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Chapter 12
Evaluating the Coefficient of Thermal Expansion of Electronic 
Board Using the Virtual Fields Method

Yohei Kanai, Shuichi Arikawa, Satoru Yoneyama, and Yasuhisa Fujimoto

Abstract This paper proposes a method for identifying the coefficient of thermal expansion of dissimilar materials. 
Dissimilar materials are simulating on an electronic packaging. Displacement data used for inverse analysis are obtained by 
digital image correlation which is a method for measuring displacement in the full field of view without contact. The virtual 
fields method based on the principle of virtual work is employed as a method for inverse analysis. Each coefficient of thermal 
expansion that is unknown parameters is determined by preparing virtual displacements as many as the number of unknowns. 
The effectiveness of the inverse analysis method is demonstrated by identifying the coefficients of thermal expansion of dis-
similar materials. Results show that the coefficient of thermal expansion can be obtained by the proposed method.
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 Introduction

Electronic circuit boards are a mechanical component of electronics used in railway vehicles, automobiles, elevator control 
devices, etc. They are made of various materials such as metal, resin and ceramics having different mechanical properties.  
A difference in the coefficient of thermal expansion of the materials can lead to large thermal stress and strain from heat 
generation in device and changes in ambient temperature, leading to device failure. Therefore, repeated thermal stress and 
strain occur on the mounting board due to repeated application of heat on elements and parts on the board due to turning on 
and off of the electronic equipment under harsh environments of high voltage and large current [1]. Due to this repeated 
thermal stress, peeling and cracking are caused in solder of parts and bonded parts such as resin, which is considered as one 
of causes of failure. For designing various products and structures, it is important to understand the material characteristics 
constituting those devices and structures. In recent years, along with high performance, compactness, weight reduction, and 
cost reduction of electronic devices and products, the miniaturization and the densification of mounting boards are progress-
ing. Material properties in device may be different from the values obtained from the conventional tensile tests with bulk 
specimens. Therefore it is necessary to accurately ascertain the coefficient of thermal expansion of the minute parts and 
structures contained in electric substrate.

As a method for identifying the material properties, it is effective to apply a load to the actual equipment structure and 
perform inverse problem analysis with the measurement results of displacement and strain obtained as input data. The Virtual 
Fields Method (VFM) proposed by Grediac et al. [2] is based on the principle of virtual work. It is a method for identifying 
material properties in a constitutive equation, and the research has been actively conducted in recent years [3, 4]. As a past 
study, Sato et al. [5] identified elastic material characteristic distribution of dissimilar materials using VFM. This method is 
effective for identifying material properties of heterogeneous materials.
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This research aims to identify the coefficient of thermal expansion of dissimilar materials from displacement distribution. 
Here, the dissimilar materials simulate a mounting structure of soldered joints and the laminates of electric mounting boards. 
Displacement distribution measured using digital image correlation (DIC) [6] is used as the input and the virtual fields 
method is used an inverse analysis method. Results of a uniform thermal loading test show the effectiveness of the proposed 
method.

 Methods

 Basic Principle of the Virtual Fields Method

VFM is used for identification of the coefficient of thermal expansion of a test specimen. This method is based on the prin-
ciple of virtual work. When an arbitrary virtual displacement is given to an object in equilibrium state, external virtual work 
and internal virtual work are equal. The principle of virtual work is expressed as

 � �

� �� �� ��ij ij i iT ud d� �
 

(12.1)

In this equation, σij is the stress component, ε∗ij is the virtual strain component, Ti is the traction, u∗
i is the virtual displace-

ment, Ω is the analysis area and Γ is the boundary surface of Ω that is subjected to external loading. The subscripts i and j 
indicate the x and y directions in the Cartesian coordinate system.

Considering an elastic body as a test specimen, the stress-strain relationship can be expressed as follows with the stiffness 
matrix.
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(12.2)

where σ1 and σ2 are the normal stresses, σ6 is the shear stress, ε1 and ε2 the normal strains, and ε6 is the shear strain, respec-
tively. In Eq. (12.2), C11, C12, C22 and C66 are the elastic constants, and relate the elastic modulus and Poisson’s ratio. The 
following equation is obtained from Eqs. (12.1) and (12.2).
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(12.3)

In Eq. (12.3), ε1, ε2 and ε6 are the strain components in the target object and can be obtained by differentiating the mea-
sured displacement. Also, u1

∗  and u2
∗  are the virtual displacement components, and �1

� , �2
�  and �6

�  are the virtual strain 
components that can be obtained by differentiating the virtual displacements. Unknown parameters C11 and C12 can be 
obtained by substituting two kinds of virtual displacement into Eq. (12.3) and solving it.

 Identification of the Coefficient of Thermal Expansion

In order to apply the virtual fields method to the identification of the coefficient of thermal expansion, considering the ther-
mal load. Since the test specimen is not bounded in this test, it is assumed that Ti = 0, and Eq. (12.1) can be expressed as

 �

� �� � �ij ijd� 0
 

(12.4)

As the temperature changes, the size and shape of the object change and displacement, strain and stress are generated. The 
generated displacement, strain and stress due to temperature change,are referred to as thermal displacement, thermal strain 
and thermal stress, respectively. Since the total strain is the sum of the thermal strain and the elastic strain, it is expressed by 
the following equation.

 � � �all th� �  (12.5)
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where εall is the total strain, ε is the elastic strain, εth is the thermal strain. The following equation is obtained from Eqs. (12.2) 
and (12.5). At this time, since deformation due to heat is not related to shear stress and shear strain, σ6 and ε6 do not change.
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(12.6)

where ε x
th  and ε y

th  can be expressed as αT. α is the coefficient of thermal expansion and T is the temperature change. The 
following equation is obtained from Eqs. (12.3) and (12.6).
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(12.7)

The inverse analysis can be carried out by giving virtual displacements corresponding to the number of materials when 
only the coefficient of thermal expansion is unknown parameter.

In the case of identifying the material properties of the dissimilar materials composed of three different metals, the fol-
lowing equation can be obtained from the Eq. (12.7) when the three kinds of materials are A, B and C, respectively.
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Following equation is obtained by giving three types of virtual displacements for unknowns.
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(12.9)

where 
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(12.10)

The superscript of P and Q describes the index of virtual displacement. Equation (12.9) can be expressed as following 
equation.

 P QR=  (12.11)

Equation (12.11) is simultaneous equations relating to unknown parameters αA, αB and αC. Therefore, the coefficient of 
thermal expansion can be obtained from multiplying the left side of both sides of equation by the inverse matrix Q−1.
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 Experiment

 Specimen

To verify the effectiveness of the proposed method, a thermal load test is carried out with dissimilar materials composed 
three kinds of metal with the coefficient of thermal expansion mismatch. Figure 12.1 shows the dimensions and shape of an 
example test specimen schematically. Silver solder is used for adhesion and the joining method is torch brazing. For the 
specimen, heterojointed body consisting of a low coefficient of thermal expansion and a high coefficient of thermal expan-
sion simulating the substrate structure is used. Most of the laminate has three layers or more and a structure including an 
intermediate layer. Therefore, to ovserve the influence by the dimension of the width, four kinds of test specimen with dif-
ferent widths of the intermediate layer are used. The size of the test specimen is 10 × 10 × 3 mm at both ends, and the inter-
mediate layer has 4 types of length and thick ness of 10 × 3 mm, width of 2, 4, 7 and 10 mm. Combination of the test piece 
used for the heat load test is C2801-C1020-SUS430. Table 12.1 shows the material properties of each material.

 Experimental and Analysis Procedure

A test specimen is placed in a heat spreader in a thermostatic chamber. A CCD camera is placed above the thermostat to 
capture the deformation behavior of the test specimen. The temperature in the chamber can be controlled in the increments 
of 1 °C. The test specimen is heated from the room temperature (25 °C) to 75 °C (Δ50 °C), 100 °C (Δ75 °C), 125 °C 
(Δ100 °C), 150 °C (Δ125 °C) and 175 °C (Δ150 °C) and a uniform heat load is applied to the test piece. The displacement 
distribution of the surface of the test specimen is measured from the photographed images. DIC is used for the displacement 
measurement. DIC is performed from images obtained before and after the uniform thermal load test. A telecentric lens is 
attached to a CCD camera whose resolution is 2048 × 2048 pixels and its bit depth is 8 bits. The subset size for analysis is 
31 × 31 pixels. A test specimen is coated with a random pattern of the surface with a black and white lacquer spray.

Figure 12.2 shows the mesh models used for inverse analysis in this experiment, which are constructed using 8 node iso-
parametric elements. A similar analysis is carried out using meh model which is 75 elements model. The displacement data 
is allocated to each node point of the mesh model and the inverse analysis is performed. The integral calculation included in 
Eq. (12.7) is executed by piecewise virtual fields [7, 8] with the mesh model [9].

10mm 10mm 10mm
1
0
m
m

Interface InterfaceFig. 12.1 Test specimen

Table 12.1 Material properties

Material Elastic modulus (GPa) Poisson’s ratio Coefficient of thermal expansion (ppm/°C)
C2801 (brass) 103 0.35 19.5
C1020 (copper) 118 0.33 17.4
SUS430 (stainless steel) 206 0.30 10.3

InterfaceFig. 12.2 Mesh model 
(nodes: 266, elements:75)
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 Results

Figure 12.3 shows the surface image of the test specimen at the reference temperature (25 °C) before thermal loading. The 
red dash line indicates the interface. Displacement distribution data are obtained from DIC, taking the image of specimens 
before uniform thermal loading as the reference image. A displacement fields measured by DIC for a uniform thermal load-
ing test are shown in Fig. 12.4. The results of displacement distribution is not uniform and increase as the temperature 
increase, and results show that ux and uy of the brass on the left side of the test specimen are large, respectively. Each of the 
three virtual displacements is prepared by performing a finite element analysis of the mesh model shown in Fig. 12.2. Using 
the proposed method the coefficient of the thermal expansion is identified from the input value of the displacement distribu-
tion. The identified results for the coefficient of thermal expansion are presented in Table 12.2. The results of each material 
are close to the reference value. Moreover, even if the width of C1020 (Copper) which is the intermediate layer changed, 
results are close to the reference. Influence due to the difference in width of the intermediate layer of the test specimen is not 
observed.

Fig. 12.3 Image of test 
specimen

(a)

ux

(b)

uy

- 0.017

- 0.088

0.033

- 0.011

Fig. 12.4 Displacement 
distribution (ΔT = 150 °C, 
unit: mm)

Table 12.2 Inverse analysis result (ΔT = 150 °C)

Coefficient of thermal expansion (ppm/°C)
C2801 (brass) C1020 (copper) SUS430 (stainless steel)

Reference 19.5 17.4 10.3
2 mm 19.7 17.6 10.3
4 mm 19.8 17.6 10.4
7 mm 19.7 17.6 10.5
10 mm 19.7 17.2 10.4
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 Conclusions

This study proposes a method for identifying the coefficient of thermal expansion of dissimilar materials composed of three 
kinds of materials simulating a substrate. A uniform thermal load test is carried out for verify the effectiveness of the pro-
posed method.The identification result is closed to reference value. In addition, the difference in width of intermediate layer 
of the test specimen does not affect.
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