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Theory for the Static and Dynamic Analysis @ie
of Sandwich Structures

George A. Kardomateas

1 Introduction

Sandwich construction is a structural concept that results in a very stiff but light-
weight structure. In addition, these structures normally possess a high-energy
absorption capability. These attributes are achieved due to the existence of a
relatively soft and lightweight core, typically made out of polymeric or metallic
foam or honeycomb. The core is between two stiff metallic or composite thin face
sheets, which provide the stiffness. As a result, sandwich structures have found
applications in aerospace vehicles, including satellites, helicopter and fixed-wing
aircraft components, as well as naval vehicles, wind turbines and civil infrastructure.
The initial studies on sandwich panels were done by neglecting the transverse
deformation of the core (see the textbooks [1-3]). The core of a sandwich structure
was considered as infinitely rigid in the thickness direction and only its shear stresses
could be taken into account while the in-plane stresses were neglected as a result of
its low rigidity in this direction relative to that of the face sheets. Plantema [1] and
Allen [2] well summarized the work done in the 1960s. The earliest models are
called the classical (no transverse shear of the core) or first order shear deformation
(FOSD) theory (transverse shear of the core included). These models are based on
the Euler-Bernoulli (classical) or Timoshenko beam (first order shear) theories.
These assumptions could potentially be quite inaccurate esp. for dynamic loading;
in particular, sudden loading experiments conducted by Wang et al. [4] showed large
amounts of core compression. Consideration of the core compressibility implies that
the displacements of the upper and lower face sheets may not be identical.

The first theory to consider the core compressibility is the High Order Sandwich
Panel Theory (HSAPT) formulated by Frostig et al. [5] in the 1990s; in this theory,
the resulting shear strain in the core is constant and the resulting transverse normal

G. A. Kardomateas
School of Aerospace Engineering, Georgia Institute of Technology, Atlanta, GA, USA
e-mail: george.kardomateas @aerospace.gatech.edu

© Springer Nature Switzerland AG 2020 321
S. W. Lee (ed.), Advances in Thick Section Composite and Sandwich Structures,
https://doi.org/10.1007/978-3-030-31065-3_11


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-31065-3_11&domain=pdf
mailto:george.kardomateas@aerospace.gatech.edu
https://doi.org/10.1007/978-3-030-31065-3_11

322 G. A. Kardomateas

strain in the core is linear in the transverse coordinate, as a result of the assumption
that the in-plane rigidity of the core is negligible. In the 2000s Hohe et al. [6]
proposed a model for sandwich plates by assuming the transverse normal strain to be
constant along the transverse coordinate, while the shearing strains were assumed to
be linear in the transverse coordinate.

The accuracy of any of these models can be readily assessed if corresponding
elasticity solutions exists. To this extent, for a three dimensional sandwich plate
consisting of orthotropic material, static elasticity solutions were developed by
Vlasov [7] for isotropic plates and by Pagano [8] for a restricted case of material
sandwich combination. And these solutions were extended to cover all possible
orthotropic face sheet and core combinations of a sandwich beam/wide plate by
Kardomateas and Phan [9] and for a plate of arbitrary aspect ratio by Kardomateas
[10]. Regarding the blast loading case, a sandwich beam/wide plate elasto-dynamic
solution was developed by Kardomateas et al. [11]. The latter work was extended to
the three-dimensional elasticity sandwich plate of arbitrary aspect ratio case by
Kardomateas et al. [12]. Besides flat panels, an elasticity solution was developed
by Kardomateas et al. [13] for the geometry of curved sandwich beams/panels.
Regarding buckling, an elasticity solution for the global buckling of a sandwich
beam/wide plate was presented by Kardomateas [14] and for the case of wrinkling of
a sandwich beam/wide, a corresponding elasticity solution was presented by
Kardomateas in [15].

The Extended High Order Sandwich Panel theory (EHSAPT) was introduced in
2012 by Phan et al. [16], and is a theory that allows for the transverse shear
distribution in the core to acquire the proper distribution as the core stiffness
increases as a result of non-negligible in-plane stresses in the core; thus it is valid
for weak or stiff cores. This theory is an extension of the high-order sandwich panel
theory [5]; its novelty is that it allows for three generalized coordinates in the core
(the axial and transverse displacements at the centroid of the core, and the rotation at
the centroid of the core) instead of just one (mid-point transverse displacement)
commonly adopted in other available theories. The theory was formulated for a
sandwich panel with a general layout. The major assumptions of the theory are as
follows: (1) the face sheets satisfy the Euler-Bernoulli assumptions, and their
thicknesses are small compared with the overall thickness of the sandwich section;
they can be made of different materials and can have different thicknesses; they
undergo large displacements with moderate rotations; (2) the core is compressible in
the transverse and axial directions (transverse displacement is 2nd order in the
transverse coordinate (z) and axial displacement is 3rd order in z); it has in-plane,
transverse and shear rigidities; and it undergoes large displacements but with
kinematic relations of small deformations due to its low in-plane rigidity as com-
pared with that of the face sheets; and (3) the face sheets and core are perfectly
bonded at their interfaces. Subsequently, the dynamic version of the Extended High-
Order Sandwich Panel Theory was formulated in its full nonlinear version [17]. A
simply supported sandwich beam subjected to a sinusoidal distributed blast load on
the top face was studied and the results were compared to the dynamic elasticity
solution in [11]; it was shown that the EHSAPT is very accurate and can capture the
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complex dynamic phenomena observed during the initial, transient phase of blast
loading.

The EHSAPT was applied to the problem of global buckling of a sandwich wide
plate/beam in [18]. Three different solution approaches were presented to investigate
the effect of simplifying the loading case: (a) axial load applied exclusively to the
face sheets and the geometric nonlinearities in the core are neglected (linear core);
(b) uniform axial strain applied through the entire thickness and, again, linear core;
and (c) uniform axial strain applied through the entire thickness but now the
geometric nonlinearities in the core are included (non-linear core). The results
were also compared with these from a benchmark elasticity solution [14] and,
furthermore, from the simple sandwich buckling formula of Allen (thick faces
version) [2] and the High Order Sandwich Panel Theory [5]. It was found that all
three theories are close to the elasticity solution for “soft” cores with core over face
modulus ratio less than 0.001. However, for the more “moderate” cores, i.e. with
core over face modulus above 0.001, the theories diverge from each other, with the
EHSAPT being the most accurate, i.e. the closest to elasticity.

A similar study was conducted on the wrinkling problem [19] and the results
were, again, compared to the ones from a benchmark elasticity solution [15]. In
addition, edgewise compression experiments were conducted on Glass Face/Nomex
Honeycomb Core specimens and the ensuing wrinkling point was compared with the
theoretical predictions. A comparison was also made with earlier edgewise com-
pression experiments on Aluminum face/Granulated-cork core reported in literature.
Other wrinkling formulas that were included in the comparison are: the Hoff-
Mautner [20], and the High-Order Sandwich Panel Theory (HSAPT) [5]. In all
cases the EHSAPT was the closest to both the Elasticity predictions and the
experimental data. The HSAPT was in significant error for the relatively thinner
faces. The large discrepancy between HSPAT and EHSAPT for very low ratios of
face over total thickness (when the beam is most susceptible to wrinkling), and the
associated smaller discrepancy for higher such ratios (when the beam tends to buckle
globally), indicates that including the axial rigidity of the core (as in EHSAPT) is
very important for wrinkling.

Recently, a linear finite element was formulated based on the EHSAPT [21]. It
was proven that the finite element version of the EHSAPT constitutes a very
powerful analytical tool for sandwich panels. Furthermore, the effects of geometric
non-linearities were studied in detail in [22]. A critical assessment of including the
various nonlinear terms in the faces and the core was conducted. The nonlinear
buckling response of sandwich panels was subsequently studied [23]. It was shown
that the axial rigidity of the core has a pronounced effect on both the critical load and
the buckling mode. The corresponding non-linear post-buckling response was stud-
ied in [24]. It was found that due to the interaction between faces and core, localized
effects may be easily initiated by imperfections after the sandwich structure has
buckled globally. Furthermore, this could destabilize the post-buckling response. It
was also found that the axial rigidity of the core, although it is very small compared
to that of the faces, has a significant effect on the post-buckling response. This
underscores the need to include it, as is done in the formulation of the EHSAPT.
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Finally, the EHSAPT was also extended recently to the geometry of a curved
panel [25]. Two distinct core displacement fields were proposed and investigated.
One is a logarithmic (it includes terms that are linear, inverse, and logarithmic
functions of the radial coordinate). The other is a polynomial (it consists of second
and third order polynomials of the radial coordinate) and it is an extension of the
corresponding field for the flat panel. The relative merits of these two approaches
were assessed by comparing the results to an elasticity solution [13]. It was shown
that the logarithmic formulation is more accurate than the polynomial especially for
the stiffer cores and for curved panels of smaller radius.

In this review article, we present the basic premises, the formulation, and a
series of accuracy studies for the Extended High Order Sandwich Panel Theory
(EHSAPT).

2  Formulation of the Extended High Order Sandwich Panel
Theory

Let us consider a sandwich panel of length a with a core of thickness 2¢ and top and
bottom face sheet thicknesses f; and f;,, respectively (Fig. 1). A Cartesian coordinate
system (x,y,z) is defined at one end of the beam and its origin is placed at the middle
of the core. Only loading in the x-z plane is considered to act on the beam which
solely causes displacements in the x and z directions designated by u and w,

Fig. 1 Definition of the geometry and the loading
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respectively. The superscripts ¢, b, and ¢ shall refer to the top face sheet, bottom face
sheet, and core, respectively. We should also note that in our formulation the
rigidities and all applied loadings are per unit width.

The displacement field of the top and bottom face sheets are assumed to satisfy
the Euler-Bernoulli assumptions: Therefore, the displacement field for the top face,
c<z<c+f,is:

W (3,2) = wh(x); uf(»az)—u'o(x)—<z—c—’;)wa,x<x>, (1a)

and for the bottom face, —(c + f;) <z < —¢:

wh(x,z) = wg(x); ub(x,z) = u(b)(x) — <Z +c +%> WS’X(X), (1b)

In these relations, the sub script O refers to the centroid (middle surface).
The only nonzero strain in the faces is the axial strain, which in the general
nonlinear case (necessary, for example, for buckling) is:

e (x,7) = ui;b(x, 2) +% [wgi(x)]z, (1c)

If a linear analysis is pursued, the second (squared) term in (1c) is neglected.

While the face sheets can change their length only longitudinally, the core can
change its height and length. The displacement fields considered for the core are of
the form:

wh(x,2) = wi(x) + 2w (x) + w5 (x), (2a)
u (x, 2) = uy(x) + 2 (x) + us (x) + 2§ (x), (2b)
where wy° and u,° are the transverse and in-plane displacements, respectively, ¢,° is

the slope at the centroid of the core, while w;“, w,, and u,°, us°, are transverse and
in-plane unknown functions to be determined by the transverse and the in-plane

compatibility conditions applied at the upper, z = ¢, and lower, z = —c, face-core
interfaces:

wi(c) = wh(x): a(xe) = uhlx) —h (o). (20)

W) = (@) (x—0) = ux) +L2wh (). (2a)

Hence, using the first Egs. in (2c, d) and Eqgs. (1a) and (2a) yields the following
distribution of the transverse displacement in the core:
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we(x,2) = (—§+21—;>w3(x) - (1 —i—i)wg(x) + (§+zz—;>wg(x). (3a)

The axial displacement of the core, u“(x,z), is determined through the fulfillment of
the continuity conditions in the in-plane direction [see second Egs. in (2¢,d)]. Hence,
after some algebraic manipulation:

2 2

u(x, 2) :z<1 - ié)(/)g(x) + 2z (1 - i)ug(x) + <1 - §—2> S (x)

C

2 2 >
Z (148 fzi(_ g) b @( g) .
T52 (1 +C)”0(X) T2 1+C Wox 52 1+C Wox -

(3b)

Therefore, this theory is in terms of seven generalized coordinates (unknown
functions of x): two for the top face sheet, wy', uy’, two for the bottom face sheet, wob s
ug’, and three for the core, wy°, uy", and ¢o°.

The strains can be obtained from the displacements using the linear strain-
displacement relations. For the core, the transverse normal strain is:

. ow* 1 27 1
() =G0 = (5 50)vb) — Swb + (545 wbl) (o)

and the shear strain

c ou¢  owe 372 c 3,2 2 .,
) =504 50— (123 ) gg) + (535 Jobto) - st

z 32 c+f 2c+3f
+ (C2+2c3>ug(x)+ {( 2C2”>z+( v b)zz] wh (4b)
2
AW (c+f) . Qc+3f) »
+(1—C2>w03x+{ 2c2t 2t 3 E27 | Wy

There is also a nonzero linear axial strain in the core &,,° = 0u“/0x, which has the
same structure as Eq. (3b), but with the generalized function coordinates replaced by
one order higher derivative with respect to x.

In the following we use the notation 1 = x, 3 = z, and 55 = xz. We assume
orthotropic face sheets, thus the non-zero stresses for the faces are:

th _ b _tb. th _ b _tb

Oy = Cllgxx’ O-ZZ - C13gxx’ (Sa)
where, in terms of the extensional (Young’s) modulus, E 1”b, and the Poisson’s ratio
vs3,"?, the stiffness constants for a beam are: C;,"> = E,* and C,5"* = v3,"? E;"°.
Notice that the 6,,"” does not ultimately enter into the variational equation because
the corresponding strain &,,"” is assumed to be zero.
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We also assume an orthotropic core with stress-strain relations:

U)CQC CLll C?3 0 8)ch
ng = C§3 C§3 0 egz ) (5 b)
T;z 0 0 Cgs y)cc-z

where C; are the stiffness constants for the core. These constants are determined
from the inverse of the compliance matrix. In particular, they are [26]

. 1—1/”1/“) . (I/C —v”vc) (l—ycyc)
LZEC( 3Y32) . ce _ pe \P13 12Y23) . e pe 12V21
Ch T, Cis 3T C5s 3G (5¢)
Co =1 — (Vipb) + 15305, +05305,) — (Viarhats) + 15,05505,), (5d)
55 = G5 (Se)

In the following we’ll formulate the problem for the general case of dynamic loading.
If the problem is static, the time terms in the equations just need be neglected. The
governing equations and boundary conditions are derived from Hamilton’s principle:

Ja(u V= T)dt =0, (6a)

n
where U is the strain energy of the sandwich beam, V is the potential due to the

applied loading, and T is the kinetic energy. The first variation of the strain energy
per unit width of the sandwich beam is:

a —c c ctf;
U = J J o’ e’ dz + J (05,065, + 05,565, + 15,675, )dz + J ol 8¢ dz| dx,
0 | —c—f, —c c
(6b)
and the first variation of the external potential per unit width is:
5V =— J (6wl + q"Swh + p'Suly + psuf) + m'éwy . + mhéwg’x)
0
c a
- J (n°6u’ + s°6w")dz — [N’éuf)]zzo — [Nbéug]jzo — [V’éwf)]jzo
—C x=0
bs b4 a be b 14
- [V 5W0]x:0 - [Mt&W(t),xL:o - [M ‘SWO,x]x:o7

(6¢)
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where, by reference to Fig. 1, ¢"” is the distributed transverse (along z) force per unit
width, p*’ is the distributed in-plane (along x) force per unit width and m"” is the
distributed moment per unit width on the top and bottom faces. Moreover N*” is the
end axial force per unit width, V" is the end shear force per unit width and M" ” is the
end moment per unit width at the top and bottom face sheets, at the ends x = 0, a. In
addition, n° is the end axial force per unit width and s° is the end shear force per unit
width at the core, at the ends x = 0, a.
In the following, we assume that n° and s are constant. In this case,

ceC c 1 b 4 c f b f
J n‘su‘dz = n‘c [§ (Sug + dup) + 3 Oy — Kbéwo!x + gt(SWf),x , (6d)
CsC c 1 b t 4 c
s6wdz = s°c [§ (5wp + owp) + §5Wo] (6¢)

—c

Of course, the theory can admit any variation of n“ and s along z; for example, a
bending moment on the core would correspond to a linear variation of n° with respect
to z. However, for most practical purposes, loads are applied to the skins and not
the core.

The kinetic energy term is:

5T = J J P’ (i"50" + 8w’ )dz + J pC(U8u° + W 81i)dz
0 [ (c+f) e

c+f,
n J P ('St '8 )dz | dx.

c

For the sandwich plates made out of orthotropic materials, we can substitute the stresses in
terms of the strains from the constitutive relations, Egs. (5a), and then the strains in terms
of the displacements and the displacement profiles, Eqs. (1-4), and finally apply the
variational principle, Egs. (6a); thus we can write a set of non-linear governing differential
Egs. (D.Es) in terms of the seven unknown generalized coordinates as follows:

Top face sheet D.Es (two nonlinear):

4o 200 07 e O
Sug - _(5C55 1152>¢0_<30CC +*C115 2>”g
4 . 2c . 0* .
- (§C55+ Clla 2) [30 Css — ]

. 0°

a
0 o, . O 0 3¢ N\,
(e8GR (w5 )

+D,=p' +F,

(7a)
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where F,/ is the nonlinear term:
t t '3 2
Fu = Cl lft WO,X WO,xx’ (7b)

and D,/ is the dynamic term:

.22 azdf . C 52 2¢ 07U . 6c o%ul
D, =p'Se—=+p 04 pe2¢0t Pias ) =5

u 35 08 35 02 15 02 o2
\ (7¢)
Cfbawo ¢ 3cf, 0wy
7" 70 axaﬂ*” 5 0x0f%’

: 0 e 00N . 0 L fipe O
Swy <a aJr fC“83>¢O+(aSa Cf C”53> b

2 A 2 3, . D
+<a a+cffcna3> +( hat Cf‘c”a3>

1 *  ofuf, . O 4 . LN\ .
"'(@ 33+ﬁ252 14OZC118)&> 8+< 3c C5; + o 73 2)

7 C az a4 2 I3 1 t
loc C33+0‘sa 2+0‘9ax4 wy+ D), =q —ml +F,,
(8a)
where F, is the nonlinear term:
F' =C'f [w’ Uy F Uy W —&-i(w’ )zw’ } (8b)
w— “1Ut 0,x *0,xx 0,x " 0,xx 2 0,x 0,xx |°
and D, is the dynamic term:
3 ¢ 3 3 3
D' :_pcft_czaqﬁo _pcftcauo pcftcauo p‘?’ftcauf)
v 35 0x012 70 0x01? 15 0x012 35 0x0f?
e 0° cfbf, o* Wl + 205 w
" ( P15 at2+ 0 0x20¢% P 1508 (8c)

3Cft zfr G
+[< 15+ 0%) atz < >axzat2]W0'
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Core D.Es (three linear):

3¢ Cil a 2
4 c 2c az t O,’b Cfb c 83 b
- 3—6C55+ sCligg )+ %5 +73C

lla
cflcc a3 t+DL‘70
5 13,3 Wo u—

is the dynamic term:

u
Uy

4 2 o 8 . 16 0?
Su : _<§C§5+ ccﬁa )” +(_C§5 C

where D,°

De — | 2¢ o*ul 16¢ 82u8+§ azuo_cfib Owkof, Ow (9b)
« =P 11502 715 o 15 or '
. 2c e 0*
CSS >

15 0x0r2 ' 15 0x0r2
(8¢ 166
oy - (Sccss 1065 13 2) < Chy IS
4 . 23, , 0 0’
— <§C55 + 5= < C11 o 2) ( a_ Cfb )

lla3
2 3
—< anr f’C“aa >w +Dj =0,

(e

(10a)
where D, is the dynamic term:

Dt = 163 O’ 222 52u8+2_c2 52M6+fb_cz Pt £ O wh
¢ 105 02 35 02 ' 35 or

35 0x02 ' 35 0x0t2

(10b)
and

owi = (pg )t (mg)it— (o
8 . 16c . 0%\ .
- <§C33 15 Css 5 2>w0 +<

C a2 C
C33+a7a 5 WO+D =0,

62

c b b
) ( C33 +ay ax2> Wy
4

3¢

(11a)
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where D,,‘ is the dynamic term:

(11b)

D¢ — o Eazwg @aQW;;Jr% o*w,
15 o 15 o2 15 02

Bottom face sheet D.Es (two nonlinear):
e 20 47 . 0?
Sug : (gcss +3zCh 3 2>¢0 { Css — Ifa 2]
4 . 2 ., O T e o € o2
- <3CC55 JFECU 3 2) (30CC55 Ch 2

o 3, . o\ . 2 2’
+<_ a_‘*‘ﬂcna ) g‘( 1a>w0+(a§a gjgcna 3) 0

+D, =p"+F),

(12a)
where F,” is the nonlinear term:
Fb = CY fy wh Wi e (12b)
and D,” is the dynamic term:
222 0? b 0%ub o 2¢ 0%ug ¢ 0%ut
b_ 0 be \ Y U 0 c €04
Di==r'35% * Py )T TP 155 TP 35 0 (120)

e Owh L fie a3wg
35 oxorr P 70 ox0r”

and
0 Xy o 0N .. 0o 3 .0
Swh (aﬁa-&- fbcna >¢o+(a§a__%clla 3) 0
0 .0 .0
_<“ga+6fbcna3> <0’}§ Cfbclla )
7 0? o* 4 . 0?
+<6CC33+“ba 2+agax4>wg+<—3cc33+a$aﬂ>w
1 . *  fufi e O\
+<&C33+ﬂzw 14OtC“ax4> 0+D€V:qb_mi+Ffw

(13a)
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where F,,” is the nonlinear term:

3 2
Fﬁz = Cllylfh Wg,x ug,)oc + Mg,x Wg,xx + § (Wg,x) Wg,xxi| ’ (13b)

and D,,” is the dynamic term:

S OBy P Dy fye Ougf, O

b _ —
Dy == 555000 77 35 Bor TP 15 0502 TP T00x082
4 02 e L f o
4—{(p Ts+p f¢) 5 (p Ty b) 5 zat2} Wt (13¢)
2000w e O offi O\,
s TP <_BW+ 40 axzaz2>

In the above expressions, the following constants are defined:

6 c i c 1 7fz c
0’1 35 G +fi Cll; a = 30 Cis + (@ - 60c> Css, (14a)
o M (19470 e e e (B0 2
a3 =35 Cis + (30 60c>C55; % =15 Cis + <15 > Css,  (14b)
i i i 2 c 2 Zfz c . i fi c C f c
as = —a; dg=3C;3+ (3 3¢ )Css’ 7= "5C— (—5 5 | Csss

(14c)

o Uf o (e 196 AN oo o a3
ag = 30 C13—( + + Css; (xgzﬁC“—i— 70 Ciys (14d)

15" 30 ' 120c
and
2 /e N 8¢ /
ﬂ1:§(C13+C55)’ 3= 15 (Ci3 + Css), (14e)

t 7 t C
m=ﬁ$ﬂch (B+ﬁ$f_£g)Q? (146)

The corresponding boundary conditions (B.Cs) at x = 0,a, read as follows (at each
end there are nine boundary conditions, three for each face sheet and three for the
core):
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Top face sheet B.Cs (three):
(i) Either duy = 0 or,

2 . D 2% . 0
<C lla>¢0 ( Clla) +<cclla

c Cf c 82 c 3Cf c 82
<30 C13 bCll a 2) b <30 C13 ICll a 2

o (i)

333
2 C
- (560"
wh =N+ "T +B,
(15a)

where N’ is the end axial force per unit width at the top face and »n“ is the (uniformly
distributed) end axial force per unit width at the core (at the end x = 0 or x = a) and

(15b)
. 0
Cfl C“ a 2:| 8
2
-
(16a)

B,/ is the nonlinear term
B, = e Ct (WOX)Z'
(ii) Either Swy' = 0 or,
- :2(26145— YD) e, 4 <L fo e, 6622] st [(2066 i) s
B :2(c3—i;f,) c, + 9 o, CCH 852] N {(3806—(&—):7]”,) s —
#|(Bci =) g+ et aa;] - (a%%) WG
+ (1615!(:6 >aaxagaa33} g:v’+m’+S;—C+B;+L;,

where V' is the end shear force per unit width at the top face and s is the (assumed
constant) end shear force per unit width at the core (at the end x = 0 or x = @) and B,,’

is the nonlinear term:

B, = ~Lrcim, (2, + (4],
and L, is the dynamic term:
0* ¢ o%ub 0%
<12 2 0 66 0 628
P L e TP e
w420 3w b
—p3cfy 555+ (P18¢f, + p'3517)

(16b)
o OCul
+p 366720
P (16¢)
0
0x012
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(ili) Either wy,' = 0 or,

2
( ftcilaa)¢6+<cftcilaa) 8+<Cftccllaa) L+<3Cftc¢llaa> t

C C az C C 11 C az
(oo Bhe B () (e o

_ gt n‘cf,
=M+

(17)

where M’ is the end moment per unit width at the top face (at the end x = 0 or x = a).
Core B.Cs (three):
(1) Either duy° = 0 or,

2 . 0 l6c . 0 . 2 . 0
<Cclla)b (Cclla>0 <Cclla>l

2 o cfy . O 2 o fs . OF
_(§c13 hc”az) g+(§cl3 T2 Cliag v

(18)

.[;
S

=
[

(ii) Either ¢o° = 0 or,

16 D 22 0
(1005 115)4"0 < Cll@)ﬁ"‘(%CuE)“(t)

2 2 2 2
c f c a SC c c C f C a
(15 C13 bCll a 2 I(; (15 CIS) 15 Cl% tCll a 2 =0.

(iii) Either éwo° = 0 or,

2c+3 1
(C+ fb) +£ c +

ub ' X
uy +zuy + 15 15 15 ==sc.

3
(20)

. 2 2 (2¢ +3f,) 4 .
Css[ 5¢o 3 3 th),x] =
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Bottom face sheet B.Cs (three):
(i) Either éuy” = 0 or,

2 0 2c .« 0 . . 0
(C 11a>¢0 (a}fa>g+(cha) +( Cna)t

2 11 3¢f 0’
# o) - (3h + et ga )b Cla
1 o of . 0
+( 30Ch t75Cligz ) = NP4 E 3 LB,

where N’ is the end axial force per unit width at the bottom face and B,” is the
nonlinear term,

B =2k (wh,). (210)

(ii) Either swo" = 0 or,

B [2(2(; +3f,)

2f .01 L. (38c — 47f,)
I5 35 C }¢0+[_ 60c

1192 c

3Cfb C‘ az :l

Css + Css + == Ciy IS

2(C+fb) c Cfb c 62 u (_2C+7fb) c Cfb ¢ 82
+[ 30 T Cige) et | Tee et Cige

2\ . 1/, . 0,27,
NGO R [C R
3
+[ f—tc%_ﬂz)a Cfbflcc 8} o+Lo,

140 ~1 0x3

(22a)

where V? is the end shear force per unit width at bottom face and B,,” is the nonlinear
term:

f 2
B, = et [, + (w4,)7]. (220)
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and L,,” is the dynamic term:

0% ¢ 0%ub 0%u 0%ul
c 2 0 c 0_ ¢ 0 0
o £, pf12¢ 22 p36¢ I p28¢ I — pbc a2
w 420 aSWb ag , ‘ (22C)
1 b 2 Wo
+<p Sth+p 35fb) axat fza a

(iii) Either 6wy," = 0 or,

2 3 d 2\ .
(Seng)o- Coreng )b (Tec s (Cfbcaa)

fb c C 11fb c 82 fb c Cfbf c 82
—(5 C,3>w0+<60 Cs ab—axz wh +(66Ch — 40 Chiag
_ b 1y
=M 6

(23)

where M is the end moment per unit width at the bottom face.

Hamilton’s principle results in 7 coupled partial differential equations, Egs. (7a)
to (13a), four of which are nonlinear due to the consideration of nonlinear axial
strains in the face sheets. The order of the equations of motion is 18. Therefore, there
are 18 boundary conditions, 9 at each end at x = 0 and x = a, given by Egs. (15a) to
(23). Notice that since the rotations of the face sheets are assumed to be the
derivative of the transverse displacement with respect to x, there exist inertial
terms L, and L,” in the boundary conditions in equations, (16a) and (22a). The
7 ubnknowns of EHSAPT are: uy'(x,1), uo“(x,1), o (x,1), do°(x,1), wo'(x,t), wo'(x,t) and
wo (x,1).

3 Accuracy Study I: A Statically Loaded Simply Supported
Sandwich Panel

In this section we shall study the linear response of a simply supported sandwich
panel under transversely applied loading of the form:

4'(x) = gy sin %C (24a)

In this case, the boundary conditions for x = 0, a (Fig. 1) are the three kinematic
conditions
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wh = wj = wi = 0. (24b)

and the 6 natural boundary conditions in (15), (17), (18), (19), (21) and (23).
All these are satisfied by displacements in the form:

X
a

t.b,e _ yrtbc X, t.be t.b,c -
ug = Uy cos o5 W = Wi sin

5 ¢y = DG cos %C. (24¢)

We consider the linear problem, which means that the nonlinear terms Fu,wt‘h in
the governing differential Eqs and the nonlinear terms B,,"” in the boundary condi-
tions are neglected.

Substituting Eq. (25a) into Eq. (10-14) results in a system of seven linear
equations for the seven unknown constants Uy, U,°, U,”, ®,°, Wy, W,,°, and W,".

We shall consider sandwich configurations where the two face sheets are assumed
identical with thickness f; = f;, = f = 2 mm. The core thickness is 2¢ = 16 mm. The
total thickness of the beam/plate is defined as 4,,, = 2f + 2c and the length of the
beam is a = 20h,,,.

Regarding materials, the faces are made out of graphite-epoxy with moduli
(GPa): E," = 181.0; E,' = E3' = 10.3; Go3' = 5.96; G3," = G;,' = 7.17 and
Poisson’s ratios: vs,! = 0.40; v3," = 0.016; v;," = 0.277.

The core is made out of glass-phenolic honeycomb with moduli (GPa):
E;° = E,° = 0.032; E;f = 0.300; G»5° = G3,° = 0.048; G;,° = 0.013 and Poisson’s
ratios: vs3,* = v3,° = v;,° = 0.25.

In the following results, the displacements are normalized with w,,,,,,, = 3q0a4/
(27*FE/) and the stresses with .

Plotted in Fig. 2 is the normalized displacement at the top face sheet as a function
of x. In this figure, we also show the predictions of the simple Classical beam theory,
which does not include transverse shear, as well as the First Order Shear theories; for
the latter, there are two versions: one that is based only on the core shear stiffness and
one that includes the face sheet stifnesses. In addition, we show the predictions of the
High Order sandwich panel theory [5]. This theory, which is based on an assumption
that the in-plane rigidity of the core is neglected and yields a constant shear stress
and zero axial stress in the core. Finally, we also show the predictions from a finite
element method (FEM) study [21].

From Fig. 2, we can see that both the Classical and First Order Shear (both
versions) seem to be inadequate. The Classical theory is too non-conservative and
the First Order Shear theory with face sheets included can hardly make a difference.
On the other hand, the First Order Shear theory where shear is assumed to be carried
exclusively by the core is too conservative; this clearly demonstrates the need for
higher order theories in dealing with sandwich structures. In this regard, both the
Frostig et al. [5] and the Extended High Order theories give a displacement profile
which is essentially identical to the Elasticity solution. In Fig. 2 we can also readily
observe the large effect of transverse shear, which is an important feature of
sandwich structures.
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Fig. 3 Through-thickness distribution in the core of the axial stress, o,,, at midspan

The distribution of the axial stress in the core, o,,, as a function of z at the
midspan location, x = a/2 (where the bending moment is maximum), is plotted in
Fig. 3. The Extended High Order theory predicts a stress profile practically identical
to the Elasticity. Note that the HSAPT [5] neglects the in-plane rigidity of the core,
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Fig. 4 Through-thickness distribution in the core of the transverse normal stress, o, at midspan

yielding a zero axial stress. The Classical and First Order Shear theories give
practically identical predictions but they are in appreciable error by comparison to
the Elasticity, the error increasing towards the lower end of the core (z = —c). All
curves are linear. Notice also that for the Elasticity and the Extended High Order
theory there is not a symmetry with regard to the mid line (z = 0) unlike the Classical
and First Order Shear theories.

The through-thickness distribution of the transverse normal stress in the core, o,
at the midspan location, x = a/2, is shown in Fig. 4. Note that the First Order Shear
theory and the Classical theory consider the core incompressible. Both high order
theories are practically coinciding with the Elasticity curve and all are nearly linear.

The transverse shear profile, z,,, is investigated in detail by considering a
sandwich construction in which both the face sheets and the core are isotropic. By
varying the moduli ratio, we can accordingly increase the shear stress range in the
core. Thus, we assume that the face sheets are made out of isotropic Aluminum
Alloy with E; = 100 GPa and the core is made out of isotropic material having a
modulus E. such that the ratio E/E. assumes the values of: 50, 5 and 2. The
Poisson’s ratios are assumed vy= v, = 0.30. Fig. 5 shows the shear stress distribution
through the thickness near the support wher the shear force is large, x = a/10. For the
moduli ratio of 2 the range is very large, with the maximum over minimum shear
stress ratio being about 2. On the contrary, for the moduli ratio of 50, the shear stress
range is very small, with the corresponding maximum over minimum shear stress
ratio being only about 1.04. The Extended High Order theory is capable of capturing
the shear stress profile in all cases, even the most demanding case of E/E. = 2, and
in all cases is very close to the Elasticity. On the contrary, a constant shear stress
assumption as is [5] would be applicable only for the large ratios of E/E..
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Fig. 5 Through-thickness distribution in the core of the transverse shear stress, 7,., at x = a/10 for
the case of isotropic aluminum alloy faces and a wide range of isotropic cores

4 Accuracy Study II: Wrinkling of a Sandwich Panel

The EHSAPT formulation for predicting the critical wrinkling load for a simply
supported sandwich was done in [19]. The simplest way to apply the compressive
loading is for concentrated compressive loads to be applied on the top and bottom
faces such that they sum up to the total applied compressive load with the
pre-buckling axial strains being equal on the top and bottom faces. The core is
considered to have linear strains. Results in the following will be presented for this
simpler case. Another case considered was applying uniform strain loading through-
out the thickness of the panel and a nonlinear core assumption. The results from this
more complicated case of load application are not much different than the simpler
loading case. A perturbation approach was used resulting in an eigenvalue problem
formulation [19].

Tables 1 and 2 give the critical loads (normalized with the Euler load) for
symmetric sandwich beams with length ratio a/h,,, = 5 and varying face thickness
ratios f/h;,,, where f = f; = f;, is the face thickness and h,,, = 2(f + c) is the total beam
thickness.



The Extended High Order Sandwich Panel Theory for the Static and. . .

341

Table 1 Critical Loads for E/E,. = 500; normalized with the Euler load (no shear) A and S in the
wave numbers stand for anti-symmetric and symmetric, respectively

f/h | Elasticity (n)

Hoff (n) (Error%)

HSAPT (n) (Error%)

EHSAPT (n) (Error%)

0.01 |0.1222 (A30)

0.0631 (34) (—48.4%)

0.0370 (S24) (—69.8%)

0.1370 (A26) (+12.1%)

0.02 | 0.1210 (A15)

0.0654 (17) (—45.9%)

0.0548 (S14) (=54.7%)

0.1162 (A15) (—4.0%)

0.03 | 0.1211 (A10)

0.0672 (11) (—44.5%)

0.0698 (S11) (—42.3%)

0.1143 (A10) (=5.6%)

0.04 [0.1188 (A6)

0.0687 (9) (—42.1%)

0.0836 (S9) (—29.6%)

0.1128 (A7) (—5.0%)

0.05 | 0.1027 (A1)

0.0703 (7) (—31.6%)

0.0962 (S7) (—6.3%)

0.1003 (A1) (—2.3%)

Table 2 Critical Loads for E/E,. = 1000; normalized with the Euler load (no shear) A and S in the
wave numbers stand for anti-symmetric and symmetric, respectively

f/hy, | Elasticity (n)

Hoff (n) (Error%)

HSAPT (n) (Error%)

EHSAPT (n) (Error%)

0.01 | 0.07381 (A24)

0.04038 (27) (—45.3%)

0.02654 (S20) (—64.0%)

0.07909 (A22) (+7.2%)

0.02 | 0.7393 (A12)

0.04154 (13) (—43.8%)

0.03902 (S12) (—47.2%)

0.07080 (A12) (—4.2%)

0.03 | 0.07288 (A7)

0.04251 (9) (—41.7%)

0.04945 (S9) (—32.2%)

0.06967 (A8) (—4.4%)

0.04 | 0.06489 (A1)

0.04345 (7) (—=33.0%)

0.05900 (S7) (—9.1%)

0.06389 (A1) (—1.5%)

0.05 | 0.05411 (A1)

0.04439 (5) (—18.0%)

0.05336 (A1) (—1.4%)

0.05336 (A1) (—1.4%)

The sandwich beam is made of isotropic face and core with E/E. = 500 and 1000
and Poisson’s ratios vy = 0.35 and v, = 0. These tables compare the Elasticity results
to the wrinkling predictions from EHSAPT, the HSAPT [5], and the Hoff-Mautner
(semi-empirical constant = 0.5) [20]. The tables also show the mode and percent
Error with respect to Elasticity.

It can be concluded that the EHSAPT is the most accurate theory and esp. by
comparison to the HSAPT [5]. Indeed, the HSAPT is inaccurate in predicting
wrinkling loads for sandwiches with very thin faces, under-predicting the critical
load by as much as about 70% for the more moderately stiffer core configuration
with E;/E. = 500 and f/h,,, = 0.01. In addition, the HSAPT predicts symmetric
wrinkling modes, while the EHSAPT predicts anti-symmetric wrinkling modes,
similar to Elasticity.

5 Accuracy Study III: Blast Loading of a Simply Supported
Sandwich Panel

In this section, the dynamic response of a simply supported sandwich beam, initially
at rest, then subjected to a temporal blast load that exponentially decays in time and
has a half-sine spatial profile along the beam is studied. The applied load in kN/m
(with time ¢ in milli-sec) is:

q'(x,1) = gosin %x e, (25a)
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where gy = 510 KN/m and 8 = 1.25 milli-sec ™' which decays to less than 0.1% of its
original magnitude after 5.5 milli-sec. The above blast load parameters, as well as the
material and geometry data were taken from the experimental investigations of
Gardner et al. [27]. The faces are E-glass vinyl-ester composite: Young’s modulus
E;° = 13,600 MPa, density pf = 1800 kg/m3, and the isotropic core is Corecell™
A300 styrene acrylonitrile (SAN) foam: Young’s modulus E° = 32 MPa,
p° = 58.5 kg/m’, Poisson’s ratio v = 0.3, and shear modulus G¢ = E</[2(1 + 1°)].
The geometry of the sandwich configuration is: face thickness f; = f;, = 5 mm, core
thickness 2¢ = 38 mm, width » = 102 mm, and span of beam a = 152.4 mm.

In this case, the displacement functions that satisfy the boundary conditions
are [17]:

”’C—U”’”()cosg; ”’C—W”’”()smﬂ, 5 = ()cos—x. (25b)

Substituting (25) into (7a—13c) (neglecting the nonlinear terms but including the
dynamic terms), turns the partial differential equations of motion into linear ordinary
differential equations in time:

MI{Uos(0} + [K{Uo(0} = {F(1)}. (25¢)

where the 7 x 7 matrix [M] and [K] are the mass matrix containing the inertial
terms and the stiffness matrix, respectively. The vector of the unknown generalized
coordinates are

{Uo(1)} = {U5(0). U (1), @5 (1), Uy (1), Wh (), Wi (), W)} (25d)
and the load vector
{F(1)} = ¢7{0,0,0,0,0,0,4,}". (25¢)

The ordinary differential equations can be solved using standard numerical integra-
tion methods.

The transverse displacements wy', w," and wob, at the mid-span location x = a/2
versus time are shown in Fig. 6. In this figure we show the results from Elasticity,
EHSAPT, and HSAPT. The two high-order sandwich panel theories are practically
on top of each other and display the same trend in behavior of the top, core, and
bottom displacements as Elasticity, i.e. that the top face travels down first, followed
by the core, then the bottom face sheet. EHSAPT and HSAPT match the mid-core
transverse displacement of Elasticity. The high order theories over estimate the
maximum displacement of the top face by a modest amount, no more than 5%.
The bottom face transverse displacements from EHSAPT and HSAPT do not exactly
follow Elasticity, but give values within less than 6% error over the time range in
Fig. 2.
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Fig. 6 Transverse displacement at the top face, middle of core and bottom face at the mid-span
location for Elasticity, EHSAPT and HSAPT during the initial phase of blast

It should also be noted that the First Order Shear Deformation Theory (FOSDT)
can be very inaccurate in its prediction of transverse displacement, as shown in Sect.
3, and, of course, cannot capture the differences in the displacements of the face
sheets and the core.

Figure 7 shows the axial displacements u,’, uo° and u,’, at the edge x = 0 versus
time. EHSAPT and HSAPT capture the high cyclic behavior of u,° that Elasticity
displays, with EHSAPT being closer in value to Elasticity than HSAPT. The first
peak in the core axial displacement, u,° of EHSAPT, is 10% under Elasticity, while
the first peak in u,“ of HSAPT is 32% under Elasticity. Both high-order theories and
Elasticity predict very similar behavior with time of the top and bottom face sheet
axial displacements, 1, and u,’.

The shear stress at the top and bottom face/core interfaces at x = 0 is shown in
Fig. 8. EHSAPT is the only theory that can show the differences in the shear stresses
at the top and bottom face/core interfaces like Elasticity, while HSAPT predicts that
the shear stress is constant throughout the thickness and seems to be about the
average value of EHSAPT and Elasticity. EHSAPT gives a minimum shear stress
(most negative shear stress) at the top and bottom face/core interface under the
minimum Elasticity values by just 0.5%.
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6 Conclusion

The extended high order sandwich beam theory is capable of including the unique
features of sandwich construction, i.e. large transverse shear and core compressibil-
ity. In this paper, the basic premises and the formulation of this theory, in both its
static and dynamic versions, is described in detail. In this theory, which is derived for
a general asymmetric construction, all displacement continuity conditions at the
interface of the core with the top and bottom face sheets are enforced. A comparison
to the elasticity solution shows that this extended high-order theory can be used with
any combinations of core and face sheets and not only the very “soft” cores that the
other high order sandwich theories demand.

Results have been presented for the case of static transverse loading of a simply
supported sandwich beam by comparison to the Elasticity, the Classical sandwich
beam theory, the First Order Shear theory and the HSAPT model [5]. The results
show that the extended high order theory is very close to the Elasticity solution in
terms of both the displacements and the transverse stress or strain, as well as axial
stress through the core, and, in addition, the shear stress distributions in the core for
core materials ranging from very soft to almost half the stiffness of the faces. In
particular, it captures the very large range of core shear stress and the nearly
parabolic profile in the cases of cores that are not “soft”.

A case study involving an exponentially decaying blast load with a spatial half-
sine profile across the top of the beam is used to compare the dynamic EHSAPT to a
Dynamic Elasticity benchmark. The case study showed that the EHSAPT captures
very well the complex behavior of the transverse and axial displacements in the faces
and the core, as well as the stresses, and in particular, the lag in the bottom versus top
displacements versus time.

In addition, the wrinkling predictions of the EHSAPT are compared with pre-
dictions from Elasticity and in all cases the EHSAPT was very close to the Elasticity
predictions. On the contrary, the HSAPT [5] was in significant error for the relatively
thinner faces. The large discrepancy between HSAPT and EHSAPT for very low
face over total thickness ratios (when the beam is most susceptible to wrinkling)
indicates that including the axial rigidity of the core (as is done in the EHSAPT) is
very important during wrinkling.
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