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Abstract This paper is devoted to the study of nonhomogeneous systems of linear
first-order ordinary integro-differential equations of Fredholm type with multipoint
and integral boundary constraints. Sufficient conditions for the solvability and
correctness of the problem are established and the unique solution is provided in
closed-form. The approach followed is based on the extension theory of operators.

1 Introduction

Mathematical modeling in the theory of automatic control, the theory of oscillation,
mathematical physics, biology, applied mathematics, and economics, very often,
leads to the study of multipoint boundary value problems for differential, functional-
differential, and integro-differential equations. These types of boundary value
problems and their solutions have been investigated by many researchers, for
example, [1, 2, 5, 8, 9, 21]. Of special interest are the multipoint boundary value
problems for a system of differential equations (DEs) and integro-differential equa-
tions (IDEs), see, for example, [4, 6, 11, 12, 22]. It should be noted that obtaining
exact solutions even to multipoint boundary value problems for a differential, or
an integro-differential equation, is a difficult task. Therefore, usually numerical
methods are employed as in [3, 7, 15] and elsewhere.

Recently, in [6] the solution to a class of boundary value problems for a system
of linear first-order DEs coupled with multipoint and integral conditions has been
obtained in closed-form. Here, we continue this study to systems of linear first-order
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ordinary IDEs of Fredholm type with multipoint and integral boundary constraints.
The method proposed is based on the extension theory of linear operators in a
Banach space, as it has been developed in terms of inverse operators [5, 13] and
in terms of direct operators [14], and has been used to investigate the correctness
properties to some extensions of operators [10, 16, 20] and more recently to
solve exactly initial and two-point boundary value problems for integro-differential
equations [17-19].

We first examine the solvability conditions and then obtain the exact solution
of the following system of IDEs subject to multipoint and integral boundary
conditions:

m 1
() = Ay = Gi(x>/0 Hi()yndt = fx),  x €[0, 1],
i=0

m s ;:] 1
ZAiy(xi)—i-ZBj/ Y Ciywdr =, (1)
i=0 j=0 j

J

where A, A;, Bj are n xn constant matrices, G;(x), H;(x), C;(x) are variable n x
n matrices, whose elements are continuous functions on [0, 1], f(x) is a vector of n
continuous functions on [0, 1], and y(x) is a vector of n sought continuous functions
with continuous derivatives on [0, 1]; the points x;, & j satisfy the conditions 0 =
X0 <X < <Xpol <xp=1,0=%8 <& < <& <&, =1"The
problem (1) may be obtained as a perturbation of a corresponding boundary value
problem for a system of first-order DEs, specifically

Y () = Ay(x) = f(x),

m § §in1
> Aiyi)+ )Y Bj /g " Ciyndr =0, )
i=0 j=0 j

whose solvability and the construction of the exact solution were investigated in [6].

The rest of the paper is organized as follows. In Section 2 some necessary
definitions are given and preliminary results are derived. In Section 3 the two main
theorems for the existence and the construction of the exact solution are presented.
Lastly, some conclusions are drawn in Section 4.

2 Definitions and Preliminary Results

Let X, Y be complex Banach spaces. Let P : X — Y denote a linear operator and
D(P) and R(P) its domain and the range, respectively. An operator P is called an
extension of the operator Py : X — Y if D(Py) € D(P) and Pu = Poyu, for all
u € D(Pp). An operator P : X — Y is called correct if R(P) = Y and the inverse
operator P~! exists and is continuous on Y.
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We say that the problem Pu = f, f € Y, is correct if the operator P is correct.
The problem Pu = f with a linear operator P is uniquely solvable on R(P) if
the corresponding homogeneous problem Pu = 0 has only a zero solution, i.e. if
ker P = {0}. The problem Pu = f is said to be everywhere solvable on Y if it
admits a solution for any f € Y.

Throughout this paper, we use lowercase letters and brackets to designate vectors
and capital letters and square brackets to symbolize matrices. The unit and zero
matrices are denoted by I and [0], respectively, and the zero column vector by 0.

The set of all complex numbers is specified by C. If ¢; € C, i =1, ..., n, then
we write ¢ = (c1,...,cp) € C". By C,[0, 1], we mean the space of continuous
vector functions f = f(x) = (f1(x), ..., fu(x)) with norm

I fllc, = 1Al + 12000+ + 1@l I1fl = max, lfl 3

Let f = f(x) = col (fi(x),..., fu(x)) € C,l0, 1]. Further, let the operators
L,K, H:Cyl0, 1] = C,[0, 1] be defined by the matrices

[ 111(x) - 1 (x) kii(x) -+« kin(x)
L(x) = oL . K(x) = oL ,
L1 (%) <+ D (%) kn1(x) -+ knpn (x)
[ hi1(x) - hig(x)
H(x) = o ,
[ An1 (X)) -+ - g (x)

where lij, k,‘j, h,’j e C[0,1]. Let [y = max|l,-j|, ko = max|kij|, hy = maxlh,-j|,
i,j = 1,...,n. Finally, consider the points éj, j =0,...,5 + 1 satisfying the
conditions0 =6y <& <--- <&, <&, =1

We now prove the next lemma which is used several times in the sequel.

Lemma 1 The next estimates are true
ILfllc, <lonlflic, 4

II/0 L) fdtlc, <lonlflc,, x€I[0,1], ()
IIK()C)/0 L) f(ndtlc, < kolon*| flic,. x €10, 1], (6)

1 X
|I/0 K(X)/O L(1) f(t)dtdx||c, < kolon®| fllc,. (7

§iv1 x
”/g : K(x)/o L(t) f (Hdtdx]|c, < kolon®|| flic,- (®)
J
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1 3
I Hx) fo K@) fo L) f()didE e, < hokolon®| flic,. x €0, 1] (9)

Proof The properties (4)—(6), (8) have been proved in [6]. We prove (7) and (9). Let
¢(x) =col(¢p;(x), ..., ¢, (x)) = f(;‘ L(¢) f(¢)dt. Then, from (5) follows that

I /O 1 K (x) /0 "L fWdrdxlic, = | fo 1 K (x)p(x)dx|c,
< konlop()llc,
= kon|| /0 Lo fwdrle,
< kolon?(| fllc, -

We now prove (9). Let ¢ = col (¢, ..., ¢) = [3 K@) [5 L(t) f(1)drdE. Then,
from (4) and (7) follows that

1 3
1H () fo K /0 L) f(dtdElc, = |H®® e,
< honlidlc,
1 &
— honl /0 K@) /0 LO) f()didE e,
< hokolon®|| fllc, -

The lemma is proved. O

3 Main Results

Let the operator P associated with problem (1) be defined as

m 1
Py =y'(x) = Ay(x) — Z Gi(x)/o Hi(r)y(r)dt,

i=0

m s E_I'-H
D(P) = [y(x) e Clo,1]: ZAiy(xi)—i-ZBj/ Ci(t)y(r)dt =0],

i=0 j=0 J
(10)
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where A, A;, Bj are n x n constant matrices and G; (x), H;(x), C;(x) are variable
n x n matrices with elements continuous functions on [0, 1]; the points x;, & j satisfy
the conditions 0 = xp < x] < -+ < Xp—1 <X =1,0=§; <&, <--- <&, <
&s41 = 1. Note that the operator P is an extension of the minimal operator Py
defined by

Poy = y'(x) — Ay(x),

€41
D(Py) = {y(x) € C,l[O, 1]:y(x) =0, / Ci()ytdr =0,

§;
1
/ Hi(t)y(t)dt=0,i=0,...,m,j=0,...,s}. (11
0
Moreover, we may write the operator P compactly as

Py =y'(x) — Ay(x) — Gz(y),
D(P) = {y(X) e ClO0,11: Ay(x) + By (y) = 0}, (12)

where the composite matrices
G=[GyGi...Gn|. A=[AgA1...A,]. B=[ByBi...Bs].
the compound column vectors

z2(y) = col (zo(¥), 21()s + - Zm(¥)) ,
y(x) = col (y(x0), y(x1), ..., y(xm))
V() = col (Vo). Y1), .... ¥s(),

and the n x 1 vectors
1
zi (y) =f Hi()y®)dt, i =0,...,m,
0

§j+1
wj(y)=/g Ciymdt, j=0,...,s.

J

By using (10) or (12), we can express the system (1) equivalently in the elegant
operator form

Py =f), f(x)eGlO,1]. 13)

Theorem 1 below provides the criteria for the existence of a unique solution to
the problem (13).
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We first consider the n x n matrix e*4 and define the following n x n matrices
1
L= / Hi(t)e'dt,
0
41
Aj = f Cj(ne'dr,
J
Xj
Ax(G) = [ e G,
0

1 X
Vit (G) = / Hi(x) / eYTAG(ndtdx,
0 0

§it1 X
W,-k(G)=/’ cj(x)/o eCAGL(Ddrdx,

J

where i,k =0,...,m, j=0,...,s, and the compound matrices
&4 = col [exOA et ex"‘A] ,
L=col[Ly Ly --- Ly]l, A=collAy A1 --- As],
Ag = [Ai(G)], Vi =1[Vi(G)], Wi =[Wi(G)]. 14

Theorem 1 The problem (13) is uniquely solvable on Cy[0, 1] if

AAG +BWg Ae* +BA

det T = det
Ve — 1 L

} £0. (15)

Proof 1t suffices to show that ker P = {0} if detT # 0. Assume that detT #
0. Consider the homogeneous problem Py = 0 consisting of the homogeneous
equation

Y (x) = Ay(x) — Gz(y) =0, (16)
and the boundary conditions

Ay(x) + By (y) =0. A7)

Let the auxiliary integro-functional equation

Y =etd ey f TG (drzi (), (18)
i—0 0
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or in a compact form
X
v =t et [ MGz, (19)
0

where ¢*4 is a fundamental n x n matrix to the homogeneous differential equa-

tion y'(x) — Ay(x) = 0 and d is an arbitrary column vector with constant
coefficients. It is easy to verify that from (19) follows the homogeneous equa-
tion (16). Therefore every solution of (19) is also a solution of (16). From (18),
we have

) = eihd 4 ey / " e AGL iz (), (20)
k=0""0
H;(x)y(x) = Hy(x)e* d + H;(x)e*" ) / CeAG i), QD)
k=00

m x
Cij(x)y(x) = Cj(x)e* d + Cj(x)e™ Y f e Gr(ndtzi(y),  (22)
0
k=0
fori =0,...,m, j=0,...,s. By integrating (21) and (22), we get
1 1
/ H;(x)y(x)dx = / H; (x)e*dxd
0 0

m 1 ¥
+Z/ Hi(X)EXA/ e Gr(ndidxzi(y),  (23)
k=070 0
S./'H S_H—I A
/ Cj(x)y(x)dx =/ Cj(x)e*"dxd
§; £

m £j11 X
+Z / ' Cj(x)e™ / e "AGr(t)dtdxzi(y). (24)
k=0"5J 0

We rewrite (20), (23), (24) in the compact matrix form

y(x) = *d + Agz(y), (25)
2(y) = Ld + Vgz(y), (26)
Y (y) = Ad+ Wgz(y), (27)

where the matrices ¢¥4, L, A, Ag, Vg, Wg are defined in (14). By utilizing (25)
and (27), the boundary conditions in (17) are written as
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A (eXAd + AGz(y)) + B (Ad + Wgz(y)) = 0. (28)

From (26) and (28) we obtain the system

AAG +BWG A +BA (z()) _ (0
[ Vo — 1 L ](d>_<0>’ )

2z _ (0
(9)-(2)

The assumption that det T # 0 implies z(y) = 0, d = 0. Substituting these values
into (19), we obtain y(x) = 0. Hence ker P = {0} and the operator P is uniquely
solvable. The theorem is proved. O

or

Remark 1 Note that the system of integro-differential equations (1) for G; =
[0], i =0,...,m, degenerates to the system of differential equations (2). By setting
G; =10], i =0,...,m, into (15), we obtain

XA
detT = det[AAg—l—BWgAe +BA]

Vg — 1 L

L XA
-1 L
—  det [Ae"A—i-BA]
m K E.Hl
= det ZA,-ex"A+ZBj/ Cijx)eddx | #0, (31
T ‘7 &
i=0 j=0 J

which is the sufficient solvability condition for the differential problem (2) derived
in [6].

We introduce now the C" vectors

6:(f) = / LA f (1,
0
1 X

vi(f) = / Hi (x) / DA £ (1 dtdx,
0 0
§j+1 x

a)j(f)=/ cj(x)f DA f(1drdx,

0

§j

fori =0,...,m, j=0,...,s, and the combined vectors
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¢ = col@o(f).d1(f) e bu (). vy =colwo(f).....vm(f),
wy = col@(f). ... o5 (). (32)

Theorem 2 Let (15) hold true. Then the problem (13) is correct on Cy,[0, 1] and its
unique solution is given by

y(x) — exA /x eitAf(l‘)dl _ |:exA /X eilAG(t)dl exA:| T71 <A¢f + Bwf> '
0 0 Vr
(33)

Proof The problem (13) encompasses the nonhomogeneous system of integro-
differential equations

Y'(x) = Ay(x) = Gz(y) = f(x), (34)
and the boundary conditions
Ay() + By (y) = 0. (35)

Take the auxiliary integro-functional equation
m X X
y(x) = e*Ad + A Z/ eT"AG (1)dizi(y) 4 €4 / e"Afndr,  (36)
— Jo 0
i=0

or in the compact matrix form

y(x) = |:eXA /Ox e "AG(t)dt e“‘} (Z(dy)> + ¥4 /Ox e A F(1)dt, (37)

for every f(x) € Cy,[0, 1]; *4 is a fundamental n x n matrix to the homogeneous
differential equation y'(x) — Ay(x) = 0 and d is an arbitrary column vector with
constant elements. Observe that differentiation of (37) yields (34). Hence, a solution
of (37) is also a solution of (34). From (36), we get

m o exi Xi
yx) = eitd ety / e " Gr(n)dizi(y) + €4 / e~ f(ydr,
k=00 0
(38)

Hi(x)y(x) = Hi(x)e**d + H;(x)e" Y f A G 0diz(y)
k=00

+Hj (x)e¥4 /x e " f(n)dt, (39)
0
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Ci()y(x) = Cj(ned+Cjx)et / e Grndiz(y)
k=00

+Cj(x)e? /0 ’ e F(1)dt, (40)

fori =0,...,m, j=0,...,s. By integrating (39), (40), we obtain
1 1
/ H; (x)y(x)dx = / H; (x)e**dxd
0 0

m 1 X
+3 [ et [Tt
k=070

X
0

1
+ / Hj(x)e™ / e " f(t)drdx, (41)
0
3

§j41 j+1 "
/ Cj(0)y(x)dx = / Cj(x)eAdxd
§j &

m §it1 X
+> f ' Cj(x)e™ / e "Gt dtdxzi (y)
& 0
k=0

J

i1 x
+ / Cj(x)e™ / e A f(t)drdx, (42)
& 0

fori =0,...,m, j=0,...,s. We rewrite (38), (41), (42) in the compact matrix
form

yx) = e*d+ Agz(y) + ¢, (43)
z(y) = Ld+ Vgz(y) + vy, (44)
Y () = Ad + Wgz(y) + wy, (45)

where the matrices €¥4, L, A, Ag, Vg, Wi are defined in (14) and the vectors
¢, vy, @ are given in (32). By utilizing (43) and (45), the boundary conditions
in (35) are recast as

A (Md+ Agz() + 1) +B (Ad+ Woz(y) + o) = 0. (46)
From (44) and (46), we obtain the system

|:AAG +BWG A + BA} <z(y)> _ <A¢f + Bwf) @7

Ve —1 L d 10
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or

T(z(y))z_(Ad)f—i-Bwf). 48)
d l)f

Since det T # 0 by hypothesis, we have

zZMY\ _ o1 (A¢s+Boy
(&)= (M) )

Substitution of (49) into (37) yields the solution (33) to the problem (34)—(35). Since

this solution holds for all f(x) € C,[0, 1], then the system (34)—(35) is everywhere

solvable. Thus, (33) is the unique solution to the nonhomogeneous problem (13)

which can be denoted conveniently as y(x) = P -1 f(x). To prove the correctness

of the problem (13) it remains to show that the inverse operator P! is bounded.
Let r = m + 1 and write the matrix T conveniently as

Tlr Tll
= |:Trr Trl :| ’ (50)

where T = AAGg + BWg, T!! = Ae* + BA, T = Vg — I and T"! = L. Let
also the analogously partitioned matrix

1 [Adc+BWe Ae* +BA
n Vg — I L

Hrl 7"
-1
m=r =|:H11 le]’ (51)
where
! g - 11,
lez[l—[&r.unr}[]’ Hr1= , o’ = ,
(52)
and I7!1, 171.1’, H{I, lekr i,k=0,...,maren x n matrices. Then,
i rl rr
7 (A%r+Bos _ 17ll (A¢>f+13wf)+17l LAY 53)
Vs m'" (A¢; +Boys) + T vy

Substitution of (53) into solution (33) yields
X
v = [ pwar
0

* rl . rr
_ / e(x_t)AG(t)dt ot A H”(A¢f +B60f) +H1 vy
0 I1 (A¢>f+Bwf)+1'[’vf
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_ /x e(x_t)Af(l)dt
0

X X
_ / eWDAG()AIT (Ag ; + Bory) — / CUTOAG (LT v s
0 ’ 0

—" 1" (Ap; +Bwy) — e T vy (54)

Let the maxima absolute elements (ae) for each of the following n x n matrices be
denoted by

k@ = max _e"A] ,  kj =max [BjCj (x)eXA] . 19 = max [e"‘A] ,
L ae

ae ae

ae

-
1D = max / Z e(x_’)AG,-(t)Hi”dt:| , ll.(z) = max [Aie(x"_’)A] ,
0 i—0 ae

ae ae

—_—
1 =max | > / e<“>AG,-(t)17{,jdt] l<4>=max[e“‘n“],
0
i=0

hy = max -Hk(x)eXA] ., hj = max [e"AHilr] . (55)
ae L ae

Notice that the elements of the above matrices are continuous functions on [0, 1]
since the elements of the fundamental matrix ¢*4 and the inverse matrix e 4 are
continuous functions.

We now find some estimates for the terms appearing in (54). First, note that
Ad; +Bwy € C", since both A;¢;(f) and Bjw;(f) € C", and by the triangle
inequality and properties (5), (8), we have

IA¢; +Borllc, < |Adsllc, + [Boylic,

=11>_Aigi(Dlle, + 1Y Bjw;j(Hlc,

i=0 j=0
m Xi
s}jnf A4 fydic,

S §it1 X

+Z||/’ Bjc,-(x)e“‘/ e~ f(tdidx||c,
— " Je. 0
j=0 J

m S
2
<SPl fle, + > kIO flic,
=0

j=0
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m S
2
=n (D 1P +193 k| 1 fllc,-
i=0 j=0

By means of (6), we obtain

X X
I / YDA F(nydtc, = lle¥ f e A fndtllc, < kQ1OR% flc,.
0 0

Utilization of (4) and the relation (56) produces
X
I / TG (Ad ; + Bay)llc,
— | f Z TG (0T dt (A s +Bag)lc,
<1Vn||A¢; + Boylc,
m S
<hn® [ 12 + 193 ki | 1 flle,-
i=0 j=0
From (4) and (7) follows that

X
I / CTAG)d T v |,
0

13

(56)

(57)

(58)

=||/0 e(x_[)A<ZGi(t) [()’,...,ZGi(t)Hi’,f,>dtcol Wo(f)s - s vm (e,
i=0 i=0

m

<y |Z f C=DAG; ()T divi(f)llc,
k=0

<> i nlve(Hllc,
k=0
m 1 X

=Y (3)n||/ Hk(x)e"A/ e f(t)drdx|c,
k=0 0 0

<N 1Pkt On| fllc,

Ms

x~
Il
[}

m
=192 1Pl f e, -

k=0

(39)
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Further, by using property (4) and the relation (56), we acquire

le AT (Ag; +Bwpllc, < DnllAd; +Borllc,
m N
<192 3P 1903 ki | 1 flle,- (60)
Finally, by employing (9), we get

m
Al A 1
lle* 1T rvf”Cn = [le* E Hirvi(f)”Cn
i=0

IA

le* A v (Hlle,

M= I

Il
=}

1 §
le*A T fo H;(§)e" /0 e A f(n)dtdg|c,

L
m

<19y hihill flc, - (61)
i=0

From (54) and (57)—(60), follows that

m ) m
ly@le, < [ k1O + 140> | S 1P +190 k| +1903 Y 10y
i=0 j=0 k=0

m

s m
HO2 0D 1003 kg | 41933 kil | 1 £l
i=0 =0 i=0

= vllflc,- (62)

where y > 0. The last inequality proves the boundedness and correctness of the
operator P and problem (13). The theorem is proved. O

4 Conclusions

We have studied a class of nonhomogeneous systems of n linear first-order ordinary
Fredholm type integro-differential equations subject to general multipoint and inte-
gral boundary constraints. We have established sufficient solvability and uniqueness
criteria and we have derived a ready to use exact solution formula. The method
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proposed requires the knowledge of a fundamental matrix of the corresponding
homogeneous system of first-order differential equations. The solution process can
be easily implemented to any computer algebra system.
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