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Abstract In this chapter, we introduce some new notions of generalized convex
functionals in normed linear spaces. It unifies and generalizes the many known and
new classes of convex functions. The corresponding Schur, Jensen, and Hermite-
Hadamard type inequalities are also established.
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1 Introduction

Definition 1 A function f : [a, b] — R is called convex if

fOx1+ 0 =2x2) < Af(xp) + (1 —2) fx2), ey

Vxi1, x2 € [a, b], VA € [0, 1].

This classical inequality (1) plays an important role in analysis, optimization
and in the theory of inequalities, and it has a huge literature dealing with its
applications, various generalizations and refinements. Further, convexity is one of
the most fundamental and important notions in mathematics. Convexity theory and
its inequalities are fields of interest of numerous mathematicians and there are many
paper, books, and monographs devoted to these fields and various applications (see,
e.g., 1,4, 6-14, 16, 18-22] and the references therein).

In this chapter, we introduce some new notions of generalized convex functionals
in normed linear spaces in Section 2. It unifies and generalizes the many known
and new classes of convex functions. Some new basic inequalities are presented in
Section 3. New generalized Hermite-Hadamard type inequalities are presented in
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Section 4. In Sections 5 and 6, strongly convex functional and the corresponding
inequalities in normed linear spaces are also given.

2 Generalized Convex Functionals in Normed Linear Spaces

In what follows, (X, || - ||) denotes the real normed linear spaces, D be a convex
subset of X, & : (0, 1) — (0, 00) is a given function, whose 4 is not identical to O.

In this section, we introduce and study a new class of generalized convex
functionals, that is, («, 8, A, Ao, £, &, h) convex functionals.

Definition 2 A functional f : D — (0, 0o) is called («, B8, A, Ao, t, &, h) convex if
FODx I 4+ 2o(1 = D2l < {h(5) P lxr D) + 2ok (1 —15) £P (lxal)}/P,

2
Vx1,x2 € D,VA, A, t, & € [0, 1], a, B are real numbers, and «, 8 # 0.

If Ao = 1 in (2), that is,
FONx 1%+ A=) 19Y) < (h@®) £ QD+ A—15) FPAx D}, (3)

we say that f is a («, B, A, t, &, h) convex functional.
If £ = 1in (3), that is,

SOl + @ =Wl < (@ LA + A =0 £ (D},

we say that f is a («, 8, A, t, h) convex functional.
For t = A in (2), that is,

FODx I+ 200 =) X2l %) < (RS £ lxr D)+ 2ok (1= 25) £2 (lxal)} /2,
)
we say that f is a («, B, A, Ao, &, h) convex functional.
If € = 1in (4), that is,

FNx® 4 o1 = D lx2D %) < () P (lxr D) 4 Aok (1 — 1) F2(Ixal)}VE,
)
we say that f is a («, 8, A, Ao, h) convex functional.
For Ao = 1 in (5), that is,
FONx I+ A= lx207*) < (hG) FEUx 1) +RA=2) P12}, (6)

we say that f is a («, B8, A, h) convex functional.
In particular, if 2(A) = A%, 0 < |s| < 1 in (6), that is,

FODx I + (=)l < A FAAxl) + =20 FPdxi?, )
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we say that f is a («, B, A, s) convex functional. If s = 1, then (7) reduces to
(a, B, 1) convex functional.
Fora = 8 = 1in (2), that s,

FOQxl + 2o = W) x2l) < AE) Fxnl) + 2ok (1 — ) f (21D, (8)

we say that f is a (A, Ao, t, &, h) convex functional.
If Ao = 1 in (8), that is,

FOQxill 4 (1 =) lxal) < hE) FlxilD 4+ 20 = 5) £ (x2l), 9)

we say that f isa (A, t, &, h) convex functional.
In particular, if r = A in (8), that is,

FONxil 42001 =0 lx2ll) < hGE) £ lxal) + Aok (1 = 2%) £ (Ix2), (10)

we say that f is a (A, Ao, &, h) convex functional.
If € = 11in (10), that is,

JAlxtll + 201 = M llx2l) = AQ) fAlxtlD) + 2ok (1 = 4) f(lIx21), (1)

we say that f is a (A, Ao, h) convex functional.
If o = 1in (11), that is,

SOl + 4 =) lx2l) = A flxlD) + A0 = 2) flx21D, 12)

we say that f is an h-convex functional.
In the following Examples 1-6, we make appointment that

X =10,00), D C[0,00), f : D — [0, 00).
Then (2) reduces to
FOXE 4 2o(1 = W)Yy < (1(5) fP(x1) + roh(1 — 5) FPOVE, (13)

Vx1,x2 € D,VA, Ao, t, & € [0, 1], o, B are real numbers, and «, 8 # 0.
If &£ = 1in (13), that is,

FOXE 4 201 = WxHY®) < {(h() fP(x1) + 2ok (1 — ) fFP)}VB, (14)

Vxi,x2 € D, VA, t € [0, 1], we say that f is a («, B, A, Ao, ¢, h) convex function.
If t = Ain (14), that is,

FOXE 4 201 = 0)xHY®) < (RO P (x1) + roh(1 — 1) fP)}VE, (15)

Vx1,x2 € D,VA € [0, 1], we say that f is a («, 8, A, Ao, h) convex function.



342 J. C. Kuang
If Ao = 1 in (14), that is,
FOXE + A = 0xHY) < {h@) P o) + h(1— 1) fP(x)) VP, (16)

Vx1,x2 € D,VA,t € [0, 1], we say that f is a («, B8, A, t, h) convex function. If
t = X in (16), that is,

FOXE+ A = xHY) < (hQ) £P (er) +h(1 = 1) £P (x2)} VP, (17)

Vxi,x2 € D, VA € [0, 1], we say that f is a («, B, A, h) convex function.
IfA(A) = A5,0 < |s| < 1in (16), (17), that is,

FOXS + (=203 < (£ P ) + (= 0)* fP )} /P, (18)
FQOXF 4+ A =0x)V*) < P o) + (=0 fP )} VP, (19)
we say that fisa («, 8, A, t, s), («, B, A, s) convex function, respectively.

In particular, if s = 1, then (18), (19) reduce to (o, 8, A, 1), («, B, 1) convex
function, respectively.

Example 1 Tf« = 8 = 1in (13), then
FOx1 4201 — A)x2) < h(t®) f(x1) + Aok (1 —15) f(x2), (20)

Vx1,x3 € D, VA, ho, t, & € [0, 1], we say that f isa (A, Lo, t, &, h) convex function.
In particular, if A9 = 1 in (20), that is,

FOx1+ (1= x2) < h(t®) fx) + (1 —15) f(x2), 1)

Vx1,x2 € D,VA, t, & € [0, 1], we say that f is a (A, t, &, h) convex function.
Forh(t) =t%,0 < |s| < 1,& = 1in (21), that is,

FOxi+ 1 =Mx) =7 fx) + 1= 1) f(x2), (22)

Vxi,x2 € D,VA,t € [0, 1], we say that f isa (X, , s) convex function.
In particular, when s = 1 in (22), that is,

JOx1+ A =Mx2) =tf(x) + 1 —1) f(x2), (23)

Vx1,x2 € D,VA,t € [0, 1], we say that f is a (A, ¢) convex function (see, e.g., [8]).
For t = A in (20), that is,

FOx1 4 Aol — A)x2) < h(A5) f(x1) + Aok (1 — A5) f(x2), (24)

Vx1,x2 € D, VA, Ao, & € [0, 1], we say that f is a (A, Ao, &, k) convex function.
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If &€ = 1in (24), that is,

FOxr+2o(1 = 2)x2) < h(A) f(x1) + oh(1 — 1) f(x2), (25)

Vx1,x2 € D,VA € [0, 1], we say that f isa (A, A, ) convex function. In particular,
when Ay = 1,(25) reduces to h-convex function (see [4, 19]), that is,

Jxr 4+ (1 = Mx2) < h(A) f(x1) +h(1 = 1) f(x2). (26)

If h()) = A, then (26) reduces to (1).
Ifh(A) = A%,0 <s < 1in(26), that is,

FOxr + (1 =M)x2) < A% f ) + (1= 1) f(x2), (27)
Vx1,x2 € D,VA € [0, 1], we say that f is a s-Breckner convex function (see, e.g.,
(4,5, 8D).
Ifh(d) =17%,0 < s < 1in (20), that is,

FOx1+ (1 =Mx2) <A77 f(x) + (1= 27" f(x2), (28)
Vx1,x2 € D, VA € [0, 1], we say that f is a s-Godunova-Levin function (see [4]). In
particular, when s = 1, (28) reduces to Godunova-Levin function (see, e.g., [5, 8])

If h(A) = 1 in (26), that is,

fOxi+ 0 =2x2) < flx) + fx2), (29)

Vx1,x2 € D, VA € [0, 1], we say that f is a P-function (see, e.g., [5]).
IfA(A) =A5,0 < |s| < 1,in (24), that is,

FOx1 4201 — M)x2) < A% f(xp) +r0(1 — A5)* f(x2), (30)

Vxi1.x2 € D, VX, Ag, & € [0, 1], we say that f is a (A, Ao, €, s) convex function. In
particular, if £ = s = 1 in (30), that is,

JOxr+2o(1 = M)x2) < Af(xr) + Ao(l —2) f(x2), €29

we say that f is a Ag-convex function (that is, m-convex function in [2]).
If .o = 0 in (20), then

fOx) <h(@®)f(x), x € D. (32)
Whent =X, & =1, h(t) =t in (32), that is,

FOx) < Af(x), (33)
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we say that f is a starshaped function (see [2])

Example 2 If B = 1 in (13), then
FIOXS + 201 = 0DV < h(1%) f(x1) + 2ok (1 — 1) f(x2), (34)

Vx1,x2 € D, VA, Ao, t, & € [0, 1], # 0, we say that f is a («, A, Ao, ¢, &, h)
convex function.
For t = A in (34), that is,

FOxXE + 201 =0V < h(A5) £ (x1) + ok (1 — 15) f(x2), (35)

Vx1,x2 € D, VA, Ao, 1, & € [0, 1], ¢ # 0, we say that f is a («, A, Ag, &, h) convex
function. When Ao = 1, & = 1, (35) reduces to («, h) convex function (thatis, (p, &)
convex function in [5]). In particular, if Ag = 1,& = 1, h(r) = t, (35) reduces to
a-convex function (that is, p-convex function in [5, 22])

Example 3 Ifa =1, 8 = g in (13), then
FOx1 4201 — W)x2) < (A5 f9(x1) + roh(1 — 15) f9(x2)}4, (36)

Vxi1,x2 € D,YA, Ao, t, & € [0,1],9g # 0, we say that f is a (g, A, Xo, ¢, &, h)
convex function.
For t = A in (36), that is,

FOx1 4201 = M)x2) < (RO £9(x1) + roh(1 — 25) f4(x2)}/4, (37)

Vxi,x2 € D,VA, Ao, t, & € [0, 1], g # 0, we say that f is a (g, A, Ao, &, h) convex
function. When 1y = 1,& = 1, h(¢) = ¢, (37) reduces to g-convex function (see,
e.g., [8]).

Example 4 Ifa =1, 8 = —1in (13), then

FOx1+ 201 = W)x2) < (h(e5) f~ xn) + 2oh(1 = 5) f~ )}, (38)
Vx1,x2 € D,VA, Ao, t, €& € [0, 1], we say that f is a (AH, A, Ao, t, &, h) convex
function, where A H means the arithmetic-harmonic means.

For t = A in (38), that is,

FOx1 +20(1 = )x2) < (RAS) 1) + 2oh(1 =25 f o)} (39)
Vxi1,x2 € D,VA, 1o, & € [0,1], we say that f is a (AH, A, Lo, &, h) convex
function.

For h(A) = 5,0 < |s| < 1, A9 = £ = 1 in (39), that is,

FOx1+A=x) <A e+ A =0 ey (40)
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Vx1,x3 € D, VA € [0, 1], we say f isa (AH, A, s) convex function. In particular, if
s = 1, then (40) reduces to AH convex function.

Example 5 Ifa = —1, 19 = 1, h(X) = X in (15), then

I b B B 1/8
J‘"()\)QJF(1 _/\)xl)i{kf (xp)+ A =2 fP(x2)} 7,

Vxi,x3 € D,VA € [0,1], 8 # 0, we say that f is a harmonically S-convex
functions, see [15].

Example 6 If « = —1, 8 = 11in (13), then

FOxT 201 = 0)x D™ < k(@) fF(x1) + 2ok (1 —15) f(x2), (41)

Vx1,x2 € D,VA, Xo,t,& € [0, 1], we say that f isa (HA, A, Ao, t, &, h) convex
function.
For ¢t = A in (41), that is,

FOxT + 201 = 0xH™H < h(E) £ (x1) + roh(1 = 25) f(x2), (42)

Vxi1,x2 € D,VA, 1o, & € [0, 1], we say that f is a (HA, A, Ao, &, h) convex
function.
For h(A) =A%, 0 < |s| < 1,20 =& = 1in (42), that is,

FOXT + A =0x )™ <27 FO) + (1= 1) f(x), (43)

Vx1,x2 € D,VA € [0, 1], we say f isa (HA, A, s) convex function. In particular,
if s = 1, then (43) reduces to H A convex function.

Example 7 If o« = B = —2 in (13), then

FOXT+ 2001 = 0x32) VD) < (h(F) £ 2 (1) + hoh (1= 15) £ 2 (x)) 12,
(44)
Vxi1,x2 € D,VYA, Ao, t, & € [0, 1], we say that f is a (HS, A, Ao, t, &, h) convex
function.
For t = A in (44), that is,

FOTE 4 201 = 0x3 D~ < (hGE) £~ 1) + hoh(1 = 25) 2 a2)) "2,
(45)
Vxi1,x2 € D,VA, xo,& € [0, 1], we say that f is a (HS, A, Lo, &, h) convex
function.
For h(A) =A%, 0 < |s| < 1,X0 =& = 1in (45), that is,

FOXT2+ A =0x D) )y < 8 2D + A =2 F 20 V2, @46
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Vx1,x3 € D,V € [0, 1], we say that f is a (HS, A, s) convex function, that is, f
is the harmonic square s-convex function. In particular, if s = 1, then (46) reduces
to H S convex function.

Example 8 Let X be a real normed linear space, and D be a convex subset of X,
h:(0,1) — (0, 00) is a given function. If

3| Aty)
= h(AD) = ————, 0< 1, <00,
fh+n Aty +12)
then
15 At
T WL T S GV
H+n A+ 1)

and by (25), we get

11x1 + Aotaxo - A1) f(x1) + Aor(2) f(x2)

i H+1n - Aty +12)

, (47)

Vx1,x2 € D, VA, Ay € [0, 1], we say that f is a (A, Ag) convex function. When
Xo = 1,(47) reduces to A-convex function (see, e.g., [3, 4]).

Hence, Definition 2 unifies and generalizes the many known and new classes of
convex functions.

3 Some New Basic Inequalities

The classical Schur, Jensen, and Hermite-Hadamard inequalities play an important
role in analysis, optimization and in the theory of inequalities, and it has a huge
literature dealing with its applications, various generalizations and refinements (see,
e.g., [2,6-9, 11, 12, 18-22], and the references therein). In this and next section, we
present the corresponding inequalities for (o, 8, A, Lo, t, &, k) convex functionals.

Definition 3 ([19]) A function 4 : (0, 1) — (0, 00) is called a super-multiplicative
function if

h(tu) > h(t)h(u), (48)

forall#,u € (0, 1).

Lemmal Lerg(||x|) = f(Ix)1Y%), x € D, a, B are real numbers, and e, B # 0.
Then a functional f : D — (0, 00) is («, B, A, Lo, t, &, h) convex if and only if the
functional g : D — (0,00) is (A, ho, t, &, h) convex. In particular, a functional
f:D — (0,00) is («, B, A, Ao, &, h) convex if and only if the functional g : D —
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(0, 00) is (A, Ao, &, h) convex, and a functional f : D — (0,00) is («, B, A, h)
convex if and only if the functional g : D — (0, 00) is h-convex.
Proof Setting |u| = ||x||'/%, x € D. Assume that f is (&, B, A, Ao, , €, h) convex,
then for all x1, xo € D, we get
g lxrll +2o(1 = 1) [Ix2]l) = g (Aluey [|* + Ao (1 — A) [l [|*)
= PO Nurll® + 201 = M) [lua |V < k() £P (lur]) + roh(1 = £5) £P (Jual)
=h(®)g(lur]|*) + roh(1 — t)g(lual*) = h(t*)g(lx1 1) + 2oh (1 — 15)g(x21),
which proves that g is (A, Ag, £, &, h) convex.
Conversely, if g is (A, Ao, ¢, &, h) convex, then
SO + 201 = W) luz[V*) = gllur[* + Ao (1 — 1) [luz[|)
= g llx1ll 4+ 201 = MlIx2ll) < ~E)glxilD) + roh(1 — t5)g([lx21])
= h(t®) £ 1) + roh (1 = %) £P (a9
= h(t®) fP(lurll) + 2oh(1 — %) £P (lluz ).

which proves that f is («, 8, A, Ao, t, &, h) convex.
First of all, we establish Schur type inequalities of («, 8, A, h) convex functionals.

Theorem 1 Let f : D — (0,00) be a h-convex functional and h : (0,1) —
(0, 00) is a super-multiplicative function, then for all x1,x2,x3 € D, such that

lx1ll < llx2ll < llx3]l, and O < ||x3]| — ||x1]| < 1, the following generalized Schur
inequality holds:
hdllxsll — llx21) Adllx2ll — llxe )
fdlx2l) = ———————=flx1l) + —————————= f(lx3]D. (49)
h(llxsll = llxr 1) h(llxsll = llxl)

Proof Setting

_ sl = ezl
sl = llxll”

wehave 0 < A < 1,

_ el =l
sl = llxll”

and [x2fl = Allxr [l + (1 — A)llx3]l. By (12), we get

Fix2l) = fllxall + (1 =) llxsl)
= h@) fdlxtl) + A0 = 2) f(lx31D- (50)
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By (48), we get

h(llxsll = llx2l) = A xsll = IxeD) = AR = llxtlD-

Hence,
h(llxsll = llx20D
h(A) < ——————. (51
h(llxsll = llxelD
Similarly, we get
h —
Bl — 5y < Ml = D )

A < .

h(llx3]l = llxt 1)
Therefore, (49) follows from (50), (51), and (52). The proof is complete.
Using Lemma 1, we get

Corollary 1 Let f : D — (0,00) be a («, B, A, h) convex functional, and h :
(0, 1) — (0, 00) is a super-multiplicative function, then for all x1, x2, x3 € D, such
that||x1 |* < [[x2]|* < |x3]|% and O < ||x3]|* —||x1|* < 1, the following Schur-type
inequalities holds:

(sl = x20®) h(lx2l® = [lx1 %)
+
W= = P s =

FPlx Pl (33)

Corollary 2 Let f : (0,00) — (0, 00) be a (o, B, A, h) convex function and h :
0, 1) — (0, 00) is a super-multiplicative function, then for all x1, x2, x3 € (0, 00),
such that x{ < x5 < x5, and 0 < x5 — x{ < 1, the following generalized Schur
inequality holds:

h(x§ —x5) h(xsy —x$)
B 23 27 B i S
Jrx) < h(xe = x?)f (x1) + B = x%)

B (x3). (54)

Next by using the definition of (A, t, &, h) convex functional and induction, one
obtains the following new generalized Jensen inequality:

Theorem 2 Let f : D — (0,00) be a (A, t,&, h) convex functional and h :
0, 1) — (0, 00) is a super-multiplicative function, then

FO Ml = 3 hE) £l (55)
k=1 k=1

forany xi € D, g, tx, § €[0,11,1 <k <n,with) y_ i =1and ) j_, t/f =1

Proof For n = 2, this is just the definition of (A, 7, &, h) convex functional, and for
n > 2 it follows by induction. Assume that (55) is true for some positive integer
n > 2, we shall prove that
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n+1 n+1
FO helald < D7) £l
k=1 k=1

for any xp € D, A, 1, € € [0,11,1 < k < n + 1, with Y751 a4

n+1 &
1 iy =1L

To show that (56) is true, we note that

n+1 n—1
FOxallxel) = £FO aellxell + Anllxall + Angallxaga )
k=1 k=1
n—1 )L
—ﬂ XAMWHA+XHX————HH+
n—1
3 &y
< ) _h@) fAlxkl) + h(z; + )f(—llx I+
l; k n +1 )\’ + )\’n+ n
By (48), we get
£ d
h(t5) = h(—"5— x S +1.)
th tn—i—l
>h(—)h(ﬁ +i),
1 "
that is,
tn h(ts)
)= — 7
h +1, 4 hty +1,.1)
Similarly, we get
K
h( it h(tn+l) .
§+éH Mm+%ﬁ)

Using (9), (58), and (59), we have

An
f———lxall +

Antl
An + Aptl An + Aptl

lxn 411D

349

(56)

1 and

ln+11)-

(57)

(58)

(59)
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z,f ;

t
< (%) lxalD) + h(%)f(”xn+l b
In +1,44 In+ 1,11

1
—g{h(tf)f(llxnll) + h(t§+1)f(llxn+1ll)}- (60)
)

=%
h(tn + tn+1

Hence, (56) follows from (57) and (60). The proof is complete.

Corollary 3 Let f : D — (0,00) be a («, B, A, t, &, h) convex functional and
h:(0,1) — (0, 00) is a super-multiplicative function, then

FO el < (O3 hie) £ Q72

k=1 k=1

forany xi € D, g, ty, & €[0,11,1 <k <n,with) y_ i =1and ) j_, f/f =1

Corollary 4 Let f : (0,00) — (0,00) be a («, B, A, t, &, h) convex function and
h:(0,1) — (0, 00) is a super-multiplicative function, then

FO S mx)®y < O h) FP oy ?,
k=1 k=1

for any x; € (0,00), Ax, 1k, & € [0,11, 1 < k < n, with > }_; \ = 1 and
Yioif =1
k=1*%k —

Corollary 5 Let f : (0, 00) — (0, 00) be a («, B, A, t, s) convex function, then
n n
FOQ - mxHV < O i P P,
k=1 k=1

for any xi € (0,00), A, tk,s € [0,11,1 < k < n, with Y j_; A = 1, and
i =1

Corollary 6 Let f : (0, 00) — (0,00) be a (A, t, s) convex function, then

FO Mxw) < 8 f ().
k=1 k=1

for any x; € (0,00), Ag, tx,s € [0,1],1 < k < n, with ZZ:u\k = 1, and
Dt ti =1L
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4 New Generalized Hermite-Hadamard Type Inequalities

In this section, we present a counterpart of the Hermite-Hadamard type inequality
for («, B, A, Lo, h) convex functional. In what follows, we write

n
Ey(p)={x=(x1,x2, -+ , )0 €R', 1<k=n, |Ixll,=)_ Ix|")'/7, 1 < p<oo},
k=1

B(0,r) ={x € Ex(p) : llxllp = r}.

In particular, E, (2) is an n-dimensional Euclidean space R”.

Theorem 3 Let B(0,ry) be an n-ball of radius r1 in E,(p), E = B(0,r) —
B(0,r),0 <rp <rp <oo. Let f: E — (0,00) be a («, B, A, Ao, h) convex
functional. IffE ||x||‘;‘,_”fﬂ(||x||p)dx < o0, and h € L(0, 1), then

fﬁ((r] a/p + korg/‘"
2h(1 /2) 2
ap"'T'(n/p)

(xor"‘/ Py P\T 1/ p)n

)1/

f 0%~ £2llxll p)dx
E

1
<Py + 0P (/7)) /O h(u)du, 61)

where I («) is the Gamma function:

INa) = /Oox"‘*]e*xdx (a > 0).
0

Proof By transforming the integral to polar coordinates (see [9]), we have

_ @a/pyt [

(a/p)—1 ¢B.1/p
DT (1) r fr@ /' Pdr. (62)

/nxu“ " fB () )dx

rzu /[J_’_)Lurl a/p

n— r2—ri

Setting r = ( )p/a, we have

P r?/p)

%
/rz r(a/p)_lfﬁ(rl/p)dr p( 0
. a(rp —rp)

ffﬁ(( P e Ve
rn—=r

(63)
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By (5) in Definition 2, we get

—u _
fﬂ(( a/p—f—)\‘() — a/P)l/Ot)

r
< h(
ry —
Thus, by (62), (63), and (64), we obtain
/ 1% £P(lxll p)dx
E

_ /P ory"” — )
= ap"l(r2—rOT(n/p)

x{fﬁ(r“")f h( )du + )»ofﬁ(rz/p)/ h(

(F(l/p))"()»ora/p ?/ )
p"1T(n/p)

)du}

which gives the right-hand inequality in (61).

To show the left-hand inequality in (61), setting u = %(71 + rp) + ¢, then

r—u u—ri
ro/r — P 13 rg/p

rp—r rp —rj
a/p a/p
12 r
= (r?/p+)»0rg/p)+ 02 L
1’2 — r1
Setting
A ra/p _ rﬂt/P
bl = [ SO+ hory!") — 22 TN el
rp —ri
A rvt/P _ rvt/p
lall, = (- SG7 4+ 20y + 02 "1 gyl
r2 — r1
we get
I 1%/7 4+ e |97 = r27P 4 agrs P

Thus, by the definition of («, 8, A, k) convex functional, we have

rtlx/p + Aorg/p

5 ey = 8L ||x1||,/"+ ||xz||,/p)”“>

Nad(l

< h(/D{P A + £l ™))

fﬂ(r””) +th< fﬂ( 3Py,

1
PPy 4 a0 fB 7)) /0 h(w)du

(64)

(65)

(66)
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Hence, by (63), (65), and (66), we get

a/p a/p
[ it sy = 2002 )
. a(ry —ry)
(r2—r1)/2 1 X r“/[’ N ’,05/[’
xf PG+ a0rs ") + 22— di
—(rp—r1)/2 ) r
/p _ a/p (ra—r1)/2
p(hors rg't) [reTn 1 1
Smme—— A Py + 1Pl )t
a/p __a/p (ra—r1)/2 a/p a/p
p(rory ) ﬂ((rl + Aor, )”“)dt
T a(rn—rh(1/2) Jo 2
i e Y e ST ©7)
2ah(1/2) 2 :

By (62) and (67), we get
a—n Ta/pN" [ w/p—
/E||x||p fﬂ(||x||p)dx = m g r@/P=1 B 1Py gy

r<1>4/p + Aor;t/p
2

_ (C/p)"Gory”” ="

),
= 2ap"Th(1/2)T(n/p)

A

which finishes the proof.

Corollary 7 Let f : E,(p) — (0,00) be a (o, B, A, Lo, h) convex functional. If
h e L,1)and fB(O,r) ||x||%7”fﬁ(||x||p)dx < 00, then

! Ao ap"'T'(n/p) _
B rON1/je 1/ w—n 2B
! G D= *or/P(C(1/ p))" /B(OJ) el F2dlxll )
1
s{fﬂ(O)Hofﬂ(rl/")}/o h(u)du. (68)

Corollary 8 Let f : (0,00) — (0,00) be a («, B, A, Ao, h) convex function. If
h e L,1), andfabxaflfﬁ(x)dx < 00,0 <a<b < oo, then

1 a% + rpb®
B
2h(1/2)f (« 2

b
)y < L/ XL £B (x)dx

rob® —a® J,

1
(£ (@) +kof’3(b)}/0 h(u)du. — (69)

IA
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Corollary 9 ([4]) Let f : (0,00) — (0,00) be an h-convex function. If h €
L(,1), f € Lla, b], [a, b] C (0, 0), then

L_pltby o ] fbf()d
w12’ 2 TS h—a), T

1
< (f@ + fb) /0 h(w)du. (70)

In particular, if 2(¢) = t*,0 < s < 1, then (70) reduces to (25) in [4]; if h(t) =
t7%,0 < s < 1, then (70) reduces to (26) in [4].

Remark 1 If 8 = 1 and A9 = 1, then (69) reduces to Theorem 5 in [5]. For h(t) =
t, \o = 11in (69), we get

b
fﬁ((“ +b oy < ¢ /xa—lfﬁ(xmx

bOl_aOl

A

1
E{fﬁ(a) + Py (71)

For o = 1in (71), we get

b
fﬂ(aer <L /fﬁ(x)dx
b—aJ,

1
<SP @+ o) (72)
If B = 1, then (72) reduces to the classical Hermite-Hadamard inequality:

a+b

FEE s / Fdx = 3 1F@ + F®)) 73

Remark 2 Inequality (72) is proved by Yang Zhen-hang, but he adds the conditions:
B>1land f(x), f (x) > 0. (see [11,P. 12]).

Theorem 4 Let f : (0,00) — (0,00) be a (a, B, A, h) convex function and h :
0,1) — (0, 00) is a super-multiplicative function, if [a, b] C (0, 00) and a* =
Xy <x§ <--- < xy = b® be equidistant points, then

B 1o B
h(l/n)f (L >s}§f (xx)
< P Zh(l — a0+ P ) Zh(xk) (74)
k=1
wherekszl%{,kzl,Zpu,n,n>1.
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o

Proof Since the points x;’, -+, xy are equidistant, putting t = x,:l—)lc , we have

xf =x¥+Gk-Dt,k=1,2,--- ,nand 1 37 x¢ = 1(x¥+x%). By Corollary 4,
we get

1 n
B 1/a Bl a1 /a
! (( ) )=f ((n g:lxk) )

n 1 1 n
—\£B — h(_ B
5;h<n)f (xk)—h(n);f ),

which gives the left-hand inequality in (74).

To show the right-hand inequality in (74), we note that xk = x¥ 1 + (k— 1)t can
be written as xi = (1 — Ax)x{ + Agx,, where Ay = ;= ll,k =1,2,---,n. By the
definition of (¢, B, A, h) convex function, we get

FPe) = FAU = a)xd + ax)V)
< h(1 = 2) fP 1) 4+ B £P ().

Summing up the above inequalities, we get

n

DA < P DR =2+ fP ) D (),
k=1 k=1

k=1

which finishes the proof.

Corollary 10 Let f : (0, 0c0) — (0, 00) be an h-convex function and h : (0, 1) —
(0, 00) is a super-multiplicative function. If [a, b] C (0,00) anda = x1 < x» <
- < xp = b be equidistant points, then

1 n "
FELEE <37
k=1

h(1/n) 2
< F@) Y A= h) + fG) Y hOw), (75)
k=1 k=1
where Ay = H,k: 1,2,--- ,n,n > 1.

Remark 3 Using Lemma 1, we also obtain Theorem 4 from Corollary 10. For
h(t) =1%,0 < |s| < 1in (74), we get

n—1

+ 1
A ey o L Zfﬁm)_ ((—(Zk“){fﬁ(xl)+fﬂ(xn)}-

k=1 3
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In particular, when s = 1, we get

1 1
Xy < LS pn < St + P, (76)

k=1

A=

If « = B = 1, then (76) reduces to the discrete analogous of the classical Hermite-
Hadamard inequality (73) (see [13]):

x1+xn

f(—) < —Zf(xk) < —{f(X1)+f(xn)}

5 Strongly Convex Functionals in Normed Linear Spaces

Strongly convex functions have been introduced by Polyak [17] and they play an
important role in optimization theory, mathematical economics, and other branches
of pure and applied mathematics. Many properties and applications of them can be
found in the literature (see, for instance, [1, 4, 10, 13, 14, 16, 17], and the references
therein).

In what follows, (X, || - ||) denotes the real normed linear spaces, D be a convex
subset of X,k : (0, 1) — (0, 00) is a given function and ¢ be a positive constant.

Definition 4 (See [13]) A function f : D — R is called strongly convex with
modulus c, if

FOx1+ (1 =0x) SAf() + (1= 1) f () —crd = x —xal?, (77

Vx1,x2 € D, VA € [0, 1].

In this section, we introduce a new class of strongly convex functional with modulus
c in real normed linear spaces, that is, («, B, A, t, h) strongly convex functional
with modulus ¢ in real normed linear spaces, and present the new Schur, Jensen,
and Hermite-Hadamard type inequalities for these strongly convex functional with
modulus c. They are significant generalizations of the corresponding inequalities for
the classical convex functions.

Definition 5 A functional f : D — (0, c0) is said to be a («, 8, A, f, h) strongly
convex with modulus c, if

FEO x4+ A = D2l )Y < h@) 2 Ax D + R =0 £ (lxal)
— ch(Hh(1 = D)[Ilx1|* = k2l (78)

Vx1,x3 € D,VA,t € [0, 1], @, B are real numbers, and «, 8 # 0.
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For ¢ = 0 in (78), we get

FNx I+ A=) 121 < (@) P D +HRA =0 £ QD) 2, (79)

that is, f reduces to («, B, A, t, h) convex functional in Section 2.
For t = A in (78), that is,
FENx® + (=D x2l1)Y*) < hG) Al ) + hA =2 £ (lxal)

— chQIR(L = WX = Il  (80)
then f is said to be a («, B, A, h) strongly convex functional with modulus c. If
¢ = 01in (80), then f reduces to (&, 8, A, k) convex functional in Section 2.

Ifh(x) = A%,0 < [s| < 1, then («, B, A, t, h), (o, B, A, h) strongly convex
functional with modulus ¢ reduce to (o, B, A, t,s), («, B, A, s) strongly convex
functional with modulus c, respectively. In particular, if s = 1, then f is said to
be a («, B, A, 1), (&, B, A) strongly convex functional with modulus c, respectively.

If D = (0, 00) in (78), that is, if a function f : (0, 00) — (0, co) satisfies

PO + (1= nx)*)
<h@OfP ) +h( =) fP o) — ch(Oh(1 —1)|x§ — x>, (81)
Vxi,x2 € (0,00), VA, t € [0, 1], o, B are real numbers, and «, 8 # 0, then f is said

tobe a (o, B, A, t, h) strongly convex function with modulus c.
For ¢ = 0in (81), we get

FOXE 4 (1 =)™y < {(h() P (x1) + h(1 — 1) £ (x2)}V/P, (82)

that is, f reduces to («, 8, A, t, h) convex function in Section 2.
If r = A in (81), that is,

FPOXS + (1 =05l
< hO) P ) +h(1=2) fP(x2) — chQ)h(1 = ) [x§ — x§ >, (83)
Vx1, x3 € (0,00),VA € [0, 1], a, B are real numbers, and «, 8 # 0, then f is said
to be a (o, B, A, h) strongly convex function with modulus c.
For ¢ = 0 in (83), we get
FOXY + A=) < (h) £ o) + h (1= 1) £ )} P, (84)

that is, f reduces to («, 8, A, h) convex function in Section 2.
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Ifh(d) =21%,0 < |s| < 1in(83), we get

FPOXE+ A=)V <28 )+ (1= 1)° fP(x2) —ed™ (1 — 1) x5 —x¥ 1%,

(85)
then f is said to be a (o, B, A, s) strongly convex function with modulus c.
For ¢ = 0 in (85), that is,
FQOx§ A+ @ =0xHY) < (1 PO + (= 1) fP VP, (86)

that is, f reduces to («, 8, A, s) convex function in Section 2.

Remark4 Ifa = B = 1,s = 1, then (86) reduces to the classical convex function.
In fact, the notion of (w, 8, A, t, h) strongly convex functional with modulus ¢
unifies and generalizes the many known and new classes of convex functions, see,
e.g., [1, 10, 13, 14, 16, 17], and the references therein.

6 New Schur, Jensen, Hermite-Hadamard Type Inequalities

In this section, we present the Schur, Jensen, and Hermite-Hadamard type inequali-
ties for (o, B, A) strongly convex functional with modulus c.

Lemma?2 Let g = {ff —c| - |1?}# with fB(|x|)) > c|lx||*®,x € D, then a
functional f : D — (0, 00) is («, 8, A) strongly convex with modulus c if and only
if the functional g : D — (0, 00) is («, B, 1) convex.

Proof Assume that f is («, B, 1) strongly convex with modulus c, then

g (Mt 1% + (1 = ) [l *) )
= P + A=2) el V) =l x| + A=) [l [ %) /]
< AP + (=2 FP Al — ea(d = Dl = a2
—clAllxr [+ (1= Az |
=xfPxlD) + A =D Pl = erllxn 1 — (1 — 1) [lx |
= 2gP (Jx1 ) + (1 = VgP lIx2lD,

which proves that g is («, B, ) convex.
Conversely, if g is («, 8, A) convex, then

FEONx 1 + (1= D)2l

= gP (x4 (1 = D2l V) + el Gl |* + (1 = )l )
< 2P (x1lD) + (1 = 0P llxall) + clrllxr [ + (1 = D) [lx2l|*f?
=xfP(x1 ) + (=0 P xal) = e = Dl = a2,

which proves that f is («, 8, A) strongly convex with modulus c.
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Using Corollary 1 (with A(t) = t) and Lemma 2, and the definition of («, 8, A)
strongly convex with modulus ¢, we get

Theorem 5 Let a functional f : D — (0, 00) be («, B, 1) strongly convex with
modulus ¢, and h : (0, 1) — (0, 00) is a super-multiplicative function, then for all
X1, %2, %3 € D, such that ||x1[|* < [lx2]l* < [lx3]% and 0 < [lx3[|% — [lx1]|* < 1,
the following Schur-type inequalities holds:

llx301% — IIX2||°‘

7Pl < R

3I1% — llxe | sl — llxafl®
- C{IIX2||2“ + (el = el s 1 = IIX1||°’IIX2I|“}. 87)

Plxs

Using Corollary 3 (with h(Ax = Ak, tx = X, &, = 1)) and Lemma 2, and the
definition of («, 8, A) strongly convex with modulus ¢, one obtains the following
new Jensen-type inequality:

Theorem 6 Let a functional f : D — (0, 00) be («, B, 1) strongly convex with
modulus ¢, and fB(||x|)) = c|lx||*®,x € D, and h : (0,1) — (0, 00) is a super-
multiplicative function, then

PP Ml <Y P el

k=1 k=1
n n
=) albeell = O Ml )}, (88)
k=1 k=1

forany xy € DA € [0, 11,1 <k <n, with) j_; A = 1.

We present a counterpart of the Hermite-Hadamard inequality for (o, 8, A, h)
strongly convex functional with modulus c. In what follows, we use the notations in
Section 4.

Theorem 7 Let B(0,ry) be an n-ball of radius r1 in E,(p), E = B(0,r) —
B(0,r1),0 <ry <rp <oo. Let f : E— (0,00) be a («, B, A, h) strongly convex
functional with modulus c. IffE ||x||‘;‘,_”fﬁ(||x||p)dx < 00, and h € L(0, 1), then

1 \lay, S a/p _ a/py2
21(1/2) 7 )T =nt

ap"'T'(n/p)
TP Iy p)

/ 1% £P(llxll p)dax
E

< PGV 4 pRGNPY) / h(w)du

—elrP — rf/l’|2/0 h()h(1 — t)dt. (89)
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Proof By transforming the integral to polar coordinates (see [9]), we have

a—n Ta/pN" " w/imn—
/||x|| fﬂ(” x|lp)dx = "F(/p/p) r@/p) 1f/3(r1/1’)dr. (90)

Settingr—(:;r“1 ;x/p+r"2 T ;‘/”)”/“ we have

a/p a/p
/rz,,(a/p)flfﬂ(,l/p)d, _ P =)
r a(ry —rp)
/ fﬁ« —Lpalp g DL olpy ey gy, ©n
—r] rn—r

By the definition of («, 8, A, h) strongly convex with modulus ¢, we get

ro—u —
fﬂ(( a/[’+ 0‘/[’)1/(1)
rp —ri
r —
< h(Z— fﬁ( ””>+h< fﬁ< /Py
—ch(rz_”m(” — 1)|r§‘/”—rf‘/”|2. 92)
ry — 1] ry — 1]

Thus, by (90), (91) and (92), we obtain

(F(l/p))"(rz _rl)
ap" 1y —r)C(n/p)

x{fﬂ<r””>/ B+ ff’<r””>/ e

/E 1% fP(lxl p)dx <

) u

r

mn—u u—r
—c|r§‘/”—rf‘/”|2/ W h(——)du)

(F(l/a))"(r“/” rP)
T )‘ (P + 1Py "))

1 1
x/ h(t)dt — elr§? — "’/”|2f h()h(1 — t)dt),
0 0

which gives the right-hand inequality in (89).
To show the left-hand inequality in (89), setting u = %(rl + r2) + ¢, then

palp — 271 afp ML afp
r —r "1 n —r "2
1 ra/p _ rvt/p
= E(r;*/” Frhy 21 (93)
rp—r



Recent Advances of Convexity Theory and Its Inequalities 361

Setting
ra/p _ ra/p
il = (3 (r“/” ) - L_gyple
rp —ri
ra/p _ ra/p
lx2llp = (3 (r“/” +rhy 2L /e
rn —r
we get

147 4 xall/? = r27 4 2P

a/p _ 2(ry _rl)
rp —rp

a/p

lx2llp™ = llx1llp

Thus, by (80), we have

rl/p_|_ 2/

A« ey = Ak ||x1||,/”+ ||xz||p/”)”‘*>

<h(= )fﬂ(||x1||””)+h( )fﬂ(nxzu””) c(h( N2 N2l %P = flar 15712

a/p ra/p

=h(= ){fﬁ(llxllll/p)+fﬂ(||xz||1/”)} 4e(h(z >>2<Tr1>2z2. (94)

Hence, by (91), (93), and (94), we get

, a/p a/p
/ Y @1 B gy = P02 700
. a(ry —r1)
(ra—r1)/2 ‘1/1’ Ol/P
X/ f’g(( (ra/”+ g'/”)+7t)l/“)dt
—(ra—r1)/2 rn—r
/p _ a/p (ra—r1)/2
p(ry'? =Py pl2n
=—2_ 1 - UPAx ) + £2 leally )
a(rp—r1) Jo
/p _ “/P —r1)/2 /p Felp _ a/P
p(ry ) [ + s )/a ) 22
_ R 4ch =) t°}dt
> a(rz—rl)h(l/z) Vi (( )+ ( )( )7}
/ / of /p /
:p(rap_rl p)fﬂ(( 1’+r2 )1/a)+cp(r§‘p—rf‘ 17)3 (95)

2ah(1/2) 2 6a '
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By (90) and (95), we get
@Ta/p)" 2
p"T(n/p)
<r(1/p>>"(r“/” /P
p"~ T (n/p)

/p
B +n
{2h(1/2)f ( 2

/ 10~ £ (el p)dx = r@/P= b1y gy

afp

c
)1/0{) 4 g(r;‘/]’ _ r?/[’)Z}’

which finishes the proof.

Corollary 11 Let X = R", B(0, r¢) be an n-ball of radius ry inR", E = B(0, rp)—
B(0,r1),0 < r1 < rp < oo. Let a functional f : E — (0,00) be («, B, X, h)
strongly convex with modulus c, [ |x[157" fP(Ix|l2)dx < oo, and h € L(0, 1),
then

/2 a/2

1/a 2
I (1/2) 5 )+ = (r )
a2 1T (n/2)

a—n pp
_nn/z(ra/Z a/z)_/ el ™" £ (lxllz)dx

1

<{rfa) )+fﬁ(r”2)}/ h(t)dt — elr§"* — “/2|2/ h()h(1 — t)dt.
0

(96)

Corollary 12 Let a function f : (0, 00) — (0, 00) be («, B, A, h) strongly convex
with modulus c. Iffab x""lf/g(x)dx <00,0<a<b<oo,andh € L0, 1), then

8 a* +b”
2h(1/2)f (3
a b
< /x“ilfﬂ(x)dx

b* — a®

)1/0() + %(ba _aot)2

1 1
<{fPw) + fﬁ(b)}/ h(t)dt — c(b* — a"‘)2/ h(h(1 — )dt. (97)
0 0

If « = —1, then (97) reduces to

1 2ab c b—a
B = 2
2h(1/2)f (a+b)+6( ab

ab ("1 4
/—2f (x)dx

=

b—a

< (FP@) + P ) / h(r)dt—e( ) / hOh( - 1)dt.
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In particular, if ¢ = 0, h(¢) = ¢, then the above inequality reduces to the mail result
of [15]:

2ab ab
) <
a—+b b—a

b 1
£A( / S dx = U@ + o))

If « = B = 1, then (97) reduces to the Hermite-Hadamard inequality for strongly
h-convex functions:

a+b

1 b
FEED + S —ar? < m/ Fo)dx

2h(1/2)
1 1

< {f(a)+f(b)}f h(t)dt—c(b—a)zf h(Oh(1 —t)dt.  (98)
0 0

Ifh(t) =1t°,0 < s < 1, then (98) reduces to:

25~ 1f( >+ (b—a)2<—/ f(x)dx

=5
2
< fla)+ fb) (b — a)? (I'(1 +)) 99)
s+ 1 FQa+s)’
Ifh(t) =t75,0 < s < 1, then (98) reduces to:
i —/ fC0dx
o2
@O =) (100
1—s reda —s))
If h(t) =t, s = 1, then (98) reduces to:
b
f(#) + %(b —a)? < - i - / f(x)dx
f@a+ fkb) ¢ 2
< f—g(b—a) . (101)

If ¢ = 0, then (101) reduces to the classical Hermite-Hadamard inequality (73).

Hence, the above results are some substantial refinements and generalizations
of the corresponding results obtained by Nikodem [13] and Merentes and Niko-
dem [10].
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