= {U C E; U absolutely convex, absorbing, fl_] WU)elUy(E) (te I)}

is a neighbourhood base of zero for t.

(Continued)

10
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Theorem 10.5 (continued)
(b) Suppose additionally that E = lin ( Uer fL(EL)), and for each v € I let U, be a
neighbourhood base of zero in E,. Then

U= {aco(ULEI fL(UL)); Uel 61)}

is a neighbourhood base of zero for t.

Proof
(a) Let U € Up(t) be absolutely convex. Then obviously U € U.
It remains to show that &/ C Up(t). Let U € U. Then (E, py) is locally convex, and
fii E. — (E, py) is continuous for all ¢ € I. This implies that T 2 1, hence U € Up(7).
() If U = aco (U, £iU) € U, then £~ (U) 2 U, € Up(E,) (t € I). Also, U is
absorbing, because for x € E there exist a finite set / € I and x, € E, (¢ € J) such that
x =Y,c; fi(x), which implies that x is absorbed by |, f.(U,). This shows that U € /.
On the other hand, if U € U, then for all ¢ € I there exists U, € U, such that U, C
71 (U), and evidently U 2 aco ({,¢; £/(U)). o

Remark 10.6 We refer to [BouO7a, Chap. II, §4, Exerc. 15] for an example where the
linear final topology of a family of locally convex spaces is not locally convex. However, in
[BouO7a, Chap. 11, § 4, Exerc. 14] the reader is asked to show that the ‘strict linear inductive
limit’ of an increasing sequence of locally convex spaces is automatically locally convex. A

Before entering the more detailed discussion of properties of strict inductive limits
we first finish the story concerning the duality of the sequence spaces s and 7.

Example 10.7
Resuming Example 7.7(a) we recall the “norm” g : KN — [0, 00], qk(y) = Sup,en |yn |n~*k,
giving rise to the weighted £.,-space

ti = Loo (" )nen) = {y € KN; qi(y) < o0}
Then t = UkeNO 1, the embeddings (¢;,q;) < (&, qx), for 0 < j < k, are continuous,

and we define the corresponding locally convex inductive limit topology 7 on ¢. Applying
Theorem 10.5(b), for each ¢ € (0, 00)No we obtain a t-neighbourhood of zero

U, := aco ( Uken, Ba [0, &),

and these U, constitute a neighbourhood base of zero for ¢ when ¢ runs through (0, oo)N.
Comparing this neighbourhood base of zero with the neighbourhood base of zero for B(t, s)



85
Chapter 10 - Locally Convex Final Topology, Topology of D(£2)

obtained in Example 7.7(a), one concludes immediately that (¢, s) < 7. (To make this
explicit, the neighbourhoods of zero described in Example 7.7(a) are the o (¢, s)-closures of
the neighbourhoods described above.) Recalling from Example 8.4(a) that s is reflexive, we
know that (¢, B(z,s)) = s. Hence, to verify that B(z,s) = t (i.e., that B(z, s) is indeed
the locally convex inductive limit topology on 7) it now suffices to show that (¢, 7)’ = s.
This is what we will show now, and this will finish our discussion of the rapidly decreasing
sequences s.

Defining

ko= {yeK"; lim [y,ln* =0}  (keNy),
n—oo

we obtain closed subspaces of f; satisfying #x 0 € % < t41,0 (k € Np), and clearly
the topology v on ¢ is also the inductive limit topology defined by the representation
t = UkeNO tr,0. Assume that n € (¢, t)’. Then for all k € N, the functional 7 belongs to
t,@o, and using the duality ¢; = £ (and suitable isomorphisms between weighted co- and
£1-spaces, as in Example 2.19(c)) we conclude that there exists a sequence (x,) € KN such
that pi(x) < oo. This sequence does not depend on k, and hence x € s.

Having accomplished the aim to find the strong dual of s as the space ¢ with the inductive
limit topology, we want to comment on the DF-space properties of ¢. From Theorem 10.14,
proved below, it follows that ¢ is barrelled, a fortiori countably quasi-barrelled. The other
property is that ¢ should contain a countable cobase of bounded sets. If B C ¢ is a bounded
set, then there exists k € Ng such that B C ;. We leave this as an exercise to the reader.
(This kind of property will be proved in Theorem 10.8(c) for a rather different setting.)
Accepting this property, we obtain the sequence (qu (0, k)) e @ a countable cobase of
bounded sets. A

Now we come to the description of fundamental properties of strict inductive limits.

Theorem 10.8 (Dieudonné-Schwartz)

Let (E,t) be a strict locally convex inductive limit of an increasing sequence

((E,,, t,,))n N of locally convex subspaces.

(@ ThentNE, =1, (neN).

(b) [Ifall E, are Hausdorff, then E is Hausdorff.

(c) Assume that E, is closed in E, 4| for alln € N. Then a set B C E is t-bounded
if and only if there exists n € N such that B C E,, and B is t,-bounded.

The following lemma is a preparation for the proof.

Lemma 10.9 Let E be a locally convex space, F C E a subspace, V € Uy(F) absolutely
convex. Then there exists U € Uy(E) absolutely convex such that V. =U NF. Ifxo€e E\ F,
then one can choose U such that xo ¢ U.

10
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Proof
There exists U € Up(E) absolutely convex such that UNF C V.Then U := 00(0 UV)is
absolutely convex (because UUV is balanced),and UNF = V. (If x € U, yeV,0<t <1,
(1—t)x+tyeF, thenxe FNUCV,(1—t)x+tyeV.)

If xo ¢ F, then one can choose U such that (xo + U )N F = @. Then xo ¢ U, because
from xg = (1—1¢)x+ty one would obtain xo— (1 —1)x € FN(xo—(1 —t)lV/) - Fﬂ(x0+l7),
which is a contradiction. o

Proof of Theorem 10.8
(a) ‘C’ holds because E,, — E is continuous.

‘D’ Letn € N, and let U,, € Up(E,) be absolutely convex. Lemma 10.9 implies that there
exists a sequence (Uy)i>n, Ux € Up(Ey) absolutely convex, Uy = Ugq1 N E (k > n). Then
Theorem 10.5(a) implies that U := Uk)n Ur € Up(E). Also, one has U, = U N E,,.

(b) Let x € E, x # 0. There exists n € N such that x € E,. As 1, is Hausdorff, there
exists an absolutely convex U, € Uy(E,) such that x ¢ U,. By Lemma 10.9, there exists
U € Uyp(E) such that U,, = U N E,, which implies that x ¢ U.

(c) The sufficiency is clear from the fact that the continuous linear image of a bounded
set is bounded.

To prove the necessity by contradiction, assume that B € E issuchthat B € E, (n € N).
Then there exists a sequence (xi) in B, n; < np < ---, such that x; € Ey,,, \ E, (k €N).
Lemma 10.9 implies that there exist a sequence (Ux), Ux € Up(E,,) absolutely convex,
Uiy = Upy1 N Ey,, ,ixk ¢ Ug+1. Then U = UkeN Ur € Up(E) by Theorem 10.5(a), but
xr ¢ kU (k € N). This shows that B is not bounded.

As a consequence, if B is bounded, then there exists n € N such that B C E,,, and then
the relation 7, = 7 N E,, implies that B is bounded in E,,. O

Applying Theorem 10.8 we obtain properties of D(2).

Corollary 10.10 Let B C© D(R2). Then B is tp-bounded if and only if there exists a
compact set K C S such that spt f C K for all f € B, and for all a € Njj one has

sup sep 10% flloo < o0

Corollary 10.11 Let & # Q C R”" be open. Then D(R2) is not metrisable.

Proof

Assume that D(2) is metrisable. Then there exists a decreasing neighbourhood base of zero
(Up)ren- Let (2¢) be a standard exhaustion of 2. For all k € N there exists f; € Uy such that
spt fx N 2k = &. Then { fr; keN } is bounded, by construction. This, however, contradicts
Corollary 10.10. O

The following description of a neighbourhood base of zero could already have
been given after Theorem 10.5 (but was postponed in favour of the more structural
information given previously).
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Theorem 10.12 (Schwartz)
Let (k) be a standard exhaustion of Q, Qo = . For sequences m = (mjy)en, in
No and & = (ex)ken, in (0, 00) we define

Um,e):= (| {feDE@; sup [39F@)| <exl.

keNp XE S, o] Sy
Then
U = {U(m, g); me NNO, g€ (0, oo)N"}

is a neighbourhood base of zero for tp.

In the proof we will need a partition of unity, whose existence is the issue of the
following lemma.

Lemma 10.13 Let (Uy,) be a locally finite open covering of 2 by relatively compact sets.
Then there exists a sequence (¢p) in D(RQ) such that ¢, > 0, sptg,, < U, (m € N),

Y men $m = 1 (where the last sum is a ‘locally finite sum’).

Proof
Let (%) be a standard exhaustion of 2, Qg := @.

For x € Q there exist m € N, r, > 0 such that B(x, 2ry) C U,,. There exist a sequence
(x;) as well as indices 0 = jo < j1 < j2 < --- such that

Jk+1
i\ < |J By (keNo),
J=Jk+l1

(a1 \ ) N Bxj,re)) #D (e +1 < j < jkp1, keNp).

For j e Nlet yv; € D(Q), spty; = Blx;j, ry; ], ¥j(x) > 0 (x € B(xj,ry;)). Form € N we
define

@m = Z vj
jEN:B(Xj,Zer)EUm

(finite sum, because U,, S € for large k; therefore B(x;, 2ry ) S Un is only possible for
J < Jji)- Then @y € D(RQ), §m = 0, sptgm € Uy (m € N), § 1= 3,y Pm € CT(Q)
(locally finite sum!), ¢(x) > 0 (x € Q). With

omi="" (meN)
@

one obtains the assertions. O

10



88 Chapter 10 - Locally Convex Final Topology, Topology of D(2)

Proof of Theorem 10.12
We denote K := Q¢ (ke N).

(i) First we show that U C Uy (tp). If U € U, then U is absolutely convex, absorbing,
and U N Dk, () is a neighbourhood of zero in Dk, (), for all k € N. Theorem 10.5(a)
implies that U € Uy (tp).

(ii) Now we show that I/ is a neighbourhood base of zero. Let W € Uy(tp) be absolutely
convex. Then for k € Ny the set W N Dk, (2) is a neighbourhood of zero in Dk, (£2), and
therefore there exist my € Ng and 8; > 0 such that

{fEDKk+2(Q)§ P (f) < Sk} W

(where py, is defined by py, (f) := sup{l|0” flloc; lor| < m}). We note that (S2x42 \ Ki)ken
is a locally finite open covering of 2. Using Lemma 10.13 we obtain a subordinate partition

of unity (k).
Each f € D(L2) can be written as

> 1
r= Z ok+1 (zkﬂ‘pkf)

k=0

(in fact a finite sum!). If 2¢*1¢; £ € W for all k, then also f € W, because W is absolutely
convex.
For k € Ny there exists ¢x > 0 such that

P Lo f) < e sup 10 f()] (f € D(Q).

x€Qp42\ K, lor| <my

Set g := &x/cr (k € Np).
If f € U(m, ¢), then one obtains

P o)y <o sup 3% F (0] < cker = 8s
X¢K, o] <my

therefore, 2k+1g0kf € W (k € Ng), hence f € W. This shows that U (m, &) C W. O

Theorem 10.14

Let E be a vector space, (E,),er afamily of locally convex spaces, f,: E, — E linear,
and let E carry the locally convex final topology.

Assume that all E, are barrelled/quasi-barrelled/bornological. Then E is barrelled/
quasi-barrelled/bornological.
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Proof
First note that, if U C E is a barrel, ffl(U) isabarrelin E, (t€ I).

Also note that, if U C E is absolutely convex and bornivorous, then ffl (U) is absolutely
convex and bornivorous (¢ € I). (Recall that the image of a bounded set under a continuous
linear mapping is bounded.)

In view of these statements and Theorem 10.5(a), the proof of the three assertions is
straightforward. O

Corollary 10.15 (D(R2)', B(D(R2), D(2))) is complete.

Proof
D(R2) is bornological by Theorem 10.14 and Proposition 6.11; therefore, Theorem 9.19
implies that (D(2)', B(D(2)’, D(R2))) is complete. O

Theorem 10.16
Let E be the strict locally convex inductive limit of a sequence (Ey) of semi-Montel
subspaces, and let E,, be closed in E, 1 for all n € N. Then E is a semi-Montel space.

Proof

Let B € E be bounded and closed. Theorem 10.8 implies that there exists n € N such that
B C E,, and B is bounded and closed in E,,. Therefore B is compact in E,,, and also compact
in E. (Note that E is Hausdorff because all E,, are Hausdorff by hypothesis.) O

Corollary 10.17 D(2) is a Montel space, in particular reflexive.

Proof

Let (2¢) be a standard exhaustion of €2, and let Ky := % (k € N). According
to Example 8.4(b), Dk, (Q) = Cg°(Ky) is a Montel space. Now the combination of
Theorems 10.14 and 10.16 yields the assertion. O

Finally, we also want to prove that D(£2) is complete. This will be a consequence of
the following theorem.

Theorem 10.18 (Kd&the)
Let E be the strict locally convex inductive limit of a sequence (E,) of complete locally
convex spaces. Then E is complete.

10
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Proof
Let F be a Cauchy filter in E. (We note that the fundamental problem in the proof is that F
need not have a ‘trace’ on any of the E,’s. The ‘augmentation’ of F defined in step (i) below
is the main idea in the proof.)

(i) The set

{B+V:BeF, Vely(E))}

is a filter base (because (B+V)N(B'+V’') 2 (BNB')+(VNV') # @), and the generated
filter G is a Cauchy filter. Indeed, for U € U there exist V € Uy suchthat V +V —V C U
and B € F with B — B C V, and therefore

B+V)—(B+V)SV+V-VCU.
Obviously F 2 G. In the following we will show:
There exists n € N such that AN E, # @ forall Aeg. (%)

(This means that G has a ‘trace’ on E,,.)

If this is shown, then G N E,, is a Cauchy filter in E,,, therefore convergent; let x € E,
be a limit. Then x is a cluster point of G, x € ﬂAeg ANE, C ﬂAEg A, and because G is a
Cauchy filter one concludes that G — x. Since F 2 G, one also has that 7 — x.

(i) Now we prove (). Assume that (x) does not hold. Then there exist sequences (B;,)
in F, (V,) in Uy such that

By +V)NE, =2 meN); (10.1)

without loss of generality we can assume that V,, is absolutely convex, V,+1 € V, (n € N).
We define

V :=co ( U(V” N En)>.

neN

Then V is absolutely convex, V 2 V, N E, (n € N), therefore V € Uy (by Theorem 10.5(a)),
and

B, +V)NE, =2 (neN). (10.2)

Indeed, V C V,, + E,,_| (because Vi, NEy C E,,_| fork <n, Vy NE, C V, fork > n), and
therefore

(Bn + V) NE, C (Bn + Vi, + En—l) NE, =,

for all n € N. (An element in the last intersection would be of the form b, + v,, + x,—1 = x,
hence b,, + v, = x,, — x,—1 € E,, in contradiction to (10.1).)
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Now, as F is a Cauchy filter there exists B € F suchthat B—B € V.Then B—B,NB C
V,B< B,NB+V C B,+V,and (10.2) implies that BN E, = @ (n € N); hence B = &,
a contradiction. O

Corollary 10.19 D(R2) is complete.

Proof
This is an immediate consequence of Theorem 10.18, since D(£2) is a strict LF-space. O

Corollary 10.19 provides — again, see Corollary 10.11 — an argument why D(2)
is not metrisable, because otherwise D(2) would be a Baire space; see Theorem B.1.
However, the representation D(2) = Uk Dk, () from Example 10.4(a) shows that
D(R2) is a meagre set, and this would be in conflict with Proposition B.2.

Remark 10.20 If E is a strict locally convex inductive limit of a sequence of
quasi-complete/sequentially complete locally convex spaces, with E, closed in Ej,4
(n € N), then E is quasi-complete/sequentially complete. This is immediate from
Theorem 10.8. A

Notes The space of distributions as the dual of D(£2) was defined by L. Schwartz, and
its theory was developed in [Sch66]. Most of the results on locally convex inductive
limits presented in this chapter are contained in [DiSc49]. Theorem 10.18 was proved in
[DiSc49, Corollaire de Théoreme 6] for the case of LF-spaces and generalised as well
as provided with a more direct proof by Koéthe [K6t50].

10
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Precompact - Compact - Complete

This chapter is a short survey on the technical properties mentioned in the title, for
subsets of topological vector spaces and locally convex spaces.

Let E be a topological vector space, A C E. The set A is called precompact if for
all U € U there exists a finite set F € E suchthat A € F + U.

Remarks 11.1 (a) If A is precompact, then A is precompact.

(b) If A is compact, then A is precompact.

(c) Subsets, scalar multiples and finite unions of precompact sets are precompact.

(d) If A is precompact, then A is bounded.

(e) The notion ‘precompact’ can be defined in the more general framework of uniform
spaces. A

Theorem 11.2
Let E be a topological vector space, A T E. Then the following properties are
equivalent:
(i) A is precompact;
(ii) every filter in A possesses a finer Cauchy filter;
(iii) every ultrafilter in A is a Cauchy filter.

Proof
The equivalence ‘(ii) <> (iii)’ is clear, because every filter possesses a finer ultrafilter.

(i) = (iii). Let F be an ultrafilter in A, and let U € Uy. Then there exists a finite set
F C E such that A € F + U. Using Remark 4.3(b) one concludes that one of the sets
(x +U)N A (x € F) belongs to F. This implies that F is a Cauchy filter.

© Springer Nature Switzerland AG 2020
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(i) = (i). Assume that A is not precompact. Then there exists U € Uy such that A\ (F +
U) # o for all finite sets F' C E. Then the collection

{A\(F+U); F C E finite}

is a filter base, with a finer Cauchy filter F. There exists a set B € F with B— B C U.
For x € B one deduces that B C x + U, (x + U)NA € F.Butalso A\ (x + U) € F by
construction. Therefore

G=ANK+UNNMA\NGKx+U))eF,

a contradiction. o

Theorem 11.3
Let E be topological vector space, A C E. Then A is compact if and only if A is
precompact and complete.

Proof
For the necessity the precompactness is clear. In order to prove the completeness, let F be
a Cauchy filter. Then Proposition 4.5 implies that F possesses a cluster point x € A. Then
F — x, because F is a Cauchy filter.

For the sufficiency let F be an ultrafilter in A. Then F is a Cauchy filter, by
Theorem 11.2, and therefore converges. Now Proposition 4.5 implies that A is compact. O

Theorem 11.4

Let E be a topological vector space, A € E precompact.
(a) Then bal A is precompact.

(b) If E is locally convex, then aco A is precompact.

Proof
(a) Let U € Uy be balanced. There exists a finite set /' C E such that A C F + U. Then

bal A = U LA C U (AF +AU) Cbal F + U.
AI<1 <1

The set bal F is compact; therefore, there exists a finite set B C E such thatbal F € B+ U,
and so

balA Cbal F+U C B+ (U +U).
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(b) Let U € Uy be absolutely convex. Then there exists a finite set F C E such that
A C F + U. The set

acoF:{ZAyy; (Ay) eKF, Z|Ay| < l}

yeF yeF

is compact, because it is the continuous image of the compact set

[Goyer kT3 <1,

yeF

Therefore there exists a finite set B C E such thataco ¥ € B + U.
Let x € aco A. Then x = Z'}’:l wjxj, with xi, ..., x, € A, Z'}’:l lujl < 1. Then
xj =Yyj+z; withsuitable y; e F,z; eU (j =1, ..., m); therefore

m m m
X = Zﬂjx.f = Zﬂjyj + Zu_fz_; €eB+U+U.
j=1 j=1 j=1

Hence acoA € B+ (U + U). |

Corollary 11.5 Let E be a quasi-complete topological vector space, A C E compact.
(a) Thenbal A is compact.
(b) If E is locally convex, then also aco A is compact.

Proof
This is immediate from Remark 11.1(a) and Theorems 11.3 and 11.4. O

Notes Theorems 11.3 and 11.4 are analogous to what is standard in metric spaces.
The remaining facts contain useful information and preparations for later results. For
the closed convex hull of a compact set in a Banach space, Corollary 11.5 is due to
Mazur [Maz30].
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The Banach-Dieudonné
and Krein-Smulian Theorems

In this and the following two chapters we discuss some surprising properties concerning
the weak topology of Banach spaces. (However, the discussion will not be restricted to
Banach spaces!)

For the first result stated below we will give an interesting and motivating application
in the subsequent example. The proof of this result and the more genreral Krein—Smulian
theorem requires the consideration of several additional topologies on locally convex
spaces.

Theorem 12.1 (Banach)
Let E be a Banach space, F C E’ a subspace. Then F is o (E', E)-closed if and only
if F N Bgriso(E', E)-closed.

Example 12.2

Let E be a complex Banach space, 2 € C open, f: @ — E. A ‘traditional’ result is
then Dunford’s theorem: f is holomorphic if and only if x" o f is holomorphic for all
x" € E’ ([Dun38, Theorem 76], [Yos80, Section V.3]). (‘Holomorphic’ is defined as complex
differentiable, and the C-valued theory of functions of one complex variable carries over
to E-valued functions, with the result that E-valued holomorphic functions are analytic.)
It is relatively standard that the hypothesis in Dunford’s theorem can be weakened to the
requirement that x" o f is holomorphic for all x’ € F, where F is an almost norming subspace
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of E’. Using Theorem 12.1 one can show that even this condition can be replaced by a weaker
requirement:
Let f: Q@ — E be locally bounded, and assume that the set

F:={x"€E’; x' o f holomorphic}

is separating in E. Then f is holomorphic.

We start the proof by noting that F is a subspace of E’, and that the hypothesis implies
that F is o (E’, E)-dense in E’; see Corollary 2.10. Now we show that the closed unit ball
of F,

Bp={x"eF; |x'| <1} = Bp NF,

is o (E’, E)-closed. We introduce the mapping ¢: E’ — C%, x’ — x’ o f and note that ¢ is
continuous with respect to o (E’, E) and the product topology on C%. By Montel’s theorem
— see Example 8.4(d) —, the set

H :={g: @ — C holomorphic; [g(z)| < Il f ()]l (z € )}

is a compact subset of C(2) (provided with the topology of compact convergence); therefore
H is closed in C%. Then the equality

Br = Bp N~ '(H)

shows that B is o (E’, E)-closed.

Now we conclude from Theorem 12.1 that F is o (E’, E)-closed, and therefore F = E’.
Then the assertion follows from Dunford’s theorem.

The result quoted above is due to Grosse-Erdmann ([GrE92]). The above elegant proof
is a variant of the proof given by Arendt and Nikolski ([ArNiOO, Theorem 3.1]); see also
[ABHN11, Theorem A.7]. A

For another application of Theorem 12.1, resulting in a generalisation of Pettis’
theorem on measurability of Banach space-valued functions we refer to [ABHNI11,
Corollary 1.3.3].

Remark 12.3 Corollary 9.18 can be derived from Theorem 12.1. Indeed, if u € E™ is
o (E', E)-continuous on Bg, then u~'(0) N B is o (E’, E)-closed; hence u~'(0) is a
o (E’, E)-closed subspace of E’, and u is o (E’, E)-continuous, i.e., u € E. A

The proof of Theorem 12.1 will be given at the end of this chapter; the remainder of
the chapter is devoted to preparations for the proof of a more general version.

For a locally convex space E we define a topology tr on E’ by

w:={ACE'; ANBeo(E', E)N B for all equicontinuous sets B C E'};
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it is not difficult te check that 77 is indeed a topology on E’. Expressed differently, we
equip the sets B € & (the collection of equicontinuous subsets of E’) with the trace
o(E', E) N B of the weak topology and equip E’ with the finest topology on E’ for
which all injections jg: B <> E’ are continuous. If & is a cobase of &£, for instance
& = {U °Uel } where U is a neighbourhood base of zero in E, then t; is also the
finest topology for which all jg, for B € &, are continuous. (Concerning terminology:
A cobase of a collection A of sets is a subcollection A’ of A such that for all A € A
there exists A’ € A’ such that A C A’))

Clearly, a set A C E’ is t¢-closed if and only if AN B is o (E’, E) N B-closed for all
B belonging to a cobase & of £.

Proposition 12.4 Let E be a locally convex space, and let Tt be the topology on E’ defined
above. Then tr 2 1. (topology of compact convergence, see Chapter 8). The topology t¢

is Hausdorff, translation invariant, and every te-neighbourhood of zero is absorbing and
contains a balanced tg-neighbourhood of zero.

Proof

It was shown in Proposition 8.7 that 7. N B = o (E’, E) N B for all equicontinuous sets
B C E'. As 1t is the finest topology coinciding with o (E’, E) on the equicontinuous sets, it
follows that 7¢ O 7.

The topology ¢ is Hausdorff because 7t 2 o (E’, E), and ¢ is translation invariant
because the collection of equicontinuous sets and the topology o (E’, E) are translation
invariant.

Let V be a ¢-neighbourhood of zero, x' € E’, B C E’ equicontinuous, balanced and
containing x’. Then there exists a balanced o (E’, E)-neighbourhood of zero W such that
W N B C VN B. There exists o € (0, 1) such that Ax" € W for |A| < o, and therefore

MeWNBCVNBCV (A <a).

This shows that V is absorbing.
Let U be a tr-neighbourhood of zero, and let

V.= U {A CU; A balanced}

be its ‘balanced core’ (the largest balanced subset of U). Let B C E’ be equicontinuous and
balanced. There exists a balanced W € Uy (o (E’, E)) suchthat WNB C U NB C U. Since
W N B is balanced, one concludes that W N B C V, and this implies that W N B € V N B.
This shows that V is a t¢-neighbourhood of zero. O

Remark 12.5 Why can one only show ‘balanced’ in Proposition 12.4(b)? The reason in the
proof is that there does not exist an ‘absolutely convex core’ of sets. In fact, the reason is
deeper, because it is known that in general 7¢ is not a linear (let alone a locally convex)
topology ([Komo64, § 2]).

The index ‘f” in tr is historical and probably just stands for ‘finest’. A

12
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Theorem 12.6 (Banach-Dieudonné)
Let E be a metrisable locally convex space. Let

My 1= {{xn; n € N}U{0}; (x,) null sequence in E}

Then T = Tc = Tps := TM,,-

Proof
(1) ‘Tt D 1. 2 s . The first inclusion is part of Proposition 12.4; the second inclusion holds
because every A € Mg is compact.

(i) ‘Tas 2 7’. Let U be an open tr-neighbourhood of zero. It suffices to show that there
exists A € My such that A° C U.
Because E is metrisable, there exists a decreasing neighbourhood base of zero (V,),en, in
E, Vo = E, and all V,, absolutely convex and closed. In part (iii) of the proof we will show:

For each n € Ny there exists a finite set B, C V, such that AC N V> C U,

()

where A,, 1= Z;é By (n eNp).

Assuming this, we set A := (U,fio Bk) U {0}. Then obviously A € Mps. Also A° C AP,
and therefore A° N V,> € U (n € N). From (), o Vi = {0} one obtains |,y VY = E',
and therefore A° C U.

(iii) We prove (x) by induction. For n = 0, the assertion holds with By = &. Assume
that By has been obtained for k = 0, ...,n — 1. We have to find a finite set B, C V,, such
that (A, U B,)° N V>, CU.

Set C := V>, \ U. The polar V,° , is compact for o (E’, E), by the Alaoglu-Bourbaki
theorem. Because VnoJrl is equicontinuous, the topologies tf and o (E’, E) agree on Vnoﬂ;
therefore, Vno+1 is also compact for 7, and as a consequence the closed subset C is compact
for 7r. Since Ay NV,° € U and UNC = &, we know that Ay NV, NC = @.Forallx € V,

the set {x}° N A;) N C is a closed subset of C, and

N ({x}°mAgmc)=(ﬂ{x}O)mA,‘fmC=vn°mA,?mC=@.

xeVy, xeV,

Now the compactness of C implies that the family ({x}° nNAyN C)x <y, cannot have the
finite intersection property. This means that there exists a finite subset B, < V,, such that

@=BlNA;NC = (A, UB,)°N (V2 \U), hence (A, UB,)° NV, CU. O
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Remark 12.7 The usual way to formulate Theorem 12.6 is to use the topology T, the
topology of uniform convergence on the precompact sets of E, instead of 7.. An inspection of
the proof of Proposition 8.7 immediately yields that it also shows that 7,.NB = o (E’, E)NB
for all equicontinuous sets B. This implies that in Theorem 12.6 one also obtains tf = Tpc =
Tns (Which is the traditional assertion in the Banach—Dieudonné theorem). A

Let E be a locally convex space,
Mee :={A C E; A convex and compact}.

Then 1. := T4, the topology of compact convex convergence, is a polar topology
on E’. Observe that, in view of Lemma 4.9, the set

M, :={A C E; A absolutely convex and compact}

is a cobase of M., hence Try, = Taq,. Note that 6(E', E) C 1. S u(E', E);
therefore (E’, 7..)’ = b1 (E) (= E if E is Hausdorff).

If E is Hausdorff and quasi-complete, then 7. = 7 is compatible with the dual pair
(E,E').

Theorem 12.8 (Krein-Smulian)

Let E be a Fréchet space, and let U be a neighbourhood base of zero in E. Then a
convex set A C E' is o(E', E)-closed if and only if AN U° is o (E’', E)-closed for
every U € U.

Proof
The necessity is trivial.

For the sufficiency, we recall that A is tr-closed, which by Theorem 12.6 implies that
A is t.-closed. By the above preliminary remark, t. = . is compatible with the dual pair
(E, E'), and therefore the convex set A is o (E’, E)-closed as well. O

Proof of Theorem 12.1
This follows immediately from Theorem 12.8. O

Notes Theorem 12.1 is contained in [Ban32, Chap. VIII, § 3, Lemme 3]. In order to
understand this it should be mentioned that the subspaces of E’ whose intersection
with the closed unit ball is o (E’, E)-closed occur in [Ban32] as ‘transfiniment fermé’,
whereas o (E’, E)-closed subspaces are ‘régulierement fermé’. A translation into more
modern terminology was given by Bourbaki [Bou38], and a new proof was given by
Dieudonné [Die42, Théoreme 23]. (Interestingly enough, the proof by contraposition
in [Ban32, Chap. VIII, § 3, Lemme 2] seems to have persisted in the literature, where

12
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usually in step (iii) of the proof of Theorem 12.6, the existence of a finite set B, is
shown by contraposition.) The new methods introduced by Dieudonné then served to
extend Theorem 12.8 — proved in [KrSm40, Theorem 5] only for the case of Banach
spaces — to more general settings. For this and a variety of related results obtained by
these methods we refer to Kothe [Ko6t66, § 21.10] and Schaefer [Sch71, Chap. IV, § 6.4].
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The Eberlein-Smulian and el
Eberlein-Grothendieck Theorems

The well-known Eberlein-Smulian theorem states the equivalence of several versions
of weak compactness for subsets of a Banach space. The proof will be a consequence
of properties of subsets H C C(X) with respect to the product topology on K*, where
X is a suitable topological space. These considerations will also yield results for more
general locally convex spaces.

To motivate the considerations presented in this chapter, we start by stating an
important result which will be proved, in fact in a more general version.

Concerning the terminology in the following theorem: If X is a topological space,
a subset A is called conditionally countably compact if every sequence in A has a
cluster point in X. The set A is called conditionally sequentially compact if every
sequence in A possesses a convergent subsequence with limit in X. This is in contrast to
the definition of relative (countable or sequential) compactness, which means that there
exists a superset of A with the corresponding property.

Theorem 13.1 (Eberlein-Smulian)

Let E be a Banach space, A C E. Then the following properties are equivalent:
(i) A is weakly relatively compact;

(i) A is weakly conditionally countably compact;

(iii)) A is weakly conditionally sequentially compact.

.o . 1,8 .
If one of these properties is satisfied, then for every x € ATEED there exists a
sequence in A converging weakly to x.

Remarks 13.2 (a) Recall that for separable Banach spaces, part of this theorem was already
proved in Proposition 5.11.

© Springer Nature Switzerland AG 2020
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(b) As a consequence of Theorem 13.1 one deduces that, for subsets A of E, weak

compactness, weak countable compactness and weak sequential compactness are equivalent
properties. (Recall that A is countably compact if every sequence in A has a cluster point in
A, and that A is sequentially compact if every sequence has a convergent subsequence with
limit belonging to A.)
Indeed, in view of Theorem 13.1 it suffices to show that weak countable compactness implies
weak closedness. So, assume that A is weakly countably compact, and let x € AU(E'E/). Then
by the final assertion of the theorem, there exists a sequence (x,) in A converging weakly to
x. By hypothesis, x € A, and this implies that A is closed.

(c) We note that the assertion stated in Theorem 13.1 also holds in (non-complete)
normed spaces. It is not difficult to deduce this version from Theorem 13.1 itself. We mention
this fact in order to prepare the reader for later versions of the Eberlein-Smulian theorem,
where completeness will not be required. A

For the further development we present the following important and surprising result
on various notions of compactness in function spaces.

Theorem 13.3 (Eberlein-Grothendieck)

Let X be a topological space having a dense o-compact subset, and let ts be the
product topology on KX. Let H € C(X) be a subset which is conditionally countably
compact with respect to ts N C(X) (i.e., every sequence in H has a cluster point in
C(X)).

Then the set H (= H TS) is compact and contained in C(X). Moreover, for every
separable set F C H the topology ts N F is metrisable, and each f € H is the limit of
a sequence in H.

Remarks 13.4 (a) We point out that under the hypotheses of the previous theorem the set
H will also be conditionally sequentially compact: Let (f,) be a sequence in H, and let
f € {fu; neN} If f occurs infinitely often in the sequence (f;), then there exists a
subsequence with all the terms equal to f. Otherwise we may without restriction assume
that f does not occur in the sequence (f;;). Then, by the last statement of the theorem, there
exists a sequence (g,) in {f,; n € N} converging to f. Since (g,) cannot stay in any set
{fe; 1 < k < n} for some n € N, it follows that by ‘thinning out’ (g,) one can get a
subsequence of (f,) converging to f. (Note that — for puristic reasons — we did not use the
fact that every countable set has a metrisable closure; this would have made the argument
somewhat easier.)

(b) We mention that the hypothesis of Theorem 13.3 is satisfied, for instance, if X is
separable. A

Seeing the result of Theorem 13.3 for the first time, each mathematician specialising
in analysis will (and should) be surprised. After all, function spaces are one of the
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main objects in analysis, and so he might have the impression that he ‘is somewhat
acquainted’ with function spaces. However, mostly one doesn’t consider the product
topology on such spaces; it will turn out that the result — whose proof is somewhat
technical and lengthy, even for the special case where X is compact — has very
interesting and important consequences. Also, the Eberlein-Smulian theorem mostly
is a theorem quoted and used every now and then in courses of functional anlysis, but
— the author thinks — rarely proved completely. Learning that it is just a consequence of
sophisticated properties of function spaces should be a good experience.
We need a preparation for part of the proof.

Lemma13.5 Let Y, Z be sets, (-,-): Y x Z — K. Let p be the initial topology on Y
with respect to the family ({-, z));ez, and let o be the initial topology on Z with respect to
(¥, *))yey- Assume that (Y, p) is compact, and let Zy € Z be dense in (Z, o).

Then the initial topology on Y with respect to ({-, z))zez, is equal to p. If Zy is countable,
then p is associated with a semi-metric, and (Y, p) is separable.

Proof
Let ®: Y — KZ be defined by ®(y) = ({y,2))zez. Then ® is continuous; in fact
Theorem 1.2 implies that p is the initial topology with respect to ®. Therefore the hypothesis
on (Y, p) implies that A := ®(Y) is a compact subset of KZ. Let prz,: KZ — K% be the
canonical projection. Then the restriction of pry, to A is injective. Indeed, if x, y € ¥ are
such that pry (®(x)) = prz (®(y)), i.e., {x,z) = (y,2) (z € Zp), then the continuity of
the functions (x, -), (v, -) on (Z, o) implies that (x, z) = (y,z) (z € Z),i.e., P(x) = P(y).
This implies that the restriction of pry, to A is a homeomorphism; cf. Lemma 4.12. As a
consequence, the topology p is the initial topology with respect to prz, o ®, or equivalently,
by Theorem 1.2, the initial topology with respect to ({-, z))zez,-

If Zy is countable, then Lemma 2.18 implies that p is semi-metrisable. A standard
argument shows that then (Y, p) is separable. O

Proof of Theorem 13.3
(1) For all r € X the set {f(t); f € H} is bounded. Therefore the compactness of H is a
consequence of Tikhonov’s theorem.

The proof of the other properties will be given in three parts, where in the first part we
prove the theorem for the case that X is compact.

(ii) Let Fp € H be countable, F := Forsmc(x)
respect to F is coarser than the original topology of X, and therefore (X, tr) is compact.
Applying Lemma 13.5 with Y := X, Z 1= F, Zy := Fo, (t, f) == f(@) ((t, ) € X X F),
we conclude that tr is equal to the initial topology tr, with respect to Fp, and that (X, tr)

. Then the initial topology 77 on X with

is semi-metrisable and separable.
(iii)) Now we show that H € C(X). Assume that there exists g € H which is not
continuous. Then there exist 1) € X, ¢ > 0, M C X with fg € M such that

lg() —gto)| =& (1€M). (13.1)

13
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Then one can construct sequences ( f;;)nen in H, (t;)neN in M such that

[fut) — gl < 1/n (0<k <n), (13.2)
[fi(tn) — frto)l < 1/n (1 <k <n). (13.3)

(Indeed, if n € N and 11, ...,%-1, f1,..., fn—1 are chosen, then there exists f, € H
satisfying (13.2), because g belongs to the closure of H. Then 1, € M satisfying (13.3)
can be chosen, because fi, ..., f, are continuous.) By hypothesis, the sequence (f,) has a
cluster point f € C(X). Then f(t%) = g(#) (k € No) because of the inequalities (13.2).
From (13.3) we deduce that fi(¢,) — fix(to) (n — oo) for all k € N, and therefore ¢, — fo
(n — 00) in the initial topology Tr, of X with respect to Fy := { fx; k € N}. From (ii) we
know that f is continuous with respect to 7, and therefore g(#,) = f(t,) — f(to) = g(to)
(n — 00). This convergence contradicts (13.1).

(iv) Let Fy, F and tF be as in (ii). Note that from (i) and (iii) we know that ' = Fj is a
T5-compact subset of C(X). In this step we show that (F, t) is metrisable. This implies that
F, and thus H, is sequentially compact.

From (ii) we know that (X, 7F) is separable. Applying Lemma 13.5 once more, this time
with (exchanged roles) Y := F, Z := X, (f,t) := f(t) ((f,t) € F x X), we conclude that
F is a compact (semi-)metrisable space.

(v) Finally we show that, given f € H, there exists a sequence ( f) having f as a cluster
point. Then, applying the previous step, one also obtains a convergent subsequence.

Let k € N. For g € H we define

Ug = {1, ....00 e X" 1g(tj) — fupl < 1/k (1 < j < b}

Then (U,)gen is an open covering of the compact set X k_and therefore there exists a finite
subcovering (Ug)geH» With a finite set Hy € H. Arranging the countable set | J; .y Hk as a
sequence ( f;,) one easily deduces that this sequence has f as a cluster point.

Now we start the second part of the proof, where we assume that X is o-compact. Let
(X,,) be a sequence of compact sets whose union is X; without restriction we may assume
that the sequence (X,,) is increasing.

(vi) In the first step we show that H € C(X) and that each element of H is the limit of a
sequence in H.

Let f € H. Then, for n € N, the function f x belongs to the closure of { 8x,s 8€H }
with respect to the product topology of K*#. The first part of the proof implies that there is a
sequence ( f /”)/ in H such that ( f /” X, )/. converges to f y, in the product topology of KX,

Arranging the sequences ( f /”)/ (n € N) into a single sequence (by the usual Cantor counting
procedure) we obtain a sequeﬁce (fx) with the property that ( fr X“) ;. has the function f x,
as a cluster point, for all n € N. It further follows from the first part of the proof that the
restriction of the product topology on K*» to the (countable) set { Jex,; ke N} U{fx,}
is metrisable. Since the product topology on K¥ is the initial topology with respect to the
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canonical projections pry, K¥ — K% (n € N), we conclude, using Lemma 2.18, that the
restriction of the product topology on K¥ to { fis ke N} U {f} is metrisable. This, finally,
shows that there exists a subsequence ( fr j)j such that fi; — f (j — o0) in the product
topology of KX,

Now from the hypothesis that each sequence in H has a cluster point in C(X) we
conclude that the unique cluster point f of (fk;); does in fact belong to C(X).

(vii) Let Fy € H be countable, F' := Fy “ Then part one of the proof implies that the
product topology of F x is metrisable, for all n € N, and as the product toplogy on F is
the initial topology with respect to the canonical projections pry, : KX — KX (n e N) it
follows that the product topology on F' is metrisable. This also shows that F' and hence H is
sequentially compact.

In this third part of the proof we treat the general case. We will use the notation X =
U,en Xn» where (X,,) is a sequence of compact subsets whose union is dense in X.

(viii) First we show that H € C(X) and that for each f € H there exist a sequence
converging to f.

Let f € H. From the previous part of the proof we know that f ; is continuous, and
that there exists a sequence (fx) in H such that fy y — f ; (k — 00) pointwise. From the
hypothesivs we know that (fx) has a cluster point g € C(X). This implies that g ; = f 4, and
because X is dense, the continuous cluster point is unique. Then it is standard to deduce that
fr — g pointwise on X. (Indeed, assuming that there exists r € X such that ( fx(¢)) does not
converge to g(t), one would obtain a subsequence ( fi ) with (fi (1) converging to some
value # g(r). However, this subsequence could no longer have a continuous cluster point; a
contradiction.) Choosing r € X arbitrarily, we now invoke part two of the proof once more to
conclude that f XU} is continuous, hence f(t) = g(¢). This implies that f = g € C(X).

(ix) Let pry : KX — KX be the canonical projection, and denote the initial topology on
H with respect to pry by 75. Then id: (H, t5) — (H, Ts) is continuous, and as H is compact
and 7 is Hausdorff, we obtain t; N H = 75 (by Lemma 4.12). This makes it clear that, for
countable sets Fy € H, the topology 75 on F' := Fy is metrisable, because it holds for the
topology s, by part two of the proof. This also implies that H is conditionally sequentially
compact. m|

As a first application we treat a case where there is no restriction on the quality of
the space, but for the subset one does not conclude conditional sequential compactness.
For this result, Theorem 13.3 is only used for the case that X is compact.

Corollary 13.6 (Eberlein) Let E be a Hausdorff locally convex space, and let A C E be
such that co A is complete. Then A is weakly relatively compact if and only if A is weakly
conditionally countably compact.

13
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Proof
The necessity is clear.
For the sufficiency, let E be the completion of E. Then co A is closed in E, hence also

o (E, E')-closed in E; note that E/ = E’. Therefore it is sufficient to show that AU(E’E/) is
weakly compact in E; hence, without less of generality we may assume that E is complete.

The set AG(E/*’E/) is compact in (E™*, o (E’*, E’)), by Tikhonov’s theorem and the
property that E™ is a closed subset of KE' (Lemma 4.8). Therefore, we have to show that
AG(E/*'E/) CE.

Let X C E’ be equicontinuous and o (E’, E)-closed; then X is o (E’, E)-compact, by the
Alaoglu-Bourbaki theorem. Then we apply Theorem 13.3 to the restrictions of the elements
of A C E* € KE to X, to obtain

I 7 X
ATEREY A cew.

The equality in this chain holds because the set ATERED

is compact and the mapping
E™* 5 x — xy € KX is continuous. The inclusion is the application of Theorem 13.3;
notice that the hypothesis of conditional countable compactness of A implies that A y =
{x x; x € A} is a conditionally countably compact subset of C(X).

o (E™,E)

Therefore it follows that for each element x € A the restriction x y is continuous

for all closed equicontinuous sets X C E’. This implies that x € E, by Corollary 9.16. O

Now we show a generalisation of the original Eberlein-Smulian theorem. The
following version applies, in particular, to the weak topology in Fréchet spaces.

Theorem 13.7 (S. Dierolf)
Let (E,t) be a Hausdorff locally convex space, and assume that there exists a
metrisable locally convex topology p € w(E, E') on E. Then, for a set A C E,
the following properties are equivalent:

(i) A is relatively compact;

(ii) A is conditionally countably compact;
(iii) A is conditionally sequentially compact.

If one of these properties is satisfied, then A = A’ where o = o(E,E),TNA=
o N A, every separable subset of A is metrisable, and every x € A is the limit of a
sequence in A.

The proof will be given in two parts, where in the first part we suppose that t is the
weak topology.
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Proof of Theorem 13.7,fort = 0 (=0 (E, E'))
The implications ‘(i) = (ii)’ and ‘(iii) = (ii)’ are clear.

(ii) = (i), (iii). The space (E, p) possesses a countable neighbourhood base of zero (U,,).
The sets X, := U (n € N) are o (E’, E)-compact, by the Alaoglu-Bourbaki theorem and
because p € w(E, E’), and F := [,y Xn = U,en Us = (E, p)’ is a subspace of E’.
Since p is Hausdorff, the dual pair (E, F) is separating in E, and this implies that F is
o (E’, E)-dense in E’ (by Corollary 2.10).

Then Theorem 13.3, together with Remark 13.4(a), implies that A, as a subset of
C(E',0(E', E)), is weakly relatively compact and weakly conditionally sequentially com-
pact. Recalling that the closure of A in KE' is a subset of E’*, by Lemma 4.8, we obtain the
desired assertions.

The last assertions of the theorem are properties stated in Theorem 13.3. O

For the proof of the general case we need two preparations.

Lemma 13.8 Let X be a topological space, (x,) a sequence in X, {xn; ne N} countably
compact, and such that (x,) has only one cluster point x € X. Then x, — x (n — 00).

Proof
There exists a cluster point x of (x,). If (x,,) does not converge to x, then there exist an open
neighbourhood U of x and a subsequence (x,;) in X \ U. This subsequence has a cluster

point y € X \ U, and y # x is also a cluster point of (x,), in contradiction to the hypothesis.
o

Proposition 13.9 Let E be a topological vector space, and let A C E be a conditionally
countably compact subset. Then A is precompact.

Proof

The proof proceeds by contraposition. Assume that A is not precompact. Then there exist
U € Up and a sequence (x,) in A such that x, 41 ¢ U_’;:l (xj +U) for all n € N. There exists
V e Uy suchthat V — V C U. It is easy to see that then for all x € E the set x + V contains
at most one point of the sequence (x,). This shows that (x,) has no cluster point. O

Proof of Theorem 13.7, general case
As above, the implications ‘(i) = (i)’ and ‘(iii) = (ii)’ are clear.

Now we show the implication ‘(ii) = (iii)’. Let (x,) be a sequence in A. The hypothesis
implies that A is weakly conditionally countably compact. Then the first part of the proof
implies that A is weakly conditionally sequentially compact. Hence there exists a weakly
convergent subsequence (x, j) of (x,); let x := o-limx, i Then every t-cluster point of
(*n;) is also a o-cluster point, hence is equal to x. Applying Lemma 13.8 we conclude that
x = t-limx, ;e

13
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Next we show the implication ‘(ii) = (i)’. As before, A is weakly conditionally countably
compact, and from the first part of the proof we know that A% is weakly compact, hence
weakly complete. Now Theorem 9.8 implies that A’ s t-complete. Proposition 13.9 implies
that A, and then also A, is precompact, and therefore A is compact, by Theorem 11.3.

Having shown these two implications, we use that the compactness of A implies the
weak compactness, A =Aandoe NA=T1NA, by Lemma 4.12. This implies that the last
assertions of the theorem carry over from o to 7. O

Remarks 13.10 (a) Remark 13.2(b) applies analogously to Theorem 13.7.
(b) The topology p in Theorem 13.7 is compatible with the dual pair (E, E'), i.e.,
o(E,E") C p,if and only if p = u(E, E’); see Remark 6.17. A

Proof of Theorem 13.1
This is a special case of Theorem 13.7. O

Remark 13.11 We mention that for the proof of Theorem 13.1 it would be sufficient to have
Theorem 13.3 for compact X. Indeed, the Banach space E is isometrically isomorphic to the
closed subspace E*NC(Bg/, o (E', E)) of E”™, by Corollary 9.18, and the weak topology on
E in the isomorphic image is the restriction of the product topology on K B2’ to this subspace.
Taking into account that E’* is closed in the product topology (Lemma 4.8), one obtains the
assertions of Theorem 13.1 from Theorem 13.3. A

Remark 13.12 The Eberlein-Smulian theorem has given rise to investigations concerning
the question in which spaces the notions of compactness, countable compactness, and
sequential compactness are equivalent. Above, we have presented some results that go
beyond the classical Eberlein-Smulian theorem. A much deeper and more thorough investi-
gation is carried out in [Flo80]. In particular, we mention that these investigations have led
to the notion of ‘angelic spaces’. The assertions of Theorem 13.1 and Theorem 13.7 imply
that the weak topology on the space E is ‘strictly angelic’, in the terminology of [Gov80]. A

For completeness we mention that Theorem 13.3 also yields part of the characteri-
sation of weak compactness for subsets of C (X), stated in [DuSc58, IV.6, Theorem 14].

Theorem 13.13
Let X be a Hausdorff compact space, H € C(X). Then the following properties are
equivalent:
(i) H is weakly relatively compact;
(ii) H is bounded and relatively compact with respect to the topology ts N C(X),
where T denotes the product topology on KX ;
(iii) H is weakly conditionally sequentially compact.
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Proof
‘(i) = (ii)’ holds, because s N C(X) is coarser than the weak topology.

(i) = (iii). Let (f;,) be a sequence in H. From Theorem 13.3 we conclude that the
Ts-compact separable set { fasne N}tS C C(X) is metrisable; hence there exists a t5-
convergent subsequence (fy;). As the sequence (f,) is bounded in C(X), the dominated
convergence theorem implies that (f,;) is also convergent with respect to o (C(X), M(X)).

‘(iii) = (i)’ follows from Theorem 13.1. O

Notes Different parts of Theorem 13.1 are due to Smulian [Smu40] and Eberlein
[Ebe47]. The ideas of Theorem 13.3 go back to Eberlein [Ebe47] and Grothendieck
[Gro52]. In fact, Grothendieck [Gro52, 3, Théoréme 2] treats the case when X is only
countably compact. The idea to use closures of o-compact sets goes back to Pryce
[Pry71, Theorem 2.1]. The author acknowledges substantial contributions by H. Vogt
to the proof of Theorem 13.3 given above. Corollary 13.6 was shown by Eberlein for
Banach spaces [Ebe47] and generalized by Grothendieck to spaces that are complete
for the Mackey topology [Gro52, 4, Proposition 2]; we prove the version appearing in
[Kot66, Kap. 5, § 24.2], [Sch71, Chap. IV, § 11.2]. Theorem 13.7, due to S. Dierolf, is
taken from [Die78, Satz (16.1)]. The idea to use a coarser metrisable topology on E goes
back to Dieudonné, Schwartz [DiSc49, section 11] and Ko6the [Ko6t66, V, § 24.1 (3)].

13
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Krein’s Theorem

Another surprising result is Krein’s theorem, stating that the closed convex hull of a
weakly compact set in a Banach space is again weakly compact. This will be shown in a
much more general context. For the proof, the Pettis integral of vector-valued functions
will be defined and applied.

Theorem 14.1 (Krein)
Let E be a Banach space, and let A C E be weakly compact. Then co A is weakly
compact.

Remarks 14.2 (a) If E is a locally convex space, A C E compact, then the set co A is
precompact, hence compact if and only if it is complete (see Theorem 11.3).

This means that in the setting of Theorem 14.1 one would have to suppose that co A is
weakly complete. The “surprise” of the theorem is that the completeness of co A in the norm
topology is sufficient; see Theorem 14.8 for the more general statement.

(b) If E is a non-reflexive Banach space, then (E, o (E, E’)) is not quasi-complete,
because BEG(E”’E/) = Bpgr. In reflexive Banach spaces Krein’s theorem is an immediate
consequence of the Banach—Alaoglu theorem.

(c) In Theorem 14.1, the assertion could also have been stated in the form that ‘aco A is
weakly compact’. An analogous comment applies to Theorem 14.8 and Corollary 14.9. This
follows from Lemma 4.9. A

Let E be a Hausdorff locally convex space, let (X, 1) be a measure space, u(X) <
oo, and let f: X — E. Assume that x' o f € Ly(u) forall x’ € E’. Then [ fdu € E*

© Springer Nature Switzerland AG 2020
J. Voigt, A Course on Topological Vector Spaces, Compact Textbooks in Mathematics,
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is defined by
/fdu(x/) ::/x’ofdu.

If additionally [ f du € E, then f is said to be u-Pettis-integrable.

Remark 14.3 If X is a Hausdorff compact topological space, then, due to the Riesz—Markov
representation theorem, the dual of C(X) can be represented by the signed Borel measures
of finite total variation on X, denoted by M (X). We refer to [Rud87, Theorem 2.14] for
the proof of this fact. The subset of probability measures will be denoted by M (X). In
what follows, the dual of C(X) will simply be taken to be equal to M (X). The topology
o (M(X), C(X)) on M(X) is also called the vague topology.

We will say that the support of a measure n € M(X) is finite, ‘spt u finite’, if p is a
linear combination of Dirac measures, i.e., there exist a finite set F C X and ¢, € K for
x € F such that u = )" _pcy8x, where 8({x}) = 1, 6,(A) = 0 for all measurable sets
AC X\ {x}. A

Proposition 14.4 Let E be a Hausdorff locally convex space. Let X be a Hausdorff compact
topological space, and let f: X — E be continuous. Then the set

A:=co f(x) " ETED

is o (E™, E")-compact, and A = {[ f d; p e Mi(X)}.

Proof
The set A is compact because f(X) is compact and (E'™*, o (E'*, E')) is complete; recall
Proposition 9.5 and Corollary 11.5(b).

It is evident that

co f(X)={[fdu; ueMi(X), sptpu finite}. (14.1)

The set M (X) is a vaguely closed subset of B aq(x), and therefore vaguely compact, by
the Banach—Alaoglu theorem.
The mapping

M(X)BMI—)/fdMEE/*

is vaguely-o (E™, E’)-continuous. Indeed, for each x’ € E’, the mapping M(X) > u
([ fdu,x'y = [x' o fdu € K is vaguely continuous, and as o (E™, E’) is the initial
topology on E’* with respect to the mappings E™* > u +— (u,x’) € K (x’ € E’), the
assertion is a consequence of Theorem 1.2. This implies that the set { [ fdu; peMi(x )}
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is o (E™, E’)-compact, and therefore (14.1) implies that
Ac{ffdu; pe Mi(X)}.

On the other hand, the subspace { neM(X); sptu ﬁnite} of M (X) separates the points
of C(X), which implies that this subspace is vaguely dense in M (X). It is not difficult to
show that this implies that the positive measures of finite support are vaguely dense in the
positive measures in M (X), and as a consequence, that the probability measures of finite
support are dense in M (X). Using (14.1) again one concludes that

AD|{[fdu; pe Mi(X)}. o

Proposition 14.5 Let E be a Hausdorff locally convex space, and let A C E be compact.
Then the following properties are equivalent:
(i) co A is compact;
(i1) if X is a Hausdorff compact space, iu € M1(X), and f: X — A is continuous, then
[ is u-Pettis integrable;

Gii) coa” ) c .

Proof

‘(i) = (ii)’ follows from Proposition 14.4, because (i) implies that co A is weakly compact;
therefore, co f(X)U(E £ - coAU<E ) _ co AU(E’E) C E for all f asin (ii).

(ii) = (iii). With the continuous function A > x +— x € E the assertion follows from
Proposition 14.4.

(iii) = (). It follows from (iii) and Proposition 14.4 that coA = co AG(E’E) =

coAG(E/*'E/) is weakly compact, and therefore weakly complete. Applying Theorem 9.8
— recall that E possesses a neighbourhood base of zero consisting of (weakly) closed
absolutely convex sets — we deduce that co A is complete. As co A is also precompact, by
Theorem 11.4(b), one concludes from Theorem 11.3 that co A is compact. O

Remark 14.6 A locally convex space E is said to have the convex compactness property
if co A is compact for every compact set A C E; see [Wil78, Sec. 9-2, Definition 8].
By Corollary 11.5(b), quasi-complete locally convex spaces have the convex compactness
property. Proposition 14.5 can be used as a criterion for proving the convex compactness
property for concrete spaces. It was used, for instance, in [Voi92] to show that the space of
compact operators between two Banach spaces, equipped with the strong operator topology,
has the convex compactness property (without being quasi-complete). A

The following lemma will be needed in the proof of the general version of Krein’s
theorem.

Lemma 14.7 Let E be a Hausdorff locally convex space, and let A C E be weakly compact.
Let u € COAU(E/*’E/), and let (x)) be an equicontinuous sequence in E’, x,, — x’ € E’
(n — o00) with respect to o (E’, E).

Then (u, x,,) — (u,x’) (n — o0).

14
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Proof

Proposition 14.4 yields a measure i € M (A) such that u = f 4 X du(x). Note that A is
weakly bounded, hence bounded by Mackey’s theorem, Theorem 6.1. As a consequence, the
equicontinuity hypothesis implies that sup,.c 4 ey |(x, x;,)| < 0o. Therefore the convergence

(u, x,) = / (x, x,) dp(x) — /(x,x/>du(x) =(u,x") (n— o0)
A A
follows from the dominated convergence theorem. O

In Lemma 14.7, if one adds the hypothesis that E is sequentially complete, then
one can dispense with the hypothesis that (x),) is equicontinuous (see [Bou07b, IV, § 7,
Exercice 10 a)]). Indeed, then the set B := acoA is a Banach disc, by Lemma 9.12(a);
hence the uniform boundedness theorem, Theorem B.3, implies that the sequence (x))
is bounded in (E)’, and therefore sup, g oy |{x, x;)| < 00.

After these preparations we can show a general version of Krein’s theorem.

Theorem 14.8
Let E be a Hausdorff locally convex space, and let A € E be weakly compact. Then
co A is weakly compact if and only if co A is complete (with respect to the topology

of E).

Proof
For the necessity, we note that the hypothesis implies that co A is weakly complete. Using
Theorem 9.8 we conclude that co A is complete.

For the sufficiency, we first show the assertion under the additional assumption that
E is separable. Let E be the completion of E. As co A is complete, we conclude that

c0A =co AE, and therefore the assertion is equivalent to co A" being o (E, E’)-compact.
This means that without loss of generality we may assume that E is complete.

Let u € co AU(E/*'E/). Let M C E’ be equicontinuous and o (E’, E)-closed. Then M
is compact, by the Alaoglu—Bourbaki theorem, therefore metrisable, because E is separable;
cf. Proposition 4.11. Now Lemma 14.7 shows that u j; is (sequentially) o (E’, E)-continuous.

Therefore, Corollary 9.16 shows that u € E.

This shows that co AU(E/*’E/)
(E,o(E, E'))) implies that co A = co A is weakly compact.

For the general case we recall from Corollary 13.6 that it is sufficient to show that co A
is weakly conditionally countably compact. Let (x,) be a sequence in co A. Then there exists
a closed separable subspace Eq of E such that the sequence (x,) belongs to co(A N Ejp); for
convenience we introduce Ag := A N Eg. Then it is clear that the set co Ag C (co A) N Ey is
closed and therefore complete in Ey. Now the separable case treated above shows that (x;)

C E, and Proposition 14.5 (applied in the space
o(E,E")

possesses a weak cluster point in Eq, which then is also a weak cluster point in E. O
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Proof of Theorem 14.1
Krein’s theorem is a special case of Theorem 14.8. O

In fact, Theorem 14.8 shows that in Theorem 14.1 one can replace ‘Banach space’
by ‘quasi-complete Hausdorff locally convex space’.

In Theorem 14.8, the topology of E can be chosen as any topology compatible with
the dual pair (E, E’); in fact, the weakest form of the completeness hypothesis is to
assume that co A is w(E, E')-complete. The following generalisation shows that the
weak topology can be replaced by other compatible topologies.

Corollary 14.9 Let (E, p) be a Hausdorff locally convex space, and let A C E be p-
compact. Then co A is p-compact if and only if co A is complete for the Mackey topology
w(E, E').

Proof
We apply Theorem 14.8 with E equipped with the topology t := u(E, E’); recall that the t-
closure of co A is equal to the p- and o (E, E’)-closure, by Mazur’s theorem, Corollary 2.11.

As A is p-compact, co A is p-precompact. Therefore the set co A is p-compact if and
only if it is p-complete.

Now, if co A is p-complete, then it is T-complete, by Theorem 9.8.

If the set co A is T-complete, then it is o (E, E’)-compact by Theorem 14.8 (note that the
p-compactness of A implies the o (E, E’)-compactness), therefore o (E, E’)-complete, and
then p-complete by Theorem 9.8. O

Notes Theorem 14.1 is due to M. Krein [Kre37] for separable E and to Krein and
Smulian [KrSm40, Theorem 24] for the general case. Proposition 14.4 is essentially
from Bourbaki [BouO7b, III, § 3, Proposition 5], and Proposition 14.5 uses the ideas in
[BouO7b, I11, § 3 and IV, § 7]. Lemma 14.7 is adapted from [BouO7b, IV, § 7, Exercice 10
a)], and our proof of Theorem 14.8 is given as suggested in [BouO7b, IV, § 7, Exercice
10]. Corollary 14.9 is taken from Schaefer [Sch71, Chap. IV, § 11.5].

14
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Weakly Compact Setsin L1(n)

In view of the discussion of properties of weakly compact sets in the last chapters, it
seems appropriate to present examples of weakly compact sets in a non-reflexive space.
Besides the characterisation of weak compactness of subsets of L;(ux), we will also
show that L (u) is weakly sequentially complete.

In all of this chapter (€2, A, u) will be a measure space.

A set H € L;(u) is called equi-integrable if H is bounded and for any
sequence (A,) in A with A, D A,y for all n € N and (),.yAx = &, one has
supferAn |fldu — 0asn — oco.

The main objective of this chapter is to prove the Dunford—Pettis theorem, which
asserts that weak relative compactness for a subset of L;(u) is equivalent to equi-
integrability; see Theorem 15.4.

We warn the reader that the notion of equi-integrability (also sometimes called
‘uniform integrability’) in some references is defined without the requirement of
boundedness, and quite generally, there are various definitions of equi-integrability
around, not all equivalent.

For functions f, g: 2 — R we will use the notation [ f > g] := {x €eQ; f(x) >
g(x)}, and similarly for [ f > 0], etc. In order to obtain another formulation of equi-
integrability where in the condition the terms | 4, | f1dp are replaced by | / 4, fdus
we make the following observation. For f € Li(u), A € A there exists B € A,
B C A such that [, |fldu < 4| [, fdu|. To show this we first observe that
Lalf1dw < [, IRe fldu+ [, | Im f|du, and without loss of generality we can assume
that [, |[Im fldu < [, |Re f|du. Let Ax := [£Re f > 0]; also without loss of
generality we may assume that — [ 4 Re fdu < / 4, Re fdu. Then with B := A, one
obtains

/AlflduézfAlRefldu <4/BRefd,u<4)/deu‘.

© Springer Nature Switzerland AG 2020
J. Voigt, A Course on Topological Vector Spaces, Compact Textbooks in Mathematics,
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In what follows we will use the abbreviation A, | @ for a decreasing sequence (A,)
of sets satisfying (), A, = @.

Lemma15.1 A set H € Li(n) is equi-integrable if and only if it is bounded and for all
sequences (Ay) in Awith Ay | @ one has sup ey |le” fdu| — 0asn — oo.

Proof

It is trivial that the equi-integrability of H implies the condition. The converse implication
will be proved by contraposition. Thus, assume that H is not equi-integrable. It is not
difficult to show that then there exist ¢ > 0, a sequence (By) in A, B, | &, and a
sequence (f;;) in H such that an | fuldp > gs and f3u+1 |fuldu < § for all n € N.
Note that this implies that an\ Buas |fu]ldw > € for all n € N. Then, by the observation
preceding the lemma, for each n € N there exists a set C,, € A, C, C B, \ Bp+1 such that
| Je, fadil =} [55,,, |l du = §. Defining A, := U2, Ck (n € N) we obtain A, | @
and

[ e =| [ mad] - [ e
An Ap\Ans1 Apt1

>‘/fd‘ f VAL
> nn//‘« - n M/4 8—8,

hence, sup /¢y |fA“ fdu| > § forallneN. O

In the proof that equi-integrability implies weak relative compactness we will use
the following weak compactness criterion for sets in Banach spaces.

Lemma 15.2 (Grothendieck) Let E be a Banach space, and let A C E. Assume that for all
& > 0 there exists a weakly compact set A, C E such that A C A, + ¢Bg. Then A is weakly
relatively compact.

Proof
Obviously A is bounded, and therefore ATERED o (E", E")-compact. It is sufficient to

E// E/
show that Aa( ) C E. For € > 0 one has

o(E",E") o(E",E")

A C A +¢Bg C Ay +eBgr,
where for the last inclusion we have used that A, +¢Bgr is o (E”, E')-compact. This implies

that

EN,E/
AT < MY(Ae + 2B,
e>0
. E"E' . . .
Given x € A”¢ ), one obtains sequences (x,) in E, (y,) in E”, x, € At/n, llynll < 1/n,
Xn 4+ yn = x (n € N). From y, — 0 one concludes that x, — x (n — o0), hence x € E. O
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In order to apply this criterion we have to deduce the required e-approximation from
the equi-integrability. This will be provided by the following lemma.

Lemma15.3 Let H C L (u) be equi-integrable. Then:

(a) Foranye > 0 there exists § > 0 such that B € A, u(B) < & implies that fB | fldu < e
forall feH.

(b) For any ¢ > 0 there exists B € A with u(B) < oo such that fQ\B | fldu < e for all
feH.

(¢c) Forany ¢ > 0 there exist B € A with u(B) < oo and n € N such that SUp repy f(|f| —
nlp)Tdu <e.

Proof
(a) Assume that the assertion does not hold. Then there exists & > 0 such that for all n € N
one can find a set B, € A with u(B,) < 27" and f, € H such that an du > e. Then
Bo = (Myen Uiy Br is a p-null set, and setting A, := (g, Bx) \ Bo one obtains a
sequence (A,) in A such that A, | @ and fA“ | fuldp > an | fuld > e foralln € N,
which contradicts the equi-integrability of H.

(b) Assume that the assertion does not hold. Then there exists ¢ > 0 such that for all
B € A with u(B) < oo one can find f € H such that fQ\B |f1du > e. This implies that
there exist a disjoint sequence (Bj) in A with u(B,) < oo for all n € N and a sequence
(fn) in H such that an |fuldu > ¢ for all n € N. Setting A, := Uk>n B we obtain a
sequence (A,) in A, A, | 9, with fAn | fuld > € for all n € N, which contradicts the
equi-integrability of H.

(c) Let ¢ > 0. Because of part (b) above, there exists B € A with u(B) < oo such that

/ [fldu <e/2 (f e H). (15.1)
Q\B

Define ¢ := sup ey || fII. By part (a), there exists § > 0 such that [, |f|du < &/2 for all
f € Hand all A € Awith u(A) <§.ForneN, f € H we obtain

ez [ 11aws s> .
For n > ¢/§ we conclude that (] f| > n]) < ¢/n < §; hence
I(f1=m)* ) = /m (f1=mdu <e/2 (f€H n>c/b) (152)

Combining (15.1) and (15.2) we obtain the assertion. O

We mention in passing that in fact a set H C L;(u) is equi-integrable if and only
if H is bounded and the properties asserted in (a) and (b) of Lemma 15.3 are satisfied.
Another noteworthy consequence of part (b) is that an equi-integrable set H always
‘lives on a o -finite subset of ’: There exists a o-finite subset B € A such that f o 5 =
Oforall feH.

15
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For one of the equivalences in the main result of this chapter we introduce the
following notation. For a disjoint sequence (B,) in A we define the mapping

Lipy: Li(w) > &, [ (/ fdu)

B, neN ’

Obviously L g, is a continuous linear operator, even a contraction.

Theorem 15.4 (Dunford-Pettis)
For H C L1 () the following properties are equivalent:
(i) H is equi-integrable;
(i) H is weakly relatively compact;
(iii) for each disjoint sequence (B,) in A the operator L(p,) maps H to a relatively
compact subset of £.

Proof

(i) = (ii). Let ¢ > 0. We choose B and n as asserted in Lemma 15.3(c). In Ly(B, up),
where up denotes the restriction of the measure p to AN B, the set { feLla(up); |f] < n}
is bounded, convex and closed, hence weakly compact (because Lo(up) is reflexive).
The embedding Lo(up) <> Li(up) is continuous, hence, by Lemma 6.3, continuous
with respect to the weak topologies, and as a consequence the set { feLi(u; |fl <
nlB} is weakly compact in Lj(u). The inequality in Lemma 15.3(c) shows that H C
{f € Liw; IfI < nlg} + Br,)(0, ). Now Lemma 15.2 implies that H is weakly
relatively compact.

(ii) = (ii). As Lp,): Li(u) — £; is a continuous operator, this operator is also
continuous with respect to the weak topologies; hence Lp,)(H) is a weakly relatively
compact subset of £, and Corollary 5.10 implies that Lp,)(H) is relatively compact.

(iii) = (i). Let (A,) be a sequence in A, A, | &. We define B, := A, \ Ap+1 (n € N).
Then (B,) is a disjoint sequence in .A.

Clearly, L(p,)(H) is bounded. Recall from Example 5.6(i) that the relative compactness
of L, (H) is equivalent to sup sy Y =, | ka f du| — 0asn — oo. Observe that

‘ff,nfd“‘ii‘flgkfdu‘ (f€H. neN).

Hence, Lemma 15.1 implies that H is equi-integrable. O

As the second important result of the present chapter we show that L (u) is weakly
sequentially complete. For £, this property had already been shown in Theorem 5.8;
see also Remark 5.9.
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Theorem 15.5
Let (f,) be a Cauchy sequence in L1(j) with respect to the weak topology. Then ( f;,)
is weakly convergent.

Proof
Let (By) be a disjoint sequence in 4. Then it is immediate that (L p,) fu)» is a weak Cauchy
sequence in £1; recall Lemma 6.3. Theorem 5.8 implies that (L p,) fu)» is convergent, and
therefore the range of the sequence is relatively compact in £;.

Now Theorem 15.4 shows that the set { fasn € N} is weakly relatively compact.
This implies that the sequence ( f;,) possesses a weak cluster point. Being a weak Cauchy
sequence, it is convergent in the weak topology, by Remark 9.1(b). O

We conclude this chapter by some additional comments.

Remarks 15.6 (a) It is not difficult to show that the equi-integrability of a set H € L1 ()
is equivalent to the condition that for each ¢ > 0 there exists g € Lj(u)+ such that
SUP rent Jijplogy 1 1A < &
Concerning the necessity of this condition, the function g can be found in the form g = clp
for suitable ¢ > 0 and B € A with u(B) < 00; see Lemma 15.3(c). The sufficiency is rather
immediate.

(b) Theorem 15.4 implies: If H € L;(w) is weakly relatively compact, then the set

{f € Li(n); there exists g € H such that | f| < |g]}

is weakly relatively compact. In particular, for every g € L1(u)+ the order interval

[-g.gl=={feLi(w); —g< f<g}

is weakly compact.
Similarly: If g € L1(R), then the set {g(- — y); 0 < y < 1} is compact (because the
mapping y — g(- — y) is continuous); hence,

{feLi(uw; |fI <g(- —y) forsome y € [0, 1]}
is weakly relatively compact. A

Notes Theorem 15.4 is due to Dunford and Pettis [DuPe40, Theorem 3.2.1].
Lemma 15.2 is attributed to Grothendieck in [Die84, XIII, Lemma 2]. With the aid
of this lemma the proof that equi-integrability implies weak relative compactness, in
Theorem 15.4, is rather natural. The author was at a loss for finding a short ‘measure
theory-free’ proof of the reverse implication, in the literature. The device to use
the operators L, in Theorem 15.4 is present in the original paper [DuPe40], for

15
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‘decompositions’ of the measure space. The weak sequential completeness of L;(u),
Theorem 15.5, is due to Dunford and Pettis as well [DuPe40, p. 377].

Our definition of equi-integrability can be found implicitly in [DuSc58,
Theorem IV.8.9, Corollary IV.8.10 and their proofs]. The characterisation of equi-
integrability mentioned in Remark 15.6(a) is taken as the definition in [Bau90, § 21]
and appears in [Bog07, Theorem 4.7.20] as one of the equivalences of weak relative
compactness of a set.
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Bl =B

The issue of this chapter is to present an example where one can compute the bidual of
a locally convex space without having an explicit description of the dual. This example
could have been inserted much earlier, in fact after Chapter 8. We have preferred,
however, to first pursue more theoretical developments.

The spaces mentioned in the title of the chapter are
By = By®R") := CF[®"), B =BR") := CPR",
provided with the norms p,, (m € Ny),

Pu(f) = sup |3 F(0l = max [0 fl.

xeR Ja|<m |

These spaces are Fréchet spaces, and B is the closure of D(R") in B(R").

We recall from Theorem 3.2 how the bidual of a Hausdorff locally convex space can
be obtained as a subset of E"™ (with the neighbourhood base of zero U’ := {BO . B C
E bounded} of (E', B(E’, E)), and the polars in the dual pair (E™*, E’) denoted by ‘e’):

E'=(E,BE.E)=Ju*= |J B°®

Ueld’ BCE bounded

g
= U aco BU( ).

BCE bounded

(16.1)

Our aim is to show that 3; = B (in a suitable interpretation). We will do this in four
steps, as follows:
1. Determine the bounded sets of 3y and 5.
2. Show a continuity property of the elements of B, allowing to extend them to B.

© Springer Nature Switzerland AG 2020
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3. Embed B into B, determine the o (B, Bj)-closures of bounded sets of By, and
show that B} = BB as sets.
4. Show that (B, B}) is the Fréchet space topology of 1.

Ad 1. Aset A C By is bounded if and only if sup ;. , pi(f) < oo for all k € N. This
means that for any sequence ¢ = (¢x)x € (0, 00)No the set

Ao = {feBo; pe(f) <k (keN)}

is bounded. Therefore, the collection
M :={A;; ce (0,00}

is a cobase of bounded subsets of 3y, and this implies that (), By) = Ta1, and that
{A2:

c

ce (0, oo)N“}

is a neighbourhood base of zero for (5, By).
Analogously, a set A C B is bounded if and only if A C A, := {f eB; p(f) <
cr (ke N)} for some sequence ¢ = (¢) in (0, 00).

Ad 2. We note that the embedding D < By (with D := D(R")) is dense and
continuous. This implies that B, € 7', in the sense that u , € D’ for all u € B,

Lemma 16.1 Letu € B(/). Then there exist m € No, C > 0 such that

I(fsudl < Cpm(f)  (f €Bo).

For all ¢ > 0 there exists a compact set K € R" such that for all 9 € D with spto N K = &
one has

o, u)| < epm(@).

Proof
The first statement is just the continuity of u.

Assume that the second property does not hold. Then there exist £ > 0 and a sequence
(¢x) in D with disjoint supports, p;,(¢x) = 1, (¢gk,u) > ¢ (k € N). Then Zﬁ':l pj €D,
DPm (21;:1 vj) =1, (Zl;zl @j,u) > ke (k € N). Because of ke — 0o (k — 00) one obtains
a contradiction to the first inequality. O

For all m € Ny there exists M,, > 0 such that

pm(fg) < Mmpm(f)pm(g)

for all f, g € B; a consequence of the product rule.
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Let (x)ren be a special approximate unit, i.e., (1;) is a sequence in D which is
bounded in B, and for each compact set K € R” one has that n; x = 1 for large k.

Lemma16.2 Let u € B),. Then for f € B the limit
(fow)* == lim (ny f, u)
k— 00
exists. If A C B is bounded, then

(e fou) — (fyu)* (k — 00),
uniformly in f € A.
Proof

Let m € Ng be as in Lemma 16.1. Let ¢ > 0. Then for

/. €

e =
2My pi (f) SUPgenN P (k)

there exists a compact set K C R” such that for all ¢ € D with spt¢ N K = & one
has [{@,u)| < & pm(p). By the properties of (i), there exists ko such that gy = 1 in
a neighbourhood of K, for k > ko. For k,l > ko one therefore has (nx — n;))f € D,
spt ((Uk - m)f) N K = &, hence

[k fo u) — (i fy u) | = (G — mo) f, )]

<& pm (O — 1) ) < & My pim (i — 1) pm () < &.

This shows the existence of (f, u)*.
There exists ¢ € (0, oo)NO such that A C AC. Put

&
" 2Muycm SUPgery P (k)

g

With the compact set K € R” and kg chosen as above, one deduces that

[k fou) — (f,u)*| < s/MmZzug P pm(f) < &
€

forall f € A., k > ko. o

Remark 16.3 Let u € B(/). Then there exist m, C as in Lemma 16.1, which means that
u € (Bo, pm)’. The mapping

J: Bo, pm) 3 f > (3% Faicm € Co®M@ lIsm) — g,
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is isometric. The Hahn—Banach theorem implies that there exists i € Ej, such that u =
o j.Since Co(R") = M¢(R") (Borel measures of finite total variation; the Riesz—Markov
representation theorem), there exist u, € M(R"), for |a| < m, such that

(fouy=Y /R 0 fdpa =Y (=1)"(f, % 1a)

Jee| <m loe| <m

=(f, Y (=D"8%u)  (f€Bo),

le|<m

where the derivatives on the measures are to be interpreted in the distributional sense. In
particular, one then obtains

(L) = /d/to-

The elements of B3 are called integrable distributions. A

Ad 3. Evidently, (-, -)* is a bilinear form on B x B, and therefore induces a linear
mapping £ : B — B, k(f)(u) := (f, u)*.

First we show that (f, u)* = (f, u) forall f € By, u € Bj,. Indeed, ni f — f in By,
because

1% — D fleo < Y G* P = Dllw sup 187 f()| — 0
0<B<a xespt(ng—1)

as k — oo, for all o« € Njj. Therefore (1 f, u) — (f, u) (k = o0). This shows that & is
an extension of the canonical embedding « : By — By

Also, & is injective. Indeed, let f € B such that (f, u)* = 0 for all u € Bj. As the
evaluation functionals §, are elements of B(’), one obtains

0=(f,8)" = f(x) (xeR",

ie., f = 0. Now that we have embedded B into B we can consider the dual pair
(B, Bj) with the bilinear form (-, - )*.

In the following we denote by p the standard topology of £ = E(R") (= C*(R"),
provided with the topology of compact convergence of all derivatives). Let ¢ € (0, 00)™.
As B «— £ is continuous, the set A(. is bounded (and closed) in £, and therefore AL. is
compact in &£, because & is a Montel space; see Chapter 8.

Lemma16.4 Letu € B, c € (0, 00)No, Then the mapping
Acs f (fiu)eK

is continuous with respect to the topology p.
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Proof

For k € N the mapping f +— (nxf, u) is continuous with respect to p (because £ > f
nk f € Bp is continuous). By Lemma 16.2, these mappings converge uniformly on A to
(f, u)*. This implies the assertion. O

Theorem 16.5

Let ¢ € (0, 00)No. Then:

(@ A.iso(B, Bj))-compact, and A,
(b) There exists d € (0, 00)™N0 such that Ac C Ay
(©) By = B (as sets).

o (B .By) c Ac-
o (B, By)

Proof

(a) For u € B, the mapping A > f = (f,u)* is continuous with respect to p N A, by
Lemma 16.4. As o (B, Bj) N A, is the initial topology with respect to the mappings f +—
(fiu)* (ue B/) one obtains the contlnulty of id: (AC, pN AC) — (AC, o (B, B, 0) N AC)
Therefore, the p-compactness of (AC, p N AC) implies the o (B3, B’ )-compactness of AC,
which in turn implies that AC is o (B, B(/))-closed. Then from A, C AC one obtains the
asserted inclusion.

(b) For f € AC, m € Ng one has

P (i f) < My, sup pr (i) em =: dipr-
keN

~ B/*,B/
Therefore A, C Ada( o-Bo),

(c) From the representation (16.1) of the bidual we now obtain

By= |J A" —p,

ce(0,00)No

Ad 4. We show that 8(B, 1)) is generated by the set of norms {py ; k € No}.

The space By is a Fréchet space, therefore quasi-barrelled, and by Theorem 6.8
the strong topology B(B, Bj,) coincides with the natural topology on B = Bjj, with
neighbourhood base of zero

{acoU By, ; Uel},

if U is a neighbourhood base of zero of By.
A neighbourhood base of zero of B is given by

U= {I.A/m_g; m €Ny, & > 0},

16
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where 0,,,,8 = {f eB; pn(f) < 8}, and with Uy, , := 0,,,,8 N By, the collection
U= {U,,,,a; meNy, ¢ > 0}

is a neighbourhood base of zero of 5.
For ¢ > 0, m € Ny we now show that

o(B,B))

Um,s - Um.s-

For x € R*, |a| < m one has 3%8, € B, (f,3%8,)* = (=D"32 f(x) (f € B).
Therefore

Une= () {feB:d“fl<e}

xeR, |a|<m

is o (B, B)-closed.
On the other hand, if f € U, ., then

pm(nkf) < Mum('?k)Pm(f) < ng’

where N, := M, sup;cy, Pm (k) < 00. This implies that

a(B.By)

Um,N,,,s 2 Um,e-

This shows that on B the neighbourhood bases of zero {UmYEU(B'B“); m € Ny,

& > O} and U are equivalent, i.e., they generate the same neighbourhood filter of 0.

Remarks 16.6 (a) If 2 C R”" is open, then By(2) and B(2) are defined in the same way
as above for R”. For this case it was shown in [DiVo80, Theorem (4.8)] that the bidual of
Bp(£2) can be identified in a similar way as above with the space

l’;’(Q) == {f € B(Q); for every « € Nj there exists an extension f, € C(Q)
of 9%f satisfying fy 5o = 0}.
(b) Recall from Example 8.4(b) that for bounded €2 the space Byo(R2) = C{°(R) is
reflexive. The bidual B(Q) indicated in part (a) above, for general open sets Q C R”",

can be considered as a “mixture” of the cases treated in Example 8.4(b) and in the present
chapter. A

Notes The example presented in this chapter was first treated by L. Schwartz [Sch54];
see also [Sch66]. The presentation given above follows [DiVo80].
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The Krein-Milman Theorem

The Krein—Milman theorem asserts that in a Hausdorff locally convex space all points of
a compact convex set can be approximated by convex combinations of its ‘corners’. We
show that this can be reinforced to the statement that all points of the set are barycentres
of probability measures living on the closure of the extreme points of the set. An
interesting application to completely monotone functions on [0, co) yields Bernstein’s
theorem concerning Laplace transforms of finite Borel measures on [0, 00).

Let E be a vector space, C € E. A set A C C is called an extreme subset of C
if A+# @,andifx,ye C,0 <t < laresuchthat (1 —f)x +tye€ A,thenx,y € A.
(Convex extreme subsets are also called ‘faces’.) An extreme point of C is an extreme
subset consisting of one point. The set of extreme points of C will be denoted by ex C.

Examples 17.1
(a) As a first example we consider a triangle C in the plane. The extreme points are the
vertices. As extreme subsets one obtains, besides the vertices, the edges and the whole
triangle.

(b) For the closed unit ball in the plane (or in R"), the extreme points are the points of
the unit sphere.

(c) Looking at the convex hull C of the points (1,0, 1), (1,0, —1) and the circle
{(x, v,0) € R3: x2+ y2 = 1} in R, the set of extreme points is

(1,0, 1), (1,0, =D} U {(x, y,0); (x, ) e RZ\{(1,0)}, x> +y*> = 1}.

(The point (1, 0, 0) is not extreme as it belongs to the line connecting the points (1, 0, 1) and
(1,0, —1).) This example makes it clear that the set of extreme points of a compact convex
set need not be closed.

(d) In Proposition 17.9 it will be shown that the extreme points of the set of probability
measures on a Hausdorff compact space are Dirac measures. A

© Springer Nature Switzerland AG 2020
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Remarks 17.2 Let E be a vector space, & # C C E.

(@) If Ag € A] C C, A isextreme in C, and Ag is extreme in Ay, then it is easy to see
that Ay is extreme in C.

() IfK =R, and x* € E* is bounded below on C, and

A= {x eC; x*(x) = inf x*(y)} + &,
yeC
then it is easy to see that A is an extreme subset of C. A

Lemma17.3 Let E be a Hausdorff locally convex space, and let C C E be non-empty and
compact. Then C possesses an extreme point.

Proof
Without loss of generality, take K = R. The set

A= {A C C; A closed, extreme in C}

is ordered by inclusion and non-empty (because C € A). Let .A; be a chain in .A. Then
Ay := A # @, because C is compact. It is easy to see that A| is extreme, and therefore
A1 is a lower bound of A;. By Zorn’s lemma, there exists a minimal element Ag of .A. Now
it will be sufficient to show that Ag is a singleton.

Assume that there exist x1, xo € Ag, x| # x2. By Theorem 2.6, there exists x’ € E’ such
that x"(x1) < x’(x2). Then the set

A= Ag; ¥ = inf x’
{xeAo; X'(x0) ylenon(y)}

is non-empty, because Ag is compact and x’ is continuous. From Remark 17.2 it follows that
A is extreme in C. Since of A C Ap, we obtain a contradiction to the minimality of Ag. O

Theorem 17.4 (Krein-Milman)
Let E be a Hausdorff locally convex space, and let C C E be compact. Then C
coex C. If C is convex, then C = coex C.

Proof
Without loss of generality, take K = R. Assume that there exists xo € C \ coex C. Then, by
Theorem 2.6, there exists x’ € E’ such that

x'(x0) < inf {x'(y); y € coex C}.
By Remark 17.2(b),

Co:={xeC; x'(x) = inf x'
0:={xeC; x'(x) ;gcx(y)}
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is an extreme subset of C, and CoNex C = &. From Lemma 17.3 we know that C possesses
an extreme point, which by Remark 17.2(a) is also an extreme point of C; a contradiction.
If additionally C is convex, then C C coexC C coC = C. O

Remarks 17.5 (a) If E is a normed space, then the closed unit ball C := Bg is o (E’, E)-
compact, by the Banach—Alaoglu theorem. The Krein—-Milman theorem implies that C =
coexC G(E/'E). Therefore, if in some Banach space the closed unit ball has too few extreme
points, one concludes that this space cannot be the dual of a normed space.

(b) For the space C([0, 1]; R) it is not difficult to see that the only extreme points of the
closed unit ball are the constant functions 1 and —1. This implies that C ([0, 1]; R) is not a
dual space.

(c) It is not difficult to show that the closed unit balls of ¢g and L{(0, 1) have no extreme
points. Again, this implies that co and L(0, 1) are not dual spaces. A

Remarks 17.6 (a) Rudin [Rud91, Theorem 3.23] proves the following version of the Krein—
Milman theorem (without local convexity): Let (E, T) be a topological vector space with the
property that E separates the points of E, and let C € E be a compact convex set. Then
C =coexC.

We derive this from Theorem 17.4. Note that the hypotheses imply that o (E, E’) C 7 is a
Hausdorff locally convex topology on E. This implies that C is o (E, E)-compact, and in
fact that t N C = o (E, E’) N C (by Lemma 4.12). Therefore Theorem 17.4 shows that

C =coex CG(E’E)

=coexC.

(b) We recall that in Theorem 17.4 the closed convex hull of the set C need not be
compact; see Example 4.10. In contrast to the formulation in Theorem 17.4, in part (a) above
the set C is required to be convex.

(c) If E is a non-locally convex topological vector space, then there may exist compact
convex sets without extreme points; see [Rob76, Rob77, KaPe80]. A

The Krein—Milman theorem amounts to the statement that every element of C can
be approximated by convex combinations of extreme points of C. Next, we modify this
statement to the effect that every point of C can be obtained as the barycentre of a
probability measure on ex C.

Let E be a Hausdorff locally convex space, let C € E be compact, and let 1 be a
probability Borel measure on C. Then

/ xdu(x) e E*
c

(defined in Chapter 14) is called the barycentre of 1.

17
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Corollary 17.7 Let E be a Hausdor{f locally convex space, and let C C E be a compact set.
Then every point of co C is the barycentre of a probability Borel measure on ex C.

Proof
Without restriction K = R. The set C. := ex C is compact. Let xo € coC.
We define the subspace L € C(C.) by

L:={x"¢;x €E}.

On L we define the linear functional ¢ : L — R by
o(x' ¢.) == x"(x0).

In order to see that ¢ is well-defined we note that

X'(c0C) € x'(co Ce) € x'(coCe) = [ min x’(x), max x/(x)]. (17.1)
xeCe xeCe

Therefore, if x’, y' € E’ coincide on Ce, then x’ (x9) —y’(xo) = 0. Moreover, for the sublinear
functional p: C(Ce) — R given by

p(f) i=max fx) (f €C(Ce)),

(17.1) shows that ¢(f) < p(f) for all f € L. Using Theorem A.2 and then Example A.5,
we deduce that there exists a probability Borel measure u on C. such that x'(xg) =
fCe x'(x)du(x) forall x’ € E’. O

Remarks 17.8 (a) We note that Corollary 17.7 can also be deduced from Proposition 14.4.
Indeed, from Theorem 17.4 we know that C C coC (with Cc = exC). Therefore
Proposition 14.4 implies that

c0C CeoC”E ) = {/ xdp(x); p EMI(Ce)}.
Cs

(b) Note that our hypotheses do not imply that co C is compact.

(c) Corollary 17.7 can be considered as a starting point of the Choquet theory. One aim
of this theory is to investigate the question under what conditions the measure representing
a point in co C is carried by ex C instead of its closure. We refer to [PheOl] for further
information. A

We illustrate Corollary 17.7 with the set of probability measures on a Hausdorff
compact space X. We equip C(X) = M(X) — see Remark 14.3 — with the vague
topology 7, = o (M(X), C(X)). Then M;(X), the set of regular Borel probability
measures, is a (vaguely) compact subset of M (X), by the Banach—Alaoglu theorem.
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Proposition 17.9 Under the previous hypotheses, the extreme points of M1 (X) are given
by the set {8x; x € X} of Dirac measures.

Proof
Let x € X. If po, u1 € M1(X),0 < t < 1 are such that §, = (1 — t)uo + tu1, then
I =38{xh) = A —Duo({x}) + tu1({x}), and this forces po({x}) = pni({x}) = 1, ie,
Ho = p1 = dx.

On the other hand, if © € M{(X) is not a Dirac measure, then there exists a Borel set
A C X such that 0 < (A) < 1, and defining

Ho(B) =,y H(ANB), 11 (B) := ¢\ 1) (X\A)NB) (B C X Borel set)

one obtains g, u1 € Mi1(X), u = pn(A)po + (X \ A)p1. This shows that u is not an
extreme point of M (X). O

The mapping X 3 x + §, € (ex M (X), ty) is continuous — indeed, the mapping
X > x — (f,8;) = f(x) is continuous for all f € C(X) —, and Lemma 4.12
implies that this mapping is a homeomorphism. Identifying X and ex M (X) by this
homeomorphism, the integral representation of u € M;(X) in Corollary 17.7 is given
by

MZ/SXdM(X);
X

indeed,

(o) = /X Fdu= /X £ dp(o) = fX (. 8) dur)

for all f € C(X).

In the context of probability measures on Hausdorff compact spaces we also mention
an interesting application of the Krein—-Milman theorem in ergodic theory, yielding
the existence of ergodic measures for topological dynamical systems; see [EFHN15,
Proposition 10.4].

Quite clearly, the Krein—Milman theorem has a strong geometric flavour. In order
to illustrate its analytic importance we will treat an application of the Krein—-Milman
theorem, in particular of Corollary 17.7, to completely monotone functions. The aim is
to present a proof of Bernstein’s theorem, Theorem 17.12.

Let E := RI%% equipped with the product topology ;. For a > 0 we define the
linear mapping A,: E — E,

Auf=f(+a)—f  (feE).

17
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A function f € E is completely monotone, if
(=D"Aq, - Ag f 20
foralln € Ng,ay,...,a, > 0.

Remark 17.10 If f is completely monotone, then f > O (from the condition for n = 0), f
is monotone decreasing (from the condition for n = 1), and f is convex (from the condition
for n = 2). (To make the picture more complete: The condition for n = 2 implies the ‘mid-
point convexity’ of f, but this together with the monotonicity implies the convexity.) The
convexity of f implies that f is continuous on (0, 00). A

In the following we want to apply Corollary 17.7 to the set
C:= {f € E; f completely monotone, f(0) = 1}.

It is easy to see that C is a compact convex subset of E.
For « € [0, oo] (the one-point compactification of [0, co)) we define

e, ifa €[0,00), t >0,
8al(t) := .
1{0}([), ifa =00, t >0.

Then g, € C for all @ € [0, oo]; it is elementary to verify the conditions defining
complete monotonicity for the functions g, .

Clearly, the mapping [0, o0] > « — g, € E is continuous, and because it is injective,
it is a homeomorphism onto it range.

Lemma17.11 exC = {ga; o €10, oo]}.

Proof
It is obvious that go, goo € ex C. Clearly, go and g cannot be the only extreme points of
C, because the convex hull of {go, gco} is not dense in C, which would contradict the Krein—
Milman theorem.

Let g € ex C, g # g0, 8- Then there exists a > 0 such that 0 < g(a) < 1. We define

1
fl = g(+a)7 f2 :=1

(@) g—gl+a)=

— Aag).

1 1
e 1= e

Then f1, f, € Cand g = g(a) f1 + (1 — g(a)) f>. As g € ex C, this implies that g = f,
gt)gla) =gt +a) (17.2)

for all + > 0. This equality implies that g(z) # O for all #+ > 0, and as a consequence one
deduces that (17.2) holds for all a, r > 0. It is well-known that the functional equation (17.2),
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together with g(a) < 1 and the continuity of g on (0, oo), implies that there exists @ > 0
such that g = gq.

For b > 0 we define the linear mapping J,: E — E, f +— f(b-). Then J,: C — C
is bijective, and a function g € C is an extreme point if and only if J,g = g(b-) is an
extreme point. Note that Jpgy = go(b ) = gpy for all &, b > 0. Since the functions g, for
a > 0, are the only possible extreme points besides go, goo, it follows that all of them belong
toexC. o

Theorem 17.12 (Bernstein)
(@) Let f € E = RI%%® pe completely monotone, £(0) = 1. Then there exists a
unique probability Borel measure p on [0, oo] such that

f@ = / 8a (1) du(a) = / e du(@) + u(fooD 1o (17.3)
[0,00] [0,00)

forallt > 0.
Moreover, f is infinitely differentiable on (0, 00), and f is continuous (at 0) if
and only if u({oo}) = 0.

(b) Conversely, if u is a probability Borel measure (v on [0, 0o], then (17.3) defines a
completely monotone function satisfying f(0) = 1.

Proof
(a) From Corollary 17.7 we know that there exists a probability Borel measure v on C. =
ex C such that f = f c.8 dv(g). From Lemma 17.11 we know that ex C is closed and in fact
homeomorphic to [0, oc]. This implies that one can transport v to [0, oo] and thereby obtain
a probability Borel measure p on [0, oo] such that f = f[O, o] 82 du(a). Then the continuity
of the evaluation functionals E > f +— f(¢) € R implies (17.3) (¢ € [0, 00)).

In order to show the uniqueness of u we define the functions ¥, € C[0, oo] for ¢ € [0, c0),

Yr(@) :=e"" (€0, 00])

(where ¥;(00) = 0, for t > 0, (c0) = 1). Then lin {y/;; 1 € [0, 00)} C C[0, o0] is an
algebra containing the constant functions and separating the points of [0, oc], so it is dense in
CI[0, oo], by the Stone—Weierstraf3 theorem (see [Bou74, X, § 4.2, Théoreme 3]). It follows
that the measure w, identified with the corresponding functional u € C[0, oo]’, is uniquely
determined by its values

w(r) = /[o ]ef"” dp(e) = f(1) (1 €[0,00)).

By the uniqueness in the Riesz—Markov theorem, this implies that the measure p is uniquely
determined.

17
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From the representation (17.3) one deduces, by differentiation under the integral sign,
that f is infinitely differentiable. The number u({oo}) corresponds to the jump of f at 0.

(b) As gq is completely monotone for all & € [0, oo], the formula (17.3) implies that f is
completely monotone. From p ([0, co]) = 1 one obtains f(0) = f[07 ool ldu(a) = 1. o

Remarks 17.13 (a) Bernstein’s theorem implies that the set of continuous completely
monotone functions f: [0,00) — R is equal to the set of Laplace transforms of finite
(positive) Borel measures on [0, 00).

(b) Theorem 17.12 also shows that completely monotone functions are infinitely
differentiable on (0, c0), and satisfy f(0) > limsup,_,,, f(¢) and

=D"f™ >0 (neNy), (17.4)

where the latter inequalities are a consequence of (17.3). In fact, these properties characterise
complete monotonicity. The sufficiency of (17.4) is obtained by a (careful!) repeated use of
the mean value theorem. A

Notes The Krein—Milman theorem was first shown in [KrMi40], for duals of Banach
spaces E and the topology o (E’, E). The author could not find an original source for
Corollary 17.7; however, the idea to represent points of the closed convex hull of a
bounded set S as ‘barycentres’ of suitable positive functionals on the set of continuous
functions on S appears already in the paper of Krein and Smulian [KrSm40, Theorem 2].
Bernstein’s theorem is a classical example for illustrating the Krein—-Milman theorem
in the form of Corollary 17.7. Our exposition is based on [PheO1, Sec. 2], [LMNSI10,
Sec. 14.7].
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The Hahn-Banach Theorem

For a vector space E over C, we denote by E the associated vector space over R, i.c.,
the vector space obtained by restricting the scalar multiplication to R x E.

LemmaA.1 Let E be a vector space over C. The mapping
ji (Eo — (E0)*, ¢ — Reg,

is an R-linear isomorphism. For ¢ € E* one has
¢(x) = Rep(x) —iRep(ix) (x € E).

Proof

It is easy to check that j is an R-linear mapping from (E*)qg to (Eg)*.
The isomorphism property is proved by checking that the inverse of j is given by

JT @ =y —iyx)  (x€E, ¥ €(E)®). o

Theorem A.2 (Hahn-Banach, analytic form)
Let E be a vector space, and let p: E — R sublinear. Let L C E be a subspace, and
let € L* satisfying

Regp(x) < p(x)  (xel).

Then there exists an extension ® € E* of ¢ such that

Re®(x) < p(x) (x € E).

© Springer Nature Switzerland AG 2020
J. Voigt, A Course on Topological Vector Spaces, Compact Textbooks in Mathematics,
https://doi.org/10.1007/978-3-030-32945-7


https://doi.org/10.1007/978-3-030-32945-7

140 Appendix A - The Hahn-Banach Theorem

Proof
Because of Lemma A.1 it is sufficient to treat the case of a real vector space. Thus, assume
that K = R.

(i) In the first step we show that there exist maximal extensions of ¢. In order to do this
we introduce the set

Z = {1// ; ¥ linear extension of ¢ to a subspace domyr C E,

Y (x) < p(x) (x € domy)}.

(Here, dom ¢ denotes the domain of v, the extension property of ¥ implies in particular
that dom ¢ D L.) Then obviously the set Z is ordered by the inclusion of the graphs of its
elements. Let ) € Z be a chain (a linearly ordered subset). Then an upper bound n € Z of
Y is obtained by

domp := [ J domy, 5(x):=y(x) (Y€, xe domy).
vey

Now Zorn’s lemma implies that Z contains maximal elements (with respect to the order
defined on Z).

(ii) To show the assertion it now is sufficient to show that maximal elements v € Z
satisfy dom ¢ = E.

Lety € Z, F := dom ¢, and leta € E \ F. Then the elements z € lin(F U {a}) are given
by z = x + Xa, with x € F and XA € R uniquely determined by z, and the extensions of ¥ to
lin(F U {a}) are given by

Yy(x+ra) =¥ (x)+Ay (xeF, AeR),
with y = v, (a) € R. We have to show that one can choose y such that
Yy(x+ia) < plx+ia) (xeF, LeR).

It is easy to see that it is sufficient to have the last inequality for A = +1. So, we have to
show that there exists y € R such that

Y@ +y <plx+a) (xeF),

Yy —y<ply—a) (YeF)

(A.1)

or, put together,

Y(y)—pO—a)<y<pkx+a)—y¥x) x,yeF).
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Now, for all x, y € F one has

Y+ =9y +x)<py+x)<ply—a)+pkx+a),
Y(y) —pQy —a) < plx+a)— )

hence

§ = sup (¥(3) = py = ) < inf (p(x +a) = Y () =: 1.

yeF

As a consequence, the desired inequalities (A.1) are satisfied for all y € [S, I]; hence ¥ is
not maximal. O

Corollary A.3 Let (E, p) be a semi-normed space. Let L C E be a subspace, and let ¢ € L*
be such that

lp(x)| < p(x) (xel).
Then there exists an extension ® € E* of ¢ such that
[P(x)| < p(x) (x€E).
Proof
As a semi-norm, p is a sublinear functional. By Theorem A.2 there exists an extension
® € E* of ¢ satisfying

Re®(x) < p(x) (x €E).

Let x € E. Then there exists y € K with |y| = 1 such that |®(x)| = yP(x) = ®(yx). This
implies

[®(x)] =Re ®(yx) < p(yx) = p(x). o

Corollary A.4 Let (E, p) be a semi-normed space, and let x € E be such that p(x) # 0.
Then there exists x' € E’ such that |x'|| = 1 and {(x, x") = p(x).

Proof
Apply Corollary A.3to L :=lin{x} and ¢ € L*, defined by ¢(Ax) := Ap(x) (A € K). O

We include the following example to illustrate the usefulness of the “sublinear
functional version” (Theorem A.2) of the Hahn—Banach theorem.
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Example A.5
Let K be a compact topological space. On C(K) we define p: C(K) — R,

p(f) :=maxRe f(x) (f €C(K)).

It is easy to see that then p is a sublinear functional.
Let ¢ € C(K)™* with

Reo(f) < p(f) (feC((K)). (A.2)

If f e C(K)withRe f(x) = 0forall x € K, then one deduces that £ Re ¢ (f) < 0,i.e.,¢(f)
is purely imaginary. This implies that ¢(f) € R for all real valued f € C(K). Moreover, if
0< feC(K),then —¢p(f) = o(—f) < p(—f) <0, 1i.e., ¢ is a positive linear functional.
Finally, from

(D < p(#1) = 1

we obtain ¢(1) = 1. This means that in the representation from the Riesz—Markov theorem
(see [Rud87, Theorem 2.14]) the functional ¢ corresponds to a probability measure.

On the other hand, if 1 is a Borel probability measure on K, then clearly the functional
¢ defined by

o(f) 3=fodM (f € C(K))

satifies (A.2). A

Notes For the case of real scalars, Theorem A.2 was proved by Hahn [Hah27, Satz III],
with a norm instead of a sublinear functional, and by Banach [Ban29, Théoréme 1 and its
proof], [Ban32, II, § 2, Théoréme 1] with general sublinear functionals. The extension
(in the form of Corollary A.3) to the case of complex scalars is due to Bohnenblust and
Sobczyk [BoSo038, Theorem 1].
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Baire’s Theorem and the Uniform
Boundedness Theorem

Theorem B.1 (Baire)
Let (X, d) be a complete semi-metric space, and let (U,),eN be a sequence of dense
open subsets of X. Then (),cy Un is dense in X.

Proof
Let xo € X, rg > 0. It is sufficient to show that then B[xq, 7] N[ ,en Un # 9.

We claim that there exist a sequence (x,) in X and a null sequence (r,) in (0, co)
such that B[x,, r,] € U, N B(xy—1,r,—1) (n € N). Indeed, assume that xp, ..., x,—; and
rl,...,rn—1 are chosen. Then there exist x,, € U, N B(x;,—1, ry,—1) and r,, € (0, r,,—1/2) such
that B[x,,r,] € U, N B(xy—1,n—1).

Now the completeness of X implies that

@ # () Blxaral S Blxo, 7ol 0 () Un. -
neN neN

A topological space X is called a Baire space if for any sequence (U,), € N of
dense open subsets of X the intersection (), Uy is dense in X. With this terminology,
Theorem B.1 states that every complete semi-metric space is a Baire space.

The following notions are used in Chapter 7. In a topological space X, aset A C X
is called meagre (or of first category) if A is contained in the union of a sequence of
closed sets with empty interior. A set B is called residual (or comeagre) if X \ B is
meagre, i.e., if B is the intersection of a sequence of sets with dense interior.

A Gs-set in X is the intersection of a sequence of open sets, whereas an F,-set is
the union of a sequence of closed sets. (As a consequence, a set is a Gs-set if and only
if its complement is an F,-set.) In terms of these notions it follows that dense G;-sets
are residual.
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Proposition B.2 For a topological space X the following properties are equivalent:
(i) X is a Baire space;
(ii) every residual set is dense in X;
(iii) every meagre set has empty interior.
In particular, a subset of a non-empty Baire space X cannot be residual and meagre
simultaneously.

Proof
The equivalences are obvious. If A € X would be residual and meagre, then X = (X\ A)UA
would be meagre. O

A very important consequence of these notions is the uniform boundedness theorem;
we will present only the version for linear functionals, to which we refer at various
places in the main text. The reader should keep in mind that, in view of Baire’s theorem,
it applies to Banach spaces.

Theorem B.3 (Uniform boundedness theorem)
Let (E, p) be a semi-normed space, assume that E is a Baire space, and let B C E’
be o (E', E)-bounded. Then sup, cp ||x'|| < co.

Proof
(i) We start with a preliminary statement. Let x’ € E/, x € E, r > 0. Then

rlilEl < sup X (0]
yeB(x,r)

Indeed, for z € E, ||z|]| < r, one has

(@ <12(IX c+ )+ X' (x =)D < sup |x' (D).
yeB(x,r)

(ii) For n € N, we define A, := {x € E; supycp X' (x)] < n} Then A, =
MNyen x~1(Bk[0, n]) is a closed subset of E, and U,en An = E. Then Theorem B.1
implies that there exists n € N such that X,, # o; see Proposition B.2. This implies that
there exist x € A,, r > 0 such that B(x,r) € A,,. Then part (i) of the proof implies

, n
sup [lx7]| <
x'eB r [m]

Remarks B.4 (a) The adjective ‘uniform’ refers to the fact that the norm of the functionals
is the supremum over the vectors of the closed unit ball; so the boundedness is uniform with
respect to x € B[O, 1].

(b) We have stated the theorem only for functionals; the proof for bounded linear
operators mapping E to a normed space is analogous. A
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Appendix B - Baire’s Theorem and the Uniform Boundedness Theorem

Notes Baire proved Theorem B.1 in his These [Bai99, II, 59] for the case of the real
line. (Incidentally, in that paper he already introduced the notions of sets of ‘premiere
catégorie’ and ‘deuxieme catégorie’.) The first versions of the uniform boundedness
theorem were proved by Hahn [Hah22, §2] for linear functionals and by Banach [Ban22,
II, Théoreme 5] for linear operators. Neither of these references resort to Baire’s
category theorem, Theorem B.1. The uniform boundedness theorem, Theorem B.3,
we have presented can be proved in much more generality; we refer to [Rud9l,
Theorems 2.5 (Banach—Steinhaus) and 2.6].
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Index of Notation

N

Ng

K
P(X)
topS
tNC

Bx(x,r), Ba(x,r)
Bx[x,r], Balx,r]
Bg

E*

E,(E, 1)

pPa

qB

(E, F)
by, by

B, (F, E)

£.C.By. By
™

Tp

set of natural numbers N = {1, 2, ...}

N U {0}

field of real numbers R or complex numbers C, page 4

power set of a set X, page 1

topology generated by a collection of sets, page 3

induced topology on a subset C of a topological space (X, 7),
page 29

open ball with centre x and radius r, in a semi-metric space
(X, d), with omitted subscript ‘X’ or ‘d’ if evident from the
context, page 2

closed ball as before, page 2

closed unit ball in a normed space E, page 26

algebraic dual of the vector space E, vector space of all linear
functionals on E, page 6

vector space of all continuous linear functionals on a topolo-
gical vector space E, page 8

Minkowski functional (of a convex and absorbing set A),
page 11

semi-norm on E associated with a set B € F, for a dual pair
(E, F); the Minkowski functional of B°, page 26

dual pair of vector spaces over the same field, page 6

the mappings b,: E — F*, b,: F — E*, for a dual pair
(E, F), page 6

collection of o (F, E)-bounded subsets of F, in a dual pair
(E, F), page 26

certain subcollections of B, (E’, E), page 51

polar topology on E associated with a collection M C
B, (F, E) in a dual pair (E, F), page 26

topology generated by a set P of semi-norms, page 7
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Tf
Tns
o(E, F)
B(E, F)
W(E, F)
ux

U, Up(E), Up(T)

lin A

COA

bal A

aco A

co A, bal A etc.
ex C
fil(Fop)

spt f

spt u finite
Cc(X)
Ce(2)

Co()
C™(R). ()
C ()

D(Q). CX(Q)

S(R™)
£y

o

ce(I), cc
S

t

M(X)

Mi(X)
Lf > gl

topology of simple convergence, (restriction of the) product
topology, page 104

topology of compact convergence, page 68

topology of precompact convergence, page 101

topology of compact convex convergence, page 101
‘f-topology’, page 98

topology of uniform convergence on null sequences, page 100
weak topology on E in a dual pair (E, F), page 6

strong topology on E in a dual pair (E, F), page 26

Mackey topology on E in a dual pair (E, F'), page 33
neighbourhood filter of the point x in a topological space,
page 2

neighbourhood filter of zero in a topological vector space
(E, 1), page 4

linear hull of a subset A of a vector space

convex hull of A, page 16

balanced hull of A, page 16

absolutely convex hull of A, page 17

closure of co A, bal A etc.

set of extreme points of C, page 131

filter generated by the filter base F, page 30

support of the continuous function f, page 64

w linear combination of Dirac measures, page 114

space of continuous functions on a topological space X, page 7
space of continuous functions with compact support on a
Hausdorff locally compact space €2, page 83

space of continuous functions ‘vanishing at co’, on a Haus-
dorff locally compact space €2, page 64

space of infinitely differentiable functions on an open set 2 €
R”, page 65

space of functions in C*°(2) for which all derivatives belong
to Cy(€2), for an open set Q2 C R4, page 64

space of test functions, infinitely differentiable functions with
compact support on an open set 2 € R”, page 81

Schwartz space, rapidly decreasing functions, page 67

usual £ ,-sequence space, for 0 < p < 00

sequence space of null sequences

space of y € K’ with ‘compact support’, ¢, = ¢.(N), page 7
space of rapidly decreasing sequences, page 20

space of tempered sequences, page 21

space of signed Borel measures of finite total variation on a
Hausdorff compact space X, page 114

subset of probability measures of M (X), page 114

{xeQ; f(x) > g}, for f, g: @ — R, page 119
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Index

A E

Absolutely homogeneous, 5 Equicontinuous, 47

Absorbs, 47 Equi-integrable, 119
Extreme point, 131
Extreme subset, 131

B

Baire space, 143 F

Banach disc, 76 Filter, 30

Barrel, 48 — Cauchy filter, 71

Barycentre, 133 — cluster point, 30

Bidual, 28 — elementary, 30

Bounded linear mapping, 52 — filter base, 30

— finer, 30

— fixed at a point, 30

— generated by a filter base, 30
— image filter, 31

— limit of a filter, 30

— ultrafilter, 30

Finite intersection property, 29
Fréchet-Montel space, 64

C

Canonical embedding, 28
Canonical map, 28
Cauchy sequence, 42, 71
Closed ball, 2

Closure, 1

Cobase, 99

— of bounded sets, 53

Completely monotone function, 136 H .
. . Homeomorphism, 2
Continuous mapping, 2 Hull
u

Convex compactness property, 115
Countable at infinity (for Hausdorff locally
compact spaces), 20

— absolutely convex, 17
— balanced, 16

— convex, 16
D I
Distribution, 82 Inductive limit
— integrable distribution, 128 — LB-space, 83
Dual, dual space, 8 — LF-space, 83
Dual pair, 6 — locally convex inductive limit, 83
— separating, 6 — strict locally convex inductive limit, 83
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Interior, 1
Is absorbed by, 47

L
Locally convex space, 14

M
Metric, see semi-metric
Minkowski functional, 11

N

Neighbourhood, 2
Neighbourhood base, 2
Neighbourhood filter, 2
Norm, 5

(0]
Open ball, 2

P
Pettis-integrable, 114
Polar, 23

R
Rapidly decreasing functions, 67
Rapidly decreasing sequences, 20

S

Schwartz space, 67

Semi-metric, 2

— equivalent, 19

— translation invariant, 18

— uniformly equivalent, 19
Semi-metric space, 2

Semi-norm, 5

Set

— absolutely convex, 16

— absorbing, 5

— absorbing another set, 47

— balanced, 16

— barrel, 48

— bornivorous, 48

— bounded, 24

— compact, 29

— complete, 71

— conditionally countably compact, 103
— conditionally sequentially compact, 103
— convex, 11

— directed (for ordered sets), 18, 27

— equicontinuous, 47
equi-integrable, 119

— metrisable, 34, 43

— precompact, 93

Set in a topological space

— F,-set, 143

— Gg-set, 61, 143

— meagre, first category, 143
— residual, comeagre, 143
Special approximate unit, 127
Standard exhaustion, 65
Sublinear functional, 11
Support of a function, 64

T

Tempered sequences, 21
Theorem

— Alaoglu—Bourbaki, 32

— Baire, 143

— Banach, 78, 97

— Banach-Alaoglu, 32

— Banach-Dieudonné, 100
— Bernstein, 137

— bipolar theorem, 25

— Dierolf, 108

— Dieudonné-Schwartz, 85
— Eberlein, 107

— Eberlein—Grothendieck, 104
— Eberlein-Smulian, 103, 108
— Goldstine, 26

— Grothendieck, 120
Grothendieck completion, 76, 78
— Hahn-Banach, 139
Krein, 113,116

— Krein—Milman, 132

- Krein—gmulian, 101
Mackey, 45

— Mackey—Arens, 37
Montel, 65

— Schwartz, 87

— Tikhonov, 29
Topological space, 1

— compact, 29

— completely metrisable, 60
— Hausdorff, 2

— metrisable, 2, 18

— regular, 72

— semi-metrisable, 2

— o-compact, 21
Topological vector space, 4
— barrelled, 48, 88
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bornological, 49, 88
complete, 89

completion, 72

countably quasi-barrelled, 53
DF-space, 53

Fréchet space, 19

locally convex, 14

Mackey space, 50

Montel space, 64
quasi-barrelled, 49, 88
quasi-complete, 71

reflexive, 28, 64, 68
semi-metrisable locally convex, 18
semi-Montel space, 64
semi-reflexive, 28, 63
sequentially complete, 71

Topology, 1

base, 3

coarser, 2

discrete topology, 2
final topology, 59
finer, 2

generated by S, 3
induced topology, 29
initial topology, 3
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— product topology, 3

stronger, 2

— subbase, 3

trivial topology, 2

— weaker, 2

Topology on a vector space

— compact convergence, 8, 68

— compact convex convergence, 101
— compatible with a dual pair, 28
— generated by semi-norms, 7

— linear final topology, 81

— linear topology, 4

— locally convex, 14

— locally convex final topology, 81
— Mackey topology, 33

— natural topology, 47

— polar topology, 26

— precompact convergence, 101
— strong topology, 26

— vague topology, 114

— weak topology, 6, 16

Triangle inequality, 2, 5

U
Uniform space, 68
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