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Abstract. Description Logics (DLs) are a family of languages designed
to represent conceptual knowledge in a formal way as a set of ontolog-
ical axioms. DLs provide a formal foundation of the ontology language
OWL, which is a W3C standardized language to represent information
in Web applications. The main computational problem in DLs is find-
ing relevant consequences of the information stored in ontologies, e.g., to
answer user queries. Unlike related techniques based on keyword search
or machine learning, the notion of a consequence is well-defined using a
formal logic-based semantics. This course provides an in-depth descrip-
tion and analysis of the main reasoning and explanation methods for
ontologies: tableau procedures and axiom pinpointing algorithms.

1 Introduction

It often happens that one needs to find some specific information on the Web.
Information can be of different kinds: a local weather report, shop opening hours,
a cooking recipe, or some encyclopedic information like the birth place of Albert
Einstein. To search for this information, one usually enters some keywords into
Web search engines and inspects Web pages that contain such keywords in the
hope that the relevant information can be found there. The modern search
engines are a little more advanced: they can also search for Web pages that
use synonyms or related keywords, they use vocabularies of terms to structure
information on the Web (e.g. schema.org!) or to disambiguate search results,
they use some machine learning techniques to rank Web pages according to
their likeliness of containing the relevant information, they use facts or knowl-
edge (e.g., extracted from Wikipedia or from internal sources such as Google’s
Knowledge Graph?) to answer some queries, and they give direct answers for
certain queries, e.g., Google.com directly answers the question “Who was US
president in 20157” with a knowledge panel for Barack Obama. In general, how-
ever, there is no guarantee that the searched piece of information can be found,
even if a corresponding Web page exists.

Although an average Web user can live with such limitations, there are some
critical applications in which incorrect or missed results cannot be tolerated. For

! https://schema.org)/.
2 https://developers.google.com/knowledge-graph/.
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example, if a medical patient is misdiagnosed, i.e., a correct diagnosis based on
the description of the patient’s symptoms is not found, the consequences can be
severe. Several similar examples can be given for other domains ranging from
banking to autonomous driving. Supporting such applications requires represent-
ing the knowledge in a precise and unambiguous way so that it can be correctly
processed by automated tools.

Ontology languages, such as OWL [44], offer a solution to this problem
by defining the formal syntax and semantics to describe and interpret expert
knowledge. The basic principle of ontologies is similar to Wikipedia: instead of
extracting the knowledge from general sources, such as Web pages, the knowledge
is described and curated in one place by domain erperts. The main difference
between Wikipedia and ontologies is in the way how the knowledge is described.
Wikipedia pages provide mostly textual (natural language) descriptions, which
are easy to understand by humans, but difficult to process by computers. Today
Wikipedia is also partly fed from Wikidata,®> which provides a knowledge base
of facts. The Wikidata project was founded in 2012 and contains, at the time of
writing, facts about roughly 60 million entities. Ontologies go beyond a knowl-
edge base of facts and provide often complex descriptions by means of formulas;
each formula can use a limited set of constructors with well-defined meaning.

The main benefit of formal ontology languages such as OWL is that it is
possible to answer questions by combining several sources of information. For
example, if an ontology knows that ‘Albert Einstein was a physicist who was born
in Ulm,” and that ‘Ulm is a city in Germany,’” the ontology can answer questions
like ‘Which physicists were born in Germany?’ by returning ‘Albert Einstein’ as
one of the answers. That is, an answer to a question may be obtained not only
from the explicitly stated information, but also from the (implicit) consequences.

This course is concerned with logic-based languages called Description Logics
(short: DLs) that provide the formal foundation of the ontology language OWL.
DLs are not just one language but a whole family of languages, designed to
offer a great variety of choices for knowledge-based applications. Each language
defines its own set of constructors that can be used to build the ontological
formulas, called azioms. Each axiom describes a particular aspect of the real
world; for example an axiom saying that ‘Ulm is a city in Germany’ describes
a relation between the entities ‘Ulm’ and ‘Germany’. The goal of the ontology
is to provide axioms that describe (a part of) the real world as accurately as
needed for an application. Since the real world is extremely complex, each of
these descriptions are necessarily incomplete, which means that they can be also
satisfied in situations that are different from the real world. The semantics of DL
defines an abstract notion of a model to represent such situations. If an axiom
holds in all such models, it is said to be a logical consequence of the ontology.

Of course, ontologies cannot answer questions on their own; they require
special programs that can analyze and combine axioms to obtain the answers,
called ontology reasoners. Ontology reasoners are usually able to solve several
types of reasoning problems, such as checking if there are logical contradictions

3 https://www.wikidata.org.
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in the ontology or finding logical consequences of a certain form. To be practi-
cally useful, the reasoning algorithms implemented in ontology reasoners need
to possess certain formal properties. An algorithm is sound if any answer that it
returns is correct. If the algorithm returns every correct answer, it is complete.
An algorithm might not return any answer if it does not terminate. If an algo-
rithm always terminates, it is also useful to know how long one needs to wait
for the answer. This can be measured using a notion of algorithmic complexity.
Generally, algorithms with lower complexity should be preferred.

Modern ontology reasoners use very sophisticated and highly optimized
algorithms for obtaining reasoning results, and often such results are counter-
intuitive or hard to understand for humans. Reasoning results may also be incor-
rect, which indicates that some axioms in the ontology must have errors. In order
to improve the user experience when working with ontologies, and, in particular,
facilitate ontology debugging, ontology development tools include capabilities for
explaining reasoning results.

Almost every year since its inception, the Reasoning Web Summer School
offered lectures focused on different topics of reasoning in DLs ranging from
overview courses [2,49,50,65] to more specialized topics such as lightweight DLs
[64], query answering [10,36,43], and non-standard reasoning problems [9,12,
59]. The purpose of this course is to provide a deeper understanding of the
key reasoning and explanation algorithms used in DLs. We provide a detailed
account on tableau procedures, which are the most popular reasoning procedures
for DLs, including questions such as soundness, completeness, termination, and
complexity. For explaining the reasoning results we look into general-purpose
axiom pinpointing procedures that can efficiently identify some or all subsets of
axioms responsible for a reasoning result. Some of these procedures can be also
used to repair unintended entailments by identifying possible subsets of axioms
whose removal breaks the entailment.

This paper is (partly) based on the course “Algorithms for Knowledge Rep-
resentation” given at the University of Ulm, and includes full proofs, detailed
examples, and simple exercises. The material should be accessible to students
of the general university (bachelor) level in technical subjects such as, but not
limited to, computer science. All relevant background, such as the basics of the
computational complexity theory is introduced as needed. The course should be
of particular interest to those who are interested in developing and implement-
ing (DL) reasoning procedures. Since the duration of this course is limited to
two lectures, we mainly focus on the basic description logic ALC, to neverthe-
less provide a detailed account on the topics of DL reasoning and explanation.
For this reason, this course does not provide a comprehensive literature survey.
For the latter, we refer the reader to previous overview courses [2,49,50,65], DL
textbooks [4,6], PhD theses [26,60] and some recent overviews [45].

2 Description Logics

Description Logics (DLs) are specialized logic-based languages designed to rep-
resent conceptual knowledge in a machine-readable form so that this information
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can be processed by automated tools. Most DLs correspond to decidable frag-
ments of first-order logic, which is a very expressive general-purpose language,
however, with undecidable standard reasoning problems. Decidability has been
one of the key requirements for the development of DL languages; to achieve
decidability, the languages are often restricted to contain the features most essen-
tial for knowledge representation. For example, in natural language, one rarely
speaks about more than two objects at a time. For this reason, DLs usually
restrict the syntax to only unary and binary relations and to constants. Unary
relations usually specify types (or classes) of objects and are called concepts in
DLs (and classes in OWL). Binary relations specify how objects are related to
each other, and are called roles in DLs (and properties in OWL). Constants
refer to particular objects by their names. In DLs (and OWL) they are called
individuals. In this paper, we mainly focus on the basic description logic ALC
[51], which is regarded by some as the smallest sensible language for knowledge
representation. This language traditionally serves not only as the basis of more
expressive languages, but also as a relatively simple example on which the main
ideas about reasoning in DLs can be explained.

2.1 Syntax

The vocabulary of the DL ALC consists of countably-infinite sets N¢ of concept
names (or atomic concepts), Ng of role names (or atomic roles), Ny of individual
names (or individuals), logical symbols: T, L, —, M, U, V¥, 3, C, =, and structural
symbols: *(’, ¢)’, *.”. These symbols are used to construct formulas that are called
DL axioms.

Intuitively, (atomic) concepts are used to describe sets of objects. For exam-
ple, we may introduce the following atomic concepts representing the respective

sets of objects:

Human  — the set of all human beings,
Male — the set of all male (not necessarily human) beings,
Country - the set of all countries.

Likewise, (atomic) roles represent binary relations between objects:

hasChild — the parent-child relation between objects,

hasLocation — a relation between objects and their (physical) locations.
Individuals represent some concrete object, for example:

germany  — the country of Germany,

john — the person John.
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In our examples, we usually use a convention for writing (atomic) concepts,
roles, and individuals so that one can easily tell them apart: concepts are written
starting with capital letters, while role and individual names start with a lower
case letter. In addition, we reserve single letters (possibly with decorations) A,
B for atomic concepts, r and s for (atomic) roles, a, b, ¢ for individuals, and C,
D, E for complex concepts, which are introduced next.

The logical symbols T, 1, —,M,1,V, and 3 are used for constructing complex
concepts (or just concepts). Just like for atomic concepts, complex concepts
represent sets of objects, but these sets are uniquely determined by the sub-
concepts from which they are constructed. The set of ALC concepts can be
defined using the grammar definition:

C,D:=A|T|L|CND|CUD|=C|3rC|v¥rC. (1)

This definition means that the set of concepts (which are named by C and
D) is recursively constructed starting from atomic concepts A, top concept T,
bottom concept 1, by applying conjunction C M D, disjunction C' LU D, negation
=C, existential restriction Ir.C, and universal restriction Vr.C. Intuitively, T
represents the set of all objects of the modeled domain, 1 the empty set of
objects, C'TT D the set of common objects of C and D, C U D the union of
objects in C' and D, —=C all objects that are not in C, 3r.C all object that are
related by r to some object in C, Vr.C' all objects that are related by r to only
objects in C. For example, one can construct the following ALC-concepts:

Male M Human — the set of all male humans,

Dead U Alive — the union of all dead and all alive things,
—Male — the set of all non-male things,

(—Male) M Human — the set of all non-male humans,
JhasChild.Male — all things that have a male child,
VhasChild.Female — all things that have only female children,

Male 1 (VhasChild.—-Male)  — all male things all of whose children are not male.

Once complex concepts are constructed, they can be used to describe various
properties by writing azioms. In the DL ALC we consider four possible types of
axioms: a concept inclusion C' C D states that every object of the concept C
must be an object of the concept D, a concept equivalence C = D states that the
concepts C' and D must contain exactly the same objects, a concept assertion
C'(a) states that the object represented by the individual a is an object of the
concept C, and a role assertion r(a,b) states that the objects represented by the
individuals a and b are connected by the relation represented by the role r. Here
are some examples of these axioms:

Human C Dead LI Alive  — every human is either dead or alive,

Parent = JhasChild. T — parents are exactly those that have some child,
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Male(john) — John is a male,

bornIn(einstein, ulm) — Albert Einstein was born in Ulm.

Axioms are usually grouped together to form knowledge bases (or ontologies). An
ALC ontology O is simply a (possibly empty) set of ALC axioms. The axioms of
an ontology are usually split into two parts: the terminological part (short: TBox)
contains only concept inclusion and concept equivalence axioms, the assertional
part (short: ABox) contains only concept and role assertion axioms. This dis-
tinction is often used to simplify the analysis of algorithms. For example, to
answer questions about concepts, in many cases it is not necessary to consider
the ABox, which is usually the larger part of an ontology.

Example 1. Consider the ontology O consisting of the following axioms:

1. Parent = JhasChild. T,
2. GrandParent = JhasChild.Parent,
3. hasChild(john, mary).

Then the TBox of O consists of the first two axioms, and the ABox of O consists
of the last axiom.

The main application of ontologies is to extract new information from the
information explicitly stated in the ontologies. For example, from the first two
axioms of the ontology O from Example 1 it follows that each grandparent
must be a parent because each grandparent has a child (who happens to be
a parent). This new information can be formalized using a concept inclusion
axiom GrandParent C Parent. Likewise, from the first and the last axiom of O
one can conclude that the object represented by the individual john must be a
parent because he has a child (mary). This piece of information can be formalized
using a concept assertion axiom Parent(john). The two new axioms are said to
be logical consequences of the ontology O.

2.2 Semantics

To be able to calculate (preferably automatically) which axioms are logical con-
sequences of ontologies and which are not, we need to define the semantics of
ontologies. So far we have defined the syntaz of ontologies, which describes how
axioms in the ontologies can be constructed from various symbols. This infor-
mation is not enough to understand the meaning of concepts and axioms. In
fact, in ALC the same information can be described in many different ways. For
example, the concept Male M Human describes exactly the same set of objects as
the concept Human M Male. The axiom Human C Dead U Alive describes exactly
the same situation as the axiom Humanr1(—Dead) C Alive. The formal semantics
describes how to determine the meaning of concepts and axioms, while abstract-
ing from the particular syntactic ways in which they are written down.

Like in many other logic-based formalisms (including propositional and first-
order logic), the semantics of description logics is defined using (Tarski-style
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set-theoretic) interpretations. Intuitively, an interpretation describes a possible
state of the world modeled by the ontology. Formally, an interpretation is a pair
T = (AT, T) where AT is a non-empty set called the domain of Z and £
an interpretation function that assigns to each atomic concept A € N¢g a set
AT C A7, to each atomic role 7 € Ny a binary relation rZ C A? x AZ, and
to each individual @ € N; an element a? € AZ. Intuitively, the domain A%
represents the objects that can be part of the modeled world; this can be an
infinite (and even an uncountable) set, but it must contain at least one element
because otherwise it is not possible to assign aZ € AZ for a € Ny. Although the
interpretation function requires an assignment for every symbol of the vocabulary
(and there are infinitely many available symbols in N, Ng, and Ny), when
defining interpretations for ontologies, we usually provide the values only for the
symbols present in the ontology, assuming that all other symbols are interpreted
in an arbitrary way.

Example 2. We can define an interpretation Z = (AZ,-Z) of the symbols appear-
ing in the ontology O from Example 1, for example, as follows:

- AT = éa,b, c},

— Parent” = {a,b}, GrandParent’ = {a},
hasChild” = {(a,b), (b, ¢)},

— johnT =a, mary? =b.

Once the interpretation is fixed, it can be recursively extended to complex
ALC concepts according to the following rules that match the respective cases
of the grammar definition (1). Assuming that the values of CT C AT and D C
AT for concepts C' and D have already been determined, the interpretations of
concepts build from C' and D can be computed as follows:

(cnD)yt =c*Tn D,
(CuD)*=c*uD?,
- (COF = AT\ CF,
IrC) ={xec AT |y : (z,y)ert & yeCT},
(vr.C)Y ={z € AT |Vy: (z,y) €rT = ye CT}.

The last two cases of this definition probably require some further clarifica-
tions. The interpretation of 3r.C’ contains exactly those elements z € AZ that
are connected to some element y by a binary relation r% (i.e., (z,y) € r%) such
that y € CZ. The interpretation of Vr.C' contains exactly those elements z € A?
such that every element y connected from x by rZ (i.e., for which (x,y) € r*
holds), is a member of C7 (i.e., y € C7). In other words, z is 7Z-connected to only
elements of CZ. Importantly, if an element = does not have any rZ-successor,

e., (z,y) € rT holds for no y € A%, then ¢ (Ir.C)T but x € (Vr.C)? for every
concept C.

Example 3. Consider the interpretation Z = (AZ,-Z) from Example 2. Then:



8 B. Glimm and Y. Kazakov

- T% ={a,b,c}, — (3hasChild. T)* = {a, b},

— (Parent M GrandParent)? = {a}, — (3hasChild.Parent)” = {a},

— (Parent Ll GrandParent)” = {a, b}, ~ (VhasChild.Parent)” = {a, c}, Uy
— (=GrandParent)” = {b,c}, — (VhasChild.GrandParent)” = {c}, (!!!)
— (Parent M —GrandParent)? = {b}, ~ (VhasChild.¥hasChild. 1) = {b, c}.

We next define how to interpret ALC axioms. The purpose of axioms in
an ontology is to describe the characteristics of concepts, roles, and individuals
involved in these axioms. These properties hold in some interpretations and are
violated in other interpretations. For an interpretation Z and an axiom « we
write Z = « if « holds (or is satisfied) in Z, defined as follows:

-~ IECCD ifandonlyif CfC D,

~IkEC=D ifandonlyif C%= DT

—~ IEC(a) ifand only if of € CF,

~ I kEr(a,b) ifand onlyif (af,bT) € L.

If it is not the case that 7 = a, we write Z [~ « and say that « is violated (or
not satisfied) in Z. Table 1 summarizes the syntax and semantics of ALC.

Table 1. The summary of syntax and semantics of the DL ALC

Syntax Semantics

Roles:

atomic role T rT C AT x AT (given)
Concepts:

atomic concept A AT C AT (given)
top T AT

bottom 1 0

conjunction cnb CctnD?

disjunction cubD ctubD?

negation -C AT\ T

existential restriction 3r.C  {z |3y : (z,y) €t & y € CT}
universal restriction Vr.C' {x |Vy: (x,y) € v =y € CT}

Individuals:

individual a atf e AT (given)
Axioms:

concept inclusion cCchD Cctcp?

concept equivalence C =D CT =D?
concept assertion Cla) ateC?

role assertion r(a,b) (a%,b?) € r?
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Ezxample 4. Continuing Example 3, we can determine the interpretation of the
following axioms in the defined Z:

— T E GrandParent C Parent : GrandParent” = {a} C Parent” = {a, b},

— T B~ Parent C GrandParent : Parent’ = {a,b} Z GrandParent® = {a},

— T |= 3hasChild.GrandParent = L : (3hasChild.GrandParent)? = () = 17

— T = (3hasChild.Parent)(john) :  john” = a € (3hasChild.Parent)? = {a},

— T}~ hasChild(mary, john) : (maryZ, john®) = (b, a) ¢ hasChild® = {(a, D)},
— 7 = (VhasChild.=Parent)(mary) : mary? = b € (VhasChild.—Parent)? = {b, c}.

As mentioned earlier, an axiom may hold in one interpretation, but may
be violated in another interpretation. For example, the axiom A T B holds in

= (A%, 1) with AT = {a}, AT = BT = (), but is violated in J = (A7,.7)
with A7 = {a}, A7 = {a}, and BY = (). There are, however, axioms that hold
in every interpretation. We call such axioms tautologies.

Ezample 5. The following ALC axioms are tautologies because they hold in every
interpretation Z = (A%, . 7):

-CcCccC: because CZT C CZ,

-CCT: because Cf C AT = T7,
-CcnbCcC: because (C M D)* =CTnD*CC?,
- Vr.T=T: because

(vrTE ={zc Al |Vy:(z,y)ert = yeTE=A%} =41 =
-~ Ir.CNVYr.DC 3Ir.(CND): because

(3r.C NVr.D)* = (3r.C)* N (vr.D)*

={zcAt|y:(x,y)ert & yecCT}n

{x e AT |Vy: (z,y) € rF =y DF}
ClreAa?|3y: <x,y>€r & yeCt & ye D}
={rec Al |y (z,y) et & ye T nD* = (CnD)*}
= (3Ir.(C N D))~

The following ALC axioms are not tautologies as they do not hold in at least
one interpretation 7 = (A%, .T):

~ CCOND: Take AT = {a}, CT = {a}, and D = . Then C* = {a} L ) =
{a} N0 =CTnD* = (Cn D)L

~ ¥r.C C 3r.C: Take AT = {a} and CF =% = (). Then (vr.C)% = {a} C 0 =
(3r.C)L.
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~ I.CN3Ir.D C Ir(CN D) Take AT = {a,c,d}, CT = {c}, DT = {d},
and 7 = {{(a,c), {a,d)}. Then a € (Ir.C)T because {a,c) € r* and ¢ € CZ.
Similarly, a € (3r.D)* since (a,d) € r* and d € D%. But (C N D)* =
CtN DT = {c}n{d} = 0. Thus, (3r.(C11D))* = 0. Hence, (3r.C 1 3Ir.D)* =
(Fr.CYE N (3Fr.D)E ={a}n{a} ={a} 0= 3r.(Cn1 D))~

Interpretations that satisfy the axioms in an ontology will be of special inter-
est to us, because these interpretations agree with the requirements imposed by
the axioms. These interpretations are called models. Formally, an interpretation
7 is a model of an ontology @ (in symbols: 7 = O) if T |= « for every a € O.
We say that O is satisfiable if O has at least one model, i.e., if Z = O holds for
at least one interpretation Z. Otherwise, we say that O is unsatisfiable.

Example 6. Consider the ontology O containing the first two axioms from Exam-
ple 1:

. Parent = JhasChild. T,
2. GrandParent = JhasChild.Parent.

We can prove that O is satisfiable by presenting a simple model Z = (AZ, %)
of O:

- AT = {a},
— Parent? = GrandParent? = hasChild” = 0,
- johnI = mary? = a.

Note that (3hasChild. T)Z = () and (FhasChild.Parent)? = () since hasChild® = (.
Thus, Parent” = (3hasChild. T)% and GrandParent® = (3hasChild.Parent)?, which
implies that Z satisfies both axioms in O.

Let us now extend O with the third axiom from Example 1:

3. hasChild(john, mary).

The previous interpretation Z is no longer a model of O since (john”, mary?) =
(a, a) ¢ 0 = hasChild”. This does not, however, mean that the ontology O is
unsatisfiable since we can find another interpretation J = (A7, -7) that satisfies
all three axioms:

B AJ:{CL}v

Parent” = GrandParent” = {a}, hasChild” = {(a,a)},
— john? = mary? = a.

It is easy to verify that (3hasChild.T)? = (3hasChild.Parent)? = {a}, which
proves that 7 still satisfies the first two axioms. Since (john” | mary”) = (a, a) €
{(a,a)} = hasChild”, J now also satisfies the third axiom.

Besides the notion of satisfiability of ontologies, in description logics one
also considers a notion of satisfiability of concepts. We say that a concept C' is
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satisfiable if there exists an interpretation Z such that CT # ). For example, the
concept Vr. L is satisfiable because (Vr.L)? = AZ # () for every interpretation Z
such that 77 = () (and there is certainly at least one such interpretation). On the
other hand, the concept 3r.L is not satisfiable since 17 = @) and, consequently,
(3r. L)% = 0 for every Z.

Sometimes the interpretation that should satisfy the concept is constrained
to be a model of a given ontology. We say that a concept C is satisfiable with
respect to an ontology O if CT # () for some Z such that Z |= O. Note that if
the ontology O is not satisfiable, then no concept C' is satisfiable with respect
to this ontology.

Ezample 7. Let O = {A C —A}. Note that O is satisfiable in any interpretation
T such that AT = () since AT = @) C (=A)Z = AT\ ) = AT. However, the
concept A is not satisfiable w.r.t. O. Indeed, assume that A7 # () for some Z.
Then a € AT for some domain element a € AZ. But then a ¢ AT\ AT = (=A)L.
Hence, AZ ¢ (=A)*. Thus, Z j£ A C —A. Hence, for cach Z such that AT # 0,
we have Z [= O.

We are finally ready to formally define the notion of logical entailment. We
say that O entails an axiom « (written O = «), if every model of O satisfies
a. Intuitively this means that the axiom a should hold in every situation that
agrees with the restrictions imposed by O. Note that according to this definition,
if O is unsatisfiable then the entailment O = « holds for every axiom o.

Ezample 8. Consider O = {C T 3r.D, D C E}. We prove that O = C C 3r.E.
Take any Z such that Z = O. We show that Z = C C 3r.E or, equivalently, CZ C
(3r.E)E. Suppose that z € CZ. Since Z |= C C 3r.D, we have CT C (3r.D)?, so
x € (3r.D)%. Then there exists some y € A such that (z,y) € rf and y € DZ.
Since T = D C E, we have y € DT C EZ. Therefore, since (z,y) € r¥ and
y € ET we obtain x € (Ir.E)Z. Thus, for each x € CZ, we have z € (3r.E)7,
which means that CZ C (3r.E)? or, equivalently, Z = C C 3r.E.

2.3 Reasoning Problems

There are many situations in which one is interested in performing logical opera-
tions with ontologies, such as checking consistency or verifying entailments. Just
like computer software, ontologies are usually developed manually by humans,
and humans tend to make mistakes. For programming languages, dedicated soft-
ware tools, such as syntax checkers, compilers, debuggers, testing frameworks,
and static analysis tools help preventing and finding errors. Similar tools also
exist for ontology development.

Just like for programming languages, one usually distinguishes several types
of errors in ontologies. Syntax errors usually happen when the syntax rules for
constructing concepts and axioms described in Sect. 2.1 are not used correctly.
For example C—D is not a correct concept according to grammar (1) since
the negation operation is unary. Syntax errors also include situations where an
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atomic role is used in the position of an atomic concept or when the parentheses
are not balanced. Syntax errors are relatively easy to find using parsers, which
can verify that the ontology is well-formed.

It can be that the ontology is syntactically well-formed, but some of its
axioms do not make sense. For example, an ontology may contain the axiom
Father = Male LI Parent, in which, clearly a disjunction was accidentally used
instead of a conjunction. Although for a human the problem seems obvious, it
is hard to detect such an error using automated tools since computers do not
know the meaning of the words involved. From the computer point of view, this
axiom looks like C = D U E, which is a legitimate axiom. These kinds of errors
are usually called semantic or modeling errors.

Although it is not possible to automatically detect modeling errors in gen-
eral, there are some common symptoms for such errors. For example, an incor-
rectly formulated axiom may cause a logical contradiction with other axioms in
the ontology, which makes the whole ontology unsatisfiable. Another common
symptom is unsatisfiability of atomic concepts with respect to an ontology. Each
atomic concept is usually introduced to capture a certain non-empty subset of
objects in the modeled domain. For example, the concept Parent was introduced
to capture the individuals who are parents in the real world. If an atomic con-
cept is unsatisfiable, this indicates that the modeled domain cannot correspond
to any model of the ontology. Note that, as shown in Example 7, an atomic
concept can be unsatisfiable even with respect to a satisfiable ontology.

A modeling error may also result in incorrect entailments of the ontology,
which are sometimes easier to detect than the error itself. For example, the
erroneous axiom Father = Male U Parent entails the simpler concept inclusions
Male C Father and Parent C Father, which are also incorrect from the model-
ing point of view. By observing the entailed concept inclusions A C B between
atomic concepts appearing in the ontology, an ontology developer can usually
quickly identify those incorrect entailments. When the entailment O = C' C D
holds, it is often said that the concept C is subsumed by the concept D (or the
concept D subsumes the concept C) w.r.t. O. For detecting problems involv-
ing individuals, one can similarly inspect the entailed concept assertions A(a)
between atomic concepts A and individuals a appearing in the ontology. When
O E C(a), it is often said that a is an instance of C (or C' is a type of a) w.r.t.
0. Checking subsumptions and instances is not only useful for finding model-
ing errors, but also for answering queries, which is usually the main purpose of
ontologies in applications. For example, given a (complex) concept C, it is pos-
sible to query for all atomic concepts A for which the subsumption O = C C A
holds or to query for all individuals a which are instances of C.

Thus, one can distinguish several standard reasoning problems that are of
interest in ontology-based applications:

1. Ontology satisfiability checking:

— Given: an ontology O,

— Return: yes if O is satisfiable and no otherwise.
2. Concept satisfiability checking:
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— Given: an ontology O and a concept C,

— Return: yes if C' is satisfiable w.r.t. O and no otherwise.
3. Concept subsumption checking:

— Given: an ontology O and a concept inclusion C' C D,

— Return: yes if O = C C D and no otherwise.
4. Instance checking:

— Given: an ontology O and a concept assertion C(a),

— Return: yes if O = C(a) and no otherwise.

Example 9. Consider the ontology O from Example 1:

Parent = JhasChild. T,
GrandParent = JhasChild.Parent,
hasChild(john, mary).

As was shown in Example 6, this ontology has a model J = (A7 ,-7) with

- AT = {a}7
— Parent” = GrandParent” = {a}, hasChild® = {(a,a)},
— john? = mary7 = a.

Therefore, the answer to the ontology satisfiability checking problem for O is
yes.

The answer to the concept satisfiability checking problem for O and concept
Parent is also yes because J = O and Parent” = {a} # 0. The same answer is
also obtained for the inputs O and GrandParent.

We next check which subsumptions hold between these concepts. The sub-
sumption Parent T GrandParent holds in J since Parent” = {a} C {a} =
GrandParent” , but there is another model Z = (A%, ) of O in which this sub-
sumption does not hold:

B AI = {a7 b}7
— Parent” = {a}, GrandParent” =@, hasChild® = {(a,b)},
— john® =a, mary? =b.

Indeed, Parent” = {a} = (3hasChild. T)Z. Therefore, Z |= Parent = 3hasChild. T.
We further have Z |= GrandParent = JhasChild.Parent since GrandParent” = () =
(3hasChild.Parent)Z. Since (john”, mary?) = (a,b) C {(a,b)} = hasChild®, we
have Z |= hasChild(john, mary). Therefore, Z = O. However, Parent’ = {a} ¢
() = GrandParent”. Therefore, Z [~ Parent C GrandParent. Since we have found a
model Z of O for which the subsumption Parent C GrandParent does not hold,
we have proved that O = Parent C GrandParent. Therefore, the answer to the
concept subsumption checking problem for O and Parent C GrandParent is no.
The subsumption GrandParent T Parent holds in both J and Z, and in
fact, in all models of O. Indeed, assume that Z | O. We will show that
GrandParent” - Parent’. To do this, take any x € GrandParent”. If there is
no such z then, trivially, GrandParent” = () C Parent”. Since 7 E GrandParent =
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JhasChild.Parent, we have = € GrandParent” = (3hasChild.Parent)?. Hence, there
exists some y such that (z,y) € hasChild® and y € Parent’ C AT = T7Z,
Hence z € (3hasChild. T)Z. Since Z |= Parent = JhasChild. T, we have Parent” =
(3hasChild. T)Z. Hence, & € Parent’. Since € GrandParent” was arbitrary, we
proved that GrandParent? C Parent?, that is, Z E GrandParent C Parent and so,
O k= GrandParent C Parent.

Finally, we check which of the individuals john and mary appearing in O
are instances of the atomic concepts Parent and GrandParent. For the model
T defined above, GrandParent” = (), hence, Z  GandParent(john) and 7 }-
GandParent(mary) since john® = a ¢ () = GandParent” and mary? = b ¢ () =
GandParent”. Also Z - Parent(mary) since mary = b ¢ {a} = Parent’. Hence,
the answer to the instance checking problem for O and each concept assertion
GandParent(john), GandParent(mary), and Parent(mary) is no.

The answer to the instance checking problem for O and the fourth con-
cept assertion Parent(john) is yes since Z = Parent(john) for each 7 = O.
Indeed, let = john? and y = maryZ. Since T E hasChild(john, mary), we
have (z,y) € hasChild?. Trivially, y € AT = TZ. Hence z € (3hasChild.T)Z.
Since Z = Parent = 3hasChild. T, we have Parent” = (3hasChild.T)Z. Therefore,
z € Parent”. Since z = john”, we proved that 7 = Parent(john) and, since Z was
an arbitrary model of O, we proved that O = Parent(john).

Ezercise 1. Determine which of the individuals john and mary are instances of
the negated concepts —=Parent and —=GrandParent for the ontology O in Example 9.
Are there any surprises? Can you explain the unexpected answers you obtained?

In Example 9 we have solved all reasoning problems “by hand” by either
providing counter-models for entailments or proving that entailments hold for all
models. Of course, in practice, it is not expected that the ontology developers or
anybody else is going to solve these tasks manually. It is expected that these tasks
are solved by computers automatically and, preferably, quickly. The main focus
of the research in DLs, therefore, was development and analysis of algorithms
for solving reasoning problems.

We have listed four standard reasoning tasks for ontologies: (1) ontology sat-
isfiability checking, (2) concept satisfiability checking, (3) concept subsumption
checking, and (4) instance checking. Developing separate algorithms for solving
each of these problems would be too time consuming. Fortunately, it turns out,
as soon as we find an algorithm for solving one of these problems, we can solve
the remaining three too using simple modifications of this algorithm.

2.4 Reductions Between Reasoning Problems

In the remainder of this course, we are interested in measuring the computational
complexity of problems and algorithms. We also develop polynomial reductions
between the four standard reasoning problems mentioned above. Appendix A.1
provides additional material for readers who first want to refresh their knowledge
about these notions.
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Fig. 1. An overview of reductions between the standard DL reasoning problems

Notice the similarities in the formulations of the reasoning problems 1-4 given
earlier. All problems are decision problems, i.e., they get some objects as inputs
and are expected to produce either yes or no as the output. We next apply the
common approach of formulating polynomial reductions between these reason-
ing problems: We first prove that all problems can be reduced to the ontology
satisfiability problem and then show how to reduce the ontology satisfiability
problem to all other problems. The overview of the reductions is shown in Fig. 1.
Note that for the concept subsumption and instance checking problems, we pro-
vide reductions for their complementary problems, i.e., where the answers yes
and no are swapped.

The following lemma shows how to reduce the concept satisfiability problem
to the ontology satisfiability problem. Intuitively, to check if a concept C is
satisfiable w.r.t. O, it is sufficient to extend O with a new concept assertion
C(a) and check satisfiability of the resulting ontology. Clearly, the reduction
R((0,C)) = {OUC(a)} can be computed in polynomial time in the size of O
plus C.

Lemma 1. Let O be an ontology, C' a concept, and a an individual not appearing
in O. Then C is satisfiable w.r.t. O if and only if O U{C(a)} is satisfiable.

Proof. (=): To prove the “only if” direction, assume that C' is satisfiable w.r.t.
O. Then there exists a model Z = O such that CF # (). That is, there exists some
z € CT C AT Let J = (A7,-7) be a new interpretation defined as follows:

- AT = AI,

— A7 = AT and 7 = rT for each atomic concept A and atomic role r,
— b7 = b for every individual b # a,

~ad =zectTcCcAT=A7,

Clearly, J = O since the interpretation of every symbol in O remained
unchanged, and J = C(a) since a/ = v € CT = C7. Hence, O U {C(a)} is
satisfiable.
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(«<): To prove the “if” directly, assume that O U {C(a)} is satisfiable. Then
there exists an interpretation Z such that Z = O and 7 |= C(a). The last implies
a’ € CT. Hence C7 # (). Consequently, C' is satisfiable w.r.t. O. O

Note that in the proof of the “only if” direction of Lemma 1, it is essential
that the individual a is fresh, i.e., it does not appear in O. If this assumption is
dropped, the lemma does not hold any longer.

Exercise 2. Give an example of an ALC ontology O and a concept assertion
C(a), with individual a appearing in O such that C' is satisfiable w.r.t. O but
O U{C(a)} is not satisfiable.

Ezercise 3. The reduction described in Lemma 1 introduces a new individual
to the ontology, even if the original ontology did not have any individuals. This
may be undesirable if the algorithm for checking ontology satisfiability can work
only with TBoxes. Formulate a different reduction from concept satisfiability to
ontology satisfiability that does not introduce any individuals. Prove that this
reduction is correct like in Lemma 1.

Hint 1: Using a concept assertion C(a) one forces the interpretation of C to be
nonempty. Using which other axioms one can force non-emptiness of concepts?
Which concepts are always interpreted by nonempty sets? Hint 2: Similar to
fresh individuals, the reduction can use fresh atomic concepts and roles.

We next show how to reduce the problem of checking concept non-
subsumption to the problem of concept satisfiability, which, in turn, as shown
by Lemma 1, can be reduced to checking ontology satisfiability.

Lemma 2. Let O be an ontology and C, D concepts. Then O = C C D if and
only if C =D is satisfiable w.r.t. O.

Proof. Tt is easy to see that the following statements are equivalent:

.OFCLCD,

. There exists a model Z |= O such that CT ¢ DT,
. There exists a model Z |= O such C% \ DT # (),

. There exists a model Z = O such (C' 11 —=D)% # (),
5. C' 1D is satisfiable w.r.t. O.

=W N

In particular, 3 and 4 are equivalent because:
(Cn-D)t =C%Tn(=D)t =CTn(AT\ DT) = CT\ DL O

The problem of checking concept (non-)subsumption can alternatively be
reduced to checking (non-)entailment of concept instances. The following lemma
proves that to check O |= C C D, one can extend O with a concept assertion
C(a) for a fresh individual a, and check if the resulting ontology entails the
concept instance D(a).

Lemma 3. Let O be an ontology, C, D concepts, and a an individual not
appearing in O. Then O |= C C D if and only if OU{C(a)} = D(a).
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Proof. (=): To prove the “only if” direction, assume that O = C C D. To show
that O U {C(a)} = D(a), take any model Z of O U {C(a)}. Since Z = O and
O |= C C D, we have CT C DZ. Then, since Z |= C(a), we have o € CT C DZ.
Hence, Z = D(a). Since Z was an arbitrary model such that Z = O U {C(a)},
we have shown that O U {C(a)} = D(a).

(«<): We prove the “if” direction by showing the contrapositive: if O
C C D then O U {C(a)} ¥~ D(a). Assume that O = C T D. Then there
exists a model Z of O such that Z [~ C C D, or, equivalently, CZ ¢ DZ. This
means that there exists € CZ such that z ¢ DZ. Define another interpretation
J = (A7,-7), which is identical to Z on all symbols, except for the interpretation
of the individual a:

- AT = AI,

— A9 = AT and r79 = r? for each atomic concept A and atomic role ,
— b7 = b? for every individual b # a,

~al =xecCt\ DT C AT =AY,

Clearly, J [ O since the interpretation of every symbol in O remained
unchanged. Since a” € C*\ D = C7 \ D7, we have J = C(a) and J [~ D(a).
Thus, we found J E O U {C(a)} such that J F~ D(a), which proves that
O U{C(a)} £ D(a), as required. O

Ezercise 4. Similarly to Exercise 2, show that the condition that the individual
a used in Lemma 3 is fresh cannot be dropped. Give an example where the
statement of the lemma is not true without this condition.

As the next lemma shows, the concept instance checking problem can easily
be reduced to checking ontology satisfiability.

Lemma 4. Let O be an ontology, C a concept, and a an individual. Then O -
C(a) if and only if O U{(=C)(a)} is satisfiable.

Proof. 1t is easy to see that the following statements are equivalent:

O [~ C(a),

There exists a model Z |= O such that aZ ¢ CZ,

There exists a model Z |= O such that o € (-C)* = AT\ C7,

O U{(—=C)(a)} is satisfiable. O

Ll e

Finally, we show that the ontology satisfiability problem can easily be reduced
to the other three problems. Specifically, to check if an ontology O is satisfiable,
one can check if the concept T is satisfiable with respect to O (thus, reducing to
the concept satisfiability problem), or check if O does not entail the subsumption
T C L (thus reducing to the concept non-subsumption problem), or check if O
does not entail an instance T(a) for some individual a (thus, reducing to the
concept non-instance problem).

Lemma 5. Let O be an ontology. Then the following conditions are equivalent:
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1. O is satisfiable,

2. T is satisfiable with respect to O,
3. OKTCL,

4. Ot L(a) for every individual a,
5. O L(a) for some individual a.

Proof. Case 1 = 2: If O is satisfiable then Z |= O for some Z = (AZ,.T), then
TZ = AT £ () for some Z |= O, then T is satisfiable with respect to O.

Case 2 = 3: If T is satisfiable with respect to O then there exists Z = O such
that TZ # 0, then T2 ¢ ) = 1% then T = T C L, then O |~ T C 1 since
IEO.

Case 3 = 4:If O = T C L, then there exists Z = O (such that TZ ¢ L7) then,
for every individual a: aZ ¢ () = L%, hence T [~ 1(a), hence O [~ 1(a) since
ITEO.

Case 4 = 5: If O [~ L(a) for every individual a then, trivially, O ¥~ L(a) for
some individual a since the set of individuals /N; is nonempty.

Case 5 = 1: If O £ 1(a) for some individual a, then there exists Z = O (such
that a? ¢ 17), then O is satisfiable. O

3 Tableau Procedures

In this section, we introduce the so-called tableau procedures, which are the most
popular procedures for reasoning in DLs, particularly, for very expressive lan-
guages. Tableau procedures or variants thereof have been implemented in many
ontology reasoners, such as HermiT [42], FacT++ [62], Konclude [58], and Pellet
[56]. Intuitively, tableau procedures work by trying to construct ontology mod-
els of a particular shape, called the tree models. To simplify our exposition, in
this section we mainly focus on tableau procedures for TBox reasoning, i.e., we
assume that our ontologies do not contain concept and role assertions.

The construction of a model is governed by a number of rules that incremen-
tally expand the model by adding new domain elements and requirements that
they need to satisfy (e.g., be instances of particular concepts). To describe this
process in a convenient way, in tableau procedures one works with a different
representation of interpretations, which is called a tableau.

Definition 1. A tableau is a tuple T = (V, L), where

- V is a nonempty set of tableau nodes of T,
— L is a labeling function that assigns:
e to every node v € V a subset L(v) of concepts,
o to every pair of nodes (v,w) € VXV a subset L(v,w) of roles.

A tableau T is usually drawn as a labeled graph with the set of vertices V
and the set of (directed) edges E = {{(v,w) € V x V | L(v,w) # 0}, in which
every node v € V is labeled with L(v) and every edge (v, w) € E is labeled with
L(v,w). In what follows we assume that if L(v) or L(v,w) were not explicitly
assigned for some nodes {v,w} C V, then L(v) = L(v,w) = {.
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Ezample 10. Consider the interpretation Z = (AZ,-7) from Example 2 extended
with Human® = {a, b}:

o AI = {CL, b}v

— Human” = {a,b}, Parent” = {a}, GrandParent’ =0,

— hasChild® = {{a,b)},

— johnT =a, mary? =b.

This interpretation can be equivalently represented by a tableau T = (V, L)
with:

- V= {a7 b}7 .

— L(a) = {Human, Parent}, ve {hasChild}

L(b) N {Hum n}’ uman ren uman
~ L(a,b) :{hasChiId}. {Human, Parent} {Human}

This tableau is graphically illustrated on the right.

Note that according to Definition 1, tableau nodes can be labeled with arbi-
trary concepts, not necessarily with atomic ones like in Example 10. This is in
contrast to interpretations, which define only the values for atomic concepts and
roles. For interpretations, it is not necessary to define how complex concepts are
interpreted, since these values can always be calculated according to the rules
given in Sect.2.2. For the tableau procedures, the information C' € L(v) repre-
sents a requirement that v € C% should hold for the constructed model Z. The
tableau should subsequently be expanded to satisfy all such requirements. For
example, if CM D € L(v) then L(v) should be expanded by adding the concepts
C and D, since v € (CT1D)% implies v € CF and v € DZ. This expansion process
is governed using dedicated tableau expansion rules.

As we have seen in Sect. 2.3, all standard reasoning problems can be reduced
to each other in polynomial time. Therefore, an algorithm for solving any of
these problems can easily be modified to solve the other problems. In the next
sections, therefore, we use tableau procedures for solving one of these problems:
concept satisfiability.

3.1 Deciding Concept Satisfiability

In this section, we formulate a simplified version of the procedure for checking
concept satisfiability that works without considering the axioms in the ontology.
That is, given an ALC concept C we need to check if there exists an interpretation
T such that C% # (). Although this problem is not of much use in ontology-based
applications, it allows us to illustrate the main principles of tableau procedures.

To check satisfiability of a given concept C', we first transform it into a special
normal form, which is easier to work with.

Definition 2. An ALC concept C is in negation normal form (short: NNF) if
negation can appear in C only in the form of ~A, where A is an atomic concept.



20 B. Glimm and Y. Kazakov

Table 2. Tableau expansion rules for checking satisfiability of ALC concepts

Rule |Conditions Expansions

M-Rule | DN E € L(z), {D,E} € L(x) Set L(z) := L(z) U{D, E}

L-Rule | DU E € L(z), Set L(z) := L(z) U{D}
{D,E}NL(z)=10 or L(z) := L(z) U{E}

3-Rule |3r.D € L(x) and there isnoy € V Extend V := V U {y} for a new y,
such that r € L(z,y) and D € L(y) set L(z,y) := {r} and L(y) := {D}

V-Rule |Vr.D € L(z), r € L(z,y), D ¢ L(y) Set L(y) := L(y) U {D}
1-Rule|{A,-A} C L(z), L ¢ L(x) Set L(z) := L(z) U{Ll}

In other words, to construct a concept in NNF, it is permitted to apply
negation only to atomic concepts. Thus, ALC concepts in NNF can be defined
by the grammar:

C,D:=A|T|L|CnND|CUD|-A|3IC|VrC. (6)

Ezample 11. The concept Vr.(—mA U 35.-B) is in NNF; the concepts —3r.A,
Vr.—(AM B), and AN 3r.=T on the other hand are not in NNF.

Each ALC concept C can be converted to an equivalent concept in NNF by
applying simple rules to “push negation inwards” that are reminiscent of De
Morgan’s Laws:

-(CnD) = (=C)uU(=D), -—-C = C(,

-(CuD) = (=C)n(=D), -T = 1,
-(3r.C) = Vr(-0), -1 = T
-(vr.C) = 3r.(-0),

Ezample 12. Consider the ALC concept (Ir.A) M —((3r.A) M —-B). This concept
can be converted to NNF as follows:

(3r.A) N =((3r.A) N -~B) (3r.A) N (~(3r.A) U ~—B)

=
= (Gr.A)n((vr(-A)U B).

Ezercise 5. Show that the transformation of concepts to NNF described above
preserves satisfiability of concepts. That is, the input concept is satisfiable if and

only if its NNF is satisfiable. Hint: show for each transformation step C' = D
that C7 = DZ holds for every interpretation Z.

To check satisfiability of an ALC concept C' in NNF, we create a new Tableau
T = (V,L) with V = {vo} and L(vg) = {C}, and apply the tableau expansion
rules from Table 2. A rule is applicable if all conditions of the rule are satisfied in
the current tableau T for certain choices of rule parameters, such as the values
of x, y or the matching concepts and roles in the labels. For example, the M-Rule
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(Fr.A)n (Vr.(-A) U B), (Ir.A) 1 (Vr.(-A) U B),
vo e Jr.A, Vr.(-A)UB, vo e dr.A, Vr.(-A)UB,
Vr.(mA) B
r r
v e A, —A, L v e A

Fig. 2. Two possible tableau expansions for the concept C' = (3r.A) N (Vr.(—A4) U B)
due to the non-deterministic LI-Rule

is applicable to a node = € V if some conjunction D M E belongs to the label
L(z) of this node, but at least one of the conjuncts D or E does not belong to
L(z). In this case, T' is expanded by adding new nodes or labels as specified in
the expansions part of the rules. In this case we say that the rule is applied (for
the specific choice of the rule parameters). For example, the M-Rule is applied
by adding the conjuncts D and E to the label L(z) of the node xz. Note that
after applying each rule in Table 2, the rule is no longer applicable for the same
choices of rule parameters. The tableau expansion rules are applied until no rule
is applicable any longer. In this case we say that the T is fully expanded.

Ezample 13. Consider the concept C' = (Ir.A) M (Vr.(—wA) Ll B) obtained by the
conversion to NNF in Example 12. We check satisfiability of C' by applying the
tableau expansion rules from Table 2. Consider first the left-hand side of Fig. 2.
We initialize T = (V, L) by setting V' = {vo} and L(vg) = {C}. Since C' is a
conjunction, the conditions of the M-Rule are satisfied for z = vy, D = 3r. A, and
E =Vr.(—~A)UB. Applying this rule adds the conjuncts Ir.A and Vr.(—A)U B to
L(vp). Now the conditions of the 3-Rule are satisfied for x = vg and Ir.A € L(vp):
note that there is no v € V such that r € L(vg,v). Applying this rule creates
a new node vy, and sets L(vp,v1) = {r} and L(v;) = {A}. Similarly, since
Vr.(=A)U B € L(vg), but neither Vr.(—mA) € L(vg) nor B € L(vg), the U-Rule is
applicable. There are two ways this rule can be applied to T": either we add the
first disjunct Vr.(—A) to L(vg), or we add the second disjunct B to L(uvp). It is
not necessary to add both of them. Let us chose the first disjunct and see what
happens. After we apply the LI-Rule in this way, we obtain Vr.(=A) € L(v).
Since r € L(vg,v1) and —A ¢ L(v1), the V-Rule is now applicable for z = vy,
y = vy, and Vr.(—=A) € L(vy). The application of this rule adds —A to L(vy).
Now we have both A and —A in L(vy), which satisfies the conditions of the
L-Rule since L ¢ L(vy). The application of the L-Rule, therefore, adds L to
L(vy). After applying this rule, no further rule is applicable, so the tableau is
fully expanded.

If during the application of the LI-Rule to Vr.(—mA) U B € L(vy) we, alterna-
tively, choose to add the second disjunct B to L(vp), we obtain another fully
expanded tableau without L € L(v;) shown in the right-hand side of Fig. 2.

Remark 1. Note that the tableau edges in Example 13 were labeled by just a
single role 7. Although Definition 1 allows for arbitrary sets of roles in edge labels,
the tableau rules for ALC, can only create singleton sets of roles. Indeed, it is easy
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to see from Table 2, that the 3-Rule is the only rule that can modify edge labels,
and can only set them to singleton role sets {r}. More expressive languages, such
as the DL ALCH to be considered in Exercise 10, can have additional rules that
can extend edge labels similarly to node labels, thus resulting in edge labels that
contain multiple roles.

As seen from Example 13, the result of applying the tableau expansion rules
is not uniquely determined. If we choose to apply the LI-Rule by adding the first
disjunct to the label of vy, we eventually obtain a clash L € L(vy). We say that
a tableau T = (V, L) contains a clash if L € L(v) for some v € V. Otherwise,
we say that T is clash-free. A clash means that the tableau cannot correspond
to an interpretation since | € L(v) corresponds to the requirement v € 1% = (),
which cannot be fulfilled. In our example, the clash was obtained as a result of
the “wrong choice” in the application of the LI-Rule. When, instead, we choose
the second disjunct, a clash-free tableau can be produced. We show next how to
construct an interpretation from such a tableau.

Remark 2. Note that a clash L € L(v) may be produced by other rules than the
L-Rule. For example, if C M L € L(v), then L € L(v) can be produced by the
M-Rule. Similarly, if 3r.L € L(v), then the clash is produced by the 3-Rule.

Definition 3. A tableau T = (V, L) defines an interpretation Z = (AZ,.%)
where:

- AT =V,
- Al ={x eV |AecL(x)} foreach atomic concept A € N¢,
~rT={{z,y) €V xV |re€L(x,y)} for each atomic role r € Ng.

Ezample 1. Consider the first tableau expansion from Example 13 (see the left
of Fig. 2). This tableau defines an interpretation Z = (AZ,-7) with AT = {vg, v},
AT = {v}, BT =0, and 77 = {{vg, v1)}. Let us calculate the values of the other
concepts appearing in the label of the tableau under this interpretation:

- (_'A)I = {UO}7 - (VT(_‘A) U B)I = {'[}1},
© @A = {wo}, —(3rA) N (Fr(=A) U B)E =0,
= (vr.(=4)* = {ui},

As we can see, the interpretation Z does not prove the satisfiability of the
concept C' = (Ir.A) N (Vr.(—A) U B), for which the tableau is constructed, since
Cct =.

Let us now consider the interpretation J = (A7,-7) defined by the second
tableau expansion from Example 13 (see the right-hand side of Fig.2): AY =
{vo,v1}, A7 = {v1}, BY = {vo}, and 77 = {{vg,v1)}. It is easy to see that for
this interpretation we have:
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— (=A4) = {wo}, ~ (Yr.(=A)u B)Y = {vg, v},
~ (3r.A)7 = {v}, — ((3r.A) 11 (vr.(=A) U B))Y = {v}.
— Vr.(=A) = {v},

Since C7 = {vg} # 0, the interpretation J proves that C is satisfiable.

The satisfiability of the concept C' proved in Example 14 using the interpre-
tation for the second tableau expansion is not a coincidence. As we show next,
in general, if the tableau rules can be applied without obtaining a clash, then
each concept appearing in the label of each tableau node is satisfiable in the
corresponding model.

Remark 3. Note that each rule in Table 2, with the exception of the L-Rule, can
only add concepts to the labels if they are sub-concepts of some existing concept
in the labels (to which the rule applies). Hence, every concept appearing in the
labels of tableau nodes is a sub-concept of the original concept C' for which the
tableau is constructed or L. In particular, each such concept is in NNF. Similarly,
only roles appearing in C can be added to the labels of the tableau edges.

Lemma 6. Let T = (V,L) be a clash-free, fully expanded tableau and T =
(AT, 1) an interpretation defined by T. Then, for every v € V and C € L(v),
we have v € C7.

Proof. By Remark 3, the concept C'is in NNF. We prove the lemma by induction
on the construction of C according to the grammar definition (6):

CaseC = A € L(v): In this case v € CT = AT = {x | A € L(x)} by definition
of 7.

CaseC = T: Then, trivially v € V = AT = TZ = CZ.

CaseC = 1 € L(v): Then T has a clash, which is not possible according to the
assumption of the lemma.

CaseC = —A € L(v): Then A ¢ L(v) since otherwise {A, ~A} C L(v) and
1 € L(v) since the 1-Rule is not applicable to T, which would again mean
that T has a clash. Since A ¢ L(v), we have v ¢ AZ by definition of Z. Hence,
ve AT\ AT = (=A)L.

CaseC = DM E € L(v): Since the M-Rule is not applicable to DM E € L(v),
we have D € L(v) and E € L(v). Then, by induction hypothesis, v € D and
v € EZ. Hence, v e DT NEZ = (DN E)? = CL.

CaseC = DUE € L(v): Since the L-Rule is not applicable to DUE € L(v), we
have D € L(v) or E € L(v). Then, by induction hypothesis, v € DT or v € EZ.
Hence, v € DT UET = (DU E)? = CL.

Case C' = 3r.D: Since the I-Rule is not applicable to Ir.D € L(v), there exists
some w € V such that » € L(v,w) and D € L(w). From r € L(v,w), by definition
of Z, we obtain (v,w) € r%. From D € L(w), by induction hypothesis, we obtain
w € DT, Hence, from (v,w) € rf and w € D? we obtain v € (Ir.D)Z.
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Case C = ¥r.D: In order to prove that v € CT = (Vr.D)%, take any w € AT =V
such that (v,w) € rZ. We need to show that w € DZ. Since (v,w) € rZ, by
definition of Z, we have r € L(v,w). Since the V-Rule is not applicable to z = v,
y = w and Vr.D € L(v) = L(z), we must have D € L(y) = L(w). Hence, by
induction hypothesis, w € DZ, as required. a

Corollary 1. Let C be an ALC concept in NNF, and T = (V,L) a clash-free,
fully expanded tableau obtained by the tableau procedure for checking satisfiability
for C. Then C' is satisfiable.

Proof. Due to the tableau initialization, and since the tableau rules in Table 2
never remove nodes or labels, we must have C € L(v) for some v € V. Hence,
by Lemma 6 v € CZ for the interpretation Z defined by T. Thus, C* # () and C
is satisfiable. a

Corollary 1 means that if we have managed to apply all tableau rules without
producing a clash for a concept C' in NNF, then we have proved that C is satis-
fiable. Does converse of this property also hold? Specifically, if C' is satisfiable,
is it always possible to apply the tableau rules without producing a clash? We
prove that it is indeed the case by showing that if CZ # () for some interpretation
7, then we can always construct a tableau that mimics this interpretation in a
certain way.

Definition 4. We say say that a tableau T = (V, L) mimics an interpretation
T = (A%, 1) if there exists a mapping 7: V — AT such that:

(1) for each v € V and each C € L(v), we have 7(v) € CT, and
(2) for each {v,w) € V x V and each r € L(v,w), we have (1(v), T(w)) € rL.

The mapping T is called a mimic of T in Z.

For example, if T = (V, L) is a clash-free fully expanded tableau, then T
mimics the interpretation Z defined by T' (cf. Definition 3) since the identity
mapping 7(v) = v € V = AT satisfies the requirements of Definition 4. Indeed,
by Lemma 6, for every C € L(v), we have 7(v) = v € CT, and, by Definition 3,
for every (v,w) € V x V and r € L(v,w), we have (7(v),7(w)) = (v,w) € rZ.
However, a tableau T can also mimic other interpretations.

Ezample 15. Consider the interpretation Z = (AZ,.T) with AT = {a}, AT =
BT = {a} and r* = {(a,a)} and the tableau T' = (V, L) obtained after the second
expansion in Example 13 (see the right-hand side of Fig.2). Then the mapping
7: V — AT defined by 7(vg) = 7(v1) = a is a mimic of T in Z. Indeed, it is easy
to see that AT = BT = (3r.A)% = (Vr.(mA)UB)T = (Fr.A)N(Vr.(mA)UB))T =
{a}, hence, 7(v) = a € CT for every v € V and every C € L(v). Also, since
(1(vo), 7(v1)) = (a,a) € r%, Condition (2) of Definition 4 holds for r € L(vg,v1).

Note that if a tableau T' = (V, L) contains a clash L € L(v) for some v € V,
then T cannot mimic any interpretation Z, since, otherwise 7(v) € 17 = {). Note
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also that T can have a mimic even if it is not fully expanded. For example, if
CT # () for some concept C and interpretation Z = (AZ,-Z), then the initial
tableau T' = (V, L) with V' = {wvg} and L(vg) = {C} mimics Z since for each
a € CT # () and 7: V — AT defined by 7(vg) = a, we have 7(vg) € CT. We
will next show that in such a case T can always be expanded so that it still
mimics 7.

Lemma 7. Let T = (V,L) be a tableau that mimics an interpretation T =
(AT, T) and R be some tableau rule from Table 2 that is applicable to T. Then
R can be applied in such a way that the resulting tableau also mimics .

Proof. Suppose that 7: V — A7 is a mimic of 7' in Z. We show how to apply
R and extend 7 to a mimic of the expanded tableau by considering all possible
cases for R:

CaseMN-Rule: If the M-Rule is applicable to T', then DME € L(v) for some v € V.
Since 7 is a mimic of 7' in Z, we have 7(v) € (D M E)%. The application of the
M-Rule only adds D and F to L(v). To show that T still mimics Z after this rule
application, it is sufficient to prove that 7(v) € D and 7(v) € EZ. This, clearly,
follows from 7(v) € (DM E)* = DT N EZ.

CaseU-Rule: If the U-Rule is applicable to T, then D U E € L(v) for some
v € V. Since 7 is a mimic of T in Z, we have 7(v) € (DUE)? = DT UEZ. Hence,
7(v) € DT or 7(v) € ET. We show that in each of these two cases one can apply
the U-Rule so that the resulting tableau still mimics Z. Indeed, if 7(v) € D, we
can apply the L-Rule by adding D to L(v). Since 7(v) € D%, 7 is still a mimic
of T in T after this rule application. Similarly, if 7(v) € EZ, we can apply the
U-Rule by adding E to L(v). Since 7(v) € EZ, 7 remains a mimic of T in Z.

Case 3-Rule: If the 3-Rule is applicable to T', then Jr.D € L(v) for some v € V.
Since 7 is a mimic of T in Z, we have 7(v) € (3r.D)%. The application of the
3-Rule adds a new node w to V with L(v,w) = {r} and L(w) = {D}. To
show that 7" still mimics Z after this rule application, we define 7(w) such that
Conditions (1) and (2) of Definition 4 hold for the two added labels. Specifically,
since 7(v) € (3r.D)T, there exists some d € D such that (r(v),d) € rZ. Define
7(w) := d. Then, since 7(w) = d € D%, Condition (1) of Definition 4 holds for
D € L(v). Since (1(v),7(w)) = (r(v),d) € %, Condition (2) of Definition 4
holds for r € L(v, w).

CaseV-Rule: If the V-Rule is applicable to T, then Vr.D € L(v) for some v € V
and r € L(v,w) for some w € V. Since 7 is a mimic of T in Z, we have 7(v) €
(vr.D)% and (1(v), 7(w)) € rZ. The application of the V-Rule adds D to L(w). To
show that T still mimics Z after the rule application, it is sufficient to prove that
7(w) € D*, which clearly follows from 7(v) € (vVr.D)? and (r(v), 7(w)) € rL.

Case L-Rule: If the L-Rule is applicable to T, then {A, -A} C L(v) for
some v € V. Since 7 is a mimic of T in Z, we have 7(v) € AZ and 7(v) €
(=A)T = AT\ AZ. Clearly, this is not possible, which means that this case cannot
occur. 0
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Algorithm 1. A tableau algorithm for checking satisfiability ALC concepts

CSat(C): Checking satisfiability of a concept C
input :an ALC concept C
output : yes if CT # () for some interpretation Z and no otherwise

1 C «— NNF(C);

2 V—{uo}, L —{vo = {C}}

s T (V,L);

4 while not FullyExpanded(T') do

5 R — ChooseApplicableRule(T);
6 L T «— ApplyRule(T, R);

7 if L € J,cy L(v) then
8 ‘ return no;

9 else
10 L return yes;

Algorithm 1 summarizes our tableau procedure for checking satisfiability of
ALC concepts. After converting the input concept to NNF (Lines 1) and ini-
tializing the tableau (Line 2-3), the algorithm continuously applies the tableau
rules from Table 2 until the tableau is fully expanded (Lines 4-6). If the resulting
tableau contains a clash (Line 7) the algorithm returns no; if not, the algorithm
returns yes.

Note that due to the L-Rule, the result of applying a rule (Line 6) is not
uniquely determined. Hence, Algorithm 1 is non-deterministic. We next show
that this algorithm solves the concept satisfiability problem for ALC, i.e., it is
correct. Recall (see Appendix A.1) that a non-deterministic algorithm A solves
a problem P: X — {yes, no} if, for each x € X such that P(z) = no, each run of
A terminates with the result no, and for each 2 € X such that P(z) = yes, there
exists at least one run for which the algorithm terminates and produces yes.
Proving correctness of a (non-deterministic) algorithm is usually accomplished
by proving several properties: (1) Soundness: if for an input = € X, A returns
yes then P(z) = yes, (2) Completeness: if P(x) = yes then A returns yes for at
least one run, and (3) Termination: A terminates for every input. Soundness of
Algorithm 1 follows from Lemma 6 since the algorithm returns yes only if a clash-
free fully expanded tableau is computed. Completeness follows from Lemma 7
since, for a satisfiable concept, one can always apply the rules such that a clash
is avoided. It is thus remains to prove that Algorithm 1 always terminates.

Remark 4. It may seem that a run of Algorithm 1 is determined not only by
the choice of a possible expansion of the non-deterministic LI-Rule (Line 6),
but also by the choice of which next rule to apply in case there are several
applicable rules (Line 5). However, since Lemma 7 holds for any applicable rule,
the latter choice does not have any impact on the completeness of the algorithm.
In other words, we may assume that the function ChooseApplicableRule(T)
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is deterministic, i.e., it always returns the same value for the same input (unlike
function ApplyRule(T, R) for which different values need to be considered in
different runs). The choice of which next rule to apply is usually referred to as
don’t care non-determinism of the algorithm, whereas the choice of how a rule is
applied (the U-Rule in our case) is referred to as a don’t know non-determinism.

Ezercise 6. The function ChooseApplicableRule(T") of Algorithm 1 can be
defined in many different ways. If several rules are applicable to a node, e.g., the
M-Rule and the L-Rule, the function may determine which of these rules should
be applied first by specifying a rule precedence. If the same rule is applicable to
different nodes, the function, likewise, can choose to which node the rule should
be applied first. Discuss, which of these choices are more likely to result in fewer
and/or shorter runs of the tableau procedure?

In order to prove termination of Algorithm 1, we show that the size of the
tableau T that is constructed for a concept C' at each step of the algorithm is
bounded by an exponential function in the size of C' (the number of symbols
in C). This implies that every run of Algorithm 1 terminates after at most
exponentially many rule applications since each rule application increases the
size of the tableau. By Remark 3, each node label can contain only concepts
that are sub-concepts of C or L, and each edge label can contain only roles that
appear in C. Therefore, the maximal size of the label for each node and edge
for each pair of nodes is bounded by a linear function in the size of C'. We next
show that the number of different nodes of a tableau is at most exponential in
the size of C.

Definition 5. For each node v € V of a tableau T = (V, L), we define its level
L(v) by induction on the rule application of the tableau procedure:

— For the node vy created during tableau initialization we set £(vg) = 0;
— For a node w created by an application of the 3-Rule to a node v € V', we set
L(w) =L(v) + 1.

The following lemma gives a bound on the number of nodes at each level of
a tableau:

Lemma 8. Let T = (V, L) be a (possibly not fully expanded) tableau obtained
for a concept C of size n. Then for each k > 0, the number of nodes v with
{(v) = k is bounded by nk.

Proof. The proof is by induction over k& > 0.

Casek = 0: There exists only one node v = vg € V with ¢(v) = 0 since all other
nodes are constructed by the 3-Rule.

Casek > 0: Take any node w € V with ¢(w) = k. Since k > 0, w can only be
constructed by an application of the 3-Rule to some node v with ¢(v) = k — 1.
This rule has been applied to some concept Ir.D € L(v) and, after this rule
application, the 3-Rule can no longer be applied to Ir.D € L(v). Hence, each
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w with ¢(v) = k is uniquely associated with a pair (Ir.D,v) where Ir.D is a
sub-concept of the original concept C' and ¢(v) = k — 1. Since the number of
sub-concepts of C' is bounded by n and, by the induction hypothesis, the number
of nodes v with £(v) = k — 1 is bounded by n*~!, the number of nodes w with
{(v) = k is bounded by n - nF~1 = n*. O

Finally, we prove that the level of a tableau node cannot exceed the quantifier
depth of the input concept.

Definition 6. The quantifier depth of an ALC concept C is a number qd(C)
that is defined inductively over (1) as follows:

- qd(T) =qd(L) = qd(A) =0 for each A € N¢,
d(C M D) =qd(CUD)=max(qd(C), qd(D)),
qd(~C) = qd(C),
d(3Ir.C) = qd(Vr.C) = qd(C) + 1

Ezxample 16.

qd(Ir.((mA) NVr.B)) = q¢d((—~A)NVr.B) + 1
—-A), qd(Vr.B)) +
), qd(B)+1)+1

(A
=max(0,0+1)+1=2.

)
= max(qd(

(
= max(qd
(

Note that gd(C) is not greater than the number of quantifier symbols (3 or
V) in C, which is not greater than the length of C.

Lemma 9. Let T = (V,L) be a (possibly not fully expanded) tableau obtained
for a concept C with qd(C) = q, and v € V' a node with ¢(v) = k. Then for each
D € L(v), we have ¢d(D) < q— k.

Proof. We prove the lemma by induction on the size (i.e., on the construction)
of T.

If T is created during the tableau initialization, then D = C, v = v, and
k = 0. Hence ¢d(D) = qd(C) = q = q — k as required.

Otherwise, T' was created by applying one of the tableau expansion rules in
Table2. If D € L(v) was not added by this rule, we can apply the induction
hypothesis to the (smaller) tableau before the rule application. Otherwise, we
consider all possible cases of such a rule that can add D € L(v):

Casel-Rule: If D was added by the M-Rule, then, before this rule application,
DNE € L(v) or END € L(v) for some E. By applying the induction hypothesis
for this concept, we obtain qd(D) < qd(DME) < q—k or qd(D) < qd(EN D) <
q—k.

CaselU-Rule: If D was added by the L-Rule, then, before this rule application,
DUFE € L(v) or EUD € L(v) for some E. By applying the induction hypothesis
for this concept, we obtain ¢d(D) < qd(DUE) < g—k or ¢d(D) < gd(EUD) <
q—k.
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Case3-Rule: If D was added by the 3-Rule, then the node v was also created
by this rule and the rule was applied to some w € V with Ir.D € L(w) for
some role 7. Then ¢(v) = ¢(w) + 1 and, by induction hypothesis, ¢d(Ir.D) <
q—l(w) =q— (l(v) —1) = q—k+ 1. Since ¢d(Ir.D) = ¢d(D) + 1, we obtain
qd(D) = qd(3r.D) -1 < q— k.

CaseV-Rule: If D was added by the V-Rule, then this rule was applied to some
w €V withVr.D € L(w) and r € L(w, v). Since r € L(w,v) could be only added
by the 3-Rule, ¢(v) = ¢(w) + 1. By induction hypothesis for Vr.D € L(w), we
obtain gd(Vr.D) < g—f(w) = q—(¢(v)—1) = g—k+1. Since qd(Vr.D) = qd(D)+1,
we obtain qd(D) = ¢d(Vr.D) — 1 < ¢ — k.

Case L -Rule: If D = 1 was added by the L-Rule, then, before this rule appli-
cation, we have {A, ~A} C L(v) for some atomic concept A. By induction
hypothesis, gd(A) < ¢ — k. Hence gd(L) =0 = qd(A) < q— k. O

Let T = (V, L) be a tableau constructed during a run of the tableau procedure
for a concept C' with size n and ¢d(C) = ¢ < n. Since every node v € V of a
tableau T = (V, L) always contains at least one concept D in the label, by
Lemma 9 it follows that 0 < gd(D) < g — £(v). Hence ¢(v) < g holds for every
v € V. Since, by Lemma 8 the number of nodes at level k is bounded by nF,
the total number of nodes in the tableau is bounded by > 5, <, nk < patl =
9(logy n)-(q+1) < 9n®

Essentially we have shown that the tableau procedure constructs a special
kind of interpretation (represented by the tableau). The interpretations have a
tree shape: each node except for the initial node (the root of the tree) is connected
by an edge to exactly one predecessor node from which this node was created (by
an application of the 3-Rule). The depth of the tree is bounded by the quantifier
depth of the concept C' for which the tableau was constructed. The branching
degree of the tree (the maximal number of successor nodes of each node) is
bounded by the number of existential concepts occurring in C. Hence the size
of the tree is bounded exponentially in the size of C.

Exercise 7. Show that the exponential upper bound on the size of the tableau
cannot be improved. Specifically, for each n > 0 construct a concept C,, of
polynomial size in n (i.e., the number of symbols in C,, is bounded by p(n)
for some polynomial function p) such that the fully expanded tableau for C,,
contains at least 2" nodes. Hint: the tableau rules should create a binary tree
of depth n. Hence by Lemma 9, ¢qd(C,,) > n. The label of each non-leaf node
should contain two different concepts of the form dR.D.

The exponential bound on the tableau size implies the following complexity
result:

Theorem 1. Algorithm 1 solves the concept satisfiability problem in ALC in
non-deterministic exponential time.
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Remark 5. 1t is possible to make some further improvements to Algorithm 1
to prove better complexity bounds. First note that to check satisfiability of a
concept C, it is not necessary to keep the whole tableau in memory. Once all
tableau expansion rules are applied to a node (and the node is checked for the
presence of a clash), the node can be completely deleted. By processing nodes in a
depth-first manner it is, therefore, possible to store at most linearly many nodes
in memory at any given time (because the tableau has a linear depth). This
gives a non-deterministic polynomial space algorithm solving this problem. A
well-known result from complexity theory called Savitch’s theorem then implies
that there is a deterministic polynomial-space algorithm solving this problem,
which is now an optimal complexity bound for checking concept satisfiability in
ALC (see, e.g., [6, Sect. 5.1.1]).

3.2 TBox Reasoning

In this section, we extend the tableau procedure presented earlier to also take
into account TBox axioms of the ontology. Given an ALC concept C' and an
ALC TBox O, our goal now is to check the satisfiability of C' w.r.t. O, i.e., to
check if there exists a model Z of O such that C% # 0.

As in the case of the previous procedure, before applying the tableau rules,
we first need to convert the input into a suitable normal form. We say that a
TBox axiom is in normal form (or is normalized) if it is a concept inclusion
axiom of the form T C D where D is a concept in NNF. Every TBox axiom can
be converted into the normal form by applying the following simple rewriting
rules:

C=D = C(CCD, DLCC,
CCD = TLC-CUD HC#T,
TCD = TLCNNF(D) if D is not in NNF.

Ezercise 8. Similarly to Exercise 5, show that TBox normalization preserves
concept satisfiability w.r.t. the TBox. That is, a concept C' is satisfiable w.r.t. a
TBox O if and only if C' is satisfiable w.r.t. the normalization of O. Hint: show
that for each rewrite step a@ = § above and each interpretation Z we have Z = «
if and only if Z = .

To take the resulting axioms into account in our tableau procedure, we need
to add an additional tableau expansion rule shown in Table 3. We can now use a
simple modification of Algorithm 1, where, in addition to a (normalized) concept
C, the input also contains a (normalized) ontology O and, in addition to the rules
in Table 2, a new rule from Table 3 can be chosen and applied at Steps 5 and 6.

Ezample 17. Consider C = A and O = {ANVr.B C Ir.A}. We check satisfia-
bility of C' w.r.t. O using the tableau procedure. The concept C' is already in
NNF. The axiom in O is normalized as follows:
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Table 3. The additional tableau expansion rule for handling (normalized) TBox axioms

Rule | Conditions Expansions
T-Rule| TED €O, D¢ L(x) Set L(z) := L(z) U{D}

ANVrBC3IrA = TLC—-(ANVr.B)U3Ir.A,
= TLC(-A)UIr-B)UIr.A.

The tableau is initialized to T' = (V, L) with V' = {vg} and L(vg) = {4}, and
expanded by the following rule applications:

1. T-Rule: L(vg) := L(vo) U {((=A4) U Ir.=B) U Ir.A},
2. U-Rule: L(vg) := L(vg) U{(—A) U 3Ir.~B},

3. U-Rule: L(vg) := L(vg) U{3r.—B},

4. 3-Rule: L(vg,v1) :={r}, L(v1):={-B},

5. T-Rule: L(v1) := L(v1) U{((mA) U Ir.—~B) LU 3Ir.A},
6. U-Rule: L(vy) := L(v1) U{(—A) U 3Ir.~B},

7. U-Rule: L(vy) := L(vy) U {=A}.

. A, (FA)UIr-B)uIrA
j{ (ﬁA) Udr—-B, dr.-B
r

b -B, ((—|A) U HT.—\B) Udr.A
(~A)U3r—B, -A

Fig. 3. A possible tableau expansion for C = A and O = {T C (-AU3r.—~B)U3Ir.A}

Figure 3 shows the resulting tableau expansion. Note that the new T-Rule is
applied for both nodes vy and v (Steps 1 and 5). Without applying this rule, no
other rule would be applicable. Note that at Step 3 we have applied the LI-Rule
by adding the second disjunct Ir.—B to L(vg) because adding the first disjunct
—A would result in a clash since A € L(vg). The same disjunction also appears
in L(vy), but since A ¢ L(vy), we could apply the U-Rule by adding the first
disjunct = A to L(vy) (Step 7).

Since after Step 7 the tableau is fully expanded and does not contain a clash,
we conclude that C' is satisfiable w.r.t. O.

Intuitively, the new T-Rule ensures that the interpretation Z = (AZ,.%)
defined by T' = (V, L) (see Definition 3) satisfies all axioms in the (normalized)
ontology O once all tableau rules are applied. Indeed, Lemma 6 still holds for
the extended tableau procedure, since the proof of the lemma is by induction
on the construction of a concept C € L(v) and we did not add any new concept
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constructors. Now, since T is fully expanded, for every normalized axiom T C
D € O and every v € V, we have D € L(v) due to the T-Rule. Hence, by
Lemma 6, v € DT for every v € V = AZ. Consequently, Z = T C D for each
T C D € O. This implies that the extended Algorithm 1 remains sound.

Completeness of the extension of Algorithm 1 can also easily be shown. If C
is satisfiable w.r.t. O, then there exists a model Z |= O such that CT # (). We
extend the proof of Lemma 7 to show that in this case, one can apply the tableau
rules in such a way that T always mimics Z, thus, avoiding the production of
a clash. For this we just need to update the proof with the case for the newly
added rule:

Case T — Rule: If the T-Rule is applicable to T, then D ¢ L(v) for some v € V
and some T T D € O. The application of the T-Rule adds only D to L(v). To
show that T still mimics Z after this rule application, it is sufficient to prove
that 7(v) € D¥. Since TC D € O and Z = O we have TZ = AT C DZ. Hence
T(v) € AT C DT.

Table 4. An additional expansion rule to handle TBox axioms of the form C' C D

Rule Conditions Expansions
C-Rule|CCDeO,CeL(x), D¢ L(x) | Set L(z) := L(z) U{D}

Exercise 9. In order to understand why the TBox axioms require a transforma-
tion to the form T £ D, suppose we generalize the normal form to also permit
axioms C' C D where both C' and D are in NNF, and formulate a new C-Rule
to handle axioms of this form as given in Table4. Does the modified tableau
algorithm remain sound and complete? Which of the lemmas cannot be proved
any longer?

What happens if we only allow normalized axioms of the form T C D and
A C D where A is an atomic concept and D is a concept in NNF. Is the tableau
algorithm with the T-Rule and the C-Rule sound and complete for this case?

Exercise 10. Description logic ALCH is an extension of the description logic
ALC, in which ontologies can contain role inclusion axioms of the form r C s,
where r and s are roles. An interpretation Z satisfies r C s if 7~ C s7.

Extend the tableau procedure by adding a new rule to handle role inclusion
axioms. Prove that this procedure is sound and complete. Use this procedure
to show that the concept C' = A M —3s.(A M B) M Vr.B is unsatisfiable w.r.t.
O={AC3IrArLCs}

We have shown that the tableau algorithm extended with the T-Rule remains
sound and complete. In order to show that it solves the concept satisfiability
problem w.r.t. TBoxes, it remains to show that it terminates for every input.
Unfortunately, the latter is not the case as shown in the next example. Intuitively,
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since the T-Rule adds a concept to every node label, this new concept can, in
particular, trigger an application of the 3-Rule, which, in turn, creates new nodes,
for which the T-Rule is applicable again.

Ezample 18. Consider C' = A and O = {A C 3r.A}. We check the satisfiability
of C' w.r.t. O using the extended tableau procedure. The concept C' is already
in NNF, so we just need to normalize the axiom in O:

AC3IrA = TELC(-A)UIrA

The tableau is initialized to T' = (V, L) with V = {vo} and L(vg) = {4}, and
expanded as shown in Fig.4. Notice that unlike in Example 17, if we were to
apply the U-Rule for (—A) U 3r.A € L(v1) by choosing the first disjunct —A, we
would trigger a clash since L(v;) also contains A (added by 3-Rule). Hence, the
creation of infinitely many tableau nodes cannot be avoided.

A, (~A)UIrA

1. T-Rule: L(vg) := L({vo) U{(=A) U 3r.A}, e 54

2. U-Rule: L(vg) := L(vg) U {Ir. A}, r l

3. 3-Rule: L(vg,vy1) := {r}, L(v1):={A}, b v A (A UIRA
4. T-Rule: L(vy) := L(vy) U{(=A)LU3r.A}, 1?34

5. U-Rule: L(vy) := L(vy) U {3r.A}, T l

6. 3-Rule: L(v1,v2) := {r}, L(va):={A}, , $ 4 (A)uIrA
7. T-Rule: P A

Fig. 4. The only clash-free tableau expansion for C = A and O = {T C (-=A) U 3r.A}

As discussed in Remark 5, to check satisfiability of a concept (also, with
respect to an ontology), it is not necessary to keep the whole tableau in memory.
We just need to verify that a clash-free tableau exists. This idea can be developed
further to regain termination of the tableau algorithm with TBoxes. Notice that
in Example 18, all nodes contain identical concepts in the labels. This means
that if a rule is applicable to one node then it can be applied in exactly the same
way to any other node with the same content. Hence, if a clash is obtained in
this node, it is also obtained in the other node. Consequently, it is not necessary
to apply the tableau rules to all nodes in order to verify that there exists a
clash-free tableau expansion. Some rule applications can be blocked.

Definition 7. A blocking condition is a function that assigns to every tableau
T = (V,L) a nonempty subset W C V of active nodes such that for every node
vi € W and every node vo ¢ W such that L(vi,vs) # 0, there exists a node
w € W with L(vy) C L(w). In this case we say that a node ve is (directly)
blocked by node w. Fach node in V' \ W is called a blocked node.
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Algorithm 2. A tableau algorithm for checking satisfiability of ALC con-
cepts with respect to ALC ontologies
COSat(C, 0): Checking satisfiability of a concept C' w.r.t. an ontology O
input :an ALC concept C, an ALC ontology O
output : yes if CT # ) for some model Z of @ and no otherwise
C — NNF(C);
O — Normalize(O);
V—A{uvo}, L —{vo — {C}};
T~ (V,L);
while not FullyExpandedUpToBlocking (7)) do
R < ChooseApplicableRule(T);
L T «— ApplyRule(T, R);

if 1 €U,y L(v) then
return no;

© 00 N s W N

else
L return yes;

=
= O

Ezample 19. Let T = (V, L) be the tableau obtained after Step 6 in Example 18,
ie, V = {wvg,v1,v2}, L(vg) = L(vy) = {4, (mA) U 3Ir.A, Ir.A}, L(ve) = {4},
and L(vg,v1) = L(v1,v2) = {r}. Then a blocking condition for 7' can be defined
by setting W = {v} since for (vg,v1) € E we have L(v1) C L(v).

We leave it open, how exactly the set of active nodes of a tableau is deter-
mined, so that different blocking strategies can be used in different algorithms.
We show next that one can restrict the tableau algorithm to apply rules only to
active nodes.

Definition 8. Let T = (V, L) be a tableau with a subset W C V of active nodes.
We say that a tableau rule from Tables2 or 3 is applicable to a node v € V
if the conditions of this rule are satisfied for a mapping x — v. We say that a
tableau T is fully expanded up to blocking if no tableau rule is applicable to any
active node w € W.

Ezample 20. Tt is easy to see that the tableau T from Example 19 with W = {uvg}
is fully expanded up to blocking since no tableau rule (for the ontology O from
Example 18) is applicable to vp.

Algorithm 2 is a modification of Algorithm 1 for checking satisfiability of
concepts w.r.t. ontologies. Apart from a new step for normalization of the input
ontology (Line 1), the algorithm uses a blocking condition to verify if the tableau
is fully expanded up to blocking according to Definition 8 (Line 5), and to select
a rule applicable to an active node (Line 6). We assume that the initial node v
always remains active.

We next show that the updated algorithm remains sound and complete. The
introduction of a blocking condition does not have any impact on completeness:
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the proof of Lemma 7 (including the new case for the T-Rule) remains as before.
Soundness of the new algorithm is, however, nontrivial: if the tableau is fully
expanded with blocking, it does not mean that it is fully expanded without
blocking. To prove soundness, we modify Definition 3 by taking the blocking
condition into account:

Definition 9. A tableau T = (V, L) and a subset of active nodes W C V define
an interpretation T = (AT, .T) such that:

AT =W,

- AT ={zxeW | A€ L(z)} for each atomic concept A € N¢,

—rl={{z,y) eWxW |3z€V :re€L(x,z2) and z =y or z is blocked by y}
for each atomic role r € Np.

A few comments about Definition 9 are in order. First note that this definition
coincides with Definition 3 when W = V. The definition of r* can be explained
as follows: if r € L(z,2) and both nodes z and z are active, then (x,z) € rZ.
This corresponds to the case ‘z =y’ of the definition for rZ. If x active but z is
not, then, since L(zx,z) # 0, z should be blocked by some y € W. In this case,
rZ contains all such pairs (z,y). This corresponds to the case ‘z is blocked by 3’

of the definition for rZ. If z not active then the label r € L(z, 2) is ignored.

}.\ T = (A%, .1), where:
VYo - AT = {vg,v2},
/ 4,8 - AT = {v:)),vg} BT = {vy}, CT = {vo},

-t = {<U()7U0> <‘U(),U2> <02,‘U2> <02700>}

V3 e A

Fig. 5. A tableau with blocking (vo and vz are are active nodes, v1 and vz are blocked
nodes) and the interpretation defined by this tableau

Ezample 21. Consider the tableau T' = (V, L) illustrated on the left-hand side
of Fig. 5:

- V= {’UO7U1aU27U3}7
— L(vo) = {A,C}, L(v) ={C}, L(va) = {4, B}, L(vs) = {A},
— L(vg,v1) = L(vg, va) = L(va,v3) = {r}.

Suppose that the set of active nodes is W = {vg, v2}. Note that vy is blocked by
vg since L(vy) = {C} C {A,C} = L(vy), vs is blocked by v since L(vs) = {A} C
{A, B} = L(v2), and v3 is blocked by wvg since L(vs) = {A} C {4,C} = L(wo).
Then T and W define an interpretation shown in the right of Fig. 5.
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Let T = (V,L) be a tableau obtained by applying the tableau expansion
rules for a concept C' and an ontology O. Suppose that 7' is fully expanded up to
blocking for W C V and does not contain a clash. Let Z be the interpretation
defined by T and W according to Definition 9. Our goal is to show that Z = O
and CT # (), which implies that C' is satisfiable w.r.t. O. To do this, we prove
an analog of Lemma 6 for our new interpretation Z.

Lemma 10. Let T = (V, L) be a clash-free, fully expanded tableau up to blocking
for W CV and T = (AT, T) an interpretation defined by T and W according to
Definition 9. Then for every v € W and every C € L(v), we have v € C%.

Proof. Just like for Lemma 6, we prove this lemma by induction on the construc-
tion of C' according to the grammar definition (6). The only changes compared
to the previous proof are those cases where the definition of rZ was used:

CaseC = 3r.D: Since the 3-Rule is not applicable to 3r.D € L(v), there exists
some w € V such that r € L(v,w) and D € L(w). Define an active node w’ € W
as follows. If w € W, we set w’ = w. Otherwise, w must be blocked by some
w’ € W. Then, by the definition of 7%, we have (v,w’) € rZ. Note also that
D € L(w) C L(w'). Since w' € W, by induction hypothesis w’ € DZ. From
(v,w"y € rT and w' € D¥ we obtain v € (Ir.D)%.

CaseC = Vr.D: In order to prove that v € CT = (vr.D)%, take any w' €
AT = W such that (v,w’) € rZ. We prove that w’ € D%. Since (v,w’) € rZ,
by definition of 7%, there exists some w € V such that r € L(v,w) and either
w = w' or w is blocked by w’. In both cases L(w) C L(w’). Since the V-Rule is
not applicable to Vr.D € L(v) and r € L(v, w), we must have D € L(w) C L(w').
Since w’ € W, from D € L(w') by induction hypothesis, we obtain w’ € D%, as
required. a

Exercise 11. Identify the places where the properties of a blocking condition
(Definition 7) have been used in the proof of Lemma 10. Can the blocking con-
dition be relaxed in such a way that more nodes of a tableau can potentially be
blocked, but the proof of Lemma 10 can be still repeated? For example, do we
really need that all concepts of L(vs) are contained in L(w)?

Finally, we consider the question of termination of Algorithm 2. Clearly,
the algorithm does not terminate for every blocking condition. For example, as
shown in Example 18, the algorithm does not terminate if all nodes are active,
i.e.,, W = V. Hence, we need to make some further assumptions about the
blocking condition in order to show termination.

Definition 10. The eager blocking condition (for a root node wq) assigns to
every tableau T = (VL) a minimal (w.r.t. set inclusion) set of active nodes
W CV containing wy that satisfies the condition of Definition 7.

Intuitively, the eager blocking condition for T'= (V, L) can be implemented
as follows. We first set W = {wo}. Then, repeatedly for every v; € W and
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vg € VAW such that L(vy,va) # 0, check if there exists w € W such that L(vq) C
L(w). If there is no such element, we add ve to W. This process continues until no
further nodes can be added. Note that the resulting set W depends on the order
in which the nodes vy are processed. In practice, the set W can dynamically be
updated when applying tableau rules. The eager blocking condition is related to
the notion of anywhere blocking [42].

Lemma 11. Let C and O be inputs of Algorithm 2 with the combined size n
(i.e., the total number of symbols). Then each run of Algorithm 2 terminates
in at most doubly exponential time in the size of n provided an eager blocking
condition is used.

Proof. Without loss of generality, we may assume that C' and O are normalized
since this step can be performed in linear time. Let T = (V, L) be a tableau
obtained during the run of the algorithm. For each node v € V of the tableau,
we define its level £(n) as in Definition 5. We will prove that £(v) < 2" for each
node v € V.

Assume to the contrary that there exists w € V with £(w) = 2" 4+ 1. Then w
must have been created by the 3-Rule from some v € W with £(v) = (w) —1 =
2" where W C V is the set of active nodes of the tableau at the moment of this
rule application. Since £(v) = 2", there must exist nodes vg, vy, ..., van = v such
that L(vi—1,v;) # 0 (1 < i < 2™). It is easy to see that v; € W for all ¢ with
0 < i < 2™ Indeed, otherwise there exists a maximal such i such that v; ¢ W
(0 <4 < 2™). Since vor = v € W, then i < 2™ and vy # v;r1 € W. But then
one can remove v;4+1 from W without violating the conditions of Definition 7
since L(w,v;41) = 0 for all w € W. This contradicts our assumption that W is
a minimal set of active nodes containing vg.

Now consider the sets of concepts S; = L(v;) in the labels of v; (0 < i < 2™).
Since each node label can contain only concepts that appear either in C or in O
(possibly as sub-concepts) and the number of such concepts is bounded by the
total combined length n of the input, there can be at most 2™ different subsets
among S; (0 < ¢ < 2™). By the pigeonhole principle, there exist some indexes
iand j (0 < i < j < 2") such that S; = S;. But then node v; # vy can be
removed from W without violating the conditions of Definition 7 since for each
v € W with L(v,v;) # 0, there exists w = v; € W such that L(v;) C L(w)
because L(w) = L(v;) = L(v;). This again contradicts our assumption that W
is a minimal set of active nodes. The obtained contradiction, therefore, proves
that ¢(v) < 2™ for every v € V.

Now, by Lemma 8, the total numberzof tableau nodes is bounded by
S ochegn nF < n L = 20082 n) (2741 < 92" Gince each node contains at most
n concept labels and every application of a tableau rule introduces at least one
of them, each run of Algorithm 2 terminates after at most double exponentially
many steps. O

Theorem 2. Algorithm 2 solves the concept satisfiability problem with respect
to ontologies expressed in ALC in non-deterministic doubly exponential time.
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As with Algorithm 1, the complexity bound provided by Algorithm 2 is not
optimal and can be improved to deterministic exponential time (see, e.g., [6,
Sect. 5.1.2]).

Note that the requirements about the blocking condition used in Lemma 11
can be relaxed. Indeed, in the proof of the lemma we only used that a node v; is
directly blocked by an ancestor node v;, i.e., a node from which v; was created
by a sequence of 3-Rule applications.

Exercise 12 (Advanced). Is it possible to improve the upper bound shown in the
proof of Lemma 11 to single exponential time? Which additional assumptions
about the blocking condition are necessary for this? Hint: for every tableau
T = (V, L) used in the computation, consider the set of all subsets of the labels
of the nodes: P = {S C L(v) | v € V'}. How can this set change after a tableau
rule application? How many times can this set change during the tableau run?
What is the maximal possible number of consequent rule applications that do
not change this set?

4 Axiom Pinpointing

In Sect. 2.3, we have discussed several ontology reasoning problems and how they
can help in detecting modeling errors in ontologies. For example, inconsistency of
an ontology indicates that the modeled domain cannot match any model of the
ontology since the ontology does not have models. In Sect. 3 we have shown how
to check ontologies for consistency and solve other reasoning problems using
tableau procedures. Knowing that an ontology is inconsistent, however, does
not tell much about what exactly causes the inconsistency let alone how to
repair it.

Recall from Sect. 2.3, that all reasoning problems can be reduced to concept
subsumption checking. For example, by Lemma 5, an ontology O is unsatisfiable
if and only if O &= T C L. Axiom pinpointing methods can help the user to
identify the exact axioms that are responsible for this or any other entailment.

Definition 11. A justification for an entailment O = « is a subset of axioms
J C O such that J = o and for every J' C J, we have J' [~ a.

In other words, a justification for an entailment O | « is a minimal set of
axioms of the ontology that entails «. Note that since O |= a, at least one jus-
tification for the entailment exists. Indeed, either Jy = O satisfies the condition
of Definition 11, or there exits J; C Jy such that J; = «. Similarly, either Jp is
a justification or there exists some Jo C Ji such that J; = «, etc. At some point
this process stops since O contains only finitely many axioms and J; (i > 0)
gets smaller with every step. Therefore, the last set Ji will be a justification for
Ok a.

Note that we say a justification instead of the justification. Indeed, Defi-
nition 11 does not imply that a justification must be unique as the following
example shows.
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Example 22. Consider the following entailment:
O={ACB,BCC,ACC,ANBC l}Ea=ALCC.
This entailment has three different justifications:

-~ 1 ={AC B, BCC},
~ J={ACC},
~ J3={ACB,ANBC L}.

Indeed, it is easy to see that J; = « for 1 < ¢ < 3. For example, J3 F A C C
because for every model Z = Js we have AT C AT nBf C 1T =0 C C7.
We can show that each J; satisfies the remaining condition of Definition 11 by
enumerating all proper subsets of J; (1 <1 < 3):

— J1 has only the proper subsets My =0, M; = {AC B} and My, = {B C C},

— J has only the proper subset My = 0,

— Js3 has only the proper subsets My =0, M; = {AC B}, and M5 = {ANBLC
1}

We can show that none of these subsets M; entails a by presenting the cor-
responding counter-models Z; = (AZi,-Z¢) such that Z; = M; but Z; ¥~ «
(0 <4 <3):

~ For My = ) take Iy = (A%, . To) with Ao = {a}, AZ0 = {a} and C%o = ().
Clearly, Zp = My but Zy = A C C since AT0 = {a}  § = C%o.

~ For My = {A C B} take Z; = (A1, 11) with AT = {a}, AT = BT = {a},
and CT1 = (). Clearly, Z; = M; because ATt = {a} C {a} = B% but
T, = A C C similarly as for Zp.

— For My = {B C C} take I, = (A%, 22) with AT2 = {a}, ATz = {a},
and B%2 = C?2 = (). Clearly, Zo = My because B¥2 = () C () = C?2 but
Iy = A C C similarly as for Zp and Z;.

— For M3 = {ANB C 1} take I3 = T, from the previous case. Clearly, Zo = M;
because (AN B)T2 = A2NB22={a}N0=0C 172 =0 but T, £ ACC.

How many justifications may an entailment have? The following example
shows that the number of justifications can be exponential in the size of the
ontology.

Ezxample 23. Consider the following ontology O and o = Ay C A,:
O:{Ai_lgBl‘lAi, A2_1§C|‘|A1|1§z§n},

where 4; (0 <i < n), B, and C are atomic concepts. Note that, for each ¢ with
1 S ) S n, we have O }: Ai—l E A,’ because Ai—l E B Az ': Ai—l E Az (OI‘
A1 T CNA; E A1 C A;). Consequently, O = a = Ag C A,. However,
there are 2" minimal subsets J C O such that J = «. Indeed, since each axiom
A;_1 C A, follows from two different axioms, J must include one of them for
each i (1 <4 < n). Hence, there are 2" possible variants for each .J.
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Algorithm 3. Minimizing entailment

Minimize(O, a): compute a justification for O = «
input : an ontology O and an axiom « such that O = «
output : a minimal subset J C O such that J = « (cf. Definition 11)

J — O;
for 5 € O do
LifJ\{ﬁ}I:athen

N

| J = I\ {8}

return J;

5]

Specifically, let S C {i | 1 < i < n} be any subset of indexes between 1 and
n. There are in total 2™ such subsets. For each such subset S, define

Js={Ai1EBMA; |iec SFU{A_1ECNA;|i¢ S} CO.

Clearly, Jg, # Jg, for each S; # S3. Furthermore, note that for each i with 1 <
t < n, we have Jg ': A;_1CA;:ifieSthen J> A;,_1 C BMNA; ': A1 C A“
ifig¢Sthen J3 A, 1 CCMNA;E A;—1 C A, Hence Js E a.

To show that each Jg is a justification for O = a, it remains to show that
J' = « for every J' C Jg. Indeed, if J' C Jg then for some k with 1 < k < n,
we have Ap_1 C B A ¢ Jg and A1 T C M A, ¢ Jg. Let 7 = (AI,'I)
be an interpretation with A7 = {a}, AZ = BY = C% = {a} for 0 < i < k,
and AZZ = ( for k < i < n. It is easy to see that T = A;_1 C BT A; and
Tk A1 ECNA; for each ¢ with 1 < i < k or with k& < ¢ < n. Indeed, if
1<i<k,then AZ | ={a} C{a}n{a}=(BNA)=(CNA).Ifk<i<n,
then AZ | =0 C {a} N0 = (BN A;)T = (Cn A;)%. Hence, T |= J'. Since
AL = {a} € 0 = AL, we have T [~ «. Consequently, J' £~ a.

Assuming we have an algorithm for testing entailment of axioms, e.g., the
tableau procedure described in Sect.3, we are now concerned with the ques-
tion of how to compute justifications in particular for the entailment of concept
inclusions.

4.1 Computing One Justification

Computing one justification for O |= « is relatively easy. Starting from J = O,
we repeatedly remove axioms from J if this does not break the entailment J | «.
At a certain point, no axioms can be removed without breaking the entailment,
which implies that J is justification for O | «. Algorithm 3 summarizes this
idea.

Example 24. The following table shows a run of Algorithm 3 on the input O
and « from Example 22. Each row of the table shows the value of the variables
J and 3 in the beginning of each for-loop iteration (Lines 2-4). The last column
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shows the result of the evaluation of the if-statement in Line 3. The last line
shows the (returned) value of J after the last iteration of the loop.

J 3 J\{B}E a=ACC
{ACB,BCC,ACC,ANBC 1}|ACB yes
{BCC,ACC,AnNBLC 1} BCC yes

{ACC,AnNBC 1} ACC no

{ACC,ANBC 1} AMBELC 1|yes

{ACC} - -

As we can see, the algorithm returns the justification J, = {A C C}.

The correctness of Algorithm 3 relies on the fact that the entailment rela-
tion O = «a between an ontology O and an axioms « is monotonic over axiom
additions to O:

Lemma 12. Let J; and Jy be two sets of ALC axioms such that J; C Jo, and
a an ALC axiom. Then Jy | « implies Jo | a.

Proof. Tt is equivalent to show that J = a implies J; [~ a. If Jo & o then there
exists a model Z |= Jy such that Z £ a. Since J; C Jy and Z | Jo, we have
T = Ji. Since T |= J; and 7 £ «, we obtain J; & «, as required. O

Note that in the proof of Lemma 12 we did not rely on any specific construc-
tors of ALC. We have only used that the entailment relation J |= « is defined
by means of interpretations, ie., J = a iff T = o forevery Z = J and Z |= J
ifft 7 = 8 for every 8 € J. Although most standard DLs (including those that
underpin the OWL standard) have such a classical semantics, there are some
non-monotonic DLs in which the entailment relation is defined in other ways,
e.g., as a result of performing certain operations [11,14,18]. From now on we
assume that we deal only with monotonic (classical) entailment relations. We
show that Algorithm 3 is correct in such cases.

Theorem 3. Let J be the output of Algorithm 3 for the input O and o such
that O |= «. Then J is a justification for O E a.

Proof. Clearly, J = « since we only assign subsets that entail a to the variable
J (in Lines 1 and 4). If J is not a justification for O | «, by Definition 11
there exists some J' C J such that J' = «. Since J' C J, there exists some [ €
J\J'" C O. Let J” be the value of the variable J of Algorithm 3 at the beginning
of the for-loop (Line 2) when 8 € O was processed. Since 8 ¢ J C J C J", we
have J' C J\ {8} C J”"\ {8} Since J' = a, by Lemma 12, J”\ {8} = . Hence
(3 must have been removed from J” at Line 4, and consequently, S ¢ J. This
contradicts 5 € J \ J’', which proves that there is no J' C J such that J' = «.
Hence J is a justification for O = a. O
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Finally, observe that a run of Algorithm 3 requires exactly n subsumption
tests. Hence, the complexity of computing one justification is bounded by a
linear function over the complexity of entailment checking. In particular, one
justification for concept subsumptions in ALC can be computed in exponential
time.

4.2 Computing All Justifications

A justification for O = « contains axioms that are responsible for one reason
for the entailment. As we have seen in Examples 22 and 23, there can be several
different justifications. To repair an unwanted entailment O = «, it is, therefore,
necessary to change an axiom in every justification of O = «. How do we compute
all justifications?

Note that the output of Algorithm 3 depends on the order in which the
axioms in O are enumerated in the for-loop (Line 2). Different orders of the
axioms can result in different removals and, consequently, different justifications.

Example 25. Consider the run of Algorithm 3 on the input O and a from
Example 22, where the axioms in O are enumerated in the reverse order as
in Example 24.

J Ié] J\{B}E"a=ACC
{ANBC 1, ACC,BCC,AC B} ANBELC 1 yes

{ACC,BCC, AC B} ACC yes

{BCC, AC B} BCC no

(BCC, AC B} ACB  |no

{BC C, AC B} - -

In this case, the algorithm returns the justification J; = {AC B, BC C}.

Exercise 13. For which order of axioms in O does Algorithm 3 return the justi-
fication J3 = {AC B, AN B C 1} from Example 227

Ezercise 14. Prove that for each justification J of an entailment O = « there
exists some order of axioms in O for which Algorithm 3 with the input O and
a returns J.

The property stated in Exercise 14 means that for computing all justifications
of O k= «, it is sufficient to run Algorithm 3 for all possible orders of axioms in
O. Since the number of permutations of elements in an n-element set is n!,* the

‘nl=n-(n—1)-(n—2)---2-1, there are n possibilities to choose the first element,
n — 1 to choose the second element from the remaining ones, n — 2 to choose the
third one, etc.
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algorithm terminates after exactly n - n! entailment tests; since n - n! < n"*! =
2(logan)(n+1) < 2"2, this value is bounded by an exponential function in n. As
shown in Example 23, the number of justifications can be exponential in n, so the
exponential behavior of an algorithm for computing all justifications cannot be
avoided, in general. Unfortunately, the described algorithm is not very practical
since it performs exponentially many subsumption tests for all inputs, even if,
e.g., O = « has just one justification, which is O itself. This is because this
algorithm is not goal-directed: the computation of each next justification does
not depend on the justifications computed before.

How can we find a more goal-directed algorithm? Suppose that we have
computed a justification J; using Algorithm 3. The next justification Jo must
be different from .J;, so Js should miss at least one axiom from J;. Hence the
next justification Jo can be found by finding 5y € J; such that O\ {61} F «
and calling Algorithm 3 for the input O\ {#1} and «. The next justification
Js, similarly, should miss something from .J; and something from Js, so it can
be found by finding some 1 € J; and (3 € Jy such that O\ {51,5:} E «
and calling Algorithm 3 for the input O \ {01,052} and «. In general, when
justifications J; (1 < i < k) are computed, the next justification can be found
by calling Algorithm 3 for the input O\ {#; | 1 < i < k} and « such that
BieJi (1 <i<k)and O\{B; |1 <i <k} E a. Enumeration of subsets
O\ {B: |1 <4<k} can be organized using a data structure called a hitting set
tree.

Definition 12. A hitting set tree (short: HS-tree) for the entailment O = « is
a labeled tree T = (V, E, L) with V # § such that:

1. each non-leaf node v € V' is labeled with a justification L(v) = J for O E «
and, for each 8 € J, v has an outgoing edge (v, w) € E with label L(v,w) =
2. each leaf node v € V is labeled by a special symbol L(v) = L.

For each v € V let H(v) be the set of edge labels appearing on the path from v
to the root node of H. Then the following properties should additionally hold:

3. for each non-leaf node v € V. we have L(v) N H(v) =0,
4. for each leaf node v € V- we have O\ H(v) [~ a.

Figure 6 shows an example of two different HS-trees for the entailment from
Example 22. Note that the justification J; labels two different nodes of the left
tree. We next prove that every HS-tree must contain every justification at least
once.

Lemma 13. Let T = (V,E, L) be an HS-tree for the entailment O = «. Then,
for each justification J for O |= «, there exists a node v € V' such that L(v) = J.

Proof. Let v € V be a node with a maximal (w.r.t. set inclusion) set H(v) (see
Definition 12) such that H(v) N J = 0, i.e., for every other node w € V either
H(w) € H(v) or H(w)NJ # (. We prove that L(v) = J.
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Ji={AC B, BC C} Jy ={ACC}

Ag% &EC ACC
Jh={ACC} J,={ACC} Js={ACB, ANBC 1}
ACC ACC AE% NHBQL

1L Js={ACB AnBC 1} | J1={ACB,BCC}

AE% yﬂBgL Agy ygc
1 1 1 1

Fig. 6. Two HS-trees for O={AC B, BCC, ACC, ANBC l}EFa=ACC

Observe that since H(v) NJ = 0 and J C O, we have J C O\ H(v). Since
J = «, by monotonicity of entailment, we obtain O \ H(v) = a. Therefore, by
Condition 4 of Definition 12, v cannot be a leaf node. Hence, L(n) = J’ for some
justification J' of O = a. If J = J' we have proved what is required. Otherwise,
since J is a justification for O | « and J' | «, we have J'  J. Hence, there
exists some 3 € J'\ J. By Condition 1 of Definition 12, there exists (v, w) € E
with L(v,w) = 8. Furthermore, by Condition 3 of Definition 12, J' N H(v) = 0.
Hence, 3 ¢ H(v) since 8 € J'. Hence, H(w) = H(v) U{8} € H(v) and, since
B¢ Jand H(v)NJ =), we have H(w)N.J = @. This contradicts our assumption
that H(v) is a maximal set such that H(v) NJ = @. This contradiction proves
that L(n) = J is the only possible case. O

We next show that each HS-tree T = (V, E, L) for an entailment O E «
has at most exponentially many nodes in the number of axioms in O. Take any
(v,w) € E. Then v is not a leaf node. Hence, by Condition 1 of Definition 12,
L(v) = J for some justification J for O = @ and L(v,w) € J. By Condition 3,
J N H(v) = 0. Hence L(v,w) ¢ H(v). This implies that for each node v € V
each axiom 8 € H(v) appears on the path from v to the root node exactly once.
Hence the depth of H is bounded by the maximal number of axioms in H(v),
which is bounded by the number of axioms in @. Similarly, since each non-leaf
node v has exactly one successor for every § € L(v) C O, the branching factor
of H is also bounded by the number of axioms in O. This analysis gives us the
following bound on the size of T"

Lemma 14. Every HS-tree T for O |= o has at most Y., ,, n* nodes where
n is the number of axioms in O. o

Ezercise 15. Prove that T has at most (n+1)! nodes. Hint: show that every path
of T from the root to the leaf has a unique sequence of axioms on the labels of
edges. Is this bound better than the bound from Lemma 147
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An HS-tree T = (V, E, L) for an entailment O |= « can be constructed as
follows. We start by creating the root node vy € V. Then we repeatedly assign
labels of nodes and edges as follows. For each v € V, if L(v) was not yet assigned,
we calculate H (v). If O\ H(v) £ «, we label L(v) = L according to Condition 4
of Definition 12. Otherwise, we compute a justification J for O\ H(v) = « using
Algorithm 3 and set L(v) = J. Note that J satisfies Condition 3 of Definition 12
since J C O\ H(v). Next, for each 8 € J, we create a successor node w of v
and label L(v, w) = (. This ensures that Condition 1 of Definition 12 is satisfied
for v. Since, by Lemma 14, H has a bounded number of nodes, this process
eventually terminates. The described algorithm is known as Reiter’s Hitting Set
Tree algorithm (or short: HST-algorithm) [22,46].

Ezercise 16. Construct an HS-tree for the entailment O = « from Example 23
for the parameter n = 2 using the HST-algorithm.

Note that we call Algorithm 3 exactly once per node. Then Lemma 14 gives
us the following bound on the number of entailment tests performed by the
HST-algorithm:

Lemma 15. An HS-tree for an entailment O |= « can be constructed using at
most ) 1 cp<nt1 n® entailment tests, where n is the number of azioms in O.

Note that unlike the algorithm sketched in Exercise 14, the input for each
call of Algorithm 3 depends on the results returned by the previous calls.

Ezercise 17. Suppose that an entailment O = « has a single justification J = O.
How many entailment tests will be performed by the HST-algorithm if O contains
n axioms?

The HST-algorithm can further be optimized in several ways. First, it is
not necessary to store the complete HS-tree in memory. For computing a jus-
tification J at each node v, it is sufficient to know just the set H(v). For each
successor w of v associated with some 5 € H(v), the set H(w) can be computed
as H(w) = H(v) U {B}. Hence, it is possible to compute all justifications by
recursively processing and creating the sets H(v) as shown in Algorithm 4. The
algorithm saves all justifications in a set .S, which is initially empty (Line 1). The
justifications are computed by processing the sets H(v); the sets that are not
yet processed are stored in the queue @, which initially contains H(vg) = @) for
the root node vy (Line 2). The elements of @ are then repeatedly processed in a
loop (Lines 3-10) until @ becomes empty. First, we choose any H € ) (Line 4)
and remove it from @ (Line 5). Then, we test whether O \ H = « (Line 6). If
the entailment holds, this means that the corresponding node v of the HS-tree
with H(v) = H is not a leaf node. We then compute a justification J using
Algorithm 3 and add it to S (Lines 7-8). Further, for each 5 € J, we create the
set H(w) = H(v) U {8} for the corresponding successor node w of v and add
H(w) to Q for later processing (Lines 9-10). If the entailment O \ H = « does
not hold, this means that we have reached a leaf of the HS-tree and no further
children of this node should be created.
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Algorithm 4. Computing all justifications by the Hitting Set Tree algo-
rithm
ComputeJustificationsHST (O, a): compute all justifications for O E «
input : an ontology O and an axiom « such that O E «
output : the set of all minimal subsets J C O such that J = «

1S« 0;
Q— {0}
while Q # 0 do
H «— choose H € Q;
Q—Q\{H}
if O\ H = a then
J — Minimize(O \ H, a);
S—Su{J}
for g € J do
| Q= QU{HU{A;

© 00 N0 A WN

o
o

return S;

=
=

Exercise 18. Prove directly that Algorithm 4 returns all justifications for the
given entailment O = «a. For this, show that the following invariant always
holds in the main loop (Lines 3-10): if J is a justification for O |= «, then either
J € S or there exists H € @ such that J C O\ H.

Note that it is not specified in which order the elements should be taken from
Q@ in Line 4 of Algorithm 4. Indeed, correctness of the algorithm does not depend
on the order in which the sets H € @ are processed. However, performance of
the algorithm may depend on this order. If the elements of ) are processed
according to the first-in-first-out (short: FIFO) strategy, i.e., we take elements
in the order in which they were inserted to the queue, this means that the nodes
of the HS-tree are processed in a breadth-first way, so the queue may contain
exponentially many unprocessed sets H at some point in time. If the elements of
@ are processed according to the last-in-first-out (short: LIFO) strategy, i.e., we
remove elements in the reversed order in which they were inserted, this means
that the nodes of the HS-tree are processed in a depth-first way, so the queue
always contains at most n? sets (at most n sets for nodes of some tree path
plus at most n — 1 other successors for each of these nodes). Consequently, the
LIFO strategy should be more memory efficient. This optimization is related to
the optimization discussed in Remark 5, which allows for executing a tableau
procedure in polynomial space.

A few further optimizations can be used to improve the running time of Algo-
rithm 4 in certain cases. Note that some justifications can be computed multiple
times as shown for the example on the left-hand side of Fig. 6. It is possible to
detect such repetitions by checking if any justification J € S computed so far is
a subset of @\ H for the currently processed set H. In this case, a (potentially
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expensive) call of Algorithm 3 in Line 7 of Algorithm 4 can be avoided by reusing
J. Of course, testing J C O\ H for all J € S can also be expensive since S may
contain exponentially many justifications. In practice, it makes sense to perform
this test only for small J, for which the test is more likely to succeed. Another
possible repetition is when some H € @, which was already processed before,
is processed again. In this case, not only the previously computed justification
J C O\ H can be reused, but it is also not necessary to create the successor
sets H U {B} for B € J since also those sets should have been created before.
Of course, to check if a set H was processed before, we need to save all previ-
ously processed sets H, which is not done in the base version of Algorithm 4
since this information can increase the memory consumption of the algorithm.
Hence, this is an example of an optimization that trades memory consumption
for potentially improving the running time. Another optimization is to test if
H is a superset of some set H' for which the test O \ H' = « was negative.
Clearly, in this case, the test O \ H = « is negative as well by monotonicity
of the entailment, so such H can immediately be disregarded by the algorithm
without performing this test.

4.3 Computing All Repairs

The main idea of the HST-algorithm is to systematically compute two kinds of
sets: (1) justifications J for the entailment O = « and (2) sets H that contain
one element from each justification J on a branch. The name of the algorithm
comes from the notion of a hitting set, which characterizes the latter sets.

Definition 13. Let P be a set of sets of some elements. A set H is a hitting
set for P if HNS # O for each S € P. A hitting set H for P is minimal if every
H' C H is not a hitting set for P.

Intuitively, a hitting set for P is a set H that contains at least one element
from every set S € P. An HS-tree is then a tree T = (V, E, L) such that for
each v € V, H(v) is a hitting set of the set of justifications on the path from
v to the root of T'. The leaf nodes v of T are labeled by hitting sets H(v) such
O\ H(v) F~ o. Intuitively, the set H(v) represents a set such that the removal
of H(v) from O breaks the entailment O = .

Definition 14. A set R is a repair for the entailment O = a if O\ R }~ a.
A minimal repair for O = « is a repair R such that for every R’ C R we have

O\RE a.

Notice some similarities between the notion of a minimal repair and the
notion of a justification (cf. Definition 11): justifications are minimal subsets of
O which entail the conclusion «, whereas minimal repairs are complements of
the maximal subsets of O which do not entail «. Notice that each repair R for
O [ a should contain one axiom from every justification J for O = «. Indeed, if
J N R = for some justification J and repair R, then J C O\ R, which violates



48 B. Glimm and Y. Kazakov

the conditions J = a and J C O\ R £ « due to monotonicity of the entailment.
This means that every justification must be a minimal hitting set of the set of
all minimal repairs and, likewise, every minimal repair is a minimal hitting set
of the set of all justifications. This property is known as the hitting set duality
(between justifications and minimal repairs).

The HTS-algorithm can easily be extended to compute repairs in addition
to justifications. Indeed, as mentioned above, if v € V' is a leaf node, then H(v)
is a repair for O |= a since O \ H(v) = o by Condition 4 of Definition 12.

Example 26. The leaf nodes of the HS-tree on the left-hand side of Fig. 6 corre-
spond to the repairs:

Ri={AC B, AC C},
Ry={BCC,ACC, AC B},
Ry={BCC,ACC,ANBC 1}.

Notice that the repair Ro is not minimal since R; C Rs.

A natural question is whether all repairs for the entailment will be computed
by the described extension of the HST-algorithm. This is not true for arbitrary
repairs: indeed, the whole ontology O from Example 22 is clearly a repair for
the entailment O =« = A C C, since O\ O = 0 £ a because A C C is not a
tautology. However, as shown in Example 26, the repair O was not computed.
It turns out, however, that the extended HST-algorithm computes all minimal
repairs.

Exercise 19. Prove an analogy of Lemma 13 showing that if R is a minimal
repair for O |= « then each HS-tree T = (V, E, L) for O = « contains a leaf
node v € V such that H(v) = R. Hint: take a node v € V' with a mazimal H(v)
such that H(v) C R and prove that H(v) = R for this node. Use the property
that J N R # () for every justification J for O = a.

To compute repairs using Algorithm 4, it is sufficient to add an else-block for
the test in Line 6, in which the set H for which this test fails, is added to the
set of repairs.

4.4 Computing Justifications and Repairs Using SAT Solvers

In the previous section, we have discussed the hitting set duality property
between justifications and repairs: every justification is a hitting set for the set
of all minimal repairs and every minimal repair is a hitting set of the set of all
justifications. Hitting set duality takes a prominent place in the HST-algorithm,
but we can use this property as the basis of a direct algorithm for computing
justifications and minimal repairs.

Suppose that we have already computed some set S of justifications and
some set P of minimal repairs for the entailment O | «. How can we find
a new justification or a minimal repair? As mentioned, each new justification
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Algorithm 5. Maximizing non-entailment

Maximize(O, M, a): compute a maximal subset N C O such that
M C N and N £«

input : an ontology O, a subset M C O, and an axiom « such that
M}~ «

output : N C O such that M C N £~ a but N’ |= « for every N’ with
NCN CO

N «— M;

for € O\ M do

if NU{8} I~ a then
L L N «— NU{g};

return N;

BW N =

%]

must be a hitting set for P, i.e., it should contain one axiom from every repair
R € P. Furthermore, it should be different from any of the previously computed
justifications, i.e., it should miss one axiom from every J € S. Suppose we have
found a subset M C O satisfying these two requirements:

VReP:MNR#0, (7)
VJeS:J\ M 0. (8)

If M [ «, then, using Algorithm 3, we can extract a minimal subset J' C M
such that J' = «. Note that J’ still misses at least one axiom from each J € S
since (8) is preserved under removal of axioms from M. Therefore, J' is a new
jgustification for O = a. If M }£ «, then, similarly, by adding axioms 8 € O to
M preserving M [~ «, we can find a mazimal superset N of M (M C N C O)
such that N [£ «a: see Algorithm 5. Note that (7) is preserved under additions
of elements to M, hence, R’ = O\ N is a new minimal repair for O = a. Thus,
using any set M satisfying (7) and (8) we can find either a new justification or
a new minimal repair.

How to find a set M satisfying Conditions (7) and (8)? These conditions
require solving a rather complex combinatorial problem. Propositional (SAT)
solvers, offer a convenient and effective way of solving such problems. In the
following, we describe a propositional encoding of Conditions (7) and (8). The
interested reader can find some background information on Propositional Logic
and SAT in Appendix A.2.

To formulate the propositional encoding, we assign to each axiom § € O a
fresh propositional variable pg. Then, every interpretation 7 determines a set
M=MZI) ={8c 0| pg = 1} of axioms whose corresponding propositional
variable is true. We construct a propositional formula F such that FZ = 1 if and
only if M(Z) satisfies (7) and (8) for the given sets S of justifications and P of
minimal repairs. Thus, to find a subset M satisfying (7) and (8), it is sufficient
to find a model Z of F' and compute M (Z). We define F as follows:
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F=F©S.P)= N\ \V »sr \ V ps (9)

JeS peJ REP BER

Example 27. Let O be the ontology from Example 22. We assign propositional
variables to axioms from O as follows:

7AEBWp1, 7AEC ~> P3,
- BEC ~ po, ~ ANBLC L ~ py.

Let S be the set of justifications J; and J; from Example 22 and P a set
containing only repair R; from Example 26. Then according to (9) we have:

F =F(S,P)=(-p1 V-p2) A(p3) A (p1 V p3).

F has a model Z with p? =1 and pZ = pZ = pZ = 0, which gives M (Z) = {A C
B}.

Once the set M determined by a model Z of F' is found, we can extract either
a new justification J or a new repair R from M by minimizing entailment using
Algorithm 3 or maximizing non-entailment using Algorithm 5. After that, we
can update F according to (9) and compute a new model of F, if there exist
any.

Ezample 28. Continuing Example 27, observe that M(Z) = {A C B} ¢ a =
A C C. By running Algorithm 5 for O, M = M(Z) and «a we compute N as
follows:

N 3 MU{B}F a=ACC
{ACB} BCC yes
{ACB}|ACC yes
{AC B} ANBLC L |yes
[AC B} - :

Hence, R=O\N ={BC C,AC C,ANBLC 1} is a new minimal repair
for O = a (repair R3 from Example 26). After we add this repair to P and re-
compute F' according to (9), we obtain a formula with an additional conjunct:

F=F(S,P)=(=p1V—p2) A(=p3) A (p1 Vp3) A (p2 VsV pa).

The interpretation Z from Example 27 is no longer a model for F, but we can
find a new model Z of F with p? = pI =1 and pZ = pZ = 0. For this model, we
have M(Z) ={AC B, ANNBC 1} = «. By running Algorithm 3 for M and «,
we obtain a new justification J = {A C B, A1 B C L} (justification J3 from
Example 22). The new justification, when added to S, gives us another conjunct
for F:
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Algorithm 6. Computing all justifications using a SAT solver

ComputeJustificationsSAT (O, «): compute all justifications for
OFa«a

input : ontology O and axiom « such that O E «

output : the set of all minimal subsets J C O such that J = «

18« 0

2 F T,

3 while 37: FZ =1 do

4 T «— choose T : FT =1;

s | M—{B|p5=1}

6 if M E a then

7 J «— Minimize(M, o);

8 S — SuU{J};

0 FeFAN\{-pg|Be}
10 else

11 N «— Maximize(O, M, a);
12 | F—=FAV{ps|B€O\N}
13 return S;

F=F(S,P)=(—p1V—p2) A(=p3) A (=p1 V =ps) A (p1 Vp3) A(p2 V3V py).
This formula F' is now unsatisfiable.

Note that if F' is unsatisfiable, then S already contains all justifications for
O E a and P contains all minimal repairs. Indeed, if S does not contain some
justification J for O = « then M = J clearly satisfies (7) and (8), hence,
the interpretation Z = Z(M) defined by p- = 1 if and only if « € M, is a
model of F'. Similarly, if P does not contain some minimal repair R for O = «,
then M = O\ R satisfies (7) and (8), hence, the interpretation Z = Z(M) is
likewise a model of F. To conclude, either F' is satisfiable and from its model
we can compute a new justification or a minimal repair and extend F with the
corresponding conjunct or F' is unsatisfiable, in which case we have computed
all justifications and minimal repairs.

Algorithm 6 summarizes the described procedure for computing all justifica-
tions using a SAT solver. We start by creating an empty set S of justifications
(Line 1) and a formula F' that is always true (Line 2). Then, in a loop (Lines 3—
12), as long as F' is satisfiable (which is checked using a SAT solver), we take
any model Z of F' (Line 4), extract the corresponding set M = M(Z) that it
defines (Line 5), and check the entailment M |= . If the entailment holds, using
Algorithm 3 we compute a justification for M = a (Line 7), which, by mono-
tonicity of entailment, is also a justification for O = a. This justification is then
added to S (Line 8) and F' is extended with a new conjunct for this justification
according to (9) (Line 9). If the entailment does not hold, we compute a maximal
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superset N of M such that N & « using Algorithm 5 (Line 11) and extend F
with the corresponding conjunct for the new repair R = O \ N according to (9)
(Line 12). As soon as F' becomes unsatisfiable, we return the set S of computed
justifications (Line 13).

Ezample 29. Consider the entailment O = a from Example 22 and propositional
encoding of axioms in O from Example 27. The following table shows a run of
Algorithm 6 for the inputs O and a. Every row in this table corresponds to
one iteration of the while-loop (Lines 3-12). The first column gives the value of
the interpretation Z for F' computed in this iteration. The second column shows
the value of M computed for this interpretation and whether the entailment
M = « holds. The third column shows the result of minimizing the entailment
or maximizing the non-entailment using Algorithms 3 and 5. The last column
shows the conjunct that is added to F' for the corresponding justification or
repair.

pt pl p% ¥ ME"a min(M) E o/ max(M) E o | C

0 0 0 0 Pfa {AC B} ffa p2 V p3 V pa
0 1 0 0 |[{BCC}PFa {BCC,ANBC 1}~ a p1Vp3

1 1 0 0 {AEB,BEC}):D( {AEB,BEC}):Q —p1 V —p2
0 0 1 1 {ACC,ANBCl}Ea {ACC}Ea —ps

1 0 0 1 |[{ACB,ANBLC1l}Fa {ACB, ANBL 1}« —p1 V —p4

Algorithm 6 can be easily turned into an algorithm for computing repairs (in
addition or instead of justifications), by saving the repairs O\ N for N computed
in Line 11.

Let us briefly discuss similarities and differences between Algorithm 4 and
Algorithm 6. Both algorithms work by systematically exploring subsets of O and
minimizing entailments from such subset to compute justifications. Algorithm 4
constructs such subsets (O \ H) manually by removing one axiom appearing
in the previously computed justification (if there is any) in all possible ways.
Algorithm 6 enumerates such subsets M with a help of a SAT solver. The main
difference is that Algorithm 4 may encounter the same subsets many times (on
different branches), whereas the propositional encoding used in Algorithm 6
ensures that such subsets never repeat. The following example shows a situation
where Algorithm 4 performs exponentially many iterations of the while-loop,
whereas Algorithm 6 has only quadratically many iterations.

Ezample 30. Consider axioms 5; = AC BMND;,v=BCCMND; (1<i<n),
and the ontology O = {f;, 7 | 1 <i < n}, where A, B, C, and D; (1 <i<mn)
are atomic concepts. Clearly O = a = A C C. Furthermore, there are exactly
n? justifications for O = a: J;; = {8, v;} (1 <4i,j < n) and exactly 2 minimal
repairs: Ry = {f3; | 1 <i <n}, Ry = {v; | 1 <j < n}. Hence Algorithm 6 will
perform exactly n? +2 + 1 calls to a SAT solver with a formula F' of the size at
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most ¢ - (n? -2+ 2-n) for some constant ¢.> On the other hand, each HS-tree
T = (V,E,L) for O = « has at least 2" nodes. Indeed, every non-leaf node
v € V must be labeled by some L(v) = J;; with 1 < 4,j < n, which contains
two axioms. Hence every non-leaf node of v € V' must have two successor nodes
(see Condition 1 of Definition 12). For every leaf node v € V, the value H(v)
must be a repair for O | «a, so H(v) must be a super-set of either Ry or Rs.
Hence H(v) contains at least n elements, which means that the path from v to
the root of T has at least n edges. Therefore, T' is a binary tree whose leafs have
the level n or higher. Hence T' has at least 2™ nodes.

Of course, an iteration of Algorithm 4 cannot be directly compared to an
iteration of Algorithm 6. Both iterations use at most one call to Algorithm 3,
but Algorithm 6 may also require a call to Algorithm 5, as well as checking sat-
isfiability of F. The latter requires solving an NP-compete problem, for which
no polynomial algorithm is known so far. In order to check satisfiability of F,
a SAT solver usually tries several (in worst-case exponentially many) proposi-
tional interpretations until a model of F' is found. As each such interpretation
7 corresponds to a subset M (Z) C O, this process can be compared to the enu-
meration of subsets in Algorithm 4. However, a SAT solver usually implements
a number of sophisticated optimizations, which make the search for models very
efficient in practice, whereas the subset enumeration strategy used Algorithm 4
is rather simplistic. Hence Algorithm 6 is likely to win in speed. On the other
hand, Algorithm 6 requires saving all justifications (and minimal repairs) in the
propositional formula F, which might result in a formula of exponential size,
if the number of such justifications or repairs is exponential. In this regard,
Algorithm 4 could be more memory efficient since saving (all) justifications is
optional (see the discussion at the end of Sect. 4.2). Hence both algorithms have
their own advantages and disadvantages.

5 Summary and Outlook

In this course, we have looked in-depth into the most common algorithms for
reasoning and explanation in Description Logics. We have seen that the develop-
ment of such algorithms is a complicated process already for the relatively simple
DL ALC. To show correctness of algorithms, one usually needs to prove several
theoretical properties, such as soundness, completeness and termination. The
algorithmic complexity analysis is helpful to understand the worst-case behavior
of algorithms and to compare different algorithms across several dimensions such
as (non-deterministic) time and space complexity. Identifying the exact compu-
tational complexity for various DLs and reasoning problems has, therefore, been
one of the central research topics in DLs. The DL Complexity NavigatorS pro-
vides an interactive overview of many of these results.

5 The conjuncts for J;; in F consist of two negated propositional variables, the con-
junct for R; and Rz in F' consist of n propositional variables.
5 http://www.cs.man.ac.uk/~ezolin/dl/.
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Proving correctness and complexity results often requires understanding of
model-theoretic properties of the languages. As we have seen in Sect. 3, for rea-
soning with ALC ontologies, it is sufficient to restrict the search to a special
kind of tree model represented by tableaux. This so-called tree model property
was argued to be one of the main reasons for decidability and the relatively
low complexity of Modal Logics, the siblings of Description Logics [66]. For pure
ALC concept satisfiability, i.e., without background ontologies, it is sufficient to
consider tree models of a bounded depth (Sect. 3.1). With additional background
ontologies, the tree models are no longer finite and special blocking techniques
are required to ensure termination of tableau algorithms (Sect. 3.2). When mov-
ing to very expressive DLs, such as SROZQ [29] (the language underpinning
the OWL 2 Direct Semantics), eventually the tree model property is lost and
proving termination of tableau procedures, while still ensuring soundness and
completeness, becomes increasingly difficult. It is not very surprising that when
increasing the expressivity of languages, i.e., when adding new ways to construct
concepts and axioms, the complexity of the reasoning problems increases as well.
For example, the time complexity of all standard reasoning problems in SROZQ
becomes non-deterministic doubly exponential [31], whereas it is “only” deter-
ministic exponential for ALC (see the remark after Theorem 2).

The theoretical analysis of algorithms does not always give an accurate pre-
diction about their practical performance. Often a situation that triggers the
worst-case behavior of an algorithm represents some corner case, which rarely
appears in practice. When it comes to practical efficiency, some other proper-
ties of algorithms become more important. For example, despite a relatively
high algorithmic complexity (see Theorems 1 and 2), tableau algorithms remain
among the fastest DL reasoning algorithms to date. This phenomenon can be
explained by a range of optimization techniques that have been developed for
tableau algorithms in the past two decades.

All state-of-the-art tableau reasoners, e.g., FaCT++ [62], HermiT [42], Kon-
clude [58], MoRE [48], and Pellet [56], apply a significant range of optimizations.
The optimizations can be categorized into those for preprocessing, consistency
checking, and for higher level reasoning tasks. Examples of higher level reason-
ing tasks are classification, where one computes all subsumption relationships
between atomic concepts or materialization, where one extends the ontology,
for each individual (pair of individuals), with assertions to capture the atomic
concepts (roles) of which the individual (the pair of individuals) is an instance.

Most reasoning systems preprocess the input ontologies. The simplest form
of preprocessing is the presented conversion into negation normal form (Defi-
nition 2 in Sect. 3), which is not used for improving performance, but rather
to allow for using fewer tableau rules. Other standard preprocessing optimiza-
tions include lexical normalization and simplification, which aim at identifying
syntactic equivalences, contradictions and tautologies [4, Sect. 9.5]. A well-known
and very important optimization for improving performance is absorption, which
alms at rewriting general concept inclusion axioms to avoid non-determinism in
the tableau algorithm. For example, here we suggested to convert an axiom of
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the form AMB C Cinto T € =AU -BUC to allow for handling them with the
T-Rule. This introduces, however, a non-deterministic decision for each axiom
and each node. Instead, practical tableau systems use a variant of the C-Rule
introduced in Table4 restricted to atomic concepts on the left-hand side, i.e.,
for an axiom of the form A C C in the ontology, a node with A in its label,
but C not in its label, the node’s label is extended with C'. With this rule, one
can transform AM B C C into A C =B U C, which already reduces the amount
of non-determinism. Binary absorption [30] further allows for a conjunction of
(two) atomic concepts on the left-hand side of a general concept inclusion, i.e.,
one can completely avoid the non-deterministic decisions for our example axiom
AM B E C. Further absorption techniques include role absorption [61], nominal
absorption [55], and partial absorption [57].

As outlined in Sect. 3, consistency checking is the core reasoning task of a
tableau-based reasoner. Since these checks typically occur very often, many opti-
mizations are known including model merging techniques [24], lazy unfolding,
semantic branching, boolean constraint propagation, dependency directed back-
tracking and backjumping, and caching. We refer interested readers to the DL
Handbook [4, Sect.9] for a more detailed descriptions of the latter optimiza-
tions. The HermiT reasoner further tries to reduce non-determinism by com-
bining hypertableau [8] and hyper-resolution [47] techniques. In order to reduce
the size of the tableau, modern DL reasoners several blocking strategies such as
anywhere blocking [42] or core blocking [19].

Higher level reasoning tasks are usually reduced to a multitude of consistency
checks such that they benefit from the optimizations of this task as much as pos-
sible. Many OWL reasoners, solve the classification problem using an Enhanced
Traversal (ET) classification algorithm [5] similar to the one used in early descrip-
tion logic reasoners. To construct a concept hierarchy, the algorithm starts with
the empty hierarchy and then iteratively inserts each concept from the ontol-
ogy into the hierarchy. Each insertion step typically requires one or more sub-
sumption tests—checks whether a subsumption relationship holds between two
concepts—in order to determine the proper position of a class in the hierar-
chy constructed thus far. A more recent alternative to the ET algorithm is the
known/possible set classification approach [20].

Despite the wide range of implemented optimization techniques, the rea-
soning performance might not be sufficient for some applications. The OWL 2
standard addresses this by introducing so-called OWL profiles [41], which are
fragments of OWL 2 that restrict the allowed constructors in order to allow for
tractable reasoning procedures. For example, the OWL 2 EL profile (based on
the Description Logic £L, a fragment of ALC) allows for a one-pass classification
of ontologies, i.e., repetitive subsumption tests are not needed. Some reasoners,
e.g., Konclude, combine tableau procedures with tractable algorithms for han-
dling those parts of an ontologies that are in the OWL 2 EL profile. Similarly,
MoRe combines the (hyper-)tableau reasoner HermiT with the specialized OWL
2 EL reasoner ELK [34].
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Many optimizations try to avoid unnecessary operations by making algo-
rithms more goal-directed and thus reducing the search space. We have seen sev-
eral examples of such optimizations in Sect.4 when considering algorithms for
computing justifications and repairs. Such optimizations typically do not reduce
the worst case complexity of algorithms but they can significantly improve their
behavior in typical cases. For example, Algorithm 3 for computing one justifi-
cation, in practice, does not start with the whole ontology J = O (Line 3), but
with a subset J C O such that J = . If a small subset J like this is found, the
number of subsequent entailment tests performed by the algorithm can signifi-
cantly be reduced. The initial subset J can be found, for example, by starting
with J = 0 and repeatedly adding to J axioms from O until J = «. This part of
the algorithm, called the expansion phase, requires additional entailment tests.
To find a J that is as small as possible, one usually tries to first add axioms
that are most likely to cause the entailment J = «, e.g., the axioms § € O
that contain symbols from « or from the previously added axioms in J. The
initial subset J C O such that J | « can also be found using algorithms for
computing modules of ontologies. A (logical) module of O for a set of symbols X
is a subset M C O such that for every axiom [ formulated using only symbols
in X, if O B then M = (. In our case we are interested in X' consisting
of all symbols in a. Some types of modules, e.g., locality-based modules can be
computed in polynomial time without performing any subsumption tests [16]. It
is also possible to reduce the number of entailment tests when minimizing the
entailment J = a by removing several axioms at a time instead of one axiom
like in Algorithm 3. Further details of optimization techniques for computing
justifications can be found in the PhD thesis of Horridge [26].

Another way to optimize an algorithm is to use an existing “off-the-shelf”
tool that is already optimized for solving a certain class of problems. One of
the most popular examples of such tools are SAT solvers. In Sect. 4.4 we have
shown how SAT solvers can be used for computing justifications and repairs (see
Algorithm 6). This algorithm or variations thereof are implemented in several
tools such as EL+SAT [53,67], EL2MUS [1], and SATPin [39]. The SAT solvers
used in these tools are not only only used to find new candidate subsets M
for justifications or complements of repairs, but also to check the entailments
O E «a. This has been possible by using different, consequence-based algorithms
for reasoning with ontologies. In contrast to tableau algorithms, consequence-
based algorithms do not construct (representations of ) models, but instead derive
logical consequence of axioms using a number of dedicated inference rules. Thus,
to prove the entailment O |= «, it is sufficient to show how the axiom « can be
derived using these rules and the axioms in O. Each inference step ay,...,a, F «
used in this derivation can be encoded as a propositional formula p,, A -+ A
Do, — Pa, thus reducing DL entailment to propositional (Horn) entailment.
Consequence-based procedures have been first formulated for the simple DL
EL to show that entailment in this language can be solved in polynomial time
[13]. The above mentioned tools for computing justifications are targeted to this
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language. Since then, consequence-based procedures have also been extended to
more expressive (even non-polynomial) DLs [3,7,15,32,54].

One of the benefits of consequence-based algorithms is that they can be used
to provide better explanations for the obtained reasoning results. Justification
for entailments O = « tell which axioms of the ontology are responsible for the
entailment, but not how the entailed axiom was obtained from them. This limita-
tion has been mainly due to the black-box nature of the tableau-based reasoning
algorithms: since tableau algorithms are based on constructing models, they
cannot provide information supporting positive entailment tests O |= « since in
such cases no counter-model for the entailment O | « exists (see Lemma 2). In
contrast, consequence-based algorithms can provide explanations for entailment
in the form of derivations (or proofs). In practice, computing derivations for a
given subsumption has not been an easy task because if in addition to computing
all consequences, we also save all inference steps by which they were produced,
the amount of memory required to store all this information can double. A
goal-directed procedure for generation of inferences [33] can be used to mitigate
this problem. The (black-box) algorithms for computing justifications have also
been extended to provide some inference steps that derive (simple) intermediate
conclusions, which can improve understanding of explanations [27,28].

Ontologies and the reasoning techniques described in this course are suc-
cessfully employed in many domains, e.g., to reason over the environment of
(autonomous) cars [17,68], in information integration tasks [35,38], or, most
prominently, in medicine, life sciences, and bio-informatics [21,25,63]. The stan-
dardization efforts of the World Wide Web Consortium (W3C) for the DL-
based Web Ontology Language OWL have certainly helped in promoting the
use of logic-based knowledge representation and reasoning. While modern search
engines have picked up the ideas of using structured or formal knowledge, this is
often not in the form OWL (or DL) ontologies. For example, Google’s knowledge
graph and Facebook’s Social Graph are based on proprietary formats. The same
holds for Wikidata, although Semantic Web standards are also supported (e.g.,
a SPARQL [23] query interface and data dumps in the Resource Description
Format (RDF) [52] are available). We attribute this to several reasons: While
large companies such as Google recognized the importance of structured knowl-
edge, they rather use their proprietary formats, possibly for business reasons. A
contributing challenge is also that even the tractable fragments of DLs do not
offer the performance required at Web scale. Furthermore, the knowledge in the
Web is inherently inconsistent, which is challenging for logic-based approaches.
DLs and OWL also lack features that are important for some applications. For
example, Wikidata captures when a fact was true, e.g., the former German chan-
cellor Helmut Kohl was married to Hannelore Kohl from 1960 to 2001. This is
difficult to model using DLs since roles can only relate two elements, but research
to address these issues is on-going [37,40]. Summing up, it is widely accepted
today that structuring and formalizing knowledge is important and that signifi-
cant advances were made in the last years; nevertheless, research is still needed
in several directions.
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A Appendix

For the convenience of interested readers, in this appendix we recap some back-
ground material used in this course, such as the basic notions for describing
the (theoretical) complexity of algorithms, and the propositional satisfiability
problem.

A.1 Computational Complexity

A decision problem (for an input set X) is simply a mapping P: X — {yes, no}.
Note that X can be an arbitrary set of objects. For example, for the concept
subsumption problem, X counsists of all possible pairs (O, C C D) where the first
component is an ontology O and the second component is a concept subsumption
C C D. An algorithm A solves (or decides) a decision problem P for X, if A
accepts each value z € X as input, terminates for all these values, and returns
the (correct) result A(z) = P(x).

There are several dimensions according to which one can measure the com-
putational complexity of problems and algorithms. We say that an algorithm
A has an (upper) time complexity f(n) if for each input x € X with the size
(e.g., the number of symbols) n, the algorithm A terminates after at most f(n)
steps. A problem P for X is solvable in time f(n) if there exists an algorithm
A that solves P and has the time complexity f(n). We say that a problem P is
solvable in polynomial time if there exists a polynomial function f(n) such that
P is solvable in time f(n). A problem P is solvable in exponential time (doubly
exponential time, ...) if there exists a polynomial function f(n) such that P is

solvable in time 2/(") (22“")7 ...). Analogously to the algorithmic time com-
plexity, one can define the algorithmic space complezity: a problem P for X is
solvable in space f(n) if there exists an algorithm A that solves P such that for
each input € X with the size n, the algorithm A uses at most f(n) units of
memory at every step of the computation.

Another dimension of the computational complexity is based on the notion of
a non-deterministic computation. An algorithm A is said to be non-deterministic
if the result of some operations that it can perform is not uniquely determined.
Thus, the algorithm can produce different results for different runs even with the
same input. A non-deterministic algorithm A solves a problem P for X if, for
each € X such that P(z) = no, each run of A terminates with the result no,
and for each z € X such that P(z) = yes, there exists at least one run for which
the algorithm terminates and produces yes. The intuition is that, if one has an
unlimited number of identical computers, then one can solve the problem P by
starting the algorithm A in parallel on all of these computers; if P(x) = yes, one
of them is guaranteed to return yes (provided the results of all non-deterministic
instructions are chosen at random).

The time and space complexity measures are also extended to non-
deterministic algorithms. For example, a non-deterministic algorithm A has the
(upper) time complexity f(n) if, for every input « € X of the size n, every run of
A terminates after at most f(n) steps. We say that a problem P for X is solvable
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in non-deterministic time f(n) if there exists a non-deterministic algorithm A
that solves P and has the time complexity f(n). Thus, a problem P is solvable
in non-deterministic polynomial (exponential, doubly exponential, ... ) time if P
is solvable in non-deterministic time f(n), where f(n) is a polynomial (expo-
nential, doubly exponential) function. The non-deterministic space complexity
is defined similarly.

A common way to solve a problem is to reduce it to another problem, for
which a solution is known. A decision problem P, : X — {yes, no} is (many-one)
reducible to a decision problem P»:Y — {yes, no} if there exists an algorithm
R: X — Y (that takes an input from X and produces an output from Y') such
that for every x € X, we have P;(z) = P2(R(z)). In this case the algorithm R is
called a reduction from P; to P,. Depending on the time or space complexity of
the algorithm R (i.e., the maximal number of steps or memory units consumed
for inputs of size n), the complexity bounds of the problems are also transferred
by the reduction. Usually one is interested in polynomial reductions, where the
number of steps for computing each R(x) is bounded by a polynomial function
in the size of x. In this case, if the complexity of P, is polynomial, exponen-
tial, or doubly exponential (for deterministic or non-deterministic, time or space
complexity), then P; has the same complexity as Ps.

A.2 Propositional Logic and SAT

The wvocabulary of Propositional Logic consists of a countably infinite set P of
propositional variables, Boolean constants: T (Verum), L (Falsum), and Boolean
operators: A (conjunction), V (disjunction), - (negation) and — (implication).
Propositional formulas are constructed from these symbols according to the
grammar:

F,G:=p|T|L|FAG|FVG|-F|F -G, (10)

where p € P. A propositional interpretation T assigns to each propositional vari-
able p € P a truth value p* € {1,0} (1 means ‘true’, 0 means ‘false’) and is
extended to other propositional formulas by induction over the grammar defini-
tion (10) as follows:

-~ T2 =1 and 1% =0 for each Z,

~ (FAG)E =1if and only if FZ =1 and GT =1,
- (FVvG)t =1ifand only if FZ =1 or GT =1,

— (=F)T =1 if and only if FZ =0,

~ (F - G) =1ifand only if FZ =0 or GT = 1.

If FZ = 1 then we say that Z is a model of F (or F is satisfied in Z). We
say that F is satisfiable if F' has at least one model; otherwise F' is unsatisfi-
able. A propositional satisfiability problem (short: SAT) is the following decision
problem:

— Given: a propositional formula F,
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— Return: yes if F is satisfiable and no otherwise.

SAT is a classical example of a non-deterministic polynomial (short: NP)
problem: it can be solved using an algorithm that non-deterministically choses a
propositional interpretation Z, computes (in polynomial time) the value FZ and
returns yes if FZ = 1 and no if FZ = 0. It can be shown that each problem solv-
able by a non-deterministic polynomial algorithm has a polynomial reduction
to SAT, which means that SAT is actually an NP-complete problem. Currently,
the most efficient algorithms for solving SAT are based on (extensions of) the
Davis-Putnam-Logemann-Loveland (short: DPLL) procedure, which systemati-
cally explores interpretations in a goal-directed way. A program that implements
an algorithm for solving SAT is called a SAT-solver. Usually a SAT-solver not
only decides satisfiability of a given propositional formula F', but can also output
a model of F in case F is satisfiable.
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