l‘)

Check for
updates

Synthesis of Structurally Restricted
b-bounded Petri Nets: Complexity
Results

Ronny Tredup®™

Institut fiir Informatik, Theoretische Informatik, Universitit Rostock,
Albert-Einstein-Strafie 22, 18059 Rostock, Germany
ronny.tredup@uni-rostock.de

Abstract. Let b € N*. A b-bounded Petri net (b-net) solves a transi-
tion system (TS) if its reachability graph and the TS are isomorphic.
Synthesis (of b-nets) is the problem of finding for a TS A a b-net N that
solves it. This paper investigates the computational complexity of syn-
thesis, where the searched net is structurally restricted in advance. The
restrictions relate to the cardinality of the preset and the postset of N’s
transitions and places. For example, N is choice-free (CF) if the postset-
cardinality of its places do not exceed one. If additionally the preset-
cardinality of N’s transitions is at most one then it is fork-attribution.
This paper shows that deciding if A is solvable by a pure or test-free b-net
N which is choice-free, fork-attribution, free-choice, extended free-choice
or asymmetric-choice, respectively, is NP-complete. Moreover, we show
that deciding if A is solvable by a b-bounded weighted (m, n)-T-systems,
m,n € N, is NP-complete if m,n belong to the input. On the contrary,
synthesis for this class becomes tractable if m,n € N are chosen a priori.
We contrast this result with the fact that synthesis for weighted (m,n)-
S-systems, being the T-systems’s dual class, is NP-complete for any fixed
m,n > 2.

1 Introduction

Examining the behaviour of a system and deducing its behavioral properties
is the task of system analyses. Its counterpart, synthesis, is the task to find
for a given behavioral specification an implementing system. A valid synthesis
procedure computes systems which are correct by design. However, the chances
for obtaining an (efficient) algorithm for both analyses and synthesis, depend
drastically on the given specification and the searched system: In [8] it has been
shown that deciding liveness (the behavioral property) is EXPSPACE-hard for
bounded Petri nets (the system), while it is NP-complete for free-choice Petri
nets and polynomial for 1-safe free-choice nets. Similarly, the reachability prob-
lem is EXPSPACE-hard for bounded Petri nets, PSPACE-complete for free-
choice 1-safe nets, NP-complete for acyclic 1-safe and conflict-free nets and poly-
nomial for 1-safe conflict-free nets [8,10].
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In [12] it has been shown that it is impossible to decide if a modal transition
system (the specification) can be implemented by a bounded Petri net, while syn-
thesis of bounded Petri nets can be done in polynomial time if the specification
is a transition system (TS, for short) [1]. An even better procedure for synthesis
from TS is possible if the searched bounded Petri net is to be choice-free or
a marked graph [4,7]. Moreover, restricting the searched system to b-bounded
Petri nets makes synthesis from modal T'Ss decidable for every fixed integer b
[13].

In this paper, we investigate the following instance of synthesis: The specifi-
cation is a TS A and the searched system is a b-bounded Petri net N (b-net, for
short). We demand that NV implements A up to isomorphism, that is, N’s reacha-
bility graph and A are isomorphic. Recently, in [15] we have shown that deciding
the existence of N is NP-complete for every fixed b > 1. However, the former
examples provide several results where restricting the system makes the corre-
sponding analyses and synthesis problems easier. Encouraged by these results,
we continue our work of [15] in this paper and address whether structurally
restricting a searched b-net N influences positively the computational complex-
ity of synthesis. The restrictions relate to the preset- and postset-cardinality
of N’s transitions and places and correspond to well-known subclasses of Petri
nets [3,6,9,14]. Surprisingly, it turns out that almost all applied net restrictions
do not bring the synthesis down to polynomial time. More exactly, we show
that synthesis remains intractable if N is pure or test-free and satisfies one
of the following properties: choice-free [6,14], fork-attribution [14], free-choice,
extended free-choice or asymmetric-choice [3]. Moreover, we adapt the classes
of (weighted) T-systems and (weighted) marked graphs [9] for b-nets and intro-
duce for m,n € N their extension of weighted (m,n)-T-systems restricting the
cardinality of the preset and the postset of N’s places by m and n, respec-
tively. We show that synthesis of weighted (m, n)-T-systems is hard if m,n are
part of the input and becomes tractable for every fixed m,n. In particular, syn-
thesis of b-bounded weighted T-systems is polynomial which answers partly a
question from [5, p.144]. Furthermore, we introduce their dual class of weighted
(m, n)-S-systems which restricts the cardinality of the preset and postset of N’s
transitions by m and n, respectively. In contrast to the result of its dual class,
deciding if A is implementable by a pure or test-free b-net, being a weighted
(m, n)-S-system, is NP-complete for every fixed m,n > 2. We get all intractabil-
ity results by a reduction of the cubic monotone one-in-three-3-sat-problem and
partly apply our methods from [15]. However, the reductions here are extremely
specialized and tailored to synthesis of restricted nets.

The next Sect. 2 introduces all necessary preliminary notions, Sect. 3 presents
our main result and Sect. 4 closes the paper.

2 Preliminaries

This section introduces all necessary preliminary notions and Fig.1 gives cor-
responding examples. In the remainder of this paper, if not stated explicitly
otherwise then b € NT is assumed to be arbitrary but fixed.
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Transition Systems. An initialized transition system (TS, for short) A =
(S,E,4,s0) consists of a finite disjoint set S of states, E of events, a partial
transition function § : S x E — S and an initial state so € S. A can be
interpreted as edge-labeled directed graph where every triple d(s,e) = s’ is an

e-labeled edge s—¢.s’, called transition. An event e occurs at state s, denoted
by s—%, if §(s,e) = s’ for some state s’. This notation is extended to words

w' = wa, w € E*,a € E, by inductively defining s—¢ s for all s € S and PRV
if and only if there is a state s’ € S satisfying s—% s’ and s'_%,s". If w € E*

then s— ., denotes that there is a state s’ € S such that s—*.s’. We assume all
TSs to be reachable: Vs € S, Jw € E* : s9—s.

b-bounded Petri Nets. A b-bounded Petri net (b-net, for short) N =
(P, T, f, My) consists of finite and disjoint sets of places P and transitions
T, a (total) flow function f : P x T — {0,...,b}? and an initial marking
My : P —{0,...,b}.If f(p,t) = (m,n) then f~(p,t) = m defines the consuming
effect of t on p. Similarly, f+(p,t) = n defines t’s producing effect on p. The preset
of a place p is defined by *p = {t € T'| f™(p,t) > 0}, the set of transitions that
produce on p. Accordingly, p’s postset is defined by p®* ={t € T | f~(p,t) > 0}
and contains the transitions that consume from p. Similarly, the preset *t =
{p € P| f~(p,t) > 0} of a transition ¢ is defined by the places from which ¢
consumes and its postset t* = {p € P | f*(p,t) > 0} by the places on which ¢
produces. Notice that neither *pNp® nor *tNt® is necessarily empty. A transition

t € T can fire or occur in a marking M : P — {0,...,b}, denoted by M_" if
M(p) > f~(p,t) and M(p) — f~(p,t) + fT(p,t) < b for all places p € P. The
firing of ¢ in marking M leads to the marking M'(p) = M (p)— f~ (p,t)+ f T (p, t)
for p € P, denoted by M_t M’. Again, this notation extends to sequences
o € T* and the reachability set RS(N) = {M | o € T* : My-? .M} contains
all of N’s reachable markings. The firing rule preserves the b-boundedness of N
by definition: M (p) < b for all places p and all M € RS(N). The reachability
graph of N is the TS Ay = (RS(N), T, d, M), where for every reachable mark-

ing M of N and transition ¢ € T with M—t .M’ the transition function &§ of Ay
is defined by 6(M,t) = M'.

Structurally Restricted Subclasses of b-nets. A b-net N is pure if V(p,t) €
PxT: f~(p,t) =0o0r ff(p,t) = 0, that is, Vp € P : *p N p* = O; test-free
it V(p,t) € Px T : f(p,t) # (0,0) = f~(p,t) # fT(p,t); choice-free (CF) or
place-output-nonbranching if Vp € P : |p*| < 1; fork-attribution (FA) if it is CF
and, additionally, V¢ € T : |*t| < 1; free-choice (FC) if Vp,p € P : p*Np®* £ 0 =
|p®| = |[p®| = 1; extended-free-choice (EFC) if Vp,p € P :p®* Np®* # 0 = p* = p*;
asymmetric-choice (AC) if Vp,p € P:p* Np®* # 0 = (p* C p*® or p* C p°); for
m,n € N a weighted (m,n)-T-system if Vp € P : |*p| < m, |p®| < n; for m,n € N
a weighted (m,n)-S-system if Vt € T : |*t] < m, [t*] < n.

b-bounded Regions. For the purpose of finding a b-net N implementing a TS
A, we want to synthesize N’s components purely from the input A. Demanding A
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S0 S1 S92 S3 S4 S5 S6

Sup |So S1 S2 S3 S4 S5 S6 sig k V4 [0
supi |0 1 2 2 0 1 2]sigi|(0,1) (0,0) (2,0)
sup2|2 1 0 2 2 1 0|sig2|(1,0) (0,2) (0,0)
sups|2 2 2 0 2 2 2]sigs|(0,0) (2,0) (0,2)
sups|0 0 0 2 2 2 2]siga|(0,0) (0,2) (0,0)
sups|0 1 2 1 0 1 2]sigs|(0,1) (1,0) (1,0)
o
Rly N}b
(0,1)
— L (X
LX) z
(0,2) (0,2)
Rz R4

Fig. 1. Top: Input TS A. Middle: For ¢ € {1,2,3,4,5} pure 2-regions R; = (sup;, sig;)
of A, where Ry, ..., R4 already solve all of A’s (E)SSP atoms. For example, the region
Ry solves (k,s:), Vi € {2,3,6} and (o,s;), Vi € {0,1,4,5}. Bottom: Pure 2-net N¥,
built by R = {Ru1, Rz, Rs, R4}, where, for example, *R3 = {0} and Rs® = {z} and
*0={R:} and 0® = {R3}. Moreover, N is FA because of |R®*| <1 and |®er| < 1 for
all R € R and e € E(A). The net NY origins from NY , where R' = RU{ Rs }, by
removing Rs. Both R and R’ are b-admissible sets. Thus, the reachability graphs of
their synthesized nets are both isomorphic to A. However, because z € R3* N Rs® and
Rs® = {z,0}, the net N7%' is not even free-choice.

and Ay to be isomorphic suggests that A’s events correspond to N’s transitions.
However, the notion of a place is not known for TSs. A b-bounded region R (b-
region, for short) of a TS A = (S, E, 6, s0) is a pair R = (sup, sig) of support
sup : S — {0,...,b} and signature sig : E — {0,...,b}%, where sig=(e) = m
and sigt(e) = n for sig(e) = (m,n), such that for every edge s—.s" of A
holds sup(s) > sig=(e) and sup(s’) = sup(s) — sig™(e) + sigT(e). A region
(sup, sig) models a place p and the corresponding part of the flow function f:
sigT(e) models f¥(e), sig”(e) models f~(e) and sup(s) models M(p) in the
marking M € RS(N) corresponding to s € S(A). Accordingly, a region R is
test-free if sig(e) # (0,0) implies sig™ (e) # sig™ (e). The preset of R is defined
by *R = {e € E | sigt(e) > 0} and its postset by R®* = {e € E | sig” (e) > 0}.
The Region R is pure if *R N R* = (. For a set R of b-regions and e € F
we define by ®er = {(sup,sig) € R | sig”(e) > 0} the preset and by e} =
{(sup, sig) € R | sig*(e) > 0} the postset of e (in accordance to R). Every set
R of b-regions of A defines the synthesized b-net N¥ = (R, E, f, My) with flow
function f((sup, sig),e) = sig(e) and initial marking My((sup, sig)) = sup(so)
for all (sup,sig) € R,e € E. We emphasize once again that a region R of R
becomes a place of N} with the preset ®*R and the postset R®. Moreover, every
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event e € E becomes a transition of N} with preset ®*e¢ = ®ex and postset
e* = er®. It is well known that Ayz and A are isomorphic if and only if R’s
regions solve certain separation atoms [2], to be introduced next.

A pair (s,s’) of distinct states of A define a state separation atom (SSP
atom, for short). A b-region R = (sup,sig) solves (s,s’) if sup(s) # sup(s’).
The meaning of R is to ensure that N} contains at least one place R such
that M(R) # M’(R) for the markings M and M’ corresponding to s and s,
respectively. If there is a b-region that solves (s,s’) then s and s’ are called b-
solvable. If every SSP atom of A is b-solvable then A has the b-state separation
property (b-SSP, for short).

A pair (e, s) of event e € E and state s € S where e does not occur at s, that is
—s— %, define an event state separation atom (ESSP atom, for short). A b-region
R = (sup, sig) solves (e, s) if sig™(e) > sup(s) or sup(s) —sig™ (e) +sig™(e) > b.
The meaning of R is to ensure that there is at least one place R in N} such that
- M, for the marking M corresponding to s. If there is a b-region that solves
(e,s) then e and s are called b-solvable. If every ESSP atom of A is b-solvable
then A has the b-event state separation property (b-ESSP, for short).

A set R of b-regions of A is called b-admissible if for every of A’s (E)SSP
atoms there is a b-region R in R that solves it. The following lemma, borrowed
from [2, p.163], summarizes the already implied connection between the existence
of b-admissible sets of A and (the solvability of) synthesis:

Lemma 1. ([2]). A b-net N has a reachability graph isomorphic to a given TS
A if and only if there is a b-admissible set R of A such that N = N.

We say a b-net N solves A if Ay and A are isomorphic. By Lemma 1, searching for
a restricted b-net reduces to finding a b-admissible set of accordingly restricted
regions. The following two examples illustrate this fact.

Ezample 1. If R is a b-admissible set of pure regions of A satisfying VR € R :
|R®*| <1 and Ve € E(A) : |*er| < 1 then N¥ is a pure FA b-net solving A.

Ezample 2. If R is a b-admissible set of pure regions of A and Ve € E(A) :
|*er| < 2,|er®| < 2 then N is a pure solving b-net, being a weighted (2, 2)-S-
system.

3 Our Contribution

Theorem 1. For a given TS A the following conditions are true:

1. If Pe {CF,FA,FC,EFC,AC} then to decide if A is solvable by a pure or
a test-free b-net which is P is NP-complete.

2. Given integers £,0' € N, deciding if A is solvable by a pure or a test-free b-net,
being a weighted (£,0")-T-System, is NP-complete.

3. For any fized £,0' > 2, deciding if A is solvable by a pure or a test-free b-net,
being a weighted (£,¢')-S-system, is NP-complete.
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4. For any fized £,£' € N, one can decide in polynomial time if A is solvable by
a b-net, being a weighted (¢,0")-T-System.

To prove Theorem 1.1-Theorem 1.3 we show that the corresponding decision
problems are in NP and NP-hard. Membership in NP can be seen as follows: By
Lemma 1, if N is a b-net that solves A then there is a b-admissible set R’ of A such
that N} = N. By definition, A has at most |S|? SSP atoms and at most | E]-|S|
ESSP atoms. Thus, there is a b-admissible subset R C R’ with |R| < |S|>+|E|-
|S|. In particular, N¥ originates from NE, = N by (possibly) removing places,
which can not increase any preset- or postset cardinality. Consequently, removing
places preserves property P € {CA, FA, FC, EFC, AC}, the weighted (m,n)-T-
system property and the weighted (m,n)-S-system property. This makes N
a searched net. A non-deterministic Turing machine can guess in polynomial
time a corresponding set R, check its b-admissibility, build N%¥ and check its
structural properties in accordance to the regarded decision problem.

To show hardness we use the NP-complete problem CUBIC MONOTONE
ONE-IN-THREE-3-SAT (CM 1-IN-3 3SAT) from [11] which is defined as fol-
lows: The input for ¢M 1-IN-3 3SAT is a negation-free boolean expression
v = {Co,---,Cm—1} of three-clauses (g,...,(m—1 with set of variables V()
where every variable occurs in exactly three clauses. Notice that this implies
[V (p)] = m. The question is whether there is a subset M C V(p) satisfying
IMN¢|=1,Vie{0,...,m—1}.

For Theorem 1.(1-2) we reduce an input instance ¢ with m clauses (in poly-
nomial time) to a TS Af;, satisfying the following condition:

Condition 1. 1. If a test-free b-net solves Al; then o is one-in-three satisfiable.
2. If ¢ is one-in-three satisfiable then there is a b-admissible set R of pure regions

of AL satisfyingVR € R : |R*| < 1A|*R| < Tm+4 and Ve € E(A) : [*er| < 1.

A reduction that satisfies Condition 1 proves Theorem 1.(1-2) as follows: By
definition of test-freeness, every b-net of Theorem 1.(1-2) is at least test-free,
although possibly further restricted. Hence, Condition 1.1 ensures that if Ai’o is
solvable by such a net then ¢ has a one-in-three model. Moreover, a b-admissible
set R that satisfies Condition 1.2 implies that NZ},, is a pure b-net that is FA

and solves A, cf. Example 1. Every pure FA b—netwis test-free (by fT(p,t) = 0

or f~(p,t) = 0) and CF (by definition). By Nfb being CF, all of its places p
@

satisfy |p®| < 1. Thus, the net is also FC, EFC and AC. Finally, by { = Tm +4

and ¢/ = 1, the net N, is a weighted (¢, ¢')-T-system. Altogether, Condition 1

@
ensures that Ag is solvable by a b-net of Theorem 1.(1-2) if and only if ¢ is
one-in-three satisfiable.

For Theorem 1.3 we reduce ¢ to a TS Bf; that satisfies the following condition:

Condition 2. 1. If a test-free b-net solves Bf; then o is one-in-three satisfiable.
2. If o is one-in-three satisfiable then there is a b-admissible set R of pure regions
such that |*er| < 2 and |er®| < 2 for all e € E(A).
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A reduction satisfying Condition 2 proves Theorem 1.3 as follows: By the
definition of test-freeness and weighted (m, n)-S-systems, a pure weighted (2, 2)-
S-system is a test-free weighted (m,n)-S-System for all m,n > 2. Moreover, a
b-admissible set that satisfies Condition 2.2 implies that N B, is a pure weighted

(2,2)-S-system solving Bf;, cf. Example 2. Thus, Cond1t10n2 ensures that B:Z, i
solvable by a b-net of Theorem 1.3 if and only if ¢ is one-in-three satisfiable.

3.1 The Reduction and the Proof of Condition 1.1 and Condition 2.2

In accordance to Condition 1.1 and Condition 2.1, our goal is to combine the
existence of a b-admissible set R, the b-solvability of Afo and BS,, with the one-
in-three satisfiability of ¢. For this purpose, both TSs (among others) apply
gadgets that represent (’s clauses and use their variables as events. Moreover,
both AZ and ij, have a certain separation atom and the signature of a solving
region (sup, sig) defines a one-in-three model of ¢ via the variable events. So
far, this approach is like that of [15]. However, the main difference and the
biggest challenge is to consider the restrictions of Condition 1.1 and Condition 2.2.
To master this challenge, we apply refined, specialized and different gadgets.
Particularly noteworthy in this context is the representation of ¢’s clauses by
{0, ...,b}3-grids instead of simple sequences, as it has been done in [15].

We proceed by introducing the gadgets of AZ, and Bf; that represent ¢’s
clauses. In particular, the clause-gadgets’ functionality will serve as motivation
for the remaining parts of Ai’o and Bf;, which are presented afterwards.

Let i € {0,...,m — 1}. The TSs A’ and B! have for the clause C; =
{Xi0, X1, Xi0} the {0,...,b}3-grid C? Wlth transltlonb that use the variables
of C; as events. More exactly, the {0,...,b}3-grid C? is built by the following
sequences Pa B,Poil@, P;QB, where a, 3 € {0,...,b}. Figure2 shows C?.

0,0 XzO . XIO XzO . X@U
PG = thaps —— tas — " — ti_1a5 — thanp
i1 Xin Xin Xin Xi
Prs= tapo ——tapr — " —tags_1 — ta gy
i o Xi,2 Xi2 Xi,2 Xi2
P 5= taoﬁg’talﬁg’"'g’tab 1ﬁ4)tabﬁ

Among others, C’f provides the following sequence P; where each of X; o, X; 1
and X; » occur b times in a row:

Xio

Xio 0,41 Xio 4i
P_tOOO 0. Xi, t 0*“"*>tb0b "'%tb,b,b

Notice that, except for #} ,,, every variable of C; occur at every state of C?.
This has the advantage that we never have to solve an ESSP atom (X, s) such
that X € {X;0,Xi1,Xi2} and s occur in the same grid and s is a source of
another variable event Y € {X;,X;1,X:2} \ {X}. This property is crucial
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to ensure Condition 1.2 and Condition 2.2. In particular, it prevents atoms like
(Xi1,ty_10,0) which would be unsolvable for b > 2.

The TSs Ag and Bf’p use the grid C? as follows: Both TSs have at least one
separation atom such that a corresponding b-solving region (sup, sig) satisfies
either sup(taoyo) = 0 and sup(té7b,b) =bor sup(tf)’o’o) = b and sup(t§;7b7b) = 0.
In the following, we assume sup(ty o) = 0 and sup(t;,,) = b and argue that
this implies that there is exactly one X € {X,0,X;1,X;2} with sig(X) #

(0,0). If X € {Xi0,Xi1, X2} then, by sup(tj o) = 0 and t} -, we have
immediately sig~ (X) = 0 (no consuming is possible). Moreover, by the definition
of regions, we have sup(s’) = sup(s)—sig™(e)+sig™(e) for every s—° s’ € P;. We
use all this together and obtain inductively that b = sup(t} ,, ;) = b-(sig? (Xi o)+
sigt (Xin)+sigh(Xi2)) > 0 = sup(th ). It is easy to see that this expression is
satisfied if and only if there is exactly one variable event with a positive value sig™
(and this value equals 1). Thus, there is exactly one event X € {X; 0, X;1,X; 2}
with sig(X) # (0,0). By the arbitrariness of ¢ this is simultaneously true for all
grids C§,...,C% . Consequently, the set M = {X € V(y) | sig(X) # (0,0)}
selects exactly one element of every clause C; which makes it a one-in-three
model of . Similarly, if sup(t} o) = b and sup(t},,) = 0 then M yields also a
one-in-three model of .

With the just presented functionality of C? in mind, in what follows, we
introduce Az’a’s and Bf’p’s remaining parts. In particular, we explain how they
collaborate to ensure the existence of a region satisfying sup(ty o) = 0 and
SUP(té,b,b) = bor sup(th o) = band sup(tz@b) = 0. Before we start, the following
lemma provides a basic result, to be used in the sequel, and shows how to connect
the signature of some events with the solvability of an ESSP atom.

Lemma 2. Let go-% ... gy 5qp+1-2qpra-2 . .. S sqapra be a sequence
of a TS A = (S,E,d,s0), where ey,ea,e3 are pairwise distinct events, which
starts and ends with ey b-times in a row. A test-free b-region solves the ESSP
atom (e1, qp+1) if and only if sig(er) = (0,1), sig™ (e2) = sig™ (e2) and sig(es) =
(b,0) or sig(e1) = (1,0), sig™(e2) = sig™(e2) and sig(esz) = (0,b).

We start by introducing the parts of Ai’o. Figure 2 sketches a snippet of Ai.
The initial state of Af’p is s. Firstly, the TS Ai’o has the sequence Q°:

a k k z o k k
Qb =s 90 v Qb1 —— b2 —— -+ —— q2b42

The sequence Q° provides the ESSP-atom (k, gpy1). If Ag is b-solvable then, by
Lemma 1, there is a b-admissible set R of (test-free) regions such that N = N, .
As R is b-admissible, there is a test-free b-region (sup,sig) € R that solvgs
(kyqv+1). By Lemma2, we have either sig™(z) = sigt(z) and sig(o) = (b,0)
or sig=(z) = sigT(z) and sig(o) = (0,b). Let’s discuss the former case. The
region R implies for transitions s—%.s" and s”—*.s"" (of AL) that sup(s) = b,
sup(s’) = 0 and sup(s”) = sup(s’”). The TS AZ) uses this to ensure a particular
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k k o z k2; o
—— MG 5 —rn M 4 ¢—rn — — M1 —rn
Yi

k k o z kait1 o
Mi,5 Mni,4 M4, 1

Fig. 2. A snippet of A showing the sequences Q*, M7, N7, the {0, 1,2}-grid C} for
the clause C; = {Xi,0, Xi,1, Xi,2} and the paths L; o and L; 1. For clarity, edges labeled
by the same variable event have the same color. The coloring of the states corresponds
to the 2-region R: which is defined in Table1 and where X; o € M: Light (dark) red
colored states are mapped to 1 (2) and the others are mapped to 0. (Color figure online)

signature of the events ky;, ko;4+1 that are provided by the following sequences
N} and MP, for all i € {0,...,m — 1}:

k2; k k

Wy o z o
Mf’ =8 — Mj 0 —— M4 1 — M3 2 — My 3 — Mij4 —— ... — M4 bta
Yi o k2it1 z o k

Nib =s 74,0 i, 1 4,2 n4,3 i, 4 S M, bt4
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The TS AY uses M?, N?, R and the occurrences of z and o for the announced goal
as follows: By sig(o) = (b,0), we have sup(m; 1) = sup(n; 1) = 0 and sup(m; 3) =
sup(n; 3) = b which, by sig=(z) = sig®(z), implies sup(m;2) = sup(n;2) = b.
By mi1-2.m; o, niq "2 n, o this leads to sig(ke) = sig(kaiz1) = (0,b). In
particular, for all edges s_*2.s" and s *2it1 5" of A holds sup(s) = sup(s") =0
and sup(s’) = sup(s") = b. Flnally, Ab uses other occurrences of ko; and kojy1
to ensure sup(t} o) = 0 and sup(t; bb, b) = b. More exactly, Afo installs the paths

Lio = 3—“750,070%750 and L;; = s Y%,s; ks ¢l by On the one hand, L; o

ensures reachability of Ag. On the other hand, by tf , o2t sy Rae g pp and
the discussion above, L; o, L; 1 ensure that supo(tp o) = 0 and supo(tb,b7b) =b.
Similarly, one argues that sig(o) = (0,b) and sig~(2) = sig™(z) yields
sig(kai) = sig(kair1) = (b,0), implying supi(th o) = b and SUpl(tz,b,b) = 0.
By the discussed functionality of the grids, this proves that A?@ satisfies Condi-
tion1.1.
We proceed by presenting the remaining gadgets of Bf;. The TS Bf; has the

initial state s and it has for every i € {0,...,m — 1} the following six sequences:
; .
bomts bo k ko, 2 o ; k ko
F) =8 — aypy5 ' alg’fog’“‘4’f;,"fb+1*>fb+24’"‘4’f2b+2
Dymys ; dj ;K koo, P+l k s
Gy =8 —— Chypys " ¢} — gb — 1 — gh — G *)gb+2 T T G2b42
i
b Wam+4s wh o ka2i ) k k P
Mi=S*>7"2m+5~~~ri*>m0*>m1*>m;*>m3*>m4*>~w*)m2b+2
Yamts i ; o , o ; k2it1 U L i
N} =s > Som4s T ST o ny Ny ng My > > Mopt2
V3mts ; v kai U — : Coul o kaip ;
Lio =8 —— Q3mys " 4} >t >ty Lign=s > Pamts " Pa > Pl > 0,6

In terms of Condition 2.2, the gadgets M?, NP, L; o and L; ; work similar to the
corresponding ones of Afa. However, Condltlon 2.2 requires to distribute the task
of one event to multiple events. For example, the events zg, ..., 29,1 of Bf/’, play
the same role as z of AZ. This is achieved by F? and G%. More exactly, if Bf, is b-
solvable then, by Lemma 1, every atom (k, flfﬂ) is too. By Lemma 2, if (sup, sig)
is a solving test-free b-region then sig(k) = (0,1) and sig(o) = (b, 0) or sig(k) =

(1,0) and sig(o) = (0,b). If sig(k) = (0,1) then, by sup(fb) = sup(g}) = b~
sigh (k) = b and sup(fi,,) = sup(fi,,) = b, we get sig"(z;) = sig™(2;) and,

thus, sig(k;) = (0,b), ¥i € {0,...,2m — 1}. Similarly, if sig(k) = (1,0) then
szg( i) = (b,0), Vi € {0,...,2m — 1}. Thus, by the grids’ functionality, the set
={X € V(p) | sig(X) 7é (0,0)} is a sought model.
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3.2 The Proof of Condition 1.2 and Condition 2.2

In this section, we provide b-admissible sets of Ai’o and Bff, in accordance
to Condition 1.2 and Condition 2.2, respectively. For the sake of simplicity,
we present for every region (sup,sig) only its signature sig and the value
sup(s) of the initial state s. Because Alfp and Bf; are reachable and sup(s”) =

sup(s’) — sig™(e) + sig™t (e) for every transition s'_°s”, this completely defines

the region. In the remainder of this section, unless stated explicitly otherwise,
let ¢ € {0,...,m — 1} and M be a one-in-three model of ¢. Moreover, for
a € {0,1,2} let Bu,va € {0,...,m — 1} \ {7} be the distinct indices such that
Xia € C;NC, NC,,_, that is, B4, 7o choose the other two clauses of ¢ containing
Xia-

We start with Condition 1.2 and provide a b-admissible set R of pure regions
of AY such that |R*| <1 and [*er| <1 for all R € R and e € E(AL). Moreover,
because Ag has exactly 7m+4 events, every region R of AZ satisfies |*R| < Tm+
4. For abbreviation, we define U = {ug,...,um-1},V = {vo,...,0m-1}, W =
{wo, .y wm-1}Y = {yo,.. . Ym-1} and K = {ko,...,kam—1}. We solve all
atoms concerning the events of {a }UUUVUWUY with the region R = (sup, sig),
defined by sup(s) = 0 and sig(e) = (0,b) if e € {a} UUUV UW UY and,
otherwise, sig(e) = (0,0). This region satisfies |R*| = 0 (no event consumes).
Moreover, none of the subsequently presented regions of Ai’o is in the preset of
any of {a}UU UV UWUY, thus, [*eg| < 1lforee€{afUTUVUWUY. We
proceed with presenting for every event k, z,0,v, koi, k2;+1 and X; 0, X;1, X2
corresponding regions that solves it. Every row of Table 1 (below) defines a region
R = (supg, sigr) with supr(s) = 0 as follows: For every e € E(A?a) we have
either sigr(e) = (0,0) or sigr(e) € {(1,0),(0,1), (b,0),(0,b)}. In the latter case,
e occurs according to its signature in the corresponding column either as a
single event or as member of the event set shown. For example, for R, we have
sigr, (k) = (0,1) and siggr, (e) = (0,1) for e € M.

Table 1. Pure regions of AZ, that solve k, z, 0, k2i, k2i+1 and X; 0, Xi,1, Xs,2.

R (1,0) | (0,1) | (b,0) | (0,b)
R kM o | WY,K
R> k z,a
R3 z a,o0,U, V
R4 z, U,V

oo kai 2,y Wiy Viy W

Koiit koiv1 | z,ui, i
Ry, for Xia a,Y, L€ {i,Ba,Ya} : ue, kae,
Xia @ M WA {we | € € {4, Ba; Yo}
Riyiyy koiv1,a, W, V, U\ {u2i41}, Y \ {y2i41}
Rx; Xi,a Vis VBa s Vya
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The regions of Table 1 solve the events k, 2, 0, ka;, k2i+1 and X; o, X;,1, X; 2 as
follows. (k): Ry solves k at the sinks of z and R solves k at the remaining states.
(2): Ry solves z at the sources of k and Rj solves z at o’s sources and at s. R,
and Rj, , where i € {0,...,m — 1}, solve z at the sources of ko,...,kom—_1.
Finally, R4 solves z at the remaining states. (0): R; solves o at the sources of k,
ko,...,kom—1 and at s and R3 solves o at the remaining states. (ks;): Ry solves
ko; at all sources of o and all sources of X , in C’b where X; o, € M. Rz  solves
ko; at all sources of k;, where 2i # j € {0,...,2m — 1} and at s. The remalmng
atoms are solved by (the two regions deﬁned by) Ry, where a € {0,1,2} such
that X; o & M. (kai+1): Ry solve kgi11 at n; o and R;,. L ats and szi“ at all
remaining states. (X; o): If X; o € M then the region R1 solves it at ¢(, otherwise,
Xi.o is solved at &) by Rg, . The remaining atoms are solved by RXW.

In the following we argue that Ag, has the SSP, too: To separate S(Qp)
from S(AP)\ S(Qs) we use the region R = (supq, sigq) where supg(s) = 0,
sigg(a) = (0,b) and sigg(e) = (0,0) for the other events. Moreover, the
states of @ are pairwise separated by Ri, Ro and R,. To separate the states
S(MP?) from S(Ai’a) \ S(M?) we define the region Ry, = (supay,, siga,) where
supar; (s) = 0, sigy, (w;) = (0,b) and sigps(e) = (0,0) for the other events.
The states of Mib are pairwise separated by Rp, Ro, R3 and Ry4. Similarly, the
states S(N?) are separated by Ry, Ra, R3, R4 and Ry, = (supn,, sign,) where
supn,(s) = 0, sign,(y;) = (0,b) and sign,(e) = (0,0) for the other events. To
separate the states of S(C?)U{t},s;} from all the other states we use the region
Re, = (supg,, sige;) where sup(C;)(s) = 0, sige,; (u;) = sige, (vi) = (0,b) and
sigc, (e) = (0,0) for the other events. Moreover, the states of S(C?)U{t}, s;} are
pairwise separated by R, Ry,, , and RS, , where X;, & M.

Altogether, the set R = R; URs U 7€3 U R4 where Ry = {R1, Ra, R3, Rs},
Ry = AR}, Ri,. .., By Risiey |1 €{0,...,m — 1} o € {0,1,2}, X0 & M},
Rs = {inya |i€{0,...,m—1},a € {0,1,2}} and R3 = {RQyRMHRNi,RCi |
1 €{0,...,m — 1}}, is an admissible set of Ag. We briefly argue that it is FA:
It is easy to see that every presented region R € R satisfy |R®| < 1. Moreover,
[*er| < 1is also true for e € E(AZ;): The regions Ry € ®0, Ry € °k, R3 € *z and
Rzm € *ko; and Rz2i+1 S .]{21‘4_1 are unique. Furthermore, if X@a =X;jp= Xgn,
then Ry, , = Rx,, = Rx,, whered,j,£€{0,...,m —1},a, 3,7 € {0,1,2}. As
R is a set, this region is the only element in *X; ,. No other region (sup, sig) € R
satisfies sig~(e) > 0 for any e € E(Ai;). Thus, Aﬁj, satisfies Condition 1.2.

To prove Condition 2.2 we provide a b-admissible set R of pure regions of
B! such that |eg®] < 2 and [®er| < 2 for all e € E(BY). For brevity, we
define for j € {0,...,m — 1} the following sets: B; = {b} [ i € {0,...,m —1}},
D ={d; |ie {0,...,m—'1}}7 Uj ={u} |ie {O,...,ml—l}}, Vi=A{v}|ie
{0,.cc,m =1}, Wi ={w; [i€{0,...,m—=1}}, YV; ={y; [i € {0,...,m — 1},
K={kl|ic{0,....2m =1}y and Z = {2 | i € {0,...,2m — 1}}. By a little
abuse of notation, we let C; = FP UG UM UNP UF?UCP UL;oUL;; and
0; = 2m + 5 — i. Table2 (below) defines a regions R of Bf; with supgr(s) =0.
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Table 2. Pure b-regions of Bf;, that solve several separation atoms.

R (1,0) | (0,1) | (b,0) | (0,b)

Ry k,M |o Wo, Yo, K

Rs k Z, Bo, Do

Rs o | Z Wi Ys

R.,, Z2; ¢ wt

R221+1 Z2i41 | V5, k2iy1, di

R., ., z2it1 | do, yi

Ry ys koiy1 | bi, wi

R3; 22 | k2, b, (Vs, UUs, U Bs, U Ds, UW5, UYs,) \ E(C;)

(k), (0): The regions Ry and Ry solve k and the regions Ry and Rj3 solve o.
(221), (22i+1): The region Rs solves zo;, 22,41 at k’s sources and R3 solves them at
0’s sources, at s;1,S;,2,5:,3 and at ;1,752,753 R%i solves zo; at the remaining
states of C; \{té} and R.,, solves zy; at the remaining states of Bb RY,. ., solves
Z2i41 at nd,nt and s; 1 and R,22 .+, Solves it at the remaining states.

(k2;): For a correct referencing, we need the following definitions: If j €
{0,...,m — 1} then let o; € {0,1,2} be the index such that X, ,, € M and let
by B; <7, € {0,1,2}\ {a;} the other variable events of C? be chosen. Moreover,
let ¢ # j € {0,...,m — 1} such that X; 3, € C; N C,,NC; and let ¢ # j' €
{0,...,m — 1} such that X; ,, € C; N Cwy,NCjs. That is, ¢,j and ¢, ;" choose
the other two clauses where Xiﬂi,Xim occur. We use this to define the region
RS, = (sup$;, sigd;) where sup3;(s) = 0, sig(X; ) = (1,0) and for 6 € {i,/,j}
it is sig;(kas) = (b,0) and sig;(wf) = (0,b) if X; 5, = X5, and sigd,(w3) =
(0,b) if X; 5, = Xs,,- Similarly, we define the region R}, = (sup3;,sigs;) by
sups;(s) =0, sig(X;~,) = (1,0) and for § € {3, ¢, j'} it is sigs;(kas) = (b,0) and
siga;(ws2) = (0,b) if X; ., = Xéms and sigm(w(g o) = (0,0) if if X, ., = X53;.
Notice that if X; 5, = X, then R, = Rl; and if X; ,, = X; 5, then R}, = R);
This is our way to correctly, restrict the postset of the events w;™ and w; . The
region R; solves ko; at mé and the sinks of X; q,. Rgz and R%z solve ko; at all

states of C? U {s} and U2m+5{qj,p],aj,cf,r],sj | ¢ € {0,. —1}\ {i}}.
Finally, to solve ko; at the remaining states we use the region R%ideﬁned as
follows: If « = 2m + 5 — i then R3;, = (sup3;, sigs;) is defined by sup3;(s) = 0,
sig3;(kai) = siga;(bio) = sig3;(e), where € € {vV) o, Uj a,bjas djosWiarYja | § €
{0,...,m—1}\ {i}} and sig3;(22;) = (,0).

(k2i41): R1 and Ry,, ., solve ko; 41 at all states of Bb.

(Xi0,Xi1,Xi2): Let a;, 8,y be defined as above To separate Xio;, =
Xt,0p = Xj a5 4,7, ¢ pairwise distinct, from ql,qQ,ql,qz,ql,q2, respectively, we
use the region R. = R} = RJ that maps s to 0, X; o, to (0,b), v, v5, v} to (b,0),
vh, vh, v% to (0, b) and the other events to (0, 0). This region is necessary as the pre-

sets *vj, *v§, *v)) have already two elements. To separate X; ,, from the remain-
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ing states, we use Rl = (sup’,,,sigl,), where supl, (s) = 0, sig}, (Xia,) = (1,0)
sigl, (vi) = sigl, (v}) = sigl, (v]) = (0,b) and X; o, € C; N Cy N C;.

The regions R%i for X; 5, and REY for X, -, are defined accordingly, where we
use vy~ and vy (without repetition or confusion) as preset events, respectively.
Notice that, so far, X; g,, X; -, are already separated from g1, ..., g2m+5 by Rgi
and R, respectively.

(uf, v, b5, db,wh k5 € {1,...,2m — 5}): So far, for all of these events
e holds |®eg| = 0 and, even more, if j # 1 then |eg®| < 1. Hence, for
e, e € {ué-,vé,bé-,dé—,w?,y;,j € {1,...,2m — 4}} with Lpc € Bi’, we use
the region (supe, sig.) where sup.(s) = 0, sig.(e’) = (0,b) and sige(e) = (b,0)
and sig.(e"") = (0,0) for E(BY) \ {e,e’}. Notice that e, e’ are unique and that
this region also separates x. For the 2m + 5-indexed events we use the region
where all these (and only these) events are mapped to (b,0) and s is mapped
to b.

So far, the presented regions justify Bf;’s b-ESSP. It remains to justify its
b-SSP: One verifies that all distinct states s,s’ € C; are separated by the
already presented regions. If e € {u}, v}, b, dj, wi,ys [ i € {0,...,m —1},j €
{1,...,2m —5}} and s—%, then s is separated by the region defined for the sep-
aration of e. Moreover, so far, if e € {uf, v}, b}, d%, wh,yt [ i € {0,...,m—1},j €
{m,...,2m+6}} then |eg®| = 1. Hence, we choose for every i € {0,...,m —1}
the region Re, = (supe,,sige;) where supe,(s) = 0, sige,(e) = (0,b) if
e € {uf, vl bl dlwhyt | j = 2m 45— i}} and, otherwise, sige,(e) = (0,0).
Clearly, R¢, separates the remaining states in question from S (BZ) \ C;. More-
over, the regions Re,, ..., Rc,, _, preserve the (2,2)-S-system property.

Altogether, the union of all introduced regions yields a b-admissible set R of
pure regions that has the (2, 2)-S-system property.

3.3 The Proof of Theorem1.4

By Lemma 1, a b-net N, being a weighted (m, n)-T-system, solves A if and only if
there is a b-admissible set R with N = N%. By definition, every R = (sup, sig) €
R satisfies |*R| = |{e € E(A) | sigt(e) > 0}] < m and |R*| = |{e € E(A) |
sig~(e) > 0} < n. The maximum set R of A’s b-regions that satisfy the (m,n)-
condition is computable in polynomial time: To define R = (sup, sig) € R we
have for £ € {1,...,m} and ¢' € {1,...,n} at most (IZJ‘) and (‘f,‘) events for *R
and R*, respectively. This makes at most (“f ‘) - (I? ‘) - (b+ 1)+ possibilities for
sig, each of it is to combine with the at most b+ 1 values for sup(sg). As b, m and
n are not part of the input, altogether, there are at most O(|E|™*") b-regions.
Moreover, one can decide in polynomial time if sup(sg) and sig define actually
a fitting b-region as follows: Firstly, compute a spanning tree A’ of A, having at
most |S(A)| paths, in time O(|E(A)|-|S(A)|?) [16]. Secondly, use sup(sg) and sig
to determine sup(s;) for all s; € S(A) by the unique path so-“... % .s; € A"
Thirdly, check for the at most |S|?-|E| edges s—¢ s’ € A if both sup(s) > sig~(e)
and sup(s’) = sup(s) + sig~(e) + sigt(e) < b are satisfied.
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Having computed the (maximum) set R, it remains to check (in polynomial
time) whether the at most |S|? + |S| - |E| separation atoms of A are solved by
R.

4 Conclusion

This paper shows that deciding if a TS is solvable by a b-net which is CF, FA,
FC, EFC or AC remains NP-complete. Moreover, our proof imply that synthesis
is also hard if the searched net is to be behaviorally free choice, behaviorally
asymmetric choice or reducedly asymmetric choice [3]. Furthermore, we show
that synthesis of (m, n)-S-systems is NP-complete for every fixed m,n > 2. While
synthesis of weighted (m, n)-T-systems, being dual to the S-systems, is also hard
if m, n are part of the input, it becomes tractable for any fixed m, n. In particular,
fixing m,n puts the problem into the complexity class XP. Consequently, for
future work, it remains to be investigated whether the synthesis of weighted
(m, n)-T-systems parameterized by m + n is fixed parameter tractable.
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