Chapter 13
Hierarchical Facility Location Problems Qs

Ivan Contreras and Camilo Ortiz-Astorquiza

Abstract Hierarchical facility location problems (HFLPs) are an important class of
problems arising in numerous contexts such as in the design of health care, telecom-
munications and transportation systems. HFLPs deal with the location of interacting
facilities at different levels of a hierarchical system. This chapter describes the
distinguishing features and main areas of application of HFLPs and provides a
comprehensive classification scheme based on several attributes. It also presents
a concise overview of four classes of HFLPs that have received the most attention in
the literature: multi-level facility location, median and covering hierarchical facility
location, multi-echelon location-routing problems, and hierarchical hub location
problems. For these classes of HFLPs, we highlight their main characteristics and
point out to some of the integer programming formulations and efficient algorithms
that have been developed.

13.1 Introduction

Health care, telecommunications, and transportation systems are examples where
hierarchical structures arise having different types of interacting facilities that
collectively provide services or products to a set of customers. There are three key
features of such hierarchical systems which are crucial for their design. The first
one is that the different types of facilities in the system are characterized by the
services they provide. The second one is that there exists either an inherent hierarchy
given by the nature of the system or a ranking mechanism that allows the complete
ordering of the different types of facilities into levels, each of which contains only
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facilities of the same type. The third feature is that there is an implicit or explicit
relationship between facilities among them.

This chapter focuses on a general class of discrete location problems arising in
the design of hierarchical systems. Given the wide variety of applications in which a
hierarchical structure is present, several variants of this class of problems have been
studied, usually under different names. Depending on the application, as well as
authors’ discipline and fields of expertise, the terms hierarchical, multi-level, multi-
echelon, multi-stage, multi-tier, and multi-layer have been used to refer to different
facility location problems with an underlying hierarchical structure. Therefore, the
main goal of this chapter is to present a unified view of such problems that fit
under one umbrella: hierarchical facility location. Broadly speaking, given a set of
customers that demand one or multiple services and a set of facilities of k different
types associated with the various services, hierarchical facility location problems
(HFLPs) consist of selecting a set of facilities to open so that each customer receives
the requested service(s) from facilities of one or multiple types, while optimizing an
objective function.

HFLPs are closely related to classical facility location problems such as p-
median, uncapacitated facility location, p-center, and covering problems. In these
problems, there is the implicit assumption that all customers request one and the
same type of service, which is offered by any candidate facility. In contrast, HFLPs
extend these problems to deal with more realistic situations in which facilities are
arranged in a hierarchical structure determined by the bundle of services that each
of them provides or by other natural order inherited from the considered system. In
this sense, classical facility location problems are single-level variants of the more
general class of HFLPs.

Applications of HFLPs are abundant. These include supply chains and
production-distribution systems, where manufacturing facilities, warehouses,
distribution centers, and retail stores interact to provide cost-effective production,
storage and transportation services to customers. Health care systems are another
common example, where patients seeking health related services travel to different
facilities such as local clinics, community and regional hospitals, each of them
providing a variety of services. Other examples of applications of HFLPs arise
in solid waste management, education systems, emergency medical services, air
freight and passenger travel, postal delivery, telecommunication networks, and
urban transportation planning.

The study of hierarchical systems in location science has its origins in the area of
health care planning with the works by Schultz (1970) and Dokmeci (1973, 1977),
for continuous location models, and those by Calvo and Marks (1973), Schilling
et al. (1979), and Moore and ReVelle (1982), for discrete models. Hierarchical dis-
crete location models were initially studied in the context of production-distribution
systems by Kaufam et al. (1977), where the so-called plant and warehouse location
problem was introduced. Narula (1984) provided the first classification scheme for
HFLPs based on the relationship between the different types of facilities and the
flow pattern. Narula (1986) and Church and Eaton (1987) are early reviews on
HFLPs focusing on median and covering-based models, respectively. Sahin and
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Siiral (2007) provide a more comprehensive classification scheme and review of the
growing literature on HFLPs before 2007. Daskin (2013) discusses the basic notions
of hierarchical facilities and applications and describes some of the fundamental
median and covering HFLPs. Zanjirani Farahani et al. (2014) review applications,
models and solution algorithms mainly for median and covering-based HFLPs.
Ortiz-Astorquiza et al. (2018) present a comprehensive review of a special case
of HFLPs, denoted multi-level facility location problems, and propose a unified
framework to classify them based on the types of strategic and tactical decisions
involved.

This chapter is organized as follows. In Sect. 13.2 we first discuss the fundamen-
tals of discrete HFLPs, including their distinguishing features and key concepts.
We also provide a comprehensive classification scheme based on several attributes
such as nature of customer demand, service availability, flow pattern, and decisions
and objectives. A review of classical and more recent applications areas is then
given in Sect. 13.3. Finally, in Sect. 13.4 we provide a concise overview of four
classes of HFLPs that have received the most attention in the literature: multi-level
facility location, median and covering hierarchical facility location, multi-echelon
location-routing, and hierarchical hub location. In particular, we highlight their
main characteristics and point out to the some integer programming formulations
and efficient algorithms to solve some variants of them. We note that our intention
is neither to pose a disjoint partition of the set of HFLPs nor to offer an exhaustive
survey on the topic but rather to clarify the most relevant features of HFLPs.

13.2 Fundamentals

The distinguishing features and key concepts arising in hierarchical systems need to
be introduced in order to have a better understanding of the structure and inherent
complexity of modeling and solving HFLPs. We next discuss the following aspects:
(1) nature of customer demand, (2) service availability, (3) flow pattern and spatial
configuration, and (4) decisions and objectives.

13.2.1 Nature of Demand

When referring to the nature of demand in the context of a hierarchical system we
must identify who the customers are, which services they may request, and how
these services will be offered by the facilities.

The most common setting consists of a set of customers represented as demand
points in a graph with service given at or from a facility. Depending on the context,
customers may correspond to patients, retail stores, patrons, students, geographical
zones, etcetera. These customers can have one or more types of demand. In other
words, each customer may have different service requirements to be offered by
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facilities. For instance, a patient that requires a specialized test offered at regional
hospitals has a type of demand different from one whose requirement is an annual
control visit offered at local clinics. Other patients could request both diagnostic
and out-patient surgery services offered at regional hospitals. Note that in this
context, service is given at facilities and thus customers have to travel to them to
receive service. We denote as single demand and multiple demand customers to
distinguish cases in which one or more types of demand are requested by customers,
respectively.

In some other situations, customers may request several types of service as well
as multiple products. For example, in the fashion industry, retail stores sell hundreds
of products produced in dozens of manufacturing facilities. Customers (i.e. retail
stores) continuously request production, transportation and storage services of
various products such as clothes, shoes, accessories, etcetera. Note that in this
context, service is provided by facilities and thus products are eventually delivered
to the customers. We note that in this context, each customer demands both products
and services, and these may be different from one customer to the other. For
instance, one customer may request production and transportation services for
clothes and shoes whereas another customer may request production, transportation,
and storage services only for accessories. We denote as single product and multiple
product customers to differentiate cases in which one or more types of product are
requested by customers, respectively.

Another class of customers arising in hierarchical systems are those in which
service demand corresponds to the movement of commodities, people, or infor-
mation between an origin and a destination point. Each origin/destination (O/D)
pair represents one or more customers requesting transportation or communication
services between two specific points. Facilities provide such services by acting as
transshipment and consolidation points in the paths of many O/D pairs. For instance,
in express package delivery, a package is usually picked-up directly at its origin
by a small vehicle and then moved to a branch office in order to be consolidated
with other packages. It is then moved forward using larger vehicles to regional
and possible central hub facilities where the package is sorted and rerouted to its
destination.

Except from the hierarchical hub location models discussed in Sect. 13.4.4, in
this chapter we focus on models in which customers are represented as demand
points.

13.2.2 Service Availability

The nature of the customers demand is intimately related to the services that
facilities can offer. This has been referred to as service availability or service
varieties criterion in classifications of HFLPs (see, Narula 1986; Sahin and Siiral
2007).
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According to Narula (1986), a successively inclusive facility hierarchy is one in
which a facility at level » provides all services offered by a facility at level » — 1
plus one or more additional services. A successively exclusive facility hierarchy is
one in which the set of services offered by a facility at level r are not offered by any
other facility at levels g # r. We note that there is a third category, denoted as mixed
facility hierarchy, in which the set of services offered by a facility at level r has a
non-empty intersection with the set of services offered by facilities at other levels
q # r, without necessarily offering all services of lower-level facilities. Sahin and
Siiral (2007) refer to the first category as nested and the last two as non-nested.

Additional categories can be considered in more complex settings in which
services offered by the facilities also depend on geographical considerations. For
example, one can refer to locally inclusive service hierarchies. These make use of
a measure such as distance to determine whether or not a service is offered to a
particular customer. For instance, suppose that facility of type r located at node i
offers services 1 through r to demands from node i, but does not offer services 1 to
r — 1 to demands from nodes j # i. That is, only service r is available for demands
whose origin is not i. For example, a regional hospital located in a given district
may provide basic care to patients living is such district but not to other patients
living in other districts. However, it may provide out-patient surgical services to any
patient when needed. In contrast, globally inclusive service hierarchies consider
that a facility at level r located at node i can offer services 1 to r to all customers
requesting any of such services. Some examples of problems in which these service
hierarchies arise can be found in Tien et al. (1983), Mirchandani (1987), and Daskin
(2013).

13.2.3 Flow Pattern and Spatial Configuration

The flow pattern refers to the way in which network flows are routed through
the various levels of a hierarchical system. Sahin and Siiral (2007) propose two
possible patterns: single-flow or multi-flow. In a single-flow pattern, flow can start at
a demand point at the customers level and visit facilities in each of the levels until it
reaches the highest level k. Similarly, flow can start in a facility at the highest level k
and pass through all levels until it arrives to its demand point at the customer levels.
On the other hand, in a multi-flow pattern, flow can start at a demand point and visit
facilities in a subset of levels, possibly skipping some levels. Alternatively, the flow
can start at a facility in any level » and pass through a subset of levels until arriving
to its demand point. A third type of pattern, denoted as bidirectional-flow, arises
whenever demand flow is routed in both directions. That is, in a bidirectional-flow
pattern, flow starts at the customer level and visit some or all higher-levels and then
is routed back to lower-levels until it arrives to a demand point at the customer level.

In some applications, regardless of the considered flow pattern, a portion of
customer demand served at a given level is eventually referred for additional
services to a higher level. This is denoted as referral systems. Alternatively, when
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referrals are not considered between levels, this can be denoted as non-referral
systems.

Sahin and Siiral (2007) describes another relevant concept, denoted as coherency,
which relates to the spatial configuration of levels in the hierarchy. A coherent
system is one in which all demand flow entering to a particular facility at a lower-
level is assigned to exactly one facility at a higher-level. Some authors refer to this
concept as single assignment due to its resemblance with single-sourcing in single-
level discrete location problems. A non-coherent system is one in which facilities at
lower-levels can send demand flows to more than one facility at a higher level.

13.2.4 Decisions and Objectives

We now discuss the types of decisions and objectives commonly involved in HFLPs.
For this purpose, we introduce the main notation used throughout this chapter. Let
G = (V,E) be a graph with node set V = I U J and edge set E. The set /
corresponds to the sites of potential facilities and J to the customers. We consider
facilities of types 1 to k. An HFLP involves some of the following decisions.

¢ Design Decisions: Facility Location and Edge Activation The location deci-
sions determine where to open the facilities. Given an underlying network G,
facilities may be located at both the nodes or the edges of the network. Here we
focus on discrete location problems, where it is assumed that facilities can only
be located at the nodes of G. The network design decisions select the edges to
be activated. These edges are used to provide transportation or communication
services between demand points and facilities, and between facilities of the same
or different levels. We concentrate on those problems where the facility location
decisions are non-trivial.

¢ Tactical Decisions: Allocation and Routing The allocation decisions determine
which facilities will be used to serve each demand point. In FLPs, two types of
allocation strategies have been considered. In single allocation, each customer
is assigned to exactly one facility, whereas in multiple allocation each customer
is allowed to be assigned to more than one facility, if beneficial. The routing
decisions indicate the routes (or paths) on G that will be used to satisfy the
customer demands. We use the term route to indicate the sequence of edges used
to send flows between pairs of nodes. These types of decisions commonly appear
in network flow problems which have been widely studied (Ahuja et al. 1993).
In the general case of an HFLP the term routing could also be used in the sense
of location-routing models (see Chap. 15) where tours or paths between nodes of
the same level in the hierarchy are considered. Finally, observe that the network
design and routing decisions are interrelated, since the edges that can be used in
the paths are determined by the network design decisions.

Both of the above types of decisions are directly related to the fixed and variable
costs. For example, when a node i € [ is selected to locate a facility, a setup cost f;
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may be incurred. However, note that these costs in the context of HFLPs typically
depend on the type of facility. Analogously, when an edge {a, b} € E is activated
a setup cost h,, may be paid. On the other hand, the tactical decisions are affected
by variable costs. A common example are transportation costs which are generally
related to the distances between the nodes. Assuming that customers are at level 0,
transportation costs (or distances) c;,;,, for r and s in {0, - - - , k} are variable since
they typically depend on the flow passing through the corresponding edge {i,, i}
which is dependent on customers demands.

In any case, we note that in an HFLP there must be location decisions involved
for one or more types of facilities. Depending on the application, network design
and routing decisions may be explicitly considered or not, that is, the activation
of edges and flow patterns are not necessarily non-trivial decisions in this context.
These types of decisions will help us define differentiating features for families of
HFLPs in the following sections.

Analogously to single-level facility location, HFLPs can be classified based on
the type of objective function.

* fixed-charge models: consider that the number of facilities to locate at each level
is not known a priori, but a fixed setup cost f; for each facility at each level is
considered. The objective is to minimize the sum of facilities fixed costs and of
demand-weighted distance.

* median models: consist of selecting a set of facilities to open, such that no more
than a given number of facilities is opened with the objective of minimizing
the total demand-weighted distance (or transportation cost). In this case, the
maximum number of facilities to open can be given by type r, as p;, or in total.
Moreover, it can be generalized to one or multiple budget constraints that limit
either the total setup cost incurred in locating facilities at each level or for all of
the facilities.

* coverage-based models: assume that a customer is covered if its demand point
is within a specified distance of facilities offering the requested service(s). Set-
covering models assume that all service demand must be covered and the goal is
to minimize the setup cost for the facilities. Maximum covering models consider
that the number of facilities to locate is given as an input and the objective is
to maximize the total number of demands of all types that are covered. Some
variants of maximum covering models assume that each demand point can only
be considered as being covered if all the requested services at such point are
satisfied.

13.2.5 Classification Scheme

The classification scheme takes into account the attributes mentioned above, namely
flow pattern and spatial configuration, service availability, nature of customers
demand and decisions and objective. The classification criteria for HFLPs is
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Table 13.1 Classification criteria

Criterion Description

Nature of the demand Single demand/multiple demand, single product/multiple product
Flow pattern Single-flow/multi-flow/bidirectional-flow

Service availability Nested/non-nested/locally inclusive/globally inclusive

Spatial configuration Coherent (single assignment)/non-coherent

Decisions Network design/tactical/network design and tactical

Objective function Median/fixed-charge/covering

summarized in Table 13.1. This classification generalizes the scheme proposed by
Sahin and Siiral (2007) which in turn extends that of Narula (1986). Note that
additional attributes may be considered such as capacities at facilities and edges as
well as the interaction between facilities of the same type or between customers.
However, we focus on those that we consider to have the most impact on the
hierarchical structure.

13.3 Applications

We next review some of the most relevant areas of application of HFLPs. These
range from heath care and production-distribution systems, which are arguably
among the oldest and most studied hierarchical systems in location science, to
telecommunication and transportation systems which have given rise to new variants
of HFLPs.

13.3.1 Health Care Systems

Given the wide variety of services that health care systems must provide within a
specific region, these services are naturally governed by a hierarchical structure.
Although the number of levels may vary by country and region, three-level systems
are commonly found. Patients in a geographical region (i.e. neighborhood, district,
or county) requesting a variety of services are modeled with a demand point at
level 0. Local clinics (level 1) may provide basic care and diagnostic services.
Community hospitals (level 2) could offer, in addition to basic care and diagnostic
services, other services such as out-patient surgery and specialized clinical tests.
Regional hospitals provide a wide variety of in-patient services and may or may not
provide basic care and diagnostic services. Successively inclusive facility and mixed
facility hierarchies as well as multi-flow patterns are predominant in health care
systems. It is also somehow common to observe systems with a locally inclusive
service hierarchy, specially in countries with a public health care system (Rahman
and Smith 2000; Smith et al. 2013). In this case, a regional hospital may provide
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basic care and diagnostic services but only to patients living in the proximity of the
hospital. The interaction between facilities of different levels arises when patients
are referred to community or regional hospitals after being diagnosed at a local
clinic. Thus, it is important for health authorities to jointly determine the location
of various health care facilities and how these will be interconnected to provide the
best possible service to patients. We refer to Ahmadi-Javid et al. (2017) for a recent
survey on the topic and to Chap. 23 for other facility location problems in health
care.

13.3.2 Production-Distribution Systems

The design of production-distribution systems plays a central role in supply chain
management. In particular, for companies that produce and deliver their goods. In
such cases, a variety of products are produced in manufacturing facilities (level
3) and shipped to distributions centers (level 2), in which products are sorted,
consolidated, and rerouted to regional warehouses (level 1) in order to be stored for a
period of time (days, weeks, months) before being finally distributed to retail stores
(level 0) for sale. This is a common example of a single-flow pattern on a multiple
product environment. The interaction between facilities arises naturally due to the
routing of products through the supply chain (from the highest level to its lowest
level). Sometimes a multi-flow pattern may arise whenever products are directly
shipped from manufacturing facilities to regional warehouses or retail stores. Both
coherent and non-coherent structures have been reported in the literature (see, for
instance Sahin and Siiral 2007; Gendron et al. 2016). Locational and network design
decision arising in supply chain management have been extensively studied in the
literature. We refer to Melo et al. (2006) and Chap. 16 for an in-depth discussion of
facility location problems in the context of supply chain and logistics.

13.3.3 Telecommunications Systems

Telecommunication networks are frequently built with a hierarchical structure
having two or three levels. A classical example is the so-called hub-and-spoke
architecture used in various distributed data networks. In those cases, service
demand corresponds to electronic data transmissions between O/D pairs that are
routed over a variety of links in the access-level and backbone-level networks. Hub
facilities correspond to electronic equipment such as concentrators, multiplexors,
and routers. An example of a three-level hub network arises in an intra-local access
transport area network architecture (see, Wu et al. 1988; Yaman 2009). O/D nodes
are the central offices and each central office is served by a regional hub. A group
of central offices served by the same hub is referred to as a cluster. Each hub is
then connected to a central hub (gateway). A group of clusters served by the same
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central hub is a sector. Central hubs are connected by a complete fiber network.
Communication services between O/D pairs are offered by using O/D paths in which
data transmissions first visit the regional hub of its cluster, then one or two central
hubs, and finally the regional hub of the cluster where the destination point belongs
to. That is, demand flows move from lower-levels to higher-levels and back to lower-
levels of the hierarchy (i.e. a bidirectional-flow pattern). Catanzaro et al. (2011)
provide another example of a two-level hub network arising in the deployment of an
Internet routing protocol called Intermediate System-Intermediate System (ISIS).
We refer to Chap. 12 for a description of hub location problems arising in the design
of hub-and-spoke networks and to Fortz (2015) for an overview of other location
problems arising in telecommunications.

13.3.4 Urban Transportation Systems

Hierarchical structures of interacting facilities have recently appeared in the area
of city logistics, in which consolidation activities can take place at different levels
of an urban supply chain (Mancini et al. 2014; Savelsbergh and Van Woensel
2016). Many logistics companies deliver goods destined for an urban area by
using long-haul transportation vehicles that arrive at consolidation facilities (level
2). These facilities are referred to as urban consolidation centers and are usually
located in the boundaries of the urban zone. Commodities are then unloaded,
sorted, consolidated, and loaded into smaller vehicles which are then routed to other
intermediate logistics facilities (level 1), usually referred as cross-dock satellites.
From these facilities commodities are shipped to retail stores (level 0) using different
vehicle fleets to avoid the presence of large vehicles in the city center. Contrary to
urban consolidation centers, cross-dock satellites can be located within the urban
zone, even in dense populated areas. These may correspond to basic rendezvous
points such as parking lots, rail stations or bus exchanges, where commodities are
transferred from one vehicle to another. Cross-dock satellites can also be small
warehousing facilities with limited storage capabilities. In any case, transshipment
of flows is done in a highly synchronized fashion. The use of these consolidation-
distribution strategies can follow a single-flow or multi-flow pattern and all flows
are clearly routed form top to bottom.

13.3.5 Air Transportation Systems

Hub-and-spoke architectures are also widely used in air freight and passenger
travel systems. In the case of the airline industry, global alliances and mergers
have given rise to complex global air transportation systems (Adler and Smilowitz
2007; Bernardes Real et al. 2018). Some alliances operate extensive three-level hub
networks, in which local airports (level 0), regional hubs (level 1), and international
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gateways (level 3) interact among them to route millions of passengers each year.
Regional hubs allow passengers to make connections along their routes, while
gateways are necessary for connecting continents and for performing immigration,
customs and security checks. Passengers traveling within the same continent or
geographical region are routed via regional hubs, whereas transcontinental pas-
sengers are frequently routed via a combination of regional hubs and gateways to
reach their destinations. Local airports are connected to one or more regional hubs
and maybe a gateway. International gateways are connected (indirectly or directly)
to all regional hubs in its geographical region. All international gateways are
interconnected across continents. Similar to telecommunications systems, demand
flow follows a bidirectional-flow pattern.

13.3.6 Cargo and Postal Delivery Systems

Other transportation systems, such as cargo and postal delivery, employ a hierarchi-
cal structure in their facilities and a mix of air and ground transportation services.
In the case of postal services, customers deliver mail or small parcels at post boxes
(level 0) in a city. At branch offices (level 1) customers can deposit mail and obtain
other services such as buying stamps and envelopes, among other things. Postal
flow is then routed to central post offices (level 2) to be sorted and rerouted to other
central post offices and branch offices for delivery.

A similar situation arises in the case of cargo delivery systems where branch
offices (level 1) collect and distribute cargoes from/to customers (level 0) directly
using small trucks. Operations centers (level 2) collect and distribute cargoes on
different geographical regions, which are connected with a central hub facility
(level 3). This means that all flow must pass through a central hub facility. In some
applications (see, for instance, Dukkanci and Kara 2017), operation centers and a
central hub facility are connected with a set of tours performed by airplanes.

In both cargo and postal delivery systems the time aspect plays a major role.
Thus, it is usually integrated in the design of the system with location and link
activation decisions. In particular, these hierarchical networks must be designed
in such as way that transportation services between O/D demand points can
be performed within a predefined service time limit (i.e. same-day or next-day
delivery). Operational scheduling decisions, such as release times at branch offices
and operations centers need to be taken into account while designing the network to
ensure demand flows can be delivered on time (Yaman et al. 2012).

13.4 Families of Hierarchical Facility Location Problems

Several variants of HFLPs have been studied under various names. We recall that
when referring to different types of facilities numerous terms have been used such
as level, layer, echelon, stage, tier, among others. We next discuss four classes
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of HFLPs: multi-level facility location, median and covering hierarchical facility
location, multi-echelon location-routing, and hierarchical hub location. The first two
families are those HFLPs that were first studied since the early 1970’s and also
the ones that have received the most attention in the literature. On the other hand,
the last two families of HFLPs have emerged over the last two decades and fewer
references can be found. We would like to clarify that these four classes of HFLPs do
not constitute a partition of the general field of HFLPs. That is, there could also be
some overlapping between them and also some HFLPs may not necessarily belong
to any of these classes of problems.

13.4.1 Multi-Level Facility Location Problems

Multi-level facility location problems (MLFLPs) are typically found in the context
of supply chains and production-distribution systems. There are two main dis-
tinguishing features underlying most MLFLPs: there exist an inherent hierarchy
given by the nature of the system and a successively exclusive facility hierarchy is
usually considered. For example, in the case of production-distribution systems, the
products need to be first produced in order to be shipped to regional warehouses for
temporary storage. Once the products are requested with a given due date, they are
routed to retail stores. In this case, the hierarchy of the different types of facilities
is implicitly given by the nature of the system, i.e one cannot store a product which
has not yet been produced. Moreover, production services offered at manufacturing
facilities are not available at warehouses. Similarly, warehousing services such as
sorting, labeling and consolidation operations as well as storage space are usually
not available at manufacturing facilities.

Another distinguishing feature of MLFLPs is that non-trivial facility location
decisions are taken at every level of the hierarchy, simultaneously. Other problems
involve two or more types of facilities but only in one of them is the selection of
facilities considered (see for instance Sect. 13.4.3). Moreover, in a MLFLP, there
is no direct interaction between customers, and no horizontal interactions between
facilities of the same level. Typically, the edges between facilities of different
types are defined sequentially. Thus, a sequence of exactly one opened facility at
each level is required which corresponds to what we called a single-flow pattern.
Nevertheless, some problems with multi-flow patterns could also be considered as
MLFLPs when demand flows are allowed to skip levels in the hierarchy (i.e some
services may not be requested by some customers). Most of these multi-flow pattern
problems can be modeled as single-flow-patterns by simply adding dummy nodes
in the corresponding missing levels, at the expense of increasing the instance size.
Also, when flow directions are considered, the flow between levels of an MLFLP
must go in one direction and there ought to be only one type of arc available. Some
HFLPs, especially those that arise in the framework of waste management systems,
consider bidirectional-flows or more than one type of arc (see, for instance Barros
et al. 1998; Mitropoulos et al. 2009). In terms of the coherency criterion both cases
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have been studied for MLFLPs. Finally, we note that fixed-charge and median-based
objective functions are more common for this class of problems.

As an example of an MIP formulation for an uncapacitated MLFLP that extends
the uncapacitated facility location problem (UFLP) and the p-median problem (p-
MP), we consider the following so-called path-based formulation (Tcha and Lee
1984; Aardal et al. 1999). Let G = (I U J, E) be a graph with vertex set I U J
partitioned into k+ 1 levels, where J represents the set of customers, / is partitioned
into {I1, - - - , Iy}, corresponding to the sets of potential facilities at levels 1 to k, and
E is the set of edges. Let S be the set of all possible simple paths having exactly
one node from each level, starting from some node i; € I1, finishing at some node
ix € Ir. Also, consider ¢, to be the cost associated with the allocation of customer
Jj € J to the sequence of facilities in path s € S. Now, let p = (p1,---, px) be a
vector of positive integers corresponding to the maximum number of facilities that
can be opened at each level, and let f; be the non-negative fixed cost associated
with opening facility i, at level 7. We define the binary variables x j; equal to one if
and only if customer j € J is assigned to path s = i1, --- , iy € S. Also, we define
the binary variables y;, equal to one if and only if facility i, of level r is open. The
formulation is the following:

k
minimize ) ) cjsXjs+ Z Z i, vi, (13.1)
jel ses r=lirel,
subjectto Y xj=1 V jelJ (13.2)
seS
> Xjis <y, VjeJ, irel, r=1---,k (13.3)
seS:i,es
vie<p r=1,---,k (13.4)
irel,
Xjs=0 Y jel se§ (13.5)
vi €01} Vi el, r=1,--- .k (13.6)

The objective (13.1) is to minimize the sum of the assignment costs and the setup
cost for opening facilities at different levels. Constraints (13.2) ensure that exactly
one path is assigned to every customer, while constraints (13.3) are the linking
constraints which ensure that if a path is assigned to a customer, then all the facilities
in such path must be open. Constraints (13.4) are the cardinality restrictions. Finally,
note that the variables x j; can be relaxed from binary to continuous variables, as for
the UFLP (see Chap. 4).

Some properties and characteristics of classical FLPs have been extended for
the more general case of MLFLPs. For instance, Aardal et al. (1996) showed that
all non-trivial facet defining inequalities for the UFLP also define facets for the
two-level uncapacitated facility location problem. Aardal et al. (1999), Bumn and
Kern (2001), and Zhang (2006) use ideas previously developed for the UFLP,
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such as dual ascent and adjustment techniques (Erlenkotter 1978), in order to
develop approximation algorithms for the multi-level UFLP. In this context, it is
important to note that most research efforts towards the development of algorithms
for MLFLPs have focused on heuristics. In particular, we can differentiate two
main research streams in this field: heuristics without a performance guarantee,
and p-approximation algorithms i.e., polynomial-time heuristics that yield a feasible
solution with an objective function value lying within a factor of p of the optimal
value. Most of the work has focused on the latter stream. A more recent example is
the work of Krishnaswamy and Sviridenko (2016) who presented inapproximability
results for the multi-level UFLP and showed that in the general case, the two-level
UFLP is computationally harder than the single-level UFLP.

Most of the early works on MLFLPs introduced exact algorithms for different
variants of the problem. For example, Kaufam et al. (1977) presented a branch-and-
bound method that extended from the single-level case. Barros and Labbé (1994a)
introduced a general version of an MLFLP including design and tactical decisions
and developed a branch-and-bound procedure using the corresponding upper and
lower bounds obtained from different Lagrangian relaxations of two formulations,
and those obtained from an extension of the greedy heuristic proposed for the
UFLP. More recently (Gendron et al. 2016; Ortiz-Astorquiza et al. 2019), developed
efficient exact methods for MLFLPs based on Lagrangian relaxation and Benders
decomposition, respectively.

As mentioned before, most of the techniques used to solve MLFLPs are espe-
cially modified from successful algorithms developed for single-level FLPs. One
very important property in discrete optimization that has led to the development of
algorithms for FLPs is submodularity. This property somehow resembles convexity
for continuous functions on set functions. For the single-level case (Cornuéjols
et al. 1977), presented worst-case bounds for greedy and local improvement
heuristics for the maximization version of an FLP which includes as special
cases the UFLP and the p-MP (see Chap.4 for details on supermodularity and
supermodular reformulations for the minimization version of the UFLP). Some
of the first articles discussing MLFLPs assumed that the submodularity property
extends directly from the single-level cases (Ro and Tcha 1984; Tcha and Lee
1984). Later (Barros and Labbé 1994b), showed that the set function associated with
the natural combinatorial representation of the multi-level UFLP does not satisfy
submodularity. However, other equivalent combinatorial optimization problems
modeling the multi-level UFLP have an objective function that actually satisfies
submodularity, as was shown in Ortiz-Astorquiza et al. (2015). This observation
allowed to provide sufficient conditions to extend the results on worst-case bounds
for greedy heuristics and submodular reformulations of single-level UFLP and pMP
to MLFLPs (Ortiz-Astorquiza et al. 2017).

Similarly, the case of having capacities in the facilities has also received impor-
tant attention. From the early works, we note that of Aardal (1992), who presented
an MILP formulation for the two-level capacitated FLP and a polyhedral study.
Aardal (1998) later introduced a reformulation along with computational results.
Marin and Pelegrin (1999) compared two-index and a three-index formulations for
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the development of an exact algorithm for the two-level capacitated FLP based
on Lagrangian relaxations. As for the uncapacitated case (Bumn and Kern 2001;
Ageev 2002; Du et al. 2009), developed p-approximation algorithms for capacitated
MLFLPs with values of p equal to 12,9 and k +2+ k% + 2k + 5+¢, respectively.
Finally, multi-period (or dynamic) extensions of MLFLPs have also been studied in
Hinojosa et al. (2000, 2008). For more details on classification, models, properties
and solution methods for MLFLPs we refer to Ortiz-Astorquiza et al. (2018).

13.4.2 Median and Covering Hierarchical Location Problems

HFLPs that are referred to as median-based hierarchical location problems
(MHLPs) and covering-based hierarchical location problems (CHLPs) in the
literature are those which are frequently found in the context of health care
systems, educational systems, and emergency medical services. One of the main
distinguishing features of MHLPs and CHLPs is that either a successively inclusive
facility hierarchy or a mixed facility hierarchy is considered. Similar to MLFPLs,
there exist an inherent hierarchy given by the nature of the system. For instance,
regional hospitals are clearly in a higher level of the hierarchy as compared to
community hospitals and local clinics. The service availability may be successively
inclusive or not but the hierarchy of the hospitals is implicitly given by the level of
urgency or criticality of the offered services.

The objective function has been one of the most important factors when
categorizing FLPs in general. The modeling and solution structures might change
drastically when different objectives are considered (e.g. p-median, p-center, fixed
charged and covering). One stream of research has focused on MHLPs in which a
median objective is considered. An example of a nested multiple demand MFLPs
can be formulated as follows. Let d% denote the demand of service s at node j
and cj; denote the cost associated with the allocation of customer j to facility i.
Additionally, consider the decision variables y; equal to one if and only if facility
of type r is located at node i and variables xijs equal to one if and only if demand of
service s at node j is satisfied with facility at node i. Then, we obtain

k .
minimize > X X dicjix (13.7)
iel jel s=1
subject to inszl Vied s=1,---,k (13.8)
iel
Zyzrfpr r=17"'7k (13‘9)
iel

<YK yi Yijeliels=1--,k (1310)
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X\ e10,1) Viel jeld, s=1,---,k (13.11)
yir € {0, 1} Viel, r=1,--- k. (13.12)

The objective (13.7) is to minimize the total assignment cost. Constraints (13.8)
ensure that the demand of each service of every node is met. Constraints (13.9) limit
the number of open facilities of each type, while inequalities (13.10) are linking
constraints which in this case define a successively (globally) inclusive HFLP. Note
that replacing constraints (13.10) with xijs < y;s modifies the problem into a non-
nested HFLP. Then, we would have a successively exclusive formulation. Some of
the early works on the subject are precisely those that identified the differences
between a successively exclusive, successively inclusive or locally inclusive HFLP
(Tien et al. 1983; Mirchandani 1987).

Later Weaver and Church (1991), formulated a nested MHLP with two types
of facilities minimizing an objective function similar to that of Narula and Ogbu
(1985). They proposed a Lagrangian procedure and a primal exchange substitution
heuristic. Other examples where hierarchical p-median models have been studied
are those of Galvao et al. (2002), Yasenovskiy and Hodgson (2007) and Hodgson
and Jacobsen (2009). Also (Serra and ReVelle 1993; Alminyana et al. 1998), present
solution methods for a nested and coherent hierarchical structure combining two p-
median problems referred to as the pg-median problem.

On the other hand, when referring to covering objectives, an important notion is
that of a demand point being covered (see Chaps. 3 and 5). In the context of HFLPs
the three most common types of covering found in single-level FLPs have also been
studied, namely the hierarchical extensions of the set covering location problem,
the p-center problem, and the maximum covering problem (Toregas et al. 1971;
Church and ReVelle 1974). Note that in these cases because we are considering
different types of facilities, it is more intuitive to talk about different types of
demand. However, defining a critical distance is also more challenging than in the
single-level case. For example, one may be interested in covering a demand point
by each type of facility. Another case would be, for instance, when each customer
must be covered by a first level facility, first level facilities in turn are covered by
second level facilities and so on. In the context of health care systems for example,
this is referred to as bottom-up referral system (Church and Eaton 1987; Gerrard
and Church 1994). In such cases the facilities are typically service-nested and thus
a second level facility can also cover customers. Therefore, covering type objectives
are more commonly found with multiple demand type of customers.

For example, let ai]rs be a parameter whose value is equal to one if and only if
demand at node j of service s can be covered by facility of type r from node i.
Also, let z 5 be the binary variables equal to one if and only if demand of service s
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from node j is covered. A hierarchical maximum coverage location problem can be
formulated as

k
maximize Y 3" djzjs (13.13)
jeJ s=1
subject to > vir < pr r=1,---,k (13.14)
iel

k ,
s <Y Y ally,Vjeld s=1,--k (13.15)

iel r=1
0<zj;=<1 Vjeld, s=1,--,k (13.16)
vir € {0, 1} Viel, r=1,---,k. (13.17)

The objective (13.13) is to maximize the sum of covered demand of each type
of service. Constraints (13.14) limit the number of open facilities of each type,
whereas constraints (13.15) ensure that demand at each node j for each service s is
considered to be covered if and only if there exist at least one open facility which
can provide such service to that node. The integrality restrictions on the z ;; variables
can be relaxed due to the sense of the objective function and constraints (13.17).

Note that in this formulation we may count as covered some demand points that
are only partially covered. That is, customers with multiple demands which are
covered for only some services still add value to the objective function. Another
case is to impose that only complete covered customers add value to the objective
function of total coverage.

Given the applicability of CHLPs several different variants have been presented
focusing on case studies and analysis of solutions. One of the first works on
CHLPs is that of Moore and ReVelle (1982) who proposed an IP formulation for
a hierarchical problem with two types of facilities. Later (Gerrard and Church
1994), discussed and compared three additional CHLPs to the one proposed by
Moore and ReVelle (1982). Marianov and Serra (1998, 2001) studied a CHLP
in the context of congested systems. Espejo et al. (2003) developed dual based
heuristics using Lagrangian relaxation to solve instances of a CHLP with two types
of facilities. More recently (Lee and Lee 2010), proposed tabu-based heuristics for
a generalization of the model introduced by Moore and ReVelle (1982). For more
examples, formulations and solution methods on this family of HFLPs we refer the
reader to Sahin and Siiral (2007), Daskin (2013) and references therein.

13.4.3 Multi-Echelon Location-Routing Problems

The term echelon is generally associated with distribution networks where products
are transported between each pair of levels. Such pairs are called echelons (Aiken
1985; Gao and Robinson 1992). Multi-echelon FLPs are thus very similar to
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MLFLPs. In fact, many studies use both terms indistinctly. However, we note two
main differences. The first one is that although all of the multi-echelon problems
involve a multi-level environment, not all of them require facility location decisions
at every level as in an MLFLP. For example, in one of the early works on the
topic Geoffrion (1974) studied two-echelon FLPs in which facilities to be opened
are only selected at one of the levels. This is partially because the predominant
decisions are made at the echelons, and these typically involve routing decisions.
Routing decisions in both senses, i.e., the flow between types of facilities and
customers as well as the routes or tours in the same level of the hierarchy. Indeed, the
second differentiating feature lies precisely in these routing patterns. MLFLPs are
concerned with problems where facility, and sometimes network design decisions,
are predominant with no routing decisions between nodes of the same level
involved. The paper of Cuda et al. (2015) on two-echelon routing problems reviews
a more general class of problems in which locational decisions are optional at all
levels. That is, they include problems that may have no location decisions involved.

Another term that is generally related to echelons is the word tier, which has
mainly been used in the context of freight transportation systems and city logistics
(Crainic et al. 2009; Mancini et al. 2014). These HFLPs typically involve vehicle
routing decisions extending those FLPs studied in Chap. 15. The term stage has
also been used in this context and is possibly the most elusive one when trying to
associate it to something in particular. In some references (e.g. Marin 2007) the term
stage is used when referring to what we denote as levels. However, in other papers
it has been used in the sense of what we identified as echelons (e.g. Klose 1999).

One example of a route-based formulation (Cuda et al. 2015) for a two-echelon
capacitated location-routing problem is as follows. Let T! be the set of routes
where each t € T! starts from a facility of level 1 (e.g. warehouses) and visits
one or several customers. Similarly, define the set of routes T2 for the second
echelon starting at a facility of the second level (e.g. plants) and visiting a group
of warehouses. The binary parameters «;;, and f;; indicate whether facility i or
customer j are in route ¢ or not. Finally, given aroute 7 € T!, letd, = Y jerdjbe
the total demand for customers visited. Additionally to the fixed costs for setting up
facilities f;, consider the fixed costs paid for each vehicle used in each echelon g,
and the cost per route b;. Now, let the binary decision variables y; equal to one if
and only if facility i, € I, of level r = 1, 2 is opened. Also, let variables x; equal
to one if and only if the route t € T! U T2 is in the solution, and let wy;, be a flow
variable for route € T? that must be delivered to facility i;. Then we have the
following MIP formulation:

2
minimize > ( > o fivio+ D (g + bt)xt> (13.18)
r=1 \i,€l, teT”
subject to 3w, < Ax Vi e T? (13.19)

i1el;
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Y why < Qi Viy e I (13.20)
teT2iret i1€l)
> wiy < q1yi Vii € I (13.21)
teT?
D i Xe = iy Viy e I (13.22)
teT?
> Wiy = > dixy Vii € I (13.23)
teT? teT et
> Bijxe =1 VjielJ (13.24)
teT!
yire{()?]} ViVEIr’ r=112
(13.25)
x: € {0, 1} VieT'UT? (13.26)
wi, >0 VieT?iiel, (13.27)

where ¢” is the capacity of the vehicles in echelon r and g, is the capacity of facilities
in level r. Constraints (13.19) ensure that if a route € T2 is selected, then the total
load delivered to all the satellites visited in that route must not exceed the vehicle
capacity. Constraints (13.20) and (13.21) correspond to the capacity limits for each
opened facility at both levels. Constraints (13.22) impose that if the first level facility
is opened then it must be visited by one vehicle. Constraints (13.23) represent flow
balance equations for each first level facility and constraints (13.24) ensure that each
customer is served by one vehicle.

One of the first papers in this family of HFLPs is the one of Jacobsen and
Madsen (1980) in which the problem considers location decisions at only one
level of the hierarchy. More recent articles have focused on two-echelon location-
routing problems having location decisions at both levels. For example, Boccia et al.
(2010) and Contardo et al. (2012) present various formulations and solution methods
extended from location-routing and vehicle routing problems. In general, as in the
more global view of HFLPs, most of the related papers propose heuristic algorithms.
In this particular family of HFLPs, perhaps one of the few exceptions where a
specialized exact solution algorithm is developed is the branch-and-cut proposed
in Contardo et al. (2012).

13.4.4 Hierarchical Hub Location Problems

All previously described HFLPs consider that customers, regardless if they are
single/multiple demand or single/multiple product, can be represented with demand
points. We now turn our attention to a different class of problems in which
service demands correspond to the routing of commodities between O/D pairs
over a hierarchical network. We refer to this class of HFLPs as hierarchical hub
location problems (HHLPs). HHLPs arise in the design of hub-and-spoke networks
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in telecommunications, air transportation, cargo, and postal delivery systems.
Even though standard hub-and-spoke networks involving two-levels (access and
backbone levels) have already a hierarchical structure, in this section we limit
our study to hub networks involving two (or more) levels and in which location
decisions arise. We refer to Chap. 12 for an in-depth analysis of hub-and-spoke
networks involving locational decisions in one level.

An important feature of HHLPs is that, given the nature of their demand,
most of these problems consider a bidirectional-flow pattern. That is, demand flow
originates in an O/D node (level 0) and is routed to the highest level via one or more
facilities of each intermediate level and then is routed back to an O/D node in the
lowest level visiting once more one or more facilities of each level. Another feature
of HHLPs is that facilities of the same level are connected and thus, additional link
activation decisions are usually present (unless full interconnection between them is
assumed). Yet another interesting characteristic of HHLPs is that in some situations
the hierarchy of the different types of hub facilities is given by the nature of the
system, such as the case of telecommunication networks in which the role of the
electronic equipment determines the sequence in which the flow must be routed.
However, in some other situations the hierarchy is given by a ranking mechanism
that allows the ordering of the facilities into levels. For example, in the case of
passenger airline networks there exist multiple levels of hubs. According to the
Federal Aviation Administration (FAA), air traffic hubs are classified based on the
percentage of total passengers enplaned in the area into one of four types of hubs:
large hubs, medium hubs, small hubs, and non-hubs (Shaw 1993). This means that
the hierarchy of facilities (hub airports), is determined by such metric.

We now provide a brief overview of the HHLPs that have been studied in the
last decade. In the context of telecommunications networks (Yaman 2009), studies
the problem of designing a three-level hub network, where the top layer consists
of a complete network connecting the central hubs, and the second and third layers
are unions of star networks connecting the remaining hubs to central hubs and the
O/D nodes to hubs, respectively. The objective is to minimize the total routing cost
while taking into account a cardinality constraint on the number of open hubs at
each level. The author also studies an extension incorporating the same delivery
time restriction for all O/D pairs. Yaman and Elloumi (2012) focus on two variants
of HHLPs with covering-based objectives: the star p-hub center problem and the
star p-median problem. These problems consist of locating p hubs (level 1) and
connect them at central hub (level 2) via a star topology. Each O/D node is assigned
to one hub in level 1. The objective of the former problem is to minimize the length
of the longest path between O/D pairs. The objective of the latter is to minimize the
total routing cost, while taking into consideration the service quality in terms of the
length of paths between pairs of O/D nodes.

In the context of cargo delivery systems (Alumur et al. 2012), introduce a
multimodal HHLP in which a three-level hub network is considered. O/D nodes
are connected to ground hubs (level 1), which in turn are connected to airport hubs
(level 2). A central airport hub (level 3) is connected with a star topology to all
airport hubs. Depending on the O/D pairs, demand flow may visit ground hubs, or
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a combination of ground and airport hubs. The objective is to minimize the sum of
setup costs for link activation decisions and routing costs, while taking into account
service time constraints on O/D paths. Dukkanci and Kara (2017) study a variant
of the previous problem in which a ring-star-star topology is assumed. In particular,
the airport hubs are connected with the central airport hub with a set of rings (or
routes) performed by the aircrafts. The objective is to minimize the setup cost for
the activation of the links between airport hubs while taking into account service
time constraints on O/D paths.

For the case of air transportation systems (Adler and Smilowitz 2007), focus on
the design of global three-layer hub networks in which two types of hub facilities
are considered: international gateways and regional hubs. The backbone network
associated with each hub-layer is assumed to be complete. The authors develop a
game theoretic approach in which merger and location decisions are considered.
Bernardes Real et al. (2018) introduce a more comprehensive model in which
gateways (level 2) and regional hubs (level 1) need to be located on a tree-level
hub network. Backbone networks are no longer assumed to be complete. Unlike
previous models, local and global flows are differentiated as the structure of OD
paths associated with each type of flow is different. In particular, global flows can
only leave or enter a geographic region via a gateway hub, while local flows can
only use domestic hubs within their region.

Zhong et al. (2018) present a HHLPs arising in the design of public transport
systems in which a three-level hub network is considered. O/D nodes correspond
to traffic districts (level 0) in urban and rural areas. Hubs in central towns (level
1) provide service to rural areas, which are connected to urban public transport
hubs (level 2) located inside the city or on the rural-urban boundary. These urban
transportation networks are used to satisfy demand generated by urban and rural
residents moving into and out of the city each day. The authors consider a fixed
charge objective that minimizes the sum of setup costs for the installation of hubs at
both levels and transportation costs.

13.5 Conclusions

In this chapter we presented a unified view of hierarchical facility location problems.
They constitute a general class of discrete location problems arising in the design
of hierarchical systems, in which different types of facilities interact to collectively
provide services or products to a set of customers. We discussed the fundamentals
of these problems, including their distinguishing features and key concepts. We also
provided a comprehensive classification scheme that combines and extends previous
schemes. We provided a review on applications areas, focusing on classical and
new applications that have recently emerged. We also presented a concise overview
of four classes of HFLPs that have received the most attention in the literature:
multi-level facility location, median and covering hierarchical facility location,
multi-echelon location-routing, and hierarchical hub location.
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Although a substantial progress has been done by researches and practitioners in
the area of hierarchical facility location, there is still significant work to be done.
Identifying new areas of application will give rise to more realistic and complex
models capable of capturing features of real-life. For instance, the recent work
of Smith et al. (2017) focusing on the location of IV/AIDS test laboratories in
South Africa and of Teixeira et al. (2019) dealing with the location of courts of
justice in Portugal, provide good examples of the innovative applications of HFLPs.
Moreover, although some recent progress has been done in the solution of HFLPs
of realistic size (Ortiz-Astorquiza et al. 2019), sophisticated solution algorithms
capable of exploiting the network flow structure of hierarchical models still need
to be investigated to solve large-scale instances of more realistic variants. Other
aspects of HFLPs that have received limited attention include the uncertainty in
demand and travel times, as well as the multi-period nature of decision problems
involving strategic decisions. Finally, another aspect that has been rarely discussed
in HFLPs is that of incorporating into the decision making process the allocation
of services to facilities and to exogenously determine the number of levels in the
hierarchy (see, Narasimhan and Pirkul 1992).
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