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From Rainer for Marcus

As far as my eyes can see
There are shadows approaching me
And to those I left behind
I wanted you to know
You’ve always shared my deepest thoughts
I’ll miss you when I go
And oh! when I’m old and wise
Bitter words mean little to me
Like autumn winds will blow right
through me
And someday in the mist of time
When they asked me if I knew you
I’d smile and say you were a friend of mine
And the sadness would be lifted from
my eyes

Alan Parsons



Preface to the Fourth Edition

Writing a new edition of a book is similar to making an extension to a house: if you
don’t respect the original intent of the writer (or architect), the result might turn out
to be less attractive than the original. This becomes even more true as the number
of editions grow. We have paid attention to this observation in each of the editions
of this book, including this fourth edition. In particular, although the mathematical
theory of inverse scattering for acoustic and electromagnetic waves has grown far
beyond its modest beginning when we wrote the first edition of our book, we have
continued to maintain our focus on the nonlinear and ill-posed nature of the inverse
scattering problem in the frequency domain. We hope that this new edition expands
upon ideas of earlier editions and will continue to serve as a basic introduction to
inverse scattering theory rather than a comprehensive treatise on the subject.

In this fourth edition, we have made a number of significant additions. Perhaps
the most important of these is a new chapter on transmission eigenvalues. A
further substantial addition is a new section on the impedance boundary condition,
where we have paid particular attention to the generalized impedance boundary
condition and to nonlocal impedance boundary conditions. We have also added
brief discussions on the generalized linear sampling method, the method of recursive
linearization, anisotropic media, and the use of target signatures in inverse scattering
theory.

Last, but not least, we would like to acknowledge the support of the Mathematical
Institute at Oberwolfach for allowing us to participate in the Research in Pairs
Program, where the final modifications on the fourth edition were made in a relaxing
research environment in the beautiful surrounding of the Black Forest.

Newark, DE, USA David Colton
Göttingen, Germany Rainer Kress
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Preface to the Third Edition

Since the second edition of our book appeared 14 years ago, the field of inverse
scattering theory has continued to be an active and growing area of applied
mathematics. In this third edition, we have tried to bring our book up to date by
including many of the new developments in the field that have taken place during
this period. We again have made no effort to cover all of the many new directions
in inverse scattering theory but rather have restricted ourselves to a selection of
those developments that we have either participated in or are a natural development
of material discussed in previous editions. We have also continued to emphasize
simplicity over generality, e.g., smooth domains instead of domains with corners,
isotropic media rather than anisotropic media, and standard boundary conditions
rather than more generalized ones. By so doing, we hope that our book will continue
to serve as a basic introduction to the field of inverse scattering theory.

In order to bring our book up to date, considerable changes have been made
to the second edition. In particular, new sections have been added on the linear
sampling and factorization methods for solving the inverse scattering problem as
well as expanded treatments of iteration methods and uniqueness theorems for the
inverse obstacle problem. These additions have also required us to expand our
presentation on both transmission eigenvalues and boundary integral equations in
Sobolev spaces. These changes in turn suggest a more integrated view of inverse
scattering theory. In particular, what was previously referred to as the Colton–
Monk and Kirsch–Kress methods, respectively, are now viewed as two examples
of what are called decomposition methods. From this point of view, the techniques
of iteration, decomposition, and sampling form a natural trilogy of methods for
solving inverse scattering problems. Although a few results from the second edition
have been removed due to the fact that we now consider them to be obsolete, for
historical reasons we have tended to do so sparingly.

We hope that this new edition of our book will continue to serve readers who are
already in the field of inverse scattering theory as well as to attract newcomers to
this beautiful area of applied mathematics.

Newark, DE, USA David Colton
Göttingen, Germany Rainer Kress
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Preface to the Second Edition

In the 5 years since the first edition of this book appeared, the field of inverse
scattering theory has continued to grow and flourish. Hence, when the opportunity
for a second edition presented itself, we were pleased to have the possibility of
updating our monograph to take into account recent developments in the area. As in
the first edition, we have been motivated by our own view of inverse scattering
and have not attempted to include all of the many new directions in the field.
However, we feel that this new edition represents a state-of-the-art overview of the
basic elements of the mathematical theory of acoustic and electromagnetic inverse
scattering.

In addition to making minor corrections and additional comments in the text
and updating the references, we have added new sections on Newton’s method for
solving the inverse obstacle problem (Sect. 5.3), the spectral theory of the far field
operator (Sect. 8.4), a proof of the uniqueness of the solution to the inverse medium
problem for acoustic waves (Sect. 10.2), and a method for determining the support of
an inhomogeneous medium from far field data by solving a linear integral equation
of the first kind (Sect. 10.7).

We hope that this second edition will attract new readers to the beautiful and
intriguing field of inverse scattering.

Newark, DE, USA David Colton
Göttingen, Germany Rainer Kress
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Preface to the First Edition

It has now been almost 10 years since our first book on scattering theory appeared
[104]. At that time, we claimed that “in recent years the development of integral
equation methods for the direct scattering problem seems to be nearing completion,
whereas the use of such an approach to study the inverse scattering problem has
progressed to an extent that a ‘state of the art’ survey appears highly desirable,”
Since we wrote these words, the inverse scattering problem for acoustic and
electromagnetic waves has grown from being a few theoretical considerations with
limited numerical implementations to a well-developed mathematical theory with
tested numerical algorithms. This maturing of the field of inverse scattering theory
has been based on the realization that such problems are in general not only
nonlinear but also improperly posed in the sense that the solution does not depend
continuously on the measured data. This was emphasized in [104] and treated with
the ideas and tools available at that time. Now, almost 10 years later, these initial
ideas have developed to the extent that a monograph summarizing the mathematical
basis of the field seems appropriate. This book is our attempt to write such a
monograph.

The inverse scattering problem for acoustic and electromagnetic waves can
broadly be divided into two classes: the inverse obstacle problem and the inverse
medium problem. In the inverse obstacle problem, the scattering object is a
homogeneous obstacle with given boundary data, and the inverse problem is to
determine the obstacle from a knowledge of the scattered field at infinity, i.e., the
far field pattern. The inverse medium problem, in its simplest form, is the situation
when the scattering object is an inhomogeneous medium such that the constitutive
parameters vary in a continuous manner and the inverse problem is to determine
one or more of these parameters from the far field pattern. Only the inverse obstacle
problem was considered in [104]. In this book, we shall consider both the inverse
obstacle and the inverse medium problem using two different methods. In the first
method, one looks for an obstacle or parameters whose far field pattern best fits
the measured data, whereas in the second method one looks for an obstacle or
parameters whose far field pattern has the same weighted averages as the measured
data. The theoretical and numerical development of these two methods for solving

xiii



xiv Preface to the First Edition

the inverse scattering problem for acoustic and electromagnetic waves is the basic
subject matter of this book.

We make no claim to cover all the many topics in inverse scattering theory for
acoustic and electromagnetic waves. Indeed, with the rapid growth of the field,
such a task would be almost impossible in a single volume. In particular, we have
emphasized the nonlinear and improperly posed nature of the inverse scattering
problem and have paid only passing attention to the various linear methods which
are applicable in certain cases. This view of inverse scattering theory has been
arrived at through our work in collaboration with a number of mathematicians over
the past 10 years, in particular Thomas Angell, Peter Hähner, Andreas Kirsch, Ralph
Kleinman, Peter Monk, Lassi Päivärinta, Lutz Wienert, and Axel Zinn.

As with any book on mathematics, a basic question to answer is where to begin,
i.e., what degree of mathematical sophistication is expected of the reader? Since
the inverse scattering problem begins with the asymptotic behavior of the solution
to the direct scattering problem, it seems reasonable to start with a discussion of
the existence and uniqueness of a solution to the direct problem. We have done
this for both the Helmholtz and the Maxwell equations. Included in our discussion
is a treatment of the numerical solution of the direct problem. In addition to a
detailed presentation of the direct scattering problem, we have also included as
background material the rudiments of the theory of spherical harmonics, spherical
Bessel functions, operator-valued analytic functions and ill-posed problems (this
last topic has been considerably expanded from the brief discussion given in [104]).
As far as more general mathematical background is concerned, we assume that the
reader has a basic knowledge of classical and functional analysis.

We have been helped by many people in the course of preparing this book.
In particular, we would like to thank Wilhelm Grever, Rainer Hartke, and Volker
Walther for reading parts of the manuscript and Peter Hähner for his many valuable
suggestions for improvements. Thanks also go to Ginger Moore for doing part of the
typing. We would like to acknowledge the financial support of the Air Force Office
of Scientific Research and the Deutsche Forschungsgemeinschaft, both for the long-
term support of our research as well as for the funds made available to us for regular
visits between Newark and Göttingen to nurture our collaboration. Finally, we want
to give special thanks to our friends and colleagues Andreas Kirsch and Peter Monk.
Many of the results of this book represent joint work with these two mathematicians
and their insights, criticism, and support have been an indispensable component of
our research efforts.

Newark, DE, USA David Colton
Göttingen, Germany Rainer Kress
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Chapter 1
Introduction

The purpose of this chapter is to provide a survey of our book by placing what we
have to say in a historical context. We obviously cannot give a complete account of
inverse scattering theory in a book of only a few hundred pages, particularly since
before discussing the inverse problem we have to give the rudiments of the theory
of the direct problem. Hence, instead of attempting the impossible, we have chosen
to present inverse scattering theory from the perspective of our own interests and
research program. This inevitably means that certain areas of scattering theory are
either ignored or given only cursory attention. In view of this fact, and in fairness to
the reader, we have therefore decided to provide a few words at the beginning of our
book to tell the reader what we are going to do, as well as what we are not going to
do, in the forthcoming chapters.

Scattering theory has played a central role in twentieth century mathematical
physics. Indeed, from Rayleigh’s explanation of why the sky is blue, to Rutherford’s
discovery of the atomic nucleus, through the modern medical applications of
computerized tomography, scattering phenomena have attracted, perplexed, and
challenged scientists and mathematicians for well over a 100 years. Broadly
speaking, scattering theory is concerned with the effect an inhomogeneous medium
has on an incident particle or wave. In particular, if the total field is viewed as the
sum of an incident field ui and a scattered field us , then the direct scattering problem
is to determine us from a knowledge of ui and the differential equation governing
the wave motion. Of possibly even more interest is the inverse scattering problem
of determining the nature of the inhomogeneity from a knowledge of the asymptotic
behavior of us , i.e., to reconstruct the differential equation and/or its domain of
definition from the behavior of (many of) its solutions. The above oversimplified
description obviously covers a huge range of physical concepts and mathematical
ideas, and for a sample of the many different approaches that have been taken in this
area the reader can consult the monographs of Chadan and Sabatier [76], Colton and
Kress [104], Jones [224], Kirsch and Hettlich [244], Lax and Phillips [292], Leis

© Springer Nature Switzerland AG 2019
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2 1 Introduction

[297], Martin [312], Müller [332], Nakamura and Potthast [334], Nédélec [337],
Newton [338], Reed and Simon [373], and Wilcox [430].

1.1 The Direct Scattering Problem

The two basic problems in classical scattering theory (as opposed to quantum
scattering theory) are the scattering of time-harmonic acoustic or electromagnetic
waves by a penetrable inhomogeneous medium of compact support and by a
bounded impenetrable obstacle. Considering first the case of acoustic waves, assume
the incident field is given by the time-harmonic acoustic plane wave

ui(x, t) = ei(k x·d−ωt)

where k = ω/c0 is the wave number, ω the frequency, c0 the speed of sound, and
d the direction of propagation. Then the simplest scattering problem for the case of
an inhomogeneous medium is to find the total field u such that

Δu + k2n(x)u = 0 in IR3, (1.1)

u(x) = eik x·d + us(x), (1.2)

lim
r→∞ r

(
∂us

∂r
− ikus

)
= 0, (1.3)

where r = |x|, n = c2
0/c

2 is the refractive index given by the ratio of the square
of the sound speeds, c = c0 in the homogeneous host medium, and c = c(x) in
the inhomogeneous medium and (1.3) is the Sommerfeld radiation condition which
guarantees that the scattered wave is outgoing. It is assumed that 1 − n has compact
support. If the medium is absorbing, n is complex valued and no longer is simply the
ratio of the sound speeds. Turning now to the case of scattering by an impenetrable
obstacle D, the simplest problem is to find the total field u such that

Δu + k2u = 0 in IR3 \ D̄, (1.4)

u(x) = eik x·d + us(x), (1.5)

u = 0 on ∂D, (1.6)

lim
r→∞ r

(
∂us

∂r
− ikus

)
= 0, (1.7)
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where the differential equation (1.4) is the Helmholtz equation and the Dirichlet
boundary condition (1.6) corresponds to a sound-soft obstacle. Boundary conditions
other than (1.6) can also be considered, for example the Neumann or sound-hard
boundary condition or the impedance boundary condition

∂u

∂ν
+ ikλu = 0 on ∂D

where ν is the unit outward normal to ∂D and λ is a positive constant. Although
problems (1.1)–(1.3) and (1.4)–(1.7) are perhaps the simplest examples of physi-
cally realistic problems in acoustic scattering theory, they still cannot be considered
completely solved, particularly from a numerical point of view, and remain the
subject matter of much ongoing research.

Considering now the case of electromagnetic waves, assume the incident field is
given by the (normalized) time-harmonic electromagnetic plane wave

Ei(x, t) = i

k
curl curlp ei(k x·d−ωt) = ik (d × p) × d ei(k x·d−ωt),

H i(x, t) = curlp ei(k x·d−ωt) = ik d × p ei(k x·d−ωt),

where k = ω
√
ε0μ0 is the wave number, ω the frequency, ε0 the electric

permittivity, μ0 the magnetic permeability, d the direction of propagation, and p the
polarization. Then the electromagnetic scattering problem corresponding to (1.1)–
(1.3) (assuming variable permittivity but constant permeability) is to find the electric
field E and magnetic field H such that

curlE − ikH = 0, curlH + ikn(x)E = 0 in IR3, (1.8)

E(x) = i

k
curl curlp eik x·d + Es(x), H(x) = curlp eik x·d + Hs(x), (1.9)

lim
r→∞(Hs × x − rEs) = 0, (1.10)

where n = ε/ε0 is the refractive index given by the ratio of the permittivity ε =
ε(x) in the inhomogeneous medium and ε0 in the homogeneous host medium and
where (1.10) is the Silver–Müller radiation condition. It is again assumed that 1 −n

has compact support and if the medium is conducting then n is complex valued.
Similarly, the electromagnetic analogue of (1.4)–(1.7) is scattering by a perfectly
conducting obstacle D which can be mathematically formulated as the problem of
finding an electromagnetic field E,H such that

curlE − ikH = 0, curlH + ikE = 0 in IR3 \ D̄, (1.11)

E(x)= i

k
curl curlp eik x·d+Es(x), H(x) = curlp eik x·d + Hs(x), (1.12)
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and

ν × E = 0 on ∂D, (1.13)

lim
r→∞(Hs × x − rEs) = 0, (1.14)

where (1.11) are the time-harmonic Maxwell equations and ν is again the unit
outward normal to ∂D. As in the case of (1.4)–(1.7), more general boundary
conditions than (1.13) can also be considered, for example the impedance boundary
condition

ν × curlE − iλ (ν × E) × ν = 0 on ∂D

where λ is again a positive constant.
This book is primarily concerned with the inverse scattering problems associated

with the direct scattering problems formulated above. However, before we can
consider the inverse problems, we must say more about the direct problems. The
mathematical methods used to investigate the direct scattering problems for acoustic
and electromagnetic waves depend heavily on the frequency of the wave motion. In
particular, if the wavelength λ = 2π/k is very small compared with the smallest
distance which can be observed with the available apparatus, the scattering obstacle
produces a shadow with an apparently sharp edge. Closer examination reveals
that the edge of the shadow is not sharply defined but breaks up into fringes.
This phenomenon is known as diffraction. At the other end of the scale, obstacles
which are small compared with the wavelength disrupt the incident wave without
producing an identifiable shadow. Hence, we can distinguish two different frequency
regions corresponding to the magnitude of ka where a is a typical dimension of the
scattering object. More specifically, the set of values of k such that ka � 1 is called
the high frequency region whereas the set of values of k such that ka is less than or
comparable to unity is called the resonance region. As suggested by the observed
physical differences, the mathematical methods used to study scattering phenomena
in the resonance region differ sharply from those used in the high frequency region.
Because of this reason, as well as our own mathematical preferences, we have
decided that in this book we will be primarily concerned with scattering problems
in the resonance region.

The first question to ask about the direct scattering problem is that of the
uniqueness of a solution. The basic tools used to establish uniqueness are Green’s
theorems and the unique continuation property of solutions to elliptic equations.
Since Eqs. (1.4) and (1.11) have constant coefficients, the uniqueness question for
problems (1.4)–(1.7) and (1.11)–(1.14) are the easiest to handle, with the first
results being given by Sommerfeld in 1912 for the case of acoustic waves [397].
Sommerfeld’s work was subsequently generalized by Rellich [374] and Vekua
[414], all under the assumption that Im k ≥ 0. The corresponding uniqueness result
for problem (1.11)–(1.14) was first established by Müller [328]. The uniqueness
of a solution to the scattering problems (1.1)–(1.3) and (1.8)–(1.10) is more
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difficult since use must now be made of the unique continuation principle for
elliptic equations with variable, but nonanalytic, coefficients. The first results in
this direction were given by Müller [328], again for the case Im k ≥ 0. When
Im k < 0 then for each of the above problems there can exist values of k for
which uniqueness no longer holds. Such values of k are called resonance states and
are intimately involved with the asymptotic behavior of the time dependent wave
equation. Although we shall not treat resonance states in this book, the subject is of
considerable interest and we refer the reader to Dolph [133], Lax and Phillips [292],
Melrose [316], and Taylor [405, Vol. II] for further information.

Having established uniqueness, the next question to turn to is the existence and
numerical approximation of the solution. The most popular approach to existence
has been through the method of integral equations. In particular, for problem (1.1)–
(1.3), it is easily verified that for all positive values of k the total field u is the unique
solution of the Lippmann–Schwinger equation

u(x) = eik x·d − k2
∫

IR3
Φ(x, y)m(y)u(y) dy, x ∈ IR3, (1.15)

where m := 1 − n and

Φ(x, y) := 1

4π

eik|x−y|

|x − y| , x �= y,

is the fundamental solution to the Helmholtz equation. The corresponding integral
equation for (1.8)–(1.10) is also easily obtained and is given by

E(x) = i

k
curl curlp eik x·d − k2

∫
IR3

Φ(x, y)m(y)E(y) dy

+ grad
∫

IR3

1

n(y)
grad n(y) · E(y)Φ(x, y) dy, x ∈ IR3,

(1.16)

where again m := 1 − n and, if E is the solution of (1.16), we define

H(x) := 1

ik
curlE(x).

The application of integral equation methods to problems (1.4)–(1.7) and (1.11)–
(1.14) is more subtle. To see why this is so, suppose, by analogy to Laplace’s
equation, we look for a solution of problem (1.4)–(1.7) in the form of a double-
layer potential

us(x) =
∫
∂D

∂Φ(x, y)

∂ν(y)
ϕ(y) ds(y), x ∈ IR3 \ D̄, (1.17)
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where ϕ is a continuous density to be determined. Then, letting x tend to the bound-
ary ∂D, it can be shown that ϕ must be a solution of a boundary integral equation
of the second kind in order to obtain a solution of (1.4)–(1.7). Unfortunately, this
integral equation is not uniquely solvable if k2 is a Neumann eigenvalue of the
negative Laplacian in D. Similar difficulties occur if we look for a solution of
problem (1.11)–(1.14) in the form

Es(x) = curl
∫
∂D

Φ(x, y)a(y) ds(y), Hs(x) = 1

ik
curlEs(x), x ∈ IR3 \ D̄,

(1.18)

where a is a tangential density to be determined. These difficulties in acoustic and
electromagnetic scattering theory were first resolved by Vekua [414], Weyl [426],
and Müller [330]. A more satisfying approach to this problem was initiated by
Werner [422] who suggested modifying the representations (1.17) and (1.18) to
include further source terms. This idea was further developed by Brakhage and
Werner [44], Leis [296], Panich [346], Knauff and Kress [256], and Kress [260]
among others. Finally, we note that the numerical solution of boundary integral
equations in scattering theory is fraught with difficulties and we refer the reader to
Sects. 3.6 and 3.7 of this book and the monograph by Rjasanow and Steinbach [376]
for more information on this topic.

Of particular interest in scattering theory is the far field pattern, or scattering
amplitude, of the scattered acoustic or electromagnetic wave. More specifically, if
us is the scattered field of (1.1)–(1.3) or (1.4)–(1.7), then us has the asymptotic
behavior

us(x) = eikr

r
u∞(x̂, d) + O

(
1

r2

)
, r = |x| → ∞,

where x̂ = x/|x| and u∞ is the far field pattern of us . Similarly, if Es,Hs is the
scattered field of (1.8)–(1.10) or (1.11)–(1.14), then Es has the asymptotic behavior

Es(x) = eikr

r
E∞(x̂, d)p + O

(
1

r2

)
, r = |x| → ∞,

where the 3 by 3 matrix E∞ is the electric far field pattern of Es . The interest
in far field patterns lies in the fact that the basic inverse problem in scattering
theory, and, in fact, the one we shall consider in this book, is to determine either
n or D from a knowledge of u∞ or E∞ for x̂ and d on the unit sphere. Until the
1980s, very little was known concerning the mathematical properties of far field
patterns, other than the fact that they are analytic functions of their independent
variables. However, in the past two decades results have been obtained concerning
the completeness properties of far field patterns considered as functions of x̂ in
L2(S2) where L2(S2) is the space of square integrable functions on the unit sphere
S

2. Since these results are of particular relevance to methods developed for solving



1.1 The Direct Scattering Problem 7

the inverse scattering problem, we shall now briefly consider some of the ideas
involved in this investigation.

The problem of completeness of far field patterns was first considered by Colton
and Kirsch [90] for the case of problem (1.4)–(1.7). In particular, they showed that
if {dn : n = 1, 2, . . . } is a dense set of vectors on the unit sphere S

2 then the
set {u∞(· , dn) : n = 1, 2, . . .} is complete in L2(S2) if and only if k2 is not an
eigenvalue of the interior Dirichlet problem for the negative Laplacian in D or, if
k2 is an eigenvalue, none of the eigenfunctions is a Herglotz wave function, i.e., a
solution v of the Helmholtz equation in IR3 such that

sup
R>0

1

R

∫
|x|≤R

|v(x)|2dx < ∞.

This result was extended to the case of problem (1.11)–(1.14) by Colton and Kress
[97] who also introduced the concept of electromagnetic Herglotz pairs which
are the analogue for the Maxwell equations of Herglotz wave functions for the
Helmholtz equation. The completeness of far field patterns for problem (1.1)–(1.3)
is more complicated and was first studied by Kirsch [232], Colton and Monk [113],
and Colton, Kirsch, and Päivärinta [95]. The result is that the far field patterns
are complete provided there does not exist a nontrivial solution of the interior
transmission problem

Δw + k2n(x)w = 0, Δv + k2v = 0 in D, (1.19)

w = v,
∂w

∂ν
= ∂v

∂ν
on ∂D, (1.20)

such that v is a Herglotz wave function where D := {x ∈ IR3 : m(x) �= 0} and again
m := 1−n. Values of k > 0 for which a nontrivial solution to (1.19), (1.20) exist are
called transmission eigenvalues. The generalization of this result to problem (1.8)–
(1.10) was given by Colton and Päivärinta [121, 122], whereas the inverse spectral
problem associated with (1.19) and (1.20) has been considered by numerous authors
(cf. the references in Sect. 10.4). Initially research on the transmission eigenvalue
problem mainly focused on showing that transmission eigenvalues form at most
a discrete set. From a practical point of view the question of discreteness was
important to answer since the sampling methods discussed in the next section for
reconstructing the support of an inhomogeneous medium fail if the interrogating
frequency corresponds to a transmission eigenvalue. On the other hand, due to the
non-self-adjointness of (1.19) and (1.20), the existence of transmission eigenvalues
for non-spherically stratified media remained open for more than 20 years until
Paivarinta and Sylvester [345] showed the existence of at least one transmission
eigenvalue provided that the contrast m in the medium is large enough. The story
of the existence of transmission eigenvalues was completed by Cakoni, Gintides,
and Haddar [62] where the existence of an infinite set of transmission eigenvalues
was proven only under the assumption that the contrast m in the medium does
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not change sign and is bounded away from zero. It was then shown by Cakoni,
Colton, and Haddar [54] that transmission eigenvalues could be determined from
the scattering data and since they provide information about the material properties
of the scattering object can play an important role in a variety of problems in target
identification.

Values of the wave number k for which the far field patterns are not complete can
be viewed as a value of k for which the far field operator F : L2(S2) → L2(S2)

defined (in the case of acoustic waves) by

(Fg)(x̂) :=
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2, (1.21)

has zero as an eigenvalue, that is, F is not injective. The question of when the far
field operator has nonzero eigenvalues and where they lie in the complex plane has
been investigated by Colton and Kress [100, 101] for the scattering of acoustic and
electromagnetic waves by both an obstacle and an inhomogeneous medium.

1.2 The Inverse Scattering Problem

As indicated above, the direct scattering problem has been thoroughly investigated
and a considerable amount of information is available concerning its solution. In
contrast, the inverse scattering problem has only since the 1980s progressed from
a collection of ad hoc techniques with little rigorous mathematical basis to an area
of intense activity with a solid mathematical foundation. The reason for this is that
the inverse scattering problem is inherently nonlinear and, more seriously from the
point of view of numerical computations, improperly posed. In particular, small
perturbations of the far field pattern in any reasonable norm lead to a function which
lies outside the class of far field patterns and, unless regularization methods are used,
small variations in the measured data can lead to large errors in the reconstruction of
the scatterer. Nevertheless, the inverse scattering problem is basic in areas such as
radar, sonar, geophysical exploration, medical imaging, and nondestructive testing.
Indeed, it is safe to say that the inverse problem is at least of equal interest as the
direct problem and, armed with a knowledge of the direct scattering problem, is
currently in the foreground of mathematical research in scattering theory [78].

As with the direct scattering problem, the first question to ask about the inverse
scattering problem is uniqueness. The first result in this direction was due to Schiffer
(see Lax and Phillips [292]) who showed that for problem (1.4)–(1.7) the far field
pattern u∞(x̂, d) for all x̂, d ∈ S

2 and k fixed uniquely determines the scattering
obstacle D. The corresponding result for problem (1.1)–(1.3) was obtained by
Nachman [333], Novikov [340], and Ramm [370]. Uniqueness theorems for the
electromagnetic problems (1.8)–(1.10) and (1.11)–(1.14) were first presented in the
first edition of this book (cf. Sect. 7.1) and by Colton and Päivärinta [123], Ola,
Päivärinta, and Somersalo [341], and Ola and Somersalo [342]. Closely related
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to the uniqueness theorem for the inverse scattering problem is Karp’s theorem
[228], which states for problem (1.4)–(1.7) that if u∞(x̂, d) = u∞(Qx̂,Qd) for all
rotations Q and all x̂, d ∈ S

2 then D is a ball centered at the origin. The analogues
of this result for problems (1.1)–(1.3) and (1.11)–(1.14) have been given by Colton
and Kirsch [91] and Colton and Kress [98] (see also Ramm [371]).

Turning to the question of the existence of a solution to the inverse scattering
problem, we first note that this is the wrong question to ask. This is due to the
observations made above that the inverse scattering problem is improperly posed,
i.e., in any realistic situation the measured data is not exact and hence a solution to
the inverse scattering problem does not exist. The proper question to ask is how can
the inverse problem be stabilized and approximate solutions found to the stabilized
problem. (However, for a different point of view, see Newton [339].) Initial efforts
in this direction attempted to linearize the problem by reducing it to the problem
of solving a linear integral equation of the first kind. The main techniques used to
accomplish this were the Born or Rytov approximation for problems (1.1)–(1.3) and
(1.8)–(1.10) and the Kirchhoff, or physical optics, approximation to the solution of
problems (1.4)–(1.7) and (1.11)–(1.14). While such linearized models are attractive
because of their mathematical simplicity, they have the defect of ignoring the
basic nonlinear nature of the inverse scattering problem, e.g., multiple reflections
are essentially ignored. For detailed presentations of the linearized approach to
inverse scattering theory, including a glimpse at the practical applications of such
an approach, we refer the reader to Bleistein [33], Chew [81], Devaney [132], and
Langenberg [289].

The earliest attempts to treat the inverse scattering problem without linearizing
it were due to Imbriale and Mittra [202] for problem (1.4)–(1.7) and Weston
and Boerner [425] for problem (1.11)–(1.14). Their methods were based on
analytic continuation with little attention being given to issues of stabilization.
Then, beginning in the 1980s, a number of methods were given for solving the
inverse scattering problem which explicitly acknowledged the nonlinear and ill-
posed nature of the problem. In particular, the acoustic inverse obstacle problem
of determining ∂D in (1.1)–(1.3) from a knowledge of the far field data u∞ was
considered. Either integral equations or Green’s formulas were used to reformulate
the inverse obstacle problem as a nonlinear optimization problem that required the
solution of the direct scattering problem for different domains at each step of the
iteration procedure used to arrive at a solution. In this framework, Roger [379]
was the first to employ Newton type iterations for the approximate solution of
inverse obstacle problems and was followed by Angell, Colton and Kirsch [11],
Hanke, Hettlich and Scherzer [181], Hettlich [189], Hohage [193], Ivanyshyn and
Kress [212], Johansson and Sleeman [222], Kirsch [237], Kress [266], Kress and
Rundell [273], Mönch [318], Potthast [353], and many other researchers.

Approaches which avoid the problem of solving a direct scattering problem
at each iteration step and, furthermore, attempt to separate the ill-posedness and
nonlinearity of the inverse obstacle problem were introduced and theoretically and
numerically analyzed by Kirsch and Kress in [245–247] and Colton and Monk in
[110–112]. A method that is closely related to the approach suggested by Kirsch and
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Kress was also introduced by Angell, Kleinman, and Roach [15]. These methods
are collectively called decomposition methods and their main idea is to break up
the inverse obstacle scattering problem into two parts: the first part deals with the
ill-posedness by constructing the scattered wave from its far field pattern and the
second part deals with the nonlinearity by determining the unknown boundary of the
scatterer as the location where the boundary condition for the total field is satisfied
in a least-squares sense. We shall now briefly outline the original approach of Kirsch
and Kress.

We assume a priori that enough information is known about the unknown
scattering obstacle D so we can place a surface Γ inside D such that k2 is not a
Dirichlet eigenvalue of the negative Laplacian for the interior of Γ . For fixed wave
number k and fixed incident direction d, we then try to represent the scattered field
us as a single-layer potential

us(x) =
∫
Γ

Φ(x, y)ϕ(y) ds(y) (1.22)

with unknown density ϕ ∈ L2(Γ ) and note that in this case the far field pattern u∞
has the representation

u∞(x̂, d) = 1

4π

∫
Γ

e−ik x̂·yϕ(y) ds(y), x̂ ∈ S
2. (1.23)

Given the (measured) far field pattern u∞ the density ϕ is now found by solving
the ill-posed integral equation of the first kind (1.23). The unknown boundary ∂D is
then determined by requiring (1.22) to assume the boundary data (1.5) and (1.6) on
the surface ∂D. For example, if we assume that ∂D is starlike, i.e., x(a) = r(a) a

for x ∈ ∂D and a ∈ S
2, then this last requirement means solving the nonlinear

equation

eikr(a) a·d +
∫
Γ

Φ(r(a) a, y)ϕ(y) ds(y) = 0, a ∈ S
2, (1.24)

for the unknown function r . Numerical examples of the use of this method in three
dimensions have been provided by Kress and Zinn [282]. The extension of the
method of Kirsch and Kress to the case of the electromagnetic inverse obstacle
problem was carried out by Blöhbaum [34] and used by Haas, Rieger, Rucker, and
Lehner [163] for fully three-dimensional numerical reconstructions.

A more recently developed decomposition method is the point source method
of Potthast [361]. The hybrid method suggested by Kress and Serranho [267, 392]
combines ideas of the method of Kirsch and Kress with Newton type iterations as
mentioned above.

The inverse medium problem is to determine n in (1.1)–(1.3) or (1.8)–(1.10)
from a knowledge of the far field pattern u∞ or E∞. As with the inverse obstacle
problem, the scalar problem (1.1)–(1.3) has received the most attention. Essentially
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two methods have been proposed for the determination of n (sampling methods,
which we shall discuss shortly, only determine the support of m := 1 − n). The first
method is based on noting that from (1.15) we have

u∞(x̂, d) = − k2

4π

∫
IR3

e−ik x̂·ym(y)u(y) dy, x̂ ∈ S
2, (1.25)

and then seeking a solution m and u of (1.15) such that the constraint (1.25) is
satisfied. This is done by reformulating (1.15) and (1.25) as a nonlinear optimization
problem subject to a priori constraints on m such that the optimization problem has
a solution that depends continuously on the data. Variations of this approach have
been used by van den Berg and Kleinman [254, 255, 413] in acoustics and Abubakar
and van den Berg [1] in electromagnetics, among others. There are, of course,
important differences in the practical implementation in each of these efforts, for
example the far field constraint (1.25) is sometimes replaced by an analogous near
field condition and the optimization scheme is numerically solved by different
methods, e.g., successive over-relaxation, sinc basis moment methods, steepest
descent, etc. Newton type iterations for the inverse medium problem based on the
Lippmann–Schwinger equation have been considered by Hohage and Langer [195–
197]. It is also possible to work directly with the scattering problem (1.1)–(1.3)
instead of rewriting it as the Lippmann–Schwinger equation and this has been
pursued by Gutman and Klibanov [158–160], Natterer and Wübbeling [336], and
Vögeler [417].

A second method for solving the acoustic inverse medium problem was intro-
duced by Colton and Monk [114, 115] and can be viewed as a decomposition method
for approaching the inverse medium problem. The first version of this method [114]
begins by determining a function g ∈ L2(S2) such that, for k fixed and p an integer,

∫
S2

u∞(x̂, d)g(d) ds(d) = 1

kip+1 Yp(x̂), x̂ ∈ S
2, (1.26)

where u∞ is the far field pattern corresponding to problem (1.1)–(1.3) and Yp is a
spherical harmonic of order p and then constructing the Herglotz wave function v

defined by

v(x) =
∫
S2

eik x·dg(d) ds(d), x ∈ IR3. (1.27)

The solution of the inverse medium problem is now found by looking for a solution
m and w of the Lippmann–Schwinger equation

w(x) = v(x) − k2
∫

IR3
Φ(x, y)m(y)w(y) dy, x ∈ IR3, (1.28)
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such that m and w satisfy the constraint

− k2
∫

IR3
Φ(x, y)m(y)w(y) dy = h(1)p (k|x|) Yp(x̂) (1.29)

for |x| = a where a is the radius of a ball B centered at the origin and containing
the support of m and h

(1)
p is the spherical Hankel function of the first kind of order

p and again x̂ = x/|x|. We note that if m is real valued, difficulties can occur in
the numerical implementation of this method due to the presence of transmission
eigenvalues, i.e., values of k > 0 such that there exists a nontrivial solution of
(1.19) and (1.20). The second version of the method of Colton and Monk [115, 116]
is designed to overcome this problem by replacing the integral equation (1.26) by

∫
S2

[u∞(x̂, d) − h∞(x̂, d)] g(x̂) ds(x̂) = ip−1

k
Yp(d), d ∈ S

2, (1.30)

where h∞ is the (known) far field pattern corresponding to an exterior impedance
boundary value problem for the Helmholtz equation in the exterior of the ball B and
replacing the constraint (1.29) by

(
∂

∂ν
+ ikλ

)
(w(x) − h(1)p (k|x|) Yp(x̂)) = 0, x ∈ ∂B, (1.31)

where λ is the impedance. A numerical comparison of the two versions of the
method due to Colton and Monk can be found in [117]. Alternate methods of
modifying the method of Colton and Monk than that described above can be
found in [89, 118, 119]. The theoretical basis of this decomposition method for
electromagnetic waves has been developed by Colton and Päivärinta [121], Colton
and Kress [99], and Colton and Hähner [89].

A different approach to solving inverse scattering problems than the use of
iterative methods is the use of sampling methods, cf. [51, 59, 243]. These methods
have the advantage of requiring less a priori information than iterative methods
(e.g., it is not necessary to know the topology of the scatterer or the boundary
conditions satisfied by the total field) and in addition reduces the nonlinear problem
to a non-iterative series of linear problems. On the other hand, the implementation
of such methods often requires more data than iterative methods do and in the case
of a penetrable inhomogeneous medium only recover the support of the scatterer
together with some estimates on its material properties.

The two best known sampling methods are the linear sampling method and the
factorization method. In the case of acoustic waves each of these methods is based
on constructing a linear integral equation using the far field operator F as given by
(1.21). In particular, the linear sampling method looks for a regularized solution of
the far field equation

Fg = Φ∞(· , z) (1.32)
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where z ∈ IR3 and

Φ∞(x̂, z) = 1

4π
e−ik x̂·z, x̂ ∈ S

2,

is the far field pattern of the radiating fundamental solution Φ(x, z). Then if gαz is
the solution of (1.32) obtained by Tikhonov regularization and the scatterer is non-
absorbing it can be shown that if vgαz is the Herglotz wave function with kernel gαz ,
then, as α → 0, the sequence vgαz (z) is bounded if and only if z ∈ D. On the other
hand, the factorization method looks for a solution of the equation of the first kind

(F ∗F)1/4g = Φ∞(· , z) (1.33)

where F ∗ is the adjoint of F in L2(S2). It can then be shown that (1.33) has a
solution if and only if z ∈ D and consequently the solution gαz of (1.33) obtained
by Tikhonov regularization converges as α → 0 if and only if z ∈ D. Both
these sampling methods have extensions to certain classes of electromagnetic wave
scattering problems, see [59, 243].

For the historic development of the field covered in this book we refer the reader
to the survey paper [105].



Chapter 2
The Helmholtz Equation

Studying an inverse problem always requires a solid knowledge of the theory for the
corresponding direct problem. Therefore, the following two chapters of our book
are devoted to presenting the foundations of obstacle scattering problems for time-
harmonic acoustic waves, i.e., to exterior boundary value problems for the scalar
Helmholtz equation. Our aim is to develop the analysis for the direct problems to an
extent which is needed in the subsequent chapters on inverse problems.

In this chapter we begin with a brief discussion of the physical background to
scattering problems. We will then derive the basic Green representation theorems
for solutions to the Helmholtz equation. Discussing the concept of the Sommerfeld
radiation condition will already enable us to introduce the idea of the far field pattern
which is of central importance in our book. For a deeper understanding of these
ideas, we require sufficient information on spherical wave functions. Therefore, we
present in two sections those basic properties of spherical harmonics and spherical
Bessel functions that are relevant in scattering theory. We will then be able to derive
uniqueness results and expansion theorems for solutions to the Helmholtz equation
with respect to spherical wave functions. We also will gain a first insight into the
ill-posedness of the inverse problem by examining the smoothness properties of the
far field pattern. The study of the boundary value problems will be the subject of the
next chapter.

2.1 Acoustic Waves

Consider the propagation of sound waves of small amplitude in a homogeneous
isotropic medium in IR3 viewed as an inviscid fluid. Let v = v(x, t) be the velocity
field and let p = p(x, t), ρ = ρ(x, t) and S = S(x, t) denote the pressure, density,
and specific entropy, respectively, of the fluid. The motion is then governed by
Euler’s equation

© Springer Nature Switzerland AG 2019
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∂v

∂t
+ (v · grad) v + 1

ρ
gradp = 0,

the equation of continuity

∂ρ

∂t
+ div(ρv) = 0,

the state equation

p = f (ρ, S),

and the adiabatic hypothesis

∂S

∂t
+ v · grad S = 0,

where f is a function depending on the nature of the fluid. We assume that v, p,
ρ, and S are small perturbations of the static state v0 = 0, p0 = constant, ρ0 =
constant, and S0 = constant and linearize to obtain the linearized Euler equation

∂v

∂t
+ 1

ρ0
gradp = 0,

the linearized equation of continuity

∂ρ

∂t
+ ρ0 div v = 0,

and the linearized state equation

∂p

∂t
= ∂f

∂ρ
(ρ0, S0)

∂ρ

∂t
.

From this we obtain the wave equation

1

c2

∂2p

∂t2 = Δp

where the speed of sound c is defined by

c2 = ∂f

∂ρ
(ρ0, S0).

From the linearized Euler equation, we observe that there exists a velocity potential
U = U(x, t) such that
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v = 1

ρ0
gradU

and

p = −∂U

∂t
.

Clearly, the velocity potential also satisfies the wave equation

1

c2

∂2U

∂t2 = ΔU.

For time-harmonic acoustic waves of the form

U(x, t) = Re
{
u(x) e−iωt

}

with frequency ω > 0, we deduce that the complex valued space dependent part u
satisfies the reduced wave equation or Helmholtz equation

Δu + k2u = 0

where the wave number k is given by the positive constant k = ω/c. This equation
carries the name of the physicist Hermann Ludwig Ferdinand von Helmholtz (1821–
1894) for his contributions to mathematical acoustics and electromagnetics.

In the first part of this book we will be concerned with the scattering of time-
harmonic waves by obstacles surrounded by a homogeneous medium, i.e., with
exterior boundary value problems for the Helmholtz equation. However, studying
the Helmholtz equation in some detail is also required for the second part of our
book where we consider wave scattering from an inhomogeneous medium since we
always will assume that the medium is homogeneous outside some sufficiently large
sphere.

In obstacle scattering we must distinguish between the two cases of impenetrable
and penetrable objects. For a sound-soft obstacle the pressure of the total wave
vanishes on the boundary. Consider the scattering of a given incoming wave ui by
a sound-soft obstacle D. Then the total wave u = ui + us , where us denotes the
scattered wave, must satisfy the wave equation in the exterior IR3 \ D̄ of D and a
Dirichlet boundary condition u = 0 on ∂D. Similarly, the scattering from sound-
hard obstacles leads to a Neumann boundary condition ∂u/∂ν = 0 on ∂D where ν

is the unit outward normal to ∂D since here the normal velocity of the acoustic wave
vanishes on the boundary. More generally, allowing obstacles for which the normal
velocity on the boundary is proportional to the excess pressure on the boundary
leads to an impedance boundary condition of the form
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∂u

∂ν
+ ikλu = 0 on ∂D

with a positive constant λ.
The scattering by a penetrable obstacle D with constant density ρD and

speed of sound cD differing from the density ρ and speed of sound c in the
surrounding medium IR3 \ D̄ leads to a transmission problem. Here, in addition
to the superposition u = ui + us of the incoming wave ui and the scattered wave
us in IR3 \ D̄ satisfying the Helmholtz equation with wave number k = ω/c, we
also have a transmitted wave v in D satisfying the Helmholtz equation with wave
number kD = ω/cD �= k. The continuity of the pressure and of the normal velocity
across the interface leads to the transmission conditions

u = v,
1

ρ

∂u

∂ν
= 1

ρD

∂v

∂ν
on ∂D.

In addition to the transmission conditions, more general resistive boundary condi-
tions have been introduced and applied. For their description and treatment we refer
to [14].

In order to avoid repeating ourselves by considering all possible types of
boundary conditions, we have decided to confine ourselves to working out the basic
ideas only for the case of a sound-soft obstacle. On occasion, we will mention
modifications and extensions to the other cases.

For the scattered wave us , the radiation condition

lim
r→∞ r

(
∂us

∂r
− ikus

)
= 0, r = |x|,

introduced by Sommerfeld [397] in 1912 will ensure uniqueness for the solutions to
the scattering problems. From the two possible spherically symmetric solutions

eik|x|

|x| and
e−ik|x|

|x|
to the Helmholtz equation, only the first one satisfies the radiation condition.
Since via

Re

{
eik|x|−iωt

|x|
}

= cos(k|x| − ωt)

|x|
this corresponds to an outgoing spherical wave, we observe that physically speaking
the Sommerfeld radiation condition characterizes outgoing waves. Throughout the
book by |x| we denote the Euclidean norm of a point x in IR3.

For more details on the physical background of linear acoustic waves, we refer to
the article by Morse and Ingard [326] in the Encyclopedia of Physics and to Jones
[224] and Werner [421].



2.2 Green’s Theorem and Formula 19

2.2 Green’s Theorem and Formula

We begin by giving a brief outline of some basic properties of solutions to the
Helmholtz equation Δu + k2u = 0 with positive wave number k. Most of these
can be deduced from the fundamental solution

Φ(x, y) := 1

4π

eik|x−y|

|x − y| , x �= y. (2.1)

Straightforward differentiation shows that for fixed y ∈ IR3 the fundamental
solution satisfies the Helmholtz equation in IR3 \ {y}.

A domain D ⊂ IR3, i.e., an open and connected set, is said to be of class Ck ,
k ∈ IN, if for each point z of the boundary ∂D there exists a neighborhood Vz of
z with the following properties: the intersection Vz ∩ D̄ can be mapped bijectively
onto the half ball {x ∈ IR3 : |x| < 1, x3 ≥ 0}, this mapping and its inverse are
k-times continuously differentiable and the intersection Vz ∩∂D is mapped onto the
disk {x ∈ IR3 : |x| < 1, x3 = 0}. On occasion, we will express the property of a
domain D to be of class Ck also by saying that its boundary ∂D is of class Ck . By
Ck(D) we denote the linear space of real or complex valued functions defined on
the domain D which are k-times continuously differentiable. By Ck(D̄) we denote
the subspace of all functions in Ck(D) which together with all their derivatives up
to order k can be extended continuously from D into the closure D̄.

One of the basic tools in studying the Helmholtz equation is provided by Green’s
integral theorems. Let D be a bounded domain of class C1 and let ν denote the
unit normal vector to the boundary ∂D directed into the exterior of D. Then, for
u ∈ C1(D̄) and v ∈ C2(D̄) we have Green’s first theorem

∫
D

(uΔv + grad u · grad v) dx =
∫
∂D

u
∂v

∂ν
ds, (2.2)

and for u, v ∈ C2(D̄) we have Green’s second theorem

∫
D

(uΔv − vΔu) dx =
∫
∂D

(
u
∂v

∂ν
− v

∂u

∂ν

)
ds. (2.3)

For two vectors a = (a1, a2, a3) and b = (b1, b2, b3) in IR3 or C3 we will denote
by a · b := a1b1 + a2b2 + a3b3 the bilinear scalar product and by |a| := √

a · ā
the Euclidean norm. For complex numbers or vectors the bar indicates the complex
conjugate. Note that our regularity assumptions on D are sufficient conditions for
the validity of Green’s theorems and can be weakened (see Kellogg [230]).

Theorem 2.1 Let D be a bounded domain of class C2 and let ν denote the unit
normal vector to the boundary ∂D directed into the exterior of D. Assume that u ∈
C2(D) ∩ C(D̄) is a function which possesses a normal derivative on the boundary
in the sense that the limit
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∂u

∂ν
(x) = lim

h→+0
ν(x) · grad u(x − hν(x)), x ∈ ∂D,

exists uniformly on ∂D. Then we have Green’s formula

u(x) =
∫
∂D

{
∂u

∂ν
(y)Φ(x, y) − u(y)

∂Φ(x, y)

∂ν(y)

}
ds(y)

−
∫
D

{
Δu(y) + k2u(y)

}
Φ(x, y) dy, x ∈ D,

(2.4)

where the volume integral exists as improper integral. In particular, if u is a solution
to the Helmholtz equation

Δu + k2u = 0 in D,

then

u(x) =
∫
∂D

{
∂u

∂ν
(y)Φ(x, y) − u(y)

∂Φ(x, y)

∂ν(y)

}
ds(y), x ∈ D. (2.5)

Proof First, we assume that u ∈ C2(D̄). We circumscribe the arbitrary fixed
point x ∈ D with a sphere S(x; ρ) := {y ∈ IR3 : |x − y| = ρ} contained
in D and direct the unit normal ν to S(x; ρ) into the interior of S(x; ρ). We
now apply Green’s theorem (2.3) to the functions u and Φ(x, ·) in the domain
Dρ := {y ∈D : |x − y|>ρ} to obtain

∫
∂D∪S(x;ρ)

{
∂u

∂ν
(y)Φ(x, y) − u(y)

∂Φ(x, y)

∂ν(y)

}
ds(y)

=
∫
Dρ

{
Δu(y) + k2u(y)

}
Φ(x, y) dy.

(2.6)

Since on S(x; ρ) we have

Φ(x, y) = eikρ

4πρ

and

grady Φ(x, y) =
(

1

ρ
− ik

)
eikρ

4πρ
ν(y),

a straightforward calculation, using the mean value theorem, shows that
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lim
ρ→0

∫
S(x;ρ)

{
u(y)

∂Φ(x, y)

∂ν(y)
− ∂u

∂ν
(y)Φ(x, y)

}
ds(y) = u(x),

whence (2.4) follows by passing to the limit ρ → 0 in (2.6). The existence of the
volume integral as an improper integral is a consequence of the fact that its integrand
is weakly singular.

The case where u belongs only to C2(D) ∩ C(D̄) and has a normal derivative in
the sense of uniform convergence is treated by first integrating over parallel surfaces
to the boundary of D and then passing to the limit ∂D. For the concept of parallel
surfaces, we refer to [104, 268, 311]. We note that the parallel surfaces for ∂D ∈ C2

belong to C1. ��
In the literature, Green’s formula (2.5) is also known as the Helmholtz represen-

tation. Obviously, Theorem 2.1 remains valid for complex values of k.

Theorem 2.2 If u is a two times continuously differentiable solution to the
Helmholtz equation in a domain D, then u is analytic.

Proof Let x ∈ D and choose a closed ball contained in D with center x. Then
Theorem 2.1 can be applied in this ball and the statement follows from the
analyticity of the fundamental solution for x �= y. ��

As a consequence of Theorem 2.2, a solution to the Helmholtz equation that
vanishes in an open subset of its domain of definition must vanish everywhere.

In the sequel, by saying u is a solution to the Helmholtz equation we tacitly imply
that u is twice continuously differentiable, and hence analytic, in the interior of its
domain of definition.

The following theorem is a special case of a more general result for partial
differential equations known as Holmgren’s theorem.

Theorem 2.3 Let D be as in Theorem 2.1 and let u ∈ C2(D)∩C1(D̄) be a solution
to the Helmholtz equation in D such that

u = ∂u

∂ν
= 0 on Γ (2.7)

for some open subset Γ ⊂ ∂D. Then u vanishes identically in D.

Proof In view of (2.7), we use Green’s representation formula (2.5) to extend the
definition of u by setting

u(x) :=
∫
∂D\Γ

{
∂u

∂ν
(y)Φ(x, y) − u(y)

∂Φ(x, y)

∂ν(y)

}
ds(y)

for x ∈ (IR3 \ D̄) ∪ Γ . Then, by Green’s second integral theorem (2.3), applied to
u and Φ(x, ·), we have u = 0 in IR3 \ D̄. By G we denote a component of IR3 \ D̄

with Γ ∩ ∂G �= ∅. Clearly u solves the Helmholtz equation in (IR3 \ ∂D) ∪ Γ and
therefore u = 0 in D, since D and G are connected through the gap Γ in ∂D. ��
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Definition 2.4 A solution u to the Helmholtz equation whose domain of definition
contains the exterior of some sphere is called radiating if it satisfies the Sommerfeld
radiation condition

lim
r→∞ r

(
∂u

∂r
− iku

)
= 0 (2.8)

where r = |x| and the limit is assumed to hold uniformly in all directions x/|x|.
Theorem 2.5 Assume the bounded set D is the open complement of an unbounded
domain of class C2 and let ν denote the unit normal vector to the boundary ∂D

directed into the exterior of D. Let u ∈ C2(IR3 \ D̄) ∩ C(IR3 \ D) be a radiating
solution to the Helmholtz equation

Δu + k2u = 0 in IR3 \ D̄,

which possesses a normal derivative on the boundary in the sense that the limit

∂u

∂ν
(x) = lim

h→+0
ν(x) · grad u(x + hν(x)), x ∈ ∂D,

exists uniformly on ∂D. Then we have Green’s formula

u(x) =
∫
∂D

{
u(y)

∂Φ(x, y)

∂ν(y)
− ∂u

∂ν
(y)Φ(x, y)

}
ds(y), x ∈ IR3 \ D̄. (2.9)

Proof We first show that

∫
Sr

|u|2ds = O(1), r → ∞, (2.10)

where Sr denotes the sphere of radius r and center at the origin. To accomplish this,
we observe that from the radiation condition (2.8) it follows that

∫
Sr

{∣∣∣∣∂u∂ν
∣∣∣∣
2

+ k2|u|2 + 2k Im

(
u

∂ū

∂ν

)}
ds =

∫
Sr

∣∣∣∣∂u∂ν − iku

∣∣∣∣
2

ds → 0, r → ∞,

where ν is the unit outward normal to Sr . We take r large enough such that D is
contained in Sr and apply Green’s theorem (2.2) in Dr := {y ∈ IR3 \ D̄ : |y| < r}
to obtain

∫
Sr

u
∂ū

∂ν
ds =

∫
∂D

u
∂ū

∂ν
ds − k2

∫
Dr

|u|2dy +
∫
Dr

| grad u|2dy.

We now insert the imaginary part of the last equation into the previous equation and
find that
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lim
r→∞

∫
Sr

{∣∣∣∣∂u∂ν
∣∣∣∣
2

+ k2|u|2
}
ds = −2k Im

∫
∂D

u
∂ū

∂ν
ds. (2.11)

Both terms on the left-hand side of (2.11) are nonnegative. Hence, they must be
individually bounded as r → ∞ since their sum tends to a finite limit. Therefore,
(2.10) is proven.

Now from (2.10) and the radiation condition

∂Φ(x, y)

∂ν(y)
− ikΦ(x, y) = O

(
1

r2

)
, r → ∞,

which is valid uniformly for y ∈ Sr , by the Cauchy–Schwarz inequality we see that

I1 :=
∫
Sr

u(y)

{
∂Φ(x, y)

∂ν(y)
− ikΦ(x, y)

}
ds(y) → 0, r → ∞,

and the radiation condition (2.8) for u and Φ(x, y) = O(1/r) for y ∈ Sr yield

I2 :=
∫
Sr

Φ(x, y)

{
∂u

∂ν
(y) − iku(y)

}
ds(y) → 0, r → ∞.

Hence,

∫
Sr

{
u(y)

∂Φ(x, y)

∂ν(y)
− ∂u

∂ν
(y)Φ(x, y)

}
ds(y) = I1 − I2 → 0, r → ∞.

The proof is now completed by applying Theorem 2.1 in the bounded domain Dr

and passing to the limit r → ∞. ��
From Theorem 2.5 we deduce that radiating solutions u to the Helmholtz

equation automatically satisfy Sommerfeld’s finiteness condition

u(x) = O

(
1

|x|
)
, |x| → ∞, (2.12)

uniformly for all directions and that the validity of the Sommerfeld radiation condi-
tion (2.8) is invariant under translations of the origin. Wilcox [428] first established
that the representation formula (2.9) can be derived without the additional condition
(2.12) of finiteness. Our proof of Theorem 2.5 has followed Wilcox’s proof. It also
shows that (2.8) can be replaced by the weaker formulation

∫
Sr

∣∣∣∣∂u∂r − iku

∣∣∣∣
2

ds → 0, r → ∞,

with (2.9) still being valid. Of course, (2.9) then implies that (2.8) also holds.



24 2 The Helmholtz Equation

Solutions to the Helmholtz equation which are defined in all of IR3 are called
entire solutions. An entire solution to the Helmholtz equation satisfying the radia-
tion condition must vanish identically. This follows immediately from combining
Green’s formula (2.9) and Green’s theorem (2.3).

We are now in a position to introduce the definition of the far field pattern or the
scattering amplitude which plays a central role in this book.

Theorem 2.6 Every radiating solution u to the Helmholtz equation has the asymp-
totic behavior of an outgoing spherical wave

u(x) = eik|x|

|x|
{
u∞(x̂) + O

(
1

|x|
)}

, |x| → ∞, (2.13)

uniformly in all directions x̂ = x/|x| where the function u∞ defined on the
unit sphere S

2 is known as the far field pattern of u. Under the assumptions of
Theorem 2.5 we have

u∞(x̂) = 1

4π

∫
∂D

{
u(y)

∂e−ik x̂·y

∂ν(y)
− ∂u

∂ν
(y) e−ik x̂·y

}
ds(y), x̂ ∈ S

2.

(2.14)

Proof From

|x − y| =
√

|x|2 − 2 x · y + |y|2 = |x| − x̂ · y + O

(
1

|x|
)
,

we derive

eik|x−y|

|x − y| = eik|x|

|x|
{
e−ik x̂·y + O

(
1

|x|
)}

, (2.15)

and

∂

∂ν(y)

eik|x−y|

|x − y| = eik|x|

|x|

{
∂e−ik x̂·y

∂ν(y)
+ O

(
1

|x|
)}

(2.16)

uniformly for all y ∈ ∂D. Inserting this into Green’s formula (2.9), the theorem
follows. ��

One of the main themes of our book will be to recover radiating solutions of
the Helmholtz equation from a knowledge of their far field patterns. In terms of the
mapping A : u �→ u∞ transferring the radiating solution u into its far field pattern
u∞, we want to solve the equation Au = u∞ for a given u∞. In order to establish
uniqueness for determining u from its far field pattern u∞ and to understand the
strong ill-posedness of the equation Au = u∞, we need to develop some facts
on spherical wave functions. This will be the subject of the next two sections. We
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already can point out that the mapping A is extremely smoothing since from (2.14)
we see that the far field pattern is an analytic function on the unit sphere.

2.3 Spherical Harmonics

For convenience and to introduce notations, we summarize some of the basic
properties of spherical harmonics which are relevant in scattering theory and briefly
indicate their proofs. For a more detailed study we refer to Lebedev [293].

Recall that solutions u to the Laplace equation Δu = 0 are called harmonic
functions. The restriction of a homogeneous harmonic polynomial of degree n to
the unit sphere S

2 is called a spherical harmonic of order n.

Theorem 2.7 There exist exactly 2n + 1 linearly independent spherical harmonics
of order n.

Proof By the maximum–minimum principle for harmonic functions it suffices to
show that there exist exactly 2n + 1 linearly independent homogeneous harmonic
polynomials Hn of degree n. We can write

Hn(x1, x2, x3) =
n∑

k=0

an−k(x1, x2) x
k
3 ,

where the ak are homogeneous polynomials of degree k in the two variables x1 and
x2. Then, straightforward calculations show that Hn is harmonic if and only if the
coefficients satisfy

an−k = −Δan−k+2

k(k − 1)
, k = 2, . . . , n.

Therefore, choosing the two coefficients an and an−1 uniquely determines Hn, and
by setting

an(x1, x2) = x
n−j

1 x
j

2 , an−1(x1, x2) = 0, j = 0, . . . , n,

an(x1, x2) = 0, an−1(x1, x2) = x
n−1−j

1 x
j

2 , j = 0, . . . , n − 1,

clearly we obtain 2n + 1 linearly independent homogeneous harmonic polynomials
of degree n. ��

In principle, the proof of the preceding theorem allows a construction of all
spherical harmonics. However, it is more convenient and appropriate to use polar
coordinates for the representation of spherical harmonics. In polar coordinates
(r, θ, ϕ), homogeneous polynomials clearly are of the form

Hn = rnYn(θ, ϕ),
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and ΔHn = 0 is readily seen to be satisfied if

1

sin θ

∂

∂θ
sin θ

∂Yn

∂θ
+ 1

sin2 θ

∂2Yn

∂ϕ2 + n(n + 1)Yn = 0. (2.17)

From Green’s theorem (2.3), applied to two homogeneous harmonic polynomials
Hn and Hn′ , we have

0 =
∫
S2

{
Hn′

∂Hn

∂r
− Hn

∂Hn′

∂r

}
ds = (n − n′)

∫
S2

YnYn′ ds.

Therefore spherical harmonics satisfy the orthogonality relation

∫
S2

YnYn′ ds = 0, n �= n′. (2.18)

We first construct spherical harmonics which only depend on the polar angle θ .
Choose points x and y with r = |x| < |y| = 1, denote the angle between x and y

by θ , and set t = cos θ . Consider the function

1

|x − y| = 1√
1 − 2tr + r2

(2.19)

which for fixed y is a solution to Laplace’s equation with respect to x. Since for
fixed t with −1 ≤ t ≤ 1 the right-hand side is an analytic function in r , we have the
Taylor series

1√
1 − 2tr + r2

=
∞∑
n=0

Pn(t)r
n. (2.20)

The coefficients Pn in this expansion are called Legendre polynomials and the
function on the left-hand side consequently is known as the generating function
for the Legendre polynomials. For each 0 < r0 < 1 the Taylor series

1√
1 − r exp(±iθ)

= 1 +
∞∑
n=1

1 · 3 · · · (2n − 1)

2 · 4 · · · 2n
rn e±inθ , (2.21)

and all its term by term derivatives with respect to r and θ are absolutely and
uniformly convergent for all 0 ≤ r ≤ r0 and all 0 ≤ θ ≤ π . Hence, by multiplying
the Eq. (2.21) for the plus and the minus sign, we note that the series (2.20) and all
its term by term derivatives with respect to r and θ are absolutely and uniformly
convergent for all 0 ≤ r ≤ r0 and all −1 ≤ t = cos θ ≤ 1. Setting θ = 0 in (2.21)
obviously provides a majorant for the series for all θ . Therefore, the geometric series
is a majorant for the series in (2.20) and we obtain the inequality
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|Pn(t)| ≤ 1, −1 ≤ t ≤ 1, n = 0, 1, 2, . . . . (2.22)

Differentiating (2.20) with respect to r , multiplying by 1 − 2tr + r2, inserting
(2.20) on the left-hand side, and then equating powers of r shows that the Pn satisfy
the recursion formula

(n + 1)Pn+1(t) − (2n + 1)tPn(t) + nPn−1(t) = 0, n = 1, 2, . . . . (2.23)

Since, as easily seen from (2.20), we have P0(t) = 1 and P1(t) = t , the recursion
formula shows that Pn indeed is a polynomial of degree n and that Pn is an even
function if n is even and an odd function if n is odd.

Since for fixed y the function (2.19) is harmonic, differentiating (2.20) term by
term, we obtain that

∞∑
n=0

{
1

sin θ

d

dθ
sin θ

dPn(cos θ)

dθ
+ n(n + 1)Pn(cos θ)

}
rn−2 = 0.

Equating powers of r shows that the Legendre polynomials satisfy the Legendre
differential equation

(1 − t2)P ′′
n (t) − 2tP ′

n(t) + n(n + 1)Pn(t) = 0, n = 0, 1, 2, . . . , (2.24)

and that the homogeneous polynomial rnPn(cos θ) of degree n is harmonic.
Therefore, Pn(cos θ) represents a spherical harmonic of order n. The orthogonality
(2.18) implies that

∫ 1

−1
Pn(t)Pn′(t) dt = 0, n �= n′.

Since we have uniform convergence, we may integrate the square of the generating
function (2.20) term by term and use the preceding orthogonality to arrive at

∫ 1

−1

dt

1 − 2tr + r2 =
∞∑
n=0

∫ 1

−1
[Pn(t)]2 dt r2n.

On the other hand, we have

∫ 1

−1

dt

1 − 2tr + r2 = 1

r
ln

1 + r

1 − r
=

∞∑
n=0

2

2n + 1
r2n.

Thus, we have proven the orthonormality relation

∫ 1

−1
Pn(t)Pm(t) dt = 2

2n + 1
δnm, n,m = 0, 1, 2, . . . , (2.25)
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with the usual meaning for the Kronecker symbol δnm. Since span{P0, . . . , Pn} =
span{1, . . . , tn} the Legendre polynomials Pn, n = 0, 1, . . . , form a complete
orthogonal system in L2[−1, 1].

We now look for spherical harmonics of the form

Ym
n (θ, ϕ) = f (cos θ) eimϕ.

Then (2.17) is satisfied provided f is a solution of the associated Legendre
differential equation

(1 − t2)f ′′(t) − 2tf ′(t) +
{
n(n + 1) − m2

1 − t2

}
f (t) = 0. (2.26)

Differentiating the Legendre differential equation (2.24) m-times shows that g =
P

(m)
n satisfies

(1 − t2)g′′(t) − 2(m + 1)tg′(t) + (n − m)(n + m + 1)g(t) = 0.

From this it can be deduced that the associated Legendre functions

Pm
n (t) := (1 − t2)m/2 dmPn(t)

dtm
, m = 0, 1, . . . , n, (2.27)

solve the associated Legendre equation for n = 0, 1, 2, . . . . In order to make
sure that the functions Ym

n (θ, ϕ) = Pm
n (cos θ) eimϕ are spherical harmonics, we

have to prove that the harmonic functions rnYm
n (θ, ϕ) = rnPm

n (cos θ) eimϕ are
homogeneous polynomials of degree n. From the recursion formula (2.23) for the
Pn and the definition (2.27) for the Pm

n , we first observe that

Pm
n (cos θ) = sinm θ umn (cos θ)

where umn is a polynomial of degree n − m which is even if n − m is even and odd
if n − m is odd. Since in polar coordinates we have

rm sinm θ eimϕ = (x1 + ix2)
m,

it follows that

rn Ym
n (θ, ϕ) = (x1 + ix2)

m rn−m umn (cos θ).

For n − m even we can write

rn−m umn (cos θ) = rn−m

1
2 (n−m)∑
k=0

ak cos2k θ =
1
2 (n−m)∑
k=0

ak x
2k
3 (x2

1 +x2
2 +x2

3)
1
2 (n−m)−k
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which is a homogeneous polynomial of degree n−m and this is also true for n−m

odd. Putting everything together, we see that the rn Ym
n (θ, ϕ) are homogeneous

polynomials of degree n.

Theorem 2.8 The spherical harmonics

Ym
n (θ, ϕ) :=

√
2n + 1

4π

(n − |m|)!
(n + |m|)! P |m|

n (cos θ) eimϕ (2.28)

for m = −n, . . . , n, n = 0, 1, 2, . . . , form a complete orthonormal system in
L2(S2).

Proof Because of (2.18) and the orthogonality of the eimϕ , the Ym
n given by (2.28)

are orthogonal. For m > 0 we evaluate

Am
n :=

∫ π

0
[Pm

n (cos θ)]2 sin θ dθ

by m partial integrations to get

Am
n =

∫ 1

−1
(1 − t2)m

[
dmPn(t)

dtm

]2

dt =
∫ 1

−1
Pn(t)

dm

dtm
gmn (t) dt,

where

gmn (t) = (t2 − 1)m
dmPn(t)

dtm
.

Hence

dm

dtm
gmn (t) = (n + m)!

(n − m)! ant
n + · · ·

is a polynomial of degree n with an the leading coefficient in Pn(t) = ant
n + · · · .

Therefore, by the orthogonality (2.25) of the Legendre polynomials we derive

(n − m)!
(n + m)! Am

n =
∫ 1

−1
ant

n Pn(t) dt =
∫ 1

−1
[Pn(t)]2 dt = 2

2n + 1
,

and the proof of the orthonormality of the Ym
n is finished.

For fixed m the associated Legendre functions Pm
n for n = m,m + 1, . . . are

orthogonal and they are complete in L2[−1, 1] since we have

span
{
Pm
m , . . . , Pm

m+n

} = (1 − t2)m/2 span
{
1, . . . , tn

}
.
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Writing Y := span
{
Ym
n : m = −n, . . . , n, n = 0, 1, 2, . . .

}
, it remains to show

that Y is dense in L2(S2). Let g ∈ C(S2). For fixed θ we then have Parseval’s
equality

2π
∞∑

m=−∞
|gm(θ)|2 =

∫ 2π

0
|g(θ, ϕ)|2 dϕ (2.29)

for the Fourier coefficients

gm(θ) = 1

2π

∫ 2π

0
g(θ, ϕ)e−imϕ dϕ

with respect to ϕ. Since the gm and the right-hand side of (2.29) are continuous in θ ,
by Dini’s theorem the convergence in (2.29) is uniform with respect to θ . Therefore,
given ε > 0 there exists M = M(ε) ∈ IN such that

∫ 2π

0

∣∣∣∣∣g(θ, ϕ)−
M∑

m=−M

gm(θ)e
imϕ

∣∣∣∣∣
2

dϕ =
∫ 2π

0
|g(θ, ϕ)|2 dϕ−2π

M∑
m=−M

|gm(θ)|2< ε

4π

for all 0 ≤ θ ≤ π . The finite number of functions gm, m = −M, . . . ,M, can now
be simultaneously approximated by the associated Legendre functions, i.e., there
exist N = N(ε) and coefficients amn such that

∫ π

0

∣∣∣∣∣∣gm(θ) −
N∑

n=|m|
amn P |m|

n (cos θ)

∣∣∣∣∣∣
2

sin θ dθ <
ε

8π(2M + 1)2

for all m = −M, . . . ,M . Then, combining the last two inequalities with the help of
the Cauchy–Schwarz inequality, we find

∫ π

0

∫ 2π

0

∣∣∣∣∣∣g(θ, ϕ) −
M∑

m=−M

N∑
n=|m|

amn P |m|
n (cos θ) eimϕ

∣∣∣∣∣∣
2

sin θ dϕdθ < ε.

Therefore, Y is dense in C(S2) with respect to the L2 norm and this completes the
proof since C(S2) is dense in L2(S2). ��

We conclude our brief survey of spherical harmonics by proving the important
addition theorem.

Theorem 2.9 Let Ym
n , m = −n, . . . , n, be any system of 2n + 1 orthonormal

spherical harmonics of order n. Then for all x̂, ŷ ∈ S
2 we have
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n∑
m=−n

Ym
n (x̂) Ym

n (ŷ) = 2n + 1

4π
Pn(cos θ), (2.30)

where θ denotes the angle between x̂ and ŷ.

Proof We abbreviate the left-hand side of (2.30) by Y (x̂, ŷ) and first show that
Y only depends on the angle θ . Each orthogonal matrix Q in IR3 transforms
homogeneous harmonic polynomials of degree n again into homogeneous harmonic
polynomials of degree n. Hence, we can write

Ym
n (Qx̂) =

n∑
k=−n

amkY
k
n (x̂), m = −n, . . . , n.

Since Q is orthogonal and the Ym
n are orthonormal, we have

∫
S2

Ym
n (Qx̂) Ym′

n (Qx̂) ds =
∫
S2

Ym
n (x̂) Ym′

n (x̂) ds = δmm′ .

From this it can be seen that the matrix A = (amk) also is orthogonal and we obtain

Y (Qx̂,Qŷ) =
n∑

m=−n

n∑
k=−n

amkY
k
n (x̂)

n∑
l=−n

amlY l
n(ŷ) =

n∑
k=−n

Y k
n (x̂) Y

k
n (ŷ) = Y (x̂, ŷ)

whence Y (x̂, ŷ) = f (cos θ) follows. Since for fixed ŷ the function Y is a spherical
harmonic, by introducing polar coordinates with the polar axis given by ŷ we see
that f = anPn with some constant an. Hence, we have

n∑
m=−n

Ym
n (x̂) Ym

n (ŷ) = anPn(cos θ).

Setting ŷ = x̂ and using Pn(1) = 1 (this follows from the generating function
(2.20)) we obtain

an =
n∑

m=−n

|Ym
n (x̂)|2.

Since the Ym
n are normalized, integrating the last equation over S2 we finally arrive

at 4πan = 2n + 1 and the proof is complete. ��
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2.4 Spherical Bessel Functions

We continue our study of spherical wave functions by introducing the basic
properties of spherical Bessel functions. For a more detailed analysis we again refer
to Lebedev [293].

We look for solutions to the Helmholtz equation of the form

u(x) = f (k|x|) Yn
(

x

|x|
)
,

where Yn is a spherical harmonic of order n. From the differential equation (2.17)
for the spherical harmonics, it follows that u solves the Helmholtz equation provided
f is a solution of the spherical Bessel differential equation

t2f ′′(t) + 2tf ′(t) + [t2 − n(n + 1)]f (t) = 0. (2.31)

We note that for any solution f to the spherical Bessel differential equation (2.31)
the function g(t) := √

t f (t) solves the Bessel differential equation with half integer
order n + 1/2 and vice versa. By direct calculations, we see that for n = 0, 1, . . .
the functions

jn(t) :=
∞∑
p=0

(−1)ptn+2p

2pp! 1 · 3 · · · (2n + 2p + 1)
(2.32)

and

yn(t) := − (2n)!
2nn!

∞∑
p=0

(−1)pt2p−n−1

2pp!(−2n + 1)(−2n + 3) · · · (−2n + 2p − 1)
(2.33)

represent solutions to the spherical Bessel differential equation (the first coefficient
in the series (2.33) has to be set equal to one). By the ratio test, the function jn is
seen to be analytic for all t ∈ IR whereas yn is analytic for all t ∈ (0,∞). The
functions jn and yn are called spherical Bessel functions and spherical Neumann
functions of order n, respectively, and the linear combinations

h(1,2)n := jn ± iyn

are known as spherical Hankel functions of the first and second kind of order n.
From the series representation (2.32) and (2.33), by equating powers of t , it is

readily verified that both fn = jn and fn = yn satisfy the recurrence relation

fn+1(t) + fn−1(t) = 2n + 1

t
fn(t), n = 1, 2, . . . . (2.34)
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Straightforward differentiation of the series (2.32) and (2.33) shows that both fn =
jn and fn = yn satisfy the differentiation formulas

fn+1(t) = −tn
d

dt

{
t−nfn(t)

}
, n = 0, 1, 2, . . . , (2.35)

and

tn+1fn−1(t) = d

dt

{
tn+1fn(t)

}
, n = 1, 2, . . . . (2.36)

Finally, from (2.31), the Wronskian

W(jn(t), yn(t)) := jn(t)y
′
n(t) − yn(t)j

′
n(t)

is readily seen to satisfy

W ′ + 2

t
W = 0,

whence W(jn(t), yn(t)) = C/t2 for some constant C. This constant can be
evaluated by passing to the limit t → 0 with the result

jn(t)y
′
n(t) − j ′

n(t)yn(t) = 1

t2
. (2.37)

From the series representation of the spherical Bessel and Neumann functions, it
is obvious that

jn(t) = tn

1 · 3 · · · (2n + 1)

(
1 + O

(
1

n

))
, n → ∞, (2.38)

uniformly on compact subsets of IR and

h(1)n (t) = 1 · 3 · · · (2n − 1)

itn+1

(
1 + O

(
1

n

))
, n → ∞, (2.39)

uniformly on compact subsets of (0,∞). With the aid of Stirling’s formula n! =√
2πn (n/e)n (1 + o(1)), n → ∞, which implies that

(2n)!
n! = 22n+ 1

2

(n
e

)n
(1 + o(1) ), n → ∞,

from (2.39) we obtain

h(1)n (t) = O

(
2n

et

)n

, n → ∞, (2.40)

uniformly on compact subsets of (0,∞).
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The spherical Bessel and Neumann functions can be expressed in terms of
trigonometric functions. Setting n = 0 in the series (2.32) and (2.33) we have that

j0(t) = sin t

t
, y0(t) = −cos t

t

and consequently

h
(1,2)
0 (t) = e±it

±it
. (2.41)

Hence, by induction, from (2.41) and (2.35) it follows that the spherical Hankel
functions are of the form

h(1)n (t) = (−i)n
eit

it

⎧⎨
⎩1 +

n∑
p=1

apn

tp

⎫⎬
⎭

and

h(2)n (t) = in
e−it

−it

⎧⎨
⎩1 +

n∑
p=1

āpn

tp

⎫⎬
⎭

with complex coefficients a1n, . . . , ann. From this we readily obtain the following
asymptotic behavior of the spherical Hankel functions for large argument

h
(1,2)
n (t) = 1

t
e±i(t− nπ

2 − π
2 )
{

1 + O

(
1

t

)}
, t → ∞,

h
(1,2)′
n (t) = 1

t
e±i(t− nπ

2 )
{

1 + O

(
1

t

)}
, t → ∞.

(2.42)

Taking the real and the imaginary part of (2.42) we also have asymptotic formulas
for the spherical Bessel and Neumann functions.

For solutions to the Helmholtz equation in polar coordinates, we can now state
the following theorem on spherical wave functions.

Theorem 2.10 Let Yn be a spherical harmonic of order n. Then

un(x) = jn(k|x|) Yn
(

x

|x|
)

is an entire solution to the Helmholtz equation and
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vn(x) = h(1)n (k|x|) Yn
(

x

|x|
)

is a radiating solution to the Helmholtz equation in IR3 \ {0}.
Proof Since we can write jn(kr) = knrnwn(r

2) with an analytic function wn :
IR → IR and since rnYn(x̂) is a homogeneous polynomial in x1, x2, x3, the product
jn(kr) Yn(x̂) for x̂ = x/|x| is regular at x = 0, i.e., un also satisfies the Helmholtz
equation at the origin. That the radiation condition is satisfied for vn follows from
the asymptotic behavior (2.42) of the spherical Hankel functions of the first kind.

��
We conclude our brief discussion of spherical wave functions by the following

addition theorem for the fundamental solution.

Theorem 2.11 Let Ym
n , m = −n, . . . , n, n = 0, 1, . . . , be a set of orthonormal

spherical harmonics. Then for |x| > |y| we have

eik|x−y|

4π |x − y| = ik

∞∑
n=0

n∑
m=−n

h(1)n (k|x|) Ym
n

(
x

|x|
)

jn(k|y|) Ym
n

(
y

|y|
)
. (2.43)

The series and its term by term first derivatives with respect to |x| and |y| are
absolutely and uniformly convergent on compact subsets of |x| > |y|.
Proof We abbreviate x̂ = x/|x| and ŷ = y/|y|. From Green’s theorem (2.3) applied
to umn (z) = jn(k|z|) Ym

n (ẑ) with ẑ = z/|z| and Φ(x, z), we have

∫
|z|=r

{
umn (z)

∂Φ(x, z)

∂ν(z)
− ∂umn

∂ν
(z)Φ(x, z)

}
ds(z) = 0, |x| > r,

and from Green’s formula (2.9), applied to vmn (z) = h
(1)
n (k|z|) Ym

n (ẑ), we have

∫
|z|=r

{
vmn (z)

∂Φ(x, z)

∂ν(z)
− ∂vmn

∂ν
(z)Φ(x, z)

}
ds(z) = vmn (x), |x| > r.

From the last two equations, noting that on |z| = r we have

umn (z) = jn(kr) Y
m
n (ẑ),

∂umn

∂ν
(z) = kj ′

n(kr) Y
m
n (ẑ)

and

vmn (z) = h(1)n (kr) Ym
n (ẑ),

∂vmn

∂ν
(z) = kh(1)′n (kr) Ym

n (ẑ)

and using the Wronskian (2.37), we see that



36 2 The Helmholtz Equation

1

ikr2

∫
|z|=r

Ym
n (ẑ)Φ(x, z) ds(z) = jn(kr) h

(1)
n (k|x|) Ym

n (x̂), |x| > r,

and by transforming the integral into one over the unit sphere we get

∫
S2

Ym
n (ẑ)Φ(x, rẑ) ds(ẑ) = ik jn(kr) h

(1)
n (k|x|) Ym

n (x̂), |x| > r. (2.44)

We can now apply Theorem 2.8 to obtain from the orthogonal expansion

Φ(x, y) =
∞∑
n=0

n∑
m=−n

∫
S2

Ym
n (ẑ)Φ(x, rẑ) ds(ẑ) Ym

n (ŷ)

and (2.44) that the series (2.43) is valid for fixed x with |x| > r and with respect to
y in the L2 sense on the sphere |y| = r for arbitrary r . With the aid of the Cauchy–
Schwarz inequality, the Addition Theorem 2.9 for the spherical harmonics and the
inequalities (2.22), (2.38), and (2.39) we can estimate

n∑
m=−n

∣∣∣h(1)n (k|x|) Ym
n (x̂) jn(k|y|) Ym

n (ŷ)

∣∣∣

≤ 2n + 1

4π
|h(1)n (k|x|) jn(k|y|) | = O

( |y|n
|x|n

)
, n → ∞,

uniformly on compact subsets of |x| > |y|. Hence, we have a majorant implying
absolute and uniform convergence of the series (2.43). The absolute and uniform
convergence of the derivatives with respect to |x| and |y| can be established
analogously with the help of estimates for the derivatives j ′

n and h
(1)′
n corresponding

to (2.38) and (2.39) which follow readily from (2.35). ��
Passing to the limit |x| → ∞ in (2.44) with the aid of (2.15) and (2.42), we arrive

at the Funk–Hecke formula

∫
S2

e−ikr x̂·ẑ Yn(ẑ) ds(ẑ) = 4π

in
jn(kr) Yn(x̂), x̂ ∈ S

2, r > 0,

for spherical harmonics Yn of order n. Obviously, this may be rewritten in the form

∫
S2

e−ik x·ẑ Yn(ẑ) ds(ẑ) = 4π

in
jn(k|x|) Yn

(
x

|x|
)
, x ∈ IR3. (2.45)

Proceeding as in the proof of the previous theorem, from (2.45) and Theorem 2.9
we can derive the Jacobi–Anger expansion
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eik x·d =
∞∑
n=0

in(2n + 1) jn(k|x|) Pn(cos θ), x ∈ IR3, (2.46)

where d is a unit vector, θ denotes the angle between x and d and the convergence
is uniform on compact subsets of IR3.

2.5 The Far Field Pattern

In this section we first establish the one-to-one correspondence between radiating
solutions to the Helmholtz equation and their far field patterns.

Lemma 2.12 (Rellich) Assume the bounded set D is the open complement of an
unbounded domain and let u ∈ C2(IR3 \ D̄) be a solution to the Helmholtz equation
satisfying

lim
r→∞

∫
|x|=r

|u(x)|2ds = 0. (2.47)

Then u = 0 in IR3 \ D̄.

Proof For sufficiently large |x|, by Theorem 2.8 we have a Fourier expansion

u(x) =
∞∑
n=0

n∑
m=−n

amn (|x|) Ym
n (x̂)

with respect to spherical harmonics where x̂ = x/|x|. The coefficients are given by

amn (r) =
∫
S2

u(rx̂)Ym
n (x̂) ds(x̂)

and satisfy Parseval’s equality

∫
|x|=r

|u(x)|2ds = r2
∞∑
n=0

n∑
m=−n

∣∣amn (r)
∣∣2 .

Our assumption (2.47) implies that

lim
r→∞ r2

∣∣amn (r)
∣∣2 = 0 (2.48)

for all n and m.
Since u ∈ C2(IR3 \ D̄), we can differentiate under the integral and integrate by

parts using Δu + k2u = 0 and the differential equation (2.17) to conclude that the
amn are solutions to the spherical Bessel equation
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d2amn

dr2
+ 2

r

damn

dr
+
(
k2 − n(n + 1)

r2

)
amn = 0,

that is,

amn (r) = αm
n h(1)n (kr) + βm

n h(2)n (kr)

where αm
n and βm

n are constants. Substituting this into (2.48) and using the
asymptotic behavior (2.42) of the spherical Hankel functions yields αm

n = βm
n = 0

for all n and m. Therefore, u = 0 outside a sufficiently large sphere and hence u = 0
in IR3 \ D̄ by analyticity (Theorem 2.2). ��

Rellich’s lemma ensures uniqueness for solutions to exterior boundary value
problems through the following theorem.

Theorem 2.13 Let D be as in Lemma 2.12, let ∂D be of class C2 with unit normal
ν directed into the exterior of D, and assume u ∈ C2(IR3 \ D̄) ∩ C(IR3 \ D) is a
radiating solution to the Helmholtz equation with wave number k > 0 which has a
normal derivative in the sense of uniform convergence and for which

Im
∫
∂D

u
∂ū

∂ν
ds ≥ 0.

Then u = 0 in IR3 \ D̄.

Proof From the identity (2.11) and the assumption of the theorem, we conclude that
(2.47) is satisfied. Hence, the theorem follows from Rellich’s Lemma 2.12. ��

Rellich’s lemma also establishes the one-to-one correspondence between radiat-
ing waves and their far field patterns.

Theorem 2.14 Let D be as in Lemma 2.12 and let u ∈ C2(IR3 \ D̄) be a
radiating solution to the Helmholtz equation for which the far field pattern vanishes
identically. Then u = 0 in IR3 \ D̄.

Proof Since from (2.13) we deduce

∫
|x|=r

|u(x)|2ds =
∫
S2

|u∞(x̂)|2ds + O

(
1

r

)
, r → ∞,

the assumption u∞ = 0 on S
2 implies that (2.47) is satisfied. Hence, the theorem

follows from Rellich’s Lemma 2.12. ��
Theorem 2.15 Let u be a radiating solution to the Helmholtz equation in the
exterior |x| > R > 0 of a sphere. Then u has an expansion with respect to spherical
wave functions of the form
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u(x) =
∞∑
n=0

n∑
m=−n

amn h(1)n (k|x|) Ym
n

(
x

|x|
)

(2.49)

that converges absolutely and uniformly on compact subsets of |x| > R. Conversely,
if the series (2.49) converges in the mean square sense on the sphere |x| = R then
it also converges absolutely and uniformly on compact subsets of |x| > R and u

represents a radiating solution to the Helmholtz equation for |x| > R.

Proof For a radiating solution u to the Helmholtz equation, we insert the addition
theorem (2.43) into Green’s formula (2.9), applied to the boundary surface |y| = R̃

with R < R̃ < |x|, and integrate term by term to obtain the expansion (2.49).
Conversely, L2 convergence of the series (2.49) on the sphere |x| = R, implies

by Parseval’s equality that

∞∑
n=0

n∑
m=−n

∣∣∣h(1)n (kR)

∣∣∣2 ∣∣amn ∣∣2 < ∞.

Using the Cauchy–Schwarz inequality, the asymptotic behavior (2.39) and the
addition theorem (2.30) for R < R1 ≤ |x| ≤ R2 and for N ∈ IN we can estimate

[
N∑

n=0

n∑
m=−n

∣∣∣∣h(1)n (k|x|) amn Ym
n

(
x

|x|
)∣∣∣∣
]2

≤
N∑

n=0

∣∣∣∣∣
h
(1)
n (k|x|)
h
(1)
n (kR)

∣∣∣∣∣
2 n∑
m=−n

∣∣∣∣Ym
n

(
x

|x|
)∣∣∣∣

2 N∑
n=0

n∑
m=−n

∣∣∣h(1)n (kR)

∣∣∣2 ∣∣amn ∣∣2

≤ C

N∑
n=0

(2n + 1)

(
R

|x|
)2n

for some constant C depending on R, R1, and R2. From this we conclude absolute
and uniform convergence of the series (2.49) on compact subsets of |x| > R.
Similarly, it can be seen that the term by term first derivatives with respect to
|x| are absolutely and uniformly convergent on compact subsets of |x| > R.
To establish that u solves the Helmholtz equation and satisfies the Sommerfeld
radiation condition, we show that Green’s formula is valid for u. Using the addition
Theorem 2.11, the orthonormality of the Ym

n and the Wronskian (2.37), we indeed
find that
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∫
|y|=R̃

{
u(y)

∂Φ(x, y)

∂ν(y)
− ∂u

∂ν
(y)Φ(x, y)

}
ds(y)

= ikR̃2
∞∑
n=0

n∑
m=−n

amn h(1)n (k|x|) Ym
n

(
x

|x|
)

k W(h(1)n (kR̃), jn(kR̃))

=
∞∑
n=0

n∑
m=−n

amn h(1)n (k|x|) Ym
n

(
x

|x|
)

= u(x)

for |x| > R̃ > R. From this it is now obvious that u represents a radiating solution
to the Helmholtz equation. ��

Let R be the radius of the smallest closed ball with center at the origin containing
the bounded domain D. Then, by the preceding theorem, each radiating solution
u ∈ C2(IR3 \ D̄) to the Helmholtz equation has an expansion with respect to
spherical wave functions of the form (2.49) that converges absolutely and uniformly
on compact subsets of |x| > R. Conversely, the expansion (2.49) is valid in all of
IR3 \ D̄ if the origin is contained in D and if u can be extended as a solution to the
Helmholtz equation in the exterior of the largest closed ball with center at the origin
contained in D̄.

Theorem 2.16 The far field pattern of the radiating solution to the Helmholtz
equation with the expansion (2.49) is given by the uniformly convergent series

u∞ = 1

k

∞∑
n=0

1

in+1

n∑
m=−n

amn Ym
n . (2.50)

The coefficients in this expansion satisfy the growth condition

∞∑
n=0

(
2n

ker

)2n n∑
m=−n

∣∣amn ∣∣2 < ∞ (2.51)

for all r > R.

Proof We cannot pass to the limit |x| → ∞ in (2.49) by using the asymptotic behav-
ior (2.42) because the latter does not hold uniformly in n. Since by Theorem 2.6 the
far field pattern u∞ is analytic, we have an expansion

u∞ =
∞∑
n=0

n∑
m=−n

bmn Ym
n
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with coefficients

bmn =
∫
S2

u∞(x̂) Ym
n (x̂) ds(x̂).

On the other hand, the coefficients amn in the expansion (2.49) clearly are given by

amn h(1)n (kr) =
∫
S2

u(rx̂) Ym
n (x̂) ds(x̂).

Therefore, with the aid of (2.42) we find that

bmn =
∫
S2

lim
r→∞ r e−ikru(rx̂) Ym

n (x̂) ds(x̂)

= lim
r→∞ r e−ikr

∫
S2

u(rx̂) Ym
n (x̂) ds(x̂) = amn

k in+1 ,

and the expansion (2.50) is valid in the L2 sense.
Parseval’s equation for the expansion (2.49) reads

r2
∞∑
n=0

n∑
m=−n

∣∣amn ∣∣2
∣∣∣h(1)n (kr)

∣∣∣2 =
∫

|x|=r

|u(x)|2ds(x).

From this, using the asymptotic behavior (2.40) of the Hankel functions for
large order n, the condition (2.51) follows. In particular, by the Cauchy–Schwarz
inequality, we can now conclude that (2.50) is uniformly valid on S

2. ��
Theorem 2.17 Let the Fourier coefficients bmn of u∞ ∈ L2(S2) with respect to the
spherical harmonics satisfy the growth condition

∞∑
n=0

(
2n

keR

)2n n∑
m=−n

∣∣bmn ∣∣2 < ∞ (2.52)

with some R > 0. Then

u(x) = k

∞∑
n=0

in+1
n∑

m=−n

bmn h
(1)
n (k|x|) Ym

n

(
x

|x|
)
, |x| > R, (2.53)

is a radiating solution of the Helmholtz equation with far field pattern u∞.

Proof By the asymptotic behavior (2.40), the assumption (2.52) implies that the
series (2.53) converges in the mean square sense on the sphere |x| = R. Hence, by
Theorem 2.15, u is a radiating solution to the Helmholtz equation. The fact that the
far field pattern coincides with the given function u∞ follows from Theorem 2.16.

��



42 2 The Helmholtz Equation

The last two theorems indicate that the equation

Au = u∞ (2.54)

with the linear operator A mapping a radiating solution u to the Helmholtz equation
onto its far field u∞ is ill-posed. Following Hadamard [165], a problem is called
properly posed or well-posed if a solution exists, if the solution is unique and if
the solution continuously depends on the data. Otherwise, the problem is called
improperly posed or ill-posed. Here, for Eq. (2.54), by Theorem 2.14 we have
uniqueness of the solution. However, since by Theorem 2.16 the existence of a
solution requires the growth condition (2.51) to be satisfied, for a given function
u∞ in L2(S2) a solution of Eq. (2.54) will, in general, not exist. Furthermore, if a
solution u does exist it will not continuously depend on u∞ in any reasonable norm.
This is illustrated by the fact that for the radiating solutions

un(x) = 1

n
h(1)n (k|x|) Yn

(
x

|x|
)
,

where Yn is a normalized spherical harmonic of degree n the far field patterns are
given by

un,∞ = 1

kin+1n
Yn.

Hence, we have convergence un,∞ → 0, n → ∞, in the L2 norm on S
2 whereas,

as a consequence of the asymptotic behavior (2.40) of the Hankel functions for large
order n, the un will not converge in any suitable norm. Later in this book we will
study the ill-posedness of the reconstruction of a radiating solution of the Helmholtz
equation from its far field pattern more closely. In particular, we will describe stable
methods for approximately solving improperly posed problems such as this one.



Chapter 3
Direct Acoustic Obstacle Scattering

This chapter is devoted to the solution of the direct obstacle scattering problem
for acoustic waves. As in [104], we choose the method of integral equations for
solving the boundary value problems. However, we decided to leave out some of the
details in the analysis. In particular, we assume that the reader is familiar with the
Riesz–Fredholm theory for operator equations of the second kind in dual systems
as described in [104, 268]. We also do not repeat the technical proofs for the jump
relations and regularity properties for single- and double-layer potentials. Leaving
aside these two restrictions, however, we will present a rather complete analysis of
the forward scattering problem. For the reader interested in a more comprehensive
treatment of the direct problem, we suggest consulting our previous book [104] on
this subject.

We begin by listing the jump and regularity properties of surface potentials in the
classical setting of continuous and Hölder continuous functions and later present
their extensions to the case of Sobolev spaces. We then proceed to establish the
existence of the solution to the exterior Dirichlet problem via boundary integral
equations and also describe some results on the regularity of the solution. In
particular, we will establish the well-posedness of the Dirichlet-to-Neumann map in
the Hölder and Sobolev space settings. We then proceed with a section on classical
and generalized impedance problems to provide some material to be used later on
in the book. Coming back to the far field pattern, we prove reciprocity relations that
will be of importance in the study of the inverse scattering problem. We then use
one of the reciprocity relations to derive some completeness results on the set of far
field patterns corresponding to the scattering of incident plane waves propagating
in different directions. For this we need to introduce and examine Herglotz wave
functions and the far field operator which will both be of central importance later on
for the inverse scattering problem.

Our presentation is in IR3. For the sake of completeness, we include a section
where we list the necessary modifications for the two-dimensional theory. We
also add a section advertising a Nyström method for the numerical solution of
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the boundary integral equations in two dimensions by a spectral method based
on approximations via trigonometric polynomials. Finally, we present the main
ideas of a spectral method based on approximations via spherical harmonics for
the numerical solution of the boundary integral equations in three dimensions that
was developed and investigated by Wienert [427] and by Ganesh, Graham, and
Sloan [143, 153].

3.1 Single- and Double-Layer Potentials

In this chapter, if not stated otherwise, we always will assume that the bounded
set D is the open complement of an unbounded domain of class C2, that is, we
include scattering from more than one obstacle in our analysis noting that the C2

smoothness implies that D has only a finite number of components.
We first briefly review the basic jump relations and regularity properties of

acoustic single- and double-layer potentials. Given an integrable function ϕ, the
integrals

u(x) :=
∫
∂D

ϕ(y)Φ(x, y) ds(y), x ∈ IR3 \ ∂D,

and

v(x) :=
∫
∂D

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y), x ∈ IR3 \ ∂D,

are called, respectively, acoustic single-layer and acoustic double-layer potentials
with density ϕ. They are solutions to the Helmholtz equation in D and in IR3 \D̄ and
satisfy the Sommerfeld radiation condition. Green’s formulas (2.5) and (2.9) show
that any solution to the Helmholtz equation can be represented as a combination
of single- and double-layer potentials. For continuous densities, the behavior of the
surface potentials at the boundary is described by the following jump relations. By
‖ · ‖∞ = ‖ · ‖∞,G we denote the usual supremum norm of real or complex valued
functions defined on a set G ⊂ IR3.

Theorem 3.1 Let ∂D be of class C2 and let ϕ be continuous. Then the single-layer
potential u with density ϕ is continuous throughout IR3 and

‖u‖∞,IR3 ≤ C‖ϕ‖∞,∂D

for some constant C depending on ∂D. On the boundary we have

u(x) =
∫
∂D

ϕ(y)Φ(x, y) ds(y), x ∈ ∂D, (3.1)
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∂u±
∂ν

(x) =
∫
∂D

ϕ(y)
∂Φ(x, y)

∂ν(x)
ds(y) ∓ 1

2
ϕ(x), x ∈ ∂D, (3.2)

where

∂u±
∂ν

(x) := lim
h→+0

ν(x) · grad u(x ± hν(x))

is to be understood in the sense of uniform convergence on ∂D and where the
integrals exist as improper integrals. The double-layer potential v with density ϕ

can be continuously extended from D to D̄ and from IR3 \ D̄ to IR3 \D with limiting
values

v±(x) =
∫
∂D

ϕ(y)
∂Φ(x, y)

∂ν(y)
ds(y) ± 1

2
ϕ(x), x ∈ ∂D, (3.3)

where

v±(x) := lim
h→+0

v(x ± hν(x))

and where the integral exists as an improper integral. Furthermore,

‖v‖∞,D ≤ C‖ϕ‖∞,∂D, ‖v‖∞,IR3\D ≤ C‖ϕ‖∞,∂D

for some constant C depending on ∂D and

lim
h→+0

{
∂v

∂ν
(x + hν(x)) − ∂v

∂ν
(x − hν(x))

}
= 0, x ∈ ∂D, (3.4)

uniformly on ∂D.

Proof For a proof, we refer to Theorems 2.12, 2.13, 2.19, and 2.21 in [104]. Note
that the estimates on the double-layer potential follow from Theorem 2.13 in [104]
by using the maximum–minimum principle for harmonic functions in the limiting
case k = 0 and Theorems 2.7 and 2.15 in [104]. ��

An appropriate framework for formulating additional regularity properties of
these surface potentials is provided by the concept of Hölder spaces. A real or
complex valued function ϕ defined on a set G ⊂ IR3 is called uniformly Hölder
continuous with Hölder exponent 0 < α ≤ 1 if there is a constant C such that

|ϕ(x) − ϕ(y)| ≤ C|x − y|α (3.5)

for all x, y ∈ G. We define the Hölder space C0,α(G) to be the linear space of all
functions defined on G which are bounded and uniformly Hölder continuous with
exponent α. It is a Banach space with the norm
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‖ϕ‖α := ‖ϕ‖α,G := sup
x∈G

|ϕ(x)| + sup
x,y∈G
x �=y

|ϕ(x) − ϕ(y)|
|x − y|α . (3.6)

Clearly, for α < β each function ϕ ∈ C0,β(G) is also contained in C0,α(G).
For this imbedding, from the Arzelà–Ascoli theorem, we have the following
compactness property (for a proof we refer to [104, p. 38] or [268, p. 105]).

Theorem 3.2 Let 0 < α < β ≤ 1 and let G be compact. Then the imbedding
operators

Iβ : C0,β(G) → C(G), Iα,β : C0,β(G) → C0,α(G)

are compact.

For a vector field, Hölder continuity and the Hölder norm are defined analogously
by replacing absolute values in (3.5) and (3.6) by Euclidean norms. We can then
introduce the Hölder space C1,α(G) of uniformly Hölder continuously differen-
tiable functions as the space of differentiable functions ϕ for which gradϕ (or the
surface gradient Gradϕ in the case G = ∂D) belongs to C0,α(G). With the norm

‖ϕ‖1,α := ‖ϕ‖1,α,G := ‖ϕ‖∞ + ‖ gradϕ‖0,α

the Hölder space C1,α(G) is again a Banach space and we also have an imbedding
theorem corresponding to Theorem 3.2.

Extending Theorem 3.1, we can now formulate the following regularity proper-
ties of single- and double-layer potentials in terms of Hölder continuity.

Theorem 3.3 Let ∂D be of class C2 and let 0 < α < 1. Then the single-layer
potential u with density ϕ ∈ C(∂D) is uniformly Hölder continuous throughout IR3

and

‖u‖α,IR3 ≤ Cα ‖ϕ‖∞,∂D.

The first derivatives of the single-layer potential u with density ϕ ∈ C0,α(∂D) can
be uniformly Hölder continuously extended from D to D̄ and from IR3 \ D̄ to IR3 \D
with boundary values

grad u±(x) =
∫
∂D

ϕ(y) gradx Φ(x, y) ds(y) ∓ 1

2
ϕ(x)ν(x), x ∈ ∂D, (3.7)

where

grad u±(x) := lim
h→+0

grad u(x ± hν(x))

and we have
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‖ grad u‖α,D ≤ Cα ‖ϕ‖α,∂D, ‖ grad u‖α,IR3\D ≤ Cα ‖ϕ‖α,∂D.

The double-layer potential v with density ϕ ∈ C0,α(∂D) can be uniformly Hölder
continuously extended from D to D̄ and from IR3 \ D̄ to IR3 \ D such that

‖v‖α,D ≤ Cα ‖ϕ‖α,∂D, ‖v‖α,IR3\D ≤ Cα ‖ϕ‖α,∂D.

The first derivatives of the double-layer potential v with density ϕ ∈ C1,α(∂D) can
be uniformly Hölder continuously extended from D to D̄ and from IR3 \ D̄ to IR3 \D
such that

‖ grad v‖α,D ≤ Cα ‖ϕ‖1,α,∂D, ‖ grad v‖α,IR3\D ≤ Cα ‖ϕ‖1,α,∂D.

In all inequalities, Cα denotes some constant depending on ∂D and α.

Proof For a proof, we refer to the Theorems 2.12, 2.16, 2.17, and 2.23 in [104]. ��
For the direct values of the single- and double-layer potentials on the boundary

∂D, we have more regularity. This can be conveniently expressed in terms of the
mapping properties of the single- and double-layer operators S and K , given by

(Sϕ)(x) := 2
∫
∂D

Φ(x, y)ϕ(y) ds(y), x ∈ ∂D, (3.8)

(Kϕ)(x) := 2
∫
∂D

∂Φ(x, y)

∂ν(y)
ϕ(y) ds(y), x ∈ ∂D, (3.9)

and the normal derivative operators K ′ and T , given by

(K ′ϕ)(x) := 2
∫
∂D

∂Φ(x, y)

∂ν(x)
ϕ(y) ds(y), x ∈ ∂D, (3.10)

(T ϕ)(x) := 2
∂

∂ν(x)

∫
∂D

∂Φ(x, y)

∂ν(y)
ϕ(y) ds(y), x ∈ ∂D. (3.11)

Theorem 3.4 Let ∂D be of class C2. Then the operators S, K and K ′ are bounded
operators from C(∂D) into C0,α(∂D), the operators S and K are also bounded
from C0,α(∂D) into C1,α(∂D), and the operator T is bounded from C1,α(∂D) into
C0,α(∂D).

Proof The statements on S and T are contained in the preceding theorem and proofs
for the operators K and K ′ can be found in Theorems 2.15, 2.22, and 2.30 of [104].

��
We wish to point out that all these jump and regularity properties essentially

are deduced from the corresponding results for the classical single- and double-
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layer potentials for the Laplace equation by smoothness arguments on the difference
between the fundamental solutions for the Helmholtz and the Laplace equation.

Clearly, by interchanging the order of integration, we see that S is self-adjoint
and K and K ′ are adjoint with respect to the bilinear form

〈ϕ,ψ〉 :=
∫
∂D

ϕψ ds,

that is,

〈Sϕ,ψ〉 = 〈ϕ, Sψ〉 and 〈Kϕ,ψ〉 = 〈ϕ,K ′ψ〉

for all ϕ,ψ ∈ C(∂D). To derive further properties of the boundary integral
operators, let u and v denote the double-layer potentials with densities ϕ and ψ

in C1,α(∂D), respectively. Then by the jump relations of Theorem 3.1, Green’s
theorem (2.3) and the radiation condition we find that

∫
∂D

T ϕ ψ ds = 2
∫
∂D

∂u

∂ν
(v+ −v−) ds = 2

∫
∂D

(u+ −u−)
∂v

∂ν
ds =

∫
∂D

ϕT ψ ds,

that is, T also is self-adjoint. Now, in addition, let w denote the single-layer potential
with density ϕ ∈ C(∂D). Then

∫
∂D

Sϕ T ψ ds = 4
∫
∂D

w
∂v

∂ν
ds = 4

∫
∂D

v−
∂w−
∂ν

ds =
∫
∂D

(K−I )ψ(K ′+I )ϕ ds,

whence
∫
∂D

ϕ ST ψ ds =
∫
∂D

ϕ(K2 − I )ψ ds

follows for all ϕ ∈ C(∂D) and ψ ∈ C1,α(∂D). Thus, we have proven the relation

ST = K2 − I (3.12)

and similarly it can be shown that the adjoint relation

T S = K ′2 − I (3.13)

is also valid. Throughout the book I stands for the identity operator.
Looking at the regularity and mapping properties of surface potentials, we think

it is natural to start with the classical Hölder space case. As worked out in detail by
Kirsch [234], the corresponding results in the Sobolev space setting can be deduced
from these classical results through the use of a functional analytic tool provided by
Lax [290], that is, the classical results are stronger. Since we shall be referring to
Lax’s theorem several times in the sequel, we prove it here.
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Theorem 3.5 Let X and Y be normed spaces both of which are equipped with a
scalar product (· , ·) and assume that there exists a positive constant c such that

|(ϕ, ψ)| ≤ c‖ϕ‖ ‖ψ‖ (3.14)

for all ϕ,ψ ∈ X. Let U ⊂ X be a subspace and let A : U → Y and B : Y → X be
bounded linear operators satisfying

(Aϕ,ψ) = (ϕ, Bψ) (3.15)

for all ϕ ∈ U and ψ ∈ Y . Then A : U → Y is bounded with respect to the norms
induced by the scalar products.

Proof We denote the norms induced by the scalar products by ‖ · ‖s . Consider the
bounded operator M : U → X given by M := BA with ‖M‖ ≤ ‖B‖ ‖A‖. Then,
as a consequence of (3.15), M is self-adjoint, that is, (Mϕ,ψ) = (ϕ,Mψ) for all
ϕ,ψ ∈ U . Therefore, using the Cauchy–Schwarz inequality, we obtain

‖Mnϕ‖2
s = (Mnϕ,Mnϕ) = (ϕ,M2nϕ) ≤ ‖M2nϕ‖s

for all ϕ ∈ U with ‖ϕ‖s ≤ 1 and all n ∈ IN. From this, by induction, it follows that

‖Mϕ‖s ≤ ‖M2nϕ‖2−n

s .

By (3.14) we have ‖ϕ‖s ≤ √
c ‖ϕ‖ for all ϕ ∈ X. Hence,

‖Mϕ‖s ≤
{√

c ‖M2nϕ‖
}2−n

≤
{√

c ‖ϕ‖ ‖M‖2n
}2−n

= {√c ‖ϕ‖}2−n ‖M‖.

Passing to the limit n → ∞ now yields

‖Mϕ‖s ≤ ‖M‖

for all ϕ ∈ U with ‖ϕ‖s ≤ 1. Finally, for all ϕ ∈ U with ‖ϕ‖s ≤ 1, we again have
from the Cauchy–Schwarz inequality that

‖Aϕ‖2
s = (Aϕ,Aϕ) = (ϕ,Mϕ) ≤ ‖Mϕ‖s ≤ ‖M‖.

From this the statement follows. ��
We now use Lax’s Theorem 3.5 to prove the mapping properties of surface

potentials in Sobolev spaces. For an introduction into the classical Sobolev spaces
H 1(D) and H 1

loc(IR
3 \ D̄) for domains and the Sobolev spaces Hp(∂D), p ∈ IR,

on the boundary ∂D we refer to Adams [2], Kirsch and Hettlich [244], and
McLean [315]. We note that H 1

loc(IR
3 \D̄) is the space of all functions u : IR3 \D̄ →

C such that u ∈ H 1((IR3 \ D̄) ∩ B) for all open balls B containing D̄. For
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an introduction of the spaces Hp(∂D) in two dimensions using a Fourier series
approach we also refer to [268].

Theorem 3.6 Let ∂D be of class C2 and let H 1(∂D) denote the usual Sobolev
space. Then the operator S is bounded from L2(∂D) into H 1(∂D). Assume further
that ∂D belongs to C2,α . Then the operators K and K ′ are bounded from L2(∂D)

into H 1(∂D) and the operator T is bounded from H 1(∂D) into L2(∂D).

Proof We prove the boundedness of S : L2(∂D) → H 1(∂D). Let X = C0,α(∂D)

and Y = C1,α(∂D) be equipped with the usual Hölder norms and introduce scalar
products on X by the L2 scalar product and on Y by the H 1 scalar product

(u, v)H 1(∂D) :=
∫
∂D

{
ϕψ̄ + Gradϕ · Grad ψ̄

}
ds.

By interchanging the order of integration, we have

∫
∂D

Sϕ ψ ds =
∫
∂D

ϕ Sψ ds (3.16)

for all ϕ,ψ ∈ C(∂D). For ϕ ∈ C0,α(∂D) and ψ ∈ C2(∂D), by Gauss’ surface
divergence theorem and (3.16) we have

∫
∂D

Grad Sϕ · Gradψ ds = −
∫
∂D

ϕ S(Div Gradψ) ds. (3.17)

(For the reader who is not familiar with vector analysis on surfaces, we refer
to Sect. 6.3.) Using again Gauss’ surface divergence theorem and the relation
gradx Φ(x, y) = − grady Φ(x, y), we find that

∫
∂D

Φ(x, y)Div Gradψ(y) ds(y) = div
∫
∂D

Φ(x, y)Gradψ(y) ds(y), x �∈ ∂D.

Hence, with the aid of the jump relations of Theorem 3.1 and 3.3 (see also
Theorem 6.13), for ψ ∈ C2(∂D) we obtain

S(Div Gradψ) = S̃(Gradψ)

where the bounded operator S̃ : C0,α(∂D) → C0,α(∂D) is given by

(S̃a)(x) := 2 div
∫
∂D

Φ(x, y)a(y) ds(y), x ∈ ∂D,

for Hölder continuous tangential fields a on ∂D. Therefore, from (3.17) we have

∫
∂D

Grad Sϕ · Gradψ ds = −
∫
∂D

ϕ S̃(Gradψ) ds (3.18)



3.1 Single- and Double-Layer Potentials 51

for all ϕ ∈ C0,α(∂D) and ψ ∈ C2(∂D). Since, for fixed ϕ, both sides of (3.18)
represent bounded linear functionals on C1,α(∂D), (3.18) is also true for all ϕ ∈
C0,α(∂D) and ψ ∈ C1,α(∂D). Hence, from (3.16) and (3.18) we have that the
operators S : C0,α(∂D) → C1,α(∂D) and S∗ : C1,α(∂D) → C0,α(∂D) given by

S∗ψ := Sψ̄ − S̃ Grad ψ̄

are adjoint, i.e.,

(Sϕ,ψ)H 1(∂D) = (ϕ, S∗ψ)L2(∂D)

for all ϕ ∈ C0,α(∂D) and ψ ∈ C1,α(∂D). By Theorem 3.3, both S and S∗ are
bounded with respect to the Hölder norms. Hence, from Lax’s Theorem 3.5 we see
that there exists a positive constant C such that

‖Sϕ‖H 1(∂D) ≤ C‖ϕ‖L2(∂D)

for all ϕ ∈ C0,α(∂D). The proof of the boundedness of S : L2(∂D) → H 1(∂D) is
now finished by observing that C0,α(∂D) is dense in L2(∂D).

The proofs of the assertions on K , K ′, and T are similar in structure and for
details we refer the reader to [234]. ��
Corollary 3.7 If ∂D is of class C2, then the operator S is bounded from
H−1/2(∂D) into H 1/2(∂D). Assume further that ∂D belongs to C2,α . Then the
operators K and K ′ are bounded from H−1/2(∂D) into H 1/2(∂D) and the operator
T is bounded from H 1/2(∂D) into H−1/2(∂D).

Proof We prove the statement on S. The L2 adjoint S∗ of S has kernel 2Φ(x, y)

and therefore also is bounded from L2(∂D) into H 1(∂D). By duality, this implies
that S is bounded from H−1(∂D) into L2(∂D). Now the boundedness of S :
H−1/2(∂D) → H 1/2(∂D) follows by the interpolation property of the Sobolev
spaces H 1/2(∂D) (see Theorem 8.13 in [268]). The proofs of the assertions on K ,
K ′, and T are analogous. ��

In view of the compactness of the imbedding operators Ip,q from Hp(∂D) into
Hq(∂D) for p > q, from Corollary 3.7 we observe that the operators S,K , and K ′
are compact from H−1/2(∂D) into H−1/2(∂D) and from H 1/2(∂D) into H 1/2(∂D).
For the following corollary we make use of the trace theorem which states that the
restriction of a function u ∈ C2(D) ∩ C(D̄) to its boundary values u|∂D can be
uniquely extended via a bounded linear operator σ : H 1(D) → H 1/2(∂D) known
as trace operator, i.e.,

‖σu‖H 1/2(∂D) ≤ C ‖u‖H 1(D) (3.19)
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for all u ∈ H 1(D) and some positive constant C and σu = u|∂D (see [315]). In the
following corollary we say that a linear operator mapping H−1/2(∂D) or H 1/2(∂D)

into H 1
loc(IR

3 \ D̄) is bounded if it is a bounded operator into H 1((IR3 \ D̄)∩B) for
all open balls B containing D̄.

Corollary 3.8 Let ∂D be of class C2,α . The single-layer potential defines bounded
linear operators from H−1/2(∂D) into H 1(D) and into H 1

loc(IR
3 \ D̄). The double-

layer potential defines bounded linear operators from H 1/2(∂D) into H 1(D) and
into H 1

loc(IR
3 \ D̄).

Proof Let u be the single-layer potential with density ϕ ∈ C0,α(∂D). Then, by
Green’s theorem and the jump relations of Theorem 3.3, we have

∫
D

{
| grad u|2 − k2|u|2

}
dx =

∫
∂D

ū
∂u

∂ν
ds = 1

4

∫
∂D

Sϕ (ϕ + K ′ϕ) ds.

Therefore, by the preceding Corollary 3.7, we can estimate

‖ grad u‖2
L2(D)

−k2‖u‖2
L2(D)

≤1

4
‖Sϕ‖H 1/2(∂D)‖ϕ+K ′ϕ‖H−1/2(∂D)≤c1 ‖ϕ‖2

H−1/2(∂D)

for some positive constant c1. In terms of the volume potential operator V as
introduced in Theorem 8.2, interchanging orders of integration we have

(u, u)L2(D) = (ϕ, V ū)L2(∂D)

and estimating with the aid of the trace theorem and the mapping property of
Theorem 8.2 for the volume potential operator V yields

‖u‖2
L2(D)

≤ C‖ϕ‖H−1/2(∂D)‖V ū‖H 1(D) ≤ c2‖ϕ‖H−1/2(∂D)‖u‖L2(D)

for some positive constant c2. Now the statement on the single-layer potential for
the interior domain D follows by combining the last two inequalities and using
the denseness of C0,α(∂D) in H−1/2(∂D). The proof carries over to the exterior
domain IR3 \ D̄ by considering the product χu for some smooth cut-off function χ

with compact support.
The case of the double-layer potential v with density ϕ is treated analogously

through using

∫
D

{
| grad v|2 − k2|v|2

}
dx = 1

4

∫
∂D

T ϕ̄ (Kϕ − ϕ) ds,

which follows from Green’s theorem and the jump relations, and
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(v, v)L2(D) =
(
ϕ,

∂

∂ν
V v̄

)
L2(∂D)

which is obtained by interchanging orders of integration. ��
In addition to the boundary trace operator for H 1 solutions to the Helmholtz

equation as described by (3.19) we also need to clarify the meaning of the normal
derivative in this case. For this we define H 1

Δ(D) := {
u ∈ H 1(D) : Δu ∈ L2(D)

}
with norm

‖u‖2
H 1

Δ(D)
:= ‖u‖2

H 1(D)
+ ‖Δu‖2

L2(D)

where Δu must be interpreted as a distributional derivative. For u ∈ C2(D̄) and
w ∈ H 1(D), by Green’s integral theorem we have

∫
∂D

w
∂u

∂ν
ds =

∫
D

(wΔu + gradw · grad u) dx.

In view of this, for u ∈ C2(D̄) we define the normal derivative trace τu by the
duality pairing

〈τu, ϕ〉H−1/2(∂D),H 1/2(∂D) :=
∫
D

(wΔu + gradw · grad u) dx (3.20)

where w ∈ H 1(D) and ϕ ∈ H 1/2(∂D) are such that w = ϕ on ∂D in the sense
of the trace operator in (3.19). Clearly, the right-hand side of (3.20) has the same
value for all w ∈ H 1(D) with boundary trace w = ϕ on ∂D. The well-posedness of
the weak Dirichlet problem for harmonic functions (see [199, 268]) implies that for
w ∈ H 1(D) with Δw = 0 in D and w = ϕ on ∂D we have that

‖w‖H 1(D) ≤ c‖ϕ‖H 1/2(∂D)

with some positive constant c independent of ϕ. Consequently

∣∣〈τu, ϕ〉H−1/2(∂D),H 1/2(∂D)

∣∣ ≤ C‖u‖H 1
Δ(D)‖ϕ‖H 1/2(D) (3.21)

for all ϕ ∈ H 1/2(∂D) and some positive constant C. Thus for each u ∈ C2(D̄) by
(3.20) we have defined a bounded linear functional τu on H 1/2(∂D) with

‖τu‖H−1/2(∂D) ≤ C‖u‖H 1
Δ(D),

i.e., τ : C2(D̄) → H−1/2(∂D) is a bounded linear operator with respect to
‖·‖H 1

Δ(D). By denseness we can extend τ as a bounded linear operator τ : H 1
Δ(D) →

H−1/2(∂D) and can understand τu as normal derivative ∂νu for u ∈ H 1
Δ(D). The
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operator τ is known as normal derivative trace operator. Note that solutions to the
Helmholtz equation in D clearly belong to H 1

Δ(D). From the definition (3.20) it is
obvious that Green’s integral theorem remains valid for functions u ∈ H 1

Δ(D) and
w ∈ H 1(D). These ideas carry over to the exterior domain IR3 \ D̄ by considering
products χu for some smooth cut-off function χ with compact support.

Finally we note that the above analysis by denseness arguments also implies
that the jump relations for the boundary trace and the normal derivative trace of
the single- and double-layer potential remain valid in the Sobolev space setting.
For a different approach to proving Theorem 3.6 and its two corollaries we refer to
McLean [315] and to Nédélec [337].

The jump relations of Theorem 3.1 can also be extended through the use of Lax’s
theorem from the case of continuous densities to L2 densities. This was done by
Kersten [231]. In the L2 setting, the jump relations (3.1)–(3.4) have to be replaced by

lim
h→+0

∫
∂D

|2u(x ± hν(x)) − (Sϕ)(x)|2ds(x) = 0, (3.22)

lim
h→+0

∫
∂D

∣∣∣∣2 ∂u

∂ν
(x ± hν(x)) − (K ′ϕ)(x) ± ϕ(x)

∣∣∣∣
2

ds(x) = 0 (3.23)

for the single-layer potential u with density ϕ ∈ L2(∂D) and

lim
h→+0

∫
∂D

|2v(x ± hν(x)) − (Kϕ)(x) ∓ ϕ(x)|2ds(x) = 0, (3.24)

lim
h→+0

∫
∂D

∣∣∣∣∂v∂ν (x + hν(x)) − ∂v

∂ν
(x − hν(x))

∣∣∣∣
2

ds(x) = 0 (3.25)

for the double-layer potential v with density ϕ ∈ L2(∂D). Using Lax’s theorem,
Hähner [171] has also established that

lim
h→+0

∫
∂D

∣∣∣∣grad u(· ± hν) −
∫
∂D

gradx Φ(· , y)ϕ(y) ds(y) ± 1

2
ϕν

∣∣∣∣
2

ds = 0

(3.26)
for single-layer potentials u with L2(∂D) density ϕ, extending the jump
relation (3.7).

3.2 Scattering from a Sound-Soft Obstacle

The scattering of time-harmonic acoustic waves by sound-soft obstacles leads to the
following problem.
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Direct Acoustic Obstacle Scattering Problem Given an entire solution ui to the
Helmholtz equation representing an incident field, find a solution

u = ui + us

to the Helmholtz equation in IR3 \ D̄ such that the scattered field us satisfies the
Sommerfeld radiation condition and the total field u satisfies the boundary condition

u = 0 on ∂D.

Clearly, after renaming the unknown functions, this direct scattering problem is
a special case of the following Dirichlet problem.

Exterior Dirichlet Problem Given a continuous function f on ∂D, find a radiat-
ing solution u ∈ C2(IR3 \ D̄) ∩ C(IR3 \ D) to the Helmholtz equation

Δu + k2u = 0 in IR3 \ D̄,

which satisfies the boundary condition

u = f on ∂D.

We briefly sketch uniqueness, existence, and well-posedness for this boundary
value problem.

Theorem 3.9 The exterior Dirichlet problem has at most one solution.

Proof We have to show that solutions to the homogeneous boundary value problem
u = 0 on ∂D vanish identically. If u had a normal derivative in the sense of uniform
convergence, we could immediately apply Theorem 2.13 to obtain u = 0 in IR3 \ D̄.
However, in our formulation of the exterior Dirichlet problem we require u only
to be continuous up to the boundary which is the natural assumption for posing the
Dirichlet boundary condition. There are two possibilities to overcome this difficulty:
either we can use the fact that the solution to the Dirichlet problem belongs to
C1,α(IR3 \D) provided the given boundary data is in C1,α(∂D) (cf. [104] or [303]),
or we can justify the application of Green’s theorem by a more direct argument using
convergence theorems for Lebesgue integration. Despite the fact that later we will
also need the result on the smoothness of solutions to the exterior Dirichlet problem
up to the boundary, we briefly sketch a variant of the second alternative based on an
approximation idea due to Heinz (see [148] and also [419] and [225, p. 144]). It is
more satisfactory since it does not rely on techniques used in the existence results.
Thus, we state and prove the following lemma which then justifies the application
of Theorem 2.13. Note that this uniqueness result for the Dirichlet problem requires
no regularity assumptions on the boundary ∂D. ��
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Lemma 3.10 Let u ∈ C2(IR3 \ D̄) ∩ C(IR3 \ D) be a solution to the Helmholtz
equation in IR3 \ D̄ which satisfies the homogeneous boundary condition u = 0 on
∂D. Define DR := {y ∈ IR3 \ D̄ : |y| < R} and SR := {y ∈ IR3 : |y| = R} for
sufficiently large R. Then grad u ∈ L2(DR) and

∫
DR

| grad u|2 dx − k2
∫
DR

|u|2dx =
∫
SR

u
∂ū

∂ν
ds. (3.27)

Proof We first assume that u is real valued. We choose an odd function ψ ∈ C1(IR)

such that ψ(t) = 0 for 0 ≤ t ≤ 1, ψ(t) = t for t ≥ 2 and ψ ′(t) ≥ 0 for all t , and
set un := ψ(nu)/n. We then have uniform convergence ‖u− un‖∞ → 0, n → ∞.

Since u = 0 on the boundary ∂D, the functions un vanish in a neighborhood of ∂D
and we can apply Green’s theorem (2.2) to obtain

∫
DR

grad un · grad u dx = k2
∫
DR

unu dx +
∫
SR

un
∂u

∂ν
ds.

It can be easily seen that

0 ≤ grad un(x) · grad u(x) = ψ ′(nu(x)) | grad u(x)|2 → | grad u(x)|2, n → ∞,

for all x not contained in {x ∈ DR : u(x) = 0, grad u(x) �= 0}. Since as a
consequence of the implicit function theorem the latter set has Lebesgue measure
zero, Fatou’s lemma tells us that grad u ∈ L2(DR).

Now assume u = v + i w with real functions v and w. Then, since v and w also
satisfy the assumptions of our lemma, we have grad v, gradw ∈ L2(DR). From

grad vn + i gradwn = ψ ′(nv) grad v + i ψ ′(nw) gradw

we can estimate

|(grad vn + i gradwn) · grad ū| ≤ 2‖ψ ′‖∞
{
| grad v|2 + | gradw|2

}
.

Hence, by the Lebesgue dominated convergence theorem, we can pass to the limit
n → ∞ in Green’s theorem
∫
DR

{(grad vn + i gradwn) · grad ū + (vn + iwn)Δū} dx =
∫
SR

(vn + i wn)
∂ū

∂ν
ds

to obtain (3.27). ��
The existence of a solution to the exterior Dirichlet problem can be based on

boundary integral equations. In the so-called layer approach, we seek the solution
in the form of acoustic surface potentials. Here, we choose an approach in the form
of a combined acoustic double- and single-layer potential
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u(x) =
∫
∂D

{
∂Φ(x, y)

∂ν(y)
− iηΦ(x, y)

}
ϕ(y) ds(y), x ∈ IR3 \ ∂D, (3.28)

with a density ϕ ∈ C(∂D) and a real coupling parameter η �= 0. Then from the
jump relations of Theorem 3.1 we see that the potential u given by (3.28) in IR3 \ D̄
solves the exterior Dirichlet problem provided the density is a solution of the integral
equation

ϕ + Kϕ − iηSϕ = 2f. (3.29)

Combining Theorems 3.2 and 3.4, the operators S,K : C(∂D) → C(∂D) are seen
to be compact. Therefore, the existence of a solution to (3.29) can be established
by the Riesz–Fredholm theory for equations of the second kind with a compact
operator.

Let ϕ be a continuous solution to the homogeneous form of (3.29). Then the
potential u given by (3.28) satisfies the homogeneous boundary condition u+ = 0
on ∂D whence by the uniqueness for the exterior Dirichlet problem u = 0 in IR3 \D̄
follows. The jump relations (3.1)–(3.4) now yield

− u− = ϕ, −∂u−
∂ν

= iηϕ on ∂D. (3.30)

Hence, using Green’s theorem (2.2), we obtain

iη

∫
∂D

|ϕ|2ds =
∫
∂D

ū−
∂u−
∂ν

ds =
∫
D

{
| grad u|2 − k2|u|2

}
dx. (3.31)

Taking the imaginary part of the last equation shows that ϕ = 0. Thus, we
have established uniqueness for the integral equation (3.29), i.e., injectivity of the
operator I+K−iηS : C(∂D) → C(∂D). Therefore, by the Riesz–Fredholm theory,
I + K − iηS is bijective and the inverse (I + K − iηS)−1 : C(∂D) → C(∂D) is
bounded. Hence, the inhomogeneous equation (3.29) possesses a solution and this
solution depends continuously on f in the maximum norm. From the representation
(3.28) of the solution as a combined double- and single-layer potential, with the
aid of the regularity estimates in Theorem 3.1, the continuous dependence of the
density ϕ on the boundary data f shows that the exterior Dirichlet problem is well-
posed, i.e., small deviations in f in the maximum norm ensure small deviations in
u in the maximum norm on IR3 \ D and small deviations of all its derivatives in the
maximum norm on closed subsets of IR3 \ D̄. We summarize these results in the
following theorem.

Theorem 3.11 The exterior Dirichlet problem has a unique solution and the
solution depends continuously on the boundary data with respect to uniform
convergence of the solution on IR3 \ D and all its derivatives on closed subsets
of IR3 \ D̄.
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Note that for η = 0 the integral equation (3.29) becomes nonunique if k

is a so-called irregular wave number or internal resonance, i.e., if there exist
nontrivial solutions u to the Helmholtz equation in the interior domain D satisfying
homogeneous Neumann boundary conditions ∂u/∂ν = 0 on ∂D. The approach
(3.28) was introduced independently by Brakhage and Werner [44], Leis [296],
and Panich [346] in order to remedy this nonuniqueness deficiency of the classical
double-layer approach due to Vekua [414] and Weyl [426]. For an investigation
on the proper choice of the coupling parameter η with respect to the condition of
the integral equation (3.29), we refer to Kress [259] and Chandler-Wilde, Graham,
Langdon, and Lindner [77].

In the literature, a variety of other devices has been designed for overcoming
the nonuniqueness difficulties of the double-layer integral equation. The combined
single- and double-layer approach seems to be the most attractive method from
a theoretical point of view since its analysis is straightforward as well as from
a numerical point of view since it never fails and can be implemented without
additional computational cost as compared with the double-layer approach.

In order to be able to use Green’s representation formula for the solution of the
exterior Dirichlet problem, we need its normal derivative. However, assuming the
given boundary values to be merely continuous means that in general the normal
derivative will not exist. Hence, we need to impose some additional smoothness
condition on the boundary data.

From Theorems 3.2 and 3.4 we also have compactness of the operators S,K :
C1,α(∂D) → C1,α(∂D). Hence, by the Riesz–Fredholm theory, the injective
operator I + K − iηS : C1,α(∂D) → C1,α(∂D) again has a bounded inverse
(I + K − iηS)−1 : C1,α(∂D) → C1,α(∂D). Therefore, given a right-hand side
f in C1,α(∂D), the solution ϕ of the integral equation (3.29) belongs to C1,α(∂D)

and depends continuously on f in the ‖ · ‖1,α norm. Using the regularity results of
Theorem 3.3 for the derivatives of single- and double-layer potentials, from (3.28)
we now find that u belongs to C1,α(IR3 \ D) and depends continuously on f .
In particular, the normal derivative ∂u/∂ν of the solution u exists and belongs to
C0,α(∂D) if f ∈ C1,α(∂D) and is given by

∂u

∂ν
= Af

where

A := (iηI − iηK ′ + T )(I + K − iηS)−1 : C1,α(∂D) → C0,α(∂D)

is bounded. The operator A transfers the boundary values, i.e., the Dirichlet data,
into the normal derivative, i.e., the Neumann data, and therefore it is called the
Dirichlet-to-Neumann map.

For the sake of completeness, we wish to show that A is bijective and has a
bounded inverse. This is equivalent to showing that
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iηI − iηK ′ + T : C1,α(∂D) → C0,α(∂D)

is bijective and has a bounded inverse. Since T is not compact, the Riesz–Fredholm
theory cannot be employed in a straightforward manner. In order to regularize the
operator, we first examine the exterior Neumann problem.

Exterior Neumann Problem Given a continuous function g on ∂D, find a radiat-
ing solution u ∈ C2(IR3 \ D̄) ∩ C(IR3 \ D) to the Helmholtz equation

Δu + k2u = 0 in IR3 \ D̄

which satisfies the boundary condition

∂u

∂ν
= g on ∂D

in the sense of uniform convergence on ∂D.

The exterior Neumann problem describes acoustic scattering from sound-hard
obstacles. Uniqueness for the Neumann problem follows from Theorem 2.13. To
prove existence we again use a combined single- and double-layer approach. We
overcome the problem that the normal derivative of the double-layer potential
in general does not exist if the density is merely continuous by incorporating a
smoothing operator, that is, we seek the solution in the form

u(x) =
∫
∂D

{
Φ(x, y) ϕ(y) + iη

∂Φ(x, y)

∂ν(y)
(S2

0ϕ)(y)

}
ds(y), x ∈ IR3 \ D̄,

(3.32)
with continuous density ϕ and a real coupling parameter η �= 0. By S0 we denote the
single-layer operator (3.8) in the potential theoretic limit case k = 0. Note that by
Theorem 3.4 the density S2

0ϕ of the double-layer potential belongs to C1,α(∂D). The
idea of using a smoothing operator as in (3.32) was first suggested by Panich [346].
From Theorem 3.1 we see that (3.32) solves the exterior Neumann problem provided
the density is a solution of the integral equation

ϕ − K ′ϕ − iηT S2
0ϕ = −2g. (3.33)

By Theorems 3.2 and 3.4 both K ′ + iηT S2
0 : C(∂D) → C(∂D) and K ′ +

iηT S2
0 : C0,α(∂D) → C0,α(∂D) are compact. Hence, the Riesz–Fredholm theory

is available in both spaces.
Let ϕ be a continuous solution to the homogeneous form of (3.33). Then the

potential u given by (3.32) satisfies the homogeneous Neumann boundary condition
∂u+/∂ν = 0 on ∂D whence by the uniqueness for the exterior Neumann problem
u = 0 in IR3 \ D̄ follows. The jump relations (3.1)–(3.4) now yield

− u− = iηS2
0ϕ, −∂u−

∂ν
= −ϕ on ∂D (3.34)
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and, by interchanging the order of integration and using Green’s integral theorem as
above in the proof for the Dirichlet problem, we obtain

iη

∫
∂D

|S0ϕ|2ds = iη

∫
∂D

ϕS2
0 ϕ̄ ds=

∫
∂D

ū−
∂u−
∂ν

ds=
∫
D

{
| grad u|2−k2|u|2

}
dx

whence S0ϕ = 0 on ∂D follows. The single-layer potential w with density ϕ and
wave number k = 0 is continuous throughout IR3, harmonic in D and in IR3 \ D̄ and
vanishes on ∂D and at infinity. Therefore, by the maximum–minimum principle
for harmonic functions, we have w = 0 in IR3 and the jump relation (3.2) yields
ϕ = 0. Thus, we have established injectivity of the operator I − K ′ − iηT S2

0 and,
by the Riesz–Fredholm theory, (I − K ′ − iηT S2

0)
−1 exists and is bounded in both

C(∂D) and C0,α(∂D). From this we conclude the existence of the solution to the
Neumann problem for continuous boundary data g and the continuous dependence
of the solution on the boundary data.

Theorem 3.12 The exterior Neumann problem has a unique solution and the
solution depends continuously on the boundary data with respect to uniform
convergence of the solution on IR3 \ D and all its derivatives on closed subsets
of IR3 \ D̄.

In the case when g ∈ C0,α(∂D), the solution ϕ to the integral equation (3.33)
belongs to C0,α(∂D) and depends continuously on g in the norm of C0,α(∂D).
Using the regularity results of Theorem 3.3 for the single- and double-layer
potentials, from (3.32) we now find that u belongs to C1,α(IR3 \ D). In particular,
the boundary values u on ∂D are given by

u = Bg,

where

B = (iηS2
0 + iηKS2

0 + S)(K ′ − I + iηT S2
0)

−1 : C0,α(∂D) → C1,α(∂D)

is bounded. Clearly, the operator B is the inverse of A. Thus, we can summarize our
regularity analysis as follows.

Theorem 3.13 The Dirichlet-to-Neumann map A which transfers the boundary
values of a radiating solution to the Helmholtz equation into its normal derivative is
a bijective bounded operator from C1,α(∂D) onto C0,α(∂D) with bounded inverse.
The solution to the exterior Dirichlet problem belongs to C1,α(IR3 \ D) if the
boundary values are in C1,α(∂D) and the mapping of the boundary data into the
solution is continuous from C1,α(∂D) into C1,α(IR3 \ D).

Instead of looking for classical solutions in the spaces of continuous or Hölder
continuous functions one can also pose and solve the boundary value problems for
the Helmholtz equation in a weak formulation for the boundary condition either
in an L2 sense or in a Sobolev space setting. This then leads to existence results
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under weaker regularity assumptions on the given boundary data and to continuous
dependence in different norms. The latter, in particular, can be useful in the error
analysis for approximate solution methods.

In the Sobolev space setting, the solution to the exterior Dirichlet problem is
required to belong to the energy space H 1

loc(IR
3 \ D̄) and the boundary condition

u= f on ∂D for a given f ∈ H 1/2(∂D) has to be understood in the sense of
the trace operator. This simplifies the uniqueness issue since the identity (3.27) is
obvious for functions in H 1

loc(IR
3 \ D̄). The existence analysis via the combined

double- and single-layer potential (3.28) with a density ϕ ∈ H 1/2(∂D) and the
integral equation (3.29) can be carried over in a straightforward manner. For
the exterior Neumann problem the boundary condition ∂u/∂ν = g on ∂D for
g ∈ H−1/2(∂D) has to be understood in the sense of the normal derivative trace
operator. Again the existence analysis via the combined single- and double-layer
potential (3.32) with a density ϕ ∈ H−1/2(∂D) and the integral equation (3.33)
carries over. Corollary 3.7 implies well-posedness in the sense that the mapping
from the boundary values f ∈ H 1/2(∂D) onto the solution u ∈ H 1

loc(IR
3 \ D̄)

is continuous. Further, we note that analogous to Theorem 3.13 the Dirichlet-to-
Neumann map A is a bijective bounded operator from H 1/2(∂D) onto H−1/2(∂D)

with a bounded inverse.
Boundary integral equations for obstacle scattering problems can also be

obtained from Green’s representation theorem. The basis of this so-called direct
method can be formulated by the following theorem which follows immediately
from Theorem 2.5 and the jump relations of Theorem 3.1.

Theorem 3.14 Let u ∈ C2(IR3 \ D̄) ∩ C1,α(IR3 \ D) be a radiating solution to the
Helmholtz equation. Then the boundary values and the normal derivative satisfy

⎛
⎝ u

∂u/∂ν

⎞
⎠ =

⎛
⎝K −S

T −K ′

⎞
⎠
⎛
⎝ u

∂u/∂ν

⎞
⎠, (3.35)

i.e., the operator in (3.35) is a projection operator in the product space of the
boundary values and the normal derivatives of radiating solutions to the Helmholtz
equation. This projection operator is known as the Calderón projection.

Obviously, given the Dirichlet data f , any linear combination of the two
equations in (3.35) will lead to an integral equation for the unknown Neumann data
g such as for example

g + K ′g − iηSg = Tf + iη(f − Kf ) (3.36)

as an integral equation of the second kind for the unknown g. The operator in
(3.36) is the adjoint of the operator in the equation (3.29). Therefore, by the Riesz–
Fredholm theory (3.36) is uniquely solvable. We refrain from writing down further
examples. However we note that (3.36), in principle, as consequence of Green’s
representation theorem provides only a necessary condition for the unknown
Neumann data. Therefore, for a complete existence analysis based only on (3.36)
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one still has to show that solutions of (3.36) indeed lead to solutions of the exterior
Dirichlet problem.

We note that Theorem 3.14 remains valid for H 1 solutions to the Helmholtz
equation since Green’s integral theorem and consequently also Green’s representa-
tion formula remain valid for H 1 solutions.

A major drawback of the integral equation approach to constructively proving
existence of solutions for scattering problems is the relatively strong regularity
assumption on the boundary to be of class C2. It is possible to slightly weaken the
regularity and allow Lyapunov boundaries instead of C2 boundaries and still remain
within the framework of compact operators in the spaces of Hölder continuous
functions. The boundary is said to satisfy a Lyapunov condition if at each point
x ∈ ∂D the normal vector ν to the surface exists and if there are positive constants
L and α such that for the angle θ(x, y) between the normal vectors at x and y there
holds θ(x, y) ≤ L|x − y|α for all x, y ∈ ∂D. For the treatment of the Dirichlet
problem for Lyapunov boundaries, which does not differ essentially from that for
C2 boundaries, we refer to Mikhlin [317].

However, the situation changes considerably if the boundary is allowed to have
edges and corners since this affects the compactness of the double-layer integral
operator in the space of continuous functions. Here, under suitable assumptions
on the nature of the edges and corners, the double-layer integral operator can be
decomposed into the sum of a compact operator and a bounded operator with norm
less than one reflecting the behavior at the edges and corners, and then the Riesz–
Fredholm theory still can be employed. For details, we refer to Sect. 3.6 for the
two-dimensional case. Resorting to single-layer potentials in the Sobolev space
setting as introduced above is another efficient option to handle edges and corners
(see Hsiao and Wendland [199] and McLean [315]).

Explicit solutions for the direct scattering problem are only available for special
geometries and special incoming fields. In general, to construct a solution one
must resort to numerical methods, for example, the numerical solution of the
boundary integral equations. An introduction into numerical approximation for
integral equations of the second kind by the Nyström method, collocation method,
and Galerkin method is contained in [268]. We will describe in some detail Nyström
methods for the two- and three-dimensional case at the end of this chapter.

For future reference, we present the solution for the scattering of a plane wave

ui(x) = eik x·d

by a sound-soft ball of radius R with center at the origin. The unit vector d describes
the direction of propagation of the incoming wave. In view of the Jacobi–Anger
expansion (2.46) and the boundary condition ui + us = 0, we expect the scattered
wave to be given by

us(x) = −
∞∑
n=0

in(2n + 1)
jn(kR)

h
(1)
n (kR)

h(1)n (k|x|) Pn(cos θ), (3.37)
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where θ denotes the angle between x and d. By the asymptotic behavior (2.38) and
(2.39) of the spherical Bessel and Hankel functions for large n, we have

jn(kR)

h
(1)
n (kR)

h(1)n (k|x|) = O

(
n! (2kR)n

(2n + 1)!
Rn

|x|n
)
, n → ∞,

uniformly on compact subsets of IR3 \ {0}. Therefore, the series (3.37) is uniformly
convergent on compact subsets of IR3 \ {0}. Hence, by Theorem 2.15 the series
represents a radiating field in IR3 \ {0}, and therefore indeed solves the scattering
problem for the sound-soft ball.

For the far field pattern, we see by Theorem 2.16 that

u∞(x̂) = i

k

∞∑
n=0

(2n + 1)
jn(kR)

h
(1)
n (kR)

Pn(cos θ). (3.38)

Clearly, as we expect from symmetry reasons, it depends only on the angle θ

between the observation direction x̂ and the incident direction d.
In general, for the scattering problem the boundary values are as smooth as the

boundary since they are given by the restriction of the analytic function ui to ∂D. In
particular, for domains D of class C2 our regularity analysis shows that the scattered
field us is in C1,α(IR3 \D). Therefore, we may apply Green’s formula (2.9) with the
result

us(x) =
∫
∂D

{
us(y)

∂Φ(x, y)

∂ν(y)
− ∂us

∂ν
(y)Φ(x, y)

}
ds(y), x ∈ IR3 \ D̄.

Green’s theorem (2.3), applied to the entire solution ui and Φ(x, ·), gives

0 =
∫
∂D

{
ui(y)

∂Φ(x, y)

∂ν(y)
− ∂ui

∂ν
(y)Φ(x, y)

}
ds(y), x ∈ IR3 \ D̄.

Adding these two equations and using the boundary condition ui + us = 0 on ∂D

gives the following theorem. The representation for the far field pattern is obtained
with the aid of (2.15).

Theorem 3.15 For the scattering of an entire field ui from a sound-soft obstacle D

we have

u(x) = ui(x) −
∫
∂D

∂u

∂ν
(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄, (3.39)

and the far field pattern of the scattered field us is given by

u∞(x̂) = − 1

4π

∫
∂D

∂u

∂ν
(y) e−ik x̂·y ds(y), x̂ ∈ S

2. (3.40)
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In physics, the representation (3.39) for the scattered field through the so-called
secondary sources on the boundary is known as Huygens’ principle.

We conclude this section by briefly giving the motivation for the Kirchhoff
or physical optics approximation which is frequently used in applications as a
physically intuitive procedure to simplify the direct scattering problem. The solution
for the scattering of a plane wave with incident direction d at a plane Γ := {x ∈
IR3 : x · ν = 0} through the origin with normal vector ν is described by

u(x) = ui(x) + us(x) = eik x·d − eik x·d̃ ,

where d̃ = d−2 ν ·d ν denotes the reflection of d at the plane Γ . Clearly, ui+us = 0
is satisfied on Γ and we evaluate

∂u

∂ν
= ik{ν · d ui + ν · d̃ us} = 2ik ν · d ui = 2

∂ui

∂ν
.

For large wave numbers k, i.e., for small wavelengths, in a first approximation a
convex object D locally may be considered at each point x of ∂D as a plane with
normal ν(x). This leads to setting

∂u

∂ν
= 2

∂ui

∂ν

on the region ∂D− := {x ∈ ∂D : ν(x) · d < 0} which is illuminated by the plane
wave with incident direction d, and

∂u

∂ν
= 0

in the shadow region ∂D+ := {x ∈ ∂D : ν(x) · d ≥ 0}. Thus, in the Kirchhoff
approximation for the scattering of a plane wave with incident direction d at a
convex sound-soft obstacle the total wave is approximated by

u(x) ≈ eik x·d − 2
∫
∂D−

∂eik y·d

∂ν(y)
Φ(x, y) ds(y), x ∈ IR3 \ D̄, (3.41)

and the far field pattern of the scattered field is approximated by

u∞(x̂) ≈ − 1

2π

∫
∂D−

∂eik y·d

∂ν(y)
e−ik x̂·y ds(y), x̂ ∈ S

2. (3.42)

In this book, the Kirchhoff approximation does not play an important role since
we are mainly interested in scattering at low and intermediate values of the wave
number.
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3.3 Impedance Boundary Conditions

In addition to the two standard boundary conditions for sound-soft and sound-hard
obstacles, the so-called impedance boundary conditions were introduced to model
scattering problems for penetrable obstacles approximately by scattering problems
for impenetrable obstacles. The classical impedance condition for the total wave
u = ui + us , also known as the Leontovich condition, is given by

∂u

∂ν
+ ikλu = 0 on , ∂D (3.43)

where λ ∈ C(∂D) is a given complex valued function with nonnegative real part.
On occasion we will also call the impedance boundary condition a Robin condition.
The generalized impedance boundary condition is described by

∂u

∂ν
+ ik (λu − DivμGrad u) = 0 on ∂D, (3.44)

where λ ∈ C(∂D) and μ ∈ C1(∂D) are given complex valued functions with
nonnegative real parts. Grad and Div denote the surface gradient and surface
divergence on ∂D. For their definition and basic properties we refer the reader to
Sect. 6.3. As compared with the Leontovich condition, the wider class of impedance
conditions (3.44) can provide more accurate models, for example, for imperfectly
conducting or coated obstacles (see [135, 168, 389]).

As in the previous section, after renaming the unknowns we consider the
scattering problems as special cases of exterior boundary value problems and
begin with the classical impedance condition. Given a function g ∈ C(∂D) the
exterior impedance boundary value problem consists of finding a radiating solution
u ∈ C2(IR3 \ D̄) ∩ C(IR3 \ D) to the Helmholtz equation satisfying the boundary
condition

∂u

∂ν
+ ikλu = g on ∂D, (3.45)

where, as for the exterior Neumann problem, the normal derivative is understood
in the sense of uniform convergence on ∂D. The uniqueness of a solution follows
from Theorem 2.13. Existence can be shown by seeking a solution in the form of
the modified single- and double-layer potential (3.32) and imitating the proof of
Theorem 3.12. For convenience we formulate the following theorem leaving the
details of the proof to the reader.

Theorem 3.16 The exterior impedance problem has a unique solution and the
solution depends continuously on the boundary data with respect to uniform
convergence of the solution on IR3 \ D and all its derivatives on closed subsets
of IR3 \ D̄.
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We now consider the exterior boundary value problem with the generalized
impedance boundary condition: Given a function g on ∂D find a radiating solution
to the Helmholtz equation in IR3 \ D̄ which satisfies the boundary condition

∂u

∂ν
+ ik (λu − DivμGrad u) = g on ∂D. (3.46)

Deviating from the prevailing practice in this book to treat the boundary integral
equations in the classical spaces of continuous and Hölder continuous functions, in
order to deal with the differential operator in the boundary condition (3.46) we have
chosen to work in a Sobolev space setting. As in [43], where existence of a solution
is established by a variational approach, for a given g ∈ L2(∂D), we seek a solution
u in

H
1,1
loc (IR

3 \ D̄) :=
{
u ∈ H 1

loc(IR
3 \ D̄) : u|∂D ∈ H 1(∂D)

}
.

Note that the boundary trace of functions in H 1
loc(IR

3 \ D̄), in general, only belongs
to H 1/2(∂D), see the trace theorem (3.19). Then the surface gradient Grad u is in
L2(∂D) and the surface divergence DivμGrad u has to be understood in the weak
sense of Definition 6.15, i.e., the boundary condition (3.46) means that u has to
satisfy

∫
∂D

(
ψ

∂u

∂ν
+ ikλψu + ikμGradψ · Grad u

)
ds =

∫
∂D

ψg ds (3.47)

for all ψ ∈ H 1(∂D). The normal derivative in (3.47) has to be understood in the
sense of duality as defined by (3.20).

For a solution u for the homogeneous problem, inserting ψ = ū|∂D in the weak
form (3.47) of the boundary condition for g = 0 we obtain that

∫
∂D

ū
∂u

∂ν
ds = −ik

∫
∂D

{
λ|u|2 + μ |Grad u|2

}
ds.

Hence in view of our assumption Re λ ≥ 0 and Reμ ≥ 0, we can conclude that

Im
∫
∂D

ū
∂u

∂ν
ds ≤ 0

and from this u = 0 in IR3 \ D̄ follows again by Theorem 2.13. We note that
Theorem 2.13 remains valid for H 1 solutions to the Helmholtz equation since its
proof is based on Green’s integral theorem and Green’s representation formula
which also hold for H 1 solutions as pointed out earlier. Therefore the exterior
boundary value problem with generalized impedance boundary condition has at
most one solution.
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We seek the solution u in the form of a combined double- and single-layer
potential of the form (3.28) with a density ϕ ∈ H 1(∂D). Then, by Theorem 3.6
and Corollary 3.8 we have that u ∈ H

1,1
loc (IR

3 \ D̄). From the jump relations (3.22)
and (3.23) for L2 densities we observe that the boundary condition (3.46) is satisfied
provided ϕ solves the integro-differential equation

Aϕ = 2g (3.48)

with the operator A given by

A := T + iη(I − K ′) + ik (λI − DivμGrad) (I + K − iηS). (3.49)

For the differential operator in this equation we provide the following lemma.

Lemma 3.17 The modified Laplace–Beltrami operator given by

Lϕ := − Div Gradϕ + ϕ

is an isomorphism from H 1(∂D) onto H−1(∂D).

Proof From the definition (6.39) of the weak surface divergence we have that

(Lϕ,ψ) = (Gradϕ,Gradψ) + (ϕ, ψ)

for ϕ,ψ ∈ H 1(∂D) and consequently

‖Lϕ‖H−1(∂D) = sup
‖ψ‖

H1(∂D)
=1

|(Lϕ,ψ)| ≤ C1‖ϕ‖H1(∂D) (3.50)

and

|(Lϕ, ϕ)| ≥ C2‖ϕ‖2
H1(∂D) (3.51)

for all ϕ ∈ H 1(∂D) and some positive constants C1 and C2. From (3.50) we have
that L : H 1(∂D) → H−1(∂D) is bounded and from (3.51) we can conclude
that it is injective and has closed range. Assuming that it is not surjective implies
the existence of some χ �= 0 in the dual space

(
H−1(∂D)

)∗ = H 1(∂D) that
vanishes on L

(
H 1(∂D)

)
, i.e., (Lϕ, χ) = 0 for all ϕ ∈ H 1(∂D). Choosing ϕ = χ

yields (Lχ, χ) = 0 and from (3.51) we obtain the contradiction χ = 0. Hence
L : H 1(∂D) → H−1(∂D) is bijective and by Banach’s open mapping theorem it is
an isomorphism. ��
Lemma 3.18 Assume that ∂D is of class C3,α . Then the operator

A + ikμL : H 1(∂D) → H−1(∂D)

is compact.
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Proof By Theorem 3.6 the operators T and K ′ are bounded from H 1(∂D) into
L2(D) and, in extension of Theorem 3.6, it is known that S and K map H 1(∂D)

into H 2(∂D) and are bounded provided ∂D is of class C3,α (see [233, 315]). Clearly,
L is bounded from H 2(∂D) into L2(∂D). Therefore, in view of our assumptions
μ ∈ C1(∂D) and λ ∈ C(∂D), all terms in the sum defining the operator A are
bounded from H 1(∂D) into L2(∂D) except the term ϕ �→ ik DivμGrad ϕ. Then,
observing that in the decomposition

DivμGrad ϕ = μDiv Gradϕ + Gradμ · Gradϕ

the second term is also bounded from H 1(∂D) into L2(∂D), we can conclude that
the operator A + ikμL : H 1(∂D) → L2(∂D) is bounded. Hence the statement of
the lemma follows from the compact embedding of L2(∂D) into H−1(∂D). ��
Lemma 3.19 Assume that μ(x) �= 0 for all x ∈ ∂D and that ∂D is of class C3,α .
Then for each g ∈ L2(∂D) the Eq. (3.48) has a unique solution ϕ ∈ H 1(∂D) and
this solution depends continuously on g.

Proof Because of Lemmas 3.17 and 3.18 by the Riesz–Fredholm theory it suffices
to show that the operator A is injective. Assume that ϕ ∈ H 1(∂D) satisfies Aϕ = 0.
Then, the combined double- and single-layer potential (3.28) satisfies the homo-
geneous generalized impedance condition on ∂D and the above uniqueness result
implies u = 0 in IR3 \ D̄. Taking the boundary trace implies ϕ + Kϕ − iηSϕ = 0.
From the existence proof for the exterior Dirichlet problem in Theorem 3.11 we
know that I + K − iηS is injective in C(∂D). The proof for this remains valid in
H 1(∂D). Hence, finally we conclude that ϕ = 0 and our proof is finished. ��

Now we can summarize our existence analysis in the following theorem. The
continuous dependence follows from Theorem 3.6 and Corollary 3.8.

Theorem 3.20 Assume that μ(x) �= 0 for all x ∈ ∂D and that ∂D is of class
C3,α . Then for each g ∈ L2(∂D) the exterior generalized impedance problem has a
unique solution u and the solution depends continuously on g with respect to both
the norm on H 1(∂D) and the norm on H 1((IR3 \ D̄) ∩ B) for all open balls B

containing D̄.

The above impedance conditions (3.43) and (3.46) are local conditions whereas
we now also will briefly discuss nonlocal impedance conditions of the form

Au + B
∂u

∂ν
= g on ∂D (3.52)

for solutions u to the Helmholtz equation defined either in IR3 \ D̄ or in D for
a given function g on ∂D. Here, one of the two operators A and B will contain
integral operators, or more general pseudo differential operators defined in Sobolev
spaces on ∂D. In general, these nonlocal impedance conditions have no immediate
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physical interpretation and only will serve us as an analytic tool for the investigation
of mathematical problems related to direct and inverse obstacle scattering.

We have already met a nonlocal impedance condition in the proof of Theo-
rem 3.12. The Cauchy data (3.34) for the modified single- and double-layer potential
u correspond to the nonlocal impedance condition

u− + iηS2
0
∂u−
∂ν

= 0 on ∂D

whereas (3.30) corresponds to the classical impedance condition

∂u−
∂ν

− iηu− = 0 on ∂D.

We recall from Sect. 2.1 the transmission problem to find the scattered field us as
a radiating solution to the Helmholtz equation with wave number k in IR3 \ D̄ and
the transmitted field v as a solution to the Helmholtz equation with wave number kD
in D such that the total field u = ui + us and v satisfy the transmission conditions

u = v,
1

ρ

∂u

∂ν
= 1

ρD

∂v

∂ν
on ∂D. (3.53)

For the sake of simplicity, we only consider the case where ρD = ρ. The extension
of the following analysis to the case ρD �= ρ is straightforward. We also want
to allow absorption, i.e., complex wave numbers kD with nonnegative real and
imaginary part. For an incident field ui = 0, by Green’s integral theorem we find
that

Im
∫
∂D

us
∂ūs

∂ν
ds = Im

∫
∂D

v
∂v̄

∂ν
ds = 2 Re kD Im kD

∫
D

|v|2 dx ≥ 0.

By Theorem 2.13 it follows that us = 0 in IR3 \ D̄, that is, we have uniqueness for
the solution.

Usually this transmission problem is reduced to a two-by-two system of bound-
ary integral equations over the interface ∂D for a pair of unknowns, see among
others [97, 272]. This can be done either by the direct method combining the
Calderón projections from Theorem 3.14 and its counterpart for the domain D or by
a potential approach. For a survey on methods for solving the transmission problem
using only a single integral equation over ∂D we refer to [253]. As an addition to the
selection of available single integral equations for the transmission problem, we will
reduce the transmission problem to a scattering problem in IR3 \ D̄ with a nonlocal
impedance boundary condition in terms of the Dirichlet-to-Neumann operator for
the domain D which then can be solved via one integral equation. To prepare for this
we establish the following theorem on the invertibility of the single-layer boundary
integral operator.
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Theorem 3.21 Assume that k2 is not a Dirichlet eigenvalue of −Δ in D and that
∂D is of class C2. Then the single-layer potential operator S : C0,α(∂D) →
C1,α(∂D) is bijective with a bounded inverse.

Proof Let ϕ ∈ C0,α(∂D) satisfy Sϕ = 0. Then the single-layer potential u with
density ϕ has boundary values u = 0 on ∂D. By the uniqueness for the exterior
Dirichlet problem u vanishes in IR3 \ D̄, and by the assumption on k it also vanishes
in D. Now the jump relations for the normal derivative of single-layer potentials
imply ϕ = 0. Hence S is injective.

To prove surjectivity, we choose a second wave number k0 > 0 such that k2
0 is not

a Neumann eigenvalue for −Δ in D and distinguish the fundamental solutions and
the boundary integral operators for the two different wave numbers by the indices k
and k0. Let ψ ∈ C1,α(∂D) satisfy Tk0ψ = 0. Then the double-layer potential v with
density ψ has normal derivative ∂νv = 0 on both sides of ∂D. By the uniqueness
for the exterior Neumann problem v vanishes in IR3 \ D̄, and by the assumption
on k0 it also vanishes in D. Therefore the jump relations imply ψ = 0. Hence
Tk0 : C1,α(∂D) → C0,α(∂D) is injective.

Then, given f ∈ C1,α(∂D) the two equations Skϕ = f and Tk0Skϕ = Tk0f for
ϕ ∈ C0,α(∂D) are equivalent. In view of (3.13) we have Tk0Sk = C − I where

C := K ′2
k0

+ Tk0(Sk − Sk0).

From the first term in the series

4π Gradx[Φk(x, y) − Φk0(x, y)] =
∞∑

m=2

im

m! (k
m − km0 )Gradx |x − y|m−1

we observe that Grad(Sk −Sk0) has the same mapping properties as the single-layer
potential operator. This implies that Sk−Sk0 is bounded from C(∂D) into C1,α(∂D)

and therefore compact from C0,α(∂D) into C1,α(∂D). Then Theorem 3.4 implies
that C : C0,α(∂D) → C0,α(∂D) is compact. Therefore, the Riesz–Fredholm theory
can be applied and injectivity of Tk0Sk implies solvability of Tk0Skϕ = Tk0f and
consequently also of Skϕ = f . Hence, we have bijectivity of Sk and the Banach
open mapping theorem implies the boundedness of the inverse S−1

k : C1,α(∂D) →
C0,α(∂D). ��

Returning to the transmission problem, we assume that k2
D is not a Dirichlet

eigenvalue for −Δ in D. Then the Dirichlet-to-Neumann operator

AkD : C1,α(∂D) → C0,α(∂D)

is well defined by the mapping taking f ∈ C1,α(∂D) into the normal derivative
AkDf := ∂νv of the unique solution v ∈ C1,α(D̄) of Δv + k2

Dv = 0 satisfying
the Dirichlet condition v = f on ∂D. Using the preceding Theorem 3.21 and a
single-layer approach for the interior Dirichlet problem the representation
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AkD = (I + K ′
kD

)S−1
kD

(3.54)

can be obtained. In particular, this implies that AkD : C1,α(∂D) → C0,α(∂D) is
bounded. Then, for ρD = ρ, the transmission problem (3.53) can be seen to be
equivalent to the scattering problem for u = ui + us in IR3 \ D̄ with the nonlocal
impedance condition

∂us

∂ν
− AkDu

s = −∂ui

∂ν
+ AkDu

i on ∂D. (3.55)

Once we have determined the scattered wave us in IR3 \ D̄ from (3.55), the
transmitted wave v in D can be obtained via Green’s representation theorem from
its Cauchy data v = u and ∂νv = AkDv = AkDu = ∂νu on ∂D.

The single-layer potential us with density ϕ ∈ C0,α(∂D) and wave number k

satisfies the boundary condition (3.55) provided

− ϕ + K ′
kϕ − AkDSkϕ = −2

∂ui

∂ν
+ 2AkDu

i . (3.56)

From the uniqueness for the solution of the transmission problem, and consequently
also for the solution of its equivalent reformulation (3.55), it follows that for a
solution ϕ of the homogeneous form of (3.56) the corresponding potential vanishes
us = 0 in IR3 \ D̄. Taking the boundary trace we obtain that Skϕ = 0. If we assume
that in addition to k2

D also k2 is not a Dirichlet eigenvalue for −Δ in D we have
injectivity of Sk and therefore ϕ = 0. Hence the operator −I + K ′

k − AkDSk is
injective.

With the aid of (3.54) we rewrite

−I + K ′
k − AkDSk = −I + K ′

k − I − K ′
kD

− AkD (Sk − SkD).

From the proof of the preceding Theorem 3.21 we know already that Sk − SkD :
C0,α(∂D) → C1,α(∂D) is compact. Since the Dirichlet-to-Neumann operator is
bounded from C1,α(∂D) into C0,α(∂D) in addition to K ′

k,K
′
kD

: C0,α(∂D) →
C0,α(∂D) also AkD (Sk − SkD) : C0,α(∂D) → C0,α(∂D) is compact. Thus, finally
the Riesz–Fredholm theory applies to equation (3.56) and we can summarize in the
following theorem.

Theorem 3.22 Under the assumption that both k2 and k2
D are not Dirichlet

eigenvalues for the negative Laplacian in D the equation (3.56) is uniquely solvable.

To avoid the restriction on kD , instead of using the Dirichlet-to-Neumann
operator, we propose using the Robin-to-Neumann operator RkD : C1,α(∂D) →
C0,α(∂D) defined by the mapping taking f ∈ C1,α(∂D) into the normal derivative
RkDf = ∂νv of the unique solution v ∈ C1,α(D) of Δv + k2

Dv = 0 satisfying the
Robin condition
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v + i
∂v

∂ν
= f on ∂D. (3.57)

Uniqueness for the solution follows by inserting the homogeneous form of the
boundary condition (3.57) into Green’s integral theorem applied to v and v̄ and
taking the imaginary part. From the single-layer approach for the solution of (3.57)
we observe that

RkD = (I + K ′
kD

)[SkD + i(I + K ′
kD

)]−1. (3.58)

The corresponding nonlocal impedance condition now becomes

∂us

∂ν
− RkD

[
us + i

∂us

∂ν

]
= −∂ui

∂ν
+ RkD

[
ui + i

∂ui

∂ν

]
on ∂D. (3.59)

For all wave numbers k and kD we are allowing, this impedance problem can be
dealt with via a uniquely solvable integral equation as derived from the modified
single- and double-layer approach (3.32). We omit working out the details.

In Sect. 10.2 in our analysis of transmission eigenvalues we again will treat a
transmission problem by transforming it equivalently into a boundary value problem
with a nonlocal impedance condition in a Sobolev space setting.

3.4 Herglotz Wave Functions and the Far Field Operator

In the sequel, for an incident plane wave ui(x) = ui(x, d) = eik x·d we will indicate
the dependence of the scattered field, of the total field, and of the far field pattern on
the incident direction d by writing, respectively, us(x, d), u(x, d), and u∞(x̂, d).

Theorem 3.23 The far field pattern for sound-soft obstacle scattering satisfies the
reciprocity relation

u∞(x̂, d) = u∞(−d,−x̂), x̂, d ∈ S
2. (3.60)

Proof By Green’s theorem (2.3), the Helmholtz equation for the incident and the
scattered wave and the radiation condition for the scattered wave we find

∫
∂D

{
ui(· , d) ∂

∂ν
ui(· ,−x̂) − ui(· ,−x̂)

∂

∂ν
ui(· , d)

}
ds = 0

and

∫
∂D

{
us(· , d) ∂

∂ν
us(· ,−x̂) − us(· ,−x̂)

∂

∂ν
us(· , d)

}
ds = 0.
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From (2.14) we deduce that

4πu∞(x̂, d) =
∫
∂D

{
us(· , d) ∂

∂ν
ui(· ,−x̂) − ui(· ,−x̂)

∂

∂ν
us(· , d)

}
ds

and, interchanging the roles of x̂ and d,

4πu∞(−d,−x̂) =
∫
∂D

{
us(· ,−x̂)

∂

∂ν
ui(· , d) − ui(· , d) ∂

∂ν
us(· ,−x̂)

}
ds.

We now subtract the last equation from the sum of the three preceding equations to
obtain

4π{u∞(x̂, d) − u∞(−d,−x̂)}

=
∫
∂D

{
u(· , d) ∂

∂ν
u(· ,−x̂) − u(· ,−x̂)

∂

∂ν
u(· , d)

}
ds

(3.61)

whence (3.60) follows by using the boundary condition u(· , d) = u(· ,−x̂) = 0
on ∂D. ��

In the derivation of (3.61), we only used the Helmholtz equation for the incident
field in IR3 and for the scattered field in IR3 \ D̄ and the radiation condition.
Therefore, we can conclude that the reciprocity relation (3.60) is also valid for
the sound-hard, Leontovich, generalized impedance, and transmission boundary
conditions. It states that the far field pattern is unchanged if the direction of the
incident field and the observation directions are interchanged.

For the scattering of a point source wi(x, z) = Φ(x, z) located at z ∈ IR3 \ D̄

we denote the scattered field by ws(x, z), the total field by w(x, z), and the far field
pattern of the scattered wave by ws∞(x̂, z).

Theorem 3.24 For obstacle scattering of point sources and plane waves we have
the mixed reciprocity relation

4πws∞(−d, z) = us(z, d), z ∈ IR3 \ D̄, d ∈ S
2. (3.62)

Proof The statement follows by combining Green’s theorems

∫
∂D

{
wi(· , z) ∂

∂ν
ui(· , d) − ui(· , d) ∂

∂ν
wi(· , z)

}
ds = 0

and

∫
∂D

{
ws(· , z) ∂

∂ν
us(· , d) − us(· , d) ∂

∂ν
us(· , z)

}
ds = 0
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and the representations

∫
∂D

{
ws(· , z) ∂

∂ν
ui(· , d) − ui(· , d) ∂

∂ν
ws(· , z)

}
ds = 4πws∞(−d, z)

and

∫
∂D

{
us(· , d) ∂

∂ν
wi(· , z) − wi(· , z) ∂

∂ν
us(· , d)

}
ds = us(z, d)

as in the proof of Theorem 3.23. ��
Again the statement of Theorem 3.24 is valid for all boundary conditions. Since

the far field pattern Φ∞ of the incident field Φ is given by

Φ∞(d, z) = 1

4π
e−ik d·z, (3.63)

from (3.62) we conclude that

w∞(d, z) = 1

4π
u(z,−d) (3.64)

for the far field pattern w∞ of the total field w.
The proof of the following theorem is analogous to that of the two preceding

theorems.

Theorem 3.25 For obstacle scattering of point sources we have the symmetry
relation

ws(x, y) = ws(y, x), x, y ∈ IR3 \ D̄. (3.65)

We now ask the question if the far field patterns for a fixed sound-soft obstacle D

and all incident plane waves are complete in L2(S2). We call a subset U of a Hilbert
space X complete if the linear combinations of elements from U are dense in X,
that is, if X = spanU. Recall that U is complete in the Hilbert space X if and only
if (u, ϕ) = 0 for all u ∈ U implies that ϕ = 0 (see [130]).

Definition 3.26 A Herglotz wave function is a function of the form

v(x) =
∫
S2

eik x·dg(d) ds(d), x ∈ IR3, (3.66)

where g ∈ L2(S2). The function g is called the Herglotz kernel of v.

Herglotz wave functions are clearly entire solutions to the Helmholtz equation.
We note that for a given g ∈ L2(S2) the function
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v(x) =
∫
S2

e−ik x·dg(d) ds(d), x ∈ IR3,

also defines a Herglotz wave function. The following theorem establishes a one-to-
one correspondence between Herglotz wave functions and their kernels.

Theorem 3.27 Assume that the Herglotz wave function v with kernel g vanishes in
all of IR3. Then g = 0.

Proof From v(x) = 0 for all x ∈ IR3 and the Funk–Hecke formula (2.45), we
see that

∫
S2 g Yn ds = 0 for all spherical harmonics Yn of order n = 0, 1, . . . . Now

g = 0 follows from the completeness of the spherical harmonics (Theorem 2.8). ��
Lemma 3.28 For a given function g ∈ L2(S2) the solution to the scattering
problem for the incident wave

vi(x) =
∫
S2

eik x·dg(d) ds(d), x ∈ IR3

is given by

vs(x) =
∫
S2

us(x, d)g(d) ds(d), x ∈ IR3 \ D̄,

and has the far field pattern

v∞(x̂) =
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2.

Proof Multiply (3.28) and (3.29) by g, integrate with respect to d over S
2, and

interchange orders of integration. ��
Now, the rather surprising answer to our completeness question, due to Colton

and Kirsch [90], will be that the far field patterns are complete in L2(S2) if and only
if there does not exist a nontrivial Herglotz wave function v that vanishes on ∂D.
A nontrivial Herglotz wave function that vanishes on ∂D, of course, is a Dirichlet
eigenfunction, i.e., a solution to the Dirichlet problem in D with zero boundary
condition, and this is peculiar since from physical considerations the eigenfunctions
corresponding to the Dirichlet eigenvalues of the negative Laplacian in D should
have nothing to do with the exterior scattering problem at all.

Theorem 3.29 Let (dn) be a sequence of unit vectors that is dense on S
2 and define

the set F of far field patterns by F := {u∞(· , dn) : n = 1, 2, . . .}. Then F is
complete in L2(S2) if and only if there does not exist a Dirichlet eigenfunction for
D which is a Herglotz wave function.

Proof Deviating from the original proof by Colton and Kirsch [90], we make
use of the reciprocity relation. By the continuity of u∞ as a function of d and
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Theorem 3.23, the completeness condition

∫
S2

u∞(x̂, dn)h(x̂) ds(x̂) = 0, n = 1, 2, . . . ,

for a function h ∈ L2(S2) is equivalent to the condition

∫
S2

u∞(x̂, d)g(d) ds(d) = 0, x̂ ∈ S
2, (3.67)

for g ∈ L2(S2) with g(d) = h(−d). By Theorem 3.27 and Lemma 3.28, the
existence of a nontrivial function g satisfying (3.67) is equivalent to the existence of
a nontrivial Herglotz wave function vi (with kernel g) for which the far field pattern
of the corresponding scattered wave vs is v∞ = 0. By Theorem 2.14, the vanishing
far field v∞ = 0 on S

2 is equivalent to vs = 0 in IR3 \ D̄. By the boundary condition
vi + vs = 0 on ∂D and the uniqueness for the exterior Dirichlet problem, this is
equivalent to vi = 0 on ∂D and the proof is finished. ��

Clearly, by the Funk–Hecke formula (2.45), the spherical wave functions

un(x) = jn(k|x|) Yn
(

x

|x|
)

provide examples of Herglotz wave functions. The spherical wave functions also
describe Dirichlet eigenfunctions for a ball of radius R centered at the origin with
the eigenvalues k2 given in terms of the zeros jn(kR) = 0 of the spherical Bessel
functions. By arguments similar to those used in the proof of Rellich’s Lemma 2.12,
an expansion with respect to spherical harmonics shows that all the eigenfunctions
for a ball are indeed spherical wave functions. Therefore, the eigenfunctions for
balls are always Herglotz wave functions and by Theorem 3.29 the far field patterns
for plane waves are not complete for a ball D when k2 is a Dirichlet eigenvalue.

The corresponding completeness results for the transmission problem were given
by Kirsch [232] and for the resistive boundary condition by Hettlich [186]. For
extensions to Sobolev and Hölder norms we refer to Kirsch [233].

We can also express the result of Theorem 3.29 in terms of a far field operator.

Theorem 3.30 The far field operator F : L2(S2) → L2(S2) defined by

(Fg)(x̂) :=
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2, (3.68)

is injective and has dense range if and only if there does not exist a Dirichlet
eigenfunction for D which is a Herglotz wave function.

Proof For the L2 adjoint F ∗ : L2(S2) → L2(S2) the reciprocity relation (3.60)
implies that
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F ∗g = RFRḡ, (3.69)

where R : L2(S2) → L2(S2) is defined by

(Rg)(d) := g(−d). (3.70)

Hence, the operator F is injective if and only if its adjoint F ∗ is injective. Observing
that in a Hilbert space we have N(F ∗)⊥ = F(L2(S2)) for bounded operators F (see
Theorem 4.6), the statement of the corollary is indeed seen to be a reformulation of
the preceding theorem. ��

The far field operator F will play an essential role in our investigations of
the inverse scattering problem in Chap. 5. For the preparation of this analysis we
proceed by presenting some of its main properties.

Lemma 3.31 The far field operator satisfies

2π {(Fg, h) − (g, Fh)} = ik(Fg, Fh), g, h ∈ L2(S2), (3.71)

where (· , ·) denotes the inner product in L2(S2).

Proof If vs and ws are radiating solutions of the Helmholtz equation with far field
patterns v∞ and w∞, then from the far field asymptotics and Green’s second integral
theorem we deduce that

∫
∂D

(
vs

∂ws

∂ν
− ws

∂vs

∂ν

)
ds = −2ik

∫
S2

v∞w∞ ds. (3.72)

From the far field representation of Theorem 2.6 we see that if wi
h is a Herglotz

wave function with kernel h, then

∫
∂D

(
vs(x)

∂wi
h

∂ν
(x) − wi

h(x)
∂vs

∂ν
(x)

)
ds(x)

=
∫
S2

h(d)

∫
∂D

(
vs(x)

∂e−ik x·d

∂ν(x)
− e−ik x·d ∂vs

∂ν
(x)

)
ds(x) ds(d)

= 4π
∫
S2

h(d) v∞(d) ds(d).

Now let vig and vih be the Herglotz wave functions with kernels g, h ∈ L2(S2),
respectively, and let vg and vh be the solutions to the obstacle scattering problem
with incident fields vig and vih, respectively. We denote by vg,∞ and vh,∞ the far
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field patterns corresponding to vg and vh, respectively. Then we can combine the
two previous equations to obtain

−2ik (Fg, Fh) + 4π(Fg, h) − 4π(g, Fh)

= −2ik
∫
S2

vg,∞ vh,∞ ds + 4π
∫
S2

vg,∞ h̄ ds − 4π
∫
S2

g vh,∞ ds

=
∫
∂D

(
vg

∂vh

∂ν
− vh

∂vg

∂ν

)
ds.

(3.73)

From this the statement follows in view of the boundary condition. ��
Theorem 3.32 The far field operator F is compact and normal, i.e., FF ∗ = F ∗F ,
and has an infinite number of eigenvalues.

Proof Since F is an integral operator with continuous kernel, it is compact. From
(3.71) we obtain that

(g, ikF ∗Fh) = 2π
{
(g, Fh) − (g, F ∗h)

}

for all g, h ∈ L2(S2) and therefore

ikF ∗F = 2π(F − F ∗). (3.74)

Using (3.69) we can deduce that (F ∗g, F ∗h) = (FRh̄, FRḡ) and hence, from
(3.71), it follows that

ik(F ∗g, F ∗h) = 2π
{
(g, F ∗h) − (F ∗g, h)

}

for all g, h ∈ L2(S2). If we now proceed as in the derivation of (3.74), we find that

ikFF ∗ = 2π(F − F ∗) (3.75)

and the proof for normality of F is completed. By the spectral theorem for compact
normal operators (see [375]) there exists a countable complete set of orthonormal
eigenelements of F . By Theorem 3.30 the nullspace of F is finite dimensional and
therefore F has an infinite number of eigenvalues. ��
Corollary 3.33 The scattering operator S : L2(S2) → L2(S2) defined by

S := I + ik

2π
F (3.76)

is unitary.

Proof From (3.74) and (3.75) we see that SS∗ = S∗S = I . ��
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In view of (3.76), the unitarity of S implies that the eigenvalues of F lie on the
circle with center at (0, 2π/k) on the positive imaginary axis and radius 2π/k.

The question of when we can find a superposition of incident plane waves such
that the resulting far field pattern coincides with a prescribed far field is answered
in terms of a solvability condition for an integral equation of the first kind in the
following theorem.

Theorem 3.34 Let vs be a radiating solution to the Helmholtz equation with far
field pattern v∞. Then the integral equation of the first kind

∫
S2

u∞(x̂, d)g(d) ds(d) = v∞(x̂), x̂ ∈ S
2 (3.77)

possesses a solution g ∈ L2(S2) if and only if vs is defined in IR3 \ D̄, is continuous
in IR3 \ D and the interior Dirichlet problem for the Helmholtz equation

Δvi + k2vi = 0 in D (3.78)

and

vi + vs = 0 on ∂D (3.79)

is solvable with a solution vi being a Herglotz wave function.

Proof By Theorem 3.27 and Lemma 3.28, the solvability of the integral equation
(3.77) for g is equivalent to the existence of a Herglotz wave function vi (with kernel
g) for which the far field pattern for the scattering by the obstacle D coincides with
the given v∞, i.e., the scattered wave coincides with the given vs . This completes
the proof. ��

Special cases of Theorem 3.34 include the radiating spherical wave function

vs(x) = h(1)n (k|x|)Yn
(

x

|x|
)

of order n with far field pattern

v∞ = 1

kin+1
Yn.

Here, for solvability of (3.77) it is necessary that the origin is contained in D.
The integral equation (3.77) will play a role in our analysis of the inverse

scattering problem in Sect. 5.6. By reciprocity, the solvability of (3.77) is equivalent
to the solvability of

∫
S2

u∞(x̂, d)h(x̂) ds(x̂) = v∞(−d), d ∈ S
2, (3.80)
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where h(x̂) = g(−x̂). Since the Dirichlet problem (3.78) and (3.79) is solvable
provided k2 is not a Dirichlet eigenvalue, the crucial condition in Theorem 3.34 is
the property of the solution to be a Herglotz wave function, that is, a strong regularity
condition. In the special case v∞ = 1, the connection between the solution to
the integral equation (3.80) and the interior Dirichlet problem (3.78) and (3.79) as
described in Theorem 3.34 was first established by Colton and Monk [111] without,
however, making use of the reciprocity Theorem 3.23.

The original proof for Theorem 3.29 by Colton and Kirsch [90] is based on the
following completeness result which we include for its own interest.

Theorem 3.35 Let (dn) be a sequence of unit vectors that is dense on S
2. Then the

normal derivatives of the total fields
{

∂

∂ν
u(· , dn) : n = 1, 2, . . .

}

corresponding to incident plane waves with directions (dn) are complete in L2(∂D).

Proof The weakly singular operators K − iS and K ′ − iS are both compact from
C(∂D) into C(∂D) and from L2(∂D) into L2(∂D) and they are adjoint with respect
to the L2 bilinear form, i.e.,∫

∂D

(K − iS)ϕ ψ ds =
∫
∂D

ϕ (K ′ − iS)ψ ds

for all ϕ,ψ ∈ L2(∂D). From the proof of Theorem 3.11, we know that the operator
I +K − iS has a trivial nullspace in C(∂D). Therefore, by the Fredholm alternative
applied in the dual system 〈C(∂D),L2(∂D)〉 with the L2 bilinear form, the adjoint
operator I + K ′ − iS has a trivial nullspace in L2(∂D). Again by the Fredholm
alternative, but now applied in the dual system 〈L2(∂D), L2(∂D)〉 with the L2

bilinear form, the operator I + K − iS also has a trivial nullspace in L2(∂D).
Hence, by the Riesz–Fredholm theory for compact operators, both the operators
I + K − iS : L2(∂D) → L2(∂D) and I + K ′ − iS : L2(∂D) → L2(∂D) are
bijective and have a bounded inverse. This idea to employ the Fredholm alternative
in two different dual systems for showing that the dimensions of the nullspaces for
weakly singular integral operators of the second kind in the space of continuous
functions and in the L2 space coincide is due to Hähner [172].

From the representation (3.39), the boundary condition u = 0 on ∂D, and the
jump relations of Theorem 3.1 we deduce that

∂u

∂ν
+ K ′ ∂u

∂ν
− iS

∂u

∂ν
= 2

∂ui

∂ν
− 2iui .

Now let g ∈ L2(∂D) satisfy

∫
∂D

g
∂u(· , dn)

∂ν
ds = 0, n = 1, 2, . . . .
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This, by the continuity of the Dirichlet-to-Neumann map (Theorem 3.13), implies

∫
∂D

g
∂u(· , d)

∂ν
ds = 0

for all d ∈ S
2. Then from

∂u

∂ν
= 2(I + K ′ − iS)−1

{
∂ui

∂ν
− iui

}

we obtain

∫
∂D

g (I + K ′ − iS)−1
{

∂

∂ν
ui(· , d) − iui(· , d)

}
ds = 0

for all d ∈ S
2, and consequently

∫
∂D

ϕ(y)

{
∂

∂ν(y)
eik y·d − ieik y·d

}
ds(y) = 0

for all d ∈ S
2 where we have set

ϕ := (I + K − iS)−1g.

Therefore, since I + K − iS is bijective, our proof will be finished by showing that
ϕ = 0. To this end, by (2.15) and (2.16), we deduce from the last equation that the
combined single- and double-layer potential

v(x) :=
∫
∂D

ϕ(y)

{
∂Φ(x, y)

∂ν(y)
− iΦ(x, y)

}
ds(y), x ∈ IR3 \ D̄,

has far field pattern

v∞(x̂) = 1

4π

∫
∂D

ϕ(y)

{
∂

∂ν(y)
e−ik y·x̂ − ie−ik y·x̂

}
ds(y) = 0, x̂ ∈ S

2.

By Theorem 2.14, this implies v = 0 in IR3 \ D̄, and letting x tend to the boundary
∂D with the help of the L2 jump relations (3.22) and (3.24) yields ϕ+Kϕ−iSϕ = 0,
whence ϕ = 0 follows. ��

With the tools involved in the proof of Theorem 3.35, we can establish the
following result which we shall also need in our analysis of the inverse problem
in Chap. 5.

Theorem 3.36 The operator A : C(∂D) → L2(S2) which maps the boundary
values of radiating solutions w ∈ C2(IR3 \ D̄) ∩ C(IR3 \ D) to the Helmholtz
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equation onto the far field pattern w∞ can be extended to an injective bounded
linear operator A : L2(∂D) → L2(S2) with dense range.

Proof From the solution (3.28) to the exterior Dirichlet problem, for x̂ ∈ S
2 we

derive

w∞(x̂) = 1

2π

∫
∂D

{
∂

∂ν(y)
e−ik y·x̂ − ie−ik y·x̂

}(
(I + K − iS)−1f

)
(y) ds(y)

with the boundary values w = f on ∂D. From this, given the boundedness of the
operator (I + K − iS)−1 : L2(∂D) → L2(∂D) from the proof of Theorem 3.35, it
is obvious that A is bounded from L2(∂D) → L2(S2). The injectivity of A is also
immediate from the proof of Theorem 3.35.

In order to show that A has dense range we rewrite it as an integral operator. To
this end we note that in terms of the plane waves ui(x, d) = eik x·d the far field
representation (2.14) for a radiating solution w of the Helmholtz equation can be
written in the form

w∞(x̂) = 1

4π

∫
∂D

{
∂ui(y,−x̂)

∂ν(y)
w(y) − ui(y,−x̂)

∂w

∂ν
(y)

}
ds(y), x̂ ∈ S

2.

(See also the proof of Theorem 3.24.) From this, with the aid of Green’s integral
theorem and the radiation condition, using the sound-soft boundary condition for
the total wave u = ui + us on ∂D we conclude that

w∞(x̂) = 1

4π

∫
∂D

∂u(y,−x̂)

∂ν(y)
w(y) ds(y), x̂ ∈ S

2,

that is,

(Af )(d) = 1

4π

∫
∂D

∂u(y,−d)

∂ν(y)
f (y) ds(y), d ∈ S

2. (3.81)

Consequently the adjoint operator A∗ : L2(S2) → L2(∂D) can be expressed as the
integral operator

(A∗g)(x) = 1

4π

∫
S2

∂u(x,−d)

∂ν(x)
g(d) ds(d), x ∈ ∂D. (3.82)

If for g ∈ L2(S2) we define the Herglotz wave function vig in the form

vig(x) =
∫
S2

e−ik x·dg(d) ds(d) =
∫
S2

ui(x,−d)g(d) ds(d), x ∈ IR3,

then from Lemma 3.28 we have that
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vg(x) =
∫
S2

u(x,−d)g(d) ds(d), x ∈ IR3,

is the total wave for scattering of vig from D. Hence,

A∗g = 1

4π

∂vg

∂ν
= 1

4π

{
∂vig

∂ν
− Avig|∂D

}
(3.83)

with the Dirichlet-to-Neumann operator A. Now let g satisfy A∗g = 0. Then
(3.82) implies that ∂vg/∂ν = 0 on ∂D. By definition we also have vg = 0 on
∂D and therefore, by Holmgren’s Theorem 2.3, it follows that vg = 0 in IR3 \ D̄.
Thus the entire solution vig satisfies the radiation condition and therefore must
vanish identically. Thus g = 0, i.e., A∗ is injective. Hence A has dense range by
Theorem 4.6. ��
Theorem 3.37 For the far field operator F we have the factorization

F = −2πAS∗A∗. (3.84)

Proof For convenience we introduce the Herglotz operator H : L2(S2) →
L2(∂D) by

(Hg)(x) :=
∫
S2

eik x·dg(d) ds(d), x ∈ ∂D. (3.85)

Since Fg represents the far field pattern of the scattered wave corresponding to Hg

as incident field, we clearly have

F = −AH. (3.86)

The L2 adjoint H ∗ : L2(∂D) → L2(S2) is given by

(H ∗ϕ)(x̂) =
∫
∂D

e−ik x̂·yϕ(y) ds(y), x̂ ∈ S
2,

and represents the far field pattern of the single-layer potential with density 4πϕ.
Therefore

H ∗ = 2πAS (3.87)

and consequently

H = 2πS∗A∗. (3.88)

Now the statement follows by combining (3.86) and (3.88). ��
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We now wish to study Herglotz wave functions more closely. The concept of the
growth condition in the following theorem for solutions to the Helmholtz equation
was introduced by Herglotz in a lecture in 1945 in Göttingen and was studied further
by Magnus [309] and Müller [329]. The equivalence stated in the theorem was
shown by Hartman and Wilcox [184].

Theorem 3.38 An entire solution v to the Helmholtz equation possesses the growth
property

sup
R>0

1

R

∫
|x|≤R

|v(x)|2dx < ∞ (3.89)

if and only if it is a Herglotz wave function, i.e., if and only if there exists a function
g ∈ L2(S2) such that v can be represented in the form (3.66).

Proof Before we can prove this result, we need to note two properties for integrals
containing spherical Bessel functions. From the asymptotic behavior (2.42), that is,
from

jn(t) = 1

t
cos
(
t − nπ

2
− π

2

){
1 + O

(
1

t

)}
, t → ∞,

we readily find that

lim
T→∞

1

T

∫ T

0
t2[jn(t)]2dt = 1

2
, n = 0, 1, 2, . . . . (3.90)

We now want to establish that the integrals in (3.90) are uniformly bounded with
respect to T and n. This does not follow immediately since the asymptotic behavior
for the spherical Bessel functions is not uniformly valid with respect to the order n.
If we multiply the differential formula (2.35) rewritten in the form

jn+1(t) = − 1√
t

d

dt

√
t jn(t) +

(
n + 1

2

)
1

t
jn(t)

by two and subtract it from the recurrence relation (2.34), that is, from

jn−1(t) + jn+1(t) = 2n + 1

t
jn(t),

we obtain

jn−1(t) − jn+1(t) = 2√
t

d

dt

√
t jn(t).

Hence, from the last two equations we get
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∫ T

0
t2
{
[jn−1(t)]2 − [jn+1(t)]2

}
dt = (2n + 1)T [jn(T )]2

for n = 1, 2, . . . and all T > 0. From this monotonicity, together with (3.90) for
n = 0 and n = 1, it is now obvious that

sup
T>0

n=0,1,2,...

1

T

∫ T

0
t2[jn(t)]2dt < ∞. (3.91)

For the proof of the theorem, we first observe that any entire solution v of the
Helmholtz equation can be expanded in a series

v(x) = 4π
∞∑
n=0

n∑
m=−n

in amn jn(k|x|) Ym
n

(
x

|x|
)

(3.92)

and the series converges uniformly on compact subsets of IR3. This follows from
Green’s representation formula (2.5) for v in a ball with radius R and center at
the origin and inserting the addition theorem (2.43) with the roles of x and y

interchanged, that is,

Φ(x, y) = ik

∞∑
n=0

n∑
m=−n

jn(k|x|) Ym
n

(
x

|x|
)

h(1)n (k|y|) Ym
n

(
y

|y|
)
, |x| < |y|.

Since the expansion derived for two different radii represents the same function in
the ball with the smaller radius, the coefficients amn do not depend on the radius
R. Because of the uniform convergence, we can integrate term by term and use the
orthonormality of the Ym

n to find that

1

R

∫
|x|≤R

|v(x)|2dx = 16π2

R

∞∑
n=0

∫ R

0
r2[jn(kr)]2dr

n∑
m=−n

∣∣amn ∣∣2 . (3.93)

Now assume that v satisfies

1

R

∫
|x|≤R

|v(x)|2dx ≤ C

for all R > 0 and some constant C > 0. This, by (3.93), implies that

16π2

R

N∑
n=0

∫ R

0
r2[jn(kr)]2dr

n∑
m=−n

∣∣amn ∣∣2 ≤ C
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for all R > 0 and all N ∈ IN. Hence, by first passing to the limit R → ∞ with the
aid of (3.90) and then letting N → ∞ we obtain

∞∑
n=0

n∑
m=−n

∣∣amn ∣∣2 ≤ k2C

8π2
.

Therefore,

g :=
∞∑
n=0

n∑
m=−n

amn Ym
n

defines a function g ∈ L2(S2). From the Jacobi–Anger expansion (2.46) and the
addition theorem (2.30), that is, from

eik x·d = 4π
∞∑
n=0

n∑
m=−n

in jn(k|x|) Ym
n

(
x

|x|
)

Ym
n (d)

we now derive

∫
S2

g(d)eik x·dds(d) = 4π
∞∑
n=0

n∑
m=−n

in amn jn(k|x|) Ym
n

(
x

|x|
)

= v(x)

for all x ∈ IR3, that is, we have shown that v can be represented in the form (3.66).
Conversely, for a given g ∈ L2(S2) we have an expansion

g =
∞∑
n=0

n∑
m=−n

amn Ym
n ,

where, by Parseval’s equality, the coefficients satisfy

‖g‖2
L2(S2)

=
∞∑
n=0

n∑
m=−n

∣∣amn ∣∣2 < ∞. (3.94)

Then for the entire solution v to the Helmholtz equation defined by

v(x) :=
∫
S2

eik x·dg(d) ds(d), x ∈ IR3,

we again see by the Jacobi–Anger expansion that

v(x) = 4π
∞∑
n=0

n∑
m=−n

in amn jn(k|x|) Ym
n

(
x

|x|
)

(3.95)
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and from (3.91), (3.93), and (3.95) we conclude that the growth condition (3.89) is
fulfilled for v. The proof is now complete. ��

With the help of (3.91), we observe that the series (3.93) has a convergent
majorant independent of R. Hence, it is uniformly convergent for all R > 0 and
we may interchange the limit R → ∞ with the series and use (3.90) and (3.94) to
obtain that for the Herglotz wave function v with kernel g we have

lim
R→∞

1

R

∫
|x|≤R

|v(x)|2dx = 8π2

k2 ‖g‖2
L2(S2)

.

3.5 The Two-Dimensional Case

The scattering from infinitely long cylindrical obstacles leads to exterior boundary
value problems for the Helmholtz equation in IR2. The two-dimensional case can be
used as an approximation for the scattering from finitely long cylinders, and more
important, it can serve as a model case for testing numerical approximation schemes
in direct and inverse scattering. Without giving much of the details, we would like
to show how all the results of this chapter remain valid in two dimensions after
appropriate modifications of the fundamental solution, the radiation condition, and
the spherical wave functions.

We note that in two dimensions there exist two linearly independent spherical
harmonics of order n which can be represented by e±inϕ . Correspondingly, looking
for solutions to the Helmholtz equation of the form

u(x) = f (kr) e±inϕ

in polar coordinates (r, ϕ) leads to the Bessel differential equation

t2f ′′(t) + tf ′(t) + [t2 − n2]f (t) = 0 (3.96)

with integer order n = 0, 1, . . . . The analysis of the Bessel equation which is
required for the study of the two-dimensional Helmholtz equation, in particular
the asymptotics of the solutions for large argument, is more involved than the
corresponding analysis for the spherical Bessel equation (2.31). Therefore, here
we will list only the relevant results without proofs. For a concise treatment of
the Bessel equation for the purpose of scattering theory, we refer to Colton [86]
or Lebedev [293].

By direct calculations and the ratio test, we can easily verify that for n =
0, 1, 2, . . . the functions

Jn(t) :=
∞∑
p=0

(−1)p

p! (n + p)!
(
t

2

)n+2p

(3.97)
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represent solutions to Bessel’s equation which are analytic for all t ∈ IR and these
are known as Bessel functions of order n. As opposed to the spherical Bessel
equation, here it is more complicated to construct a second linearly independent
solution. Patient, but still straightforward, calculations together with the ratio test
show that

Yn(t) := 2

π

{
ln

t

2
+ C

}
Jn(t) − 1

π

n−1∑
p=0

(n − 1 − p)!
p!

(
2

t

)n−2p

− 1

π

∞∑
p=0

(−1)p

p! (n + p)!
(
t

2

)n+2p

{ψ(p + n) + ψ(p)}
(3.98)

for n = 0, 1, 2, . . . provide solutions to Bessel’s equation which are analytic for all
t ∈ (0,∞). Here, we define ψ(0) := 0,

ψ(p) :=
p∑

m=1

1

m
, p = 1, 2, . . . ,

let

C := lim
p→∞

{
p∑

m=1

1

m
− lnp

}

denote Euler’s constant, and if n = 0 the finite sum in (3.98) is set equal to zero. The
functions Yn are called Neumann functions of order n and the linear combinations

H(1,2)
n := Jn ± iYn

are called Hankel functions of the first and second kind of order n respectively.
From the series representation (3.97) and (3.98), by equating powers of t , it is

readily verified that both fn = Jn and fn = Yn satisfy the recurrence relation

fn+1(t) + fn−1(t) = 2n

t
fn(t), n = 1, 2, . . . . (3.99)

Straightforward differentiation of the series (3.97) and (3.98) shows that both fn =
Jn and fn = Yn satisfy the differentiation formulas

fn+1(t) = −tn
d

dt

{
t−nfn(t)

}
, n = 0, 1, 2, . . . , (3.100)

and
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tnfn−1(t) = d

dt

{
tnfn(t)

}
, n = 1, 2, . . . . (3.101)

The Wronskian

W(Jn(t), Yn(t)) := Jn(t)Y
′
n(t) − Yn(t)J

′
n(t)

satisfies

W ′ + 1

t
W = 0.

Therefore, W(Jn(t), Yn(t)) = C/t for some constant C and by passing to the limit
t → 0 it follows that

Jn(t)Y
′
n(t) − J ′

n(t)Yn(t) = 2

πt
. (3.102)

From the series representation of the Bessel and Neumann functions, it is
obvious that

Jn(t) = tn

2n n!
(

1 + O

(
1

n

))
, n → ∞, (3.103)

uniformly on compact subsets of IR and

H(1)
n (t) = 2n(n − 1)!

πitn

(
1 + O

(
1

n

))
, n → ∞, (3.104)

uniformly on compact subsets of (0,∞).
For large arguments, we have the following asymptotic behavior of the Hankel

functions

H(1,2)
n (t) =

√
2

πt
e±i(t− nπ

2 − π
4 )
{

1 + O

(
1

t

)}
, t → ∞,

H (1,2)′
n (t) =

√
2

πt
e±i(t− nπ

2 + π
4 )
{

1 + O

(
1

t

)}
, t → ∞.

(3.105)

For a proof, we refer to Lebedev [293]. Taking the real and the imaginary part of
(3.105) we also have asymptotic formulas for the Bessel and Neumann functions.

Now we have listed all the necessary tools for carrying over the analysis of
Chaps. 2 and 3 for the Helmholtz equation from three to two dimensions. The
fundamental solution to the Helmholtz equation in two dimensions is given by
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Φ(x, y) := i

4
H

(1)
0 (k|x − y|), x �= y. (3.106)

For fixed y ∈ IR2, it satisfies the Helmholtz equation in IR2 \ {y}. From the
expansions (3.97) and (3.98), we deduce that

Φ(x, y) = 1

2π
ln

1

|x − y| + i

4
− 1

2π
ln

k

2
− C

2π
+ O

(
|x − y|2 ln

1

|x − y|
)

(3.107)
for |x − y| → 0. Therefore, the fundamental solution to the Helmholtz equation
in two dimensions has the same singular behavior as the fundamental solution of
Laplace’s equation. As a consequence, Green’s formula (2.5) and the jump relations
and regularity results on single- and double-layer potentials of Theorems 3.1 and 3.3
can be carried over to two dimensions. From (3.107) we note that, in contrast to
three dimensions, the fundamental solution does not converge for k → 0 to the
fundamental solution for the Laplace equation. This leads to some difficulties in the
investigation of the convergence of the solution to the exterior Dirichlet problem as
k → 0 (see Werner [424] and Kress [261]).

In IR2 the Sommerfeld radiation condition has to be replaced by

lim
r→∞

√
r

(
∂u

∂r
− iku

)
= 0, r = |x|, (3.108)

uniformly for all directions x/|x|. From (3.105) it is obvious that the fundamental
solution satisfies the radiation condition uniformly with respect to y on compact
sets. Therefore, Green’s representation formula (2.9) can be shown to be valid for
two-dimensional radiating solutions. According to the form (3.108) of the radiation
condition, the definition of the far field pattern (2.13) has to be replaced by

u(x) = eik|x|
√|x|

{
u∞(x̂) + O

(
1

|x|
)}

, |x| → ∞, (3.109)

and, due to (3.105), the representation (2.14) has to be replaced by

u∞(x̂) = ei
π
4√

8πk

∫
∂D

{
u(y)

∂e−ik x̂·y

∂ν(y)
− ∂u

∂ν
(y) e−ik x̂·y

}
ds(y) (3.110)

for |x̂| = x/|x|. We explicitly write out the addition theorem

H
(1)
0 (k|x−y|) = H

(1)
0 (k|x|) J0(k|y|)+2

∞∑
n=1

H(1)
n (k|x|) Jn(k|y|) cos nθ (3.111)

which is valid for |x| > |y| in the sense of Theorem 2.11 and where θ denotes the
angle between x and y. The proof is analogous to that of Theorem 2.11. We note that
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the entire spherical wave functions in IR2 are given by Jn(kr)e
±inϕ and the radiating

spherical wave functions by H
(1)
n (kr)e±inϕ . Similarly, the Jacobi–Anger expansion

(2.46) assumes the form

eik x·d = J0(k|x|) + 2
∞∑
n=1

in Jn(k|x|) cos nθ, x ∈ IR2. (3.112)

With all these prerequisites, it is left as an exercise to establish that, with minor
adjustments in the proofs, all the results of Sects. 2.5, 3.2, and 3.4 remain valid in
two dimensions.

3.6 On the Numerical Solution in IR2

We would like to include in our presentation an advertisement for what we
think is the most efficient method for the numerical solution of the boundary
integral equations for two-dimensional problems. Since it seems to be safe to
state that the boundary curves in most practical applications are either analytic
or piecewise analytic with corners, we restrict our attention to approximation
schemes which are the most appropriate under these regularity assumptions. We
begin with the analytic case where we recommend the Nyström method based
on weighted trigonometric interpolation quadratures on an equidistant mesh. To
support our preference for using trigonometric polynomial approximations we
quote from Atkinson [20]: . . . the most efficient numerical methods for solving
boundary integral equations on smooth planar boundaries are those based on
trigonometric polynomial approximations, and such methods are sometimes called
spectral methods. When calculations using piecewise polynomial approximations
are compared with those using trigonometric polynomial approximations, the latter
are almost always the more efficient.

We first describe the necessary parametrization of the integral equation (3.29)
in the two-dimensional case. We assume that the boundary curve ∂D possesses a
regular analytic and 2π -periodic parametric representation of the form

x(t) = (x1(t), x2(t)), 0 ≤ t ≤ 2π, (3.113)

in counterclockwise orientation satisfying |x′(t)|2 > 0 for all t . Then, by straight-
forward calculations using H

(1)
1 = −H

(1)′
0 , we transform (3.29) into the parametric

form

ψ(t) −
∫ 2π

0
{L(t, τ ) + iηM(t, τ )}ψ(τ) dτ = g(t), 0 ≤ t ≤ 2π,

where we have set ψ(t) := ϕ(x(t)), g(t) := 2f (x(t)), and the kernels are given by
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L(t, τ ) := ik

2
{x′

2(τ )[x1(τ )−x1(t)]−x′
1(τ )[x2(τ )−x2(t)]} H

(1)
1 (k|x(t) − x(τ)|)

|x(t)−x(τ)| ,

M(t, τ ) := i

2
H

(1)
0 (k|x(t) − x(τ)|) |x′(τ )|

for t �= τ . From the expansion (3.98) for the Neumann functions, we see that the
kernels L and M have logarithmic singularities at t = τ . Hence, for their proper
numerical treatment, following Martensen [310] and Kussmaul [284], we split the
kernels into

L(t, τ ) = L1(t, τ ) ln

(
4 sin2 t − τ

2

)
+ L2(t, τ ),

M(t, τ ) = M1(t, τ ) ln

(
4 sin2 t − τ

2

)
+ M2(t, τ ),

where

L1(t, τ ) := k

2π
{x′

2(τ )[x1(t)−x1(τ )]−x′
1(τ )[x2(t)−x2(τ )]} J1(k|x(t)−x(τ)|)

|x(t)−x(τ)| ,

L2(t, τ ) := L(t, τ ) − L1(t, τ ) ln

(
4 sin2 t − τ

2

)
,

M1(t, τ ) := − 1

2π
J0(k|x(t) − x(τ)|) |x′(τ )|,

M2(t, τ ) := M(t, τ ) − M1(t, τ ) ln

(
4 sin2 t − τ

2

)
.

The kernels L1, L2,M1, and M2 turn out to be analytic. In particular, using the
expansions (3.97) and (3.98) we can deduce the diagonal terms

L2(t, t) = L(t, t) = 1

2π

x′
1(t)x

′′
2 (t) − x′

2(t)x
′′
1 (t)

|x′(t)|2

and

M2(t, t) =
{
i

2
− C

π
− 1

π
ln

(
k

2
|x′(t)|}

)}
|x′(t)|

for 0 ≤ t ≤ 2π . We note that despite the continuity of the kernel L, for numerical
accuracy it is advantageous to separate the logarithmic part of L since the derivatives
of L fail to be continuous at t = τ .
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Hence, we have to numerically solve an integral equation of the form

ψ(t) −
∫ 2π

0
K(t, τ )ψ(τ) dτ = g(t), 0 ≤ t ≤ 2π, (3.114)

where the kernel can be written in the form

K(t, τ ) = K1(t, τ ) ln

(
4 sin2 t − τ

2

)
+ K2(t, τ ) (3.115)

with analytic functions K1 and K2 and with an analytic right-hand side g. Here we
wish to point out that it is essential to split off the logarithmic singularity in a fashion
which preserves the 2π -periodicity for the kernels K1 and K2.

For the numerical solution of integral equations of the second kind, in principle,
there are three basic methods available, the Nyström method, the collocation method,
and the Galerkin method. In the case of one-dimensional integral equations, the
Nyström method is more practical than the collocation and Galerkin methods
since it requires the least computational effort. In each of the three methods,
the approximation requires the solution of a finite dimensional linear system. In
the Nyström method, for the evaluation of each of the matrix elements of this
linear system only an evaluation of the kernel function is needed, whereas in the
collocation and Galerkin methods the matrix elements are single or double integrals
demanding numerical quadratures. In addition, the Nyström method is generically
stable in the sense that it preserves the condition of the integral equation whereas
in the collocation and Galerkin methods the condition can be disturbed by a poor
choice of the basis (see [268]).

In the case of integral equations for periodic analytic functions, using global
approximations via trigonometric polynomials is superior to using local approxima-
tions via low order polynomial splines since the trigonometric approximations yield
much better convergence. By choosing the appropriate basis, the computational
effort for the global approximation is comparable to that for local approximations.

The Nyström method consists in the straightforward approximation of the
integrals by quadrature formulas. In our case, for the 2π -periodic integrands, we
choose an equidistant set of knots tj := πj/n, j = 0, . . . , 2n − 1, and use the
quadrature rule

∫ 2π

0
ln

(
4 sin2 t − τ

2

)
f (τ)dτ ≈

2n−1∑
j=0

R
(n)
j (t)f (tj ), 0 ≤ t ≤ 2π, (3.116)

with the quadrature weights given by

R
(n)
j (t) := −2π

n

n−1∑
m=1

1

m
cosm(t − tj ) − π

n2
cos n(t − tj ), j = 0, . . . , 2n − 1,
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and the trapezoidal rule

∫ 2π

0
f (τ)dτ ≈ π

n

2n−1∑
j=0

f (tj ). (3.117)

Both these numerical integration formulas are obtained by replacing the integrand
f by its trigonometric interpolation polynomial and then integrating exactly. The
quadrature formula (3.116) was first used by Martensen [310] and Kussmaul [284].
Provided f is analytic, according to derivative-free error estimates for the remainder
term in trigonometric interpolation for periodic analytic functions (see [258, 268]),
the errors for the quadrature rules (3.116) and (3.117) decrease at least exponentially
when the number 2n of knots is increased. More precisely, the error is of order
O(exp(−nσ)) where σ denotes half of the width of a parallel strip in the complex
plane into which the real analytic function f can be holomorphically extended.

Of course, it is also possible to use quadrature rules different from (3.116)
and (3.117) obtained from other approximations for the integrand f . However,
due to their simplicity and high approximation order we strongly recommend the
application of (3.116) and (3.117).

In the Nyström method, the integral equation (3.114) is replaced by the approxi-
mating equation

ψ(n)(t) −
2n−1∑
j=0

{
R

(n)
j (t)K1(t, tj ) + π

n
K2(t, tj )

}
ψ(n)(tj ) = g(t) (3.118)

for 0 ≤ t ≤ 2π . Equation (3.118) is obtained from (3.114) by applying the
quadrature rule (3.116) to f = K1(t, .)ψ and (3.117) to f = K2(t, .)ψ .
The solution of (3.118) reduces to solving a finite dimensional linear system. In
particular, for any solution of (3.118) the values ψ(n)

i = ψ(n)(ti), i = 0, . . . , 2n−1,
at the quadrature points trivially satisfy the linear system

ψ
(n)
i −

2n−1∑
j=0

{
R

(n)
|i−j |K1(ti , tj ) + π

n
K2(ti , tj )

}
ψ

(n)
j = g(ti), i = 0, . . . , 2n − 1,

(3.119)
where

R
(n)
j := R

(n)
j (0) = −2π

n

n−1∑
m=1

1

m
cos

mjπ

n
− (−1)jπ

n2 , j = 0, . . . , 2n − 1.

Conversely, given a solution ψ
(n)
i , i = 0, . . . , 2n − 1, of the system (3.119), the

function ψ(n) defined by
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ψ(n)(t) :=
2n−1∑
j=0

{
R

(n)
j (t)K1(t, tj ) + π

n
K2(t, tj )

}
ψ

(n)
j + g(t), 0 ≤ t ≤ 2π,

(3.120)

is readily seen to satisfy the approximating equation (3.118). The formula (3.120)
may be viewed as a natural interpolation of the values ψ

(n)
i , i = 0, . . . , 2n − 1, at

the quadrature points to obtain the approximating function ψ(n) and goes back to
Nyström.

For the solution of the large linear system (3.119), we recommend the use of the
fast iterative two-grid or multi-grid methods as described in [268] or, in more detail,
in [164].

Provided the integral equation (3.114) itself is uniquely solvable and the kernels
K1 and K2 and the right-hand side g are continuous, a rather involved error analysis
(for the details we refer to [263, 268]) shows that

1. the approximating linear system (3.119), i.e., the approximating equation
(3.118), is uniquely solvable for all sufficiently large n;

2. as n → ∞ the approximate solutions ψ(n) converge uniformly to the solution ψ

of the integral equation;
3. the convergence order of the quadrature errors for (3.116) and (3.117) carries

over to the error ψ(n) − ψ .

The latter, in particular, means that in the case of analytic kernels K1 and K2 and
analytic right-hand sides g the approximation error decreases exponentially, i.e.,
there exist positive constants C and σ such that

|ψ(n)(t) − ψ(t)| ≤ C e−nσ , 0 ≤ t ≤ 2π, (3.121)

for all n. In principle, the constants in (3.121) are computable but usually they are
difficult to evaluate. In most practical cases, it is sufficient to judge the accuracy of
the computed solution by doubling the number 2n of knots and then comparing the
results for the coarse and the fine grid with the aid of the exponential convergence
order, i.e., by the fact that doubling the number 2n of knots will double the number
of correct digits in the approximate solution.

For a numerical example, we consider the scattering of a plane wave by a cylinder
with a non-convex kite-shaped cross section with boundary ∂D illustrated in Fig. 3.1
and described by the parametric representation

x(t) = (cos t + 0.65 cos 2t − 0.65, 1.5 sin t), 0 ≤ t ≤ 2π.

From the asymptotics (3.105) for the Hankel functions, analogous to (3.110) it
can be deduced that the far field pattern of the combined potential (3.28) in two
dimensions is given by
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Fig. 3.1 Kite-shaped domain for numerical example

Table 3.1 Numerical results for Nyström’s method

n Re u∞(d) Im u∞(d) Re u∞(−d) Im u∞(−d)

k = 1 8 −1.62642413 0.60292714 1.39015283 0.09425130

16 −1.62745909 0.60222343 1.39696610 0.09499454

32 −1.62745750 0.60222591 1.39694488 0.09499635

64 −1.62745750 0.60222591 1.39694488 0.09499635

k = 5 8 −2.30969119 1.52696566 −0.30941096 0.11503232

16 −2.46524869 1.67777368 −0.19932343 0.06213859

32 −2.47554379 1.68747937 −0.19945788 0.06015893

64 −2.47554380 1.68747937 −0.19945787 0.06015893

u∞(x̂) = e−i π4√
8πk

∫
∂D

{k ν(y) · x̂ + η}e−ik x̂·yϕ(y) ds(y), |x̂| = 1, (3.122)

which can be evaluated again by the trapezoidal rule after solving the integral
equation for ϕ. Table 3.1 gives some approximate values for the far field pattern
u∞(d) and u∞(−d) in the forward direction d and the backward direction −d.
The direction d of the incident wave is d = (1, 0) and, as recommended in [259],
the coupling parameter is η = k. Note that the exponential convergence is clearly
exhibited.

The corresponding quadrature method including its error and convergence
analysis for the Neumann boundary condition has been described by Kress [264].

For domains D with corners, a uniform mesh yields only poor convergence and
therefore has to be replaced by a graded mesh. We suggest to base this grading upon
the idea of substituting an appropriate new variable and then using the Nyström
method as described above for the transformed integral equation. With a suitable
choice for the substitution, this will lead to high order convergence.

Without loss of generality, we confine our presentation to a boundary curve ∂D

with one corner at the point x0 and assume ∂D\{x0} to be C2 and piecewise analytic.
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We do not allow cusps in our analysis, i.e., the angle γ at the corner is assumed to
satisfy 0 < γ < 2π .

Using the fundamental solution

Φ0(x, y) := 1

2π
ln

1

|x − y| , x �= y,

to the Laplace equation in IR2 to subtract a vanishing term, we rewrite the combined
double- and single-layer potential (3.28) in the form

u(x) =
∫
∂D

[{
∂Φ(x, y)

∂ν(y)
− iηΦ(x, y)

}
ϕ(y) − ∂Φ0(x, y)

∂ν(y)
ϕ(x0)

]
ds(y)

for x ∈ IR2 \ D̄. This modification is notationally advantageous for the corner case
and it makes the error analysis for the Nyström method work. The integral equation
(3.29) now becomes

ϕ(x) − ϕ(x0) + 2
∫
∂D

{
∂Φ(x, y)

∂ν(y)
− iηΦ(x, y)

}
ϕ(y) ds(y)

− 2
∫
∂D

∂Φ0(x, y)

∂ν(y)
ϕ(x0) ds(y) = 2f (x), x ∈ ∂D.

(3.123)

Despite the corner at x0, there is no change in the residual term in the jump relations
since the density ϕ − ϕ(x0) of the leading term in the singularity vanishes at the
corner. However, the kernel of the integral equation (3.123) at the corner no longer
remains weakly singular. For a C2 boundary, the weak singularity of the kernel of
the double-layer operator rests on the inequality

|ν(y) · (x − y)| ≤ L|x − y|2, x, y ∈ ∂D, (3.124)

for some positive constant L. This inequality expresses the fact that the vector x−y

for x close to y is almost orthogonal to the normal vector ν(y). For a proof, we refer
to [104]. However, in the vicinity of a corner (3.124) does not remain valid.

After splitting off the operator K0 : C(∂D) → C(∂D) defined by

(K0ϕ)(x) := 2
∫
∂D

∂Φ0(x, y)

∂ν(y)
[ϕ(y) − ϕ(x0)] ds(y), x ∈ ∂D,

from (3.107) we see that the remaining integral operator in (3.123) has a weakly
singular kernel and therefore is compact. For the further investigation of the non-
compact part K0, we choose a sufficiently small positive number r and denote the
two arcs of the boundary ∂D contained in the disk of radius r and center at the
corner x0 by A and B (see Fig. 3.2). These arcs intersect at x0 with an angle γ and
without loss of generality we restrict our presentation to the case where γ < π . By
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ν
∂D

x0

x

γ
α

A

B

D

Fig. 3.2 Domain with a corner

elementary geometry and continuity, we can assume that r is chosen such that both
A and B have length less than 2r and for the angle α(x, B) between the two straight
lines connecting the points x ∈ A\{x0} with the two endpoints of the arc B we have

0 < α(x, B) ≤ π − 1

2
γ, x ∈ A \ x0,

and analogously with the roles of A and B interchanged. For the sake of brevity,
we confine ourselves to the case where the boundary ∂D in a neighborhood of the
corner x0 consists of two straight lines intersecting at x0. Then we can assume that
r is chosen such that the function (x, y) �→ ν(y) · (y − x) does not change its sign
for all (x, y) ∈ A×B and all (x, y) ∈ B ×A. Finally, for the two C2 arcs A and B,
there exists a constant L independent of r such that the estimate (3.124) holds for
all (x, y) ∈ A × A and all (x, y) ∈ B × B.

We now choose a continuous cut-off function ψ : IR2 → [0, 1] such that
ψ(x)= 1 for 0 ≤ |x − x0| ≤ r/2, ψ(x) = 0 for r ≤ |x − x0| < ∞ and define
K0,r : C(∂D) → C(∂D) by

K0,rϕ := ψ K0(ψϕ).

Then, the kernel of K0 − K0,r vanishes in a neighborhood of (x0, x0) and therefore
is weakly singular.

We introduce the norm

‖ϕ‖∞,0 := max
x∈∂D |ϕ(x) − ϕ(x0)| + |ϕ(x0)|,

which obviously is equivalent to the maximum norm. We now show that r can be
chosen such that ‖K0,r‖∞,0 < 1. Then, by the Neumann series, the operator I+K0,r
has a bounded inverse and the results of the Riesz–Fredholm theory are available for
the corner integral equation (3.123).

By our assumptions on the choice of r , we can estimate

|(K0,rϕ)(x0)| ≤ 4Lr

π
‖ϕ‖∞,0 (3.125)
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since (3.124) holds for x = x0 and all y ∈ A ∪ B. For x ∈ A \ {x0} we split
the integral into the parts over A and over B and evaluate the second one by using
Green’s integral theorem and our assumptions on the geometry to obtain

2
∫
B

∣∣∣∣∂Φ0(x, y)

∂ν(y)

∣∣∣∣ ds(y) = 2

∣∣∣∣
∫
B

∂Φ0(x, y)

∂ν(y)
ds(y)

∣∣∣∣ = α(x, B)

π
, x ∈ A \ {x0},

and consequently

|(K0,rϕ)(x)| ≤
{

2Lr

π
+ 1 − γ

2π

}
‖ϕ‖∞,0, (3.126)

which by symmetry is valid for all x ∈ A ∪ B \ {x0}. Summarizing, from the
inequalities (3.125) and (3.126) we deduce that we can choose r small enough such
that ‖K0,r‖∞,0 < 1. For an analysis for more general domains with corners we refer
to Ruland [380] and the literature therein.

The above analysis establishes the existence of a continuous solution to the
integral equation (3.123). However, due to the singularities of elliptic boundary
value problems in domains with corners (see [155]), this solution will have
singularities in the derivatives at the corner. To take proper care of this corner
singularity, we replace our equidistant mesh by a graded mesh through substituting
a new variable in such a way that the derivatives of the new integrand vanish up to a
certain order at the endpoints and then use the quadrature rules (3.116) and (3.117)
for the transformed integrals.

We describe this numerical quadrature rule for the integral
∫ 2π

0 f (t) dt where the
integrand f is analytic in (0, 2π) but has singularities at the endpoints t = 0 and t =
2π . Let the function w : [0, 2π ] → [0, 2π ] be one-to-one, strictly monotonically
increasing and infinitely differentiable. We assume that the derivatives of w at the
endpoints t = 0 and t = 2π vanish up to an order p ∈ IN. We then substitute
t = w(s) to obtain

∫ 2π

0
f (t) dt =

∫ 2π

0
w′(s) f (w(s)) ds.

Applying the trapezoidal rule to the transformed integral now yields the quadrature
formula

∫ 2π

0
f (t) dt ≈ π

n

2n−1∑
j=1

aj f (sj ) (3.127)

with the weights and mesh points given by

aj = w′
(
jπ

n

)
, sj = w

(
jπ

n

)
, j = 1, . . . , 2n − 1.
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A typical example for such a substitution is given by

w(s) = 2π
[v(s)]p

[v(s)]p + [v(2π − s)]p , 0 ≤ s ≤ 2π, (3.128)

where

v(s) =
(

1

p
− 1

2

)(
π − s

π

)3

+ 1

p

s − π

π
+ 1

2

and p ≥ 2. Note that the cubic polynomial v is chosen such that v(0) = 0, v(2π)= 1
and w′(π) = 2. The latter property ensures, roughly speaking, that one half of the
grid points is equally distributed over the total interval, whereas the other half is
accumulated towards the two end points.

For an error analysis for the quadrature rule (3.127) with substitutions of the form
described above and using the Euler–MacLaurin expansion, we refer to Kress [262].
Assume f is 2q +1-times continuously differentiable on (0, 2π) such that for some
0 < α < 1 with αp ≥ 2q + 1 the integrals

∫ 2π

0

[
sin

t

2

]m−α

|f (m)(t)| dt

exist for m = 0, 1, . . . , 2q+1. The error E(n)(f ) in the quadrature (3.127) can then
be estimated by

|E(n)(f )| ≤ C

n2q+1
(3.129)

with some constant C. Thus, by choosing p large enough, we can obtain almost
exponential convergence behavior.

For the numerical solution of the corner integral equation (3.123), we choose a
parametric representation of the form (3.113) such that the corner x0 corresponds to
the parameter t = 0 and rewrite (3.123) in the parameterized form

ψ(t) − ψ(0) −
∫ 2π

0
K(t, τ )ψ(τ) dτ

−
∫ 2π

0
H(t, τ )ψ(0) dτ = g(t), 0 ≤ t ≤ 2π,

(3.130)

where K is given as above in the analytic case and where

H(t, τ ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

π

x′
2(τ )[x1(t) − x1(τ )] − x′

1(τ )[x2(t) − x2(τ )]
|x(t) − x(τ)|2 , t �= τ,

1

π

x′
2(t)x

′′
1 (t) − x′

1(t)x
′′
2 (t)

|x′(t)|2 , t = τ, t �= 0, 2π,
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corresponds to the additional term in (3.123). For the numerical solution of the
integral equation (3.130) by Nyström’s method on the graded mesh, we also have
to take into account the logarithmic singularity. We set t = w(s) and τ = w(σ) to
obtain

∫ 2π

0
K(t, τ ) ψ(τ) dτ =

∫ 2π

0
K(w(s),w(σ)) w′(σ )ψ(w(σ)) dσ

and then write

K(w(s),w(σ)) = K̃1(s, σ ) ln

(
4 sin2 s − σ

2

)
+ K̃2(s, σ ).

This decomposition is related to (3.115) by

K̃1(s, σ ) = K1(w(s), w(σ))

and

K̃2(s, σ ) = K(w(s),w(σ)) − K̃1(s, σ ) ln

(
4 sin2 s − σ

2

)
, s �= σ.

From

K2(s, s) = lim
σ→s

[
K(s, σ ) − K1(s, σ ) ln

(
4 sin2 s − σ

2

)]
,

we deduce the diagonal term

K̃2(s, s) = K2(w(s), w(s)) + 2 lnw′(s)K1(w(s), w(s)).

Now, proceeding as in the derivation of (3.119), for the approximate values
ψ

(n)
i = ψ(n)(si) at the quadrature points si for i = 1, . . . , 2n−1 and ψ

(n)
0 = ψ(n)(0)

at the corner s0 = 0 we arrive at the linear system

ψ
(n)
i − ψ

(n)
0 −

2n−1∑
j=1

{
R

(n)
|i−j |K̃1(si, sj ) + π

n
K̃2(si, sj )

}
aj ψ

(n)
j

−
2n−1∑
j=1

π

n
H(si, sj ) aj ψ

(n)
0 = g(si), i = 0, . . . , 2n − 1.

(3.131)
A rigorous error analysis carrying over the error behavior (3.129) to the approximate
solution of the integral equation obtained from (3.131) for the potential theoretic
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Fig. 3.3 Drop-shaped domain for numerical example

Table 3.2 Nyström’s method for a domain with corner

n Re u∞(d) Im u∞(d) Re u∞(−d) Im u∞(−d)

k = 1 16 −1.28558226 0.30687170 −0.53002440 −0.41033666

32 −1.28549613 0.30686638 −0.53020518 −0.41094518

64 −1.28549358 0.30686628 −0.53021014 −0.41096324

128 −1.28549353 0.30686627 −0.53021025 −0.41096364

k = 5 16 −1.73779647 1.07776749 −0.18112826 −0.20507986

32 −1.74656264 1.07565703 −0.19429063 −0.19451172

64 −1.74656303 1.07565736 −0.19429654 −0.19453324

128 −1.74656304 1.07565737 −0.19429667 −0.19453372

case k = 0 has been worked out by Kress [262]. Related substitution methods have
been considered by Jeon [218] and by Elliott and Prössdorf [136, 137].

For a numerical example, we used the substitution (3.128) with order p = 8. We
consider a drop-shaped domain with the boundary curve ∂D illustrated by Fig. 3.3
and given by the parametric representation

x(t) = (2 sin
t

2
, − sin t), 0 ≤ t ≤ 2π.

It has a corner at t = 0 with interior angle γ = π/2. The direction d of the incoming
plane wave and the coupling parameter η are chosen as in our previous example.
Table 3.2 clearly exhibits the fast convergence of the method.

3.7 On the Numerical Solution in IR3

In three dimensions, for the numerical solution of the boundary integral equation
(3.29) the Nyström, collocation, and Galerkin methods are still available. However,
for surface integral equations we have to modify our statements on comparing the
efficiency of the three methods. Firstly, there is no straightforward simple quadrature



3.7 On the Numerical Solution in IR3 103

rule analogous to (3.116) available that deals appropriately with the singularity
of the three-dimensional fundamental solution. Hence, the Nyström method loses
some of its attraction. Secondly, for the surface integral equations there is no
immediate choice for global approximations like the trigonometric polynomials in
the one-dimensional periodic case. Therefore, local approximations by low order
polynomial splines have been more widely used and the collocation method is the
most important numerical approximation method. To implement the collocation
method, the boundary surface is first subdivided into a finite number of segments,
like curved triangles and squares. The approximation space is then chosen to consist
of low order polynomial splines with respect to these surface elements. The simplest
choices are piecewise constants or piecewise linear functions. Within each segment,
depending on the degree of freedom in the chosen splines, a number of collocation
points is selected. Then, the integrals for the matrix elements in the collocation
system are evaluated using numerical integration. Due to the weak singularity of
the kernels, the calculation of the improper integrals for the diagonal elements of
the matrix, where the collocation points and the surface elements coincide, needs
special attention. For a detailed description of this so-called boundary element
method we refer to Rjasanow and Steinbach [376] and to Sauter and Schwab [385].

Besides these local approximations via boundary elements there are also global
approaches available in the sense of spectral methods. For surfaces which can be
mapped onto spheres, Atkinson [19] has developed a Galerkin method for the
Laplace equation using spherical harmonics as the counterpart of the trigonomet-
ric polynomials. This method has been extended to the Helmholtz equation by
Lin [304]. Based on spherical harmonics and transforming the boundary surface
to a sphere as in Atkinson’s method, Wienert [427] has developed a Nyström
type method for the boundary integral equations for three-dimensional Helmholtz
problems which exhibits exponential convergence for analytic boundary surfaces.
Wienert’s method has been further developed into a fully discrete Galerkin type
method through the work of Ganesh, Graham, and Sloan [143, 153]. We conclude
this chapter by introducing the main ideas of this method.

We begin by describing a numerical quadrature scheme for the integration of
analytic functions over closed analytic surfaces Γ in IR3 which are homeomorphic
to the unit sphere S2 and then we proceed to corresponding quadratures for acoustic
single- and double-layer potentials. To this end, we first introduce a suitable
projection operator QN onto the linear space HN−1 of all spherical harmonics of
order less than N . We denote by −1 < t1 < t2 < · · · < tN < 1 the zeros of the
Legendre polynomial PN (the existence of N distinct zeros of PN in the interval
(−1, 1) is a consequence of the orthogonality relation (2.25), see [130, p. 236])
and by

αj := 2(1 − t2
j )

[NPN−1(tj )]2 , j = 1, . . . , N,
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the weights of the Gauss–Legendre quadrature rule which are uniquely determined
by the property

∫ 1

−1
p(t) dt =

N∑
j=1

αjp(tj ) (3.132)

for all polynomials p of degree less than or equal to 2N − 1 (see [131, p. 89]). We
then choose a set of points xjk on the unit sphere S

2 given in polar coordinates by

xjk := (sin θj cosϕk, sin θj sinϕk, cos θj )

for j = 1, . . . , N and k = 0, . . . , 2N − 1 where θj := arccos tj and ϕk = πk/N

and define QN : C(S2) → HN−1 by

QNf := π

N

N∑
j=1

2N−1∑
k=0

αjf (xjk)

N−1∑
n=0

n∑
m=−n

Y−m
n (xjk) Y

m
n (3.133)

where the spherical harmonics Ym
n are given by (2.28). By orthogonality we clearly

have

∫
S2

QNf Y−m
n ds = π

N

N∑
j=1

2N−1∑
k=0

αjf (xjk)Y
−m
n (xjk) (3.134)

for |m| ≤ n < N . Since the trapezoidal rule with 2N knots integrates trigonometric
polynomials of degree less than N exactly, we have

π

N

2N−1∑
k=0

Ym
n (xjk)Y

−m′
n′ (xjk) =

∫ 2π

0
Ym
n (θj , ϕ) Y

−m′
n′ (θj , ϕ) dϕ

for |m|, |m′| ≤ n < N and these integrals, in view of (2.28), vanish if m �= m′.
For m = m′, by (2.27) and (2.28), Ym

n Y−m
n′ is a polynomial of degree less than

2N in cos θ . Hence, by the property (3.132) of the Gauss–Legendre quadrature rule,
summing the previous equation we find

π

N

N∑
j=1

2N−1∑
k=0

αjY
m
n (xjk) Y

−m′
n′ (xjk) =

∫
S2

Ym
n Y−m′

n′ ds,

that is, QNYm
n = Ym

n for |m| ≤ n < N and therefore QN is indeed a projection
operator onto HN−1. We note that QN is not an interpolation operator since by
Theorem 2.7 we have dimHN−1 = N2 whereas we have 2N2 points xjk . Therefore,
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it is also called a hyperinterpolation operator. With the aid of (2.22), the addition
theorem (2.30) and (3.132) we can estimate

‖QNf ‖∞ ≤ 1

4N

N∑
j=1

2N−1∑
k=0

αj

N−1∑
n=0

(2n + 1) ‖f ‖∞ = N2‖f ‖∞

whence

‖QN‖∞ ≤ N2 (3.135)

follows. However, this straightforward estimate is suboptimal and can be improved
into

c1 N
1/2 ≤ ‖QN‖∞ ≤ c2 N

1/2 (3.136)

with positive constants c1 <c2 (see [153, 395]). For analytic functions f : S2 → C,
Wienert [427] has shown that the approximation error f − QNf decreases
exponentially, that is, there exist positive constants C and σ depending on f such
that

‖f − QNf ‖∞,S2 ≤ Ce−Nσ (3.137)

for all N ∈ IN.
Integrating the approximation QNf instead of f we obtain the so-called Gauss

trapezoidal product rule

∫
S2

f ds ≈ π

N

N∑
j=1

2N−1∑
k=0

αjf (xjk) (3.138)

for the numerical integration over the unit sphere. For analytic surfaces Γ which
can be mapped bijectively through an analytic function q : S2 → Γ onto the unit
sphere, (3.138) can also be used after the substitution

∫
Γ

g(ξ) ds(ξ) =
∫
S2

g(q(x))Jq(x) ds(x)

where Jq stands for the Jacobian of the mapping q. For analytic functions, the
exponential convergence (3.137) carries over to the quadrature (3.138).

By passing to the limit k → 0 in (2.44), with the help of (2.32) and (2.33),
we find

∫
S2

Yn(y)

|x − y| ds(y) = 4π

2n + 1
Yn(x), x ∈ S

2,



106 3 Direct Acoustic Obstacle Scattering

for spherical harmonics Yn of order n. This can be used together with the addition
formula (2.30) to obtain the approximation

∫
S2

f (y)

|x − y| ds(y) ≈ π

N

N∑
j=1

2N−1∑
k=0

αjf (xjk)

N−1∑
n=0

Pn(xjk · x), x ∈ S
2,

which again is based on replacing f by QNf . In particular, for the north pole x0 =
(0, 0, 1) this reads

∫
S2

f (y)

|x0 − y| ds(y) ≈
N∑

j=1

2N−1∑
k=0

βjf (xjk) (3.139)

where

βj := παj

N

N−1∑
n=0

Pn(tj ), j = 1, . . . , N.

The exponential convergence for analytic densities f : S
2 → C again carries

over from (3.137) to the numerical quadrature (3.139) of the harmonic single-layer
potential.

For the extension of this quadrature scheme to more general surfaces Γ , we
need to allow more general densities and we can do this without losing the rapid
convergence order. Denote by S̃

2 the cylinder

S̃
2 := {(cosϕ, sinϕ, θ) : 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π}.

Then we can identify functions defined on S̃
2 with functions on S

2 through the
mapping

(cosϕ, sinϕ, θ) �→ (sin θ cosϕ, sin θ sinϕ, cos θ)

and, loosely speaking, in the sequel we refer to functions on S̃
2 as functions

on S
2 depending on the azimuth ϕ at the poles. As Wienert [427] has shown,

the exponential convergence is still true for the application of (3.139) to analytic
functions f : S̃2 → C.

For the general surface Γ as above, we write

∫
Γ

g(η)

|q(x) − η| ds(η) =
∫
S2

F(x, y)f (y)

|x − y| ds(y),

where we have set f (y) := g(q(y))Jq(y) and

F(x, y) := |x − y|
|q(x) − q(y)| , x �= y. (3.140)
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Unfortunately, as can be seen from simple examples, the function F in general
cannot be extended as a continuous function on S

2 × S
2. However, since on the

unit sphere we have |x − y|2 = 2(1 − x · y) from the estimate (see the proof of
Theorem 2.2 in [104])

c1|x − y|2 ≤ |q(x) − q(y)|2 ≤ c2|x − y|2

which is valid for all x, y ∈ S
2 and some constants 0 < c1 < c2 it can be seen that

F(x0, ·) is analytic on S̃
2.

For ψ ∈ IR, we define the orthogonal transformations

DP (ψ) :=
⎛
⎝ cosψ − sinψ 0

sinψ cosψ 0
0 0 1

⎞
⎠ and DT (ψ) :=

⎛
⎝ cosψ 0 − sinψ

0 1 0
sinψ 0 cosψ

⎞
⎠ .

Then for x = (sin θ cosϕ, sin θ sinϕ, cos θ) ∈ S
2 the orthogonal transformation

Tx := DP (ϕ)DT (θ)DP (−ϕ)

has the property Tx x = (0, 0, 1) for x ∈ S
2. Therefore

∫
S2

F(x, y)f (y)

|x − y| ds(y) ≈
N∑

j=1

2N−1∑
k=0

βjF (x, T −1
x xjk)f (T

−1
x xjk) (3.141)

is exponentially convergent for analytic densities f in the sense of (3.137) since x

is the north pole for the set of quadrature points T −1
x xjk . It can be shown that the

exponential convergence is uniform with respect to x ∈ S
2.

By decomposing

eik|x−y|

|x − y| = cos k|x − y|
|x − y| + i

sin k|x − y|
|x − y| ,

we see that the integral equation (3.29) for the exterior Dirichlet problem is of
the form

g(ξ) −
∫
Γ

{
h1(ξ, η)

|ξ − η| + ν(η) · (ξ − η)

|ξ − η|2 h2(ξ, η) + h3(ξ, η)

}
g(η) ds(η) = w(ξ)

for ξ ∈ Γ with analytic kernels h1, h2 and h3. For our purpose of exposition, it
suffices to consider only the singular part, that is, the case when h2 = h3 = 0.
Using the substitution ξ = q(x) and η = q(y), the integral equation over Γ can be
transformed into an integral equation over S2 of the form

f (x) −
∫
S2

k(x, y)F (x, y)

|x − y| f (y) ds(y) = v(x), x ∈ S
2, (3.142)
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with the functions f, k and v appropriately defined through g, h1 and w and with F

given as in (3.140). We write A : C(S2) → C(S2) for the weakly singular integral
operator

(Af )(x) :=
∫
S2

k(x, y)F (x, y)

|x − y| f (y) ds(y), x ∈ S
2,

occurring in (3.142). By using the quadrature rule (3.141), we arrive at an
approximating quadrature operator AN : C(S2) → C(S̃2) given by

(ANf )(x) :=
N∑

j=1

2N−1∑
k=0

βjk(x, T
−1
x xjk)F (x, T −1

x xjk)f (T
−1
x xjk), x ∈ S

2.

(3.143)

We observe that the quadrature points T −1
x xjk depend on x. Therefore, we cannot

reduce the solution of the approximating equation

f̃N − ANf̃N = v (3.144)

to a linear system in the usual fashion of Nyström interpolation. A possible remedy
for this difficulty is to apply the projection operator QN a second time. For this, two
variants have been proposed. Wienert [427] suggested

f w
N − ANQNfw

N = v (3.145)

as the final approximating equation for the solution of (3.144). Analogous to the
presentation in the first edition of this book, Graham and Sloan [153] considered
solving (3.144) through the projection method with the final approximating equation
of the form

fN − QNANfN = QNv. (3.146)

As observed in [153] there is an immediate one-to-one correspondence between
the solutions of (3.145) and (3.146) via fN = QNfw

N and f w
N = v + ANfN.

Therefore, we restrict our outline on the numerical implementation to the second
variant (3.146). Representing

fN :=
N−1∑
n=0

n∑
m=−n

amn Ym
n

and using (3.134) and (3.143) we find that solving (3.146) is equivalent to solving
the linear system

amn −
N−1∑
n′=0

n′∑
m′=−n′

Rmm′
nn′ am

′
n′ = π

N

N∑
j=1

2N−1∑
k=0

αjv(xjk)Y
−m
n (xjk) (3.147)
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for n = 0, . . . , N − 1, m = −n, . . . , n, where

Rmm′
nn′ := π

N

N∑
j1=1

2N−1∑
k1=0

N∑
j2=1

2N−1∑
k2=0

αj1βj2K(xj1k1 , xj2k2) Y
−m
n (xj1k1) Y

m′
n′ (T −1

xj1k1
xj2k2)

and

K(x, y) := k(x, T −1
x y)F (x, T −1

x y).

Since orthogonal transformations map spherical harmonics of order n into spherical
harmonics of order n, we have

Ym′
n′ (DT (−θ)y) =

n′∑
μ=−n′

Z0(n
′,m′, μ, θ)Yμ

n′ (y)

with

Z0(n
′,m′, μ, θ) =

∫
S2

Ym′
n′ (DT (−θ)y) Y

−μ

n′ (y) ds(y)

and from (2.28) we clearly have

Ym′
n′ (DP (−ϕ)y) = e−im′ϕYm′

n′ (y).

From this we find that the coefficients in (3.147) can be evaluated recursively
through the scheme

Z1(j1, k1, j2, μ) :=
2N−1∑
k2=0

βj2e
iμ(ϕk2 −ϕk1 )K(xj1k1 , xj2k2),

Z2(j1, k1, n
′, μ) :=

N∑
j2=1

Y
μ

n′ (xj2,0)Z1(j1, k1, j2, μ),

Z3(j1, k1, n
′,m′) :=

n′∑
μ=−n′

Z0(n
′,m′, μ, θj1)Z2(j1, k1, n

′, μ)eim′ϕk1 ,

Z4(j1,m, n′,m′) :=
2N−1∑
k1=0

e−imϕk1Z3(j1, k1, n
′,m′),

Rmm′
nn′ := π

N

N∑
j1=1

αj1Y
−m
n (xj1,0)Z4(j1,m, n′,m′)
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by O(N5) multiplications provided the numbers Z0(n
′,m′, μ, θj1) (which do not

depend on the surface) are precalculated. The latter calculations can be based on

Z0(n
′,m′, μ, θ) =

∫
S2
(QN(Ym′

n′ ◦ DT (−θ)))(y) Y
−μ

n′ (y) ds(y)

= π

N

N∑
j=1

2N−1∑
k=0

αjY
m′
n′ (DT (−θ)xjk) Y

−μ

n′ (xjk).

For further details we refer to [143, 427]. To obtain a convergence result, a further
modification of (3.145) and (3.146) was required by using different orders N and
N ′ for the projection operator QN and the approximation operator AN ′ such that

N ′ = κN (3.148)

for some κ > 1. Under this assumption Graham and Sloan [153] established
superalgebraic convergence. We note that for the proof it is crucial that the exponent
in the estimate (3.136) is less than one.

Table 3.3 gives approximate values for the far field pattern in the forward and
backward direction for scattering of a plane wave with incident direction d =
(1, 0, 0) from a pinched ball with representation

r(θ, ϕ) = √1.44 + 0.5 cos 2ϕ(cos 2θ − 1), θ ∈ [0, π ], ϕ ∈ [0, 2π ]

in polar coordinates. (For the shape of the pinched ball see Fig. 5.3.) The results were
provided to us by Olha Ivanyshyn and obtained by using the combined double- and
single-layer potential integral equation (3.29) with coupling parameter η = k and
applying the Graham and Sloan variant (3.146) of Wienert’s method with N ′ = 2N .
The rapid convergence behavior is clearly exhibited. For further numerical examples
we refer to [143].

Table 3.3 Numerical results for Wienert’s method

N Re u∞(d) Im u∞(d) Re u∞(−d) Im u∞(−d)

k = 1 8 −1.43201720 1.40315084 0.30954060 0.93110842

16 −1.43218545 1.40328665 0.30945849 0.93112270

32 −1.43218759 1.40328836 0.30945756 0.93112274

64 −1.43218759 1.40328836 0.30945756 0.93112274

k = 5 8 −1.73274564 5.80039242 1.86060183 0.92743363

16 −2.10055735 5.86052809 1.56336545 1.07513529

32 −2.10058191 5.86053941 1.56328188 1.07513840

64 −2.10058191 5.86053942 1.56328188 1.07513841



Chapter 4
Ill-Posed Problems

As previously mentioned, for problems in mathematical physics Hadamard [165]
postulated three requirements: a solution should exist, the solution should be unique,
and the solution should depend continuously on the data. The third postulate is
motivated by the fact that in all applications the data will be measured quantities.
Therefore, one wants to make sure that small errors in the data will cause only small
errors in the solution. A problem satisfying all three requirements is called well-
posed. Otherwise, it is called ill-posed.

For a long time, research on ill-posed problems was neglected since they were
not considered relevant to the proper treatment of applied problems. However, it
eventually became apparent that a growing number of important problems fail to
be well-posed, for example, Cauchy’s problem for the Laplace equation and the
initial boundary value problem for the backward heat equation. In particular, a large
number of inverse problems for partial differential equations turn out to be ill-posed.
Most classical problems where one assumes the partial differential equation, its
domain, and its initial and/or boundary data completely prescribed are well-posed
in a canonical setting. Usually, such problems are referred to as direct problems.
However, if the problem consists in determining part of the differential equation or
its domain or its initial and/or boundary data, then this inverse problem quite often
will be ill-posed in any reasonable setting. In this sense, there is a close linkage and
interaction between research on inverse problems and ill-posed problems.

This chapter is intended as an introduction into the basic ideas on ill-posed
problems and regularization methods for their stable approximate solution. We
mainly confine ourselves to linear equations of the first kind with compact operators
in Hilbert spaces and base our presentation on the singular value decomposition.
From the variety of regularization concepts, we will discuss only the spectral cut-
off, Tikhonov regularization, the discrepancy principle, and quasi-solutions. At the
end of the chapter, we will include some material on nonlinear problems.

For a more comprehensive study of ill-posed problems, we refer to Baumeis-
ter [27], Engl, Hanke, and Neubauer [138], Groetsch [156], Kabanikhin [226],
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Kaltenbacher, Neubauer, and Scherzer [227], Kirsch [238], Kress [268], Louis
[308], Morozov [324], Tikhonov and Arsenin [408], and Wang, Yagola, and
Yang [418].

4.1 The Concept of Ill-Posedness

We will first make Hadamard’s concept of well-posedness more precise.

Definition 4.1 Let A : U ⊂ X → V ⊂ Y be an operator from a subset U of a
normed space X into a subset V of a normed space Y . The equation

A(ϕ) = f (4.1)

is called well-posed or properly posed if A : U → V is bijective and the inverse
operator A−1 : V → U is continuous. Otherwise the equation is called ill-posed or
improperly posed.

According to this definition we may distinguish three types of ill-posedness. If
A is not surjective, then Eq. (4.1) is not solvable for all f ∈ V (nonexistence). If A
is not injective, then Eq. (4.1) may have more than one solution (nonuniqueness).
Finally, if A−1 : V → U exists but is not continuous, then the solution ϕ of
Eq. (4.1) does not depend continuously on the data f (instability). The latter case of
instability is the one of primary interest in the study of ill-posed problems. We note
that the three properties, in general, are not independent. For example, if A : X → Y

is a bounded linear operator mapping a Banach space X bijectively onto a Banach
space Y , then by the inverse mapping theorem the inverse operator A−1 : Y → X

is bounded and therefore continuous. Note that the well-posedness of a problem is
a property of the operator A together with the solution space X and the data space
Y including the norms on X and Y . Therefore, if an equation is ill-posed one could
try and restore stability by changing the spaces X and Y and their norms. But, in
general, this approach is inadequate since the spaces X and Y including their norms
are determined by practical needs. In particular, the space Y and its norm must be
suitable to describe the measured data and the data error.

The typical example of an ill-posed problem is a completely continuous operator
equation of the first kind. Recall that an operator A : U ⊂ X → Y is called
compact if it maps bounded sets from U into relatively compact sets in Y and that A
is called completely continuous if it is continuous and compact. Since linear compact
operators are always continuous, for linear operators there is no need to distinguish
between compactness and complete continuity.

Theorem 4.2 Let A : U ⊂ X → Y be a completely continuous operator from
a subset U of a normed space X into a subset V of a normed space Y . Then the
equation of the first kind Aϕ = f is improperly posed if U is not of finite dimension.
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Proof Assume that A−1 : V → U exists and is continuous. Then from I = A−1A

we see that the identity operator on U is compact since the product of a continuous
and a compact operator is compact. Hence U must be finite dimensional. ��

The ill-posed nature of an equation, of course, has consequences for its numerical
treatment. We may view a numerical approximation of a given equation as the
solution to perturbed data. Therefore, straightforward application of the classical
methods for the approximate solution of operator equations to ill-posed problems
usually will generate numerical nonsense. In terms of condition numbers, the fact
that a bounded linear operator A does not have a bounded inverse means that
the condition numbers of its finite dimensional approximations grow with the
quality of the approximation. Hence, a careless discretization of ill-posed problems
leads to a numerical behavior which at a first glance seems to be paradoxical.
Namely, increasing the degree of discretization, i.e., increasing the accuracy of the
approximation for the operator A will cause the approximate solution to the equation
Aϕ = f to become less and less reliable.

4.2 Regularization Methods

Methods for constructing a stable approximate solution of an ill-posed problem are
called regularization methods. We shall now introduce the classical regularization
concepts for linear equations of the first kind. In the sequel, we mostly will assume
that the linear operator A : X → Y is injective. This is not a significant loss
of generality since uniqueness for a linear equation always can be achieved by a
suitable modification of the solution space X. We wish to approximate the solution
ϕ to the equation Aϕ = f from a knowledge of a perturbed right-hand side f δ with
a known error level

‖f δ − f ‖ ≤ δ. (4.2)

When f belongs to the range A(X) := {Aϕ : ϕ ∈ X} then there exists a
unique solution ϕ of Aϕ = f . For a perturbed right-hand side, in general, we
cannot expect f δ ∈ A(X). Using the erroneous data f δ , we want to construct a
reasonable approximation ϕδ to the exact solution ϕ of the unperturbed equation
Aϕ = f . Of course, we want this approximation to be stable, i.e., we want ϕδ to
depend continuously on the actual data f δ . Therefore, our task requires finding an
approximation of the unbounded inverse operator A−1 : A(X) → X by a bounded
linear operator R : Y → X.

Definition 4.3 Let X and Y be normed spaces and let A : X → Y be an injective
bounded linear operator. Then a family of bounded linear operators Rα : Y → X,
α > 0, with the property of pointwise convergence
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lim
α→0

RαAϕ = ϕ (4.3)

for all ϕ ∈ X is called a regularization scheme for the operator A. The parameter α
is called the regularization parameter.

Of course, (4.3) is equivalent to Rαf → A−1f , α → 0, for all f ∈ A(X). The
following theorem shows that for regularization schemes for compact operators this
convergence cannot be uniform.

Theorem 4.4 Let X and Y be normed spaces, let A : X → Y be a compact linear
operator, and let dimX = ∞. Then for a regularization scheme the operators Rα

cannot be uniformly bounded with respect to α and the operators RαA cannot be
norm convergent as α → 0.

Proof For the first statement, assume ‖Rα‖ ≤ C for all α > 0 and some constant
C. Then from Rαf → A−1f , α → 0, for all f ∈ A(X) we deduce ‖A−1f ‖ ≤
C‖f ‖, i.e., A−1 : A(X) → X is bounded. By Theorem 4.2 this is a contradiction to
dimX = ∞.

For the second statement, assume that we have norm convergence. Then there
exists α > 0 such that ‖RαA − I‖ < 1/2. Now for all f ∈ A(X) we can estimate

‖A−1f ‖ ≤ ‖A−1f − RαAA−1f ‖ + ‖Rαf ‖ ≤ 1

2
‖A−1f ‖ + ‖Rα‖ ‖f ‖,

whence ‖A−1f ‖ ≤ 2‖Rα‖ ‖f ‖ follows. Therefore, A−1 : A(X) → X is bounded
and we have the same contradiction as above. ��

The regularization scheme approximates the solution ϕ of Aϕ = f by the
regularized solution

ϕδ
α := Rαf

δ. (4.4)

Then, for the approximation error, writing

ϕδ
α − ϕ = Rαf

δ − Rαf + RαAϕ − ϕ,

by the triangle inequality we have the estimate

‖ϕδ
α − ϕ‖ ≤ δ‖Rα‖ + ‖RαAϕ − ϕ‖. (4.5)

This decomposition shows that the error consists of two parts: the first term reflects
the influence of the incorrect data and the second term is due to the approximation
error between Rα and A−1. Under the assumptions of Theorem 4.4, the first term
cannot be estimated uniformly with respect to α and the second term cannot be
estimated uniformly with respect to ϕ. Typically, the first term will be increasing
as α → 0 due to the ill-posed nature of the problem whereas the second term
will be decreasing as α → 0 according to (4.3). Every regularization scheme
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requires a strategy for choosing the parameter α in dependence on the error level
δ and on the given data f δ in order to achieve an acceptable total error for the
regularized solution. On one hand, the accuracy of the approximation asks for a
small error ‖RαAϕ−ϕ‖, i.e., for a small parameter α. On the other hand, the stability
requires a small ‖Rα‖, i.e., a large parameter α. An optimal choice would try and
make the right-hand side of (4.5) minimal. The corresponding parameter effects a
compromise between accuracy and stability. For a reasonable regularization strategy
we expect the regularized solution to converge to the exact solution when the error
level tends to zero. We express this requirement through the following definition.

Definition 4.5 A strategy for a regularization scheme Rα, α > 0, that is, the choice
of the regularization parameter α = α(δ, f δ) depending on the error level δ and on
f δ is called regular if for all f ∈ A(X) and all f δ ∈ Y with ‖f δ − f ‖ ≤ δ we have

Rα(δ,f δ)f
δ → A−1f, δ → 0.

In the discussion of regularization schemes, one usually has to distinguish
between an a priori or an a posteriori choice of the regularization parameter α.
An a priori choice would be based on some information on smoothness properties
of the exact solution which, in practical problems, in general will not be available.
Therefore, a posteriori strategies based on some considerations of the data error
level δ are more practical.

A natural a posteriori strategy is given by the discrepancy or residue principle
introduced by Morozov [322, 323]. Its motivation is based on the consideration that,
in general, for erroneous data the residual ‖Aϕ − f ‖ should not be smaller than the
accuracy of the measurements of f , i.e., the regularization parameter α should be
chosen such that

‖ARαf
δ − f δ‖ = γ δ

with some fixed parameter γ ≥ 1 multiplying the error level δ. In the case of a
regularization scheme Rm with a regularization parameter m = 1, 2, 3, . . . taking
only discrete values, m should be chosen as the smallest integer satisfying

‖ARmf
δ − f δ‖ ≤ γ δ.

Finally, we also need to note that quite often the only choice for selecting the
regularization parameter will be trial and error, that is, one uses a few different
parameters α and then picks the most reasonable result based on appropriate
information on the expected solution.

4.3 Singular Value Decomposition

We shall now describe some regularization schemes in a Hilbert space setting. Our
approach will be based on the singular value decomposition for compact operators
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which is a generalization of the spectral decomposition for compact self-adjoint
operators.

Let X be a Hilbert space and let A : X → X be a self-adjoint compact
operator, that is, (Aϕ,ψ) = (ϕ,Aψ) for all ϕ,ψ ∈ X. Then all eigenvalues of
A are real. A �= 0 has at least one eigenvalue different from zero and at most a
countable set of eigenvalues accumulating only at zero. All nonzero eigenvalues
have finite multiplicity, that is, the corresponding eigenspaces are finite dimensional,
and eigenelements corresponding to different eigenvalues are orthogonal. Assume
the sequence (λn) of the nonzero eigenvalues is ordered such that

|λ1| ≥ |λ2| ≥ |λ3| ≥ · · · ,

where each eigenvalue is repeated according to its multiplicity and let (ϕn) be a
sequence of corresponding orthonormal eigenelements. Then for each ϕ ∈ X we
can expand

ϕ =
∞∑
n=1

(ϕ, ϕn)ϕn + Q,ϕ (4.6)

where Q : X → N(A) denotes the orthogonal projection operator of X onto the
nullspace N(A) := {ϕ ∈ X : Aϕ = 0} and

Aϕ =
∞∑
n=1

λn(ϕ, ϕn)ϕn. (4.7)

For a proof of this spectral decomposition for self-adjoint compact operators see for
example [268], Theorem 15.12.

We will now describe modified forms of the expansions (4.6) and (4.7) for
arbitrary compact operators in a Hilbert space. Recall that for each bounded linear
operator A : X → Y between two Hilbert spaces X and Y there exists a uniquely
determined bounded linear operator A∗ : Y → X called the adjoint operator of A
such that (Aϕ,ψ) = (ϕ,A∗ψ) for all ϕ ∈ X and ψ ∈ Y .

Occasionally, we will make use of the following basic connection between the
nullspaces and the ranges of A and A∗. Therefore, we include the simple proof.

Theorem 4.6 For a bounded linear operator we have

A(X)⊥ = N(A∗) and N(A∗)⊥ = A(X).

Proof g ∈ A(X)⊥ means (Aϕ, g) = 0 for all ϕ ∈ X. This is equivalent to
(ϕ,A∗g) = 0 for all ϕ ∈ X, which in turn is equivalent to A∗g = 0, that is,
g ∈ N(A∗). Hence, A(X)⊥=N(A∗). We abbreviate U = A(X) and, trivially, have
Ū ⊂ (U⊥)⊥. Denote by P : Y → Ū the orthogonal projection operator. Then
for arbitrary ϕ ∈ (U⊥)⊥ we have orthogonality Pϕ − ϕ ⊥ U . But we also have
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Pϕ − ϕ ⊥ U⊥ since we already know that Ū ⊂ (U⊥)⊥. Therefore, it follows that
ϕ = Pϕ ∈ Ū , whence Ū = (U⊥)⊥, i.e., A(X) = N(A∗)⊥. ��

Now let A : X → Y be a compact linear operator. Then its adjoint operator
A∗ : Y → X is also compact. The nonnegative square roots of the eigenvalues of
the nonnegative self-adjoint compact operator A∗A : X → X are called singular
values of A.

Theorem 4.7 Let (μn) denote the sequence of the nonzero singular values of the
compact linear operator A (with A �= 0) ordered such that

μ1 ≥ μ2 ≥ μ3 ≥ · · ·

and repeated according to their multiplicity, that is, according to the dimension of
the nullspaces N(μ2

nI − A∗A). Then there exist orthonormal sequences (ϕn) in X

and (gn) in Y such that

Aϕn = μngn, A∗gn = μnϕn (4.8)

for all n ∈ IN. For each ϕ ∈ X we have the singular value decomposition

ϕ =
∞∑
n=1

(ϕ, ϕn)ϕn + Qϕ (4.9)

with the orthogonal projection operator Q : X → N(A) and

Aϕ =
∞∑
n=1

μn(ϕ, ϕn)gn. (4.10)

Each system (μn, ϕn, gn), n ∈ IN, with these properties is called a singular system
of A. When there are only finitely many singular values the series (4.9) and (4.10)
degenerate into finite sums.

Proof Let (ϕn) denote an orthonormal sequence of the eigenelements of A∗A, that
is,

A∗Aϕn = μ2
nϕn

and define a second orthonormal sequence by

gn := 1

μn

Aϕn.
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Straightforward computations show that the system (μn, ϕn, gn), n ∈ IN, satisfies
(4.8). Application of the expansion (4.6) to the self-adjoint compact operator A∗A
yields

ϕ =
∞∑
n=1

(ϕ, ϕn)ϕn + Qϕ

for all ϕ ∈ X where Q denotes the orthogonal projection operator from X onto
N(A∗A). Let ψ ∈ N(A∗A). Then (Aψ,Aψ) = (ψ,A∗Aψ) = 0 and this implies
that N(A∗A) = N(A). Therefore, (4.9) is proven and (4.10) follows by applying A

to (4.9). ��
Note that the singular value decomposition implies that for all ϕ ∈ X we have

‖ϕ‖2 =
∞∑
n=1

|(ϕ, ϕn)|2 + ‖Qϕ‖2, (4.11)

‖Aϕ‖2 =
∞∑
n=1

μ2
n|(ϕ, ϕn)|2. (4.12)

In the following theorem, we express the solution to an equation of the first kind
with a compact operator in terms of a singular system.

Theorem 4.8 (Picard) Let A : X → Y be a compact linear operator with singular
system (μn, ϕn, gn). The equation of the first kind

Aϕ = f (4.13)

is solvable if and only if f belongs to the orthogonal complement N(A∗)⊥ and
satisfies

∞∑
n=1

1

μ2
n

|(f, gn)|2 < ∞. (4.14)

In this case a solution is given by

ϕ =
∞∑
n=1

1

μn

(f, gn)ϕn. (4.15)

Proof The necessity of f ∈ N(A∗)⊥ follows from Theorem 4.6. If ϕ is a solution
of (4.13), then

μn(ϕ, ϕn) = (ϕ,A∗gn) = (Aϕ, gn) = (f, gn)
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and (4.11) implies

∞∑
n=1

1

μ2
n

|(f, gn)|2 =
∞∑
n=1

|(ϕ, ϕn)|2 ≤ ‖ϕ‖2,

whence the necessity of (4.14) follows.
Conversely, assume that f ∈ N(A∗)⊥ and (4.14) is fulfilled. Then, by consider-

ing the partial sums of (4.14), we see that the series (4.15) converges in the Hilbert
space X. We apply A to (4.15), use (4.9) with the singular system (μn, gn, ϕn) of
the operator A∗, and observe f ∈ N(A∗)⊥ to obtain

Aϕ =
∞∑
n=1

(f, gn)gn = f.

This ends the proof. ��
Picard’s theorem demonstrates the ill-posed nature of the equation Aϕ = f . If we

perturb the right-hand side by setting f δ = f + δgn we obtain a perturbed solution
ϕδ = ϕ + δϕn/μn. Hence, the ratio ‖ϕδ − ϕ‖/‖f δ − f ‖ = 1/μn can be made
arbitrarily large due to the fact that the singular values tend to zero. The influence of
errors in the data f is obviously controlled by the rate of this convergence. In this
sense, we may say that the equation is mildly ill-posed if the singular values decay
slowly to zero and that it is severely ill-posed if they decay very rapidly.

Coming back to the far field mapping introduced in Sect. 2.5, we may consider
it as a compact operator A : L2(SR) → L2(S2) transferring the restriction of a
radiating solution u to the Helmholtz equation to the sphere SR with radius R and
center at the origin onto its far field pattern u∞. From Theorems 2.15 and 2.16 we
see that ϕ ∈ L2(SR) with the expansion

ϕ(x) =
∞∑
n=0

n∑
m=−n

amn Ym
n

(
x

|x|
)
, |x| = R,

is mapped onto

(Aϕ)(x̂) = 1

k

∞∑
n=0

n∑
m=−n

amn

in+1h
(1)
n (kR)

Ym
n (x̂), x̂ ∈ S

2.

Therefore, the singular values of A are given by

μn = 1

kR2|h(1)n (kR)|
, n = 0, 1, 2, . . . ,

and from (2.39) we have the asymptotic behavior
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μn = O

(
ekR

2n

)n

, n → ∞,

indicating severe ill-posedness.
As already pointed out, Picard’s Theorem 4.8 illustrates the fact that the ill-

posedness of an equation of the first kind with a compact operator stems from the
behavior of the singular values μn → 0, n → ∞. This suggests to try to regularize
the equation by damping or filtering out the influence of the factor 1/μn in the
solution formula (4.15).

Theorem 4.9 Let A : X → Y be an injective compact linear operator with
singular system (μn, ϕn, gn), n ∈ IN, and let q : (0,∞) × (0, ‖A‖] → IR be a
bounded function such that for each α > 0 there exists a positive constant c(α) with

|q(α, μ)| ≤ c(α)μ, 0 < μ ≤ ‖A‖, (4.16)

and

lim
α→0

q(α, μ) = 1, 0 < μ ≤ ‖A‖. (4.17)

Then the bounded linear operators Rα : Y → X, α > 0, defined by

Rαf :=
∞∑
n=1

1

μn

q(α,μn) (f, gn)ϕn, f ∈ Y, (4.18)

describe a regularization scheme with

‖Rα‖ ≤ c(α). (4.19)

Proof From (4.11) and (4.16) we have

‖Rαf ‖2 =
∞∑
n=1

1

μ2
n

[q(α, μn)]2 |(f, gn)|2 ≤ [c(α)]2
∞∑
n=1

|(f, gn)|2 ≤ [c(α)]2‖f ‖2

for all f ∈ Y , whence the bound (4.19) follows. With the aid of

(RαAϕ, ϕn) = 1

μn

q(α,μn) (Aϕ, gn) = q(α, μn) (ϕ, ϕn)

and the singular value decomposition for RαAϕ − ϕ we obtain

‖RαAϕ − ϕ‖2 =
∞∑
n=1

|(RαAϕ − ϕ, ϕn)|2 =
∞∑
n=1

[q(α, μn) − 1]2 |(ϕ, ϕn)|2.
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Here we have used the fact that A is injective. Let ϕ ∈ X with ϕ �= 0 and ε > 0 be
given and let M denote a bound for q. Then there exists N(ε) ∈ IN such that

∞∑
n=N+1

|(ϕ, ϕn)|2 <
ε

2(M + 1)2
.

By the convergence condition (4.17), there exists α0(ε) > 0 such that

[q(α, μn) − 1]2 <
ε

2‖ϕ‖2

for all n = 1, . . . , N and all 0 < α ≤ α0. Splitting the series into two parts and
using (4.11), it now follows that

‖RαAϕ − ϕ‖2 <
ε

2‖ϕ‖2

N∑
n=1

|(ϕ, ϕn)|2 + ε

2
≤ ε

for all 0 < α ≤ α0. Thus we have established that RαAϕ → ϕ, α → 0, for all
ϕ ∈ X and the proof is complete. ��

We now describe two basic regularization schemes, namely the spectral cut-off
and the Tikhonov regularization, obtained by choosing the damping or filter function
q appropriately.

Theorem 4.10 Let A : X → Y be an injective compact linear operator with
singular system (μn, ϕn, gn), n ∈ IN. Then the spectral cut-off

Rmf :=
∑

μn≥μm

1

μn

(f, gn)ϕn (4.20)

describes a regularization scheme with regularization parameter m → ∞ and
‖Rm‖ = 1/μm.

Proof The function q with q(m,μ) = 1 for μ ≥ μm and q(m,μ) = 0 for μ < μm

satisfies the conditions (4.16) and (4.17). For the norm, by Bessel’s inequality, we
can estimate

‖Rmf ‖2 =
∑

μn≥μm

1

μ2
n

|(f, gn)|2 ≤ 1

μ2
m

∑
μn≥μm

|(f, gn)|2 ≤ 1

μ2
m

‖f ‖2,

whence ‖Rm‖ ≤ 1/μm. Equality follows from Rmgm = ϕm/μm. ��
The regularization parameter m determines the number of terms in the sum

(4.20). Accuracy of the approximation requires this number to be large and stability
requires it to be small. In particular, the following discrepancy principle turns out to
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be a regular a posteriori strategy for determining the stopping point for the spectral
cut-off.

Theorem 4.11 Let A : X → Y be an injective compact linear operator with dense
range in Y , let f ∈ Y , and let δ > 0. Then there exists a smallest integer m such
that

‖ARmf − f ‖ ≤ δ.

Proof By Theorem 4.6, the dense range A(X) = Y implies that A∗ is injective.
Hence, the singular value decomposition (4.9) with the singular system (μn, gn, ϕn)

for the adjoint operator A∗, applied to an element f ∈ Y , yields

f =
∞∑
n=1

(f, gn)gn (4.21)

and consequently

‖(ARm − I )f ‖2 =
∑

μn<μm

|(f, gn)|2 → 0, m → ∞. (4.22)

From this we conclude that there exists a smallest integer m = m(δ) such that
‖ARmf − f ‖ ≤ δ. ��

From (4.21) and (4.22), we see that

‖ARmf − f ‖2 = ‖f ‖2 −
∑

μn≥μm

|(f, gn)|2,

which allows a stable determination of the stopping parameter m(δ) by terminating
the sum when the right-hand side becomes smaller than or equal to δ2 for the first
time.

The regularity of the discrepancy principle for the spectral cut-off described
through Theorem 4.11 is established in the following theorem.

Theorem 4.12 Let A : X → Y be an injective compact linear operator with dense
range in Y . Let f ∈ A(X), f δ ∈ Y satisfy ‖f δ − f ‖ ≤ δ with δ > 0 and let γ > 1.
Then there exists a smallest integer m = m(δ) such that

‖ARm(δ)f
δ − f δ‖ ≤ γ δ (4.23)

is satisfied and

Rm(δ)f
δ → A−1f, δ → 0. (4.24)
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Proof In view of Theorem 4.11, we only need to establish the convergence (4.24).
We first note that (4.22) implies ‖I − ARm‖ = 1 for all m ∈ IN. Therefore, writing

(ARmf
δ − f δ) − (ARmf − f ) = (ARm − I )(f δ − f )

we have the triangle inequalities

‖ARmf − f ‖ ≤ δ + ‖ARmf
δ − f δ‖, (4.25)

‖ARmf
δ − f δ‖ ≤ δ + ‖ARmf − f ‖. (4.26)

From (4.23) and (4.25) we obtain

‖ARm(δ)f − f ‖ ≤ δ + ‖ARm(δ)f
δ − f δ‖ ≤ (1 + γ )δ → 0, δ → 0.

Therefore, from the expansion (4.22), we conclude that either the number of terms
in the sum (4.20) tends to infinity, m(δ) → ∞, δ → 0, or the expansion for f

degenerates into a finite sum

f =
∑

μn≥μm0

(f, gn)gn

and m(δ) ≥ m0. In the first case, from ‖ARm(δ)−1f
δ − f δ‖ > γδ and the triangle

inequality (4.26), we conclude

γ δ < δ + ‖A(Rm(δ)−1f − A−1f )‖

whence

δ <
1

γ − 1
‖A(Rm(δ)−1f − A−1f )‖

follows. In order to establish the convergence (4.24), in this case, from (4.5) it
suffices to show that

‖Rm‖ ‖A(Rm−1Aϕ − ϕ)‖ → 0, m → ∞,

for all ϕ ∈ X. But the latter property is obvious from

‖Rm‖2 ‖A(Rm−1Aϕ − ϕ)‖2 = 1

μ2
m

∑
μn<μm−1

μ2
n|(ϕ, ϕn)|2 ≤

∑
μn≤μm

|(ϕ, ϕn)|2.

In the case where f has a finite expansion, then clearly
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A−1f =
∑

μn≥μm0

1

μn

(f, gn)ϕn = Rmf

for all m ≥ m0. Hence

‖ARmf
δ − f δ‖ = ‖(ARm − I )(f δ − f )‖ ≤ ‖f δ − f ‖ ≤ δ < γ δ,

and therefore m(δ) ≤ m0. This implies equality m(δ) = m0 since m(δ) ≥ m0 as
already noted above. Now observing

‖Rm(δ)f
δ − A−1f ‖ = ‖Rm0(f

δ − f )‖ ≤ δ

μm0

→ 0, δ → 0,

the proof is finished. ��

4.4 Tikhonov Regularization

We continue our study of regularization methods by introducing Tikhonov’s [406,
407] regularization scheme first as a special case of Theorem 4.9 and then also as a
penalized residual minimization.

Theorem 4.13 Let A : X → Y be a compact linear operator. Then for each
α > 0 the operator αI + A∗A : X → X is bijective and has a bounded inverse.
Furthermore, if A is injective, then

Rα := (αI + A∗A)−1A∗ (4.27)

describes a regularization scheme with ‖Rα‖ ≤ 1/2
√
α.

Proof From

α‖ϕ‖2 ≤ (αϕ + A∗Aϕ, ϕ) (4.28)

for all ϕ ∈ X we conclude that for α > 0 the operator αI + A∗A is injective. Let
(μn, ϕn, gn), n ∈ IN, be a singular system for A and let Q : X → N(A) denote the
orthogonal projection operator. Then the operator T : X → X defined by

T ϕ :=
∞∑
n=1

1

α + μ2
n

(ϕ, ϕn)ϕn + 1

α
Q(ϕ)

can be easily seen to be bounded and to satisfy (αI +A∗A)T = T (αI +A∗A) = I ,
i.e., T = (αI + A∗A)−1.
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If A is injective, then for the unique solution ϕα of

αϕα + A∗Aϕα = A∗f (4.29)

we deduce from the above expression for (αI+A∗A)−1 and (A∗f, ϕn) = μn(f, gn)

that

ϕα =
∞∑
n=1

μn

α + μ2
n

(f, gn)ϕn. (4.30)

Hence, Rα can be brought into the form (4.18) with

q(α, μ) = μ2

α + μ2 .

This function q is bounded by 0 < q(α,μ) < 1 and satisfies the conditions (4.16)
and (4.17) with

c(α) = 1

2
√
α

because of the arithmetic–geometric mean inequality

√
αμ ≤ α + μ2

2
.

The proof of the theorem now follows from Theorem 4.9. ��
The following theorem presents another aspect of the Tikhonov regularization

complementing its introduction via Theorems 4.9 and 4.13.

Theorem 4.14 Let A : X → Y be a compact linear operator and let α > 0. Then
for each f ∈ Y there exists a unique ϕα ∈ X such that

‖Aϕα − f ‖2 + α‖ϕα‖2 = inf
ϕ∈X

{
‖Aϕ − f ‖2 + α‖ϕ‖2

}
. (4.31)

The minimizer ϕα is given by the unique solution of (4.29) and depends continuously
on f .

Proof From the equation

‖Aϕ − f ‖2 + α‖ϕ‖2 = ‖Aϕα − f ‖2 + α‖ϕα‖2

+2 Re(ϕ − ϕα, αϕα + A∗(Aϕα − f )) + ‖A(ϕ − ϕα)‖2 + α‖ϕ − ϕα‖2,
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which is valid for all ϕ ∈ X, we observe that the condition (4.29) is necessary and
sufficient for ϕα to minimize the Tikhonov functional defined by (4.31). The theorem
now follows from the Riesz–Fredholm theory or from the first part of the statement
of the previous Theorem 4.13. ��

We note that Theorem 4.14 remains valid for bounded operators. This follows
from the Lax–Milgram theorem since by (4.28) the operator αI + A∗A is strictly
coercive (see [268]).

By the interpretation of the Tikhonov regularization as minimizer of the
Tikhonov functional, its solution keeps the residual ‖Aϕα − f ‖2 small and is
stabilized through the penalty term α‖ϕα‖2. Although Tikhonov regularization
itself is not a penalty method, such a view nevertheless suggests the following
constrained optimization problems:

(a) For given δ > 0, minimize the norm ‖ϕ‖ subject to the constraint that the defect
is bounded by ‖Aϕ − f ‖ ≤ δ.

(b) For given ρ > 0, minimize the defect ‖Aϕ − f ‖ subject to the constraint that
the norm is bounded by ‖ϕ‖ ≤ ρ.

The first interpretation leads to the discrepancy principle and the second to the
concept of quasi-solutions. We begin by discussing the discrepancy principle.

Theorem 4.15 Let A : X → Y be an injective compact linear operator with dense
range in Y and let f ∈ Y with 0 < δ < ‖f ‖. Then there exists a unique parameter
α such that

‖ARαf − f ‖ = δ. (4.32)

Proof We have to show that the function F : (0,∞) → IR defined by

F(α) := ‖ARαf − f ‖2 − δ2

has a unique zero. From (4.21) and (4.30) we find

F(α) =
∞∑
n=1

α2

(α + μ2
n)

2 |(f, gn)|2 − δ2.

Therefore, F is continuous and strictly monotonically increasing with the limits
F(α) → −δ2 < 0, α → 0, and F(α) → ‖f ‖2 − δ2 > 0, α → ∞. Hence, F has
exactly one zero α = α(δ). ��

In general, we will have data satisfying ‖f ‖ > δ, i.e., data exceeding the
error level. Then the regularization parameter satisfying (4.32) can be obtained
numerically by Newton’s method for solving F(α) = 0. With the unique solution
ϕα of (4.29), we can write F(α) = ‖Aϕα − f ‖2 − δ2 and get
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F ′(α) = 2 Re

(
A

dϕα

dα
,Aϕα − f

)

from which, again using (4.29), we deduce that

F ′(α) = −2α Re

(
dϕα

dα
, ϕα

)
.

Differentiating (4.29) with respect to the parameter α yields

α
dϕα

dα
+ A∗A dϕα

dα
= −ϕα

as an equation for dϕα/dα which has to be solved for the evaluation of F ′(α).
The regularity of the discrepancy principle for the Tikhonov regularization is

established through the following theorem.

Theorem 4.16 Let A : X → Y be an injective compact linear operator with dense
range in Y . Let f ∈ A(X) and f δ ∈ Y satisfy

‖f δ − f ‖ ≤ δ < ‖f δ‖

with δ > 0. Then there exists a unique parameter α = α(δ) such that

‖ARα(δ)f
δ − f δ‖ = δ (4.33)

is satisfied and

Rα(δ)f
δ → A−1f, δ → 0. (4.34)

Proof In view of Theorem 4.15, we only need to establish the convergence (4.34).
Since ϕδ = Rα(δ)f

δ minimizes the Tikhonov functional for the right-hand side f δ ,
we have

δ2 + α‖ϕδ‖2 = ‖Aϕδ − f δ‖2 + α‖ϕδ‖2

≤ ‖AA−1f − f δ‖2 + α‖A−1f ‖2

≤ δ2 + α‖A−1f ‖2,

whence

‖ϕδ‖ ≤ ‖A−1f ‖ (4.35)

follows. Now let g ∈ Y be arbitrary. Then we can estimate
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|(Aϕδ − f, g)| ≤ {‖Aϕδ − f δ‖ + ‖f δ − f ‖} ‖g‖ ≤ 2δ‖g‖ → 0, δ → 0.

This implies weak convergence ϕδ ⇀ A−1f, δ → 0, since for the injective operator
A the range A∗(Y ) is dense in X by Theorem 4.6 and ϕδ is bounded by (4.35). Then,
again using (4.35), we obtain

‖ϕδ − A−1f ‖2 = ‖ϕδ‖2 − 2 Re(ϕδ, A−1f ) + ‖A−1f ‖2

≤ 2{‖A−1f ‖2 − Re(ϕδ, A−1f )} → 0, δ → 0,

which finishes the proof. ��
The principal idea underlying the concept of quasi-solutions as introduced by

Ivanov [205, 206] is to stabilize an ill-posed problem by restricting the solution set
to some subset U ⊂ X exploiting suitable a priori information on the solution of
Aϕ = f . For perturbed right-hand sides, in general we cannot expect a solution
in U . Therefore, instead of trying to solve the equation exactly, we minimize the
residual. For simplicity, we restrict our presentation to the case where U is a ball of
radius ρ for some ρ > 0.

Theorem 4.17 Let A : X → Y be a compact injective linear operator and let
ρ > 0. Then for each f ∈ Y there exists a unique element ϕ0 ∈ X with ‖ϕ0‖ ≤ ρ

satisfying

‖Aϕ0 − f ‖ ≤ ‖Aϕ − f ‖

for all ϕ ∈ X with ‖ϕ‖ ≤ ρ. The element ϕ0 is called the quasi-solution of Aϕ = f

with constraint ρ.

Proof Note that ϕ0 is a quasi-solution with constraint ρ if and only if Aϕ0 is a best
approximation to f with respect to the set V := {Aϕ : ‖ϕ‖ ≤ ρ}. Since A is
linear, the set V is clearly convex. In the Hilbert space Y there exists at most one
best approximation to f with respect to the convex set V . Since A is injective this
implies uniqueness of the quasi-solution.

To prove existence of the quasi-solution, let (ϕn) be a minimizing sequence, that
is, ‖ϕn‖ ≤ ρ and

lim
n→∞ ‖Aϕn − f ‖ = inf‖ϕ‖≤ρ

‖Aϕ − f ‖.

Without loss of generality, for the bounded sequence (ϕn) we may assume weak
convergence ϕn ⇀ ϕ0, n → ∞, for some ϕ0 ∈ X. Since A is compact this implies
convergence ‖Aϕn − Aϕ0‖ → 0, n → ∞, and therefore

‖Aϕ0 − f ‖ = inf‖ϕ‖≤ρ
‖Aϕ − f ‖.
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From

‖ϕ0‖2 = lim
n→∞(ϕn, ϕ0) ≤ ρ‖ϕ0‖

we obtain ‖ϕ0‖ ≤ ρ and the proof is complete. ��
The connection of the quasi-solution to Tikhonov regularization is described

through the following theorem.

Theorem 4.18 Let A : X → Y be a compact injective linear operator with dense
range in Y and assume f �∈ V := {Aϕ : ‖ϕ‖ ≤ ρ}. Then the quasi-solution ϕ0
assumes the constraint

‖ϕ0‖ = ρ, (4.36)

and there exists a unique parameter α > 0 such that

αϕ0 + A∗Aϕ0 = A∗f. (4.37)

Proof If ϕ0 satisfies (4.36) and (4.37), then

‖Aϕ − f ‖2 = ‖Aϕ0 − f ‖2 + 2α Re(ϕ0 − ϕ, ϕ0) + ‖A(ϕ − ϕ0)‖2 ≥ ‖Aϕ0 − f ‖2

for all ‖ϕ‖ ≤ ρ and therefore ϕ0 is a quasi-solution of Aϕ = f with constraint
ρ. Therefore, in view of the preceding Theorem 4.17, the proof is established by
showing existence of a solution to Eqs. (4.36) and (4.37) with α > 0.

For this we define the function G : (0,∞) → IR by

G(α) := ‖ϕα‖2 − ρ2,

where ϕα denotes the unique solution of (4.29), and show that G(α) has a unique
zero. From (4.30) we obtain

G(α) =
∞∑
n=1

μ2
n

(α + μ2
n)

2 |(f, gn)|2 − ρ2.

Therefore, G is continuous and strictly monotonically decreasing with

G(α) → −ρ2 < 0, α → ∞,

and

G(α) →
∞∑
n=1

1

μ2
n

|(f, gn)|2 − ρ2, α → 0,
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where the series may diverge. The proof is now completed by showing that the latter
limit is positive or infinite. Assume, to the contrary, that

∞∑
n=1

1

μ2
n

|(f, gn)|2 ≤ ρ2.

Then by Picard’s Theorem 4.8 (note that N(A∗) = {0} by Theorem 4.6) the equation
Aϕ = f has the solution

ϕ =
∞∑
n=1

1

μn

(f, gn)ϕn

with

‖ϕ‖2 =
∞∑
n=1

1

μ2
n

|(f, gn)|2 ≤ ρ2,

which is a contradiction to f �∈ V . ��
In the sense of Theorem 4.18, we may view the quasi-solution as a possibility of

an a posteriori choice of the regularization parameter in the Tikhonov regularization.
We also note that Theorems 4.15–4.18 remain valid for injective linear operators
which are merely bounded (see [268]).

We conclude this section with considering a generalized discrepancy principle
due to Morozov that also allows erroneous operators in the Tikhonov regularization.
We begin with an analogue of Theorem 4.15.

Theorem 4.19 Let A : X → Y be an injective compact linear operator with dense
range and let f ∈ Y with f �= 0. Then there exists a unique parameter α such that

‖ARαf − f ‖ = δ‖Rαf ‖. (4.38)

Proof We show that the function H : (0,∞) → IR defined by

H(α) := ‖ARαf − f ‖2 − δ2‖Rαf ‖2

has a unique zero. From the continuity and monotonicity of the functions F and G

used in the proofs of the Theorems 4.15 and 4.18 we observe that H is continuous
and strictly monotonically increasing with limits

H(α) → −δ2 sup
α>0

‖Rαf ‖2 < 0, α → 0,

and
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H(α) → ‖f ‖2 > 0, α → ∞.

Hence, H has exactly one zero α = α(δ). ��
Theorem 4.20 Let Aδ : X → Y , δ ≥ 0, be a family of injective compact linear
operators with dense range and ‖Aδ − A0‖ ≤ δ for all δ > 0. Furthermore, let
f ∈ Y with f �= 0 and let (αδ, ϕ

δ) ∈ IR+ × X be the Tikhonov regularized solution
of Aδϕ = f subject to the generalized discrepancy principle, i.e.,

αδϕ
δ + A∗

δAδϕ
δ = A∗

δf (4.39)

and

‖Aδϕ
δ − f ‖ = δ‖ϕδ‖. (4.40)

Then

(a) if the equation A0ϕ = f has a solution ϕ ∈ X, then ϕδ → ϕ as δ → 0,
(b) if the equation A0ϕ = f has no solution, then ‖ϕδ‖ → ∞ as δ → 0.

Proof We begin by observing that for any null sequence (δn) with corresponding
ϕn := ϕδn boundedness of the sequence (ϕn) implies that

A0ϕn → f, n → ∞, (4.41)

as a consequence of ‖Aδ − A0‖ ≤ δ and (4.40).

(a) Since ϕδ minimizes the Tikhonov functional for Aδ , in view of A0ϕ = f we
have

(δ2 + αδ)‖ϕδ‖2 = ‖Aδϕ
δ − f ‖2 + αδ‖ϕδ‖2

≤ ‖Aδϕ − A0ϕ‖2 + αδ‖ϕ‖2

≤ (δ2 + αδ)‖ϕ‖2,

whence

‖ϕδ‖ ≤ ϕ‖ (4.42)

follows for all δ > 0. Now assume that the assertion of (a) is not valid. Then
there exists a null sequence (δn) such that ϕn := ϕδn does not converge to ϕ as
n → ∞. Because of (4.42) we may assume weak convergence ϕn ⇀ ϕ0 ∈ X

as n → ∞. The compactness of A0 implies norm convergence A0ϕn → A0ϕ0
as n → ∞. Hence, in view of (4.41) we have that A0ϕ0 = f whence ϕ0 = ϕ

follows by the injectivity of A0. With the aid of (4.42) we can estimate
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0 ≤ ‖ϕn − ϕ‖2 ≤ 2 Re(ϕ − ϕn, ϕ)

and passing to the limit yields a contradiction to our assumption that ϕn does
not converge to ϕ as n → ∞.

(b) Assume that for f �∈ A0(X) the assertion (b) is not valid. Then there exists a
null sequence (δn) such that ϕn := ϕδn is bounded. Again we may assume ϕn ⇀

ϕ0 ∈ X as n → ∞ and compactness of A0 implies A0ϕn → A0ϕ0 as n → ∞.
From this (4.41) now implies A0ϕ0 = f which contradicts f �∈ A0(X).

��

4.5 Nonlinear Operators

We conclude our introduction to ill-posed problems by making a few comments on
nonlinear problems. We first show that the ill-posedness of a nonlinear problem is
inherited by its linearization. This implies that whenever we try to approximately
solve an ill-posed nonlinear equation by linearization, for example by a Newton
method, we obtain ill-posed linear equations for which a regularization must be
enforced, for example by one of the methods from the previous sections.

Theorem 4.21 Let A : U ⊂ X → Y be a completely continuous operator from
an open subset U of a normed space X into a Banach space Y and assume A to be
Fréchet differentiable at ψ ∈ U . Then the derivative A′

ψ is compact.

Proof We shall use the fact that a subset V of a Banach space is relatively compact
if and only if it is totally bounded, i.e., for every ε > 0 there exists a finite system
of elements ϕ1, . . . , ϕn in V such that each element ϕ ∈ V has a distance smaller
than ε from at least one of the ϕ1, . . . , ϕn. We have to show that

V :=
{
A′

ψ(ϕ) : ϕ ∈ X, ‖ϕ‖ ≤ 1
}

is relatively compact. Given ε > 0, by the definition of the Fréchet derivative there
exists δ > 0 such that for all ‖ϕ‖ ≤ δ we have ψ + ϕ ∈ U and

‖A(ψ + ϕ) − A(ψ) − A′
ψ(ϕ)‖ ≤ ε

3
‖ϕ‖. (4.43)

Since A is compact, the set

{A(ψ + δϕ) : ϕ ∈ X, ‖ϕ‖ ≤ 1}

is relatively compact and hence totally bounded, i.e., there are finitely many
elements ϕ1, . . . , ϕn ∈ X with norm less than or equal to one such that for each
ϕ ∈ X with ‖ϕ‖ ≤ 1 there exists j = j (ϕ) such that
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‖A(ψ + δϕ) − A(ψ + δϕj )‖ <
εδ

3
. (4.44)

By the triangle inequality, using (4.43) and (4.44), we now have

δ‖A′
ψ(ϕ) − A′

ψ(ϕj )‖ ≤ ‖A(ψ + δϕ) − A(ψ + δϕj )‖

+‖A(ψ + δϕ) − A(ψ) − A′
ψ(δϕ)‖ + ‖A(ψ + δϕj ) − A(ψ) − A′

ψ(δϕj )‖ < δε

and therefore V is totally bounded. This ends the proof. ��
In the following, we will illustrate how the classical concepts of Tikhonov

regularization and quasi-solutions can be directly applied to ill-posed nonlinear
problems. We begin with the nonlinear counterpart of Theorem 4.14.

Theorem 4.22 Let A : U ⊂ X → Y be a weakly sequentially closed operator from
a subset U of a Hilbert space X into a Hilbert space Y , i.e., for any sequence (ϕn)

from U weak convergence ϕn ⇀ ϕ ∈ X and A(ϕn) ⇀ g ∈ Y implies ϕ ∈ U and
A(ϕ) = g. Let α > 0. Then for each f ∈ Y there exists ϕα ∈ U such that

‖A(ϕα) − f ‖2 + α‖ϕα‖2 = inf
ϕ∈U

{
‖A(ϕ) − f ‖2 + α‖ϕ‖2

}
. (4.45)

Proof We abbreviate the Tikhonov functional by

μ(ϕ, α) := ‖A(ϕ) − f ‖2 + α‖ϕ‖2

and set

m(α) := inf
ϕ∈U μ(ϕ, α).

Let (ϕn) be a minimizing sequence in U , i.e.,

lim
n→∞μ(ϕn, α) = m(α).

Since α > 0, the sequences (ϕn) and (A(ϕn)) are bounded. Hence, by selecting
subsequences and relabeling, we can assume weak convergence ϕn ⇀ ϕα as n→ ∞
for some ϕα ∈ X and A(ϕn) ⇀ g as n → ∞ for some g ∈ Y . Since A is assumed
to be weakly sequentially closed ϕα belongs to U and we have g = A(ϕα). This
now implies

‖A(ϕn) − A(ϕα)‖2 + α‖ϕn − ϕα‖2 → m(α) − μ(ϕα, α), n → ∞,

whence m(α) ≥ μ(ϕα, α) follows. Now observing that trivially m(α) ≤ μ(ϕα, α),
we have shown that m(α) = μ(ϕα, α) and the proof is complete. ��
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We continue with the following result on quasi-solutions in the nonlinear case.

Theorem 4.23 Let A : U ⊂ X → Y be a continuous operator from a compact
subset U of a Hilbert space X into a Hilbert space Y . Then for each f ∈ Y there
exists a ϕ0 ∈ U such that

‖A(ϕ0) − f ‖2 = inf
ϕ∈U

{
‖A(ϕ) − f ‖2

}
. (4.46)

The element ϕ0 is called the quasi-solution of Aϕ = f with respect to U .

Proof This is an immediate consequence of the compactness of U and the continuity
of A and ‖ · ‖. ��

We conclude with a short discussion of some concepts on the iterative solution
of the ill-posed nonlinear equation

A(ϕ) = f (4.47)

from a knowledge of an erroneous right-hand side f δ with an error level ‖f δ−f ‖ ≤
δ where we assume that A is completely continuous and Fréchet differentiable. The
classical Newton method applied to the perturbed equation Aϕδ = f δ consists in
solving the linearized equation

Bnhn = f δ − A(ϕδ
n) (4.48)

for hn to update the approximation ϕδ
n into ϕδ

n+1 = ϕδ
n + hn where we have set

Bn := A′
ϕδ
n
.

Since by Theorem 4.21 the linearized equation (4.48) inherits the ill-posedness from
(4.47) regularization is required. For this, in principle, all the methods discussed
in the three previous sections can be applied. For brevity here we only consider
Tikhonov regularization assuming that A : X → Y is a nonlinear operator between
Hilbert spaces X and Y . In this case, the regularized solution of (4.48) is given by

hn = (αnI + B∗
nBn)

−1B∗
n

(
f δ − A(ϕδ

n)
)
. (4.49)

By Theorem 4.14 the update hn is the unique solution of the minimization problem

‖Bnhn + A(ϕδ
α) − f δ‖2 + αn‖hn‖2 = inf

h∈X

{
‖Bnh + A(ϕδ

α) − f δ‖2 + αn‖h‖2
}
.

(4.50)
This method is known as the Levenberg–Marquardt algorithm. Its convergence was
first analyzed by Hanke [179] who proposed to choose the regularization parameter
αn such that
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‖Bnhn + A(ϕδ
α) − f δ‖2 = τ‖A(ϕδ

n) − f δ‖ (4.51)

for some τ < 1, i.e., the Newton equation is only satisfied up to a residual of size
τ‖A(ϕδ

n) − f δ‖. Therefore the method is also referred to as an inexact Newton
method. In addition to choosing the regularization parameter for each iteration step
a stopping rule is also required since for erroneous data the approximations will
start deteriorating after a certain number of iterations. Here again a natural strategy
is provided by the discrepancy principle, i.e., the iterations are stopped at the first
index N = N(δ, f δ) such that

‖A(ϕδ
N) − f δ‖ ≤ γ δ (4.52)

with some fixed parameter γ ≥ 1. Under the assumption that (4.47) has a unique
solution ϕ and that A satisfies the condition

‖A(χ) − A(ψ) − A′
χ (χ − ψ) ≤ c ‖χ − ψ‖ ‖A(χ) − A(ψ)‖ (4.53)

for some c > 0 and all χ and ψ in some neighborhood of ϕ, the Levenberg–
Marquardt algorithm with the regularization parameter determined by (4.51) and
the stopping rule (4.52) with γ τ > 1 terminates after finitely many iterations
N∗ = N∗(δ, f δ) and ϕδ

N∗ → ϕ as δ → 0, i.e., this strategy is regular in the
sense of Definition 4.5 (extended to nonlinear problems).

Changing the penalty ‖h‖2 in the penalized minimization formulation (4.50) for
equation (4.48) leads to the iteratively regularized Gauss–Newton iteration in the
form

hn = (αnI + B∗
nBn)

−1 (B∗
n

(
f δ − A(ϕδ

n)
)+ αn(ϕ0 − ϕδ

n)
)

(4.54)

with a priori guess ϕ0. Substituting g = h+ϕδ
n−ϕ0, by straightforward calculations

it follows from Theorem 4.14 that ϕδ
n+1 = ϕδ

n + hn is the unique solution of the
minimization problem

‖Bnhn + A(ϕδ
α) − f δ‖2 + αn‖hn + ϕδ

n − ϕ0‖2

= inf
h∈X

{
‖Bnh + A(ϕδ

α) − f δ‖2 + αn‖h + ϕδ
n − ϕ0‖2

}
.

(4.55)

The modified penalty term in (4.55) as compared with (4.50) has an additional
regularization effect by preventing the iterations to move too far away from the
initial guess. This also allows the incorporation of a priori information on the true
solution into the iteration scheme. Furthermore the convergence analysis for (4.54)
turns out to be slightly easier than for (4.49).

This method was first proposed and analyzed by Bakushinksii [23] who sug-
gested an a priori choice of the regularization parameters αn such that
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αn+1 ≤ αn ≤ ταn+1 and lim
n→∞αn = 0

for some τ > 1. In particular, these conditions are satisfied for the choice

αn = τ−nα0 (4.56)

and for this case it can again be shown that under an appropriate nonlinearity
assumption on A the regularized Gauss–Newton iterations with the discrepancy
principle (4.52) terminate after finitely many iterations N∗ = N∗(δ, f δ) and that
ϕδ
N∗ → ϕ as δ → 0 (see Blaschke (Kaltenbacher), Neubauer, and Scherzer [32]).

Another possibility to obtain iterative methods for the nonlinear ill-posed
operator equation (4.47) is to apply gradient methods to the minimization of the
defect

1

2
‖A(ϕ) − f ‖2.

The negative gradient of this functional is given by [A′
ϕ]∗(f − A(ϕ)

)
and therefore

gradient or steepest descent methods are of the form

ϕn+1 = ϕn + μn[A′
ϕn

]∗(f − A(ϕn)
)

with a step size parameter μn > 1. Keeping μn = μ constant during the iteration
we obtain the nonlinear Landweber iteration in the form

ϕδ
n+1 = ϕδ

n + μ[A′
ϕδ
n
]∗ (f δ − A(ϕδ

n)
)

(4.57)

for inexact data f δ . The parameter μ now must be understood as a scaling factor
to be chosen such that μ ‖A′

ϕ‖ < 1 in a neighborhood of the solution of (4.47).
The Landweber iteration has been studied and applied extensively for the solution
of linear ill-posed equations [268]. For results on the regularity of the discrepancy
principle for the nonlinear Landweber iteration we refer to Hanke, Neubauer, and
Scherzer [182].

For an extensive study on nonlinear Tikhonov regularization, regularized Newton
iterations, nonlinear Landweber iterations, and related topics we refer to the
monographs [138, 227] and the survey [47].



Chapter 5
Inverse Acoustic Obstacle Scattering

With the analysis of the preceding chapters, we now are well prepared for studying
inverse acoustic obstacle scattering problems. We recall that the direct scattering
problem is, given information on the boundary of the scatterer and the nature of
the boundary condition, to find the scattered wave and in particular its behavior at
large distances from the scatterer, i.e., its far field. The inverse problem starts from
this answer to the direct problem, i.e., a knowledge of the far field pattern, and asks
for the nature of the scatterer. Of course, there is a large variety of possible inverse
problems, for example, if the boundary condition is known, find the shape of the
scatterer, or, if the shape is known, find the boundary condition, or, if the shape
and the type of the boundary condition are known for a penetrable scatterer, find the
space dependent coefficients in the transmission or resistive boundary condition, etc.
Here, following the main guideline of our book, we will concentrate on one model
problem for which we will develop ideas which in general can also be used to study
a wider class of related problems. The inverse problem we consider is, given the far
field pattern for one or several incident plane waves and knowing that the scatterer
is sound-soft, to determine the shape of the scatterer. We want to discuss this inverse
problem for frequencies in the resonance region, that is, for scatterers D and wave
numbers k such that the wavelengths 2π/k is less than or of a comparable size to
the diameter of the scatterer. This inverse problem turns out to be nonlinear and
improperly posed. Although both of these properties make the inverse problem hard
to solve, it is the latter which presents the more challenging difficulties. The inverse
obstacle problem is improperly posed since, as we already know, the determination
of the scattered wave us from a given far field pattern u∞ is improperly posed. It is
nonlinear since, given the incident wave ui and the scattered wave us , the problem
of finding the boundary of the scatterer as the location of the zeros of the total wave
ui + us is nonlinear.

We begin this chapter with results on uniqueness for the inverse obstacle
problem, that is, we investigate the question whether knowing the far field pattern
provides enough information to completely determine the boundary of the scatterer.
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In the section on uniqueness, we also include an explicitly solvable problem in
inverse obstacle scattering known as Karp’s theorem.

We then proceed to briefly describe a linearization method based on the physical
optics approximation and indicate its limitations. After that, we shall provide a
detailed analysis of the dependence of the far field mapping on variations of the
boundary. Here, by the far field mapping we mean the mapping which for a given
incident wave maps the boundary of the scatterer onto the far field of the scattered
wave. In particular, we will establish continuity and differentiability of this mapping
by using both weak solution and boundary integral equation techniques. This
provides the necessary prerequisites for iterative methods for solving the inverse
problem that will be the next theme of this chapter. Iterative methods, in principle,
interpret the inverse obstacle scattering problem as a nonlinear ill-posed operator
equation in terms of the above boundary to far field map and apply iterative schemes
such as regularized Newton methods for its solution.

A common feature of these methods is that their iterative numerical implemen-
tation requires the numerical solution of the direct scattering problem for different
domains at each iteration step. In contrast to this, the second group of reconstruction
methods that we are going to discuss, i.e., decomposition methods, circumvent this
problem. These methods, in principle, separate the inverse scattering problem into
an ill-posed linear problem to reconstruct the scattered wave from its far field and
the subsequent determination of the boundary of the scatterer from the boundary
condition.

In numerical tests, all of the above methods have been shown to yield satisfactory
reconstructions. However, in general, their successful numerical implementation
requires sufficient a priori information on the scatterer. This drawback is avoided
by the more recently developed sampling methods that we are going to present in
the last section of this chapter. These methods, in principle, develop and evaluate
criteria in terms of indicator functions obtained from solutions to certain ill-posed
linear operator equations that decide on whether a point lies inside or outside the
scatterer.

Although a wealth of reconstruction methods in inverse obstacle scattering is
now available, there is still work to be done on the improvement of their numerical
performance, particularly for three-dimensional problems. In this sense, we provide
only a state of the art survey on inverse obstacle scattering in the resonance region
rather than an exposition on a subject which has already been brought to completion.

5.1 Uniqueness

In this section, we investigate under what conditions an obstacle is uniquely
determined by a knowledge of its far field patterns for incident plane waves. We
note that by analyticity the far field pattern is completely determined on the whole
unit sphere by only knowing it on some surface patch. We first give a uniqueness
result for sound-soft obstacles based on the ideas of Schiffer (see [292]).
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Theorem 5.1 Assume that D1 and D2 are two sound-soft scatterers such that the
far field patterns coincide for an infinite number of incident plane waves with
distinct directions and one fixed wave number. Then D1 = D2.

Proof Assume that D1 �= D2. Since by Rellich’s lemma, i.e., Theorem 2.14 the
far field pattern uniquely determines the scattered field, for each incident wave
ui(x) = eik x·d the scattered wave us for both obstacles coincides in the unbounded
component G of the complement of D1 ∪ D2 and the total wave vanishes on
∂G. Without loss of generality, we can assume that D∗ := (IR3 \ G) \ D̄2 is
nonempty. Then us is defined in D∗ since it describes the scattered wave for D2,
that is, u = ui + us satisfies the Helmholtz equation in D∗ and the homogeneous
boundary condition u = 0 on ∂D∗. Hence, u is a Dirichlet eigenfunction for
the negative Laplacian in the domain D∗ with eigenvalue k2. From Lemma 3.10
and the approximation technique used in its proof, we know that u belongs to
the Sobolev space H 1

0 (D
∗) without needing any regularity requirements on D∗

(besides the assumption that the solution to the scattering problem exists, that is,
the scattered wave is continuous up to the boundary). The proof of our theorem is
now completed by showing that the total fields for distinct incoming plane waves
are linearly independent and that for a fixed wave number k there exist only finitely
many linearly independent Dirichlet eigenfunctions in H 1

0 (D
∗).

Recall that we indicate the dependence of the scattered wave and the total wave
on the incident direction by writing us(x, d) and u(x, d). Assume that

N∑
n=1

cnu(· , dn) = 0 (5.1)

in D∗ for some constants cn and N distinct incident directions dn, n = 1, . . . , N .
Then, by analyticity (Theorem 2.2), Eq. (5.1) is also satisfied in the exterior of some
sphere containing D1 and D2. Writing

u(x, dn) = eik x·dn + us(x, dn)

and using the asymptotic behavior us(x, dn) = O(1/|x|), from (5.1) we obtain

1

R2

N∑
n=1

cn

∫
|x|=R

eik x·(dn−dm)ds(x) = O

(
1

R

)
, R → ∞, (5.2)

for m = 1, . . . , N . Now we apply the Funk–Hecke theorem (2.45), that is,

∫
|x|=R

eik x·(dn−dm)ds(x) = 4πR sin(kR|dn − dm|)
k|dn − dm| , n �= m,

to see that
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1

R2

N∑
n=1

cn

∫
|x|=R

eik x·(dn−dm)ds(x) = 4πcm + O

(
1

R

)
, R → ∞.

Hence, passing to the limit R → ∞ in (5.2) yields cm = 0 for m = 1, . . . , N , i.e.,
the functions u(· , dn), n = 1, . . . , N, are linearly independent.

We now show that there are only finitely many linearly independent eigenfunc-
tions un possible. Assume to the contrary that we have infinitely many. Then, by the
Gram–Schmidt orthogonalization procedure, we may assume that

∫
D∗

unūm dx = δnm,

where δnm denotes the Kronecker delta symbol. From Green’s theorem (2.2) we
observe that

∫
D∗

| grad un|2dx = k2
∫
D∗

|un|2dx = k2,

that is, the sequence (un) is bounded with respect to the norm in H 1
0 (D

∗). By the
Rellich selection theorem, that is, by the compactness of the imbedding of the
Sobolev space H 1

0 (D
∗) into L2(D∗), we can choose a convergent subsequence

of (un) with respect to the norm in L2(D∗). But this is a contradiction to
‖un − um‖2

L2(D∗) = 2 for all n �= m for the orthonormal sequence (un). ��
According to the following theorem (see Colton and Sleeman [126]), the scatterer

is uniquely determined by the far field pattern of a finite number of incident plane
waves provided a priori information on the size of the obstacle is available. For
n = 0, 1, . . . , we denote the positive zeros of the spherical Bessel functions jn by
tnl, l = 0, 1, . . . , i.e., jn(tnl) = 0.

Theorem 5.2 Let D1 and D2 be two sound-soft scatterers which are contained in
a ball of radius R, let

N :=
∑

tnl<kR

(2n + 1),

and assume that the far field patterns coincide for N + 1 incident plane waves with
distinct directions and one fixed wave number. Then D1 = D2.

Proof We proceed as in the previous proof, recalling the definition of D∗. As a
consequence of the Courant maximum–minimum principle for compact symmetric
operators, the eigenvalues of the negative Laplacian under Dirichlet boundary con-
ditions have the following strong monotonicity property (see [297, Theorem 4.7]):
the n-th eigenvalue for a ball B containing the domains D1 and D2 is always
smaller than the n-th eigenvalue for the subdomain D∗ ⊂ B where the eigenvalues
are arranged according to increasing magnitude and taken with their respective
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multiplicity. Hence, if λ1 ≤ λ2 ≤ · · · ≤ λm = k2 are the eigenvalues of D∗ that are
less than or equal to k2 and μ1 ≤ μ2 ≤ · · · ≤ μm are the first m eigenvalues of the
ball of radius R, then μm < λm = k2. In particular, the multiplicity M of λm is less
than or equal to the sum of the multiplicities of the eigenvalues for the ball which
are less than k2. However, from the discussion of the example after Theorem 3.29,
we know that the eigenfunctions for a ball of radius R are the spherical wave
functions jn(k|x|) Yn(x̂) with the eigenvalues given in terms of the zeros of the
spherical Bessel functions by μnl = t2

nl/R
2. By Theorem 2.7, the multiplicity of the

eigenvalues μnl is 2n+1 whence M ≤ N follows with N as defined in the theorem.
Since D∗ is nonempty, this leads to a contradiction because the N + 1 different
incident waves yield N + 1 linearly independent eigenfunctions with eigenvalue k2

for D∗. Hence, we can now conclude that D1 = D2. ��
Essentially the same arguments as in the proof of Theorem 5.1 show that a

sound-soft scatterer is uniquely determined by the far field patterns for an infinite
number of incident plane waves with distinct wave numbers that do not accumulate
at infinity and one fixed incident direction. There is also an analogue of Theorem
5.2 for a finite number of wave numbers with one fixed incident direction.

A challenging open problem is to determine if the far field pattern for scattering
of one incident plane wave at one single wave number completely determines
the scatterer. However, under additional geometric assumptions uniqueness for
one incident plane wave can be established. As a corollary of Theorem 5.2 we
immediately have a uniqueness result for one incident plane wave under an a priori
assumption on the size of the scatterer.

Corollary 5.3 Let D1 and D2 be two sound-soft scatterers which are contained in
a ball of radius R such that kR < π and assume that the far field patterns coincide
for one incident plane wave with wave number k. Then D1 = D2.

Proof From (2.36) and Rolle’s theorem, we see that between two zeros of jn there
lies a zero of jn−1. Since jn(0) = 0 for n = 1, 2, . . . , this implies that the sequence
(tn0) is strictly monotonically increasing and therefore the smallest positive zero of
the spherical Bessel functions is given by the smallest zero of j0, that is, t00 = π

since j0(t) = sin t/t . ��
Exploiting the fact that the wave functions are complex-valued and consequently

the corresponding eigenvalue is of multiplicity larger than one, Gintides [150] was
able to improve the bound in Corollary 5.3 to kR < t10 . . ., that is, to kR < 4.49 . . . .

A sound soft scatterer D is also uniquely determined if instead of assuming that D
is contained in a ball of sufficiently small radius it is assumed that D is close to a
given obstacle as shown by Stefanov and Uhlmann [398].

Uniqueness can also be established under a priori assumptions on the shape of the
scatterer. If it is known a priori that the scatterer is a ball, uniqueness for one incident
wave was first established by Liu [305] and can be proven as follows with the aid of
a translation property of the far field pattern for a general domain D. For the shifted
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domain Dh := {x+h : x ∈ D} with h ∈ IR3 and boundary ∂Dh := {x+h : x ∈ ∂D}
the scattered field ush for plane wave incidence ui(x) = eik x·d is given by

ush(x) = eikh·dus(x − h), x ∈ IR3 \ Dh,

in terms of the scattered field us for D as can be seen by checking the boundary
condition ush + ui = 0 on ∂Dh. In view of (2.15), the corresponding far field
pattern is

u∞,h(x̂) = eik h·(d−x̂)u∞(x̂), x̂ ∈ S
2, (5.3)

in terms of the far field pattern u∞ for D.

Theorem 5.4 A sound-soft ball is uniquely determined by the far field pattern for
one incident plane wave.

Proof Assume that two balls D1 and D2 with centers z1 and z2 have the same
far field pattern u∞,1 = u∞,2 for scattering of one incident plane wave. Then by
Rellich’s lemma, i.e., Theorem 2.14, the scattered waves coincide in IR3 \ (D1 ∪D2)

and we can identify us = us1 = us2 in IR2 \ (D1 ∪ D2). Now assume that z1 �= z2.
Then from the explicit solution (3.37) we observe that us1 has an extension into
IR3 \ {z1} and us2 an extension into IR3 \ {z2}. Therefore, us can be extended from
IR3 \ (D1 ∪ D2) into all of IR3, that is, us is an entire solution to the Helmholtz
equation. Consequently, since us also satisfies the radiation condition it must vanish
identically in all of IR3. Then the total field coincides with the incident field and this
leads to a contradiction since the plane wave cannot satisfy the boundary condition.

Therefore the two balls D1 and D2 must have the same center. From (3.38) we
observe that the far field pattern for scattering from a ball centered at the origin only
depends on the angle between the incident and the observation direction. Therefore,
in view of (5.3), coincidence of the far field patterns for scattering from the two balls
D1 and D2 with the same center for one incident plane wave implies coincidence
of the far field patterns for all incident directions. Now the statement of the theorem
follows from Theorem 5.1. ��

In [269] it has been shown that a disc together with its constant generalized
impedance coefficients λ and μ is uniquely determined by the far field pattern for
one incident plane wave. The corresponding result for a dielectric disc obtained
in [8] has as interesting feature a proof that exploits some facts on transmission
eigenvalues that will be one of our topics later on in this book.

Finally, if it is assumed that D is a polyhedron, then a single incident plane wave
is sufficient to uniquely determine D as established by Cheng and Yamamoto [80],
by Alessandrini and Rondi [7], and by Liu and Zou [307]. For convenience we only
present a proof for the special case of a convex polyhedron, since the general case
is technically more involved.
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Theorem 5.5 A sound-soft convex polyhedron is uniquely determined by the far
field pattern for one incident plane wave.

Proof Assume that two convex polyhedrons D1 and D2 have the same far field
pattern u∞,1 = u∞,2 for scattering of one incident plane wave. As in the proof of
the previous theorem, by Rellich’s lemma the total waves coincide in IR3\(D1∪D2)

and we can identify u = u1 = u2 in IR2 \ (D1 ∪ D2). Now assume that D1 �= D2.
Then, because of convexity, there exists a corner z of one of the polyhedrons, let’s
say D1, and an open neighborhood V of z such that V does not intersect with the
closure of the other polyhedron D2. Consider an open face Γ of D1 that has z as
one of its corners and denote the plane containing Γ by Λ. Then u2 is analytic on
V ∩ Λ as the total field for the obstacle D2 and u1 is analytic on Λ \ Γ as the total
field for the obstacle D1. Since u vanishes on V ∩Γ as the total field for the obstacle
D1 the analyticity of u2 implies u = 0 in V ∩ Λ. From this and the analyticity of
u1 we finally obtain u = 0 on all of the plane Λ. However this is a contradiction to
|ui(x)| = 1 for all x ∈ IR3 and us(x) → 0 as x → ∞. ��

We note that for other than the Dirichlet boundary condition there is no analogue
to Theorem 5.2 and Corollary 5.3 since there is no monotonicity property for the
eigenvalues of the negative Laplacian with respect to the domain for other boundary
conditions. However, Theorems 5.4 and 5.5 can be extended to other boundary
conditions, for the latter see [307].

Difficulties arise in attempting to generalize Schiffer’s approach to other bound-
ary conditions. This is due to the fact that the finiteness of the dimension of
the eigenspaces for eigenvalues of −Δ for the Neumann or impedance boundary
condition requires the boundary of the intersection D∗ from the proof of Theorem
5.1 to be sufficiently smooth. Therefore, a different approach is required for estab-
lishing uniqueness for the inverse obstacle scattering problem for other boundary
conditions. Assuming two different scatterers producing the same far field patterns
for all incident directions, Isakov [203, 204] obtained a contradiction by considering
a sequence of solutions with a singularity moving towards a boundary point of one
scatterer that is not contained in the other scatterer. He used weak solutions and
the proofs are technically involved. Later on, Kirsch and Kress [248] realized that
these proofs can be simplified by using classical solutions rather than weak solutions
and by obtaining the contradiction by considering pointwise limits of the singular
solutions rather than limits of L2 integrals. Only after this new uniqueness proof was
published, it was also observed by the authors that for scattering from impenetrable
objects it is not required to know the boundary condition of the scattered wave on
the boundary of the scatterer. Furthermore, as stated in the following theorem, one
can conclude that in addition to the shape ∂D of the scatterer the boundary condition
is also uniquely determined by the far field pattern for infinitely many incident plane
waves (see also Alves and Ha-Duong [10], Cakoni and Colton [50], and Kress and
Rundell [276]).

We consider boundary conditions of the form Bu = 0 on ∂D, where Bu = u

for a sound-soft scatterer and Bu = ∂u/∂ν + ikλu for the impedance boundary
condition. In the latter case, the real-valued function λ is assumed to be continuous
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and have nonnegative real part to ensure well-posedness of the direct scattering
problem by Theorem 3.16.

In the proof of the uniqueness theorem, in addition to scattering of plane waves,
we also need to consider scattering of point sources Φ(· , z) with source location z in
IR3 \ D̄. As in the mixed reciprocity relation we denote the corresponding scattered
wave by ws(· , z) and its far field pattern by w∞(· , z).
Theorem 5.6 Assume that D1 and D2 are two scatterers with boundary conditions
B1 and B2 such that the far field patterns coincide for an infinite number of incident
plane waves with distinct directions and one fixed wave number. Then D1 = D2 and
B1 = B2.

Proof Following Potthast [361] we simplify the approach of Kirsch and Kress
through the use of the mixed reciprocity relation (3.62). Let u∞,1 and u∞,2 be the
far field patterns for plane wave incidence and let ws

1 and ws
2 be the scattered waves

for point source incidence corresponding to D1 and D2, respectively. With (3.62)
and two applications of Theorem 2.14, first for scattering of plane waves and then
for scattering of point sources, from the assumption u∞,1(x̂, d) = u∞,2(x̂, d) for all
x̂, d ∈ S

2 it can be concluded that ws
1(x, z) = ws

2(x, z) for all x, z ∈ G. Here, as in
the proof of Theorem 5.1, G denotes the unbounded component of the complement
of D1 ∪ D2.

Now assume that D1 �= D2. Then, without loss of generality, there exists x∗ ∈
∂G such that x∗ ∈ ∂D1 and x∗ �∈ D̄2. In particular we have

zn := x∗ + 1

n
ν(x∗) ∈ G, n = 1, 2, . . . ,

for sufficiently large n. Then, on one hand we obtain that

lim
n→∞B1w

s
2(x

∗, zn) = B1w
s
2(x

∗, x∗),

since ws
2(x

∗, ·) is continuously differentiable in a neighborhood of x∗ �∈ D̄2 due
to the reciprocity Theorem 3.25 and the well-posedness of the direct scattering
problem with boundary condition B2 on ∂D2. On the other hand, we find that

lim
n→∞B1w

s
1(x

∗, zn) = ∞,

because of the boundary condition B1w
s
1(x

∗, zn) = −B1Φ(x∗, zn) on ∂D1. This
contradicts ws

1(x
∗, zn) = ws

2(x
∗, zn) for all sufficiently large n, and therefore D1 =

D2.
Finally, to establish that λ1 = λ2 for the case of two impedance boundary

conditions B1 and B2 we set D = D1 = D2 and assume that λ1 �= λ2. Then from
Rellich’s lemma, i.e., Theorem 2.14, and the boundary conditions (considering one
incident field) we have that
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∂u

∂ν
+ ikλ1u = ∂u

∂ν
+ ikλ2u = 0 on ∂D

for the total wave u = u1 = u2. Hence, (λ1 − λ2)u on ∂D. From this, in view of
the fact that λ1 �= λ2, by Holmgren’s Theorem 2.3 and the boundary condition we
obtain that u = 0 in IR3 \ D̄. This leads to the contradiction that the incident field
must satisfy the radiation condition. Hence, λ1 = λ2. The case when one of the
boundary conditions is the sound-soft boundary condition is dealt with analogously.

��
The above method has been employed by Kirsch and Kress [248] to prove an

analogue of Theorem 5.6 for the transmission problem and by Hettlich [187] and
by Gerlach and Kress [147] for the conductive boundary condition. More recently,
this method has been used by Bourgeois, Chaulet, and Haddar [42] to show that
both the shape and the two impedance functions λ and μ of an obstacle with
generalized impedance condition are uniquely determined by the far field patterns
for an infinite number of plane waves with different incident directions and one
fixed wave number. Later on in Sect. 5.6 we will see that Potthast’s [359, 361, 363]
singular source method for solving the inverse obstacle scattering problem can be
viewed as a straightforward numerical implementation of the uniqueness proof for
Theorem 5.6 whereas the probe or needle method as suggested by Ikehata [200, 201]
follows the uniqueness proof of Isakov.

Returning to the question whether a finite number of far field patterns guarantee
uniqueness for the inverse problem we consider the following theorem on the
generalized impedance condition in two dimensions which has the form

∂u

∂ν
+ ik

(
λu − d

ds
μ

du

ds

)
= 0 on ∂D (5.4)

for the total wave u = ui+us , where λ ∈ C(∂D) and μ ∈ C1(∂D) have nonnegative
real parts. Here, d/ds denotes differentiation with respect to arc length and the
existence analysis for the two-dimensional case was done in [68].

Theorem 5.7 For scattering with a generalized impedance boundary condition in
two dimensions, given the shape ∂D, the far field patterns corresponding to three
incident plane waves ui1, u

i
2, u

i
3 with different incident directions and the same wave

number uniquely determine the impedance functions λ and μ.

Proof Denote the total waves by u1, u2, u3 and assume that α1, α2, α3 ∈ C are
such that for u := α1u1 + α2u2 + α3u3 we have u = 0 on ∂D. Then the boundary
condition (5.4) implies that also ∂νu = 0 on ∂D whence u = 0 in IR2 \D̄ follows by
Holmgren’s theorem. From this as in the proof of Theorem 5.1 we can conclude that
α1 = α2 = α3 = 0, i.e., the restrictions of the total waves u1|∂D , u2|∂D , u3|∂D
onto ∂D are linearly independent.
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From this it follows that for j, � = 1, 2, 3 with j �= � the Wronskians

W(uj , u�) := uj
du�

ds
− u�

duj

ds

do not vanish on open subsets of ∂D. Multiplying the impedance condition for u1
by u2 and the impedance condition for u2 by u1 and subtract we obtain

ik
d

ds
μ

(
u1

du2

ds
− u2

du1

ds

)
= u1

∂u2

∂ν
− u2

∂u1

∂ν
on ∂D. (5.5)

From this we observe that due to the constant occurring in the integration of (5.5)
the coefficient μ, in general, cannot be recovered from only two far field patterns.
In particular, the difference of two coefficients μ and μ̃ that are compatible with the
two far field patterns u∞,1 and u∞,2 is given by

μ − μ̃ = α

W(u1, u2)
(5.6)

for some constant α. Now assume that μ and μ̃ are two different impedance
functions that are compatible with all three far field patterns u∞,1, u∞,2 and u∞,3.
Then from (5.6), applied to the three possible combinations of far field patterns we
find that there exist constants α1, α2 and α3 with α1α2α3 �= 0 such that

α3

W(u1, u2)
= α1

W(u2, u3)
= α2

W(u3, u1)
,

that is,

α3W(u2, u3) = α1W(u1, u2) and α3W(u3, u1) = α2W(u1, u2). (5.7)

Multiplying the first equation in (5.7) by u1 and the second equation by u2 and
adding we obtain

α1u1 + α2u2 + α3u3 = 0 on ∂D

in contradiction to the linear independence of u1|∂D , u2|∂D , u3|∂D .
Hence, the impedance function μ is uniquely determined by three far field

patterns. Once we know μ, the remaining coefficient function λ can be obtained
from the impedance condition (5.4) for any of the three waves u1, u2, and u3 since
by Holmgren’s theorem neither of them can vanish on open subsets of ∂D. ��

The following counter example illustrates the nonuniqueness issue using two far
field patterns. Let D be a disc of radius R centered at the origin, let μ and λ be
positive constants, and consider the two incident waves given in polar coordinates



5.1 Uniqueness 147

by ui(r, θ) = Jn(kr) e
±inθ in terms of the Bessel function Jn of order n ∈ N. Then

the corresponding total wave is given by

u(r, θ) =
(
Jn(kr) − anH

(1)
n (kr)

)
e±inθ

with the Hankel function H
(1)
n of the first kind of order n and

an = kR2J ′
n(kR) + ik(n2μ + λR2)Jn(kR)

kR2H
(1)′
n (kR) + ik(n2μ + λR2)H

(1)
n (kR)

. (5.8)

Clearly, there are infinitely many combinations of positive real numbers μ and
λ giving the same value for an, that is, the same two linearly independent total
fields. The corresponding example in IR3 indicates that there is no analogue for
Theorem 5.7 in three dimensions since for each n in IN there exist 2n + 1 spherical
wave functions of order n (see Theorems 2.7 and 2.8).

The above proof of Theorem 5.7 is constructive as we will briefly discuss. As
other solution methods for inverse scattering problems that arise from uniqueness
proofs we mention Potthast’s singular source method and Ikehata’s probe method
that we will consider in Sect. 5.6. In a first step, knowing the boundary ∂D and given
the far field pattern u∞ we can try to represent the scattered wave us as a single-
layer potential with density ϕ on ∂D. In order to attain the known far field pattern
the density has to satisfy

S∞ϕ = u∞ (5.9)

with the operator S∞ : L2(∂D) →: L2(S1) given by

(S∞ϕ)(x̂) := ei
π
4√

8πk

∫
∂D

e−ik x̂·yϕ(y) ds(y), x̂ ∈ S
1,

representing the far field pattern of the single-layer potential (see Eq. 3.122). Once
the density ϕ is known, the values of u and ∂νu, i.e., the Cauchy data of u on the
boundary can be obtained from the jump relations

u|∂D = ui |∂D + 1

2
Sϕ (5.10)

and

∂u

∂ν

∣∣∣∣
∂D

= ∂ui

∂ν

∣∣∣∣
∂D

+ 1

2
K ′ϕ − 1

2
ϕ. (5.11)

For a discussion of the solution of the ill-posed equation (5.9) via Tikhonov
regularization we refer to the upcoming Sect. 5.5. For the evaluation of (5.10)
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and (5.11) the approximations of the integral operators described in Sect. 3.6 are
available. The derivative of u|∂D with respect to arc length s can be obtained by
trigonometric differentiation (see [268]).

Knowing the Cauchy data on ∂D, in a second step we can obtain the impedance
functions μ and λ by a least squares approach mimicking the steps of the uniqueness
proof. Using the notations introduced in the above proof and integrating (5.5) we
obtain that

ikμW(u1, u2) = I
{
u1

∂u2

∂ν
− u2

∂u1

∂ν

}
+ C12 on ∂D (5.12)

where C12 is a complex constant and I denotes integration over ∂D from a fixed
x0 ∈ ∂D to x ∈ ∂D. Proceeding the same way with the two other possible
combinations of u2 and u3 and of u3 and u1 we obtain two analogous equations with
two more constants C23 and C31. We approximate the unknown (parameterized)
impedance function μ by a trigonometric polynomial of degree J and collocate
the parameterized three equations of the form (5.12) at 2n equidistant collocation
points. The resulting linear system of 6n equations for the (2J + 1) Fourier
coefficients of μapprox and the three integration constants C12, C23, C31 then is
solved in the least squares sense.

Having reconstructed μ, the remaining coefficient function λ can be obtained
from the impedance condition for any of the three functions u1, u2, or u3.
For symmetry, approximating the unknown function λ also by a trigonometric
polynomial of degree J we collocate the boundary condition (5.4) for all three
functions and solve the resulting linear system of 6n equations for the (2J + 1)
Fourier coefficients of λapprox in the least squares sense.

For an example we choose an ellipse with parameterization

x(t) = (cos t, 0.5 sin t) (5.13)

as boundary curve and impedance functions given by

λ(x(t)) = 1

1 − 0.1 sin(2t − π/4)
and μ(x(t)) = 1

1 + 0.3 cos t
(5.14)

for 0 ≤ t ≤ 2π . The wave number is k = 1 and the three incident directions
are d = (1, 0) and d = (cos 2π/3,± sin 2π/3). The number of quadrature and
collocation points is 2n = 64. The integration I is approximated by trigonometric
interpolation quadrature. The degree of the polynomials for the approximation of
the impedance functions is chosen as J = 3. We approximate the density ϕ via H 2

Tikhonov regularization of (5.9) by a trigonometric polynomial of degree Jϕ = 24.
The regularization parameter α is chosen by trial and error as αexact = 10−10 and
αnoise = 10−4.

Figure 5.1 shows the reconstructions: The exact μ is given as dotted curve and
the reconstruction as full curve, the exact λ is dashed-dotted and the reconstruction
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Fig. 5.1 Reconstruction of the impedance functions for the ellipse (5.13) for exact data (left) and
2% noise (right)

dashed. In general, the example and further numerical experiments indicate that the
simultaneous reconstruction of both impedance functions is very sensitive to noise.
This method does not have an extension to three dimensions. For an alternative
method based on boundary integral equations and optimization we refer to [209].

Closely related to the uniqueness question is the following example which gives
an explicit solution to the inverse obstacle problem. If the sound-soft scatterer D is
a ball centered at the origin, then in the proof of Theorem 5.4 we have already used
the fact that in view of (3.38) the far field pattern only depends on the angle between
the incident and the observation direction. Hence, we have

u∞(x̂, d) = u∞(Qx̂,Qd) (5.15)

for all x̂, d ∈ S
2 and all rotations, i.e., all real orthogonal matrices Q with detQ = 1.

Karp’s theorem [228] says that the converse of this statement is also true. We shall
now show how the approach of Colton and Kirsch [91] to proving this result can
be considerably simplified. For this, in view of the Funk–Hecke formula (2.45), we
consider the superposition of incident plane waves given by

vi(x) =
∫
S2

eik x·dds(d) = 4π sin k|x|
k|x| . (5.16)

Then, by Lemma 3.28, the corresponding scattered wave vs has the far field pattern

v∞(x̂) =
∫
S2

u∞(x̂, d) ds(d),

and the condition (5.15) implies that v∞(x̂) = c for some constant c. Hence,



150 5 Inverse Acoustic Obstacle Scattering

vs(x) = c
eik|x|

|x| (5.17)

follows. From (5.16) and (5.17) together with the boundary condition vi + vs = 0
on ∂D we now have

sin k|x| + kc

4π
eik|x| = 0

for all x ∈ ∂D. From this we conclude that |x| = constant for all x ∈ ∂D, i.e., D is
a ball with center at the origin.

5.2 Physical Optics Approximation

From the boundary integral equation approach to the solution of the direct scattering
problem, it is obvious that the far field pattern depends nonlinearly on the boundary
of the scatterer. Therefore, the inverse problem to determine the boundary of the
scatterer from a knowledge of the far field pattern is a nonlinear problem. We begin
our discussion on the solution of the inverse problem by presenting a linearized
method based on the Kirchhoff or physical optics approximation.

In the physical optics approximation for a convex sound-soft scatterer D for large
wave numbers k, by (3.42) the far field pattern is approximately given by

u∞(x̂, d) = − ik

2π

∫
∂D−

ν(y) · d eik(d−x̂)·y ds(y), x̂ ∈ S
2,

where ∂D− := {y ∈ ∂D : ν(y) · d < 0} denotes the part of the boundary which is
illuminated by the plane wave with incident direction d. In particular, for x̂ = −d,
i.e., for the far field in the back scattering direction we have

u∞(−d, d) = − 1

4π

∫
ν(y)·d<0

∂

∂ν(y)
e2ik d·y ds(y).

Analogously, replacing d by −d, we have

u∞(d,−d) = − 1

4π

∫
ν(y)·d>0

∂

∂ν(y)
e−2ik d·y ds(y).

Combining the last two equations we find

u∞(−d, d) + u∞(d,−d) = − 1

4π

∫
∂D

∂

∂ν(y)
e2ik d·y ds(y)
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whence by Green’s theorem

u∞(−d, d) + u∞(d,−d) = − 1

4π

∫
D

Δe2ik d·y dy = k2

π

∫
D

e2ik d·y dy

follows. Denoting by χ the characteristic function of the domain D, we rewrite this
equation in the form

∫
IR3

χ(y)e2ik d·y dy = π

k2

{
u∞(−d, d) + u∞(d,−d)

}
(5.18)

which is known as the Bojarski identity [35, 36]. Hence, in the physical optics
approximation the Fourier transform of the characteristic function of the scatterer,
in principle, can be completely obtained from measurements of the back scattering
far field for all incident directions d ∈ S

2 and all wave numbers k > 0. Then,
by inverting the Fourier transform (which is a bounded operator from L2(IR3)

onto L2(IR3) with bounded inverse) one can determine χ and therefore D. Thus,
the physical optics approximation leads to a linearization of the inverse problem.
For details on the implementation, we refer to Bleistein [33], Devaney [132],
Langenberg [289], and Ramm [368].

However, there are several drawbacks to this procedure. Firstly, we need the
far field data for all wave numbers. But the physical optics approximation is
valid only for large wave numbers. Therefore, in practice, the Fourier transform
of χ is available only for wave numbers k ≥ k0 for some k0 > 1. This means
that we have to invert a Fourier transform with incomplete data. This may cause
uniqueness ambiguities and it leads to severe ill-posedness of the inversion as
is known from corresponding situations in the inversion of the Radon transform
in computerized tomography (see Natterer [335]). Thus, the ill-posedness which
seemed to have disappeared through the inversion of the Fourier transform is back
on stage. Secondly, and particularly important in the context of the scope of this
book, the physical optics approximation will not work at all in situations where far
field data are available only for frequencies in the resonance region. Therefore, after
this brief mentioning of the physical optics approximation we turn our attention to
a solution of the full nonlinear inverse scattering problem.

5.3 Continuity and Differentiability of the Far Field
Mapping

The solution to the direct scattering problem with a fixed incident plane wave ui

defines an operator

F : ∂D �→ u∞
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which maps the boundary ∂D of the sound-soft scatterer D onto the far field pattern
u∞ of the scattered wave. In terms of this operator, given a far field pattern u∞, the
inverse problem just consists in solving the nonlinear and ill-posed equation

F (∂D) = u∞ (5.19)

for the unknown surface ∂D. Hence, it is quite natural to try some of the
regularization methods mentioned at the end of the previous chapter. For this we
need to establish some properties of the operator F .

So far, we have not defined the solution and data space for the operator F . Having
in mind that for ill-posed problems the norm in the data space has to be suitable for
describing the measurement errors, our natural choice is the Hilbert space L2(S2)

of square integrable functions on the unit sphere. For the solution space we have to
choose a class of admissible surfaces described by some suitable parametrization
and equipped with an appropriate norm. For the sake of simplicity, we restrict
ourselves to the case of domains D which are starlike with respect to the origin,
that is, we assume that ∂D is represented in the parametric form

∂D =
{
r(x̂) x̂ : x̂ ∈ S

2
}

(5.20)

with a positive function r ∈ C1(S2). Then we may view the operator F as a mapping
from C1(S2) into L2(S2). We also will write F (r) synonymously for F (∂D).

The main question we wish to address in this section is that of continuity,
differentiability and compactness of the operator F . For this, we have to investigate
the dependence of the solution to the direct problem on the boundary surface.
In principle, this analysis can be based either on the boundary integral equation
method described in Sect. 3.2 or on weak solution methods. In both approaches,
in order to compare the solution operators for different domains, we have to
transform the boundary value problem for the variable domain into one for a fixed
reference domain. Since each method has its merits, we will present them both.
We postpone the presentation of the continuous dependence and differentiability
results via integral equation methods until the end of this section and first follow
Pironneau [352] in using a weak solution approach. In doing this, as in Sects. 3.1
and 3.2, we expect the reader to be familiar with the basic theory of Sobolev
spaces. For an introduction to Sobolev spaces, we refer to Adams [2], Gilbarg and
Trudinger [149], McLean [315], and Treves [409].

Theorem 5.8 For a fixed incident wave ui , the operator F : ∂D �→ u∞ which
maps the boundary ∂D onto the far field pattern u∞ of the scattered wave us is
continuous from C1(S2) into L2(S2).

Proof Due to the unbounded domain and the radiation condition, we have to couple
the weak solution technique either with a boundary integral equation method or
with a spectral method. Our proof consists of two parts. First, for a fixed domain,
we will establish that the linear operator which maps the incident field ui onto the
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normal derivative ∂us/∂ν of the scattered field is bounded from the Sobolev space
H 1/2(SR) into its dual space H−1/2(SR). Here, SR is a sphere of radius R centered at
the origin where R is chosen large enough such that D is contained in the interior of
SR/2. In the second step, we will show that this mapping depends continuously on the
boundary ∂D whence the statement of the theorem follows by using Theorem 2.6.

We denote DR := {
x ∈ IR3 \ D̄ : |x| < R

}
and introduce the Sobolev space

H̃ 1
0 (DR) := {

v ∈ H 1(DR) : v = 0 on ∂D
}

where the boundary condition v = 0
on ∂D has to be understood in the sense of the trace operator. As in the proof of
Theorem 5.1, from Lemma 3.10 we see that the solution u to the direct scattering
problem belongs to H̃ 1

0 (DR). Then, by Green’s theorem (2.2), we see that u satisfies

∫
DR

{
grad u · grad v̄ − k2uv̄

}
dx =

∫
SR

∂u

∂ν
v̄ ds (5.21)

for all v ∈ H̃ 1
0 (DR) where ν denotes the exterior unit normal to SR .

We recall the Dirichlet to Neumann map A for radiating solutions w to the
Helmholtz equation in the exterior of SR as introduced in Theorem 3.13. It
transforms the boundary values into the normal derivative on the boundary

A : w �→ ∂w

∂ν
on SR.

As pointed out after the proof of Theorem 3.13, the operator A is bounded from
H 1/2(SR) into H−1/2(SR) and has a bounded inverse. However, for the simple shape
of the sphere this result and further properties of A can also be established by
expansion of w with respect to spherical wave functions as we will briefly indicate.

From the expansion (2.49) of radiating solutions to the Helmholtz equation with
respect to spherical wave functions, we see that A maps

w =
∞∑
n=0

n∑
m=−n

amn Ym
n

with coefficients amn onto

Aw =
∞∑
n=0

γn

n∑
m=−n

amn Ym
n

where

γn := kh
(1)′
n (kR)

h
(1)
n (kR)

, n = 0, 1, . . . . (5.22)

The spherical Hankel functions and their derivatives do not have real zeros since
otherwise the Wronskian (2.37) would vanish. From this we observe that A is
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bijective. In view of the differentiation formula (2.35) and the asymptotic formula
(2.39) for the spherical Hankel functions, we see that

c1(n + 1) ≤ |γn| ≤ c2(n + 1)

for all n and some constants 0 < c1 < c2. From this the boundedness of A :
H 1/2(SR) → H−1/2(SR) is obvious since for p ∈ IR the norm on Hp(SR) can be
described in terms of the Fourier coefficients by

‖w‖2
p =

∞∑
n=0

(n + 1)2p
n∑

m=−n

∣∣amn ∣∣2 .

For the limiting operator A0 : H 1/2(SR) → H−1/2(SR) given by

A0w = − 1

R

∞∑
n=0

(n + 1)
n∑

m=−n

amn Ym
n ,

we clearly have

−
∫
SR

A0w w̄ ds = 1

R

∞∑
n=0

(n + 1)
n∑

m=−n

|amn |2

with the integral to be understood as the duality pairing between H 1/2(SR) and
H−1/2(SR). Hence,

−
∫
SR

A0w w̄ ds ≥ c‖w‖2
H 1/2(SR)

for some constant c > 0, that is, the operator −A0 is strictly coercive. Finally, from
the power series expansions (2.32) and (2.33) for the spherical Hankel functions, for
fixed k we derive

γn = −n + 1

R

{
1 + O

(
1

n

)}
, n → ∞.

This implies that A − A0 is compact from H 1/2(SR) into H−1/2(SR) since it is
bounded from H 1/2(SR) into H 1/2(SR) and the imbedding from H 1/2(SR) into
H−1/2(SR) is compact.

For the following transformation of the scattering problem into a sesquilinear
equation we follow Kirsch [236] who simplified our analysis from the first edition
of this book. From (5.21) it can be deduced that if u is the solution to the scattering
problem, then u ∈ H̃ 1

0 (DR) satisfies the sesquilinear equation
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∫
DR

{grad u ·grad v̄− k2uv̄}dx−
∫
SR

Au v̄ ds =
∫
SR

{
∂ui

∂ν
− Aui

}
v̄ ds (5.23)

for all v ∈ H̃ 1
0 (DR). The sesquilinear form T on H̃ 1

0 (DR) defined by the left-hand
side of (5.23) can be written as T = V0 + V1 where

V0(u, v) :=
∫
DR

{grad u · grad v̄ + uv̄} dx −
∫
SR

A0v v̄ ds

and

V1(u, v) := −(k2 + 1)
∫
DR

uv̄ dx −
∫
SR

(A − A0)u v̄ ds.

Note that V0 and V1 are well defined since by the trace theorem the restriction of
u on SR belongs to H 1/2(SR) if u ∈ H̃ 1

0 (DR). Clearly, as a consequence of the
boundedness of A : H 1/2(SR) → H−1/2(SR) and the trace theorem, V0 is bounded,
and since

V0(u, u) = ‖u‖2
H̃ 1

0 (DR)
−
∫
SR

A0u ū ds ≥ ‖u‖2
H̃ 1

0 (DR)
+ c‖u‖2

H 1/2(SR)
≥ ‖u‖2

H̃ 1
0 (DR)

for all u ∈ H̃ 1
0 (DR) we have that V0 is strictly coercive. By the compactness of

A − A0 : H 1/2(SR) → H−1/2(SR) and the Rellich selection theorem, that is, the
compact imbedding of H̃ 1

0 (DR) into L2(DR), the term V1 is compact. Through the
Riesz representation theorem we can write

T (u, v) = (Lu, v) (5.24)

with a bounded linear operator L mapping H̃ 1
0 (DR) into itself. Corresponding to

T = V0+V1, we have L = K0+K1 where K0 is strictly coercive and K1 is compact.
Hence, by the Lax–Milgram theorem (see [268]) and the Riesz–Fredholm theory
for compact operators, in order to establish unique solvability of the sesquilinear
equation (5.23) and continuous dependence of the solution on the right-hand side,
that is, the existence of a bounded inverse L−1 to L, it suffices to prove uniqueness
for the homogeneous form of (5.23).

This can be shown as a consequence of the uniqueness for the direct scattering
problem. Assume that u ∈ H̃ 1

0 (DR) satisfies

T (u, v) = 0

for all v ∈ H̃ 1
0 (DR), that is,
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∫
DR

{
grad u · grad v̄ − k2uv̄

}
dx −

∫
SR

Au v̄ ds = 0 (5.25)

for all v ∈ H̃ 1
0 (DR). Substituting v = u into (5.25) and taking the imaginary part

we obtain

Im
∫
SR

Au ū ds = 0,

that is,

∞∑
n=0

Im γn

n∑
m=−n

|amn |2 = 0

for

u =
∞∑
n=0

n∑
m=−n

amn Ym
n on SR.

From this we deduce u = 0 on SR since from (5.22) and the Wronskian (2.37) we
have that

Im γn = 1

kR2
∣∣∣h(1)n (kR)

∣∣∣2
> 0

for all n. Now (5.25) reads

∫
DR

{
grad u · grad v̄ − k2uv̄

}
dx = 0,

i.e., u is a weak solution to the Helmholtz equation in DR satisfying weakly a
homogeneous Dirichlet condition on ∂D and a homogeneous Neumann condition
on SR . In addition we have u = 0 on SR . By the classical regularity properties of
weak solutions to elliptic boundary value problems (see [149]), it follows that u
also is a classical solution. Then by Holmgren’s Theorem 2.3 the vanishing Cauchy
data on SR implies that u = 0 in DR . This completes the uniqueness proof for the
sesquilinear equation (5.23).

We now wish to study the dependence of the sesquilinear form T on the shape of
the domain D. For this we map DR onto a fixed reference domain BR . We represent
the starlike boundary surface ∂D in the parametric form (5.20) with a positive radial
function r ∈ C1(S2). Without loss of generality, we may assume that r(x̂) > 1 for
all x̂ ∈ S

2. After setting R = 2‖r‖∞, the mapping ψr defined by

Ψr(y) := y + hr(y), |y| ≥ 1, (5.26)
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where

hr(y) :=

⎧⎪⎪⎨
⎪⎪⎩

(
r

(
y

|y|
)

− 1

)(
R − |y|
R − 1

)2
y

|y| , 0 ≤ |y| ≤ R,

y, R ≤ |y| < ∞,

is a diffeomorphism from the closed exterior of the unit sphere onto IR3 \ D such
that BR := {y ∈ IR3 : 1 < |y| < R} is mapped onto DR . We denote its Jacobian by
Ψ ′
r and substitute x = Ψr(y) to transform

∫
DR

{
grad u · grad v̄ − k2uv̄

}
dx = Tr(ũ, ṽ)

where ũ = u ◦ Ψr , ṽ = v ◦ Ψr , and the sesquilinear form Tr on H̃ 1
0 (BR) is defined

by

Tr(u, v) :=
∫
BR

{
[Ψ ′

r ]−1 grad u · [Ψ ′
r ]−1 grad v̄ − k2 uv̄

}
detΨ ′

r dy (5.27)

for u, v ∈ H̃ 1
0 (BR). After this transformation we can consider the sesquilinear

equation on H̃ 1
0 (BR) with the fixed domain BR independent of the boundary.

Obviously, in any matrix norm on IR3, we can estimate

∥∥∥[Ψ ′
r+q(y)]−1 − [Ψ ′

r (y)]−1
∥∥∥ ≤ c1‖q‖C1(S2)

and
∣∣∣detΨ ′

r+q(y) − detΨ ′
r (y)

∣∣∣ ≤ c1‖q‖C1(S2)

for all y ∈ BR , all q sufficiently small and some constant c1 > 0 depending on r .
From this we can conclude that

sup
‖u‖,‖v‖≤1

∥∥Tr+q(u, v) − Tr(u, v)
∥∥ ≤ c2‖h‖C1(S2)

for q sufficiently small and some constant c2 > 0 depending on r . Using (5.24), in
terms of the operator L this can be written as

∥∥Lr+q − Lr

∥∥ ≤ c3‖q‖C1(S2) (5.28)

with some constant c3. Therefore, a perturbation argument based on the Neumann
series shows that the inverse operator also satisfies an estimate of the form
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∥∥∥L−1
r+q − L−1

r

∥∥∥ ≤ c4‖q‖C1(S2) (5.29)

for q sufficiently small and some constant c4 > 0 depending on r . Through the
sesquilinear equation (5.23) this inequality carries over to the scattered waves on
SR , that is, we have

∥∥∥usr+q − usr

∥∥∥
H 1/2(SR)

≤ c5‖q‖C1(S2)

for sufficiently small q and some constant c5 depending on r . The theorem
now follows from the boundedness of the Dirichlet to Neumann operator A :
H 1/2(SR) → H−1/2(SR) and the integral representation of the far field pattern in
Theorem 2.6 applied in the exterior of SR . ��

We actually can pursue the ideas of the preceding proof one step further and
show that F : ∂D �→ u∞ has a Fréchet derivative. To this end, denoting by h′

r the
Jacobian of hr and exploiting the affine linearity of hr with respect to r , from (5.26)
we observe that
∥∥∥[Ψ ′

r+q(y)]−1 − [Ψ ′
r (y)]−1 + [Ψ ′

r (y)]−1h′
q+1(y)[Ψ ′

r (y)]−1
∥∥∥ ≤ c5‖q‖2

C1(S2)

and
∣∣∣detΨ ′

r+q(y) − detΨ ′
r (y) − divhq+1(y) − b

(
h′
r (y), h

′
q+1(y)

)∣∣∣ ≤ c5‖q‖2
C1(S2)

for all y ∈ BR , all q sufficiently small and some constant c5 > 0 depending on r .
Here, b denotes a bilinear form which we refrain from writing down explicitly. From
this after setting

(T ′
r q)(u, v) :=

∫
BR

{
grad ũ · grad v̄ − k2 uv̄

} {
div hq+1 + b

(
h′
r , h

′
q+1

)}
dy

− ∫
BR

[Ψ ′⊥
r ]−1

{
[Ψ ′

r ]−1h′
q+1 + h′⊥

q+1[Ψ ′⊥
r ]−1

}
[Ψ ′

r ]−1 grad u · grad v dy

we obtain that

sup
‖u‖,‖v‖≤1

∥∥Tr+q(u, v) − Tr(u, v) − (T ′
r q)(u, v)

∥∥ ≤ c6‖q‖2
C1(S2)

for all y ∈ BR , all q sufficiently small and some constant c6 > 0 depending on r ,
that is, the mapping r �→ Tr is Fréchet differentiable. By the Riesz representation
theorem, this implies that there exists a bounded linear operator L′

r from C1(S2)

into the space of bounded linear operators L
(
H̃ 1

0 (DR)
)

from H̃ 1
0 (DR) into itself

such that
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∥∥Lr+q − Lr − L′
rq
∥∥ ≤ c7‖q‖2

C1(S2)
, (5.30)

that is, the mapping r �→ Lr from C1(S2) into L
(
H̃ 1

0 (DR)
)

is also Fréchet

differentiable. Then from

Lr

{
L−1
r+q −L−1

r +L−1
r L′

rqL
−1
r

}
Lr = (Lr+q−Lr)L

−1
r+q(Lr+q−Lr)−(Lr+q−Lr−L′

rq)

and (5.28)–(5.30) we see that∥∥∥L−1
r+q − L−1

r + L−1
r L′

rqL
−1
r

∥∥∥ ≤ c8‖q‖2
C1(S2)

for some constant c8 > 0 depending on r , that is, the mapping r �→ L−1
r is also

Fréchet differentiable with the derivative given by

q �→ −L−1
r L′

rqL
−1
r . (5.31)

As in the previous proof, this now implies that the mapping ∂D �→ us is Fréchet
differentiable from C1 into H 1/2(SR). Since us �→ u∞ is linear and bounded from
H 1/2(SR) into L2(S2), we have established the following result.

Theorem 5.9 The mapping F : ∂D �→ u∞ is Fréchet differentiable from C1(S2)

into L2(S2).

Kirsch [236] has used the above weak solution approach to characterize the
Fréchet derivative through a Dirichlet boundary condition. Here, we will derive this
characterization by the boundary integral equation approach (see Theorem 5.15).
For the Neumann boundary condition Fréchet differentiability of the boundary
to far field operator via the above Hilbert space method has been established by
Hettlich [188].

The following theorem indicates that solving the equation F (r) = u∞ is
improperly posed.

Theorem 5.10 The mapping F : ∂D �→ u∞ is locally compact from C1(S2) into
L2(S2), that is, for each r ∈ C1(S2) (describing ∂D) there exists a neighborhood
U of r such that F : U → L2(S2) is compact.

Proof From the proof of Theorem 5.8 we know that the mapping r �→ usr is
continuous from C1(S2) into H 1/2(SR). This implies that for each r ∈ C1(S2) there
exists a neighborhood U and a constant C such that

‖usq‖H 1/2(SR)
≤ C

for all q ∈U . The statement of the theorem now follows from the boundedness
of the Dirichlet to Neumann operator A : H 1/2(SR)→H−1/2(SR) and the
analyticity of the kernel in the integral representation of the far field pattern in
Theorem 2.6. ��
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Differentiability of the far field mapping F via boundary integral equations was
first established by Potthast [353, 354]. In this approach, as a first and major step, the
differentiability of the boundary integral operators has to be established. As in the
weak solution approach, the operators need to be transformed onto a fixed reference
surface. Again we assume that the boundary surface is starlike with respect to the
origin and represented in the form (5.20) with a positive function in r ∈ C2(S2).
For notational convenience we associate with each scalar function q on S

2 a vector
function pq on S

2 by setting

pq(x̂) := q(x̂) x̂, x̂ ∈ S
2. (5.32)

We note that the function pr maps S2 bijectively onto ∂D. Substituting x = pr(x̂)

and y = pr(ŷ) into the expressions (3.8)–(3.10) for the single- and double-layer
operators S and K and the normal derivative operator K ′, we obtain the transformed
operators Sr,Kr,K

∗
r : C(S2) → C(S2) given by

(Srψ)(x̂) = 2
∫
S2

Ψ
(
pr(x̂) − pr(ŷ)

)
Jr(ŷ)ψ(ŷ) ds(ŷ),

(Krψ)(x̂) = 2
∫
S2

νr(ŷ) · gradΨ
(
pr(ŷ) − pr(x̂)

)
Jr(ŷ)ψ(ŷ) ds(ŷ),

(K∗
r ψ)(x̂) = 2

∫
S2

νr(x̂) · gradΨ
(
pr(x̂) − pr(ŷ)

)
Jr(ŷ)ψ(ŷ) ds(ŷ)

for x̂ ∈ S
2. Here, we have set

Ψ (z) := 1

4π

eik|z|

|z| , z ∈ IR3 \ {0},

and straightforward calculations show that the determinant Jr of the Jacobian of the
transformation and the normal vector νr are given by

Jr = r

√
r2 + | Grad r|2 and νr = pr − Grad r√

r2 + | Grad r|2. (5.33)

For the further analysis we need the following two technical results.

Lemma 5.11 The inequality

|{pr(x̂) − Grad r(x̂)} · {pr(x̂) − pr(ŷ)}| ≤ C‖r‖2
1,α|x̂ − ŷ|1+α (5.34)

is valid for all r ∈ C1,α(S2), all x̂, ŷ ∈ S
2 and some constant C.
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Proof Using Grad r(x̂) · x̂ = 0, we can write

{r(x̂) x̂ − Grad r(x̂)} · {r(x̂) x̂ − r(ŷ) ŷ} = a1 + a2 + a3

where

a1 := Grad r(x̂) · {ŷ − x̂} {r(ŷ) − r(x̂)},

a2 := r(x̂){r(x̂) − r(ŷ) + Grad r(x̂) · (ŷ − x̂)},

a3 := r(x̂)r(ŷ) x̂ · {x̂ − ŷ}.

By writing

r(ŷ) − r(x̂) =
∫
Γ

∂r

∂s
(ẑ) ds(ẑ)

where Γ denotes the shorter great circle arc on S
2 connecting x̂ and ŷ, we can

estimate

|r(ŷ) − r(x̂)| =
∣∣∣∣
∫
Γ

∂r

∂s
(ẑ) ds(ẑ)

∣∣∣∣ ≤ ‖ Grad r‖∞θ,

where θ is the angle between x̂ and ŷ. With the aid of the elementary inequality
2θ ≤ π |ŷ − x̂| we now have

|r(ŷ) − r(x̂)| ≤ π

2
‖ Grad r‖∞|ŷ − x̂| (5.35)

and consequently

|a1| ≤ π

2
‖ Grad r‖2∞|ŷ − x̂|2 ≤ π

2
‖r‖2

1,α|ŷ − x̂|2.

We can also write

r(ŷ)−r(x̂)−Grad r(x̂)·(ŷ−x̂) =
∫
Γ

{
∂r

∂s
(ẑ) − ∂r

∂s
(x̂)

}
ds(ẑ)+(θ−sin θ)

∂r

∂s
(x̂) .

From this, using the definition of the Hölder norm and |θ − sin θ | ≤ θ2/2 which
follows from Taylor’s formula, we can estimate

|r(ŷ) − r(x̂) − Grad r(x̂) · (ŷ − x̂)| ≤ c‖r‖1,α|ŷ − x̂|1+α

for some constant c, whence
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|a2| ≤ c‖r‖2
1,α|ŷ − x̂|1+α

follows. Finally, since on the unit sphere 2 x̂ · (x̂ − ŷ) = |x̂ − ŷ|2, we have

|a3| ≤ 1

2
‖r‖2∞|ŷ − x̂|2 ≤ 1

2
‖r‖2

1,α|ŷ − x̂|2.

We can now sum our three inequalities to obtain the estimate (5.34). ��
Note that for our analysis of the Fréchet differentiability of the boundary integral

operators Sr , Kr , and K∗
r the limiting case α = 1 of Lemma 5.11 would be sufficient.

However, we shall need the more general form for a closely related result which is
required for the analysis of two reconstruction methods in Sect. 5.5.

Lemma 5.12 The inequalities

1

2
min
ẑ∈S2

|r(ẑ)| |x̂ − ŷ| ≤ |pr(x̂) − pr(ŷ)| ≤ π ‖r‖C1(S2)|x̂ − ŷ| (5.36)

are valid for all r ∈ C1(S2) and all x̂, ŷ ∈ S
2.

Proof The first inequality in (5.36) follows from

|r(x̂)(x̂ − ŷ)| ≤ |pr(x̂) − pr(ŷ)| + |{r(ŷ) − r(x̂)}ŷ|

and the triangle inequality |r(ŷ) − r(x̂)| ≤ |pr(x̂) − pr(ŷ)|. The second inequality
follows with (5.35) from

|pr(x̂) − pr(ŷ)| ≤ |{r(x̂) − r(ŷ)}x̂| + |r(ŷ){x̂ − ŷ}|

and the proof is finished. ��
In particular, the estimates (5.34) and (5.36) ensure that the kernels of the integral

operators Sr,Kr and K∗
r are weakly singular if r ∈ C2(S2), i.e., Sr,Kr and K∗

r are
compact operators from C(S2) into C(S2).

We are now ready to establish the differentiability of the boundary integral
operators with respect to r . Formally, we obtain the derivatives of the operators
by differentiating their kernels with respect to r . Clearly, the mapping r → Jr is
Fréchet differentiable from C1(S2) into C(S2) with the derivative given by

J ′
rq = q

√
r2 + | Grad r|2 + r

rq + Grad r · Grad q√
r2 + | Grad r|2 (5.37)

since r is positive.

Theorem 5.13 The mapping r �→ Sr is Fréchet differentiable from C2(S2) into the
space of bounded linear operators L (C(S2), C(S2)

)
of C(S2) into itself.
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Proof Let r ∈ C2(S2) be fixed but arbitrary such that r > 0. We denote the kernel
of the integral operator Sr by

sr (x̂, ŷ) = 2Ψ
(
pr(x̂) − pr(ŷ)

)
Jr(ŷ), x̂, ŷ ∈ S

2, x̂ �= ŷ.

Its derivative with respect to r is given by

[s′
rq](x̂, ŷ) = 2 gradΨ

(
pr(x̂) − pr(ŷ)

) · (pq(x̂) − pq(ŷ)) Jr (ŷ)

+2Ψ
(
pr(x̂) − pr(ŷ)

)
(J ′

rq)(ŷ).

From (5.36) it follows that the kernel s′rq is weakly singular, i.e.,

|[s′
rq](x̂, ŷ)| ≤ γ

1

|x̂ − ŷ| |q‖C1(S2)

for all x̂, ŷ ∈ S
2 with x̂ �= ŷ and some constant γ depending on r . Therefore

([S′
rq]ψ)(x̂) := 2

∫
S2

[s′
rq](x̂, ŷ)ψ(ŷ) ds(ŷ), x̂ ∈ S

2, (5.38)

defines a bounded operator from C(S2) into itself with norm

‖S′
rq‖∞ ≤ C‖q‖C1(S2) (5.39)

where C is some constant depending on r . In particular, the estimate (5.39)
implies that the mapping q �→ S′

rq is a bounded linear operator from C2(S2) into
L (C(S2), C(S2)

)
.

Provided 0 �∈ {z + λζ : λ ∈ [0, 1]}, by Taylor’s formula we have that

Ψ (z + ζ ) − Ψ (z) − gradΨ (z) · ζ =
∫ 1

0
(1 − λ)Ψ ′′(z + λζ ) ζ · ζ dλ (5.40)

where Ψ ′′ denotes the Hessian. Elementary estimates show that there exists a
constant c such that

∣∣Ψ ′′(z) ζ · ζ ∣∣ ≤ c
|ζ |2
|z|3 (5.41)

for all ζ ∈ IR3 and z ∈ IR3 \ {0} with |z| ≤ 4‖r‖∞. By setting z = pr(x̂) − pr(ŷ)

and ζ = pq(x̂) − pq(ŷ) in (5.40), from (5.36) and (5.41) it follows that
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|ψ(pr+q(x̂) − pr+q(ŷ)
)− ψ

(
pr(x̂) − pr(ŷ)

)

− gradΨ
(
pr(x̂) − pr(ŷ)

) · (pq(x̂) − pq(ŷ)
)| ≤ C1

‖q‖2
C1(S2)

|x̂ − ŷ|

for all sufficiently small q ∈ C1,α(S2), all x̂, ŷ ∈ S
2 with x̂ �= ŷ and some positive

constant C1 depending on r . From this, proceeding as in the derivation of the product
rule in differentiation and using the Fréchet differentiability of Jr and (5.37), it can
be deduced that

|sr+q(x̂, ŷ) − sr (x̂, ŷ) − [s′
rq](x̂, ŷ)| ≤ C2

‖q‖2
C1(S2)

|x̂ − ŷ|

for all sufficiently small q ∈ C2(S2), all x̂, ŷ ∈ S
2 with x̂ �= ŷ and some positive

constant C2 depending on r . Integrating this inequality with respect to ŷ, we obtain
that

‖Sr+q − Sr − S′
rq‖∞ ≤ M‖q‖2

C1(S2)
≤ M‖q‖2

C2(S2)
(5.42)

for all sufficiently small q ∈ C2(S2) and some constant M depending on r . This
completes the proof. ��
Theorem 5.14 The mappings r �→ Kr and r �→ K∗

r are Fréchet differentiable from
C2(S2) into the space of bounded linear operators L (C(S2), C(S2)

)
.

Proof We proceed analogously to the previous proof. After introducing the func-
tions

Ψ̃ (z) := − 1

4π

eik|z|

|z|3 (1 − k|z|), z ∈ IR3 \ {0},

and

Mr(x̂, ŷ) := {pr(x̂) − Grad r(x̂)} · {pr(x̂) − pr(ŷ)}, x̂, ŷ ∈ S
2,

we can write the kernel of the operator Kr in the form

kr(x̂, ŷ) = 2Mr(x̂, ŷ)Ψ̃
(
pr(x̂) − pr(ŷ)

)
r(ŷ), x̂, ŷ ∈ S

2, x̂ �= ŷ.

The derivative of kr is given by

k′
r (x̂, ŷ; r, q) = 2Mr(x̂, ŷ) grad Ψ̃

(
pr(x̂) − pr(ŷ)

) · (pq(x̂) − pq(ŷ)
)
r(ŷ)

+2(M ′
rq)(x̂, ŷ)Ψ̃

(
pr(x̂) − pr(ŷ)

)
r(ŷ) + 2Mr(x̂, ŷ)Ψ̃

(
pr(x̂) − pr(ŷ)

)
q(ŷ).
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The derivative of the quadratic mapping r �→ Mr is given by

(M ′
rq)(x̂, ŷ) = {pq(ŷ) − Grad q(ŷ)} · {pr(ŷ) − pr(x̂)}

+{pr(ŷ) − Grad r(ŷ)} · {pq(ŷ) − pq(x̂)}

and satisfies the relation

Mr+q − Mr − M ′
rq = Mq. (5.43)

In view of (5.34), the equality (5.43) implies that

|(M ′
rq)(x̂, ŷ)|| ≤ γ

{
‖r‖2

1,α + ‖q‖2
1,α

}
|x̂ − ŷ|1+α (5.44)

for all x̂, ŷ ∈ S
2 and some constant γ . With the aid of (5.34), (5.36) and (5.44) it

can be seen that

([K ′
rq]ψ)(x̂) := 2

∫
S2

[k′
rq](x̂, ŷ)ψ(ŷ) ds(ŷ), x̂ ∈ S

2,

defines a bounded operator from C(S2) into itself with norm

‖K ′
rq‖∞ ≤ C‖q‖1,α (5.45)

where C is some constant depending on r . In particular, the estimate (5.45) implies
that the mapping q �→ K ′

rq is a bounded linear operator from C2(S2) into
L (C(S2), C(S2)

)
.

Corresponding to (5.41) we have an estimate

∣∣Ψ ′′(z) ζ · ζ ∣∣ ≤ c
|ζ |2
|z|4 (5.46)

for all ζ ∈ IR3 and z ∈ IR3 \ {0} with |z| ≤ 4‖r‖∞. Proceeding as in the previous
proof for the function Ψ , using (5.46) it can be seen that there exists a positive
constant C1 depending on r such that

|Ψ̃ (pr+q(x̂) − pr+q(ŷ)
)− Ψ̃

(
pr(x̂) − pr(ŷ)

)

− grad Ψ̃
(
pr(x̂) − pr(ŷ)

) · (pq(x̂) − pq(ŷ)
)| ≤ C1

‖q‖2
1,α

|x̂ − ŷ|2

for all sufficiently small q ∈ C1,α(S2) and all x̂, ŷ ∈ S
2 with x̂ �= ŷ. From this with

the help of (5.34) and (5.43) it can be deduced that
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|kr+q(x̂, ŷ) − kr(x̂, ŷ) − [k′
rq](x̂, ŷ)| ≤ C

‖q‖2
1,α

|x̂ − ŷ|

for all sufficiently small q ∈ C1,α(S2), all x̂, ŷ ∈ S
2 with x̂ �= ŷ and some positive

constant C. As in the proof of Theorem 5.13, this now implies that

‖Kr+q − Kr − K ′
rq‖∞ ≤ N‖q‖2

1,α ≤ N‖q‖2
C2(S2)

(5.47)

for all sufficiently small q ∈ C2(S2) and some constant N depending on r . This
finishes the proof for the operator K . The differentiability of the operator K∗ can be
proven analogously. ��

We also need to transform the single-layer potential into the operator Pr :
C(S2) → C2(IR3 \ D̄) defined by

(Prψ)(x) :=
∫
S2

Ψ
(
x − pr(ŷ)

)
Jr(ŷ)ψ(ŷ) ds(ŷ), x ∈ IR3 \ D̄.

For each compact set U ⊂ IR3 \ D̄ the mapping r �→ Pr is Fréchet differentiable
from C(S2) into L (C(S2), C(U)

)
with the derivative given by

([P ′
rq]ψ)(x)

=
∫
S2

{
gradΨ

(
pr(ŷ) − x

) · pq(ŷ) Jr (ŷ)Ψ
(
x − pr(ŷ)

)[J ′
rq](ŷ)}ψ(ŷ) ds(ŷ)

for x ∈ IR3 \ D̄. This follows by a straightforward application of Taylor’s formula
applied to the kernel of Pr which is smooth on S

2×U . Obviously [P ′
rq]ψ represents

a radiating solution to the Helmholtz equation.
After defining the restriction operator Rr : C(IR3 \ D) → S

2 by

(Rrw)(x̂) := w(r(x̂)x̂), x̂ ∈ S
2,

we have the relation

Sr = 2RrPr (5.48)

for the boundary values of the single-layer potential. To derive an expression for the
boundary values of P ′

rq, we view [P ′
rq]ψ as a linear combination of derivatives of

single-layer potentials. With the aid of the jump relations of Theorem 3.3 and the
expression (5.38) for the derivative S′

r , it follows that

[S′
rq]ψ = 2Rr [P ′

rq]ψ + 2pq · Rr gradPrψ (5.49)

for all ψ ∈ C0,α(S2).
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Theorem 5.15 The far field mapping F : r → u∞ is Fréchet differentiable from
C2(S2) into L2(S2). The derivative is given by

F ′
r q = v∞

where v∞ denotes the far field pattern of the solution v to the Helmholtz equation in
IR3 \ D̄ satisfying the Sommerfeld radiation condition and the boundary condition

v = −ν ·
(
pq ◦ p−1

r

) ∂u

∂ν
on ∂D. (5.50)

Proof From the representation (3.39), by using the boundary condition u = 0 on
∂D and the jump relations of Theorem 3.1, we deduce that the normal derivative

ψr(x̂) := ∂u

∂ν
(r(x̂)x̂), x̂ ∈ S

2,

satisfies the integral equation

Srψr = 2Rru
i (5.51)

of the first kind and the integral equation

ψr + K∗
r ψr − iSrψr = 2νr · Rr grad ui − 2iRru

i (5.52)

of the second kind. Since the inverse operator (I + K∗
r − iSr )

−1 : C(S2) → C(S2)

exists (see the proof of Theorem 3.35), proceeding as above for the operator Lr in
the derivation of (5.31), it can be seen that the inverse (I + K∗

r − iSr )
−1 is Fréchet

differentiable with respect to r . Hence, from (5.52) we can conclude that the normal
derivative ψr is Fréchet differentiable with respect to r since the right-hand side of
(5.52) is.

In view of (3.39), for the scattered wave us = usr we now write

usr = −Prψr (5.53)

and observe from the above that the mapping r �→ usr is Fréchet differentiable from
C2(S2) → C(U) for each compact U ⊂ IR3 \ D̄. By the chain rule, the derivative
v = us ′

r q is given by

v = −Prψ
′
rq − [P ′

rq]ψr (5.54)

and describes a radiating solution to the Helmholtz equation. Using (5.48) and
(5.49), from (5.53) and (5.54) we obtain the boundary values
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−2Rrv = Srψ
′
rq + [S′

rq]ψr − 2pq · Rr gradPrψr = (Srψr)
′q + 2pq · Rr grad us.

Differentiating the integral equation (5.51) with respect to r yields

(Srψr)
′q = 2pq · Rr grad ui.

Now the boundary condition (5.50) for v follows by combining the last two
equations and noting that u = 0 on ∂D.

The Fréchet differentiability of r �→ us as expressed above means that

lim
q→0

1

‖q‖C2(S2)

‖usr+q − usq − v‖C(U) = 0.

Choosing U = {x ∈ IR3 : |x| = a} with sufficiently large a > 0, by the
well-posedness of the exterior Dirichlet problem (Theorem 3.11) and the far field
representation (2.14) for the Helmholtz equation the above limit implies that for the
far field patterns we have that

lim
q→0

1

‖q‖C2(S2)

‖F (r + q) − F (r) − v∞‖L2(S2) = 0.

This finishes the proof. ��
In his original proof Potthast in [353, 354] used the integral equation (3.28) from

the combined double- and single-layer potential approach. Here we applied the
boundary integral equations from the representation theorem in order to simplify
the verification of the boundary condition for v. Note, that (5.50) of course can
be obtained formally by differentiating the boundary condition ur ◦ pr = 0 with
respect to r by the chain rule. Proceeding this way, (5.50) was initially obtained by
Roger [379] who first employed Newton type iterations for the approximate solution
of inverse obstacle scattering problems.

The above results can be carried over to arbitrary C2 boundary surfaces (see [353,
354]). For our presentation we restricted ourselves to starlike boundaries in order
to be consistent with the analysis of the two inverse methods of Sect. 5.5. The
investigations on Fréchet differentiability have also been extended to the Neumann
boundary condition and to electromagnetic scattering from a perfect conductor by
Potthast [354–356]. For the Neumann problem in two dimensions we also refer
to [318]. Fréchet differentiability with respect to scattering from two-dimensional
cracks has been investigated by Kress [265] and by Mönch [319]. Here the analysis
has to be based on boundary integral equations of the first kind via a single-layer
approach. Alternative approaches to differentiation of the far field pattern with
respect to the boundary were contributed by Kress and Päivärinta [271] based on
Green’s theorems and a factorization of the difference of the far field pattern for
the two domains with radial functions r and r + q, and by Hohage [194] and
Schormann [388] via the implicit function theorem.
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Theorem 5.16 The linear operator F ′
r is injective and has dense range.

Proof Assume that F ′
r q = 0. Then the solution v to the Dirichlet problem with

boundary condition (5.50) has a vanishing far field pattern. Hence, by Rellich’s
lemma we have v = 0 in IR3 \ D̄ and consequently v = 0 on ∂D. By the form
of the boundary condition (5.50) this in turn implies ν ◦ pr · pq = 0 since the
normal derivative ∂u/∂ν cannot vanish on open subsets of ∂D as a consequence of
Holmgren’s Theorem 2.3 and the boundary condition u = 0 on ∂D. By (5.33) the
condition (ν ◦ pr) · pq = 0 implies that q = 0.

The above arguments also imply that the set

{
(ν ◦ pr) · pq

∂u

∂ν
◦ pr : q ∈ L2(S2)

}

is dense in L2(S2). Therefore, writing

F ′
r q = −A

(
ν ·
(
pq ◦ p−1

r

) ∂u

∂ν

)

in terms of the boundary data to far field operator A : L2(∂D) → L2(S2) from
Theorem 3.36, the dense range of the latter implies dense range of F ′

r . ��
Theorem 5.15 may be viewed as an extension of a continuous dependence

result due to Angell, Colton, and Kirsch [11]. An L2 version of this result will be
needed in the convergence analysis of the inverse methods described in Sect. 5.5.
For its formulation we consider the set of all surfaces Λ which are starlike
with respect to the origin and represented in the form (5.20) with a positive
function r from the Hölder space C1,α(S2) with 0 < α < 1. For a sequence
of such surfaces, by convergence Λn →Λ, n→ ∞, we mean the convergence
‖rn − r‖1,α → 0, n→ ∞, of the representing functions in the C1,α Hölder norm
on S

2. We say that a sequence of functions fn from L2(Λn) is L2 convergent to a
function f in L2(Λ) if

lim
n→∞

∫
S2

|fn(rn(x̂) x̂) − f (r(x̂) x̂)|2ds(x̂) = 0.

We can now state the following convergence theorem. (In the theorem we can
replace C2 surfaces by C1,α surfaces. However, for consistency with the rest of
our book, we have used the more restrictive assumption of C2 surfaces.)

Theorem 5.17 Let (Λn) be a sequence of starlike C2 surfaces which converges
with respect to the C1,α norm to a C2 surface Λ as n → ∞ and let un and
u be radiating solutions to the Helmholtz equation in the exterior of Λn and Λ,
respectively. Assume that the continuous boundary values of un on Λn are L2

convergent to the boundary values of u on Λ. Then the sequence (un), together
with all its derivatives, converges to u uniformly on compact subsets of the open
exterior of Λ.
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Proof For the solution to the exterior Dirichlet problem, we use the combined
double- and single-layer potential approach (3.28), that is, we represent u in the
form

u(x) =
∫
Λ

{
∂Φ(x, y)

∂ν(y)
− iΦ(x, y)

}
ϕ(y) ds(y)

with a density ϕ ∈ C(Λ) and, analogously, we write un as a combined potential
with density ϕn ∈ C(Λn). Transformation of the integral equation (3.29) onto S

2

leads to

ψr + Krψr − iSrψr = fr

where we have set ψr(x̂) := ϕ(r(x̂) x̂) and fr(x̂) := 2u(r(x̂) x̂). The corresponding
integral equations for the densities ϕn representing un are obtained by replacing r

by rn. For abbreviation we write Ar := Kr − iSr . From (5.39), (5.42), (5.45), and
(5.47) we have that

‖Arn − Ar‖∞ ≤ C‖rn − r‖1,α

for some constant C depending on r . The same inequality can also be established
for the L2 adjoint of Ar . Therefore, by Lax’s Theorem 3.5 it follows that

‖Arn − Ar‖L2(S2) ≤ C‖rn − r‖1,α. (5.55)

A Neumann series argument now shows that ‖(I + Arn)
−1‖L2(S2) is uniformly

bounded. From

(I + Arn)(ψrn − ψr) = frn − fr − (Arn − Ar)ψr

we then derive

‖ψrn − ψr‖L2(S2) ≤ C̃‖frn − fr‖L2(S2) + ‖Arn − Ar‖L2(S2)‖ψr‖L2(S2)

for some constant C̃ whence L2 convergence of the densities ϕn → ϕ, n → ∞,

follows. The convergence of (un) on compact subsets of the exterior of Λ is now
obtained by substituting the densities into the combined double- and single-layer
potentials for un and u and then using the Cauchy–Schwarz inequality. ��

5.4 Iterative Solution Methods

The analysis of Sect. 5.3 on the continuity, differentiability, and compactness of the
far field mapping may be considered as the theoretical foundation for the application
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of Newton’s method and related schemes for the approximate solution of (5.19). In
this method, given a far field pattern u∞, the nonlinear equation

F (r) = u∞

is replaced by the linearized equation

F (r) + F ′
r q = u∞ (5.56)

which has to be solved for q in order to improve an approximate boundary given
by the radial function r into the new approximation given by r̃ = r + q. In the
usual fashion, Newton’s method consists in iterating this procedure (see Sect. 4.5).
The question of uniqueness for the linear equation (5.56) is settled through
Theorem 5.16. In view of Theorem 4.21, a regularization has to be incorporated in
the solution of (5.56) since by Theorems 5.9 and 5.10 the operator F is completely
continuous. Of course, the compactness of the derivative F ′

r can also be deduced
from Theorem 5.15. Dense range of F ′

r as a prerequisite for regularization schemes
is guaranteed by Theorem 5.16.

For practical computations q is taken from a finite dimensional subspace WN

of C2(S2) with dimension N and Eq. (5.56) is approximately solved by projecting
it onto a finite dimensional subspace of L2(S2). The most convenient projection is
given through collocation at M points x̂1, . . . , x̂M ∈ S

2. Then writing

q =
N∑

j=1

ajqj

where q1, . . . , qN denotes a basis of WN , one has to solve the linear system

N∑
j=1

aj (F ′
r qj )(x̂i) = u∞(x̂i) − (F (r)

)
(x̂i), i = 1, . . . ,M, (5.57)

for the real coefficients a1, . . . , aN . In general, i.e., when 2M > N , the system
(5.57) is overdetermined and has to be solved approximately by a least squares
method. In addition, since we have to stabilize the ill-posed linearized equation
(5.56), we replace (5.57) by the least squares problem of minimizing the penalized
defect

M∑
i=1

∣∣∣∣∣∣
N∑

j=1

aj (F ′
r qj )(x̂i) − u∞(x̂i) + (F (r)

)
(x̂i)

∣∣∣∣∣∣
2

+ α

N∑
j=1

a2
j (5.58)

with some regularization parameter α > 0, that is, we employ a Tikhonov
regularization in the spirit of the Levenberg–Marquardt algorithm that we briefly
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discussed in Sect. 4.5. Assuming that the basis functions q1, . . . , qN are orthonormal
in L2(S2), for example spherical harmonics, the penalty term in (5.58) corresponds
to L2 penalization. However, numerical evidence strongly suggests to replace the
L2 penalization by a Sobolev penalization, that is, by considering F ′ as an operator
from Hm(S2) into L2(S2) for m = 1 or m = 2.

In order to compute the right-hand sides of the linear system (5.57), in each
iteration step the direct problem for the boundary ∂D given by the radial function r

has to be solved for the evaluation of
(F (r)

)
(x̂i). For this, we suggest numerically

solving the integral equation (5.52) for the normal derivative and evaluating
the corresponding far field expression (3.40). Using (5.52) has the advantage of
immediately yielding approximate values for the normal derivative of the total
field, which enters the boundary condition (5.50) for the Fréchet derivatives.
To compute the matrix entries (F ′

r qj )(x̂i) we need to solve N additional direct
problems for the same boundary ∂D and different boundary values given by
(5.50) for the basis functions q = qj , j = 1, . . . , N . For this we suggest using
the combined double- and single-layer potential approach (3.28), i.e., the integral
equation (3.29), and evaluating the corresponding far field expression. If here we
used the integral equation derived from the Green’s representation formula we
would be faced with the problem that the corresponding right-hand sides require
the numerical computation of the normal derivative of a combined double- and
single-layer potential (see [104, p. 103]). Note that the same problem would come
up in the computation of the boundary values in (5.50) if we used (3.29) instead
of (5.52) for the evaluation of

(F (r)
)
(x̂i). To avoid the need to set up the matrix

for the numerical evaluation of the normal derivative of the combined double-
and single-layer potential, we think it is legitimate to pay the cost of having to
solve two different linear systems by using two adjoint integral equations (which
simply lead to transposed matrices in the approximating linear systems). The second
linear system has to be solved simultaneously for N different right-hand sides
corresponding to setting q = qj , j = 1, . . . , N . Of course, any boundary element
method for the numerical solution of the two adjoint boundary integral equations
(3.29) and (5.52) can be employed in this procedure. However, we recommend using
the spectral methods described in Sects. 3.6 and 3.7.

For the details on possible implementations of this regularized Newton method
in two dimensions, with various choices for the approximating subspace WN and
also more sophisticated regularizations than indicated above, we refer to [193, 236,
266, 267] for sound-soft obstacles and to [318] for sound-hard obstacles and the
references therein. Inverse scattering problems for two-dimensional cracks have
been solved using Newton’s method in [265, 319]. For numerical examples in three
dimensions we refer to Farhat et al. [141] and to Harbrecht and Hohage [183]. We
also refer to Kress and Rundell [273] who investigated a frozen Newton method
where an explicit expression for the Fréchet derivative for the unit circle is used
and kept fixed throughout the Newton iterations. Kress and Rundell also have used
Newton’s method for successful reconstructions of obstacles from the amplitude
of the far field pattern only [274], from backscattering data [275] and for the
simultaneous reconstruction of the shape and impedance of a scatterer [276]. For
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second degree Newton iterations in inverse obstacle scattering we refer to Hettlich
and Rundell [190].

In closing our analysis on Newton iterations for the boundary to far field
operator F we note as main advantages that this approach is conceptually simple
and, as numerical examples indicate, leads to highly accurate reconstructions with
reasonable stability against errors in the far field pattern. On the other hand, it
should be noted that for the numerical implementation an efficient forward solver
is needed for the solution of the direct scattering problem for each iteration step.
Furthermore, good a priori information is required in order to be able to choose
an initial guess that ensures numerical convergence. In addition, on the theoretical
side, although some progress has been made through the work of Hohage [194] and
Potthast [360] the convergence of regularized Newton iterations for the operator F
has not been completely settled. At the time this is being written it remains an open
problem whether the convergence results on the Levenberg–Marquardt algorithm
and the iteratively regularized Gauss–Newton iterations as mentioned in Sect. 4.5
are applicable to inverse obstacle scattering or, more generally, to inverse boundary
value problems.

Numerical implementations of the nonlinear Landweber iteration as explained
in Sect. 4.5 for the two-dimensional inverse scattering problem have been given by
Hanke, Hettlich, and Scherzer [181] for sound-soft obstacles and by Hettlich [189]
for sound-hard obstacles.

For modified Newton type iterations with reduced computational costs we
recall Huygens’ principle from Theorem 3.15. In view of the sound-soft boundary
condition, from (3.39) we conclude that

ui(x) =
∫
∂D

∂u

∂ν
(y)Φ(x, y) ds(y), x ∈ ∂D. (5.59)

Now we can interpret (5.59) and (3.40), that is,

u∞(x̂) = − 1

4π

∫
∂D

∂u

∂ν
(y) e−ik x̂·y ds(y), x̂ ∈ S

2, (5.60)

as a system of two integral equations for the unknown boundary ∂D of the scatterer
and the unknown normal derivative

ϕ := −∂u

∂ν
on ∂D

of the total field. For the sequel it is convenient to call (5.60) the data equation since
it contains the given far field for the inverse problem and (5.59) the field equation
since it represents the boundary condition. Both equations are linear with respect to
ϕ and nonlinear with respect to ∂D. Equation (5.60) is severely ill-posed whereas
(5.59) is only mildly ill-posed.

Obviously there are three options for an iterative solution of (5.59) and (5.60). In
a first method, given an approximation for the boundary ∂D one can solve the mildly
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ill-posed integral equation of the first kind (5.59) for ϕ. Then, keeping ϕ fixed, equa-
tion (5.60) is linearized with respect to ∂D to update the boundary approximation. In
a second approach, one also can solve the system (5.59) and (5.60) simultaneously
for ∂D and ϕ by Newton iterations, i.e., by linearizing both equations with respect
to both unknowns. Whereas in the first method the burden of the ill-posedness and
nonlinearity is put on one equation, in a third method a more even distribution of
the difficulties is obtained by reversing the roles of (5.60) and (5.59), i.e., by solving
the severely ill-posed equation (5.60) for ϕ and then linearizing (5.59) to obtain the
boundary update. We will consider a slight modification of the latter alternative in
the following section on decomposition methods.

For a more detailed description of these ideas, using the parameterization
(5.20) for starlike ∂D and recalling the mapping pr from (5.32), we introduce
the parameterized single-layer operator and far field operators A,A∞ : C2(S2) ×
L2(S2) → L2(S2) by

A(r, ψ)(x̂) :=
∫
S2

Φ
(
pr(x̂), pr(ŷ)

)
ψ(ŷ) ds(ŷ), x̂ ∈ S

2,

and

A∞(r, ψ)(x̂) := 1

4π

∫
S2

e−ikr(ŷ) x̂·ŷψ(ŷ) ds(ŷ), x̂ ∈ S
2.

Then (5.59) and (5.60) can be written in the operator form

A(r, ψ) = −ui ◦ pr (5.61)

and

A∞(r, ψ) = u∞ (5.62)

where we have incorporated the surface element into the density function via

ψ := Jr ϕ ◦ pr (5.63)

with the determinant Jr of the Jacobian of the mapping pr given in (5.33). The
linearization of these equations requires the Fréchet derivatives of the operators A

and A∞ with respect to r . Analogously to Theorem 5.13 these can be obtained by
formally differentiating their kernels with respect to r , i.e.,

(
A′(r, ψ)q

)
(x̂) =

∫
S2

gradx Φ
(
pr(x̂), pr(ŷ)

)·[pq(x̂)−pq(ŷ)]ψ(ŷ) ds(ŷ), x̂ ∈ S
2,

and

(
A′∞(r, ψ)q

)
(x̂) = − ik

4π

∫
S2

e−ikr(ŷ) x̂·ŷ x̂ · ŷ q(ŷ)ψ(ŷ) ds(ŷ), x̂ ∈ S
2.
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Note that as opposed to the Fréchet derivative of the boundary to far-field operator
F as given in Theorem 5.15 the derivatives of the integral operators are available in
an explicit form which offers computational advantages.

For convenience and also for later use in Sect. 5.6, we include the outline of a
proof for the invertibility of the single-layer potential operator in a Sobolev space
setting (see also Theorem 3.21).

Theorem 5.18 Assume that k2 is not a Dirichlet eigenvalue of the negative Lapla-
cian in D. Then the single-layer potential operator S : H−1/2(∂D) → H 1/2(∂D)

is bijective with a bounded inverse.

Proof Let ϕ ∈ H−1/2(∂D) satisfy Sϕ = 0. Then the single-layer potential u with
density ϕ belongs to H 1(D) and H 1

loc(IR
3 \ D̄) and has vanishing trace on ∂D. By

Rellich’s lemma, i.e., uniqueness for the exterior Dirichlet problem, u vanishes in
IR3 \ D̄ and by the assumption on k2 it also vanishes in D. Now the jump relations
for the single-layer potential for the normal derivative, which remain valid in the
trace sense for H−1/2 densities, imply ϕ = 0. Hence S is injective.

To prove surjectivity, we choose a second wave number k0 > 0 such that k2
0 is

not a Neumann eigenvalue for the negative Laplacian in D and distinguish boundary
integral operators for the two different wave numbers by indices k and k0. By
Rellich’s lemma and the jump relations it can be seen that Tk0 : H 1/2(∂D) →
H−1/2(∂D) is injective. Consequently, given f ∈ H 1/2(∂D) the equations Skϕ = f

and Tk0Skϕ = Tk0f for ϕ ∈ H−1/2(∂D) are equivalent. In view of (3.13) we have
Tk0Sk = C − I where

C := K ′2
k0

− Tk0(Sk − Sk0).

From the increased smoothness of the kernel of Sk − Sk0 as compared with that
of Sk analogous to the proof of Theorem 3.21 it follows that Sk − Sk0 is compact
from H−1/2(∂D) into H 1/2(∂D) and consequently C : H 1/2(∂D) → H−1/2(∂D)

is compact (see Corollary 3.7 and note that due to [315] the assumption that
∂D belongs to C2,α(∂D) is dispensable). Therefore, the Riesz–Fredholm theory
can be applied and injectivity of Tk0Sk implies solvability of Tk0Skϕ = Tk0f and
consequently also of Skϕ = f . Hence, we have bijectivity of Sk and the Banach
open mapping theorem implies the boundedness of the inverse S−1

k : H 1/2(∂D) →
H−1/2(∂D). ��

Transforming this theorem to the operator A, provided k2 is not a Dirichlet
eigenvalue of the negative Laplacian in the corresponding D, for fixed r the operator
A(r, ·) : H−1/2(S2) → H 1/2(S2) is bijective. In this case, given an approximation
to the boundary parameterization r , the field equation (5.61) can be solved for the
density ψ . Then, keeping ψ fixed, linearizing the data equation (5.62) with respect
to r leads to the linear equation

A′∞(r, ψ)q = u∞ − A∞(r, ψ) (5.64)
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for q to update the radial function r via r + q. This procedure can be iterated. For
fixed r and ψ the operator A′∞(r, ψ) has a smooth kernel and therefore is severely
ill-posed. This requires stabilization, for example via Tikhonov regularization. For
corresponding results on injectivity and dense range as prerequisites for Tikhonov
regularization we refer to [216].

This approach for solving the inverse obstacle scattering problem has been
proposed by Johansson and Sleeman [222]. It can be related to the Newton iterations
for the boundary to far field operator F . In the case when k2 is not a Dirichlet
eigenvalue of the negative Laplacian in D we can write

F (r) = −A∞
(
r, [A(r, ·)]−1(ui ◦ pr

))
.

By the product and chain rule this implies

F ′
r q = −A′∞

(
r, [A(r, ·)]−1(ui ◦ pr

))
q

+A∞
(
r, [A(r, ·)]−1A′ (r, [A(r, ·)]−1(ui ◦ pr

))
q
)

−A∞
(
r, [A(r, ·)]−1(grad ui ◦ pr

) · pq

)
.

(5.65)

Hence, the iteration scheme proposed by Johansson and Sleeman can be interpreted
as Newton iterations for (5.19) with the derivative of F approximated by the first
term in the representation (5.65). As to be expected from this close relation, the
quality of the reconstructions via (5.64) can compete with those of Newton iterations
for (5.19) with the benefit of reduced computational costs.

Following ideas first developed for the Laplace equation by Kress and Run-
dell [277], our second approach for iteratively solving the system (5.61) and
(5.62) consists in simultaneously linearizing both equations with respect to both
unknowns. In this case, given approximations r and ψ both for the boundary
parameterization and the density, the system of linear equations

A′(r, ψ)q + (grad ui ◦ pr

) · pq + A(r, χ) = −A(r, ψ) − ui ◦ pr (5.66)

and

A′∞(r, ψ)q + A∞(q, χ) = −A∞(r, ψ) + u∞ (5.67)

has to be solved for q and χ in order to obtain updates r + q for the boundary
parameterization and ψ + χ for the density. This procedure again is iterated and
coincides with traditional Newton iterations for the system (5.61) and (5.62). It has
been analyzed and tested by Ivanyshyn and Kress, see for example [208, 212, 214].
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Due to the smoothness of the kernels in the second equation the system (5.66)
and (5.67) is severely ill-posed and requires regularization with respect to both
unknowns. For corresponding results on injectivity and dense range again we refer
to [216]. In particular, as in the Newton iterations for F , for the parameterization
update it is appropriate to incorporate Sobolev penalties.

The simultaneous iterations (5.66) and (5.67) again exhibit connections to the
Newton iteration for (5.19) as expressed through the following theorem which is
proven in [216].

Theorem 5.19 Assume that k2 is not a Dirichlet eigenvalue of the negative
Laplacian in D and set ψ := −[A(r, ·)]−1

(
ui ◦ pr

)
. If q satisfies the linearized

boundary to far field equation (5.56) then q and

χ := −[A(r, ·)]−1
(
A′(r, ψ)q+( grad ui ◦ pr

)·pq

)

satisfy the linearized data and field equations ( 5.66) and (5.67). Conversely, if q
and χ satisfy (5.66) and (5.67), then q satisfies (5.56).

Theorem 5.19 illustrates the difference between the iteration method based on
(5.66) and (5.67) and the Newton iterations for (5.19). In general when performing
(5.66) and (5.67) in the sequence of updates the relation A(r, ψ) = −(ui ◦ pr

)
between the approximations r and ψ for the parameterization and the density will
not be satisfied. This observation also indicates a possibility to use (5.66) and (5.67)
for implementing a Newton scheme for (5.19). It is only necessary to replace the
update ψ+χ for the density by −[A(r+q, ·)]−1

(
ui ◦(pr +pq)

)
, i.e., at the expense

of throwing away χ and solving the field equation for the updated boundary with
representation r + q for a new density.

We present two examples for reconstructions via (5.66) and (5.67) that were
provided to us by Olha Ivanyshyn. In both cases, the synthetic data were obtained by
applying the spectral method of Sect. 3.7 for the combined double- and single-layer
method from (3.28) and consisted of 128 values of the far field. Correspondingly,
for the reconstruction the number of collocation points for the far field on S

2 also
was chosen as 128. For the discretization of the weakly singular integral equation
(5.66) the version of the spectral method described by (3.146) with the modification
(3.148) was used whereas for the smooth kernels of (5.66) the Gauss trapezoidal
rule (3.138) was applied. For both discretizations the number of quadrature points
was 242 corresponding to N ′ = 10 in (3.148) and spherical harmonics up to order
N = 7 as approximation spaces for the density. For the approximation space for the
radial function representing the boundary of the scatterer spherical harmonics up to
order six were chosen.

The wave number was k = 1 and the incident direction d = (0, 1, 0) is
indicated in the figures by an arrow. The iterations were started with a ball of radius
3.5Y 0

0 = 0.9873 centered at the origin. Both for regularizing the density update and
the surface update H 1 penalization was applied with the regularization parameters



178 5 Inverse Acoustic Obstacle Scattering

selected by trial and error as αn = αγ n and βn = βγ n depending on the iteration
number n with with α = 10−6, β = 0.5 and γ = 2/3. Both to the real and imaginary
part of the far field data 2% of normally distributed noise was added, i.e.,

‖u∞ − uδ∞‖L2(S2)

‖u∞‖L2(S2)

≤ 0.02.

In terms of the relative data error

εr := ‖u∞ − ur,∞‖L2(S2)

‖u∞‖L2(S2)

with the given far field data u∞ and the far field ur,∞ corresponding to the radial
function r , a stopping criterion was incorporated such that the iteration was carried
on as long as εr > εr+q . The figures show the exact shape on the left and the
reconstruction on the right.

The first example is a cushion shaped scatterer that is starlike with radial function

r(θ, ϕ) = √0.8 + 0.5(cos 2ϕ − 1)(cos 4θ − 1), θ ∈ [0, π ], ϕ ∈ [0, 2π ].

Figure 5.2 shows the reconstruction after 12 iteration steps with the final data error
εr = 0.020. The second example is a pinched ball with radial function

r(θ, ϕ) = √1.44 + 0.5 cos 2ϕ(cos 2θ − 1), θ ∈ [0, π ], ϕ ∈ [0, 2π ].

Figure 5.3 shows the reconstruction after 13 iteration steps with data error εr =
0.019.

The method of simultaneous linearization (5.61) and (5.62) has been extended
to the case of sound-soft [213] and sound-hard [295] cracks in two dimensions. In
addition, it has been also applied to reconstructions of sound-soft or sound-hard
scatterers from the modulus of the far field pattern [207, 214]. In order to avoid the

Fig. 5.2 Reconstruction of a cushion from noisy data
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Fig. 5.3 Reconstruction of a pinched ball from noisy data

exceptional values for k2, modifications using combined single- and double-layer
potentials in the spirit of the existence analysis of Theorem 3.11 were suggested
in [211]. The numerical performance of the simultaneous linearizations has been
compared with the method of Johansson and Sleeman in [210].

In two dimensions, for inverse scattering from penetrable obstacles with constant
refractive index two variants of the method of simultaneous linearization have
also been applied. Two boundary integral equations obtained by a single-layer
potential approach to the transmission conditions have been combined with the far
field equation in [9]. The solution of the transmission problem via its equivalent
reformulation as a scattering problem with a nonlocal impedance condition as
described in Sect. 3.3, together with the far field equation, has been employed for
the inverse problem in [270].

Also in two dimensions, for scattering from an obstacle with a generalized
impedance condition the method of Johansson and Sleeman was applied in [269]
under the assumption of known impedance functions. For the classical impedance
condition the solution of the full inverse problem to recover both the shape and
the impedance function via simultaneous linearization was considered in [278]. For
the solution of the full inverse problem with generalized impedance condition by
simultaneous linearization so far only a related problem in the static case k = 0
has been considered in [65]. At this point we also mention the work of Bourgeois,
Chaulet, and Haddar [41–43] who solved the full inverse problem for the shape
and the coefficients in the generalized impedance condition by a least squares
optimization technique in a variational approach.

Since there are no explicit solutions of the direct scattering problem available,
as in the above examples numerical tests of approximate methods for the inverse
problem usually rely on synthetic far field data obtained through the numerical
solution of the forward scattering problem. Here we take the opportunity to put up
a warning sign against inverse crimes. In order to avoid trivial inversion of finite
dimensional problems, for reliably testing the performance of an approximation
method for the inverse problem it is crucial that the synthetic data be obtained by a
forward solver which has no connection to the inverse solver under consideration.
Unfortunately, not all of the numerical reconstructions which have appeared in
the literature meet with this obvious requirement. To be more precise about our
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objections, consider a m-parameter family Gm of boundary surfaces and use a
numerical method M for the solution of the direct problem to obtain a number
n of evaluations of the far field pattern u∞, for example, point evaluations or
Fourier coefficients. This obviously may be considered as defining some function
g : IRm → Cn. Now use the method M to create the synthetic data for a boundary
surface ∂D ∈ Gm, that is, evaluate g for a certain parameter a0 ∈ IRm. Then,
for example in Newton’s method, incorporating the same method M in the inverse
solver now just means nothing else than solving the finite dimensional nonlinear
problem g(a) = g(a0). Hence, it is no surprise, in particular if m and n are not too
large, that the surface ∂D is recovered pretty well.

We conclude this subsection on iterative solution methods for solving the inverse
obstacle scattering problem by mentioning the use of level set methods. These were
introduced in the 1980s by Osher and Sethian [344] as a numerical method for the
approximation of surfaces in IR3 (or curves in IR2) and their movement. Instead
of relying on parameterizations, level set methods represent the surfaces as the set
of zeros Γ = {x ∈ IR3 : Ψ (x) = 0} of a function Ψ defined in IR3 which has
positive values on one side of the surface and negative values on the other side. For
a surface changing with time a partial differential equation, the so-called Hamilton–
Jacobi equation, is used for the evolution of Ψ and, in principle, all computations
are performed in Cartesian coordinates in IR3. In particular, in the level set methods
the topology of the obstacle, i.e., the number of connected components, need not
be known in advance and may change during the computation. On the other hand,
by basing the computations on a Cartesian grid, no parameterization is available
and therefore the spectral methods for boundary integral equations for smooth
surfaces can no longer be used. In 1996 Santosa [383] suggested applying level set
methods to the solution of inverse problems, including inverse obstacle scattering
problems, and since then level set techniques for inverse problems have continued
to be investigated [46, 134].

5.5 Decomposition Methods

The main idea of the decomposition methods that we are considering in this chapter
is to break up the inverse obstacle scattering problem into two parts: the first part
deals with the ill-posedness by constructing the scattered wave us from a knowledge
of its far field pattern u∞ and the second part deals with the nonlinearity by
determining the unknown boundary ∂D of the scatterer as the location where the
boundary condition for the total field ui + us is satisfied. Since the nonlinearity
and ill-posedness of the inverse scattering problem are of central importance,
decomposition methods serve the purpose of bringing into focus these two salient
features of the inverse problem. We begin with a detailed analysis of the method
introduced in a series of papers by Kirsch and Kress [245–247] that we outlined
already in the introduction. We confine our analysis to inverse scattering from a
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three-dimensional sound-soft scatterer. However, we note that the method can be
carried over to the two-dimensional case and to other boundary conditions.

For the first part, we seek the scattered wave in the form of a surface potential.
We choose an auxiliary closed C2 surface Γ contained in the unknown scatterer D.
The knowledge of such an internal surface Γ requires weak a priori information
about D. Since the choice of Γ is at our disposal, without loss of generality we may
assume that it is chosen such that the Helmholtz equation Δu + k2u = 0 in the
interior of Γ with homogeneous Dirichlet boundary condition u = 0 on Γ admits
only the trivial solution u = 0, i.e., k2 is not a Dirichlet eigenvalue for the negative
Laplacian in the interior of Γ . For example, we may choose Γ to be a sphere of
radius R such that kR does not coincide with a zero of one of the spherical Bessel
functions jn, n = 0, 1, 2, . . . .

Given the internal surface Γ , we try to represent the scattered field as an acoustic
single-layer potential

us(x) =
∫
Γ

Φ(x, y)ϕ(y) ds(y) (5.68)

with an unknown density ϕ ∈ L2(Γ ). From (2.15) we see that the asymptotic
behavior of this single-layer potential is given by

us(x) = 1

4π

eik|x|

|x|
∫
Γ

e−ik x̂·yϕ(y) ds(y) + O

(
1

|x|2
)
, |x| → ∞,

uniformly for all directions x̂ = x/|x|. Hence, given the far-field pattern u∞, we
have to solve the integral equation of the first kind

S∞ϕ = u∞ (5.69)

for the density ϕ where the integral operator S∞ : L2(Γ ) → L2(S2) is defined by

(S∞ϕ)(x̂) := 1

4π

∫
Γ

e−ik x̂·yϕ(y) ds(y), x̂ ∈ S
2. (5.70)

The integral operator S∞ has an analytic kernel and therefore Eq. (5.69) is severely
ill-posed. We first establish some properties of S∞.

Theorem 5.20 The far field integral operator S∞, defined by (5.70), is injective and
has dense range provided k2 is not a Dirichlet eigenvalue for the negative Laplacian
in the interior of Γ .

Proof Let S∞ϕ = 0 and define the acoustic single-layer potential by (5.68). Then
us has far field pattern u∞ = 0, whence us = 0 in the exterior of Γ follows
by Theorem 2.14. Analogous to (3.10), we introduce the normal derivative of the
single-layer operator K ′ : L2(Γ ) → L2(Γ ). By the L2 jump relation (3.23), we
find that
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ϕ − K ′ϕ = 0.

Employing the argument used in the proof of Theorem 3.35, by the Fredholm
alternative we see that the nullspaces of I − K ′ in L2(Γ ) and in C(Γ ) coincide.
Therefore, ϕ is continuous and by the jump relations for continuous densities us

represents a solution to the homogeneous Dirichlet problem in the interior of Γ .
Hence, by our assumption on the choice of Γ , we have us = 0 everywhere in IR3.
The jump relations of Theorem 3.1 now yield ϕ = 0 on Γ , whence S∞ is injective.

The adjoint operator S∗∞ : L2(S2) → L2(Γ ) of S∞ is given by

(S∗∞g)(y) = 1

4π

∫
S2

eik x̂·yg(x̂) ds(x̂), y ∈ Γ. (5.71)

Let S∗∞g = 0. Then

v(y) :=
∫
S2

eik x̂·yg(x̂) ds(x̂), y ∈ IR3,

defines a Herglotz wave function which vanishes on Γ , i.e., it solves the homoge-
neous Dirichlet problem in the interior of Γ . Hence, it vanishes there by our choice
of Γ and since v is analytic in IR3 it follows that v = 0 everywhere. Theorem 3.27
now yields g = 0 on S

2, whence S∗∞ is injective and by Theorem 4.6 the range of
S∞ is dense in L2(S2). ��

For later use we state a corresponding theorem for the acoustic single-layer
operator S : L2(Γ ) → L2(Λ) defined by

(Sϕ)(x) :=
∫
Γ

Φ(x, y)ϕ(y) ds(y), x ∈ Λ, (5.72)

where Λ denotes a closed C2 surface containing Γ in its interior. The proof is similar
to that of Theorem 5.20 and therefore is left as an exercise for the reader.

Theorem 5.21 The single-layer operator S, defined by (5.72), is injective and has
dense range provided k2 is not a Dirichlet eigenvalue for the negative Laplacian in
the interior of Γ .

Also for later use, recalling (3.85) we introduce the Herglotz operator H :
L2(S2) → L2(Λ) as the restriction of the Herglotz function with kernel g to a
closed surface Λ by

(Hg)(x) :=
∫
S2

eik x·dg(d) ds(d), x ∈ Λ. (5.73)

Theorem 5.22 The Herglotz operator H , defined by (5.73), is injective and has
dense range provided k2 is not a Dirichlet eigenvalue for the negative Laplacian in
the interior of Λ.
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Proof Up to a factor of 4π , the operator H is the adjoint of the far field integral
operator given by (5.70). Therefore, the statement of the theorem is equivalent to
Theorem 5.20. ��

We note that if H is viewed as an operator from L2(S2) into the space of solutions
to the Helmholtz equation in H 1(G) where G is the interior of Λ, then H(L2(S2))

is dense in this space without any restriction on the wave number [102, 127], see
also Corollary 5.32.

We now know that by our choice of Γ the integral equation of the first kind
(5.69) has at most one solution. Its solvability is related to the question of whether
or not the scattered wave can be analytically extended as a solution to the Helmholtz
equation across the boundary ∂D. Clearly, we can expect (5.69) to have a solution
ϕ ∈ L2(Γ ) only if u∞ is the far field of a radiating solution to the Helmholtz
equation in the exterior of Γ and by Theorem 3.6 the boundary data must belong
to the Sobolev space H 1(Γ ). Conversely, it can be shown that if u∞ satisfies these
conditions then (5.69) is indeed solvable. Hence, the solvability of (5.69) is related
to regularity properties of the scattered field which, in general, cannot be known in
advance for an unknown obstacle D.

We wish to illustrate the degree of ill-posedness of Eq. (5.69) by looking at the
singular values of S∞ in the special case where Γ is the unit sphere. Here, from the
Funk–Hecke formula (2.45), we deduce that the singular values of S∞ are given by

μn = |jn(k)|, n = 0, 1, . . . .

Therefore, from the asymptotic formula (2.38) and Stirling’s formula, we have the
extremely rapid decay

μn = O

(
ek

2n

)n

, n → ∞, (5.74)

indicating severe ill-posedness.
We may apply the Tikhonov regularization from Sect. 4.4, that is, we may solve

αϕα + S∗∞S∞ϕα = S∗∞u∞ (5.75)

with regularization parameter α > 0 instead of (5.69). Through the solution ϕα of
(5.75) we obtain the approximation

usα(x) =
∫
Γ

Φ(x, ·)(αI + S∗∞S∞)−1S∗∞u∞ ds (5.76)

for the scattered field. However, by passing to the limit α → 0 in (5.75), we observe
that we can expect convergence of the unique solution ϕα to the regularized equation
only if the original equation (5.69) is solvable. Therefore, even if u∞ is the exact far
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field pattern of a scatterer D, in general usα will not converge to the exact scattered
field us since, as mentioned above, the original equation (5.69) may not be solvable.

Given the approximation usα , we can now seek the boundary of the scatterer D
as the location of the zeros of ui + usα in a minimum norm sense, i.e., we can
approximate ∂D by minimizing the defect

‖ui + usα‖L2(Λ) (5.77)

over some suitable class U of admissible surfaces Λ. Instead of solving this
minimization problem one can also visualize ∂D by color coding the values of the
modulus |u| of the total field u ≈ ui + usα on a sufficiently fine grid over some
domain containing the scatterer. For the minimization problem, we will choose U

to be a compact subset (with respect to the C1,β norm, 0 < β < 1,) of the set of all
starlike closed C2 surfaces, described by

Λ =
{
r(x̂) x̂ : x̂ ∈ S

2
}
, r ∈ C2(S2), (5.78)

satisfying the a priori assumption

0 < ri(x̂) ≤ r(x̂) ≤ re(x̂), x̂ ∈ S
2, (5.79)

with given functions ri and re representing surfaces Λi and Λe such that the internal
auxiliary surface Γ is contained in the interior of Λi and the boundary ∂D of the
unknown scatterer D is contained in the annulus between Λi and Λe. We recall
from Sect. 5.3 that for a sequence of surfaces we understand convergence Λn →
Λ, n → ∞, in the sense that ‖rn − r‖C1,β (S2) → 0, n → ∞, for the functions rn
and r representing Λn and Λ via (5.78).

For a satisfactory reformulation of the inverse scattering problem as an opti-
mization problem, we want some convergence properties when the regularization
parameter α tends to zero. Therefore, recalling the definition (5.72) of the single-
layer operator S, we combine the minimization of the Tikhonov functional for (5.69)
and the defect minimization (5.77) into one cost functional

μ(ϕ,Λ;α) := ‖S∞ϕ − u∞‖2
L2(S2)

+ α‖ϕ‖2
L2(Γ )

+ γ ‖ui + Sϕ‖2
L2(Λ)

. (5.80)

Here, α > 0 denotes the regularization parameter for the Tikhonov regularization
of (5.69) represented by the first two terms in (5.80) and γ > 0 denotes a coupling
parameter which has to be chosen appropriately for the numerical implementation
in order to make the first and third term in (5.80) of the same magnitude. In the
sequel, for theoretical purposes we always may assume γ = 1.

Definition 5.23 Given the incident field ui , a (measured) far field u∞ ∈ L2(S2)

and a regularization parameter α > 0, a surface Λ0 from the compact set U is called
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optimal if there exists ϕ0 ∈ L2(Γ ) such that ϕ0 and Λ0 minimize the cost functional
(5.80) simultaneously over all ϕ ∈ L2(Γ ) and Λ ∈ U , that is, we have

μ(ϕ0,Λ0;α) = m(α)

where

m(α) := inf
ϕ∈L2(Γ ), Λ∈U

μ(ϕ,Λ;α).

For this reformulation of the inverse scattering problem into a nonlinear opti-
mization problem, we can now state the following results. Note that in the existence
Theorem 5.24 we need not assume that u∞ is an exact far field pattern.

Theorem 5.24 For each α > 0 there exists an optimal surface Λ ∈ U .

Proof Let (ϕn,Λn) be a minimizing sequence in L2(Γ ) × U , i.e.,

lim
n→∞μ(ϕn,Λn;α) = m(α).

Since U is compact, we can assume that Λn → Λ ∈ U, n → ∞. From

α‖ϕn‖2
L2(Γ )

≤ μ(ϕn,Λn;α) → m(α), n → ∞,

and α > 0 we conclude that the sequence (ϕn) is bounded, i.e., ‖ϕn‖L2(Γ ) ≤ c for
all n and some constant c. Hence, we can assume that it converges weakly ϕn ⇀ ϕ

in L2(Γ ) as n → ∞. Since S∞ : L2(Γ ) → L2(S2) and S : L2(Γ ) → L2(Λ)

represent compact operators, it follows that S∞ϕn → S∞ϕ and Sϕn → Sϕ as
n → ∞. We indicate the dependence of S : L2(Γ ) → L2(Λn) on n by writing Sn.
With functions rn and r representing Λn and Λ via (5.78), by Taylor’s formula we
can estimate

|Φ(rn(x̂) x̂, y)− Φ
(
r(x̂
)
x̂, y)| ≤ L |rn(x̂) − r(x̂)|

for all x̂ ∈ S
2 and all y ∈ Γ . Here, L denotes a bound on gradx Φ on W ×Γ where

W is the closed annular domain between the two surfaces Λi and Λe. Then, using
the Cauchy–Schwarz inequality, we find that

∣∣∣∣
∫
Γ

{
Φ
(
rn(x̂

)
x̂, y) − Φ

(
r(x̂) x̂, y

)}
ϕn(y) ds(y)

∣∣∣∣ ≤ cL |Γ | |rn(x̂) − r(x̂)|

for all x̂ ∈ S
2. Therefore, from ‖Sϕn − Sϕ‖2

L2(Λ)
→ 0, n → ∞, we can deduce

that

‖ui + Snϕn‖2
L2(Λn)

→ ‖ui + Sϕ‖2
L2(Λ)

, n → ∞.
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This now implies

α‖ϕn‖2
L2(Γ )

→ m(α) − ‖S∞ϕ − u∞‖2
L2(S2)

− ‖ui + Sϕ‖2
L2(Λ)

≤ α‖ϕ‖2
L2(Γ )

for n → ∞. Since we already know weak convergence ϕn ⇀ ϕ, n → ∞, it follows
that

lim
n→∞ ‖ϕn − ϕ‖2

L2(Γ )
= lim

n→∞ ‖ϕn‖2
L2(Γ )

− ‖ϕ‖2
L2(Γ )

≤ 0,

i.e., we also have norm convergence ϕn → ϕ, n → ∞. Finally, by continuity

μ(ϕ,Λ;α) = lim
n→∞μ(ϕn,Λn;α) = m(α),

and this completes the proof. ��
Theorem 5.25 Let u∞ be the exact far field pattern of a domain D such that ∂D
belongs to U . Then we have convergence of the cost functional

lim
α→0

m(α) = 0. (5.81)

Proof By Theorem 5.21, given ε > 0 there exists ϕ ∈ L2(Γ ) such that

‖Sϕ + ui‖L2(∂D) < ε.

Since by Theorem 5.17 and the far field representation (2.14) the far field pattern of a
radiating solution of the Helmholtz equation depends continuously on the boundary
data, we can estimate

‖S∞ϕ − u∞‖L2(S2) ≤ c‖Sϕ − us‖L2(∂D)

for some constant c. From ui + us = 0 on ∂D we then deduce that

μ(ϕ, ∂D;α) ≤ (1 + c2)ε2 + α‖ϕ‖2
L2(Γ )

→ (1 + c2)ε2, α → 0.

Since ε is arbitrary, (5.81) follows. ��
Based on Theorem 5.25, we can state the following convergence result.

Theorem 5.26 Let (αn) be a null sequence and let (Λn) be a corresponding
sequence of optimal surfaces for the regularization parameter αn. Then there exists
a convergent subsequence of (Λn). Assume that u∞ is the exact far field pattern of
a domain D such that ∂D is contained in U . Then every limit point Λ∗ of (Λn)

represents a surface on which the total field vanishes.

Proof The existence of a convergent subsequence of (Λn) follows from the
compactness of U . Let Λ∗ be a limit point. Without loss of generality, we can
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assume that Λn → Λ∗, n → ∞. Let u∗ denote the solution to the direct scattering
problem with incident wave ui for the obstacle with boundary Λ∗, i.e., the boundary
condition reads

u∗ + ui = 0 on Λ∗. (5.82)

Since Λn is optimal for the parameter αn, there exists ϕn ∈ L2(Γ ) such that

μ(ϕn,Λn;αn) = m(αn)

for n = 1, 2, . . . . We denote by un the single-layer potential with density ϕn and
interpret un as the solution to the exterior Dirichlet problem with boundary values
Snϕn on the boundary Λn. By Theorem 5.25, these boundary data satisfy

‖un + ui‖L2(Λn)
→ 0, n → ∞. (5.83)

By Theorem 5.17, from (5.82) and (5.83) we now deduce that the far field patterns
S∞ϕn of un converge in L2(S2) to the far field pattern u∗∞ of u∗. By Theorem 5.25,
we also have ‖S∞ϕn−u∞‖L2(S2) → 0, n → ∞. Therefore, we conclude u∞ = u∗∞,
whence us = u∗ follows. Because of (5.82), the total field us + ui must vanish
on Λ∗. ��

Since we do not have uniqueness either for the inverse scattering problem or
for the optimization problem, in the above convergence analysis we cannot expect
more than convergent subsequences. In addition, due to the lack of a uniqueness
result for one wave number and one incident plane wave, we cannot assume that we
always have convergence to the boundary of the unknown scatterer. However, if we
have the a priori information that the diameter of the unknown obstacle is less than
2π/k, then by Corollary 5.3 we can sharpen the result of Theorem 5.26 and, by a
standard argument, we have convergence of the total sequence to the boundary of
the unknown scatterer.

Before we turn to related decomposition methods, we wish to mention some
modifications and extensions of the Kirsch–Kress method. We can try to achieve
more accurate reconstructions by using more incident plane waves ui1, . . . , u

i
n with

different directions d1, . . . , dn and corresponding far field patterns u∞,1, . . . , u∞,n.
Then we have to minimize the sum

n∑
j=1

{
‖S∞ϕj − u∞,j‖2

L2(S2)
+ α‖ϕj‖2

L2(Γ )
+ γ ‖uij + Sϕj‖2

L2(Λ)

}
(5.84)

over all ϕ1, . . . , ϕn ∈ L2(Γ ) and all Λ ∈ U . Obviously, the results of the three
preceding theorems carry over to the minimization of (5.84). Of course, the use of
more than one wave will lead to a tremendous increase in the computational costs.
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These costs can be reduced by using suitable linear combinations of incident plane
waves as suggested by Zinn [433].

In addition to the reconstruction of the scatterer D from far field data, we also
can consider the reconstruction from near field data, i.e., from measurements of the
scattered wave us on some closed surface Γmeas containing D in its interior. By
the uniqueness for the exterior Dirichlet problem, knowing us on the closed surface
Γmeas implies knowing the far field pattern u∞ of us . Therefore, the uniqueness
results for the reconstruction from far field data immediately carry over to the case of
near field data. In particular, since the measurement surface Γmeas trivially provides
a priori information on the size of D, a finite number of incident plane waves will
always uniquely determine D. In the case of near field measurements, the integral
equation (5.69) has to be replaced by

Sϕ = usmeas (5.85)

where in a slight abuse of notations analogous to (5.72) the integral operator S :
L2(Γ ) → L2(Γmeas) is given by

(Sϕ)(x) :=
∫
Γ

Φ(x, y)ϕ(y) ds(y), x ∈ Γmeas. (5.86)

Correspondingly, for given ui and usmeas, the optimization problem has to be
modified into minimizing the sum

‖Sϕ − usmeas‖2
L2(Γmeas)

+ α‖ϕ‖2
L2(Γ )

+ γ ‖ui + Sϕ‖2
L2(Λ)

(5.87)

simultaneously over all ϕ ∈ L2(Γ ) and Λ ∈ U . The results of Theorems 5.24–5.26
again carry over to the near field case.

The integral operator S given by (5.86) has an analytic kernel and therefore
Eq. (5.85) is ill-posed. In the special case where Γ is the unit sphere and where
Γmeas is a concentric sphere with radius R, from the addition theorem (2.43) we
deduce that the singular values of S are given by

μn = kR|jn(k)|
∣∣∣h(1)n (kR)

∣∣∣ , n = 0, 1, . . . .

Therefore, from the asymptotic formulas (2.38) and (2.39) we have

μn = O

(
R−n

2n + 1

)
, n → ∞,

indicating an ill-posedness which is slightly less severe than the ill-posedness of
the corresponding far field case as indicated by the asymptotics (5.74). However,
numerical experiments (see [282]) have shown that unfortunately this does not lead
to a highly noticeable increase in the accuracy of the reconstructions.
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So far we have assumed the far field to be known for all observation directions
x̂. Due to analyticity, for uniqueness it suffices to know the far field pattern on a
subset Ω ⊂ S

2 with a nonempty interior. Zinn [433] has shown that after modifying
the far field integral operator S∞ given by (5.70) into an operator from L2(Γ ) into
L2(Ω)) and replacing S

2 by Ω in the Tikhonov part of the cost functional μ given
by (5.80) the results of Theorems 5.24–5.26 remain valid. However, as one would
expect, the quality of the reconstructions decreases drastically for this so-called
limited-aperture problem. For two-dimensional problems the numerical experiments
in [433] indicate that satisfactory reconstructions need an aperture not smaller than
180 degrees and more than one incident wave.

We also want to mention that, in principle, we may replace the approximation
of the scattered field us through a single-layer potential by any other convenient
approximation. For example, Angell, Kleinman, and Roach [15] have suggested
using an expansion with respect to radiating spherical wave functions. Using a
single-layer potential approximation on an auxiliary internal surface Γ has the
advantage of allowing the incorporation of a priori information on the unknown
scatterer by a suitable choice of Γ . Furthermore, by the addition theorem (2.43),
from a theoretical point of view we may consider the spherical wave function
approach as a special case of the single-layer potential with Γ a sphere. We also
want to mention that the above methods may be considered as having some of their
roots in the work of Imbriale and Mittra [202] who described the first reconstruction
algorithm in inverse obstacle scattering for frequencies in the resonance region (see
also [394]).

For the numerical solution, we must of course discretize the optimization
problem. This is achieved through replacing L2(Γ ) and U by finite dimensional
subspaces. Denote by (Xn) a sequence of finite dimensional subspaces Xn−1 ⊂
Xn ⊂ L2(Γ ) such that

⋃∞
n=1 Xn is dense in L2(Γ ). Similarly, let (Un) be a

sequence of finite dimensional subsets Un−1 ⊂ Un ⊂ U such that
⋃∞

n=1 Un is
dense in U . We then replace the optimization problem of Definition 5.23 by the finite
dimensional problem where we minimize over the finite dimensional set Xn × Un

instead of L2(Γ ) × U .
The finite dimensional optimization problem is now a nonlinear least squares

problem with dimXn + dimUn unknowns. For its numerical solution, we suggest
using a Levenberg–Marquardt algorithm [321] as one of the most efficient nonlinear
least squares routines. It does not allow the imposition of constraints but we found
in practice that the constraints are unnecessary due to the increase in the cost
functional as Λ approaches Γ or tends to infinity. Note that, as opposed to Sect. 5.3,
to implement this approach it is not necessary to solve a forward scattering problem
at each step of the iterations.

The numerical evaluation of the cost functional (5.80), including the integral
operators S∞ and S, in general requires the numerical evaluation of integrals with
analytic integrands over analytic surfaces S2, Γ and Λ. The integrals over the unit
sphere can be numerically approximated by the Gauss trapezoidal product rule
(3.138) described in Sect. 3.7. The integrals over Γ and Λ can be transformed into
integrals over S2 through appropriate substitutions and then again approximated via
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(3.138). Canonical subspaces for the finite dimensional optimization problems are
given in terms of spherical harmonics as follows. Denote by Zn the linear space of
all spherical harmonics of order less than or equal to n. Let p : Γ → S

2 be bijective
and choose Xn ⊂ L2(Γ ) by

Xn := {ϕ = Y ◦ p : Y ∈ Zn} .

Choose Un to be the set of all starlike surfaces described through (5.78) and (5.79)
with r ∈ Zn. Then, by Theorem 2.7, the degree of freedom in the optimization
problem is 2(n + 1)2.

The above convergence analysis requires to combine the minimization of the
Tikhonov functional for (5.69) and the defect minimization (5.77) into one cost
functional (5.80). However, numerical tests have shown that satisfactory results can
also be obtained when the two steps are carried out separately in order to reduce the
computational costs.

For further details on the numerical implementation and examples for recon-
structions we refer to [245–247, 249] for two dimensions and to [282] for three
dimensions including shapes which are not rotationally symmetric. Instead of a
single-layer potential on an auxiliary internal surface, of course, also a double-layer
potential can be used. Corresponding numerical reconstructions were obtained by
Haas and Lehner [162].

Note that the potential approach of the Kirsch–Kress method can also be
employed for the inverse problem to recover the impedance given the shape of the
scatterer. In this case the far field equation (5.69) is solved with Γ replaced by
the known boundary ∂D. After the density ϕ is obtained via (5.75) the impedance
function λ can be determined in a least-squares sense from the impedance boundary
condition after evaluating the trace and the normal derivative of the single-layer
potential (5.76) on ∂D (see [4, 215]).

A hybrid method combining ideas of the above decomposition method and
Newton iterations of the previous section has been suggested and investigated in
a series of papers by Kress and Serranho [267, 279, 280, 391, 392]. In principle, this
approach may be considered as a modification of the Kirsch–Kress method in the
sense that the auxiliary surface Γ is viewed as an approximation for the unknown
boundary of the scatterer. Then, keeping the potential usα resulting via (5.76) from
a regularized solution of (5.69) fixed, Γ is updated via linearizing the boundary
condition ui + usα = 0 around Γ .

If we assume again that Γ is starlike with radial function r and look for an update
Γ̃ that is starlike with radial function r + q the update is found by linearizing the
boundary condition

(
ui + usα

)∣∣
Γ̃

= 0, that is, by solving

(
ui + usα

)∣∣∣
Γ

+ grad
(
ui + usα

)∣∣∣
Γ

·
(
pq ◦ p−1

r

)
= 0 (5.88)

for q. Recall the notation introduced in (5.32). In an obvious way, the two steps
of alternatingly solving (5.69) by Tikhonov regularization and solving (5.88) in
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the least squares sense are iterated. For the numerical implementation, the terms
usα

∣∣
Γ

and grad usα

∣∣
Γ

in (5.88) are evaluated with the aid of the jump relations
and the update q, for example, as above in the Kirsch–Kress method is taken
from the linear space Zn of all spherical harmonics of order less than or equal to
some appropriately chosen n. From numerical examples in two [267, 279, 391] and
three dimensions [392] it can be concluded that the quality of the reconstructions is
similar to that of Newton iterations.

On the theoretical side, in [392] Serranho obtained results analogous to The-
orems 5.24–5.26 and in [391] he achieved a convergence result in the spirit of
Potthast’s analysis [360]. Furthermore, this iterative variant of the Kirsch–Kress
method is closely related to the third alternative pointed out in the previous section
for an iterative solution of the system (5.59) and (5.60) by first solving the ill-posed
data equation (5.60) for the density and then solving the linearized field equation
(5.59) to update the boundary. Alternating the solutions of (5.69) and (5.88) can
be seen to coincide with alternating the solutions of (5.60) and the linearization
of (5.59) where the derivative of A with respect to r is replaced by a derivative
where one linearizes only with respect to the evaluation surface for the single-layer
potential but not with respect to the integration surface [216]. A second degree
method where (5.88) is replaced by a Taylor formula up to second order has been
investigated in [281].

We now proceed with a brief description of the point source method due to
Potthast [357, 358, 361] as our second example of a decomposition method. For
this we begin with a few comments on the interior Dirichlet problem. The classical
approach for solving the interior Dirichlet problem is to seek the solution in the form
of a double-layer potential

u(x) =
∫
∂D

∂Φ(x, y)

∂ν(y)
ϕ(y) ds(y), x ∈ D,

with a continuous density ϕ. Then, given a continuous function f on ∂D, by the
jump relations of Theorem 3.1 the double-layer potential u satisfies the boundary
condition u = f on ∂D if the density solves the integral equation

ϕ − Kϕ = −2f

with the double-layer integral operator K defined by (3.9). If we assume that k2

is not a Dirichlet eigenvalue for D, i.e., the homogeneous Dirichlet problem in D

has only the trivial solution, then with the aid of the jump relations it can be seen
that I − K has a trivial null space in C(∂D) (for details see [104]). Hence, by
the Riesz–Fredholm theory I − K has a bounded inverse (I − K)−1 from C(∂D)

into C(∂D). This implies solvability and well-posedness of the interior Dirichlet
problem. In particular, we have the following theorem. For our discussion below on
the point source method it would be sufficient to require norm convergence of the
boundary data. The stronger result will be needed later on in the presentation of the
Colton–Monk method.
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Theorem 5.27 Assume that k2 is not a Dirichlet eigenvalue for the bounded domain
D. Let (un) be a sequence of C2(D)∩C(D̄) solutions to the Helmholtz equation in
D such that the boundary data fn = un on ∂D are weakly convergent in L2(∂D).
Then the sequence (un) converges uniformly (together with all its derivatives) on
compact subsets of D to a solution u of the Helmholtz equation.

Proof Following the argument used in Theorem 3.35, the Fredholm alternative can
be employed to show that (I −K)−1 is bounded from L2(∂D) into L2(∂D). Hence,
the sequence ϕn := 2(K − I )−1fn converges weakly to ϕ := 2(K − I )−1f

as n → ∞ provided (fn) converges weakly towards f . Substituting this into
the double-layer potential, we see that the sequence (un) converges pointwise in
D to the double-layer potential u with density ϕ. Applying the Cauchy–Schwarz
inequality to the double-layer potential, we see that

|un(x1)−un(x2)| ≤ |∂D|1/2 sup
y∈∂D

∣∣∣∣∂Φ(x1, y)

∂ν(y)
− ∂Φ(x2, y)

∂ν(y)

∣∣∣∣ ‖2(K−I )−1fn‖L2(∂D)

for all x1, x2 ∈ D. From this we deduce that the un are equicontinuous on compact
subsets of D since weakly convergent sequences are bounded. This, together with
the pointwise convergence, implies uniform convergence of the sequence (un) on
compact subsets of D. Convergence of the derivatives follows in an analogous
manner. ��

Our motivation of the point source method is based on Huygens’ principle from
Theorem 3.15, i.e., the scattered field representation

us(x) = −
∫
∂D

∂u

∂ν
(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄, (5.89)

and the far field representation

u∞(x̂) = − 1

4π

∫
∂D

∂u

∂ν
(y) e−ik x̂·y ds(y), x̂ ∈ S

2. (5.90)

As in the Kirsch–Kress method we choose an auxiliary closed C2 surface Λ.
However, we now require that the unknown scatterer D is contained in the interior
of Λ. We try to approximate the point source Φ(x, ·) for x in the exterior of Λ by a
Herglotz wave function such that

Φ(x, y) ≈ 1

4π

∫
S2

eik y·dgx(d) ds(d) (5.91)

for all y in the interior of Λ and some gx ∈ L2(S2). Under the assumption that
k2 is not a Dirichlet eigenvalue for the negative Laplacian in the interior of Λ, by
Theorem 5.22 the Herglotz wave functions are dense in L2(Λ). Consequently, by
Theorem 5.27 the approximation (5.91) can be achieved uniformly with respect to
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y up to derivatives of second order on compact subsets of the interior of Λ. We can
now insert (5.91) into (5.89) and use (5.90) to obtain

us(x) ≈
∫
S2

gx(d)u∞(−d) ds(d) (5.92)

as an approximation for the scattered wave us . The expression on the right-hand
side of (5.92) may be viewed as a backprojection of the far field pattern by a weight
function g. Knowing an approximation for the scattered wave, in principle, the
boundary ∂D can be found as above in the Kirsch–Kress method from the boundary
condition ui + us = 0 on ∂D.

The approximation (5.91) can be obtained in practice by solving the ill-posed
linear integral equation

∫
S2

eik y·dgx(d) ds(d) = 4πΦ(x, y), y ∈ Λ, (5.93)

via Tikhonov regularization and Morozov’s discrepancy principle Theorem 4.16.
Note that although the integral equation (5.93) is in general not solvable, the approx-
imation property (5.92) is ensured through the denseness result of Theorem 5.22 on
Herglotz wave functions.

Since the concept of the point source method requires the unknown scatterer D
to be contained in the interior of Λ and the source point x is located in the exterior of
Λ, in order to obtain approximations for the scattered field at locations close to the
boundary ∂D in the numerical implementation it is necessary to solve (5.93) for a
number of surfaces Λx associated with a grid of source points x. The computational
effort for doing this can be substantially reduced by fixing a reference surface Λ not
containing the origin in its interior, for example a sphere, and then choosing

Λx = MΛ + x

that is, first apply an orthogonal matrix M to the reference surface Λ and then
translate it. Straightforward calculations show that if the Herglotz wave function
with kernel g approximates the point source Φ(0, ·) located at the origin with error
less than ε with respect to L2(Λ) then the Herglotz wave function with kernel

gx(d) = e−ik x·dg(M∗d)

approximates the point source Φ(x, ·) located at x with error less than ε with respect
to L2(Λx). Hence, it suffices to solve (5.93) via Tikhonov regularization only once
for x = 0 and Λ.

In the practical implementation for a grid of points x�, � = 1, . . . , L, the
above procedure is carried out for a finite number of matrices Mj, j = 1, . . . , J,
representing various directions that are used to move the approximating domain
around. As an indicator to decide whether the crucial condition that D is contained
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in the interior of Λx is satisfied, one can use two different error levels in the solution
of the integral equation (5.93), that is, two different regularization parameters in the
Tikhonov regularization and keep the approximation obtained via (5.92) only if the
two results are close. For more details on the mathematics and numerics of the point
source method we refer to [361–363].

Here we conclude our short discussion of the point source method by pointing
out a duality to the Kirsch–Kress method as observed by Potthast and Schulz [364].
In view of (5.71) we rewrite (5.93) in the operator form S∗∞gx = Φ(x, ·) and obtain
via Tikhonov regularization and (5.92) the approximation

usα(x) =
∫
S2

Ru∞(αI + S∞S∗∞)−1S∞Φ(x, ·) ds (5.94)

for the scattered field with the reflection operator R from (3.70). Using the relations
S∗∞(αI + S∗∞S∞)−1 = (αI + S∗∞S∞)−1S∗∞ and S∗∞S∞ϕ = S∗∞S∞ϕ̄ and S∗∞Rū∞ =
S∗∞u∞ we can transform

∫
S2

Ru∞(αI + S∞S∗∞)−1S∞Φ(x, ·) ds

= ((αI + S∞S∗∞)−1S∞Φ(x, ·), Rū∞)L2(S2)

= (Φ(x, ·), (αI + S∗∞S∞)−1S∗∞Rū∞)L2(Λ)

=
∫
Λ

Φ(x, ·)(αI + S∗∞S∞)−1S∗∞u∞ ds,

i.e., the approximations (5.76) and (5.94) for the scattered field coincide.
We conclude this section on decomposition methods with an approximation

method that was developed by Colton and Monk [110–112]. We will present this
method in a manner which stresses its close connection to the method of Kirsch
and Kress. Its analysis is related to the completeness properties for far field patterns
of Sect. 3.4. In the first step of this method we look for superpositions of incident
fields with different directions which lead to simple far field patterns, for example
to far fields belonging to radiating spherical wave functions. To be more precise, we
consider as incident wave vi a superposition of plane waves of the form

vi(x) =
∫
S2

eik x·dg(d) ds(d), x ∈ IR3, (5.95)

with weight function g ∈ L2(S2), i.e., the incident wave is a Herglotz wave function.
By Lemma 3.28, the corresponding far field pattern

v∞(x̂) =
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2,
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is obtained by superposing the far field patterns u∞(· , d) for the incoming directions
d. We note that by the Reciprocity Theorem 3.23 we may also consider (5.95) as
a superposition with respect to the observation directions instead of the incident
directions. Therefore, if we fix d and superpose with respect to the observation
directions, we can view this method as one of determining a linear functional having
prescribed values on the set of far field patterns. Viewed in this way the method of
Colton and Monk is sometimes referred to as a dual space method.

If we now want the scattered wave to become a prescribed radiating solution
vs to the Helmholtz equation with far field pattern v∞, given the far field patterns
u∞(· , d) for all incident directions d we need to solve the integral equation of the
first kind

Fg = v∞ (5.96)

where the far field operator F : L2(S2) → L2(S2) is defined by (3.68). Since F has
an analytic kernel, Eq. (5.96) is ill-posed. Once we have constructed the incident
field vi by (5.95) and the solution of (5.96), in the second step we determine the
boundary as the location of the zeros of the total field vi + vs .

We have already investigated the operator F in Sect. 3.4. In particular, by
Corollary 3.30, we know that F is injective and has dense range if and only if there
does not exist a Dirichlet eigenfunction for D which is a Herglotz wave function.
Therefore, for the sequel we will make the restricting assumption that k2 is not a
Dirichlet eigenvalue for the negative Laplacian in the unknown scatterer D.

Now we assume that IR3 \ D is contained in the domain of definition for vs . In
particular, if we choose radiating spherical waves for vs this means that the origin
is contained in D. We associate the following uniquely solvable interior Dirichlet
problem

Δvi + k2vi = 0 in D, (5.97)

with boundary condition

vi + vs = 0 on ∂D (5.98)

to the inverse scattering problem. From Theorem 3.34 we know that the solvability
of the integral equation (5.96) is connected to this interior boundary value problem,
i.e., (5.96) is solvable for g ∈ L2(S2) if and only if the solution vi to (5.97) and
(5.98) is a Herglotz wave function with kernel g. Therefore, the solvability of (5.96)
depends on the question of whether or not the solution to the interior Dirichlet
problem (5.97) and (5.98) can be analytically extended as a Herglotz wave function
across the boundary ∂D and this question again cannot be answered in advance for
an unknown obstacle D.

We again illustrate the degree of ill-posedness of Eq. (5.96) by looking at the
singular values in the special case where the scatterer D is the unit ball. Here, from
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the explicit form (3.38) of the far field pattern and the addition theorem (2.30), we
find that the singular values of F are given by

μn = 4π

k

|jn(k)|
|h(1)n (k)|

, n = 0, 1, . . . ,

with the asymptotic behavior

μn = O

(
ek

2n

)2n

, n → ∞.

This estimate is the square of the corresponding estimate (5.74) for the singular
values of S∞ in the Kirsch–Kress method.

We can again use Tikhonov regularization with regularization parameter α to
obtain an approximate solution gα of (5.96). This then leads to an approximation
viα for the incident wave vi and we can try to find the boundary of the scatterer D
as the set of points where the boundary condition (5.98) is satisfied. We do this by
requiring that

viα + vs = 0 (5.99)

is satisfied in the minimum norm sense. However, as in the Kirsch–Kress method,
for a satisfactory reformulation of the inverse scattering problem as an optimization
problem we need to combine a regularization for the integral equation (5.96)
and the defect minimization for (5.99) into one cost functional. If we use the
standard Tikhonov regularization as in Definition 5.23, i.e., if we use as penalty
term ‖g‖2

L2(S2)
, then it is easy to prove results analogous to those of Theorems 5.24

and 5.25. However, we would not be able to obtain a convergence result correspond-
ing to Theorem 5.26. Therefore, we follow Blöhbaum [34] and choose a penalty
term for (5.96) as follows. We recall the description of the set U of admissible
surfaces from p. 184 and pick a closed C2 surface Γe such that Λe is contained in
the interior of Γe. In addition, without loss of generality, we assume that k2 is not a
Dirichlet eigenvalue for the negative Laplacian in the interior of Γe. Then we define
the combined cost functional by

μ(g,Λ;α) := ‖Fg − v∞‖2
L2(S2)

+ α‖Hg‖2
L2(Γe)

+ γ ‖Hg + vs‖2
L2(Λ)

. (5.100)

The coupling parameter γ is again necessary for numerical purposes and for the
theory we set γ = 1. Since the operator H in the penalty term does not have a
bounded inverse, we have to slightly modify the notion of an optimal surface.

Definition 5.28 Given the (measured) far field u∞ ∈ L2(S2 × S
2) for all incident

and observation directions and a regularization parameter α > 0, a surface Λ0 from
the compact set U is called optimal if
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inf
g∈L2(S2)

μ(g,Λ0;α) = m(α),

where

m(α) := inf
g∈L2(S2), Λ∈U

μ(g,Λ;α).

Note that the measured far field u∞ enters in the operator F through (3.68). For
this reformulation of the inverse scattering problem into a nonlinear optimization
problem, we have results similar to those for the Kirsch–Kress method. We note
that in the original version of their method, Colton and Monk [110, 111] chose the
cost functional (5.100) without the penalty term and minimized over all g ∈ L2(S2)

with ‖g‖L2(S2) ≤ ρ, i.e., the Tikhonov regularization with regularization parameter
α → 0 was replaced by the quasi-solution with regularization parameter ρ → ∞.

Theorem 5.29 For each α > 0 there exists an optimal surface Λ ∈ U .

Proof Let (gn,Λn) be a minimizing sequence from L2(S2) × U , i.e.,

lim
n→∞μ(gn,Λn;α) = m(α).

Since U is compact, we can assume that Λn → Λ ∈ U, n → ∞. Because of the
boundedness

α‖Hgn‖2
L2(Γe)

≤ μ(gn,Λn;α) → m(α), n → ∞,

we can assume that the sequence (Hgn) is weakly convergent in L2(Γe). By
Theorem 5.27, applied to the interior of Γe, the weak convergence of the boundary
data Hgn on Γe then implies that the Herglotz wave functions vn with kernel gn
converge to a solution v of the Helmholtz equation uniformly on compact subsets
of the interior of Γe. This, together with Λn → Λ ∈ U, n → ∞, implies that
(indicating the dependence of H : L2(S2) → L2(Λn) on n by writing Hn)

lim
n→∞ ‖Hngn + vs‖L2(Λn)

= lim
n→∞ ‖Hgn + vs‖L2(Λ),

whence

lim
n→∞μ(gn,Λn;α) = lim

n→∞μ(gn,Λ;α)

follows. This concludes the proof. ��
For the following, we assume that u∞ is the exact far field pattern and first give

a reformulation of the integral equation (5.96) for the Herglotz kernel g in terms of
the Herglotz function Hg. For this purpose, we recall the operator A : L2(∂D) →
L2(S2) from Theorem 3.36 which maps the boundary values of radiating solutions
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onto their far field pattern and recall that A is bounded and injective. Clearly, by the
definition of A, we have Avs = v∞ and, by (3.86), we conclude that AHg = −Fg

for exact far field data u∞. Hence

v∞ − Fg = A(Hg + vs). (5.101)

Theorem 5.30 For all incident directions d, let u∞(· , d) be the exact far field
pattern of a domain D such that ∂D belongs to U . Then we have convergence of the
cost functional

lim
α→0

m(α) = 0.

Proof By Theorem 5.22, given ε > 0 there exists g ∈ L2(S2) such that

‖Hg + vs‖L2(∂D) < ε.

From (5.101) we have

‖Fg − v∞‖L2(S2) ≤ ‖A‖ ‖Hg + vs‖L2(∂D).

Therefore, we have

μ(g, ∂D;α) ≤ (1 + ‖A‖2)ε2 + α‖Hg‖2
L2(Γe)

→ (1 + ‖A‖2)ε2, α → 0,

and the proof is completed as in Theorem 5.25. ��
Theorem 5.31 Let (αn) be a null sequence and let (Λn) be a corresponding
sequence of optimal surfaces for the regularization parameter αn. Then there exists
a convergent subsequence of (Λn). Assume that for all incident directions u∞(· , d)
is the exact far field pattern of a domain D such that ∂D belongs to U . Assume
further that the solution vi to the associated interior Dirichlet problem (5.97) and
(5.98) can be extended as a solution to the Helmholtz equation across the boundary
∂D into the interior of Γe with continuous boundary values on Γe. Then every limit
point Λ∗ of (Λn) represents a surface on which the boundary condition (5.98) is
satisfied, i.e., vi + vs = 0 on Λ∗.

Proof The existence of a convergent subsequence of (Λn) follows from the
compactness of U . Let Λ∗ be a limit point. Without loss of generality we can assume
that Λn → Λ∗, n → ∞.

By Theorem 5.22, there exists a sequence (gj ) in L2(S2) such that

‖Hgj − vi‖L2(Γe)
→ 0, j → ∞.
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By Theorem 5.27, this implies the uniform convergence of the Herglotz wave
functions with kernel gj to vi on compact subsets of the interior of Γe, whence
in view of the boundary condition for vi on ∂D we obtain

‖Hgj + vs‖L2(∂D) → 0, j → ∞.

Therefore, by passing to the limit j → ∞ in

m(α) ≤ ‖Fgj − v∞‖2
L2(S2)

+ α‖Hgj‖2
L2(Γe)

+ ‖Hgj + vs‖2
L2(∂D)

,

with the aid of (5.101) we find that

m(α) ≤ α‖vi‖2
L2(Γe)

(5.102)

for all α > 0.
By Theorem 5.29, for each n there exists gn ∈ L2(S2) such that

‖Fgn − v∞‖2
L2(S2)

+ αn‖Hgn‖2
L2(Γe)

+ ‖Hgn + vs‖2
L2(Λn)

≤ m(αn) + α2
n.

From this inequality and (5.102), we conclude that

‖Hgn‖2
L2(Γe)

≤ ‖vi‖2
L2(Γe)

+ αn

for all n and therefore we may assume that the sequence (Hgn) converges weakly
in L2(Γe). Then, by Theorem 5.27, the Herglotz wave functions vn with kernels gn
converge uniformly on compact subsets of the interior of Γe to a solution v∗ of the
Helmholtz equation. By Theorem 5.30, we have convergence of the cost functional
m(αn) → 0, n → ∞. In particular, using (5.101), this yields

‖A(vn + vs)‖2
L2(S2)

= ‖Fgn − v∞‖2
L2(S2)

≤ m(αn) + α2
n → 0, n → ∞,

whence A(v∗ +vs) = 0 follows. Since, by Theorem 3.36, the operator A is injective
we conclude that v∗ + vs = 0 on ∂D, that is, vi and v∗ satisfy the same boundary
condition on ∂D. Since k2 is assumed not to be a Dirichlet eigenvalue for D, vi and
v∗ must coincide. Finally, from

‖vn + vs‖2
L2(Λn)

≤ m(αn) + α2
n → 0, n → ∞,

we see that vi + vs = 0 on Λ∗ and the proof is finished. ��
For details on the numerical implementation and examples we refer to [110–112].

A comparison of the numerical performance for the methods of Kirsch and Kress
and of Colton and Monk in two dimensions is contained in [249].
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5.6 Sampling Methods

The iterative and decomposition methods discussed in the two previous sections,
in general, rely on some a priori information for obtaining initial approximations
to start the corresponding iterative procedures or to place auxiliary surfaces in the
interior of the obstacle. In this final section of this chapter we will outline the main
ideas of the so-called sampling methods that do not need any a priori information on
the geometry of the obstacle and its physical nature, i.e., on the boundary condition.
However, these methods require the knowledge of the far field pattern for a large
number of incident waves, whereas the methods of the previous sections, in general,
work with one incident field. In this section we will confine ourselves to the case of
a sound-soft scatterer, i.e., the Dirichlet boundary condition. But we emphasize that
the analysis carries over to other boundary conditions in a way that the numerical
implementation of the sampling methods do not require the boundary condition to
be known in advance.

Roughly speaking, sampling methods are based on choosing an appropriate
indicator function f on IR3 such that its value f (z) decides on whether z lies inside
or outside the scatterer D. For Potthast’s [359, 361] singular source method this
indicator function is given by f (z) := ws(z, z) through the value of the scattered
wave ws(· , z) for the singular source Φ(· , z) as incident field evaluated at the source
point z. The values ws(z, z) will be small for points z ∈ IR3 \ D̄ that are away
from the boundary and will blow up when z approaches the boundary due to the
singularity of the incident field. Clearly, the singular source method can be viewed
as a numerical implementation of the uniqueness proof for Theorem 5.6.

Assuming the far field pattern for plane wave incidence to be known for all
incident and observation directions, the indicator function ws(z, z) can be obtained
by two applications of the backprojection (5.92) and the mixed reciprocity principle
(3.62). Combining (3.62) and (5.92) we obtain the approximation

w∞(−d, z) = 1

4π
us(z, d) ≈ 1

4π

∫
S2

gz(x̂)u∞(−x̂, d) ds(x̂).

Inserting this into the backprojection (5.92) as applied to ws yields the approxima-
tion

ws(z, z) ≈ 1

4π

∫
S2

∫
S2

gz(d)gz(x̂)u∞(−x̂, d) ds(x̂) ds(d). (5.103)

We explicitly mention that, as opposed to the point source method described in the
previous section, for the singular source method the boundary condition does not
need to be known. We also note that if we use the reflection operator R from (3.70)
the approximation (5.103) can be expressed in terms of the far field operator F by
the L2(S2) inner product
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ws(z, z) ≈ 1

4π
(Fgz, Rgz).

The probe method as suggested by Ikehata [200, 201] uses as indicator function
an energy integral for ws(· , z) instead of the point evaluation ws(z, z). In this
sense, it follows the uniqueness proof of Isakov whereas the singular source method
mimics the uniqueness proof of Kirsch and Kress.

The linear sampling method was first proposed by Colton and Kirsch [94]. Its
basic idea is to find a Herglotz wave function vi with kernel g, i.e., a superposition
of plane waves, such that the corresponding scattered wave vs coincides with a
point source Φ(· , z) located at a point z in the interior of the scatterer D. Hence,
the decomposition method of Colton and Monk from the previous section may be
considered as predecessor to the linear sampling method (see [103]).

In terms of the far field operator F we have to find the kernel gz as a solution to
the integral equation of the first kind

Fgz = Φ∞(· , z) (5.104)

with the far field

Φ∞(x̂, z) = 1

4π
e−ik x̂·z (5.105)

of the fundamental solution Φ(· , z). From Theorem 3.34 we conclude that for any
solution g of (5.104) the Herglotz wave function

v(x) =
∫
S2

eik x·dgz(d) ds(d), x ∈ IR3,

solves the interior Dirichlet problem

Δv + k2v = 0 in D (5.106)

with boundary condition

v + Φ(· , z) = 0 on ∂D. (5.107)

Conversely, if the Herglotz wave function v solves (5.106)–(5.107), then its kernel
gz is a solution of (5.104). Hence, if a solution to the integral equation (5.104) of
the first kind exists for all z ∈ D, then from the boundary condition (5.107) for
the Herglotz wave function we conclude that ‖gz‖L2(S2) → ∞ as the source point
z approaches the boundary ∂D. Therefore, in principle, the boundary ∂D may be
found by solving the integral equation (5.104) for z taken from a sufficiently fine
grid in IR3 and determining ∂D as the location of those points z where ‖gz‖L2(S2)

becomes large.
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However, in general, the solution to the interior Dirichlet problem (5.106)–
(5.107) will have an extension as a Herglotz wave function across the boundary
∂D only in very special cases (for example if D is a ball with center at z).
Hence, the integral equation of the first kind (5.104), in general, will have no
solution. Nevertheless, by making use of denseness properties of the Herglotz wave
functions, the following mathematical foundation of the linear sampling method can
be provided.

To this end, we first present modified versions of the denseness results of
Theorems 5.22 and 3.36.

Corollary 5.32 The Herglotz operator H : L2(S2) → H 1/2(∂D) defined by

(Hg)(x) :=
∫
S2

eik x·dg(d) ds(d), x ∈ ∂D, (5.108)

is injective and has dense range provided k2 is not a Dirichlet eigenvalue for the
negative Laplacian for D.

Proof In view of Theorem 5.22 we only need to be concerned with the denseness of
H(L2(S2)) in H 1/2(∂D). From (5.108) in view of the duality pairing for H 1/2(∂D)

and its dual space H−1/2(∂D) interchanging the order of integration we observe that
analogous to (3.87) for ϕ ∈ L2(∂D) the dual operator H� : H−1/2(∂D) → L2(S2)

of H is given by

H�ϕ = 2πASϕ, ϕ ∈ H−1/2(∂D), (5.109)

in terms of the boundary data to far field operator A : H 1/2(∂D) → L2(S2) and
the single-layer operator S : H−1/2(∂D) → H 1/2(∂D). Since L2(∂D) is dense
in H−1/2(∂D) and A and S are bounded, (5.109) represents the dual operator on
H−1/2(∂D). Both A and S are injective, the latter because of our assumption on
k. Hence H� is injective and the dense range of H follows by the Hahn–Banach
theorem. ��
Corollary 5.33 The operator A : H 1/2(∂D) → L2(S2) which maps the boundary
values of radiating solutions u ∈ H 1

loc(IR
3 \ D̄) to the Helmholtz equation onto the

far field pattern u∞ is bounded, injective, and has dense range.

Proof In view of Theorem 3.36 again we only need to be concerned with the
denseness of A(H 1/2(∂D)) in L2(S2). To this end, from the representation (3.81)
of A as an integral operator, we observe that analogous to (3.83) the dual operator
A� : L2(S2) → H−1/2(∂D) of A is given by

A�g = A∗g, g ∈ L2(S2),

in terms of the L2 adjoint A∗. From the proof of Theorem 3.36 we know that A∗ is
injective. Consequently A� is injective and therefore the dense range of A follows.

��
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We recall the far field pattern (5.105) of the fundamental solution Φ(·, z) with
source point z. Then we have the following lemma.

Lemma 5.34 Φ∞(·, z) ∈ A(H 1/2(∂D)) if and only if z ∈ D.

Proof If z ∈ D, then clearly Φ∞(·, z) = A (Φ(·, z)|∂D) and Φ(·, z)|∂D ∈
H 1/2(∂D). Conversely, let z �∈ D and assume there exists f ∈ H 1/2(∂D) such
that Af = Φ∞(·, z). Then by Rellich’s lemma and analyticity the solution u to
the exterior Dirichlet problem with boundary trace u|∂D = f must coincide with
Φ(·, z) in (IR3 \ D̄) \ {z}. If z ∈ IR3 \ D̄ this contradicts the analyticity of u. If
z ∈ ∂D from the boundary condition it follows that Φ(·, z)|∂D ∈ H 1/2(∂D) which
is a contradiction to Φ(·, z) �∈ H1(D) for z ∈ ∂D. ��
Theorem 5.35 Assume that k2 is not a Dirichlet eigenvalue of the negative
Laplacian in D and let F be the far field operator (3.68) for scattering from a
sound-soft obstacle. Then the following hold:

1. For z ∈ D and a given ε > 0 there exists a function gεz ∈ L2(S2) such that

‖Fgεz − Φ∞(· , z)‖L2(S2) < ε (5.110)

and the Herglotz wave function vgεz with kernel gεz converges to the solution w ∈
H 1(D) of the Helmholtz equation with w + Φ(· , z) = 0 on ∂D as ε → 0.

2. For z �∈ D every gεz ∈ L2(S2) that satisfies (5.110) for a given ε > 0 is such that

lim
ε→0

‖vgεz ‖H 1(D) = ∞.

Proof We note that under the assumption on k well-posedness of the interior
Dirichlet problem in the H 1(D) setting can be concluded from Theorem 5.18. Given
ε > 0, by Corollary 5.32 we can choose gz ∈ L2(S2) such that

‖Hgεz + Φ(·, z)‖H 1/2(∂D) <
ε

‖A‖
where A denotes the boundary data to far field operator from Corollary 5.33. Then
(5.110) follows from F = −AH , see (3.86). Now if z ∈ D, then by the well-
posedness of the Dirichlet problem the convergence Hgεz + Φ(·, z) → 0 as ε → 0
in H 1/2(∂D) implies convergence vgεz → w as ε → 0 in H 1(D) and the first
statement is proven.

In order to prove the second statement, for z �∈ D assume to the contrary that
there exists a null sequence (εn) and corresponding Herglotz wave functions vn
with kernels gn = g

εn
z such that ‖vn‖H 1(D) remains bounded. Then without loss

of generality we may assume weak convergence vn ⇀ v ∈ H 1(D) as n → ∞.
Denote by vs ∈ H 1

loc(IR
3 \ D̄) the solution to the exterior Dirichlet problem for the

Helmholtz equation with vs = v on ∂D and by v∞ its far field pattern. Since Fgn is
the far field pattern of the scattered wave for the incident field −vn from (5.110) we
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conclude that v∞ = −Φ∞(· , z) and therefore Φ∞(· , z) in A(H 1/2(∂D)). But this
contradicts Lemma 5.34. ��

From Theorem 5.35 it can be expected that solving the integral equation (5.104)
and scanning the values for ‖gz‖L2(S2) will yield an approximation for ∂D through
those points where the norm of g is large. A possible procedure with noisy data

‖u∞,δ − u∞‖L2(S2×S2) ≤ δ

with error level δ is as follows. Denote by Fδ the far field operator F with the
kernel u∞ replaced by the data u∞,δ . Then for each z from a grid in IR3 determine
gδ = gδ(· , z) by minimizing the Tikhonov functional

‖Fδg
δ(· , z) − Φ∞(· , z)‖2

L2(S2)
+ α‖gδ(· , z)‖2

L2(S2)
,

where the regularization parameter α is chosen according to Morozov’s generalized
discrepancy principle for noisy operators as opposed to noisy right-hand sides (cf.
Theorem 4.20), i.e., α = α(z) is chosen such that

‖Fδg
δ(· , z) − Φ∞(· , z)‖L2(S2) ≈ δ‖gδ(· , z)‖L2(S2).

Then the unknown boundary is determined by those points where ‖gδ(· , z)‖L2(S2)

sharply increases.
We note that the arguments used to establish Theorem 5.35 do not depend in an

essential way on the fact that the obstacle is sound-soft. In particular the conclusion
of the theorem remains valid for both the Neumann and impedance boundary
conditions as well as for mixed boundary conditions as long as the corresponding
interior problem is well-posed, i.e., this method for solving the inverse scattering
problem does not depend on knowing the boundary conditions a priori. In addition
the number of components of the scatterer does not have to be known in advance.
For details and numerical examples of this approach to solving the inverse scattering
problem we refer the reader to [51].

A problem with the linear sampling method as described above is that, in general,
there does not exist a solution of (5.104) for noise free data and hence it is not clear
what solution is obtained by using Tikhonov regularization. In particular, it is not
clear whether Tikhonov regularization indeed leads to the approximations predicted
by the above Theorem 5.35. This question has been addressed and clarified by Arens
and Lechleiter [17, 18] using ideas of Kirsch’s factorization method. We will return
to this issue at the end of this section. Kirsch [239] proposed to replace (5.104) by

(F ∗F)1/4gz = Φ∞(· , z) (5.111)

and was able to completely characterize the range of (F ∗F)1/4. This method is
called the factorization method since it relies on the factorization of the far field
operator from Theorem 3.37. As compared to the original paper [239], the theory
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has been largely modified and extended. For an extensive study we refer to the
monograph by Kirsch and Grinberg [243]. We begin our short outline of the basic
analysis of the factorization method with one of its main theoretical foundations
given by the following optimization theorem from [243].

Theorem 5.36 Let X and H be Hilbert spaces with inner products (·, ·), let X∗ be
the dual space of X and assume that F : H → H , B : X → H , and T : X∗ → X

are bounded linear operators that satisfy

F = BTB∗ (5.112)

where B∗ : H → X∗ is the antilinear adjoint of B defined by

〈ϕ,B∗g〉 = (Bϕ, g), g ∈ H, ϕ ∈ X, (5.113)

in terms of the bilinear duality pairing of X and X∗. Assume further that

|〈Tf, f 〉| ≥ c‖f ‖2
X∗ (5.114)

for all f ∈ B∗(H) and some c > 0. Then for any g ∈ H with g �= 0 we have that
g ∈ B(X) if and only if

inf {|(Fψ,ψ)| : ψ ∈ H, (g,ψ) = 1} > 0. (5.115)

Proof From (5.112) to (5.114) we obtain that

|(Fψ,ψ)| = |〈T B∗ψ,B∗ψ〉| ≥ c‖B∗ψ‖2
X∗ (5.116)

for all ψ ∈ H . Now assume that g = Bϕ for some ϕ ∈ X and g �= 0. Then for each
ψ ∈ H with (g, ψ) = 1 we can estimate

c = c|(Bϕ,ψ)|2 = c|〈ϕ,B∗ψ〉|2 ≤ c ‖ϕ‖2
X ‖B∗ψ‖2

X∗ ≤ ‖ϕ‖2
X|(Fψ,ψ)|

and consequently (5.115) is satisfied. Conversely let (5.115) be satisfied and assume
that g �∈ B(X). We define V := [span{g}]⊥ and show that B∗(V ) is dense in B∗(H).
Via the antilinear isomorphism J from the Riesz representation theorem given by

〈ϕ, f 〉 = (ϕ, Jf ), ϕ ∈ X, f ∈ X∗,

we can identify X = J (X∗). In particular, then JB∗ : H → X is the Hilbert space
adjoint of B : X → H and it suffices to show that JB∗(V ) is dense in JB∗(H).
Let ϕ = limn→∞ JB∗ψn with ψn ∈ H be orthogonal ϕ ⊥ JB∗(V ). Then

(Bϕ,ψ) = (ϕ, JB∗ψ) = 0
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for all ψ ∈ V and hence Bϕ ∈ V ⊥ = span{g}. Since g �∈ B(X), this implies
Bϕ = 0. But then

‖ϕ‖2 = lim
n→∞(ϕ, JB∗ψn) = lim

n→∞(Bϕ,ψn) = 0

and hence JB∗(V ) is dense in JB∗(H).
Now we can choose a sequence (ψ̃n) in V such that

B∗ψ̃n → − 1

‖g‖2 B∗g, n → ∞.

Setting

ψn := ψ̃n + 1

‖g‖2 g

we have (g, ψn) = 1 for all n and B∗ψn → 0 for n → ∞. Then from the first
equation in (5.116) we observe that

|(Fψn,ψn)| ≤ ‖T ‖ ‖B∗ψn‖2
X∗ → 0, n → ∞,

which is a contradiction to the assumption that (5.115) is satisfied. Hence g must
belong to B(X) and this concludes the proof. ��

We note that an equivalent formulation of Theorem 5.36 can be stated without
referring to the dual space of the Hilbert space X via the Riesz representation
theorem as in the above proof. The corresponding formulation is for a factorization
F = BT̃ B̃∗ where T̃ : X → X and B̃∗ : H → X is the Hilbert space adjoint of
B : X → H . Both formulations are connected via B̃∗ = JB∗ and T̃ := T J−1. The
condition (5.114) becomes

|(T̃ ϕ, ϕ)| ≥ c‖ϕ‖2
X (5.117)

for all ϕ ∈ B̃∗(H) and some c > 0. We also note that for spaces of complex valued
functions Theorem 5.36 remains valid if the bilinear duality pairing of X and X∗ is
replaced by a sesquilinear pairing.

The following lemma provides a tool for checking the assumption (5.114) in
Theorem 5.36.

Lemma 5.37 In the setting of Theorem 5.36 let T : X∗ → X satisfy

Im〈Tf, f 〉 �= 0 (5.118)

for all f ∈ B∗(H) with f �= 0 and be of the form T = T0 + C where C is compact
such that
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〈T0f, f 〉 ∈ IR (5.119)

and

〈T0f, f 〉 ≥ c0‖f ‖2
X∗ (5.120)

for all f ∈ B∗(H) and some c0 > 0. Then T satisfies (5.114).

Proof Assume to the contrary that (5.114) is not satisfied. Then there exists a
sequence (fn) in B∗(H) with ‖fn‖ = 1 for all n and

〈Tfn, fn〉 → 0, n → ∞.

We can assume that (fn) converges weakly to some f ∈ B∗(H). From the
compactness of C, writing

〈Cfn, fn〉 = 〈Cfn − Cf, fn〉 + 〈Cf, fn〉

we observe that

〈Cfn, fn〉 → 〈Cf, f 〉, n → ∞,

and consequently

〈T0fn, fn〉 → −〈Cf, f 〉, n → ∞.

Taking the imaginary part implies Im〈Cf, f 〉 = 0 because of assumption (5.119).
Therefore Im〈Tf, f 〉 = 0, whence f = 0 by assumption (5.118). This yields
〈T0fn, fn〉 → 0 for n → ∞ which contradicts ‖fn‖ = 1 for all n and the
assumption (5.120). ��

We will apply Theorem 5.36 to the factorization F = −2πAS∗A∗ of Theo-
rem 3.37. We choose the spaces H = L2(S2) and X = H 1/2(∂D) with the dual
space H−1/2(∂D). Then we have to establish the assumptions of Theorem 5.36 for
the operators B = A : H 1/2(∂D) → L2(S2), B∗ = A∗ : L2(S2) → H−1/2(∂D)

and T = −2πS∗ : H−1/2(∂D) → H 1/2(∂D) with the adjoints to be understood
with respect to the sesquilinear duality pairings in the sense of the inner products on
L2(S2) and L2(∂D). For this we need the following lemma.

Lemma 5.38 Assume that k2 is not a Dirichlet eigenvalue of the negative Laplacian
in D. Then

1. S : H−1/2(∂D) → H 1/2(∂D) is bijective with a bounded inverse.
2. Im(Sϕ, ϕ) �= 0 for all ϕ ∈ H−1/2(∂D) with ϕ �= 0.
3. Denote by Si the single-layer operator corresponding to the wave number k = i.

Then Si is self-adjoint with respect to L2(∂D) and coercive.
4. The difference S − Si : H−1/2(∂D) → H 1/2(∂D) is compact.
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Proof

1. See Theorem 5.18.
2. Define the single-layer potential u with density ϕ ∈ C(∂D) and let BR be a

sufficiently large ball with radius R centered at the origin with exterior unit
normal ν. Then from the jump relations and by Green’s integral theorem we
have that

Im(Sϕ, ϕ) = 2 Im
∫
∂D

u

{
∂ū−
∂ν

− ∂ū+
∂ν

}
ds = −2 Im

∫
∂DR

u
∂ū

∂ν
ds

(5.121)
and by a denseness argument this is also true for ϕ ∈ H−1/2(∂D). Now assume
that Im(Sϕ, ϕ) = 0. Then from (5.121), Theorem 2.13, and analyticity we
conclude u = 0 in IR3 \ D̄. Therefore, by the trace theorem, Sϕ = 0 and
consequently ϕ = 0.

3. Si is self-adjoint since its kernel is real and symmetric. For the single-layer
potential u, using the Green’s theorem as above and the exponential decay at
infinity of the fundamental solution for k = i we find that

(Siϕ, ϕ) = 2
∫

IR3

{
| grad u|2 + |u|2

}
dx = 2‖u‖2

H 1(IR3)
.

The trace theorem and the boundedness of the inverse S−1
i yield

(Siϕ, ϕ) ≥ c‖Siϕ‖2
H 1/2(∂D)

≥ c0‖ϕ‖2
H−1/2(∂D)

for all ϕ ∈ H−1/2(∂D) and some positive constants c and c0.
4. As in the proof of Theorem 5.18, this follows from the increased smoothness of

the kernel of S − Si as compared with that of S.
��

Now combining Theorems 3.37 and 5.36 and the Lemmas 5.34, 5.37, and 5.38
and noting that (S∗ϕ, ϕ) = (Sϕ, ϕ) we arrive at the following characterization of
the domain D.

Corollary 5.39 Let F be the far field operator and assume that k2 is not a Dirichlet
eigenvalue of the negative Laplacian in D. Then z ∈ D if and only if

inf
{
|(Fψ,ψ)| : ψ ∈ L2(S2), (ψ,Φ∞(·, z)) = 1

}
> 0.

This corollary provides a variational method for determining D from a knowl-
edge of the far field pattern u∞ for all incident and observation directions. However
such an approach is very time consuming since it involves solving a minimization
problem for every sampling point z. A more efficient approach, and one more
closely related to the linear sampling method, is described in the following range
identity theorem.
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Theorem 5.40 Let X and H be Hilbert spaces and let the operators F , T , and B

satisfy the assumptions of Theorem 5.36 with the condition (5.114) replaced by the
assumptions of Lemma 5.37. In addition let the operator F : H → H be compact,
injective, and assume that I + iγ F is unitary for some γ > 0. Then the ranges
B(X) and (F ∗F)1/4(H) coincide.

Proof First we note that by Lemma 5.37 the operator T satisfies the assumption
(5.114) of Theorem 5.36. Since I + iγ F is unitary F is normal. Therefore, by
the spectral theorem for compact normal operators, there exists a complete set
of orthonormal eigenelements ψn ∈ H with corresponding eigenvalues λn, n =
1, 2, . . . . In particular, the spectral theorem also provides the expansion

Fψ =
∞∑
n=1

λn(ψ,ψn)ψn, ψ ∈ H. (5.122)

From this we observe that F has a second factorization in the form

F = (F ∗F)1/4F̃ (F ∗F)1/4 (5.123)

where the operator (F ∗F)1/4 : H → H is given by

(F ∗F)1/4ψ =
∞∑
n=1

√|λn|(ψ,ψn)ψn, ψ ∈ H, (5.124)

and F̃ : H → H is given by

F̃ψ =
∞∑
n=1

λn

|λn| (ψ,ψn)ψn, ψ ∈ H. (5.125)

We will show that F̃ also satisfies the assumption (5.114) of Theorem 5.36. Then the
statement of the theorem follows by applying Theorem 5.36 to both factorizations
of F .

Since the operator I+iγ F is unitary the eigenvalues λn lie on the circle of radius
r := 1/γ and center ri. We set

sn := λn

|λn| , n ∈ IN, (5.126)

and from |λn − ri| = r and the only accumulation point λn → 0, n → ∞, we
conclude that 1 and −1 are the only possible accumulation points of the sequence
(sn). We will show that 1 is the only accumulation point. To this end we define
ϕn ∈ X∗ by

ϕn := 1√
λn

B∗ψn, n ∈ IN,
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where the branch of the square root is chosen such that Im
√
λn > 0. Then from

BTB∗ψn = Fψn = λnψn we readily observe that

(T ϕn, ϕn) = sn, n ∈ IN. (5.127)

Consequently, since T satisfies the assumption (5.114) of Theorem 5.36, we can
estimate

c‖ϕn‖2 ≤ |(T ϕn, ϕn)| = |sn| = 1

for all n ∈ IN and some positive constant c, that is, the sequence (ϕn) is bounded.
Now we assume that −1 is an accumulation point of the sequence (sn). Then,

by the boundedness of the sequence (ϕn), without loss of generalization, we may
assume that sn → −1 and ϕn ⇀ ϕ ∈ X∗ for n → ∞. From (5.127) we then have
that

(T0ϕn, ϕn) + (Cϕn, ϕn) = (T ϕn, ϕn) → −1, n → ∞, (5.128)

and the compactness of C implies

Cϕn → Cϕ, n → ∞.

Consequently

|(Cϕn − Cϕ, ϕn)| ≤ ‖Cϕn − Cϕ‖ ‖ϕn‖ → 0, n → ∞,

whence

(Cϕn, ϕn) → (Cϕ, ϕ), n → ∞,

follows. By taking the imaginary part of (5.128), this now leads to Im(T ϕ, ϕ) =
Im(Cϕ, ϕ) = 0 and therefore ϕ = 0 by the assumptions of the theorem. Then
(5.128) implies

(T0ϕn, ϕn) → −1, n → ∞,

and this contradicts the coercivity of T0.
Now we can write sn = eitn where 0 ≤ tn ≤ π − 2δ for all n ∈ IN and some

0 < δ ≤ π/2. Then

Im
{
eiδsn

}
≥ sin δ, n ∈ IN,

and using |(F̃ψ,ψ)| = |eiδ(F̃ψ,ψ)| we can estimate
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|(F̃ψ,ψ)| ≥ Im
∞∑
n=1

eiδsn |(ψ,ψn)|2 ≥ sin δ

∞∑
n=1

|(ψ,ψn)|2 = sin δ ‖ψ‖2

for all ψ ∈ H and the proof is finished. ��
Putting Corollary 3.33, Lemma 5.34, and Theorem 5.40 together we arrive at the

following final characterization of the scatterer D.

Corollary 5.41 Let F be the far field operator and assume that k2 is not a Dirichlet
eigenvalue of the negative Laplacian in D. Then z ∈ D if and only if

(F ∗F)1/4gz = Φ∞(· , z) (5.129)

is solvable in L2(S2).

This explicit characterization of the scatterer in terms of the range of (F ∗F)1/4

can be used for a reconstruction with the aid of a singular system (|λn|, ψn, ψn) of
the operator F . Then, by Picard’s Theorem 4.8, we have that z ∈ D if and only if

∞∑
n=1

|(ψn,Φ∞(· , z))|2
|λn| < ∞. (5.130)

At first glance Corollary 5.41 seems to imply that the nonlinear inverse problem
has been completely solved through a linear problem. However, determining a
singular system of F is nonlinear and there is still a nonlinear problem involved
for finding those points z where (5.130) is satisfied. Of course an obvious way
to approximately solve this nonlinear problem is by truncating the series (5.130)
through a finite sum for z on a grid in IR3 and determining ∂D as the location of
those points z where this sum becomes large.

We also note that the norm ‖gz‖L2(S2) of the solution to (5.129) tends to infinity
as z approaches ∂D. Assume to the contrary that ‖gzn‖L2(S2) remains bounded for
a sequence (zn) in D with zn → z ∈ ∂D for n → ∞. Then without loss of
generality we may assume weak convergence gzn ⇀ gz ∈ L2(S2) as n → ∞. The
compactness of (F ∗F)1/4 implies

(F ∗F)1/4gz = lim
n→∞(F ∗F)1/4gzn = lim

n→∞Φ∞(· , zn) = Φ∞(· , z)

i.e., we have a contradiction.
We emphasize that in the derivation of Corollary 5.41 the scatterer is not required

to be connected, i.e., it may consist of a finite number of components that does not
need to be known in advance. Furthermore, for the application of the factorization
method it is not necessary to know whether the scatterer is sound-soft or sound-
hard. Using the above tools it can be proven that Corollary 5.41 is also valid for
sound-hard scatterers with the obvious modification in the assumption that k2 is not
a Neumann eigenvalue of the negative Laplacian in D (see [243]). For numerical
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examples of the implementation of the factorization method in these cases also
see [243].

However, for the case of the impedance boundary condition the far field operator
F no longer is normal nor is the scattering operator S unitary, i.e., Theorem 5.40
cannot be applied in this case. For modifications of the factorization method and
Corollary 5.41 that consider the case where F is not normal, for example the case
of an impedance scatterer, we refer again to Kirsch and Grinberg [243].

We conclude this section by using Corollary 5.41 for a rigorous justification of
the linear sampling method provided by Arens and Lechleiter [17, 18].

Theorem 5.42 Under the assumptions of Theorem 5.40 on the operator
F : H →H , for α > 0 let gα denote the Tikhonov regularized solution of the
equation Fg = ϕ for ϕ ∈ H , i.e., the solution of

αgα + F ∗Fgα = F ∗ϕ.

If ϕ ∈ (F ∗F)1/4(H), that is, ϕ = (F ∗F)1/4g for some g ∈ H then limα→0(gα, ϕ)

exists and

c ‖g‖2 ≤ lim
α→0

|(gα, ϕ)| ≤ ‖g‖2 (5.131)

for some c > 0 depending only on F . If ϕ �∈ (F ∗F)1/4(H) then limα→0 |(gα, ϕ)| = ∞.

Proof The expansion (5.122) implies

F ∗ψ =
∞∑
n=1

λ̄n(ψ,ψn)ψn, ψ ∈ H,

and consequently we have that

gα =
∞∑
n=1

λ̄n

α + |λn|2 (ϕ, ψn)ψn

and

(gα, ϕ) =
∞∑
n=1

λ̄n

α + |λn|2 |(ϕ, ψn)|2. (5.132)

If ϕ = (F ∗F)1/4g for some g ∈ H , then

(ϕ, ψn) = ((F ∗F)1/4g,ψn

) = (g, (F ∗F)1/4ψn

) = √|λn| (g, ψn)

whence
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(gα, ϕ) =
∞∑
n=1

λ̄n |λn|
α + |λn|2 |(g, ψn)|2 (5.133)

follows. Proceeding as in the proof of Theorem 4.9, from (5.133) convergence

lim
α→0

(gα, ϕ) =
∞∑
n=1

s̄n |(g, ψn)|2 (5.134)

with the complex numbers sn defined in (5.126) can be established. By Parseval’s
equality, (5.133) implies |(gα, ϕ)| ≤ ‖g‖2 and the second inequality in (5.131) is
obvious. For g �= 0, by Parseval’s equality from (5.134) we observe that

1

‖g‖2
lim
α→0

(gα, ϕ)

belongs to the closure M of the convex hull of {s̄n : n ∈ IN} ⊂ C. From the proof of
Theorem 5.40 we know that the sn lie on the upper half circle {eit : 0 ≤ t ≤ π −2δ}
for some 0 < δ ≤ π/2. This implies that the set M has a positive lower bound c

depending on the operator F and this proves the first inequality in (5.131).
Conversely, assume that limα→0(gα, ϕ) exists. Then from (5.132) we have that

∣∣∣∣∣
∞∑
n=1

λn

α + |λn|2 |(ϕ, ψn)|2
∣∣∣∣∣ ≤ C (5.135)

for all α > 0 and some C > 0. Since 1 is the only accumulation point of the
sequence (sn) there exists n0 ∈ IN such that Re λn ≥ 0 for all n ≥ n0. From (5.135)
and the triangle inequality it follows that

∣∣∣∣∣
∞∑

n=n0

λn

α + |λn|2 |(ϕ, ψn)|2
∣∣∣∣∣ ≤ C1

for all α > 0 and some C1 > 0, because the remaining finite sum is bounded. From
this we can estimate

∞∑
n=n0

|λn|
α + |λn|2 |(ϕ, ψn)|2 ≤

∞∑
n=n0

Re λn + Im λn

α + |λn|2 |(ϕ, ψn)|2

≤ √
2

∣∣∣∣∣
∞∑

n=n0

λn

α + |λn|2 |(ϕ, ψn)|2
∣∣∣∣∣ ≤

√
2C1.



214 5 Inverse Acoustic Obstacle Scattering

Proceeding as in the proof of Theorem 4.9 we can pass to the limit α → 0 and
conclude that the series

∞∑
n=n0

1

|λn| |(ϕ, ψn)|2

converges. Therefore by Picard’s Theorem 4.8 the equation (F ∗F)1/4g = ϕ has a
solution g ∈ H and this concludes the proof of the second statement. ��
Corollary 5.43 Let F be the far field operator and assume that k2 is not a Dirichlet
eigenvalue of the negative Laplacian in D. For z ∈ D denote by gz the solution of
(F ∗F)1/4gz = Φ∞(·, z) and for α > 0 and z ∈ IR3 let gαz denote the solution of the
far field equation (5.104) obtained by Tikhonov regularization, i.e., the solution of

αgαz + F ∗Fgαz = F ∗Φ∞(·, z)

and let vgαz denote the Herglotz wave function with kernel gαz . If z ∈ D, then
limα→0 vgαz (z) exists and

c ‖gz‖2 ≤ lim
α→0

|vgαz (z)| ≤ ‖gz‖2 (5.136)

for some positive c depending only on D. If z �∈ D then limα→0 vgαz (z) = ∞.

Proof Observing that vgαz (z) = (gαz ,Φ∞(·, z))L2(S2) the statement follows from
Theorem 5.42 and Corollary 5.41. ��

As pointed out above, the norm ‖gz‖L2(S2) of the solution to (5.130) tends to
infinity as z → ∂D. Therefore, in view of (5.136) also the limit limα→0 |vgαz (z)|
tends to infinity when z approaches the boundary, i.e., the main feature of the linear
sampling method is verified.

Corollary 5.43 remedies the mathematical problems associated with using Tik-
honov regularization to solve the far field equation by changing the operator from
F to (F ∗F)1/4. An alternative approach to resolve the mathematical difficulties
associated with the linear sampling method is to keep the operator F but change
the penalty term in the Tikhonov functional. This approach is called the generalized
linear sampling method which was first presented by Audibert and Haddar in [22].
We now give a brief presentation of this method and refer the reader to [22, 57] for
further details.

Let X and Y be Hilbert spaces and consider two bounded linear operators F :
X → X and B : X → X for which both of the following factorizations hold:

F = GH and B = H ∗TH (5.137)

where the operators H : X → Y , T : Y → Y , and G : H(X) ⊂ Y → X

are bounded and H(X) is the closure of the range of H in Y . Let α > 0 be a
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given parameter and ϕ ∈ X. The generalized linear sampling method is based on
considering minimizing sequences of the functional Jα(ϕ; ·) : X → IR where

Jα(ϕ; g) := α|(Bg, g)| + ‖Fg − ϕ‖2, g ∈ X. (5.138)

The operator B is typically chosen to be compact and hence this functional in
general does not have a minimizer. However, since Jα(ϕ; ·) ≥ 0, we can define

jα(ϕ) := inf
g∈X Jα(ϕ; g). (5.139)

Lemma 5.44 Assume that F has dense range in X. Then, for all ϕ ∈ X we have
that jα(ϕ) → 0 as α → 0.

Proof Choose ε > 0. Then there exists gε ∈ X such that ‖Fgε − ϕ‖2 < ε/2. One
can choose a sufficiently small α0 = α0(ε) such that for 0 < α < α0 we have that
α|(Bgε, gε)| < ε/2. Thus jα(ϕ) ≤ Jα(ϕ; gε) < ε and the lemma follows. ��

The central theorem of the generalized linear sampling method is the following.

Theorem 5.45 In addition to the factorizations (5.137) assume that

1. G is compact and F = GH has dense range.
2. T satisfies the coercivity property

|(T ϕ, ϕ)| ≥ c‖ϕ‖2, ϕ ∈ H(X),

where c > 0 is a constant independent of ϕ.

Let C > 0 be a constant independent of α and for α > 0 and ϕ ∈ X let gα ∈ X be
such that

Jα(ϕ; gα) ≤ jα(ϕ) + Cα.

Then

(a) If ϕ is in the range of G then lim sup
α→0

|(Bgα, gα)| < ∞.

(b) If ϕ is not in the range of G, then lim inf
α→0

|(Bgα, gα)| = ∞.

Proof Let ϕ be in the range of G. Then one can find ψ ∈ H(X) such that Gψ = ϕ.
For α > 0 there exists g0 ∈ X such that ‖Hg0 −ψ‖ < α. Then, by the boundedness
of G, we have that ‖Fg0 − ϕ‖ < ‖G‖α. On the other hand, the boundedness of T
implies that

|(Bg0, g0)| = |(T Hg0,Hg0)| ≤ ‖T ‖ ‖Hg0‖2 < ‖T ‖ (α + ‖ψ‖)2.

From the definitions of jα(ϕ) and gα we have
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α|(Bg0, g0)| + ‖Fg0 − ϕ‖2 ≥ jα(ϕ) ≥ Jα(ϕ, gα) − Cα,

and hence from the definition of Jα and the above inequalities we have that

α|(Bgα, gα)| ≤ Jα(ϕ, gα) ≤ Cα + α‖T ‖ (α + ‖ψ‖)2) + α2‖G‖2.

Hence lim sup
α→0

|(Bgα, gα)| < ∞ which establishes item (a) in the theorem.

Now assume that ϕ is not in the range of G and, contrary to the statement
(b), assume that lim inf

α→0
|(Bgα, gα)| < ∞. Then there exists a subsequence, again

denoted by gα , such that |(Bgα, gα)| < a where a is a constant independent
of α. The coercivity of T implies that ‖Hgα‖ is bounded (since |(Bgα, gα)| =
|(T Hgα,Hgα)| ≥ c‖Hgα‖2). Hence there exists a subsequence, again denoted
by gα , such that Hgα converges weakly to some ψ in H(X). On the other hand,
Lemma 5.44 and the definition of Jα(ϕ, gα) show that

‖Fgα − ϕ‖2 ≤ Jα(ϕ, gα) ≤ jα(ϕ) + Cα → 0

as α → 0. Since Fgα =GHgα we have that Gψ =ϕ and this is a contradiction. ��
In order to apply Theorem 5.45 to the inverse scattering problem for a sound-

soft obstacle we need to select the Hilbert spaces X and Y and the operators B,
G, T , and H . To this end, let X = Y = L2(S2) and let F : L2(S2) → L2(S2)

be the far field operator. Set H := (F ∗F)1/4 and note that H is self-adjoint, i.e.,
H = H ∗. Then from the proof of Theorem 5.40 we have that F = HF̃H where
F̃ : L2(S2) → L2(S2) is defined by

F̃ ϕ =
∞∑
n=1

λn

|λn| (ϕ, ϕn)ϕn, ϕ ∈ L2(S2),

in terms of the orthonormal eigenfunctions ϕn and the eigenvalues λn of the normal
far field operator F . Now choose B = (F ∗F)1/2 and G = (F ∗F)1/4F̃ . Then
(5.137) is valid for T = I and if k2 is not a Dirichlet eigenvalue for the negative
Laplacian in D then all the assumptions of Theorem 5.45 are valid. Since F̃ is
coercive, and hence invertible, we have from Corollary 5.41 that Φ∞(·, z) is in the
range of G if and only if z ∈ D and k2 is not a Dirichlet eigenvalue for the negative
Laplacian in D. We thus have the following corollary to Theorem 5.45.

Corollary 5.46 Let F be the far field operator for a sound-soft obstacle D and
C > 0 a given constant (independent of α) such that gα ∈ L2(S2) satisfies

Jα(Φ∞(·, z); gα) ≤ jα(Φ∞(·, z)) + Cα.
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Then z ∈ D if and only if

lim sup
α→0

∣∣∣(F ∗F)1/2gα, gα)

∣∣∣ < ∞.

We also have that z ∈ D if and only if

lim inf
α→0

∣∣∣(F ∗F)1/2gα, gα)

∣∣∣ < ∞.

We note that the generalized linear sampling method has to be modified for
the case of noisy operators since in general a noisy operator B does not satisfy
a factorization of the form (5.137) with T a coercive operator. Details of such a
modification can be found in [22, 57]. These references also include more examples
of the use of Theorem 5.45 (and its modifications for noisy data) to various inverse
scattering problems.

In addition to the above mathematical justifications of the linear sampling method
provided by Arens and Lechleiter and by Audibert and Haddar, there have been a
number of other attempts to justify the linear sampling method on either physical or
mathematical grounds (cf. [16, 74, 180]).

We finish this section on sampling methods for inverse obstacle scattering by
mentioning the concept of the topological derivative that was proposed in 1999
by Sokolowski and Zochowski [396] as a measure for the sensitivity of a shape
functional to removing small balls from a given domain. Assume Ω is a given
domain containing the unknown scatterer D and denote by Bρ(x) a ball of radius ρ
centered at x ∈ Ω with volume V (ρ). Then formally the topological derivative of a
shape functional J defined for subsets of Ω at the point x is given by

∂T (x,Ω) = lim
ρ→0

J (Ω \ Bρ(x)) − J (Ω)

V (ρ)
.

This derivative now can serve as an indicator function for the inverse obstacle scat-
tering problem provided the functional J is designed in a way that ∂T (x,Ω)<< 0
implies that x ∈ D. In [142] it was shown that, given the measured scattered total
field uD for scattering from D on a measurement surface Γ surrounding D, the
shape functional

J (Ω) :=
∫
Γ

|uQ − uD|2ds

where uΩ is the total field for scattering from Ω has this desired property and its
topological derivative was successfully employed for numerical reconstructions.
For references and connections to other approaches in inverse scattering see
[28, 300, 301].



Chapter 6
The Maxwell Equations

Up until now, we have considered only the direct and inverse obstacle scattering
problem for time-harmonic acoustic waves. In the following two chapters, we want
to extend these results to obstacle scattering for time-harmonic electromagnetic
waves. As in our analysis on acoustic scattering, we begin with an outline of the
solution of the direct problem.

After a brief discussion of the physical background of electromagnetic wave
propagation, we derive the Stratton–Chu representation theorems for solutions to the
Maxwell equations in a homogeneous medium. We then introduce the Silver–Müller
radiation condition, show its connection with the Sommerfeld radiation condition,
and introduce the electric and magnetic far field patterns. The next section then
extends the jump relations and regularity properties of surface potentials from the
acoustic to the electromagnetic case for both Hölder spaces and Sobolev spaces. For
their appropriate presentation, we find it useful to introduce a weak formulation of
the notion of a surface divergence and a surface curl of tangential vector fields.

We then proceed to solve the electromagnetic scattering problem for the perfect
conductor boundary condition. Our approach differs from the treatment of the
Dirichlet problem in acoustic scattering since we start with a formulation requiring
Hölder continuous boundary regularity for both the electric and the magnetic field.
We then obtain a solution under the weaker regularity assumption of continuity of
the electric field up to the boundary and also in Sobolev spaces.

For orthonormal expansions of radiating electromagnetic fields and their far field
patterns, we need to introduce vector spherical harmonics and vector spherical wave
functions as the analogues of the spherical harmonics and spherical wave functions.
Here again, we deviate from the route taken for acoustic waves. In particular, in
order to avoid lengthy manipulations with special functions, we use the results on the
well-posedness of the direct obstacle scattering problem to justify the convergence
of the expansions with respect to vector spherical wave functions.

The last section of this chapter presents reciprocity relations for electromagnetic
waves and completeness results for the far field patterns corresponding to the
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scattering of electromagnetic plane waves with different incident directions and
polarizations. For this, and for later use in the analysis of the inverse problem, we
need to examine Herglotz wave functions for electromagnetic waves and also the
electromagnetic far field operator.

For the Maxwell equations, we only need to be concerned with the study
of three-dimensional problems since the two-dimensional case can be reduced
to the two-dimensional Helmholtz equation. In order to numerically solve the
boundary value problem for a three-dimensional perfect conductor we suggest
using an obvious extension of Wienert’s Nyström method described for the three-
dimensional Helmholtz equation in Sect. 3.7 applied to the Cartesian components
of the unknown tangential field (see [144, 349]). For algorithms that use vector
spherical harmonics as discussed in Sect. 6.5 and reduce the number of unknowns
by one third we refer to Ganesh and Hawkins [145, 146], see also Pieper [351].
Employing the Piola transformation from continuum mechanics within the trans-
formation of the boundary integral equations onto the unit sphere the methods
developed in [145, 146] were made more efficient by Le Louër [298, 299].

6.1 Electromagnetic Waves

Consider electromagnetic wave propagation in an isotropic medium in IR3 with
space independent electric permittivity ε, magnetic permeability μ and electric
conductivity σ . The electromagnetic wave is described by the electric field E and
the magnetic field H satisfying the Maxwell equations

curlE + μ
∂H
∂t

= 0,

curlH − ε
∂E
∂t

= σE.

For time-harmonic electromagnetic waves of the form

E(x, t) = Re

{(
ε + iσ

ω

)−1/2

E(x) e−iωt

}
,

H(x, t) = Re
{
μ−1/2H(x) e−iωt

}

with frequency ω > 0, we deduce that the complex valued space dependent parts E
and H satisfy the reduced Maxwell equations
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curlE − ikH = 0,

curlH + ikE = 0
(6.1)

where the wave number k is a constant given by

k2 =
(
ε + iσ

ω

)
μω2

with the sign of k chosen such that Im k ≥ 0. The equations carry the name of the
physicist James Clerk Maxwell (1831–1879) for his fundamental contributions to
electromagnetic theory.

We will consider the scattering of time-harmonic waves by obstacles surrounded
by a homogeneous medium with vanishing conductivity σ = 0, that is, with exterior
boundary value problems for the Maxwell equations with a positive wave number.
As in the case of acoustic waves, studying the Maxwell equations with constant
coefficients is also a prerequisite for studying electromagnetic wave scattering by
an inhomogeneous medium.

As for the Helmholtz equation, in electromagnetic obstacle scattering we also
must distinguish between the two cases of impenetrable and penetrable objects. For
a perfectly conducting obstacle, the tangential component of the electric field of the
total wave vanishes on the boundary. Consider the scattering of a given incoming
wave Ei,H i by a perfect conductor D. Then the total wave E = Ei + Es, H =
Hi + Hs where Es,Hs denotes the scattered wave must satisfy the Maxwell
equations in the exterior IR3 \ D̄ of D and the perfect conductor boundary condition
ν × E = 0 on ∂D where ν is the unit outward normal to the boundary ∂D. The
scattering by an obstacle that is not perfectly conducting but that does not allow
the electromagnetic wave to penetrate deeply into the obstacle is modeled by an
impedance boundary condition of the form

ν × curlE − iλ (ν × E) × ν = 0 on ∂D

with a positive constant λ. Throughout this book, for two vectors a and b in IR3 or
C3 we will denote the vector product by a × b.

The scattering by a penetrable obstacle D with constant electric permittivity εD ,
magnetic permeability μD , and electric conductivity σD differing from the electric
permittivity ε, magnetic permeability μ, and electric conductivity σ = 0 of the
surrounding medium IR3 \ D̄ leads to a transmission problem. Here, in addition
to the superposition of the incoming wave and the scattered wave in IR3 \ D̄

satisfying the Maxwell equations with wave number k2 = εμω2, we also have a
transmitted wave in D satisfying the Maxwell equations with wave number k2

D =
(εD + iσD/ω)μDω2. The continuity of the tangential components of the electric
field E and the magnetic field H across the interface leads to transmission conditions
on ∂D. In addition to the transmission conditions, more general resistive boundary
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conditions and conductive boundary conditions have also been introduced. For their
description and treatment we refer to [13].

As in the treatment of acoustic waves, we will consider in detail only one
boundary condition namely that of a perfect conductor. For more details on the
physical background of electromagnetic waves, we refer to Jones [224], Müller
[332], and van Bladel [411].

6.2 Green’s Theorem and Formula

We start with a brief outline of some basic properties of solutions to the time-
harmonic Maxwell equations (6.1) with positive wave number k. We first note the
vector form of Green’s integral theorems. Let D be a bounded domain of class C1

and let ν denote the unit normal vector to the boundary ∂D directed into the exterior
of D. Then, for E ∈ C1(D̄) and F ∈ C2(D̄), we have Green’s first vector theorem

∫
D

{E · ΔF + curlE · curlF + divE divF } dx

=
∫
∂D

{ν × E · curlF + ν · E divF } ds

(6.2)

and for E,F ∈ C2(D̄) we have Green’s second vector theorem

∫
D

{E · ΔF − F · ΔE} dx

=
∫
∂D

{ν × E · curlF + ν · E divF − ν × F · curlE − ν · F divE} ds.

(6.3)
Both of these integral theorems follow easily from the Gauss divergence integral
theorem applied to E × curlF + E divF with the aid of the vector identities

div uE = grad u · E + u divE

and

divE × F = curlE · F − E · curlF

for continuously differentiable scalars u and vector fields E and F and

curl curlE = −ΔE + grad divE (6.4)
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for twice continuously differentiable vector fields E. We also note the formula
curl uE = grad u × E + u curlE for later use.

Recalling the fundamental solution to the Helmholtz equation

Φ(x, y) := 1

4π

eik|x−y|

|x − y| , x �= y,

we now prove a basic representation theorem for vector fields due to Stratton and
Chu [399].

Theorem 6.1 Let D be a bounded domain of class C2 and let ν denote the unit
normal vector to the boundary ∂D directed into the exterior of D. For vector fields
E,H ∈ C1(D) ∩ C(D̄) we have the Stratton–Chu formula

E(x) = − curl
∫
∂D

ν(y) × E(y)Φ(x, y) ds(y)

+ grad
∫
∂D

ν(y) · E(y)Φ(x, y) ds(y)

−ik

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y)

+ curl
∫
D

{curlE(y) − ikH(y)}Φ(x, y) dy

− grad
∫
D

divE(y)Φ(x, y) dy

+ik

∫
D

{curlH(y) + ikE(y)}Φ(x, y) dy, x ∈ D,

(6.5)

where the volume integrals exist as improper integrals. A similar formula holds with
the roles of E and H interchanged.

Proof We first assume that E,H ∈ C1(D̄). We circumscribe the arbitrary fixed
point x ∈ D with a sphere S(x; ρ) := {y ∈ IR3 : |x − y| = ρ} contained in D

and direct the unit normal ν to S(x; ρ) into the interior of S(x; ρ). From the relation
gradx Φ(x, y) = − grady Φ(x, y) for vector fields E,H ∈ C1(D̄), we have

curly {Φ(x, y)E(y)} = Φ(x, y) curlE(y) − curlx {Φ(x, y)E(y)},

divy {Φ(x, y)E(y)} = Φ(x, y) divE(y) − divx {Φ(x, y)E(y)},

curly {Φ(x, y)H(y)} = Φ(x, y) curlH(y) − curlx {Φ(x, y)H(y)}
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for x �= y. Taking curlx of the first equation, − gradx of the second equation,
multiplying the third equation by ik, and adding the resulting three equations with
the aid of (6.4) now gives

curlx curly{Φ(x, y)E(y)} − gradx divy{Φ(x, y)E(y)}+ik curly{Φ(x, y)H(y)}

= curlx{Φ(x, y) [curlE(y) − ikH(y)]} − gradx{Φ(x, y) divE(y)}

+ikΦ(x, y) {curlH(y) + ikE(y)}.

Integrating this identity over the domain Dρ := {y ∈ D : |x − y| > ρ} and
interchanging differentiation and integration, the Gauss integral theorem yields

curl
∫
∂D∪S(x;ρ)

ν(y) × E(y)Φ(x, y) ds(y)

− grad
∫
∂D∪S(x;ρ)

ν(y) · E(y)Φ(x, y) ds(y)

+ik

∫
∂D∪S(x;ρ)

ν(y) × H(y)Φ(x, y) ds(y)

= curl
∫
Dρ

{curlE(y) − ikH(y)}Φ(x, y) dy

− grad
∫
Dρ

divE(y)Φ(x, y) dy

+ik

∫
Dρ

{curlH(y) + ikE(y)}Φ(x, y) dy.

(6.6)

Since on S(x; ρ) we have

Φ(x, y) = eikρ

4πρ
, gradx Φ(x, y) = −

(
1

ρ
− ik

)
eikρ

4πρ
ν(y),

straightforward calculations show that

curlx {ν(y) × E(y)Φ(x, y)} − gradx {ν(y) · E(y)Φ(x, y)}

= E(y)

4πρ2 + O

(
1

ρ

)
, ρ → 0.

(6.7)
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Passing to the limit, with the help of the mean value theorem, it now follows from
(6.7) that

curl
∫
S(x;ρ)

ν(y) × E(y)Φ(x, y) ds(y) − grad
∫
S(x;ρ)

ν(y) · E(y)Φ(x, y) ds(y)

+ik

∫
S(x;ρ)

ν(y) × H(y)Φ(x, y) ds(y) → E(x), ρ → 0,

and (6.5) is obtained from (6.6).
The case where E and H only belong to C1(D) ∩ C(D̄) is treated by first

integrating over parallel surfaces to the boundary of D and then passing to the limit
∂D. ��

In the case when E,H solve the Maxwell equations, it is convenient to transform
the remaining boundary terms as described in the following theorem.

Theorem 6.2 Let D be as in Theorem 6.1 and let E,H ∈ C1(D) ∩ C(D̄) be a
solution to the Maxwell equations

curlE − ikH = 0, curlH + ikE = 0 in D.

Then we have the Stratton–Chu formulas

E(x) = − curl
∫
∂D

ν(y) × E(y)Φ(x, y) ds(y)

+ 1

ik
curl curl

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y), x ∈ D,

(6.8)

and

H(x) = − curl
∫
∂D

ν(y) × H(y)Φ(x, y) ds(y)

− 1

ik
curl curl

∫
∂D

ν(y) × E(y)Φ(x, y) ds(y), x ∈ D.

(6.9)

Proof From

divx {ν(y) × H(y)Φ(x, y)} =ν(y)·curly {H(y)Φ(x, y)} −Φ(x, y) ν(y)·curlH(y),

with the help of the Stokes theorem and the second Maxwell equation we see that

div
∫
∂D

ν(y) × H(y)Φ(x, y) ds(y) = ik

∫
∂D

ν(y) · E(y)Φ(x, y) ds(y).
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Hence, with the aid of (6.4), we have

1

ik
curl curl

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y)

= −ik

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y) + grad
∫
∂D

ν(y) · E(y)Φ(x, y) ds(y).

(6.10)
Equation (6.8) now follows by inserting the Maxwell equations into (6.5) and
using (6.10). Finally, the representation (6.9) follows from (6.8) by using H =
curlE/ik. ��

Theorem 6.2 obviously remains valid for complex values of the wave number k.
From the proofs of Theorems 6.1 and 6.2, it can also be seen that the identities

curl
∫
∂D

ν(y) × E(y)Φ(x, y) ds(y)

− 1

ik
curl curl

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y) = 0, x ∈ IR3 \ D̄,

(6.11)

and

curl
∫
∂D

ν(y) × H(y)Φ(x, y) ds(y)

+ 1

ik
curl curl

∫
∂D

ν(y) × E(y)Φ(x, y) ds(y) = 0, x ∈ IR3 \ D̄,

(6.12)

are valid since for x ∈ IR3 \ D̄ the integrands are twice continuously differentiable
in D.

Analogous to Theorem 2.2, we now can state the following theorem.

Theorem 6.3 Any continuously differentiable solution to the Maxwell equations
has analytic Cartesian components.

In particular, the Cartesian components of solutions to the Maxwell equations are
automatically two times continuously differentiable. Therefore, we can employ the
vector identity (6.4) to prove the following result.

Theorem 6.4 Let E,H be a solution to the Maxwell equations. Then E and H are
divergence free and satisfy the vector Helmholtz equation

ΔE + k2E = 0 and ΔH + k2H = 0.
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Conversely, let E (or H ) be a solution to the vector Helmholtz equation satisfying
divE = 0 (or divH = 0). Then E and H := curlE/ik (or H and E :=
− curlH/ik) satisfy the Maxwell equations.

The following theorem extends Holmgren’s Theorem 2.3 to the Maxwell equa-
tions.

Theorem 6.5 Let D be as in Theorem 6.1 and let E,H ∈ C1(D) ∩ C(D̄) be a
solution to the Maxwell equations in D such that

ν × E = ν × H = 0 on Γ (6.13)

for some open subset Γ ⊂ ∂D. Then E and H vanish identically in D.

Proof In view of (6.13), we use the Stratton–Chu formulas (6.8) and (6.9) to extend
the definition of E and H by setting

E(x) := − curl
∫
∂D\Γ

ν(y) × E(y)Φ(x, y) ds(y)

+ 1

ik
curl curl

∫
∂D\Γ

ν(y) × H(y)Φ(x, y) ds(y),

H(x) := 1

ik
curlE(x)

for x ∈ (IR3 \ D̄) ∪ Γ . Then, by (6.11) we have E = H = 0 in IR3 \ D̄. By G we
denote a component of IR3 \ D̄ with Γ ∩ ∂G �= ∅. Clearly E,H solves the Maxwell
equations in (IR3 \ ∂D) ∪ Γ and therefore E = H = 0 in D, since D and G are
connected through the gap Γ . ��

We now formulate the Silver–Müller radiation conditions (see Müller [328]
and Silver [393]) as the counterpart of the Sommerfeld radiation condition for
electromagnetic waves.

Definition 6.6 A solution E,H to the Maxwell equations whose domain of
definition contains the exterior of some sphere is called radiating if it satisfies one
of the Silver–Müller radiation conditions

lim
r→∞(H × x − rE) = 0 (6.14)

or

lim
r→∞(E × x + rH) = 0 (6.15)

where r = |x| and where the limit is assumed to hold uniformly in all directions
x/|x|.
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Theorem 6.7 Assume the bounded set D is the open complement of an unbounded
domain of class C2 and let ν denote the unit normal vector to the boundary ∂D

directed into the exterior of D. Let E,H ∈ C1(IR3 \ D̄)∩C(IR3 \D) be a radiating
solution to the Maxwell equations

curlE − ikH = 0, curlH + ikE = 0 in IR3 \ D̄.

Then we have the Stratton–Chu formulas

E(x) = curl
∫
∂D

ν(y) × E(y)Φ(x, y) ds(y)

− 1

ik
curl curl

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄,

(6.16)
and

H(x) = curl
∫
∂D

ν(y) × H(y)Φ(x, y) ds(y)

+ 1

ik
curl curl

∫
∂D

ν(y) × E(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄.

(6.17)

Proof We first assume that condition (6.14) is satisfied and show that

∫
Sr

|E|2ds = O(1), r → ∞, (6.18)

where Sr denotes the sphere of radius r and center at the origin. To accomplish this,
we observe that from (6.14) it follows that

∫
Sr

{
|H × ν|2 + |E|2 − 2 Re(ν × E · H̄ )

}
ds =

∫
Sr

|H×ν−E|2ds → 0, r → ∞,

where ν is the unit outward normal to Sr . We take r large enough so that D is
contained in the interior of Sr and apply Gauss’ divergence theorem in the domain
Dr := {y ∈ IR3 \ D̄ : |y| < r} to obtain

∫
Sr

ν × E · H̄ ds =
∫
∂D

ν × E · H̄ ds + ik

∫
Dr

{
|H |2 − |E|2

}
dy.

We now insert the real part of the last equation into the previous equation and
find that

lim
r→∞

∫
Sr

{
|H × ν|2 + |E|2

}
ds = 2 Re

∫
∂D

ν × E · H̄ ds. (6.19)
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Both terms on the left-hand side of (6.19) are nonnegative. Hence, they must
be individually bounded as r → ∞ since their sum tends to a finite limit.
Therefore, (6.18) is proven.

From (6.18) and the radiation conditions

grady Φ(x, y) × ν(y) = O

(
1

r2

)
, r → ∞,

and

∂Φ(x, y)

∂ν(y)
− ikΦ(x, y) = O

(
1

r2

)
, r → ∞,

which for fixed x ∈ IR3 are valid uniformly for y ∈ Sr , by the Cauchy–Schwarz
inequality we see that

I1 :=
∫
Sr

E(y) × {grady Φ(x, y) × ν(y)
}
ds(y) → 0, r → ∞,

and

I2 :=
∫
Sr

E(y)

{
∂Φ(x, y)

∂ν(y)
− ikΦ(x, y)

}
ds(y) → 0, r → ∞.

The radiation condition (6.14) and Φ(x, y) = O(1/r) for y ∈ Sr yield

I3 := ik

∫
Sr

Φ(x, y) {ν(y) × H(y) + E(y)} ds(y) → 0, r → ∞.

Analogously to (6.10), we derive

curl
∫
Sr

ν(y) × E(y)Φ(x, y) ds(y)− 1

ik
curl curl

∫
Sr

ν(y) × H(y)Φ(x, y) ds(y)

= curl
∫
Sr

ν(y) × E(y)Φ(x, y) ds(y)− grad
∫
Sr

ν(y) · E(y)Φ(x, y) ds(y)

+ik

∫
Sr

ν(y) × H(y)Φ(x, y) ds(y) = I1 + I2 + I3 → 0, r → ∞.

The proof is now completed by applying Theorem 6.2 in the bounded domain Dr

and passing to the limit r → ∞.
Finally, let (6.15) be satisfied. Then Ẽ := −H and H̃ := E solve the Maxwell

equations and satisfy
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lim
r→∞(H̃ × x − rẼ) = 0.

Hence, establishing the representation (6.16) and (6.17) under the assumption of
the radiation condition (6.15) is reduced to the case of assuming the radiation
condition (6.14). ��

From Theorem 6.7 we deduce that radiating solutions E,H to the Maxwell
equations automatically satisfy the finiteness condition

E(x) = O

(
1

|x|
)
, H(x) = O

(
1

|x|
)
, |x| → ∞, (6.20)

uniformly for all directions and that the validity of the Silver–Müller radiation
conditions (6.14) and (6.15) is invariant under translations of the origin. Our proof
has followed Wilcox [429] who first established the Stratton–Chu formulas (6.16)
and (6.17) without assuming the conditions (6.20) of finiteness. From the proof of
Theorem 6.7 it is obvious that (6.14) and (6.15) can be replaced by the weaker
formulation

∫
Sr

|H × ν − E|2ds → 0,
∫
Sr

|E × ν + H |2ds → 0, r → ∞.

Let a be a constant vector. Then

Em(x) := curlx aΦ(x, y), Hm(x) := 1

ik
curlEm(x) (6.21)

represent the electromagnetic field generated by a magnetic dipole located at the
point y and solve the Maxwell equations for x �= y. Similarly,

He(x) := curlx aΦ(x, y), Ee(x) := − 1

ik
curlHe(x) (6.22)

represent the electromagnetic field generated by an electric dipole. Theorems 6.2
and 6.7 obviously give representations of solutions to the Maxwell equations in
terms of electric and magnetic dipoles distributed over the boundary. In this sense,
the fields (6.21) and (6.22) may be considered as fundamental solutions to the
Maxwell equations. By straightforward calculations, it can be seen that both pairs
Em,Hm and Ee,He satisfy

H(x)×x−rE(x) = O

( |a|
|x|
)
, E(x)×x+rH(x) = O

( |a|
|x|
)
, r = |x| → ∞,

uniformly for all directions x/|x| and all y ∈ ∂D. Hence, from the representa-
tions (6.16) and (6.17) we can deduce that the radiation condition (6.14) implies the
radiation condition (6.15) and vice versa.
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Straightforward calculations show that the Cartesian components of the funda-
mental solutions (6.21) and (6.22) satisfy the Sommerfeld radiation condition (2.8)
uniformly for all y ∈ ∂D. Therefore, again from (6.16) and (6.17), we see that
the Cartesian components of solutions to the Maxwell equations satisfying the
Silver–Müller radiation condition also satisfy the Sommerfeld radiation condition.
Similarly, elementary asymptotics show that

curl aΦ(x, y) × x + x div aΦ(x, y) − ik|x|aΦ(x, y) = O

( |a|
|x|
)
, |x| → ∞,

uniformly for all directions x/|x| and all y ∈ ∂D. The same inequality also holds
with Φ(x, y) replaced by ∂Φ(x, y)/∂ν(y). Hence, from Theorems 2.5 and 6.4,
we conclude that solutions of the Maxwell equations for which the Cartesian
components satisfy the Sommerfeld radiation condition also satisfy the Silver–
Müller radiation condition. Therefore we have proven the following result.

Theorem 6.8 For solutions to the Maxwell equations, the Silver–Müller radiation
condition is equivalent to the Sommerfeld radiation condition for the Cartesian
components.

Solutions to the Maxwell equations which are defined in all of IR3 are called
entire solutions. An entire solution to the Maxwell equations satisfying the Silver–
Müller radiation condition must vanish identically. This is a consequence of
Theorems 6.4 and 6.8 and the fact that entire solutions to the Helmholtz equation
satisfying the Sommerfeld radiation condition must vanish identically.

The following theorem deals with the far field pattern or scattering amplitude of
radiating electromagnetic waves.

Theorem 6.9 Every radiating solution E,H to the Maxwell equations has the
asymptotic form

E(x) = eik|x|

|x|
{
E∞(x̂) + O

(
1

|x|
)}

, |x| → ∞,

H(x) = eik|x|

|x|
{
H∞(x̂) + O

(
1

|x|
)}

, |x| → ∞,

(6.23)

uniformly in all directions x̂ = x/|x| where the vector fields E∞ and H∞ defined
on the unit sphere S

2 are known as the electric far field pattern and magnetic far
field pattern, respectively. They satisfy

H∞ = ν × E∞ and ν · E∞ = ν · H∞ = 0 (6.24)

with the unit outward normal ν on S
2. Under the assumptions of Theorem 6.7,

we have
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E∞(x̂) = ik

4π
x̂ ×

∫
∂D

{
ν(y) × E(y) + [ν(y) × H(y)] × x̂

}
e−ik x̂·y ds(y),

H∞(x̂) = ik

4π
x̂ ×

∫
∂D

{
ν(y) × H(y) − [ν(y) × E(y)] × x̂

}
e−ik x̂·y ds(y).

(6.25)

Proof As in the proof of Theorem 2.6, for a constant vector a we derive

curlx a
eik|x−y|

|x − y| = ik
eik|x|

|x|
{
e−ik x̂·y x̂ × a + O

( |a|
|x|
)}

, (6.26)

and

curlx curlx a
eik|x−y|

|x − y| = k2 eik|x|

|x|
{
e−ik x̂·y x̂ × (a × x̂) + O

( |a|
|x|
)}

(6.27)

as |x| → ∞ uniformly for all y ∈ ∂D. Inserting this into (6.16) and (6.17) we
obtain (6.25). Now (6.23) and (6.24) are obvious from (6.25). ��

Rellich’s lemma establishes a one-to-one correspondence between radiating
electromagnetic waves and their far field patterns.

Theorem 6.10 Assume the bounded domain D is the open complement of an
unbounded domain and let E,H ∈ C1(IR3 \ D̄) be a radiating solution to the
Maxwell equations for which the electric or magnetic far field pattern vanishes
identically. Then E = H = 0 in IR3 \ D̄.

Proof This is a consequence of the corresponding Theorem 2.14 for the Helmholtz
equation and Theorems 6.4 and 6.8. ��

Rellich’s lemma also ensures uniqueness for solutions to exterior boundary value
problems through the following theorem.

Theorem 6.11 Assume the bounded set D is the open complement of an unbounded
domain of class C2 with unit normal ν to the boundary ∂D directed into the exterior
of D and let E,H ∈ C1(IR3\D̄)∩C(IR3\D) be a radiating solution to the Maxwell
equations with wave number k > 0 satisfying

Re
∫
∂D

ν × E · H̄ ds ≤ 0.

Then E = H = 0 in IR3 \ D̄.

Proof From the identity (6.19) and the assumption of the theorem, we conclude
that (2.47) is satisfied for the Cartesian components of E. Hence, E = 0 in IR3 \ D̄

by Rellich’s Lemma 2.12. ��
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6.3 Vector Potentials

For the remainder of this chapter, if not stated otherwise, we always will assume
that D is the open complement of an unbounded domain of class C2. In this section,
we extend our review of the basic jump relations and regularity properties of surface
potentials from the scalar to the vector case. Given an integrable vector field a on
the boundary ∂D, the integral

A(x) :=
∫
∂D

Φ(x, y)a(y) ds(y), x ∈ IR3 \ ∂D, (6.28)

is called the vector potential with density a. Analogous to Theorem 3.1, we have
the following jump relations for the behavior at the boundary.

Theorem 6.12 Let ∂D be of class C2 and let a be a continuous tangential field.
Then the vector potential A with density a is continuous throughout IR3. On the
boundary, we have

A(x) =
∫
∂D

Φ(x, y)a(y) ds(y), (6.29)

ν(x) × curlA±(x) =
∫
∂D

ν(x) × curlx {Φ(x, y)a(y)} ds(y) ± 1

2
a(x) (6.30)

for x ∈ ∂D where

ν(x) × curlA±(x) := lim
h→+0

ν(x) × curlA(x ± hν(x))

is to be understood in the sense of uniform convergence on ∂D and where the
integrals exist as improper integrals. Furthermore,

lim
h→+0

ν(x) × [curl curlA(x + hν(x)) − curl curlA(x − hν(x))] = 0 (6.31)

uniformly for all x ∈ ∂D.

Proof The continuity of the vector potential is an immediate consequence of
Theorem 3.1. The proof of the jump relation for the curl of the vector potential
follows in the same manner as for the double-layer potential after observing that the
kernel

ν(x) × curlx {Φ(x, y)a(y)} = gradx Φ(x, y)[ν(x)−ν(y)] · a(y)−a(y)
∂Φ(x, y)

∂ν(x)
(6.32)

has the same type of singularity for x = y as the kernel of the double-layer potential.
It is essential that a is a tangential vector, that is, ν · a = 0 on ∂D. For the details,
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we refer to [104]. The proof for the continuity (6.31) of the double curl can be found
in [97]. ��

In the Hölder space setting, we can deduce from Theorem 3.3 the following
result.

Theorem 6.13 Let ∂D be of class C2 and let 0 < α < 1. Then the vector potential
A with a (not necessarily tangential) density a ∈ C(∂D) is uniformly Hölder
continuous throughout IR3 and

‖A‖α,IR3 ≤ Cα ‖a‖∞,∂D

for some constant Cα depending on ∂D and α. For densities a ∈ C0,α(∂D), the first
derivatives of the vector potential can be uniformly Hölder continuously extended
from D to D̄ and from IR3 \ D̄ to IR3 \ D with boundary values

divA±(x) =
∫
∂D

gradx Φ(x, y) · a(y) ds(y) ∓ 1

2
ν(x) · a(x), x ∈ ∂D,

curlA±(x) =
∫
∂D

gradx Φ(x, y) × a(y) ds(y) ∓ 1

2
ν(x) × a(x), x ∈ ∂D,

where

divA±(x) := lim
h→+0

divA(x ± hν(x)), curlA±(x) := lim
h→+0

curlA(x ± hν(x)).

Furthermore, we have

‖ divA‖α,D ≤ Cα ‖a‖α,∂D, ‖ divA‖α,IR3\D ≤ Cα ‖a‖α,∂D
and

‖ curlA‖α,D ≤ Cα ‖a‖α,∂D, ‖ curlA‖α,IR3\D ≤ Cα ‖a‖α,∂D.

for some constant Cα depending on ∂D and α.

For the tangential component of the curl on the boundary ∂D, we have more
regularity which can be expressed in terms of mapping properties for the magnetic
dipole operator M given by

(Ma)(x) := 2
∫
∂D

ν(x) × curlx {Φ(x, y)a(y)} ds(y), x ∈ ∂D. (6.33)

The operator M describes the tangential component of the electric field of a
magnetic dipole distribution. For convenience we denote by Ct(∂D) and C

0,α
t (∂D),
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0 < α ≤ 1, the spaces of all continuous and uniformly Hölder continuous tangential
fields a equipped with the supremum norm and the Hölder norm, respectively.

Theorem 6.14 The operator M is bounded from Ct(∂D) into C
0,α
t (∂D).

Proof For a proof, we refer to Theorem 2.32 of [104]. ��
In order to develop further regularity properties of the vector potential, we need

to introduce the concept of the surface divergence of tangential vector fields. For a
continuously differentiable function ϕ on ∂D, the surface gradient Gradϕ is defined
as the vector pointing into the direction of the maximal increase of ϕ with the
modulus given by the value of this increase. In terms of a parametric representation

x(u) = (x1(u1, u2), x2(u1, u2), x3(u1, u2))

of a surface patch of ∂D, the surface gradient can be expressed by

Gradϕ =
2∑

i,j=1

gij
∂ϕ

∂ui

∂x

∂uj
(6.34)

where gij is the inverse of the first fundamental matrix

gij := ∂x

∂ui
· ∂x

∂uj
, i, j = 1, 2,

of differential geometry. We note that for a continuously differentiable function ϕ

defined in a neighborhood of ∂D we have the relation

gradϕ = Gradϕ + ∂ϕ

∂ν
ν (6.35)

between the spatial gradient grad and the surface gradient Grad.
Let S be a connected surface contained in ∂D with C2 boundary ∂S and let ν0

denote the unit normal vector to ∂S that is perpendicular to the surface normal ν
to ∂D and directed into the exterior of S. Then for any continuously differentiable
tangential field a with the representation

a = a1
∂x

∂u1
+ a2

∂x

∂u2
,

by Gauss’ integral theorem applied in the parameter domain (cf. [311, p. 74]) it can
be readily shown that

∫
S

Div a ds =
∫
∂S

ν0 · a ds (6.36)
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with the surface divergence Div a given by

Div a = 1√
g

{
∂

∂u1

(√
g a1

)+ ∂

∂u2

(√
g a2

)}
. (6.37)

Here, g denotes the determinant of the matrix gij . In particular, from (6.36) we have
the special case

∫
∂D

Div a ds = 0. (6.38)

We call (6.36) the Gauss surface divergence theorem and may view it as a coordinate
independent definition of the surface divergence.

For our purposes, this definition is not yet adequate and has to be generalized.
This generalization, in principle, can be done in two ways. One possibility (see [104,
332]) is to use (6.36) as motivation for a definition in the limit integral sense by
letting the surface S shrink to a point. Here, as a second possibility, we use the
concept of weak derivatives. From (6.34) and (6.37) we see that for continuously
differentiable functions ϕ and tangential fields a we have the product rule Divϕa =
Gradϕ · a + ϕ Div a and consequently by (6.38) we have

∫
∂D

ϕ Div a ds = −
∫
∂D

Gradϕ · a ds. (6.39)

This now leads to the following definition.

Definition 6.15 We say that an integrable tangential field a has a weak surface
divergence if there exists an integrable scalar denoted by Div a such that (6.39) is
satisfied for all ϕ ∈ C1(∂D).

It is left as an exercise to show that the weak surface divergence, if it exists, is
unique. In the sequel, we will in general suppress the adjective weak and just speak
of the surface divergence.

For a continuously differentiable tangential field a from (6.36) we observe that

−
∫
S

Div(ν × a) ds =
∫
∂S

τ0 · a ds, (6.40)

where τ0 denotes the unit tangential vector to ∂S with counter clockwise orientation
with respect to the unit normal vector ν to ∂D. Hence, in view of Stokes’ theorem,
we say that an integrable tangential field has a weak surface curl if ν × a has a
weak surface divergence and define

Curl a := − Div(ν × a). (6.41)
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Again, in the sequel we will suppress the adjective weak. Note that (6.40) may be
also interpreted as Stokes’ theorem for Curl a.

Let E ∈ C1(IR3 \ D̄) ∩ C(IR3 \ D) and assume that

ν(x) · curlE(x) := lim
h→+0

ν(x) · curlE(x + hν(x)), x ∈ ∂D

exists in the sense of uniform convergence on ∂D. Then by applying Stokes’ integral
theorem on parallel surfaces and passing to the limit it can be seen that

∫
∂D

ν · curlE ds = 0. (6.42)

By setting ψ(x + hν(x)) := ϕ(x), x ∈ ∂D,−h0 ≤ h ≤ h0, with h0 sufficiently
small, any continuously differentiable function ϕ on ∂D can be considered as the
restriction of a function ψ which is continuously differentiable in a neighborhood
of ∂D. Then from the product rule curlψE = gradψ × E + ψ curlE, (6.35) and
Stokes’ theorem (6.42) applied to ψE, we find that

∫
∂D

ϕ ν · curlE ds =
∫
∂D

Gradϕ · ν × E ds

for all ϕ ∈ C1(∂D) and from this we obtain the important identity

Div(ν × E) = −ν · curlE. (6.43)

We introduce normed spaces of tangential fields possessing a surface diver-
gence by

C(Div, ∂D) := {a ∈ Ct(∂D) : Div a ∈ C(∂D)}

and

C0,α(Div, ∂D) :=
{
a ∈ C

0,α
t (∂D) : Div a ∈ C0,α(∂D)

}

equipped with the norms

‖a‖C(Div,∂D) := ‖a‖∞,∂D+‖ Div a‖∞.∂D, ‖a‖C0,α(Div,∂D) := ‖a‖α,∂D+‖ Div a‖α,∂D.

Theorem 6.16 Let 0 < α < β ≤ 1. Then the imbedding operators

Iβ : C0,β(Div, ∂D) → C(Div, ∂D), Iβ,α : C0,β(Div, ∂D) → C0,α(Div, ∂D)

are compact.
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Proof Let (an) be a bounded sequence in C0,β(Div, ∂D). Then by Theorem 3.2
there exists a subsequence (an(j)), a tangential field a ∈ Ct(∂D) and a scalar ψ ∈
C(∂D) such that ‖an(j) − a‖∞ → 0 and ‖ Div an(j) − ψ‖∞ → 0 as j → ∞.
Passing to the limit in

∫
∂D

ϕ Div an(j) ds = −
∫
∂D

Gradϕ · an(j) ds

for ϕ ∈ C1(∂D) shows that a ∈ C(Div, ∂D) with Div a = ψ . This finishes the
proof for the compactness of Iβ since we now have ‖an(j) − a‖C(Div,∂D) → 0 as
j → ∞. The proof for Iβ,α is analogous. ��

We now extend Theorem 6.14 by proving the following result.

Theorem 6.17 The operator M is bounded from C(Div, ∂D) into C0,α(Div, ∂D).

Proof This follows from the boundedness of S and K ′ from C(∂D) into C0,α(∂D)

and of M from Ct(∂D) into C
0,α
t (∂D) with the aid of

DivMa = −k2 ν · Sa − K ′ Div a (6.44)

for all a ∈ C(Div, ∂D). To establish (6.44), we first note that using the symmetry
relation gradx Φ(x, y) = − grady Φ(x, y), (6.35) and (6.39) for the vector potential
A with density a in C(Div, ∂D) we can derive

divA(x) =
∫
∂D

Φ(x, y)Div a(y) ds(y), x ∈ IR3 \ ∂D.

Then, using the identity (6.4), we find that

curl curlA(x) = k2
∫
∂D

Φ(x, y)a(y) ds(y)

+ grad
∫
∂D

Φ(x, y)Div a(y) ds(y), x ∈ IR3 \ ∂D.

(6.45)

Applying the jump relations of Theorems 3.1 and 6.12, we find that

2 ν × curlA± = Ma ± a on ∂D (6.46)

and

2 ν · curl curlA± = k2ν · Sa + K ′ Div a ∓ Div a on ∂D. (6.47)

Hence, by using the identity (6.43) we now obtain (6.44) by (6.46) and (6.47). ��
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Corollary 6.18 The operator M is a compact operator from Ct(∂D) into Ct(∂D)

and from C
0,α
t (∂D) into C

0,α
t (∂D). Furthermore, M is also compact from

C(Div, ∂D) into C(Div, ∂D) and from C0,α(Div, ∂D) into C0,α(Div, ∂D).

Proof This is a consequence of Theorems 6.14 and 6.17 and the embedding
Theorems 3.2 and 6.16. ��

In our analysis of boundary value problems, we will also need the electric dipole
operator N given by

(Nb)(x) := 2 ν(x)×curl curl
∫
∂D

Φ(x, y)ν(y)×b(y) ds(y), x ∈ ∂D. (6.48)

The operator N describes the tangential component of the electric field of an electric
dipole distribution. After introducing the normed space

C0,α(Curl, ∂D) :=
{
b ∈ C

0,α
t (∂D) : Curl b ∈ C0,α(∂D)

}
,

that is, C0,α(Curl, ∂D) =
{
b ∈ C

0,α
t (∂D) : ν × b ∈ C0,α(Div, ∂D)

}
with the

norm

‖b‖C0,α(Curl,∂D) := ‖ν × b‖C0,α(Div,∂D)

we can state the following mapping property.

Theorem 6.19 The operator N is bounded from C0,α(Curl, ∂D) into C0,α

(Div, ∂D).

Proof From the decomposition (6.45) and Theorems 3.3 and 6.13, we observe
that N is bounded from C0,α(Curl, ∂D) into C

0,α
t (∂D). Furthermore, from (6.43)

and (6.45), we also deduce that

DivNb = k2 Div(ν × S(ν × b)). (6.49)

Hence, in view of Theorem 6.13 and (6.43), there exists a constant C such that

‖ DivNb‖0,α ≤ C‖b‖0,α

and this implies that N is also bounded from C0,α(Curl, ∂D) into C0,α(Div, ∂D).
��

By interchanging the order of integration, we see that the adjoint operator M ′ of
the weakly singular operator M with respect to the bilinear form

〈a, b〉 :=
∫
∂D

a · b ds
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is given by

M ′a := ν × M(ν × a). (6.50)

After defining the operator R by

Ra := a × ν,

we may rewrite (6.50) as M ′ = RMR.
To show that N is self-adjoint, let a, b ∈ C0,α(Curl, ∂D) and denote by A and B

the vector potentials with densities ν × a and ν × b, respectively. Then by the jump
relations of Theorem 6.12, Green’s vector theorem (6.3) applied to E = curlA and
F = curlB, and the radiation condition we find that

∫
∂D

Na · b ds = 2
∫
∂D

ν × curl curlA · (curlB+ − curlB−) ds

= 2
∫
∂D

ν × curl curlB · (curlA+ − curlA−) ds =
∫
∂D

Nb · a ds,

that is, N indeed is self-adjoint. Furthermore, applying Green’s vector theorem (6.3)
to E = curl curlA and F = curlB, we derive

∫
∂D

Na · Nb × ν ds = 4
∫
∂D

ν × curl curlA · curl curlB ds

= 4k2
∫
∂D

ν × curlB− · curlA− ds = k2
∫
∂D

(I − M)(ν × b) · (I + M ′)a ds,

whence
∫
∂D

a · N(Nb × ν) ds = k2
∫
∂D

a · (I − M2)(ν × b) ds

follows for all a, b ∈ C0,α(Curl, ∂D). Thus, setting c = ν × b, we have proven the
relation

N(N(c × ν) × ν) = k2(I − M2)c

for all c ∈ C0,α(Div, ∂D), that is,

NRNR = k2(I − M2). (6.51)

As in the scalar case, corresponding mapping properties for the two vector
operators M and N in a Sobolev space setting can again be deduced from the
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classical results in the Hölder space setting by using Lax’s Theorem 3.5. For
convenience we introduce the space

L2
t (∂D) :=

{
a : ∂D → C3 : a ∈ L2(∂D), a · ν = 0

}

of tangential L2 fields on ∂D. The appropriate energy space for the Maxwell
equations is given by the Sobolev space H(curl,D) defined by

H(curl,D) :=
{
E ∈ L2(D) : curlE ∈ L2(D)

}

with the inner product given by

(E, F )H(curl,D) := (E, F )L2(D) + (curlE, curlF)L2(D) .

For s ∈ IR by Hs
t (∂D) := {a ∈ Hs(∂D) : a · ν = 0} we denote the Sobolev spaces

of tangential vector fields on ∂D and by

Hs(Div, ∂D) := {a ∈ Hs
t (∂D) : Div a ∈ Hs(∂D)

}

the corresponding Sobolev space of tangential fields whose surface divergence is in
Hs(∂D) with the norm

‖a‖Hs(Div,∂D) :=
{
‖a‖2

Hs(∂D) + ‖ Div a‖2
Hs(∂D)

}1/2
.

The tangential trace ν×E|∂D of a vector field E ∈ H(curl,D) is in H−1/2(Div, ∂D)

with the corresponding trace theorem ensuring boundedness of the tangential trace
operator in the sense of

‖ν × E‖H−1/2(Div a,∂D) ≤ C ‖E‖H(curl,D) (6.52)

for some constant C > 0 and all E ∈ H(curl,D). The dual space of
H−1/2(Div a, ∂D) is

H−1/2(Curl, ∂D) :=
{
a ∈ H

−1/2
t (∂D) : Curl a ∈ H−1/2(∂D)

}

with the duality pairing given by the L2 bilinear form on L2
t (∂D). For proofs of the

above statements and further details on these Sobolev spaces we refer to [320, 337].
Proceeding as in Theorem 3.6 with the aid of Lax’s Theorem 3.5 it can be

shown that M : L2
t (∂D) → H 1

t (∂D) is bounded (see [171, 234]) provided the
boundary ∂D is of class C2,α . As in Corollary 3.7 with the aid of duality and
interpolation it follows that M : H−1/2

t (∂D) → H
1/2
t (∂D) is bounded. From (6.44)

and Corollary 3.7 we then obtain that M : H−1/2(Div, ∂D) → H 1/2(Div, ∂D)
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is bounded. Employing the ideas of the proof of Theorem 6.16 from the compact
imbedding of H 1/2(∂D) into H−1/2(∂D) we finally observe that

M : H−1/2(Div, ∂D) → H−1/2(Div, ∂D)

is compact. In view of (6.45) we have that

Nb = k2 ν × S(ν × b) + ν × Grad S Div(ν × b)

and from Corollary 3.7 it follows that N : H−1/2(Curl, ∂D) → H
−1/2
t (∂D) is

bounded. Then (6.49) and Corollary 3.7 imply boundedness of

N : H−1/2(Curl, ∂D) → H−1/2(Div, ∂D).

Furthermore, based on the vector Green’s integral theorem (6.2) applied to curlA,
that is,

∫
D

{
| curl curlA|2 − k2| curlA|2

}
dx = 1

4

∫
∂D

(Ma − a) · [ν × N(ν × a)] ds

and proceeding analogously to the proof of Corollary 3.8 it can be shown that
the curl of the vector potential A given by (6.28) defines bounded linear operators
from H−1/2(Div, ∂D) into H 1(curl,D) and into H 1

loc(curl, IR3 \ D̄). Here, as usual,
H 1

loc(curl, IR3 \ D̄) denotes the space of all fields A : IR3 \ D̄ → C3 such that
A ∈ H 1(curl, (IR3 \ D̄) ∩ B) for all open balls B containing the closure of D.
Correspondingly, the double curl of the vector potential A defines bounded linear
operators from H−1/2(Curl, ∂D) into H 1(curl,D) and into H 1

loc(curl, IR3 \ D̄).
Using Lax’s theorem, the jump relations of Theorem 6.12 can also be extended

from continuous densities to L2 densities. As a simple consequence of the L2 jump
relation (3.26), Hähner [171] has shown that for the vector potential with tangential
L2 density a the jump relation (6.30) has to be replaced by

lim
h→+0

∫
∂D

|2 ν × curlA(· ± hν) − Ma ∓ a|2ds = 0 (6.53)

and he has further verified that (6.31) can be replaced by

lim
h→+0

∫
∂D

|ν × [curl curlA(· + hν) − curl curlA(· − hν)]|2ds = 0, (6.54)

since the singularity of the double curl is similar to the singularity of the normal
derivative of the double-layer potential in (3.4) and (3.25).
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6.4 Scattering from a Perfect Conductor

The scattering of time-harmonic electromagnetic waves by a perfectly conducting
body leads to the following problem.

Direct Electromagnetic Obstacle Scattering Problem Given an entire solution
Ei,H i to the Maxwell equations representing an incident electromagnetic field,
find a solution

E = Ei + Es, H = Hi + Hs

to the Maxwell equations in IR3 \ D̄ such that the scattered field Es,Hs satisfies
the Silver–Müller radiation condition and the total electric field E satisfies the
boundary condition

ν × E = 0 on ∂D

where ν is the unit outward normal to ∂D.
Clearly, after renaming the unknown fields, this direct scattering problem is a

special case of the following problem.

Exterior Maxwell Problem Given a tangential field c ∈ C0,α(Div, ∂D), find a
radiating solution E,H ∈ C1(IR3 \ D̄) ∩ C(IR3 \ D) to the Maxwell equations

curlE − ikH = 0, curlH + ikE = 0 in IR3 \ D̄

which satisfies the boundary condition

ν × E = c on ∂D.

From the vector formula (6.43), we observe that the continuity of the magnetic
field H up to the boundary requires the differentiability of the tangential component
ν × E of the electric field, i.e., the given tangential field c must have a continuous
surface divergence. The Hölder continuity of the boundary data is necessary for our
integral equation approach to solving the exterior Maxwell problem.

Theorem 6.20 The exterior Maxwell problem has at most one solution.

Proof This follows from Theorem 6.11. ��
Theorem 6.21 The exterior Maxwell problem has a unique solution. The solution
depends continuously on the boundary data in the sense that the operator mapping
the given boundary data onto the solution is continuous from C0,α(Div, ∂D) into
C0,α(IR3 \ D) × C0,α(IR3 \ D).

Proof We seek the solution in the form of the electromagnetic field of a combined
magnetic and electric dipole distribution
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E(x) = curl
∫
∂D

Φ(x, y)a(y) ds(y)

+iη curl curl
∫
∂D

Φ(x, y) ν(y) × (S2
0a)(y) ds(y),

H(x) = 1

ik
curlE(x), x ∈ IR3 \ ∂D,

(6.55)

with a density a ∈ C0,α(Div, ∂D) and a real coupling parameter η �= 0. By S0 we
mean the single-layer operator (3.8) in the potential theoretic limit case k = 0. From
Theorems 6.4 and 6.8 and the jump relations, we see that E,H defined by (6.55) in
IR3 \D̄ solves the exterior Maxwell problem provided the density solves the integral
equation

a + Ma + iηNPS2
0a = 2c. (6.56)

Here, the operator P stands for the projection of a vector field defined on ∂D onto
the tangent plane, that is,

Pb := (ν × b) × ν.

By Theorems 3.2 and 3.4, the operator S0 is compact from C0,α(∂D) into
C0,α(∂D) and, with the aid of Theorem 3.3 and the identity (6.43), the operator
PS0 : C0,α(∂D) → C0,α(Curl, ∂D) can be seen to be bounded. Therefore,
combining Theorems 6.16–6.19, the operator M + iηNPS2

0 : C0,α(Div, ∂D) →
C0,α(Div, ∂D) turns out to be compact. Hence, the existence of a solution to (6.56)
can be established by the Riesz–Fredholm theory.

Let a ∈ C0,α(Div, ∂D) be a solution to the homogeneous form of (6.56). Then
the electromagnetic field E,H given by (6.55) satisfies the homogeneous boundary
condition ν × E+ = 0 on ∂D whence E = H = 0 in IR3 \ D̄ follows by
Theorem 6.20. The jump relations together with the decomposition (6.45) now yield

−ν × E− = a, −ν × curlE− = iηk2ν × S2
0a on ∂D.

Hence, from Gauss’ divergence theorem we have

iηk2
∫
∂D

|S0a|2ds = iηk2
∫
∂D

ā · S2
0a ds

=
∫
∂D

ν × Ē− · curlE− ds

=
∫
D

{
| curlE|2 − k2|E|2

}
dx,
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whence S0a = 0 follows. This implies a = 0 as in the proof of Theorem 3.12. Thus,
we have established injectivity of the operator I +M + iηNPS2

0 and, by the Riesz–
Fredholm theory, the inverse operator (I + M + iηNPS2

0)
−1 exists and is bounded

from C0,α(Div, ∂D) into C0,α(Div, ∂D). This, together with the regularity results
of Theorems 3.3 and 6.13 and the decomposition (6.45), shows that E and H both
belong to C0,α(IR3\D) and depend continuously on c in the norm of C0,α(Div, ∂D).

��
From

ikH(x) = curl curl
∫
∂D

Φ(x, y)a(y) ds(y)

+iηk2 curl
∫
∂D

Φ(x, y) ν(y) × (S2
0a)(y) ds(y), x ∈ IR3 \ D̄,

and the jump relations we find that

2ik ν × H = −NRa + iηk2(RS2
0a + MRS2

0a)

with the bounded operator

NR − iηk2(I + M)RS2
0 : C0,α(Div, ∂D) → C0,α(Div, ∂D).

Therefore, we can write

ν × H = A(ν × E)

where

A := i

k
{NR − iηk2(I+M)RS2

0}(I + M + iηNPS2
0)

−1

: C0,α(Div, ∂D) → C0,α(Div, ∂D)

is bounded. The operator A transfers the tangential component of the electric field
on the boundary onto the tangential component of the magnetic field and therefore
we call it the electric to magnetic boundary component map. It is bijective and has
a bounded inverse since it satisfies

A2 = −I.

This equation is a consequence of the fact that for any radiating solution E,H of the
Maxwell equations the fields Ẽ := −H and H̃ := E solve the Maxwell equations
and satisfy the Silver–Müller radiation condition. Hence, by the uniqueness Theo-
rem 6.20, the solution to the exterior Maxwell problem with given electric boundary
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data Ac has magnetic boundary data −c so that A2c = −c. Thus, we can state the
following result.

Theorem 6.22 The electric to magnetic boundary component map A is a bijective
bounded operator from C0,α(Div, ∂D) onto C0,α(Div, ∂D) with bounded inverse.

Note that, analogous to the acoustic case, the integral equation (6.56) is not
uniquely solvable if η = 0 and k is a Maxwell eigenvalue, i.e., a value of k such
that there exists a nontrivial solution E,H to the Maxwell equations in D satisfying
the homogeneous boundary condition ν ×E = 0 on ∂D. An existence proof for the
exterior Maxwell problem based on seeking the solution as the electromagnetic field
of a combined magnetic and electric dipole distribution was first accomplished by
Knauff and Kress [256] in order to overcome the nonuniqueness difficulties of the
classical approach by Müller [330] and Weyl [426]. The combined field approach
was also independently suggested by Jones [223] and Mautz and Harrington [313].
The idea to incorporate a smoothing operator in (6.55) analogous to (3.32) was first
used by Kress [260].

Since the electric and the magnetic fields occur in the Maxwell equations in a
symmetric fashion, it seems appropriate to assume the same regularity properties
for both fields up to the boundary as we have done in our definition of the exterior
Maxwell problem. On the other hand, only the electric field is involved in the
formulation of the boundary condition. Therefore, it is quite natural to ask whether
the boundary condition can be weakened by seeking a solution E,H ∈ C1(IR3 \ D̄)

to the Maxwell equation such that

lim
h→+0

ν(x) × E(x + hν(x)) = c(x) (6.57)

uniformly for all x ∈ ∂D. But then as far as proving uniqueness is concerned
we are in a similar position as for the Dirichlet problem: there is a gap between
the regularity properties of the solution and the requirements for the application
of the Gauss divergence theorem which is involved in the proof of Theorem 6.11.
Unfortunately, for the Maxwell problem there is no elegant circumvention of this
difficulty available as in Lemma 3.10. Nevertheless, due to an idea going back to
Calderón [71], which has been rediscovered and extended more recently by Hähner
[172], it is still possible to establish uniqueness for the exterior Maxwell problem
with the boundary condition (6.57). The main idea is to represent the solution
with homogeneous boundary condition by surface potentials of the form (6.55) with
magnetic and electric dipole distributions on surfaces parallel to ∂D as suggested by
the formulation (6.57) and then pass to the limit h → +0. Of course, this procedure
requires the existence analysis in the Hölder space setting which we developed in
Theorem 6.21. Since the details of this analysis are beyond the aims of this book,
the reader is referred to [71, 172].

Once uniqueness under the weaker conditions is established, existence can be
obtained by solving the integral equation (6.56) in the space Ct(∂D) of continuous
tangential fields. By Theorems 3.2 and 3.4, the operator S2

0 is bounded from C(∂D)
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into C1,α(∂D). Therefore, again as a consequence of Theorems 6.16–6.19, the
operator M + iηNPS2

0 : Ct(∂D) → Ct(∂D) is seen to be compact. Hence, the
existence of a continuous solution to (6.56) for any given continuous right-hand
side c can be established by the Fredholm alternative. We now proceed to do this.

The adjoint operator of M + iηNPS2
0 with respect to the L2 bilinear form is

given by M ′ + iηPS2
0N and, by Theorems 3.2, 3.4, and 6.16–6.19, the adjoint is

seen to be compact from C0,α(Curl, ∂D) → C0,α(Curl, ∂D). Working with the
two dual systems 〈C0,α(Div, ∂D), C0,α(Curl, ∂D)〉 and 〈Ct(∂D), C0,α(Curl, ∂D)〉
as in the proof of Theorem 3.35, the Fredholm alternative tells us that the operator
I +M + iηNPS2

0 has a trivial nullspace in Ct(∂D). Hence, by the Riesz–Fredholm
theory it has a bounded inverse (I +M + iηNPS2

0)
−1 : Ct(∂D) → Ct(∂D). Then,

given c ∈ Ct(∂D) and the unique solution a ∈ Ct(∂D) of (6.56), the electro-
magnetic field defined by (6.55) is seen to solve the exterior Maxwell problem in
the sense of (6.57). For this we note that the jump relations of Theorem 6.12 are
valid for continuous densities and that PS2

0a belongs to C0,α(Curl, ∂D). From the
representation (6.55) of the solution, the continuous dependence of the density a on
the boundary data c shows that the exterior Maxwell problem is also well-posed in
this setting, i.e., small deviations in c in the maximum norm ensure small deviations
in E and H and all their derivatives in the maximum norm on closed subsets of
IR3 \ D̄. Thus, leaving aside the uniqueness part of the proof, we have established
the following theorem.

Theorem 6.23 The exterior Maxwell problem with continuous boundary data has
a unique solution and the solution depends continuously on the boundary data with
respect to uniform convergence of the solution and all its derivatives on closed
subsets of IR3 \ D̄.

In the Sobolev space setting, the solution E to the exterior Maxwell problem is
required to belong to the energy space H 1

loc(curl, IR3\D̄) and the boundary condition
ν×E = c on ∂D for a given c ∈ H−1/2(Div, ∂D) has to be understood in the sense
of the tangential trace operator in H 1

loc(curl, IR3 \ D̄). The existence analysis via
the electromagnetic field of a combined magnetic and electric dipole distribution
(6.55) with a density a ∈ H−1/2(Div, ∂D) can be carried over. In particular, we
have well-posedness in the sense that the mapping from the boundary values c ∈
H−1/2(Div, ∂D) onto the solution E ∈ H 1

loc(curl, IR3\D̄) is continuous. Further, we
note that analogous to Theorem 6.22 the electric to magnetic boundary component
map A is a bijective bounded operator from H−1/2(Div, ∂D) onto H−1/2(Div, ∂D)

with a bounded inverse.
For the scattering problem, the boundary values are the restriction of an analytic

field to the boundary and therefore they are as smooth as the boundary. Hence,
for domains D of class C2 there exists a solution in the sense of Theorem 6.21.
Therefore, we can apply the Stratton–Chu formulas (6.16) and (6.17) for the
scattered field Es,Hs and the Stratton–Chu formulas (6.11) and (6.12) for the
incident field Ei,H i . Then, adding both formulas and using the boundary condition
ν × (Ei + Es) = 0 on ∂D, we have the following theorem known as Huygens’
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principle. The representation for the far field pattern is obtained with the aid
of (6.26) and (6.27).

Theorem 6.24 For the scattering of an entire electromagnetic field Ei,H i by a
perfect conductor D we have

E(x) = Ei(x) − 1

ik
curl curl

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y),

H(x) = Hi(x) + curl
∫
∂D

ν(y) × H(y)Φ(x, y) ds(y)

(6.58)

for x ∈ IR3 \ D̄ where E,H is the total field. The far field pattern is given by

E∞(x̂) = ik

4π
x̂ ×

∫
∂D

[ν(y) × H(y)] × x̂ e−ik x̂·y ds(y),

H∞(x̂) = ik

4π
x̂ ×

∫
∂D

ν(y) × H(y) e−ik x̂·y ds(y)

(6.59)

for x̂ ∈ S
2.

6.5 Vector Wave Functions

For any orthonormal system Ym
n , m = −n, . . . , n, of spherical harmonics of order

n > 0, the tangential fields on the unit sphere

Um
n := 1√

n(n + 1)
Grad Ym

n , V m
n := ν × Um

n (6.60)

are called vector spherical harmonics of order n. Since in spherical coordinates
(θ, ϕ) we have

Div Grad f = 1

sin θ

∂

∂θ
sin θ

∂f

∂θ
+ 1

sin2 θ

∂2f

∂ϕ2,

we can rewrite (2.17) in the form

Div GradYn + n(n + 1) Yn = 0 (6.61)

for spherical harmonics Yn of order n. Then, from (6.39) we deduce that

∫
S2

GradYm
n · Grad Ym′

n′ ds = n(n + 1)
∫
S2

Ym
n Ym′

n′ ds.
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Hence, in view of Stokes’ theorem

∫
S2

ν × GradU · GradV ds = 0

for functions U,V ∈ C1(S2), the vector spherical harmonics are seen to form an
orthonormal system in the space

L2
t (S

2) :=
{
a : S2 → C3 : a ∈ L2(S2), a · ν = 0

}

of tangential L2 fields on the unit sphere. Analogous to Theorem 2.8, we wish to
establish that this system is complete.

We first show that for a function f ∈ C2(S2) the Fourier expansion

f =
∞∑
n=0

n∑
m=−n

amn Ym
n

with Fourier coefficients

amn =
∫
S2

f Ym
n ds

converges uniformly. Setting ŷ = x̂ in the addition theorem (2.30) yields

n∑
m=−n

∣∣Ym
n (x̂)

∣∣2 = 2n + 1

4π
(6.62)

whence, by applying Div Grad and using (6.61),

n∑
m=−n

∣∣GradYm
n (x̂)

∣∣2 = 1

4π
n(n + 1)(2n + 1) (6.63)

readily follows. From (6.39) and (6.61) we see that

n(n + 1)
∫
S2

f Ym
n ds = −

∫
S2

Div Grad f Ym
n ds

and therefore Parseval’s equality, applied to Div Grad f , shows that

∞∑
n=0

n2(n + 1)2
n∑

m=−n

∣∣amn ∣∣2 =
∫
S2

| Div Grad f |2ds.
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The Cauchy–Schwarz inequality

[
N∑

n=1

n∑
m=−n

∣∣amn Ym
n (x̂)

∣∣
]2

≤
N∑

n=1

n2(n+1)2
n∑

m=−n

∣∣amn ∣∣2
N∑

n=1

1

n2(n + 1)2

n∑
m=−n

∣∣Ym
n (x̂)

∣∣2

with the aid of (6.62) now yields a uniformly convergent majorant for the Fourier
series of f .

Theorem 6.25 The vector spherical harmonics Um
n and Vm

n for m = −n, . . . , n,
n = 1, 2, . . . , form a complete orthonormal system in L2

t (S
2).

Proof Assume that the tangential field a belongs to C3(S2) and denote by

αm
n :=

∫
S2

Div a Ym
n ds

the Fourier coefficients of Div a. Since Div a ∈ C2(S2), we have uniform
convergence of the series representation

Div a =
∞∑
n=1

n∑
m=−n

αm
n Ym

n . (6.64)

Note that α0
0 = 0 since

∫
S2 Div a ds = 0. Now define

u := −
∞∑
n=1

1

n(n + 1)

n∑
m=−n

αm
n Ym

n . (6.65)

Then proceeding as above in the series for f with the aid of Parseval’s equality
for Div Grad Div a and (6.63) we can show that the term by term derivatives of the
series for u are uniformly convergent. Hence, (6.65) defines a function u ∈ C1(S2).
From the uniform convergence of the series (6.64) for Div a and (6.61), we observe
that

Div Grad u = Div a (6.66)

in the sense of Definition 6.15.
Analogously, with the Fourier coefficients

βm
n :=

∫
S2

Curl a Ym
n ds

of the uniformly convergent expansion
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Curl a =
∞∑
n=1

n∑
m=−n

βm
n Ym

n (6.67)

we define a second function v ∈ C1(S2) by

v := −
∞∑
n=1

1

n(n + 1)

n∑
m=−n

βm
n Ym

n . (6.68)

It satisfies

Div Grad v = Curl a. (6.69)

Then the tangential field

b := Grad u + ν × Grad v

is continuous and in view of (6.43), (6.66), and (6.69) it satisfies

Div b = Div a, Curl b = Curl a. (6.70)

In view of Stokes’ theorem (6.40), the second equation of (6.70) implies that a−b =
Grad f for some f ∈ C1(S2). Then the first equation of (6.70) requires f to satisfy
Div Grad f = 0 and from (6.39) we see that

∫
S2

| Grad f |2ds = 0,

which implies a = b.
Thus, we have established that three times continuously differentiable tangential

fields can be expanded into a uniformly convergent series with respect to the vector
spherical harmonics. The proof is now completed by a denseness argument. ��

We now formulate the analogue of Theorem 2.10 for spherical vector wave
functions.

Theorem 6.26 Let Yn be a spherical harmonic of order n ≥ 1. Then the pair

Mn(x) = curl

{
xjn(k|x|) Yn

(
x

|x|
)}

,
1

ik
curlMn(x)

is an entire solution to the Maxwell equations and

Nn(x) = curl

{
xh(1)n (k|x|) Yn

(
x

|x|
)}

,
1

ik
curlNn(x)

is a radiating solution to the Maxwell equations in IR3 \ {0}.
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Proof We use (6.4) and Theorems 2.10 and 6.4 to verify that the Maxwell equations
are satisfied in IR3 and IR3 \ {0}, respectively. Setting x̂ := x/|x| we also compute

Mn(x) = jn(k|x|)GradYn(x̂) × x̂,

Nn(x) = h
(1)
n (k|x|)GradYn(x̂) × x̂,

(6.71)

and

x̂ × curlMn(x) = 1

|x|
{
jn(k|x|) + k|x|j ′

n(k|x|)} x̂ × Grad Yn(x̂),

x̂ × curlNn(x) = 1

|x|
{
h(1)n (k|x|) + k|x|h(1)′n (k|x|)

}
x̂ × GradYn(x̂).

(6.72)

Hence, the Silver–Müller radiation condition for Nn, curlNn/ik follows with the
aid of the asymptotic behavior (2.42) of the spherical Hankel functions. ��
Theorem 6.27 Let E,H be a radiating solution to the Maxwell equations for |x| >
R > 0. Then E has an expansion with respect to spherical vector wave functions of
the form

E(x) =
∞∑
n=1

n∑
m=−n

amn curl

{
xh(1)n (k|x|) Ym

n

(
x

|x|
)}

+
∞∑
n=1

n∑
m=−n

bmn curl curl

{
xh(1)n (k|x|) Ym

n

(
x

|x|
)} (6.73)

that (together with its derivatives) converges uniformly on compact subsets of
|x| > R. Conversely, if the tangential component of the series (6.73) converges
in the mean square sense on the sphere |x| = R, then the series itself converges
(together with its derivatives) uniformly on compact subsets of |x| > R and
E, H = curlE/ik represent a radiating solution to the Maxwell equations.

Proof By Theorem 6.3, the tangential component of the electric field E on a sphere
|x| = R̃ with R̃ > R is analytic. Hence, as shown before the proof of Theorem 6.25,
it can be expanded in a uniformly convergent Fourier series with respect to spherical
vector harmonics. The spherical Hankel functions h

(1)
n (t) and h

(1)
n (t) + th

(1)′
n (t) do

not have real zeros since the Wronskian (2.37) does not vanish. Therefore, in view
of (6.71) and (6.72), setting x̂ := x/|x| we may write the Fourier expansion in the
form
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x̂ × E(x) =
∞∑
n=1

n∑
m=−n

amn x̂ × curl
{
xh(1)n (k|x|) Ym

n (x̂)
}

+
∞∑
n=1

n∑
m=−n

bmn x̂ × curl curl
{
xh(1)n (k|x|) Ym

n (x̂)
}

for |x| = R̃. But now, by the continuous dependence of the solution to the exterior
Maxwell problem with continuous tangential component in the maximum norm
(see Theorem 6.23), the uniform convergence of the latter series implies the uniform
convergence of the series (6.73) (together with its derivatives) on compact subsets
of |x| > R̃ and the first statement of the theorem is proven.

Conversely, proceeding as in the proof of Theorem 2.15, with the help of (6.63)
it can be shown that L2 convergence of the tangential component of the series (6.73)
on the sphere |x| = R implies uniform convergence of the tangential component on
any sphere |x| = R̃ > R. Therefore, the second part of the theorem follows from the
first part applied to the solution to the exterior Maxwell problem with continuous
tangential components given on a sphere |x| = R̃. ��
Theorem 6.28 The electric far field pattern of the radiating solution to the Maxwell
equations with the expansion (6.73) is given by

E∞ = 1

k

∞∑
n=1

1

in+1

n∑
m=−n

{
ikbmn Grad Ym

n − amn ν × GradYm
n

}
. (6.74)

The coefficients in this expansion satisfy the growth condition

∞∑
n=1

(
2n

ker

)2n n∑
m=−n

∣∣amn ∣∣2 + ∣∣bmn ∣∣2 < ∞ (6.75)

for all r > R.

Proof Since by Theorem 6.9 the far field pattern E∞ is analytic, we have an
expansion

E∞ =
∞∑
n=1

n∑
m=−n

{
cmn Grad Ym

n + dm
n ν × Grad Ym

n

}

with coefficients

n(n + 1) cmn =
∫
S2

E∞(x̂) · GradYm
n (x̂) ds(x̂),

n(n + 1) dm
n =

∫
S2

E∞(x̂) · x̂ × Grad Ym
n (x̂) ds(x̂).
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On the other hand, in view of (6.71) and (6.72), the coefficients amn and bmn in the
expansion (6.73) satisfy

n(n + 1) amn h(1)n (k|x|) =
∫
S2

E(rx̂) · GradYm
n (x̂) × x̂ ds(x̂),

n(n + 1) bmn

{
kh(1)′n (k|x|) + 1

|x| h(1)n (k|x|)
}

=
∫
S2

E(rx̂) · GradYm
n (x̂) ds(x̂).

Therefore, with the aid of (2.42) we find that

n(n + 1) dm
n =

∫
S2

lim
r→∞ r e−ikrE(rx̂) · x̂ × Grad Ym

n (x̂) ds(x̂)

= lim
r→∞ r e−ikr

∫
S2

E(rx̂) · x̂ × GradYm
n (x̂) ds(x̂) = −n(n + 1) amn

k in+1

and

n(n + 1) cmn =
∫
S2

lim
r→∞ r e−ikrE(rx̂)Grad Ym

n (x̂) ds(x̂)

= lim
r→∞ r e−ikr

∫
S2

E(rx̂)GradYm
n (x̂) ds(x̂) = n(n + 1) bmn

in
.

In particular, this implies that the expansion (6.74) is valid in the L2 sense. Parseval’s
equality for the expansion (6.73) reads

r2
∞∑
n=1

n∑
m=−n

n(n + 1)

{∣∣amn ∣∣2
∣∣∣h(1)n (kr)

∣∣∣2 + ∣∣bmn ∣∣2
∣∣∣∣kh(1)′n (kr) + 1

r
h(1)n (kr)

∣∣∣∣
2
}

=
∫

|x|=r

|ν × E|2ds(x).

From this, using the asymptotic behavior (2.40) of the Hankel functions for large
order n, the condition (6.75) follows. ��

Analogously to Theorem 2.17, it can be shown that the growth condition (6.75)
for the Fourier coefficients of a tangential field E∞ ∈ L2

t (S
2) is sufficient for E∞

to be the far field pattern of a radiating solution to the Maxwell equations.
Concluding this section, we wish to apply Theorem 6.27 to derive the vector

analogue of the addition theorem (2.43). From (6.71) and (6.72), we see that the
coefficients in the expansion (6.73) can be expressed by
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n(n + 1)R2h(1)n (kR)amn =
∫

|x|=R

E(x) · Grad Ym
n (x̂) × x̂ ds(x), (6.76)

n(n + 1)R{h(1)n (kR) + kRh(1)′n (kR)}bmn =
∫

|x|=R

E(x) · GradYm
n (x̂) ds(x).

(6.77)
Given a set Ym

n , m = −n, . . . , n, n = 0, 1, . . . , of orthonormal spherical harmonics,
we recall the functions

umn (x) := jn(k|x|) Ym
n

(
x

|x|
)
, vmn (x) := h(1)n (k|x|) Ym

n

(
x

|x|
)

and set

Mm
n (x) := curl{xumn (x)}, Nm

n (x) := curl{xvmn (x)}.

For convenience, we also write

M̃m
n (x) := curl

{
xjn(k|x|) Ym

n

(
x

|x|
)}

, Ñm
n (x) := curl

{
xh(1)n (k|x|) Ym

n

(
x

|x|
)}

.

From the Stratton–Chu formula (6.8) applied to M̃m
n and curl M̃m

n /ik, we have

1

k2 curl curl
∫

|x|=R

ν(x) × curl M̃m
n (x)Φ(y, x) ds(x)

+ curl
∫

|x|=R

ν(x) × M̃m
n (x)Φ(y, x) ds(x) = −M̃m

n (y), |y| < R,

and from the Stratton–Chu formula (6.16) applied to Ñm
n and curl Ñm

n /ik, we have

1

k2 curl curl
∫

|x|=R

ν(x) × curl Ñm
n (x)Φ(y, x) ds(x)

+ curl
∫

|x|=R

ν(x) × Ñm
n (x)Φ(y, x) ds(x) = 0, |y| < R.

Using (6.71), (6.72), and the Wronskian (2.37), from the last two equations we
see that

i

k3R2 curl curl
∫

|x|=R

ν(x) × Grad Ym
n

(
x

|x|
)
Φ(y, x) ds(x)

= h(1)n (kR)M̃m
n (y), |y| < R,
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whence

∫
|x|=R

GradYm
n

(
x

|x|
)

× ν(x) · curlx curlx{pΦ(y, x)} ds(x)

= ik3R2h
(1)
n (kR) p · Mm

n (y), |y| < R,

(6.78)

follows for all p ∈ IR3 with the aid of the vector identity

p · curly curly{c(x)Φ(y, x)} = c(x) · curlx curlx{pΦ(y, x)}.

Analogously, from the Stratton–Chu formulas (6.9) and (6.17) for the magnetic
field, we can derive that

∫
|x|=R

GradYm
n

(
x

|x|
)

· curlx curlx{pΦ(y, x)} ds(x)

= ikR{h(1)n (kR) + kRh
(1)′
n (kR)}p · curlMm

n (y), |y| < R.

(6.79)

Therefore, from (6.76) to (6.79) we can derive the expansion

1

k2 curlx curlx{p · Φ(y, x)}

= ik

∞∑
n=1

1

n(n + 1)

n∑
m=−n

Nm
n (x) Mm

n (y) · p

+ i

k

∞∑
n=1

1

n(n + 1)

n∑
m=−n

curlNm
n (x) curlMm

n (y) · p

(6.80)

which, for fixed y, converges uniformly (together with its derivatives) with respect
to x on compact subsets of |x| > |y|. Interchanging the roles of x and y and using
a corresponding expansion of solutions to the Maxwell equations in the interior of
a sphere, it can be seen that for fixed x the series (6.80) also converges uniformly
(together with its derivatives) with respect to y on compact subsets of |x| > |y|.

Using the vector identity

divx p · Φ(y, x) = −p · grady Φ(y, x),

from the addition theorem (2.43) we find that

1

k2 gradx divx{p ·Φ(y, x)} = − i

k

∞∑
n=0

n∑
m=−n

grad vmn (x) grad umn (y) ·p. (6.81)
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In view of the continuous dependence results of Theorem 3.11, it can be seen the
series (6.81) has the same convergence properties as (6.80). Finally, using the vector
identity (6.4), we can use (6.80) and (6.81) to establish the following vector addition
theorem for the fundamental solution.

Theorem 6.29 We have

Φ(x, y)I = ik

∞∑
n=1

1

n(n + 1)

n∑
m=−n

Nm
n (x) Mm

n (y)
�

+ i

k

∞∑
n=1

1

n(n + 1)

n∑
m=−n

curlNm
n (x) curlMm

n (y)
�

+ i

k

∞∑
n=0

n∑
m=−n

grad vmn (x) grad umn (y)
�

(6.82)

where the series and its term by term derivatives are uniformly convergent for fixed
y with respect to x and, conversely, for fixed x with respect to y on compact subsets
of |x| > |y|.

By taking the transpose of (6.82) and interchanging the roles of x and y we obtain
the alternate form

Φ(x, y)I = ik

∞∑
n=1

1

n(n + 1)

n∑
m=−n

Mm
n (x) Nm

n (y)�

+ i

k

∞∑
n=1

1

n(n + 1)

n∑
m=−n

curlMm
n (x) curlNm

n (y)�

+ i

k

∞∑
n=0

n∑
m=−n

grad umn (x) grad vmn (y)�

(6.83)

of the vector addition theorem for |x| < |y|.
We conclude this section with the vector analogue of the Jacobi–Anger expansion

(2.46). For two vectors d, p ∈ IR3 with |d| = 1 and p ·d = 0 we have the expansion

p eik x·d =
∞∑
n=1

(2n + 1) in

n(n + 1)
{D(x, d) xjn(x)Pn(cos θ)}p (6.84)

with the differential operator

D(x, d) := − curlx {d × Gradd}� − i

k
curlx curlx Grad�

d .
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Here Pn denotes the Legendre polynomial of order n and θ the angle between x and
d. The series (6.84) can be obtained by passing to the limit |y| → ∞ in the vector
addition theorem (6.83) with the help of Theorem 6.28 and the addition theorem for
the spherical harmonics (2.30). It can be shown to converge uniformly on compact
subsets of IR3 × S

2 (together with all its derivatives). Clearly, (6.84) represents an
expansion of electromagnetic plane waves with respect to the entire solutions of the
Maxwell equations of Theorem 6.26.

The expansion (6.84) can be used to obtain an explicit solution for scattering of
a plane wave

Ei(x) = p eik x·d , H i(x) = d × p eik x·d

with incident direction d and polarization p ⊥ d by a perfectly conducting ball of
radius R centered at the origin in terms of the so-called Mie series. In view of (6.71)
and (6.72), from (6.84) and the boundary condition ν × (Ei +Es) = 0 on |x| = R,
we expect the scattered wave to be given by

Es(x) = −
∞∑
n=1

(2n + 1)in

n(n + 1)

{
Dn(x, d) xh

(1)
n (x)Pn(cos θ)

}
p (6.85)

with the differential operators

Dn(x, d) := − jn(kR)

h
(1)
n (kR)

curlx {d × Gradd}�

− i

k

jn(kR) + kRj ′
n(kR)

h
(1)
n (kR) + kRh

(1)′
n (kR)

curl curlx Grad�
d , n ∈ IN.

By the asymptotic behavior (2.38) and (2.39) of the spherical Bessel and Hankel
functions for large n the above series can be shown to converge uniformly on
compact subsets of IR3 \ {0}. Consequently, by Theorem 6.27, together with the
corresponding series for the magnetic field it represents a radiating solution to the
Maxwell equations in IR3 \ {0}, and hence indeed solves the scattering problem for
a perfectly conducting ball.

6.6 Herglotz Pairs and the Far Field Operator

We consider the scattering of electromagnetic plane waves with incident direction
d ∈ S

2 and polarization vector p as described by the matrices Ei(x, d) and Hi(x, d)

defined by
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Ei(x, d)p := i

k
curl curlp eik x·d = ik (d × p) × d eik x·d ,

H i(x, d)p = curlp eik x·d = ik d × p eik x·d .
(6.86)

Because of the linearity of the direct scattering problem with respect to the incident
field, we can express the scattered waves by matrices Es(x, d) and Hs(x, d), the
total waves by matrices E(x, d) and H(x, d), and the far field patterns by E∞(x̂, d)

and H∞(x̂, d), respectively. The latter map the polarization vector p onto the far
field patterns E∞(x̂, d)p and H∞(x̂, d)p, respectively.

Analogously to Theorem 3.23, we can establish the following reciprocity result
for the electromagnetic case.

Theorem 6.30 The electric far field pattern for the scattering of plane electromag-
netic waves by a perfect conductor satisfies the reciprocity relation

E∞(x̂, d) = [E∞(−d,−x̂)]�, x̂, d ∈ S
2. (6.87)

Proof From Gauss’ divergence theorem, the Maxwell equations for the incident and
the scattered fields and the radiation condition for the scattered field we have

∫
∂D

{
ν × Ei(· , d)p · Hi(· ,−x̂)q + ν × Hi(· , d)p · Ei(· ,−x̂)q

}
ds = 0

and
∫
∂D

{
ν × Es(· , d)p · Hs(· ,−x̂)q + ν × Hs(· , d)p · Es(· ,−x̂)q

}
ds = 0

for all p, q ∈ IR3. With the aid of

curly q e−ik x̂·y = ik q × x̂ e−ik x̂·y,

and

curly curly q e−ik x̂·y = k2 x̂ × {q × x̂} e−ik x̂·y,

from the far field representation (6.25) we derive

4π q · E∞(x̂, d)p

=
∫
∂D

{
ν × Es(· , d)p · Hi(· ,−x̂)q + ν × Hs(· , d)p · Ei(· ,−x̂)q

}
ds
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and from this by interchanging the roles of d and x̂ and of p and q, respectively,

4π p · E∞(−d,−x̂)q

=
∫
∂D

{
ν × Es(· ,−x̂)q · Hi(· , d)p + ν × Hs(· ,−x̂)q · Ei(· , d)p}ds.

We now subtract the last integral from the sum of the three preceding integrals to
obtain

4π
{
q · E∞(x̂, d)p − p · E∞(−d,−x̂)q

}

=
∫
∂D

{
ν × E(· , d)p · H(· ,−x̂)q + ν × H(· , d)p · E(· ,−x̂)q

}
ds,

(6.88)

whence the reciprocity relation (6.87) follows in view of the boundary condition
ν × E(· , d)p = ν × E(· ,−x̂)q = 0 on ∂D. ��

Since in the derivation of (6.88) we only made use of the Maxwell equations
for the incident wave in IR3 and for the scattered wave in IR3 \ D̄ and the radiation
condition, it is obvious that the reciprocity relation is also valid for the impedance
boundary condition and the transmission boundary condition.

For the scattering of an electric dipole of the form (6.22), i.e.,

Ei
e(x, z)p := i

k
curlx curlx pΦ(x, z),

H i
e (x, z)p := curlx pΦ(x, z)

(6.89)

with a polarization vector p we denote the scattered fields by Es
e(x, z) and Hs

e (x, z),
the total fields by Ee(x, z) and He(x, z) and the far field patterns of the scattered
wave by Es

e,∞(x̂, z) and Hs
e,∞(x̂, z). Note that as above for plane wave incidence

all these quantities are matrices.

Theorem 6.31 For scattering of electric dipoles and plane waves we have the
mixed reciprocity relation

4πEs
e,∞(−d, z) = [Es(z, d)]�, z ∈ IR3 \ D̄, d ∈ S

2. (6.90)

Proof As in the proof of Theorem 6.30 from Gauss’ divergence theorem we have

∫
∂D

{
ν × Ei

e(· , z)p · Hi(· , d)q + ν × Hi
e (· , z)p · Ei(· , d)q}ds = 0
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and
∫
∂D

{
ν × Es

e(· , z)p · Hs(· , d)q + ν × Hs
e (· , z)p · Es(· , d)q}ds = 0

for all p, q ∈ IR3. From the far field representation (6.25) we obtain

4π q ·E∞(−d, z)p =
∫
∂D

{
ν×Es

e(· , z)p ·Hi(· , d)q+ν×Hs
e (· , z)p ·Ei(· , d)q}ds

and the Stratton–Chu formula (6.16) yields

p · Es(z, d)q =
∫
∂D

{
ν × Es(· , d)q · Hi

e (· , z)p + ν × Hs(· , d)q · Ei
e(· , z)p

}
ds.

Now the proof can be completed as in the previous theorem. ��
Again the statement of Theorem 6.31 is valid for all boundary conditions. Since

the far field pattern Ei
e,∞ of the incident field Ei

e is given by

Ei
e,∞(d, z) = 1

4π
Ei(z,−d) = 1

4π
[Ei(z,−d)]�, (6.91)

from (6.90) we conclude that

Ee,∞(d, z) = 1

4π
[E(z,−d)]� (6.92)

for the far field pattern Ee,∞ of the total field Ee.
The proof of the following theorem is analogous to that of the two preceding

theorems.

Theorem 6.32 For scattering of electric dipoles we have the symmetry relation

Es
e(x, y) = [Es

e(y, x)]�, x, y ∈ IR3 \ D̄. (6.93)

Before we can state results on the completeness of electric far field patterns cor-
responding to Theorem 3.29, we have to introduce the concept of electromagnetic
Herglotz pairs. Consider the vector Herglotz wave function

E(x) =
∫
S2

eik x·da(d) ds(d), x ∈ IR3,

with a vector Herglotz kernel a ∈ L2(S2), that is, the Cartesian components of E
are Herglotz wave functions. From
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divE(x) = ik

∫
S2

eik x·d d · a(d) ds(d), x ∈ IR3,

and Theorem 3.27 we see that the property of the kernel a to be tangential is
equivalent to divE = 0 in IR3.

Definition 6.33 An electromagnetic Herglotz pair is a pair of vector fields of the
form

E(x) =
∫
S2

eik x·da(d) ds(d), H(x) = 1

ik
curlE(x), x ∈ IR3, (6.94)

where the square integrable tangential field a on the unit sphere S
2 is called the

Herglotz kernel of E,H .

Herglotz pairs obviously represent entire solutions to the Maxwell equations.
For any electromagnetic Herglotz pair E,H with kernel a, the pair H,−E is also
an electromagnetic Herglotz pair with kernel d × a. Using Theorem 3.38, we can
characterize Herglotz pairs through a growth condition in the following theorem.

Theorem 6.34 An entire solution E,H to the Maxwell equations possesses the
growth property

sup
R>0

1

R

∫
|x|≤R

{
|E(x)|2 + |H(x)|2

}
dx < ∞ (6.95)

if and only if it is an electromagnetic Herglotz pair.

Proof For a pair of entire solutions E,H to the vector Helmholtz equation, by
Theorem 3.38, the growth condition (6.95) is equivalent to the property that E can
be represented in the form (6.94) with a square integrable field a and the property
divE = 0 in IR3 is equivalent to a being tangential. ��

In the following analysis, we will utilize the analogue of Lemma 3.28 for the
superposition of solutions to the electromagnetic scattering problem.

Lemma 6.35 For a given L2 field g on S
2 the solution to the perfect conductor

scattering problem for the incident wave

Ẽi(x) =
∫
S2

Ei(x, d)g(d) ds(d), H̃ i(x) =
∫
S2

Hi(x, d)g(d) ds(d)

is given by

Ẽs(x) =
∫
S2

Es(x, d)g(d) ds(d), H̃ s(x) =
∫
S2

Hs(x, d)g(d) ds(d)

for x ∈ IR3 \ D̄ and has the far field pattern
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Ẽ∞(x̂) =
∫
S2

E∞(x̂, d)g(d) ds(d), H̃∞(x̂) =
∫
S2

H∞(x̂, d)g(d) ds(d)

for x̂ ∈ S
2.

Proof Multiply (6.55) and (6.56) by g, integrate with respect to d over S
2, and

interchange orders of integration. ��
We note that for a tangential field g ∈ L2

t (S
2) we can write

Ẽi(x) = ik

∫
S2

g(d) eik x·d ds(d), H̃ i(x) = curl
∫
S2

g(d) eik x·d ds(d), x ∈ IR3,

that is, Ẽi , H̃ i represents an electromagnetic Herglotz pair with kernel ikg.
Variants of the following completeness results were first obtained by Colton and

Kress [97] and by Blöhbaum [34].

Theorem 6.36 Let (dn) be a sequence of unit vectors that is dense on S
2 and define

the set F of electric far field patterns by

F := {E∞(· , dn)ej : n = 1, 2, . . . , j = 1, 2, 3}

with the Cartesian unit vectors ej . Then F is complete in L2
t (S

2) if and only if there
does not exist a nontrivial electromagnetic Herglotz pair E,H satisfying ν×E = 0
on ∂D.

Proof By the continuity of E∞ as a function of d and the Reciprocity Theorem 6.30,
the completeness condition

∫
S2

h(x̂) · E∞(x̂, dn)ej ds(x̂) = 0, n = 1, 2, . . . , j = 1, 2, 3,

for a tangential field h ∈ L2
t (S

2) is equivalent to

∫
S2

E∞(x̂, d)g(d) ds(d) = 0, x̂ ∈ S
2, (6.96)

for g ∈ L2
t (S

2) with g(d) = h(−d).
By Theorem 3.27 and Lemma 6.35, the existence of a nontrivial tangential

field g satisfying (6.96) is equivalent to the existence of a nontrivial Herglotz pair
Ẽi , H̃ i (with kernel ikg) for which the electric far field pattern of the corresponding
scattered wave Ẽs fulfills Ẽ∞ = 0. By Theorem 6.10, the vanishing electric far field
Ẽ∞ = 0 on S

2 is equivalent to Ẽs = 0 in IR3 \ D̄. This in turn, by the boundary
condition ν × Ẽi + ν × Ẽs = 0 on ∂D and the uniqueness of the solution to the
exterior Maxwell problem, is equivalent to ν × Ẽi = 0 on ∂D and the proof is
finished. ��
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We note that the set F of electric far field patterns is linearly dependent. Since for
p = d the incident fields (6.86) vanish, the corresponding electric far field pattern
also vanishes. This implies

3∑
j=1

djE∞(· , d)ej = 0 (6.97)

for d = (d1, d2, d3). Of course, the completeness result of Theorem 6.36 also holds
for the magnetic far field patterns.

A nontrivial electromagnetic Herglotz pair for which the tangential component
of the electric field vanishes on the boundary ∂D is a Maxwell eigensolution,
i.e., a nontrivial solution E,H to the Maxwell equations in D with homogeneous
boundary condition ν × E = 0 on ∂D. Therefore, as in the acoustic case, we have
the surprising result that the eigensolutions are connected to the exterior scattering
problem.

From Theorem 6.34, with the aid of the differentiation formula (2.35), the
integral (3.91) and the representations (6.71) and (6.72) for Mn and curlMn, we
conclude that Mn, curlMn/ik provide examples of electromagnetic Herglotz pairs.
From (6.71) we observe that the spherical vector wave functions Mn describe
Maxwell eigensolutions for a ball of radius R centered at the origin with the
eigenvalues k given by the zeros of the spherical Bessel functions. The pairs
curlMn, −ikMn are also electromagnetic Herglotz pairs. From (6.72) we see that
the spherical vector wave functions curlMn also yield Maxwell eigensolutions for
the ball with the eigenvalues k given through jn(kR)+kRj ′

n(kR) = 0. By expansion
of an arbitrary eigensolution with respect to vector spherical harmonics, and arguing
as in the proof of Rellich’s Lemma 2.12, it can be seen that all Maxwell eigensolu-
tions in a ball must be spherical vector wave functions. Therefore, the eigensolutions
for balls are always electromagnetic Herglotz pairs and by Theorem 6.36 the electric
far field patterns for plane waves are not complete for a ball D when k is a Maxwell
eigenvalue.

We can express the result of Theorem 6.36 also in terms of a far field operator.

Theorem 6.37 The far field operator F : L2
t (S

2) → L2
t (S

2) defined by

(Fg)(x̂) :=
∫
S2

E∞(x̂, d)g(d) ds(d), x̂ ∈ S
2, (6.98)

is injective and has dense range if and only if there does not exist a Maxwell
eigensolution for D which is an electromagnetic Herglotz pair.

Proof From the reciprocity relation (6.87), we easily derive that the L2 adjoint F ∗ :
L2
t (S

2) → L2
t (S

2) of F is given by

F ∗g = RFRḡ, (6.99)
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where R : L2
t (S

2) → L2
t (S

2) is defined by

(Rg)(d) := g(−d).

The proof is now completed as in Theorem 3.30. ��
In view of the linear dependence expressed by (6.97), in order to construct the

operator F for each d ∈ S
2, we obviously need to have the electric far field pattern

for two linearly independent polarization vectors orthogonal to d. As in acoustic
scattering the far field operator will play an important role in our analysis of the
inverse electromagnetic obstacle scattering problem. Therefore we proceed with
presenting its main properties.

Lemma 6.38 The far field operator satisfies

2π {(Fg, h) + (g, Fh)} = −(Fg, Fh), (6.100)

where (· , ·) denotes the inner product in L2
t (S

2).

Proof If Es
1,H

s
1 and Es

2,H
s
2 are radiating solutions of the Maxwell equations with

electric far field patterns E1,∞ and E2,∞, then from the far field asymptotics and
Gauss’ divergence theorem we deduce that

∫
∂D

{
Hs

2 · (ν × Es
1) − Es

2 · (ν × Hs
1 )
}
ds = 2

∫
S2

E1,∞ · E2,∞ ds. (6.101)

If Es,Hs is a radiating solution to the Maxwell equations with electric far field
pattern E∞ and Ei

h,H
i
h is a Herglotz pair with kernel h, then

∫
∂D

H i
h · (ν × Es) ds =

∫
S2

h(d) ·
∫
∂D

[Hi(· ,−d)]�[ν × Es)] ds ds(d)

and

−
∫
∂D

Ei
h · (ν × Hs) ds =

∫
S2

h(d) ·
∫
∂D

[Ei(· ,−d)]�[ν × Hs] ds ds(d).

Adding these two equations, with the aid of the far field representation of Theo-
rem 6.9, we obtain that

∫
∂D

{
Hi

h · (ν × Es) − Ei
h · (ν × Hs)

}
ds = 4π

∫
S2

E∞ · h̄ ds. (6.102)

Now let Ei
g,H

i
g and Ei

h,H
i
h be the Herglotz pairs with kernels g, h ∈ L2

t (S
2),

respectively, and let Eg,Hg and Eh,Hh be the total fields to the scattering problems
with incident fields Ei

g,H
i
g and Ei

h,H
i
h , respectively. We denote by Eg,∞ and Eh,∞
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the electric far field patterns corresponding to Eg,Hg and Eh,Hh, respectively.
Then we can combine (6.101) and (6.102) to obtain

2(Fg, Fh) + 4π(Fg, h) + 4π(g, Fh)

= 2
∫
S2

Eg,∞ Eh,∞ ds + 4π
∫
S2

Eg,∞ h̄ ds + 4π
∫
S2

Eh,∞ ds

=
∫
∂D

{
Hh · (ν × Eg) − Eh · (ν × Hg)

}
ds.

(6.103)

From this the lemma follows by using the boundary condition. ��
Theorem 6.39 The far field operator F is compact and normal, i.e., FF ∗ = F ∗F ,
and has an infinite number of eigenvalues.

Proof Since F is an integral operator with continuous kernel, it is compact. From
(6.100) we obtain that

(g, F ∗Fh) = −2π
{
(g, Fh) + (g, F ∗h)

}

for all g, h ∈ L2
t (S

2) and therefore

F ∗F = −2π(F + F ∗). (6.104)

Using (6.99) we can deduce that (F ∗g, F ∗h) = (FRh̄, FRḡ) and hence,
from (6.100), it follows that

(F ∗g, F ∗h) = −2π
{
(g, F ∗h) + (F ∗g, h)

}

for all g, h ∈ L2
t (S

2). If we now proceed as in the derivation of (6.104), we find that

FF ∗ = −2π(F + F ∗) (6.105)

and the proof for normality of F is completed. By the spectral theorem for compact
normal operators (see [375]) there exists a countable complete set of orthonormal
eigenelements of F . By Theorem 6.37 the nullspace of F is finite dimensional and
therefore F has an infinite number of eigenvalues. ��
Corollary 6.40 The scattering operator S : L2

t (S
2) → L2

t (S
2) defined by

S := I + 1

2π
F (6.106)

is unitary.
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Proof From (6.104) and (6.105) we see that SS∗ = S∗S = I . ��
In view of (6.106), the unitarity of S implies that the eigenvalues of F lie on the

circle with center at (−2π, 0) on the negative real axis and radius 2π .
The question of when we can find a superposition of incident electromagnetic

plane waves of the form (6.86) such that the resulting far field pattern becomes a
prescribed far field Ẽ∞ is examined in the following theorem.

Theorem 6.41 Let Ẽs, H̃ s be a radiating solution to the Maxwell equations with
electric far field pattern Ẽ∞. Then the linear integral equation of the first kind

∫
S2

E∞(x̂, d)g(d) ds(d) = Ẽ∞(x̂), x̂ ∈ S
2, (6.107)

possesses a solution g ∈ L2
t (S

2) if and only if Ẽs, H̃ s is defined in IR3 \ D̄ and
continuous in IR3 \ D and the interior boundary value problem for the Maxwell
equations

curl Ẽi − ikH̃ i = 0, curl H̃ i + ikẼi = 0 in D, (6.108)

and

ν × (Ẽi + Ẽs) = 0 on ∂D (6.109)

is solvable and a solution Ẽi , H̃ i is an electromagnetic Herglotz pair.

Proof By Theorem 3.27 and Lemma 6.35, the solvability of the integral equa-
tion (6.107) for g is equivalent to the existence of a Herglotz pair Ẽi , H̃ i (with
kernel ikg) for which the electric far field pattern for the scattering by the perfect
conductor D coincides with the given Ẽ∞, that is, the scattered electromagnetic
field coincides with the given Ẽs, H̃ s . ��

By reciprocity, the solvability of (6.107) is equivalent to the solvability of

∫
S2

[E∞(x̂, d)]�h(x̂) ds(x̂) = Ẽ∞(−d), d ∈ S
2, j = 1, 2, 3, (6.110)

where h(x̂) = g(−x̂). In the special cases where the prescribed scattered wave is
given by the electromagnetic field

Ẽs(x) = curl aΦ(x, 0), H̃ s(x) = 1

ik
curl Ẽs(x)

of a magnetic dipole at the origin with electric far field pattern

Ẽ∞(x̂) = ik

4π
x̂ × a,
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or by the electromagnetic field

Ẽs(x) = curl curl aΦ(x, 0), H̃ s(x) = 1

ik
curl Ẽs(x)

of an electric dipole with electric far field pattern

Ẽ∞(x̂) = k2

4π
x̂ × (a × x̂),

the connection between the solution to the integral equation (6.110) and the
interior Maxwell problem (6.108) and (6.109) was first obtained by Blöhbaum [34].
Corresponding completeness results for the impedance boundary condition were
derived by Angell, Colton, and Kress [12].

We now follow Colton and Kirsch [93] and indicate how a suitable linear
combination of the electric and the magnetic far field patterns with orthogonal
polarization vectors are complete without exceptional interior eigenvalues.

Theorem 6.42 Let (dn) be a sequence of unit vectors that is dense on S
2 and let λ

and μ be fixed nonzero real numbers. Then the set

{
λE∞(· , dn)ej + μH∞(· , dn)(ej × dn) : n = 1, 2, . . . , j = 1, 2, 3

}

is complete in L2
t (S

2).

Proof We use the continuity of E∞ and H∞ as a function of d, the orthogo-
nality (6.24), and the reciprocity relation (6.87) to find that for a tangential field
h ∈ L2

t (S
2) the completeness condition

∫
S2

h(x̂) · {λE∞(x̂, dn)ej + μH∞(x̂, dn)(ej × dn)} ds(x̂) = 0

for n = 1, 2, . . . and j = 1, 2, 3 is equivalent to

∫
S2

{λp · E∞(−d,−x̂)h(x̂) + μp × d · E∞(−d,−x̂)(h(x̂) × x̂)} ds(x̂) = 0

for all p ∈ IR3, that is,

∫
S2

{λE∞(−d,−x̂)h(x̂) − μH∞(−d,−x̂)(h(x̂) × x̂)} ds(x̂) = 0, d ∈ S
2.

After relabeling and setting g(d) := h(−d) this reads

∫
S2

{λE∞(x̂, d)g(d) + μH∞(x̂, d)g(d) × d)} ds(d) = 0, x̂ ∈ S
2. (6.111)
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We define incident waves Ei
1,H

i
1 as Herglotz pair with kernel g and Ei

2,H
i
2 as

Herglotz pair with kernel g × d and note that from

1

ik
curl

∫
S2

g(d) × d eik x·d ds(d) =
∫
S2

g(d) eik x·d ds(d)

we have

Hi
2 = Ei

1 and Ei
2 = −Hi

1. (6.112)

By Lemma 6.35, the condition (6.111) implies that λEs
1 + μHs

2 = 0 in IR3 \ D̄

whence by applying the curl we have

λHs
1 − μEs

2 = 0 in IR3 \ D̄. (6.113)

Using Gauss’ divergence theorem, the boundary conditions ν × (Ei
1 +Es

1) = 0 and
ν × (Ei

2 + Es
2) = 0 on ∂D and Eqs. (6.112) and (6.113) we now deduce that

λ

∫
∂D

ν × Es
1 · Hs

1 ds = μ

∫
D

div
{
Ei

1 × Ei
2

}
dx = iμk

∫
D

{
|Ei

1|2 − |Hi
1|2
}
dx,

and this implies Es
1 = 0 in IR3\D̄ by Theorem 6.11. Then (6.113) also yields Es

2 = 0
in IR3 \ D̄. As a consequence of the boundary conditions, we obtain ν × Ei

1 = 0
on ∂D and ν × Hi

1 = ν × Ei
2 = 0 on ∂D and from this we have Ei

1 = 0 in D by
the representation Theorem 6.2. It now follows that Ei

1 = 0 in IR3 by analyticity
(Theorem 6.3). From this we finally arrive at g = 0, that is, h = 0 by Theorem 3.27.

��
We continue with the vector analogue of the completeness Theorem 3.35.

Theorem 6.43 Let (dn) be a sequence of unit vectors that is dense on S
2. Then the

tangential components of the total magnetic fields

{
ν × H(· , dn)ej : n = 1, 2, . . . , j = 1, 2, 3

}

for the incident plane waves of the form (6.86) with directions dn are complete in
L2
t (∂D).

Proof From the decomposition (6.45), it can be deduced that the operator N

maps tangential fields from the Sobolev space H 1(∂D) boundedly into L2
t (∂D).

Therefore, the composition NPS2
0 : L2

t (∂D) → L2
t (∂D) is compact since by

Theorem 3.6 the operator S0 is bounded from L2(∂D) into H 1(∂D). Since M has
a weakly singular kernel, we thus have compactness of M + iNPS2

0 from L2
t (∂D)

into L2
t (∂D) and proceeding as in the proof of Theorem 6.23 we can show that
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I + M + iNPS2
0 has a trivial nullspace in L2

t (∂D). Hence, by the Riesz–Fredholm
theory, I+M+iNPS2

0 : L2
t (∂D) → L2

t (∂D) is bijective and has a bounded inverse.
From the representation formulas (6.58), the boundary condition ν × E = 0

on ∂D, and the jump relations of Theorem 6.12, in view of the definitions (6.48)
and (6.50) we deduce that the tangential component b := PH of H solves the
integral equation

b + M ′b + iPS2
0Nb = 2{ν × Hi} × ν − 2kPS2

0 {ν × Ei}.

Now let g ∈ L2
t (∂D) satisfy

∫
∂D

g · H(· , dn)ej ds = 0, n = 1, 2, . . . , j = 1, 2, 3.

This, by the continuity of the electric to magnetic boundary component map
(Theorem 6.22), implies that

∫
∂D

g · H(· , d)p ds = 0, d ∈ S
2, p ∈ IR3.

We now set a := (I + M + iNPS2
0)

−1g and obtain

∫
∂D

a · (I + M ′ + iPS2
0N)PH(· , d)p ds = 0

and consequently

∫
∂D

{
a · Hi(· , d)p + k{ν × S2

0a} · Ei(· , d)p
}
ds = 0

for all d ∈ S
2 and p ∈ IR3. This in turn, by elementary vector algebra, implies that

∫
∂D

{
a(y) × d + k d × [{ν(y) × (S2

0a)(y)} × d]
}
eik y·d ds(y) = 0 (6.114)

for all d ∈ S
2. Now consider the electric field

E(x) = curl
∫
∂D

Φ(x, y)a(y) ds(y)

+i curl curl
∫
∂D

Φ(x, y) ν(y) × (S2
0a)(y) ds(y), x ∈ IR3 \ ∂D.



6.6 Herglotz Pairs and the Far Field Operator 271

By (6.26) and (6.27), its far field pattern is given by

E∞(x̂)= ik

4π

∫
∂D

{
x̂ × a(y)+k x̂ × [{ν(y)×(S2

0a)(y)} × x̂]
}
e−ik x̂·y ds(y), x̂ ∈ S

2.

Hence, the condition (6.114) implies that E∞ = 0 on S
2 and Theorem 6.10 yields

E = 0 in IR3 \ D̄. From this, with the help of the decomposition (6.45) and the L2

jump relations (3.26) and (6.53), we derive that a + Ma + iNPS2
0a = 0 whence

g = 0 follows and the proof is finished. ��
With the tools involved in the proof of the preceding theorem we can also

establish the following result which we shall need in our analysis of the inverse
problem.

Theorem 6.44 The operator A : C0,α(Div, ∂D) → L2
t (S

2) which maps the
electric tangential components of radiating solutions E,H ∈ C1(IR3 \ D) to the
Maxwell equations onto the electric far field pattern E∞ can be extended to an
injective bounded linear operator A : L2

t (∂D) → L2
t (S

2) with dense range.

Proof From the form (6.55) of the solution to the exterior Maxwell problem
and (6.26) and (6.27), we derive

E∞(x̂)= ik

2π

∫
∂D

{
x̂×a(y)+kx̂×[{ν(y) × (S2

0a)(y)}×x̂]
}
e−ik x̂·y ds(y), x̂ ∈ S

2,

where a = (I + M + iNPS2
0)

−1(ν × E). Boundedness and injectivity of A now
follow by using the analysis of the previous proof.

In order to show that A has dense range we rewrite it as an integral operator. To
this end we note that in terms of the electromagnetic plane waves Ei ,H i introduced
in (6.86) the far field representation (6.25) for a radiating solution E,H of the
Maxwell equations can be written in the form

E∞(x̂)= 1

4π

∫
∂D

{
[Hi(y,−x̂)]�[ν(y)×E(y)]+[Ei(y,−x̂)]�[ν(y)×H(y)]

}
ds(y)

for x̂ ∈ S
2. From this, with the aid of the vector Green’s theorem (6.3) (applied

component wise) and the radiation condition, using the perfect conductor boundary
condition for the total electric field E = Ei + Es on ∂D we conclude that

E∞(x̂) = 1

4π

∫
∂D

[H(y,−x̂)]�[ν(y) × E(y)] ds(y), x̂ ∈ S
2,

with the total magnetic field H = Hi + Hs , that is,

(Ac)(d) = 1

4π

∫
∂D

[H(y,−d)]�c(y) ds(y), d ∈ S
2. (6.115)
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By interchanging the order of integration, from (6.115) we observe that the adjoint
operator A∗ : L2

t (S
2) → L2

t (∂D) can be represented as an integral operator by

(A∗g)(y) = 1

4π
ν(y) ×

{∫
S2

[H(y,−d)]g(d)] ds(d) × ν(y)

}
, y ∈ ∂D.

(6.116)
If for g ∈ L2

t (S
2) we define the vector Herglotz wave function Ei

g in the form

Ei
g(x) = ik

∫
S2

e−ik x·dg(d) ds(d) =
∫
S2

Ei(x,−d)g(d) ds(d), x ∈ IR3,

then from Lemma 6.35 we have that

(Hg)(x) =
∫
S2

H(x,−d)g(d) ds(d), x ∈ IR3,

is the total magnetic field for scattering of Ei
g from D. Hence, we have that

A∗g = 1

4π

{
ν × Eg − A(ν × Eg|∂D)

}× ν (6.117)

with the electric to magnetic boundary component operator A. Now let g satisfy
A∗g = 0. Then (6.117) implies that ν × Hg = 0 on ∂D. By definition we also
have ν × Eg = 0 on ∂D and therefore, by Holmgren’s Theorem 6.5, it follows that
Eg = 0 in IR3 \ D̄. Hence, the entire solution Ei

g satisfies the radiation condition
and therefore must vanish identically. Thus g = 0, i.e., A∗ is injective. From this we
can conclude denseness of the range of A by Theorem 4.6. ��



Chapter 7
Inverse Electromagnetic Obstacle
Scattering

This last chapter on obstacle scattering is concerned with the extension of the results
from Chap. 5 on inverse acoustic scattering to inverse electromagnetic scattering. In
order to avoid repeating ourselves, we keep this chapter short by referring back to
the corresponding parts of Chap. 5 when appropriate. In particular, for notations
and for the motivation of our analysis we urge the reader to get reacquainted
with the corresponding analysis in Chap. 5 on acoustics. We again follow the
general guideline of our book and consider only one of the many possible inverse
electromagnetic obstacle problems: given the electric far field pattern for one
or several incident plane electromagnetic waves and knowing that the scattering
obstacle is perfectly conducting, find the shape of the scatterer.

We begin the chapter with a uniqueness result. Due to the lack of an appropriate
selection theorem, we do not follow Schiffer’s proof as in acoustics. Instead of this,
we prove a uniqueness result following Isakov’s approach and, in addition, we use
a method based on differentiation with respect to the wave number. We also include
the electromagnetic version of Karp’s theorem.

We then proceed to establish a continuous dependence result on the boundary
based on the integral equation approach. As an alternative for establishing Fréchet
differentiability with respect to the boundary we present the electromagnetic version
of an approach proposed by Kress and Päivärinta [271]. The following three
sections then will present extensions of some of the iterative methods, decom-
position methods, and sampling methods considered in Chap. 5 from acoustics to
electromagnetics. In particular we will present the electromagnetic versions of the
iterative method due to Johansson and Sleeman, the decomposition methods of
Kirsch and Kress and of Colton and Monk, and conclude with a discussion of the
linear sampling method in electromagnetic obstacle scattering.
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7.1 Uniqueness

For the investigation of uniqueness in inverse electromagnetic obstacle scattering,
as in the case of the Neumann and the impedance boundary condition in acous-
tics, Schiffer’s method of Theorem 5.1 cannot be applied since the appropriate
selection theorem in electromagnetics requires the boundary to be sufficiently
smooth (see [297]). However, the methods used in Theorem 5.6 for inverse acoustic
scattering can be extended to the case of inverse electromagnetic scattering from
perfect and impedance conductors. We consider boundary conditions of the form
BE = 0 on ∂D, where BE = ν × E for a perfect conductor and BE =
ν × curlE − iλ (ν × E) × ν for the impedance boundary condition. In the latter
case, the real-valued function λ is assumed to be continuous and positive to ensure
well-posedness of the direct scattering problem as proven in Theorem 9.17.

Theorem 7.1 Assume that D1 and D2 are two scatterers with boundary conditions
B1 and B2 such that for a fixed wave number the electric far field patterns for both
scatterers coincide for all incident directions and all polarizations. Then D1 = D2
and B1 = B2.

Proof The proof is completely analogous to that of Theorem 5.6 for the acoustic
case which was based on the reciprocity relations from Theorems 3.24 and 3.25 and
Holmgren’s Theorem 2.3. In the electromagnetic case we have to use the reciprocity
relations from Theorems 6.31 and 6.32 and Holmgren’s Theorem 6.5 and instead of
point sources Φ(· , z) as incident fields we use electric dipoles curl curlpΦ(· , z).

��
A corresponding uniqueness result for the inverse electromagnetic transmission

problem has been proven by Hähner [174].
For diversity, we now prove a uniqueness theorem for fixed direction and

polarization.

Theorem 7.2 Assume that D1 and D2 are two perfect conductors such that
for one fixed incident direction and polarization the electric far field patterns
of both scatterers coincide for all wave numbers contained in some interval
0 < k1 < k < k2 < ∞. Then D1 = D2.

Proof We will use the fact that the scattered wave depends analytically on the wave
number k. Deviating from our usual notation, we indicate the dependence on the
wave number by writing Ei(x; k), Es(x; k), and E(x; k). Since the fundamental
solution to the Helmholtz equation depends analytically on k, the integral operator
I +M + iNPS2

0 in the integral equation (6.56) is also analytic in k. (For the reader
who is not familiar with analytic operators, we refer to Sect. 8.5.) From the fact
that for each k > 0 the inverse operator of I + M + iNPS2

0 exists, by using a
Neumann series argument it can be deduced that the inverse (I + M + iNPS2

0)
−1

is also analytic in k. Therefore, the analytic dependence of the right-hand side
c = 2Ei(· ; k) × ν of (6.56) for the scattering problem implies that the solution
a also depends analytically on k and consequently from the representation (6.55)
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it can be seen that the scattered field Es(· ; k) also depends analytically on k. In
addition, from (6.55) it also follows that the derivatives of Es with respect to the
space variables and with respect to the wave number can be interchanged. Therefore,
from the vector Helmholtz equation ΔE + k2E = 0 for the total field E = Ei +Es

we derive the inhomogeneous vector Helmholtz equation

ΔF + k2F = −2kE

for the derivative

F := ∂E

∂k
.

Let k0 be an accumulation point of the wave numbers for the incident waves
and assume that D1 �= D2. By Theorem 6.10, the electric far field pattern uniquely
determines the scattered field. Hence, for any incident wave Ei the scattered wave
Es for both obstacles coincide in the unbounded component G of the complement
of D1 ∪D2. Without loss of generality, we assume that (IR3 \G)\ D̄2 is a nonempty
open set and denote by D∗ a connected component of (IR3 \ G) \ D̄2. Then E is
defined in D∗ since it describes the total wave for D2, that is, E satisfies the vector
Helmholtz equation in D∗ and fulfills homogeneous boundary conditions ν×E = 0
and divE = 0 on ∂D∗ for each k with k1 < k < k2. By differentiation with respect
to k, it follows that F(· ; k0) satisfies the same homogeneous boundary conditions.
Therefore, from Green’s vector theorem (6.3) applied to E(· ; k0) and F(· ; k0) we
find that

2k0

∫
D∗

|E|2dx =
∫
D∗

{
F̄ΔE − EΔF̄

}
dx = 0,

whence E = 0 first in D∗ and then by analyticity everywhere outside D1 ∪D2. This
implies that Ei satisfies the radiation condition whence Ei = 0 in IR3 follows (cf.
p. 231). This is a contradiction. ��

Concerning uniqueness for one incident wave under a priori assumptions on
the shape of the scatterer we note that analogous to Theorem 5.4 using the
explicit solution (6.85) it can be shown that a perfectly conducting ball is uniquely
determined by the far field pattern for plane wave incidence with one direction d and
polarization p. In the context of Theorem 5.5 it has been shown by Liu, Yamamoto,
and Zou [306] that a perfectly conducting polyhedron is uniquely determined by the
far field pattern for plane wave incidence with one direction d and two polarizations
p1 and p2. We note that our proof of Theorem 5.5 for a convex polyhedron can be
carried over to the perfect conductor case.

We include in this section on uniqueness the electromagnetic counterpart of
Karp’s theorem for acoustics. If the perfect conductor D is a ball centered at the
origin, it is obvious from symmetry considerations that the electric far field pattern
for incoming plane waves of the form (6.86) satisfies
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E∞(Qx̂,Qd)Qp = QE∞(x̂, d)p (7.1)

for all x̂, d ∈ S
2, all p ∈ IR3, and all rotations Q, i.e., for all real orthogonal

matrices Q with detQ = 1. As shown by Colton and Kress [98], the converse of
this statement is also true. We include a simplified version of the original proof.

The vectors x̂, p × x̂ and x̂ × (p × x̂) form a basis in IR3 provided p × x̂ �= 0.
Hence, since the electric far field pattern is orthogonal to x̂, we can write

E∞(x̂, d)p = [e1(x̂, d)p] p × x̂ + [e2(x̂, d)p] x̂ × (p × x̂)

where

[e1(x̂, d)p] = [p × x̂] · E∞(x̂, d)p

and

[e2(x̂, d)p] = [x̂ × (p × x̂)] · E∞(x̂, d)p

and the condition (7.1) is equivalent to

ej (Qx̂,Qd)Qp = ej (x̂, d)p, j = 1, 2.

This implies that

∫
S2

ej (x̂, d)p ds(d) =
∫
S2

ej (Qx̂, d)Qp ds(d)

and therefore
∫
S2

E∞(x̂, d)p ds(d) = c1(θ) p × x̂ + c2(θ) x̂ × (p × x̂) (7.2)

for all x̂ ∈ S
2 and all p ∈ IR3 with p × x̂ �= 0 where c1 and c2 are functions

depending only on the angle θ between x̂ and p. Given p ∈ IR3 such that 0 < θ <

π/2, we also consider the vector

q := 2 x̂ · p x̂ − p

which clearly makes the same angle with x̂ as p. From the linearity of the electric
far field pattern with respect to polarization, we have

E∞(x̂, d)(λp + μq) = λE∞(x̂, d)p + μE∞(x̂, d)q (7.3)
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for all λ,μ ∈ IR. Since q × x̂ = −p × x̂, from (7.2) and (7.3) we can conclude that

cj (θλμ) = cj (θ), j = 1, 2,

for all λ,μ ∈ IR with λ �= μ where θλμ is the angle between x̂ and λp + μq. This
now implies that both functions c1 and c2 are constants since, by choosing λ and
μ appropriately, we can make θλμ to be any angle between 0 and π . With these
constants, by continuity, (7.2) is valid for all x̂ ∈ S

2 and all p ∈ IR3.
Choosing a fixed but arbitrary vector p ∈ IR3 and using the Funk–Hecke

formula (2.45), we consider the superposition of incident plane waves given by

Ẽi(x) = i

k
curl curlp

∫
S2

eik x·dds(d) = 4πi

k2 curl curlp
sin k|x|

|x| . (7.4)

Then, by Lemma 6.35 and (7.2), the corresponding scattered wave Ẽs has the
electric far field pattern

Ẽ∞(x̂) = c1 p × x̂ + c2 x̂ × (p × x̂).

From this, with the aid of (6.26) and (6.27), we conclude that

Ẽs(x) = ic1

k
curlp

eik|x|

|x| + c2

k2 curl curlp
eik|x|

|x| . (7.5)

Using (7.4) and (7.5) and setting r = |x|, the boundary condition ν×(Ẽi +Ẽs) = 0
on ∂D can be brought into the form

ν(x) × {g1(r) p + g2(r) p × x + g3(r) (p · x) x} = 0, x ∈ ∂D, (7.6)

for some functions g1, g2, g3. In particular,

g1(r) = 4πi

k2r

{
d

dr

sin kr

r
+ k2 sin kr + c2

4πi

d

dr

eikr

r
+ c2k

2

4πi
eikr
}
.

For a fixed, but arbitrary x ∈ ∂D with x �= 0 we choose p to be orthogonal to x and
take the scalar product of (7.6) with p × x to obtain

g1(r) x · ν(x) = 0, x ∈ ∂D.

Assume that g1(r) �= 0. Then x · ν(x) = 0 and inserting p = x × ν(x) into (7.6)
we arrive at the contradiction g1(r) x = 0. Hence, since x ∈ ∂D can be chosen
arbitrarily, we have that g1(r) = 0 for all x ∈ ∂D with x �= 0. Since g1 does not
vanish identically and is analytic, it can have only discrete zeros. Therefore, r = |x|
must be constant for all x ∈ ∂D, i.e., D is a ball with center at the origin.
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7.2 Continuity and Differentiability of the Far Field
Mapping

In this section, as in the case of acoustic obstacle scattering, we wish to study some
of the properties of the far field mapping

F : ∂D �→ E∞

which for a fixed incident plane wave Ei maps the boundary ∂D of the perfect
conductor D onto the electric far field pattern E∞ of the scattered wave.

We first briefly wish to indicate why the weak solution methods used in the
proof of Theorems 5.8 and 5.9 have no immediate counterpart for the electro-
magnetic case. Recall the electric to magnetic boundary component map A from
Theorem 6.22 that for radiating solutions to the Maxwell equations transforms the
tangential trace of the electric field onto the tangential trace of the magnetic field.
In the remark after Theorem 6.23 we noted that A is a bijective bounded operator
from H−1/2(Div, ∂D) onto H−1/2(Div, ∂D) with a bounded inverse.

Now let SR denote the sphere of radius R centered at the origin and recall
the definition (6.60) of the vector spherical harmonics Um

n and Vm
n . Then for the

tangential field

a =
∞∑
n=1

n∑
m=−n

{
amn Um

n + bmn V m
n

}

with Fourier coefficients amn and bmn the norm on H−1/2(SR) can be written as

‖a‖2
H−1/2(SR)

=
∞∑
n=1

1

n

n∑
m=−n

{∣∣amn ∣∣2 + ∣∣bmn ∣∣2
}
.

Since DivUm
n = −√

n(n + 1) Ym
n and DivVm

n = 0, the norm on the Sobolev space
H−1/2(Div, SR) is equivalent to

‖a‖2
H−1/2(Div,SR)

=
∞∑
n=1

{
n

n∑
m=−n

∣∣amn ∣∣2 + 1

n

n∑
m=−n

∣∣bmn ∣∣2
}
.

From the expansion (6.73) for radiating solutions to the Maxwell equations, we
see that A maps the tangential field a with Fourier coefficients amn and bmn onto

Aa = 1

ik

∞∑
n=1

{
δn

n∑
m=−n

amn V m
n + k2

δn

n∑
m=−n

bmn Um
n

}
(7.7)
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where

δn := kh
(1)′
n (kR)

h
(1)
n (kR)

+ 1

R
, n = 1, 2, . . . .

Comparing this with (5.22), we note that

δn = γn + 1

R
,

that is, we can use the results from the proof of Theorem 5.8 on the coefficients
γn. There does not exist a positive t such that h(1)n (t) = 0 or h(1)n (t) + th

(1)′
n (t) = 0

since the Wronskian (2.37) does not vanish. Therefore, we have confirmed that the
operator A in the special case of a ball indeed is bijective. Furthermore, from

c1n ≤ |δn| ≤ c2n

which is valid for all n and some constants 0 < c1 < c2, it is confirmed that A maps
H−1/2(Div, SR) boundedly onto itself.

However, different from the acoustic case, due to the factor k2 in the second term
of the expansion (7.7) the operator ikA in the limiting case k = 0 no longer remains
bijective. This reflects the fact that for k = 0 the Maxwell equations decouple.
Therefore, there is no obvious way of splitting A into a strictly coercive and a
compact operator as was done for the Dirichlet to Neumann map in the proof of
Theorem 5.8.

Hence, for the continuous dependence on the boundary in electromagnetic
obstacle scattering, we rely on the integral equation approach. For this, we describe
a modification of the boundary integral equations used for proving existence of a
solution to the exterior Maxwell problem in Theorem 6.21 which was introduced by
Werner [423] and simplified by Hähner [171, 173]. In addition to surface potentials,
it also contains volume potentials which makes it less satisfactory from a numerical
point of view. However, it will make the investigation of the continuous dependence
on the boundary easier since it avoids dealing with the more complicated second
term in the approach (6.55) containing the double curl. We recall the notations
introduced in Sects. 6.3 and 6.4. After choosing an open ball B such that B̄ ⊂ D,
we try to find the solution to the exterior Maxwell problem in the form

E(x) = curl
∫
∂D

Φ(x, y)a(y) ds(y)

−
∫
∂D

Φ(x, y)ϕ(y)ν(y) ds(y) −
∫
B

Φ(x, y)b(y) dy,

H(x) = 1

ik
curlE(x), x ∈ IR3 \ ∂D.

(7.8)
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We assume that the densities a ∈ C0,α(Div, ∂D), ϕ ∈ C0,α(∂D) and b ∈ C0,α(B)

satisfy the three integral equations

a + M11a + M12ϕ + M13b = 2c

ϕ + M22ϕ + M23b = 0

b + M31a + M32ϕ + M33b = 0

(7.9)

where the operators are given by M11 := M , M22 := K , M12ϕ := −ν × S(νϕ),

and

(M13b)(x) := −2 ν(x) ×
∫
B

Φ(x, y)b(y) dy, x ∈ ∂D,

(M23b)(x) := −2
∫
B

b(y) · gradx Φ(x, y) dy, x ∈ ∂D,

(M31a)(x) := iη(x) curl
∫
∂D

Φ(x, y)a(y) ds(y), x ∈ B,

(M32ϕ)(x) := −iη(x)

∫
∂D

Φ(x, y)ϕ(y)ν(y) ds(y), x ∈ B,

(M33b)(x) := −iη(x)

∫
B

Φ(x, y)b(y) dy, x ∈ B,

and where η ∈ C0,α(IR3) is a function with η > 0 in B and supp η = B̄.
First assume that we have a solution to these integral equations. Then clearly

divE is a radiating solution to the Helmholtz equation in IR3 \ D̄ and, by the jump
relations, the second integral equation implies divE = 0 on ∂D. Hence, divE = 0
in IR3 \ D̄ because of the uniqueness for the exterior Dirichlet problem. Now, with
the aid of Theorems 6.4 and 6.8, we conclude that E,H is a radiating solution to
the Maxwell equations in IR3 \ D̄. By the jump relations, the first integral equation
ensures the boundary condition ν × E = c on ∂D is satisfied.

We now establish that the system (7.9) of integral equations is uniquely solvable.
For this, we first observe that all the integral operators Mij are compact. The
compactness of M11 = M and M22 = K is stated in Theorems 6.17 and 3.4 and the
compactness of M33 follows from the fact that the volume potential operator maps
C(B̄) boundedly into C1,α(B̄) (see Theorem 8.1) and the imbedding Theorem 3.2.
The compactness of M12 : C0,α(∂D) → C0,α(Div, ∂D) follows from Theorem 3.4
and the representation

(DivM12ϕ)(x) = 2 ν(x)·
∫
∂D

ϕ(y){ν(x)−ν(y)}×gradx Φ(x, y) ds(y), x ∈ ∂D,
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which can be derived with the help of (6.43). The term ν(x)−ν(y) makes the kernel
weakly singular in a way such that Corollary 2.9 from [104] can be applied. For
the other terms, compactness is obvious since the kernels are sufficiently smooth.
Hence, by the Riesz–Fredholm theory it suffices to show that the homogeneous
system only allows the trivial solution.

Assume that a, ϕ, b solve the homogeneous form of (7.9) and define E,H

by (7.8). Then, by the above analysis, we already know that E,H solve the
homogeneous exterior Maxwell problem whence E = H = 0 in IR3 \ D̄ follows.
The jump relations then imply that

ν × curlE− = 0, ν · E− = 0 on ∂D. (7.10)

From the third integral equation and the conditions on η, we observe that we may
view b as a field in C0,α(IR3) with support in B̄. Therefore, by the jump relations
for volume potentials (see Theorem 8.1), we have E ∈ C2(D) and, in view of the
third integral equation,

ΔE + k2E = b = −iηE in D. (7.11)

From (7.10) and (7.11) with the aid of Green’s vector theorem (6.2), we now derive

∫
D

{
| curlE|2 + | divE|2 − (k2 + iη)|E|2

}
dx = 0,

whence, taking the imaginary part,

∫
B

η|E|2dx = 0

follows. This implies E = 0 in B and from (7.11) we obtain b = ΔE + k2E = 0
in D. Since solutions to the Helmholtz equation are analytic, from E = 0 in B we
obtain E = 0 in D. The jump relations now finally yield a = ν ×E+ − ν ×E− = 0
and ϕ = divE+ − divE− = 0. Thus, we have established unique solvability for the
system (7.9).

We are now ready to outline the proof of the electromagnetic analogue to the
continuous dependence result of Theorem 5.17. We again consider surfaces Λ which
are starlike with respect to the origin and represented in the form (5.20) with a
positive function r ∈ C1,α(S2) with 0 < α < 1. We recall from Sect. 5.3 what we
mean by convergence of surfaces Λn → Λ, n → ∞, and L2 convergence of
functions fn from L2(Λn) to a function f in L2(Λ). (For consistency with the rest
of our book, we again choose C2 surfaces Λn and Λ instead of C1,α surfaces.)

Theorem 7.3 Let (Λn) be a sequence of starlike C2 surfaces which converges with
respect to the C1,α norm to a C2 surface Λ as n → ∞ and let En,Hn and
E,H be radiating solutions to the Maxwell equations in the exterior of Λn and
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Λ, respectively. Assume that the continuous tangential components of En on Λn are
L2 convergent to the tangential components of E on Λ. Then the sequence (En),
together with all its derivatives, converges to E uniformly on compact subsets of the
open exterior of Λ.

Proof As in the proof of Theorem 5.17, we transform the boundary integral
equations in (7.9) onto a fixed reference surface by substituting x = r(x̂) x̂ to obtain
integral equations over the unit sphere for the surface densities

ã(x̂) := x̂ × a(r(x̂) x̂), ϕ̃(x̂) := ϕ(r(x̂) x̂).

Since the weak singularities of the operators M11, M22 and M12 are similar in
structure to those of K and S which enter into the combined double- and single-
layer approach to the exterior Dirichlet problem, proceeding as in Theorem 5.17 it
is possible to establish an estimate of the form (5.55) for the boundary integral terms
in the transformed equations corresponding to (7.9). For the mixed terms like M31
and M13, estimates of the type (5.55) follow trivially from Taylor’s formula and the
smoothness of the kernels. Finally, the volume integral term corresponding to M33
does not depend on the boundary at all. Based on these estimates, the proof is now
completely analogous to that of Theorem 5.17. ��

Without entering into details we wish to mention that the above approach can also
be used to show Fréchet differentiability with respect to the boundary analogously
to Theorem 5.15 (see [356]).

In an alternate approach for establishing Fréchet differentiability, we extend
a technique due to Kress and Päivärinta [271] from acoustic to electromagnetic
scattering. For this, in a slightly more general setting, we consider a family of
scatterers Dh with boundaries represented in the form

∂Dh = {x + h(x) : x ∈ ∂D} (7.12)

where h : ∂D → IR3 is of class C2 and sufficiently small in the C2 norm on ∂D.
Then we may consider the operator F as a mapping from a ball

V := {h ∈ C2(∂D) : ‖h‖C2 < δ} ⊂ C2(∂D)

with sufficiently small radius δ > 0 into L2
t (S

2).
From Theorem 6.44 we recall the bounded linear operator A : L2

t (∂D) →
L2
t (S

2) which maps the electric tangential components on ∂D of radiating solutions
to the Maxwell equations in IR3 \ D̄ onto the electric far field pattern. Further we
denote by Ah the operator A with ∂D replaced by ∂Dh and define the integral
operator Gh : L2

t (∂Dh) → L2
t (∂Dh) by

(Gha)(x) := ν(x) ×
∫
∂Dh

Ee(x , y)[ν(y) × a(y)] ds(y), x ∈ ∂D,
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in terms of the total electric field Ee for scattering of the electric dipole field Ei
e,H

i
e

given by (6.89) from D.

Lemma 7.4 Assume that D̄ ⊂ Dh. Then for the far fields E∞ and Eh,∞ for
scattering of an incident field Ei,H i from D and Dh, respectively, we have the
factorization

Eh,∞ − E∞ = AhGh

(
ν × Hh|∂Dh

)
(7.13)

where Hh denotes the total magnetic field for scattering from Dh.

Proof As indicated in the formulation of the lemma, we distinguish the solution to
the scattering problem for the domain Dh by the subscript h, that is, Eh = Ei +Es

h

and Hh = Hi + Hs
h . By Huygens’ principle, i.e., Theorem 6.24, the scattered field

can be written as

Es(x) =
∫
∂D

[Ei
e(·, x)]�[ν × H ] ds, x ∈ IR3 \ D̄h. (7.14)

From this we obtain that

−Es(x) =
∫
∂D

{
[Es

e(·, x)]�[ν × H ] + [Hs
e (·, x)]�[ν × E]

}
ds

=
∫
∂Dh

{
[Es

e(·, x)]�[ν × H ] + [Hs
e (·, x)]�[ν × E]

}
ds

=
∫
∂Dh

{
[Es

e(·, x)]�[ν × Hi] + [Hs
e (·, x)]�[ν × Ei]

}
ds

=
∫
∂Dh

{
[Es

e(·, x)]�[ν × Hi] − [Hs
e (·, x)]�[ν × Es

h]
}
ds

=
∫
∂Dh

[Es
e(·, x)]�[ν × Hh] ds, x ∈ IR3 \ D̄h,

where we have used the perfect conductor boundary condition, the vector Green’s
theorem (applied component-wise), and the radiation condition.

On the other hand, the representation (7.14) applied to Dh yields

Es
h(x) =

∫
∂Dh

[Ei
e(·, x)]�[ν × Hh ds, x ∈ IR3 \ D̄h,

and (7.13) follows by adding the last two equations and passing to the far field. ��
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Theorem 7.5 The boundary to far field mapping F : ∂Dh �→ E∞ is Fréchet
differentiable. The derivative is given by

F ′(∂D) : h �→ Eh,∞,

where Eh,∞ is the electric far field pattern of the uniquely determined radiating
solution Eh,Hh to the Maxwell equations in IR3 \ D̄ satisfying the boundary
condition

ν × Eh = −ik ν × (H × ν) ν · h − ν × Grad{(ν · h) (ν · E)} on ∂D (7.15)

in terms of the total field E = Ei + Es,H = Hi + Hs .

Proof We use the notations introduced in connection with Lemma 7.4. For sim-
plicity we assume that ∂D is analytic. Then, by the regularity results on elliptic
boundary value problems, the fields E,H and Ee,He can be extended as solutions
to the Maxwell equations across the boundary ∂D. (This follows from Sects. 6.1
and 6.6 in [325] by considering the boundary value problem for the Maxwell equa-
tions equivalently as a boundary value problem for the vector Helmholtz equation
with boundary condition for the tangential components and the divergence.) Hence
(7.13) remains valid also if D̄ �⊂ Dh provided that h is sufficiently small.

For simplicity we confine ourselves to the case where k is not a Maxwell
eigenvalue. As in the proof of Theorem 6.43, from Huygen’s principle (6.58) we
obtain the integral equation

b + M ′b = 2{ν × Hi} × ν (7.16)

for the tangential component b = {ν × H } × ν of the magnetic field. Because
of our assumption on k the operator I + M ′ : L2

t (∂D) → L2
t (∂D) has a trivial

nullspace and consequently a bounded inverse. By M ′
h we denote the operator M ′

with ∂D replaced by ∂Dh and interpret it as an operator M ′
h : Ct(∂D) → Ct(∂D)

by substituting x = ξ + h(ξ) and y = η + h(η). With the aid of the decomposition
(6.32) of the kernel of M , proceeding as in the proof of Theorem 5.14 it can be
shown that

‖M ′
h − M ′‖∞ ≤ c‖h‖C2(∂D)

for some constant c depending on ∂D. Hence, by a Neumann series argument, from
(7.16) it can be deduced that we have continuity

|νh(y + h(y)) × Hh(y + h(y)) − ν(y) × H(y)| → 0, ‖h‖C2(∂D) → 0,

uniformly for all y ∈ ∂D. From this, in view of the continuity of H , it follows that

∫
∂Dh

Ee(x, ·)[ν × Hh] ds =
∫
∂Dh

Ee(x, ·)[ν × H ] ds + o
(‖h‖C2(∂D)

)
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uniformly for all sufficiently large |x|.
Using the symmetry relation (6.93) and the boundary condition ν ×Ee(x, ·) = 0

on ∂D, from Gauss’ divergence theorem we obtain

∫
∂Dh

Ee(x, ·)[ν × H ] ds − ik

∫
D∗

h

{
[Ee(· , x)]�E + [He(· , x)]�H

}
χ dy,

where

D∗
h := {y ∈ Dh : y �∈ D} ∪ {y ∈ D : y �∈ Dh}

and χ(y) = 1 if y ∈ Dh and y �∈ D and χ(y) = −1 if y ∈ D and y �∈ Dh. With
the aid of the boundary condition ν ×E = 0 on ∂D it can be shown that the volume
integral over D∗

h can be approximated by a surface integral over ∂D through

∫
D∗

h

{
[Ee(· , x)]�E + [He(· , x)]�H

}
χ dy

=
∫
∂D

{
[Ee(· , x)]�[ν (E · ν)]+[He(· , x)]�[ν × (H × ν)]

}
ν · h ds+o

(‖h‖C1(∂D)

)

uniformly for all sufficiently large |x|. Note that ν × E = 0 on ∂D implies that
ν · H = 0 on ∂D as consequence of the Maxwell equations and the identity (6.43).
Also as a consequence of the latter identity, with the help of the surface divergence
theorem we can deduce that

k

∫
∂D

ν·h [Ee(· , x)]�[ν (E·ν)] ds = −i

∫
∂D

[He(· , x)]�[ν×Grad{(ν·h) (ν·E)}] ds.

Hence, putting the preceding four equations together and using the boundary
condition (7.15) we find that

∫
∂Dh

Ee(x, ·)[ν×Hh] ds =
∫
∂D

[He(· , x)]�[ν×E] ds+o
(‖h‖C2(∂D)

)
. (7.17)

On the other hand, from the Stratton–Chu formula (6.16) applied to Eh,Hh, the
radiation condition and the boundary condition ν ×Ee = 0 on ∂D we conclude that

Eh(x) =
∫
∂D

[He(· , x)]�[ν × E] ds, x ∈ IR3 \ D̄.

Therefore, we can rewrite (7.17) as

∫
∂Dh

Ee(x, ·)[ν × Hh] ds = Eh(x) + o
(‖h‖C2(∂D)

)
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and passing to the far field, with the aid of the identity (7.13), it follows that

Eh,∞ − E∞ = Eh,∞ + o
(‖h‖C2(∂D)

)
.

This completes the proof. ��
This approach to proving Fréchet differentiability has been extended to the

impedance boundary condition by Haddar and Kress [169].

7.3 Iterative Solution Methods

All the iterative methods for solving the inverse obstacle problem in acoustics
described in Sect. 5.4, in principle, have extensions to electromagnetic inverse
obstacle scattering.

Here, in order to avoid repetitions, we only present an electromagnetic version
of the method due to Johansson and Sleeman as suggested by Pieper [350]. We
recall Huygens’ principle from Theorem 6.24 and to circumvent the use of the
hypersingular operator N we start from the representation

H(x) = Hi(x) + curl
∫
∂D

ν(y) × H(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄, (7.18)

for the total magnetic field H in terms of the incident field Hi and the representation

H∞(x̂) = ik

4π
x̂ ×

∫
∂D

ν(y) × H(y) e−ik x̂·y ds(y), x̂ ∈ S
2, (7.19)

for the magnetic far field pattern H∞. From (7.18), as in the proof of Theorem 6.43,
from the jump relations we find that the tangential component

a := ν × H on ∂D

satisfies

a(x) − 2
∫
∂D

ν(x) × {curlx Φ(x, y)a(y)} ds(y) = 2 ν(x) × Hi(x), x ∈ ∂D,

(7.20)
and (7.19) can be written as

ik

4π
x̂ ×

∫
∂D

a(y)e−ik x̂·y ds(y) = H∞(x̂), x̂ ∈ S
2. (7.21)

We call (7.20) the field equation and (7.21) the data equation and interpret them
as two integral equations for the unknown boundary and the unknown tangential
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component a of the total magnetic field on the boundary. Both equations are linear
with respect to a and nonlinear with respect to ∂D. Equation (7.21) is severely ill-
posed whereas (7.20) is well-posed provided k is not a Maxwell eigenvalue for D.

As in Sect. 5.4 there are three possible options for an iterative solution of the
system (7.20)– (7.21). Here, from these we only briefly discuss the case where,
given an approximation for the boundary ∂D, we solve the well-posed equation
of the second kind (7.20) for a. Since the perfect conductor boundary condition
ν×E = 0 on ∂D by the identity (6.43) implies that ν ·H = 0 on ∂D, the full three-
dimensional field H on ∂D is available via H = a × ν. Then, keeping H fixed,
Eq. (7.21) is linearized with respect to ∂D to update the boundary approximation.

To describe this linearization in more detail, using the parameterization (5.20)
for starlike ∂D and recalling the notation (5.32), we introduce the parameterized far
field operator

A∞ : C2(S2) × L2
t (S

2) → L2
t (S

2)

by

A∞(r, b)(x̂) := ik

4π
x̂ ×

∫
S2

νr(ŷ) × b(ŷ)e−ikr(ŷ) x̂·ŷds(ŷ), x̂ ∈ S
2. (7.22)

Here νr denotes the transformed normal vector as given by (5.33) in terms of the
transformation pr : S2 → ∂D. Now the data equation (7.21) can be written in the
operator form

A∞(r, b) = H∞ (7.23)

where we have set

b := Jr (a ◦ pr) × νr (7.24)

with the Jacobian Jr of pr . To update the boundary, the linearization

A′∞(r, b)q = H∞ − A∞(r, b)

of (7.23) needs to be solved for q. The derivative A′∞ is given by

(
A′∞(r, ψ)q

)
(x̂) = k2

4π
x̂ ×

∫
S2

νr(ŷ) × b(ŷ)e−ikr(ŷ) x̂·ŷ x̂ · ŷ q(ŷ)ds(ŷ)

+ ik

4π
x̂ ×

∫
S2
(ν′

rq)(ŷ) × b(ŷ)e−ikr(ŷ) x̂·ŷds(ŷ), x̂ ∈ S
2,
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where

(νr )
′q = pq − Grad q√

r2 + | Grad r|2 − rq + Grad r · Grad q

r2 + | Grad r|2 νr

denotes the derivative of νr , see (5.33) and (5.37).
We present two examples for reconstructions that were provided to us by Olha

Ivanyshyn. The synthetic data were obtained by applying the spectral method of
Sect. 3.7 to the integral equation (6.56) for η = k. For this, the unknown tangential
vector field was represented in terms of its three Cartesian components and (6.56)
was interpreted as a system of three scalar integral equations and the variant (3.146)
of Wienert’s method was applied. In both examples the synthetic data consisted of
242 values of the far field.

Correspondingly, for the reconstruction the number of collocation points on S
2

for the data equation (7.21) also was chosen as 242. For the field equation (7.20)
again Wienert’s spectral method (3.146) was applied with 242 collocation points
and 338 quadrature points corresponding to N = 10 and N ′ = 12 in (3.148). For
the approximation space for the radial function representing the boundary of the
scatterer, spherical harmonics up to order six were chosen.

The wave number was k = 1 and the incident direction d = (0, 0,−1) and
the polarization p = (1, 0, 0) are indicated in the figures by a solid and a dashed
arrow, respectively. The iterations were started with a ball of radius 3.5Y 0

0 = 0.9873
centered at the origin. For the surface update H 1 penalization was applied with the
regularization parameter selected by trial and error as αn = αγ n depending on the
iteration number n with α = 0.5 and γ = 2/3.

Both to the real and imaginary part of the far field data 1% of normally distributed
noise was added, i.e.,

‖H∞ − Hδ∞‖L2(S2)

‖H∞‖L2(S2
≤ 0.01.

In terms of the relative data error

εr := ‖H∞ − Hr,∞‖L2(S2)

‖H∞‖L2(S2)

with the given far field data H∞ and the far field Hr,∞ corresponding to the radial
function r , a stopping criterion was incorporated such that the iteration was carried
on as long as εr > 0.05 or εr > εr+q . The figures show the exact shape on the left
and the reconstruction on the right.

The first example is a cushion shaped scatterer with radial function

r(θ, ϕ) = √0.8 + 0.5(cos 2ϕ − 1)(cos 4θ − 1), θ ∈ [0, π ], ϕ ∈ [0, 2π ].
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Figure 7.1 shows the reconstruction after 19 iteration steps with the final data error
εr = 0.026.

The second example is a pinched ball with radial function

r(θ, ϕ) = √1.44 + 0.5 cos 2ϕ(cos 2θ − 1), θ ∈ [0, π ], ϕ ∈ [0, 2π ].

Figure 7.2 shows the reconstruction after nine iteration steps with data error εr =
0.012.

In passing we note that, in principle, instead of (7.24) one also could substitute
b := (a ◦ pr)× νr , i.e., linearize also with respect to the surface element. However,
numerical examples indicate that this variant is less stable.

For an implementation of regularized Newton iterations for the simultaneous
linearization of the field equation (7.20) and the data equation (7.21) using spectral
methods in the spirit of [145, 146] we refer to [217, 298, 299] where both the
theoretical and numerical analysis were made more efficient by the use of the Piola
transformation from continuum mechanics.

Fig. 7.1 Reconstruction of a cushion from noisy data

Fig. 7.2 Reconstruction of a pinched ball from noisy data
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7.4 Decomposition Methods

We begin this section by describing the electromagnetic version of the decomposi-
tion method proposed by Kirsch and Kress for inverse acoustic obstacle scattering.
We confine our analysis to inverse scattering from a perfectly conducting obstacle.
Extensions to other boundary conditions are also possible.

We again first construct the scattered wave Es from a knowledge of its electric far
field pattern E∞. To this end, we choose an auxiliary closed C2 surface Γ with unit
outward normal ν contained in the unknown scatterer D such that k is not a Maxwell
eigenvalue for the interior of Γ . For example, we can choose Γ to be a sphere of
radius R such that jn(kR) �= 0 and jn(kR)+kRj ′

n(kR) �= 0 for n = 0, 1, . . . . Given
the internal surface Γ , we try to represent the scattered field as the electromagnetic
field

Es(x) = curl
∫
Γ

Φ(x, y)a(y) ds(y), Hs(x) = 1

ik
curlEs(x) (7.25)

of a magnetic dipole distribution a from the space L2
t (Γ ) of tangential L2 fields on

Γ . From (6.26) we see that the electric far field pattern of Es is given by

E∞(x̂) = ik

4π
x̂ ×

∫
Γ

e−ik x̂·ya(y) ds(y), x̂ ∈ S
2.

Hence, given the (measured) electric far field pattern E∞, we have to solve the ill-
posed integral equation of the first kind

M∞a = E∞ (7.26)

for the density a where the integral operator M∞ : L2
t (Γ ) → L2

t (S
2) is defined by

(M∞a)(x̂) := ik

4π
x̂ ×

∫
Γ

e−ik x̂·ya(y) ds(y), x̂ ∈ S
2. (7.27)

As for the corresponding operator (5.70) in acoustics, the operator (7.27) has an
analytic kernel and therefore the integral equation (7.26) is severely ill-posed. We
now establish some properties of M∞.

Theorem 7.6 The far field operator M∞ defined by (7.27) is injective and has
dense range provided k is not a Maxwell eigenvalue for the interior of Γ .

Proof Let M∞a = 0 and define an electromagnetic field by (7.25). Then Es has
vanishing electric far field pattern E∞ = 0, whence Es = 0 in the exterior of
Γ follows by Theorem 6.10. After introducing, analogous to (6.33), the magnetic
dipole operator M : L2(Γ ) → L2(Γ ), by the L2 jump relation (6.53) we find that

a + Ma = 0.
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Employing the argument used in the proof of Theorem 6.23, by the Fredholm
alternative we see that the nullspaces of I + M in L2(Γ ) and in C(Γ ) coincide.
Therefore, a is continuous and, by the jump relations of Theorem 6.12 for
continuous densities, Hs,−Es represents a solution to the Maxwell equations in
the interior of Γ satisfying the homogeneous boundary condition ν×Hs = 0 on Γ .
Hence, by our assumption on the choice of Γ we have Hs = Es = 0 everywhere in
IR3. The jump relations now yield a = 0 on Γ , whence M∞ is injective.

The adjoint operator M∗∞ : L2
t (S

2) → L2
t (Γ ) of M∞ is given by

(M∗∞g)(y) =
(
ν(y) × ik

4π

∫
S2

eik x̂·y x̂ × g(x̂) ds(x̂)

)
× ν(y), y ∈ Γ.

Let M∗∞g = 0. Then

E(y) :=
∫
S2

eik x̂·y x̂ × g(x̂) ds(x̂), H(y) := 1

ik
curlE(y), y ∈ IR3,

defines an electromagnetic Herglotz pair satisfying ν × E = 0 on Γ . Hence, E =
H = 0 in the interior of Γ by our assumption on the choice of Γ . Since E and
H are analytic in IR3, it follows that E = H = 0 everywhere. Theorem 3.27 now
yields g = 0 on Γ , whence M∗∞ is also injective and by Theorem 4.6 the range of
M∞ is dense in L2

t (S
2). ��

We now define a magnetic dipole operator M̃ : L2
t (Γ ) → L2

t (Λ) by

(M̃a)(x) := ν(x) × curl
∫
Γ

Φ(x, y)a(y) ds(y), x ∈ Λ, (7.28)

where Λ denotes a closed C2 surface with unit outward normal ν containing Γ in
its interior. The proof of the following theorem is similar to that of Theorem 7.6.

Theorem 7.7 The operator M̃ defined by (7.28) is injective and has dense range
provided k is not a Maxwell eigenvalue for the interior of Γ .

Now we know that by our choice of Γ the integral equation of the first kind (7.26)
has at most one solution. Analogous to the acoustic case, its solvability is related to
the question of whether or not the scattered wave can be analytically extended as a
solution to the Maxwell equations across the boundary ∂D.

For the same reasons as in the acoustic case, we combine a Tikhonov regulariza-
tion for the integral equation (7.26) and a defect minimization for the boundary
search into one cost functional. We proceed analogously to Definition 5.23 and
choose a compact (with respect to the C1,β norm, 0 < β < 1,) subset U of the
set of all starlike closed C2 surfaces described by

Λ =
{
r(x̂) x̂ : x̂ ∈ S

2
}
, r ∈ C2(S2),
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satisfying the a priori assumption

0 < ri(x̂) ≤ r(x̂) ≤ re(x̂), x̂ ∈ S
2,

with given functions ri and re representing surfaces Λi and Λe such that the internal
auxiliary surface Γ is contained in the interior of Λi and that the boundary ∂D of
the unknown scatterer D is contained in the annulus between Λi and Λe. We now
introduce the cost functional

μ(a,Λ;α) := ‖M∞a−E∞‖2
L2
t (S

2)
+α‖a‖2

L2
t (Γ )

+γ ‖ν×Ei+M̃a‖2
L2
t (Λ)

. (7.29)

Again, α > 0 denotes the regularization parameter for the Tikhonov regularization
of (7.26) and γ > 0 denotes a suitable coupling parameter which for theoretical
purposes we always assume equal to one.

Definition 7.8 Given the incident field Ei , a (measured) electric far field pattern
E∞ ∈ L2

t (S
2), and a regularization parameter α > 0, a surface Λ0 from the compact

set U is called optimal if there exists a0 ∈ L2
t (Γ ) such that a0 and Λ0 minimize the

cost functional (7.29) simultaneously over all a ∈ L2
t (Γ ) and Λ ∈ U , that is, we

have

μ(a0,Λ0;α) = m(α),

where

m(α) := inf
a∈L2

t (Γ ), Λ∈U
μ(a,Λ;α).

For this reformulation of the electromagnetic inverse obstacle problem as a
nonlinear optimization problem, we can state the following counterparts of The-
orems 5.24–5.26. We omit the proofs since, except for minor adjustments, they
literally coincide with those for the acoustic case. The use of Theorems 5.17
and 5.21, of course, has to be replaced by the corresponding electromagnetic
versions given in Theorems 7.3 and 7.7.

Theorem 7.9 For each α > 0 there exists an optimal surface Λ ∈ U .

Theorem 7.10 Let E∞ be the exact electric far field pattern of a domain D

such that ∂D belongs to U . Then we have convergence of the cost functional
limα→0 m(α) = 0.

Theorem 7.11 Let (αn) be a null sequence and let (Λn) be a corresponding
sequence of optimal surfaces for the regularization parameter αn. Then there exists
a convergent subsequence of (Λn). Assume that E∞ is the exact electric far field
pattern of a domain D such that ∂D is contained in U . Then every limit point Λ∗ of
(Λn) represents a surface on which the total field vanishes.
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Variants of these results were first established by Blöhbaum [34]. We will not
repeat all the possible modifications mentioned in Sect. 5.5 for acoustic waves such
as using more than one incoming wave, the limited aperture problem or using near
field data. It is also straightforward to replace the magnetic dipole distribution on
the internal surface for the approximation of the scattered field by an electric dipole
distribution.

The above method for the electromagnetic inverse obstacle problem has been
numerically implemented and tested by Haas, Rieger, Rucker, and Lehner [163].

We now proceed with briefly describing the extension of Potthast’s point source
method to electromagnetic obstacle scattering where again we start from Huygens’
principle. By Theorem 6.24 the scattered field is given by

Es(x) = i

k
curl curl

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄, (7.30)

and the far field pattern by

E∞(x̂) = ik

4π
x̂ ×

∫
∂D

[ν(y) × H(y)] × x̂ e−ik x̂·y ds(y), x̂ ∈ S
2, (7.31)

in terms of the total magnetic field H . We choose an auxiliary closed C2 surface Λ

such that the scatterer D is contained in the interior of Λ and approximate the point
source Φ(x, ·) for x in the exterior of Λ by a Herglotz wave function such that

Φ(x, y) ≈ 1

4π

∫
S2

eik y·dgx(d) ds(d) (7.32)

for all y in the interior of Λ and some scalar kernel function gx ∈ L2(S2). In
Sect. 5.5 we have described how such an approximation can be achieved uniformly
with respect to y up to derivatives of second order on compact subsets of the interior
of Λ by solving the ill-posed linear integral equation (5.93). With the aid of (6.4)
and gradx Φ(x, y) = − grady Φ(x, y), we first transform (7.30) into

Es(x) = i

k

∫
∂D

([ν(y)) × H(y)] · grady
)

grady Φ(x, y) ds(y)

+ik

∫
∂D

ν(y) × H(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄.

(7.33)

With the aid of

(
a(y) · grady

)
grady eik y·d + k2a(y) eik y·d = k2d × [a(y) × d] eik y·d
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for a = ν × H we now insert (7.32) into (7.33) and use (7.31) to obtain

Es(x) ≈
∫
S2

gx(d)E∞(−d) ds(d) (7.34)

as an approximation for the scattered wave Es . Knowing an approximation for
the scattered wave, in principle the boundary ∂D can be found from the boundary
condition ν × (Ei + Es) = 0 on ∂D. For further details we refer to [29].

We conclude this section on decomposition methods with a short presentation
of the electromagnetic version of the method of Colton and Monk. Again we
confine ourselves to scattering from a perfect conductor and note that there are
straightforward extensions to other boundary conditions.

As in the acoustic case, we try to find a superposition of incident plane
electromagnetic fields with different directions and polarizations which lead to
simple scattered fields and far field patterns. Starting from incident plane waves
of the form (6.86), we consider as incident wave a superposition of the form

Ẽi(x) =
∫
S2

ik eik x·dg(d) ds(d), H̃ i(x) = 1

ik
curl Ẽi(x), x ∈ IR3, (7.35)

with a tangential field g ∈ L2
t (S

2), i.e., the incident wave is an electromagnetic
Herglotz pair. By Lemma 6.35, the corresponding electric far field pattern

Ẽ∞(x̂) =
∫
S2

E∞(x̂, d)g(d) ds(d), x̂ ∈ S
2

is obtained by superposing the far field patterns E∞(·, d)g(d) for the incoming
directions d with polarization g(d). We note that by the Reciprocity Theorem 6.30
we may consider (7.35) also as a superposition with respect to the observation
directions instead of the incident directions and in this case the method we are
considering is sometimes referred to as dual space method.

If we want the scattered wave to become a prescribed radiating solution Ẽs, H̃ s

with explicitly known electric far field pattern Ẽ∞, given the (measured) far field
patterns for all incident directions and polarizations, we need to solve the linear
integral equation of the first kind

Fg = Ẽ∞ (7.36)

with the far field operator F : L2
t (S

2) → L2
t (S

2) defined by (6.98).
We need to assume the prescribed field Ẽs, H̃ s is defined in the exterior of the

unknown scatterer. For example, if we have the a priori information that the origin
is contained in D, then for actual computations obvious choices for the prescribed
scattered field would be the electromagnetic field
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Ẽs(x) = curl aΦ(x, 0), H̃ s(x) = 1

ik
curl Ẽs(x)

of a magnetic dipole at the origin with electric far field pattern

Ẽ∞(x̂) = ik

4π
x̂ × a,

or the electromagnetic field

Ẽs(x) = curl curl aΦ(x, 0), H̃ s(x) = 1

ik
curl Ẽs(x)

of an electric dipole with far field pattern

Ẽ∞(x̂) = k2

4π
x̂ × (a × x̂).

Another more general possibility is to choose the radiating vector wave functions of
Sect. 6.5 with the far field patterns given in terms of vector spherical harmonics (see
Theorem 6.28).

We have already investigated the far field operator F . From Corollary 6.37,
we know that F is injective and has dense range if and only if there does not
exist an electromagnetic Herglotz pair which satisfies the homogeneous perfect
conductor boundary condition on ∂D. Therefore, for the sequel we will make the
assumption that k is not a Maxwell eigenvalue for D. This then implies that the
inhomogeneous interior Maxwell problem for D is uniquely solvable. The classical
approach to solve this boundary value problem is to seek the solution in the form of
the electromagnetic field of a magnetic dipole distribution

E(x) = curl
∫
∂D

a(y)Φ(x, y) ds(y), H(x) = 1

ik
curlE(x), x ∈ D,

with a tangential field a ∈ C0,α(Div, ∂D). Then, given c ∈ C0,α(Div, ∂D), by the
jump relations of Theorem 6.12 the electric field E satisfies the boundary condition
ν × E = c on ∂D if the density a solves the integral equation

a − Ma = −2c (7.37)

with the magnetic dipole operator M defined by (6.33). The assumption that there
exists no nontrivial solution to the homogeneous interior Maxwell problem in D

now can be utilized to show with the aid of the jump relations that I − M has a
trivial nullspace in C0,α(Div, ∂D) (for the details see [104]). Hence, by the Riesz–
Fredholm theory I −M has a bounded inverse (I −M)−1 from C0,α(Div, ∂D) into
C0,α(Div, ∂D). This implies solvability and well-posedness of the interior Maxwell
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problem. The proof of the following theorem is now completely analogous to that
of Theorem 5.27.

Theorem 7.12 Assume that k is not a Maxwell eigenvalue for D. Let (En,Hn) be
a sequence of C1(D) ∩ C(D̄) solutions to the Maxwell equations in D such that
the boundary data cn = ν × En on ∂D are weakly convergent in L2

t (∂D). Then
the sequence (En,Hn) converges uniformly on compact subsets of D to a solution
E,H to the Maxwell equations.

From now on, we assume that IR3 \ D is contained in the domain of definition
of Ẽs, H̃ s , that is, for the case of the above examples for Ẽs, H̃ s with singularities
at x = 0 we assume the origin to be contained in D. We associate the following
uniquely solvable interior Maxwell problem

curl Ẽi − ikH̃ i = 0, curl H̃ i + ikẼi = 0 in D, (7.38)

ν × (Ẽi + Ẽs) = 0 on ∂D (7.39)

to the inverse scattering problem. From Theorem 6.41 we know that the solvability
of the integral equation (7.36) is connected to this interior boundary value problem,
i.e., (7.36) is solvable for g ∈ L2

t (S
2) if and only if the solution Ẽi , H̃ i to (7.38)

and (7.39) is an electromagnetic Herglotz pair with kernel ikg.
The Herglotz integral operator H : L2

t (S
2) → L2

t (Λ) defined by

(Hg)(x) := ik ν(x) ×
∫
S2

eik x·dg(d) ds(d), x ∈ Λ, (7.40)

where ν denotes the unit outward normal to the surface and Λ represents the
tangential component of the electric field on Λ for the Herglotz pair with kernel ikg.

Theorem 7.13 The Herglotz operator H defined by (7.40) is injective and has
dense range provided k is not a Maxwell eigenvalue for the interior of Λ.

Proof The operator H is related to the adjoint of the far field integral operator given
by (7.27). Therefore, the statement of the theorem is equivalent to Theorem 7.6. ��

We are now ready to reformulate the inverse scattering problem as a nonlinear
optimization problem analogous to Definition 5.28 in the acoustic case. We recall
the description of the set U of admissible surfaces from p. 291 and pick a closed
C2 surface Γe such that Λe is contained in the interior of Γe where we assume
that k is not a Maxwell eigenvalue for the interior of Γe. We now introduce a cost
functional by

μ(g,Λ;α) := ‖Fg−Ẽ∞‖2
L2
t (S

2)
+α‖Hg‖2

L2
t (Γe)

+γ ‖Hg+ν×Ẽs‖2
L2
t (Λ)

. (7.41)
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Definition 7.14 Given the (measured) electric far field E∞ ∈ L2
t (S

2 × S
2) for

all incident and observation directions and all polarizations and a regularization
parameter α > 0, a surface Λ0 from the compact set U is called optimal if

inf
g∈L2

t (S
2)

μ(g,Λ0;α) = m(α)

where

m(α) := inf
g∈L2

t (S
2), Λ∈U

μ(ϕ,Λ;α).

For this electromagnetic optimization problem, we can state the following
counterparts to Theorems 5.29–5.31. Variants of these results were first established
by Blöhbaum [34].

Theorem 7.15 For each α > 0, there exists an optimal surface Λ ∈ U .

Proof The proof is analogous to that of Theorem 5.29 with the use of Theorem 7.12
instead of Theorem 5.27. ��
Theorem 7.16 For all incident and observation directions and all polarizations let
E∞ be the exact electric far field pattern of a domain D such that ∂D belongs to U .
Then we have convergence of the cost functional limα→0 m(α) = 0.

Proof The proof is analogous to that of Theorem 5.30. Instead of Theorem 5.22 we
use Theorem 7.13 and instead of (5.100) we use the corresponding relation

Ẽ∞ − Fg = A(Hg + ν × Ẽs) (7.42)

where A : L2
t (∂D) → L2

t (S
2) is the bounded injective operator introduced in

Theorem 6.44 that maps the electric tangential component of radiating solutions
to the Maxwell equations in IR3 \ D onto the electric far field pattern. ��
Theorem 7.17 Let (αn) be a null sequence and let (Λn) be a corresponding
sequence of optimal surfaces for the regularization parameter αn. Then there exists
a convergent subsequence of (Λn). Assume that for all incident and observation
directions and all polarizations E∞ is the exact electric far field pattern of a domain
D such that ∂D belongs to U . Assume further that the solution Ẽi , H̃ i to the
associated interior Maxwell problem (7.38) and (7.39) can be extended as a solution
to the Maxwell equations across the boundary ∂D into the interior of Γe with
continuous boundary values on Γe. Then every limit point Λ∗ of (Λn) represents a
surface on which the boundary condition (7.39) is satisfied, i.e., ν × (Ẽi + Ẽs) = 0
on Λ∗.

Proof The proof is analogous to that of Theorem 5.31 with the use of Theorems 7.12
and 7.13 instead of Theorems 5.27 and 5.22 and of (7.42) instead of (5.100). ��

Using the completeness result of Theorem 6.42, it is possible to design a variant
of the above method for which one does not have to assume that k is not a Maxwell
eigenvalue for D.
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As in acoustics, the decomposition method of Colton and Monk is closely
related to the linear sampling method that we are going to discuss in the next
section. For numerical examples using the latter method to solve three-dimensional
electromagnetic inverse scattering problems we refer the reader to [59].

7.5 Sampling Methods

Analogous to Sect. 5.6, based on the far field operator F which in the case of
electromagnetic waves is defined in Theorem 6.37, i.e.,

(Fg)(x̂) :=
∫
S2

E∞(x̂, d)g(d) ds(d), x̂ ∈ S
2, (7.43)

a factorization method can be considered in terms of the ill-posed linear operator
equation

(F ∗F)1/4gz = Ee,∞(·, z)p. (7.44)

Here the right-hand side Ee,∞(·, z)p is the far field pattern of an electric dipole with
source z and polarization p. However, at the time this is being written, this method
has not yet been justified, for example, by proving an analogue of Corollary 5.41
although the far field operator is also compact and normal in the electromagnetic
case (see Theorem 6.39). In addition a factorization of the far field operator also is
available in the form

F = 2πi

k
AN∗A∗

in terms of the tangential component to far field operator A of Theorem 6.44 and
the hypersingular boundary integral operator N defined in (6.48). However, for
establishing an obvious analogue of Lemma 5.38 coercivity of Ni (the operator N
with k replaced by i) remains open. Nevertheless, for the case of a ball the above
factorization method has been justified by Collino, Fares, and Haddar [85].

In Sect. 5.6 we described the linear sampling method for solving the inverse
scattering problem for a sound-soft obstacle. Our analysis was based on first
presenting the factorization method for solving this inverse scattering problem and
then deriving Corollary 5.43 as the final result on the linear sampling method as
a consequence of the factorization method. As just pointed out, the factorization
method has not been established for the case of a perfect conductor and hence we
can develop the linear sampling method for electromagnetic obstacle scattering only
up to the analogue of Theorem 5.35 (cf. [51, 59, 88]). Although we shall not do so
here, the inverse scattering problem with limited aperture data can also be handled
[49, 59].



7.5 Sampling Methods 299

Analogous to the scalar case, our analysis is based on an examination of the
equation

Fg = Ee,∞(·, z)p, (7.45)

where now the far field operator F is given by (7.43) and

Ee,∞(x̂, z)p = ik

4π
(x̂ × p) × x̂ e−ik x̂·z

is the far field pattern of an electric dipole with source z and polarization p (we
could also have considered the right-hand side of (7.45) to be the far field pattern
of a magnetic dipole). Equation (7.45) is known as the far field equation. If z ∈ D,
it is seen that if gz is a solution of the far field equation, then by Theorem 6.41 the
scattered field Es

g due to the vector Herglotz wave function ikEg as incident field

and the electric dipole Ee(·, z)p coincide in IR3 \ D̄. Hence, by the trace theorem,
the tangential traces ν × Es

g = −ik ν × Eg and ν × Ee(·, z)p coincide on ∂D. As
z ∈ D tends to ∂D we have that

‖ν × Ee(·, z)p‖H−1/2(Div,∂D) → ∞,

and hence ‖ν × Eg‖H−1/2(Div,∂D) → ∞ also. Thus ‖g‖L2
t (S

2) → ∞ and this
behavior determines ∂D. Unfortunately, the above argument is only heuristic since
it is based on the assumption that g satisfies the far field equation for z ∈ D, and
in general the far field equation has no solution for z ∈ D. This follows from the
fact that by Theorem 6.41 if g satisfies the far field equation, then the Herglotz pair
E = ikEg , H = curlEg is the solution of the interior Maxwell problem

curlE − ikH = 0, curlH + ikE = 0 in D, (7.46)

and

ν × [E + Ee(·, z)p] = 0 on ∂D, (7.47)

which in general is not possible. However, using denseness properties of Herglotz
pairs the following foundation of the linear sampling method can be established.

To achieve this, we first present modified versions of the denseness results of
Theorems 6.44 and 7.13.

Corollary 7.18 The operator A : H−1/2(Div, ∂D) → L2
t (S

2) which maps the
electric tangential component of radiating solutions E,H ∈ Hloc(curl, IR3 \ D̄) to
the Maxwell equations onto the electric far field pattern E∞ is bounded, injective,
and has dense range.

Proof Injectivity of A is a consequence of Rellich’s lemma and the trace estimate
(6.52). Boundedness of A follows from the representation (6.115) via duality pairing
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in view of the continuous dependence of the solution to the scattering problem on
the incident direction d of the plane waves. From (6.115) we also observe that the
dual operator A� : L2

t (S
2) → H−1/2(Curl, ∂D) of A is given by

A�g = A∗g, g ∈ L2
t (S

2),

in terms of the L2 adjoint A∗. From the proof of Theorem 6.44 we know that A∗
is injective. Consequently A� is injective and therefore A has dense range by the
Hahn–Banach theorem. ��
Corollary 7.19 The Herglotz operator H : L2

t (S
2) → H−1/2(Div, ∂D) defined by

(Hg)(x) := ik ν(x) ×
∫
S2

eik x·dg(d) ds(d), x ∈ ∂D, (7.48)

is injective and has dense range provided k is not a Maxwell eigenvalue for D.

Proof In view of Theorem 7.13 we only need to be concerned with the denseness
of H(L2

t (S
2)) in H−1/2(Div, ∂D). From (7.48), in view of the duality pairing for

H−1/2(Div, ∂D) and its dual space H−1/2(Curl, ∂D), interchanging the order of
integration we observe that the dual operator H� : H−1/2(Curl, ∂D) → L2

t (S
2) of

H is given by

H�a = 2π

ik
ANa, a ∈ H−1/2(Curl, ∂D), (7.49)

in terms of the boundary data to far field operator A : H−1/2(Div, ∂D) → L2
t (S

2)

and the electric dipole operator N : H−1/2(Curl, ∂D) → H−1/2(Div, ∂D). Since A

and N are bounded, (7.49) represents the dual operator on H−1/2(Curl, ∂D). Both
A and N are injective, the latter because of our assumption on k. Hence H� is
injective and the dense range of H follows by the Hahn–Banach theorem. ��

When k is not a Maxwell eigenvalue, well-posedness of the interior Maxwell
problem (7.46)–(7.47) in H(curl,D) with the tangential trace of the electric dipole
replaced by an arbitrary c ∈ H−1/2(Div, ∂D) can be established by solving the
integral equation (7.37) in H−1/2(Div, ∂D). Now Corollary 7.19 can be interpreted
as denseness of Herglotz pairs in the space of solutions to the Maxwell equations in
D with respect to H(curl,D). For an alternate proof we refer to [102].

Lemma 7.20 Ee,∞(· , z)p ∈ A
(
H−1/2(Div, ∂D)

)
if and only if z ∈ D.

Proof If z ∈ D, then clearly A(−ν×Ee(·, z)p) = Ee,∞(· , z)p. Now let z ∈ IR3\D̄
and assume that there is a tangential vector field c ∈ H−1/2(Div, ∂D) such that
Ac = Ee,∞(·, z)p. Then by Theorem 6.11 the radiating field Es corresponding to
the boundary data c and the electric dipole Ee(·, z)p coincide in (IR3 \ D̄) \ {z}. But
this is a contradiction since Es ∈ Hloc(curl, IR3 \ D̄) but Ee(·, z)p is not. ��



7.5 Sampling Methods 301

Now we are ready to establish our main result on the linear sampling method in
inverse electromagnetic obstacle scattering.

Theorem 7.21 Assume that k is not a Maxwell eigenvalue for D and let F be the
far field operator (7.43) for scattering from a perfect conductor. Then the following
hold:

1. For z ∈ D and a given ε > 0 there exists a gεz ∈ L2
t (S

2) such that

‖Fgεz − Ee,∞(·, z)p‖L2
t (S

2) < ε (7.50)

and the Herglotz wave field Egεz
with kernel gεz converges to the solution of (7.46)

and (7.47) in H(curl,D) as ε → 0
2. For z �∈ D every gεz ∈ L2

t (S
2) that satisfies (7.50) for a given ε > 0 is such that

lim
ε→0

‖Hgεz
‖H(curl,D) = ∞.

Proof As pointed out above, under the assumption on k we have well-posedness
of the interior Maxwell problem in the H(curl,D) setting. Given ε > 0, by
Corollary 7.19 we can choose gz ∈ L2

t (S
2) such that

‖Hgεz + ν × Ee(·, z)p‖H−1/2(Div,∂D) <
ε

‖A‖ ,

where A denotes the boundary component to far field operator from Corollary 7.18.
Then (7.50) follows from observing that

F = −AH.

Now if z ∈ D, then by the well-posedness of the interior Maxwell problem the
convergence Hgεz + ν × Ee(·, z)p → 0 as ε → 0 in H−1/2(Div, ∂D) implies
convergence Egεz

→ E as ε → 0 in H(curl,D) where E is the solution to
(7.46) and (7.47). Hence, the first statement is proven.

In order to prove the second statement, for z �∈ D assume to the contrary that
there exists a null sequence (εn) and corresponding Herglotz wave functions En

with kernels gn = g
εn
z such that ‖En‖H(curl,D) remains bounded. Then without

loss of generality we may assume weak convergence En ⇀ E ∈ H(curl,D) as
n → ∞. Denote by Es,Hs ∈ Hloc(curl IR3\D̄) the solution to the exterior Maxwell
problem with ν × Es = ν × E on ∂D and denote its electric far field pattern by
E∞. Since Fgn is the far field pattern of the scattered wave for the incident field
−En from (7.50) we conclude that E∞ = −Ee,∞(·, z)p and therefore Ee,∞(·, z)p
in A(H−1/2(Div, ∂D)). But this contradicts Lemma 7.20. ��

In particular we expect from the above theorem that ‖gεz‖L2
t (S

2) will be larger for

z ∈ IR3 \ D̄ than it is for z ∈ D. We note that the assumption that k is not a Maxwell
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eigenvalue can be removed if the far field operator F is replaced by the combined
far field operator (cf. Theorem 6.42)

(Fg)(x̂) = λ

∫
L2
t (S

2)

E∞(x̂, d)g(d) ds(d)

+ μ

∫
L2
t (S

2)

H∞(x̂, d)[g(d) × d]ds(d), x̂ ∈ S
2,

where H∞ is the magnetic far field pattern [49]. We also observe that in contrast
to the scalar case of the linear sampling method an open question in the present
case is how to obtain numerically the ε-approximate solution gεz of the far field
equation given by Theorem 7.21. In all numerical experiments implemented to date,
Tikhonov regularization combined with the Morozov discrepancy principle is used
to solve the far field equation and this procedure leads to a solution that exhibits the
same behavior as gεz (cf. [59]).



Chapter 8
Acoustic Waves in an Inhomogeneous
Medium

Until now, we have only considered the scattering of acoustic and electromagnetic
time-harmonic waves in a homogeneous medium in the exterior of an impenetrable
obstacle. For the remaining chapters of this book, we shall be considering the
scattering of acoustic and electromagnetic waves by an inhomogeneous medium of
compact support, and in this chapter we shall consider the direct scattering problem
for acoustic waves. We shall content ourselves with the simplest case when the
velocity potential has no discontinuities across the boundary of the inhomogeneous
medium and shall again use the method of integral equations to investigate the direct
scattering problem. However, since boundary conditions are absent, we shall make
use of volume potentials instead of surface potentials as in the previous chapters.

We begin the chapter by deriving the linearized equations governing the prop-
agation of small amplitude sound waves in an inhomogeneous medium. We then
reformulate the direct scattering problem for such a medium as an integral equation
known as the Lippmann–Schwinger equation. In order to apply the Riesz–Fredholm
theory to this equation, we need to prove a unique continuation principle for second
order elliptic partial differential equations. Having used this result to show the
existence of a unique solution to the Lippmann–Schwinger equation, we then pro-
ceed to investigate the set F of far field patterns of the scattered fields corresponding
to incident time-harmonic plane waves moving in arbitrary directions. By proving a
reciprocity relation for far field patterns, we show that the completeness of the set
F is equivalent to the nonexistence of eigenvalues to a new type of boundary value
problem for the reduced wave equation called the interior transmission problem.
We then show that if absorption is present there are no eigenvalues whereas if the
inhomogeneous medium is non-absorbing and spherically symmetric then there do
exist eigenvalues. A transmission eigenvalue can also be viewed as a value of the
wave number such that the far field operator (see Theorem 3.30) has zero as an
eigenvalue. This fact motivates us to examine the spectral properties of the far field
operator for an inhomogeneous medium. Continuing in this direction, we present the
elements of the theory of operator valued analytic functions and apply this theory
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to investigate the interior transmission problem for inhomogeneous media that are
neither absorbing nor spherically symmetric. Transmission eigenvalues will again
make their appearance in Chap. 10.

We conclude the chapter by presenting some results on the numerical solution
of the direct scattering problem by combining the methods of finite elements and
integral equations.

8.1 Physical Background

We begin by again considering the propagation of sound waves of small amplitude
in IR3 viewed as a problem in fluid dynamics. Let v(x, t), x ∈ IR3, be the velocity
vector of a fluid particle in an inviscid fluid and let p(x, t), ρ(x, t), and S(x, t)

denote the pressure, density, and specific entropy, respectively, of the fluid. If no
external forces are acting on the fluid, then from Sect. 2.1 we have the equations

∂v

∂t
+ (v · grad) v + 1

ρ
gradp = 0 (Euler’s equation)

∂ρ

∂t
+ div(ρv) = 0 (equation of continuity)

p = f (ρ, S) (equation of state)
∂S

∂t
+ v · grad S = 0 (adiabatic hypothesis)

(8.1)

where f is a function depending on the fluid. Assuming v(x, t), p(x, t), ρ(x, t)
and S(x, t) are small, we perturb these quantities around the static state v = 0,
p = p0 = constant, ρ = ρ0(x) and S = S0(x) with p0 = f (ρ0, S0) and write

v(x, t) = εv1(x, t) + · · ·

p(x, t) = p0 + εp1(x, t) + · · ·

ρ(x, t) = ρ0(x) + ερ1(x, t) + · · ·

S(x, t) = S0(x) + εS1(x, t) + · · ·

(8.2)

where 0 < ε � 1 and the dots refer to higher order terms in ε. We now
substitute (8.2) into (8.1), retaining only the terms of order ε. Doing this gives us
the linearized equations
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∂v1

∂t
+ 1

ρ0
gradp1 = 0

∂ρ1

∂t
+ div(ρ0v1) = 0

∂p1

∂t
= c2(x)

(
∂ρ1

∂t
+ v1 · grad ρ0

)

where the sound speed c is defined by

c2(x) = ∂

∂ρ
f (ρ0(x), S0(x)).

From this we deduce that p1 satisfies

∂2p1

∂t2 = c2(x)ρ0(x) div

(
1

ρ0(x)
gradp1

)
.

If we now assume that terms involving grad ρ0 are negligible and that p1 is time
harmonic,

p1(x, t) = Re {u(x) e−iωt },

we see that u satisfies

Δu + ω2

c2(x)
u = 0. (8.3)

Equation (8.3) governs the propagation of time harmonic acoustic waves of small
amplitude in a slowly varying inhomogeneous medium. We still must prescribe how
the wave motion is initiated and what is the boundary of the region containing
the fluid. We shall only consider the simplest case when the inhomogeneity is of
compact support, the region under consideration is all of IR3 and the wave motion is
caused by an incident field ui satisfying the unperturbed linearized equations being
scattered by the inhomogeneous medium. Assuming the inhomogeneous region is
contained inside a ball B, i.e., c(x) = c0 = constant for x ∈ IR3 \B, we see that the
scattering problem under consideration is now modeled by

Δu + k2n(x)u = 0 in IR3, (8.4)

u = ui + us, (8.5)

lim
r→∞ r

(
∂us

∂r
− ikus

)
= 0, (8.6)
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where k = ω/c0 > 0 is the wave number,

n(x) := c2
0

c2(x)

is the refractive index, ui is an entire solution of the Helmholtz equation and
us is the scattered field which, as discussed in Sect. 2.2, satisfies the Sommerfeld
radiation condition (8.6) uniformly in all directions. The refractive index is always
positive and in our case n(x) = 1 for x ∈ IR3 \ B. Occasionally, we would also like
to include the possibility that the medium is absorbing, i.e., the refractive index has
an imaginary component. This is often modeled in the literature by adding a term
that is proportional to v in Euler’s equation which implies that n is now of the form

n(x) = n1(x) + i
n2(x)

k
. (8.7)

8.2 The Lippmann–Schwinger Equation

The aim of this section is to derive an integral equation that is equivalent to the
scattering problem (8.4)–(8.6) where we assume the refractive index n of the general
form (8.7) to be piecewise continuous in IR3 such that

m := 1 − n

has compact support and

n1(x) > 0 and n2(x) ≥ 0

for all x ∈ IR3. Throughout this chapter, we shall always assume that these
assumptions are valid and let D := {x ∈ IR3 : m(x) �= 0}.

To derive an integral equation equivalent to (8.4)–(8.6), we shall need to consider
the volume potential

u(x) :=
∫

IR3
Φ(x, y)ϕ(y) dy, x ∈ IR3, (8.8)

where

Φ(x, y) := 1

4π

eik|x−y|

|x − y| , x �= y,

is the fundamental solution to the Helmholtz equation and ϕ is a continuous function
in IR3 with compact support, i.e., ϕ ∈ C0(IR3). Extending the definitions given in



8.2 The Lippmann–Schwinger Equation 307

Sect. 3.1, for a domain G ⊂ IR3 the Hölder spaces Cp,α(G) are defined as the
subspaces of Cp(G) consisting of bounded functions whose p-th order derivates
are uniformly Hölder continuous with exponent α. They are Banach spaces with the
norms recursively defined by

‖ϕ‖p,α := ‖ϕ‖∞ + ‖ gradϕ‖p−1,α.

We can now state the following theorem (cf. [149]; the first mapping property
follows from a slight modification of the proof of Theorem 2.7 of [104]).

Theorem 8.1 The volume potential u given by (8.8) exists as an improper integral
for all x ∈ IR3 and has the following properties. If ϕ ∈ C0(IR3) then u ∈ C1,α(IR3)

and the orders of differentiation and integration can be interchanged. If ϕ ∈
C0(IR3) ∩ C0,α(IR3) then u ∈ C2,α(IR3) and

Δu + k2u = −ϕ in IR3. (8.9)

In addition, we have

‖u‖2,α,IR3 ≤ C‖ϕ‖α,IR3

for some positive constant C depending only on the support of ϕ. Furthermore, if
ϕ ∈ C0(IR3) ∩ C1,α(IR3), then u ∈ C3,α(IR3).

Since for piecewise continuous n we cannot expect C2 solutions of (8.5) we
require the solutions to belong to the Sobolev space H 2

loc(IR
3) of functions with

locally square integrable weak derivatives, i.e., derivatives in the distributional sense
up to second order. As a tool for establishing existence in this setting, we shall now
use Lax’s Theorem 3.5 to deduce a mapping property for the volume potential in
Sobolev spaces from the classical property in Hölder spaces given above.

Theorem 8.2 Given two bounded domains D and G, the volume potential

(V ϕ)(x) :=
∫
D

Φ(x, y)ϕ(y) dy, x ∈ IR3,

defines a bounded operator V : L2(D) → H 2(G).

Proof We choose an open ball B such that Ḡ ⊂ B and a nonnegative function
γ ∈ C2

0(B) such that γ (x) = 1 for all x ∈ G. Consider the spaces X = C0,α(D) and
Y = C2,α(B) equipped with the usual Hölder norms. Introduce scalar products on
X by the usual L2 scalar product and on Y by the weighted Sobolev scalar product

(u, v)Y :=
∫
B

γ

⎧⎨
⎩uv̄ +

3∑
i=1

∂u

∂xi

∂v̄

∂xi
+

3∑
i,j=1

∂2u

∂xi∂xj

∂2v̄

∂xi∂xj

⎫⎬
⎭ dx.



308 8 Acoustic Waves in an Inhomogeneous Medium

We first note that by using gradx Φ(x, y) = − grady Φ(x, y) and interchanging the
order of integration we have

∫
B

γV ϕ ψ dx =
∫
D

ϕ V ∗(γψ) dx (8.10)

and

∫
B

γ
∂

∂xi
V ϕ

∂ψ

∂xi
dx = −

∫
D

ϕ
∂

∂xi
V ∗
(
γ

∂ψ

∂xi

)
dx (8.11)

for ϕ ∈ X and ψ ∈ Y where

(V ∗ψ)(x) :=
∫
B

ψ(y)Φ(x, y) dy, x ∈ IR3.

Using Gauss’ divergence theorem, for ϕ ∈ C1
0(D) we have

∂

∂xi

∫
D

Φ(x, y)ϕ(y) dy =
∫
D

Φ(x, y)
∂ϕ

∂yi
(y) dy, x ∈ IR3,

that is,

∂

∂xi
V ϕ = V

∂ϕ

∂xi

and consequently, by (8.11) and Gauss’ theorem,

∫
B

γ
∂2V ϕ

∂xi∂xj

∂2ψ

∂xi∂xj
dx =

∫
D

ϕ
∂2

∂xi∂xj
V ∗
(
γ

∂2ψ

∂xi∂xj

)
dx (8.12)

for ϕ ∈ C1
0(D) and ψ ∈ Y . Hence, after setting U = C1

0(D) ⊂ X, from (8.10)–
(8.12) we have that the operators V : U → Y and W : Y → X given by

Wψ := V ∗ψ̄ −
3∑

i=1

∂

∂xi
V ∗
(
γ

∂ψ̄

∂xi

)
+

3∑
i,j=1

∂2ϕ

∂xi∂xj
V ∗
(
γ

∂2ψ̄

∂xi∂xj

)

are adjoint, i.e.,

(V ϕ,ψ)X = (ϕ,Wψ)Y

for all ϕ ∈ U and ψ ∈ Y . By Theorem 8.1, both V and W are bounded with
respect to the Hölder norms. Hence, from Lax’s Theorem 3.5 and using the fact that
the norm on Y dominates the H 2 norm over G, we see that there exists a positive
constant c such that
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‖V ϕ‖H 2(G) ≤ c‖ϕ‖L2(D)

for all ϕ ∈ C1
0(D). The proof is now finished by observing that C1

0(D) is dense in
L2(D). ��

Approximating an L2 density ϕ with compact support by a sequence of C0,α

functions with compact support, from Theorem 8.2 we can deduce that (8.9)
remains valid in the H 2 sense. In IR3 for a bounded domain D with C2 boundary
by the Sobolev imbedding theorem H 2(D) functions are continuous (see [149]).
Furthermore, for functions u ∈ H 2(D) the traces u|∂D ∈ H 3/2(∂D) and
∂u/∂ν|∂D ∈ H 1/2(∂D) exist (see [315]) and consequently Green’s integral theorem
remains valid. Therefore, the proof of Green’s formula (2.4) can be carried over to
H 2 functions. In particular, (2.5) remains valid for H 2 solutions to the Helmholtz
equation. This implies that H 2 solutions to the Helmholtz equation automatically
are C2 solutions. Therefore the Sommerfeld radiation condition is well defined for
H 2 solutions.

We now show that the scattering problem (8.4)–(8.6) is equivalent to the problem
of solving the integral equation

u(x) = ui(x) − k2
∫

IR3
Φ(x, y)m(y)u(y) dy, x ∈ IR3, (8.13)

for u which is known as the Lippmann–Schwinger equation.

Theorem 8.3 If u ∈ H 2
loc(IR

3) is a solution of (8.4)–(8.6), then u is a solution
of (8.13). Conversely, if u ∈ C(IR3) is a solution of (8.13) then u ∈ H 2

loc(IR
3) and u

is a solution of (8.4)–(8.6).

Proof Let u ∈ H 2
loc(IR

3) be a solution of (8.4)–(8.6). Let x ∈ IR3 be an arbitrary
point and choose an open ball B with exterior unit normal ν containing the support
of m such that x ∈ B. From Green’s formula (2.4) applied to u, we have

u(x) =
∫
∂B

{
∂u

∂ν
Φ(x, ·) − u

∂Φ(x, ·)
∂ν

}
ds − k2

∫
B

Φ(x, ·)mu dy (8.14)

since Δu + k2u = mk2u. Note that in the volume integral over B we can integrate
over all of IR3 since m has support in B. Green’s formula (2.5), applied to ui , gives

ui(x) =
∫
∂B

{
∂ui

∂ν
Φ(x, ·) − ui

∂Φ(x, ·)
∂ν

}
ds. (8.15)
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Finally, from Green’s theorem (2.3) and the radiation condition (8.6) we see that

∫
∂B

{
∂us

∂ν
Φ(x, ·) − us

∂Φ(x, ·)
∂ν

}
ds = 0. (8.16)

With the aid of u = ui + us we can now combine (8.14)–(8.16) to conclude
that (8.13) is satisfied.

Conversely, let u ∈ C(IR3) be a solution of (8.13) and define us by

us(x) := −k2
∫

IR3
Φ(x, y)m(y)u(y) dy, x ∈ IR3.

Since Φ satisfies the Sommerfeld radiation condition (8.6) uniformly with respect
to y on compact sets and m has compact support, it is easily verified that us

satisfies (8.6). Since m is piecewise continuous and has compact support we can
conclude from Theorem 8.2 and (8.9) that us ∈ H 2

loc(IR
3) with Δus +k2us = k2mu.

Finally, since Δui + k2ui = 0, we have that

Δu + k2u = (Δui + k2ui) + (Δus + k2us) = k2mu,

that is, Δu + k2nu = 0 in IR3 and the proof is completed. ��
We note that in (8.13) we can replace the region of integration by any domain G

such that the support of m is contained in Ḡ and look for solutions in C(Ḡ). Then
for x ∈ IR3 \ Ḡ we define u(x) by the right-hand side of (8.13) and obviously obtain
a continuous solution u to the Lippmann–Schwinger equation in all of IR3.

We shall show shortly that (8.13) is uniquely solvable for all values of k > 0.
This result is nontrivial since it will be based on a unique continuation principle for
solutions of (8.4). However, for k sufficiently small we can show the existence of a
unique solution to (8.13) by the simple method of successive approximations.

Theorem 8.4 Suppose that m(x) = 0 for |x| ≥ a with some a > 0 and k2 <

2/Ma2 where M := sup|x|≤a |m(x)|. Then there exists a unique solution to the
integral equation (8.13).

Proof As already pointed out, it suffices to solve (8.13) for u ∈ C(B̄) with the
ball B := {x ∈ IR3 : |x| < a}. On the Banach space C(B̄), define the operator
Tm : C(B̄) → C(B̄) by

(Tmu)(x) :=
∫
B

Φ(x, y)m(y)u(y) dy, x ∈ B̄. (8.17)

By the method of successive approximations, our theorem will be proved if we can
show that ‖Tm‖∞ ≤ Ma2/2. To this end, we have
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|(Tmu)(x)| ≤ M‖u‖∞
4π

∫
B

dy

|x − y| , x ∈ B̄. (8.18)

To estimate the integral in (8.18), we note that (see Theorem 8.1)

h(x) :=
∫
B

dy

|x − y| , x ∈ B̄,

is a solution of the Poisson equation Δh = −4π and is a function only of r = |x|.
Hence, h solves the differential equation

1

r2

d

dr

(
r2 dh

dr

)
= −4π

which has the general solution

h(r) = −2

3
πr2 + C1

r
+ C2

where C1 and C2 are arbitrary constants. Since h is continuous in a neighborhood
of the origin, we must have C1 = 0 and, letting r → 0, we see that

C2 = h(0) =
∫
B

dy

|y| = 4π
∫ a

0
ρ dρ = 2πa2.

Hence, h(r) = 2π(a2 − r2/3) and thus ‖h‖∞ = 2πa2. From (8.18) we can now
conclude that

|(Tmu)(x)| ≤ Ma2

2
‖u‖∞, x ∈ B̄,

i.e., ‖Tm‖∞ ≤ Ma2/2 and the proof is completed. ��

8.3 The Unique Continuation Principle

In order to establish the existence of a unique solution to the scattering prob-
lem (8.4)–(8.6) for all positive values of the wave number k, we see from the
previous section that it is necessary to establish the existence of a unique solution
to the Lippmann–Schwinger equation (8.13). To this end, we would like to apply
the Riesz–Fredholm theory since the integral operator (8.17) has a weakly singular
kernel and hence is a compact operator Tm : C(B̄) → C(B̄) where B is a ball such
that B̄ contains the support of m. In order to achieve this aim, we must show that the



312 8 Acoustic Waves in an Inhomogeneous Medium

homogeneous equation has only the trivial solution, or, equivalently, that the only
solution of

Δu + k2n(x)u = 0 in IR3, (8.19)

lim
r→∞ r

(
∂u

∂r
− iku

)
= 0 (8.20)

is u identically zero. To prove this, the following unique continuation principle is
fundamental. The unique continuation principle for elliptic equations has a long
history and we refer the reader to [30] for a historical discussion. The proof of this
principle for (8.19) dates back to Müller [328, 331]. Our proof is based on the ideas
of Protter [365] and Leis [297].

Lemma 8.5 Let G be a domain in IR3 and let u1, . . . , uP ∈ H 2(G) be real valued
functions satisfying

|Δup| ≤ c

P∑
q=1

{|uq | + | grad uq |} in G (8.21)

for p = 1, . . . , P and some constant c. Assume that up vanishes in a neighborhood
of some x0 ∈ G for p = 1, . . . , P . Then up is identically zero in G for p =
1, . . . , P .

Proof For 0 < R ≤ 1, let B[x0;R] be the closed ball of radius R centered at
x0. Choose R such that B[x0, R] ⊂ G. We shall show that up(x) = 0 for x ∈
B[x0;R/2] and p = 1, . . . , P . The theorem follows from this since any other point
x1 ∈ G can be connected to x0 by a finite number of overlapping balls. Without
loss of generality, we shall assume that x0 = 0 and for convenience we temporarily
write u = up.

For r = |x| and n an arbitrary positive integer, we define v ∈ H 2(G) by

v(x) :=

⎧⎪⎨
⎪⎩
er

−n

u(x), x �= 0,

0, x = 0.

Then

Δu = e−r−n

{
Δv + 2n

rn+1

∂v

∂r
+ n

rn+2

( n

rn
− n + 1

)
v

}
.

Using the inequality (a + b)2 ≥ 2ab and calling the middle term in the above
expression in brackets b, we see that
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(Δu)2 ≥ 4n e−2r−n

rn+1

∂v

∂r

{
Δv + n

rn+2

( n

rn
− n + 1

)
v
}
.

We now let ϕ ∈ C2(IR3) be such that ϕ(x) = 1 for |x| ≤ R/2 and ϕ(x) = 0 for
|x| ≥ R. Then if we define û and v̂ by û := ϕu and v̂ := ϕv respectively, we see
that the above inequality is also valid for u and v replaced by û and v̂ respectively.
In particular, we have the inequality

∫
G

rn+2 e2r−n

(Δû)2 dx ≥ 4n
∫
G

r
∂v̂

∂r

{
Δv̂ + n

rn+2

( n

rn
− n + 1

)
v̂
}
dx.

(8.22)
We now proceed to integrate by parts in (8.22), noting that by our choice of ϕ the

boundary terms all vanish. Using the vector identity

2 grad{x · grad v̂} · grad v̂ = div{x| grad v̂|2} − | grad v̂|2,

from Green’s theorem and Gauss’ divergence theorem we find that

∫
G

r
∂v̂

∂r
Δv̂ dx = −

∫
G

grad{x · grad v̂} · grad v̂ dx = 1

2

∫
G

| grad v̂|2 dx,

that is,

∫
G

r
∂v̂

∂r
Δv̂ dx = 1

2

∫
G

| grad v̂|2 dx. (8.23)

Furthermore, for m an integer, by partial integration with respect to r we have

∫
G

1

rm
v̂
∂v̂

∂r
dx = −

∫
G

v̂
∂

∂r

(
1

rm−2 v̂

)
dx

r2

= −
∫
G

1

rm
v̂
∂v̂

∂r
dx + (m − 2)

∫
G

v̂2

rm+1
dx,

that is,

∫
G

1

rm
v̂
∂v̂

∂r
dx = 1

2
(m − 2)

∫
G

v̂2

rm+1 dx. (8.24)

We can now insert (8.23) and (8.24) (for m = 2n + 1 and m = n + 1) into the
inequality (8.22) to arrive at

∫
G

rn+2 e2r−n

(Δû)2dx ≥ 2n
∫
G

| grad v̂|2dx + 2n2(n2 + n − 1)
∫
G

v̂2

r2n+2 dx.

(8.25)
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Here we have also used the inequality

∫
G

v̂2

r2n+2 dx ≥
∫
G

v̂2

rn+2 dx

which follows from v̂(x) = 0 for r = |x| ≥ R and 0 < R ≤ 1. From

grad û = e−r−n
{

grad v̂ + n

rn+1

x

r
v̂
}

we can estimate

e2r−n | grad û|2 ≤ 2| grad v̂|2 + 2n2

r2n+2 |v̂|2

and with this and (8.25) we find that

∫
G

rn+2 e2r−n |Δû|2dx ≥ n

∫
G

e2r−n | grad û|2dx + n4
∫
G

e2r−n

r2n+2
û2dx. (8.26)

Up to now, we have not used the inequality (8.21). Now we do, relabeling
u by up. From (8.21) and the Cauchy–Schwarz inequality, we clearly have that

|Δup(x)|2 ≤ 2Pc2
P∑

q=1

{
| grad uq(x)|2

rn+2
+ |uq(x)|2

r3n+4

}
, |x| ≤ R

2
,

since R ≤ 1. We further have

|Δûp(x)|2 ≤ |Δûp(x)|2
r3n+4

,
R

2
≤ |x| ≤ R,

since R ≤ 1. Observing that up(x) = ûp(x) for |x| ≤ R/2, from (8.26) we now
have

n

∫
|x|≤R/2

e2r−n | grad up|2dx + n4
∫

|x|≤R/2

e2r−n

r2n+2 u2
p dx ≤

∫
G

rn+2 e2r−n |Δûp|2dx

≤ 2Pc2
P∑

q=1

{∫
|x|≤R/2

e2r−n | grad uq |2dx +
∫

|x|≤R/2

e2r−n

r2n+2 u2
q dx

}

+
∫
R/2≤|x|≤R

e2r−n |Δûp(x)|2
r2n+2 dx,

i.e., for sufficiently large n we have
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n4
∫

|x|≤R/2

e2r−n

r2n+2
u2
p dx ≤ C

∫
R/2≤|x|≤R

e2r−n |Δûp(x)|2
r2n+2

dx, p = 1, . . . , P ,

for some constant C. From this, since the function

r �→ e2r−n

r2n+2
, r > 0,

is monotonically decreasing, for sufficiently large n we have

n4
∫

|x|≤R/2
u2
p dx ≤ C

∫
R/2≤|x|≤R

|Δûp(x)|2dx, p = 1, . . . , P .

Letting n tend to infinity now shows that up(x) = 0 for |x| ≤ R/2 and p =
1, . . . , P and the theorem is proved. ��
Theorem 8.6 Let G be a domain in IR3 and suppose u ∈ H 2(G) is a solution of

Δu + k2n(x)u = 0

in G such that n is piecewise continuous in G and u vanishes in a neighborhood of
some x0 ∈ G. Then u is identically zero in G.

Proof Apply Lemma 8.5 to u1 := Re u and u2 := Im u. ��
We are now in a position to show that for all k > 0 there exists a unique solution

to the scattering problem (8.4)–(8.6).

Theorem 8.7 For each k > 0 there exists a unique solution u ∈ H 2
loc(IR

3) to (8.4)–
(8.6) and u depends continuously with respect to the maximum norm on the incident
field ui .

Proof As previously discussed, to show existence and uniqueness it suffices to show
that the only solution of (8.19) and (8.20) is u identically zero. If this is done, by the
Riesz–Fredholm theory the integral equation (8.13) can be inverted in C(B̄) and the
inverse operator is bounded. From this, it follows that u depends continuously on
the incident field ui with respect to the maximum norm. Hence we only must show
that the only solution of (8.19) and (8.20) is u = 0.

Recall that B is chosen to be a ball of radius a centered at the origin such that m
vanishes outside of B. As usual ν denotes the exterior unit normal to ∂B. We begin
by noting from Green’s theorem (2.2) and (8.19) that

∫
|x|=a

u
∂ū

∂ν
ds =

∫
|x|≤a

{
| grad u|2 − k2 n |u|2

}
dx.

From this, since Im n ≥ 0, it follows that
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Im
∫

|x|=a

u
∂ū

∂ν
ds = k2

∫
|x|≤a

Im n |u|2dx ≥ 0. (8.27)

Theorem 2.13 now shows that u(x) = 0 for |x| ≥ a and it follows by Theorem 8.6
that u(x) = 0 for all x ∈ IR3. ��

8.4 The Far Field Pattern

From (8.13) we see that

us(x) = −k2
∫

IR3
Φ(x, y)m(y)u(y) dy, x ∈ IR3.

Hence, letting |x| tend to infinity, with the help of (2.15) we see that

us(x) = eik|x|

|x| u∞(x̂) + O

(
1

|x|2
)
, |x| → ∞,

where the far field pattern u∞ is given by

u∞(x̂) = − k2

4π

∫
IR3

e−ik x̂·ym(y)u(y) dy (8.28)

for x̂ = x/|x| on the unit sphere S
2. We note that by Theorem 8.4, for k sufficiently

small, u can be obtained by the method of successive approximations. If in (8.28) we
replace u by the first term in this iterative process, we obtain the Born approximation

u∞(x̂) = − k2

4π

∫
IR3

e−ik x̂·ym(y)ui(y) dy. (8.29)

We shall briefly return to this approximation in Chap. 11 where it will provide the
basis of a linear approach to the inverse scattering problem.

We now consider the case when the incident field ui is a plane wave, i.e., ui(x) =
eik x·d where d is a unit vector giving the direction of propagation. We denote the
dependence of the far field pattern u∞ on d by writing u∞(x̂) = u∞(x̂, d) and,
similarly, we write us(x) = us(x, d) and u(x) = u(x, d). Then, analogous to
Theorem 3.23, we have the following reciprocity relation.

Theorem 8.8 The far field pattern satisfies the reciprocity relation

u∞(x̂, d) = u∞(−d,−x̂)

for all x̂, d on the unit sphere S
2.
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Proof By the relation (3.61) from the proof of Theorem 3.23, we have

4π{u∞(x̂, d) − u∞(−d,−x̂)}

=
∫

|y|=a

{
u(y, d)

∂

∂ν(y)
u(y,−x̂) − u(y,−x̂)

∂

∂ν(y)
u(y, d)

}
ds(y)

whence the statement follows with the aid of Green’s theorem (2.3). ��
As in Chap. 3, we are again concerned with the question if the far field patterns

corresponding to all incident plane waves are complete in L2(S2). The reader will
recall from Sect. 3.4 that for the case of obstacle scattering the far field patterns are
complete provided k2 is not a Dirichlet eigenvalue having an eigenfunction that is
a Herglotz wave function. In the present case of scattering by an inhomogeneous
medium we have a similar result except that the Dirichlet problem is replaced by a
new type of boundary value problem introduced by Kirsch in [232] (see also [114])
called the interior transmission problem. This name is motivated by the fact that,
as in the classical transmission problem, we have two partial differential equations
linked together by their Cauchy data on the boundary but, in this case, the partial
differential equations are both defined in the same interior domain instead of in an
interior and exterior domain as for the classical transmission problem (cf. [104]).
In particular, let {dn : n = 1, 2, . . .} be a countable dense set of vectors on the unit
sphere S

2 and define the class F of far field patterns by

F := {u∞(· , dn) : n = 1, 2, . . .} .

Then we have the following theorem. For the rest of this chapter, we shall assume
that D := {x ∈ IR3 : m(x) �= 0} is connected with a connected C2 boundary ∂D

and D contains the origin.

Theorem 8.9 The orthogonal complement of F in L2(S2) consists of the conjugate
of those functions g ∈ L2(S2) for which there exists w ∈ H 2(D) and a Herglotz
wave function

v(x) =
∫
S2

e−ik x·dg(d) ds(d), x ∈ IR3,

such that the pair v,w is a solution to

Δw + k2n(x)w = 0, Δv + k2v = 0 in D (8.30)

satisfying

w = v,
∂w

∂ν
= ∂v

∂ν
on ∂D. (8.31)
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Proof Let F ⊥ denote the orthogonal complement to F . We will show that ḡ ∈ F ⊥
if and only if g satisfies the assumptions stated in the theorem. From the continuity
of u∞ as a function of d and Theorem 8.8, we have that the property ḡ ∈ F ⊥, i.e.,

∫
S2

u∞(x̂, dn)g(x̂) ds(x̂) = 0

for n = 1, 2, . . . is equivalent to

∫
S2

u∞(−d,−x̂)g(x̂) ds(x̂) = 0

for all d ∈ S
2, i.e.,

∫
S2

u∞(x̂, d)g(−d) ds(d) = 0 (8.32)

for all x̂ ∈ S
2. From the Lippmann–Schwinger equation (8.13) it can be seen that the

left-hand side of (8.32) is the far field pattern of the scattered field ws corresponding
to the incident field

wi(x) :=
∫
S2

eik x·dg(−d) ds(d) =
∫
S2

e−ik x·dg(d) ds(d).

But now (8.32) is equivalent to a vanishing far field pattern of ws and hence by
Theorem 2.14 equivalent to ws = 0 in all of IR3\D, i.e., if v = wi and w = wi+ws

then w = v on ∂D and ∂w/∂ν = ∂v/∂ν on ∂D. Conversely, if v and w satisfy the
conditions of the theorem, by setting w = v in IR3\D̄ and using Green’s formula we
see that w can be extended into all of IR3 as a H 2 solution of Δw + k2n(x)w = 0.
The theorem now follows. ��

From the above proof, we see that the boundary conditions (8.31) are equivalent
to the condition that w = v in IR3 \ D (In particular, we can impose the boundary
conditions (8.31) on the boundary of any domain with C2 boundary that contains
D). We have chosen to impose the boundary conditions on ∂D since it is necessary
for the more general scattering problem where the density in D is different from
that in IR3 \ D [233]. However, when we later consider weak solutions of (8.30)
and (8.31), we shall replace (8.31) by the more manageable condition w = v in
IR3 \ D.

Analogous to Theorem 3.34, we also have the following theorem, the proof of
which is the same as that of Theorem 8.9 except that ws is now equal to the spherical
wave function vp(x) = h

(1)
p (k|x|) Yp(x̂). Note that, in contrast to Theorem 3.34,

we are now integrating with respect to x̂ instead of d. However, by the reciprocity
relation, these two procedures are equivalent.
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Theorem 8.10 Let vp(x) = h
(1)
p (k|x|) Yp(x̂) be a spherical wave function of order

p. The integral equation of the first kind

∫
S2

u∞(x̂; d)gp(x̂) ds(x̂) = ip−1

k
Yp(d), d ∈ S

2,

has a solution gp ∈ L2(S2) if and only if there exists w ∈ H 2(D) and a Herglotz
wave function

v(x) =
∫
S2

e−ik x·dgp(d) ds(d), x ∈ IR3,

such that v,w is a solution to

Δw + k2n(x)w = 0, Δv + k2v = 0 in D (8.33)

satisfying

w − v = vp,
∂w

∂ν
− ∂v

∂ν
= ∂vp

∂ν
on ∂D. (8.34)

Motivated by Theorems 8.9 and 8.10, we now define the interior transmission
problem in a Sobolev space setting where anticipating our analysis in Chap. 10 we
weaken the regularity requirements on v and w.

Interior Transmission Problem Given f ∈ H 3/2(∂D) and g ∈ H 1/2(∂D) find
two functions v,w ∈ L2(D) with w − v ∈ H 2(D) such that

Δw + k2n(x)w = 0, Δv + k2v = 0 in D (8.35)

and

w − v = f,
∂w

∂ν
− ∂v

∂ν
= g on ∂D (8.36)

where the differential equations for w and v are understood in the distributional
sense and the boundary conditions are well defined for the difference w − v.

In this chapter, we shall only be concerned with the homogeneous interior
transmission problem. (We return to this problem in Chap. 10.) For information on
the inhomogeneous interior transmission problem, we refer the reader to Cakoni,
Colton, and Haddar [57], Colton and Kirsch [92], Colton, Kirsch, and Päivärinta
[95], Kedzierawski [229], and Rynne and Sleeman [382]. Of primary concern to us
in this chapter will be the existence of positive values of the wave number k such that
nontrivial solutions exist to the homogeneous interior transmission problem since it
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is only in this case that there is a possibility that F is not complete in L2(S2). This
motivates the following definition.

Definition 8.11 If k > 0 is such that the homogeneous interior transmission
problem, i.e., the problem (8.35) and (8.36) with f = g = 0 has a nontrivial
solution, then k is called a transmission eigenvalue.

We note that complex transmission eigenvalues can also exist (cf. Sect. 10.3).
However in our definition we consider only real, positive transmission eigenvalues
since this corresponds to the fact that the wave number k is positive.

Theorem 8.12 Suppose Im n �= 0 and infx∈D̄ |n(x) − 1| > 0. Then k > 0 is not
a transmission eigenvalue, i.e., the set F of far field patterns is complete in L2(S2)

for each k > 0.

Proof Let v,w be a solution to (8.35) and (8.36) for f = g = 0. Then, via

Δu + k2u = k2(1 − n)w (8.37)

it is straightforward to see that u := w − v satisfies

(Δ + k2n)
1

n − 1
(Δ + k2)u = 0 in D

in the distributional sense. From this, by partial integration with Green’s theorem
using the zero Cauchy data of u, it follows that

∫
D

1

n − 1
(Δū + k2nū) (Δu + k2u) dx = 0.

Regrouping this, together with a further application of Green’s theorem, yields

∫
D

1

n − 1
|Δu + k2u|2 dx + k2

∫
D

[
|k|2 − | grad u|2

]
dx = 0.

Taking the imaginary part of the last equation we obtain that u vanishes identically
in the open set D0 := {x ∈ D : Im n(x) > 0}. Then in view of (8.37) also
w vanishes identically in D0. By Weyl’s lemma distributional solutions of elliptic
linear differential equations are classical solutions (see [185]) and consequently by
the unique continuation principle (Theorem 8.6) we see that w = 0 in D. Therefore,
v = −u belongs to H 2(D) and has vanishing Cauchy data v = ∂v/∂ν = 0 on ∂D.
By Theorem 2.1 this implies v = 0 in D. Hence k > 0 cannot be a transmission
eigenvalue. ��

In the case when Im n = 0, there may exist values of k for which F is not
complete and we shall present partial results in the direction later on in this chapter.
In the special case of a spherically stratified medium, i.e., (with a slight abuse of
notation) n(x) = n(r), r = |x|, Colton and Monk [114] have given a rather complete
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answer to the question of when the set F is complete. To motivate the hypothesis of
the following theorem, note that the case when n = 1 is singular since in this case if
h ∈ C2(D)∩C1(D̄) is any solution of the Helmholtz equation in D then v = w = h

defines a solution of (8.30) and (8.31). The case when n = 1 corresponds to the case
when the sound speed in the inhomogeneous medium is equal to the sound speed in
the host medium. Hence, the hypothesis of the following theorem is equivalent to
saying that the sound speed in the inhomogeneous medium is always greater than
the sound speed in the host medium. An analogous result is easily seen to hold for
the case when n(x) > 1 for x ∈ D. For the case when n no longer belongs to C2

we refer the reader to [124].

Theorem 8.13 Suppose that n(x) = n(r), Im n = 0, 0 < n(r) < 1 for 0 ≤ r < a

and n(r) = 1 for r ≥ a for some a > 0 and, as a function of r , n ∈ C2. Then
transmission eigenvalues exist, and if k > 0 is a transmission eigenvalue there
exists a solution v of (8.30) and (8.31) that is a Herglotz wave function, i.e., the set
F is not complete in L2(S2).

Proof We postpone the existence question and assume that there exists a nontrivial
solution v,w of the homogeneous interior transmission problem, i.e., k > 0 is a
transmission eigenvalue. We want to show that v is a Herglotz wave function. To
this end, we expand v and w in a series of spherical harmonics

v(x) =
∞∑
l=0

l∑
m=−l

aml jl(kr) Y
m
l (x̂) and w(x) =

∞∑
l=0

l∑
m=−l

bml (r) Y
m
l (x̂)

where jl is the spherical Bessel function of order l (see the proof of Rellich’s
Lemma 2.12). Then, by the orthogonality of the spherical harmonics, the functions

vml (x) := aml jl(kr) Y
m
l (x̂) and wm

l (x) := bml (r) Y
m
l (x̂)

also satisfy (8.30) and (8.31). By the Funk–Hecke formula (2.45) each of the vml is
clearly a Herglotz wave function. At least one of them must be different from zero
because otherwise v would vanish identically.

To prove that transmission eigenvalues exist, we confine our attention to a
solution of (8.30) and (8.31) depending only on r = |x|. Then clearly v must be
of the form

v(x) = a0j0(kr)

with a constant a0. Writing

w(x) = b0
y(r)

r

with a constant b0, straightforward calculations show that if y is a solution of
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y′′ + k2n(r) y = 0

satisfying the initial conditions

y(0) = 0, y′(0) = 1,

then w satisfies (8.30). We note that in order for w to satisfy (8.30) at the origin it
suffices to construct a solution y ∈ C1[0, a] ∩ C2(0, a] to the initial value problem.
This can be seen by applying Green’s formula (2.4) for w in a domain where we
exclude the origin by a small sphere centered at the origin and letting the radius
of this sphere tend to zero. Following Erdélyi [139, p. 79], we use the Liouville
transformation

ξ :=
∫ r

0
[n(ρ)]1/2dρ, z(ξ) := [n(r)]1/4y(r)

to arrive at the initial-value problem for

z′′ + [k2 − p(ξ)]z = 0 (8.38)

with initial conditions

z(0) = 0, z′(0) = [n(0)]−1/4 (8.39)

where

p(ξ) := n′′(r)
4 [n(r)]2

− 5

16

[n′(r)]2

[n(r)]3
.

Rewriting (8.38) and (8.39) as a Volterra integral equation

z(ξ) = sin kξ

k [n(0)]1/4
+ 1

k

∫ ξ

0
sin k(η − ξ)z(η)p(η) dη

and using the method of successive approximations, we see that the solution
of (8.38) and (8.39) satisfies

z(ξ) = sin kξ

k [n(0)]1/4 + O

(
1

k2

)
and z′(ξ) = cos kξ

[n(0)]1/4 + O

(
1

k

)
,

that is,

y(r) = 1

k [n(0) n(r)]1/4 sin

(
k

∫ r

0
[n(ρ)]1/2 dρ

)
+ O

(
1

k2

)
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and

y′(r) =
[
n(r)

n(0)

]1/4

cos

(
k

∫ r

0
[n(ρ)]1/2 dρ

)
+ O

(
1

k

)

uniformly on [0, a].
The boundary condition (8.31) now requires

b0
y(a)

a
− a0j0(ka) = 0

b0
d

dr

(
y(r)

r

)
r=a

− a0kj
′
0(ka) = 0.

A nontrivial solution of this system exists if and only if

d := det

⎛
⎜⎜⎜⎝

y(a)

a
−j0(ka)

d

dr

(
y(r)

r

)
r=a

−kj ′
0(ka)

⎞
⎟⎟⎟⎠ = 0. (8.40)

Since j0(kr) = sin kr/kr , from the above asymptotics for y(r), we find that

d = 1

a2k [n(0)]1/4

{
sin k

(
a −

∫ a

0
[n(r)]1/2dr

)
+ O

(
1

k

)}
. (8.41)

Since 0 < n(r) < 1 for 0 ≤ r < a by hypothesis, we see that

a −
∫ a

0
[n(r)]1/2dr �= 0.

Hence, from (8.41) we see that for k sufficiently large there exists an infinite set of
values of k such that (8.40) is true. Each such k is a transmission eigenvalue and this
completes the proof of the theorem. ��

In the discussion so far, we have related the completeness of the set F of far
field patterns to the existence of a nontrivial solution to the homogeneous interior
transmission problem. An alternate way of viewing this question of completeness is
suggested by the proof of Theorem 8.9, i.e., F is complete if and only if zero is not
an eigenvalue of the far field operator F : L2(S2) → L2(S2) defined by

(Fg)(x̂) :=
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2. (8.42)
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This connection motivates us to conclude this section by briefly examining the
spectral properties of the operator F . This analysis is based on the fact that F is
a compact operator on L2(S2) and, even more, is a trace class operator as defined
below.

Definition 8.14 An operator T is a trace class operator on a Hilbert space if there
exists a sequence of operators Tn having finite rank not greater than n such that

∞∑
n=1

‖T − Tn‖ < ∞.

The fact that F is a trace class operator on L2(S2) follows easily from the
definition if we define the operators Fn by (8.42) with u∞ replaced by its truncated
spherical harmonic expansion and then use the estimates of Theorem 2.16 (see
[101]). The importance of trace class operators for our investigation is the following
theorem due to Lidski [375].

Theorem 8.15 Let T be a trace class operator on a Hilbert space X such that T
has finite dimensional nullspace and Im(T g, g) ≥ 0 for every g ∈ X. Then T has
an infinite number of eigenvalues.

The first step in using Lidski’s theorem to examine the far field operator F is
to show that F has a finite dimensional nullspace. If Im n �= 0, this is true by
Theorem 8.12. Hence we will restrict ourselves to the case when Im n = 0 and, as
in Theorem 8.13, only consider the case when m(x) := 1 − n(x) > 0 for x ∈ D.
As in Theorem 8.13, an analogous result is easily seen to hold for the case when
m(x) < 0 for x ∈ D.

Theorem 8.16 Suppose Im n = 0 and m(x) > 0 for x ∈ D. Then the dimension of
the nullspace of the far field operator F is finite.

Proof From Theorem 8.9 we see that if Fg = 0 then there exist a function w in
C2(D) ∩ C1(D̄) and a Herglotz wave function v with kernel g such that the pair
v,w is a solution of the homogeneous interior transmission problem (8.30) and
(8.31). Using Theorem 2.1 we see that

v = w + k2Tmw (8.43)

where Tm is defined as in (8.17) by

(Tmf )(x) :=
∫
D

Φ(x, y)m(y)f (y) dy, x ∈ IR3.

Clearly, Tmw is a radiating solution of the Helmholtz equation in IR3 \ D̄.
From (8.30), (8.31), and (8.43) it follows that Tmw has zero Cauchy data on ∂D

and therefore we can conclude that Tmw = 0 in IR3 \ D̄. Hence, Tmw has vanishing
far field pattern, i.e.,
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∫
D

e−ik x̂·ym(y)w(y) dy = 0, x̂ ∈ S
2, (8.44)

(see (8.28)). For each Herglotz wave function vh with kernel h, multiplying (8.44)
by h̄, integrating over S2 and interchanging the order of integration, we obtain

∫
D

mwvh dy = 0. (8.45)

Now let H be the linear space of all Herglotz wave functions and consider H

as a subspace of the weighted L2 space L2
m(D). Then (8.45) implies that w ∈

H⊥. Hence, if P : L2
m(D) → H⊥ is the orthogonal projection operator onto

the closed subspace H⊥ then from (8.43) we have that 0 = w + k2PTmw.

Furthermore, it is easily verified that Tm : L2
m(D) → L2

m(D) is compact. Since the
orthogonal projection P is bounded, it now follows from the Fredholm alternative
that I + k2PT has finite dimensional nullspace. The conclusion of the theorem now
follows from (8.43) and Theorem 3.27. ��

The next tool we will need in our investigation of the spectral properties of the
far field operator F is the identity stated in the following theorem [100].

Theorem 8.17 Let vig and vih be Herglotz wave functions with kernels g, h ∈
L2(S2), respectively, and let vg, vh be the solutions of (8.4)–(8.6) with ui equal
to vig and vih, respectively. Then

ik2
∫
D

Im nvgv̄h dx = 2π(Fg, h) − 2π(g, Fh) − ik(Fg, Fh)

where (· , ·) denotes the inner product on L2(S2).

Proof From Green’s theorem we have that

2ik2
∫
D

Im n vgvh dx =
∫
∂D

(
vg

∂vh

∂ν
− vh

∂vg

∂ν

)
ds

and combining this with (3.73) the statement follows. ��
We can now use Theorem 8.17 to deduce a series of results on the spectral theory

of the far field operator F . We begin with the existence of eigenvalues of F .

Corollary 8.18 Assume that either Im n �= 0 or Im n = 0 and m(x) > 0 for x ∈ D.
Then the far field operator has an infinite number of eigenvalues.

Proof By Theorems 8.12, 8.15 and 8.16, it suffices to show that Im(Fg, g) ≥ 0 for
every g ∈ L2(S2). But from Theorem 8.17 we have that (recalling that Im n(x) ≥ 0
for x ∈ D)
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Im(Fg, g) = 1

2i
{(Fg, g) − (g, Fg)} = k2

4π

∫
D

Im n |vg|2dx + k

4π
‖Fg‖2 ≥ 0

and the corollary is proved. ��
Corollary 8.19 If Im n �= 0 the eigenvalues of the far field operator F lie in the
disk

|λ|2 − 4π

k
Im λ < 0

whereas if Im n = 0 and m(x) > 0 for x ∈ D they lie on the circle

|λ|2 − 4π

k
Im λ = 0

in the complex plane.

Proof This follows from Theorem 8.17 by setting g = h and Fg = λg. ��
Corollary 8.20 If Im n = 0 then the far field operator F is normal.

Proof From Theorem 8.17 we have that

ik(Fg, Fh) = 2π{(Fg, h) − (g, Fh)}

and from this the statement follows as in the proof of Theorem 3.32, using the
reciprocity Theorem 8.8. ��

We note that if we define the scattering operator S by

S = I + ik

2π
F (8.46)

then as in Corollary 3.33 we have that S is unitary if Im n = 0.

8.5 The Analytic Fredholm Theory

Our aim, in the next section of this chapter, is to show that under suitable conditions
on the refractive index the transmission eigenvalues form at most a discrete set. Our
proof will be based on the theory of operator valued analytic functions. Hence, in
this section we shall present the rudiments of the theory.

Definition 8.21 Let D be a domain in the complex plane C and f : D → X

a function from D into the (complex) Banach space X. f is said to be strongly
holomorphic in D if for every z ∈ D the limit
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lim
h→0

f (z + h) − f (z)

h

exists in X. f is said to be weakly holomorphic D if for every bounded linear
functional � in the dual space X we have that z �→ �(f (z)) is a holomorphic
function of z for z ∈ D.

Strongly holomorphic functions are obviously continuous. As we shall see in
the next section of this chapter, it is often easier to verify that a function is weakly
holomorphic than that it is strongly holomorphic. What is surprising is that these
two definitions of holomorphic functions are in fact equivalent. Note that strongly
holomorphic functions are clearly weakly holomorphic.

Theorem 8.22 Every weakly holomorphic function is strongly holomorphic.

Proof Let f : D → X be weakly holomorphic in D. Let z0 ∈ D and let Γ be a
circle of radius r > 0 centered at z0 with counterclockwise orientation whose closed
interior is contained in D. Then if � ∈ X∗, the function z �→ �(f (z)) is holomorphic
in D. Since �(f ) is continuous on Γ , we have that

|�(f (ζ ))| ≤ C(�) (8.47)

for all ζ ∈ Γ and some positive number C(�) depending on �. Now, for each ζ ∈ Γ

let Λ(ζ) be the linear functional on X which assigns to each � ∈ X the number
�(f (ζ )). From (8.47), for each � ∈ X we have that |Λ(ζ)(�)| ≤ C(�) for all ζ ∈ Γ

and hence by the uniform boundedness principle we have that ‖Λ(ζ)‖ ≤ C for all
ζ ∈ Γ for some positive constant C. From this, using the Hahn–Banach theorem,
we conclude that

‖f (ζ )‖ = sup
‖�‖=1

|�(f (ζ ))| = sup
‖�‖=1

|Λ(ζ)(�)| = ‖Λ(ζ)‖ ≤ C (8.48)

for all ζ ∈ Γ .
For |h| ≤ r/2, by Cauchy’s integral formula, we have

�

(
f (z0 + h) − f (z0)

h

)
= 1

2πi

∫
Γ

1

h

(
1

ζ − (z0 + h)
− 1

ζ − z0

)
�(f (ζ )) dζ.

Since for ζ ∈ Γ and |h1| , |h2| ≤ r/2 we have

∣∣∣∣ 1

h1

(
1

ζ − (z0 + h1)
− 1

ζ − z0

)
− 1

h2

(
1

ζ − (z0 + h2)
− 1

ζ − z0

)∣∣∣∣

=
∣∣∣∣ h1 − h2

(ζ − z0)(ζ − z0 − h1)(ζ − z0 − h2)

∣∣∣∣ ≤ 4 |h1 − h2|
r3

,

using (8.48) and Cauchy’s integral formula we can estimate



328 8 Acoustic Waves in an Inhomogeneous Medium

∣∣∣∣�
(
f (z0 + h1) − f (z0)

h1

)
− �

(
f (z0 + h2) − f (z0)

h2

)∣∣∣∣ ≤ 4C

r2
|h1 − h2|

for all � ∈ X∗ with ‖�‖ ≤ 1. Again by the Hahn–Banach theorem, this implies that

∥∥∥∥f (z0 + h1) − f (z0)

h1
− f (z0 + h2) − f (z0)

h2

∥∥∥∥ ≤ 4C

r2
|h1 − h2| (8.49)

for all h1, h2 with |h1| , |h2| ≤ r/2. Therefore,

lim
h→0

f (z0 + h) − f (z0)

h

exists since the Banach space X is complete. Since z0 was an arbitrary point of D,
the theorem follows. ��
Corollary 8.23 Let X and Y be two Banach spaces and denote by L(X, Y ) the
Banach space of bounded linear operators mapping X into Y . Let D be a domain
in C and let A : D → L(X, Y ) be an operator valued function such that for each
ϕ ∈ X the function Aϕ : D → Y is weakly holomorphic. Then A is strongly
holomorphic.

Proof For each ϕ ∈ X, we apply the analysis of the previous proof to the weakly
holomorphic function z �→ f (z) := A(z)ϕ. By (8.48), we have

‖A(ζ )ϕ‖ = ‖f (ζ )‖ ≤ Cϕ

for all ζ ∈ Γ and some positive constant Cϕ depending on ϕ. This, again by the
uniform boundedness principle, implies that

‖A(ζ )‖ ≤ C

for all ζ ∈ Γ and some constant C > 0. Hence, we can estimate in Cauchy’s
formula for z �→ �(A(z)ϕ) with the aid of

‖�(A(ζ )ϕ)‖ ≤ C

for all ζ ∈ Γ , all � ∈ Y ∗ with ‖�‖ ≤ 1 and all ϕ ∈ X with ‖ϕ‖ ≤ 1 and obtain the
inequality (8.49) for A in the operator norm. This concludes the proof. ��
Definition 8.24 Let D be a domain in the complex plane C and f : D → X a
function from D into the (complex) Banach space X. f is said to be analytic in D

if for every z0 ∈ D there exists a power series expansion

f (z) =
∞∑

m=0

am(z − z0)
m



8.5 The Analytic Fredholm Theory 329

that converges in the norm on X uniformly for all z in a neighborhood of z0 and
where the coefficients am are elements from X.

As in classical complex function theory, the concepts of holomorphic and
analytic functions coincide as stated in the following theorem. Therefore, we can
synonymously talk about (weakly and strongly) holomorphic and analytic functions.

Theorem 8.25 Every analytic function is holomorphic and vice versa.

Proof Let f : D → X be analytic. Then, for each � in the dual space X∗,
the function z �→ �(f (z)), by the continuity of �, is a complex valued analytic
function. Therefore, by classical function theory it is a holomorphic complex valued
function. Hence, f is weakly holomorphic and thus by Theorem 8.22 it is strongly
holomorphic.

Conversely, let f : D → X be holomorphic. Then, by Definition 8.21, for each
z ∈ D the derivative

f ′(z) := lim
h→0

f (z + h) − f (z)

h

exists. By continuity, for every � ∈ X∗ the function z �→ �(f ′(z)) clearly
represents the derivative of the complex valued function z �→ �(f (z)). Classical
function theory again implies that z �→ f ′(z) is weakly holomorphic and hence by
Theorem 8.22 strongly holomorphic. Therefore, by induction the derivatives f (m)

of order m exist and for each � ∈ X∗ the m-th derivative of �(f ) is given by �(f (m)).
Then, using the notation of the proof of Theorem 8.22, by Cauchy’s integral formula
we have

�

(
f (z) −

n∑
m=0

1

m! f (m)(z0)(z − z0)
m

)

= 1

2πi

∫
Γ

�(f (ζ ))

ζ − z
dζ − 1

2πi

n∑
m=0

(z − z0)
m

∫
Γ

�(f (ζ ))

(ζ − z0)m+1 dζ

= 1

2πi

∫
Γ

�(f (ζ ))

ζ − z

(
z − z0

ζ − z0

)n+1

dζ.

From this we have the estimate
∣∣∣∣∣�
(
f (z) −

n∑
m=0

1

m! f (m)(z0)(z − z0)
m

)∣∣∣∣∣ ≤ sup
ζ∈Γ

|�(f (ζ ))| 1

2n

for all � ∈ X∗ and all z ∈ D with |z − z0| ≤ r/2. Using the uniform boundedness
principle and the Hahn–Banach theorem as in the proof of Theorem 8.22, we can
now conclude uniform convergence of the series
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f (z) =
∞∑

m=0

1

m! f (m)(z0)(z − z0)
m

for all z ∈ D with |z − z0| ≤ r/2 and the proof is finished. ��
We now want to establish the analytic Riesz–Fredholm theory for compact

operators in a Banach space. For this we recall that for a single compact linear
operator A : X → X mapping a Banach space X into itself either the inverse
operator (I − A)−1 : X → X exists and is bounded or the operator I − A has
a nontrivial nullspace of finite dimension (see [268]). In the latter case, it can be
proved (see Theorem 1.21 in [104]) that there exists a bounded operator P on X

with finite dimensional range such that the inverse of I −A−P : X → X exists and
is bounded. Actually, P can be chosen to be the projection of X onto the generalized
nullspace of I − A.

We can now prove the following theorem, where L(X) denotes the Banach space
of bounded linear operators mapping the Banach space X into itself.

Theorem 8.26 Let D be a domain in C and let A : D → L(X) be an operator
valued analytic function such that A(z) is compact for each z ∈ D. Then either

(a) (I − A(z))−1 does not exist for any z ∈ D or
(b) (I − A(z))−1 exists for all z ∈ D \ S where S is a discrete subset of D.

Proof Given an arbitrary z0 ∈ D, we shall show that for z in a neighborhood
of z0 either (a) or (b) holds. The theorem will then follow by a straightforward
connectedness argument. As mentioned above, for fixed z0 either the inverse of
I −A(z0) exists and is bounded or the operator I −A(z0) has a nontrivial nullspace
of finite dimension.

In the case where I −A(z0) has a bounded inverse, since A is continuous we can
choose r > 0 such that

‖A(z) − A(z0)‖ <
1

‖(I − A(z0))−1‖
for all z ∈ Br := {z ∈ C : |z − z0| < r}. Then the Neumann series for

[I − (I − A(z0))
−1(A(z) − A(z0))]−1

converges and we can conclude that the inverse operator (I − A(z))−1 exists for all
z ∈ Br , is bounded and depends continuously on z. Hence, in Br property (b) holds.
In particular, from

1

h

{
(I − A(z + h))−1 − (I − A(z))−1

}

= 1

h
(I − A(z + h))−1 (A(z + h) − A(z)) (I − A(z))−1

we observe that z �→ (I − A(z))−1 is holomorphic and hence analytic in Br .
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In the case where I −A(z0) has a nontrivial nullspace, by the above remark there
exists a bounded linear operator of the form

Pϕ =
n∑

j=1

�j (ϕ)ψj

with linearly independent elements ψ1, . . . , ψn ∈ X and bounded linear functionals
�1, . . . , �n ∈ X∗ such that I −A(z0)−P : X → X has a bounded inverse. We now
choose r > 0 such that

‖A(z) − A(z0)‖ <
1

‖(I − A(z0) − P)−1‖
for all z ∈ Br := {z ∈ C : |z − z0| < r}. Then as above we have that the inverse
T (z) := (I −A(z)−P)−1 exists for all z ∈ Br , is bounded and depends analytically
on z. Now define

B(z) := P (I − A(z) − P)−1 .

Then

B(z)ϕ =
n∑

j=1

�j (T (z)ϕ)ψj (8.50)

and since

I − A(z) = (I + B(z)) (I − A(z) − P)

we see that for z ∈ Br the operator I − A(z) is invertible if and only if I + B(z) is
invertible.

Since B(z) is an operator with finite dimensional range, the invertibility of
I +B(z) depends on whether or not the homogeneous equation ϕ + B(z)ϕ = 0
has a nontrivial solution. Given ψ ∈ X, let ϕ be a solution of

ϕ + B(z)ϕ = ψ. (8.51)

Then from (8.50) we see that ϕ must be of the form

ϕ = ψ −
n∑

j=1

βjψj (8.52)

where the coefficients βj := �j (T (z)ϕ) satisfy

βj +
n∑

i=1

�j (T (z)ψi)βi = �j (T (z)ψ), j = 1, . . . n. (8.53)
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Conversely, if (8.53) has a solution β1, β2, . . . , βn then ϕ defined by (8.52) is easily
seen to be a solution of (8.51). Hence, I +B(z) is invertible if and only if the linear
system (8.53) is uniquely solvable for each right-hand side, i.e., if and only if

d(z) := det
{
δij + �j (T (z)ψi)

} �= 0.

The analyticity of z �→ T (z) implies analyticity of the functions z �→ �j (T (z)ψi) in
Br . Therefore, d also is analytic, i.e., either Sr := {z ∈ Br : d(z) = 0} is a discrete
set in Br or Sr = Br . Hence, in the case where I −A(z0) has a nontrivial nullspace
we have also established existence of a neighborhood where either (a) or (b) holds.
This completes the proof of the theorem. ��

8.6 Transmission Eigenvalues

From Theorem 8.12 we see that if Im n > 0 then transmission eigenvalues do not
exist whereas from Theorem 8.13 they do exist if Im n = 0 and n(x) = n(r) is
spherically stratified and twice continuously differentiable. In this section we shall
remove the condition of spherical stratification and give sufficient conditions on
n such that there exist at most a countable number of transmission eigenvalues
(see also Theorem 10.6). By Theorem 8.9 this implies that the set F of far field
patterns is complete in L2(S2) except for possibly a discrete set of values of the
wave number. Throughout this section, we shall always assume that Im n(x) = 0
and m(x) > 0 for x ∈ D where m := 1−n is piecewise continuous in D̄. Analogous
results are easily seen to hold for the case when m(x) < 0 for x ∈ D.

We begin our analysis by introducing the linear space W by

W :=
{
u ∈ H 2(IR3) : u = 0 in IR3 \ D,

∫
D

1

m
(|u|2 + |Δu|2) dx < ∞

}

where H 2(IR3) is the usual Sobolev space and on W we define the scalar product

(u, v) :=
∫
D

1

m
(uv̄ + ΔuΔv̄) dx, u, v ∈ W.

Lemma 8.27 The space W is a Hilbert space.

Proof We first note that there exists a positive constant c such that

∫
D

(|u|2 + |Δu|2) dx ≤ c

∫
D

1

m
(|u|2 + |Δu|2) dx (8.54)

for all u ∈ W . Furthermore, from the representation
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u(x) = − 1

4π

∫
IR3

Δu(y)

|x − y| dy, x ∈ IR3,

for u ∈ C2
0(IR

3) and Theorem 8.2 we see that

‖u‖H 2(IR3) ≤ C‖Δu‖L2(D) (8.55)

for functions u ∈ W and some positive constant C (Here we have used the fact that
u = 0 in IR3 \ D). From (8.54) and (8.55) we have that for functions u ∈ W the
norm in W dominates the norm in H 2(IR3). Now let (un) be a Cauchy sequence in
W . Then (un) is a Cauchy sequence in H 2(IR3) and hence converges to a function
u ∈ H 2(IR3) with respect to the norm in H 2(IR3). Since, by the Sobolev imbedding
theorem, the H 2 norm dominates the maximum norm, and each un = 0 in IR3 \ D,
we can conclude that u = 0 in IR3 \ D. Since (un/

√
m) is a Cauchy sequence in

L2(D) we have that (un) converges in L2(D) to a function of the form
√
mv for

v ∈ L2(D). Similarly, (Δun) converges in L2(D) to a function of the form
√
mw

for w ∈ L2(D). Since (un) converges to u in H 2(IR3), we have that
√
mv = u

and
√
mw = Δu. Hence u ∈ W and (un) converges to u with respect to the norm

in W . ��
Now let G be Green’s function for the Laplacian in D and make the assumption

that
∫
D

∫
D

[G(x, y)]2 m(y)

m(x)
dxdy < ∞. (8.56)

The condition (8.56) is clearly true if m(x) ≥ c > 0 for x ∈ D. It can also be
shown that (8.56) is true if m(x) approaches zero sufficiently slowly as x tends to
the boundary ∂D (see also [390]).

Lemma 8.28 Assume that m(x) > 0 for x ∈ D and (8.56) is valid. For x ∈ D,
let d(x, ∂D) denote the distance between x and ∂D and for δ > 0 sufficiently small
define the set Uδ := {x ∈ D : d(x, ∂D) < δ}. Then for all u ∈ W we have

∫
Uδ

1

m
|u|2 dx ≤ C(δ) ‖u‖2

where lim
δ→0

C(δ) = 0.

Proof Applying Green’s theorem over D to G(x, ·) and functions u ∈ C2
0(IR

3) and
then using a limiting argument shows that

u(x) = −
∫
D

G(x, y)Δu(y) dy, x ∈ D, (8.57)
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for functions u ∈ W . By the Cauchy–Schwarz inequality, we have

|u(x)|2 ≤
∫
D

m(y) [G(x, y)]2dy

∫
D

1

m(y)
|Δu(y)|2dy, x ∈ D. (8.58)

It now follows that
∫
Uδ

1

m(x)
|u(x)|2dx ≤

∫
Uδ

1

m(x)

∫
D

m(y) [G(x, y)]2dydx ‖u‖2.

If we define C(δ) by

C(δ) :=
∫
D

∫
Uδ

[G(x, y)]2 m(y)

m(x)
dxdy,

the lemma follows. ��
Using Lemma 8.28, we can now prove a version of Rellich’s selection theorem

for the weighted function spaces W and

L2
1/m(D) :=

{
u : D → C : u measurable,

∫
D

1

m
|u|2dx < ∞

}
.

Theorem 8.29 Assume that m(x) > 0 for x ∈ D and (8.56) is valid. Then the
imbedding from W into L2

1/m(D) is compact.

Proof For u ∈ W , by Green’s theorem and the Cauchy–Schwarz inequality we have

‖ grad u‖2
L2(D)

= −
∫
D

ūΔu dx ≤ ‖u‖2
L2(D)

‖Δu‖2
L2(D)

. (8.59)

Suppose now that (un) is a bounded sequence from W , that is, ‖un‖ ≤ M for
n = 1, 2, . . . and some positive constant M . Then, from the fact that the norm
in L2

1/m(D) dominates the norm in L2(D) and (8.59), we see that each un is in

the Sobolev space H 1(D) and there exists a positive constant, which we again
designate by M , such that ‖un‖H 1(D) ≤ M for n = 1, 2, . . . . Hence, by Rellich’s
selection theorem, there exists a subsequence, again denoted by (un), such that (un)
is convergent to u in L2(D). We now must show that in fact un → u, n → ∞, in
L2

1/m(D). To this end, let Uδ be as in Lemma 8.28. Let ε > 0 and choose δ such

that C(δ) ≤ ε/8M2 and n0 such that

∫
D\Uδ

1

m
|un − u�|2dx <

ε

2
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for n, l ≥ n0. Then for n, l ≥ n0 we have

∫
D

1

m
|un − u�|2dx =

∫
Uδ

1

m
|un − u�|2dx +

∫
D\Uδ

1

m
|un − u�|2dx

≤ C(δ) ‖un − u�‖2 + ε

2
≤ ε

2
+ ε

2
= ε.

Hence, (un) is a Cauchy sequence in L2
1/m(D) and thus un → u ∈ L2

1/m(D) for
n → ∞. The theorem is now proved. ��

To prove that there exist at most a countable number of transmission eigenvalues,
we could now use Theorem 8.29 and proceed along the lines of Rynne and Sleeman
[382]. However, we choose an alternate route based on analytic projection operators
since these operators are of interest in their own right. We begin with two lemmas.

Lemma 8.30 Assume that m(x) > 0 for x ∈ D and (8.56) is valid. Then for all k
there exists a positive constant γ = γ (k) such that for u ∈ W

‖u‖2 ≤ γ (k)

∫
D

1

m
|Δu + k2u|2dx.

Proof We first choose k = 0. Integrating (8.58) we obtain

∫
D

1

m(x)
|u(x)|2dx ≤

∫
D

∫
D

m(y)

m(x)
[G(x, y)]2dy dx

∫
D

1

m(y)
|Δu(y)|2dy,

and hence the lemma is true for k = 0.
Now assume that k �= 0. From the above analysis for k = 0, we conclude

that Δ : W → L2
1/m(D) is injective and has closed range. In particular, Δ is a

semi-Fredholm operator (cf. [387, p. 125]). Since compact perturbations of semi-
Fredholm operators are semi-Fredholm [387, p. 128], we have from Theorem 8.29
that Δ + k2 is also semi-Fredholm. Applying Green’s formula (2.4) to functions
u ∈ C2

0(IR
3) and then using a limiting argument show that

u(x) = −
∫
D

Φ(x, y){Δu(y) + k2u(y)} dy, x ∈ IR3,

for functions u ∈ W . Hence, by the Cauchy–Schwarz inequality, there exists a
positive constant C such that

‖u‖L2(D) ≤ C‖Δu + k2u‖L2
1/m(D)

for all u ∈ W . From this we can now conclude that Δ + k2 : W → L2
1/m(D) is

injective and, since the range of a semi-Fredholm operator is closed, by the bounded
inverse theorem the lemma is now seen to be true for k �= 0. ��
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Now for k ≥ 0 and for u, v ∈ W define the scalar product

(u, v)k =
∫
D

1

m
(Δu + k2u)(Δv̄ + k2v̄) dx

with norm ‖u‖k = √
(u, u)k . By Lemma 8.30 and Minkowski’s inequality, the norm

‖ · ‖k is equivalent to ‖ · ‖ for any k ≥ 0. For arbitrary complex k, we define the
sesquilinear form B on W by

B(u, v; k) =
∫
D

1

m
(Δu + k2u)(Δv̄ + k2v̄) dx.

We then have the following result.

Lemma 8.31 Assume that m(x) > 0 for x ∈ D and (8.56) is valid. Then for every
k0 ≥ 0 there exists ε > 0 such that if |k − k0| ≤ ε, then

|B(u, v; k) − B(u, v; k0)| ≤ C‖u‖k0‖v‖k0

for all u, v ∈ W where C is a constant satisfying 0 < C < 1.

Proof We have

B(u, v; k)−B(u, v; k0) = (k2−k2
0)

∫
D

1

m
(uΔv̄+v̄Δu) dx+(k4 − k4

0)

∫
D

1

m
uv̄ dx

and hence by the Cauchy–Schwarz inequality

|B(u, v; k) − B(u, v; k0)| ≤ |k2 − k2
0 |
(∫

D

1

m
|u|2dx

) 1
2
(∫

D

1

m
|Δv|2dx

) 1
2

+ |k2 − k2
0 |
(∫

D

1

m
|v|2dx

) 1
2
(∫

D

1

m
|Δu|2dx

) 1
2

+ |k4 − k4
0 |
(∫

D

1

m
|u|2dx

) 1
2
(∫

D

1

m
|v|2dx

) 1
2

.

From Lemma 8.30, we now have that

|B(u, v; k) − B(u, v; k0)| ≤ (2|k2 − k2
0 | + |k4 − k4

0 |)γ (k0)‖u‖k0‖v‖k0 .

Hence, if |k − k0| is sufficiently small, then (2|k2 − k2
0 | + |k4 − k4

0 |)γ (k0) is less
than one and the lemma follows. ��



8.6 Transmission Eigenvalues 337

From Lemma 8.31, we see that for |k − k0| ≤ ε we have

|B(u, v; k)| ≤ (1 + C)‖u‖k0‖v‖k0

for all u, v ∈ W , i.e., the sesquilinear form B is bounded, and

ReB(u, u; k) ≥ ReB(u, u; k0) − |B(u, u; k) − B(u, u; k0)| ≥ (1 − C)‖u‖2
k0

for all u ∈ W , i.e., B is strictly coercive. Hence, by the Lax–Milgram theorem, for
each k ∈ C with |k − k0| ≤ ε where ε is defined as in Lemma 8.31 there exists a
bounded linear operator S(k) : W → W with a bounded inverse S−1(k) such that

B(u, v; k) = (S(k)u, v)k0 (8.60)

holds for all u, v ∈ W . From (8.60), we have that for each u ∈ W the function
k �→ S(k)u is weakly analytic and hence from Corollary 8.23 we conclude that
k �→ S(k) is strongly analytic. Then, in particular, the inverse S−1(k) is also strongly
analytic in k. We are now in a position to prove the main result of this section.

Theorem 8.32 Assume that m(x) > 0 for x ∈ D and (8.56) is valid. Then the set
of transmission eigenvalues is either empty or forms a discrete set.

Proof Our first aim is to define a projection operator Pk in L2
m(D) which depends

on k in a neighborhood of the positive real axis. To this end, let f ∈ L2
m(D) and for

k ∈ C define the antilinear functional �f on W by

�f (ϕ) =
∫
D

f (Δϕ̄ + k2ϕ̄) dx, ϕ ∈ W. (8.61)

Then by Minkowski’s inequality, the functional �f is bounded on W . Therefore, by
the Riesz representation theorem, there exists pf ∈ W such that for all ϕ ∈ W and
fixed k0 ≥ 0 we have

�f (ϕ) = (pf , ϕ)k0

where pf depends on k and the linear mapping p(k) : L2
m(D) → W with p(k)f :=

pf is bounded from L2
m(D) into W . From (8.61) we see that for each f ∈ L2

m(D)

the mapping k �→ p(k)f = pf is weakly analytic. Hence, by Corollary 8.23, the
mapping k �→ p(k) is strongly analytic.

For all k ∈ C with |k − k0| ≤ ε where ε is defined as in Lemma 8.31, we now
introduce the analytic operator Pk : L2

m(D) → L2
m(D) by

Pkf := 1

m
(Δ + k2)S−1(k)pf , f ∈ L2

m(D).
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Note that Pkf ∈ L2
m(D) since, with the aid of Minkowski’s inequality and the

boundedness of S−1(k) and p(k), we have

∫
D

m|Pkf |2dx =
∫
D

1

m
|(Δ+k2)S−1(k)pf |2dx≤C1‖S−1(k)pf ‖2

k0
≤ C2‖f ‖2

L2
m(D)

for some positive constants C1 and C2.
We now want to show that Pk is an orthogonal projection operator. To this end,

let H be the linear space

H :=
{
u ∈ C2(IR3) : Δu + k2u = 0 in IR3

}
,

H̄ the closure of H in L2
m(D) and H⊥ the orthogonal complement of H in L2

m(D).
Then for f ∈ H and ϕ ∈ W , by Green’s theorem (2.3) (using our by now familiar
limiting argument), we have

�f (ϕ) =
∫
D

f (Δϕ̄ + k2ϕ̄) dx =
∫
D

ϕ̄(Δf + k2f ) dx = 0.

Hence, pf = 0 for f ∈ H and since f �→ pf is bounded from L2
m(D) into W we

also have pf = 0 for f ∈ H̄ and consequently Pkf = 0 for f ∈ H̄ .
Recall now the definition (8.17) of the operator

(Tmf )(x) :=
∫
D

Φ(x, y)m(y)f (y) dy, x ∈ IR3.

Note that we can write

Tmf = T̃m(
√
mf )

where T̃m has a weakly singular kernel, i.e., T̃m : L2(D) → L2(D) is a compact
operator. Therefore, since the L2 norm dominates the L2

m norm, we have that Tm :
L2
m(D) → L2

m(D) is also compact. Furthermore, from Theorems 8.1 and 8.2 and a
limiting argument, we see that

mf = −(Δ + k2)Tmf. (8.62)

For f ∈ H⊥, we clearly have (Tmf )(x) = 0 for x ∈ IR3 \ D̄ since Φ(x, ·) ∈ H for
x ∈ IR3 \ D̄. Therefore, from Lemma 8.30 and (8.62) we see that Tmf is in W for
f ∈ H⊥. From (8.60)–(8.62) we have

−�f (ϕ) =
∫
D

1

m
(Δ + k2)ϕ̄ (Δ + k2)Tmf dx = B(Tmf, ϕ; k) = (S(k)Tmf, ϕ)k0



8.6 Transmission Eigenvalues 339

for all ϕ ∈ W and f ∈ H⊥. Since Tmf ∈ W , from the definition of pf we
conclude that

pf = −S(k)Tmf

for f ∈ H⊥ and consequently

Pkf = − 1

m
(Δ + k2)Tmf = f

for f ∈ H⊥, i.e., Pk is indeed an orthogonal projection operator (depending
analytically on the parameter k).

Having defined the projection operator Pk , we now turn to the homogeneous
interior transmission problem (8.30) and (8.31) and note that k is real. From the
above analysis, we see that if v,w is a solution of (8.30) and (8.31), then Pkv = 0
since v ∈ H̄ . This can be seen by using Green’s formula to represent v where
the Dirichlet data is in H−1/2(∂D) and the Neumann data is in H−3/2(∂D) (see
[129] and Sect. 10.2). Approximating these data arbitrarily closely by functions in
H 1/2(∂D) and H−1/2(∂D), respectively, and using the mapping properties of single
and double layer potentials (cf. Corollary 10.13) yields a function v1 ∈ H 1(D)

that approximates v arbitrarily closely in L2(D). Since H 1(D) solutions to the
Helmholtz equation can be approximated by Herglotz wave functions in the H 1(D)

norm (see [102]) we can now approximate v1 arbitrarily closely by a function in H

in the L2(D) norm. Hence we can conclude that v is in H̄ .
From (8.30), that is, (Δ + k2)(w − v) = k2mw, and the homogeneous Cauchy

data (8.31), by Green’s theorem (2.3), we obtain

k2
∫
D

mwū dx =
∫
D

ū(Δ+k2)(w−v) dx =
∫
D

{ūΔ(w−v)− (w−v)Δū} dx = 0

for all u ∈ H , that is, w ∈ H⊥ and consequently

Pkw = w.

If we now use Green’s formula (2.4) to rewrite (8.30) and (8.31) in the form

w − v = −k2Tmw

and apply the operator Pk to both sides of this equation, we arrive at the operator
equation

w + k2 PkTmw = 0. (8.63)

Now consider (8.63) defined for w ∈ L2
m(D). Since Tm is compact and Pk is

bounded, PkTm is compact. Since PkTm is an operator valued analytic function of
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k, we can apply Theorem 8.26 to conclude that (I + k2PkTm)
−1 exist for all k in

a neighborhood of the positive real axis with the possible exception of a discrete
set (We note that for k sufficiently small, (I + k2PkTm)

−1 exists by the contraction
mapping principle). Hence, we can conclude from (8.63) that w = 0 except for
possibly a discrete set of values of k > 0. From (8.30) and (8.31) this now implies
that v = 0 by Green’s formula (2.5) and the theorem follows. ��
Corollary 8.33 Assume that m(x) > 0 for x ∈ D and (8.56) is valid. Then, except
possibly for a discrete set of values of k > 0, the set F of far field patterns is
complete in L2(S2).

Proof This follows from Theorem 8.32 and Theorem 8.9. ��
We remind the reader that Theorem 8.32 and Corollary 8.33 remain valid if the

condition m(x) > 0 is replaced by m(x) < 0.

8.7 Numerical Methods

In this final section we shall make some brief remarks on the numerical solution of
the scattering problem (8.4)–(8.6) for the inhomogeneous medium with particular
emphasis on an approach proposed by Kirsch and Monk [251]. The principle
problem associated with the numerical solution of (8.4)–(8.6) is that the domain
is unbounded. A variety of methods have been proposed for the numerical solution.
Broadly speaking, these methods can be grouped into three categories: (1) volume
integral equations, (2) expanding grid methods, and (3) coupled finite element and
boundary element methods.

The volume integral equation method seeks to numerically solve the Lippmann–
Schwinger equation (8.13). The advantage of this method is that the problem of an
unbounded domain is handled in a simple and natural way. A disadvantage is that
care must be used to approximate the three-dimensional singular integral appearing
in (8.13). Furthermore, the discrete problem derived from (8.13) has a non-sparse
matrix and hence a suitable iteration scheme must be used to obtain a solution,
preferably a multi-grid method. Vainikko [384, 410] has suggested a fast solution
method for the Lippmann–Schwinger equation based on periodization, fast Fourier
transform techniques and multi-grid methods. For modifications of this approach
including also the case of electromagnetic waves we refer to Hohage [195, 196].

The expanding grid method seeks a solution of (8.4)–(8.6) in a ball BR of radius
R centered at the origin where on the boundary ∂BR the scattered field us is required
to satisfy

∂us

∂r
− ikus = 0 on ∂BR. (8.64)
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This boundary condition is clearly motivated by the Sommerfeld radiation condi-
tion (8.6) where it is understood that R � a with n(x) = 1 for |x| ≥ a. Having
posed the boundary condition (8.64), the resulting interior problem is solved by
finite element methods. A complete analysis of this method has been provided by
Goldstein [151] who has shown how to choose R as well as how the mesh size
must be graded in order to obtain optimal convergence. The expanding grid method
has the advantage that any standard code for solving the Helmholtz equation in an
interior domain can be used to approximate the infinite domain problem (8.4)–(8.6).
A disadvantage of this approach for solving (8.4)–(8.6) is that R must be taken to
be large and hence computations must be made over a very large (but bounded)
domain.

In order to avoid computing on a large domain, various numerical analysts have
suggested combining a finite element method inside the inhomogeneity with an
appropriate boundary integral equation outside the inhomogeneity. This leads to a
coupled finite element and boundary element method for solving (8.4)–(8.6). In this
method, a domain D is chosen which contains the support of m and then u is
approximated inside D by finite element methods and outside D by a boundary
integral representation of u such that u and its normal derivative are continuous
across ∂D. For a survey of such coupled methods, we refer the reader to Hsiao [198].
We shall now present a version of this method due to Kirsch and Monk [251] which
uses Nyström’s method to approximately solve the boundary integral equation. The
advantage of this approach is that Nyström’s method is exponentially convergent for
analytic boundaries and easy to implement (compare Sect. 3.6). A difficulty is that
Nyström’s method is defined pointwise whereas the finite element solution for the
interior domain is defined variationally. However, as we shall see, this difficulty can
be overcome.

For the sake of simplicity, we shall only present the method of Kirsch and Monk
for the nonabsorbing two-dimensional case, i.e., we want to construct a solution to
the scattering problem

Δu + k2n(x)u = 0 in IR2, (8.65)

u(x) = ui(x) + us(x), (8.66)

lim
r→∞

√
r

(
∂us

∂r
− ikus

)
= 0, (8.67)

where we assume that k > 0 and n ∈ C1(IR3) is real valued such that m := 1 − n

has compact support. We choose a simply connected bounded domain D with
analytic boundary ∂D that contains the support of m. We shall use the standard
notation L2(D) and L2(∂D) for the spaces of square integrable functions defined
on D and ∂D, respectively, and the corresponding Sobolev spaces will be denoted by
Hs(D) and Hs(∂D). The inner product on L2(D) will be denoted by (· , ·) and on
L2(∂D) (or the dual pairing between H−1/2(∂D) and H 1/2(∂D)) by 〈· , ·〉. Finally,
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we recall the Sobolev space H 1
loc(IR

2 \D̄) of all functions u for which the restriction
onto DR := {x ∈ IR2 \ D̄ : |x| < R} belongs to H 1(DR) for all sufficiently large R.

To describe the method due to Kirsch and Monk for numerically solving (8.65)–
(8.67), we begin by defining two operators Gi : H−1/2(∂D) → H 1(D) and Ge :
H−1/2(∂D) → H 1

loc(IR
2 \ D̄) in terms of the following boundary value problems.

Given ψ ∈ H−1/2(∂D), define Giψ := w ∈ H 1(D) as the weak solution of

Δw + k2n(x)w = 0 in D, (8.68)

∂w

∂ν
+ ikw = ψ on ∂D, (8.69)

where ν is the unit outward normal to ∂D. Similarly, Geψ := w ∈ H 1
loc(IR

2 \ D̄) is
the weak solution of

Δw + k2w = 0 in IR2 \ D̄, (8.70)

∂w

∂ν
+ ikw = ψ on ∂D, (8.71)

lim
r→∞

√
r

(
∂w

∂r
− ikw

)
= 0, (8.72)

where (8.72) holds uniformly in all directions. Now define u(ψ) by

u(ψ) :=

⎧⎪⎪⎨
⎪⎪⎩

Geψ + ui in IR2 \ D̄,

Giψ + Gi

(
∂ui

∂ν
+ ikui

)
in D.

Note that ∂u/∂ν + iku has the same limiting values on both sides of ∂D.
Furthermore, we see that if ψ ∈ H−1/2(∂D) can be chosen such that

(Gi − Ge)ψ = ui − Gi

(
∂ui

∂ν
+ ikui

)
on ∂D, (8.73)

then u has the same limiting values on both sides of ∂D. From these facts it can
be deduced that u solves the scattering problem (8.65)–(8.67) (cf. the proof of
Theorem 5.8). Hence, we need to construct an approximate solution to the operator
equation (8.73).

To solve (8.73), we first choose a finite element space Sh ⊂ H 1(D) and define
Gh

i ψ to be the usual finite element approximation of (8.68) and (8.69). In particular,
if ψ ∈ H−1/2(∂D) then Gh

i ψ ∈ Sh satisfies (we do not distinguish between Gh
i ψ

defined on D and its trace defined on ∂D)
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(gradGh
i ψ, gradϕh) − k2(nGh

i ψ, ϕh) + ik 〈Gh
i ψ, ϕh〉 − 〈ψ, ϕh〉 = 0 (8.74)

for all ϕh ∈ Sh. For h sufficiently small, the existence and uniqueness of a solution
to (8.74) is well known (Schatz [386]). Having defined Gh

i ψ , we next define GM
e ψ

to be the approximate solution of (8.70)–(8.72) obtained by numerically solving an
appropriate boundary integral equation using Nyström’s method with M knots (cf.
Sect. 3.6).

We now need to discretize H−1/2(∂D). To this end, we parameterize ∂D by

x = (x1(t), x2(t)), 0 ≤ t ≤ 2π,

and define SN by

SN :=
⎧⎨
⎩g : ∂D → C : g(x) =

N∑
j=−N+1

aj e
ij t , aj ∈ C, x = (x1(t), x2(t))

⎫⎬
⎭.

Note that the indices on the sum in this definition are chosen such that SN has
an even number of degrees of freedom which is convenient for using fast Fourier
transforms. We now want to define a projection PN : L2(∂D) → SN . For g ∈
L2(∂D), this is done by defining PN g ∈ SN to be the unique solution of

〈g − PNg, ϕ〉 = 0

for every ϕ ∈ SN . We next define a projection PM
N from discrete functions defined

on the Nyström’s points into functions in SN . To do this, let xi for i = 1, . . . ,M be
the Nyström points on ∂D and let g be a discrete function on ∂D so that g(xi) =
gi, i = 1, . . . ,M . Then, provided M ≥ 2N , we define PM

N g ∈ SN by requiring
that

〈PM
N g, ϕ〉M = 〈g, ϕ〉M

for every ϕ ∈ SN where

〈u, v〉M := 1

M

M∑
i=1

u(xi) v(xi).

Note that PM
N g is the uniquely determined element in SN that is the closest to g with

respect to the norm ‖ · ‖M associated with 〈· , ·〉M .
Following Kirsch and Monk, we can now easily define a discrete method for

solving the scattering problem (8.65)–(8.67). We first seek ϕN ∈ SN such that

(PNGh
i − PM

N GM
e )ϕN = PN

(
ui − Gh

i

(
∂ui

∂ν
+ ikui

))
.
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Then, having found ϕN , we approximate the solution u of (8.65)–(8.67) by

u
h,M
N :=

⎧⎪⎪⎨
⎪⎪⎩

GM
e ϕN + ui in IR2 \ D̄,

Gh
i ϕN + Gh

i

(
∂ui

∂ν
+ ikui

)
in D.

Error estimates and numerical examples of the implementation of this scheme for
solving the scattering problem (8.65)–(8.67) can be found in Kirsch and Monk
[251].



Chapter 9
Electromagnetic Waves in an
Inhomogeneous Medium

In the previous chapter, we considered the direct scattering problem for acoustic
waves in an inhomogeneous medium. We now consider the case of electromagnetic
waves. However, our aim is not to simply prove the electromagnetic analogue of
each theorem in Chap. 8 but rather to select the basic ideas of the previous chapter,
extend them when possible to the electromagnetic case, and then consider some
themes that were not considered in Chap. 8, but ones that are particularly relevant
to the case of electromagnetic waves. In particular, we shall consider two simple
problems, one in which the electromagnetic field has no discontinuities across
the boundary of the medium and the second where the medium is an imperfect
conductor such that the electromagnetic field does not penetrate deeply into the
body. This last problem is an approximation to the more complicated transmission
problem for a piecewise constant medium and leads to what is called the exterior
impedance problem for electromagnetic waves.

After a brief discussion of the physical background to electromagnetic wave
propagation in an inhomogeneous medium, we show existence and uniqueness
of a solution to the direct scattering problem for electromagnetic waves in an
inhomogeneous medium. By means of a reciprocity relation for electromagnetic
waves in an inhomogeneous medium, we then show that, for a conducting medium,
the set of electric far field patterns corresponding to incident time-harmonic plane
waves moving in arbitrary directions is complete in the space of square integrable
tangential vector fields on the unit sphere. However, we show that this set of far field
patterns is in general not complete for a dielectric medium. Finally, we establish the
existence and uniqueness of a solution to the exterior impedance problem and show
that the set of electric far field patterns is again complete in the space of square
integrable tangential vector fields on the unit sphere. These results for the exterior
impedance problem will be used in the next chapter when we discuss the inverse
scattering problem for electromagnetic waves in an inhomogeneous medium. We
note, as in the case of acoustic waves, that our ideas and methods can be extended
to more complicated scattering problems involving discontinuous fields, piecewise
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continuous refractive indexes, etc. but, for the sake of clarity and brevity, we do not
consider these more general problems in this book.

9.1 Physical Background

We consider electromagnetic wave propagation in an inhomogeneous isotropic
medium in IR3 with electric permittivity ε = ε(x) > 0, magnetic permeability
μ = μ0, and electric conductivity σ = σ(x) where μ0 is a positive constant. We
assume that ε(x) = ε0 and σ(x) = 0 for all x outside some sufficiently large ball
where ε0 is a constant. Then if J is the current density, the electric field E and
magnetic field H satisfy the Maxwell equations, namely

curlE + μ0
∂H
∂t

= 0, curlH − ε(x)
∂E
∂t

= J. (9.1)

Furthermore, in an isotropic conductor, the current density is related to the electric
field by Ohm’s law

J = σE. (9.2)

For most metals, σ is very large and hence it is often reasonable in many theoretical
investigations to approximate a metal by a fictitious perfect conductor in which
σ is taken to be infinite. However, in this chapter, we shall assume that the
inhomogeneous medium is not a perfect conductor, i.e., σ is finite. If σ is nonzero,
the medium is called a conductor, whereas if σ = 0 the medium is referred to as a
dielectric.

We now assume that the electromagnetic field is time-harmonic, i.e., of the form

E(x, t) = 1√
ε0

E(x) e−iωt , H(x, t) = 1√
μ0

H(x) e−iωt

where ω is the frequency. Then from (9.1) and (9.2) we see that E and H satisfy the
time-harmonic Maxwell equations

curlE − ikH = 0, curlH + ikn(x)E = 0 (9.3)

in IR3 where the (positive) wave number k is defined by k2 = ε0μ0ω
2 and the

refractive index n = n(x) is given by

n(x) := 1

ε0

(
ε(x) + i

σ (x)

ω

)
.
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In order to be able to formulate an integral equation of Lippmann–Schwinger type
for the direct scattering problem we assume that n ∈ C1,α(IR3) for some 0 < α < 1
and, as usual, that m := 1 − n has compact support. As in the previous chapter, we
define D := {x ∈ IR3 : m(x) �= 0}. For an integral equation formulation of the
direct scattering problem in the case when n is discontinuous across ∂D we refer
the reader to [241].

We consider the following scattering problem for (9.3). Let Ei,H i ∈ C1(IR3) be
a solution of the Maxwell equations for a homogeneous medium

curlEi − ikH i = 0, curlHi + ikEi = 0 (9.4)

in all of IR3. We then want to find a solution E,H ∈ C1(IR3) of (9.3) in IR3 such
that if

E = Ei + Es, H = Hi + Hs (9.5)

the scattered field Es,Hs satisfies the Silver–Müller radiation condition

lim
r→∞(Hs × x − rEs) = 0 (9.6)

uniformly for all directions x/|x| where r = |x|.
For the next three sections of this chapter, we shall be concerned with the

scattering problem (9.3)–(9.6). The existence and uniqueness of a solution to this
problem were first given by Müller [332] for the more general case when μ = μ(x).
The proof simplifies considerably for the case we are considering, i.e., μ = μ0, and
we shall present this proof in the next section.

9.2 Existence and Uniqueness

Under the assumptions given in the previous section for the refractive index n,
we shall show in this section that there exists a unique solution to the scattering
problem (9.3)–(9.6). Our analysis follows that of Colton and Kress [99] and is based
on reformulating (9.3)–(9.6) as an integral equation. We first prove the following
theorem, where

Φ(x, y) := 1

4π

eik|x−y|

|x − y| , x �= y,

as usual, denotes the fundamental solution to the Helmholtz equation and

m := 1 − n.
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Theorem 9.1 Let E,H ∈ C1(IR3) be a solution of the scattering problem (9.3)–
(9.6). Then E satisfies the integral equation

E(x) = Ei(x) − k2
∫

IR3
Φ(x, y)m(y)E(y) dy

+ grad
∫

IR3

1

n(y)
grad n(y) · E(y)Φ(x, y) dy, x ∈ IR3.

(9.7)

Proof Let x ∈ IR3 be an arbitrary point and choose an open ball B with unit outward
normal ν such that B contains the support of m and x ∈ B. From the Stratton–Chu
formula (6.5) applied to E,H , we have

E(x) = − curl
∫
∂B

ν(y) × E(y)Φ(x, y) ds(y)

+ grad
∫
∂B

ν(y) · E(y)Φ(x, y) ds(y)

−ik

∫
∂B

ν(y) × H(y)Φ(x, y) ds(y)

+ grad
∫
B

1

n(y)
grad n(y) · E(y)Φ(x, y) dy

−k2
∫
B

m(y)E(y)Φ(x, y) dy

(9.8)

since curlH + ikE = ikmE and n divE = − grad n · E. Note that in the volume
integrals over B we can integrate over all of IR3 since m has support in B. The
Stratton–Chu formula applied to Ei,H i gives

Ei(x) = − curl
∫
∂B

ν(y) × Ei(y)Φ(x, y) ds(y)

+ grad
∫
∂B

ν(y) · Ei(y)Φ(x, y) ds(y)

−ik

∫
∂B

ν(y) × Hi(y)Φ(x, y) ds(y).

(9.9)

Finally, from the version of the Stratton–Chu formula corresponding to Theo-
rem 6.7, we see that
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− curl
∫
∂B

ν(y) × Es(y)Φ(x, y) ds(y)

+ grad
∫
∂B

ν(y) · Es(y)Φ(x, y) ds(y)

− ik

∫
∂B

ν(y) × Hs(y)Φ(x, y) ds(y) = 0.

(9.10)

With the aid of E = Ei + Es , H = Hi + Hs we can now combine (9.8)–(9.10) to
conclude that (9.7) is satisfied. ��

We now want to show that every solution of the integral equation (9.7) is also a
solution to (9.3)–(9.6).

Theorem 9.2 Let E ∈ C(IR3) be a solution of the integral equation (9.7). Then E

and H := curlE/ik are a solution of (9.3)–(9.6).

Proof Since m has compact support, from Theorem 8.1 we can conclude that if
E ∈ C(IR3) is a solution of (9.7) then E ∈ C1,α(IR3). Hence, by the relation
gradx Φ(x, y) = − grady Φ(x, y), Gauss’ divergence theorem and Theorem 8.1,
we have

div
∫

IR3
Φ(x, y)m(y)E(y) dy =

∫
IR3

div{m(y)E(y)}Φ(x, y) dy (9.11)

and

(Δ + k2)

∫
IR3

1

n(y)
grad n(y) · E(y)Φ(x, y) dy = − 1

n(x)
grad n(x) · E(x)

(9.12)
for x ∈ IR3. Taking the divergence of (9.7) and using (9.11) and (9.12), we see that

u := 1

n
div(nE)

satisfies the integral equation

u(x) + k2
∫

IR3
Φ(x, y)m(y)u(y) dy = 0, x ∈ IR3.

Hence, from Theorems 8.3 and 8.7 we can conclude that u(x) = 0 for x ∈ IR3,
that is,

div(nE) = 0 in IR3. (9.13)

Therefore, the integral equation (9.7) can be written in the form
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E(x) = Ei(x) − k2
∫

IR3
Φ(x, y)m(y)E(y) dy

− grad
∫

IR3
Φ(x, y) divE(y) dy, x ∈ IR3,

(9.14)

and thus for H := curlE/ik we have

H(x) = Hi(x) + ik curl
∫

IR3
Φ(x, y)m(y)E(y) dy, x ∈ IR3. (9.15)

In particular, by Theorem 8.1 this implies H ∈ C1,α(IR3) since E ∈ C1,α(IR3). We
now use the vector identity (6.4), the Maxwell equations (9.4), and (9.11), (9.13)–
(9.15) to deduce that

curlH(x) + ikE(x) = ik(curl curl −k2)

∫
IR3

Φ(x, y)m(y)E(y) dy

−ik grad
∫

IR3
Φ(x, y) divE(y) dy

= −ik(Δ + k2)

∫
IR3

Φ(x, y)m(y)E(y) dy

−ik grad
∫

IR3
div{n(y)E(y)}Φ(x, y) dy

= ikm(x)E(x)

for x ∈ IR3. Therefore E,H satisfy (9.3). Finally, the decomposition (9.5) and the
radiation condition (9.6) follow readily from (9.7) and (9.15) with the aid of (2.15)
and (6.26). ��

We note that in (9.7) we can replace the region of integration by any domain G

such that the support of m is contained in Ḡ and look for solutions in C(Ḡ). Then
for x ∈ IR3 \ Ḡ we define E(x) by the right-hand side of (9.7) and obviously obtain
a continuous solution to (9.7) in all of IR3.

In order to show that (9.7) is uniquely solvable we need to establish the following
unique continuation principle for the Maxwell equations.

Theorem 9.3 Let G be a domain in IR3 and let E,H ∈ C1(G) be a solution of

curlE − ikH = 0, curlH + ikn(x)E = 0 (9.16)
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in G such that n ∈ C1,α(G). Suppose E,H vanishes in a neighborhood of some
x0 ∈ G. Then E,H is identically zero in G.

Proof From the representation formula (9.8) and Theorem 8.1, since by assumption
n ∈ C1,α(G), we first can conclude that E ∈ C1,α(B) for any ball B with B̄ ⊂ G.
Then, using curlE = ikH from (9.8) we have H ∈ C2,α(B) whence, in particular,
H ∈ C2(G) follows.

Using the vector identity (6.4), we deduce from (9.16) that

ΔH + 1

n(x)
grad n(x) × curlH + k2n(x)H = 0 in G

and the proof is completed by applying Lemma 8.5 to the real and imaginary parts
of the Cartesian components of H . ��
Theorem 9.4 The scattering problem (9.3)–(9.6) has at most one solution E,H in
C1(IR3).

Proof Let E,H denote the difference between two solutions. Then E,H clearly
satisfy the radiation condition (9.6) and the Maxwell equations for a homogeneous
medium outside some ball B containing the support of m. From Gauss’ divergence
theorem and the Maxwell equations (9.3), denoting as usual by ν the exterior unit
normal to B, we have that

∫
∂B

ν × E · H̄ ds =
∫
B

(curlE · H̄ − E · curl H̄ ) dx = ik

∫
B

(|H |2 − n̄ |E|2) dx
(9.17)

and hence

Re
∫
∂B

ν × E · H̄ ds = −k

∫
B

Im n |E|2dx ≤ 0.

Hence, by Theorem 6.11, we can conclude that E(x) = H(x) = 0 for x ∈ IR3 \ B̄.
By Theorem 9.3 the proof is complete. ��

We are now in a position to show that there exists a unique solution to the
electromagnetic scattering problem.

Theorem 9.5 The scattering problem (9.3)–(9.6) for an inhomogeneous medium
has a unique solution and the solution E,H depends continuously on the incident
field Ei,H i with respect to the maximum norm.

Proof By Theorems 9.2 and 9.4, it suffices to prove the existence of a solution
E ∈ C(IR3) to (9.7). As in the proof of Theorem 8.7, it suffices to look for solutions
of (9.7) in an open ball B containing the support of m. We define an electromagnetic
operator Te : C(B̄) → C(B̄) on the Banach space of continuous vector fields in
B̄ by
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(TeE)(x) := −k2
∫
B

Φ(x, y)m(y)E(y) dy

+grad
∫
B

1

n(y)
grad n(y) · E(y)Φ(x, y) dy, x ∈ B̄.

(9.18)

Since Te has a weakly singular kernel it is a compact operator. Hence, we can
apply the Riesz–Fredholm theory and must show that the homogeneous equation
corresponding to (9.7) has only the trivial solution. If this is done, Eq. (9.7) can be
solved and the inverse operator (I − Te)

−1 is bounded. From this it follows that
E,H depend continuously on the incident field with respect to the maximum norm.

By Theorem 9.2, a continuous solution E of E − TeE = 0 solves the homoge-
neous scattering problem (9.3)–(9.6) with Ei = 0 and hence, by Theorem 9.4, it
follows that E = 0. The theorem is now proved. ��

9.3 The Far Field Patterns

We now want to examine the far field patterns of the scattering problem (9.3)–(9.6)
where the refractive index n = n(x) again satisfies the assumptions of Sect. 9.1.
As in Sect. 6.6 the incident electromagnetic field is given by the plane wave
described by the matrices Ei(x, d) and Hi(x, d) defined by

Ei(x, d)p = i

k
curl curlp eik x·d = ik (d × p) × d eik x·d ,

H i(x, d)p = curlp eik x·d = ik d × p eik x·d ,
(9.19)

where d is a unit vector giving the direction of propagation and p ∈ IR3 is a constant
vector giving the polarization. Because of the linearity of the direct scattering
problem with respect to the incident field, we can also express the scattered waves
by matrices. From Theorem 6.9, we see that

Es(x, d)p = eik|x|

|x| E∞(x̂, d)p + O

(
1

|x|2
)
, |x| → ∞,

H s(x, d)p = eik|x|

|x| x̂ × E∞(x̂, d)p + O

(
1

|x|2
)
, |x| → ∞,

(9.20)

where E∞ is the electric far field pattern. Furthermore, from (6.88) and Green’s
vector theorem (6.3), we can immediately deduce the following reciprocity relation.

Theorem 9.6 Let E∞ be the electric far field pattern of the scattering prob-
lem (9.3)–(9.6) and (9.19). Then for all vectors x̂, d ∈ S

2 we have
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E∞(x̂, d) = [E∞(−d,−x̂)]�.

Motivated by our study of acoustic waves in Chap. 8, we now want to use
this reciprocity relation to show the equivalence of the completeness of the set of
electric far field patterns and the uniqueness of the solution to an electromagnetic
interior transmission problem. In this chapter, we shall only be concerned with the
homogeneous problem, defined as follows.

Homogeneous Electromagnetic Interior Transmission Problem Find a solution
E0, E1,H0,H1 ∈ C1(D) ∩ C(D̄) of

curlE1 − ikH1 = 0, curlH1 + ikn(x)E1 = 0 in D,

curlE0 − ikH0 = 0, curlH0 + ikE0 = 0 in D,

(9.21)

satisfying the boundary condition

ν × (E1 − E0) = 0, ν × (H1 − H0) = 0 on ∂D, (9.22)

where again D := {x ∈ IR3 : m(x) �= 0} and where we assume that D is connected
with a connected C2 boundary.

In order to establish the connection between electric far field patterns and the
electromagnetic interior transmission problem, we now recall the definition of the
Hilbert space

L2
t (S

2) :=
{
g : S2 → C3 : g ∈ L2(S2), ν · g = 0 on S

2
}

of square integrable tangential fields on the unit sphere. Let {dn : n = 1, 2, . . . } be a
countable dense set of unit vectors on S

2 and consider the set F of electric far field
patterns defined by

F := {E∞(· , dn)ej : n = 1, 2, . . . , j = 1, 2, 3
}

where e1, e2, e3 are the Cartesian unit coordinate vectors in IR3. Recalling the
definition of an electromagnetic Herglotz pair and Herglotz kernel given in Sect. 6.6,
we can now prove the following theorem due to Colton and Päivärinta [122].

Theorem 9.7 A tangential vector field g is in the orthogonal complement F ⊥ of
F if and only if there exists a solution of the homogeneous electromagnetic interior
transmission problem such that E0,H0 is an electromagnetic Herglotz pair with
Herglotz kernel ikh where h(d) = g(−d).
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Proof Suppose that g ∈ L2
t (S

2) satisfies

∫
S2

E∞(x̂, dn)ej · g(x̂) ds(x̂) = 0

for n = 1, 2, . . . and j = 1, 2, 3. By the reciprocity relation, this is equivalent to

∫
S2

E∞(−d,−x̂)g(x̂) ds(x̂) = 0

for all d ∈ S
2, i.e.,

∫
S2

E∞(x̂, d)h(d) ds(d) = 0 (9.23)

for all x̂ ∈ S
2 where h(d) = g(−d). Analogous to Lemma 6.35, from the integral

equation (9.7) it can be seen that the left-hand side of (9.23) represents the electric
far field pattern of the scattered wave Es

0,H
s
0 corresponding to the incident wave

Ei
0,H

i
0 given by the electromagnetic Herglotz pair

Ei
0(x) =

∫
S2

Ei(x, d)h(d) ds(d) = ik

∫
S2

h(d) eik x·d ds(d),

H i
0(x) =

∫
S2

Hi(x, d)h(d) ds(d) = curl
∫
S2

h(d) eik x·d ds(d).

Hence, (9.23) is equivalent to a vanishing far field pattern of Es
0,H

s
0 and thus, by

Theorem 6.10, equivalent to Es
0 = Hs

0 = 0 in IR3\B, i.e., with E0 := Ei
0, H0 := Hi

0
and E1 := Ei

0 + Es
0, H1 := Hi

0 + Hs
0 we have solutions to (9.21) satisfying the

boundary condition (9.22). ��
In the case of a conducting medium, i.e., Im n �= 0, we can use Theorem 9.7 to

deduce the following result [122].

Theorem 9.8 In a conducting medium, the set F of electric far field patterns is
complete in L2

t (S
2).

Proof Recalling that an electromagnetic Herglotz pair vanishes if and only if
its Herglotz kernel vanishes (Theorem 3.27 and Definition 6.33), we see from
Theorem 9.7 that it suffices to show that the only solution of the homogeneous
electromagnetic interior transmission problem (9.21) and (9.22) is E0 = E1 =
H0 = H1 = 0. However, analogous to (9.17), from Gauss’ divergence theorem and
the Maxwell equations (9.21) we have

∫
∂D

ν · E1 × H̄1 ds = ik

∫
D

(|H1|2 − n̄ |E1|2) dx,
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∫
∂D

ν · E0 × H̄0 ds = ik

∫
D

(|H0|2 − |E0|2) dx.

From these two equations, using the transmission conditions (9.22) we obtain

∫
D

(|H1|2 − n̄ |E1|2) dx =
∫
D

(|H0|2 − |E0|2) dx

and taking the imaginary part of both sides gives

∫
D

Im n |E1|2dx = 0.

From this, we conclude by unique continuation that E1 = H1 = 0 in D. From (9.22)
we now have vanishing tangential components of E0 and H0 on the boundary
∂D whence E0 = H0 = 0 in D follows from the Stratton–Chu formulas (6.8)
and (6.9). ��

In contrast to Theorem 9.8, the set F of electric far field patterns is not in general
complete for a dielectric medium. We shall show this for a spherically stratified
medium in the next section.

We conclude this section with a short analysis of the far field operator F :
L2
t (S

2) → L2
t (S

2) defined by

(Fg)(x̂) :=
∫
S2

E∞(x̂, d)g(d) ds(d), x̂ ∈ S
2, (9.24)

and begin with an analog of Theorem 8.17.

Lemma 9.9 Let Ei
g,H

i
g and Ei

h,H
i
h be electromagnetic Herglotz pairs with kernels

g, h ∈ L2
t (S

2), respectively, and let Eg,Hg and Eh,Hh be the solutions of
(9.4)–(9.6) with Ei,H i equal to Ei

g,H
i
g and Ei

h,H
i
h, respectively. Then

k

∫
D

Im nEgĒh dx = −2π(Fg, h) − 2π(g, Fh) − (Fg, Fh),

where (· , ·) denotes the inner product on L2
t (S

2).

Proof Noting that

H̄h · (ν × Eg) = − 1

ik
(ν × Eg) · curl Ēh

and

Ēh · (ν × Hg) = 1

ik
Ēh · (ν × curlEg) = − 1

ik
(ν × Ēh) · curlEg
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from Green’s second vector integral theorem we obtain

∫
∂D

{
Hh · (ν × Eg) − Eh · (ν × Hg)

}
ds = 2k

∫
D

Im nEgĒh dx.

Now the statement of the lemma follows from (6.103). ��
Theorem 9.10 Assume that Im n = 0. Then the far field operator F is compact and
normal, i.e., FF ∗ = F ∗F , and has an infinite number of eigenvalues.

Proof Under the assumption Im n = 0 from Lemma 9.9 we have that

2π(Fg, h) + 2π(g, Fh) + (Fg, Fh) = 0.

From this the normality of F follows analogous to the proof of Theorem 6.39 with
the aid of the reciprocity relation in Theorem 9.6. By the uniqueness result contained
in Theorem 9.7 the nullspace of F is either trivial or finite dimensional since by
Remark 4.4 in [59] the transmission eigenvalues have finite multiplicity. From this
the statement on the eigenvalues follows by the spectral theorem for compact normal
operators (see [375]). ��
Corollary 9.11 Assume that Im n = 0. Then the scattering operator S : L2

t (S
2) →

L2
t (S

2) defined by

S := I + 1

2π
F

is unitary.

Proof Analogous to the proof of Corollary 6.40. ��
To conclude this section, with the aid of Lidski’s Theorem 8.15 we will extend

the statement of Theorem 9.10 on the eigenvalues of F to the case where Im n �= 0.
For this we note that the argument for showing that the far field operator F is a trace
class operator (see p. 324) carries over from the acoustic case to the electromagnetic
case.

Theorem 9.12 The far field operator F has an infinite number of eigenvalues.

Proof In view of Theorem 9.10 we only need to consider the case where Im n �= 0.
Recall that we assume that n(x) ≥ 0 for all x ∈ D.

We first show that in this case F is injective. From Fg = 0, by Rellich’s lemma
and the unique continuation principle we conclude that the scattered wave for the
solution Eg,Hg to (9.4)–(9.6) with Ei,H i equal to the electromagnetic Herglotz
pair Ei

g,H
i
g with kernel g ∈ L2

t (S
2) vanishes in IR3. Therefore Eg = Ei

g and by
Lemma 9.10 and again the unique continuation principle we obtain that Ei

g = 0 in

IR3, whence g = 0 follows by Theorem 3.27.
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By Lemma 9.9 we have that

4π Im(−iFg, g) = 2π [(Fg, g) + (g, Fg)] = k

∫
D

Im n |Eg|2dx + ‖Fg‖2 ≥ 0

for all g ∈ L2
t (S

2). Therefore the operator −iF satisfies the assumptions of
Theorem 8.15 and the statement of the theorem follows. ��
Corollary 9.13 If Im n �= 0 the eigenvalues of the far field operator F lie in the
disk

|λ|2 + 4π Re λ < 0

whereas if Im n = 0 they lie on the circle

|λ|2 + 4π Re λ = 0

in the complex plane.

Proof This follows from Lemma 9.9 by setting g = h and Fg = λg. ��

9.4 The Spherically Stratified Dielectric Medium

In this section, we shall consider the class F of electric far field patterns for a
spherically stratified dielectric medium. Our aim is to show that in this case there
exist wave numbers k such that F is not complete in L2

t (S
2). It suffices to show

that when n(x) = n(r), r = |x|, Im n = 0 and, as a function of r , n ∈ C2, there
exist values of k such that there exists a nontrivial solution to the homogeneous
electromagnetic interior transmission problem

curlE1 − ikH1 = 0, curlH1 + ikn(r)E1 = 0 in B,

curlE0 − ikH0 = 0, curlH0 + ikE0 = 0 in B,

(9.25)

with the boundary condition

ν × (E1 − E0) = 0, ν × (H1 − H0) = 0 on ∂B, (9.26)

where E0,H0 is an electromagnetic Herglotz pair, where now B is an open ball
of radius a with exterior unit normal ν and where Im n = 0. Analogous to the
construction of the spherical vector wave functions in Theorem 6.26 from the scalar
spherical wave functions, we will develop special solutions to the electromagnetic
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transmission problem (9.25) and (9.26) from solutions to the acoustic interior
transmission problem

Δw + k2n(r)w = 0, Δv + k2v = 0 in B, (9.27)

w − v = 0,
∂w

∂ν
− ∂v

∂ν
= 0 on ∂B. (9.28)

Assuming that the solutions w, v of (9.27) and (9.28) are three times continu-
ously differentiable, we now define

E1(x) := curl{xw(x)}, H1(x) := 1

ik
curlE1(x),

E0(x) := curl{xv(x)}, H0(x) := 1

ik
curlE0(x).

(9.29)

Then, from the identity (6.4) together with

Δ{xw(x)} = xΔw(x) + 2 gradw(x)

and (9.27) we have that

ik curlH1(x) = curl curl curl{xw(x)} = − curlΔ{xw(x)}

= k2 curl{xn(r)w(x)} = k2n(r) curl{xw(x)} = k2n(r)E1(x),

that is,

curlH1 + ikn(r)E1 = 0,

and similarly

curlH0 + ikE0 = 0.

Hence, E1,H1 and E0,H0 satisfy (9.25). From w − v = 0 on ∂B we have that

x × {E1(x) − E0(x)} = x × {grad[w(x) − v(x)] × x} = 0, x ∈ ∂B,

that is,

ν × (E1 − E0) = 0 on ∂B.

Finally, setting u = w − v in the relation
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curl curl{xu(x)} = −Δ{xu(x)} + grad div{xu(x)}

= −xΔu(x) + grad

{
u(x) + r

∂u

∂r
(x)

}

and using the boundary condition (9.28), we deduce that

ν × (H1 − H0) = 0 on ∂B

is also valid. Hence, from a three times continuously differentiable solution w, v to
the scalar transmission problem (9.27) and (9.28), via (9.29) we obtain a solution
E1,H1 and E0,H0 to the electromagnetic transmission problem (9.25) and (9.26).
Note, however, that in order to obtain a nontrivial solution through (9.29) we have
to insist that w and v are not spherically symmetric.

We proceed as in Sect. 8.4 and, after introducing spherical coordinates (r, θ, ϕ),

look for solutions to (9.27) and (9.28) of the form

v(r, θ) = aljl(kr) Pl(cos θ),

w(r, θ) = bl
yl(r)

r
Pl(cos θ),

(9.30)

where Pl is Legendre’s polynomial, jl is a spherical Bessel function, al and bl are
constants to be determined, and the function yl is a solution of

y′′
l +

(
k2n(r) − l(l + 1)

r2

)
yl = 0 (9.31)

for r > 0 such that yl is continuous for r ≥ 0. However, in contrast to the analysis
of Sect. 8.4, we are only interested in solutions which are dependent on θ , i.e., in
solutions for l ≥ 1. In particular, the ordinary differential equation (9.31) now has
singular coefficients. We shall show that if n(r) > 1 for 0 ≤ r < a or 0 < n(r) < 1
for 0 ≤ r < a, then for each l ≥ 1 there exist an infinite set of values of k

and constants al = al(k), bl = bl(k), such that (9.30) is a nontrivial solution
of (9.27) and (9.28). From Sect. 6.6 we know that E0,H0, given by (9.29), is an
electromagnetic Herglotz pair. Hence, by Theorem 9.7, for such values of k the set
of electric far field patterns is not complete.

To show the existence of values of k such that (9.30) yields a nontrivial solution
of (9.27) and (9.28), we need to examine the asymptotic behavior of solutions
to (9.31). To this end, we use the Liouville transformation

ξ :=
∫ r

0
[n(ρ)]1/2dρ, z(ξ) := [n(r)]1/4yl(r) (9.32)

to transform (9.31) to
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z′′ + [k2 − p(ξ)]z = 0 (9.33)

where

p(ξ) := n′′(r)
4 [n(r)]2 − 5

16

[n′(r)]2

[n(r)]3 + l(l + 1)

r2n(r)
.

Note that since n(r) > 0 for r ≥ 0 and n is in C2, the transformation (9.32) is
invertible and p is well defined and continuous for r > 0. In order to deduce the
required asymptotic estimates, we rewrite (9.33) in the form

z′′ +
(
k2 − l(l + 1)

ξ2 − g(ξ)

)
z = 0 (9.34)

where

g(ξ) := l(l + 1)

r2n(r)
− l(l + 1)

ξ2 + n′′(r)
4 [n(r)]2 − 5

16

[n′(r)]2

[n(r)]3 , r = r(ξ), (9.35)

and note that since n(r) = 1 for r ≥ a we have

∫ ∞

1
|g(ξ)| dξ < ∞ and

∫ 1

0
ξ |g(ξ)| dξ < ∞.

For λ > 0 we now define the functions Eλ and Mλ by

Eλ(ξ) :=

⎧⎪⎪⎨
⎪⎪⎩

[
−Yλ(ξ)
Jλ(ξ)

]1/2
, 0 < ξ < ξλ,

1, ξλ ≤ ξ < ∞,

and

Mλ(ξ) :=

⎧⎪⎨
⎪⎩

[2 |Yλ(ξ)| Jλ(ξ)]1/2, 0 < ξ < ξλ,

[
J 2
λ (ξ) + Y 2

λ (ξ)
]1/2

, ξλ ≤ ξ < ∞,

where Jλ is the Bessel function, Yλ the Neumann function, and ξλ is the smallest
positive root of the equation

Jλ(ξ) + Yλ(ξ) = 0.

Note that ξλ is less than the first positive zero of Jλ. For the necessary information on
Bessel and Neumann functions of nonintegral order we refer the reader to [86, 293].
We further define Gλ by
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Gλ(k, ξ) := π

2

∫ ξ

0
ρM2

λ(kρ) |g(ρ)| dρ

where g is given by (9.35). Noting that for k > 0 and λ ≥ 0 we have that Gλ is finite
when r is finite, we can now state the following result from Olver [343, p. 450].

Theorem 9.14 Let k > 0 and l ≥ −1/2. Then (9.34) has a solution z which, as a
function of ξ, is continuous in [0,∞), twice continuously differentiable in (0,∞),
and is given by

z(ξ) =
√

πξ

2k
{Jλ(kξ) + εl(k, ξ)} (9.36)

where

λ = l + 1

2

and

|εl(k, ξ)| ≤ Mλ(kξ)

Eλ(kξ)

{
eGλ(k,ξ) − 1

}
.

In order to apply Theorem 9.14 to obtain an asymptotic estimate for a continuous
solution yl of (9.31), we fix ξ > 0 and let k be large. Then for λ > 0 we have that
there exist constants C1 and C2, both independent of k, such that

|Gλ(k, ξ)| ≤ C

{∫ 1

0
M2

λ(kρ) dρ + 1

k

∫ ∞

1
|g(ρ)| dρ

}

≤ C1

{
1

k

∫ 1

1/k

dρ

ρ
+ 1

k

}
= C1

{
ln k

k
+ 1

k

}
.

(9.37)

Hence, for z defined by (9.36) we have from Theorem 9.14, (9.37) and the
asymptotics for the Bessel function Jλ that

z(ξ) =
√

πξ

2k

{
Jλ(kξ) + O

(
ln k

k3/2

)}

= 1

k
cos

(
kξ − λπ

2
− π

4

)
+ O

(
ln k

k2

) (9.38)

for fixed ξ > 0 and λ as defined in Theorem 9.14. Furthermore, it can be shown that
the asymptotic expansion (9.38) can be differentiated with respect to ξ , the error
estimate being O(ln k/k). Hence, from (9.32) and (9.38) we can finally conclude
that if yl is defined by (9.32) then
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yl(r) = 1

k[n(r)]1/4[n(0)]l/2+1/4 cos

(
k

∫ r

0
[n(ρ)]1/2dρ − λπ

2
− π

4

)
+ O

(
ln k

k2

)

(9.39)
where the asymptotic expansion for [n(r)]1/4yl(r) can be differentiated with respect
to r , the error estimate being O(ln k/k).

We now note that, from the above estimates, w, as defined by (9.30), is a C2

solution of Δw + k2n(r)w = 0 in B \ {0} and is continuous in B. Hence, by
the removable singularity theorem for elliptic differential equations (cf. [366],p.
104) we have that w ∈ C2(B). Since n ∈ C1,α(IR3), we can conclude from
Green’s formula (8.14) and Theorem 8.1 that w ∈ C3(B) and hence E1 and H1
are continuously differentiable in B.

We now return to the scalar interior transmission problem (9.27) and (9.28)
and note that (9.30) will be a nontrivial solution provided there exists a nontrivial
solution al, bl of the homogeneous linear system

bl
yl(a)

a
− aljl(ka) = 0

bl
d

dr

(
yl(r)

r

)
r=a

− alkj
′
l (ka) = 0.

(9.40)

The system (9.40) will have a nontrivial solution provided the determinant of the
coefficients vanishes, that is,

d := det

⎛
⎜⎜⎜⎝

yl(a)

a
−jl(ka)

d

dr

(
yl(r)

r

)
r=a

−kj ′
l (ka)

⎞
⎟⎟⎟⎠ = 0. (9.41)

Recalling the asymptotic expansions (2.42) for the spherical Bessel functions, i.e.,

jl(kr) = 1

kr
cos

(
kr − lπ

2
− π

2

)
+ O

(
1

k2

)
, k → ∞,

j ′
l (kr) = 1

kr
sin

(
kr − lπ

2
+ π

2

)
+ O

(
1

k2

)
, k → ∞,

(9.42)

we see from (9.39) and (9.42) and the addition formula for the sine function that

d = 1

a2k [n(0)]l/2+1/4

{
sin

(
k

∫ a

0
[n(r)]1/2dr − ka

)
+ O

(
ln k

k

)}
.

Therefore, a sufficient condition for (9.41) to be valid for a discrete set of values of
k is that either n(r) > 1 for 0 ≤ r < a or n(r) < 1 for 0 ≤ r < a. Hence we have
the following theorem [122].
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Theorem 9.15 Assume that Im n = 0 and that n(x) = n(r) is spherically stratified,
n(r) = 1 for r ≥ a, n(r) > 1 or 0 < n(r) < 1 for 0 ≤ r < a and, as a function of
r , n ∈ C2. Then there exists an infinite set of wave numbers k such that the set F of
electric far field patterns is not complete in L2

t (S
2).

9.5 The Exterior Impedance Boundary Value Problem

The mathematical treatment of the scattering of time harmonic electromagnetic
waves by a body which is not perfectly conducting but which does not allow
the electric and magnetic field to penetrate deeply into the body leads to what is
called an exterior impedance boundary value problem for electromagnetic waves
(cf. [223, p. 511] and [411, p. 304]). In particular, such a model is sometimes used
for coated media instead of the more complicated transmission problem. In addition
to being an appropriate theme for this chapter, we shall also need to make use of
the mathematical theory of the exterior impedance boundary value problem in our
later treatment of the inverse scattering problem for electromagnetic waves. The
first rigorous proof of the existence of a unique solution to the exterior impedance
boundary value problem for electromagnetic waves was given by Colton and Kress
in [96]. Here we shall provide a simpler proof of this result by basing our ideas
on those developed for a perfect conductor in Chap. 6. We first define the problem
under consideration where for the rest of this section D is a bounded domain in IR3

with connected C2 boundary ∂D with unit outward normal ν.

Exterior Impedance Problem Given a Hölder continuous tangential field c on ∂D

and a positive constant λ, find a solution E,H ∈ C1(IR3 \ D̄) ∩ C(IR3 \ D) of the
Maxwell equations

curlE − ikH = 0, curlH + ikE = 0 in IR3 \ D̄ (9.43)

satisfying the impedance boundary condition

ν × curlE − iλ (ν × E) × ν = c on ∂D (9.44)

and the Silver–Müller radiation condition

lim
r→∞(H × x − rE) = 0 (9.45)

uniformly for all directions x̂ = x/|x|.
The uniqueness of a solution to (9.43)–(9.45) is easy to prove.

Theorem 9.16 The exterior impedance problem has at most one solution provided
λ > 0.
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Proof If c = 0, then from (9.44) and the fact that λ > 0 we have that

Re k
∫
∂D

ν × E · H̄ ds = −λ

∫
∂D

|ν × E|2ds ≤ 0.

We can now conclude from Theorem 6.11 that E = H = 0 in IR3 \ D̄. ��
We now turn to the existence of a solution to the exterior impedance problem,

always assuming that λ > 0. To this end, we recall the definition of the space
C0,α(∂D) of Hölder continuous functions defined on ∂D from Sect. 3.1 and
the space C

0,α
t (∂D) of Hölder continuous tangential fields defined on ∂D from

Sect. 6.3. We also recall from Theorems 3.2, 3.4, and 6.14 that the single-layer
operator S : C0,α(∂D) → C0,α(∂D) defined by

(Sϕ)(x) := 2
∫
∂D

Φ(x, y)ϕ(y) ds(y), x ∈ ∂D,

the double-layer operator K : C0,α(∂D) → C0,α(∂D) defined by

(Kϕ)(x) := 2
∫

∂Φ(x, y)

∂ν(y)
ϕ(y) ds(y), x ∈ ∂D,

and the magnetic dipole operator M : C0,α
t (∂D) → C

0,α
t (∂D) defined by

(Ma)(x) := 2
∫
∂D

ν(x) × curlx{a(y)Φ(x, y)} ds(y), x ∈ ∂D

are all compact. Furthermore, with the spaces

C0,α(Div, ∂D) =
{
a ∈ C

0,α
t (∂D) : Div a ∈ C0,α(∂D)

}

and

C0,α(Curl, ∂D) =
{
b ∈ C

0,α
t (∂D) : Curl b ∈ C0,α(∂D)

}

which were also introduced in Sect. 6.3, the electric dipole operator N :
C0,α(Curl, ∂D) → C0,α(Div, ∂D) defined by

(Na)(x) := 2 ν(x) × curl curl
∫
∂D

Φ(x, y) ν(y) × a(y) ds(y), x ∈ ∂D,

is bounded by Theorem 6.19.
With these definitions and facts recalled, following Hähner [170], we now look

for a solution of the exterior impedance problem in the form
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E(x) =
∫
∂D

Φ(x, y)b(y) ds(y) + iλ curl
∫
∂D

Φ(x, y) ν(y) × (S2
0b)(y) ds(y)

+ grad
∫
∂D

Φ(x, y)ϕ(y) ds(y) + iλ

∫
∂D

Φ(x, y)ν(y)ϕ(y) ds(y),

H(x) = 1

ik
curlE(x), x ∈ IR3 \ D̄,

(9.46)
where S0 is the single-layer operator in the potential theoretic limit k = 0 and the
densities b ∈ C

0,α
t (∂D) and ϕ ∈ C0,α(∂D) are to be determined. The vector field E

clearly satisfies the vector Helmholtz equation and its Cartesian components satisfy
the (scalar) Sommerfeld radiation condition. Hence, if we insist that divE = 0
in IR3 \ D̄, then by Theorems 6.4 and 6.8 we have that E,H satisfy the Maxwell
equations and the Silver–Müller radiation condition. Since divE satisfies the scalar
Helmholtz equation and the Sommerfeld radiation condition, by the uniqueness for
the exterior Dirichlet problem it suffices to impose divE = 0 only on the boundary
∂D. From the jump and regularity conditions of Theorems 3.1, 3.3, 6.12, and 6.13,
we can now conclude that (9.46) for b ∈ C

0,α
t (∂D) and ϕ ∈ C0,α(∂D) ensures the

regularity E,H ∈ C0,α(IR3 \ D) up to the boundary and that it solves the exterior
impedance problem provided b and ϕ satisfy the integral equations

b + M11b + M12ϕ = 2c

−iλϕ + M21b + M22ϕ = 0,
(9.47)

where

M11b := Mb + iλNPS2
0b − iλPSb + λ2{M(ν × S2

0b)} × ν + λ2PS2
0b,

(M12ϕ)(x) := 2iλ ν(x) ×
∫
∂D

gradx Φ(x, y) × {ν(y) − ν(x)}ϕ(y) ds(y)

+λ2(PSνϕ)(x), x ∈ ∂D,

(M21b)(x) := −2
∫
∂D

gradx Φ(x, y) · b(y) ds(y), x ∈ ∂D,

M22ϕ := k2Sϕ + iλKϕ,

and where P stands for the orthogonal projection of a vector field defined on ∂D

onto the tangent plane, that is, Pa := (ν × a) × ν. Noting the smoothing property
S0 : C0,α(∂D) → C1,α(∂D) from Theorem 3.4, as in the proof of Theorem 6.21 it is
not difficult to verify that M11 : C0,α

t (∂D) → C
0,α
t (∂D) is compact. Compactness
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of the operator M12 : C0,α(∂D) → C
0,α
t (∂D) follows by applying Corollary 2.9

from [104] to the first term in the definition of M12. Loosely speaking, compactness
of M12 rests on the fact that the factor ν(x)−ν(y) makes the kernel weakly singular.
Finally, M22 : C0,α(∂D) → C0,α(∂D) is compact, whereas M21 : C

0,α
t (∂D) →

C0,α(∂D) is merely bounded. Writing the system (9.47) in the form

(
I 0

M21 −iλI

)(
b

ϕ

)
+
(
M11 M12

0 M22

)(
b

ϕ

)
=
(

2c
0

)
,

we now see that the first of the two matrix operators has a bounded inverse because
of its triangular form and the second is compact. Hence, we can apply the Riesz–
Fredholm theory to (9.47).

For this purpose, suppose b and ϕ are a solution to the homogeneous equation
corresponding to (9.47) (i.e., c = 0). Then the field E,H defined by (9.46) satisfies
the homogeneous exterior impedance problem in IR3 \ D̄. Since λ > 0, we can
conclude from Theorem 9.16 that E = H = 0 in IR3 \ D. Viewing (9.46) as
defining a solution of the vector Helmholtz equation in D, from the jump relations
of Theorems 3.1, 3.3, 6.12, and 6.13 we see that

− ν × E− = iλν × S2
0b, −ν × curlE− = b on ∂D, (9.48)

− divE− = −iλϕ, −ν · E− = −ϕ on ∂D. (9.49)

Hence, with the aid of Green’s vector theorem (6.2), we derive from (9.48)
and (9.49) that

∫
D

{
| curlE|2 + | divE|2 − k2|E|2

}
dx = iλ

∫
∂D

{
|S0b|2 + |ϕ|2

}
ds.

Taking the imaginary part of the last equation and recalling that λ > 0 now shows
that S0b = 0 and ϕ = 0 on ∂D. Since S0 is injective (see the proof of Theorem 3.12),
we have that b = 0 on ∂D. The Riesz–Fredholm theory now implies the following
theorem. The statement on the boundedness of the operator A follows from the
fact that by the Riesz–Fredholm theory the inverse operator for (9.47) is bounded
from C

0,α
t (∂D) × C0,α(∂D) into itself and by applying the mapping properties of

Theorems 3.3 and 6.13 to the solution (9.46).

Theorem 9.17 Suppose λ > 0. Then for each c ∈ C
0,α
t (∂D) there exists a unique

solution to the exterior impedance problem. The operator A mapping the boundary
data c onto the tangential component ν × E of the solution is a bounded operator
A : C0,α

t (∂D) → C0,α(Div, ∂D).

For technical reasons, we shall need in Chap. 11 sufficient conditions for the
invertibility of the operator
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NR − iλR(I + M) : C0,α(Div, ∂D) → C
0,α
t (∂D)

where the operator R : C0,α
t (∂D) → C

0,α
t (∂D) is given by

Ra := a × ν.

To this end, we first try to express the solution of the exterior impedance problem in
the form

E(x) = curl
∫
∂D

a(y)Φ(x, y) ds(y), x ∈ IR3 \ D̄,

where a ∈ C0,α(Div, ∂D). From the jump conditions of Theorems 6.12 and 6.13,
this leads to the integral equation

NRa − iλRMa − iλRa = 2c (9.50)

for the unknown density a. However, we can interpret the solution of the exterior
impedance problem as the solution of the exterior Maxwell problem with boundary
condition

ν × E = Ac on ∂D,

and hence a also is required to satisfy the integral equation

a + Ma = 2Ac.

The last equation turns out to be a special case of Eq. (6.56) with η = 0 (and a
different right-hand side). From the proof of Theorem 6.21, it can be seen that if k is
not a Maxwell eigenvalue for D then I +M has a trivial nullspace. Hence, since by
Theorem 6.17 the operator M : C0,α(Div, ∂D) → C0,α(Div, ∂D) is compact, by
the Riesz–Fredholm theory (I + M)−1 : C0,α(Div, ∂D) → C0,α(Div, ∂D) exists
and is bounded. Hence, (I +M)−1A : C0,α

t (∂D) → C0,α(Div, ∂D) is the bounded
inverse of NR − iλR(I + M) and we have proven the following theorem.

Theorem 9.18 Assume that λ > 0 and that k is not a Maxwell eigenvalue for D.
Then the operator NR− iλR(I +M) : C0,α(Div, ∂D) → C

0,α
t (∂D) has a bounded

inverse.

We shall now conclude this chapter by briefly considering the electric far field
patterns corresponding to the exterior impedance problem (9.43)–(9.45) with c

given by

c := −ν × curlEi + iλ (ν × Ei) × ν on ∂D
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where Ei and Hi are given by (9.19). This corresponds to the scattering of the
incident field (9.19) by the imperfectly conducting obstacle D where the total
electric field E = Ei + Es satisfies the impedance boundary condition

ν × curlE − iλ (ν × E) × ν = 0 on ∂D (9.51)

and Es is the scattered electric field. From Theorem 6.9 we see that Es has the
asymptotic behavior

Es(x, d)p = eik|x|

|x| Eλ∞(x̂, d)p + O

(
1

|x|2
)
, |x| → ∞,

where Eλ∞ is the electric far field pattern. From (6.88) and (9.51) we can easily
deduce the following reciprocity relation [12].

Theorem 9.19 For all vectors x̂, d ∈ S
2 we have

Eλ∞(x̂, d) = [Eλ∞(−d,−x̂)]�.

We are now in a position to prove the analogue of Theorem 9.8 for the exterior
impedance problem. In particular, recall the Hilbert space L2

t (S
2) of tangential L2

vector fields on the unit sphere, let {dn : n = 1, 2, . . . } be a countable dense set
of unit vectors on S

2 and denote by e1, e2, e3 the Cartesian unit coordinate vectors
in IR3. For the electric far field patterns we now have the following theorem due to
Angell, Colton, and Kress [12].

Theorem 9.20 Assume λ > 0. Then the set

Fλ = {Eλ∞(· , dn)ej : n = 1, 2, . . . , j = 1, 2, 3
}

of electric far field patterns for the exterior impedance problem is complete in
L2
t (S

2).

Proof Suppose that g ∈ L2
t (S

2) satisfies

∫
S2

Eλ∞(x̂, dn)ej · g(x̂) ds(x̂) = 0

for n = 1, 2, . . . and j = 1, 2, 3. We must show that g = 0. As in the proof of
Theorem 9.7, by the reciprocity Theorem 9.19, we have

∫
S2

Eλ∞(−d,−x̂)g(x̂) ds(x̂) = 0
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for all d ∈ S
2 , i.e.,

∫
S2

Eλ∞(x̂, d)h(d) ds(d) = 0 (9.52)

for all x̂ ∈ S
2 where h(d) = g(−d).

Now define the electromagnetic Herglotz pair Ei
0,H

i
0 by

Ei
0(x) =

∫
S2

Ei(x, d)h(d) ds(d) = ik

∫
S2

h(d) eik x·d ds(d),

H i
0(x) =

∫
S2

Hi(x, d)h(d) ds(d) = curl
∫
S2

h(d) eik x·d ds(d).

Analogous to Lemma 6.35 it can be seen that the left-hand side of (9.52) represents
the electric far field pattern of the scattered field Es

0,H
s
0 corresponding to the

incident field Ei
0,H

i
0. Then from (9.52) we see that the electric far field pattern

of Es
0 vanishes and hence, from Theorem 6.10, both Es

0 and Hs
0 are identically zero

in IR3 \ D. We can now conclude that Ei
0,H

i
0 satisfies the impedance boundary

condition

ν × curlEi
0 − iλ (ν × Ei

0) × ν = 0 on ∂D. (9.53)

Gauss’ theorem and the Maxwell equations (compare (9.17)) now imply that

∫
∂D

ν × Ei
0 · H̄ i

0 ds = ik

∫
D

{
|Hi

0|2 − |Ei
0|2
}
dx

and hence from (9.53) we have that

λ

∫
∂D

|ν × Ei
0|2ds = ik2

∫
D

{
|Ei

0|2 − |Hi
0|2
}
dx

whence ν × Ei
0 = 0 on ∂D follows since λ > 0. From (9.53) we now see that

ν × Hi
0 = 0 on ∂D and hence from the Stratton–Chu formulas (6.8) and (6.9) we

have that Ei
0 = Hi

0 = 0 in D and by analyticity (Theorem 6.3) Ei
0 = Hi

0 = 0 in IR3.
But now from Theorem 3.27 we conclude that h = 0 and consequently g = 0. ��



Chapter 10
Transmission Eigenvalues

The transmission eigenvalue problem was previously introduced in Sect. 8.4 where
it was shown to play a central role in establishing the completeness of the set of far
field patterns in L2(S2). It was then shown in Sect. 8.6 that the set of transmission
eigenvalues was either empty or formed a discrete set, thus leading to the conclusion
that except possibly for a discrete set of values of the wave number k > 0,
the set of far field patterns is complete in L2(S2). In this chapter we return to
the subject of transmission eigenvalues and consider further topics of interest. In
particular, we begin by showing the existence of transmission eigenvalues and then
deriving a monotonicity result for the first positive transmission eigenvalue (see
also [154]). We then proceed to describe a boundary integral equation approach
to the transmission eigenvalue problem, the existence of complex transmission
eigenvalues in the case of a spherically stratified medium and the inverse spectral
problem for the case of such a medium. We conclude this chapter by considering a
modified transmission eigenvalue problem in which the wave number k > 0 is kept
fixed and the eigenparameter is now an artificial coefficient introduced through the
use of a modified far field operator. Our analysis is restricted to the case of acoustic
waves. For results on transmission eigenvalues for electromagnetic waves we refer
the reader to Sect. 9.4 and [59].

10.1 Existence of Transmission Eigenvalues

We assume that the scatterer D is connected with a connected C2 boundary and
Im n = 0. In particular, if F is the far field operator, 0 < n(x) < 1 or n(x) > 1 for
x ∈ D̄, and a regularized solution gαz of the far field equation Fg = Φ∞(·, z)
is obtained by using Tikhonov regularization, then if F has dense range it can
be shown if vgαz is the Herglotz wave function with kernel gαz , then for any ball
B ⊂ D the norm ‖vgαz ‖L2(D) is bounded as α → 0 for almost every z ∈ B if and
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only if k > 0 is not a transmission eigenvalue [57, Theorem 4.44]. (Note that by
Theorem 8.9 the fact that F has dense range is generally the case.) In practice this
means that if the noise level is sufficiently small then, under the above assumptions
on n, if ‖gαz ‖L2(S2) is plotted against k for a variety of values of z the transmission
eigenvalues will appear as sharp peaks in the graph (cf. [54, 57, 60, 250, 294]).
Each of these measured transmission eigenvalues contains information about n and
the problem is to extract this information. We shall now proceed to examine this
problem for the case of the first (real) transmission eigenvalue, beginning with
the problem of showing that such eigenvalues in fact exist. For further results on
the existence of transmission eigenvalues see [55, 61–63, 67, 191, 192, 241]. The
first proof of the existence of transmission eigenvalues was given by Sylvester and
Päivärinta for the case when n(x) > 1 for x ∈ D and ‖n‖∞ is sufficiently large
[345].

Let X be a Hilbert space with scalar product (·, ·) and associated norm ‖ · ‖, and
let A : X → X be a bounded, self-adjoint, and strictly positive definite operator,
i.e.,

(Au, u) ≥ c‖u‖2

for all u ∈ X and some c > 0. We recall that the operators A±1/2 are defined by

A±1/2 =
∫ ∞

0
λ±1/2 dEλ

where dEλ is the spectral measure associated with A. In particular, A±1/2 are
also bounded, self-adjoint, and strictly positive definite operators on X satisfying
AmA1/2 = I and A1/2A1/2 = A. We shall consider the spectral decomposition of
the operator A with respect to self-adjoint nonnegative compact operators. The next
two theorems [63] indicate the main properties of such a decomposition.

Theorem 10.1 Let A : X → X be a bounded, self-adjoint, and strictly positive
definite operator on a Hilbert space X and let B : X → X be a nonnegative,
self-adjoint, and compact linear operator with null space N(B). There exists an
increasing sequence of positive real numbers (λj ) and a sequence (uj ) of elements
of X satisfying

Auj = λjBuj (10.1)

and

(Buj , u�) = δj� (10.2)

such that each u ∈ [A(N(B))]⊥ can be expanded in a series
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u =
∞∑
j=1

γjuj . (10.3)

If N(B)⊥ has infinite dimension then λj → ∞ as j → ∞.

Proof This theorem is a direct consequence of the spectral decomposition (4.6) and
(4.7) applied to the nonnegative, self-adjoint compact operator B̃ = A−1/2BA−1/2.
Let (μj ) be the decreasing sequence of positive eigenvalues and (vj ) the corre-

sponding orthonormal eigenelements of B̃ that are complete in A−1/2BA−1/2(X),
that is,

v =
∞∑
j=1

(v, vj )vj (10.4)

for all v ∈ A−1/2BA−1/2(X). Note that zero is the only possible accumulation point
for the sequence (μj ). Straightforward calculations show that λj = 1/μj and

uj = √λj A
−1/2vj

for j = 1, 2, . . . satisfy (10.1) and (10.2). Since A−1/2 is bounded, from (10.4) we
conclude that each u ∈ A−1BA−1/2(X) can be expanded in a series of the form
(10.3). The bijectivity of A−1/2 and Theorem 4.6 imply that

A−1BA−1/2(X) = A−1B(X) = [N(BA−1)]⊥ = [A(N(B))]⊥

since BA−1 is the adjoint of A−1B and N(BA−1) = A(N(B)). This ends the proof
of the theorem. ��
Theorem 10.2 Let A,B, and (λj ) be as in Theorem 10.1 and define the Rayleigh
quotient as

R(u) = (Au, u)

(Bu, u)

for u /∈ N(B), where (·, ·) is the scalar product in X. Then the following min–max
principles hold

λj = min
W∈UA

j

(
max

u∈W\{0}R(u)

)
= max

W∈UA
j−1

(
min

u∈[A(W+N(B))]⊥\{0}
R(u)

)
,

where UA
j denotes the set of all j -dimensional subspaces of [A(N(B))]⊥.

Proof The proof follows the classical proof of the Courant min–max principle
and is given here for the reader’s convenience. It is based on the fact that if
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u ∈ [A(N(B))]⊥, then from Theorem 10.1 we can write u = ∑∞
k=j γjuj for some

coefficients γj , where the uj are defined in Theorem 10.1 (note that the uj are
orthogonal with respect to the scalar product induced by the self-adjoint invertible
operator A). Then using (10.1) and (10.2) it can be seen that

R(u) = 1∑∞
j=1 |γj |2

∞∑
j=1

λj |γj |2.

Therefore, if Wj ∈ UA
k denotes the space spanned by {u1, . . . , uj } we have that

λj = max
u∈Wj \{0}R(u) = min

u∈[A(Wj−1+N(B))]⊥\{0}
R(u).

Next, let W be any element of UA
j . Since W has dimension j and W ⊂ [A(N(B)]⊥,

then W ∩ [AWj−1 + A(N(B))]⊥ �= {0}. Therefore

max
u∈W\{0}R(u) ≥ min

u∈W∩[A(Wj−1+N(B)]⊥\{0}
R(u) ≥ min

u∈[A(Wj−1+N(B))]⊥\{0}
R(u) = λj

which proves the first equality of the theorem. Similarly, if W has dimension j − 1
and W ⊂ [A(N(B))]⊥, then Wj ∩ (AW)⊥ �= {0}. Therefore

min
u∈[A(W+A(N(B))]⊥\{0}

R(u) ≤ max
u∈Wj∩(AW)⊥\{0}

R(u) ≤ max
u∈Wj \{0}R(u) = λj

which proves the second equality of the theorem. ��
The following corollary shows that it is possible to remove the dependence on A

in the choice of the subspaces in the min–max principle for the eigenvalues λj .

Corollary 10.3 Let A,B, λj , and R be as in Theorem 10.2. Then

λj = min
W⊂Uj

(
max

u∈W\{0}R(u)

)
, (10.5)

where Uj denotes the set of all j -dimensional subspaces W of X such that W ∩
N(B) = {0}.
Proof From Theorem 10.2 and the fact that UA

j ⊂ Uj it suffices to prove that

λj ≤ min
W⊂Uk

(
max

u∈W\{0}R(u)

)
.

Let W ∈ Uj and let v1, v2, . . . , vj be a basis for W . Each vector v� can be
decomposed into a sum v0

� + ṽ� where ṽ� ∈ [A(N(B))]⊥ and v0
� ∈ N(B) (which

is the orthogonal decomposition with respect to the scalar product induced by A).
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Since W ∩ N(B) = {0}, the space W̃ spanned by ṽ1, ṽ2, . . . , ṽj has dimension j .
Moreover, W̃ ⊂ [A(N(B))]⊥. Now let ũ ∈ W̃ . Obviously ũ = u − u0 for some
u ∈ W and u0 ∈ N(B). Since Bu0 = 0 and (Au0, ũ) = 0 we have that

R(u) = (Aũ, ũ) + (Au0, u0)

(Bũ, ũ)
= R(ũ) + (Au0, u0)

(Bũ, ũ)
.

Consequently, since A is positive definite and B is nonnegative, we obtain

R(ũ) ≤ R(u) ≤ max
u∈W\{0}R(u).

Finally, taking the maximum with respect to ũ ∈ W̃ ⊂ [A(N(B))]⊥ in the above
inequality, we obtain from Theorem 10.2 that

λj ≤ max
u∈W\{0}R(u),

which completes the proof of the corollary after taking the minimum over all W ⊂
Uj . ��

The following theorem provides the theoretical basis of our analysis of the
existence of transmission eigenvalues. This theorem is a simple consequence of
Theorem 10.2 and Corollary 10.3.

Theorem 10.4 Let τ �→ Aτ be a continuous mapping from (0,∞) to the set of
bounded, self-adjoint, and strictly positive definite operators on the Hilbert space
X and let B be a self-adjoint and nonnegative compact linear operator on X. We
assume that there exist two positive constants τ0 > 0 and τ1 > 0 such that

(a) Aτ0 − τ0B is positive on X,
(b) Aτ1 − τ1B is non-positive on an �-dimensional subspace W� of X.

Then each of the equations λj (τ ) = τ for j = 1, . . . , � has at least one solution in
[τ0, τ1] where λj (τ ) is the j th eigenvalue (counting multiplicity) of Aτ with respect
to B, that is, N(Aτ − λj (τ )B) �= {0}.
Proof First we can deduce from (10.5) that λj (τ ) is a continuous function of τ for
all j ≥ 1. Assumption (a) shows that λj (τ0) > τ0 for all j ≥ 1. Assumption (b)
implies in particular that Wk ∩ N(B) = {0}. Hence, another application of (10.5)
implies that λj (τ1) ≤ τ1 for 1 ≤ j ≤ �. The desired result is now obtained by
applying the intermediate value theorem. ��

We recall the definition of the interior transmission problem and transmission
eigenvalues given in Sect. 8.4. In particular the transmission eigenvalue problem is
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Δw + k2nw = 0 in D,

Δv + k2v = 0 in D,

w − v = 0 on ∂D,

∂w

∂ν
− ∂v

∂ν
= 0 on ∂D

(10.6)

for w, v ∈ L2(D) such that w − v ∈ H 2
0 (D) where

H 2
0 (D) =

{
u ∈ H 2(D) : u = ∂u

∂ν
= 0 on ∂D

}

and w, v ∈ L2(D) are distributional solutions of their respective differential
equations.

It is possible to write (10.6) as an equivalent eigenvalue problem for u = w − v

in H 2
0 (D) for the fourth order equation

(Δ + k2n)
1

n − 1
(Δ + k2)u = 0 (10.7)

which in variational form, after integrating by parts, is formulated as finding a
function u ∈ H 2

0 (D) such that

∫
D

1

n − 1
(Δu + k2u) (Δv + k2nv) dx = 0 for all v ∈ H 2

0 (D). (10.8)

In our discussion we must distinguish between the two cases n > 1 and 0 < n < 1.
To fix our ideas, we consider in detail only the case where n(x) > 1 for x ∈ D̄.
(Similar results can be obtained for 0 < n(x) < 1 for x ∈ D̄, cf. [61, 62].)

In the sequel we set

nmin := min
x∈D̄

n(x) and nmax := max
x∈D̄

n(x).

The following result was first obtained in [124] and provides a Faber–Krahn type
inequality for the first transmission eigenvalue.

Theorem 10.5 Assume that nmin > 1. Then

k2
0 >

λ0(D)

nmax
(10.9)

where k0 is the smallest transmission eigenvalue and λ0(D) is the first Dirichlet
eigenvalue of −Δ on D.
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Proof Taking v = u in (10.8), using Green’s theorem and the zero boundary values
for u we obtain

0 =
∫
D

1

n − 1
(Δu + k2u) (Δu + k2nu) dx

=
∫
D

1

n − 1
|(Δu + k2nu)|2 dx + k2

∫
D

{
| grad u|2 − k2n |u|2

}
dx.

Since n(x) − 1 ≥ nmin − 1 > 0 for all x ∈ D, if

∫
D

{
|grad u|2 − k2n |u|2

}
dx ≥ 0, (10.10)

then Δu + k2nu = 0 in D which together with the fact u ∈ H 2
0 (D) implies that

u = 0 in D. Consequently we obtain w = v = 0, whence k is not a transmission
eigenvalue. But

inf
u∈H 2

0 (D)

(grad u, grad u)L2(D)

(u, u)L2(D)

≥ inf
u∈H 1

0 (D)

(grad u, grad u)L2(D)

(u, u)L2(D)

= λ0(D)

and hence we have that
∫
D

{
| grad u|2 − k2n |u|2

}
dx ≥ ‖u‖2

L2(D)
(λ0(D) − k2nmax).

Thus, (10.10) is satisfied whenever k2 ≤ λ0(D)/nmax. Hence, we have shown that
any transmission eigenvalue k (in particular the smallest transmission eigenvalue
k0) satisfies k2 > λ0(D)/nmax. ��
Remark From Theorem 10.5 it follows that if nmin > 1 and k0 is the smallest
transmission eigenvalue, then nmax > λ0(D)/k2

0 which provides a lower bound
for nmax.

To understand the structure of the transmission eigenvalue problem, we first set
τ := k2 in (10.8) to obtain

∫
D

1

n − 1
(Δu + τu) (Δv + τnv) dx = 0 for all v ∈ H 2

0 (D) (10.11)

which can be written as

u − τK1u + τ 2K2u = 0, (10.12)
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where

K1 = T −1/2T1T
−1/2 and K2 = T −1/2T2T

−1/2.

Here T : H 2
0 (D) → H 2

0 (D) is the bounded, strictly positive definite self-adjoint
operator defined by means of the Riesz representation theorem

(T u, v)H 2(D) =
∫
D

1

n − 1
ΔuΔv dx,

(noting that the H 2(D) norm for a function with zero Cauchy data on ∂D is
equivalent to the L2(D) norm of its Laplacian), T1 : H 2

0 (D) → H 2
0 (D) is the

compact self-adjoint operator defined by means of the Riesz representation theorem

(T1u, v)H 2(D) = −
∫
D

1

n − 1
(nvΔu+uΔv) dx = −

∫
D

1

n − 1
(vΔu+nuΔv) dx,

and T2 : H 2
0 (D) → H 2

0 (D) is the compact nonnegative self-adjoint operator defined
by means of the Riesz representation theorem

(T2u, v)H 2(D) =
∫
D

n

n − 1
uv dx

(compactness of T1 and T2 is a consequence of the compact embedding of H 2
0 (D)

and H 1
0 (D) in L2(D)). Hence, setting U :=

(
u, τK

1/2
2 u

)
, the transmission

eigenvalue problem becomes the eigenvalue problem

(
K − 1

τ
I

)
U = 0

for the compact non-self-adjoint operator K : H 2
0 (D)×H 2

0 (D) → H 2
0 (D)×H 2

0 (D)

given by

K :=
⎛
⎜⎝

K1 −K
1/2
2

K
1/2
2 0

⎞
⎟⎠ .

From the spectral theory for compact operators we immediately obtain a proof of
the discreteness of transmission eigenvalues for the case when n(x) > 1 for x ∈ D̄:

Theorem 10.6 Assume that n(x) > 1 for x ∈ D̄. Then the set of transmission
eigenvalues is at most discrete with ∞ as the only (possible) accumulation point.
Furthermore, the multiplicity of each transmission eigenvalue is finite.
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Note that, in contrast to Theorem 8.32, in the above theorem we require that
n(x) > 1 for x ∈ D̄.

The non-self-adjointness nature of the interior transmission eigenvalue problem
calls for new techniques to prove the existence of transmission eigenvalues. For this
reason the existence of transmission eigenvalues remained an open problem until
Päivärinta and Sylvester showed in [345] that for large enough index of refraction
n there exists at least one transmission eigenvalue. The existence of transmission
eigenvalues was completely resolved in [62] where the existence of an infinite set
of transmission eigenvalues was proven under the only assumption that n > 1 or
0 < n < 1. Here we present the proof in [62] which makes use of the analytical
framework developed above.

Theorem 10.7 Assume that nmin > 1. Then there exist an infinite number of
transmission eigenvalues with ∞ as the only accumulation point.

Proof We start by defining the bounded sesquilinear forms

Aτ (u, v) =
∫
D

[
1

n − 1
(Δu + τu) (Δv + τv) + τ 2uv

]
dx

and

B(u, v) =
∫
D

grad u · grad v dx.

on H 2
0 (D) × H 2

0 (D). Using the Riesz representation theorem we now define the
bounded linear operators Aτ : H 2

0 (D) → H 2
0 (D) and B : H 2

0 (D) → H 2
0 (D) by

(Aτu, v)H 2(D) = Aτ (u, v)

and

(Bu, v)H 2(D) = B(u, v).

The operators A and B are clearly self-adjoint. Furthermore, since the sesquilinear
form Aτ is a coercive sesquilinear form on H 2

0 (D) × H 2
0 (D), the operator A is

strictly positive definite and hence invertible. Indeed, since

1

n(x) − 1
>

1

nmax − 1
= γ > 0

for x ∈ D we have
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Aτ (u, u) ≥ γ ‖Δu + τu‖2
L2(D)

+ τ 2‖u‖2
L2(D)

≥ γ ‖Δu‖2
L2(D)

− 2γ τ‖Δu‖L2(D)‖u‖ L2(D) + (γ + 1)τ 2‖u‖2
L2(D)

= ε
(
τ‖u‖L2(D) − γ

ε
‖Δu‖L2(D)

)2+
(
γ − γ 2

ε

)
‖Δu‖2

L2(D)

+ (1 + γ − ε)τ 2‖u‖2
L2(D)

≥
(
γ − γ 2

ε

)
‖Δu‖2

L2(D)
+ (1 + γ − ε)τ 2‖u‖2

L2(D)

for some γ < ε < γ + 1. Furthermore, since grad u ∈ H 1
0 (D), using the Poincaré

inequality we have that

‖ grad u‖2
L2(D)

≤ 1

λ0(D)
‖Δu‖2

L2(D)

where λ0(D) is the first Dirichlet eigenvalue of −Δ on D. Hence we can conclude
that

(Aτu, u)H 2(D) = Aτ (u, u) ≥ Cτ‖u‖2
H 2(D)

for some positive constant Cτ . We now consider the operator B. By definition B

is a nonnegative operator, and furthermore, since H 1
0 (D) is compactly embedded

in L2(D) and grad u ∈ H 1
0 (D) we can conclude that B : H 2

0 (D) → H 2
0 (D) is a

compact operator. Finally, it is obvious by definition that the mapping τ → Aτ is
continuous from (0,∞) to the set of self-adjoint strictly positive definite operators.

In terms of the above operators we can rewrite (10.11) as

(Aτu − τBu, v)H 2(D) = 0 (10.13)

for all v ∈ H 2
0 (D), which means that k is a transmission eigenvalue if and only if

τ = k2 is such that the kernel of the operator Aτu − τB is not trivial. In order to
analyze the kernel of this operator we consider the auxiliary eigenvalue problems

Aτu − λ(τ)Bu = 0 (10.14)

for u ∈ H 2
0 (D). Thus a transmission eigenvalue k > 0 is such that τ = k2 satisfies

λ(τ) − τ = 0 where λ(τ) is an eigenvalue corresponding to (10.14). In order
to prove the existence of an infinite set of transmission eigenvalues, we now use
Theorem 10.4 for Aτ and B with X = H 2

0 (D). Theorem 10.5 states that as long as
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0 < τ0 ≤ λ0(D)/nmax the operator Aτ0u − τ0B is positive on H 2
0 (D), whence the

assumption (a) of Theorem 10.4 is satisfied for such τ0.
Next let k1,nmin be the first transmission eigenvalue for a ball of radius one and

constant index of refraction nmin (i.e., corresponding to (10.6) for D = {x ∈ IR3 :
|x| < 1} and n(x) = nmin). This transmission eigenvalue is the smallest zero of

W(k) = det

⎛
⎝ j0(k) j0(k

√
nmin)

−j ′
0(k) −√

nminj
′
0(k

√
nmin)

⎞
⎠ = 0, (10.15)

where j0 is the spherical Bessel function of order zero (if the smallest zero of the
above determinant is not the first transmission eigenvalue, the latter will be a zero
of a similar determinant corresponding to higher order spherical Bessel functions).
By a scaling argument, it is obvious that kε,nmin := k1,nmin/ε is the first transmission
eigenvalue corresponding to the ball of radius ε > 0 with index of refraction nmin.
Now take ε > 0 small enough such that D contains m = m(ε) ≥ 1 disjoint balls

B1
ε , B

2
ε , . . . , B

m
ε of radius ε, i.e., Bj

ε ⊂ D, j = 1 . . . m, and B
j
ε ∩ Bi

ε = ∅ for
j �= i. Then kε,nmin := k1,nmin/ε is the first transmission eigenvalue for each of these

balls with index of refraction nmin and let uj ∈ H 2
0 (B

j
ε ), j = 1, . . . , m, be the

corresponding eigenfunctions. We have that

∫
B

j
ε

1

nmin − 1

(
Δuj + k2

ε,nmin
uj

) (
Δuj + k2

ε,nmin
nminuj

)
dx = 0. (10.16)

The extension by zero ũj of uj to the whole D is obviously in H 2
0 (D) due to

the boundary conditions on ∂B
j
ε . Furthermore, the functions {ũ1, ũ2, . . . , ũm} are

linearly independent and orthogonal in H 2
0 (D) since they have disjoint supports and

from (10.16) we have that

0 =
∫
D

1

nmin − 1
(Δũj + k2

ε,nmin
ũj ) (Δũj + k2

ε,nmin
nminũj ) dx

=
∫
D

{
1

nmin − 1
|Δũj + k2

ε,nmin
ũj |2 + k4

ε,nmin
|ũj |2 − k2

ε,nmin
| grad ũj |2

}
dx

(10.17)

for j = 1, . . . , m. Denote by U the m-dimensional subspace of H 2
0 (D) spanned

by {ũ1, ũ2, . . . , ũm}. Since each ũj , j = 1, . . . , m, satisfies (10.17) and they have
disjoint supports, we have that for τ1 := k2

ε,nmin
and for every ũ ∈ U
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(Aτ1 ũ − τ1Bũ, ũ)H 2
0 (D) =

∫
D

{
1

n − 1
|Δũ + τ1ũ|2 + τ 2

1 |ũ|2 − τ1| grad ũ|2
}
dx

≤
∫
D

{
1

nmin−1
|Δũ+τ1ũ|2+τ 2

1 |ũ|2−τ1| grad ũ|2
}
dx = 0.

This means that assumption (b) of Theorem 10.4 is also satisfied and therefore we
can conclude that there are m(ε) transmission eigenvalues (counting multiplicity)
inside [τ0, kε,nmin ]. Note that m(ε) and kε,nmin both go to ∞ as ε → 0. Since the
multiplicity of each eigenvalue is finite we have shown, by letting ε → 0, that
there exists an infinite countable set of transmission eigenvalues that accumulate
at ∞. ��

In a similar way [62] it is possible to prove the following theorem:

Theorem 10.8 Assume that 0 < nmin ≤ nmax < 1. Then there exist an infinite
number of transmission eigenvalues with ∞ as the only accumulation point.

The above proof of the existence of transmission eigenvalues provides a frame-
work to obtain lower and upper bounds for the first transmission eigenvalue. To this
end denote by k0,n > 0 the first real transmission eigenvalue corresponding to n and
D (we omit the dependence on D in our notations since D is assumed to be known)
and set τ0,n := k2

0,n.

Theorem 10.9 Assume that the index of refraction n satisfies 1 < nmin. Then

0 < k0,nmax ≤ k0,n ≤ k0,nmin . (10.18)

Proof From the proof of Theorem 10.7 we have that τ0,n is the smallest zero of

λ(τ, n) − τ = 0,

where

λ(τ, n) = inf
u∈H 2

0 (D)

‖ gradu‖
L2(D)

=1

∫
D

(
1

n − 1
|Δu + τu|2 + τ 2|u|2

)
dx. (10.19)

(Note that any zero τ > 0 of λ(τ, n) − τ = 0 leads to a transmission eigenvalue
k = √

τ ). Obviously the mapping τ → λ(τ, n) is continuous in (0,∞). We first
note that (10.19) yields

λ(τ, nmax) ≤ λ(τ, n(x)) ≤ λ(τ, nmin) (10.20)

for all τ > 0. In particular, for τ := τ0,nmax we have that

0 = λ(τ0,nmax, nmax) − τ0,nmax ≤ λ(τ0,nmax, n(x)) − τ0,nmax
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and for τ := τ0,nmin we have that

λ(τ0,nmin, n(x)) − τ0,nmin ≤ λ(τ0,nmin, nmin) − τ0,nmin = 0.

By continuity of τ → λ(τ, n) − τ we have that there is a zero τ̃ of λ(τ, n) − τ = 0
such that τ0,nmax ≤ τ̃ ≤ τ0,nmin . In particular, the smallest zero τ0,n(x) of λ(τ, n) −
τ = 0 is such that τ0,n(x) ≤ τ̃ ≤ τ0,nmin . To end the proof we need to show that
τ0,nmax ≤ τ0,n(x), i.e., all the zeros of λ(τ, n) − τ = 0 are larger than or equal to
τ0,nmax . Assume by contradiction that τ0,n(x) < τ0,nmax . Then from (10.20) on one
hand we have

λ(τ0,n(x), nmax) − τ0,n(x) ≤ λ(τ0,n(x), n(x)) − τ0,n(x) = 0.

On the other hand, from the proof of Theorem 10.5 we have that for a sufficiently
small τ ′ > 0 (in fact for all 0 < τ ′ < λ0(D)/nmax, where λ0(D) is the first
Dirichlet eigenvalue for −Δ in D), we have that λ(τ ′, nmax) − τ ′ > 0. Hence there
exists a zero of λ(τ, nmax) − τ = 0 between τ ′ and τ0,n(x) smaller than τ0,nmax ,
which contradicts the fact that τ0,nmax is the smallest zero. Thus we have proven that
τ0,nmax ≤ τ0,n(x) ≤ τ0,nmin which establishes (10.18) and thus ends the proof. ��

In a similar way [62] one can prove the following:

Theorem 10.10 Assume that the index of refraction n satisfies 0 < nmin ≤ nmax <

1. Then

0 < k0,nmin ≤ k0,n ≤ k0,nmax . (10.21)

Theorem 10.9 and Theorem 10.10 show in particular that for constant index of
refraction the first transmission eigenvalue k0,n is monotonically decreasing if n > 1
and is monotonically increasing if 0 < n < 1. In fact in [52] it is shown that this
monotonicity is strict which leads to the following uniqueness result for the constant
index of refraction in terms of the first transmission eigenvalue.

Theorem 10.11 A constant index of refraction n is uniquely determined from a
knowledge of the corresponding smallest transmission eigenvalue k0,n > 0 provided
that it is known a priori that either n > 1 or 0 < n < 1.

Proof We show the proof for the case n > 1 (see [52] for the case 0 < n < 1).
Assume two homogeneous media with constant index of refraction n1 and n2 such
that 1 < n1 < n2 and let u1 := w1 − v1 where w1, v1 is the nonzero solution
to (10.6) with n(x) := n1 corresponding to the first transmission eigenvalue k0,n1 .
Now, setting τ1 = k0,n1 and normalizing u1 such that ‖ grad u1‖L2(D) = 1, we have
from (10.19) that

1

n1 − 1
‖Δu1 + τ1u1‖2

L2(D)
+ τ 2

1 ‖u1‖2
L2(D)

= τ1 = λ(τ1, n1).
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Furthermore, we have

1

n2 − 1
‖Δu + τu‖2

L2(D)
+ τ 2‖u‖2

L2(D)
<

1

n1 − 1
‖Δu + τu‖2

L2(D)
+ τ 2‖u‖2

L2(D)

for all u ∈ H 2
0 (D) such that ‖ grad u‖L2(D) = 1 and all τ > 0. In particular for

u = u1 and τ = τ1

1

n2 − 1
‖Δu1 + τ1u1‖2

L2(D)
+ τ 2

1 ‖u1‖2
L2(D)

<
1

n1 − 1
‖Δu1 + τ1u1‖2

L2(D)
+ τ 2

1 ‖u1‖2
L2(D)

= λ(τ1, n1).

But

λ(τ1, n2) ≤ 1

n2 − 1
‖Δu1 + τ1u1‖2

L2(D)
+ τ 2

1 ‖u1‖2
L2(D)

< λ(τ1, n1),

and hence for this τ1 we have a strict inequality, i.e.,

λ(τ1, n2) < λ(τ1, n1). (10.22)

From (10.22) we see that the first zero τ2 of λ(τ, n2) − τ = 0 is such that τ2 < τ1
and therefore we have that k0,n2 < k0,n1 for the first transmission eigenvalues k0,n1

and k0,n2 corresponding to n1 and n2, respectively. Hence we have shown that if
n1 > 1 and n2 > 1 are such that n1 �= n2, then k0,n1 �= k0,n2 , which proves the
uniqueness. ��

We note in passing that Theorem 10.9 provides a significant improvement on the
estimate for n(x) than the lower bound for nmax given by Theorem 10.5. In particular
if k0,n(x) is the first transmission eigenvalue let n0 > 0 be the unique constant
such that k0,n0 = k0,n(x). (This can be computed using the results of the following
section.) Then n0 provides an approximation to n(x) in the sense that k0,nmax ≤
k0,n0 ≤ k0,nmin . In the case of two dimensions, examples of the computation of n0
are given in [400]. In particular if D is the unit square (−1/2, 1/2) × (−1/2, 1/2)
in IR2 and

n(x1, x2) = 8 + x1 − x2,

then Theorem 10.5 gives nmax ≥ 2.35 whereas using Theorem 10.9 as described
above gives n0 = 7.87.
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10.2 Integral Equation Methods for Transmission
Eigenvalues

In this section, following work of Cossonnière and Haddar [129] and Cakoni and
Kress [69], we want to illustrate how boundary integral equations can be used to
characterize and numerically compute transmission eigenvalues in the case where
the refractive index n is constant in D. We recall that we assume that D is
connected with a connected C2 boundary. We need to adjust the spaces in which
we must consider the boundary integral equations since we have to search for the
eigenfunctions v,w in

L2
Δ(D) :=

{
u ∈ L2(D) : Δu ∈ L2(D)

}

where the Laplace operator Δ has to be understood in the distributional sense and
where we equip L2

Δ(D) with the norm

‖u‖2
L2
Δ(D)

:= ‖u‖2
L2(D)

+ ‖Δu‖2
L2(D)

.

We want to show that their trace and their normal derivative on the boundary belong
to H−1/2(∂D) and H−3/2(∂D), respectively, and are defined by duality. To this end,
motivated by Green’s second integral theorem

∫
∂D

(
u

∂w

∂ν
− w

∂u

∂ν

)
ds =

∫
D

(uΔw − wΔu) dx,

for u ∈ H 2(D) we define the trace σu ∈ H−1/2(∂D) via the duality pairing

〈σu, ϕ〉H−1/2(∂D),H 1/2(∂D) :=
∫
D

(uΔw − wΔu) dx, (10.23)

where ϕ ∈ H 1/2(∂D) and w ∈ H 2(D) are such that w = 0 and ∂νw = ϕ on
∂D. Clearly, the right-hand side of (10.23) has the same value for all w ∈ H 2(D)

with boundary traces w = 0 and ∂νw = ϕ on ∂D. For the uniquely determined
biharmonic function w ∈ H 2(D) satisfying w = 0 and ∂νw = ϕ on ∂D the well-
posedness of the biharmonic Dirichlet problem (see [64]) implies that

‖w‖H 2(D) ≤ c‖ϕ‖H 1/2(∂D)

with some positive constant c independent of ϕ. Consequently we can estimate

∣∣〈σu, ϕ〉H−1/2(∂D),H 1/2(∂D)

∣∣ ≤ C‖u‖L2
Δ(D)‖ϕ‖H 1/2(D) (10.24)
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for all ϕ ∈ H 1/2(∂D) and some positive constant C. Thus for each u ∈ H 2(D) by
(10.23) we have defined a bounded linear functional σu on H 1/2(∂D) such that

‖σu‖H−1/2(∂D) ≤ C‖u‖L2
Δ(D), (10.25)

that means σ : H 2(D) → H−1/2(∂D) is a bounded linear operator with respect to
the norm ‖ · ‖L2

Δ(D). By denseness we can extend σ as a bounded linear operator

σ : L2
Δ(D) → H−1/2(∂D). For the trace σu of u ∈ L2

Δ(D) we will write u on ∂D

or u|∂D .
Analogously, for u ∈ L2

Δ(D) the normal derivative trace τu ∈ H−3/2(∂D) is
defined by the duality pairing

〈τu, ϕ〉H−3/2(∂D),H 3/2(∂D) := −
∫
D

(uΔw − wΔu) dx, (10.26)

where ϕ ∈ H 3/2(∂D) and w ∈ H 2(D) are such that w = ϕ and ∂νw = 0 on ∂D.
Then we also have

‖τu‖H−3/2(∂D) ≤ C‖u‖L2
Δ(D) (10.27)

for some positive constant C. For the normal derivative trace σu of u ∈ L2
Δ(D) we

will write
∂u

∂ν
or ∂νu.

We note that by the denseness of H 2(D) in L2
Δ(D) the estimates (10.25) and

(10.27) imply that Green’s integral theorem and Green’s representation theorem
remain valid for solutions to the Helmholtz equation in L2

Δ(D).
From Sect. 3.1 we recall the single- and double-layer operators

(Skϕ)(x) := 2
∫
∂D

Φk(x, y)ϕ(y) ds(y)

and

(Kkϕ)(x) := 2
∫
∂D

∂Φk(x, y)

∂ν(y)
ϕ(y) ds(y)

and the corresponding normal derivative operators

(K ′
kϕ)(x) := 2

∫
∂D

∂Φk(x, y)

∂ν(x)
ϕ(y) ds(y)

and

(Tkϕ)(x) := 2
∂

∂ν(x)

∫
∂D

∂Φk(x, y)

∂ν(y)
ϕ(y) ds(y)
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for x ∈ ∂D. Here, we indicated the dependence of the fundamental solution and
the operators on the wave number by the subscript k. By the following theorem the
mapping properties of single- and double-layer potentials from Corollary 3.8 are
extended to densities in H−3/2(∂D) and H−1/2(∂D), respectively. (Note that the
boundedness in H 1

loc(IR
3 \ D̄) has to be understood as in Corollary 3.8.)

Theorem 10.12 The single-layer potential defines bounded linear operators from
H−3/2(∂D) into L2

Δ(D) and into L2
Δ,loc(IR

3\D̄). The double-layer potential defines

bounded linear operators from H−1/2(∂D) into L2
Δ(D) and into L2

Δ,loc(IR
3 \ D̄).

Proof Following parts of the proof of Corollary 3.8, let u be the single-layer
potential with density ϕ ∈ C0,α(∂D) and V the volume potential operator
introduced in Theorem 8.2. Interchanging orders of integration we have

(u, u)L2(D) = (ϕ, V ū)L2(∂D)

and estimating with the aid of the trace theorem and the mapping property of
Theorem 8.2 for the volume potential yields

‖u‖2
L2(D)

≤ c1‖ϕ‖H−3/2(∂D)‖V ū‖H 2(D) ≤ c2‖ϕ‖H−3/2(∂D)‖u‖L2(D)

for some positive constant c1 and c2. Using the denseness of C0,α(∂D) in
H−3/2(∂D), this implies that the mapping ϕ �→ u is bounded from H−3/2(∂D)

into L2(D). Since in the distributional sense we have Δu + k2u = 0 in D, we have
the boundedness of ϕ �→ u from H−3/2(∂D) into L2

Δ(D). The proof carries over
to the exterior domain IR3 \ D̄ by considering the product χu for some smooth cut-
off function χ with compact support. The case of the double-layer potential v with
density ϕ is dealt with using

(v, v)L2(D) =
(
ϕ,

∂

∂ν
V v̄

)
L2(∂D)

which again is obtained by interchanging orders of integration. ��
Analogously to Corollary 3.7 we have the following mapping properties of the

boundary integral operators.

Corollary 10.13 The operators

Sk : H−3/2(∂D) → H−1/2(∂D),

K ′
k : H−3/2(∂D) → H−3/2(∂D),

Kk : H−1/2(∂D) → H−1/2(∂D),

Tk : H−1/2(∂D) → H−3/2(∂D)

are well defined and bounded.
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Proof For the single-layer potential u with density ϕ ∈ C0,α(∂D) from the trace
inequality (10.25) and Theorem 10.12 we have that

2‖Skϕ‖H−1/2(∂D) = ‖γ u‖H−1/2(∂D) ≤ C1‖u‖L2
Δ(D) ≤ C2‖ϕ‖H−3/2(∂D)

for some constants C1, C2 > 0. From this the statement on Sk follows from the
denseness of of C0,α(∂D) in H−3/2(∂D). For the normal derivative, in view of the
jump relations, using the trace estimate (10.27) and Theorem 10.12 we can estimate

‖K ′
kϕ‖H−3/2(∂D) =

∥∥∥∥∂u+
∂ν

+ ∂u−
∂ν

∥∥∥∥
H−3/2(∂D)

≤ C1‖u‖L2
Δ(D) ≤ C2‖ϕ‖H−3/2(∂D)

for ϕ ∈ C0,α(∂D) and some constants C1, C2 > 0. From this the statement on K ′
k

follows. The proof for the operators Kk and Tk is analogous and left to the reader.
��

Using the ideas of this proof one can also extend the jump relations for the single-
and double-layer potential to densities in H−3/2(∂D) and H−1/2(∂D), respectively.

For convenience we introduce the wave number for the refracting case by

kn := √
n k.

Motivated by the direct boundary integral equation approach for the classical
transmission problem (see Sect. 3.3), Cossonnière and Haddar [129] combined the
Calderón projectors for the wave numbers k and kn in the domain D. Analogous to
Theorem 3.14 for solutions v to the Helmholtz equation in D we have that

⎛
⎝ v

∂νv

⎞
⎠ =

⎛
⎝−Kk Sk

−Tk K ′
k

⎞
⎠
⎛
⎝ v

∂νv

⎞
⎠. (10.28)

which is valid for solutions to the Helmholtz equation in L2
Δ(D) since, as mentioned

above, Green’s representation theorem remains valid. We now combine (10.28) with
the corresponding equation for w to observe that if k is a transmission eigenvalue,
then the operator A(k) defined by

A(k) :=
⎛
⎝−Kk + Kkn Sk − Skn

−Tk + Tkn K ′
k − K ′

kn

⎞
⎠

has a nontrivial nullspace in H−1/2(∂D) × H−3/2(∂D), that is, the transmission
eigenvalue k is an eigenvalue of A(k).

The main result of Cossonnière and Haddar [129] for this two-by-two system of
boundary integral equations now can be stated as the following theorem.
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Theorem 10.14 The operator

(|k|2 − |kn|2)A(i|k|) : H−1/2(∂D) × H−3/2(∂D) → H 1/2(∂D) × H 3/2(∂D)

is coercive and the operator

A(k)+ k2 − k2
n

|k|2 − |kn|2 A(i|k|) : H−1/2(∂D)×H−3/2(∂D) → H 1/2(∂D)×H 3/2(∂D)

is compact.

The main tools for its proof are Green’s integral theorem for the coercivity
and an elaborate analysis of the mapping properties of the difference of the
boundary integral operators for k and kn. In particular, this result implies that the
analytic Fredholm theory can be used to reestablish the discreteness of transmission
eigenvalues for this particular case of a constant refractive index n in D.

As for the classical transmission problem as discussed in Sect. 3.3, one can also
try to base the transmission eigenvalue problem on only one integral equation via the
Dirichlet-to-Neumann operator for the domain D. This idea was pursued by Cakoni
and Kress [69]. Assuming that k and kn are not Dirichlet eigenvalues of −Δ in the
domain D, we have that k is a transmission eigenvalue if and only if the nullspace of
the operator Ak−Akn given by the difference of the Dirichlet-to-Neumann operators
for the wave numbers k and kn is nontrivial. To avoid the annoying restriction on
the wave numbers instead of using the Dirichlet-to-Neumann operator, Cakoni and
Kress [69] originally worked with the Robin-to-Neumann operator defined by the
Leontovich impedance condition (3.43). However, later on it was discovered and
presented in [270] that the related analysis can be simplified by replacing (3.43)
by a nonlocal impedance condition. For this, taking into account that we require
L2
Δ(D) solutions in the analysis of the transmission eigenvalues, we redefine the

Robin-to-Neumann operator by

Rk : H−1/2(∂D) → H−3/2(∂D)

as the mapping taking f ∈ H−1/2(∂D) into the normal derivative Rkf = ∂νu of
the unique solution u ∈ L2

Δ(D) of Δu+k2u = 0 satisfying the nonlocal impedance
boundary condition

u + iP 3 ∂u

∂ν
= f on ∂D. (10.29)

Here P is a positive definite pseudo-differential operator of order −1. The first task
is to establish the well-posedness of this boundary value problem in the required
space L2

Δ(D).
One of our main tools in the subsequent analysis is the following regularity result

for the Poisson equation. To avoid tedious adjustments of the regularity assumptions
on ∂D related to the order of the respective Sobolev trace spaces for each of the
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following statements, for the remainder of this section we assume that ∂D is C∞
smooth.

Lemma 10.15 Let F ∈ Hm(D) and g ∈ Hm+3/2(∂D). Then the unique solution
v ∈ L2

Δ(D) of Δv = F in D and v = g on ∂D belongs to Hm+2(D) and
the mapping taking (F, g) into v is bounded from Hm(D) × Hm+3/2(∂D) into
Hm+2(D) for m = 0, 1, . . .

Proof By Theorem 1.3 in [405, Vol. I, p. 356]) the unique solution v ∈ H 1
0 (D) of

Δv = F for F ∈ Hm(D) belongs to Hm+2(D) and the mapping taking F into v is
bounded from Hm(D) into Hm+2(D) for m = 0, 1, . . . .

First we show that this result can be extended to solutions v ∈ L2
Δ(D) that vanish

on ∂D in the sense of the H−1/2(∂D) trace. For this we observe from the definition
(10.23) that for any harmonic function v ∈ L2

Δ(D) with vanishing trace on the
boundary ∂D we have that

∫
D
vΔwdx = 0 for all w ∈ H 2(D) with w = 0 on ∂D.

Inserting the solution w ∈ H 1
0 (D) of Δw = v which by the above automatically

belongs to H 2(D) yields v = 0 in D. For a solution v ∈ L2
Δ(D) of Δv = F for

F ∈ L2(D) with vanishing H−1/2(∂D) trace on ∂D we denote by ṽ the solution of
Δṽ = F in H 1

0 (D) and apply the just established uniqueness result for the difference
v − ṽ to obtain that v = ṽ ∈ H 1

0 (D).
The statement of the lemma now follows from the observation that the unique

solution w ∈ H 1(D) of the Laplace equation Δw = 0 satisfying w = g on ∂D for
g ∈ Hm+3/2(∂D) is in Hm+2(D) and that the mapping taking g into w is bounded
from Hm+3/2(∂D) into Hm+2(D). This can be established by solving the Dirichlet
problem by a double-layer potential approach with density ϕ ∈ Hm+3/2(∂D) which
leads to the integral equation ϕ − K0ϕ = −2g of the second kind with the double-
layer integral operator K0 in the potential theoretic limit k = 0. For its solution one
makes use of the fact that the double-layer potential is bounded from Hm+3/2(∂D)

into Hm+2(D) and that K0 is bounded from Hm+3/2(∂D) into Hm+5/2(∂D) which
can be shown analogously to Corollaries 3.7 and 3.8 (see [234]). ��

Now we establish uniqueness for a solution u ∈ L2
Δ(D) to (10.29). From f = 0

and the assumption on P to be a pseudo-differential operator of order −1 we
observe that u has boundary trace in H 3/2(∂D). Hence by Lemma 10.15 we have
u ∈ H 2(D) and can apply Green’s integral theorem to u and ū to obtain

∫
D

(
k̄2|u|2 − | grad u|2

)
dx = i

∫
∂D

P 3 ∂u

∂ν

∂ū

∂ν
ds.

Taking the imaginary part and using our assumption on P to be positive definite
yield that

−2 Re k Im k ‖u‖L2(D) =
∥∥∥∥P 3/2 ∂u

∂ν

∥∥∥∥
L2(∂D)

whence u = 0 in D follows for all k �= 0 with nonnegative real and imaginary part.



10.2 Integral Equation Methods for Transmission Eigenvalues 391

In order to represent the Robin-to-Neumann operator we introduce the single-
layer potential Sk defined by

(Skψ) (x) := 2
∫
∂D

ψ(y)Φk(x, y) ds(y), x ∈ R
3 \ ∂D.

From Theorem 10.12 and Corollary 10.13 we know that Sk : H−3/2(∂D) →
L2(D), its restriction Sk : H−3/2(∂D) → H−1/2(∂D) and the normal derivative
operator K ′

k : H−3/2(∂D) → H−3/2(∂D) all are bounded. As pointed out after
Corollary 10.13 the jump relations for the single-layer potential can be extended
to the case of H−3/2(∂D) densities. Further, if k is not a Dirichlet eigenvalue of
−Δ for D, then proceeding as in the proof of Theorem 5.18 it can be shown that
Sk : H 1/2(∂D) → H 3/2(∂D) has a bounded inverse. For this we need to use the
boundedness of K ′

k : H 1/2(∂D) → H 3/2(∂D) which can be shown analogously to
Corollary 3.7 (see [234]). From the boundedness of S−1

k : H 3/2(∂D) → H 1/2(∂D)

by duality it then can be seen that Sk : H−3/2(∂D) → H−1/2(∂D) also has a
bounded inverse if k is not a Dirichlet eigenvalue of −Δ for D. The latter property
will play a fundamental role in the following existence proof for the impedance
problem (10.29).

The single-layer potential Skψ solves (10.29) provided the density ψ ∈
H−3/2(∂D) satisfies the equation

Akψ = 2f (10.30)

where

Ak := Sk + iP 3(I + K ′
k). (10.31)

For ψ in the nullspace of Ak from uniqueness for the interior problem (10.29) in
D we deduce that Skψ = 0 in D. Then by the jump relation for the single-layer
potential and Lemma 10.15, applied in a truncation of the exterior domain, we have
that Skψ ∈ H 2

loc(IR
3 \ D) is a solution of the homogeneous exterior Dirichlet

problem. Therefore Skψ = 0 in IR3 and the jump relations imply that ψ = 0,
i.e., Ak has a trivial nullspace in H−3/2(∂D) for all k �= 0 with nonnegative real
and imaginary part. After picking a wave number k0 such that k2

0 is not a Dirichlet
eigenvalue for −Δ in D we write Ak = Sk0 + Bk where

Bk := Sk − Sk0 + iP 3(I + K ′
k).

Then Sk0 : H−3/2(∂D) → H−1/2(∂D) has a bounded inverse and Bk :
H−3/2(∂D) → H−1/2(∂D) is compact since the difference Sk − Sk0 is bounded
from H−3/2(∂D) into H 1/2(∂D) (see the proof of Theorem 5.18) and P 3(I + K ′

k)

is bounded from H−3/2(∂D) into H 3/2(∂D) because of our assumption on P .
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Therefore, by the Riesz theory Ak : H−3/2(∂D) → H−1/2(∂D) has a bounded
inverse and we can write

Rk = (I + K ′
k)A

−1
k . (10.32)

Hence, we finally can state that k is a transmission eigenvalue if and only if the
operator

M(k) := Rk − Rkn (10.33)

has a nontrivial nullspace in H−1/2(∂D).
We note that if for positive κ we define

Ãκ := Siκ + P 3(I + K ′
iκ ), (10.34)

then analogous to the above it can be shown that Ãκ : H−3/2(∂D) → H−1/2(∂D) is
an isomorphism and R̃κ = (I+K ′

iκ )Ã
−1
κ represents the Robin-to-Neumann operator

for Δu − κ2u = 0 in D with boundary condition

u + P 3 ∂u

∂ν
= f on ∂D (10.35)

for a given f ∈ H−1/2(∂D). Setting κn := √
n κ , we also have that iκ is a

transmission eigenvalue if and only if the operator

M̃(κ) := R̃κ − R̃κn (10.36)

has a nontrivial nullspace in H−1/2(∂D).
We now want to show that

M(k) = (I + K ′
k)A

−1
k − (I + K ′

kn
)A−1

kn
: H−1/2(∂D) → H 1/2(∂D)

is a Fredholm operator of index zero. Our analysis is based on the properties of the
difference of the single-layer potentials

u := SkA
−1
k ϕ − SknA

−1
kn

ϕ (10.37)

for ϕ ∈ H−1/2(∂D) for which we expect M(k) = ∂νu. We collect these properties
in the following lemma.

Lemma 10.16 For ϕ ∈ H−1/2(∂D) define u by (10.37). Then we have that u ∈
H 2(D) and Δu ∈ L2

Δ(D) with the mappings ϕ �→ u bounded from H−1/2(∂D)

into H 2(D) and ϕ �→ Δu bounded from H−1/2(∂D) into L2
Δ(D) such that

‖Δu‖L2
Δ(D) ≤ C̃‖u‖L2

Δ(D) (10.38)
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for some positive constant C̃ independent of ϕ. Further we have the differential
equation

(Δ + k2)(Δ + k2
n)u = 0 in D (10.39)

and the boundary conditions

u + iP 3 ∂u

∂ν
= 0 and Δu + iP 3 ∂Δu

∂ν
= (k2

n − k2)ϕ on ∂D. (10.40)

Proof From

Δu = −k2SkA
−1
k ϕ + k2

nSknA
−1
kn

ϕ (10.41)

we observe that u is in L2
Δ(D) with the mapping ϕ → u bounded from H−1/2(∂D)

into L2
Δ(D). The differential equation (10.39) is obvious and via

ΔΔu = −(k2 + k2
n)Δu − k2k2

nu

it implies that Δu in L2
Δ(D) with the estimate (10.38) and that the mapping ϕ → Δu

is bounded from H−1/2(∂D) into L2
Δ(D). Furthermore, in view of (10.31), we have

[SkA
−1
k ϕ]|∂D + iP 3 ∂

∂ν
SkA

−1
k ϕ = [Sk + iP 3(I + K ′

k)]A−1
k ϕ = ϕ. (10.42)

Subtracting from this the corresponding equation for the wave number kn the first of
the boundary conditions (10.40) follows. Multiplying (10.42) by k2 and subtracting
the corresponding equation for the wave number kn in view of (10.41) we obtain the
second of the boundary conditions (10.40).

Since ϕ �→ u is bounded from H−1/2(∂D) into L2
Δ(D) we have that ϕ �→ ∂νu

is bounded from H−1/2(∂D) to H−3/2(∂D) and our assumption on the operator P
ensures that the mapping ϕ → P 3∂νu is bounded from H−1/2(∂D) into H 3/2(∂D).
Now the first boundary condition in (10.40) and Lemma 10.15 for m = 0 imply that
ϕ �→ u is bounded from H−1/2(∂D) into H 2(D). ��

Analogously, for κ > 0 the statement of Lemma 10.16 carries over to

v := Siκ Ã
−1
κ ϕ − SiκnÃ

−1
κn

ϕ (10.43)

with (10.39) and (10.40) replaced by

(Δ − κ2)(Δ − κ2
n)v = 0 in D (10.44)

and

v + P 3 ∂v

∂ν
= 0 and Δv + P 3 ∂Δv

∂ν
= (κ2 − κ2

n)ϕ on ∂D. (10.45)
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Corollary 10.17 The linear operators M(k), M̃(κ) : H−1/2(∂D) → H 1/2(∂D)

are bounded.

Proof The statement is obtained by taking the normal traces of the mappings ϕ �→ u

and ϕ �→ v. ��
Theorem 10.18 Let κ > 0. Then

(κ2 − κ2
n)M̃(κ) : H−1/2(∂D) → H 1/2(∂D)

is coercive.

Proof For v ∈ H 2(D) with Δv ∈ L2
Δ(D), using Green’s integral theorem, we can

transform
∫
D

v̄(Δ − κ2)(Δ − κ2
n)v dx

−
∫
D

[
|Δv|2 + (κ2 + κ2

n)| grad v|2 + κ2κ2
n |v|2

]
dx

=
∫
D

(v̄ΔΔv − Δv̄Δv) dx − (κ2 + κ2
n)

∫
D

(v̄Δv + | grad v|2) dx

=
∫
∂D

(
v̄
∂Δv

∂ν
− Δv

∂v̄

∂ν

)
ds − (κ2 + κ2

n)

∫
∂D

v̄
∂v

∂ν
ds

(10.46)

where the integrals over ∂D containing Δv and ∂νΔv are to be understood in the
sense of the dualities (10.23) and (10.26). In this expression the second domain
integral is equivalent to the ‖ · ‖H 2 norm as can be seen with the aid of Green’s
representation formula, that is,

∫
D

[
|Δv|2 + (κ2 + κ2

n)| grad v|2 + κ2κ2
n |v|2

]
dx ≥ c‖v‖2

H 2(D)
(10.47)

for all v ∈ H 2(D) and some constant c > 0.
Now, for ϕ ∈ H−1/2(∂D) we consider v as defined by (10.43). From the

boundary conditions (10.45) and the self-adjointness of P we observe that

∫
∂D

(
v̄
∂Δv

∂ν
− Δv

∂v̄

∂ν

)
ds = −(κ2 − κ2

n)

∫
∂D

ϕ
∂v̄

∂ν
ds. (10.48)

Then (10.44), (10.45), (10.46), and (10.48) imply
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∫
D

[
|Δv|2 + (κ2 + κ2

n)| grad v|2 + κ2κ2
n |v|2

]
dx

= (κ2 − κ2
n)

∫
∂D

ϕ
∂v̄

∂ν
ds − (κ2 + κ2

n)

∫
∂D

P 3 ∂v

∂ν

∂v̄

∂ν
ds.

Inserting ∂νv = M̃(κ)ϕ and using the positive definiteness of P and the estimate
(10.47) we obtain

(κ2 − κ2
n)

∫
∂D

ϕM̃(κ)ϕ ds ≥ c̃ ‖v‖2
H 2(D)

(10.49)

for some constant c̃ > 0 independent of ϕ. From the boundary condition (10.45),
the boundedness of P , the trace estimates (10.25) and (10.27), applied to Δu, and
the estimate (10.38) we can conclude that

‖ϕ‖2
H−1/2(∂D)

≤ C‖Δv‖L2
Δ(D) ≤ CC̃‖v‖L2

Δ(D) ≤ c‖v‖2
H 2(D)

for some positive constant c. Now, inserting this estimate into (10.49) finishes the
proof. ��
Theorem 10.19 The operator

M(k) + k2 − k2
n

|k|2 − |kn|2 M̃(|k|) : H−1/2(∂D) → H 1/2(∂D)

is compact.

Proof For ϕ ∈ H−1/2(∂D) we consider u defined by (10.37) and v defined by
(10.43) for κ = |k| and let

U := u + k2 − k2
n

|k|2 − |kn|2 v. (10.50)

From (10.40) and (10.45) we can deduce the boundary conditions

U = −P 3 ∂U

∂ν
+ (1 − i)P 3 ∂u

∂ν
(10.51)

and

ΔU = −P 3 ∂ΔU

∂ν
+ (1 − i)P 3 ∂Δu

∂ν
(10.52)

on ∂D. (We note that the coefficient in the definition of U in (10.50) is chosen such
that we obtain (10.52).) Since by Lemma 10.16 the mappings ϕ �→ U and ϕ �→ u

are bounded from H−1/2(∂D) into H 2(D), in view of our assumption on P , the
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right-hand side g1 of (10.51) is in H 7/2(∂D) with the mapping ϕ �→ g1 bounded
from H−1/2(∂D) into H 7/2(∂D). Because by Lemma 10.16 the mappings ϕ �→ U

and ϕ �→ u also are bounded from H−1/2(∂D) into L2
Δ(D) the right-hand side g2

of (10.52) is in H 3/2(∂D) with the mapping ϕ �→ g2 bounded from H−1/2(∂D)

into H 3/2(∂D).
Furthermore, it is straightforward to check that

ΔΔU = F(u, v),

where

F(u, v) := −k2k2
nu− (k2 + k2

n)Δu− k2 − k2
n

|k|2 − |kn|2
[
|k|2|kn|2v − (|k|2 + |kn|2)Δv

]

belongs to L2(D) with the mapping ϕ → F bounded from H−1/2(∂D) to L2(D).
Now, we can use Lemma 10.15 again. Applying it first for ΔU we obtain that

ΔU ∈ H 2(D) with the mapping ϕ �→ ΔU bounded from H−1/2(∂D) into H 2(D).
Applying the lemma then for U shows that U ∈ H 4(D) with the mapping ϕ �→
U bounded from H−1/2(∂D) into H 4(D). Therefore, the mapping ϕ �→ ∂νU is
bounded from H−1/2(∂D) into H 5/2(∂D). Now, in view of

∂U

∂ν
= M(k) + k2 − k2

n

|k|2 − |kn|2 M̃(|k|)

the statement of the theorem follows from the compact embedding of H 5/2(∂D)

into H 1/2(∂D). ��
Noting that M(k) is analytic in k since the kernels of Sk and K ′

k are analytic,
Theorems 10.18 and 10.19 imply the following final result. From this, in particular,
we can again reestablish the discreteness of the set of transmission eigenvalues
for the special case of a constant refractive index and the finite multiplicity of the
transmission eigenvalues.

Theorem 10.20 M(k) : H−1/2(∂D) → H 1/2(∂D) is a Fredholm operator with
index zero and analytic in {k ∈ C : k �= 0 > 0 and Re k, Im k ≥ 0}.

The characterization of transmission eigenvalues by the nonlinear eigenvalue
problem for M(k) can be used for actual numerical computations by a new algorithm
for solving nonlinear eigenvalue problems for large sized matrices A that are
analytic with respect to the eigenvalue parameter proposed by Beyn [31]. Since
we find this algorithm quite effective we take the opportunity to advertise it by a
brief description. To this end, let Ω0 ⊂ C be a simply connected bounded domain
and A : Ω0 → Cm×m an analytic function with values in the space of complex
m × m matrices. Consider the nonlinear eigenvalue problem of finding the values k
for which A(k) has a nontrivial nullspace. Assume that A has only a finite number
� � m of eigenvalues k1, . . . k� in Ω0 (counted according to their multiplicity).
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Beyn’s approach uses Keldysh’s formula for the principle part of the resolvent
A−1(k) and Cauchy’s integral theorem to reduce the nonlinear eigenvalue problem
for the matrix A of size m to a linear eigenvalue problem of size �.

For this let Ω be a simply connected domain with Ω ⊂ Ω0 with analytic
boundary curve containing the eigenvalues k1, . . . k� of A. Then Beyn’s algorithm
is divided into three steps as follows:

Step 1 Choose a number p ∈ IN and matrices B ∈ Cm×m and C ∈ Cm×p

at random. Then compute matrices A0, A1 ∈ Cm×p by evaluating the complex
integrals

A0 := 1

2πi

∫
∂Ω

BA−1(k)C dk and A1 := 1

2πi

∫
∂Ω

k BA−1(k)C dk

(10.53)

numerically by the composite trapezoidal rule (after parameterizing the boundary
curve ∂Ω). For the integrals in (10.53) we assume counterclockwise orientation
of ∂Ω (although the orientation does not matter for the algorithm). Note that for
the analytic periodic integrands the composite trapezoidal rule has an exponential
convergence rate (see [268, Section 12.1]).

Step 2 Now perform a singular value decomposition

A0 = UΣV ∗

with orthogonal matrices U ∈ Cm×m and V ∈ Cp×p and a diagonal matrix Σ ∈
Cm×p with nonnegative entries. With a sufficiently small real number tol, in a rank
test determine 1 ≤ � ≤ p such that

σ1 ≥ · · · ≥ σ� > tol > σ�+1 ≈ 0 ≈ · · · ≈ σp

for the diagonal entries of Σ . If � = p, then increase p and go back to Step 1.
Otherwise continue with Step 3.

Step 3 Compute the matrix Ã ∈ C�×� by

Ã := U∗
0 A1V0Σ

−1
0 ,

where the matrices U0 ∈ Cm×� and V0 ∈ Cp×� are obtained from U and V by
deleting the last p−� columns, respectively, and Σ0 = diag(σ1, . . . , σ�). (Note that
U∗ and V ∗ are the adjoint matrices of U and V .) Finally, the eigenvalues k1, . . . , k�
of A are obtained as the eigenvalues of the � × � matrix Ã.

Summarizing, the nonlinear eigenvalue problem for the m × m matrix A(k)

has been reduced to a linear eigenvalue problem for the � × � matrix Ã with �

considerably smaller than m. The main computational cost is setting up the matrix
A(k) and inverting it for N values k ∈ ∂Ω where N is the number of quadrature
points used in the trapezoidal rule for the integrals in (10.53).
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For the method to work, it is essential that the matrix A0 has rank �. If the �

eigenvectors of A and the corresponding � eigenvectors of the transposed matrix A′
are linearly independent, it can be shown (see [31]) that the possibility of a rank
defect in A0 may be considered as non-generic because of the random choice of
the matrices B and C. In [31] it also shown how the degenerate case where the
eigenvectors of A and A′ are not linearly independent can be dealt with by using
higher order moments

∫
∂Ω

ks BA−1(k)C dk, s = 0, 1, . . . , s0, for some s0 ∈ IN.
So far, in the literature, the majority of numerical methods for computing

transmission eigenvalues were based on finite element methods applied to the partial
differential equation formulation (see [219–221, 401]). Beyn’s algorithm was first
used for the computation of transmission eigenvalues by Kleefeld [252] using the
two-by-two integral equation system of Cossonnière and Haddar [129] described
above. Cakoni and Kress [69] also used Beyn’s algorithm for actual computations
based on their boundary integral equation formulation. Taking up their examples we
conclude this section with numerical computations using our modification with the
nonlocal impedance condition. We note that the above theory remains valid in two
dimensions. Further we note that as an immediate consequence of their definition
the transmission eigenvalues k(n) and k(1/n) for constant refractive index n and
1/n, respectively, are related by

k

(
1

n

)
= √

n k(n).

Therefore we only present examples with n > 1.
For our first example we choose as boundary of the domain D an ellipse with

major axis a = 1 and various choices for the minor axis b. For our second
example a kite-shaped boundary curve ∂D as illustrated in Fig. 3.1 is chosen with
the parametric representation

x(t) = (cos t + 0.65 cos 2t − 0.65, 1.5 sin t), 0 ≤ t ≤ 2π.

For the contour integrals in (10.53) we used ellipses

∂Ω = {γ + α cos t + iβ sin t : t ∈ [0, 2π ]}
with positive parameters α, β, and γ . By the analytic Fredholm theory possible
wave numbers k where the operator Ak given by (10.31) is not invertible form at
most a discrete set in bounded domains. Therefore in view of Theorem 10.20 we
can choose the minor axis β of the ellipse small enough such that the operator
M(k) is analytic in Ω and Beyn’s algorithm can be applied. In our examples we
chose α = 0.7 and β = 0.2 and let γ ∈ IN move between 1 and 18. We used
N = 64 quadrature points for the composite trapezoidal rule for the two integrals
in (10.53) and 128 quadrature points for the approximation of the boundary integral
operators. For the latter we employed the approximations described in Sect. 3.6. As
an indication for the accuracy of the algorithm we observed that at the computed
approximations for the transmission eigenvalues k the condition number of the
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operator M(k) was always larger than 1014. Furthermore, we found that when we
doubled the quadrature points for the operator approximation from 128 to 256 at
least the first five decimals in the computed transmission eigenvalues did not change.
The numerical results are shown in Table 10.1 for the ellipse and Table 10.2 for the
kite-shaped domain.

For the positive definite pseudo-differential operator included in the nonlocal
impedance condition (10.29) we defined P after parameterization of the integral
operators as the operator that takes f ∈ L2[0, 2π ] with Fourier expansion

f (t) =
∞∑

m=−∞
am eimt

into

(Pf )(t) =
∞∑

m=−∞

am

γm
eimt ,

Table 10.1 Interior transmission eigenvalues for ellipse with major axis a = 1

n = 2 n = 4

b = 1 b = 2/3 b = 1/3 b = 1 b = 2/3 b = 1/3

7.37512 7.92834 11.41028 2.90260 3.46854 5.98206

7.39666 8.33477 11.45253 2.90260 3.76061 6.00099

7.39666 9.16432 15.06928 3.38419 4.11221 7.57770

7.98435 9.41316 15.07576 3.41205 4.42348 7.68365

7.98435 10.03298 16.22182 3.41205 4.90307 8.02070

8.02926 10.08226 16.37583 3.97647 5.02532 8.09159

8.02926 10.43818 17.86378 3.97647 5.28207 8.66751

8.21647 10.64717 17.90516 4.54698 5.49159 8.94087

8.21647 10.81027 18.53009 4.54698 5.54822 9.38268

8.67540 11.27248 18.57564 5.11604 6.14039 9.50461

Table 10.2 Interior transmission eigenvalues for kite-shaped domain

n = 2 n = 3 n = 4

5.92167 3.56971 2.64486

6.01771 3.63830 2.75654

6.27238 3.91346 2.87873

6.33871 3.92733 3.15861

6.90174 4.16642 3.33391

7.00380 4.48945 3.72617

7.41123 4.64169 3.82202

7.49400 5.11930 4.24219

7.69067 5.15893 4.28350

7.89142 5.69419 4.56180
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where γ0 = 1 and γm = |m| for m �= 0. It resembles the logarithmic integral in
(3.116) and can be approximated analogously.

Comparing the computational costs for Beyn’s algorithm as applied to Cosson-
nière and Haddar’s two-by-two system it can be shown that the approach by Cakoni
and Kress reduces the costs by about 50 % (see [69]).

For an extension of this approach to the Maxwell equations including numerical
results for transmission eigenvalues in three dimensions we refer the reader to [66].

10.3 Complex Transmission Eigenvalues for Spherically
Stratified Media

Since the basic results of Cakoni, Gintides, and Haddar [62] discussed in Sect. 10.1,
there have appeared numerous results on the spectral theory of the transmission
eigenvalue problem and we mention in particular Faierman [140], Lakshtanov
and Vainberg [285–288], Petrov and Vodev [347], Pham and Stefanov [348],
Robbiano [377, 378], and Vodev [415, 416]. However, most of these results are
beyond the introductory level that we have aimed for in this book. Furthermore,
the basic question of the existence of complex transmission eigenvalues remains
open for the general case of a non-spherically stratified medium. Hence in this
section we will focus on the special case of a spherically stratified medium and
establish conditions for which complex transmission eigenvalues exist. The topic
of transmission eigenvalues for a spherically stratified medium has already been
considered in Sects. 8.4 and 9.4 and we shall restrict our attention to the acoustic
case considered in Sect. 8.4.

It was shown in Sect. 8.4 that in the case of a spherically stratified medium
with spherically stratified eigenfunctions that k (which now may be complex) is
a transmission eigenvalue if and only if the determinant in (8.40) vanishes. To
simplify notation, we set the radius a of the support of the spherically stratified
inhomogeneous medium to be a = 1 and simplify the determinant in (8.40) by
using

j0(t) = sin t

t

to arrive at the result that k is a transmission eigenvalue for a spherically stratified
medium with spherically stratified eigenfunction provided there exists a nontrivial
solution to the eigenvalue problem

y′′ + k2n(r)y = 0, 0 ≤ r < 1,

v′′ + k2v = 0, 0 ≤ r < 1,

y(1) = v(1), y′(1) = v′(1)

(10.54)
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where v and y are normalized such that y(0) = v(0) = 0 and y′(0) = v′(0) = 1.
This in turn is true if and only if

d := det

⎛
⎜⎜⎝

y(1)
sin k

k

y′(1) cos k

⎞
⎟⎟⎠ = 0. (10.55)

Unless otherwise stated, we will always assume that n ∈ C2[0, 1] and that n is real
valued. We will also always assume that n is not identically equal to one (since in
this case d(k) is identically zero) and that n(r) > 0 for 0 ≤ r < 1.

We begin with the special case with n(r) = n2
0 where n0 is a constant. Then if

n0 = 1/2 we have that [5]

d = 2

k
sin3 k

2

and hence there exist an infinite number of real eigenvalues and no complex
eigenvalues. On the other hand, if n(r) = 4/9 we have that [5]

d = 1

k

(
3 + 2 cos

2k

3

)
sin3 k

2
,

i.e., here we have an infinite number of both real and complex eigenvalues. These
examples are special cases of the following theorem [302].

Theorem 10.21 Let n(r) = n2
0 where n0 is a positive constant not equal to

one. Then if n0 is an integer or the reciprocal of an integer, all the transmission
eigenvalues are real. If n0 is not an integer or the reciprocal of an integer, then there
are infinitely many real and infinitely many complex transmission eigenvalues.

We now consider the case when n is no longer a constant. In this case, following
the analysis of Sect. 8.4, we have that [302]

d = 1

k

(
B sin δk cos k − C cos δk sin k

)
+ O

(
1

k2

)
, k → ∞, (10.56)

where k tends to infinity along the real axis,

B := 1

[n(0) n(1)]1/4 , C :=
(
n(1)

n(0)

)1/4

and

δ :=
∫ 1

0

√
n(r) dr. (10.57)
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We will always assume that δ �= 1. If δ is a rational number then the first term in
(10.56) is periodic taking both positive and negative values and hence there exist an
infinite number of real transmission eigenvalues. On the other hand, if δ is irrational,
then the first term is almost-periodic since periodic functions are almost-periodic
and almost periodic functions form an algebra. In addition this first term takes both
positive and negative values. We can thus again conclude that there exist an infinite
number of real transmission eigenvalues.

We will now assume that n(1) �= 1 and show that under appropriate conditions
there exist infinitely many complex transmission eigenvalues. The case where
n(1) = 1 requires different techniques and will be presented later on in this
section. We first consider the case when δ is a rational number greater than one, i.e.,
δ = �/m > 1. From (10.56), after dilating k, the search for complex eigenvalues
leads us to look for the zeros of the trigonometric polynomial

T (k) := B sin �k cosmk − C cos �k sinmk. (10.58)

The substitution z = eik into (10.58) yields the rational function

R(z) := B
(
z�+m + z�−m − zm−� − z−m−�

)
−C

(
z�+m + zm−� − z�−m − z−�−m

)
(10.59)

where, since n(1) �= 1, we have that B �= C. Multiplying (10.59) by z�+m and
rearranging the terms leads us to

p(z) := z2�+2m + B + C

B − C
z2� − B + C

B − C
z2m − 1. (10.60)

It is easily verified that p(z) is self-inversive, i.e.,

z2�+2mp

(
1

z

)
= −p(z).

The following theorem will play a central role in what follows [367, p. 378].

Theorem 10.22 Let p(z) be a self-inversive polynomial. Then all the zeros of p(z)
lie on the unit circle if and only if all the zeros of p′(z) lie in |z| ≤ 1.

For our p(z) defined in (10.60) we have

zp′(z) = (2� + 2m)z2�+2m + 2�
B + C

B − C
z2� − 2m

B + C

B − C
z2m. (10.61)

By changing z to 1/z, we have

1

z
p′
(

1

z

)
= 2z−2�−2mq(z)
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where

q(z) := � + m + �Az2m − mAz2�

with

A := B + C

B − C
= 1 + √

n(1)

1 − √
n(1)

.

On the unit circle |z| = 1 we have that

|q(z) − �Az2m| = |� + m − mAz2�| ≤ � + m + m|A| < �|A| = �|Az2m|

if

|A| > δ + 1

δ − 1
. (10.62)

Hence, by Rouche’s theorem, q(z) has 2m zeros inside the unit disc and thus p′(z)
has 2m zeros outside the unit disc. By Theorem 10.22 we have that p(z) has zeros
outside the unit circle. But for a polynomial with leading coefficient one, its constant
term is equal to the product of all its zeros. We can now conclude that p(z) has zeros
inside the unit circle.

When the self-inversive polynomial p(z) has zeros outside the unit circle, then
the zeros inside the unit circle have a positive distance from the origin. If the
zeros inside the unit circle are r1e

iθ1 , . . . , rse
iθs , then each of the zeros rj e

iθj

corresponds to the complex zeros θj + 2tπ − i ln rj , t = 1, 2, · · · of T (k). Since
0<rj < 1, all of these zeros lie in the upper half plane and stay inside the strip
|Im k| ≤ maxj=1,...,s | ln rj |. Now let zj be a zero of p(z) lying inside the unit circle
and surround it by a small circle Cj , lying in |z| < 1 which isolates zj from the
other zeros of p(z). For z ∈ Cj , |p(z)| > cj for some positive constant cj . Under
the transformation z = eik the circle Cj corresponds to a periodic array of closed
Jordan curves surrounding each of the corresponding zeros of T (k) in the upper
half-plane and for k on these curves T (k)| > dj for some positive constant dj .
From the asymptotic formula (10.56), we conclude that for d = d(k) we have that

kd(k) = T (k) + O

(
1

k

)

for k large. Hence the inequality

|kd(k) − T (k)| < |T (k)|
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is valid for k being sufficiently large and lying on these closed Jordan curves
surrounding each complex zero of T (k). It follows from Rouche’s theorem that d(k)
has a complex zero inside each of these Jordan curves when k is sufficiently large.

We note that this result remains valid when δ is a rational number less than one
provided

|A| > 1 + δ

1 − δ
. (10.63)

We now outline how the above results can be extended to the case when δ is
irrational. We first note that the equation B sin δk cos k − B cos δk sin k = 0 is
equivalent to (B −C) sin(δ + 1)k + (B −C) sin(δ − 1)k = 0. Hence the following
Lemma achieves the desired result [302].

Lemma 10.23 Let A be a real parameter. For an irrational α > 1 the almost
periodic function g(x) := sinαx − A sin x has an infinite number of zeros when
|A| > α.

Proof We first assume that A > 0. Let μ denote a local maximum of

R(x) := sinαx

sin x
. (10.64)

Then at any critical point x we have

μ = sinαx

sin x
= α cosαx

cos x

and hence μ2 sin2x = sin2 αx and μ2 cos2 x = α2 cos2 αx which implies that μ2 <

α2 since α > 1. Furthermore, a local positive maximum of y = R(x) occurs inside
an infinite number of intervals of the form (kjπ, (kj+1)π) where kj is a sequence of
integers. Hence in each of these intervals μ < α, i.e., the graph y = R(x) is below
the horizontal line y = A near a local (positive) maximum at a positive maximum
point x0 in each of these intervals.

Now lower the line y = A to y = A′ until it touches the graph y = R(x). The
equation

γ (x) := sinαx − A′ sin x = 0

has a real double root at the maximum point x0, i.e., γ (x0) = γ ′(x0) = 0. If this
root had higher order, then we would have

sinαx − A′ sin x = 0,

α cosαx − A′ cos x = 0,

α2 sinαx − A′ sin x = 0,

which is impossible since this system of three equations is not solvable.



10.3 Complex Transmission Eigenvalues for Spherically Stratified Media 405

We now move the line y = A′ a bit higher to y = b, i.e., the graph y = R(x)

lies lower than y = b locally. Since the roots of g(x) depend analytically on A, the
double root at x0 has to split into a conjugate pair of complex roots lying inside the
vertical strip kjπ < Re z < (kj + 1)π . As b moves further up to A the pair of roots
cannot go down to the real axis since R(x) < b locally.

This pair of complex roots satisfy sinαz−b sin z = 0 and stay inside the vertical
strip unless they hit one of the vertical boundaries, say Re z = kjπ , at z = kjπ + it ,
t > 0. Then

γ (z) = sinα(kjπ + it)) − b sin(kjπ + it)

= sinαkjπ cosh t + i cosαkjπ sinh t − ib cos kjπ sinh t = 0,

which implies sinαkjπ = 0 which is not possible for α irrational. We thus have a
pair of complex roots for g(x) = 0 in each interval

(
kjπ, (kj + 1)π

)
.

If A < 0 we argue as above but now consider local negative minima which occur
in another sequence of intervals of the form

(
kjπ, (kj + 1)π

)
. ��

We now have the following theorem [302] and corollary [108].

Theorem 10.24 Assume that n(1) �= 1 and either that δ > 1 and (10.62) is
valid or δ < 1 and (10.63) is valid. Then the eigenvalue problem (10.54) has an
infinite number of real and an infinite number of complex eigenvalues. All of these
eigenvalues lie in a strip parallel to the real axis.

We note that Vodev [415] has shown for the general case where the index of
refraction n may not be spherically stratified and does not equal one on the (smooth)
boundary of the support of 1 − n then, if complex transmission eigenvalues exist,
they must all be in a strip parallel to the real axis. This result plays a central role in
the development of the linear sampling method in the time domain [70, 157].

Corollary 10.25 Assume that either 1 <
√
n(1) < δ or δ <

√
n(1) < 1. Then there

exist infinitely many real and infinitely many complex transmission eigenvalues to
(10.54).

Proof By Theorem 10.24, if δ > 1 there exists an infinite number of complex
transmission eigenvalues if

∣∣∣∣1 + √
n(1)

1 − √
n(1)

∣∣∣∣ > δ + 1

δ − 1
(10.65)

and this is also true if δ < 1 provided

∣∣∣∣1 + √
n(1)

1 − √
n(1)

∣∣∣∣ > δ + 1

1 − δ
. (10.66)
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We now note that for x > 1 we have

d

dx

(
x + 1

x − 1

)
= − 2

(x − 1)2 < 0

and for x < 1 we have

d

dx

(
x + 1

1 − x

)
= 2

(x − 1)2 < 0.

Hence if 1 <
√
n(1) < δ or 1 >

√
n(1) > δ we know that (10.65) or (10.66) is

valid, respectively, and the corollary follows since in either case there are always an
infinite number of real transmission eigenvalues. ��

We note that in view of Theorem 10.21 for n(r) = constant the result of
Corollary 10.25 is sharp in the sense that if n(1) �= 1 is the square of an integer
or the square of the reciprocal of an integer, then δ = √

n(1) and there are no
complex transmission eigenvalues.

We now turn our attention to the case when n(1) = 1 and establish conditions
under which the transmission eigenvalue problem (10.54) has complex eigenvalues.
We recall that by using the asymptotic expansion (10.56) the existence of real
transmission eigenvalues is always assured. To examine transmission eigenvalues
in the case when n(1) = 1, we will need to obtain an explicit representation of the
values of y(1) and y′(1) in terms of the coefficient n(r) appearing in the differential
equation y′′ + k2n(r)y = 0 satisfied by y(r). To this end, following Sect. 8.4, we
use the Liouville transformation

ξ :=
∫ r

0

√
n(ρ) dρ, z(ξ) := [n(r)]1/4y(r)

to arrive at

z′′ + [k2 − p(ξ)]z = 0,

z(0) = 0, z′(0) = [n(0)]−1/4,
(10.67)

where

p(ξ) := n′′(r)
4[n(r)]2

− 5[n′(r)]2

16[n(r)]3
. (10.68)

The solution of (10.67) can be represented in the form [238]

z(ξ) = 1

[n(0)]1/4

[
sin kξ

k
+
∫ ξ

0
K(ξ, t)

sin kt

k
dt

]
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for 0 < ξ < δ with δ defined by (10.57) and K is the unique solution of the Goursat
problem

Kξξ − Ktt − p(ξ)K = 0, 0 < t < ξ < δ,

K(ξ, 0) = 0, 0 ≤ ξ ≤ δ,

K(ξ, ξ) = 1

2

∫ ξ

0
p(s) ds, 0 ≤ ξ ≤ δ.

(10.69)

Provided p ∈ C1[0, δ], i.e., n ∈ C3[0, δ], it is shown in [238] that K ∈ C2(Δ0) can
be solved by the method of successive approximations where

Δ0 :=
{
(ξ, t) ∈ IR2 : 0 < t < ξ < δ

}
.

We will henceforth assume that n ∈ C3[0, δ].
Under our assumptions on n, we have that

z(δ) = 1

[n(0)]1/4k

[
sin kδ +

∫ δ

0
K(δ, t) sin kt dt

]

z′(δ) = 1

[n(0)]1/4k

[
k cos kδ + K(δ, δ) sin kδ +

∫ δ

0
Kξ(δ, t) sin kt dt

]

(10.70)

and note that z(ξ) and z′(ξ) are both entire functions of exponential type δ as a
function of k. Since z(ξ) = [n(r)]1/4y(r) and n(1) = 1 we have that y(1) = z(δ)

and y′(1) = z′(δ) − 1
4 n′(1)y(1) and hence

d(k) =
[

cos k + n′(1)
4k

sin k

]
z(δ) − sin k

k
z′(δ).

Integrating by parts in the expression for z(δ) in (10.70) gives

z(δ) = 1

[n(0)]1/4k

[
sin kδ − K(δ, δ)

cos kδ

k
+
∫ δ

0
Kt(δ, t)

cos kt

k
dt

]

and hence from (10.70) and z(ξ) = [n(r)]1/4y(r) we have that

d(k) =
[

cos k

[n(0)]1/4k
+ n′(1) sin k

4[n(0)]1/4k2

] [
sin kδ−K(δ, δ)

cos kδ

k
+
∫ δ

0
Kt(δ, t)

cos kt

k
dt

]

− sin k

[n(0)]1/4k

[
k cos kδ + K(δ, δ) sin kδ +

∫ δ

0
Kt(δ, t)

cos kt

k
dt

]
.
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Setting D(k) := [n(0)]1/4d(k) we now arrive at the formula

D(k) = cos k sin kδ − sin k cos kδ + H(k) (10.71)

where

H(k) : =
(
n′(1)

4
− K(δ, δ)

)
sin k sin kδ

k
− K(δ, δ)

cos k cos kδ

k

−n′(1)
4

K(δ, δ)
sin k cos kδ

k2 + cos k

k

∫ δ

0
Kt(δ, t) cos kt dt

− sin k

k

∫ δ

0
Kξ(δ, t) sin kt dt + n′(1) sin k

4k2

∫ δ

0
Kt(δ, t) cos kt dt.

(10.72)

Using this representation we will now show that if n′(1) = 0 and n′′(1) �= 0, then
there exist an infinite number of complex transmission eigenvalues, i.e., an infinite
number of complex zeros of d(k). We will then note that the same result holds using
a similar calculation if n′(1) �= 0. However, in order to do this we must first collect
together a number of results from the theory of entire functions of exponential type.
Our first result is the celebrated Paley–Wiener theorem [432].

Theorem 10.26 (Paley–Wiener) The entire function f (z) is of exponential type
less than or equal to τ and is square integrable on the real axis if and only if

f (z) =
∫ τ

−τ

ϕ(t)eizt dt

for some ϕ ∈ L2(−τ, τ ). f (z) is of type τ if ϕ(τ) does not vanish in a neighborhood
of τ or −τ .

We say that an entire function belongs to the Paley–Wiener class if it has the
representation given in the Paley–Wiener theorem. A simple consequence of the
Paley–Wiener theorem is the following corollary.

Corollary 10.27 Suppose f (z) and g(z) are in Paley–Wiener class of types τ and
σ respectively. If σ < τ , then the sum f (z) + g(z) is of type τ .

For future reference we note that
∫ τ

0
ψ(t) sin zt dt

can be expressed as

∫ τ

−τ

ϕ(t)eizt dt
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for some function ϕ defined for t ∈ [−τ, τ ] if ψ is extended onto the interval [−τ, 0]
in an appropriate fashion.

Now let n+(r) denote the number of zeros of an entire function f (z) in the set
{z ∈ C : Re z > 0, |z| < r}. We then have the following theorem [257].

Theorem 10.28 (Cartwright–Levinson) Let the entire function f (z) of exponen-
tial type be such that

∫ ∞

−∞
ln+|f (x)|

1 + x2 dx < ∞

where ln+ x = max(0, ln x) and suppose that

lim sup
y→±∞

ln |f (iy)|
|y| = τ.

Then

lim
r→∞

n+(r)
r

= τ

π
.

The limit τ/π is called the density of the zeros of f (z) in the right half plane.

Corollary 10.29 Let f (z) be an entire function that is in the Paley–Wiener class of
type at most τ . Suppose

x2f (x) = sin τx + O

(
1

x

)

as x tends to infinity on the real axis. Then f is of type τ .

Proof The density of the positive zeros of f (z) is τ/π . Therefore the type of f (z)
must be at least τ so it equals τ . ��

Armed with the above tools from the theory of entire functions, we now return to
(10.71) and use the representation to prove the following theorem [109]. We remind
the reader that it is always assumed that δ �= 1.

Theorem 10.30 Suppose the refractive index n ∈ C3[0, 1] and that n(1) = 1 and
n′′(1) �= 0. Then the entire function D(k) has infinitely many real zeros and infinitely
many complex zeros, i.e., there exist infinitely many real and infinitely many complex
eigenvalues for (10.54).

Proof We first consider the case when n′(1) = 0. Then from (10.71) we have that
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D(k) = sin(δ − 1)k − K(δ, δ)
cos(δ − 1)k

k

+cos k

k

∫ δ

0
Kt(δ, t) cos kt dt − sin k

k

∫ δ

0
Kξ(δ, t) sin kt dt.

An integration by parts in the last two integrals and using the fact that Kξ(δ, 0) = 0
shows that

D(k) = sin(δ − 1)k − K(δ, δ)
cos(δ − 1)k

k

+Kt(δ, δ)
cos k sin kδ

k2 − Kξ(δ, δ)
sin k cos kδ

k2

−cos k

k2

∫ δ

0
Ktt (δ, t) sin kt dt − sin k

2k2

∫ δ

0
Kξt (δ, t) cos kt dt.

In the above expression the terms of order 1/k2 on the real axis can be rewritten as

Kt(δ, δ)

2k2
[sin(δ + 1)k + sin(δ − 1)k] + Kξ(δ, δ)

2k2
[sin(δ + 1)k − sin(δ − 1)k].

Hence, by Corollary 10.29, the sum of this expression with the remainder term
which is of order 1/k3 on the real axis is an entire function of type δ + 1 if the
coefficient of sin((δ + 1)k) is nonzero. This coefficient is

1

2
[Kt(δ, δ) + Kξ(δ, δ)]

and since

K(ξ, ξ) = 1

2

∫ ξ

0
p(s) ds

for 0 ≤ ξ ≤ δ we have that

1

2
[Kt(δ, δ) + Kξ(δ, δ)] = 1

4
p(δ).

From (10.68) we see that p(δ) = n′′(1)/4 since n(1) = 1 and n′(1) = 0. Hence,
under the assumption that n′(1) = 0 we have that for k on the real axis
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D(k) = sin(δ − 1)k − 1

2k
cos(δ − 1)k

∫ δ

0
p(s) ds

+Kt(δ, δ) − Kξ(δ, δ)

2k2
sin(δ − 1)k + n′′(1)

16k2
sin(δ + 1)k + O

(
1

k3

)
.

Since δ �= 1, from Corollaries 10.27 and 10.29 we have that D(k) is of exponential
type δ + 1. Since the leading term sin(δ − 1)k generates an infinite set of positive
real zeros with density equal to |δ − 1|/π while the density of all the zeros in the
right half plane is (δ + 1)/π , we have by the Cartwright–Levinson theorem that in
addition to the infinite set of positive zeros there exist an infinite number of complex
zeros in the right half plane.

We now consider the case when n′(1) �= 0. Then from (10.71) it is easy to deduce
that for k on the real axis

D(k) = sin(δ − 1)k + 1

k

[
n′(1)

4
sin k sin δk − K(δ, δ) cos(δ − 1)k

]
+ O

(
1

k2

)
.

Then, since n′(1) �= 0, the density of all the zeros in the right half plane is still
(δ + 1)/π and the density of the real zeros is |δ − 1|/π . ��

It has been shown by Vodev [416] that for the general case when n is not
necessarily spherically stratified and the support of 1 − n is a bounded, connected
region with smooth boundary such that n(x) = 1 for x on the boundary then, if
complex transmission eigenvalues exist, they must lie in a region bounded by a
parabola.

In the case when δ = 1 it can be shown that if n(1) �= 1, then there are at most
finitely many complex eigenvalues for the eigenvalue problem (10.54) (see [109]).
On the other hand, if δ = 1 and n(1) = 1, then it is possible to have only finitely
many real eigenvalues for the eigenvalue problem (10.54) (also see [109]).

Before considering the inverse spectral problem for the transmission eigenvalue
problem in a spherically stratified medium we briefly consider the case of absorbing
media [56]. We again assume the coefficients are spherically stratified in a ball of
radius one. Then the transmission eigenvalue problem is

Δw + k2
(
n1(r) + i

n2(r)

k

)
w = 0, 0 ≤ |x| < 1,

Δv + k2v = 0, 0 ≤ |x| < 1,

v = w and
∂v

∂r
= ∂w

∂r
, |x| = 1,

(10.73)

where n1(r) > 0 and n2(r) > 0 are continuous functions of r for 0 ≤ r ≤ 1 and we
assume that n1(1) = 1. Let
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v(r) = c1j0(kr) = c1
sin kr

kr
and w(r) = c2

y(r)

r

where c1 and c2 are constants. Then

y′′ + k2
(
n1(r) + i

n2(r)

k

)
y = 0, 0 ≤ r < 1,

y(0) = 0, y′(0) = 1.

(10.74)

Following Sect. 8.4, there will exist a nontrivial solution of (10.73) provided k is a
transmission eigenvalue, i.e., k satisfies

d := det

⎛
⎜⎜⎝

y(1)
sin k

k

y′(1) cos k

⎞
⎟⎟⎠ = 0.

As in Sect. 8.4, we want to obtain asymptotic expansions of y(1) and y′(1) and
hence of d = d(k).

Following [139, p. 84, see also p. 89], we see that the differential equation in
(10.74) has a fundamental set of solutions y1 and y2 defined for r ∈ [0, 1] such that

yj (r) = exp(β0j k + β1j )

[
1 + O

(
1

k

)]
, j = 1, 2, (10.75)

as k → ∞ uniformly for 0 ≤ r ≤ 1, where

[β ′
0j ]2 + n1(r) = 0,

2β ′
0j β1j + in2(r) + β ′′

0j = 0.
(10.76)

Hence, modulo arbitrary additive constants,

β0j = ±
∫ r

0

√
n1(ρ) dρ, βij = ∓1

2

∫ r

0

n2(ρ)√
n1(ρ)

dρ+ ln[n1(r)]−1/4, (10.77)

where j = 1 corresponds to the upper sign and j = 2 corresponds to the lower sign.
Substituting back into (10.75) and using the initial conditions satisfied by y(r) we
see that

y(r) = 1

ik[n1(0)n1(r)]1/4 sinh

(
ik

∫ r

0

√
n1(ρ) dρ − 1

2

∫ r

0

n2(ρ)√
n1(ρ)

dρ

)
+O

(
1

k2

)

as k → ∞. Using the fact that this expression can be differentiated with respect to
r , we now have that
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d = 1

ik[n1(0)]1/4
sinh

(
ik − ik

∫ 1

0

√
n1(ρ) dρ + 1

2

∫ 1

0

n2(ρ)

n1(ρ)
dρ

)
+ O

(
1

k2

)

(10.78)

as k → ∞.
Assuming δ �= 1 where δ is given by (10.57) with n(r) = n1(r), we now want

to use (10.78) to deduce the existence of transmission eigenvalues as we did for
the non-absorbing case in Sect. 8.4. For the non-absorbing case, this was a simple
consequence of Bolzano’s theorem. However, this argument is no longer applicable
in this case and we need to use more sophisticated arguments. We first note that
d = d(k) is an entire function of k of order one and finite type. Furthermore, d
is bounded as k → ∞. For k < 0, d(k) has the asymptotic behavior (10.78) with
n2 replaced by −n2 and hence d(k) is also bounded as k → ∞ and therefore on
the entire real axis. By Hadamard’s factorization theorem we can now conclude that
d(k) has an infinite number of (complex) zeros, i.e., there exist an infinite number
of transmission eigenvalues.

10.4 The Inverse Spectral Problem for Transmission
Eigenvalues

We now consider the inverse spectral problem for transmission eigenvalues in the
case of a spherically stratified medium with spherically stratified eigenfunctions. We
again assume that the scattering domain is a ball of radius one and in this case k is a
transmission eigenvalue if and only if d = d(k) = 0 where d is defined by (10.55).
We have previously seen that both real and complex transmission eigenvalues can
exist depending on the value of n(1) and δ defined by (10.57). Unless otherwise
stated we assume that n ∈ C3[0, 1] and that n(r) is positive for 0 ≤ r ≤ 1. Our
problem then is that if we know all the zeros of d(k), both real and complex as well
as their multiplicities, does this information uniquely determine n(r)?

The first results for the above inverse spectral problem for transmission eigenval-
ues were obtained by McLaughlin and Polyakov [314] where it was shown that
uniqueness is obtained for the inverse spectral problem provided that δ < 1/3
and that n(1) = 1 and n′(1) = 0. The bound on n given by δ < 1/3 was
improved to δ < 1 by Aktosun, Gintides, and Papanicolaou in [5] with different
proofs of this result being given in [6, 106] (see Chapter 5 of [57] where the
condition in [106] that n(0) is known a priori is removed). If norming constants are
introduced, the restriction on δ can be removed [420]. Here we will follow [83] and
establish a uniqueness result for the inverse spectral problem for all n(r) > 0 and
without assuming that n(1) and n′(1) are known nor using norming constants (see
also [107]). This will be accomplished by considering an inverse spectral problem
for a modified transmission eigenvalue problem depending on a parameter η. For
the case when η = 1 we retrieve the results of [5, 6, 106].
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We begin by introducing the concept of a modified far field operator for a scat-
tering problem which is not necessarily spherically stratified. Such a construction
will be used in this section (for the spherically stratified case) and in the following
section (for the more general case). In particular, for k > 0 and a unit vector d we
consider the scattering problem (cf. Theorem 8.7)

Δu + k2n(x)u = 0 in IR3,

u(x) = eik x·d + us(x),

lim
r→∞ r

(
∂us

∂r
− ikus

)
= 0,

(10.79)

where r = |x|, the refractive index n(x) is positive and continuous in D̄ where D

is the support of n − 1 and D is connected with a connected C2 boundary. Without
loss of generality we assume that D contains the origin. We will also consider the
transmission problem

Δh1 + k2h1 = 0 in IR3 \ D̄,

Δh2 + k2η2h2 = 0 in D,

h1 = h2 and
∂h1

∂ν
= ∂h2

∂ν
on ∂D,

h1(x) = eik x·d + hs1(x),

lim
r→∞ r

(
∂hs1

∂ν
− ikhs1

)
= 0,

(10.80)

where ν is the unit outward normal to ∂D and η > 0 is a constant. The Sommerfeld
radiation condition in (10.79) and (10.80) is assumed to hold uniformly in all
directions. Note that there exists a unique solution to the transmission problem
(10.80) (see Sect. 3.3 or [104, Theorem 3.41]).

Definition 10.31 The modified far field operator F : L2(S2) → L2(S2) is
defined by

(F g)(x̂) :=
∫
S2

[
u∞(x̂, d) − h∞(x̂, d)

]
g(d) ds(d), x̂ ∈ S

2,

where u∞ is the far field pattern of the scattering problem (10.79) and h∞ is the far
field pattern of the scattering problem (10.80).

Definition 10.32 Given a solution h1, h2 to (10.80), the function defined by

h2,g(x) :=
∫
S2

h2(x, d)g(d) ds(d), x ∈ IR3,

for g ∈ L2(S2) is called a generalized Herglotz wave function.
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Note that in the case η = 1 we have that the unique solution of (10.80) is h1(x) =
h2(x) = eik x·d , hs1 = 0, so in this case h2,g is the standard Herglotz wave function
defined by Definition 3.26. Furthermore, hs1 = 0 implies that h∞ = 0 so F is the
standard far field operator defined in Theorem 3.30.

Theorem 10.33 The modified far field operator F is injective with dense range
if and only if there does not exist a nontrivial solution w, v to the generalized
transmission eigenvalue problem

Δw + k2n(x)w = 0 in D,

Δv + k2η2v = 0 in D,

w = v and
∂w

∂ν
= ∂v

∂ν
on ∂D,

(10.81)

where v is a generalized Herglotz wave function and ν is the unit outward normal
to ∂D.

Proof Let g be in the nullspace of F , i.e.,

∫
S2

[
u∞(x̂, d) − h∞(x̂, d)

]
g(d) ds(d) = 0 x̂ ∈ S

2.

Define the Herglotz wave function

hg(x) :=
∫
S2

eik x·dg(d) ds(d), x ∈ IR3. (10.82)

Then

w∞(x̂) :=
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2

is the far field pattern corresponding to the scattering problem

Δw + k2n(x)w = 0 in IR3,

w = hg + ws,

lim
r→∞ r

(
∂ws

∂r
− ikws

)
= 0,

and

h1∞(x̂) :=
∫
S2

h∞(x̂, d)g(d) ds(d), x̂ ∈ S
2,
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is the far field pattern corresponding to the transmission problem

Δh1 + k2h1 = 0 in IR3 \ D̄,

Δh2 + k2η2h2 = 0 in D,

h1 = h2 and
∂h1

∂ν
= ∂h2

∂ν
on ∂D,

h1 = hg + hs1,

lim
r→∞ r

(
∂hs1

∂ν
− ikhs1

)
= 0.

Since

w∞(x̂) − h1∞(x̂) =
∫
S2

[
u∞(x̂, d) − h∞(x̂, d)

]
g(d) ds(d) = 0

for all x̂ ∈ S
2 we have that ws = hs1 in IR3 \D by Rellich’s lemma. Thus w = h1 in

IR3\D so the Cauchy data for w and h2 on ∂D coincide and so w and v = h2 satisfy
the generalized transmission eigenvalue problem (10.81). If g is nonzero then, by
Theorem 3.27, the solution w, v is nontrivial.

Conversely, suppose w, v satisfy (10.81) where v is a nontrivial generalized
Herglotz wave function, i.e.,

v(x) :=
∫
S2

h2(x, d)g(d) ds(d), x ∈ IR3,

for some nonzero g ∈ L2(S2) where h1, h2 satisfy (10.80). Define hg by (10.82)
and usg and h2

1g by

usg(x) :=
∫
S2

us(x, d)g(d) ds(d),

hs1g(x) :=
∫
S2

hs1(x, d)g(d) ds(d)

for x ∈ IR3 \ D̄. Noting that hs1g(x) = usg(x) for x ∈ IR3 \ D̄ since they are the

scattered fields of the same scattering problem for Δw+k2n(x)w = 0 with incident
field v, we have that

∫
S2

[
u∞(x̂, d) − h∞(x̂, d)

]
g(d) ds(d) = 0

for x̂ ∈ S
2. Since g is nonzero we see that F is not injective.
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The fact that F has dense range follows from the fact that F is injective as in
the proof of Theorem 3.30 for obstacle scattering since both u∞(x̂, d) and h∞(x̂, d)

satisfy the reciprocity relation. ��
Values of k for which there exists a nontrivial solution to the generalized trans-

mission eigenvalue problem will be called generalized transmission eigenvalues.
We now return to the inverse spectral problem for spherically stratified media

and from now on assume that n(x) = n(r) with n ∈ C3[0, 1]. For a given constant
η > 0 we consider the generalized transmission eigenvalue problem

Δw + k2n(r)w = 0 in B,

Δv + k2η2v = 0 in B,

v = w and
∂v

∂r
= ∂w

∂r
on ∂B,

(10.83)

where B is now the open unit ball in IR3. We note that, as with the unmodified
transmission eigenvalue problem, the η-modified transmission eigenvalues can be
determined by a consideration of the modified far field equation F g = Φ∞(·, z)
where Φ∞ is the far field pattern of the free space fundamental solution to the
Helmholtz equation with source at z ∈ IR3 (see the discussion at the beginning
of Sect. 10.1). If we look for spherically symmetric eigenfunctions

w(x) = c1
y(r)

r
, v(x) = c2

sin kηr

kηr
,

where c1, c2 are constants, then as in Sect. 8.4 we can conclude that k is a generalized
transmission eigenvalue if and only if

dη := det

⎛
⎜⎜⎝

y(1)
sin kη

kη

y′(1) cos kη

⎞
⎟⎟⎠ = 0, (10.84)

where y is the solution of y′′ + k2n(r)y = 0, y(0) = 0, y′(0) = 1. We will always
assume that η > 0 is a fixed constant such that n(r) < η2 for 0 ≤ r ≤ 1. By an
asymptotic analysis similar to that in Sect. 8.4 we have that

dη(k) = 1

k[n(0)n(1)]1/4

(
sin kδ cos kη −

√
n(1)

η
cos kδ sin kη

)
+ O

(
1

k2

)

(10.85)

as k → ∞ along the real axis and δ is given by (10.57).
Now note that the expression in brackets in (10.85) is almost periodic and

takes both positive and negative values. Hence if δ �= η and n(1) �= η2, then
there exist infinitely many positive zeros of dη(k) and hence infinitely many
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positive generalized transmission eigenvalues. From (10.85) we can determine δ

from the generalized transmission eigenvalues in the following way. Let Dη(k) :=
[n(0)n(1)]1/4kdη(k) and rewrite (10.85) as

Dη(k) = A sin k(δ + η) + B sin k(δ − η) + O

(
1

k

)
, (10.86)

where

A = 1

2

(
1 −

√
n(1)

η

)
, B = 1

2

(
1 +

√
n(1)

η

)
.

From (10.86) the set of all zeros of dη(k) in the right half complex plane has density
(δ+η)/π if n(1) �= η2 and δ �= η so δ is determined by the generalized transmission
eigenvalues if n(r) < η2 for 0 ≤ r ≤ 1.

We now note that d = dη(k) is an even entire function of order one that is real
on the real axis and if n(r) < η2 then dη(k) has a zero of order two at the origin
(cf. Section 5.2 of [57]). Hence if {kj } are the zeros of dη(k), then by Hadamard’s
factorization theorem we have that

dη(k) = ck2
∞∏
j=1

(
1 − k2

k2
j

)
(10.87)

for some nonzero constant c. We will now use (10.86) and (10.87) to show that n(1)
is uniquely determined by the generalized transmission eigenvalues corresponding
to η when n(r) < η2 for 0 ≤ r ≤ 1. To this end we need the following lemma
(see [128, Lemma 1]).

Lemma 10.34 If ϕ(k) is an entire function which is almost-periodic and bounded
on the real axis, then each of the limits

lim
T→∞

1

T

∫ T

a

ϕ(k) sinαk dk and lim
T→∞

1

T

∫ T

a

ϕ(k) cosαk dk

exists for any real α and a fixed constant a.

Lemma 10.35 If n(r) < η2 for 0 ≤ r ≤ 1, then the generalized transmission
eigenvalues uniquely determine n(1).

Proof First note that n(1) �= η2 and hence δ is known. Define

ψ(k) := k3
∞∏
j=1

(
1 − k2

k2
j

)
.
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Then if

C := 1

c[n(0)n(1)]1/4

we have from the definition of Dη(k) that ψ(k) = CDη(k). From (10.86) we have
that

ψ(k) = C [A sin k(δ + η) + B sin k(δ − η)] + O

(
1

k

)
(10.88)

and from Lemma 10.34 with a > 0 sufficiently large we have that

M1 := lim
T→∞

1

T

∫ T

a

ψ(k) sin k(δ+η) dk, M2 := lim
T→∞

1

T

∫ T

a

ψ(k) sin k(δ−η) dk

exist and are known. From (10.88) we now have that M1 = 1
2CA, M2 = 1

2CB and
hence from the definition of A and B we have

M1

M2
= η − √

n(1)

η + √
n(1)

,

i.e., n(1) is known. ��
We can now conclude that if n(r) < η2 for 0 ≤ r ≤ 1, then both n(1) and

C are known and hence so is c[n(0)]1/4. We can thus conclude that [n(0)]dη(k) is
uniquely determined by the generalized transmission eigenvalues {kj }. In order to
prove our desired uniqueness theorem we need representations for y(1) and y′(1).
These can be obtained in the same way as in the derivations (10.67)–(10.70) where it
was assumed that n(1) = 1. Dropping this assumption and proceeding as in (10.67)–
(10.70) yield

y(1) = 1

k[n(0)n(1)]1/4

[
sin kδ +

∫ δ

0
K(δ, t) sin kt dt

]
,

y′(1) =
[
n(1)

n(0)

]1/4 [
cos kδ + sin kδ

2k

∫ δ

0
p(s) ds +

∫ δ

0
Kξ(δ, t)

sin kt

k
dt

]

− n′(1)
4k[n(0)]1/4[n(1)]5/4

[
sin kδ +

∫ δ

0
K(δ, t) sin kt dt

]
,

(10.89)

where K is the solution of the Goursat problem (10.69) with p given by (10.68).
For future use, we recall the following result of Rundell and Sachs [381] (see

also [238, p. 162]).
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Theorem 10.36 Let K satisfy (10.69) where p ∈ C1[0, δ]. Then p is uniquely
determined by the Cauchy data K(δ, t), Kξ(δ, t), 0 ≤ t ≤ δ.

Having determined δ and n(1) we can now prove our desired inverse spectral
theorem [83].

Theorem 10.37 Assume that n ∈ C3[0.1]. If η > 0 and 0<n(r)<η2 for 0 ≤ r ≤ 1,
then the generalized transmission eigenvalues (including multiplicity) uniquely
determine n(r).

Proof Since δ and n(1) are known we see from (10.85) and (10.87) that
[n(0]1/4dη(k) is uniquely determined by the generalized transmission eigenvalues
{kj }. Substituting the expressions for y(1) and y′(1) given in (10.89) into the
determinant dη(k) we have

dη(k) = 1

k[n(0)n(1)]1/4

[
sin kδ +

∫ δ

0
K(δ, t) sin kt dt

]
cos kη

−
[
n(1)

n(0)

]1/4 [
cos kδ + sin kδ

2k

∫ δ

0
p(s) ds +

∫ δ

0
Kξ(δ, t)

sin kt

k
dt

]
sin kη

kη

− n′(1)
4k[n(0)]1/4[n(1)]5/4

[
sin kδ +

∫ δ

0
K(δ, t) sin kt dt

]
sin kη

kη
.

(10.90)
From (10.90) we now have that

�π

η
[n(0)]1/4dη

(
�π

η

)
= (−1)�

[n(1)]1/4

[
sin

�πδ

η
+
∫ δ

0
K(δ, t) sin

�πt

η
dt

]

(10.91)

for � an integer. From the change of variables s = t/η in the integral in (10.91) we
have that

∫ δ

0
K(δ, t) sin

�πt

η
dt = η

∫ δ/η

0
K(δ, ηs) sin(�πs) ds.

We now note that {sin �πs}�∈IN is complete in L2[0, δ/η] if δ/η < 1 (see [432,
p. 97]). Since we are assuming that n(r) < η2 we have that δ < η and hence from
(10.91) we have that K(δ, t), 0 ≤ t ≤ δ, is known.

We now use the fact that K(δ, t) is known to determine n′(1). Applying
integration by parts in the expression for y′(1) in (10.89) we see that

y′(1) =
[
n(1)

n(0)

]1/4 [
cos kδ + sin kδ

2k

∫ δ

0
p(s) ds

]
− n′(1) sin kδ

4k[n(0)]1/4[n(1)]5/4 +O

(
1

k2

)
.

Substituting this into dη(k) we see that
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[n(0)]1/4dη(k) = [n(0)]1/4y(1) cos kη

−[n(1)]1/4
[

cos kδ + sin kδ

2k

∫ δ

0
p(s) ds

]
sin kη

kη

+ n′(1)
4k2η[n(1)]5/4

sin kδ sin kη + O

(
1

k3

)
.

(10.92)

If we now define H(k) by

H(k) := 4k2η[n(1)]5/4
[
[n(0)]1/4dη(k) − [n(0)]1/4y(1) cos kη

+[n(1)]1/4
(

cos kδ + sin kδ

2k

∫ δ

0
p(s) ds

)
sin kη

kη

]
,

then from (10.92) we have that

H(k) = n′(1) sin kδ sin kη + O

(
1

k

)
. (10.93)

Since K(δ, t) is known for 0 ≤ t ≤ δ we have that [n(0)]1/4y(1) is known from the
first expression in (10.89). Furthermore

K(δ, δ) = 1

2

∫ δ

0
p(s) ds

and so H(k) is known. From (10.93) we can rewrite H(k) as

H(k) = n′(1)
2

[cos k(δ − η) − cos k(δ + η)] + O

(
1

k

)
. (10.94)

Since the leading term of H(k) is almost periodic we can use Lemma 10.34 for a
sufficiently large to conclude that

M := lim
T→∞

1

T

∫ T

a

H(k) cos k(δ − η) dk

exists and is known. Using (10.94) to compute this limit we have that

M = n′(1)
4

so n′(1) is uniquely determined.
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From (10.90) we now have that

�π

δ
[n(0)]1/4dη

(
�π

δ

)
= [n(0)]1/4y(1)

�π

δ
cos

�πη

δ

−1

η
[n(1)]1/4 sin

�πη

δ

[
(−1)� + δ

�π

∫ δ

0
Kξ(δ, t) sin

�πt

δ
dt

]

− n′(1)
4η[n(1)]5/4

sin
�πη

δ

∫ δ

0
K(δ, t) sin

�πt

δ
dt

(10.95)

for each integer �. Since n′(1) is known we see that the first and third terms
in the right-hand side of (10.95) are also known. Hence by the completeness of{

sin
�πt

δ

}
�∈IN

in L2[0, δ] we have that Kξ(δ, t), 0 ≤ t ≤ δ, is known from (10.95).

By Theorem 10.36 we can now conclude that p(ξ) is known.
We now need to show that n is uniquely determined. Suppose n1 and n2

correspond to the same set of eigenvalues. Then p(ξi) is uniquely determined where

ξi :=
∫ r

0

√
ni(ρ) dρ, i = 1, 2.

From (10.68) we have that ni(r(ξi)) satisfies

[
n

1/4
i

]′′ − p(ξi)n
1/4
i = 0, 0 < ξi < δ,

n
1/4
i (r(δ)) = (n(1))1/4,

[
n

1/4
i

]′
(r(δ)) = [n1/4

]′
(1),

where n(1) and n′(1) are uniquely determined from the set of eigenvalues and i =
1, 2. Hence by the uniqueness of the solution to the initial value problem for linear
ordinary differential equations we have that n1(r(·)) = n2(r(·)). But ri = r(ξi)

satisfies

dri

dξi
= 1√

ni(r(ξi))

and ri(0) = 0 for i = 1, 2 and hence r1(·) = r2(·). This implies that ξ1 = ξ2 and
hence n1 = n2. ��
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10.5 Modified Transmission Eigenvalues and Their Use as
Target Signatures

As mentioned in the Introduction to this book, the theory of scattering resonances
is a rich and beautiful part of scattering theory. However, their use in inverse
scattering theory has been limited due to the fact that these eigenvalues all lie in
the lower half-plane and hence determining them from measured scattering data
is problematic. It is for this reason that we have not discussed them in our book
and instead have focused on the theory of transmission eigenvalues since, as has
been seen, real transmission eigenvalues exist if the index of refraction is real and
thus can be determined from measured scattering data. This opens up the possibility
of using transmission eigenvalues as target signatures for non-absorbing materials,
i.e., to relate changes in the material properties of a medium to changes in the
values of the corresponding transmission eigenvalues. However, using transmission
eigenvalues as target signatures is limited by the fact that for absorbing materials
the transmission eigenvalues are no longer real (cf. Theorem 8.12 ) and, since
these eigenvalues are determined by the material properties of the scatterer, it is
not possible to choose the interrogation frequency a priori.

In an effort to overcome the above drawbacks in using transmission eigenvalues
as target signatures, a different approach to this problem has been proposed in a
number of papers by various authors [21, 58, 73, 82, 84]. In this approach, a modified
far field operator is introduced which allows the wave number to be fixed (and real)
while introducing a new parameter which now serves the role of a target signature.
To describe this set of ideas we have chosen the approach of [84] which makes use
of modified far field operators in a similar way as they were used in the inverse
spectral problem for spherically stratified media.

Fix k > 0 and for each unit vector d in IR3 let u∞(x̂, d), x̂ = x/|x|, be the far
field pattern corresponding to the scattering problem

Δu + k2n(x)u = 0 in IR3,

u(x) = eik x·d + us(x),

lim
r→∞ r

(
∂us

∂r
− ikus

)
= 0,

(10.96)

where r = |x|, and n satisfies the same assumptions as in (10.79) except that we now
allow n to be complex-valued with a positive real part and nonnegative imaginary
part. We again denote the support of n − 1 by D̄ where D is connected with a
connected C2 boundary such that D contains the origin (These assumptions on n

and D can be weakened). Let B be a ball centered at the origin containing D in its
interior and let h∞(x̂, d) be the far field pattern corresponding to the transmission
problem
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Δh1 + k2h1 = 0 in IR3 \ B̄,

1

γ
Δh2 + k2ηh2 = 0 in B,

h1(x) = eik x·d + hs1(x),

h1 = h2 on ∂B,

∂h1

∂r
= 1

γ

∂h2

∂r
on ∂B,

lim
r→∞ r

(
∂hs1

∂r
− ikhs1

)
= 0,

(10.97)

where γ > 0 is a fixed constant not equal to one and η �= 0 is a (possibly complex)
constant. As usual the Sommerfeld radiation condition in the last line of (10.97)
is assumed to hold uniformly in all directions x̂ = x/|x|. Note that there exists a
unique solution to both (10.96) and (10.97). (For (10.96) see Chap. 8 and for (10.97)
see Sect. 3.3 or also [104, Section 3.8].) In particular, the unique solution of (10.97)
can be constructed by the method of separation of variables. We now consider the
modified far field operator F : L2(S2) → L2(S2) defined by

(F g)(x̂) :=
∫
S2

[u∞(x̂, d) − h∞(x̂, d)]g(d) ds(d), x̂ ∈ S
2.

A slight modification of Theorem 10.33 yields the following result where we set
n(x) = 1 for x ∈ B \ D̄.

Theorem 10.38 The modified far field operator F is injective with dense range
if and only if there does not exist a nontrivial solution w, v to the modified
transmission eigenvalue problem

Δw + k2n(x)w = 0 in B,

1

γ
Δv + k2ηv = 0 in B,

w = v on ∂B,

∂w

∂r
= 1

γ

∂v

∂r
on ∂B,

(10.98)

where v is a generalized Herglotz wave function, i.e., of the form

v(x) =
∫
S2

h2(x, d)g(d) ds(d), x ∈ B,

for some g ∈ L2(S2), where h1, h2 satisfy (10.97).
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Note that the problem with γ = 1 and B = D was previously considered where
the eigenparameter was the wave number k and this was called the generalized
transmission eigenvalue problem. We now consider η as the eigenparameter, fix
k > 0 and assume that γ �= 1. Whenever the modified transmission eigenvalue
problem (10.98) has a nontrivial solution (w, v) ∈ H 1(B) × H 1(B), we will call
η �= 0 a modified transmission eigenvalue. It can be shown that these modified
transmission eigenvalues can be determined from the scattering data by considering
the modified far field equation F g = Φ∞(·, z) where Φ∞ is the far field pattern of
the Helmholtz equation with source at z ∈ IR3 [84].

For future use we need to show that the modified interior transmission problem

Δw + k2n(x)w = f in B,

1

γ
Δv + k2ηv = g in B,

w − v = �1 on ∂B,

∂w

∂r
− 1

γ

∂v

∂r
= �2 on ∂B,

(10.99)

where f, g ∈ L2(B), �1 ∈ H 1/2(∂B), and �2 ∈ H−1/2(∂B) satisfies the Fredholm
alternative. Recall that we are always assuming that k is fixed and γ > 0, γ �= 1.
We note that setting the right-hand sides of the equations in (10.99) to zero yields
the modified transmission eigenvalue problem. We will now reformulate (10.99) as
a variational problem using the space

H(B) :=
{
(u, v) ∈ H 1(B) × H 1(B) : u − v ∈ H 1

0 (B)
}
.

Defining a lifting function ϕ ∈ H 1(B) such that ϕ
∣∣
∂B

= �1 and writing u = w − ϕ,
we have that (u, v) ∈ H(B) satisfies

Δu + k2n(x)u = f − Δϕ − k2n(x)ϕ in B,

1

γ
Δv + k2ηv = g in B,

u − v = 0 on ∂B,

∂v

∂r
− 1

γ

∂v

∂r
= �2 − ∂ϕ

∂r
on ∂B,

(10.100)

which is equivalent to the variational problem of finding (u, v) ∈ H(B) satisfying

aη
(
(u, v), (u′, v′)

) = �(u′, v′), (u′, v′) ∈ H(B), (10.101)
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where the sesquilinear form aη is given by

aη
(
(u, v), (u′, v′)

) := (grad u, grad u′)− 1

γ
(grad v, grad v′)−k2(u, u′)+k2η(v, v′),

the antilinear functional � is given by

�(u′, v′) := −(f, u′) + (g, v′) + 〈�2, v
′〉 − (gradϕ, grad u′) + k2(nϕ, u′)

and

(f, g) :=
∫
B

f ḡ dx, 〈f, g〉 :=
∫
∂B

f ḡ ds,

where the integral in 〈·, ·〉 must be understood in the sense of the duality pairing
H−1/2(∂B) × H 1/2(∂B).

In order to show that the variational problem (10.101) satisfies the Fredholm
property, we begin by defining the sesquilinear forms â and bη by

â
(
(u, v), (u′, v′)

) := (grad u, grad u′)− 1

γ
(grad v, grad v′)+k2(u, u′)−k2α(v, v′)

and

bη
(
(u, v), (u′, v′)

) := ((n + 1)u, u′)− (η + α) (v, v′)

for a constant α > 0 such that 1 − α has the same sign as 1 − 1/γ from which we
see that

aη
(
(u, v), (u′, v′)

) = â
(
(u, v), (u′, v′)

)− k2bη
(
(u, v), (u′, v′)

)

for every (u, v), (u′, v′) ∈ H(B). By the Riesz representation theorem we can now
define the bounded linear operators Aη, Â, Bη taking H(B) into itself by

(
Aη(u, v), (u

′, v′)
)
H(B)

= aη
(
(u, v), (u′, v′)

)
,(

Â(u, v), (u′, v′)
)
H(B)

= â
(
(u, v), (u′, v′)

)
,(

Bη(u, v), (u
′, v′)

)
H(B)

= bη
(
(u, v), (u′, v′)

)

for all (u, v), (u′, v′) ∈ H(B) and we see that Aη = Â − k2Bη. Thus, in order
to show that Aη is a Fredholm operator of index zero, it suffices to show that Â
is invertible and Bη is compact. The compactness of Bη follows from the compact
embedding of H(B) into L2(B) × L2(B). Since â(·, ·) is not coercive due to the
opposite signs in the gradient terms, we will appeal to the idea of T-coercivity [38]
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in order to show the invertibility of Â. In particular, for a given isomorphism T :
H(B) → H(B) we define the sesquilinear form

âT
(
(u, v), (u′, v′)

) := â
(
(u, v), T (u′, v′)

)

for (u, v), (u′, v′) ∈ H(B). Choosing T (u, v) = (u,−v + 2u) when γ > 1 and
T (u, v) = (u−2v,−v) when γ < 1 yields that âT is coercive. In particular assume
γ > 1. In this case we choose α < 1 and see that

âT
(
(u, v), (u′, v′)

) = (grad u, grad u′) + 1

γ
(grad v, grad v′) + k2(u, u′)

+k2α (v, v′) − 2

γ
(grad v, grad u′) − 2k2α (v, u′)

and hence using the triangle inequality we have that

∣∣âT ((u, v), (u, v))∣∣ ≥ (grad u, grad u) + 1

γ
(grad v, grad v) + k2(u, u)

+k2α (v, v) − 2

γ
|(grad v, grad u)| − 2k2α |(v, u)|

By Young’s inequality we have that for ε1, ε2 > 0

2|(grad v, grad u)| ≤ ε1(grad v, grad v) + 1

ε1
(grad u, grad u)

and

2|(v, u)| ≤ ε2(v, v) + 1

ε2
(u, u)

and hence we arrive at the inequality

∣∣âT ((u, v), (u, v))∣∣ ≥
(

1 − 1

γ ε1

)
(grad u, grad u) + 1

γ
(1 − ε1)(grad v, grad v)

+k2
(

1 − α

ε2

)
(u, u) + k2α(1 − ε2)(v, v).

Thus, choosing 1/γ < ε1 < 1 and α < ε2 < 1 we have that âT is coercive. Similar
arguments establish the same result for 0 < γ < 1.

Applying the Lax–Milgram theorem and the fact that T is an isomorphism we
now have that Â is invertible and hence that Aη is a Fredholm operator with index
zero. We now have the following theorem.
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Theorem 10.39 The modified interior transmission problem (10.99) satisfies the
Fredholm alternative. In particular, if η is not a modified transmission eigenvalue,
then the modified interior transmission problem is well-posed.

We now turn our attention to the modified transmission eigenvalue problem
(10.98). We are first concerned with the issue of discreteness, i.e., does there exist at
most a discrete set of modified transmission eigenvalues? From the above discussion
this is equivalent to asking if Aη = Â − k2Bη is invertible for all but a discrete set
of η. To this end, we recall that Â is invertible and Bη is compact for each η ∈ C.
Furthermore, the mapping η → Bη is analytic and hence from the analytic Fredholm
theory we can conclude that the existence of at least one η for which Aη is invertible
implies that Aη is invertible for all but a discrete set of η without finite accumulation
points. In other words, the set of modified transmission eigenvalues is discrete with-
out finite accumulation points provided (10.99) is well-posed for some η. If n is real-
valued, then we can choose η = iτ for some τ > 0 and observe that if Aη(u, v) = 0
for some (u, v) ∈ H(B), then, taking the imaginary part of the equation

aη((u, v), (u, v)) = 0,

we have that τ‖v‖2
L2(B)

= 0 and hence v = 0 which in turn implies that u = 0.
By the Fredholm alternative we now have the invertibility of Aiτ . In particular,
a modification of this argument shows that if n is real-valued, then modified
transmission eigenvalues, if they exist, must be real (cf. (10.107)).

Theorem 10.40 Assume that n is real-valued. Then modified transmission eigen-
values exist, are real, and form a discrete set without finite accumulation points.

Proof It only remains to show existence. To this end, let η0 be real and not a
modified transmission eigenvalue. Such an η0 exists by the above discussion. Given
g ∈ L2(B), consider the auxiliary problem of finding (wg, vg) ∈ H 1(B) × H 1(B)

satisfying

Δwg + k2n(x)wg = 0 in B,

1

γ
Δvg + k2η0vg = k2g in B,

wg = vg in B,

∂wg

∂r
= 1

γ

∂vg

∂r
on ∂B.

(10.102)

Then by Theorem 10.39 we have that (10.102) satisfies the Fredholm property
and, since η = η0 is not a modified transmission eigenvalue, there exists a unique
solution (wg, vg) ∈ H 1(B) × H 1(B) to (10.102) satisfying the estimate

‖wg‖H 1(B) + ‖vg‖H 1(B) ≤ C‖g‖L2(B) (10.103)

where C > 0 is a constant.
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We can now define the linear operator T : L2(B) → L2(B) by T g := vg . From
(10.103) we have that T is bounded from L2(B) into H 1(B) and hence the compact
embedding of H 1(B) into L2(B) implies that T : L2(B) → L2(B) is compact.
From (10.99) and (10.102) we see that η is a modified transmission eigenvalue if
and only if

(η0 − η)T g = g (10.104)

for some nontrivial g ∈ L2(B). We now introduce a variational formulation of
(10.102) which is to find (wg, vg) ∈ H(B) such that

(gradwg, gradw′)− 1

γ
(grad vg, grad v′)− k2(nwg,w

′)+ k2(η0vg, v
′) = k2(g, v′)

(10.105)
for all (w′, v′) ∈ H(B). Then for g, h ∈ L2(B) we have that

k2(T g, h) = k2(vg, h) = k2(h, vg)

= (gradwh, gradwg)− 1

γ
(grad vh, grad vg)−k2(nwh,wg)+k2(η0vh, vg)

= (gradwg, gradwh)− 1

γ
(grad vg, grad vh)−k2(nwg,wh)+k2(η0vg, vh)

= k2(g, vh) = k2(g, T h),

i.e., the compact operator T : L2(B) → L2(B) is self-adjoint. Hence if n is real-
valued, modified transmission eigenvalues exist. ��

We note that γ �= 1 is necessary since if n(x) = η for x ∈ B and γ = 1,
then the modified transmission eigenvalue problem (10.98) degenerates and the
corresponding eigenspace has infinite dimension. The sensitivity of the change
in the modified transmission eigenvalues to changes in the material properties of
the scatterer depends on the choice of γ . Numerical experiments show that an
appropriate choice of γ can affect this sensitivity by an order of magnitude [84]. We
also note that although changes in the material properties of the scatterer obviously
are reflected in changes in the far field pattern, the presence of noise makes such
changes difficult to reliably detect whereas numerical experiments indicate that the
location of modified transmission eigenvalues is relatively insensitive to noise on
the scattering data [84].

We now investigate the case when the refractive index n(x) is complex valued.
In particular, we assume that

n(x) = n1(x) + i
n2(k)

k
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with n1(x) > 0 and n2(x) ≥ 0 for x ∈ B̄. We furthermore assume that
n1, n2 ∈ C∞(B̄). In the case of absorbing media, i.e., when n2 is not identically
zero, the modified transmission eigenvalue problem is non-self-adjoint and hence
the existence of modified transmission eigenvalues is not clear. However, from our
previous discussion we have the discreteness of the set of eigenvalues provided
there exists an η which is not a modified transmission eigenvalue. To show that
eigenvalues exist let (w, v) ∈ H 1(B) × H 1(B) be a nontrivial solution to (10.98)
for some η where n2 is not identically zero. Then from the variational formulation
(10.101) with the right-hand side set equal to zero and (u, v) = (u′, v′) = (w, v)

we have that

∫
B

[
1

γ
| grad v|2 − | gradw|2 + k2n|w|2 − k2η|v|2

]
dx = 0. (10.106)

Taking the imaginary part of (10.106) we have

Im η

∫
B

|v|2 dx =
∫
B

n2|w|2 dx. (10.107)

Since n2 is not identically zero, by the unique continuation principle we see that we
must have that Im η > 0, i.e., no real modified transmission eigenvalues exist. Thus
we have that if n2 is not identically zero then the set of transmission eigenvalues
forms a discrete set.

We now consider the existence of modified transmission eigenvalues in the case
where n2 is not identically zero. Then in this case the problem

Δψ + k2n(x)ψ = 0 in B,

ψ = 0 on ∂B
(10.108)

for ψ ∈ H 1(B) only has the trivial solution. To facilitate the analysis, we first
introduce the following source problem. For any given η ∈ C and g ∈ L2(B), find
a solution (w, v) ∈ H 1(B) × H 1(B) such that

Δw + k2n(x)w = 0 in B,

1

γ
Δv + k2ηv = k2g in B,

w = v on ∂B,

∂w

∂r
= 1

γ

∂v

∂r
on ∂B.

(10.109)

From our previous discussion we have that problem (10.109) satisfies the Fredholm
property, i.e., the existence of a solution to (10.109) is equivalent to the uniqueness
of a solution. If η is not a modified transmission eigenvalue then (10.109) is well-
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posed, i.e., for a solution (w, v) the mapping g �→ (w, v) is bounded from L2(B)

into H 1(B) × H 1(B). The difference w − v has homogeneous Dirichlet boundary
values and satisfies Δ(w − v) = F where F = k2(γ ηv − nw − γg). Clearly
the mapping g �→ F is linear and bounded from L2(B) into L2(B). Therefore
Lemma 10.15 implies that g �→ w − v is bounded from L2(B) into H 2(B). Based
on a version of Lemma 10.15 for the Neumann boundary condition (see Proposition
7.2 in [405, Vol. I, p. 404]) analogously it can be seen that the mapping g �→ γw−v

is bounded from L2(B) into H 2(B). Since γ �= 1 this implies that the mapping
g �→ (w, v) is bounded from L2(B) into H 2(B) × H 2(B), i.e.,

‖w‖H 2(B) + ‖v‖H 2(B) ≤ c‖g‖L2(B), (10.110)

where c = c(η) > 0 is a constant independent of g.
In addition to this fact, we will need the following theorem in order to establish

the existence of modified transmission eigenvalues. The proof is quite technical and
relies on results from pseudo-differential calculus [84].

Theorem 10.41 Assume that (w, v) ∈ H 1(B) × H 1(B) and g ∈ L2(B) satisfy
(10.109) and let η be such that |η| is sufficiently large, arg η is fixed, and η /∈ [0,∞).
Then v ∈ H 2(B) and

‖v‖L2(B) ≤ c

|η| ‖g‖L2(B),

where c > 0 is a constant independent of g.

Let z ∈ C be fixed such that |z| is sufficiently large, arg z is fixed and z /∈ [0,∞).
We consider the problem (10.109) with η = z (This is done in order to avoid
confusion later). Note that from Theorem 10.41 we have that the problem (10.109)
has at most one solution. Furthermore, since the problem (10.109) satisfies the
Fredholm property, there exists a unique solution (w, v) to (10.109). We define the
operator Tz : L2(B) → L2(B) by

Tzg := v, (10.111)

where (w, v) is the unique solution to (10.109) with η = z. Note that if η is an
eigenvalue of (10.109) (where g = 0), then k−2(z − η)−1 is an eigenvalue of Tz
since if γ−1Δv + k2ηv = 0, then γ−1Δv + k2zv = k2(z − η)v. The analysis
of the eigenvalues to (10.109) (where g = 0) thus reduces to the analysis of the
operator Tz.

Our approach to the existence of eigenvalues is based on the spectral theory of
Hilbert–Schmidt operators as discussed in [3].

Definition 10.42 An linear operator T is called a Hilbert–Schmidt operator on a
Hilbert space if there exists a sequence of operators Tm having rank not greater than
m such that
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∞∑
m=1

‖T − Tm‖2 < ∞.

For equivalent definitions of Hilbert–Schmidt operators see [375]. The above
definition has been chosen to clarify the fact that Hilbert–Schmidt operators are
compact since they are the limit of finite rank operators. The following theorem
follows from Theorem 16.4 in [3].

Theorem 10.43 Let H be a Hilbert space and S a bounded linear operator from
H into H . If λ−1 is in the resolvent of S, define

Sλ := S(I − λS)−1.

Assume S is a Hilbert-Schmidt operator. Assume further that there exist 0 ≤ θ1 <

θ2 < · · · < θN < 2π such that θk − θk−1 < π/2 for k = 2, . . . , N and 2π − θN +
θ1 < π/2 and r0 > 0 such that

‖Sreiθk ‖ = O

(
1

r

)

for k = 1, . . . , N and r ≥ r0. Then the space spanned by the nonzero generalized
eigenfunctions of S is dense in the closure of the range of S.

We shall now apply Theorem 10.43 to the operator Tz. To this end we have the
following special case of Theorem 13.5 in [3].

Lemma 10.44 Assume that T : L2(B) → H 2(B) is bounded. Then T : L2(B) →
L2(B) is a Hilbert–Schmidt operator.

Lemma 10.45 Assume that λ satisfies z−λ /∈ IR, arg z is fixed and |λ| is sufficiently
large. Then Tz,λ := Tz(I − λTz)

−1 is bounded from L2(B) into L2(B) and

‖Tz,λ‖L2(B) ≤ c

|λ| (10.112)

for some constant c > 0.

Proof We first show that Tz(I − λz)
−1 is bounded from L2(B) into L2(B). From

the estimate (10.110) and the definition (10.111) we see from Lemma 10.44 that
Tz : L2(B) → L2(B) is a Hilbert–Schmidt operator and hence is compact. To show
that I − λTz has a bounded inverse it suffices to show that (I − λTz)v = 0 has only
the trivial solution. To this end, suppose (I − λTz)v = 0, that is, Tz(λv) = v. Then,
from the definition of Tz, there exists w ∈ H 1(B) such that
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Δw + k2n(x)w = 0 in B,

1

γ
Δv + k2zv = k2λv in B,

w = v on ∂B,

∂w

∂r
= 1

γ

∂v

∂r
on ∂B.

Then (w, v) satisfies (10.109) with η = z − λ and g = 0. From the assumptions
of the lemma we have that the assumptions of Theorem 10.41 are satisfied for η =
z − λ. Hence v = 0 and thus we can conclude that I − λTz has a bounded inverse
in L2(B).

We now show that the estimate (10.112) is valid. Assume that Tz(I −λTz)
−1g =

v where v, g ∈ L2(B). To prove (10.112) it suffices to show that

‖v‖L2(B) ≤ c

λ
‖g‖L2(B) (10.113)

for any g ∈ L2(B). To this end, let u = (I − λTz)
−1g. Then we have that

λv = λTz(I − λTz)
−1g = (I − λTz)

−1g − (I − λTz)(I − λTz)
−1g = u − g.

(10.114)

We now estimate ‖u−g‖L2(B) to obtain (10.113). Since u = (I −λTz)
−1g we have

that g = (I − λTz)u, that is, Tz(λu) = u − g. From the definition of Tz it follows
that u − g ∈ H 2(B) and there exists w ∈ H 1(B) such that

Δw + k2n(x)w = 0 in B,

1

γ
Δ(u − g) + k2z(u − g) = k2λu in B,

w = u − g on ∂B,

∂w

∂r
= 1

γ

∂(u − g)

∂r
on ∂B,

that means,

Δw + k2n(x)w = 0 in B,

1

γ
Δ(u − g) + k2(z − λ)(u − g) = k2λg in B,

w = u − g on ∂B,

∂w

∂r
= 1

γ

∂(u − g)

∂r
on ∂B,
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For z fixed and |λ| sufficiently large we have from Theorem 10.41 and the
assumptions of the lemma that

‖u − g‖L2(B) ≤ c‖g‖L2(B)

for some constant c > 0. From this together with (10.114) the estimate (10.113)
follows and the lemma is proved. ��
Lemma 10.46 The operator Tz has dense range in L2(B).

Proof Suppose f ∈ L2(B) is such that

(Tzg, f ) = 0 (10.115)

for every g ∈ L2(B) where (·, ·) is the inner product in L2(B). The lemma will
follow if we can show that f = 0. To this end, let fm ∈ C∞

0 (B) be such that
fm → f in L2(B) as m → ∞ in L2(B) and define

gm := 1

k2

(
1

γ
Δfm + k2zfm

)
.

Then w = 0, v = fm, g = gm, and η = z satisfy (10.109) and by the definition of
Tz we have that Tzgm = fm. Then from (10.115) we have that (fm, f ) = 0 for every
m. Since fm → f in L2(B) we now have that f = 0 and the lemma is proved. ��

We can now show that there exist modified transmission eigenvalues for absorb-
ing media.

Theorem 10.47 Assume that n(x) = n1(x) + in2(x)/k for x ∈ B where
n2(x) > 0 for some x ∈ B and n ∈ C∞(B̄). Then there exist infinitely many
modified transmission eigenvalues η, the eigenvalues form a discrete set, and the
space spanned by the nonzero generalized eigenfunctions of T is dense in L2(B).
Furthermore, there are only a finite number of eigenvalues outside {η : 0 ≤ arg η <

ε} for any ε > 0.

Proof We will apply Theorem 10.43 to the operator Tz. From Lemma 10.44 we
have that Tz is a Hilbert–Schmidt operator. Now choose 0 ≤ θ1 < θ2 < · · · <

θN < 2π such that θk − θk−1 < π/2 for k = 2, . . . , N , 2π − θN + θ1 < π/2 and
z − reiθk /∈ IR. By Lemma 10.45 there exists r0 > 0 such that ‖Tz,reiθk ‖ = O(r−1)

for k = 1, . . . , N and r ≥ r0. Then all of the assumptions in Theorem 10.43 are
satisfied. In particular, the space spanned by the nonzero generalized eigenfunctions
of Tz is dense in the closure of the range of Tz. From Lemma 10.46 we have that Tz
has dense range in L2(B) and hence there exist infinitely many eigenvalues of Tz and
the space spanned by the nonzero generalized eigenfunction of Tz is dense in L2(B).
The discreteness of the eigenvalues follows from the compactness of Tz : L2(B) →
L2(B). Furthermore, since any η outside the set {η : 0 < arg η < ε or 2π − ε <

arg η < 2π} with sufficiently large |η| satisfies the assumptions of Theorem 10.41,
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we have that (w, v) is zero if (w, v) satisfies (10.109) with g = 0. In particular
such an η is not an eigenvalue. Since the set of eigenvalues is discrete and we have
previously shown that the imaginary part of every eigenvalue is nonnegative, we can
now conclude that there are only a finite number of eigenvalues outside of {η : 0 ≤
arg η < ε} for any ε > 0. ��

Until now we have only considered the case when γ > 0. However the scattering
problem (10.97) is also well-posed when γ < 0 (see [37]) and hence we can also
consider the modified transmission eigenvalue problem (10.98) in this case. The
case when γ < 0 was considered in [21] where it was shown that the corresponding
modified transmission eigenvalues can again be determined from the scattering data
and, if n is real valued, the analogue of Theorem 10.40 remains valid. Of particular
interest in this case is that it can be shown that there exists a largest modified
transmission eigenvalue and this eigenvalue satisfies a monotonicity property with
respect to n. We will conclude this section by establishing this result. We first
establish the following preliminary result.

Theorem 10.48 Assume that γ < 0, n is real valued and k > 0 is fixed. Then there
exists at least one modified transmission eigenvalue that is positive. If in addition
k2 is not a Dirichlet eigenvalue of (10.108), then there are at most finitely many
positive modified transmission eigenvalues.

Proof Assume to the contrary that all the eigenvalues are less than or equal to zero.
Then from (10.98) we have that

∫
B

(
| gradw|2 − γ−1| grad v|2 − k2n|w|2

)
ds ≥ 0

for all (w, v) ∈ H(B) since due to self-adjointness all the eigenfunctions form a
basis for H(B). Since n(x) > 0 for x ∈ B, taking w = v = 1 gives a contradiction
which proves the first statement.

To prove the second statement, assume by contradiction that there exists a
sequence of positive eigenvalues ηm > 0, m ∈ IN, tending to +∞ with
eigenfunctions (wm, vm) ∈ H(B) normalized such that

‖wm‖H 1(B) + ‖v‖H 1(B) = 1. (10.116)

Note that Theorem 10.40 and its proof remain valid for γ < 0. From

(gradwm, gradwm) − γ−1(grad vm, grad vm) − k2(nwm,wm) = −k2ηm(vm, vm),

(10.117)

where (·, ·) is the inner product on L2(B), we have that vm → 0 in L2(B) since
the left-hand side of (10.117) is bounded. From (10.116) we can conclude that, by
taking a subsequence, wm ⇀ w weakly in H 1(B) and this weak limit satisfies
Δw + k2nw = 0 in B and w = 0 on ∂B (interpreted in the sense of the trace
operator). Our assumption on k now implies that w = 0, i.e., wm ⇀ 0 weakly
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in H 1(B) and hence, by taking a subsequence, wm → 0 strongly in L2(B). From
(10.117) we have that

(gradwm, gradwm) − γ−1(grad vm, grad vm) ≤ k2(nwm,wm)

for all m ∈ IN. Since (nwm,wm) → 0 we have that ‖ gradwm‖L2(B) → 0 and
‖ grad vm‖L2(B) → 0 as m → ∞. Since we already have that ‖vm‖L2(B) → 0 and,
by taking a subsequence, ‖wm‖L2(B) → 0, we have a contradiction to (10.116) and
the theorem is proved. ��

We now want to establish our desired result on the monotonicity of the largest
modified transmission eigenvalue with respect to n. Let (w, v) ∈ H(B). Then, since
w − v ∈ H 1

0 (B), we have from Poincaré’s inequality that

‖w − v‖2
L2(B)

≤ Cp‖ gradw − grad v‖2
L2(B)

,

where the optimal constant Cp > 0 is the reciprocal of the first Dirichlet eigenvalue
for −Δ in B. Thus

‖w‖2
L2(B)

≤ Cp

(
‖ gradw‖2

L2(B)
+ ‖ grad v‖2

L2(B)

)
+ ‖v‖2

L2(B)
. (10.118)

We first want to find α > 0 such that

‖ gradw‖2
L2(B)

− γ−1‖ grad v‖2
L2(B)

− k2(nw,w) + α‖v‖2
L2(B)

≥ C
(
‖w‖2

H 1(B)
+ ‖v‖2

H 1(B)

) (10.119)

for all (v,w) ∈ H(B) and some positive constant C. If we define

nmax := sup
x∈B

n(x),

then from (10.118) the coercivity (10.119) holds if k2 < C−1
p n−1

max and γ is chosen
sufficiently small (recall that γ < 0). In this case the eigenvalue problem (10.99) in
variational form is

(gradw, gradw′)−γ−1(grad v, grad v′)−k2(nw,w′)+α(v, v′)=−k2(η−α)(v, v′)
(10.120)

and is an eigenvalue problem for a positive, compact, self-adjoint operator with
eigenparameter −k2(η−α). Hence the eigenvalues −k2(η−α) satisfy the Courant–
Fischer minimum–maximum principle [291] and thus the largest positive eigenvalue
η1 of (10.99) satisfies
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η1 = sup
(w,v)∈H(B)

v �=0

k2(nw,w) − ‖ gradw‖2
L2(B)

+ γ−1‖ grad v‖2
L2(B)

k2‖v‖2
L2(B)

. (10.121)

We can now conclude that η1 is monotonically increasing with respect to n. The
next theorem shows that the condition that k2 < C−1

p n−1
max can be weakened.

Theorem 10.49 Assume that γ < 0, n is real-valued and k < k0 where k2
0 is the

smallest eigenvalue of (10.108). Then there exists α > 0 and C > 0 such that
(10.119) is valid and in this case the largest positive eigenvalue of (10.99) satisfies
(10.121).

Proof Fix k < k0 and assume to the contrary that there is no pair of constants α > 0
and C > 0 such that (10.119) is valid. Then, taking α = m and C = 1/m for m ∈ IN
there exist functions (wm, vm) ∈ H(B) normalized by ‖wm‖H 1(B)+‖vm‖H 1(B) = 1
such that

‖ gradwm‖2
L2(B)

− γ−1‖ grad vm‖2
L2(B)

− k2(nwm,wm) + m‖vm‖2
L2(B)

≤ 1

m
.

From

‖ gradwm‖2
L2(B)

− γ−1‖ grad vm‖2
L2(B)

+ m‖vm‖2
L2(B)

≤ k2(nwm,wm) + 1

m

we see that since γ < 0 we have that m‖vm‖2 is bounded which implies that vm → 0
in L2(B). On the other hand, the normalization condition on wm and vm implies
that, by taking a subsequence, wm ⇀ 0 and vm ⇀ 0 weakly in H 1(B). Now let
τ : H 1(B) → H 1/2(∂B) be the trace operator and τ ∗ : H 1/2(∂B) → H 1(B) its
Hilbert space adjoint. Then since (wm − w, τ ∗ϕ)H 1(B) → 0 as m → ∞ for every
ϕ ∈ H 1/2(∂B), we have that τwm ⇀ τw weakly in H 1/2(∂B). Similarly, we
have that τvm ⇀ 0 weakly in H 1/2(∂B) and since (wm, vm) ∈ H(B) we have that
τw = 0, i.e., w ∈ H 1

0 (B). By going to a subsequence, we can assume that wm → w

strongly in L2(B). Since the norm of the weak limit is smaller than the lim-inf of
the norm, we have that

‖ gradw‖2
L2(B)

≤ lim inf
m→∞ ‖ gradwm‖2

L2(B)
≤ lim

m→∞ k2(nwm,wm) = k2(nw,w),

which contradicts the fact that by Rayleigh’s principle

k2
0 = inf

w∈H 1
0 (B)

w �=0

‖ gradw‖2
L2(B)

(nw,w)

and by assumption k < k0. This ends the proof. ��



Chapter 11
The Inverse Medium Problem

We now turn our attention to the problem of reconstructing the refractive index from
a knowledge of the far field pattern of the scattered acoustic or electromagnetic
wave. We shall call this problem the inverse medium problem. We first consider the
case of acoustic waves and the use of the Lippmann–Schwinger equation to reformu-
late the acoustic inverse medium problem as a problem in constrained optimization.
Included here is a brief discussion of the use of the Born approximation to linearize
the problem. We then proceed to the proof of a uniqueness theorem for the acoustic
inverse medium problem. Our uniqueness result is then followed by a discussion
of decomposition methods for solving the inverse medium problem for acoustic
waves and the use of sampling methods and transmission eigenvalues to obtain
qualitative estimates on the refractive index. We conclude by examining the use of
decomposition methods to solve the inverse medium problem for electromagnetic
waves followed by some numerical examples illustrating the use of decomposition
methods to solve the inverse medium problem for acoustic waves.

11.1 The Inverse Medium Problem for Acoustic Waves

We consider the inverse scattering problem for time-harmonic acoustic waves in an
inhomogeneous medium which we shall from now on refer to as the acoustic inverse
medium problem. Recall from Chap. 8 that the direct scattering problem we are now
concerned with is, given the refractive index

n(x) = n1(x) + i
n2(x)

k
,

where k > 0 and n is piecewise continuous in IR3 such that

m := 1 − n
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has compact support, to determine u such that

Δu + k2n(x)u = 0 in IR3, (11.1)

u(x, d) = eik x·d + us(x, d), (11.2)

lim
r→∞ r

(
∂us

∂r
− ikus

)
= 0 (11.3)

uniformly for all directions. As in Chap. 8, we shall in addition always assume that
n1(x) > 0 and n2(x) ≥ 0 for x ∈ IR3. The existence of a unique solution to (11.1)–
(11.3) was established in Chap. 8 via the Lippmann–Schwinger equation

u(x, d) = eik x·d − k2
∫

IR3
Φ(x, y)m(y)u(y, d) dy, x ∈ IR3. (11.4)

Further it was also shown that us has the asymptotic behavior

us(x, d) = eik|x|

|x| u∞(x̂, d) + O

(
1

|x|2
)
, |x| → ∞,

with the far field pattern u∞ given by

u∞(x̂, d) = − k2

4π

∫
IR3

e−ik x̂·ym(y)u(y, d) dy, x̂ ∈ S
2. (11.5)

The inverse medium problem for acoustic waves is to determine n from u∞(x̂, d)

for x̂, d ∈ S
2. We shall also often consider data for different values of k and in this

case we shall write u∞(x̂, d) = u∞(x̂, d, k).
The solution of the inverse medium problem becomes particularly simple when

use is made of the Born approximation (8.29). In this case, assuming the far field
pattern u∞(x̂, d, k) is known for x̂ ∈ S

2, d ∈ {d1, . . . , dP } and k ∈ {k1, . . . , kQ},
instead of the nonlinear system (11.4) and (11.5) we have the linear integral
equations

u∞(x̂, dp, kq) = − k2
q

4π

∫
IR3

eikq (dp−x̂)·ym(y) dy, x̂ ∈ S
2, (11.6)

for p = 1, . . . , P and q = 1, . . . ,Q to solve for the unknown function m and
any one of the linear methods described in Chap. 4 can be used to do this. (Note
that since the kernel of each equation is analytic, this problem is severely ill-posed
and regularization methods must be used.) The obvious advantage to the Born
approximation approach is that the nonlinear inverse medium problem is reduced
to considering a set of linear integral equations (albeit of the first kind). The equally
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obvious disadvantage is that the approach is only valid if k2
q ‖m‖∞ � 1, a condition

that is often not satisfied in applications. For a further discussion of the Born
approximation approach to the inverse medium problem, the reader is referred to
Bleistein [33], Chew [81], Devaney [132], Kirsch [242], Langenberg [289], and
Moskow and Scotland [327] where additional references may be found.

11.2 Uniqueness

In this section we shall prove a uniqueness theorem for the inverse acoustic medium
problem, which is due to Nachman [333], Novikov[340], and Ramm[370, 372] (see
also Gosh Roy and Couchman [152]). To motivate our analysis we begin by proving
the following theorem due to Calderón [72] (see also Ramm [369]).

Theorem 11.1 The set of products h1h2 of entire harmonic functions h1 and h2 is
complete in L2(D) for any bounded domain D ⊂ IR3.

Proof Given y ∈ IR3 choose a vector b ∈ IR3 with b · y = 0 and |b| = |y|. Then for
z := y + ib ∈ C3 we have z · z = 0 and therefore the function hz(x) := eiz·x, x ∈
IR3, is harmonic. Now assume that ϕ ∈ L2(D) is such that

∫
D

ϕh1h2 dx = 0

for all pairs of entire harmonic functions h1 and h2. For h1 = hz and h2 = hz̄ this
becomes

∫
D

ϕ(x) e2i y·x dx = 0

for y ∈ IR3 and we can now conclude by the Fourier integral theorem that ϕ = 0
almost everywhere in D. ��

For our uniqueness proof for the inverse medium problem we need a property
corresponding to Theorem 11.1 for products v1v2 of solutions to Δv1 + k2n1v1 = 0
and Δv2 + k2n2v2 = 0 for two different refractive indices n1 and n2. Such a result
was first established by Sylvester and Uhlmann [404] by using solutions which
asymptotically behave like the functions ei z·x occurring in the proof of the previous
theorem. To construct these solutions Sylvester and Uhlmann employed Fourier
integral techniques. Here, however, we will follow Hähner [176] who simplified
the analysis considerably by using Fourier series techniques.

Define the set

Z̃Z
3 :=

{
α = β −

(
0,

1

2
, 0

)
: β ∈ ZZ3

}
.
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Then, in the cube Q := [−π, π ]3 the functions

eα(x) := 1√
2π

3 ei α·x, α ∈ Z̃Z
3
,

provide a complete orthonormal system for L2(Q). We denote the Fourier coeffi-
cients of f ∈ L2(Q) with respect to this orthonormal system by f̂α .

Lemma 11.2 Let t > 0 and ζ = t (1, i, 0) ∈ C3. Then

Gζf := −
∑
α∈Z̃Z

3

f̂α

α · α + 2 ζ · α eα

defines an operator Gζ : L2(Q) → H 2(Q) with the properties

‖Gζf ‖L2(Q) ≤ 1

t
‖f ‖L2(Q)

and

ΔGζf + 2i ζ · gradGζf = f

in the weak sense for all f ∈ L2(Q).

Proof Obviously, we have |α2| ≥ 1/2 for all α = (α1, α2, α3) ∈ Z̃Z
3
, whence

|α · α + 2 ζ · α| ≥ | Im{α · α + 2 ζ · α}| = 2t |α2| ≥ t

follows for all α ∈ Z̃Z
3
. This implies that Gζ : L2(Q) → L2(Q) is well defined and

by Parseval’s equality we have

‖Gζf ‖2
L2(Q)

=
∑
α∈Z̃Z

3

∣∣∣∣∣
f̂α

α · α + 2 ζ · α

∣∣∣∣∣
2

≤ 1

t2 ‖f ‖2
L2(Q)

for all f ∈ L2(Q). Clearly there exists a constant c, depending on t , such that

∣∣∣∣ 1 + α · α
α · α + 2 ζ · α

∣∣∣∣ ≤ c

for all α ∈ Z̃Z
3
. Hence, for the Fourier coefficients of Gζf we have

∑
α∈Z̃Z

3

(1 + α · α)2
∣∣Ĝζ f α

∣∣2 < ∞,
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i.e., Gζf ∈ H 2(Q). Finally, we compute

ΔGζf + 2i ζ · gradGζf = −
∑
α∈Z̃Z

3

(α · α + 2 ζ · α)Ĝζ f αeα =
∑
α∈Z̃Z

3

f̂αeα = f

in the weak sense. ��
Lemma 11.3 Let D be an open ball centered at the origin and containing the
support of 1 − n. Then there exists a constant C > 0 such that for each z ∈ C3

with z · z = 0 and | Re z| ≥ 2k2‖n‖∞ there exists a solution v ∈ H 2(D) to the
equation

Δv + k2nv = 0 in D

of the form

v(x) = ei z·x[1 + w(x)]

where w satisfies

‖w‖L2(D) ≤ C

| Re z| . (11.7)

Proof Without loss of generality we may assume that D̄ is contained in the interior
of Q. Since the property z · z = 0 implies that | Re z| = | Im z| and Re z · Im z = 0,
we can choose a unitary transformation U of IR3 such that

U Re z = (| Re z|, 0, 0) and U Im z = (0, | Im z|, 0).

We set ζ = | Re z|(1, i, 0) and ñ(x) = n(U−1x), and consider the equation

u + k2Gζ (ñu) = −k2Gζ ñ. (11.8)

Provided | Re z| ≥ 2k2‖n‖∞, the mapping u �→ k2Gζ (ñu) is a contraction in L2(Q)

since in this case, by Lemma 11.2, we have the estimate

‖k2Gζ (ñu)‖L2(Q) ≤ k2

| Re z| ‖n‖∞‖u‖L2(Q) ≤ 1

2
‖u‖L2(Q).

Hence, by the Neumann series, for | Re z| ≥ 2k2‖n‖∞ the equation (11.8) has a
unique solution u ∈ L2(Q) and this solution satisfies

‖u‖L2(Q) ≤ 2k2‖Gζ ñ‖L2(Q).
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From this, by Lemma 11.2, it follows that

‖u‖L2(Q) ≤ 2k2‖ñ‖L2(Q)

1

| Re z| . (11.9)

From the fixed point equation (11.8) and Lemma 11.2 we also can conclude that
u ∈ H 2(Q) and

Δu + 2i ζ · grad u = −k2ñ(1 + u). (11.10)

We now set w(x) := u(Ux) and

v(x) := ei z·x[1 + w(x)].

Then, using z · z = 0, Uz = ζ and (11.10), we compute

Δv(x) = ei z·x(Δ + 2i z · grad)w(x) = ei z·x[Δu(Ux) + 2i Uz · grad u(Ux)]

= −k2ei z·xñ(Ux)[1 + u(Ux)] = −k2ei z·xn(x)[1 + w(x)] = −k2n(x)v(x)

in the weak sense for x ∈ D̄. Finally, (11.9) implies that (11.7) is satisfied. ��
Now we return to the scattering problem.

Lemma 11.4 Let B and D be two open balls centered at the origin and containing
the support of m = 1 − n such that B̄ ⊂ D. Then the set of total fields {u(· , d) :
d ∈ S

2} satisfying (11.1)–(11.3) is complete in the closure of

H :=
{
v ∈ H 2(D) : Δv + k2nv = 0 in D

}

with respect to the L2(B) norm.

Proof Consider the mapping A : H → H 2
loc(IR

3) defined by the volume potential

(Av)(x) :=
∫
B

Φ(x, y)[(I + k2T ∗
m)

−1v](y) dy, x ∈ IR3,

where T ∗
m : L2(B) → L2(B) denotes the adjoint of the Lippmann–Schwinger

operator Tm : L2(B) → L2(B) given by

(Tmu)(x) :=
∫
B

Φ(x, y)m(y)u(y) dy, x ∈ B. (11.11)

Note that for v ∈ H we have that Av ∈ H 2(B). For the density

V := (I + k2T ∗
m)

−1v
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of this potential we have that

v(x) = V (x) + k2m(x)

∫
B

Φ(x, y)V (y) dy, x ∈ B, (11.12)

which, in particular, implies that V ∈ H 2(B). From Theorem 8.1 we obtain that
ΔAv + k2Av = −V in B, and from this, using (11.12), it follows that

v̄ = −ΔAv − k2Av + k2mAv = −ΔAv − k2nAv in B.

Multiplying this equation by w ∈ H and then integrating, by Green’s theorem
and using the fact that both Av and w solve the Helmholtz equation in D \ B̄,
we deduce that

∫
B

wv̄ dx = −
∫
B

w(ΔAv + k2nAv) dx =
∫
∂D

{
Av

∂w

∂ν
− w

∂Av

∂ν

}
ds

(11.13)

for all v,w ∈ H . Here, ν denotes the outward unit normal to ∂D.
Now let v ∈ H̄ , i.e., v ∈ L2(B) is the L2 limit of a sequence (vj ) from H .

Assume that

(u(· , d), v) =
∫
B

v(x)u(x, d) dx = 0, d ∈ S
2.

Then from the Lippmann–Schwinger equation (11.4) we obtain

0 = ((I +k2Tm)
−1ui(· , d), v) = (ui(· , d), (I +k2T ∗

m)
−1v), d ∈ S

2. (11.14)

As a consequence of (11.14), the potential Av with density V := (I + k2T ∗
m)

−1v

has the far field pattern

(Av)∞(d) = 1

4π

∫
B

V (y)e−ik y·ddy = 1

4π
(ui(· ,−d), V ) = 0, d ∈ S

2.

By Rellich’s Lemma 2.12, this implies Av = 0 in IR3 \ B. Since I + k2T ∗
m has

a bounded inverse, by the Cauchy–Schwarz inequality the mapping A is bounded
from L2(B) into H 2(K) for each compact set K ⊂ IR3 \ B̄. Hence, inserting vj into
(11.13) and passing to the limit j → ∞ yield

∫
B

wv̄ dx = 0
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for all w ∈ H . Now inserting w = vj in this equation and again passing to the limit
j → ∞ we obtain

∫
B

|v|2dx = 0,

whence v = 0 follows and the proof is complete. ��
Now we are ready to prove the uniqueness result for the inverse medium problem.

Theorem 11.5 The refractive index n is uniquely determined by a knowledge of the
far field pattern u∞(x̂, d) for x̂, d ∈ S

2 and a fixed wave number k.

Proof Assume that n1 and n2 are two refractive indices such that

u1,∞(· , d) = u2,∞(· , d), d ∈ S
2,

and let B and D be two open balls centered at the origin and containing the supports
of 1 − n1 and 1 − n2 such that B̄ ⊂ D. Then, by Rellich’s Lemma 2.12, it follows
that

u1(· , d) = u2(· , d) in IR3 \ B̄

for all d ∈ S
2. Hence u := u1 − u2 satisfies the boundary conditions

u = ∂u

∂ν
= 0 on ∂B (11.15)

and the differential equation

Δu + k2n1u = k2(n2 − n1)u2 in B.

From this and the differential equation for ũ1 := u1(· , d̃) we obtain

k2ũ1u2(n2 − n1) = ũ1(Δu + k2n1u) = ũ1Δu − uΔũ1.

Now Green’s theorem and the boundary values (11.15) imply that

∫
B

u1(· , d̃)u2(· , d)(n1 − n2) dx = 0

for all d, d̃ ∈ S
2. In view of Lemma 11.4 from this it follows that

∫
B

v1v2(n1 − n2) dx = 0 (11.16)

for all solutions v1, v2 ∈ H 2(D) of Δv1 + k2n1v1 = 0, Δv2 + k2n2v2 = 0 in D.
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Given y ∈ IR3 \ {0} and ρ > 0, we choose vectors a, b ∈ IR3 such that {y, a, b}
is an orthogonal basis in IR3 with the properties |a| = 1 and |b|2 = |y|2 + ρ2. Then
for

z1 := y + ρa + ib, z2 := y − ρa − ib

we have that

zj · zj = | Re zj |2 − | Im zj |2 + 2i Re zj · Im zj = |y|2 + ρ2 − |b|2 = 0

and

| Re zj |2 = |y|2 + ρ2 ≥ ρ2.

In (11.16) we now insert the solutions v1 and v2 from Lemma 11.3 for the refractive
indices n1 and n2 and the vectors z1 and z2, respectively. In view of z1 + z2 = 2y
this yields

∫
B

e2i y·x[1 + w1(x)][1 + w2(x)][n1(x) − n2(x)] dx = 0.

Passing to the limit ρ → ∞ in this equation, with the help of the inequality (11.7)
and | Re zj | ≥ ρ yields

∫
B

e2i y·x[n1(x) − n2(x)] dx = 0.

Since the latter equation is true for all y ∈ IR3, by the Fourier integral theorem, we
now can conclude that n1 = n2 in B and the proof is finished. ��

The above proof does not work in two dimensions because in this case there is
no corresponding decomposition of y into two complex vectors z1 and z2 such that
z1 · z2 = 0 and z1 and z2 tend to infinity. However, using different methods, it can
be shown that Theorem 11.5 is also valid in two dimensions [45].

Although of obvious theoretical interest, a uniqueness theorem such as Theo-
rem 11.5 is often of limited practical interest, other than suggesting the amount
of information that is necessary in order to reconstruct the refractive index. The
reason for this is that in order to numerically solve the inverse medium problem
one usually reduces the problem to a constrained nonlinear optimization problem
involving inexact far field data. Hence, the uniqueness question of primary interest
is whether or not there exist local minima to this optimization problem and, more
specifically, whether or not there exists a unique global minimum. In general, these
questions are still unanswered for these optimization problems.
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11.3 Iterative Solution Methods

Analogous to the inverse obstacle scattering problem, we can reformulate the inverse
medium problem as a nonlinear operator equation. To this end we define the operator
F : m �→ u∞ that maps m := 1 − n to the far field pattern u∞ for plane wave
incidence ui(x, d) = eik x·d . Since by Theorem 11.5 we know that m is uniquely
determined by a knowledge of u∞(x̂, d) for all incident and observation directions
d, x̂ ∈ S

2, we interpret F as an operator from L2(B) into L2(S2 × S
2) for a ball B

that contains the unknown support of m.
In view of the Lippmann–Schwinger equation (11.4) and the far field representa-

tion (11.5) we can write

(F (m))(x̂, d) = − k2

4π

∫
B

e−ik x̂·ym(y)u(y, d) dy, x̂, d ∈ S
2, (11.17)

where u(·, d) is the unique solution of

u(x, d) + k2
∫
B

Φ(x, y)m(y)u(y, d) dy = ui(x, d), x ∈ B. (11.18)

The representation (11.17) indicates that F is nonlinear and completely continuous.
From (11.18) it can be seen that the Fréchet derivative v := u′

mq of u with respect
to m (in direction q) satisfies the Lippmann–Schwinger equation

v(x, d)+k2
∫
B

Φ(x, y)[m(y)v(y, d)+q(y)u(y, d)] dy = 0, x ∈ B. (11.19)

From this and (11.17) it follows that the Fréchet derivative of F is given by

(F ′
mq)(x̂, d) = − k2

4π

∫
B

e−ik x̂·y[m(y)v(y, d) + q(y)u(y, d)] dy, x̂, d ∈ S
2,

which coincides with the far field pattern of the solution v(·, d) ∈ H 2
loc(IR

3) of
(11.19). Hence, we have proven the following theorem.

Theorem 11.6 The operator F : m �→ u∞ is Fréchet differentiable. The derivative
is given by

F ′
mq = v∞,

where v∞ is the far field pattern of the radiating solution v ∈ H 2
loc(IR

3) to

Δv + k2nv = −k2uq in IR3. (11.20)
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Confirming Theorem 4.21, from the above characterization of the Fréchet deriva-
tive it is obvious that F ′

m : L2(B) → L2(S2 × S
2) is compact. Theorem 11.6 can

also be used to establish injectivity of F ′
m in the following theorem (see [178, 195]).

Theorem 11.7 For piecewise continuous m the operator F ′
m : L2(B) → L2(S2 ×

S
2) is injective.

Proof Assume that q ∈ L2(B) satisfies F ′
mq = 0. Then for each d ∈ S

2 the far field
pattern of the solution v of (11.19) vanishes and Rellich’s lemma yields v(· , d) =
∂v(· , d)/∂ν = 0 on ∂B. Therefore Green’s second theorem implies that

k2
∫
B

qu(· , d)w dx = 0

for all d ∈ S
2 and all solutions w ∈ H 2(D) of Δw + k2nw = 0 in D where the

domain D is such that B̄ ⊂ D. In view of Lemma 11.4 this implies

∫
B

qww̃ dx = 0

for all w, w̃ ∈ H 2(D) satisfying Δw + k2nw = 0 and Δw̃ + k2nw̃ = 0 in D. Now
the proof can be completed analogously to that of Theorem 11.5. ��

Theorems 11.6 and 11.7 provide the theoretical foundation for the application
of Newton type iterations such as the Levenberg–Marquardt algorithm and the
iteratively regularized Gauss–Newton iteration from Sect. 4.5 for solving the inverse
medium problem. Gutman and Klibanow [158–160] proposed and analyzed a quasi-
Newton scheme where the Fréchet derivative F ′

m is kept fixed throughout the
iterations and is replaced by F ′

0 which sort of mimics the Born approximation (see
also [178, 238]). For an application of the Levenberg–Marquardt algorithm to the
inverse medium problem we refer to Hohage [195]. For a corresponding approach
to the electromagnetic inverse medium problem based on the Lippmann–Schwinger
equation (9.7) we refer to Hohage and Langer [196, 197].

In view of the Lippmann–Schwinger equation (11.4) and the far field repre-
sentation (11.5) the inverse medium problem is equivalent to solving the system
consisting of the field equation

u(x, d) + k2
∫
B

Φ(x, y)m(y)u(y, d) dy = ui(x, d), x ∈ B, d ∈ S
2, (11.21)

and the data equation

− k2

4π

∫
B

e−ik x̂·ym(y)u(y, d) dy = u∞(x̂, d), x̂, d ∈ S
2. (11.22)
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For a more concise formulation we define the integral operators T : L2(B × S
2) →

L2(B × S
2) and T∞ : L2(B × S

2) → L2(S2 × S
2) by

(T v)(x, d) := −k2
∫
B

Φ(x, y)v(y, d) dy, x ∈ B, d ∈ S
2,

and

(T∞v)(x̂, d) := − k2

4π

∫
B

e−ik x̂·yv(y, d) dy, x̂, d ∈ S
2,

and rewrite the field equation (11.21) as

ui + Tmu = u (11.23)

and the data equation (11.22) as

T∞mu = u∞. (11.24)

In principle one could try to first solve the ill-posed linear equation (11.24) to
determine the source mu from the far field pattern and then solve the nonlinear
equation (11.23) to construct the contrast m. Unfortunately this approach is
unsatisfactory due to the fact that T∞ is not injective and has a null space with
infinite dimension. In particular, all functions v of the form v = Δw+k2w for a C2

function w with compact support contained in B belong to the null space of T∞ as
can be seen from the Green’s formula (2.4) applied to w. Hence it is not possible to
break up the solution of (11.23) and (11.24) as in a decomposition method and we
need to keep them combined. For this we define the cost function

μ(m, u) :=
‖ui + Tmu − u‖2

L2(B×S2)

‖ui‖2
L2(B×S2)

+
‖u∞ − T∞mu‖2

L2(S2×S2)

‖u∞‖2
L2(S2×S2)

(11.25)

and reformulate the inverse medium problem as the optimization problem to
minimize μ over the contrast m ∈ V and the fields u ∈ W where V and W are
appropriately chosen admissible sets. The weights in the cost function are chosen
such that the two terms are of the same magnitude.

Since by Theorem 11.5 all incident directions are required, the discrete versions
of the optimization problem suffer from a large number of unknowns. Assuming the
far field pattern u∞(x̂, d) is known for x̂ ∈ S

2, d ∈ {d1, . . . , dP }, a discrete version
of the cost function is given by

μP (m, u1, . . . , uP )

:=
P∑

p=1

{‖ui(·, dp) + Tmup − up‖2
L2(B)

‖ui(·, dp)‖2
L2(B)

+
‖u∞(·, dp)−T∞mup‖2

L2(S2)

‖u∞(·, dp)‖2
L2(S2)

}
,
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which has to be minimized over the contrast m ∈ V and the fields u1, . . . , uP ∈ W .
One way to reduce the computational complexity is to use a modified conjugate
gradient method for this optimization problem as proposed by Kleinman and van
den Berg [254, 255]. We also note that multiple frequency data can be incorporated
in the cost functionals by integrating or summing in the above definitions over a
corresponding range of wave numbers.

In a modified version of this approach van den Berg and Kleinman [412]
transformed the Lippmann–Schwinger equation (11.23) into the equation

mui + mTw = w (11.26)

for the contrast sources w := mu and instead of simultaneously updating the
contrast m and the fields u the contrast is updated together with the contrast source
w. The cost function (11.25) is now changed to

μ(m,w) :=
‖mui + mTw − w‖2

L2(B×S2)

‖ui‖2
L2(B×S2)

+
‖u∞ − T∞mu‖2

L2(S2×S2)

‖u∞‖2
L2(S2×S2)

.

Via the Lippmann–Schwinger equation (9.7) the above approach for the acoustic
inverse medium problem can be adapted to the case of electromagnetic waves.

A drawback of iterative methods based on a reformulation of the inverse
medium problem as an optimization problem arises from the occurrence of local
minima at fixed frequencies and in particular at higher frequencies. One possibility
to overcome this issue is to use multi-frequency data provided the medium is
nondispersive. Starting with Chen [79] in 1997 and further developed by Bao and Li
and their co-workers [24–26] recursive linearization algorithms were developed and
analyzed that indeed can alleviate the problem of local minima at high frequencies.
Assume that far field data are available at a sequence of wave numbers k0 < k1 <

· · · < k�−1 < k�. Then the main idea of the recursive linearization algorithm is
to construct a sequence of approximations n0, . . . , n� for the refractive index n by
obtaining nj for j = 1, . . . , �, from just one step of a Newton type iteration based
on Theorems 11.6 and 11.7 as discussed above with the wave number kj (and the far
field data for kj ) and the preceding nj−1 as starting value. The initial value n0 for
this algorithm, for example, can be obtained by the Born approximation as briefly
discussed at the end of Sect. 11.1 using the far field data at the wave number k0
provided k0 is small enough. For further work on these ideas we refer to Borges,
Gillman, and Greengard [39, 40] who in addition to inverse medium scattering also
applied recursive linearizations for the case of inverse obstacle scattering.

A different iterative algorithm for the inverse medium problem was developed by
Natterer, Vögeler, and Wübbeling [336, 417]. Their method is based on solving the
direct scattering problem by a marching scheme in space and the inverse problem
by Kaczmarz’s algorithm adopting ideas from computerized tomography.
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11.4 Decomposition Methods

In this section we shall discuss a decomposition method for solving the inverse
medium problem for acoustic waves due to Colton and Monk [114] (see also Colton
and Kirsch [92]) that is based on an application of Theorem 8.10. This method (as
well as the modified method to be discussed below) has the advantage of being able
to increase the number of incident fields without increasing the cost of solving the
inverse problem. We shall call this approach the dual space method since it requires
the determination of a function gpq ∈ L2(S2) such that

∫
S2

u∞(x̂, d)gpq(x̂) ds(x̂) = ip−1

k
Y
q
p (d), d ∈ S

2, (11.27)

i.e., the determination of a linear functional in the dual space of L2(S2) having
prescribed values on the class F := {u∞(· , dn) : n = 1, 2, 3, . . .} of far field
patterns where {dn : n = 1, 2, 3, . . . } is a countable dense set of vectors on the
unit sphere S

2. We shall assume throughout this section that Im n(x) > 0 for all
x ∈ D := {x ∈ IR3 : m(x) �= 0} where again m := 1 − n. From Theorem 8.12 we
see that this implies that, if a solution exists to the integral equation (11.27), then
this solution is unique. As in Chap. 8, we shall, for the sake of simplicity, always
assume that D is connected with a connected C2 boundary ∂D and D contains the
origin.

We shall begin our analysis by giving a different proof of the “if” part of
Theorem 8.10. In particular, assume that there exist functions v,w ∈ H 2(D) which
satisfy the interior transmission problem

Δw + k2n(x)w = 0, Δv + k2v = 0 in D (11.28)

with the transmission condition

w − v = u
q
p,

∂w

∂ν
− ∂v

∂ν
= ∂u

q
p

∂ν
on ∂D (11.29)

where

u
q
p(x) := h(1)p (k|x|) Y q

p (x̂)

denotes a radiating spherical wave function and where ν is the unit outward normal
to ∂D. If we further assume that v is a Herglotz wave function

v(x) =
∫
S2

e−ik x·d gpq(d) ds(d), x ∈ IR3, (11.30)
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where gpq∈L2(S2), then from the representation (2.14) for the far field pattern,
Green’s theorem and the radiation condition we have for fixed k and every d ∈ S

2

that

∫
S2

u∞(x̂, d)gpq(x̂) ds(x̂) = 1

4π

∫
∂D

(
u

∂v

∂ν
− v

∂u

∂ν

)
ds

= 1

4π

∫
∂D

(
u

∂w

∂ν
− w

∂u

∂ν

)
ds − 1

4π

∫
∂D

(
u

∂u
q
p

∂ν
− u

q
p

∂u

∂ν

)
ds

= − 1

4π

∫
∂D

(
eik x·d ∂u

q
p

∂ν
(x) − u

q
p(x)

∂eik x·d

∂ν(x)

)
ds(x) = ip−1

k
Y
q
p (d).

(11.31)

From (11.31) we see that the identity (11.27) is approximately satisfied if there exists
a Herglotz wave function v such that the Cauchy data (11.29) for w is approximately
satisfied in L2(∂D).

The dual space method for solving the inverse acoustic medium problem is
to determine gpq ∈ L2(S2) such that (11.27) is satisfied and, given v defined
by (11.30), to determine w and n from the overdetermined boundary value
problem (11.28) and (11.29). This is done for a finite set of values of k and integers p
and q with q = −p, . . . , p. To reformulate this scheme as an optimization problem,
we define the operator Tm as in (11.11) and the operator Fk : L2(S2) → L2(S2) by

(Fkg)(d) :=
∫
S2

u∞(x̂, d, k)g(x̂) ds(x̂), d ∈ S
2. (11.32)

Then, from Green’s formula (2.4) we can rewrite the boundary value problem
(11.28) and (11.29) in the form

wpq = vpq − k2Tmwpq in B,

−k2Tmwpq = u
q
p on ∂B

(11.33)

where v = vpq and w = wpq . Note that by the uniqueness for the exterior
Dirichlet problem for the Helmholtz equation the boundary condition in (11.33)
ensures that k2Tmwpq + u

q
p = 0 first in IR3 \ B and then, by unique continuation

k2Tmwpq + u
q
p = 0 in IR3 \D̄. This implies that both boundary conditions in (11.29)

are satisfied.
The dual space method for solving the inverse medium problem can then be

formulated as the optimization problem
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min
gpq∈W
wpq∈U1
m∈U2

⎧⎨
⎩

P∑
p=1

p∑
q=−p

R∑
r=1

S∑
s=1

∣∣∣∣(Fks gpq)(dr ) − ip−1

ks
Y
q
p (dr)

∣∣∣∣
2

+
P∑

p=1

p∑
q=−p

S∑
s=1

[
‖wpq + k2

s Tmwpq − vpq‖2
L2(B)

+ ‖k2
s Tmwpq + u

q
p‖2

L2(∂B)

]⎫⎬
⎭ ,

(11.34)

noting that vpq,wpq, u
q
p and the operator Tm all depend on k = ks , s = 1, . . . S.

Here W,U1 and U2 are appropriate (possibly weakly) compact sets. We shall again
not dwell on the details of the optimization scheme (11.34) except to note that if
exact far field data is used and W,U1, and U2 are large enough, then the minimum
value of the cost functional in (11.34) will be zero, provided the approximation
property stated after (11.31) is valid. We now turn our attention to showing that
this approximation property is indeed true. In the analysis which follows, we shall
occasionally apply Green’s theorem to functions in C2(D) having L2 Cauchy data.
When doing so, we shall always be implicitly appealing to a limiting argument
involving parallel surfaces (cf. [235]).

For the Herglotz wave function

vg(y) =
∫
S2

e−ik y·x̂g(x̂) ds(x̂), y ∈ IR3, (11.35)

with kernel g and

V (D) :=
{
w ∈ H 2(D) : Δw + k2n(x)w = 0 in D

}
,

we define the subspace W ⊂ L2(∂D) × L2(∂D) by

W :=
{(

vg − w,
∂

∂ν
(vg − w)

)
: g ∈ L2(S2), w ∈ V (D)

}
.

The desired approximation property is valid provided W is dense in L2(∂D) ×
L2(∂D). To this end, we have the following theorem due to Colton and Kirsch [92].
This result has been extended to the case of the Maxwell equations by Hähner [175].

Theorem 11.8 Suppose Im n(x) > 0 for x ∈ D. Then the subspace W is dense in
L2(∂D) × L2(∂D).

Proof Let ϕ,ψ ∈ L2(∂D) be such that

∫
∂D

{
ϕ(vg − w) + ψ

∂

∂ν
(vg − w)

}
ds = 0 (11.36)
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for all g ∈ L2(S2), w ∈ V (D). We first set w = 0 in (11.36). Then from (11.35)
and (11.36) we have that

∫
S2

g(x̂)

∫
∂D

{
ϕ(y) e−ik y·x̂ + ψ(y)

∂e−ik y·x̂

∂ν(y)

}
ds(y) ds(x̂) = 0

for all g ∈ L2(S2) and hence

∫
∂D

{
ϕ(y) e−ik y·x̂ + ψ(y)

∂e−ik y·x̂

∂ν(y)

}
ds(y) = 0

for x̂ ∈ S
2. Therefore, the far field pattern of the combined single- and double-layer

potential

u(x) :=
∫
∂D

{
Φ(x, y)ϕ(y) + ∂Φ(x, y)

∂ν(y)
ψ(y)

}
ds(y), x ∈ IR3 \ ∂D,

vanishes, i.e., from Theorem 2.14 we can conclude that u(x) = 0 for x ∈ IR3 \ D̄.
Since ϕ,ψ ∈ L2(∂D), we can apply the generalized jump relations (3.22)–(3.25) to
conclude that

ϕ = ∂u−
∂ν

, ψ = −u− on ∂D (11.37)

and hence u ∈ H 3/2(D) (cf. [235]). If we now set g = 0 in (11.36), we see from
Green’s theorem that

k2
∫
D

muw dx =
∫
∂D

(
u

∂w

∂ν
− w

∂u

∂ν

)
ds = 0 (11.38)

for all w ∈ V (D).
Now consider the boundary value problem

Δv + k2n(x)v = k2m(x)u in D,

v = 0 on ∂D.

(11.39)

Since Im n(x) > 0 for x ∈ D, this problem has a unique solution v ∈ H 2(D)

(cf. [431]). Then from Green’s theorem and (11.38) we have that

∫
∂D

w
∂v

∂ν
ds =

∫
D

w(Δv + k2nv) dx = k2
∫
D

muw dx = 0 (11.40)
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for all w ∈ V (D). Note that from the trace theorem we have that the boundary
integral in (11.40) is well defined. Since Im n(x) > 0 for x ∈ D, the boundary
values of functions w ∈ V (D) are dense in L2(∂D) and hence we can conclude
from (11.40) that ∂v/∂ν = 0 on ∂D. From (11.39) and Green’s theorems we now
see that, since u ∈ H 3/2(D) and Δu + k2u = 0 in D, we have

0 =
∫
D

u(Δv̄ + k2v̄) dx = 1

k2

∫
D

1

m
(Δv + k2nv)(Δv̄ + k2v̄) dx

= 1

k2

∫
D

(
1

m

∣∣∣Δv + k2v

∣∣∣2 − k2v (Δv̄ + k2v̄)

)
dx

= 1

k2

∫
D

(
1

m

∣∣∣Δv + k2v

∣∣∣2 − k4|v|2 + k2| grad v|2
)
dx

and, taking the imaginary part, we see that

∫
D

Im n

|m|2
∣∣∣Δv + k2v

∣∣∣2 dx = 0.

Hence, Δv + k2v = 0 in D. From the trace theorem we have that Theorem 2.1
remains valid in the present context and therefore since the Cauchy data for v vanish
on ∂D we have that v = 0 in D. Hence, u = 0 in D and thus, from (11.37),
ϕ = ψ = 0. This completes the proof of the theorem. ��

Due to the fact that the far field operator Fk is injective with dense range
(provided k is not a transmission eigenvalue) the dual space method described above
can be broken up into two problems, i.e., one first solves the linear ill-posed problem

Fk gpq = ip−1

k
Y
q
p ,

for 1 ≤ p ≤ P , −p ≤ q ≤ p, constructs the Herglotz wave function vpq with kernel
gpq and then uses nonlinear optimization methods to find a refractive index such
that (11.33) is optimally satisfied. (Note that this decomposition was not possible
for the iterative approach of the previous section.) The integer P is chosen by
the criteria that P is the order of the spherical harmonic in the last numerically
meaningful term in the spherical harmonic expansion of the (noisy) far field pattern.
Following this procedure can dramatically reduce the number of unknowns in the
nonlinear optimization step for determining the refractive index. For a mathematical
justification for breaking up the dual space method into two separate problems in
this way, we refer the reader to [75].

In addition to breaking up the dual space method into two separate problems, in
practice one often needs to consider point sources as incident fields and near field
scattering data. An example of this is the use of microwaves to detect leukemia in
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the bone marrow of the upper part of the lower leg. The possibility of using such
an approach arises from the fact that the presence of cancer cells can cause the
refractive index in the bone marrow to change significantly. However, in order for
the incident fields to penetrate the body there must be a good impedance match
between the leg and the host medium, e.g., the leg should be immersed in water.
Since water is a conductor, point sources and near field measurements are more
appropriate than plane wave incident fields and far field measurements. A further
consideration that needs to be addressed is that the human body is dispersive with
a poorly understood dispersion relation, i.e., the refractive index depends on the
wave number and this functional relationship is not precisely known. This means
that the dual space method, as modified for point sources and near field data, should
be restricted to a fixed value of k. For details and numerical examples of the above
modifications of the dual space method to the detection of leukemia the reader is
referred to [120].

In order for the dual space method presented in this section to work, we have
required that Im n(x) > 0 for x ∈ D. In particular, if this is not the case, or Im n

is small, the presence of transmission eigenvalues can contaminate the method to
the extent of destroying its ability to reconstruct the refractive index. Numerical
examples using this method for solving the inverse medium problem can be found
in [114, 117] and Sect. 11.8 of this book.

As just mentioned, a disadvantage of the dual space method presented above
is that the presence of transmission eigenvalues can lead to numerical instabilities
and poor reconstructions of the refractive index. We shall now introduce a modified
version of the identity (11.27) that leads to a method for solving the acoustic inverse
medium problem that avoids this difficulty and that in the sequel we will refer to as
the modified dual space method.

We begin by considering the following auxiliary problem. Let λ ≥ 0 and let
h ∈ C2(IR3 \ B̄) ∩ C1(IR3 \ B) be the solution of the exterior impedance boundary
value problem

Δh + k2h = 0 in IR3 \ B̄, (11.41)

h(x) = eik x·d + hs(x), (11.42)

∂h

∂ν
+ ikλh = 0 on ∂B, (11.43)

lim
r→∞ r

(
∂hs

∂r
− ikhs

)
= 0 (11.44)

where again B is an open ball centered at the origin containing the support of m and
where ν denotes the exterior normal to ∂B. (Domains other than balls could also be
used provided they contain the support of m.) We discussed already uniqueness and
existence of a solution to (11.41)–(11.44) in Theorem 3.16 where we left the details
of the existence proof seeking a solution in the form (3.32) to the reader. We note
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that by the analytic Riesz–Fredholm Theorem 8.26 the integral equation obtained
from the use of (3.32) is uniquely solvable for all λ ∈ C with the possible exception
of a countable set of values of λ, i.e., there exists a solution to (11.41)–(11.44) for
a range of λ where the condition λ ≥ 0 is violated. Finally, from the representation
(3.32), we see that hs has the asymptotic behavior

hs(x) = eik|x|

|x| h∞(x̂, d) + O

(
1

|x|2
)
, |x| → ∞,

and from (3.61) we see that the far field pattern h∞ satisfies the reciprocity relation

h∞(x̂, d) = h∞(−d,−x̂), x̂, d ∈ S
2. (11.45)

Now let u∞ be the far field pattern of the scattering problem (11.1)–(11.3) for
acoustic waves in an inhomogeneous medium and consider the problem of when
there exists a function gpq ∈ L2(S2) such that

∫
S2

[u∞(x̂, d) − h∞(x̂, d)] gpq(x̂) ds(x̂) = ip−1

k
Y
q
p (d) (11.46)

for all d in a countable dense set of vectors on the unit sphere, i.e., by continuity,
for all d ∈ S

2. By the Reciprocity Theorem 8.8 and (11.45) we see that (11.46) is
equivalent to the identity

∫
S2

[u∞(x̂, d) − h∞(x̂, d)] gpq(−d) ds(d) = (−i)p+1

k
Y
q
p (x̂) (11.47)

for all x̂ ∈ S
2. If we define the Herglotz wave function wi by

wi(x) :=
∫
S2

e−ik x·dgpq(d) ds(d) =
∫
S2

eik x·dgpq(−d) ds(d), x ∈ IR3,

(11.48)

then

w∞(x̂) :=
∫
S2

u∞(x̂, d) gpq(−d) ds(d), x̂ ∈ S
2,

is the far field pattern corresponding to the scattering problem

Δw + k2n(x)w = 0 in IR3,

w(x) = wi(x) + ws(x),

lim
r→∞ r

(
∂ws

∂r
− ikws

)
= 0,
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and

v∞(x̂) :=
∫
S2

h∞(x̂, d) gpq(−d) ds(d), x̂ ∈ S
2,

is the far field pattern corresponding to the scattering problem

Δv + k2v = 0 in IR3 \ B̄,

v(x) = wi(x) + vs(x),

∂v

∂ν
+ ikλv = 0 on ∂B,

lim
r→∞ r

(
∂vs

∂r
− ikvs

)
= 0.

Hence, from (2.42), (11.47), and Theorem 2.14 we can conclude that

ws(x) − vs(x) = h(1)p (k|x|) Y q
p (x̂), x ∈ IR3 \ B̄,

i.e., w satisfies the boundary value problem

Δw + k2n(x)w = 0 in B, (11.49)

w(x) = wi(x) + ws(x), (11.50)

(
∂

∂ν
+ ikλ

) (
w − u

q
p

) = 0 on ∂B, (11.51)

lim
r→∞ r

(
∂ws

∂r
− ikws

)
= 0 (11.52)

uniformly for all directions. Again, as in Sect. 11.4, we have written

u
q
p(x) := h(1)p (k|x|) Y q

p (x̂)

for the radiating spherical wave function.
The boundary value problem (11.49)–(11.52) can be understood as the problem

of first solving the interior impedance problem (11.49)–(11.51) and then decompos-
ing the solution in the form (11.50) where wi satisfies the Helmholtz equation in B

and ws is defined for all of IR3, satisfies the Helmholtz equation in IR3 \ B̄ and the
radiation condition (11.52). Note that for the identity (11.46) to be valid, wi must
be a Herglotz wave function with Herglotz kernel gpq . In particular, from the above
analysis we have the following theorem [115, 116].
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Theorem 11.9 Assume there exists a solution w ∈ H 2(B) to the interior
impedance problem (11.49) and (11.51) such that w has the decomposition
(11.50) with wi and ws as described in the paragraph above. Then there exists
gpq ∈ L2(S2) such that (11.46) is valid if and only if wi is a Herglotz wave function
with Herglotz kernel gpq .

We now turn our attention to when there exists a solution to (11.49) and (11.51)
having the decomposition (11.50). To establish the existence of a unique solution
to (11.49) and (11.51) we make use of potential theory. In particular, we recall
from Sect. 3.1 the single-layer operator S : C(∂B) → C0,α(∂B) and the normal
derivative operator K ′ : C(∂B) → C(∂B) and from Sect. 8.2 the volume potential
Tm : C(B̄) → C(B̄). We can now prove the following theorem.

Theorem 11.10 Suppose that λ = 0 if Im n(x) > 0 for some x ∈ B and λ > 0
if Im n(x) = 0 for all x ∈ B. Then there exists a unique solution w ∈ H 2(B)

to the impedance problem (11.49)–(11.51) having the decomposition (11.50) where
wi ∈ H 2(B) is a solution of the Helmholtz equation in B and ws ∈ H 2(IR3) satisfies
the radiation condition (11.52).

Proof We first establish uniqueness for the boundary value problem (11.49) and
(11.51). Assume that w is a solution of (11.49) satisfying homogeneous impedance
boundary data on ∂B. Then, by Green’s theorem, we have that

kλ

∫
∂B

|w|2ds = Im
∫
∂B

w
∂w̄

∂ν
ds = −k2 Im

∫
B

n |w|2dx, (11.53)

where w and ∂w/∂ν are to be interpreted in the sense of the trace theorem. If
Im n(x) > 0 for some x ∈ B, then by assumption λ = 0 and we can conclude
from (11.53) that w(x) = 0 for those points x ∈ B where Im n(x) > 0. Hence, by
the Unique Continuation Theorem 8.6, we have w(x) = 0 for x ∈ B. On the other
hand, if Im n(x) = 0 for all x ∈ B then λ > 0 and (11.53) implies that w = 0 on ∂B.
Since w satisfies homogeneous impedance boundary data, we have that ∂w/∂ν = 0
on ∂B and Green’s formula (2.4) now tells us that w+ k2Tmw = 0 in B. Hence, we
see from the invertibility of I + k2Tm in C(B̄) that w(x) = 0 for x ∈ B.

In order to establish existence for (11.49) and (11.51), we look for a solution in
the form

w(x) =
∫
∂B

Φ(x, y)ϕ(y) ds(y) − k2
∫
B

Φ(x, y)m(y)ψ(y) dy, x ∈ B,

(11.54)
where the densities ϕ ∈ C(∂B) and ψ ∈ C(B̄) are assumed to satisfy the two
integral equations

ψ − S̃ϕ + k2Tmψ = 0 (11.55)
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and

ϕ + (K ′ + ikλS)ϕ − 2k2Tm,λψ = 2f (11.56)

with

f := ∂u
q
p

∂ν
+ ikλu

q
p on ∂B.

Here we define S̃ : C(∂B) → C(B̄) by

(S̃ϕ)(x) :=
∫
∂B

Φ(x, y)ϕ(y) ds(y), x ∈ B̄,

and Tm,λ : C(B̄) → C(∂B) by

(Tm,λψ)(x) :=
∫
B

{
∂Φ(x, y)

∂ν(x)
+ ikλΦ(x, y)

}
m(y)ψ(y) dy, x ∈ ∂B.

By the regularity of f , from Theorems 3.4 and 8.2 we have that for a continuous
solution of (11.55) and (11.56) we automatically have ϕ ∈ C0,α(∂B) and ψ ∈
H 2(B). Hence, defining w by (11.54), we see that w ∈ H 2(B), i.e., w has the
required regularity. By Theorem 8.2, the integral equation (11.55) ensures that w
solves the differential equation (11.49) and from the jump relations of Theorem 3.1
we see that the integral equation (11.56) implies that the boundary condition (11.51)
is satisfied.

All integral operators in the system (11.55) and (11.56) clearly have weakly
singular kernels and therefore they are compact. Hence, by the Riesz–Fredholm
theory, to show the existence of a unique solution of (11.55) and (11.56) we must
show that the only solution of the homogeneous problem is the trivial solution
ϕ = 0, ψ = 0. If ϕ,ψ is a solution to (11.55) and (11.56) with f = 0, then w

defined by (11.54) is a solution to the homogeneous problem (11.49) and (11.51)
and therefore by uniqueness we have w = 0 in B. Applying Δ + k2 to both sides
of (11.54) (with w = 0) now shows that mψ = 0 and S̃ϕ = 0 in B. Hence, from
(11.55), we have that ψ = 0 in B. Now, making use of the uniqueness for the
exterior Dirichlet problem (Theorem 3.9) and the jump relations of Theorem 3.1,
we can also conclude that ϕ = 0.

The decomposition (11.50) holds where wi = S̃ϕ is in H 2(B) and ws =
−k2Tmψ is in H 2

loc(IR
3). We have already shown above that the solution of

(11.49) and (11.51) is unique and all that remains is to show the uniqueness of
the decomposition (11.50). But this follows from the fact that entire solutions of
the Helmholtz equation satisfying the radiation condition must be identically zero
(cf. p. 24). ��
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Corollary 11.11 In the decomposition (11.50), wi can be approximated in H 1(B̄)

by a Herglotz wave function.

Proof From the regularity properties of surface potentials we see that if ψ ∈ C(B̄)

and ϕ ∈ C(∂B) is a solution of (11.55) and (11.56) then ϕ ∈ C0,α(∂B).
The corollary now follows by approximating the surface density ϕ by a linear
combination of spherical harmonics. ��

With Theorem 11.10 and Corollary 11.11 at our disposal, we can now formulate
a decomposition method for solving the inverse scattering problem such that the
problem of transmission eigenvalues is avoided. Indeed, using the same notation as
in (11.34) and defining Fλ

k : L2(S2) → L2(S2) by

(F λ
k g)(d) :=

∫
S2

h∞(x̂, d, k) g(x̂) ds(x̂), d ∈ S
2, (11.57)

we can formulate the optimization problem

min
gpq∈W
wpq∈U1
m∈U2

⎧⎨
⎩

P∑
p=1

p∑
q=−p

R∑
r=1

S∑
s=1

∣∣∣∣((Fks − Fλ
ks
)gpq)(dr) + ip+1

ks
Y
q
p (dr)

∣∣∣∣
2

+
P∑

p=1

p∑
q=−p

S∑
s=1

‖wpq + k2
s Tmwpq − vpq‖2

L2(B)

+
P∑

p=1

p∑
q=−p

S∑
s=1

∥∥∥∥
(

∂

∂r
+ iλ

)
(vpq − k2

s Tmwpq + u
q
p)

∥∥∥∥
2

L2(∂B)

⎫⎬
⎭.

(11.58)
From Theorem 11.10 and Corollary 11.11 we see that if exact far field data is used
the minimum value of the cost functional in (11.58) will be zero provided W,U1 and
U2 are large enough. Numerical examples using this method for solving the inverse
medium problem can be found in [115, 116] and Sect. 11.8 of this book.

There are other decomposition methods for the case when Im n = 0 than the
one presented in this section and for these alternate methods the reader is referred
to [89, 118, 119].

11.5 Sampling Methods

The sampling methods obtained in Sect. 5.6 for determining the shape of a sound-
soft obstacle from a knowledge of the far field pattern of the scattered wave can
be extended to the problem of determining the support D of an inhomogeneous
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medium from the far field data corresponding to (11.1)–(11.3) (see [51, 57, 240,
243]). This section is devoted to the development of this set of ideas where we
assume that D is bounded with a connected exterior IR3 \ D̄ and has C2 boundary
∂D and that n is piecewise continuous in IR3 such that n(x) > 1 for x ∈ D̄ and
n(x) = 1 for x ∈ IR3 \ D̄.

We first derive the factorization method for inhomogeneous media. To this end,
following [238], we rewrite (11.1) as

Δus + k2nus = k2(1 − n)ui = k2mui in IR3 (11.59)

where u = ui + us and m := 1 − n. Then, more generally, we consider

Δus + k2nus = mf in IR3 (11.60)

where f ∈ L2(D) and us satisfies the Sommerfeld radiation condition (11.3). The
existence of a unique solution us to (11.60) in the space H 2

loc(IR
3) follows from

the existence of a unique solution to the Lippmann–Schwinger equation (8.13)
in L2(D). This follows in the same way as in Theorem 8.7 by noting that from
Theorem 8.2 and the Rellich selection theorem the integral operator in (8.13) is
compact in L2(D). We can now define the operator G : L2(D) → L2(S2) which
maps f ∈ L2(D) onto the far field pattern of the solution us of (11.60). We again let
u∞ ∈ L2(S2) be the far field pattern associated with the scattering problem (11.1)–
(11.3) and recall the definition of the far field operator F : L2(S2) → L2(S2)

given by

(Fg)(x̂) :=
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2.

The following factorization theorem is fundamental.

Theorem 11.12 Let G : L2(D) → L2(S2) be defined as above and let F :
L2(S2) → L2(S2) be the far field operator associated with the scattering problem
(11.1)–(11.3). Then

F = 4πk2GS∗G∗ (11.61)

where S∗ is the adjoint of S : L2(D) → L2(D) defined by

(Sψ)(x) := −ψ(x)

m(x)
− k2

∫
D

Φ(x, y)ψ(y) dy, x ∈ D, (11.62)

and G∗ : L2(S2) → L2(D) is the adjoint of G.

Proof From (11.59) and the definition of G we have that u∞ = k2Gui . We now
define the Herglotz operator H : L2(S2) → L2(D) by

(Hg)(x) :=
∫
S2

eikx·dg(d) ds(d), x ∈ D, (11.63)
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and note that by the analogue of Lemma 3.28 for medium scattering Fg is the far
field pattern corresponding to the incident field Hg, that is,

F = k2GH.

The adjoint H ∗ of H is given by

(H ∗ψ)(x̂) =
∫
D

e−ikx̂·yψ(y) dy, x̂ ∈ S
2,

and hence H ∗ψ = 4πw∞ where w∞ is he far field pattern of

w(x) :=
∫
D

Φ(x, y)ψ(y) dy, x ∈ IR3.

But

Δw + k2nw = −m

(
ψ

m
+ k2w

)

and hence

H ∗ψ = 4πw∞ = −4πG

(
ψ

m
+ k2w

)
= 4πGSψ,

that is, H ∗ = 4πGS. Thus

H = 4πS∗G∗

and since we have previously shown that F = k2GH , the theorem follows. ��
The next step in the derivation of the factorization method for inhomogeneous

media is to characterize D in terms of the range of G.

Lemma 11.13 For z ∈ IR3 let

Φ∞(x̂, z) = 1

4π
e−ik x̂·z

be the far field of the fundamental solution Φ(·, z). Then z ∈ D if and only if
Φ∞(·, z) is in the range G(L2(D)) of G.

Proof First let z ∈ D and choose ε such that Bε := {x ∈ IR3 : |x − z| < ε} ⊂ D.
Choose ρ ∈ C∞(IR3) such that ρ(x) = 0 for |x − z| ≤ ε/2 and ρ(x) = 1 for
|x − z| ≥ ε and set v(x) := ρ(x)Φ(x, z) for x ∈ IR3. Then v ∈ C∞(IR3) and has
Φ∞(·, z) as its far field pattern. Hence Φ∞(·, z) = Gf where

f := 1

m

(
Δv + k2nv

)
∈ L2(D).
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Now assume that z /∈ D and that Φ∞(·, z) = Gf for some f ∈ L2(D). We will
show that this leads to a contradiction. Let us be the radiating solution of (11.60).
Then since Φ∞(·, z) is the far field pattern of Φ(·, z) and Gf is the far field pattern
of us , by Rellich’s lemma we have that Φ(·, z) = us in the exterior of D ∪ {z}. If
z /∈ D̄ then this is a contradiction since us is a smooth function in a neighborhood
of z but Φ(·, z) is singular at z. If z ∈ ∂D, let C0 ⊂ IR3 be an open truncated cone
with vertex at z such that C0 ∩ D = ∅. Then Φ(·, z) /∈ H 1(C0) but us ∈ H 1(C0)

and we are again led to a contradiction. ��
To proceed further we need to collect some properties of the operator S defined

by (11.62).

Theorem 11.14 Let S : L2(D) → L2(D) be defined by (11.62) and let S0 :
L2(D) → L2(D) be given by

S0ψ := −ψ

m
.

Then the following statements are true:

1. S0 is bounded, self-adjoint, and satisfies

(S0ψ,ψ)L2(D) ≥ 1

‖m‖∞
‖ψ‖2

L2(D)
, ψ ∈ L2(D). (11.64)

2. S − S0 : L2(D) → L2(D) is compact.
3. S is an isomorphism from L2(D) onto L2(D).
4. Im(Sψ,ψ)L2(D ≤ 0 for all ψ ∈ L2(D) with strict inequality holding for all

ψ ∈ G∗(L2(S2)) with ψ �= 0 provided k is not a transmission eigenvalue (see
(10.6)).

Proof

1. This follows immediately since m is real valued and bounded away from zero in
D̄.

2. This follows from Theorem 8.2 and the compact embedding of H 2(D) into
L2(D).

3. From the first two statements, it suffices to show that S is injective. Suppose
Sψ = 0. Then setting ϕ = −ψ/m we see that ϕ satisfies the homogeneous
Lippmann–Schwinger equation and hence by Theorem 8.7 we have that ϕ = 0
and hence ψ = 0.

4. Let ψ ∈ L2(D) and define f ∈ L2(D) by

f (x) := ψ(x) + k2m(x)

∫
D

Φ(x, y)ψ(y) dy, x ∈ D.



466 11 The Inverse Medium Problem

Then Sψ = −f/m and setting

w(x) =
∫
D

Φ(x, y)ψ(y) dy, x ∈ IR3,

we see that

(Sψ,ψ)L2(D) = −
∫
D

f

m

{
f̄ − k2mw̄

}
dx = −

∫
D

1

m
|f |2 dx + k2

∫
D

f w̄ dx.

(11.65)

Since

Δw + k2nw = −ψ − k2mw = −f

in D, by Green’s first integral theorem (which remains valid for H 2(D) functions
as pointed out in the remarks after Theorem 8.2) we have

∫
D

f w̄ dx = −
∫
D

w̄
{
Δw + k2nw

}

dx =
∫
D

{
| gradw|2 − k2n|w|2

}
dx −

∫
∂D

w̄
∂w

∂ν
ds.

Taking the imaginary part now gives

Im(Sψ,ψ)L2(D) = −k2 Im
∫
∂D

w̄
∂w

∂ν
ds (11.66)

whence Im(Sψ,ψ)L2(D) ≤ 0 follows from the identity (2.11) (which again
remains valid for H 2 functions) since w satisfies Δw + k2w = 0 in IR3 \ D̄

and the Sommerfeld radiation condition.

We now prove the last part of the fourth statement. To this end, denote by N(G)

the null space of G and let ψ ∈ L2(D) be in G∗(L2(S2)) = [N(G)]⊥ such that
Im(Sψ,ψ)L2(D) = 0. From (10.66) and Theorem 2.13 (which is also valid for H 2

functions) we have that w = 0 in IR3 \ D̄. For ϕ ∈ C∞
0 (D) extended by zero outside

into IR3 \ D we set

g := 1

m
(Δϕ + k2nϕ).

Then g ∈ N(G) since ϕ clearly has far field pattern ϕ∞ = 0. Because ψ ∈ [N(G)]⊥
we conclude that

∫
D

1

m
(Δϕ + k2nϕ)ψ dx = 0 (11.67)
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for all ϕ ∈ C∞
0 (D). Let

u := 1

m
ψ ∈ L2(D).

Then by (11.67) we have that u is a distributional solution of Δu + k2nu = 0 in D.
Let v := u − k2w. Then in the sense of distributions

Δv + k2v = Δu + k2u − k2(Δw + k2w) = −k2mu + k2ψ = 0.

i.e., v is a distributional solution of Δv + k2v = 0 in D. Since u − v = k2w ∈
H 2

0 (D) we conclude from the assumption that k is not a transmission eigenvalue
that u = v = 0 in D and thus ψ = 0 in D. This ends the proof. ��

We are now in a position to establish the factorization method for determining
the support of D of m = 1 − n from a knowledge of the far field pattern of the
scattered field corresponding to (11.1)–(11.3). To this end, we assume that k is not
a transmission eigenvalue. Then by Theorem 8.9 the far field operator F is injective
and by Corollary 8.20 it is normal. In particular, by (8.46) the operator

I + ik

2π
F

is unitary. Hence, using Theorems 11.12, 11.14, Lemma 11.13 and applying
Theorem 5.40, we obtain as in the case of obstacle scattering the factorization
method for determining the support D of m = 1 − n.

Theorem 11.15 Assume that n(x) > 1 for x ∈ D̄ and that k > 0 is not a
transmission eigenvalue. Then z ∈ D if and only if Φ∞(·, z) ∈ (F ∗F)1/4(L2(S2)).

In practice the support D of m = 1−n can now be determined by using Tikhonov
regularization to find a regularized solution of the modified far field equation

(F ∗F)1/4g = Φ∞(·, z) (11.68)

and noting that the regularized solution gαz of (11.68) converges in L2(S2) as α → 0
if and only if z ∈ D (cf. Theorem 4.20). Although we have assumed that n(x) > 1
for x ∈ D̄, the factorization method remains valid for 0 < n(x) < 1 for x ∈ D̄, the
proof being exactly the same as that given above. There also exist extensions of the
factorization method for the case when n(x) is no longer real valued for x ∈ D. In
this case the far field operator is no longer normal and different techniques must be
used [243]. Finally, for either the case when n(x) > 1 for x ∈ D̄ or 0 < n(x) < 1 for
x ∈ D̄ one can derive the linear sampling method as a corollary to Theorem 11.15
in precisely the same way as in the case of obstacle scattering (cf. Corollary 5.43).
Of course, as was done in Sects. 5.6 and 7.5, the linear sampling method can also be
derived in a manner independent of the factorization method [94, 125]. We will now
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illustrate this by considering the problem of determining the support of an absorbing
inhomogeneous medium from a knowledge of the far field pattern of the scattered
wave [125].

We begin with a projection theorem. Let X be a Hilbert space with the scalar
product (· , ·) and norm ‖ · ‖ induced by (· , ·). Let 〈· , ·〉 be a bounded sesquilinear
form on X such that

|〈ϕ, ϕ〉| ≥ γ ‖ϕ‖2 (11.69)

for all ϕ ∈ X where γ is a positive constant. For a subspace H ⊂ X we define
H⊥ to be the orthogonal complement of H with respect to (· , ·) and H⊥s to be the
orthogonal complement of H with respect to 〈· , ·〉. By the Lax–Milgram theorem
there exists a unique bounded linear operator M : X → X such that

〈ϕ,ψ〉 = (Mϕ,ψ) (11.70)

for all ϕ,ψ ∈ X, M is bijective and the norm of M−1 is bounded by γ−1.

Lemma 11.16 For every closed subspace H ⊂ X we have the decomposition

X = H⊥ + MH,

where H⊥ ∩ MH = {0}.
Proof Define G := H⊥ + MH and let ψ ∈ G⊥. Then ψ ∈ H ∪ (MH)⊥, i.e.,

〈ϕ,ψ〉 = (Mϕ,ψ) = 0

for all ϕ ∈ H . Setting ϕ = ψ from (11.69) we obtain ψ = 0 and therefore X =
H⊥ + MH . Now assume that for f ∈ X we have f = ψ1 + Mϕ1 = ψ2 + Mϕ2.
Then for ψ := ψ1 −ψ2 and ϕ := ϕ1 − ϕ2 we have 0 = ψ +Mϕ with ψ ∈ H⊥ and
ϕ ∈ H . Therefore

0 = (ψ + Mϕ, ϕ) = (Mϕ, ϕ) = 〈ϕ, ϕ〉
and hence ϕ = 0. This implies ψ = 0 and the proof is complete. ��

Now let P0 be the orthogonal projection operator in X onto the space H with
respect to the scalar product (· , ·) and let PM be the projection operator onto MH

as defined by Lemma 11.16. By the closed graph theorem, PM is a bounded operator.

Lemma 11.17 For every closed subspace H ⊂ X we have

M−1H⊥ = (M∗H)⊥ = H⊥s .

Proof The first equality follows from the fact that ϕ ∈ (M∗H)⊥ if and only if
(ϕ,M∗ψ) = (Mϕ,ψ) = 0 for every ψ ∈ H and hence Mϕ ∈ H⊥, i.e., ϕ ∈
M−1H⊥. The second equality follows from the fact that (ϕ,M∗ψ) = (Mϕ,ψ) =
〈ϕ,ψ〉. ��
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We are now in a position to show that every ϕ ∈ X can be uniquely written as a
sum ϕ = v + w with v ∈ H⊥s and w ∈ H , i.e., X = H⊥s ⊕s H where ⊕s is the
orthogonal decomposition with respect to the sesquilinear form 〈· , ·〉.
Theorem 11.18 For every closed subspace H ⊂ X we have the orthogonal
decomposition

X = H⊥s ⊕s H.

The projection operator P : X → H⊥s defined by this decomposition is bounded
in X.

Proof For ϕ ∈ X we define ϕ̂ := Mϕ. Then from Lemma 11.16 we have that

ϕ̂ = (1 − PM)ϕ̂ + PMϕ̂,

that is,

Mϕ = (1 − PM)Mϕ + PMMϕ.

Hence

ϕ = M−1(1 − PM)Mϕ + M−1PMMϕ = v,+w

where

v := M−1(1 − PM)Mϕ ∈ M−1H⊥ = H⊥s and w := M−1PMMϕ ∈ H.

We have thus shown that X = H⊥s + H . To show the uniqueness of this
decomposition, suppose v + w = 0 with v ∈ H⊥s and w ∈ H . Then

0 = |〈v,w〉| = |〈w,w〉| ≥ γ ‖w‖2,

which implies that w = v = 0. Finally, since from the above analysis we have that
P = M−1(1 − PM)M and PM is bounded, we have that P is bounded. ��

We will now turn our attention to the problem of showing the existence of a
unique solution v,w of the inhomogeneous interior transmission problem

Δw + k2n(x)w = 0, Δv + k2v = 0 in D (11.71)

with the transmission condition

w − v = Φ(· , z), ∂w

∂ν
− ∂v

∂ν
= ∂

∂ν
Φ(·, z) on ∂D (11.72)
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where n is piecewise continuously differentiable in D̄ and, for the sake of simplicity,
D is assumed to be connected with a connected C2 boundary ∂D and z ∈ D. We
will further assume that there exists a positive constant c such that

Im n(x) ≥ c (11.73)

for x ∈ D. Using Theorem 8.2 we can formulate the problem as follows:

Definition 11.19 Let H be the linear space of all Herglotz wave functions and H̄

the closure of H in L2(D). For ϕ ∈ L2(D) define the volume potential by

(Tmϕ)(x) :=
∫
D

Φ(x, y)m(y)ϕ(y) dy, x ∈ IR3.

Then a pair v,w with v ∈ H̄ and w ∈ L2(D) is said to be a solution of the
inhomogeneous interior transmission problem (11.71) and (11.72) with point source
z ∈ D if v and w satisfy the integral equation

w + k2Tmw = v in D

and the boundary condition

−k2Tmw = Φ(·, z) on ∂B,

where B is an open ball centered at the origin with D̄ ⊂ B

Before proceeding to establish the existence of a unique solution to the interior
inhomogeneous transmission problem (11.71) and (11.72), we make a few pre-
liminary observations. We note that condition (11.73) implies that in L2(D) the
sesquilinear form

〈ϕ,ψ〉 :=
∫
D

m(y)ϕ(y)ψ(y) dy (11.74)

satisfies the assumption (11.69). In this case the operator M is simply the mul-
tiplication operator (Mϕ)(x) := m(x)ϕ(x). Finally by the uniqueness of the
solution to the exterior Dirichlet problem for the Helmholtz equation and the unique
continuation principle, we see that if v,w is a solution of the inhomogeneous interior
transmission problem with point source z ∈ D then −(k2Tmw)(x) = Φ(x, z) for
all x ∈ IR2\D.

Theorem 11.20 For every source point z ∈ D there exists at most one solution of
the inhomogeneous interior transmission problem.

Proof Let w and v be the difference between two solutions of the inhomogeneous
interior transmission problem. Then from the boundary condition Tmw = 0 on ∂B

we have ∫
D

Φ(x, y)m(y)w(y) dy = 0, x ∈ IR3 \ D. (11.75)
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Hence Tmw has vanishing far field pattern, i.e.,

∫
D

e−ik x̂·ym(y)w(y) dy = 0, x̂ ∈ S
2,

(see (8.28)). Multiplying this identity by h̄, integrating over S2 and interchanging
the order of integration, we obtain

〈w, vh〉 =
∫
D

mwvh dy = 0 (11.76)

for each Herglotz wave function vh with kernel h ∈ L2(S2). By continuity (11.76)
also holds for v ∈ H̄ .

Now let (vj ) ∈ H be a sequence with vj → v as j → ∞ in L2(D) and note that
(I + k2Tm)

−1 exists and is a bounded operator in L2(D). Hence, for

wj := (I + k2Tm)
−1vj

we have that wj → w ∈ L2(D) as j → ∞. For x �∈ D we define wj by

wj(x) := vj (x) − k2(Tmwj )(x) , x ∈ IR3\D.

The functions vj and wj satisfy

Δvj + k2vj = 0, Δwj + k2n(x)wj = 0 (11.77)

in both D and B\D̄. From (11.77), by Green’s first theorem applied to D and B\D̄,
we have

Im
∫
∂B

(wj − vj )
∂

∂ν
(wj − vj ) ds

= Im
∫
D

(wj − vj )Δ(wj − vj ) dx

= k2 Im
∫
D

m(wj − vj )wj dx.

(11.78)

We now note that from (11.75) and (11.76) we have by the Cauchy–Schwarz
inequality that

wj − vj = −k2Tmwj → −k2Tmw = 0,

∂

∂ν
(wj − vj ) = −k2 ∂

∂ν
Tmwj → −k2 ∂

∂ν
Tmw = 0
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uniformly on ∂B and
∫
D

m(y)wj (y)vj (y) dy →
∫
D

m(y)w(y)v(y) dy = 0

as j → ∞. Hence, taking the limit j → ∞ in (11.78) we obtain
∫
D

Imm |w|2 dy = 0.

From (11.73) we can now conclude that w(x) = 0 for x ∈ D. Since v = w+k2Tmw

in D we can also conclude that v(x) = 0 for x ∈ D and the proof is complete. ��
Theorem 11.21 For every source point z ∈ D there exists a solution to the
inhomogeneous interior transmission problem.

Proof Choosing an appropriate coordinate system, we can assume without loss of
generality that z = 0. We consider the space

H 0
1 := span

{
jp(kr)Y

q
p : p = 1, 2, . . . , −p ≤ q ≤ p

}
,

where jp is a spherical Bessel function and Y
q
p is a spherical harmonic and denote

by H1 the closure of H 0
1 in L2(D). We note that from the Jacobi–Anger expansion

(2.46) we have that the space

span
{
jp(kr)Y

q
p : p = 0, 1, 2, . . . , −p ≤ q ≤ p

}

is a dense subset of H̄ . From Theorem 11.18 we conclude that H̄ = H
⊥s

1 ⊕s H1, and

therefore there exists a nontrivial ψ ∈ H
⊥s

1 ∩ H̄ . (It is easily verified that H̄ �= H1,
since for sufficiently small a a function h ∈ H1 satisfies

∫
|x|≤a

h dx = 0 but this

is not true for h = j0 ∈ H̄ .) Then 〈j0, ψ〉 �= 0 because otherwise we would have
〈h,ψ〉 = 0 for all h ∈ H̄ which contradicts the fact that the nontrivial ψ belongs to
H̄ .

Now let P be the projection operator from L2(D) onto H⊥s as defined by
Theorem 11.18. We first consider the integral equation

u + k2PTmu = k2PTmψ (11.79)

in L2(D). Since Tm is compact and P is bounded, the operator PTm is compact
in L2(D). In order to apply the Riesz theory, we will prove uniqueness for the
homogeneous equation. To this end, assume that w ∈ L2(D) satisfies

w + k2PTmw = 0.

Then w ∈ H⊥s and

v := k2(I − P)Tmw ∈ H̄
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satisfy

w + k2Tmw = v.

Since 〈w, ϕ〉 = 0 for all ϕ ∈ H , from the Addition Theorem 2.11 we conclude that
Tmw = 0 on ∂B. Now from Theorem 11.20 we have that v = w = 0 and by the
Riesz theory we obtain the continuous invertibility of I + k2PTm in L2(D).

Now let u be the solution of (11.79) and note that u ∈ H⊥s . We define the
constant c and function w ∈ L2(D) by

c := 1

k2〈ψ, j0〉 , w := c(u − ψ).

Then we compute

w + k2PTmw = −cψ

and hence

w + k2Tmw = v

where

v := k2(I − P)Tmw − cψ ∈ H̄ .

Since 〈w, h〉 = c〈u − ψ, h〉 = 0 for all h ∈ H1 and

〈w, j0〉 = c〈u − ψ, j0, 〉 = − 1

k2

we have from the Addition Theorem 2.11 that

−k2(Tmw)(x) = ik

4π
h
(1)
0 (k|x|) = Φ(x, 0), x ∈ ∂B,

where h1
0 is the spherical Hankel function of the first kind of order zero and the

proof is complete. ��
We are now in a position to show how the support D of m can be determined

from the far field pattern u∞ corresponding to the scattering problem (11.1)–(11.3)
by using the linear sampling method. To this end we define the far field operator
F : L2(S2) → L2(S2) by

(Fg)(x̂) :=
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2. (11.80)

We then have the following theorem that corresponds to Theorem 5.35 for obstacle
scattering (note that by (11.73) k > 0 is not a transmission eigenvalue):
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Theorem 11.22 Assume that (11.73) is valid and let F be the far field operator
(11.80) for scattering by an inhomogeneous medium. Then the following hold:

1. For z ∈ D and a given ε > 0 there exists a function gεz ∈ L2(S2) such that

‖Fgεz − Φ∞(· , z)‖L2(S2) < ε (11.81)

and the Herglotz wave function vgεz with kernel gεz converges to the solution v ∈
H̄ of the inhomogeneous interior transmission problem as ε → 0.

2. For z �∈ D every gεz ∈ L2(S2) that satisfies (11.81) for a given ε > 0 is such that

lim
ε→0

‖vgεz ‖L2(D) = ∞.

Proof Let v(·, z), w(·, z) be the unique solution to the inhomogeneous interior
transmission problem with source point z ∈ D. By the definition of H , we can
approximate v(·, z) ∈ H̄ by a Herglotz wave function vg with kernel g = g(·, z),
i.e., for every ε̃ > 0 and z ∈ D there exists g ∈ L2(S2) such that

‖v(·, z) − vg‖L2(D) ≤ ε̃. (11.82)

Then by the continuity of (I + k2Tm)
−1 we have for ug := (I + k2Tm)

−1 vg that

‖w(·, z) − ug‖L2(D) ≤ c ε̃ (11.83)

for some positive constant c and by the continuity of Tm : L2(D) → C(∂B) we
have that

‖k2Tmug + Φ(·, z)‖C(∂B) ≤ c′ε̃ (11.84)

for some positive constant c′. We now note that the far field pattern k2Tm,∞ug of
−k2Tmug is given by

k2(Tm,∞ug)(x̂) = −
∫
S2

u∞(x̂, d)g(d) ds(d), x̂ ∈ S
2.

Hence, by the continuous dependence of the solution of the exterior Dirichlet
problem with respect to the boundary data, we obtain from (11.84) the estimate

‖k2T ∞
m ug − Φ∞(·, z)‖L2(S2) ≤ c′′ ε̃

for a positive constant c′′. Letting ε → 0 now establishes part one of the theorem.
In order to prove the second part, let z �∈ D and, contrary to the statement of the

theorem assume that there exists a null sequence (εj ) and corresponding Herglotz
wave functions vj with kernels gj = g

εj
z such that ‖vj‖L2(D) remains bounded.
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Then without loss of generality we may assume weak convergence vj ⇀ v ∈ L2(D)

as j → ∞. Denote by vs ∈ H 1
loc(IR

3 \ D̄) the scattered field for (11.1)–(11.3)
arising from the incident field v instead of eik x·d (obtained by using the Lippmann–
Schwinger equation) and denote its far field pattern by v∞. Since Fgj is the far
field pattern of the scattered wave for the incident field vj then if uj ∈ L2(D)

is the solution of uj + k2Tmuj = vj in D we have that Fgj = −k2Tm,∞uj .
Letting j → ∞ and using (11.81) shows that v∞ = −k2Tm,∞u = Φ∞(· , z) where
u = (I + k2Tm)

−1v. But −k2Tmu ∈ H 1
loc(IR

3 \ D̄) and Φ∞(· , z) is not and hence
by Rellich’s lemma we arrive at a contradiction. ��

Finally, as another variant of sampling methods, the method of convex scattering
support was introduced by Kusiak and Sylvester [283] (see also [403]). In this
approach the amount of data needed for reconstruction is severely reduced at the
expense of only being able to determine a convex body containing the scatterer.

11.6 The Inverse Medium Problem for Electromagnetic
Waves

We recall from Chap. 9 that the direct scattering problem for electromagnetic waves
can be formulated as that of determining the electric field E and magnetic field H

such that

curlE − ikH = 0, curlH + ikn(x)E = 0 in IR3, (11.85)

E(x) = i

k
curl curlp eik x·d +Es(x), H(x) = curlp eik x·d +Hs(x), (11.86)

lim
r→∞(Hs × x − rEs) = 0 (11.87)

uniformly for all directions where k > 0 is the wave number, p ∈ IR3 is the
polarization, and d ∈ S

2 the direction of the incident wave. The refractive index
n ∈ C1,α(IR3) is of the form

n(x) = 1

ε0

{
ε(x) + i

σ (x)

ω

}
,

where ε = ε(x) is the permittivity, σ = σ(x) is the conductivity, and ω is the
frequency. We assume that m := 1 − n is of compact support and, as usual, define

D :=
{
x ∈ IR3 : m(x) �= 0

}
.
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It is further assumed that D is connected with a connected C2 boundary ∂D and
D contains the origin. The existence of a unique solution to (11.85)–(11.87) was
established in Chap. 9. It was also shown there that Es has the asymptotic behavior

Es(x, d)p = eik|x|

|x| E∞(x̂, d)p + O

(
1

|x|2
)
, |x| → ∞, (11.88)

where E∞ is the electric far field pattern. The inverse medium problem for
electromagnetic waves is to determine n from E∞(x̂, d)p for x̂, d ∈ S

2, p ∈ IR3,
and (possibly) different values of k. It can be shown that for k fixed, x̂, d ∈ S

2 and
p ∈ IR3, the electric far field pattern E∞ uniquely determines n [59, 123, 178]. The
proof of this fact is similar to the one for acoustic waves given in Theorem 11.5.
The main difference is that we must now construct a solution E,H of (11.85) such
that E has the form

E(x) = ei ζ ·x[η + Rζ (x)],
where ζ, η ∈ C3, η · ζ = 0, and ζ · ζ = k2 and, in contrast to the case of
acoustic waves, it is no longer true that Rζ decays to zero as |ζ | tends to infinity.
This makes the uniqueness proof for electromagnetic waves more complicated than
the corresponding proof for acoustic waves and for details we refer to [123]. For
uniqueness results in the case when the magnetic permeability is also a function of
x, i.e., μ = μ(x), we refer the reader to [341, 342, 402].

As with the case of acoustic waves there are a number of methods that can be used
to solve the inverse medium problem for electromagnetic waves. One approach is to
use sampling methods together with a knowledge of the first transmission eigenvalue
as was done in Sect. 11.5 for acoustic waves. Such an approach yields qualitative
information on the index of refraction n and for details of such an approach for
electromagnetic waves we refer the reader to [59, 167]. A second approach to
determining the index of refraction n is to use an optimization method applied to the
integral equation (9.7) in order to determine n. Since this can be done in precisely the
same manner as in the case for acoustic waves (cf. Sect. 11.3), we shall forego such
an investigation and proceed directly to the derivation of decomposition methods
for solving the electromagnetic inverse medium problem that are analogous to those
derived for acoustic waves in Sect. 11.4. To this end, we recall the Hilbert space
L2
t (S

2) of L2 tangential fields on the unit sphere S
2, let {dn : n = 1, 2, 3, . . .}

be a dense set of vectors on S
2 and consider the set of electric far field patterns

F := {E∞(· , dn)ej : n = 1, 2, 3, . . . , j = 1, 2, 3} where e1, e2, e3 are the unit
coordinate vectors in IR3. Following the proofs of Theorems 6.41 and 9.7, we can
immediately deduce the following result.

Theorem 11.23 For q ∈ IR3, define the radiating solution Eq,Hq of the Maxwell
equations by

Eq(x) := curl qΦ(x, 0), Hq(x) := 1

ik
curl curl qΦ(x, 0), x ∈ IR3 \ {0}.
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Then there exists g ∈ L2
t (S

2) such that

∫
S2

E∞(x̂, d)p · g(x̂) ds(x̂) = ik

4π
p · q × d (11.89)

for all p ∈ IR3 and d ∈ S
2 if and only if there exists a solution E0, E1,H0,H1 in

C1(D) ∩ C(D̄) of the electromagnetic interior transmission problem

curlE1 − ikH1 = 0, curlH1 + ikn(x)E1 = 0 in D, (11.90)

curlE0 − ikH0 = 0, curlH0 + ikE0 = 0 in D, (11.91)

ν × (E1 − E0) = ν × Eq, ν × (H1 − H0) = ν × Hq on ∂D, (11.92)

such that E0,H0 is an electromagnetic Herglotz pair.

In order to make use of Theorem 11.23, we need to show that there exists a
solution to the interior transmission problem (11.90)–(11.92) and that E0,H0 can
be approximated by an electromagnetic Herglotz pair. Following the ideas of Colton
and Päivärinta [121], we shall now proceed to do this for the special case when
ε(x) = ε0 for all x ∈ IR3, i.e.,

n(x) = 1 + i
σ (x)

ε0ω
(11.93)

where σ(x) > 0 for x ∈ D.
We begin by introducing the Hilbert space L2

σ (D) defined by

L2
σ (D) :=

{
f : D → C3 : f measurable,

∫
D

σ |f |2 < ∞
}

with scalar product

(f, g) :=
∫
D

σ f · ḡ dx.

Of special importance to us is the subspace H ⊂ L2
σ (D) defined by

H := span
{
Mm

n , curlMm
n : n = 1, 2, . . . , m = −n, . . . , n

}

where, as in Sect. 6.5,

Mm
n (x) := curl

{
xjn(k|x|) Ym

n

(
x

|x|
)}

.

Let H̄ denote the closure of H in L2
σ (D). Instead of considering solutions of

(11.90)–(11.92) in C1(D) ∩ C(D̄), it is convenient for our purposes to consider
a weak formulation based on Theorem 9.2.
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Definition 11.24 Let ε(x) = ε0 for all x ∈ IR3. Then the pair E0, E1 ∈ L2
σ (D) is

said to be a weak solution of the interior transmission problem for electromagnetic
waves with q ∈ IR3 if E0 ∈ H̄ , E1 ∈ L2

σ (D) satisfy the integral equation

E1 = E0 + TσE1 in D, (11.94)

where

(TσE)(x) := iμ0ω

∫
D

Φ(x, y)σ (y)E(y) dy

+ grad
∫
D

1

n(y)
grad n(y) · E(y)Φ(x, y) dy, x ∈ IR3,

(11.95)

for n(x) = 1 + iσ (x)/ε0ω and

TσE1 = Eq in IR3 \ D̄ (11.96)

where Eq(x) := curl qΦ(x, 0).

Before proceeding, we make some preliminary observations concerning Defi-
nition 11.24. To begin with, as in the acoustic case (see Sect. 8.6), we can view
(11.96) as a generalized form of the boundary conditions (11.92). In order to ensure
the existence of the second integral in (11.95), for the sake of simplicity, we assume
that there exists a positive constant M such that

| grad σ(x)|2 ≤ Mσ(x), x ∈ D.

This also implies that we can write Tσ (E) = T̃ (
√
σ E) where T̃ has a weakly

singular kernel. In particular, from this we can see that Tσ : L2
σ (D) → L2

σ (D)

is compact. From the proof of Theorem 9.5 we recall that the inverse operator
(I − Tσ )

−1 : C(D̄) → C(D̄) exists and is bounded. For our following analysis
we also need to establish the boundedness of (I − Tσ )

−1 : L2
σ (D) → L2

σ (D). To
this end, we first note that since Tσ is an integral operator with weakly singular
kernel it has an adjoint T ∗

σ with respect to the L2 bilinear form

〈E,F 〉 :=
∫
D

E · F dx,

which again is an integral operator with a weakly singular kernel and therefore
compact from C(D̄) into C(D̄). Hence, by the Fredholm alternative, applied
in the two dual systems 〈C(D̄), C(D̄)〉 and 〈L2

σ (D), C(D̄)〉 (see the proof of
Theorem 3.35) the nullspaces of the operator I − Tσ in C(D̄) and L2

σ (D) coincide.
Since from the proof of Theorem 9.5 we already know that the nullspace in
C(D̄) is trivial, by the Riesz–Fredholm theory, we have established existence and
boundedness of (I − Tσ )

−1 : L2
σ (D) → L2

σ (D).
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If E0 ∈ H , then given a solution E1 ∈ L2
σ (D) of (11.94), we can use (11.94)

and (11.95) to define E1 also in IR3 \ D̄ such that (11.94) is satisfied in all of
IR3. From Theorem 9.2 we can then conclude that E0,H0 = curlE0/ik and
E1,H1 = curlE1/ik satisfy (11.91) and (11.90) respectively. If E0 ∈ H̄ , we choose
a sequence (E0,j ) from H such that E0,j → E0, j → ∞, and define E1,j by
E1,j := (I − Tσ )

−1E0,j . Then, by the boundedness of (I − Tσ )
−1 : L2

σ (D) →
L2
σ (D), we have E1,j → E1, j → ∞. From E1,j − E0,j = TσE1,j we see that

div TσE1,j = 0 in IR3 \ D̄. Since from (11.95) we have that

(div TσE1)(x) = iμ0ω div
∫
D

Φ(x, y)σ (y)E1(y) dy

−k2
∫
D

1

n(y)
grad n(y) · E1(y)Φ(x, y) dy, x ∈ IR3 \ D̄,

using the Cauchy–Schwarz inequality we can now deduce that div TσE1 = 0 in
IR3 \ D̄. Hence, by Theorems 6.4 and 6.8 we conclude that TσE1 is a solution to the
Maxwell equations in IR3 \ D̄ satisfying the Silver–Müller radiation condition.

We now proceed to proving that there exists a unique weak solution to the interior
transmission problem for electromagnetic waves.

Theorem 11.25 Let ε(x) = ε0 for all x ∈ IR3. Then for any q ∈ IR3 and wave
number k > 0 there exists at most one weak solution of the interior transmission
problem for electromagnetic waves.

Proof It suffices to show that if

E1 = E0 + TσE1 in D, (11.97)

TσE1 = 0 in IR3 \ D̄, (11.98)

where E0 ∈ H̄ then E1 = 0. We first show that the only solution of (11.97) with
E0 ∈ H̄ and E1 ∈ H⊥ is E0 = E1 = 0. To this end, let (E0,j ) be a sequence from
H with E0,j → E0, j → ∞, and, as above, define E1,j by E1,j := (I−Tσ )

−1E0,j .
Then E1,j − E0,j = TσE1,j and, with the aid of

curl curlE0,j = k2E0,j and curl curlE1,j = k2nE1,j ,

by Green’s vector theorem (6.2) using k2 = ε0μ0ω
2 we find that

∫
∂B

ν · TσE1,j × curl TσE1,j ds =
∫
B

| curl (E0,j − E1,j )|2dx

−k2
∫
B

|E0,j − E1,j |2dx − iμ0ω

∫
B

σ |E1,j |2dx + iμ0ω

∫
B

σ E1,j · E0,j dx

(11.99)
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where B is an open ball with D̄ ⊂ B. Furthermore, from (11.95) we have

(curl TσE1)(x) = iμ0ω curl
∫
D

σ(y)Φ(x, y)E1(y) dy, x ∈ IR3\D̄, (11.100)

and from the Vector Addition Theorem 6.29 and the fact that E1 ∈ H⊥ we obtain
that curl TσE1 = 0 in IR3 \ D̄. Therefore, using the Cauchy–Schwarz inequality in
(11.95) and (11.100), we can now conclude that the integral on the left-hand side of
(11.99) tends to zero as j → ∞. Hence, taking the imaginary part in (11.99) and
letting j → ∞, we see that

∫
D

σ |E1|2dx = 0

and hence E1 = E0 = 0.
We must now show that if E0, E1 is a solution of (11.97) and (11.98) with

E0 ∈ H̄ then E1 ∈ H⊥. To this end, we note that from (11.98) we trivially have
that curl TσE1 = 0 in IR3 \ D̄. From this, using (11.100) and the Vector Addition
Theorem 6.29, we have by orthogonality that

∫
D

σ Mm
n · E1 dy = 0 and

∫
D

σ curlMm
n · E1 dy = 0

for n = 1, 2, . . . and m = −n, . . . , n, that is, E1 ∈ H⊥. ��
Having established the uniqueness of a weak solution to the interior transmission

problem, we now want to show existence. Without loss of generality, we shall
assume that q = (0, 0, 1) and, in this case,

Eq(x) := curl qΦ(x, 0) = ik2

√
12π

N0
1 (x),

where, as in Sect. 6.5,

Nm
n (x) := curl

{
xh(1)n (k|x|) Ym

n

(
x

|x|
)}

.

Theorem 11.26 Let ε(x) = ε0 for all x ∈ IR3. Then for any q ∈ IR3 and wave
number k > 0 there exists a weak solution of the interior transmission problem for
electromagnetic waves.

Proof We begin by defining H0 to be the closure in L2
σ (D) of

span
{

curlM0
1 ,Mm

n , curlMm
n : n = 1,m = ±1, n = 2, 3, . . . , m = −n, . . . , n

}
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and then define the associated orthogonal projection operator P0 : H̄ → H0. We
can then define the vector field F ∈ H̄ by

F := M0
1 − P0M

0
1

and note that F ∈ H⊥
0 and (F,M0

1 ) �= 0 since F �= 0 and, by orthogonality,
(F,M0

1 ) = (F, F ). Without loss of generality we can assume F is normalized such
that

(F,M0
1 ) = 1

i
√

3π

√
ε0

μ0
.

We now want to construct a solution E0 ∈ H̄ , E1 ∈ H⊥
0 of

E1 = E0 + TσE1 in D

such that

(E1,M
0
1 ) = 1

i
√

3π

√
ε0

μ0
. (11.101)

Let P : L2
σ (D) → H⊥ be the orthogonal projection operator. From the proof of

Theorem 11.25, we see that I −PTσ has a trivial nullspace since E1 −PTσE1 = 0
implies that E1 − TσE1 = E0 with E0 ∈ H̄ and E1 ∈ H⊥. Hence, by the Riesz–
Fredholm theory, the equation

Ẽ1 − PTσ Ẽ1 = PTσF

has a unique solution Ẽ1 ∈ H⊥. Setting

E1 := Ẽ1 + F

we have E1 − PTσE1 = F and, since TσE1 = PTσE1 + Ẽ0 with Ẽ0 ∈ H̄ , we
finally have E1 − TσE1 = E0 with E0 = Ẽ0 + F ∈ H̄ . Since Ẽ1 ∈ H⊥, the
condition (11.101) and E1 ∈ H⊥

0 are satisfied.
We will now show that TσE1 = Eq in IR3 \ D̄ which implies that (11.96) is

satisfied, thus completing the proof of the theorem. To show this, we first note that
from E1 ∈ H⊥

0 and (11.101) we have

∫
D

σ Mm
n · E1 dy = δn1δm0

1

i
√

3π

√
ε0

μ0
,

∫
D

σ curlMm
n · E1 dy = 0

(11.102)
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for n = 1, 2, . . . and m = −n, . . . , n where δnm denotes the Kronecker delta
symbol. From (11.100), (11.102), and the Vector Addition Theorem 6.29 we now
see that for |x| sufficiently large we have

(curl TσE1)(x) = ik2

√
12π

curlN0
1 (x) = curlEq(x).

By unique continuation, this holds for x ∈ IR3\D̄. Since from the analysis preceding
Theorem 11.25 we know that TσE1 solves the Maxwell equations in IR3 \ D̄ this
implies that TσE1 = Eq in IR3 \ D̄ and we are done. ��
Corollary 11.27 Let ε(x) = ε0 for all x ∈ IR3 and let E0, E1 be a weak solution
of the interior transmission problem for electromagnetic waves. Then E0 can be
approximated in L2

σ (D) by the electric field of an electromagnetic Herglotz pair.

Proof This follows from the facts that E0 ∈ H̄ and the elements of H are the
electric fields of an electromagnetic Herglotz pair. ��

Using Theorem 11.23 and Definition 11.24, we can now set up an optimization
scheme for solving the inverse scattering problem for electromagnetic waves in
the special case when ε(x) = ε0 for all x ∈ IR3 that is analogous to the
optimization scheme (11.34) for acoustic waves. We shall spare the reader the details
of examining the optimization scheme more closely and instead now proceed to
deriving the electromagnetic analogue of the modified scheme used to solve the
acoustic inverse medium problem in Sect. 11.4. An alternate method for modifying
the above decomposition method for electromagnetic waves can be found in [89].

The modified dual space method of Sect. 11.4 was based on two ingredients: the
existence of a solution to the interior impedance problem (11.49) and (11.51) having
the decomposition (11.50) and a characterization of the Herglotz kernel satisfying
the identity (11.46) in terms of this impedance problem. Following Colton and Kress
[99], we shall now proceed to derive the electromagnetic analogue of these two
ingredients from which the electromagnetic analogue of the modified dual space
method for solving the acoustic inverse medium problem will follow immediately.
Note that in the sequel we no longer assume that ε(x) = ε0 for all x ∈ IR3, i.e., we
only assume that n ∈ C2,α(IR3) and Im n ≥ 0.

We first consider the following interior impedance problem for electromagnetic
waves.

Interior Impedance Problem Let G be a bounded domain in IR3 containing D :=
{x ∈ IR3 : m(x) �= 0} with connected C2 boundary ∂G, let c be a given Hölder
continuous tangential field on ∂G and λ a complex constant. Find vector fields
Ei,H i ∈ C1(G) ∩ C(Ḡ) and Es,Hs ∈ C1(IR3) satisfying

curlEi − ikH i = 0, curlHi + ikEi = 0 in G, (11.103)

curlEs − ikHs = 0, curlHs + ikEs = 0 in IR3 \ Ḡ, (11.104)
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and

lim
r→∞(Hs × x − rEs) = 0, (11.105)

such that E = Ei + Es , H = Hi + Hs satisfies

curlE − ikH = 0, curlH + ikn(x)E = 0 in G, (11.106)

and

ν × curlE − iλ (ν × E) × ν = c on ∂G, (11.107)

where, as usual, ν is the unit outward normal to ∂G and the radiation condition
(11.105) is assumed to hold uniformly for all directions.

We note that the interior impedance problem can be viewed as the problem of
first solving the impedance boundary value problem (11.106) and (11.107) and then
decomposing the solution such that (11.103)–(11.105) hold.

Theorem 11.28 Assume λ < 0. Then the interior impedance problem has at most
one solution.

Proof Let E,H denote the difference between two solutions. Then from (9.17) and
the homogeneous form of the boundary condition (11.107) we see that

iλ

∫
∂G

|ν × E|2ds = −k2
∫
G

(n̄ |E|2 − |H |2) dx

and hence, taking the imaginary part,

λ

∫
∂G

|ν × E|2ds = k2
∫
G

Im n |E|2dx ≥ 0.

Since λ < 0 it follows that ν × E = 0 on ∂G and hence, from the boundary
condition, ν × H = 0 on ∂G. Applying Theorem 6.2 to E and H in the domain
G \ suppm, we can conclude that E,H can be extended to all of IR3 as a solution to
(11.106) satisfying the radiation condition. Hence, by Theorem 9.4, we can conclude
that E = H = 0 in G.

To show uniqueness for the decomposition (11.103)–(11.105), we assume that
Ei + Es = 0 and Hi + Hs = 0 are such that (11.103)–(11.105) is valid. Then
Ei,H i can be extended to all of IR3 as an entire solution of the Maxwell equations
(11.103) satisfying the radiation condition whence Ei = Hi = 0 in IR3 follows
(cf. p. 231). This in turn implies Es = Hs = 0. ��

Motivated by the methods of Chap. 9, we now seek a solution of the interior
impedance problem by solving the integral equation
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E(x) = curl
∫
∂G

Φ(x, y)a(y) ds(y) − k2
∫
G

Φ(x, y)m(y)E(y) dy

+ grad
∫
G

1

n(y)
grad n(y) · E(y)Φ(x, y) dy, x ∈ Ḡ,

(11.108)

where the surface density a ∈ C0,α(Div, ∂G) is determined from the boundary
condition and, having found a and E, we define H by

H(x) := 1

ik
curlE(x), x ∈ G.

After recalling the operators M,N and R from our investigation of the exterior
impedance problem in Sect. 9.5, the electromagnetic operator Te from (9.18) in the
proof of Theorem 9.5 (with D replaced by G) and introducing the two additional
operators W : C0,α(Div, ∂G) → C(Ḡ) and Te,λ : C(Ḡ) → C

0,α
t (∂G) by

(Wa)(x) := curl
∫
∂G

Φ(x, y)a(y) ds(y), x ∈ Ḡ,

(Te,λE)(x) := ν(x) × (curl TeE)(x) − iλ (ν(x) × (TeE)(x)) × ν(x), x ∈ ∂G,

we consider the system of integral equations

NRa − iλRMa + iλRa + Te,λE = 2c,

E − Wa − TeE = 0.
(11.109)

Analogous to the proof of Theorem 9.18 (cf. (9.50)), the first integral equation
in (11.109) ensures that the impedance boundary condition (11.107) is satisfied.
Proceeding as in the proof of Theorem 9.2, it can be seen that the second integral
equation guarantees that E and H = curlE/ik satisfy the differential equations
(11.106). The decomposition E = Ei + Es , H = Hi + Hs , follows in an obvious
way from (11.108). Hence, to show the existence of a solution of the interior
impedance problem we must show the existence of a solution to the system of
integral equations (11.109).

Theorem 11.29 Assume λ < 0. Then there exists a solution to the interior
impedance problem.

Proof We need to show the existence of a solution to (11.109). To this end, we have
by Theorem 3.3 that the operator W is bounded from C0,α(Div, ∂G) into C0,α(Ḡ)

and hence W : C0,α(Div, ∂G) → C(Ḡ) is compact by Theorem 3.2. Similarly,
using Theorem 8.1, we see that Te,λ : C(Ḡ) → C

0,α
t (∂G) is bounded.

Now choose a real wave number k̃ which is not a Maxwell eigenvalue for G and
denote the operators corresponding to M and N by M̃ and Ñ . Then, since λ < 0,
we have from Theorem 9.18 that
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ÑR + iλR(I + M̃) : C0,α(Div, ∂G) → C
0,α
t (∂G)

has a bounded inverse

B := (ÑR + iλRI + iλRM̃)−1 : C0,α
t (∂G) → C0,α(Div, ∂G).

Therefore, by setting b := B−1a we can equivalently transform the system (11.109)
into the form

⎛
⎝ I Te,λB

0 I

⎞
⎠
⎛
⎝ b

E

⎞
⎠−

⎛
⎝ B̃ 0

W Te

⎞
⎠
⎛
⎝ b

E

⎞
⎠ =

⎛
⎝2c

0

⎞
⎠ ,

where

B̃ := (Ñ − N)RB + iλR(M + M̃)B.

In this system, the first matrix operator has a bounded inverse and the second is
compact from C

0,α
t (∂G) × C(Ḡ) into itself since the operator

(N − Ñ)R : C0,α(Div, ∂G) → C
0,α
1 (∂G)

is compact by Theorem 2.23 of [104]. Hence, the Riesz–Fredholm theory can be
applied.

Suppose a and E are a solution of the homogeneous form of (11.109). Then E

and H := curlE/ik solve the homogeneous interior impedance problem and hence
by Theorem 11.28 we have that E = 0 in D. This implies from (11.108) that the
field Ẽ defined by

Ẽ := curl
∫
∂D

Φ(x, y)a(y) ds(y), x ∈ IR3 \ ∂D,

vanishes in D. By the jump relations of Theorem 6.12 we see that the exterior field
curl Ẽ in IR3\Ḡ satisfies ν×curl Ẽ = 0 on ∂D whence curl Ẽ = 0 in IR3\D̄ follows
by Theorem 6.20. This implies Ẽ = 0 in IR3\D̄ since curl curl Ẽ−k2Ẽ = 0. Hence,
by Theorem 6.12 we can conclude that a = 0. The proof is now complete. ��

We now turn our attention to the second ingredient that is needed in order to
extend the modified dual space method of Sect. 11.4 to the case of electromagnetic
waves, i.e., the generalization of the identity (11.46). To this end, let E∞ be the
electric far field pattern corresponding to the scattering problem (11.85)–(11.87) and
Eλ∞ the electric far field pattern for the exterior impedance problem (9.43)–(9.45)
with

c = −ν × curlEi + iλ (ν × Ei) × ν
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and with Hi and Ei given by (9.19). (We note that by the analytic Riesz–Fredholm
Theorem 8.26 applied to the integral equation (9.47) we have that there exists a
solution of the exterior impedance problem not only for λ > 0 but in fact for all
λ ∈ C with the exception of a countable set of values of λ accumulating only at zero
and infinity.) Our aim is to find a vector field g ∈ L2

t (S
2) such that, given q ∈ IR3,

we have
∫
S2

[E∞(x̂, d)p − Eλ∞(x̂, d)p] · g(x̂) ds(x̂) = ik

4π
p · q × d (11.110)

for all d ∈ S
2, p ∈ IR3. To this end, we have the following theorem.

Theorem 11.30 Let q ∈ IR3 and define Eq and Hq by

Eq(x) := curl qΦ(x, 0), Hq(x) := 1

ik
curl curl qΦ(x, 0), x ∈ IR3 \ {0}.

Suppose λ < 0 is such that there exists a solution to the exterior impedance
problem. Then there exists g ∈ L2

t (S
2) such that the integral equation (11.110)

is satisfied for all d ∈ S
2, p ∈ IR3, if and only if the solution of the interior

impedance problem for c = ν × curlEq − iλ(ν × Eq) × ν is such that Ei,H i

is an electromagnetic Herglotz pair.

Proof First assume that there exists g ∈ L2
t (S

2) such that (11.110) is true. Then, by
the reciprocity relations given in Theorems 9.6 and 9.18 we have that

p ·
∫
S2

[E∞(−d,−x̂)g(x̂) − Eλ∞(−d,−x̂)g(x̂)] ds(x̂) = ik

4π
p · q × d

for every p ∈ IR3 and hence

∫
S2

[E∞(−d,−x̂)g(x̂) − Eλ∞(−d,−x̂)g(x̂)] ds(x̂) = ik

4π
q × d,

or
∫
S2

[E∞(x̂,−d)h(d) − Eλ∞(x̂; d)h(d)] ds(d) = ik

4π
x̂ × q (11.111)

where h(d) = g(−d). For this h, we define the electromagnetic Herglotz pair
Ei

0,H
i
0 by

Hi
0(x) = curl

∫
S2

h(d) eik x·d ds(d), Ei
0(x) = − 1

ik
curlHi

0(x), (11.112)

denote by Es
0,H

s
0 the radiating field of (9.3)–(9.6) with incident field given by

(11.112) and let Es
λ0 be the radiating field of the exterior impedance problem with
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Ei replaced by Ei
0 in the definition of c above. Then the left-hand side of (11.111)

represents the electric far field pattern of the scattered field Es
0 −Es

λ0. Since Eq,Hq

is a radiating solution of the Maxwell equations with electric far field given by the
right-hand side of (11.111), we can conclude from Theorem 6.10 that

Es
0 − Es

λ0 = Eq in IR3 \ D̄. (11.113)

It can now be verified that E0 = Es
0 + Ei

0, H0 = Hs
0 + Hi

0, satisfies the interior
impedance problem with c as given in the theorem.

Now suppose there exists a solution to the interior impedance problem with c

given as in the theorem such that Ei,H i is an electromagnetic Herglotz pair. Relabel
Ei,H i by Ei

0,H
i
0 and let Es

0,H
s
0 be the relabeled scattered fields. Then, defining

Es
λ0 as above, we see that (11.113) is valid. Retracing our steps, we see that (11.110)

is true, and the proof of the theorem is complete. ��
With Theorems 11.28–11.30 at our disposal, we can now follow Sect. 11.4 for

the case of acoustic waves and formulate an optimization scheme for solving the
inverse medium problem for electromagnetic waves. In particular, from the proof
of Theorem 11.29, we see that if G is a ball, then the solution of the interior
impedance problem can be approximated in C(Ḡ) by a continuously differentiable
solution such that Ei,H i is an electromagnetic Herglotz pair (Approximate the
surface density by a finite sum of the surface gradients of spherical harmonics
and the rotation of these functions by ninety degrees; see Theorem 6.25). This
implies that (11.110) can be approximated in C(S2). We can now reformulate the
inverse medium problem for electromagnetic waves as a problem in constrained
optimization in precisely the same manner as in the case of acoustic waves in
Sect. 11.4. By the above remarks, the cost functional of this optimization scheme
has infimum equal to zero provided the constraint set is sufficiently large. Since this
approach for solving the electromagnetic inverse medium problem is completely
analogous to the method for solving the acoustic inverse medium problem given in
Sect. 11.4, we shall omit giving further details.

11.7 Remarks on Anisotropic Media

So far in this chapter we have concentrated our attention on isotropic media. This
is mainly due to the fact that the case of anisotropic media is intensively discussed
in [57, 59]. We will now briefly highlight the main results for the inverse scattering
problem for anisotropic media and direct the reader to appropriate references for
further reading.

For a bounded domain D ⊂ IR3 with a connected C2 boundary ∂D, we now
consider the scattering problem to find u ∈ H 1

loc(IR
3) such that u = ui +us satisfies

divA grad u + k2nu = 0 in IR3, (11.114)



488 11 The Inverse Medium Problem

us satisfies the Sommerfeld radiation condition, and ui(x) = eik x·d . The matrix
valued function A has entries in L∞(D), is symmetric, satisfies A(x) = I for x ∈
IR3 \ D and

ξ · ImAξ ≤ 0 and ξ · ReAξ ≥ γ |ξ |2 (11.115)

for all ξ ∈ C3 and x ∈ D̄ where γ > 1. The function n is in L∞(D) and satisfies
Re n > 0 and Im n ≥ 0 in D̄ and n(x) = 1 for x ∈ IR3 \ D. Under these conditions
it is known [57] that (11.114) has a unique solution where us again satisfies the
asymptotic relation

us(x, d) = eik|x|

|x| u∞(x̂, d) + O

(
1

|x|2
)
, |x| → ∞,

with u∞ again denoting the far field pattern. The inverse scattering problem for
(11.114) is to now determine A and n from the far filed pattern u∞. Unfortunately,
as shown by Gylys–Colwell [161], A and n are in general not uniquely determined
by u∞. However, using the ideas of Isakov [203], it was shown by Hähner [177]
that the support D is uniquely determined.

Theorem 11.31 Suppose that the far field patterns corresponding to D1, A1, n1
and D2, A2, n2, respectively, coincide for all x̂, d ∈ S

2. Then D1 = D2.

Theorem 11.31 remains valid if the second assumption on A in (11.115) is
replaced by 0 < ReAξ ≤ γ |ξ |2 where γ < 1. It was extended to the case of
electromagnetic waves by Cakoni and Colton [48].

The sampling methods that we have previously discussed extend to the case
of anisotropic media both in the scalar case and also in the case of Maxwell’s
equations. For details we refer to [57, 59]. Such results are of particular interest for
anisotropic media since, due to the nonuniqueness of the inverse scattering problem,
optimization methods are in general no longer applicable.

Given f ∈ H 1/2(∂D) and g ∈ H−1/2(∂D), the interior transmission problem
for anisotropic media in the scalar case is to find u and v in H 1(D) satisfying

divA grad u + k2nu = 0 in D,

Δv + k2v = 0 in D,

u − v = f on ∂D,

∂u

∂νA
− ∂v

∂ν
= g on ∂D,

(11.116)

where

∂u

∂νA
:= ν · A grad u.
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This problem was first investigated by Cakoni, Colton, and Haddar [53] and in
the electromagnetic case by Haddar [166]. These authors also established the
discreteness of the set of transmission eigenvalues (which are values of k such that
for f = g = 0 a nontrivial solution to (11.116) exists). Finally, the existence of real
transmission eigenvalues for anisotropic media for both the scalar case and the case
of Maxwell’s equations was established by Cakoni, Gintides, and Haddar [62] who
also established monotonicity properties for transmission eigenvalues.

11.8 Numerical Examples

We shall now proceed to give some simple numerical examples of the methods
discussed in this chapter for solving the acoustic inverse medium problem. We shall
refer to the dual space method discussed in Sect. 11.4 as Method A and the modified
dual space method of Sect. 11.4 as Method B. For the sake of simplicity we shall
restrict ourselves to the case of a spherically stratified medium, i.e., it is known a
priori that m(x) = m(r) and m(r) = 0 for r > a. Numerical examples for the case
of non-spherically stratified media in IR2 can be found in [87].

We first consider the direct problem. When m(x) = m(r), the total field u in
(11.1)–(11.3) can be written as

u(x) =
∞∑
p=0

up(r) Pp(cos θ), (11.117)

where Pp is Legendre’s polynomial, r = |x| and

cos θ = x · d
r

.

Without loss of generality we can assume that d = (0, 0, 1). Using (11.117) in
(11.4), it is seen that up satisfies

up(r) = ip(2p + 1)jp(kr) − ik3
∫ a

0
Kp(r, ρ)m(ρ)up(ρ)ρ

2 dρ (11.118)

where

Kp(r, ρ) :=

⎧⎪⎨
⎪⎩
jp(kr) h

(1)
p (kρ), ρ > r,

jp(kρ) h
(1)
p (kr), ρ ≤ r,

and jp and h
(1)
p are, respectively, the p-th order spherical Bessel and first kind

Hankel functions. Then, from Theorem 2.16 and (11.118), we obtain
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u∞(x̂, d) =
∞∑
p=0

fp(k) Pp(cos θ), (11.119)

where

fp(k) = (−i)p+2k2
∫ a

0
jp(kρ)m(ρ)up(ρ)ρ

2 dρ. (11.120)

The Fourier coefficients fp(k) of the far field pattern can thus be found by solving
(11.118) and using (11.120).

Turning now to the inverse problem, we discuss Method A first and, in the case
that m is real, assume that k is not a transmission eigenvalue. From (11.27) and
(11.119) we have

gpq = ip−1 (2p + 1)Y q
p

4πkfp(k)
. (11.121)

Under the above assumptions, we have that fp(k) �= 0. As to be expected, gpq
depends on q in a way that is independent of u∞ and hence independent of m. Thus,
we only consider the case q = 0. Having computed gp0, we can compute v from
(11.30) and (11.121) as

vp(x) = − i(2p + 1)jp(kr)

kfp(k)

√
2p + 1

4π
Pp(cos θ). (11.122)

From (11.28) and (11.29) we now have that w is given by

w(x) = wp(r)

√
2p + 1

4π
Pp(cos θ),

where wp satisfies

wp(r) = − i(2p + 1)jp(kr)

kfp(k)
− ik3

∫ a

0
Kp(r, ρ)m(ρ)wp(ρ)ρ

2 dρ, (11.123)

wp(b) + i(2p + 1)jp(kb)

kfp(k)
= h(1)p (kb) (11.124)

and

∂

∂r

(
wp(r) + i(2p + 1)jp(kr)

kfp(k)

)∣∣∣∣
r=b

=
(

∂

∂r
h(1)p (kr)

)∣∣∣∣
r=b

(11.125)
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where b > a. Note that (11.124) and (11.125) each imply the other since, if we
replace b by r , from (11.123) we see that both sides of (11.124) are radiating
solutions to the Helmholtz equation and hence are equal for r ≥ a. To summarize,
Method A consists of finding m and wp for p = 0, 1, 2, . . . such that (11.123) and
either (11.124) or (11.125) hold for each p and for k in some interval.

A similar derivation to that given above can be carried out for Method B and we
only summarize the results here. Let

γp(k) := i(2p + 1)

k

∂

∂r
jp(kr) + iλjp(kr)

∂

∂r
h(1)p (kr) + iλh(1)p (kr)

∣∣∣∣∣∣∣
r=b

, p = 0, 1, 2, . . . ,

i.e., the γp(k) are the Fourier coefficients of h∞ where h∞ is the far field pattern
associated with (11.41)–(11.44). Then wp satisfies the integral equation

wp(r) = − i(2p + 1)jp(kr)

k[fp(k) − γp(k)] − ik3
∫ a

0
Kp(r, ρ)m(ρ)wp(ρ)ρ

2 dρ

(11.126)

and the impedance condition (11.51) becomes

(
∂

∂r
+ ikλ

)
(wp(r) − h(1)p (kr))

∣∣∣∣
r=b

= 0. (11.127)

Thus, for Method B, we must find m and wp for p = 0, 1, 2, . . . , such that (11.126)
and (11.127) are satisfied for an interval of k values.

To construct our synthetic far field data, we use a Nf point trapezoidal Nyström
method to approximate up as a solution of (11.118). Then we compute the far field
pattern for

k = kj = kmin + (kmax − kmin)
j − 1

Nk − 1
, j = 1, 2, . . . , Nk,

by using the trapezoidal rule with Nf points to discretize (11.120). Thus the data
for the inverse solver is an approximation to fp(kj ) for p = 0, 1, . . . , P and j =
1, 2, . . . , Nk .

We now present some numerical results for Methods A and B applied to the
inverse problem using the synthetic far field data obtained above. To discretize
m we use a cubic spline basis with Nm equally spaced knots in [0, a] under the
constraints that m(a) = m′(0) = 0. This implies that the expansion for m has
Nm free parameters that must be computed via an appropriate inverse algorithm. To
implement Methods A and B, we approximate, respectively, (11.123) and (11.126)
using the trapezoidal Nyström method with Ni equally spaced quadrature points
on [0, a]. The approximate solution to (11.123) or (11.126) can be computed away
from the Nyström points by using the Ni point trapezoidal rule to approximate the
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integral in (11.123) or (11.126). Let wa
p(r, m̃, k) represent the Nyström solution of

either (11.123) or (11.126) with m replaced by an arbitrary function m̃.
For Method A, we choose to work with (11.123) and (11.125). For this case the

inverse algorithm consists of finding m such that the sum of the squares of

FA
p,j (m̃) := ∂

∂r

(
wa

p(r, m̃, kj ) + i
(2p + 1)jp(kj r)

kjfp(kj )
− h(1)p (kj r)

)∣∣∣∣
r=b
(11.128)

is as small as possible when m̃ = m . Similarly, from (11.127), Method B consists
of finding m such that the sum of the squares of

FB
p,j (m̃) :=

(
∂

∂r
+ ikλ

)
(wa

p(r, m̃, kj ) − h(1)p (kj r))

∣∣∣∣
r=b

(11.129)

is as small as possible when m̃ = m . Since the inverse problem is ill-posed, we use
a Tikhonov regularization technique to minimize (11.128) or (11.129). Let

Jα(m̃) := 1

Nk(P + 1)

P∑
p=0

Nk∑
j=1

|Fp,j (m̃)|2 + α2‖m̃′‖2
L2(0,a), (11.130)

where Fp,j is given by either (11.128) or (11.129) and α > 0 is a regularization
parameter. The approximate solution m for either Method A or B is obtained by
minimizing Jα(m̃) over the spline space for m̃ with Fp,j (m̃) replaced by (11.128)
for Method A or (11.129) for Method B. Since m̃ is given by a cubic spline, the
minimization of (11.130) is a finite dimensional optimization problem and we use a
Levenberg–Marquardt method to implement the optimization scheme.

Before presenting some numerical examples, some comments are in order
regarding the design of numerical tests for our inverse algorithms (cf. p. 179). Care
must be taken that interactions between the inverse and forward solvers do not result
in excessively optimistic predictions regarding the stability or accuracy of an inverse
algorithm. For example, if (11.5) and (11.4) are discretized and used to generate far
field data for a given profile, and the same discretization is used to solve the inverse
problem, it is possible that the essential ill-posedness of the inverse problem may not
be evident. This is avoided in our example, since different discretizations are used in
the forward and the inverse algorithms. A similar problem can occur if the subspace
containing the discrete coefficient m̃ contains or conforms with the exact solution.
This problem is particularly acute if a piecewise constant approximation is used to
approximate a discontinuous coefficient. If the grid lines for the discrete coefficient
correspond to actual discontinuities in the exact solution, the inverse solver may
again show spurious accuracy. In particular, one cannot choose the mesh consistent
with the coefficient to be reconstructed. In our examples, we use a cubic spline basis
for approximating m, and choose coefficients m that are not contained in the cubic
spline space.
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We now discuss a few numerical examples. In what follows, we write the
refractive index as in (8.7), i.e.,

n(x) = n1(r) + i
n2(r)

k
,

and identify n2 as the absorption coefficient of the inhomogeneous medium.

Example 1 We take

n1(r) = 1 + 1

2
cos

9

2
πr,

n2(r) = 1

2
(1 − r)2(1 + 2r),

0 ≤ r ≤ 1 = a. (11.131)

The absorption n2 is a cubic spline, but n1 is not. We choose kmin = 1, kmax = 7,
Nf = 513, Ni = 150, Nm = 15 and λ = 0. The solution is computed for the
regularization parameter α = 0.001 by first computing m for α = 0.1, taking as
initial guess for the coefficients of m the value −0.3. The solution for α = 0.1
is used as an initial guess for α = 0.01 and this solution is used as initial guess
for α = 0.001. We report only results for α = 0.001. In Table 11.1 we report the
relative L2 error in the reconstructions defined by

[‖ Re(n − ne)‖2
L2(0,a)

+ k2‖ Im(n − ne)‖2
L2(0,a)

‖ Re(ne)‖2
L2(0,a)

+ k2‖ Im(ne)‖2
L2(0,a)

]1/2

expressed as a percentage. Here, ne is the exact solution (in this case given by
(11.131) and (11.132)) and n is the approximate reconstruction. Table 11.1 shows
that both methods work comparably well on this problem except in the case P = 1,
when Method A is markedly superior to Method B.

Table 11.1 Numerical reconstructions for (11.131)

Method A Method B

P Nk = 9 Nk = 15 Nk = 9 Nk = 15

0 26.50 26.20 27.2 27.1

1 13.20 13.30 41.0 40.3

2 9.59 9.66 12.0 11.7

3 9.35 8.66 11.7 11.8
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Table 11.2 Numerical reconstructions for (11.132)

Method A Method B

P Nk = 9 Nk = 15 Nk = 9 Nk = 15

0 11.2 10.50 11.10 10.80

1 10.0 9.85 10.50 11.20

2 111.0 9.51 10.10 9.88

3 131.0 9.38 9.67 9.49

Example 2 Our next example is a discontinuous coefficient given by

n1(r) =
⎧⎨
⎩

3.5, 0 ≤ r < 0.5,

1, 0.5 ≤ r ≤ 1 = a,

n2(r) = 0.3 (1 + cos 3πr), 0 ≤ r ≤ 1 = a.

(11.132)

In this case, neither n1 nor n2 are cubic spline functions. Table 11.2 shows the results
for reconstructing this coefficient (the parameters are the same as in Example 1).
When both methods yield satisfactory results, they possess similar errors. However,
Method A is somewhat less robust than Method B and fails to work in two cases.
This failure may be due to insufficient absorption to stabilize Method A. The effect
of absorption on the reconstruction is investigated further in the next example.

Example 3 In this example we allow the maximum value of the absorption to be
variable.

n1(r) = 1 + 1

2
cos

5

2
πr,

n2(r) = γ

2
(1 − r)2(1 + 2r),

0 ≤ r ≤ 1 = a. (11.133)

To reconstruct (11.133), we take Nf = 129, Nk = 15, Ni = 50 and Nm = 15.
Independent of γ , we take λ = k, since we want to vary only a single parameter in
our numerical experiments.

First we investigate changing the amount of absorption in the problem for kmax =
7, kmin = 1. Table 11.3 shows that results of varying γ between 0 and 0.5. As to
be expected, Method B is insensitive to γ (although if γ is made large enough, we
would expect that the quality of reconstruction would deteriorate).

Method A does not work for γ = 0. It is believed that this failure is due to
transmission eigenvalues in [kmin, kmax]. The value of γ below which Method A is
unstable depends on P . For example, when P = 0 Method A works satisfactorily
when γ = 0.15 but not when γ = 0.1, whereas when P = 3 the method
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Table 11.3 Reconstruction of (11.133) as γ varies

Method A Method B

γ P = 0 P = 1 P = 2 P = 3 P = 0 P = 1 P = 2 P = 3

0.0 107.00 87.40 53.50 52.00 5.89 2.44 2.59 2.26

0.01 109.00 88.60 2.72 25.90 – – – –

0.025 105.00 88.90 3.88 2.53 – – – –

0.05 213.00 96.50 2.73 2.56 – – – –

0.1 124.00 165.00 2.76 2.62 5.87 2.44 2.59 2.26

0.15 6.24 320.00 2.78 2.68 – – – –

0.2 6.24 2.60 2.80 2.74 5.81 2.44 2.58 2.26

0.3 6.24 2.65 2.83 2.83 5.73 2.44 2.58 2.24

0.4 6.21 2.70 2.86 2.92 5.62 2.43 2.57 2.25

0.5 6.15 2.76 2.90 3.00 5.50 2.43 2.56 2.25

Error

5
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Fig. 11.1 A graph of the percentage relative L2 error in reconstructing (11.133)

works satisfactorily when γ = 0.025 but not when γ = 0.01. These results are
the principle reason for preferring Method B over Method A in the case of low
absorption.

Finally, we investigate the dependence on kmax and kmin of the reconstruction
error. Figure 11.1a shows the relative L2 error in the reconstruction of (11.133) when
γ = 0.5, kmin = 1 and kmax varies. Clearly, in this example, increasing kmax greatly
improves the reconstruction. Figure 11.1b shows the results in the reconstruction of
(11.133) with γ = 0.5, kmax = 7 and kmin variable. For this example, it is clear that
lower wave numbers contribute little information to the reconstruction. However, in
the presence of large absorption, the lower wave number may well be important.



References

1. Abubakar, A., and van den Berg, P.: Iterative forward and inverse algorithms based on domain
integral equations for three-dimensional electric and magnetic objects. J. Comput. Phys. 195,
236–262 (2004).

2. Adams, R.A.: Sobolev Spaces. Academic Press, New York 1975.
3. Agmon, S.: Lectures on Elliptic Boundary Value Problems. AMS Chelsea Publishing,

Providence 2010.
4. Akduman, I., and Kress, R.: Direct and inverse scattering problems for inhomogeneous

impedance cylinders of arbitrary shape. Radio Science 38, 1055–1064 (2003).
5. Aktosun, T., Gintides, D., and Papanicolaou, V.: The uniqueness in the inverse problem for

transmission eigenvalues for the spherically symmetric variable-speed wave equation. Inverse
Problems 27, 115004 (2011).

6. Aktosun, T., and Papanicolaou, V.: Reconstruction of the wave speed from transmission
eigenvalues for the spherically symmetric variable-speed wave equation. Inverse Problems
29, 065007 (2013).

7. Alessandrini, G., and Rondi, L.: Determining a sound–soft polyhedral scatterer by a single
far–field measurement. Proc. Amer. Math. Soc. 133, 1685–1691 (2005).

8. Altundag, A., and Kress, R.: On a two-dimensional inverse scattering problem for a dielectric.
Applicable Analysis 91, 757–771 (2012).

9. Altundag, A., and Kress, R.: An iterative method for a two-dimensional inverse scattering
problem for a dielectric. Jour. on Inverse and Ill-Posed Problem 20, 575–590 (2012).

10. Alves, C.J.S., and Ha-Duong, T.: On inverse scattering by screens. Inverse Problems 13,
1161–1176 (1997).

11. Angell, T.S., Colton, D., and Kirsch, A.: The three dimensional inverse scattering problem for
acoustic waves. J. Diff. Equations 46, 46–58 (1982).

12. Angell, T.S., Colton, D., and Kress, R.: Far field patterns and inverse scattering problems for
imperfectly conducting obstacles. Math. Proc. Camb. Phil. Soc. 106, 553–569 (1989).

13. Angell, T.S., and Kirsch, A.: The conductive boundary condition for Maxwell’s equations.
SIAM J. Appl. Math. 52, 1597–1610 (1992).

14. Angell, T.S., Kleinman, R.E., and Hettlich, F.: The resistive and conductive problems for the
exterior Helmholtz equation. SIAM J. Appl. Math. 50, 1607–1622 (1990).

15. Angell, T.S., Kleinman, R.E., and Roach, G.F.: An inverse transmission problem for the
Helmholtz equation. Inverse Problems 3, 149–180 (1987).

16. Aramini, R., Caviglia, G., Masa, A., and Piana, M.: The linear sampling method and energy
conservation. Inverse Problems 26, 05504 (2010).

17. Arens, T.: Why linear sampling works. Inverse Problems 20, 163–173 (2004).

© Springer Nature Switzerland AG 2019
D. Colton, R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory,
Applied Mathematical Sciences 93, https://doi.org/10.1007/978-3-030-30351-8

497

https://doi.org/10.1007/978-3-030-30351-8


498 References

18. Arens, T., and Lechleiter, A.: The linear sampling method revisited. Jour. Integral Equations
and Applications 21, 179–202 (2009).

19. Atkinson, K.E.: The numerical solution of Laplace’s equation in three dimensions. SIAM J.
Numer. Anal. 19, 263–274 (1982).

20. Atkinson, K.E.: The Numerical Solution of Integral Equations of the Second Kind. Cambridge
Univ. Press, Cambridge 1997.

21. Audibert, L., Cakoni, F., and Haddar, H.: New sets of eigenvalues in inverse scattering for
inhomogeneous media and their determination from scattering data. Inverse Problems 33,
125001 (2017).

22. Audibert, L., and Haddar, H.: A generalized formulation of the linear sampling method with
exact characterization of targets in terms of far field measurements. Inverse Problems 30,
035011 (2015).

23. Bakushinskii, A.B.: The problem of the convergence of the iteratively regularized Gauss–
Newton method. Comput. Maths. Maths. Phys. 32, 1353–1359 (1992).

24. Bao, G., and Li, P.: Inverse medium scattering for the Helmholtz equation at fixed frequency.
Inverse Problems 21, 1621–1641 (2005).

25. Bao, G. and Li, P.: Inverse medium scattering problems for electromagnetic waves. SIAM J.
Appl. Math. 65, 2049–2066 (2005).

26. Bao, G., Li, P., Lin, J., and Triki, F.: Inverse scattering problems with multi-frequencies.
Inverse Problems 31, 093001 (2015).

27. Baumeister, J.: Stable Solution of Inverse Problems. Vieweg, Braunschweig 1986.
28. Bellis, C., Bonnet, M., and Cakoni, F.: Acoustic inverse scattering using topological derivative

of far-field measurements-based L2 cost functionals. Inverse Problems 29, 075012 (2013).
29. Ben Hassen, F., Erhard, K., and Potthast, R.: The point source method for 3d reconstructions

for the Helmholtz and Maxwell equations. Inverse Problems 22, 331–353 (2006).
30. Bers, L., John, F., and Schechter, M.: Partial Differential Equations. John Wiley, New York

1964.
31. Beyn, W.-J.: An integral method for solving nonlinear eigenvalue problems. Linear Algebra

Appl. 436, 3839–3863 (2012).
32. Blaschke, B., Neubauer, A., and Scherzer, O: On convergence rates for the iteratively

regularized Gauss–Newton method. IMA J. Numerical Anal. 17, 421–436 (1997).
33. Bleistein, N.: Mathematical Methods for Wave Phenomena. Academic Press, Orlando 1984.
34. Blöhbaum, J.: Optimisation methods for an inverse problem with time-harmonic electromag-

netic waves: an inverse problem in electromagnetic scattering. Inverse Problems 5, 463–482
(1989).

35. Bojarski, N.N.: Three dimensional electromagnetic short pulse inverse scattering. Spec. Proj.
Lab. Rep. Syracuse Univ. Res. Corp., Syracuse 1967.

36. Bojarski, N.N.: A survey of the physical optics inverse scattering identity. IEEE Trans. Ant.
Prop. AP-20, 980–989 (1982).

37. Bonnet-Ben Dhia, A.S., Carvelho, C., and Chesnel, L.: On the use of perfectly matched layers
at corners for scattering problems with sign-changing coefficients. J. Comput. Phys. 322,
224–247 (2016).

38. Bonnet-Ben Dhia, A.S., Chesnel, L. and Haddar, H.: On the use of T-coercivity to study the
interior transmission eigenvalue problem. C.R. Math. Acad. Sci. Paris 349, 647–651 (2011).

39. Borges, C., Gillman, A., and Greengard, L.: High resolution inverse scattering in two
dimensions using recursive linearization. SIAM J. Imaging Sci. 10, 641–664 (2017).

40. Borges, C., and Greengard, L.: Inverse obstacle scattering in two dimensions with multiple
frequency data and multiple angles of incidence. SIAM J. Imaging Sci. 8, 280–298 (2015).

41. Bourgeois, L., Chaulet, N., and Haddar, H.: Stable reconstruction of generalized impedance
boundary conditions. Inverse Problems 27, 095002 (2011).

42. Bourgeois, L., Chaulet, N., and Haddar, H.: On simultaneous identification of a scatterer
and its generalized impedance boundary condition. SIAM J. Sci. Comput. 34, A1824–A1848
(2012).



References 499

43. Bourgeois, L., and Haddar, H.: Identification of generalized impedance boundary conditions
in inverse scattering problems. Inverse Problems and Imaging 4, 19–38, (2010).

44. Brakhage, H., and Werner, P.: Über das Dirichletsche Aussenraumproblem für die
Helmholtzsche Schwingungsgleichung. Arch. Math. 16, 325–329 (1965).

45. Bukhgeim, A.L.: Recovering a potential from Cauchy data in the two dimensional case. Jour.
Inverse Ill-Posed Problems 16, 19–33 (2008).

46. Burger, M.: A level set method for inverse problems. Inverse Problems 17, 1327–1355 (2001).
47. Burger, M., Kaltenbacher, B., and Neubauer, A.: Iterative solution methods. In: Handbook of

Mathematical Methods in Imaging (Scherzer, ed). Springer, Berlin, 345–384 (2011).
48. Cakoni, F., and Colton, D.: A uniqueness theorem for an inverse electromagnetic scattering

problem in inhomogeneous anisotropic media. Proc. Edinburgh Math. Soc. 46, 285–299
(2003).

49. Cakoni, F., and Colton, D.: Combined far field operators in electromagnetic inverse scattering
theory. Math. Methods Appl. Sci. 26, 293–314 (2003).

50. Cakoni, F., and Colton, D.: The determination of the surface impedance of a partially coated
obstacle from far field data. SIAM J. Appl. Math. 64, 709–723 (2004).

51. Cakoni, F., and Colton, D.: Qualitative Methods in Inverse Scattering Theory. Springer, Berlin
2006.

52. Cakoni, F., Colton, D., and Gintides, D.: The interior transmission eigenvalue problem,. SIAM
J. Math. Anal. 42, 2912–2921 (2010).

53. Cakoni, F., Colton, D., and Haddar, H.: The linear sampling method for anisotropic media.
J. Comput. Appl. Math. 146, 285–299 (2002).

54. Cakoni, F., Colton, D., and Haddar, H.: On the determination of Dirichlet and transmission
eigenvalues from far field data. C. R. Math. Acad. Sci. Paris, Ser. 1 348, 379–383 (2010).

55. Cakoni, F., Colton, D. and Haddar, H.: The interior transmission problem for regions with
cavities. SIAM J. Math. Anal. 42, 145–162 (2010).

56. Cakoni, F., Colton, D., and Haddar, H.: The interior transmission eigenvalue problem for
absorbing media. Inverse Problems 28, 045005 (2012).

57. Cakoni, F., Colton, D., and Haddar, H.: Inverse Scattering Theory and Transmission Eigen-
values. SIAM, Philadelphia 2016.

58. Cakoni, F., Colton, D., Meng, S., and Monk, P.: Stekloff eigenvalues in inverse scattering.
SIAM J. Appl. Math. 76, 1737–763 (2016).

59. Cakoni, F., Colton, D., and Monk, P.: The Linear Sampling Method in Inverse Electromagnetic
Scattering. SIAM Publications, Philadelphia, 2011.

60. Cakoni, F., Colton, D., Monk, P., and Sun, J.: The inverse electromagnetic scattering problem
for anisotropic media. Inverse Problems 26, 07004 (2010).

61. Cakoni, F., and Gintides, D.: New results on transmission eigenvalues. Inverse Problems and
Imaging 4, 39–48 (2010).

62. Cakoni, F., Gintides, D., and Haddar, H.: The existence of an infinite discrete set of
transmission eigenvalues. SIAM J. Math. Anal. 42, 237–255 (2010).

63. Cakoni, F., and Haddar, H.: On the existence of transmission eigenvalues in an inhomoge-
neous medium. Applicable Analysis 88, 475–493 (2009).

64. Cakoni, F., Hsiao, G. C., and Wendland, W. L.: On the boundary integral equations method
for a mixed boundary value problem of the biharmonic equation. Complex Var. Theory Appl.
50, 681–696 (2005).

65. Cakoni, F., Hu, Y., and Kress, R.: Simultaneous reconstruction of shape and generalized
impedance functions in electrostatic imaging. Inverse Problems 30, 105009 (2014).

66. Cakoni, F., Ivanyshyn Yaman, O., Kress, R., and Le Louër, F. : A boundary integral equation
for the transmission eigenvalue problem for Maxwell’s equation. Math. Meth. Appl. Math.
41, 1316–1330 (2018).

67. Cakoni, F., and Kirsch, A.: On the interior transmission eigenvalue problem. Int. Jour. Comp.
Sci. Math. 3, 142–16 (2010).

68. Cakoni, F., and Kress, R.: Integral equation methods for the inverse obstacle problem with
generalized impedance boundary condition. Inverse Problems 29, 015005 (2013).



500 References

69. Cakoni, F. and Kress, R.: A boundary integral equation method for the transmission
eigenvalue problem. Applicable Analysis 96, 23–38 (2017).

70. Cakoni, F., Monk, P., and Selgas, V.: Analysis of the linear sampling method for imaging
penetrable obstacles in the time domain. Analysis and Partial Differential Equations, to
appear.

71. Calderón, A.P.: The multipole expansions of radiation fields. J. Rat. Mech. Anal. 3, 523–537
(1954).

72. Calderón, A.P.: On an inverse boundary value problem. In: Seminar on Numerical Analysis
and its Applications to Continuum Mechanics. Soc. Brasileira de Matemática, Rio de Janerio,
65–73 (1980).

73. Camaño, J., Lackner, C., and Monk, P.: Electromagnetic Stekloff eigenvalues in inverse
scattering. SIAM J. Math. Anal. 49, 4376–4401 (2017).

74. Catapano, I., Crocco, L., and Isernia, T.: On simple methods for shape reconstruction of
unknown scatterers. IEEE Trans. Antennas Prop. 55, 1431–1436 (2007).

75. Chadan, K., Colton, D., Päivärinta, L., and Rundell, W.: An Introduction to Inverse Scattering
and Inverse Spectral Problems. SIAM Publications, Philadelphia 1997.

76. Chadan, K., and Sabatier, P. C.: Inverse Problems in Quantum Scattering Theory. Springer,
Berlin 1989.

77. Chandler-Wilde, S. N., Graham, I. G., Langdon, S., and Lindner, M.: Condition number
estimates for combined potential boundary integral operators in acoustic scattering. Jour.
Integral Equations and Appl. 21, 229–279 (2009).

78. Chavent, G., Papanicolaou, G., Sacks, P., and Symes, W.: Inverse Problems in Wave
Propagation. Springer, Berlin 1997.

79. Chen, Y.: Inverse scattering via Heisenberg’s uncertainty principle. Inverse Problems 13,
253–282 (1997).

80. Cheng, J., and Yamamoto, M.: Uniqueness in an inverse scattering problem within non-
trapping polygonal obstacles with at most two incoming waves. Inverse Problems 19,
1361–1384 (2003).

81. Chew, W: Waves and Fields in Inhomogeneous Media. Van Nostrand Reinhold, New York
1990.

82. Cogar, S: A modified transmission eigenvalue problem for scattering by a partially coated
crack. Inverse Problems 34, 115003 (2018).

83. Cogar, S., Colton, D., and Leung, Y.J.: The inverse spectral problem for transmission
eigenvalues. Inverse Problems 33, 055015 (2017).

84. Cogar, S., Colton, D., Meng, S., and Monk, P.: Modified transmission eigenvalues in inverse
scattering theory. Inverse Problems 33, 125002 (2017).

85. Collino, C., Fares, M., and Haddar, H.: Numerical and analytical studies of the linear sampling
method in electromagnetic inverse scattering problems. Inverse Problems 19, 1279–1298
(2003).

86. Colton, D.: Partial Differential Equations. Dover Publications, New York 2004.
87. Colton, D., Coyle, J., and Monk, P. : Recent developments in inverse acoustic scattering

theory. SIAM Review 42, 369–414 (2000).
88. Colton, D., Haddar, H., and Monk, P.: The linear sampling method for solving the electro-

magnetic inverse scattering problem. SIAM J. Sci. Comput. 24, 719–731 (2002).
89. Colton, D., and Hähner, P.: Modified far field operators in inverse scattering theory. SIAM J.

Math. Anal. 24, 365–389 (1993).
90. Colton, D., and Kirsch, A.: Dense sets and far field patterns in acoustic wave propagation.

SIAM J. Math. Anal. 15, 996–1006 (1984).
91. Colton, D., and Kirsch, A.: Karp’s theorem in acoustic scattering theory. Proc. Amer. Math.

Soc. 103, 783–788 (1988).
92. Colton, D., and Kirsch, A.: An approximation problem in inverse scattering theory. Applicable

Analysis 41, 23–32 (1991).
93. Colton, D., and Kirsch, A.: The use of polarization effects in electromagnetic inverse

scattering problems. Math. Meth. in the Appl. Sci. 15, 1–10 (1992).



References 501

94. Colton, D., and Kirsch, A.: A simple method for solving inverse scattering problems in the
resonance region. Inverse Problems 12, 383–393 (1996).

95. Colton, D., Kirsch, A., and Päivärinta, L.: Far field patterns for acoustic waves in an
inhomogeneous medium. SIAM J. Math. Anal. 20, 1472–1483 (1989).

96. Colton, D., and Kress, R.: The impedance boundary value problem for the time harmonic
Maxwell equations. Math. Meth. in the Appl. Sci. 3, 475–487 (1981).

97. Colton, D., and Kress, R.: Dense sets and far field patterns in electromagnetic wave
propagation. SIAM J. Math. Anal. 16, 1049–1060 (1985).

98. Colton, D., and Kress, R.: Karp’s theorem in electromagnetic scattering theory. Proc. Amer.
Math. Soc. 104, 764–769 (1988).

99. Colton, D., and Kress, R.: Time harmonic electromagnetic waves in an inhomogeneous
medium. Proc. Royal Soc. Edinburgh 116 A, 279–293 (1990).

100. Colton, D., and Kress, R.: Eigenvalues of the far field operator and inverse scattering theory.
SIAM J. Math. Anal. 26, 601–615 (1995).

101. Colton, D., and Kress, R.: Eigenvalues of the far field operator for the Helmholtz equation in
an absorbing medium. SIAM J. Appl. Math. 55, 1724–1735 (1995).

102. Colton, D., and Kress, R.: On the denseness of Herglotz wave functions and electromagnetic
Herglotz pairs in Sobolev spaces. Math. Methods Applied Science 24, 1289–1303 (2001).

103. Colton, D., and Kress, R.: Using fundamental solutions in inverse scattering. Inverse Problems
22, R49–R66 (2006).

104. Colton, D., and Kress, R.: Integral Equation Methods in Scattering Theory. SIAM Publica-
tions, Philadelphia 2013.

105. Colton, D., and Kress, R.: Looking back on inverse scattering theory. SIAM Review 60,
779–807 (2018).

106. Colton, D., and Leung, Y.J.: Complex eigenvalues and the inverse spectral problem for
transmission eigenvalues. Inverse Problems 29, 104008 (2013).

107. Colton, D., and Leung, Y.J.: On a transmission eigenvalue problem for a spherically stratified
coated dielectric. Inverse Problems and Imaging 10, 369–377 (2016).

108. Colton, D., and Leung, Y.J.: The existence of complex transmission eigenvalues for spheri-
cally stratified media. Applicable Analysis 96, 39–47 (2017).

109. Colton, D., Leung, Y.J., and Meng, S.: Distribution of complex transmission eigenvalues for
spherically stratified media. Inverse Problems 31, 035006 (2015).

110. Colton, D., and Monk, P.: A novel method for solving the inverse scattering problem for
time-harmonic acoustic waves in the resonance region. SIAM J. Appl. Math. 45, 1039–1053
(1985).

111. Colton, D., and Monk, P.: A novel method for solving the inverse scattering problem for
time-harmonic acoustic waves in the resonance region II. SIAM J. Appl. Math. 46, 506–523
(1986).

112. Colton, D., and Monk, P.: The numerical solution of the three dimensional inverse scattering
problem for time-harmonic acoustic waves. SIAM J. Sci. Stat. Comp. 8, 278–291 (1987).

113. Colton, D., and Monk, P: The inverse scattering problem for time harmonic acoustic waves
in a penetrable medium. Quart. J. Mech. Appl. Math. 40, 189–212 (1987).

114. Colton, D., and Monk, P: The inverse scattering problem for acoustic waves in an inhomoge-
neous medium. Quart. J. Mech. Appl. Math. 41, 97–125 (1988).

115. Colton, D., and Monk, P: A new method for solving the inverse scattering problem for
acoustic waves in an inhomogeneous medium. Inverse Problems 5, 1013–1026 (1989).

116. Colton, D., and Monk, P: A new method for solving the inverse scattering problem for
acoustic waves in an inhomogeneous medium II. Inverse Problems 6, 935–947 (1990).

117. Colton, D., and Monk, P: A comparison of two methods for solving the inverse scattering
problem for acoustic waves in an inhomogeneous medium. J. Comp. Appl. Math. 42, 5–16
(1992).

118. Colton, D., and Monk, P.: On a class of integral equations of the first kind in inverse scattering
theory. SIAM J. Appl. Math. 53, 847–860 (1993).



502 References

119. Colton, D., and Monk, P.: A modified dual space method for solving the electromagnetic
inverse scattering problem for an infinite cylinder. Inverse Problems 10, 87–107 (1994).

120. Colton, D., and Monk, P.: A new approach to detecting leukemia: Using computational
electromagnetics. Comp. Science and Engineering 2, 46–52 (1995).

121. Colton, D., and Päivärinta, L.: Far field patterns and the inverse scattering problem for
electromagnetic waves in an inhomogeneous medium. Math. Proc. Camb. Phil. Soc. 103,
561–575 (1988).

122. Colton, D., and L. Päivärinta, L.: Far-field patterns for electromagnetic waves in an inhomo-
geneous medium. SIAM J. Math. Anal. 21, 1537–1549 (1990).

123. Colton, D. and Päivärinta, L.: The uniqueness of a solution to an inverse scattering problem
for electromagnetic waves. Arch. Rational Mech. Anal. 119, 59–70 (1992).

124. Colton, D., Päivärinta, L., and Sylvester, J.: The interior transmission problem. Inverse
Problems and Imaging 1, 13–28 (2007).

125. Colton, D., Piana, M., and Potthast, R.: A simple method using Morozov’s discrepancy
principle for solving inverse scattering problems. Inverse Problems 13, 1477–1493 (1997).

126. Colton, D., and Sleeman, B.D.: Uniqueness theorems for the inverse problem of acoustic
scattering. IMA J. Appl. Math. 31, 253–259 (1983).

127. Colton, D., and Sleeman, B.D.: An approximation property of importance in inverse scattering
theory. Proc. Edinburgh Math. Soc. 44, 449–454 (2001).

128. Cooke, R.: Almost periodic functions. Amer. Math. Monthly 88, 515–526 (1981).
129. Cossonnière, A. and Haddar, H.: Surface integral formulation of the interior transmission

problem. J. Integral Equations Applications 25, 341–376 (2013).
130. Davis, P.J.: Interpolation and Approximation. Blaisdell Publishing Company, Waltham 1963.
131. Davis, P.J., and Rabinowitz, P.: Methods of Numerical Integration. Academic Press, New York

1975.
132. Devaney, A.J.: Mathematical Foundations of Imaging, Tomography and Wavefield Inversion.

Cambridge University Press, Cambridge 2012.
133. Dolph, C. L.: The integral equation method in scattering theory. In: Problems in Analysis

(Gunning, ed). Princeton University Press, Princeton, 201–227 (1970).
134. Dorn, O., and Lesselier, D.: Level set methods for inverse scattering - some recent develop-

ments. Inverse Problems 25, 125001 (2009).
135. Duruflé, M., Haddar, H., and Joly, P.: High order generalized impedance boundary conditions

in electromagnetic scattering problems. Comptes Rendus Physique 7, 533–542 (2006).
136. Elliott, D.: Sigmoidal transformations and the trapezoidal rule. ANZIAM Jour. B 40,

E77–E137 (1998).
137. Elliott, D. and Prössdorf, S.: An algorithm for the approximate solution of integral equations

of Mellin type. Numer. Math. 70, 427–452 (1995).
138. Engl, H.W., Hanke, M. and Neubauer, A.: Regularization of Inverse Problems. Kluwer

Academic Publisher, Dordrecht 1996.
139. Erdélyi, A.: Asymptotic Expansions. Dover Publications, New York 1956.
140. Faierman, M. : The interior transmission problem: spectral theory. SIAM J. Math. Anal. 46,

803–819 (2014).
141. Farhat, C., Tezaur, R., and Djellouli, R.: On the solution of three-dimensional inverse

obstacle acoustic scattering problems by a regularized Newton method. Inverse Problems 18,
1229–1246 (2002).

142. Feijoo, G.R.: A new method in inverse scattering based on the topological derivative. Inverse
Problems 20, 1819–1840 (2004).

143. Ganesh, M., and Graham, I. G.: A high-order algorithm for obstacle scattering in three
dimensions. J. Comput. Phys. 198, 211–242 (2004).

144. Ganesh, M., and Hawkins, S. C.: A spectrally accurate algorithm for electromagnetic
scattering in three dimensions. Numer. Algorithms 43, 25–60 (2006).

145. Ganesh, M., and Hawkins, S. C.: An efficient surface integral equation method for the time-
harmonic Maxwell equations. ANZIAM J. 48, C17–C33 (2007).



References 503

146. Ganesh, M., and Hawkins, S. C.: A high-order tangential basis algorithm for electromagnetic
scattering by curved surfaces. J. Comput. Phys. 227, 4543–4562 (2008).

147. Gerlach, T. and Kress, R.: Uniqueness in inverse obstacle scattering with conductive boundary
condition. Inverse Problems 12, 619–625 (1996).

148. Gieseke, B.: Zum Dirichletschen Prinzip für selbstadjungierte elliptische Differen-
tialoperatoren. Math. Z. 68, 54–62 (1964).

149. Gilbarg, D., and Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order.
Springer, Berlin 1977.

150. Gintides, D.: Local uniqueness for the inverse scattering problem in acoustics via the Faber–
Krahn inequality. Inverse Problems 21, 1195–1205 (2005).

151. Goldstein, C.I.: The finite element method with non-uniform mesh sizes applied to the exterior
Helmholtz problem. Numer. Math. 38, 61–82 (1981).

152. Gosh Roy, D.N., and Couchman, L.S. : Inverse Problems and Inverse Scattering of Plane
Waves. Academic Press, New York 2002.

153. Graham, I. G., and Sloan, I. H.: Fully discrete spectral boundary integral methods for
Helmholtz problems on smooth closed surfaces in IR3. Numer. Math. 92, 289–323 (2002).

154. Griesmaier, R., and Harrach, B.: Monotonicity in inverse medium scattering on unbounded
domains. SIAM J. Appl. Math. 78, 2533–2557 (2018).

155. Grisvard, P.: Elliptic Problems in Nonsmooth Domains. Pitman, Boston 1985.
156. Groetsch, C.W.: The Theory of Tikhonov Regularization for Fredholm Equations of the First

Kind. Pitman, Boston 1984.
157. Guo, Y., Monk, P., and Colton, D.: Toward a time domain approach to the linear sampling

method. Inverse Problems 29, 095016 (2013).
158. Gutman, S., and Klibanov, M.: Regularized quasi–Newton method for inverse scattering

problems. Math. Comput. Modeling 18, 5–31 (1993).
159. Gutman, S., and Klibanov, M.: Two versions of quasi–Newton method for multidimensional

inverse scattering problem. J. Comput. Acoust. 1, 197–228 (1993).
160. Gutman, S., and Klibanov, M.: Iterative method for multidimensional inverse scattering

problems at fixed frequencies. Inverse Problems 10, 573–599 (1994).
161. Gylys-Colwel, F.: An inverse problem for the Helmholtz equation. Inverse Problems 12,

139–156 (1996).
162. Haas, M., and Lehner, G.: Inverse 2D obstacle scattering by adaptive iteration. IEEE

Transactions on Magnetics 33, 1958–1961 (1997)
163. Haas, M., Rieger, W., Rucker, W., and Lehner, G.: Inverse 3D acoustic and electromagnetic

obstacle scattering by iterative adaption. In: Inverse Problems of Wave Propagation and
Diffraction (Chavent and Sabatier, eds). Springer, Berlin 1997.

164. Hackbusch, W.: Multi-grid Methods and Applications. Springer, Berlin 1985.
165. Hadamard, J.: Lectures on Cauchy’s Problem in Linear Partial Differential Equations. Yale

University Press, New Haven 1923.
166. Haddar, H.: The interior transmission problem for anisotropic Maxwell’s equations and its

application to the inverse problem. Math. Meth. Appl. Math. 27, 2111–2129 (2004).
167. Haddar, H.: Analysis of some qualitative methods for inverse electromagnetic scattering prob-

lems. In: Computational Electromagnetism (Bermúdez de Castro and Valli, eds). Springer,
Berlin, 191–240 (2014).

168. Haddar, H., Joly, P., and Nguyen, H.M.: Generalized impedance boundary conditions for
scattering by strongly absorbing obstacles: the scalar case. Math. Models Methods Appl. Sci.
15, 1273–1300 (2005).

169. Haddar, H., and Kress. R.: On the Fréchet derivative for obstacle scattering with an impedance
boundary condition. SIAM J. Appl. Math. 65, 194–208 (2004).

170. Hähner, P.: Abbildungseigenschaften der Randwertoperatoren bei Randwertaufgaben für die
Maxwellschen Gleichungen und die vektorielle Helmholtzgleichung in Hölder- und L2-
Räumen mit einer Anwendung auf vollständige Flächenfeldsysteme. Diplomarbeit, Göttingen
1987.



504 References

171. Hähner, P.: An exterior boundary-value problem for the Maxwell equations with boundary
data in a Sobolev space. Proc. Roy. Soc. Edinburgh 109A, 213–224 (1988).

172. Hähner, P.: Eindeutigkeits- und Regularitätssätze für Randwertprobleme bei der skalaren und
vektoriellen Helmholtzgleichung. Dissertation, Göttingen 1990.

173. Hähner, P.: A uniqueness theorem for the Maxwell equations with L2 Dirichlet boundary
conditions. Meth. Verf. Math. Phys. 37, 85–96 (1991).

174. Hähner, P.: A uniqueness theorem for a transmission problem in inverse electromagnetic
scattering. Inverse Problems 9, 667–678 (1993).

175. Hähner, P.: An approximation theorem in inverse electromagnetic scattering. Math. Meth. in
the Appl. Sci. 17, 293–303 (1994).

176. Hähner, P.: A periodic Faddeev-type solution operator. Jour. of Differential Equations 128,
300–308 (1996).

177. Hähner, P.: On the uniqueness of the shape of a penetrable anisotropic obstacle. J. Comput.
Appl. Math. 116, 167–180 (2000).

178. Hähner, P.: Scattering by media. In: Scattering (Pike and Sabatier, eds). Academic Press, New
York, 74–94 (2002).

179. Hanke, M.: A regularization Levenberg–Marquardt scheme, with applications to inverse
groundwater filtration problems. Inverse Problems 13, 75–95 (1997).

180. Hanke, M.: Why linear sampling really seems to work. Inverse Problems and Imaging 2,
373–395 (2008).

181. Hanke, M., Hettlich, F., and Scherzer, O.: The Landweber iteration for an inverse scattering
problem. In: Proceedings of the 1995 Design Engineering Technical Conferences, Vol. 3,
Part C (Wang et al, eds).

182. Hanke, M., Neubauer, A., and Scherzer, O.: A convergence analysis for the Landweber
iteration for nonlinear ill-posed problems. Numer. Math. 72, 21–37 (1995).

183. Harbrecht, H., and Hohage. T.: Fast methods for three-dimensional inverse obstacle scattering
problems. Jour. Integral Equations and Appl. 19, 237–260 (2007).

184. Hartman, P., and Wilcox, C.: On solutions of the Helmholtz equation in exterior domains.
Math. Z. 75, 228–255 (1961).

185. Hellwig, G.: Partial Differential Equations. Blaisdell Publishing, New York 1964.
186. Hettlich, F.: Die Integralgleichungsmethode bei Streuung an Körpern mit einer dünnen

Schicht. Diplomarbeit, Göttingen 1989.
187. Hettlich, F.: On the uniqueness of the inverse conductive scattering problem for the Helmholtz

equation. Inverse Problems 10, 129–144 (1994).
188. Hettlich, F.: Fréchet derivatives in inverse obstacle scattering. Inverse Problems 11, 371–382

(1995).
189. Hettlich, F.: An iterative method for the inverse scattering problem from sound-hard obstacles.

In: Proceedings of the ICIAM 95, Vol. II, Applied Analysis (Mahrenholz and Mennicken, eds).
Akademie Verlag, Berlin (1996).

190. Hettlich, F., and Rundell, W.: A second degree method for nonlinear inverse problem. SIAM
J. Numer. Anal. 37, 587–620 (2000).

191. Hitrik, M., Krupchyk, K., Ola, P., and Päivärinta, L.: Transmission eigenvalues for operators
with constant coefficients. SIAM J. Math. Anal. 42, 2965–2986 (2010).

192. Hitrik, M., Krupchyk, K., Ola, P., and Päivärinta, L.: Transmission eigenvalues for elliptic
operators. SIAM J. Math. Anal. 43, 2630–2639 (2011).

193. Hohage, T.: Logarithmic convergence rates of the iteratively regularized Gauss–Newton
method for an inverse potential and an inverse scattering problem. Inverse Problems 13,
1279–1299 (1997).

194. Hohage, T.: Iterative Methods in Inverse Obstacle Scattering: Regularization Theory of
Linear and Nonlinear Exponentially Ill-Posed Problems. Dissertation, Linz 1999.

195. Hohage, T.: On the numerical solution of a three-dimensional inverse medium scattering
problem. Inverse Problems 17, 1743–1763 (2001).

196. Hohage, T.: Fast numerical solution of the electromagnetic medium scattering problem and
applications to the inverse problem. J. Comput. Phys. 214, 224–238 (2006).



References 505

197. Hohage, T., and Langer, S.: Acceleration techniques for regularized Newton methods applied
to electromagnetic inverse medium scattering problems. Inverse Problems 26, 074011 (2010).

198. Hsiao, G.C.: The coupling of boundary element and finite element methods. Z. Angew. Math.
Mech. 70, T493–T503 (1990).

199. Hsiao, G.C., and Wendland, W. L.: Boundary Integral Equations. Springer, Berlin 2008.
200. Ikehata, M.: Reconstruction of the shape of an obstacle from the scattering amplitude at a

fixed frequency. Inverse Problems 14, 949–954 (1998).
201. Ikehata, M.: Reconstruction of obstacle from boundary measurements. Wave Motion 30,

205–223 (1999).
202. Imbriale, W.A., and Mittra, R.: The two-dimensional inverse scattering problem. IEEE Trans.

Ant. Prop. AP-18, 633–642 (1970).
203. Isakov, V.: On uniqueness in the inverse transmission scattering problem. Comm. Part. Diff.

Equa. 15, 1565–1587 (1990).
204. Isakov, V.: Inverse Problems for Partial Differential Equations. 2nd ed, Springer, Berlin 2006.
205. Ivanov, K.V.: Integral equations of the first kind and an approximate solution for the inverse

problem of potential. Soviet Math. Doklady 3, 210–212 (1962) (English translation).
206. Ivanov, K.V.: On linear problems which are not well-posed. Soviet Math. Doklady 3, 981–983

(1962) (English translation).
207. Ivanyshyn, O.: Shape reconstruction of acoustic obstacles from the modulus of the far field

pattern. Inverse Problems and Imaging 1, 609–622 (2007).
208. Ivanyshyn, O.: Nonlinear Boundary Integral Equations in Inverse Scattering. Dissertation,

Göttingen, 2007.
209. Ivanyshyn Yaman, O.: Reconstruction of generalized impedance functions for 3D acoustic

scattering. J. Comput. Phys., to appear.
210. Ivanyshyn, O., and Johansson, T.: Nonlinear integral equation methods for the reconstruction

of an acoustically sound-soft obstacle. J. Integral Equations Appl. 19, 289–308 (2007).
211. Ivanyshyn, O., and Johansson, T.: A coupled boundary integral equation method for inverse

sound-soft scattering. In: Proceedings of waves 2007. The 8th international conference on
mathematical and numerical aspects of waves, University of Reading, 153–155 (2007).

212. Ivanyshyn, O., and Kress, R.: Nonlinear integral equations in inverse obstacle scattering.
In: Mathematical Methods in Scattering Theory and Biomedical Engineering, (Fotiatis and
Massalas, eds). World Scientific, Singapore, 39–50 (2006).

213. Ivanyshyn, O., and Kress, R.: Inverse scattering for planar cracks via nonlinear integral
equations. Math. Meth. Appl. Sciences 31, 1221–1232 (2007).

214. Ivanyshyn, O., and Kress, R.: Identification of sound-soft 3D obstacles from phaseless data.
Inverse Problems and Imaging 4, 131–149 (2010).

215. Ivanyshyn, O., and Kress, R.: Inverse scattering for surface impedance from phase-less far
field data. J. Comput. Phys. 230, 3443–3452 (2011).

216. Ivanyshyn, O., Kress, R., and Serranho, P.: Huygens’ principle and iterative methods in
inverse obstacle scattering. Adv. Comput. Math. 33, 413–429 (2010).

217. Ivanyshyn Yaman, O., and Le Louër, F.: Material derivatives of boundary integral operators in
electromagnetism and application to inverse scattering problems. Inverse Problems 32 095003
(2016).

218. Jeon, Y.: A Nyström method for boundary integral equations in domains with a piecewise
smooth boundary. Jour. Integral Equations Appl. 5, 221–242 (1993).

219. Ji, X., and Sun, J.: A multi-level method for transmission eigenvalues of anisotropic media.
J. Comput. Phys. 255, 422–435 (2013).

220. Ji, X., Sun, J., and Turner, T.: Algorithm 922: a mixed finite element method for Helmholtz
transmission eigenvalues. ACM Trans. Math. Software 38, Algorithm 922 (2012).

221. Ji, X., Sun, J., and Xie, H.: A multigrid method for Helmholtz transmission eigenvalue
problems. J. Sci. Comput., 60, 276–294 (2014).

222. Johansson, T., and Sleeman, B.: Reconstruction of an acoustically sound-soft obstacle from
one incident field and the far field pattern. IMA J. Appl. Math. 72, 96–112 (2007).

223. Jones, D.S.: Methods in Electromagnetic Wave Propagation. Clarendon Press, Oxford 1979.



506 References

224. Jones, D.S.: Acoustic and Electromagnetic Waves. Clarendon Press, Oxford 1986.
225. Jörgens, K.: Lineare Integraloperatoren. Teubner–Verlag, Stuttgart 1970.
226. Kabanikhin, S.I.: Inverse and Ill-posed Problems: Theory and Applications. de Gruyter,

Berlin-Boston 2011
227. Kaltenbacher, B., Neubauer, A., and Scherzer, O.: Iterative Regularization Methods for

Nonlinear Ill-Posed Problems. de Gruyter, Berlin, 2008.
228. Karp, S.N.: Far field amplitudes and inverse diffraction theory. In: Electromagnetic Waves

(Langer, ed). Univ. of Wisconsin Press, Madison, 291–300 (1962).
229. Kedzierawski, A.: The inverse scattering problem for time-harmonic acoustic waves in an

inhomogeneous medium with complex refraction index. J. Comp. Appl. Math. 47, 83–100
(1993).

230. Kellogg, O.D.: Foundations of Potential Theory. Springer, Berlin 1929.
231. Kersten, H.: Grenz- und Sprungrelationen für Potentiale mit quadratsummierbarer Dichte.

Resultate d. Math. 3, 17–24 (1980).
232. Kirsch, A.: The denseness of the far field patterns for the transmission problem. IMA J. Appl.

Math. 37, 213–225 (1986).
233. Kirsch, A.: Properties of far field operators in acoustic scattering. Math. Meth. in the Appl.

Sci. 11, 773–787 (1989).
234. Kirsch, A.: Surface gradients and continuity properties for some integral operators in classical

scattering theory. Math. Meth. in the Appl. Sci. 11, 789–804 (1989).
235. Kirsch, A.: Remarks on some notions of weak solutions for the Helmholtz equation.

Applicable Analysis 47, 7–24 (1992).
236. Kirsch, A.: The domain derivative and two applications in inverse scattering. Inverse Problems

9, 81–96 (1993).
237. Kirsch, A.: Numerical algorithms in inverse scattering theory. In: Ordinary and Partial

Differential Equations, Vol. IV, (Jarvis and Sleeman, eds). Pitman Research Notes in
Mathematics 289, Longman, London, 93–111 (1993).

238. Kirsch, A.: An Introduction to the Mathematical Theory of Inverse Problems. 2nd ed,
Springer, Berlin 2011.

239. Kirsch, A.: Characterization of the shape of the scattering obstacle by the spectral data of the
far field operator. Inverse Problems 14, 1489–1512 (1998).

240. Kirsch, A.: Factorization of the far field operator for the inhomogeneous medium case and an
application to inverse scattering theory. Inverse Problems 15, 413–429 (1999).

241. Kirsch, A.: On the existence of transmission eigenvalues. Inverse Problems and Imaging 3,
155–172 (2009).

242. Kirsch, A.: Remarks on the Born approximation and the factorization method. Appl. Anal.
96, 70–84 (2017).

243. Kirsch, A., and Grinberg, N.: The Factorization Method for Inverse Problems. Oxford
University Press, Oxford, 2008.

244. Kirsch, A., and Hettlich, F.: The Mathematical Theory of Time-Harmonic Maxwell’s Equa-
tions. Springer, New York 2015.

245. Kirsch, A., and Kress, R.: On an integral equation of the first kind in inverse acoustic
scattering. In: Inverse Problems (Cannon and Hornung, eds). ISNM 77, 93–102 (1986).

246. Kirsch, A., and Kress, R.: A numerical method for an inverse scattering problem. In: Inverse
Problems (Engl and Groetsch, eds). Academic Press, Orlando, 279–290 (1987).

247. Kirsch, A., and Kress, R.: An optimization method in inverse acoustic scattering. In:
Boundary elements IX, Vol 3. Fluid Flow and Potential Applications (Brebbia, Wendland
and Kuhn, eds). Springer, Berlin, 3–18 (1987).

248. Kirsch, A., and Kress, R.: Uniqueness in inverse obstacle scattering. Inverse Problems 9,
285–299 (1993).

249. Kirsch, A., Kress, R., Monk, P., and Zinn, A.: Two methods for solving the inverse acoustic
scattering problem. Inverse Problems 4, 749–770 (1988).

250. Kirsch, A., and Lechleiter, A.: The inside-outside duality for scattering problems by inhomo-
geneous media. Inverse Problems 29, 104011 (2013).



References 507

251. Kirsch, A., and Monk, P.: An analysis of the coupling of finite element and Nyström methods
in acoustic scattering. IMA J. Numerical Anal. 14, 523–544 (1994).

252. Kleefeld, A.: A numerical method to compute interior transmission eigenvalues. Inverse
Problems 29, 104012 (2013).

253. Kleinman, R., and Martin, P.: On single integral equations for the transmission problem of
acoustics. SIAM J. Appl. Math. 48, 307–325 (1988).

254. Kleinman, R., and van den Berg, P.: A modified gradient method for two dimensional
problems in tomography. J. Comp. Appl. Math. 42, 17–35 (1992).

255. Kleinman, R., and van den Berg, P.: An extended range modified gradient technique for profile
inversion. Radio Science 28, 877–884 (1993).

256. Knauff, W., and Kress, R.: On the exterior boundary value problem for the time-harmonic
Maxwell equations. J. Math. Anal. Appl. 72, 215–235 (1979).

257. Koosis, P.: The Logarithmic Integral I. Cambridge University Press, Cambridge 1998.
258. Kress, R.: Ein ableitungsfreies Restglied für die trigonometrische Interpolation periodischer

analytischer Funktionen. Numer. Math. 16, 389–396 (1971).
259. Kress, R.: Minimizing the condition number of boundary integral operators in acoustic and

electromagnetic scattering. Q. Jl. Mech. appl. Math. 38, 323–341 (1985).
260. Kress, R.: On the boundary operator in electromagnetic scattering. Proc. Royal Soc. Edin-

burgh 103A, 91–98 (1986).
261. Kress, R.: On the low wave number asymptotics for the two-dimensional exterior Dirichlet

problem for the reduced wave equation. Math. Meth. in the Appl. Sci. 9, 335–341 (1987).
262. Kress, R.: A Nyström method for boundary integral equations in domains with corners.

Numer. Math. 58, 145–161 (1990).
263. Kress, R.: Boundary integral equations in time-harmonic acoustic scattering. Mathl. Comput.

Modelling 15, 229–243 (1991).
264. Kress, R.: On the numerical solution of a hypersingular integral equation in scattering theory.

J. Comp. Appl. Math. 61, 345–360 (1995).
265. Kress, R.: Inverse scattering from an open arc. Math. Meth. in the Appl. Sci. 18, 267–293

(1995).
266. Kress, R.: Integral equation methods in inverse acoustic and electromagnetic scattering. In:

Boundary Integral Formulations for Inverse Analysis (Ingham and Wrobel, eds). Computa-
tional Mechanics Publications, Southampton, 67–92 (1997).

267. Kress, R.: Newton’s Method for inverse obstacle scattering meets the method of least squares.
Inverse Problems 19, 91–104 (2003).

268. Kress, R.: Linear Integral Equations. 3rd ed, Springer, Berlin 2014.
269. Kress, R.: Integral equation methods in inverse obstacle scattering with a generalized

impedance boundary condition. In: Contemporary Computational Mathematics - A Celebra-
tion of the 80th Birthday of Ian Sloan (Dick, Kuo and Wozniakowski, eds). Springer, New
York, 721–740 (2018).

270. Kress, R.: Nonlocal impedance conditions in direct and inverse obstacle scattering. Inverse
Problems 35, 024002 (2019).

271. Kress, R., and Päivärinta, L.: On the far field in obstacle scattering. SIAM J. Appl. Math. 59,
1413–1426 (1999).

272. Kress, R., and Roach, G.: Transmission problems for the Helmholtz equation. Jour. Math.
Phys. 19 1433–1437 (1978).

273. Kress, R., and Rundell, W.: A quasi-Newton method in inverse obstacle scattering. Inverse
Problems 10, 1145–1157 (1994).

274. Kress, R., and Rundell, W.: Inverse obstacle scattering with modulus of the far field pattern as
data. In: Inverse Problems in Medical Imaging and Nondestructive Testing (Engl, Louis and
Rundell , eds). Springer, Wien, 75–92 (1997).

275. Kress, R., and Rundell, W.: Inverse obstacle scattering using reduced data. SIAM J. Appl.
Math. 59, 442–454 (1999).

276. Kress, R., and Rundell, W.: Inverse scattering for shape and impedance. Inverse Problems 17,
1075–1085 (2001).



508 References

277. Kress, R., and Rundell, W.: Nonlinear integral equations and the iterative solution for an
inverse boundary value problem. Inverse Problems 21, 1207–1223 (2005).

278. Kress, R., and Rundell, W.: Inverse scattering for shape and impedance revisited. Jour. Integral
Equations and Appl. 30, 293–311 (2018).

279. Kress, R., and Serranho, P.: A hybrid method for two-dimensional crack reconstruction.
Inverse Problems 21, 773–784 (2005)

280. Kress, R., and Serranho, P.: A hybrid method for sound-hard obstacle reconstruction. J.
Comput. Appl. Math. 24, 418–427 (2007).

281. Kress, R., Tezel, N., and Yaman, F.: A second order Newton method for sound soft inverse
obstacle scattering. Jour. Inverse and Ill-Posed Problems 17, 173–185 (2009).

282. Kress, R., and Zinn, A.: On the numerical solution of the three dimensional inverse obstacle
scattering problem. J. Comp. Appl. Math. 42, 49–61 (1992).

283. Kusiak, S. and Sylvester, J.: The scattering support. Comm. Pure Applied Math. 56, 1525–
1548 (2003).

284. Kussmaul, R.: Ein numerisches Verfahren zur Lösung des Neumannschen Aussenraumprob-
lems für die Helmholtzsche Schwingungsgleichung. Computing 4, 246–273 (1969).

285. Lakshtanov, E., and Vainberg, B.: Bounds on positive interior transmission eigenvalues.
Inverse Problems 28, 105005 (2012).

286. Lakshtanov, E., and Vainberg, B.: Ellipticity in the interior transmission problem in
anisotropic media. SIAM J. Math. Anal. 44, 1165–1174 (2012).

287. Lakshtanov, E., and Vainberg, B.: Applications of elliptic operator theory to the isotropic
interior transmission eigenvalue problem. Inverse Problems 29, 104003 (2013).

288. Lakshtanov, E., and Vainberg, B.: Weyl type bound on positive interior transmission
eigenvalues. Comm. Partial Differential Equations 39, 1729–1740 (2014).

289. Langenberg, K.J.: Applied inverse problems for acoustic, electromagnetic and elastic wave
scattering. In: Basic Methods of Tomography and Inverse Problems (Sabatier, ed). Adam
Hilger, Bristol and Philadelphia, 127–467 (1987).

290. Lax, P.D.: Symmetrizable linear transformations. Comm. Pure Appl. Math. 7, 633–647
(1954).

291. Lax, P.D.: Functional Analysis. Wiley-Interscience, New York 2002.
292. Lax, P.D., and Phillips, R.S.: Scattering Theory. Academic Press, New York 1967.
293. Lebedev, N.N.: Special Functions and Their Applications. Prentice-Hall, Englewood Cliffs

1965.
294. Lechleiter, A. and Peters, S.: The inside-outside duality for inverse scattering problems with

near field data. Inverse Problems 31, 085004 (2015).
295. Lee, K.M.: Inverse scattering via nonlinear integral equations for a Neumann crack. Inverse

Problems 22, 1989–2000 ( 2006).
296. Leis, R.: Zur Dirichletschen Randwertaufgabe des Aussenraums der Schwingungsgleichung.

Math. Z. 90, 205–211 (1965).
297. Leis, R.: Initial Boundary Value Problems in Mathematical Physics. John Wiley, New York

1986.
298. Le Louër, F.: Spectrally accurate numerical solution of hypersingular boundary integral

equations for three-dimensional electromagnetic wave scattering problems. J. Comput. Phys.
275, 662–666 (2014).

299. Le Louër, F.: A spectrally accurate method for the direct and inverse scattering problems by
multiple 3D dielectric obstacles. ANZIAM 59, E1–E49 (2018).

300. Le Louër, F., and Rapún, M.-L.: Topological sensitivity for solving inverse multiple scattering
problems in 3D electromagnetism. Part I : One step method. SIAM J. Imaging Sci. 10, 1291–
1321 (2017).

301. Le Louër, F., and Rapún, M.-L.: Topological sensitivity for solving inverse multiple scattering
problems in 3D electromagnetism. Part II : Iterative method. SIAM J. Imaging Sci. 11, 734–
769 (2018).

302. Leung, Y.J., and Colton, D.: Complex transmission eigenvalues for spherically stratified
media. Inverse Problems 28, 07505 (2012).



References 509

303. Levine, L.M.: A uniqueness theorem for the reduced wave equation. Comm. Pure Appl. Math.
17, 147–176 (1964).

304. Lin, T.C.: The numerical solution of Helmholtz’s equation for the exterior Dirichlet problem
in three dimensions. SIAM J. Numer. Anal. 22, 670–686 (1985).

305. Liu, C.: Inverse obstacle problem: local uniqueness for rougher obstacles and the identifica-
tion of a ball. Inverse Problems 13, 1063–1069 (1997).

306. Liu, H., Yamamoto, M. and Zou, J.: Reflection principle for the Maxwell equations and its
application to inverse electromagnetic scattering. Inverse Problems 23, 2357–2366 (2007).

307. Liu, H., and Zou, J.: Uniqueness in an inverse acoustic obstacle scattering problem for both
sound-hard and sound-soft polyhedral scatterers. Inverse Problems 22, 515–524 (2006).

308. Louis, A.K.: Inverse und schlecht gestellte Probleme. Teubner, Stuttgart 1989.
309. Magnus, W.: Fragen der Eindeutigkeit und des Verhaltens im Unendlichen für Lösungen von

Δu + k2u = 0. Abh. Math. Sem. Hamburg 16, 77–94 (1949).
310. Martensen, E.: Über eine Methode zum räumlichen Neumannschen Problem mit einer

Anwendung für torusartige Berandungen. Acta Math. 109, 75–135 (1963).
311. Martensen, E.: Potentialtheorie. Teubner-Verlag, Stuttgart 1968.
312. Martin, P.: Multiple Scattering: Interaction of Time-harmonic Waves with N Obstacles.

Cambridge University Press, Cambridge 2006.
313. Mautz, J.R., and Harrington, R.F.: A combined-source solution for radiating and scattering

from a perfectly conducting body. IEEE Trans. Ant. and Prop. AP-27, 445–454 (1979).
314. McLaughlin, J., and Polyakov, P.: On the uniqueness of a spherically symmetric speed of

sound from transmission eigenvalues. J. Diff. Equations 107, 351–382 (1994).
315. McLean, W.: Strongly Elliptic Systems and Boundary Integral Equations. Cambridge Univer-

sity Press, Cambridge 2000.
316. Melrose, R.B.: Geometric Scattering Theory. Cambridge University Press, Cambridge 1995.
317. Mikhlin, S.G.: Mathematical Physics, an Advanced Course. North-Holland, Amsterdam

1970.
318. Mönch, L.: A Newton method for solving the inverse scattering problem for a sound-hard

obstacle. Inverse Problems 12, 309–323 (1996).
319. Mönch, L.: On the inverse acoustic scattering problem from an open arc: the sound-hard case.

Inverse Problems 13, 1379–1392 (1997).
320. Monk, P.: Finite Element Methods for Maxwell’s Equations. Clarendon Press, Oxford, 2003.
321. Moré, J.J.: The Levenberg–Marquardt algorithm, implementation and theory. In: Numerical

analysis (Watson, ed). Springer Lecture Notes in Mathematics 630, Berlin, 105–116 (1977).
322. Morozov, V.A.: On the solution of functional equations by the method of regularization.

Soviet Math. Doklady 7, 414–417 (1966) (English translation).
323. Morozov, V.A.: Choice of parameter for the solution of functional equations by the regular-

ization method. Soviet Math. Doklady 8, 1000–1003 (1967) (English translation).
324. Morozov, V.A.: Methods for Solving Incorrectly Posed Problems. Springer, Berlin 1984.
325. Morrey, C.M.: Multiple Integrals in the Calculus of Variations. Springer, Berlin 1966.
326. Morse, P.M., and Ingard, K.U.: Linear acoustic theory. In: Encyclopedia of Physics (Flügge,

ed). Springer, Berlin, 1–128 (1961).
327. Moskow, S. and Schotland, J.: Convergence and stability of the inverse Born series for diffuse

waves. Inverse Problems 24, 065004 (2008).
328. Müller, C.: Zur mathematischen Theorie elektromagnetischer Schwingungen. Abh. deutsch.

Akad. Wiss. Berlin 3, 5–56 (1945/46).
329. Müller, C.: Über die ganzen Lösungen der Wellengleichung. Math. Annalen 124, 235–264

(1952).
330. Müller, C.: Randwertprobleme der Theorie elektromagnetischer Schwingungen. Math. Z.

56, 261–270 (1952).
331. Müller, C: On the behavior of solutions of the differential equation Δu = F(x, u) in the

neighborhood of a point. Comm. Pure Appl. Math. 7, 505–515 (1954).
332. Müller, C.: Foundations of the Mathematical Theory of Electromagnetic Waves. Springer,

Berlin 1969.



510 References

333. Nachman, A.: Reconstructions from boundary measurements. Annals of Math. 128, 531–576
(1988).

334. Nakamura, G and Potthast, R.: Inverse Modeling. IOP Publishing, Bristol 2015.
335. Natterer, F.: The Mathematics of Computerized Tomography. Teubner, Stuttgart and Wiley,

New York 1986.
336. Natterer, F., and Wübbeling, F.: A propagation-backpropagation method for ultrasound

tomography. Inverse Problems 11, 1225–1232 (1995).
337. Nédélec, J.C.; Acoustic and Electromagnetic Equations. Springer, Berlin 2001.
338. Newton, R.G.: Scattering Theory of Waves and Particles. Springer, Berlin 1982.
339. Newton, R.G.: Inverse Schrödinger Scattering in Three Dimensions. Springer, Berlin 1989.
340. Novikov, R.: Multidimensional inverse spectral problems for the equation −Δψ + (v(x) −

E u(x)) ψ = 0. Translations in Func. Anal. and its Appl. 22, 263–272 (1988).
341. Ola, P., Päivärinta, L., and Somersalo, E.: An inverse boundary value problem in electrody-

namics. Duke Math. Jour. 70, 617–653 (1993).
342. Ola, P., and Somersalo, E.: Electromagnetic inverse problems and generalized Sommerfeld

potentials. SIAM J. Appl. Math. 56, 1129–1145 (1996).
343. Olver, F.W.J: Asymptotics and Special Functions. Academic Press, New York 1974.
344. Osher, S., and Sethian, J. A.: Fronts propagating with curvature-dependent speed: algorithms

based on Hamilton–Jacobi formulations. J. Comput. Phys. 79, 12–49 (1988).
345. Päivärinta, L., and Sylvester, J.: Transmission eigenvalues. SIAM J. Math. Anal. 40, 738–758

(2008).
346. Panich, O.I.: On the question of the solvability of the exterior boundary-value problems for the

wave equation and Maxwell’s equations. Usp. Mat. Nauk 20A, 221–226 (1965) (in Russian).
347. Petrov, V., and Vodev, G.: Asymptotics of the number of the interior transmission eigenvalues.

Jour. Spectral Theory 7, 1–31 (2017).
348. Pham, H., and Stefanov, P.: Weyl asymptotics of the transmission eigenvalues for a constant

index of refraction. Inverse Problems and Imaging 8, 795–810 (2014).
349. Pieper, M.: Spektralrandintegralmethoden zur Maxwell-Gleichung. Dissertation, Göttingen

2007.
350. Pieper, M.: Nonlinear integral equations for an inverse electromagnetic scattering problem.

Journal of Physics: Conference Series 124, 012040 (2008).
351. Pieper, M.: Vector hyperinterpolation on the sphere. J. Approx. Theory 156, 173–186 (2009).
352. Pironneau, O.: Optimal Shape Design for Elliptic Systems. Springer, Berlin 1984.
353. Potthast, R.: Fréchet differentiability of boundary integral operators in inverse acoustic

scattering. Inverse Problems 10, 431–447 (1994).
354. Potthast, R.: Fréchet Differenzierbarkeit von Randintegraloperatoren und Rand-

wertproblemen zur Helmholtzgleichung und den zeitharmonischen Maxwellgleichungen.
Dissertation, Göttingen 1994.

355. Potthast, R.: Fréchet differentiability of the solution to the acoustic Neumann scattering
problem with respect to the domain. Jour. on Inverse and Ill-posed Problems 4, 67–84 (1996).

356. Potthast, R.: Domain derivatives in electromagnetic scattering. Math. Meth. in the Appl. Sci.
19, 1157–1175 (1996).

357. Potthast, R.: A fast new method to solve inverse scattering problems. Inverse Problems 12,
731–742 (1996).

358. Potthast, R.: A point-source method for inverse acoustic and electromagnetic obstacle
scattering problems. IMA J. Appl. Math 61, 119–140 (1998).

359. Potthast, R.: Stability estimates and reconstructions in inverse acoustic scattering using
singular sources. J. Comp. Appl. Math. 114, 247–274 (2000).

360. Potthast, R.: On the convergence of a new Newton-type method in inverse scattering. Inverse
Problems 17, 1419–1434 (2001).

361. Potthast, R.: Point-Sources and Multipoles in Inverse Scattering Theory. Chapman & Hall,
London 2001.

362. Potthast, R.: Sampling and probe methods – an algorithmical view. Computing 75, 215–235
(2005).



References 511

363. Potthast, R.: A survey on sampling and probe methods for inverse problems. Inverse Problems
22, R1–R47 (2006).

364. Potthast, R. and Schulz, J.: A multiwave range test for obstacle reconstructions with unknown
physical properties. J. Comput. Appl. Math. 205, 53–71 (2007).

365. Protter, M.H.: Unique continuation for elliptic equations. Trans. Amer. Math. Soc. 95, 81–90,
(1960).

366. Protter, M.H., and Weinberger, H.F.: Maximum Principles in Differential Equations. Prentice-
Hall, Englewood Cliffs 1967.

367. Rahman, Q.J., and Schmeisser, G.: Analytic Theory of Polynomials. Clarendon Press, Oxford
2000.

368. Ramm, A.G.: Scattering by Obstacles. D. Reidel Publishing Company, Dordrecht 1986.
369. Ramm, A.G.: On completeness of the products of harmonic functions. Proc. Amer. Math.

Soc. 98, 253–256 (1986).
370. Ramm, A.G.: Recovery of the potential from fixed energy scattering data. Inverse Problems

4, 877–886 (1988).
371. Ramm, A.G.: Symmetry properties of scattering amplitudes and applications to inverse

problems. J. Math. Anal. Appl. 156, 333–340 (1991).
372. Ramm, A.G.: Multidimensional Inverse Scattering Problems. Longman–Wiley, New York

1992.
373. Reed, M., and Simon, B.: Scattering Theory. Academic Press, New York 1979.
374. Rellich, F.: Über das asymptotische Verhalten der Lösungen von Δu+λu = 0 in unendlichen

Gebieten. Jber. Deutsch. Math. Verein. 53, 57–65 (1943).
375. Ringrose, J.R.: Compact Non–Self Adjoint Operators. Van Nostrand Reinhold, London 1971.
376. Rjasanow, S., and Steinbach, O.: The Fast Solution of Boundary Integral Equations. Springer,

Berlin 2007.
377. Robbiano, L.: Spectral analysis of the interior transmission eigenvalue problem. Inverse

Problems 29, 104001 (2013).
378. Robbiano, L.: Counting function for interior transmission eigenvalues. Math. Control Related

Fields 6, 167–183 (2016).
379. Roger, A.: Newton Kantorovich algorithm applied to an electromagnetic inverse problem.

IEEE Trans. Ant. Prop. AP-29, 232–238 (1981).
380. Ruland, C.: Ein Verfahren zur Lösung von (Δ + k2)u = 0 in Aussengebieten mit Ecken.

Applicable Analysis 7, 69–79 (1978).
381. Rundell, W., and Sacks, P.: Reconstruction techniques for classical inverse Sturm–Liouville

problems. Math. Comp. 58, 161–183 (1992).
382. Rynne, B.P., and Sleeman, B.D.: The interior transmission problem and inverse scattering

from inhomogeneous media. SIAM J. Math. Anal. 22, 1755–1762 (1991).
383. Santosa, F.: A level set approach for inverse problems involving obstacles. ESAIM Control

Optim. Calculus Variations 1, 17–33 (1996).
384. Saranen, J., and Vainikko, G.: Periodic Integral and Pseudodifferential Equations with

Numerical Approximation. Springer, Berlin 2002.
385. Sauter, S., and Schwab, C.: Boundary Element Methods. Springer, Berlin 2011.
386. Schatz, A.H.: An observation concerning Ritz–Galerkin methods with indefinite bilinear

forms. Math. Comp. 28, 959–962 (1974).
387. Schechter, M.: Principles of Functional Analysis. Academic Press, New York 1971.
388. Schormann, C.: Analytische und numerische Untersuchungen bei inversen Transmission-

sproblemen zur zeitharmonischen Wellengleichung. Dissertation, Göttingen 2000.
389. Senior, T.B.A., and Volakis, J.L.: Approximate Boundary Conditions in Electromagnetics.

IEEE Electromagnetic Waves Series, vol. 41. The Institution of Electrical Engineers, London
1995.

390. Serov, V., and Sylvester, J.: Transmission eigenvalues for degenerate and singular cases.
Inverse Problems 28, 065004 (2012).

391. Serranho, P.: A hybrid method for inverse scattering for shape and impedance. Inverse
Problems 22, 663–680 (2006).



512 References

392. Serranho, P.: A hybrid method for sound-soft obstacles in 3D. Inverse Problems and Imaging
1, 691–712 (2007).

393. Silver, S.: Microwave Antenna Theory and Design. M.I.T. Radiation Laboratory Series Vol.
12, McGraw-Hill, New York 1949.

394. Sleeman, B. D.: The inverse problem of acoustic scattering. IMA. J. Appl. Math 29, 113–142
(1982).

395. Sloan, I. H., and Womersley, R. S.: Constructive approximations on the sphere. J. Approx.
Theory 103, 91–118 (2000).

396. Sokolowski, J., and Zochowski, A.: On the topological derivative in shape optimization.
SIAM J. Control Optim., 37, 1251–1272 (1999).

397. Sommerfeld, A.: Die Greensche Funktion der Schwingungsgleichung. Jber. Deutsch. Math.
Verein. 21, 309–353 (1912).

398. Stefanov, P., and Uhlmann, G.: Local uniqueness for the fixed energy fixed angle inverse
problem in obstacle scattering. Proc. Amer. Math. Soc. 132, 1351–1354 (2003).

399. Stratton, J.A., and Chu, L.J.: Diffraction theory of electromagnetic waves. Phys. Rev. 56,
99–107 (1939).

400. Sun, J.: Estimation of transmission eigenvalues and the index of refraction from Cauchy data.
Inverse Problems 27, 015009 (2011).

401. Sun, J.: Iterative methods for transmission eigenvalues. SIAM J. Numerical. Anal., 49, 1860–
1874 (2011).

402. Sun, Z., and Uhlmann, G.: An inverse boundary value problem for Maxwell’s equations. Arch.
Rational. Mech. Anal. 119, 71–93 (1992).

403. Sylvester, J.: Notions of support for far fields. Inverse Problems 22, 1273–1288 (2006).
404. Sylvester, J. and Uhlmann, G.: A global uniqueness theorem for an inverse boundary value

problem. Ann. of Math. 125, 153–169 (1987).
405. Taylor, M.E.: Partial Differential Equations. 2nd ed, Springer, New York 2011.
406. Tikhonov, A.N.: On the solution of incorrectly formulated problems and the regularization

method. Soviet Math. Doklady 4, 1035–1038 (1963) (English translation).
407. Tikhonov, A.N.: Regularization of incorrectly posed problems. Soviet Math. Doklady

4, 1624–1627 (1963) (English translation).
408. Tikhonov, A.N., and Arsenin, V.Y.: Solutions of Ill-posed Problems. Winston and Sons,

Washington 1977.
409. Treves, F.: Basic Linear Partial Differential Equations. Academic Press, New York 1975.
410. Vainikko, G.: Fast solvers of the Lippmann–Schwinger equation. In: Direct and Inverse

Problems of Mathematical Physics (Gilbert, Kajiwara and Xu, eds). Kluwer, Dordrecht
(2000).

411. van Bladel, J.: Electromagnetic Fields. Hemisphere Publishing Company, Washington 1985.
412. van den Berg, R. and Kleinman, R.: A contrast source inversion method. Inverse Problems

13, 1607–1620 (1997).
413. van den Berg, R. and Kleinman, R.: Gradient methods in inverse acoustic and electromagnetic

scattering. In: Large-Scale Optimization with Applications, Part I: Optimization in Inverse
Problems and Design (Biegler et al, eds). The IMA Volumes in Mathematics and its
Applications 92, Springer, Berlin; 173–194 (1977).

414. Vekua, I.N.: Metaharmonic functions. Trudy Tbilisskogo matematichesgo Instituta 12, 105–
174 (1943).

415. Vodev, G.: High-frequency approximation of the interior Dirichlet-to-Neumann map and
applications to the transmission eigenvalues. Analysis and Partial Differential Equations 11,
213–236 (2018).

416. Vodev, G.: Parabolic transmission eigenvalue free regions in the degenerate isotropic case.
Asymptotic Analysis 108, 147–168 (2018).

417. Vögeler, M.: Reconstruction of the three-dimensional refractive index in electromagnetic
scattering using a propagation-backpropagation method. Inverse Problems 19, 739–753
(2003).



References 513

418. Wang, Y., Yagola, A.G., and Yang, C.: Optimization and Regularization for Computational
Inverse Problems and Applications. Springer, Berlin 2011.

419. Weck, N.: Klassische Lösungen sind auch schwache Lösungen. Arch. Math. 20, 628–637
(1969).

420. Wei, G., and Xu, H.: Inverse spectral analysis for the transmission eigenvalue problem. Inverse
Problems 29, 115012 (2013).

421. Werner, P.: Zur mathematischen Theorie akustischer Wellenfelder. Arch. Rational Mech.
Anal. 6, 231–260 (1961).

422. Werner, P.: Randwertprobleme der mathematischen Akustik. Arch. Rational Mech. Anal. 10,
29–66 (1962).

423. Werner, P. : On the exterior boundary value problem of perfect reflection for stationary
electromagnetic wave fields. J. Math. Anal. Appl. 7, 348–396 (1963).

424. Werner, P.: Low frequency asymptotics for the reduced wave equation in two-dimensional
exterior spaces. Math. Meth. in the Appl. Sc. 8, 134–156 (1986).

425. Weston, V.H., and Boerner, W.M.: An inverse scattering technique for electromagnetic bistatic
scattering. Canadian J. Physics 47, 1177–1184 (1969).

426. Weyl, H.: Kapazität von Strahlungsfeldern. Math. Z. 55, 187–198 (1952).
427. Wienert, L.: Die numerische Approximation von Randintegraloperatoren für die Helmholtz-

gleichung im IR3. Dissertation, Göttingen 1990.
428. Wilcox, C.H.: A generalization of theorems of Rellich and Atkinson. Proc. Amer. Math. Soc.

7, 271–276 (1956).
429. Wilcox, C.H.: An expansion theorem for electromagnetic fields. Comm. Pure Appl. Math. 9,

115–134 (1956).
430. Wilcox, C.H.: Scattering Theory for the d’Alembert Equation in Exterior Domains. Springer

Lecture Notes in Mathematics 442, Berlin 1975.
431. Wloka, J.: Partial Differential Equations. University Press, Cambridge 1987.
432. Young, R.M.: An Introduction to Nonharmonic Fourier Series. Academic Press, San Diego

2001.
433. Zinn, A.: On an optimisation method for the full- and limited-aperture problem in inverse

acoustic scattering for a sound-soft obstacle. Inverse Problems 5, 239–253 (1989).



Index

A
Absorbing medium, 306
Acoustic obstacle scattering problem, 54
Acoustic waves, 15
Addition theorem, 30, 35, 90

vector, 257
Adiabatic hypothesis, 16
Analytic function, 328
Analytic Riesz–Fredholm theory, 330
Anisotropic media, 487

B
Bessel differential equation, 87

spherical, 32
Bessel function, 88

spherical, 32
Beyn’s algorithm, 396
Bojarski identity, 151
Born approximation, 316, 440
Boundary element method, 103

C
Calderón projection, 61
Cartwright–Levinson theorem, 409
Compact imbedding, 46, 51
Completely continuous operator, 112
Completeness of far field patterns, 320, 354
Complete set, 74
Conductor, 346
Convex scattering support, 475
Coupled finite element and boundary element,

340

D
Decomposition methods, 180, 290, 452
Density of zeros, 409
Dielectric, 346
Dirichlet problem

exterior, 55
interior, 191

Dirichlet to Neumann map, 58
Discrepancy principle, 115, 121, 126, 130
Domain of class Ck , 19
Dual space method, 195, 452

modified, 457

E
Eigenvalue

Dirichlet, 75
Maxwell, 246

Electric dipole, 230
Electric to magnetic boundary component map,

245
Electromagnetic Herglotz pair, 262
Electromagnetic obstacle scattering problem,

243
Entire solutions, 24, 231
Equation of continuity, 16
Euler’s equation, 15

F
Factorization method, 204, 463
Far field operator, 76, 264, 323, 355

modified, 414

© Springer Nature Switzerland AG 2019
D. Colton, R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory,
Applied Mathematical Sciences 93, https://doi.org/10.1007/978-3-030-30351-8

515

https://doi.org/10.1007/978-3-030-30351-8


516 Index

Far field pattern, 24, 231, 316
electric, 231
magnetic, 231

Function space
C(Div, ∂D), 237
Ck(D), 19
Ck(D̄), 19
C0,α(G), 45
C0,α(Curl, ∂D), 239
C0,α(Div, ∂D), 237
C1,α(G), 46
Ck,α(G), 307
Ct (∂D), 234
C

0,α
t (∂D), 235

H(curl,D), 241
H 1(D), 49
H 1

loc(IR
3 \ D̄), 49

H 1
loc(curl, IR3 \ D̄), 242

H 2
loc(IR

3), 307
Hp(∂D), 49
Hs(Curl, ∂D), 241
Hs(Div, ∂D), 241
Hs

t (∂D), 241
L2
Δ(D), 385

L2
t (∂D), 241

L2
t (S

2), 249
Fundamental solution, 19, 89

addition theorem, 35
Funk–Hecke formula, 36

G
Gauss trapezoidal product rule, 105
Generalized Herglotz wave function, 414
Generalized linear sampling method, 214
Graded mesh, 96
Green’s formula, 20
Green’s theorem, 19

vector, 222
Greneralized transmission eigenvalues, 417

H
Hankel function, 88

asymptotics, 34, 89
spherical, 32

Helmholtz equation, 17
vector, 226

Helmholtz representation, 21
Herglotz operator, 182, 202, 296, 300

Herglotz wave function, 74
generalized, 414

Hilbert–Schmidt operator, 431
Hölder continuous, 45
Hölder space, 45, 307
Holmgren’s theorem, 21, 227
Holomorphic function

strongly, 326
weakly, 327

Huygens’ principle, 64, 248

I
Ill-posed problem, 112

mildly, 119
nonlinear, 132
severely, 119

Impedance boundary condition, 17, 65, 221
generalized, 65
Leontovich, 65

Impedance conditon
nonlocal, 68

Impedance problem
electromagnetic, 482
exterior, 65, 363, 457
interior, 459

Improperly posed problem, 112
Integral operator

F , 76
H , 182, 296
K , 47
K ′, 47
M , 234
M ′, 239
M∞, 290
M̃ , 291
N , 239
S, 47, 182
S∞, 181
T , 47
Te, 351
Tm, 310

Interior transmission problem
acoustic, 319, 469
electromagnetic, 353, 477
modified, 425

Inverse crimes, 179
Inverse medium problem

acoustic, 439
electromagnetic, 475



Index 517

Iterative solution methods, 170, 286, 448
Iteratively regularized Gauss–Newton iteration,

135

J
Jacobi–Anger expansion, 36, 91, 257
Jump relations, 44

in the L2 sense, 54, 242
vector, 233

K
Karp’s theorem, 149, 275
Kirchhoff approximation, 64

L
Landweber iteration, 136
Lax’s theorem, 48
Legendre differential equation, 27

associated, 28
Legendre function

associated, 28
Legendre polynomials, 26
Level set methods, 180
Levenberg–Marquardt algorithm, 134
Lidski’s theorem, 324
Limited-aperture problem, 189
Linear sampling method, 201, 298, 467

generalized, 214
Lippmann–Schwinger equation, 309
Lyapunov boundaries, 62

M
Magnetic dipole, 230
Mapping properties of potentials

in Hölder spaces, 47
in Sobolev spaces, 50

Maxwell equations, 220
Maxwell problem

exterior, 243
Method of Colton and Monk, 194, 294
Method of Kirsch and Kress, 180, 290
Mie series, 258
Modified far field operator, 414
Modified transmission eigenvalues,

425
Monotonicity of eigenvalues, 140, 383

N
Near field, 188
Neumann function, 88

spherical, 32
Neumann problem

exterior, 59
Newton’s method, 171
Nyström method, 93

in IR3, 103
on a graded mesh, 101

O
Operator

Herglotz, 83

P
Paley–Wiener class, 408
Paley–Wiener theorem, 408
Penalty method, 126
Perfect conductor, 221
Physical optics approximation, 64, 150
Picard’s theorem, 118
Point source method, 191, 293
Potential

combined double- and single-layer, 56
double-layer, 44
single-layer, 44
vector, 233
volume, 306

Probe method, 201
Projection theorem, 469
Properly posed, 112

Q
Quasi-solution, 128

nonlinear, 134

R
Radiating solution, 22
Radiating solution to Maxwell equations, 227
Reciprocity relation, 259, 316

mixed, 73, 260
Recursive linearization, 451
Refractive index, 306, 346
Regularization method, 113
Regularization parameter, 114



518 Index

Regularization scheme, 114
Regularization strategy, 115

regular, 115
Rellich lemma, 37
Resonance region, 137
Resonance states, 5
Robin condition, 65

S
Sampling methods, 200, 298, 462
Scattering amplitude, 24
Scattering operator, 326
Self-inversive polynomial, 402
Silver–Müller radiation conditions, 227
Singular source method, 200
Singular system, 117
Singular value, 117
Singular value decomposition, 117
Sommerfeld radiation condition, 18, 22, 90
Sound-hard obstacle, 17
Sound-soft obstacle, 17
Spectral cut-off, 121
Spectral decomposition, 116
Speed of sound, 16
Spherical harmonics, 25

vector, 248
Spherically stratified medium, 320, 357
Spherical wave functions, 34, 91

vector, 251
Starlike surface, 152
State equation, 16
Stratton–Chu formula, 223, 225, 228
Surface curl, 236
Surface divergence, 236

Surface divergence theorem, 236
Surface gradient, 235
Surface of class Ck , 19
Symmetry relation, 74, 261

T
T-coercivity, 427
Tikhonov functional, 126
Tikhonov regularization, 124

nonlinear, 133
Topological derivative, 217
Trace class operator, 324
Trace operator, 51, 386

normal derivative, 54
Trace theorem, 51
Transmission conditions, 18
Transmission eigenvalues, 320, 375

generalized, 417
modified, 425

Transmission problem, 69, 221, 414
Trial and error, 115

U
Unique continuation principle, 312

W
Wave equation, 16
Wave number, 17
Well-posed, 112
Wienert’s method, 103
Wronskian, 33, 89


	Preface to the Fourth Edition
	Preface to the Third Edition
	Preface to the Second Edition
	Preface to the First Edition
	Contents
	1 Introduction
	1.1 The Direct Scattering Problem
	1.2 The Inverse Scattering Problem

	2 The Helmholtz Equation
	2.1 Acoustic Waves
	2.2 Green's Theorem and Formula
	2.3 Spherical Harmonics
	2.4 Spherical Bessel Functions
	2.5 The Far Field Pattern

	3 Direct Acoustic Obstacle Scattering
	3.1 Single- and Double-Layer Potentials
	3.2 Scattering from a Sound-Soft Obstacle
	3.3 Impedance Boundary Conditions
	3.4 Herglotz Wave Functions and the Far Field Operator
	3.5 The Two-Dimensional Case
	3.6 On the Numerical Solution in IR2
	3.7 On the Numerical Solution in IR3

	4 Ill-Posed Problems
	4.1 The Concept of Ill-Posedness
	4.2 Regularization Methods
	4.3 Singular Value Decomposition 
	4.4 Tikhonov Regularization
	4.5 Nonlinear Operators

	5 Inverse Acoustic Obstacle Scattering
	5.1 Uniqueness
	5.2 Physical Optics Approximation
	5.3 Continuity and Differentiability of the Far Field Mapping
	5.4 Iterative Solution Methods
	5.5 Decomposition Methods
	5.6 Sampling Methods

	6 The Maxwell Equations
	6.1 Electromagnetic Waves
	6.2 Green's Theorem and Formula
	6.3 Vector Potentials
	6.4 Scattering from a Perfect Conductor
	6.5 Vector Wave Functions
	6.6 Herglotz Pairs and the Far Field Operator

	7 Inverse Electromagnetic Obstacle Scattering
	7.1 Uniqueness
	7.2 Continuity and Differentiability of the Far Field Mapping
	7.3 Iterative Solution Methods
	7.4 Decomposition Methods
	7.5 Sampling Methods

	8 Acoustic Waves in an Inhomogeneous Medium
	8.1 Physical Background
	8.2 The Lippmann–Schwinger Equation
	8.3 The Unique Continuation Principle
	8.4 The Far Field Pattern
	8.5 The Analytic Fredholm Theory
	8.6 Transmission Eigenvalues
	8.7 Numerical Methods

	9 Electromagnetic Waves in an Inhomogeneous Medium
	9.1 Physical Background
	9.2 Existence and Uniqueness
	9.3 The Far Field Patterns
	9.4 The Spherically Stratified Dielectric Medium
	9.5 The Exterior Impedance Boundary Value Problem

	10 Transmission Eigenvalues
	10.1 Existence of Transmission Eigenvalues
	10.2 Integral Equation Methods for Transmission Eigenvalues
	10.3 Complex Transmission Eigenvalues for Spherically Stratified Media
	10.4 The Inverse Spectral Problem for Transmission Eigenvalues
	10.5 Modified Transmission Eigenvalues and Their Use as Target Signatures

	11 The Inverse Medium Problem
	11.1 The Inverse Medium Problem for Acoustic Waves
	11.2 Uniqueness
	11.3 Iterative Solution Methods
	11.4 Decomposition Methods
	11.5 Sampling Methods
	11.6 The Inverse Medium Problem for Electromagnetic Waves
	11.7 Remarks on Anisotropic Media
	11.8 Numerical Examples

	References
	Index

