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Preface

General Remarks

In recent years, a new paradigm emerged in the area of partial differential equations
(PDE?5): that probability may help to treat more singular problems than those that
can be tackled classically by deterministic tools. The lectures given at the CIME
summer school present two directions where this paradigm was developed into
mature theories.

The first one are stochastic partial differential equations (SPDEs). Probability
here is needed a priori, for the stochastic nature of the inputs. However, it does not
play a merely technical role to define and treat stochastic terms. It is the basic tool
which allows one to define, in suitable ways, nonlinear operations on distributions.
More precisely, it selects special inputs that have all the necessary properties for the
solution of very singular nonlinear equations.

The second one are deterministic PDEs with random initial conditions. The
typical picture that emerges in certain classes of PDEs is that classical deterministic
tools (like energy methods) allow to study the equation at sufficiently high level of
regularity of initial conditions (and solutions); maybe more refined deterministic
methods allow one to go beyond and treat certain classes of less regular initial
conditions. But the most remarkable extension is made by considering solvability
with random initial conditions, where probability selects suitable data.

A core question in these investigations is the interplay between rough inputs and
nonlinearity. Fully nonlinear PDEs represent a sort of extreme class, where classical
ideas of stochastic analysis cannot be applied directly. This is another direction we
wanted to emphasise in the summer school.

Despite the different subjects, the main theme of interplay of randomness and
nonlinear effects resulted in unexpected connections and analogies between the
various approaches and results presented. For example, the space-time regularity
of certain classes of Gaussian processes and some multilinear statistics thereof
play clearly a main role in the theory of regularity structures as in the theory of
energy solutions or in the analysis of the effect of random initial conditions on low



vi Preface

regularity dispersive equations. Rough path theory is another common theme which
showed up in regularity structures and in the analysis of viscosity solution of fully
nonlinear SPDEs.

The Courses

Four courses of 6 h each were delivered to develop these ideas.

Massimiliano Gubinelli presented the approach to stochastic Burgers equation,
related to the KPZ equation, based on the concept of energy solutions. Solving the
stochastic Burgers equation is a priori very difficult since the square of white noise
appears. Nevertheless, there is a way to define this operation under the regularisation
of heat semigroup, as it appears in the variation of constant formulation. The series
of lectures of Gubinelli presented the foundations of this approach with the basic
existence result, a recent uniqueness result and ideas around the problem of weak
universality of the KPZ equation.

The lectures of Martin Hairer were devoted to his recent theory of regularity
structures, developed to deal with KPZ and other singular equations. This far-
reaching theory leverages ideas from T. Lyons’ rough path theory and generalises
them to a multidimensional context to provide an analytic well-posedness theory
for equations where the nonlinearities are apriori not well-defined. It does so by
introducing tools to give a precise local description of a distribution far beyond
what is possible with standard functional spaces and good enough to resolve the
singularities in the nonlinear operations and decompose them into well-defined
contributions. The stochastic quantisation equation for the @g Euclidean field theory
has been the running example used in the lectures to illustrate the application of the
general framework.

Martin Hairer wrote several introductions to his theory. In order to make
his contribution to the volume original, we decided instead to write a review
summarising the achievements in the field by him, his school and related groups
and which could help the reader to find its way in the steadily increasing literature
(see the Introduction).

Panagiotis E. Souganidis presented the theory, developed mainly in collaboration
with P. L. Lions, about the pathwise weak solvability of fully nonlinear PDEs with
rough time-dependent inputs, including Brownian motion. The lectures covered
two classes of scalar fully nonlinear first- and second-order degenerate parabolic
stochastic partial differential equations, including Hamilton-Jacobi equations and
multidimensional scalar conservation laws. The lectures contained also the dis-
cussion of several examples and motivations, like the motion of interfaces and
stochastic selection principle, or stochastic control and mean field games.

Nikolay Tzvetkov considered, as a main example of dispersive PDE, the nonlin-
ear wave equation in space dimension 3. After basic definitions and properties, he
described in detail some key result of the deterministic theory, for comparison with
the probabilistic progresses. In particular, he showed well-posedness for relatively
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regular initial conditions by energy methods and for less regular ones by Strichartz
estimates. Then, he presented the approach based on random initial data in classes
of more singular functions. Here, new, probabilistic, Strichartz estimates can be
proved and used perturbatively to solve the wave equation. Several additional results
have been discussed, like large deviation bounds, continuous dependence, invariant
measures and the more recent research direction of quasi-invariant measures,
namely, the property of absolute continuity of the law at later time with respect
to the law at time zero.

Final Remarks

The summer school was attended by 83 PhD students, young and more senior
researchers, roughly one fourth of them from Italy and the remaining ones from
a wide range of countries including France, Germany, Norway, Turkey, Greece, the
United States, the United Kingdom and the Netherlands. All the junior participants
(PhD or Master students, which formed the majority of the attendance) were fully
supported by CIME and the European Mathematical Society with additional funds
contributed by various other institutions: the Hausdorff Center for Mathematics
in Bonn, the Laboratorio Ypatia delle Scienze Matematiche (joint project AMU-
ECM-CNRS-INdAM), the ERC grant Dispeq of Nikolay Tzvetkov, the ERC grant
of Martin Hairer and the IUF fellowship of Lorenzo Zambotti.

We thank the lecturers and all participants for their contributions to the success of
the school. Moreover, we thank CIME staff for their efficient and continuous help.

Pisa, Italy Franco Flandoli
Bonn, Germany Massimiliano Gubinelli
London, UK Martin Hairer
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Chapter 1 )
Introduction Check for

Franco Flandoli, Massimiliano Gubinelli, and Martin Hairer

One of the most remarkable recent progresses in stochastic analysis has been
the invention of regularity structures (RS) as a tool to rigorously understand
SPDEs which were previously only written down at a formal level without clear
mathematical meaning.

A regularity structure allows to describe the local (in space-time) behaviour of
a distribution by generalising the notion of polynomials to include basis elements
which are themselves genuine distributions (possibly random), like for example
certain functionals of white noise. Those basis elements are called a model. The
family of local descriptions form naturally the section of a certain bundle over
which a notion of parallel transport can be introduced in order to compare local
descriptions in different points. This gives rise to natural subspaces of descriptions
which changes “smoothly”, therefore disconnecting the concept of regularity in the
sense of classical functional spaces to that of regularity in the sense of allowing
good analytic control. A Banach topology can be introduced under which the spaces
of sufficiently regular sections of this bundle are called modelled distributions.
In order to go from a section of this bundle of local regular descriptions to an
actual distribution which delivers a numerical value when tested with a smooth test
function we need to reconstruct such global description starting from the section
of local descriptions provided by the modelled distribution. That this reconstruction
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is possible (and unique under certain regularity conditions on the model and the
modelled distribution) is the content of the reconstruction theorem which is the
linchpin of the theory. In words, it states that there exists a unique distribution which
is coherent with the family of local descriptions, somewhat like the fundamental
theorem of calculus states that there exists only one primitive (modulo constants)
which possesses a given derivative (which is a local description of the function
itself).

The local description provided by the modelled distribution can then be used
to analyse the behaviour of non-linear operations among distributions which are
not controlled by standard functional spaces. In some sense, modelled distributions
provide refined notions of regularity well beyond classical concepts like Sobolev or
Besov regularity or even Hérmander’s wave front sets, which are tailored to work for
specific equations and capture the local structure of their solutions in a way effective
to analyse nonlinear operations.

RS is composed of various facets which are designed to handle in quite large
generality every natural class of singular SPDEs whose local behaviour can be
understood “perturbatively”. In the theory, this idea is encoded in the notion of
criticality. Equations amenable to the RS analysis are those whose scaling behaviour
is subcritical. Intuitively this means that, by blowing up locally the equation (or a
smooth approximation), it should behave more and more like a linear equation with
the non-linear terms gaining small factors due to the rescaling. The power of the
method lies in the fact that this class still includes a large number of equations
which are completely out of control with more classical theories. Let us give some
well-known and relevant examples:

1. The (generalised) KPZ equation

dh(t, x) — Ah(t, x) + T(h(t, x))(Dch(t, x))2
=o(h(t,x)E(t,x),  (t,x)eR, x T, (1.1)

where here and in the following we will denote by £ a space-time (or space)
white noise.
2. The dynamic @j model ford =2,3

dpt,x) — Ap(t,x) + At x)> =&, x),  (t,x)eRy xT (1.2

3. The Anderson model in two (and three) dimensions
du(t, x) — Au(t,x) —E@)u(t,x) =0,  (t,x) € Ry x T3 (1.3)
All of these equations are purely formal, in order to be well defined they need
suitable (infinite) counterterms which we haven’t indicated explicitly. They have

the heuristic intent of suggesting which kind of standard nonlinear PDE constitutes
a suitable approximation once the noise terms are duly regularised.
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Singular SPDEs (SSPDEs) are not just a mathematical challenge, devoid of
physical applications. Quite the contrary, they are often the mathematical coun-
terpart of very important and fundamental phenomenological physical theories
which try to describe the large scale fluctuations of random extended systems.
Here we understand ‘large scale’ in the sense that the mechanisms generating these
random fluctuations live at scales which are much smaller than the typical scale of
observation. From this point of view, one may compare SSPDEs with hydrodynamic
limits and fluctuations around them in the theory of interacting particle systems,
or with stochastic homogenisation theory. In these two examples however, there
are only two scales which play a fundamental role: the microscopic scale and the
macroscopic one, thus giving rise to Gaussian fluctuations. In SSPDEs, all the
intermediate scales stay relevant, which gives rise to non-linear fluctuations and
to non-Gaussian limiting random fields whose space-time dynamical features the
SSPDEs are describing. Very much like in the martingale problem formulation
of Markovian stochastic dynamics, the complicate nature of these fluctuations is
reduced (via the non-linear dynamics) to its purest form, that of local uncorrelated
Gaussian random fluctuations of white noise type.

In the following, we aim to give a reasoned guide to the current and fast evolving
literature around singular SPDEs, RS and other related methods.

The very first success in handling SSPDEs has been Hairer’s local solution
theory for the KPZ equation [31] which was obtained using Lyons’ rough path
theory [49-51] and in particular, controlled paths [18, 22]. Very soon after, Hairer
invented RS [33] and used them to give a local solution theory for the dynamical
<I>31 model (1.2). At the same time Gubinelli et al. introduced the notion of
paracontrolled distributions [27] and later Kupiainen [47] applied renormalisation
group ideas to give an alternative approach to the dynamical <I>‘31 model. Later on,
Otto and Weber also developed an alternative approach [58] to the study of equations
described by regularity structures, see also the follow up paper by Otto et al. [59].

Nice introductions to some aspects of these theories can be found in the book
of Friz and Hairer [18], in the papers of Mourrat et al. [57], in the ICM 2014
proceedings contribution of Hairer [32], in his course for the Brasilian School of
Probability in 2015 [34] and in the more recent survey paper [36] by Hairer.

Starting with these initial developments many models were considered. Catellier
and Chouk [11] gave a local solution theory for <I>31 using paracontrolled dis-
tributions. Later, Mourrat and Weber constructed global space-time solutions for
<I>‘21 [56] and global solution in time on the torus for <I>‘31 [55]. In this last work,
they proved that the dynamic equation “comes down from infinity” in finite time,
namely after a fixed time interval the solution can be bounded independently of
the initial condition, a very strong property related to the coercive term —¢3. More
recently, Gubinelli and Hofmanova [25] proved global space-time existence and
coming down from infinity for the <I>‘31 model and for its elliptic analogue which
lives naturally in d = 5. In doing so they developed a general technique to handle
the full space situation in paracontrolled equations.

For <I>3 many weak universality results are also known. Mourrat and Weber [54]
proved that the Glauber dynamics for the Ising—Kac model (an Ising model with
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mesoscopic interactions of mean-field type) converges to the dynamic <I>‘2‘ model,
and this was later extended to more complex microscopic dynamics by Shen and
Weber [62], showing that they can also converge to the dynamic <I>g model in some
situations.

In d = 3, Hairer and Xu [45] gave the first weak universality result for <I>‘3‘ by
proving that a class of reaction diffusion equations with polynomial nonlinearities
converge to it in a suitable crossover regime. Shen and Xu [63] examined the case
of a regularised @g model with non-Gaussian noise and proved convergence to the
Gaussian driven <I>§ model under a space-time rescaling. Furlan and Gubinelli [19]
proved the convergence of non-polynomial reaction-diffusion equations using
Malliavin calculus. At the same time, an alternative approach to non-polynomial
non-linearities was found by Hairer and Xu [46] who introduced a method based
on proving probabilistic limit theorems for trigonometric polynomials of Gaussian
random variables.

Dynamics can be used also to prove properties of the invariant measure, very
much in the spirit of Parisi and Wu’s original idea of stochastic quantisation. Hairer
and Iberti [37] used the stationary Glauber dynamics to prove tightness of the Ising—
Kac model in d = 2. Albeverio and Kusuoka [1] used a similar strategy in the <I>§
case on the torus giving a proof of tightness of the <I>‘31 measure which does not use
the techniques of constructive quantum field theory. More recently, Gubinelli and
Hofmanova [24] extended and simplified the analysis of Albeverio and Kusuoka to
handle the <I>‘31 model in the full space: they proved tightness and an integration by
parts formula valid for any accumulation point.

As far as the KPZ equation is concerned, Gubinelli and Perkowski studied
the KPZ equation on the torus proving convergence of discrete approximations,
justifying rigorously the relation with the stochastic heat equation (SHE) and
proving a variational description of the solution [26]. More recently, Perkowski
and Rosati [60] proved global space-time existence for KPZ by relating it in a
pathwise manner to the random directed polymer measure and also providing a
renormalised stochastic control interpretation for it. A vectorial version of the KPZ
equation motivated by phenomenological fluctuating hydrodynamic theory has been
analysed by Kupiainen and Marcozzi [48] via the RG approach. It is interesting to
note that the 3D Navier—Stokes equations driven by space-time white noise exhibit
powercounting properties analogous to those of the KPZ equation, major differences
being the presence of the pressure term and the vectorial nature of the equation.
These hurdles were overcome by Zhu and Zhu [64].

Weak universality results for the KPZ equation started with the paper of Bertini
and Giacomin [6] which showed that the logarithm of the solution of the stochastic
heat equation describes the large scale fluctuations of the density of the weakly
asymmetric simple exclusion process. This result predates by many years the
invention of the modern approach to singular SPDEs and the KPZ equation in
particular, but was one of the main motivations to develop a theory for such
equations because it showed that there was a need of a theory capable of describing
directly the dynamics of the fluctuations without resorting to taking the logarithm of
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the SHE (the so called Hopf—Cole transform), which is very problem-specific. Using
regularity structures, Hairer and Quastel [42] were able to show that a large class
of growth models in 1d (on a periodic domain) described by SPDEs with additive
Gaussian noise converge to the KPZ equation in the weak asymmetry, large scale
limit. Later on, Hairer and Shen [44] developed general techniques to handle non-
Gaussian noise in the setup of Hairer and Quastel providing generalised central
limits for these growth models. Indeed they showed that a large class of random
fields with short range correlations driving a 1d weakly asymmetric growth model
will generate the additive white noise perturbations appearing in KPZ, irrespective
of their initial distribution. Cannizzaro and Matetski [10], using the adaptation to
the discrete setting of RS theory developed by Hairer and Matetski [41], analyse
a class of discrete KPZ equations and prove the convergence to their continuous
counterparts. More recently, Matetski [53] developed a general strategy to handle
noises defined via martingale properties, as those appearing in interacting particle
systems and shows convergence to RS models driven by space-time Brownian
motions, paving the way to very general weak universality statements.

Another class of models which played a fundamental role in the initial devel-
opment of the theories of SSPDEs are the 2d and 3d Anderson models (1.3). A
generalised version of the 2d model (on the torus) was used by Gubinelli et al. [27]
to exemplify the application of paracontrolled distributions to singular SPDEs. The
case of the full space was been treated by Hairer and Labbé in [39] for the 2d case
and in [40] for the 3d case. A support theorem for the generalised Anderson model
in 2d was obtained by Chouk and Friz [14].

A different point of view on the problem was taken by Allez and Chouk [2]
who proved that Anderson’s Hamiltonian operator H = A — £ ind = 2 can be
renormalised in such a way that it is self-adjoint and bounded below, although
it has some rather unusual features. (For example, its domain does not contain
any smooth function, except 0.) They also analyse some of its spectral properties.
Perkowski and Martin [52] prove convergence of discrete versions of Anderson’s
Hamiltonian to its continuous counterpart via a small noise limit. In doing so
they developed basic tools to apply paracontrolled calculus in a discrete setting.
Non-linear Schrodinger evolutions (on a periodic 2d domain) associated with this
operator were first considered by Debussche and Weber [17] and later extended to
hyperbolic equations and to d = 3 by Gubinelli et al. [30] and to the full 2d space
dispersive setting by Debussche and Martin [16].

These are some of the first results for equations which are not of parabolic
type. Other results were obtained by Gubinelli et al. [29] for the 2d wave equation
with polynomial nonlinearities, including also some weak universality results for
2d hyperbolic equations with additive space-time white noise. More recently the
same authors solved in [28] also a 3d wave equation with quadratic nonlinearity
by introducing a new paracontrolled decomposition involving certain random
operators. A general solution theory for these nonlinear hyperbolic equation has
not yet been developed, especially due to the fact that the notions of homogeneity
and regularity developed for parabolic equations seems less amenable to capture
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the local behaviour of the solution and less efficient in controlling the non-linear
interaction term.

In [43] Hairer and Shen gave a solution theory for the dynamical sine-Gordon
model for certain values of the parameter « appearing in the equation. This model
is interesting since it requires a multiplicative renormalisation and the scaling
properties of the random objects needed to construct the RS models depend on a
parameter. The Hairer—Shen solution reaches the level of “first order” expansion,
well below the full range of values for o for which the equation is believed to be
subcritical. While the analytic part of RS theory developed in [33] is capable to
handle in complete generality the full subcritical regime of any non-linear SPDE
with smooth coefficients, the renormalisation step and the analysis of the random
RS model are usually done by hand and this become very rapidly a daunting task
as the regularity of the stochastic objects reaches the critical scaling. For this reason
Hairer and Shen limited their analysis to a relatively small range of values of «.

This limitation also plagues other very interesting applications of RS: for
example the generalised KPZ equation (1.1) described in [35] and recently analysed
in detail in [8]. The regularity structure needed to describe solutions to this equation
contains a very large number of basis objects and it is unfeasible to prove by
hand the renormalisation and the analytic properties needed in RS for all of them.
In order to provide a complete “black box” theory which encompasses all these
interesting but more complex situations one needs two new ingredients: a good
understanding of the algebraic properties of the subtraction of diverging quantities,
which is termed negative renormalisation and an equally good understanding of
the centering procedure of the monomials in the RS model needed to leverage the
notion of homogeneity (similar to physical scaling degree) which is crucial in the
analytic estimates. This second subtraction procedure, which produces terms very
much like a generalised Taylor remainder, is also called positive renormalisation.
Positive and negative renormalisation do not commute and their interplay can be
quite complex from a general point of view. In order to deal with this complexity,
Bruned et al. [9] put in place a theory of co-interacting Hopf algebras which
describe the abstract action of a large class of negative and positive renormalisation
schemes on the RS proving that those actions are compatible with the requirements
of the analytic side of RS theory. The use of Hopf algebras to describe negative
renormalisation is reminiscent of the approach of Connes and Kreimer [15] to
renormalisation of perturbative QFT, while their use for the positive renormalisation
has been pioneered by Hairer and Kelly [38] in the description of the branched rough
paths introduced in [23]. On the other hand, Chandra and Hairer [12] provided a
multiscale probabilistic analysis of a general class of random fields with the aim
to implement a specific negative renormalisation scheme applicable to a large class
of RS models constructed from random fields (like white noise or more generally,
stationary generalised random fields satisfying a hierarchy of cumulant bounds)
and kernel convolutions. This so called BHPZ renormalisation (After Bogoliubov,
Parasiuk, Hepp and Zimmermann who introduced the analogous renormalisation
scheme to the analysis of perturbative QFT) provides a general scheme to turn the
RS models arising in subcritical equations into well defined renormalised ones.
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Finally Bruned et al. [7] provided the missing piece, namely a proof that the
negative renormalisation provided by the BHPZ construction can be implemented
via a transformation of the equation being solved by the introduction of appropriate
local counterterms. This guarantees that for any subcritical equation there is a
(finite) number of counterterms which one has to include in the equation so that, by
suitably tuning these additional terms, regularised approximate solutions converge
to a limiting object in a robust fashion. All together the four papers [7, 9, 12, 33]
provide a complete, robust and systematic local well-posedness theory which is able
to handle any smooth quasilinear parabolic equation driven by a general class of
space-time random fields. Using this general theory Chandra et al. [13] were able
to complete the analysis of the sine-Gordon model and provide a well-posedness
theory in the full subcritical regime.

One interesting recent development is the analysis of the interplay between
symmetries and renormalisation. To some extent, this grew out of the desire to gain
a deeper understanding for the reason behind the exact cancellation between the
two logarithmic divergencies appearing in [31]. The recent article [8] provides a
very simple argument in support of the heuristic statement that ‘if one can formally
approximate a class of singular SPDEs in such a way that it exhibits a given
symmetry, then it can be renormalised in a way that preserves this symmetry’.
The generalised KPZ equation (1.1) exhibits two infinite-dimensional symmetries:
on the one hand, this class of equations is formally invariant under changes of
coordinates & +— ¢ o h of the target space (which could be more than one-
dimensional). On the other hand, It6’s isometry suggests that the law of the solution
should only depend on oo | rather than o itself. Somewhat surprisingly, it turns out
that both of these symmetries can be preserved simultaneously, which is quite unlike
the case of SDEs where Stratonovich solutions satisfy the first symmetry but not the
second one and It6 solutions satisfy the second one but not the first! Symmetry
arguments are expected to play a crucial role in the stochastic quantisation of gauge
theories which was recently performed in the simples case (2D, Abelian) in [61].

There have been also attempts to generalise paracontrolled distributions to
handle more general equations by Bailleul and Bernicot who developed in [3] a
paracontrolled calculus which can work in the manifold setting via heat kernel
estimates and also higher order commutator estimates [4] to try to tackle less regular
equations. However, paracontrolled calculus remains less general than RS theory as
yet, the latter having reached a very complete state.

Let us mention also that through a series of paper published more or less at
the same time, Bailleul et al. [5], Otto and Weber [58], Furlan and Gubinelli [20],
Gerencsér and Hairer [21] developed extensions of the above theories to handle
quasilinear equations. Quasilinear equations feature non-linearities also in the
highest derivative term and, in the SSPDEs setting, these nonlinearities require
appropriate renormalisation. The above papers provide more or less specific solu-
tions to this problem. One key insight is that of Otto and Weber [58] who suggested
to generalise the notion of the model (like in RS) to a parametric one in order to
be able to perturb it in ways depending on the solution and obtain descriptions
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suitable to well approximate the local behaviour of the solutions to such quasilinear
equations.
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Chapter 2 )
Lectures on Energy Solutions Sheiie
for the Stationary KPZ Equation

Massimiliano Gubinelli

Abstract These are a set of lectures delivered at the CIME-EMS Summer School
in Applied Mathematics “Singular Random Dynamics” which have been held from
22 to 26 August 2016 in Cetraro, Italy. The goal of these lectures is to introduce the
concept of energy solution for the Kadar—Parisi—Zhang equation and to discuss the
application of this notion of solution to the analysis of the scaling limit of certain
weakly-asymmetric growth processes.

2.1 Introduction

In these notes I will describe the martingale problem approach to the stationary KPZ
equation introduced by Gongalves and Jara [8, 9] and Gubinelli and Jara [11] under
the name of energy solutions. Recent progress allowed to establish uniqueness for
this formulation [14] and convergence results for various models [3, 5, 7, 10, 13].
These notes will be based on the material contained in the works [3, 11, 13, 14] and
on the lecture notes [12] which covered the basic existence results. Here we will
discuss also uniqueness and give an example of convergence results for a particular
class of models. Note that recently a more general approach to uniqueness of the
martingale problem has been introduced in [15] via a careful study of the formal
generator of the process.

The equation we are interested in is the following SPDE, called the Kardar—
Parisi—Zhang equation (KPZ)

ah(r, x) = Ah(t, x) + [(9:h(1, x))* — 00] + (1, x), xeT,t >0, (2.1)

where T is the one dimensional torus, A the periodic Laplacian, £ a space-time
white noise and where the notation oo hints to the fact the quadratic terms needs a
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renormalization procedure in order to be properly defined. This equation has been
introduced (on the full line) by Kardar et al. in the celebrated paper [19] appeared in
1986 in the Physics literature in order to give a universal description of fluctuations
of growing interfaces in one dimension. This topic generated a vast physics literature
which is not our aim here to review. From the mathematical point of view the status
of the equations is not a-priori very clear since it cannot be given a meaning via
standard SPDE techniques due to difficulties to define the non-linear term (more on
this later on). The first rigorous results on KPZ are contained in a paper by Bertini
and Giacomin [2] where they (morally) proved the convergence of a the density
field of an interacting particle system towards the solution u(#, x) of the Stochastic
Burgers Equation (SBE)

oru(t, x) = Au(t, x) + 0y (u(t, )c))2 + 9,&(¢, x), xeT,t >0, 2.2)

which can be interpreted as the derivative of the KPZ equation. Again this SPDE
is not well-posed (and not even well-defined) and their precise result is the
convergence of the density field to a random field # which satisfies u(t, x) =
dx log Z(t, x) where Z is the solutions to the Stochastic Heat Equation (SHE) with
multiplicative space-time white noise, namely the SPDE

0 Z(t,x) = AZ(t,x)+ Z(t, x)§(¢, x), xeT,t >0, 2.3)

which is well-posed if understood via stochastic calculus for the cylindrical Wiener
process W in L2('JT) linked to the white noise £ via the distributional relation
& = 0,0,W(t, x). The result of Bertini and Giacomin shows that this indirect
formulation of the KPZ equation is the physically correct one (since obtained via
a scaling limit of a microscopic model) but it is still quite indirect and proofs of
convergence to this kind of solutions are limited to the availability of the exponential
transformation (called Hopf—Cole transformation) or some good approximation of
it at the microscopic level. For the weakly asymmetric simple exclusion model (the
one analysed by Bertini and Giacomin) this transformation can be implemented at
the microscopic level, a fact discovered by Girtner.

For a general review of the mathematical formulation and other results around
the Hopf—Cole solutions and the related universality problem we refer to the nice
and complete lecture notes of Quastel [21].

A first attempt at an intrinsic formulation of the KPZ/SBE equation is the one
by Assign [1] where he manages to describe a generalized martingale problem
which however is still too weak to allow interesting results. After this work, Jara
and Gongalves precised the notion of stationary martingale solution in their 2010
preprint [8] (whose published version is [9]). In a subsequent paper, Jara and myself
gave a slightly different notion of solution based on the idea of identifying a general
class of processes which would exhibit certain key path properties, similar to those
observed for limiting points of the microscopic dynamics described e.g. [8]. Later
on, in collaboration with Perkowski, we have established uniqueness of the refined
formulation of the stationary martingale problem (here conventionally called energy
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solution). This last result opens the way to a large class of convergence theorems via
the standard approach of stochastic compactness method:

(a) establish tightness of the sequence of macroscopic observables;
(b) prove that any limit point is an energy solution;
(c) use uniqueness to deduce the convergence of the whole sequence.

The topics covered in these notes are the following:

(a) Introduce the concept of controlled process which describe the possible limiting
points of stationary stochastic dynamics which should converge to the SBE
equation.

(b) Prove the regularising properties of these processes in the form of good
estimates for additive functionals.

(c) Exploit these properties to define in this space a notion of solution to SBE
and to prove uniqueness of solutions to SBE. Uniqueness will be the result of
implementing the Hopf—Cole transformation at the level of controlled process
(via a generalized It6 formula) and verifying that any energy solution is
transformed into a solution of a (slightly modified SHE) which in turns enjoy
pathwise uniqueness.

(d) Use the regularizing properties of controlled processes to prove that some
rescaling of certain microscopic additive functionals converge to simpler
macroscopic ones and use this to establish certain invariance principles, for
example the convergence of a class of SPDEs to the SBE via suitable space-
time rescalings.

2.1.1 Notations and Some Preliminaries

Let T = R/(27Z) be the one dimensional torus, . the space of C*° functions on
T and (f, g) = fT f(x)g(x)dx the L2(T) scalar product. For k € Z we denote
by ex(x) = exp(—ikx)/(27)'/? the Fourier basis. Let Ty : L?(T) — L3(T) the
projection from L2(T) to L3(T) = {f € L*(T) : (eo, f) = 0}, 1) : L*(T) —
L%('JT) the projection on the span of (ex)o<kj<n and by Y : L3(T) — L%(T) the
projection on the span of (ex)ogkj<n- Let H* the standard Sobolev spaces on T of
index o € R defined as

H® := H*(T) := !p € S plge =Y (1 +k)*pen) < oo
keZ

and H§ = TpH* their mean-zero counterparts. The space of distributions . =

' (T9) is the set of linear maps f from . = C®(T¢,C) to C, such that there
exist k € Nand C > 0 with

I(fo @)l =17 (@) < C sup [0%@llLoo(ra)
Il <k
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for all ¢ € .#. The Fourier transform .% f : Z¢ — C,

Ffk) = fk) = (f, ex),

with e = e~/ /(27)4/2, is defined for all f € ./, and it satisfies |.Z f (k)| <
|P(k)| for a suitable polynomial P. Conversely, if (g(k))icz«¢ is at most of
polynomial growth, then its inverse Fourier transform

F g =) gk
keZ

defines a distribution (here ef = e'&) /(2)4/2 is the complex conjugate of e;).
Parseval formula

o m = [ Fmowds = Y Fwpw
k

extends from f, ¢ € L>(T) to f € ./ and ¢ € .¥. Moreover for f € ./, ¢ € ./
and for u, v : Z — C with u of polynomial growth and v of rapid decay

F(fo)k) = Q) )" flk—0)p(0)
4

and
F N wv)(x) = Qo) Fu, (F ) — ).

Linear maps on .’ can be defined by duality: if A : . — % is such that for all k €
Nthere exists n € Nand C > 0 with sup,,<; 119" (A@) [lLe < Csup,, <, 19" @ |l Lov,
then we set ("Af, ¢) = (f, Ayp). Differential operators are defined by (37 f, ¢) =
(=D"(f, 3%¢). Any ¢ : Z — C growing at most polynomially defines a Fourier
multiplier

eD): S — ', oD f =F YeF[).

Denote C7V = C([0, T], V) the space of continuous functions from [0, T'] to the
Banach space V endowed with the supremum norm and with C % V=C"(0,T],V)
the subspace of y-Holder continuous functions in Cr V with the y-Holder norm.

We will need also a fixed family of smoothing operators indexed by L > 1. Let
q : ' T — Ry be a even smooth function of compact support around O and such that
Jpa@)dx = 1. Let 8% (y) = Lq(Ly), 8 (y) = 8L (x — y), pL = 6% —1/(27) and
IEf = pl* f. Weletalso p2°(y) = 8,(y) — 1/(27) and then S f = p™ x f =
Iy f.
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2.1.2 White Noise

Fix a complete probability space (€2, F, P) where is defined a spatial white noise n
on T, i.e. n is a centred Gaussian process indexed by L?(T), with covariance

Eln(Hn(g)] = /T J(x)g(x)dx.
We can choose a version of 7 such that € ./ almost surely. Indeed letting

0 =Y _exp(hln(en)|*/2)/(1 + k|*)

keZ

we have

sup [n(ex)| < 227 log(1 + [k1?) + 217" log 01
keZ

and moreover E[Q,] < oo for any A < 1. This implies easily the existence of the
random distribution n and gives precise informations about the regularity of such a
distribution. In particular it holds that n € H —1/2=¢(T) as. for all ¢ > 0 and we
will let i be the law of 1 as a random variable taking values in H —1/2=¢(T) for
some fixed and small & > 0.

The space-time white noise on R4 x T is similarly defined as the centred
Gaussian process £ indexed by L*(R4 x T) with covariance

E[£(f)E(g)] = / £t x)g (. x)didx.

IR+><T

A nice realisation for this process, the one we will use below, is to define M;(p) =
\/25(1110,,](/)) for ¢ € L*(T) and r > 0 and observe that (M:(9))1>0,pe2(T) 1s @
Gaussian random field with covariance

E[M (@) M ()] = 2(t A s){@, V) 2(T)-

In particular, for every ¢ € . the stochastic process (M;(¢));>0 is a Brownian
motion with covariance 2||q)||%2(,ﬂ,). We will use this fact to have a rigorous
interpretation of the white noise & appearing in our equation. Moreover the notation
M stresses the fact that (M;(¢)); is a martingale in its natural filtration and more
generally in the filtration F, = (F;); with F; = o(M(p) : s < t,9 € L(T)),
t > 0.
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2.2 The Ornstein—Uhlenbeck Process

Let X be a solution to

t

X (p) = Xo(o) +/0 X (Ap)ds + 09 M (@) (2.4)

forall + > 0 and ¢ € .. This equation has at most one solution (for fixed
Xop). Indeed, the difference D between two solutions should satisfy D;(¢) =
fot Dg(Agp)ds, which means that D is a distributional solution to the heat equation.

Taking ¢ = e we get Dy (ex) = —k? fé Dy (ex)ds and then by Gronwall’s inequality
D, (er) = 0 for all # > 0. To obtain the existence of a solution, observe that

t
X (ex) = Xo(ex) — k2/0 X (er)ds + 9x M (ex)

and that oy M;(eg) = 0. For all £k # 0 the process B;(k) = M;(ex) is a complex
valued Brownian motion (i.e. real and imaginary part are independent Brownian
motions with the same variance). The covariance of g is given by

E[B: (k) Bs(m)] = 2(t A $)8k+m=0

and moreover S;(k)* = pB;(—k) for all k& # 0O (where -* denotes complex
conjugation). In other words, (X;(ex)):.x is a complex-valued Ornstein—Uhlenbeck
process [18, Example 5.6.8] which solves a linear one-dimensional SDE and has an
explicit representation given by

t
X, (er) = e Xo(er) — ik / e 4,8, (k).
0

This is enough to determine X,(¢) forall + > 0 and ¢ € .. Moreover (X;(ex) :
t € Ry, k € Z) is a complex Gaussian random field. If we take Xy ~ n where 7 is
a space white noise, independent of (8;(k))s>0 kez We have that X, has mean zero
and covariance

|12
E[X;(ex) Xs(em)] = Sk+m=0€ [t—slk

as well as
E[X, (ex) Xs (em)*] = Sxame 1K,

In particular, E[|X,(ex)|?] = 1. Note that X,(ex) ~ Nc(0, 1) for all k € Zg and
t € R, where we write

U ~ N¢(0, 0'2)
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if U = V+4iW, where V and W are independent random variables with distribution

N (0, 02/2). The random distribution X, then satisfies X;(¢) ~ N(0, ||cp||i2(T)).

That is, the white noise on T. It is also possible to deduce that the white noise on
T is indeed the invariant measure of the Ornstein—Uhlenbeck process, that it is the
only one, and that it is approached quite fast [18]. Next we examine the Sobolev
regularity of X.

Lemma 1 Let o < —1/2 almost surely X € CH®.

Proof Leta = —1/2 — ¢ and consider

1X: = X e = Y (1 + k)X (er) — Xy (e) .
keZ

Let us estimate the L?”(£2) norm of this quantity for p € N by writing
) p P
EIX — Xl = > JJA+1IPDE]]1X (ex) — Xo(er)-
Ki,ekpeZi=1 i=1

By Holder inequality, we get
p p
EIX - Xl S > 1A+ 1k TTEX (o) — Xsew)PP)7.

ki,.kpeZi=1 i=1

Note now that X; (ex;) — X (ex,;) is a Gaussian random variable, so that there exists
a universal constant C, for which

E|X,(ex,) — Xs(ex)1*? < Cp(E|X (ex;) — Xy (ex,) PP

Moreover,

t
X;(ex) — Xs(ep) = (e K= 1)Xs(ek)+ik/ e =g, 8 k),

N

leading to

EIX,(ex) — Xy (en) > S (K2t — ) ,
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for any k € [0, 1] and k # 0, while for k = 0 we have E|X;(eg) — X,(e0)|> = 0.
Let us introduce the notation Zy = Z \ {0}. Therefore,

14 14
EIX - Xl < Y []a+ 1k [TEX ) — Xo(er)?

Kiyens kaZ() i=1 i=1

Kiyens kaZ() i=1
P
SE=syP | > A+ kKD
kEZ()

If « < —1/2 — «, the sum on the right hand side is finite and we obtain an
estimation for the modulus of continuity of t — X; in L3P (Q2; HY):

2
EllX: — Xl S (1 — )P,

Kolmogorov’s continuity criterion allows us to conclude that almost surely X €
CH*“. |

Note that the regularity of the Ornstein—Uhlenbeck process does not allow us to
form the quantity X ,2 point-wise in time. One can show that th(ek) does not make
sense as a random variable. So we should expect that, at fixed time, the regularity
of the Ornstein—Uhlenbeck process is like that of the space white noise and this is
a way of understanding our difficulties in defining X ,2 since this will be, modulo
smooth terms, the square of the space white noise.

A different matter is to make sense of the time-integral of d, X ,2 Let us give it a
name and call it J;(¢) = fot Oy Xf (¢)ds. For J;(ex), the computation of its variance
gives a quite different result.

Lemma 2 Almost surely, J € C'/>~H~1/2~

Proof We have now

1 13 t
Bl 0Pl = K /0 fo S BIX, (e0) Xy (e ) IELX, (e) Xy (e 1dsds’

L+m=k

If s > s, we have

E[X;(e) Xy (e_¢)] = e 6,
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and therefore

2 Ko (+m?)|s—s'|
J— _ m sS—5 /
E[J: (ex)|”] = o7 /0 /0 E e dsds

L+m=k
o lkzt Z /Oo —(C+mPr g 1k2t Z 1
e r=
= 2 2
T =0 T tm
Now for k # 0
Jo am Y Je k=) k|

So finally E[|J;(ex)|?] < |k|t. From which is easy to conclude that at fixed ¢ the
random field J; belongs almost surely to H~!/>~. Redoing a similar computation
in the case J;(ex) — Js(ex), we obtain E[|J;(ex) — Js(ek)|2] < |k| x |t — s|. To go
from this estimate to a path-wise regularity result of the distribution (J;),, following
the line of reasoning of Lemma 1, we need to estimate the p-th moment of J; (ex) —
Js(er). We already used in the proof of Lemma 1 that all moments of a Gaussian
random variable are comparable. By Gaussian hypercontractivity (see Theorem 3.50
of [17]) this also holds for polynomials of Gaussian random variables, so that

E[1J; (ex) — Js(ex)*P1 Sp (El| i (ex) — Js(e)|*DP.

From here we easily derive that almost surely J € C'/>~ H~!/2~ which is the space
of 1/2—-Holder continuous functions with values in H /%~ O

This shows that 3, X? exists as a space-time distribution but not as a continuous
function of time with values in distributions in space. The key point in the proof
of Lemma 2 is the fact that the correlation E[X(e¢) X (e—¢)] of the Ornstein—
Uhlenbeck process decays quite rapidly in time.

The construction of the process J does not solve our problem of constructing
f(; axufds since we need similar properties for the full solution u of the non-linear
dynamics (or for some approximations thereof), and all we have done so far relies on
explicit computations and the specific Gaussian features of the Ornstein—Uhlenbeck
process. But at least this give us a hint that indeed there could exist a way of making
sense of the term 0d,u(z, x)z, even if only as a space-time distribution, and that in
doing so we should exploit some decorrelation properties of the dynamics.

To deal with the full solution u, we need a replacement for the Gaussian
computations based on the explicit distribution of X that we used above. This will
be provided, in the current setting, by stochastic calculus along the time direction.
Indeed, note that for each ¢ € % the process (X;(¢));>0 is a semi-martingale in
the filtration (F;);>0.
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Before proceeding with these computations, we need to develop some tools to
describe the 1t6 formula for functions of the Ornstein—Uhlenbeck process. This will
also serve us as an opportunity to set up some analysis on Gaussian spaces.

2.3 Gaussian Computations

For cylindrical functions F : ./ — R of the form F(p) = f(p(¢1), ..., p(gn))
with ¢1,...,¢, € S and f : R" — R at least Cg, we have by Itd’s formula

n 1 n
GF(X0) = Y F(X)dXe(@) + , Y Fij(X)d(X (@), X(g))h.
i=1 i,j=1

where (); denotes the quadratic covariation of two continuous semimartingales and

where Fi(p) = 9 f(p(¢1), ..., p(gn)) and Fyj(p) = 37 f(p(eD), ..., p(¢n)),
with d; denoting the derivative with respect to the i-th argument. Now recall that

dX:(¢i) = Xi(Ag;)dr + dox M;(¢;)
is a continuous semimartingale, and therefore
d(X (@i), X (@) = A0 M (@i), 0xM (@) = (0x @i, 0x¢j) 2(T)dt,
and then
n
dF (X)) =Y Fi(X)do.M:(9;) + LoF (X,)dt,
i=1

where L is the second-order differential operator defined on cylindrical functions
F as

LoF(p) =Y _ Fi(p)p(Ag) + Y Fij(0){(dxgi. 0x@))1201)- (2.5)
i=1 i,j=1

Another way to describe the generator Ly is to give its value on the functions p
exp(p(y)) for ¢ € &, which is

Loe?™) = &P (p(AY) — (¥, AY) 121
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If F, G are two cylindrical functions (which we can take of the form F(p) =

(1), ..., plen)) and G(p) = g(p(¢1), ..., p(@y)) for the same ¢y, ..., @, €
), we can check that

Lo(FG) = (LoF)G + F(LoG) + £(F, G), (2.6)

where the quadratic form £ is given by

E(F,G)(p) =2 Fi(p)Gj(p) (301, 0:05) 1207 2.7
i,J

In particular, the quadratic variation of the martingale obtained in the It formula
for F is given by

d< f 3 F,»(Xs)daxMS(rpi)> = E(F, F)(X,)dt.
t

0 =1

Lemma 3 (Gaussian Integration by Parts) (Z;)i=1... m is an M-dimensional

Gaussian vector with zero mean and covariance (C; j); j=1,..m iff for all g €
Cg (RM) we have

98(2)

E[Zig(Z2)] = CrE .

[Zkg(2)] ; e [ 27,

As a first application of this formula let us show that E[LoF ()] = O for every
cylindrical function, where n is a space white noise with mean zero, i.e. n(¢) ~

N(0, ||<p||§2m) for all ¢ € L3(T), and n(1) = 0. Here we write L3(T) for the
subspace of all ¢ € L*(T) with f.ﬂ. @dx = 0. Indeed, note that by polarization

Eln(pidn(A¢j)] = (¢i, Apj) 2T, leading to

n n
E Y Frjm){0egi 00)) 2my) = —E D Fij(){@i. Agj)aer)

i,j=1 i,j=1
- 3
= - {(pi. Agj)2m)E Fj(n)
l-%::l ! J1L*(T) an((pl) J
n
= — Y El(Ap) Fj(n)l,
j=1

so that E[LoF(n)] = 0 (here we interpreted d; f as a function of n + 1 variables,
with trivial dependence on the (n + 1)-th one). In combination with It6’s formula,
this indicates that the white noise law should indeed be a stationary distribution for
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X (convince yourself of it!). From now on we fix the initial distribution Xo ~ #,
which means that X; ~ n forallr > 0.
As another application of the Gaussian integration by parts formula, we get

1
LEIE(F. GY] = = 3 ELF G ()(gi. Agj)p2cr)-
iJ
= — Y EIFG,;m)illgi, Apj)12r)
iJ
+ Y ELFGij)gi, Agj) 12
iJ

=~ > EIFmGmn(Ag))]

J

+ Y ELFGijm)ei, Agj) 12
ij
= —E[(FLoG)(n)].
Combining this with (2.6) and with E[Ly(F G)(n)]=0, we obtain E[(F LyG)(n)] =

E[(GLoF)(n)]. Thatis, Lo is a symmetric operator with respect to the law of 7.
Consider now the operator D, defined on cylindrical functions F by

DF(p) =Y Fi(p)gi 2.8)

so that DF takes values in .¥’, the continuous linear functionals on .#, D is
independent of the specific representation of F, that is if

F(p) = f(p(p1),....p(@n) = go(Wr1), ..., p(¥m))

forall p € ., then

D0 L), p@)Gi =D 0,80, -+, pWm)) Vi

J

A way to show this is to consider that for all 6 € .7,

d
(DF(p),0) =, F(p+eb)le=0.
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By Gaussian integration by parts we get

E[F () (¥, DG)] + E[Gm) (¥, DF )] = Z E[(FG)i(m(¥. ¢i)]

= 2E[n(y)(FG) ()],

and therefore

E[F(m){y, DG()] = E[G(m)(¢¥, =DF (n) +nF )]
So if we consider the space Lz(Law(n)) with inner product E[ F (1) G(n)], then the

adjoint of D is given by D*F(p) = —DF (p) + pF (p). Let Dy, F(p) = (¢, DF (p))
and similarly for D’&,F(p) = —Dy F(p)+ p()F(p). If (fu)n>1 is an orthonormal

basis of L2(T) then

Lo =) D% Day,.
n

Moreover, we have

[Dg, D}, 1F (p) = (DD, — D} Dg) F(p) = (V. 6) 121y F (),

whereas [D}, D* ] = 0. Therefore,

[Lo, D1 =) [D} Dac,, Djj1 =Y D} [Da,, Dj1+ Z D} 1Dx,,
n

n

=Y D} (. Aen)2(r) = Diy-
n

So if ¢ is an eigenvector of A with eigenvalue A, then [Ly, Dj‘b] = AD;. Let now
(Ym)nen be an orthonormal eigenbasis for A with eigenvalues Ay, = A,y and
consider the functions

HWiy, ..., ¥i,) S — R, HWip, ..., ¥i,)(p) = (D:Z,.l -+-Dy, D(p).
Then
LoH(Yiyy ..., ¥i,) = LOD% Dy, 1
ok * * D* L. D*
=Djj, LoDj, Dy, 1+ 4Dy, D, 1 2.9)

="'=()~i1+"'+)~i,,)H(¢ip---a¢i,,)a (210)
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where we used that Lol = 0. These functions are eigenfunctions for L and the
eigenvalues are all the possible combinations of A;, +- - -+A;, foriy, ..., i, € N. We
have immediately that for different n these functions are orthogonal in L?(law(1)).
They are actually orthogonal as soon as the indices i differ since in that case there is
an index j which is in one but not in the other and using the fact that DTD;‘ is adjoint to
Dy; and that Dy,; G = 0 if G does not depend on y/; we get the orthogonality. The
functions H (Y, ..., ¥i,) are polynomials and they are called Wick polynomials.

Lemma 4 For all € .7, almost surely

@ 1) () = "-IVIP2,

Proof If F is a cylindrical function of the form F(p) = f(p(¢1), ..., p(¢m)) With
f e LZ(R™), then

ELF () (™ 1)()] = E[eP? F ()] = E[F (n + ¥)] = E[F ()"~ 1VI°/2],

where the second step follows from the fact that if we note W;(n) = F(n + t¢)
(note that every ¥ € . can be interpreted as an element of .#”) we have 9, ¥, (n) =
Dy W;(n) and Wo(n) = F(n) so that ¥, (n) = (e’D‘//F)(n) for all + > 0 and in
particular for ¢+ = 1. The last step is simply a Gaussian change of variables. Indeed
if we take ¢1 = v and ¢ Ly for k > 2 we have

E[F(n +y)] =ELf () + (. ), n(g2), - ... n(@m))]

since (7 + ¥)(¢r) = n(ex) for k > 2. Now observe that 1(y) is independent of
(n(g2), ..., n(gm)) so that

E[fn() + (¥, ), n(@2), ..., n(gm))]

=2V
= LB G+ i) n(e2), - n(@m)]
R /27|y
2 2
P 4 o
= L& WIPELf @ n(ea). - n(gm)] = ELF (e 71V,
R /27|y
To conclude the proof, it suffices to note that E[F(n) (eDzl)(n)] =
E[F (1)e2" @~V I*] implies that (2 1) () = "W =1V 1%/2, 0
Theorem 1 The Wick polynomials {H (Y, ..., ¥, )(@m) 1 n 2 0,iy,...,i, € N}

form an orthogonal basis osz(laW(n)).
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Proof Taking ¥ = )", 0;¥; in Lemma 4, we get

* (D" D)
eXiomWD=Y o7 Iil?/2 — (P 1)(y) = Z wn'
n=0 :
O‘il o 'O-in
=22 T H i),
n>=>01i1,...,in : nt;;es

which is enough to show that any random variable in L? can be expanded in a series
of Wick polynomials showing that the Wick polynomials are an orthogonal basis of
Lz(law(n)) (but they are still not normalized). Indeed assume that Z < L2(Law(n))
but ZLH (i, ..., ¥;,)(n) foralln > 0,iy,...,i, € N, then

0 = eXi P IVilP 125 7PV 1) ()] = Xt O WilP 12 7o Xi oW =X, o7 1Vil/2

— E[ZEZI' Ui’}(‘//i)].

Since the o; are arbitrary, this means that Z is orthogonal to any polynomial
in n (consider the derivatives in ¢ = 0) and then that it is orthogonal also to
exp(i Zi oin(yi)). Solet f € Z@®RM) and o; = 0 fori > m, and observe that

0= Qr)"/? / doy - -dow.Z f (o1, ..., om)E[Ze' Zi oW
=E[Zf 1), ..., n(Im))],

which means that Z is orthogonal to all the random variables in L? which are
measurable with respect to the o-field generated by (9(¥)),>0. This implies
Z = 0. That is, Wick polynomials form a basis for L>(11). O

Example 1 The first few (un-normalized) Wick polynomials are
H (i) (p) =Dy, 1(p) = p(¥),
Hi, ¥7)(p) = D}, D 1 =Dy p()) = —8i=j + p(¥i)p(¥),
and

HWi, ¥j, Y (p) = Dy, (=8 =k + p(¥rj) p (Yi))
= —8j=kp (i) — Bi=jp (Vi) — Si=kp (¥j) + p(Wi)p(¥j)p (W).
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Some other properties of Wick polynomials can be derived using the commuta-
tion relation between D and D*. By linearity D}, = D§ + Dy, so that using the
symmetry of H we get

Hop+9) =H@+V.....0+P)= Y (Z)H(go,.. V).

Then note that by Lemma 4 we have
@2 1) () PV 1) () = "D =10 2nN=1VI2/2 _ gnle+i)=lle+¥ 1/ 2+ )
= (D (me V.
Expanding the exponentials,

Hy (@) Hy(Y) He(p + ) g, ¥)*
> =)

- m! n! L r! il
5
ZH(()D"-" 71//.7-'-71//)((()071//))2
N q! o
Pq.¢

and identifying the terms of the same homogeneity in ¢ and ¥ respectively we get

n! L S
Ha@H = 37 3 L H@ D00 ey’ e
p+Hl=m g+L=n

This gives a general formula for such products. By polarization of this multilinear
form, we can also get a general formula for the products of general Wick
polynomials. Indeed taking ¢ = 3iL; «ig; and ¥ = 37, A;y; for arbitrary
real coefficients k1, ...,k and Aq, ..., A, Wwe have

Hu () kioi) Ha () 2j7)
i=1 j=1

= > ) ki Ki Ay A H @ @i,V H (W ).

i15eens im Jlsewesn

Deriving this with respect to all the x, A parameters and setting them to zero, we
single out the term

Z H(@o1)s - Pom)HWw)s - - Yom)

o €Sy, wEeSy

=mn'H(p1,...,0m)HO1, ..., ),
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where S¢ denotes the symmetric group on {1,...,k}, and where we used the
symmetry of the Wick polynomials. Doing the same also for the right hand side
of (2.11) we get

Hpr, .o oq) HWY1, ..o Yn)

b4 4 ¢

1 —- = - -~ ~
= > Y olgle! STH@ e Vi Vi) [ (@i W)
p+l=m g+Ll=n i,j r=1
where the sum over i, j runs over iy, . .., i,, permutation of 1, ..., m and similarly
for ji, ..., ju. Since H(g;,, ..., Gips Yjrs o5 ¥, ) (M) is orthogonal to 1 whenever

p + g > 0, we obtain in particular

1 n
ELH @, o ) DH Wyl = 3 [T vi)

ij r=1

= [T v

oeS, r=1
In conclusion, we have shown that the family

—1/2

ST Wr Vo) | HGin oo i) 0 20,01, ip €N

oeS, r=1

is an orthonormal basis of Lz(law(n)).

Remark 1 In our problem it will be convenient to take the Fourier basis as basis
in the above computations. Let e (x) = exp(ikx)/ V27 = ag (x) + ibx(x) where
(ax)renN and (by)ren form together a real valued orthonormal basis for L2(T). Then
plex)* = p(e—x) whenever p is real valued, and we will denote Dy = D,, =
Dy, + iDp, and similarly for D} = DZ‘k - iDZk = —D_j + p(e—). In this way, D}
is the adjoint of Dy with respect to the Hermitian scalar product on L?(2; C) and
the Ornstein—Uhlenbeck generator takes the form

1 2
Lo = %(D’gxakDaxak + D}, Do) = ) ék DDy (2.12)

(convince yourself of the last identity by observing that DDy + D*,D_; =
2(Dg, Dy + Dzk Dy, )!). Similarly,

E(F.G) =) K (DyF)*(DiG). (2.13)
kel
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2.4 The Ito Trick

We are ready now to start our computations. Recall that we want to analyze J;(¢) =
fot Ox Xf (¢)ds using Itd calculus with respect to the Ornstein—Uhlenbeck process.
We want to understand J; as a correction term in Itd’s formula. If we can find a
function G such that LoG (X;) = 0y th, then we get from It6’s formula

t
/ 3. X2ds = G(X,) — G(Xo) — Mg,
0

where M is a martingale depending on G. Of course, G will not be a cylindrical
function but we only defined L on cylindrical functions. So to make the following
calculations rigorous we would again have to replace d, X ,2 by 0,11, X ,2 and then
pass to the limit. As before we will perform the calculations already in the limit N =
+o00, in order to simplify the computations and to not obscure the ideas through
technicalities. The next problem is that the point-wise evaluation fé 0 X f (x)ds does
not make any sense because the integral will only be defined as a space distribution.
So we will consider

G: 9 - 9.

Note however that we can reduce every such G to a function from .’ to C by
considering p > G(p)(ex) for all k € Zy.
Now for a fixed k, we have

0 XP(er) =ik Y Xi(e)Xi(ew) =ik Y Hpm(X)), (2.14)
L+m=k L+m=k

where Hy () = (D* ,D*, 1)(p) = p(e¢)p(em) — 8¢4m=o is a second order Wick
polynomial so that LoHy ,,, = —(Ez + mz)Hg,m by (2.9). Therefore, it is enough to
take

. HZ,m (Xt)
GXi(ew) =ik > """ 5 (2.15)
L+m=k
This corresponds to the distribution G(X;)(¢) = — fooo 9. (e*2 X)) (¢)ds (check

it!). Then

G(X1)(p) = G(Xo)(p) + Mc.i(¢) + Ji (),

where Mg ;(¢) is a martingale with quadratic variation

d(Mc (@), Mg,«(@)): = E(G()(9), G(x)(9))(X;)dt.
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We can estimate
E[J: ()= Js (@) [*P1 <p Bl Mg .+ (9)— Mg 5 (@) *P1H+E[ G (X1) (9) — G (X5) () *7].

To bound the martingale expectation, we will use the following Burkholder inequal-
ity:

Lemma 5 Let m be a continuous local martingale with mo = 0. Then forall T > 0
and p > 1,

Elsup |m,|*"] < C,E[(m)7].
t<T

Applying Burkholder’s inequality, we obtain

!

t
< (t—S)p_lf E[IEG)(@), G (@) (X)) 1dr

t
EllJi(p) — Js(@)[*"1 $p B [ f E(G M) (@), G (@) (Xy)dr

+E[G(X1)(9) — G(Xs)(9)|*7]

+E[IG(X)(p) — G(Xs)(@)|*]
= (1 — )PE[IEG (%) (9), GH) (@) ()|]
+E[|G(X/) () — G(X,)(@)*],

using that X, ~ n. Now

P (€k—m)

DnGip) e =ik 7" .

and therefore

E(G () (er), G (e)(p) = Y m*D_pG(p)(e—1)Dm G (p)(ex)

2 2
— 2 Z m2 [p (el <2 Z |p(eo)]
{4+

2 2)2 ~ 2 27
L+m=k (ﬁ +m ) m:kﬁ +m

which implies that

In(eo)|? 1
ELIE(G ) (er), G ) (e) ()] Sszu;:k 22 Skzugzk g2 S KL



30 M. Gubinelli

A similar computation gives also that
E[IE(G (%) (er), G (e) '] < k|7
Further, we have

Hy (X)) — Hpm(X5))?
E[G(X,)(er) — GX) @)1 Sk Y. E[' ton(Xe) = Hen (X)) }

2 2)2
Otm=k (&% +m?)
’ > ot
<Kt — s < |kl|t — s|.
~ 2 2)2 ~
C+m=k (£ +m?)

Given that G is a second order polynomial of a Gaussian process we can apply once
more Gaussian hypercontractivity to obtain

E[1J; (ex) — Js(ex)1*P1 Sp (8 — )P ||

The advantage of the It6 trick with respect to the explicit Gaussian computation is
that it goes over to the non-Gaussian case.

2.5 An Approximation Scheme

Our aim now is to devise suitable approximation for the SBE and try to modify the
1t6 trick to get enough compactness to be able to extract limits. The properties of
these limit points will suggest a suitable notion of solution.

For any N > 1 consider solutions u™ to the SPDE

du = Au™ + o, IV (V)% 4 20,&.
These are generalized functions such that
du® (ex) = —k*u (er)dr 4 [0, TV (TN u™ )] (ex)dr + ikdB, (k)

fork € Z and t > 0. We take uq to be the white noise with covariance ug(¢) ~
N, [|¢]|?). The point of our choice of the non-linearity is that this (infinite-
dimensional) system of equations decomposes into a finite dimensional system for
(N (k) = TTVu™ (ex))x:jk)< v and an infinite number of one-dimensional equations
foreach u™ (ex) with |k| > N.Indeed if [k| > N we have [3, TV (ITVu™)2](ex) = 0
so u;(ex) = X;(ex) the Ornstein—Uhlenbeck process with initial condition X¢(ex) =
uo(ex) which renders it stationary in time (check it). The equation for (v (k)<
reads

dv) (k) = —k?v (k)dr + by (v))d + ikdBi (k). k| < N.1 >0
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where

by =ik Y T mi<nvy @©v)Y (m).
L+m=k

This is a standard finite-dimensional ODE having global solutions for all initial
conditions which gives rise to a nice Markov process. The fact that solutions do not
blow up even if the interaction is quadratic can be seen by computing the evolution
of the norm

Ar= Y Y0P

lkl<N

and by showing that

dA, =2 Z vV (—kydv! (k)

kI<N
=-2 Z k2w (k) |2de
IkI<N
+2 3 oM (—obMde + 2ik D v (—k)dBi (k).
kI<N kI<N

Since A is nonnegative, we increase its absolute value by omitting the first
contribution. But now

oMby =2 Y Leugmievkv ©vY v (—k)
lk|<N k.,m:l+m=k

==2i Y Tokrmen ©v)Y @vyY v k)
k,t,ml+m+k=0

and by symmetry of this expression it is equal to

2.
=, Z L) k). jm| < (k + € +m)vY (@ v m)v] (k) = 0,
k,L,ml+m+k=0

S0 || < |Ao + M;| where dM; =2 3" < Ty (i)} (—k)dB; (k). Now

T T
E[M?2] 5/ Z K2 (k)2dr < N2/ A,dr
0 0

k<N
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and then by martingales inequalities

E[ sup (A;)?] < 2E[AZ]+2E[ sup (M;)*] < 2E[A}] + 8E[M7]
t€l0,T] t€l0,T]

T
< 2E[A}] 4+ CN? / E(A,)ds.
0
As a consequence, Gronwall’s inequality gives

2
E[ sup (A)?] < eV TE[A]),
t€[0,T]

from where we can deduce (by a continuation argument) that almost surely there
is no blowup at finite time for the dynamics. The generator LV for the Galerkin
dynamics is given by

LNF(p) = LoF(p) + BN F(p),
where

BNF(p) =Y Tkj<n 0 (TN p)*) (ex)Di F (p).
k

And again the non-linear drift BV is antisymmetric with respect to the invariant
measure of Ly by a computation similar to that for the full drift B. Next,
using Echeverria’s criterion [4] the invariance of the white noise follows from its
infinitesimal invariance which can be checked at the level of the generator L.

2.5.1 Time Reversal

In order to carry over the Ito trick’s computation to the full process u”V solution
of the non-linear dynamics we need to replace the generator of X with that of u
and to have a way to handle the boundary terms. The idea is now to reverse the
Markov process u” in time, which will allow us to kill the antisymmetric part of
the generator and at the same time kill the boundary terms. Indeed observe that we
have the Itd formula

n
A F @) =Y Fiu)oxdM;(g;) + LY Fu)dr,

i=1
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where LV is now the full generator of the approximate non-linear dynamics.
Formally, the non-linear term B is antisymmetric with respect to the invariant
measure of L. Indeed since B is a first order operator

E[((BY F()G ()] = E[(BY (FG)(n)] — E[F (n)(BY G(n))]
= —E[F()(BYG(n))] (2.16)

provided E[B NF ()] = 0 for any cylinder function F. Let us show this.

EBNFm]= ) El@:(TTVn)?)(ex)Dy F ()]
k:|k|<N

== > ElOx@: M) (e0) F(n)]

k:|k|<N

+ Y EDd@:M ) e Fm)ll

kilk|<N

But now we get from (2.14)
Dy (3: (MY ) (ex) = v2ikn(eo) < = Lgj<nm ™ 2ikin, 1) =0,

where we used that (n, 1) = 0. Gaussian integration by parts then gives

EBNF(m]= > EIDil(@:(TVm?)(ex) F)]]
k:|k|<N

= > Ele) @@V e) Fm)]

kilk|<N

1
=E[(n, TV o, (V)2 F(n)] = SEL (M) F(]1 =0

since (1, 3, (ITVn)3) = — (3,1, (1T 7)) = 0.

The dynamics of u backwards in time has a Markovian description. If (y;);>0
is a stationary Markov process on a Polish space, with semigroup (P;);>0 and
stationary distribution p and P;* the adjoint of P; in L?(u), then (P}) is a semigroup
of operators on L?(y1) (thatis P§ = id and P}, = P; P} as operators on L?()).
Moreover if yg ~ p, then for all T > 0 the process y; = yr—;, t € [0, T], is also
Markov, with semigroup (P;*);cf0,77, and that y is also an invariant distribution for

(PP).
Now if we reverse the process u” in time letting ﬁfv = u]}lft, we have by
stationarity

E[F @M G @i = EIF W) _)Gui)] = E[F u))GwM)).
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So if we denote by LV the generator of iV :
AN ANy AN d
E[L™ F(iiy )G (ily )] = dt

_d
T dr

E[F@GMG@)H)
=0

E[Fu))GuM)] = EILGu))Fu)],
=0

which means that L.V is the adjoint of LY in LZ(M), that is

LNF(p) = Ly F(p) = BYF(p) = L{ F(p) = Y _ (@ (IT" p)*)(ex)Di F (p).
k:k|<N

In other words, the reversed process solves
N N TN "N ANY2 g
up (@) = ug (¢) +/ ug (Ap)ds + / ((IT7ug )", Oxp)ds — / &5 (Oxp)ds
0 0 0
for a different space-time white noise £. Then Ito’s formula for iV gives

n
dF@)) =Y Fi@\)do.M;(g;) + LF @) )dt,
i=1

where for all test functions ¢, the process M () is a continuous martingale in the
filtration of 4" with covariance

d(3e M (), 9 M(Y))s = 2{dx@, dxV) 2y dt.

Combining the Itd formulas for ™ and &, we get

T
Fi)(9) = Fuy) (@) + 0:Mp 1 (9) + /0 LNF@uM)(p)ds

and

A~ T A
Fud) () = F@}) () = Fiiy ) (@) + oMy 7 (9) + /O LY F @) (p)ds

T
= Fu)(p) + 9: M} 1 (p) + /O LNFul)(p)ds.

Summing up these two equalities gives

T
0=0:Mp 1(¢) + 9 MP 1 (¢) +/0 (LY + LMY F ) (p)ds,
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that is

T
2 fo LoF (uy))(9)ds = —3:MF 7.(¢) — 8:MF 7. (9).

An added benefit of this forward—backward representation is that the only
term which required a lot of informations about u”, that is the boundary term
F(uﬁv)((p) — F(uﬁv)((p) does not appear at all now. As above if 2LoFn(p) =
BX(HN,O)Z, we end up with

T
fo (MY uY)(@)ds = = Mp, 1(9) — 0 MPY, 7(p). (2.17)

Setting BtN (o) = f(f BX(HNus)z((p)ds we can now show that
E[1B) (ex) — BY (e) 1 Sp (¢ — )P [k|P
and letting B,N’M = BIN - BIM we get
ELBY M (ex) — BN M (er)|*1 S p (1kI/N) (2 — 5)P k|
forall 1 < N < M. From this we derive that
ELBYM — BNMITE NP <, o N7 (1 — 5)12

forall @ < —1—e¢. This estimate allows to prove compactness of the approximations
B and then convergence to a limit B in L2 (Q; C1/>~H~17).

These uniform estimates are the key to prove tightness of the triplet (u, BN, M)
and obtain limit points (¢, B, M) which all will share the following properties:

1. the law of u; is the white noise w for all t € [0, T'];
2. For any test function ¢ € .% the process ¢ +— B;(¢) is a.s. of zero quadratic
variation, By(¢) = 0 and the pair (u(¢), B(¢))og:<T satisfies the equation

t
u (@) = uo(p) + /0 us(Ap)ds + By (¢) + 0, M (p)

where (M;(¢))o<:<T s a martingale with respect to the filtration generated by
(u, B)og: <7 with quadratic variation [M (¢)]; = 2t||(p||i2(T);

3. the reversed processes i; = ur_, l?, = —(By — Br_;) satisfies the same
equation with respect to its own filtration (the backward filtration of u).

The requirement for zero quadratic variation for B(¢) is due to the fact that we
want to be able to perform the Ito trick at the level of the limit points and that we
cannot expect the limiting drift (B;(¢)); to have finite variation, that is limit points
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u will not be semimartingales but only Dirichlet processes: sums of martingales and
zero variation processes. Luckily in this setting it is still possible to derive an Itd
formula and everything goes through as described above, as we will see below.

For the moment the only property which is still not clear is this zero quadratic
variation for the drift. Indeed the only information the previous estimates gives
ont +— B:(p) is that it belongs to C;/ 2_(lR) which is not a sufficient regularity.
An interpolation procedure solves the problem. Indeed it is possible to prove that
t — B;(¢) belongs to C;/ 4 (R) which is now enough to prove the zero quadratic
variation property. See [11] for additional details on the limiting procedure and the
interpolation and [23] for details on how to implement the Itd trick on the level of
diffusions.

2.6 Controlled Processes and Energy Solutions

Here we define stationary energy solutions of (2.2), taking inspiration by the
description of the limit points for the approximation scheme of the previous section.
We introduce first a class of processes # which at fixed time are distributed like the
(zero-mean) white noise on T but for which the nonlinear term d,u? is defined as
a space-time distribution. In this class of processes it makes then sense to look for
solutions of the SBE (2.2).

We cook up a definition which will allow us to rigorously perform the computa-
tions of the Itd trick in a general setting.

Definition 1 (Controlled Process) Denote with Q the space of pairs (u, A)o</ <7
of generalized stochastic processes with continuous paths in .’ such that

1. the law of u; is the white noise w for all t € [0, T'];
2. For any test function ¢ € . the process t — A;(¢) is a.s. of zero quadratic
variation, Ao (¢) = 0 and the pair (u(¢), A(p))og: <7 satisfies the equation

t
ui () = uo(e) ~|—/0 us(Ap)ds + A; (¢) + 9 M, (¢) (2.18)

where (M;(¢))ogs<7 is a martingale with respect to the filtration generated by

(u, A)o<: <7 With quadratic variation [M (¢)]; = 2t||(p||iz(T);

3. the reversed processes fi; = ur_;, Ay = —(Ar — Ar_,) satisfies the same
equation with respect to its own filtration (the backward filtration of u).

When A = 0 the process (X, 0) € Q is the stationary Ornstein—Uhlenbeck (OU)
process with invariant measure p. It is the unique solution of the SPDE

dX = AXdt + 9,dM
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with initial condition up ~ w. Allowing A # 0 has the intuitive meaning of con-
sidering perturbation of the OU process with zero quadratic variation antisymmetric
drifts. In this sense we say that a couple (u, .A) € Q is a process controlled by the
Ornstein—Uhlenbeck process.

Controlled processes allow the definition of some interesting non-linear func-
tionals. We do not insists on generality here, all we need is that the Burgers drift
makes sense as a space-time distribution:

Theorem 2 Assume that (u, A) € Q and forany N > 1and0 <t < T. Let
! 2
Bﬁ(¢>=‘é o (Myus)” (@)ds

then (BN)n>1 converges in probability in C'/>* H=1= 0 €% H~, we denote the
limit by

t
/ dxu’(p)ds.
0

Proof The proof can be obtained as a particular case of the Boltzmann—Gibbs
principle proved in Proposition 1 below and valid for all controlled processes. We
leave the reader to explicit the details. O

We are ready to give a rigorous meaning to the SBE (2.2) in the class of controlled
processes:

Definition 2 A controlled process (u, A) € Q is an energy solution of SBE iff

t
JM@=Amﬁwm

almost surely forall 7 € [0, T] and ¢ € .&.

2.6.1 Regularization by Noise for Controlled Processes

In this section u will always denote a generic controlled process in Q, not a solution
to SBE. Controlled processes have regularization properties coming from the fast
decorrelation in time of the OU process associated to the Laplacian A. As showed
above in the particular case of the OU process itself and of finite dimensional
approximations to SBE we are able to exploit an Itd formula to replace time-
averages of some functional with a sum of forward and backward martingales whose
quadratic variation is controlled in terms of a more regular (or smaller) functional.
For any test function ¢ € . the processes (us(¢)):efo,7) and (i (¢)):ef0.1)
are Dirichlet processes: the sum of a martingale and a zero quadratic variation
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process. This is compatible with the regularity of our solutions and there is no clue
that solutions of SBE are distributional semimartingales. Dirichlet processes can
be handled via the stochastic calculus by regularization developed by Russo and
Vallois [22]. In this approach the It6 formula holds also for Dirichlet processes and
if X = (X"),'lek is an R¥ valued Dirichlet process and g is a C2(]Rk; RR) function
then we have

> / 07 8(Xs)d X', X7
0

k  pt
o
80 = g0+ 3 [ argxod Xi+
i=170 i j=1

(2.19)

where d™— denotes the forward integral and [X, X] the quadratic covariation of the
vector process X. Decomposing X = M + N as the sum of a martingale M and a
zero quadratic variation process N we have [X, X] = [M, M] and

k t . k t '
gX) = (X + Y /0 Be(Xpd M+ /0 Bg(X,)d N
i=1 i=1

k
L[, . )
+UZ_12 /0 07 8(X;)d"[M', M7,

where now d~ M coincide with the usual Itd integral and [M, M] is the usual
quadratic variation of the martingale M. The integral fot i g(X s)d_NAé' is well-
defined due to the fact that all the other terms in this formula are well defined. The
case the function g depends explicitly on time can be handled by the above formula
by considering time as an additional (0-th) component of the process X and using
the fact that [ X ¢ 0] = 0foralli =1, .., k. In the computations which follows we
will only need to apply the Itd formula to smooth functions.

For any smooth cylinder function % : [0, T] x H(I)V H(g) — R the It6 formula for
the finite quadratic variation process (ufv = H(I)V ur); gives

t t

h(t, uM) = h(0, u)) +/ (35 + LY)h(s, ul)ds +/ Dh(s, uMydsN As + M,
0 0

where

Lih(s,x) = Y k> (=xxDih(s, x) + Dy D_xh(s, x))
O<|k|<N

is the restriction of the operator Lo to TV H(?. The martingale part, denoted M,
has quadratic variation given by [M*1, = [; EV (h(s, ) (u)ds, where

M@= Y kD = |4 Dyl
0<lk|<N

2
1°
HO
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is the density of the Dirichlet form associated to the generator Lg’ . The It6 formula
on the backward process reads

t
WT —t,ul ) = h(T, ul) +/ (=35 + LYYA(T — s, uf_)ds
0
t
— / Dh(T —s,ul_)dsN Ar_s + M
0

with [M™], = [y EN(W(T — 5, ) (u}_,)ds. Adding the two Itd formulas we have
the key equality

t
/ 2LY h(s, ulyds = —MF + My, — M;. (2.20)
0

which allows us to represent the time integral of 2L8’ h as a sum of martingales
which allows better control since their quadratic variation depends only on £V (k).
From this we can prove easily (see [11]) the following lemma.

Lemma 6 (Ito Trick) Let h : [0, T] x lIyH — R be a cylinder function. Then
forany p > 1,

t

sup f Loh(s, u;)ds Sp T2 sup 1EGGS, DI, 221

1€[0,711J0 Lr(P) s€[0,T]
where E(p)(x) = éz‘k‘>0|k|2|Dk<p(x)|2. In the particular case h(s,x) =
e*T=9 ] (x) for some a € R we have the improved estimate

T Ty | —2aT\1/2 12
e T Loh(us)ds < ( ) €M) . (2.22)
‘/o e, T\ 2a LrEn

If we take p = 2 in Lemma 6 we have

t
E| sup / Loh(ug)ds
tef0,7]1 1Jo

2
] STIRIR

where
1Al = EE(h(uo)) = ElDh(uo) |13,

is the Dirichlet form of the OU process.
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We denote by .7’ the completion of the space of smooth cylinder functions with
respect to the norm || * ||; and denote with 7 ~! the dual of #! with norm

Ifll-1 = sup Q(f g —lgl}

geL2(w)

(see [20, Chap. 2] for details).

In order to exploit the Itd trick of Lemma 6 we need to be able to solve the
Poisson equation Loh y = f for given function f. Sometimes we can do it explicitly
and estimate directly the Dirichlet energy of the solution. In other situations however
it is preferable to have a bound involving directly f without need to find Ay
explicitly. (In order not to bother us with domain considerations the reader can think
of cylindrical and smooth f, 4 since this will be enough for our purposes.) Fix an
arbitrary & and consider the decomposition

f=Loh+ Loh— f

then
su tL h d < 172
p 0h(ug)ds < CT'2|ny
tel0,711J0 L2(P)
and
T
sup / (Loh — f)(us)ds < / I(Loh — £) ()l 2 p)ds
1€l0,T] 12(P) 0
S TlLoh = flizzqw
SO
sup / fug)ds CT'2|\hlly + T Lok — fll 2
tel0,T] L2(P)

Now note that, for fixed A > 0 a solution /) to (A — Lo)h) = — f is given explicitly
by

hi(x) = — / h e (POY f)(x)ds
0

where POU is the contraction semigroup generated by Lo on L?(u). Then

(hy. —f) = (ha, (" — Lo)hi, ) = Allhall7 + sl
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and if f € ! we have
Mz + 1T = 1a, )1 < 1 F =1 lhalh

which implies ||/, |11 < || fll—1 and ||#; ]l ;2 < A~Y2|| £]|-1. So noting that Loh; —
f = Ah) we have

CT' Pl + T Lohs — fllz2gy = CT 2 Ihall + TIAR 12,

S CTV2| fllo1 + TAV2| £l

Taking A — 0 we end up with the following lemma which extends the Kipnis—
Varadhan lemma (cfr. Lemma 2.4 in [20]) to controlled processes:

Lemma 7 Assume that f € 3¢~ then for every controlled process u we have

/t S us)ds
0

with some constant C which does not depends on u.

<CT'2| -1
L2(PP)

sup
1€[0,T]

2.7 Boltzmann—Gibbs Principle

In the theory of interacting particle systems the phenomenon that local quantities
of the microscopic fields can be replaced in time averages by simple functionals
of the conserved quantities is called Boltzmann—Gibbs principle. In this section we
investigate a similar phenomenon in order to control quantities of the form

t
/ 3 F (Y2 () (x))ds (2.23)
0

as N — +oo where ¢ = /N and uf = T1}/v¢ where v® is a controlled process
which could depend on €. Note that we have E[(£1/2u§ (x))?] = 1 for all N, and
therefore the Gaussian random variables (g!/ 2u§ (x))n stay bounded in L? for fixed
(s, x), but for large N there will be wild fluctuations in (s, x). We will show that the
quantity in (2.23) can be replaced by simpler expressions that are constant, linear,
or quadratic in u®.
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2.7.1 A First Computation

In the following G € C(R,R) denotes a generic continuous function. A first
interesting computation is to consider the random field x +— Gl 21"[8’ n(x)) and to
derive its chaos expansion in the variables (1x)x where ny = (1, e—_) are the Fourier
coordinates of n (a space white noise as usual). To do so consider the standard
Gaussian random variable

V() =PI ) =7 > a@m,
0<|k|<N

and observe that the chaos expansion in Lz(LaW(nN (x))) yields

GN () =) cn(G)Hy(n™ (x)).

n=0

where H,, is the n-th Hermite polynomial and
1 N N 1
(@)= BIGOTCNH, (")l =, RG(X)Hn(X)V(X)dx,

where y is the standard Gaussian density. Since H,(x) = (—1)"ex2/ 28;‘e’x2/ 2
we get

1 @
cn(G) = ,/G(x)(—l)"aﬁy(x)dm Ve ,( g
n Jr n.

where g (1) = E[G(% + 1" (x))].

Our next aim is to relate the Hermite polynomials of n" (x) with the Wick
powers of the family (1x)x. To do so we observe that, on one hand the monomials
H,(n" (x)) are the coefficients of the powers of A in exp(An™ (x) — 12/2), and on
the other hand

)\’Vl
D Ha O (0) = expGin™ (x) = 32/2)

1
= exp rel/? Z ek(x)nk—‘m Z ()\81/2)2
0<|k|<N 0<|k|<N
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Writing [-],, for the projection onto the n-th homogeneous chaos generated by 7, we
have

exp| D Hk’lk_; o mpa =) Hk" Mk"[[nkl My I

O<|k|<N O<|k|<N n>=20ky -k,

where the sum on the right hand side and all the following sums in kg . . . k,, are over
0 < |k1l,..., lkn] < N. Setting puy = e/ 2rer(x) and identifying the coefficients
for different powers of A, we get

ei(kl+"'+ktz)x

(27_[)"/2 [[ﬂkl e Ukn]]n,

H, (' 2115 () = 6" )
ki-ky

which can also be obtained by writing H, (81/21'[(1;’n(x)) = [[(81/2H6Vn(x))"]]n and
expanding the power (-)" inside the projection. We can thus represent the function
GN (x)) as

GN () =) ca(G)Hy (eI n(x))

n=0
i (k)
=Y (G2 ..
r;) ( ) Zk (27_[)"/2 [[77/(1 nkn]]n
1 ~~~~~ n

If ¢ € C°°(T) is a test function, we get

(GM), ) =Y cn(G)e"? Z ok (271)(" 1)/2 Mg -l @24)
n>=0 kn

So in particular the g-th Littlewood-Paley block (see [12] for the definition of
Littlewood-Paley blocks) of G (™) is given by

N 5 el kit tkn)x
AqG(’? )(-x) = ch(G)Sn/ Z gq(k1++k ) (2 )(n 1)/2 [[77k1 "'Uknﬂn,
n=>0 kiy..oikn

where (6;)4>—1 is a dyadic partition of unity, and

ELAG0™) — @)W < Yo en(@) 7 3T Btk 4k’
n>1 Kiyens kn

n n—1
<Y 67" N i W)

n—1
et 2m)

Se Y (G2 AN),

n>1



44 M. Gubinelli

where z, = maxg, .k, El[|[nk, - - Uknﬂn|2] < n!is a combinatorial factor. We thus
obtain

E[IAg(G") = co(G) I ap,] S min{e2?, 1),

uniformly in N, and then

|

t
/ Ag(G(e'?uf (x)) — co(G))dr

N

2
} t—s|/ [1A4(G(e'?uf (x))

— co(G))[*1dr
< |t — s> min{e29, 1},

where in the last step we used that &'/ zuf has the same distribution as 1", which
easily implies the following first result.

Lemma 8 Assume that E[|G(U)|2] < 00 for a standard normal variable U, and
let co(G) = E[G(U)). Then

t
lim G(e'?uf (x))ds = co(G)t,

N—oo Jo

where the convergence is in C ([0, T], HO_). If co(G) = 0, then
t
8*1/2/ G(e'?ut (x))ds
0

is bounded in C([0, T], H~Y/*7).

To analyse the case where cp(G) = 0 we need a more refined argument which is
provided by the It6 trick for controlled paths.
Let us write .7 for the generator of the mollified Ornstein—Uhlenbeck process

X = AX® + 9, I1)&.

For W € dom (£;) and T > 0, p > 1 we have:

E| sup
1€[0,T]

To apply this Itd trick we need to solve the Poisson equation. In our setting this can
be done efficiently by using the chaos expansion (2.24). Recall that we wrote n; =
(n, ex) for the Fourier coefficients of a truncated spatial white noise 1'[6\7 n (which
therefore has law 1?), and that [-],, denotes the projection onto the n-th chaos. We

/ L5V (uf)ds

} < TPPEIES(W)P/2].
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need to compute £ [k, - . - Nk, |n, as these are the random variables appearing in
a general chaos expansion. Let us start by considering ¢ € Yy = 1'[3’ L*(T,R)
with ||¢|l;2 = 1 for which we have [{(n, ¢)"]» = Hn,({n, ¢)), where H,, is the n-th
Hermite polynomial. It6’s formula gives

dH,((XE, @) = H, (X, o)(XE, Ap)dt + H((XF, o)1) dx, T 0, 0)dt + dM,,

with a square integrable martingale M. The Hermite polynomials satisfy H, =
nH,_1,so we get

Hy (X5, o)(X], Ag) + Hy (X7, @)(T1) 0xg, TI 9x90)
= nH,_1((X], o) HI(X, Ap)) — n(n — 1) Hy 2 (X}, o)) (115 @, T Ag).
The projection onto the n-th chaos of the first term is explicitly given by
[Ha1 (XF, @D HICXE . ApD)n = X, 0)" ™ -1 [(XF, A@)]1]

= [(x%, )" a1 (X2, A)]

— (n— D[(XE, 9)" a1 0, TI) Ag),

which is obtained by contracting (X7, A¢g) with each of the n — 1 variables (X!, ¢)
inside the projector [-],,—1. Therefore, we have

dH, (X}, ¢)) = n[Hy—1 (X7, ) HI((X[, Ag))]ndt + dM;
= n[(X, )" HXE, A)]adt + dM,,

which shows that

ZELm, @)"1n = nl(n, )"~ (0, A@)]n.

So far we assumed |l¢|;2 = 1, but actually this last formula is invariant under
scaling so it extends to all ¢ € H6VL2('IF, R), and then to ¢ € H6VL2('IF, C), and for
general products we obtain by polarization

L5, on) - ol =Y [0, @1) ... fext...(n, ga)(n, Agi)], -
k=1

So finally we deduce that

Le I i, ] = =05 + -+ k) [k -+ i ] (2.25)
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forall 0 < |kq], ..., |ky,| < N.Combining that formula with (2.24), we obtain the
following lemma.

Lemma 9 Consider a function of the form ®(n) = (G(sl/zl'lgln), @) and assume
that E[G(U)] = 0, where U is a standard normal variable, or that $(0) = 0. Then
the solution V to the Poisson equation £V = ® is explicitly given by

o=kt — - —kn) [k, -+ iy In
V) =—) cu(G)e"? ’ wln
; n kl'Z:kn (27{)01 /2 (k% N k%)

where the sum is over all 0 < |kq|, ..., |ky| < N.

Remark 2 Incidentally note that the solution can be represented as
ei (ky+--+kn)x

o0
_ n/2 — (k- thD)t .
W(n) = /0 dt Y " en(G)e™? Y e Q) [

n>1 ki--kp

=_ foo drG (e (AT ) (x)).
0

To apply the It6 trick we need also to compute E(W) = >, k>D_; WD W for the
solution W of the Poisson equation. For that purpose consider again ¢ € Yy with
lll2 = 1and H,((n, ¢)) = [(n, ¢)"]n, for which we have

Dy H, (1, ) = H.,((n, ©))(ex, ) = nHy—1((n, 9))(ex, ¢)
= n[(n, )" Tu_1ex, 9),

so by polarization

Delnk, -+t In = Y M=kt = 75 =+ 1k I 1. (2.26)
J

where ’7/1:, denotes that this particular factor is removed.
To prove the Boltzmann—Gibbs principle we need one more auxiliary result.

Lemma 10 Forall M < N, ¢ € Zand 0 < s <t < 00 we have the estimate

d

Proof We simply bound

d

t
f (0, (MY )2, e_g)dr
s

2
} <)t —s’M.

t
/ (0, (T ul)?, e_g)dr
S

2 t
] <t —s|/ E[(8, (T1Y u)?, e_¢)*1dr,
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and since we can replace (I"Ig’luf)2 by (I"Ig’luﬁ)2 — E[(Hg’luﬁ)z], the integrand is
given by

E[1(3 (TTY uf)?, e_¢)*] = €2 A dx A A B[ uf (o) 22 [0t (x))? ]2 ]
§£2/dx/ doc/ [T wef () T e (x )]
T T

The expectation on the right hand side can be explicitly computed as

|E[Hg’lu§(x)l'lf)”uf(x/)]| — Z eik(xfx’)
0<|k|<M

_|eos(M(x — x)) — cos((M + 1) (x — x")) |

B 1 —cos(x — x7)

< min{2M, C|x — x'|71},
for some constant C < +o00, for which

/ dx/ dx’ min{2M, Clx — x'|~'}?dx < 2M,
T T

and therefore the claim follows. O

Proposition 1 (Boltzmann—-Gibbs Principle) Let G, G’ € Lz(v), where v denotes
the law of a standard normal variable. Then for all £ € Z and 0 < s <t < s+ 1
andall k > 0

2:|

d

S e —sP/2xe? / |G’ (x)[*v(dx)
R

t
f (e 10 1N G (' %uf) — 7121 (G)a TIY ut, e_p)dr
s

uniformly in N € N, and forall M < N/2

d

<t —s|PM" + elog? N)/ |G’ (x)|?v(dx).
R

t
/ (e718, TIY G (e %ul) — e7V2¢1(G)a, I U — 2(G)a, (MM )2, e_y)dr
N

|
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Proof We start by showing the second bound. Note that dy (Hg” n? =
n{;fax(ngl n)? for M < N/2 and that by Lemma 9 the solution W to

L5Wn) = —& G @'Y n) — c1(G)e'PTg n — e2(G) (' /P15 )2, 9, T )
is given by

Ly +ky=¢ [0y 1k, ]2

V() = c2(6) Z Ly v ks > M lo<jej< v (i) @02 (2 + 1)

ki.ka

B Leyootd= [y -+ 1, I
+) e (G)e" ! 1 iy ! | l o
; 2(G) klzk 0N D o2 2 4y 2

where it is understood that all sums in k; are over O < |k;| < N. Therefore (2.26)
yields for 0 < [£] < N

Livri=e  [na T

D () = €2(G)2 Y Vi |=mi€ Q)12 (k2 + k)

ki

+ 2 1@+ 1)
n>=2
1 =
<Y e ki + +1;n—lz [[%2 Mon
o Q2 (R 4k 4+ kD)

Applying the It6 trick we get

i

t
/ (e710, 1Y G (e'?ub)
s

— e 21 (G) T Ul — 2(G)a (TTY ul)?, e_g)dr

]

Sle—sl Y KEID Y]]

0<lk|<N
1k+k1=Z E[l[[nkl]]llz]

=lt=sl Y KeAGr2CY liv-u 24 2
0<|k|<N ki 27 (k= + k)

Fle—=sl D> KD (G2 + 1)%¢
0<|k|<N n>=2

Z Ltk +othnee B0k - 1k 10 1?1

ky--kn Q2m)" (k2 + k% 4+t k%)2

=t—s| ) A,

n>1
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where the (A,) are implicitly defined by the equation. Now E[|[nk, - - - 1k, Jn|*] < 1!
forall kq, ..., k,, so that

Lk 1> M

ALS Y oGl —
~ 2 2\2
0<lkl Ik [<N (k= + k)

Lik|vik |>Mm
Y. G Pl
O<lkl,lkiI<N TR

j A | _
2.0 2k kv |e—k|>M
S a6 Yy © bk

N

O<|k|<o0

1, 1
2,2 #k 0k
<@’ 3, <M2+(€—k)2+k2+M2)

O<|k|<o0
S eGP ePM!,
while forn > 1

Av= Y Ko (G ' (n+ 120
0<|k|<N

» Z Ltk othn=t B0k, - 1y [ 1?1
G @Ot Rk kD2

n—1

< G C 0+ DPer G 0<k,|kl|,;,|kn<1v e ik JERP
s (2:)1" Elnt 1)20n+1(G)2”! 0<k1|§k,,|<N k% + 1 +k;

< (2:)1,1 (n+ 1)%ch1(G)*n! 0<k1|§:|kn|<N k? j—k%

- (2:)1,, o+ D21 (G nl2N)" MZ“;ZKN K2 j—k%

< el?(n 4 1)%chy1(G)*n!log? N.

The sum over n is bounded by

o]

Y1 (GPnln+ D =3 nea(G)nl / |G' () v (dx),
R

n=2 n=1
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so that overall we get

" ]

(2.27)

t
/ (e718, 1Y G (' ?ul) — e7V2e1(G)a, TN uf — 2(G)a, (TN u)?, e_y)dr
S

<t —sle*(M~! 4 glog? N)/ |G’ (x))?v(dx), (2.28)
R

which is our second claimed bound.
To get the first bound, we take M ~ |t — s|7Y2 in (2.27) (which requires N >
|t — 5|~ /%), and combine this with Lemma 10 to obtain
2:|

d

<t —s|PM " +elog? N + |t — s|M)/ |G’ (x)|?v(dx)
R

t
/ (e710 1Y G(e'2ul) — 7121 (G)a TIY uf, e_p)dr
s

Sle—sPrPee / |G’ (x)|*v(dx).
R

If N < |t — s|7'/? we use another estimate: as in the proof of Lemma 10 we have

d |

<t — s)PEl) (e 0, 1Y G (e 2uf) — e 21 (G)o T usy, €))7

t
f (e 10 1IN G (e ?uf) — 67121 (G)a TN ul, e_p)dr
N

< |z—s|2Zz%*zcn(GVdex/Tdx/E[Hn(e1/2u3(x))Hn(el/zug(x/))],
n>2

< |t—s|2Zzze*%!cn(Gﬁdex/;Tdx/|]E[sl/2ug(x)el/2ug(x’)]"|

n>=2

< |t—s|22528"*2n!cn(G)2f dx/ dx’ min{2N, C|x — x'|~1}"
n>2 T T

Sle=sPY 2" e, (G N St —s? Y e en(G)n!
n>2 n>2

< O —sP? / |G’ (x)[*v(dx),
R

where in the last step we used that |t — s|~1/2N"!1 > 1. O
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2.8 The Hairer—Quastel Invariance Principle

In this section we will study convergence to SBE for the large scale limit of a class
of (non-singular) SPDEs of the form

v =Av+ e, F(v) + 0,y x° (2.29)

on [0, 00) x T, with T, = R/(Zns‘lZ), where x?¢ is a Gaussian noise that is white
in time and spatially smooth. The Hairer—Quastel universality result [16] states that
there exist constants c1,c2 € R such that the rescaled process el 2vmfz((x —
cre"2neh converges (for small time) to the solution u of the stochastic Burgers
equation (as defined in the context of Regularity Structures)

oru = Au + czaxu2 + 0, &,

where £ is a space-time white noise. Here we give an alternative proof of this result,
based on the concept of energy solutions and in a stationary situation. The proof
turns out to be simpler in this language, on the other hand our method only applies
at stationarity and moreover we need an explicit control of the invariant measure
which will force us to formulate a bit differently the initial problem.

Let us state the result more precisely. We modify (2.29) such that after rescaling
i (x) = 871/21),&72 (xe~1) we have

& = Ai® + &9, 1Y F(e'/%0%) + 8, TI) &, is =Ty, (2.30)

where £ is a space-time white noise on [0, co) x T (where T = T) with variance 2,
n is a space white noise which is independent of £, 1'[8’ denotes the projection onto
the Fourier modes 0 < |k| < N, and we always link N and ¢ via

N =m/e.

Theorem 3 Let F be almost everywhere differentiable and assume that for all ¢ >
0 there is a unique solution u® to (2.30) which does not blow up before T > 0.
Assume also that F, F' € L*(v) where v is the standard normal distribution. Then
ui (x) = uf(x — e~ V2¢c1(F)t), (t, x) € [0, T] x T, converges in distribution to the
unique stationary energy solution u of

o = Au + cz(F)Bxu2 + 0, &,

where & is a space-time white noise with variance 2 and for U ~ v and k > 0 and
Hy. the k-th Hermite polynomial

1
a(F) = EIFU)HU)]-
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Remark 3 If F is even, then ¢ (F) = 0 while ¢p(F) = 0if F is odd.

Note that we introduced a second regularization in (2.30) compared to (2.29)
which acts on F(e!/2u¢). The reason is that we need to keep track of the invariant
measure and this second regularization allows us to write it down explicitly. For
simplicity here we only consider the mollification operator 1'[8’ , but it is possible to
extend everything to more general operators p(g|dx)u = & -1 (p(e-)Fu), where
p is an even, compactly supported, bounded function which is continuous in a
neighborhood of 0 and satisfies p(0) = 1. We should then modify the equation as

dit® = Ai® + e 3 p(eld)p(eldx)F(e/20%) + 8, p(eld:DE, i = p(eldDn,

to keep control of the invariant measure, see [6].

While this result only applies in the stationary state, we have more freedom in
choosing the nonlinearity F' than [16] who require it to be an even polynomial. Also,
the energy solution method extends without great difficulty to the modified equation
on [0, T] x R.

Let us start by making some basic observations concerning the solution to (2.30).

Galilean Transformation Recall that ¢ solves
dit® = Al + e 1 TIY F (') + 8, T1) &,

and that u® (x) = itf (x —e~/?c1 (F)t). We define the modified test function &, (x) =
ox + e~ 1/2¢ (F)t) and then (uy, @) = (s, ¢;). The Ito—Wentzell formula gives

d{ué, @) = (diif, @) + (@l 3, @,)dt
= (AGE, @)dr + (718, TI) F(e'/20%), @y )dt + (dd M?, Gr)
+ (7P (FYit, 8c@y)dt,

where Mf x) = fé Hév £(s, x)ds. Integrating the last term on the right hand side by
parts, we get

dus, @) = (Auf, p)dr + (¢710, 1Y F(e'/%u®), g)dt — e V2¢1 (F) (0 uf, p)dr

+ (A M; @)
The martingale term has quadratic variation

d[(0:M®, )1 = d[{M°, 3, @)]s = 2[T1Y . |7 2dr = 2| T Dol



2 Lectures on Energy Solutions for the Stationary KPZ Equation 53

which means that the process (Mf,¢) = (Mf,(]),) is of the form M} =
f(; H(j)v &(s, x)ds for a new space-time white noise £ with variance 2. In conclusion,
u® solves

dut = Au® + 13 TIY (F(e'2u®) — c1 (F)e'?u®) + 8,11} &, uf =T,
(2.31)

so in other words by performing the change of variables uj(x) = uf(x —
e~ V2c (F)t) we replaced the function F by F(x) = F(x) — c1(F)x, and now
it suffices to study Eq. (2.31).

Invariant Measure Note that (2.31) actually is an SDE in the finite dimensional
space Yy = H(j)v L%*(T,R) ~ R?V so that we can apply Echeverria’s criterion [4]
to show the stationarity of a given distribution. The natural candidate is u® =
law(I"I(])V n), where n is a space white noise, since we know that the dynamics of
the regularized Ornstein—Uhlenbeck process

¥ XT = AX® + 0TI} &

are invariant and even reversible under u® and that for models in the KPZ
universality class the asymmetric version often has the same invariant measure as
the symmetric one. Let us write

Bé(u) = e 1, TIY (F(e'2u) — c1 (F)e'?u) =: e 10, TI) F (' %u),

where F = F — ¢;(F)x.

Lemma 11 The vector field By, : Yy — Yy leaves the Gaussian measure ji°
invariant. More precisely, if D denotes the gradient with respect to the Fourier
monomials (ex)o<k<n on Yy, then

fY (B (u) - DO )V (u)u* (du) = —/ @ () By (u) - DW (u)u® (du)

Yn

forall @,V € L*(u®) with B, - D®, B, - DW € L?(u®).

Proof In this proof it is more convenient to work with the orthonormal basis

1
sin(k-), cos(k),0 <k < N}
T

1
Ve V
of Yy, rather than with Fourier monomials. We write (¢x)k=1,.. 2n for an enumer-

ation of these trigonometric functions. Then By, - D can also be expressed in terms
of the (¢r), and we have

Q) = f(u,@1), ..., U, g2n)), V() = g((u, ¢1), - ... (U, p2n))
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for some f, g : R*M — R. We assume that f and g are continuously differentiable,
with polynomial growth of the first order derivatives. The general case then
follows by an approximation argument (note that Hermite polynomials of linear
combinations of ({u, ¢x))x form an orthogonal basis of Lz(/f)). Identifying Yy
with RzN, we can write uf(du) = yon(u)du, where y,y is the density of a 2N-
dimensional standard normal variable. Integrating by parts we therefore have

/Y (Bp(u) - DO )W () n* (du) = —/Y (Bp(u) - DW () @ () u* (due)
N N

(2.32)
2N
= ) (O B (). i)
Yy k=1
— (B (u), 1) (1, @)W () D (u) 1 (due)
(2.33)

and it suffices to show that the zero order differential operator terms on the right
hand side vanish. For the first one of them we have

2N 2N
D Bt By ), 1) = > (g™ 0TI F('2u), 1)
k=1 k=1

2N

= (e 0. (M) F' (' Pu)gn). )
k=1

2N
== (e P F'(e" 2w, dxn)
k=1

eV e n =\ 2
!
==, <H0F<s/u),axk§_l¢k>,

and since sin(mx)%4cos(mx)? = 1 the sum of the squares of the ¢, does not depend
on x so its derivative is 0. For the remaining term in (2.32) we get ©®-almost surely

2N
D (BGw), o), r) = (Bf: (w), u) = (e~ "0, 11 F(e'/?u), u)
k=1

e N0 F (e 2u), Y u) = —e " Y(F (£%u), 8, T1Y u).
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Now observe that there exists G with G’ = F, and that under u® we have u = I"Ig’ u
almost surely, which yields

—e WF (Y2, 0,11 u) = —e"HG (V211 u), 8, T1) u)

= 323, G u), 1) =0,

and therefore the proof is complete. O

The previous lemma, together with the reversibility of the Ornstein—Uhlenbeck
dynamics under p®, implies that the Itd6 SDE (2.31) has n® as invariant measure and
that for 7 > 0 the time reversed process ii; = i1%._, solves

dif = Aa® — e 19, F(e' ) i) + 0, T € (2.34)

with a time-reversed space-time white noise &.

2.8.1 The Invariance Principle

We now have all the tools to prove the convergence of (#°) to an energy solution
of the stochastic Burgers equation. We proceed in two steps. First we establish
the tightness of (#°), and in a second step we show that every weak limit is an
energy solution. Using the uniqueness of energy solutions, we therefore obtain the
convergence of (u®).

Tightness Let (#°) solve (2.31) and write ﬁ(x) = F(x) — c1(F)x. To prove
the tightness of (u°) it suffices to show that for all £ € Z the complex-valued
process (u®, e_¢) is tight and satisfies a polynomial bound in ¢, uniformly in e.
We decompose (u;, e_¢) as

t

t
Wt e_yg) = (ug,e,g>+f (ui,Ae,g>ds—/ (e7'MY F(e'?uf), dre—_g)ds
0 0

(2.35)
t

- / (Y &, dxe_g)ds (2.36)
0

=:(uf, e—g) + (S5 eg) + (A e_g) + (M?, e_y), (2.37)

where S¢, A%, M¢ stand for symmetric, antisymmetric and martingale part, respec-
tively, and we show tightness for each term on the right hand side separately. The
convergence of (u?, e_g) at a fixed time (in particular t = 0) follows from the fact
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that the law of u¢ is that of u° for all 7, and (11®) obviously converges to the law of
the white noise as ¢ — 0. The linear term is tight because

t
E |:/ (ut, Aeg)dr

P t
} < |t—s|f’*1/ E[|(u?, €2e)|P1dr
s

~

t
<t —s|P*1/ E[|(uf, (2ee) P17 2dr = |t — s|P|€]*P.
s

For all ¢ > 0 the martingale term is a mollified space-time white noise, so its
convergence is immediate.

Only the nonlinear contribution to the dynamics is nontrivial to control. Here we
use the Boltzmann—Gibbs principle stated in Proposition 1 to get

d

This bound gives readily tightness in C ([0, 7], C) and also that any limit point has
zero quadratic variation.
Similarly we have for the time reversed process ity = u._,

t
/ (e7' Y F(e'?uf), dye_g)dr
S

2
} <\t —s|3/2_K€2/ |F'(x)|>v(dx).
R

t

t
(@, e_y) = (ﬁg,e,g>+f (ﬁg,Ae,g>ds+/ (e7'MY F(e'/%08), 8re—¢)ds
0

0
(2.38)
t
- / (Y&, 8re_¢)ds (2.39)
0
=: (115, e—¢) + (SF, eg) + (A, e_g) + (MF,e_y), (2.40)

and the same arguments as before show that each term on the right hand side is tight
in C([0, T], C), satisfies a uniform polynomial bound, and that any limit point of
(Ae , €_¢) has zero quadratic variation. Since we have suitable moment bounds for
each term, we actually get the joint tightness:

Lemma 12 Consider the decomposition (2.35), (2.38). Then the tuple
(ufy, 4§, S°, 8¢, A, A%, M, M*)

is tight in (Y’)z xC ([0, T1, y’)G. For every weak limit (u, ilo, S, S, A, A, M, M)
and any ¢ € C*°(T) the processes (A, ¢) and (;l\, @) have zero quadratic variation
and satisfy Ay = —(Ar — Ar—;). Moreover, uy = ug + S; + Ay + My, t € [0, T,
is for every fixed time a spatial white noise.
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Theorem 4 Let (u, A) be as in Lemma 12. Then (u, A) € Q and u is an energy
solution to

e = Au+ ca(F)deu® + oyE.
Proof The tuple (uf), ﬁg, S, .SA"E, A¢, A‘E, ME, MS) converges along a subsequence
en — 0, but to simplify notation we still denote this subsequence by the same

symbol. Since (uy, S%, A®, M®) converges jointly and for every fixed & the process
u® solves (2.30), we get for ¢ € C*°(T)

<ut’(p>=(MO’(p>+(Sla(p>+<Ata(p>+<Mla(p>a
and since (Sf,¢@) = [o(us, Ap)ds also (S, ¢) = [;(us, Ap)ds. The same
argument works for the backward process, so that (u, A) € Q. It remains to

show that A = c(F )axu2, which follows from the Boltzmann—Gibbs principle,
Proposition 1. Forall ¢ > 0and M < N/2 = 7/ (2¢),
2:|

E[

St — s (M~ + elog? N) / |F'(x)*v(dx),
R

2}

t
f (AE — c2(F)a, (YU, e_g)dr
N

t
f (AE — ca(F)a, (Y ul)?, e_g)dr
S

so by Fatou’s lemma

d

< liminfE [
e—>0

t
/ (A — c2(F)dx (T1) u,)?, e—)dr

|

It now suffices to send M — oc. O

<t —s|£2M*1/ |F'(x)[*v(dx).
R

2.9 Uniqueness of Energy Solutions

Now we prove uniqueness of energy solutions.
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2.9.1 Mapping to the SHE

The strategy to prove uniqueness is to perform the Hopf—Cole transformation at the
level of controlled processes and check that after the transformation we get an 1t6
solution to the SHE which we already know it is unique. In order to implement this
idea we need first to regularise the energy solution, apply Itd formula to the Hopf-
Cole transformation. The critical step is to control the error term in the Itd6 formula
and show that it goes to zero. This is done via the It6 trick, in the form of the
Kipnis—Varadhan lemma for energy solutions and a careful analysis of the related
estimation. The control of this remainder is very similar to some computation in the
paper of Funaki—Quastel [6].

Fix L > 1 and consider the process d)tL x) = exp(IutL(x)) where utL = foLu,
and I = 8;1 is the antiderivative defined on L%(']l‘) by dxlp = @ forallg € L%(']l‘).
Let I* = —I the adjoint of  and pL = 78, is a smooth test function of zero
mean. Now I,of(y) = (8L % ®)(y — x) where ® : T — R is the odd periodic
function given by O(y) = é sgn(y) — y/Q@2m) fory € (—m, w] with ®(0) = 0.

The process (d)tL (x)):.x 1s smooth in x and of finite quadratic variation in ¢. Note
that ¢,L (x) = exp(IutL (x)) = exp(u; (I*,o)f)) is not a cylindrical function but by a
direct approximation procedure we can pretend it is and since (u;, A) is controlled
we have

d(Tuf)(x) = du (I*pf) = u (AT*pF)dt + dA (I pf ) — dM; (0 T* pF).
The It6 formula for Dirichlet processes (2.19) gives

o/ (x) = ¢/ (x) (u (AT pF)dt
+dA (I pE) — dM (0 I* pE)) + ¢y () (3 T*pL L 0x 1% pf )dt

= ¢F () (AT pEYdt + dA, (17 pE) + dM; (pF)) + ¢ (x)(pE, pE)dt
Moreover since pL(y) = pf(y — x) we have A(I*pE) = A (I*pk) and
OE(u (AI* ) = ¢F () Axur (I*pE) = Axgl (x) — ¢F (x) (Bcu, (17 p5))?

= Axd)zL(x) - d)zL(x)(”t(axI*,Of))z
= A/ (1) — ¢ () i (o).

Being ¢;L is smooth in space we can rewrite this as an approximate stochastic heat
equation (SHE)

Aol (x) = Acgl (x)dt + ¢ (x)(KE — QF)dr + ¢F (x)dM; (pF) + AR (x)
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where the remainder R’ is given by
1
Rf(x) = /0 PL (@) dAI*pf) — So(us (o) (x)ds — KFds)
and where we introduced a constant K© and the one-dimensional process
1
o =, / (e () = (P + oy )1dx
T JT
By definition of energy solution of SBE we have also

A (I pL) = — lim /t (fNus)z(axI*pL)ds = lim /t (fNus)z(,oL)ds
. N—0Jy 0 x N—0 Jo 0 .
(2.41)

Thanks to Eq. (2.41) we can define for any N > 1 the process
! 2
RN () = /0 oL@ (A ) (05 = A ((AFun?) () = KEMyds
! 2
= / ¢£(}C)(jol‘ (fONuS) (x) _ jo ((j()Lu_&)2> (x) _ KL,N)ds
0

and observe that limy _, oo RY'N = R’ if we choose the sequence of constants K &V
so that KLV — KL In Sect.2.9.2 below we prove the following lemma which is
the key for the convergence

Lemma 13 There exists a choice of KN such that for any ¢ € . we have
E[R]" (¢)] = 0 and

Jim lim [ sup REN(@)P1=0

L—ooN—oo 0T

where R ((p) ( "p>L2(T) Moreover K1V — KL as N — +00 and
Kl - K =—1/12as L — +oo.

We are now ready to prove the uniqueness result. We have
L L L "L
RH@) = 0k = o) [ ot aos

t t
- /0 oL (o) (KL — Qbyds — /O fT oL (x)p(x)dM;(pL)dx
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We already know that the family (¢ (x)), » convergences in the space of continuous
pathson [0, T] x T to ¢, (x) = exp(({u;)(x)). It is not difficult also to show that the
process (QSL)S converges in L2([0, T]) to a limit which we call Q. The quadratic
variation of the martingale part converges also, so we have that, for fixed ¢ € .%/

Ri(p) = lim Ri(¢)
t
= $:(9) = do(9) — /0 $s(Ap)ds

t t
- / ¢s(@)(K — Qs)ds — / / ¢s ()@ (x)d (FoM;) (x)dx
0 0 JT
as a continuous process in ¢ € [0, T']. But from Lemma 13 we have also by Fatou

E[ sup (R,(¢))’] <liminfE[ sup (RE(¢))’]
0<i<T L—oo  ogi<T

< liminfliminf B[ sup (RXM(9))?1 =0
L—o0 N—oo 0<i<T

so we conclude that ¢ satisfy
1 t
¢1(9) — do(p) —/0 ¢s(Ap)ds _/o ¢s(@)(K — Qs)ds
t
= [ [ exwwant ar =0
0 JT

almost surely for all ¢ € . and ¢ € [0, T']. Note also that the process

~ t 13

$1(x) = () exp (Mta) k- | Qst>

0

t
— exp ((Iutxx) M) K- / Qst>
0
satisfies
t t
F1() — dol@) — /0 G5 (Ap)ds — /0 /T $5 ()0 (0)dM, (x)dx = 0.

However we also know that there exists a unique strictly positive solution i for
this equation which is adapted to the filtration generated by M, so we must have
¢ (x) = ¥4 (x) and in particular

t
(Tup)(x) + M (1) — ; + Kt _/o Qyds = log ¢ (x) = log ¥ (x)
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By differentiating this equality (in the sense of distributions) and projecting away
the constants we get

ur(x) = 0y log ¥z (x)

which shows that the only energy solution of the SBE is the Cole—Hopf solution
obtained from solving the SHE associated to the noise M.

2.9.2 Convergence of the Remainder
Let

rE Ny, x) = ¢ (DI (foNus)2 () = A (I us)* @) — KON
so that R*V (x) = Jo BN (uy, x)ds. Using Lemma 7 we can estimate

E[ sup (REN (@) 1< TIFEN o)
o<r<T

where

IFENC o2 = sup 22BN (ug, 9)® (o)l — 19113
DeL?(p)

with ||| = IE]||D<I>||§_Il in terms of the Malliavin derivative D associated to the

measure ;. We prove below that we can choose K%V so that E[r5" (u;, x)] =
E[r% N (ug, x)] = 0 for all x € T. This is necessary in order for |[rLV (-, @)||_; to
be finite for all ¢. At this point everything boils down to control

E[r" N (uo, 9) @ (uo)]
and show that it goes to zero as N — 400 and L — +o00 where ¢ is a smooth test

function and ® € L?(u) is such that | ®||; < 4o0.
For any n > 1 we denote by

Wn(h)ZAn h(zi,...,zo)W(dz -+ -dzy)
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the n-th chaos of the white noise u¢. It is also possible to check that when W is in
the domain of the Malliavin derivative D we can partially integrate by parts in the
expression IE[W,, (h) W] to obtain the equality

E[W,(h)W] = /T E[Wn-1(h(z1, - ..., ) Dz W]dz
this will be used repeatedly below.

Observe that the random variable (.7 (.73 u0)2 (x) — Ho ((FFuo)?) (x)) is an
element of the second chaos of ug. Let us compute its kernel:

2
2 (A o) @) = f [ f dypf(Y)Py(Zl)Piv(Zz)} W (dz1dz2)
T2 T
and
A (A uo?) (0 = f [ / dyp?(y)pyL(m)pyL(m)} W (dz1dz2)
T2 T
where
pX(y) = lim pX(y) =8.(y) — !
* K—oo ~ . 2T
is the distributional kernel of .#;. Let
grN(zr, ) = /T dy(of (Mpy @)Y (22) = PPk (21)pE (22))
so that
2
(FE (o) 0 = I ((Fuor?) () = Walgh™)
=/ gf’N(thz)W(dmdzz)-
Tz
We let also
Wi(ghN(z1, ) = /T gEN (21, 22)W(dzo).
Consider now

E[r® (uo, p)®(uo)] = /T POE[(Wa(gE Ny — KEN)k (x) @ (up)1dx
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Partially integrating by parts W> we have
E[W2(g5N ) (x) P (uo)] = /T E[Wi(g5N (21, )D;, [¢§ (x) P (uo)11dz;
- /T EIW1 (g5 (21, Dt (0)D-, @ o) ldzy

+ /T E[W; (g5 " (21, ))Dy, ¢k (x) @ (ug)1dz1

The second term can be again integrated by parts to obtain
/T E[W1(grN (21, -))Dz, ¢ ()@ (o) 1dzy
= fT 80N @1, ) BID?, 65 (x) @ (o) dz1dz)
+ /T i g-N (21, 22) EID;, f (x)Do, @ (o) 1dz1 dzo.
while the first can be written as
/T E[W1(grN (21, )¢ (x)D, @ (uo)]1dzy
= /T E[(W1(g5" (21, ) © @5 (x)Dz, P (up)1dz:
+ /T i gEN (21, 22) E[D,, ¢f (x)Dy, ® (u0)]dz1dzs.
where

Wi (gEN(z1, ) 0 ok (x)) = Wi g5V (21, )k (x)— /T gEN (21, 22)D, 08 ()dz2

is a (partial) Wick contraction of the two terms. In the end we have the
decomposition

ElrY (o, )@ o)l = AN + BEN 4 BN

where

ALN = /T p(x) /T E[(Wi (g5 (z1, ) ¢ ¢& (x))D;, @ (up)1dz1dx

BN = / cp(x)[ / gbN(z1, 2)E [(Dgl,zﬁé(ﬂ)q)(uo)] dzidzs
T T2

— KL’NJEwé(x)dnuo)]}dx
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and
chN =2 fT o (x) /T 80" (@1, 22)EI(Dz, 6 (1))Dz, @ (o) ldz1dzadx.
So we can bound these three terms independently. In order to proceed, observe that
D, ¢4 (x) = o5 () (I*pF)(z1)
and
D2, ¢4 () = 5 ()T *pF) (@) (T* pr)(z2)

SO

BMN = fT p(x) [ /T &M@ ) p) @)U py) (22)dz1dzs — KL*N}

x El¢g (x) D (uo)1dx

and

chN =2 /T o (x) /T &N @ 22) U p0) (@) Bl (1)Dz, @ (o) dz1dzadx.
Let

KEN = / gV ) U N @2)dend
T

to have BN = 0. From the expression of AX>" and CL-V we deduce that with this
choice

Bl (o, )1 = 0

as required. By Cauchy—Schwarz we have

2
_ EID, <I>(uo)||§,_ll

(AN < E H fT P W1 (g (z1, ) © ¢ (x))dx
H

= Ar"?o3
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where

2
ANy =E H/Tw(x)Wl(gf’N(m, ) o ¢k (x)dx

H!
= / P(x)p(x)E
TZ

x [0F @) 0 WieE (@1, ). 65 () o Wi(gh a1, ) 1 | dva’

and
2
(CL’N)ZSEH/ ¢ ()65 () f grV (21, 22)(I* pf) (z1)dz1dx
T T e
x E[IDz, ® (uo) [,
22
<o)}
with
2
@’ H/ q)(x)%(x)/ N1, 22)(*pH) (1) dzidx 1
H,

So we have proven

Lemma 14 We have
IE0E N (wo, 9) @ o)l S 101 (A]N +CF™)
and in particular

LN LN | ~LN
=% o, @) l-1 S AT +C

Then it remains to bound each of these constants to show that they vanish in the
limit N, L — +o0 and to study the limit of KZ-V_ This is the aim of the following
lemmas which unfortunately have to be obtained by tedious and careful explicit
computations.

Lemma 15 We have limy_, 0o KXY = KL andlimp 4o K =—1/12.

Proof Since
[ arobren @naz = (1 stan As,)
T L

= (o 1557)8,) | = (14578, ) @
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we have

KEN = fT &M@ ) I @)U p) (22)dz1dz)
_ L LAN 2 oo L 2
= | dy(py ) (155" 8y ) ()7 — p(») (157 8y ) (x)7).
T
Taking N — oo we get
KLV o kL= /Tdy(pf(y) (IJOLS),> )% = p () (IJOL(S),> (0)?).
Now note that the integral of the first term in the expression of K I vanishes, indeed:
dypE(y) (1.7Es 2= | dypt ks 2
yox W) (1 8y ) (x)” = oy () (15y78x ) (¥)
T T
_ L L 2
- /Tdy (aylfo 5x) () (Iﬂo 8}() )
1 L 3
_ 3/Tdyay (Ifo er) ()3 =0.
Moreover the second term satisfies
1
00 L 2 _ L 2 L 2
/Tdy,ox (y) (Ifo 5y) (x)? = (Ifo 5x) @0 /Tdy (Ifo ay) x)

since p° = 8, — 1/27. By symmetry also the (I JOL(S x) (x)? contribution vanishes,
since

(IfoLax) (x) = (1*f0L5x> (x) = — (IfoLax) (x) = 0.
So we ends up with
1 1
Kh=— dey (1748:) 07 = - (178 8, 17051
1 1P (k)1
 4x? o;uq k|2
since

AL k
F (IfOLax) (k) = pﬂi ) er ()",
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And as L — oo we obtain pL (k) — 1 forall k # 0 so
1 1 1
— =—_ =K.
2712,'2_2112 12

Lemma 16 We have Af’N — Qas N - ocoand L — o0.
Proof

2
(APN)? H f P)W1(gEN (21, ) o ¢t (x)dx

H!
= / , P(x)p(x)E

x[0F @) 0 WieE @1, ). 65 () o Wi(gh a1, ) 1 | dva’

Integrating by parts the W terms and taking into account the cancellations due to
the partial ¢ contractions we get

E (66 () 0 WighkN 1., ¢ ) o WielY (@1 )y |

= El¢§ (x)¢f ()] fT e @2, g, 22)) y-1d2

+ fT EIMD:05 (0) Doy DL (21 22). 87" (1. 23)) 1 dzadas
The second term can be written as
El¢§ (1)eg ()] /T (oD@ T i) )8 (1. 22). 87" (21.23)) g1 dzadas

so letting

VE(x, X'y = o) () E[pF ()& (x)]

we have
AL,N 2 L / * L *
(A7) = Vi, x) | (e @) I*ph) ()
T2 T2
x (ghN (21, 22), 5N (a1, 23)) -1 dzadzadrdy’

+ / VE(x, x) / (85N (z1, 22), g5 (21, 22)) -1 dzodxdx’
TZ Tz <1

=A;1+ A
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Let us consider Ay i first:
Ay = /T VEE G, G ) ordxd!
where
Gy (1) = /T (I*pi) (z2)gr N (21, 22)dza2.
Now observe that
Gyw(z1) = fT dypf ey @I o) () — /T dypy* () ey @DI* P ()
so the H~! scalar product in A 1 can be expanded as
(Gyw, G x) -1 = /T dypEWMIG T pE) ()
x /T dy' i (NI T o)y (1), pyy (20)
= /T dyp® (NT*pi) ()
x /T dy' i (A T o))y (21), £ (20) gy
— /T dypF () I*pE)(y)
X fT dy'nZ GO POy (1), oy (@) g
+ fT dyp® (N UI*pE) ()
x /T dy'nZ (DU (@1, Py (D)
Taking N — oo we get
(Gr. Garxhy—1 = /T dypE () UI*pE) ()
></Tdy/pj(y/)(l*pﬁ)(y’)(p;’°(z1),p§’/°(z1)>H;ll

_ / dyp () (I*pE) (v)
T
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« /T ay pL () I PG (o ). 03 )

- /T dypk (0 (I*p5) ()

X/Tdy/p,?/"(y’)(l*pf)(y)(py (@), Py ZD) . o
/ dyp® () (I*pi) (y)

« A dy' o2 (TP P @), P 2)

= (19000t (1 5, 15017 pE)
(1A= pE), 1551701 )
- (Ifo(pf(l*pf/ ) LIE (% (I p )))

+ {1 oo, 15 (U pED).

The point is to show that, as L — +o0,

(120G 05D, 170051 0F0) = (17003 (17030, 1500 (1)

and the same limit for the other three quantities. Writing things in Fourier space we
have

T =2y = (1AGpE (1 p2). 1505 pE))

ikox' ikax
_ 1 Z iy ko220 oik1x € : oikax' € )
2 (k1 + k2)? —iky —iky

0 < Ikl lkal, k31, kgl
ki +ky+k3+kyg =0

x L (k1) pL (ko) pE (k3) AT (ka)
1 iy 1xym0 € RAHDE =0
T2 Z (ky + ko)? —iky —iky
0 < lkyl, lkal, k3, k4l
ki +ky+k3+kyg =0

x pL (k) pL (ko) pE (k3) pE (ka)
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Now taking Littlewood—Paley blocks (A;)4> 1 of this quantity we get

Z T iy € RHDE=0 0 (ks + k)

Ay J =
¢ JLx) ki +k)?  —iko —iky

1
2
0 < |k1l, lkal, k3], kgl
ki +ky+k3+kyg =0
x pE (ki) pr (ko) pE (k) pr (ka).

Where 0, is the Fourier multiplier associated to A, by A, = 0,(D). Taking into
account that supy, | pL (k)| < +o0 if we show that the quantity

1 Z 04 (k2 + k3)

S, = k| +kr£0
17 2 HRE0 )+ k)2l k|

0 < |kyl, lkal, 1k31, kgl
ki +ky+k3+ks =0

is finite then we can conclude by dominated convergence. Note that

I
3 1+k2#0,ko +k37#0
s, 52 Y

ki + k2)2|ka| k3| ko + k3¢
o<ttt K1 K22 IRal k3| IK2 + K]

for any ¢ > 0 since
04 () = 10270 S (1 +1279kD S 291k 7°

due to the fact that the function 6 is supported in a ball of finite radius. We can now
perform the sum over k3 and get

Z Ty +k25£0

S < 2q£ 1 2

hr (k1 + k2)? ko |1 e
O<lk1l, k2|

since

Ty +k320 < 1
e Y &
o=l |k3||ko + k3] k2|

uniformly in k2 # 0 and L. Now performing the other two sums we show simply
that

1
< 0ge § < nge
S‘I ~2 |k2|1+£ Nz
O<lka|
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where we used the fact that
I I I
Z kkl-‘rk;j()z < Z kkl-‘rk;j()z _ Z 1121#;) <1
ooy ki +k)® o (ki k)t o= (k)
By dominated convergence we can conclude that

(120G 705D, 170051 pF0)) = (17003 (17 030, 1500 (1 p5)

as distributions of arbitrarily small negative order of the variable x — x’. This is
ok since we test this quantity against the function V' which belongs to C!/>=(T?)
uniformly in L. The other terms can be handled similarly and thus we conclude that
Al,l — 0.

Let us turn now to A1 . The relevant computation is the following:

fT (e @1.22). 8" (@1, 22)) -1
= / dypy () / dy'05 () ey @) o) @) o1 () (22). 3 @2) 12
/ dyp, (y)/ dy'pZ ()R @), Py (D) -1 4Py (22), £y (22)) 12
—/ dyp?(y)/ dy'pg (") oy (@), Py (20} 1 (py (22), P37 (22)) 12

/ dyp?® (y)/ dy'pF )y @1), py/(m)) 1oy (22), py(22)) 12
Now consider one of the terms:

fT dyoy (v) fT Ay’ o5 () (o) @), o) @) -1 () (22). 37 @2 2
= / dyog (v) / dy'pb ey I 1)) ()
T T
since

(03 @1), Py @) ot = Iy Tpy) g2 = (T¥ 1y, 8y) 12 = (¥ 1) ()
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As N — oo this quantity becomes
- /T dypf () /T dy' pL (N (YT 1p) ()

1
= f dyox PG U 1T = / dypf (y) / dy' o5 ()Y I* 1p) (")
T T JT T

1

= (I*Ip5°)(0) / dypf(y)pf,(y)—z (I*Ipky ()
T T

1
= (I*Ip§°)(0)pL (x') — o (I*Ipk) ()
since (I*I,oyoo)(y) = (I*Ipg°)(0). As L — oo we obtain

1

= "IpG)O)pF ) =, (I IpF) ()
T

For the other terms the discussion of the convergence is similar and the limit is the
same so we obtain that

/ 2(gf’N(Zl, 2), 80" (21, 22))y;1dz2 > 0
T 4

as a distribution in the x, x’ variables and we conclude that A| » — 0. |
Lemma 17 We have CIL’N — 0as N - ooand L — oo.

Proof Let

Gi(22) = /T g5 N (21, 22) (I pE) (z1)dz1 = Gy 1 (22)

and recall that

2

<C1L’N>2=IEH / PG ()dx| = f VE )G G g1 ded
T T

—1
H

In order to estimate the scalar product can take f € H' and consider
[ Gy x(2) f (z)dz instead. Recall that

/ Gy x(2) f(2)dz = /T dypE )2 FONIY T pE) (v)

— /T dyp® M IL fF U D) ()
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replace p°(y) by 8, (y) — 1/2m and ,ox (y) by (SL(y) — 1/2m to get
= [ arston (A7 1) A1) = (A5 0) 0w
T
1 1
= o LA o+, [ vt roatebo
7w JT 27 J
= /T dyst ) (A F ) = A 1)) (AT pE )
+ (A r@) ar (8%« AN ok o) = (A 1)) AP )
1 1
= [ 0+ [ vt roratebo.
7w JT 27 J
We note that, by symmetry,
(8 1) a* (85«7 o ) = (A £ @) b0 =0

and moreover that in this expression we have that

<f0Lf, I*p)];> -

(A f 70 ot) - (. 0,)

sup + sup
X X

SIflgro((L AN

so finally it remains to bound
H = [ st (A 100 = A F0) AT

However using H! € C!/? compactly and that ||JON I*pk ||OQ < +o0 uniformly in
x, L, N we have

HIS H']ONfHHI dey‘Sﬁ(Y)ly —x"2 < fllp L7V = 0.
In conclusion

SUflgro((L ANYTY

sup ‘/ Gy (2) f(z)dz

xeT

which implies

sup <GX,JC1 Gx,x)Hfl =o((L A N)il).
xeT

and thus we can conclude that Cf"N — 0. m|
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Chapter 3 )
Pathwise Solutions for Fully Nonlinear Shethie
First- and Second-Order Partial

Differential Equations with

Multiplicative Rough Time Dependence

Panagiotis E. Souganidis

Abstract The notes are an overview of the theory of pathwise weak solutions of
two classes of scalar fully nonlinear first- and second-order degenerate parabolic
partial differential equations with multiplicative rough time dependence, a spe-
cial case being Brownian. These are Hamilton-Jacobi, Hamilton-Jacobi-Isaacs-
Bellman and quasilinear divergence form equations including multidimensional
scalar conservation laws. If the time dependence is “regular”, the weak solutions
are respectively the viscosity and entropy/kinetic solutions. The main results are
the well-posedness and qualitative properties of the solutions. Some concrete
applications are also discussed.

3.1 Introduction

I present an overview of the theory of pathwise weak solutions of two classes
of scalar fully nonlinear first- and second-order degenerate parabolic (stochas-
tic) partial differential equations (spde for short) with multiplicative rough time
dependence, a special case being Brownian. These are Hamilton-Jacobi, Hamilton-
Jacobi-Isaacs-Bellman and quasilinear divergence form partial differential equa-
tions (pde for short) including multidimensional scalar conservation laws. If the
time dependence is “regular”, the weak solutions are respectively the viscosity and
entropy/kinetic solutions. The main results are the well-posedness and qualitative
properties of the solutions. Some concrete applications are also discussed both to
motivate as well as to show the scope of the theory. Most of the results presented
here are part of the ongoing development of the theory in collaboration with Lions
[71, 72, 74-79]. The results about quasilinear divergence form equations are based
on joint work with Lions et al. [38—41, 65-67].
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Problems of the type discussed here arise in several applied contexts and models
for a wide variety of phenomena and applications including mean field games, turbu-
lence, phase transitions and front propagation with random velocity, nucleations in
physics, macroscopic limits of particle systems, pathwise stochastic control theory,
stochastic optimization with partial observations, stochastic selection, etc.

The general classes of evolution equations considered in these notes are

du = F(D2, Du,u, x, 1)

) 3.1
+3"  H(Du,u,x,t)-dB; in Q7 :=R¢ x (0, T],
and
d .
du+ Y 05 (A(u, x. 1)) -dB; — div(A(u, x, £)Du)dt = 0 in Qr, (3.2)
i=1

with initial condition
u(-,0) = up on R?. (3.3)
Here F = F(X,p,u,x,t),H' = H'(p,u,x,1),...., H™ = H"(p,u, x,1),
Al = AYu,x,0), ..., A = A%u,x,t) and A = A(u, x, 1) are (at least) contin-
uous functions of their arguments (exact assumptions will be shown later), F' and
A are respectively degenerate elliptic in X and monotone in u, B := (By, ..., By)
and B = (B, ..., By) are, for example, continuous geometric rough in time and

@ 9

simply denotes the way B acts on the H' and A’. When B is a Brownian path,
“.” becomes the usual Stratonovich differential “o”, something justified by the fact
that the pathwise solutions may be obtained as the limit of solutions of equations
with smooth signals. The B;’s can be taken to be approximations of “colored white
noise.” For simplicity, below we assume that any spatial dependence on the signal
B; is part of H' and the A. Finally, Q := RY x (0, 00).

When B is either smooth or has bounded variation, then “d” is the regular time
derivative and (3.1) and (3.2) are “regular” equations, which have been studied using
respectively the viscosity and entropy/kinetic theories. When the driving signals are
regular (“non rough”), I refer to the equations as “deterministic” or “non-rough”. If
the signals are “rough”, the equations will be called “rough” or “stochastic” when
the path is Brownian.

The theory presented in these notes is a pathwise one and simply treats B as the
time derivative of a continuous function. When the H!’s and A’’s are respectively
independent of (u, x) and x, the general qualitative theory does not need any other
assumption but continuity. When there is spatial dependence, then it is necessary to
argue differently.
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There is a vast literature for linear and quasilinear versions of (3.1) as well as
work for some versions of (3.2). Listing all the references is not possible in this
introduction. Some connections are made in main the body of the notes.

3.1.1 Organization of the Notes

Concrete examples where (3.1) and (3.2) arise are presented in Sect. 3.2. Section 3.3
discusses the main difficulties and explains why the Stratonovich formulation is
more appropriate. Sections 3.4 to 3.14 are devoted to the pathwise solutions of
Hamilton-Jacobi and Hamilton-Jacobi-Isaacs equations. In Sect. 3.4, I present new
results about nonlinear equations with linear rough path dependence, I introduce the
system of characteristics, and I discuss a short time classical result about stochastic
Hamilton-Jacobi equations in the smooth regime. Section 3.5 is about fully nonlin-
ear equations with semilinear rough path dependence. Section 3.6 is about formulae
or the lack thereof for Hamilton-Jacobi equations with time dependence. Section 3.7
discusses the simplest possible nonlinear pde with rough time signals as the limit of
regular approximations. Section 3.8 is about pathwise solutions of nonlinear first-
order pde with nonsmooth Hamiltonians and rough signals. In Sect. 3.9, I present
new results about the qualitative properties of the pathwise solutions. Section 3.10
is devoted to the well-posedness theory of the pathwise solutions with spatially
depended H i*g. Section 3.11 is about Perron’s method, while Sect. 3.12 discusses
the convergence of approximation schemes with error estimates. In Sect.3.13 I
present new results about the homogenization of pathwise solutions. Section 3.14 is
about the asymptotics of stochastically perturbed reaction-diffusion equations. The
results about quasilinear divergence form equations including multi-dimensional
stochastic conservation laws are presented in Section 3.15. Finally, Appendix
summarizes few basic things from the classical theory of viscosity solutions that
are used in the notes.

3.2 Motivation and Some Examples

A discussion follows about a number of results that have been or may be solved
using the theory presented in here. In several places, to keep the discussion simple,
the presentation is informal.

3.2.1 Motion of Interfaces

An important question in pde and geometry as well as applications like phase
transitions is the understanding of the long time behavior of solutions of reaction-
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diffusion equations and the properties of the developing interfaces, which separate
the regions where the solutions approach the different equilibria of the equation.

A classical and well studied problem in this context is the asymptotic behavior
of the solution u? to the so called Allen-Cahn equation

1
ul — Au® + o2 W' ) =0in Qr,

where W : R — R is a double-well potential with wells of equal depth located at,
for example, at 1. It is well known that as, ¢ — 0, u® — =1 inside and outside

an interface moving with normal velocity V = —«, where « is the mean curvature.
The interface is the zero-level set of the solution of the level-set pde
Dv Dv
v=(1- ® : D*vin Qr, 3.4
’ ( | D] |Dv|> er G

where for A, B € Sd, the space of symmetric d x d matrices, A : B := tr(AB) and
I is the identity matrix in R,

For the applications, however, it is interesting to consider potentials with wells
at locations which change with the scale ¢ and to identify the exact scaling at which
something nontrivial comes up. An example of such a problem is

uf — Au® + ! (W' ) +ec(t)) =0in Q
t &2 - T,

for some smooth function ¢ = c(¢), which leads, as ¢ — 0, to an interface moving
with normal velocity V = —k +ac(t), where @ € R is a “universal” constant which
is independent of c.

A natural question is what happens if ¢ is irregular and, in particular, if ¢ =
dB, where B is a Brownian path. Note that such perturbations often appear in the
hydrodynamic limit of interacting particle systems. It turns out that in this case
the oscillations of the wells due to dB are too strong for the system to stabilize.
However, as it was it was shown by Lions and Souganidis [69], if B is replaced by a
“mild” approximation B¢, then the asymptotic interface moves with normal velocity

V =—«x +adB,

and is characterized as a level set of the solution of the “stochastic” level-set pde

Dv D
dw=|(1- " 7" ):D% dt +«|Dv| - dB in Qr. (3.5)
1Dv| © Dyl

More details including references as well as a sketch of the proof of the result in
[69] are presented in Sect. 3.14.
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3.2.2 A Stochastic Selection Principle

A classical question in the theory of level set interfacial motions is whether there is
“fattening”, that is, if there are configurations (initial data) such that the zero level
set of the solution v to (3.4) develops interior. For the motion by mean curvature, it is
known that, if the initial configuration is two touching balls, then, for positive times,
the evolving front is a “surface” that looks like the boundary of either two separated
shrinking balls or some connected open set which moves in time, and there are well
defined minimal and maximal moving boundaries.

As it is often the case the introduction of stochasticity resolves this ambiguity
and provides a definitive selection principle. Indeed, it was proved by Souganidis
and Yip [104] without any regularity restrictions on the evolving set (see also Dirr
et al. [23] for a short time result), that the zero level sets of the solutions v*¢ of the
stochastically perturbed level set pde

Dv*e Dv*e .
dv* = [(1 =~ Dl ® leiS|) : D%ﬂdriswviﬂ odBin Or,

with initial data two touching balls, never develop interior and, as ¢ — 0, converge
in the Hausdorff distance to the maximal interface of the unperturbed problem.

3.2.3 Pathwise Stochastic Control Theory

To keep the notation simple I assume here that d = 1. A typical stochastic control
problem with finite horizon T > 0 consists of

1. a controlled stochastic differential equation (sde for short)

dXs = b(Xs, ag)ds + \/ZGI(XSa (xs)dBl,s + \/ZUZ(XS) o dBZ,S in(¢,T],
Xl‘ =X,
where (B1,)r>0 and (Bz,);>0 are two independent Brownian motions with

respective filtrations (}',B‘)tzo and (}',Bz)tzo, (@)1>0 € A, the set of admissible

}'tBl -progressively measurable controls with values in A a subset of some R¥,
and
2. a pay-off functional, which, to simplify the presentation, here is taken to be

J(x, t; @) = Ex [g(X7)|F21,

the goal being to minimize the pay-off over A.
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The associated value function, which is defined by
u(x,t) = essinfyeaJ (x,t; @),
has been shown in Lions and Souganidis [71, 75] (see also Buckdahn and Ma

[10] for a special case) to be the pathwise solution of the stochastic associated
Bellman equation

du + inf [of(x, itry + b(x, ot)ux] dt
aeA
+ V200 (xX)uy 0dB> =0in Or u(-,T) =g,
which is a special case of (3.1) with F nonlinear and H linear; notice that to

be consistent with control theoretic formulation of the problem the equation is
written backwards in time.

The aim of the classical stochastic control theory with the stochastic dynamics
above, is to minimize over A the “averaged” payoff

J(x,t50) = Ex ([g(XT)].
It is a classical fact that the value function
u(x,t) =essinfye g4 J (x,t; )

is the unique viscosity solution of the deterministic Bellman terminal valued
problem

ur +infea [(of (x, @) + 07 (%)) txx + (b(x, @) + 02,,02(x)) ux] = 0in Qr,
u(-,T)=g.

3.2.4 Mean Field Games

A typical example of the Lasry-Lions mean field theory [53-55] is the study of the
asymptotic behavior, as L — oo, of the law £(X ,1, oo X IL) of the solution of the
sde

: 1
dX' =o X”L_lz‘sxf odB (i=1,...,L).
J#i
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Here 8y is the Dirac mass at y and o € COL(R? x P(RY); 8%, P(X) being the set
of probability measures on X.

The result (see Lions [57]) is that, as L — 00, in the sense of measures and for
allr > 0,

LX!, ... XM > 7 e P(PRY)),

where the density (m;);>0 of the evolution in time of (7;);>0, which is defined, for
all U € C(P(RY)), by

/U(m)dﬂz(m) = E[U(m,)],
solves the stochastic conservation law
dm + divy(6 T (m,x)0odB) =01in Qr,

which is a special case of (3.2). Here o7 is the transpose of the matrix o.

3.3 The Main Difficulties and the Choice of Stochastic
Calculus

3.3.1 Difficulties

Given that, in general and without rough signals, (3.1) and (3.2) do not have global
smooth solutions, it is natural to expect that this is the case in the presence of rough
time dependence.

It is also not possible to use directly the standard viscosity and entropy solutions
of the “deterministic” theory, since they depend on inequalities satisfied either at
some special points or after integration. Consider, for example, (3.2) withd = 1
and A = 0. An entropy solution must satisfy, in the sense of distributions, the weak
entropy inequality dS(u) + Q(u), - dB < 0 for all pairs (S, Q) of convex entropy
S and entropy flux Q. The inequality does not make sense if B is a rough path. A
similar difficulty arises when dealing with viscosity inequalities.

Moreover, the lack of regularity does not allow to express the solutions in any
form involving time integration as is the case for sde, that is to say, for example, that
u solves du = H(Du) - dB in Qr if, for all x € R and s, € [0, T] withs > O,

¢
ulx,t) =u(x,s)+ / H(Du(x, 1)) -dB(7).

Another possibility, at least when m = 1, is to take advantage of the multiplica-
tive noise to change time and obtain an equation without rough parts. For example,
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formally, if du + H(Du) - dB = 0, the change of time u(x,t) = U(x, B(¢))
yields that U must be a global smooth solution to the forward-backward time
homogeneous Hamilton-Jacobi equation U; + H(DU) = 0 in R? x (—00, 00).
It is, of course, well known that such solutions do not exist in general. Behind this
difficulty is the basic fact that the nonlinear problems develop shocks which are not
reversible, while the changing sign of the rough signals, in some sense, forces the
solutions to move forward and backward in time. Note that the time change works
in intervals where d B does not change sign. More details about this are given later
in the notes.

A natural question is whether it is possible to solve the equations in law. Recall
that solving the sde dX = +/20(X;)dB in law is equivalent to understanding, for
all smooth ¢ and T' > 0, the solutions u of the initial value problem

u; =00’ : D’uin Or u(,0)=4¢.

For the equations here the state variable must belong to a suitable function space
and the corresponding spde is set in infinite dimensions. For example, the infinite
dimensional pde describing the law of du = +/2 H(Du) o d B is, formally,

U, = D*U(H(Df), H(Df)).

The problem is that the Hessian D?U is an unbounded operator independently of
the choice of the base space. Such pdes are far away from the theory of viscosity
solutions in infinite dimensions developed by Crandall and Lions [14, 15].

Solving linear stochastic pde in law is related to the martingale approach which
has been used successfully in linear and some quasilinear settings. A partial list of
references is Chueshov and Vuillermot [12, 13], Da Prato et al. [18], Gerencsér et al.
[37], Huang and Kushner [45], Krylov [48, 49], Krylov and Réckner [50], Rozovskii
[94, 95], Pardoux [85-87], Watanabe [105]. The methodology requires some
tightness (compactness) which typically follows from estimates on the derivatives
of the solutions. In general, the latter are not available for nonlinear problems.

3.3.2 The Choice of Stochastic Calculus: Stratonovich vs Ité

When studying sdes, it is important to decide if they are written in Stratonovich or
1t6 form, each of which having advantages and disadvantages; for example, more
regularity and chain rule for the former and less regularity but no chain rule for the
latter.

At first glance, the choice of calculus does not seem to be relevant for the
nonlinear problems discussed here due to the lack of regularity. This is, however, not
the case. The actual formulation plays an important role in the interpretation, well-
posedness, stability and construction of the solutions, which, typically, are obtained
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as limits of solutions with regular time dependence. The discussion below touches
upon some of these issues.

The advantage of the Stratonovich formulation can be seen in the following rather
simple example. Consider, for A = 0, the Itd-form spde

du = Aiyrdt + ~/2u,dB in Q7.

The change of variables u(x,t) = v(x + \/ZB(t), t) yields that v satisfies the
(deterministic) pde

vy = (A — Duyy in Or,

which is well-posed if and only if A > 1.
Of course this is not an issue if the spde was in Stratonovich form to begin with.
In that case the change of variables yields the equation

V; = Avyy in O,

which is well posed if and only if A > 0, as is this case when B is a smooth path.
Consider, for example, a family (B®).~o of smooth approximations of the
Brownian motion B and the solution u® of the equation

e __ & £ pe
u, =u,, +u,B".

It is immediate that u®(x, t) = v(x + B%(¢), t) with v solving v; = vyy. Letting
& — 0 then yields that u® — u, which solves

du = uydt + uy odB.

Another example, where the use of Stratonovich appears to be necessary, is the

application to front propagation via the level set pde. One of the important elements

of the theory is that the moving interfaces depend only on the initial one and not the

particular choice of the initial datum of the pde. This is equivalent to the requirement

that the equations are invariant under increasing changes of the unknown.
Consider, for example, the pde

u; + |Du| =0.

Arguing as if the solution # were smooth (the argument can be made rigorous using
viscosity solutions), it is straightforward to check that, for nondecreasing ¢, ¢ (u)
is also a solution; note that the monotonicity of ¢ is important when dealing with
viscosity solutions.
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The next example shows that the Itd formulation is the wrong one. Assume that
level set pde of the interfacial motion V = d B with B a Brownian motion is

du = |Dul|dB.

If u is a smooth solution and ¢ : R — R is smooth and nondecreasing, [td’s formula
yields that

1
de¢(u) = |Dp(u)|dB + 2¢>”(u>|Du|2,

which is not the same equation as the one satisfied by u. This is of course not the case
if the level set pde was written in the Stratonovich form, which, however, requires a
priori additional regularity which is not available here. Indeed, if du = H(Du)odB,
then, in It6’s form

1
du = H(Du)dB + (DzuDH(Du), DH(Du)>dt.

where, for x, y € RY, (x, y) is the usual inner product. To make, however, sense of
this last equation, it is necessary to have information about D?u which, in general,
is not available.

In the context of second- and first-order (deterministic) pde the difficulties due
to the lack of regularity are overcome using viscosity solutions. Their definition is
based on inequalities which, as mentioned earlier, cannot be expected to make sense
in the presence of rough signals.

There is, however, a reformulation of the definition for viscosity solutions, which,
at first glance, appears to be more conducive to stochastic calculus.

Indeed, for B smooth, consider again the equation u; = H(Du, x)B. The
definition of viscosity subsolutions is equivalent to the requirement that, for any
smooth ¢ : RY — R, the map t — max(u — ¢) satisfies, in the viscosity sense, the
differential inequality

d .
d sup(u(-, 1) — ¢) = sup (H(D¢(x(2)), x(1))B).
t X (t)eargmax(u(-,t)—¢)

If B is a Brownian motion, then, assuming that there exists a unique maximum
point x () of u(-, t) — ¢, the Stratonovich formulation should be

ddt max(u(-, 1) — ¢) = H(D¢(x (1)), X(t)) o dB,

a fact which, however, breaks down due to the lack of regularity in ¢ of the map
t = x(1).
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If BelLl ((0, T)), then the above inequality is meaningful and has been used
by Lions and Perthame [61] and Ishii [46] to study viscosity solutions of Hamilton-
Jacobi equations with L!-time dependence.

The regularity concerns can, of course, be relaxed, if the inequality above is
required to hold in Itd’s sense. This, however, leads to a contradiction to the classical
fact that the maximum of two subsolutions is a subsolution.

Recall that, if u and v are actually differentiable with respect to ¢, then

d
dr (max(u, v)) = L n>venpe + Ly <o, nyrs

where 1 4 denotes the characteristic function of the set A.
If

u; = H(Du), v, =H(Dv) and H(0) =0,

it follows that

d
t max(u, v) £ H(D(max(u, v))),

and, hence, max(u, v) is a subsolution.
Checking the same claim in the Itd’s formulation yields

dmax(u, U) Z ﬂ{u(A’[)>U(A’[)}d1/l + ]l{u(_’,)§v(,’t)}dv,

which suggests that max(u, v) is not necessarily a subsolution.
The final justification for considering the Stratonovich vs It6’s formulation when
studying, for example, the equation

du = H(Du) -dB
comes from considering the family of problems
uf = H(Du®)B*,

where B? are smooth approximations of the Brownian motion B. If u® and u are
smooth and, as ¢ — 0, u® — u in C2(R? x (0, 00)), it is not difficult to see that u
must solve the equation in the Stratonovich sense.

Note that, under suitable assumptions on the initial datum of the regularized
equation and the Hamiltonian, it is possible to show, using arguments from the
theory of viscosity solutions, that the solutions #® are, uniformly in ¢, bounded
and Lipschitz continuous in x, and, hence, converge uniformly along subsequences
for each ¢. This observation is the starting point of the theory, since it provides a
candidate for a possible solution of (3.1).



86 P. E. Souganidis

3.4 Single Versus Multiple Signals, the Method
of Characteristics and Nonlinear pde with Linear
Rough Dependence on Time

3.4.1 Single Versus Multiple Signals

The next example illustrates that there is a difference between one single and many
signals and indicates the role that rough paths may play in the theory.
Consider two smooth paths B and B, and the linear pde

u =uy By + f(x)Byin Or  u(-,0) = ug. (3.6)
It is immediate that v(x, t) = u(x — B1(t), t) solves
v = f(x—Bi(1))Byin 07 v(-,0) = uo,

and, hence,
t
u(x, 1) =v(x + Bi(1), 1) = up(x + B1(?)) +f f(x + Bi(t) — Bi(s))Ba(s)ds .
0

To extend this expression to non smooth paths, it is necessary to deal with integrals
of the form

b
/ 8(Bi(s)) dBa(s),
a
which is one of the key ingredients of Lyons’s theory of rough paths; see, for
example, Qian and Lyons [82], Lyons [81, 83], Lejay and Lyons [56], etc.
3.4.2 Nonlinear pde with Linear Rough Dependence on Time

The calculation above suggests, however, a possible way to study general lin-
ear/nonlinear equations with linear rough dependence, that is, equations of the form

3.7

du = F(D*u, Du, x)dt + (a(x), Du) - dBy + ¢(x)u - dB> in Or,
u(-,0) = ugp.
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Consider the system

dX = —a(X)-dB; X(0) = x,
dP = (Da(X), P) -dB) + (Dc(X), PYU -dB, P(0) = p, (3.8)
dU = c(X)U -dB, U(0) =u,

which, in view of the theory of rough paths, has a solution for any initial datum
(x, p,u). Of course, a and ¢ must satisfy appropriate conditions. This, however, is
not important for the ongoing discussion.

It is immediate that, with initial condition X (0) = x, P(0) = Duo(x), U(0) =
up(x), (3.8) is the system of characteristic equations of the linear Hamilton-Jacobi
equation

du = (a(x), Du) -dB1 +c(x)u-dBy u(-,0) = ug.
The next step is to make the ansatz that the solution u of (3.7) has the form

u(x,t) =v(X '(x,0),0), (3.9)

and to find the equation satisfied by v. Note that, due to the linearity, it is immediate
that the map x — X (x, ) is invertible for all ¢.

Substituting in (3.7), arguing formally (the calculation can be made rigorous
using viscosity solutions when By and B; are smooth), and rewriting (3.9) as

u-, 1) = S(v(, 1),

where, for any vg, S(¢)vy is the solution of the linear Hamilton-Jacobi equation with
initial datum vy, yields

du =d(S@)v(., 1) =dSHv(, t) + SE)dv(-, 1)
= (a(x), DS@v(-, 1) -dB1 + c(x)S()v(-, 1) - dBy + S() (v, (-, 1))

= (a(x), DS@®)v(-, 1)) -dB1 + c(x)S®)v(-, t),x) -dB>
+ F(DZS(t)v(-, t), DSt)v(-, 1), S(t)v(-, 1), x)dt,
and, hence,

S(t)dv(-, 1) = F(D*S(t)v(-, 1), DS (-, 1), St (-, 1), x)dt,
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and
dv =S~ F(D*S(t)v(-, 1), DS()v(-, 1), SE)v(-, 1), x)dt.

Since the last equation does not contain any singular time dependence, it is
convenient to replace dv by v, and to rewrite the last equation as

v = STHOF(D*SE)v(-, 1), DSE(-, 1), SH)v(-, 1), x). (3.10)

This last expression appears to be more complicated than (3.7), but this is only due
to the notation.

The point is that (3.10) actually is simpler since the transformation eliminates the
troublesome term

(a(x), Du) -dB1 + c(x)u - dBy.
The new equation is of the form
v = F(D*v, Dv, v, x,1) in Q7 v(-,0) = ug,

and can be studied using the viscosity theory as long as F satisfies the appropriate
conditions for well-posedness.

The discussion above gives an alternative way to find pathwise solutions to all
the equations studied using the martingale method as well as scalar quasilinear
equations of divergence form, always with linear rough time dependence. As a
matter of fact, a closer look at the existing theories for linear spde yields that the
approach described above allows for the treatment of larger class of equations.

3.4.3 Stochastic Characteristics

The analysis in the previous subsection suggests that to handle equations with non-
linear rough dependence, it may be useful to look, at least when the Hamiltonians
are smooth, at the associated system of characteristics. When the time signals are
smooth this is a classical system of 2d 4 1 ode. In the particular case that the rough
dependence is Brownian, the stochastic characteristics were used in the work of
Kunita [51] on stochastic flows. In what follows, statements are made without any
assumptions and the details are left to the reader.
The characteristics of the Hamilton-Jacobi equation

m
du=Y" H'(Du,u,x,t)-dB;in Qr u(-0)= uo (3.11)
i=1
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are the solutions to the following system of differential equations:

m
dX =-Y D,H'(P.U.X.1) dB;,
i=1

Y
~
I
=

(DxHi(P, U.X.1)+ DH (P, U, X, t)P) -dB;,
i=1 3.12)

NE

dU = (H"(P, U.x,1) — (DyH (P, U, x. 1), P)) .dB;,

i=1

X(x,0)=x, P(x,0) = Dug(x) , U(x,0) = up(x).

The connection between (3.11) and (3.12) is made through the relationship
Ux,t) =u(X(x,t),t) and P(x,t) = Du(X(x,1),1).

The method of characteristics works as long as it is possible to invert the map t —
X (x,1). This can always be done in some interval (—7*, T*) for small T* > 0,
which depends on bounds on H, u, their derivatives and the signal, and, in general,
is difficult to estimate in a sharp way.

It then follows that

u(x,t) =UX "(x,0),1)

is a smooth solution to (3.11) in R? x (=T*, T*). The latter means, for all s, 7 €
(=T*, T*) withs <t and x € R?,

ulx,t) =u(x, s)+/ ZH (Du(x,r),u(x,r),x,r)-dB;(r).

If m = 1, it is possible to express the solutions of (3.12) using in the characteristics
of the “non rough” equation

ur = H(Du,u,x,t) in Qr u(-,0) =uop.
Indeed if (X4, Py, Uy) is the solution of

X4 =—DpH(Ps,Uq, Xq,1),

Py = D H' (P4, U4, Xa,t) + DyH' (Pa, Ug, Xa, 1) Pa,

. . (3.13)
Us =H'(Py4,Uq, Xq,t) —(DpH(Py,Uq, Xq., 1), Pa),

Xa(x,0)=x, Py(x,0) = Duo(x), Ua(x,0) = uo(x),
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then
X(x,t) = Xq(x, B(t)), P(x,t)=Py(x,B(t)), and U(x,t) =Ui(x, B(t)),

and the inversion is possible as long as |B(t)| < T, the maximal time for which
X, is invertible.

This simple expression for the solution of (3.12) is not valid for m = 2 unless
the Hamiltonian H satisfies the involution relationship

{H',H’}:= DyH'D,H’ — DyH'D,H' =0 forall i,j=1,...,m.

The latter yields that the solutions of the system of the characteristics commute, that
is

X(x,1) = XY(, Bi(1)) o X5(-, Ba(1)) o -+ « XY (-, By (1)) (x),

where, fori = 1,...,m, (Xi, Pg’é, Ué) is the solution of (3.12) with H = H' and
B;(t) = 1 and « stands for the composition of maps.

For example, if, foralli = 1,...,m,the H g are independent of x, # and ¢, then
the involution relationship is satisfied, and (3.12) reduces to

dX =-) DH'(P)dB;, dP=0, dU=) [H'(P)—(D,H'(P),P)]B;.

i=1 i=1

and the X-characteristic is given by

X(x,1) = x — 3 Dy H (Dug(x)) By (1).
i=1

Finally, either for m = 1 or for space homogeneous Hamiltonians when m = 2, it
is possible to find X, P and U for any continuous B. Otherwise it is necessary to
appeal to the rough path theory.

3.5 Fully Nonlinear Equations with Semilinear Stochastic
Dependence

I describe next the work of Lions and Souganidis [77] about fully nonlinear
equations with semilinear stochastic dependence.
Consider the initial value problem

m
du = F(D*u, Du, uw)dt + Z Hi(u)-dBiin Or u(-,0) = u, (3.14)

i=1
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with ug € BUC(R?), B = (By, ..., B,)isa C® geometric rough path with @ €
(1/3,1/2), for example Brownian motion with Stratonovich, F € C (84 x RY)
degenerate elliptic, that is, for all (p, u) € Rétland X, Y € &9,
if X <Y, then F(X, p,u) < F(Y, p,u), (3.15)
and
H=(H'...,H™) € (CO(R)". (3.16)
When m = 1 and B is continuous path, then (3.16) can be replaced by
H e CY'\(R). (3.17)
Although the results presented here also apply to the more general equations like
mn .
du = F(Dzu, Du,u, x,t)dt + Z H'(u,x,t)-dB; in Qr, (3.18)
i=l1

for simplicity I concentrate on (3.14) and assume that m = 1.
For v € R, consider the differential equation

d® = H(®)-dB in (0,00) @(v,0) =v. (3.19)
It is assumed that

there exists a unique solution @ € C([0, T]; C 3(R)) of (3.19)
such that, for all 7 > 0, (3.20)
M(T) = supozq.<r [ 190 D] + L0, DL @ (. Dl | < 00.

Since m = 1, it follows that, for all r > O,
D(v, 1) = D(v, B(t)) , (3.21)
where @ solves the ode
®=H@) inR &, 0) =uv. (3.22)

It is then straightforward to obtain (3.20) from the analogous properties of @,
Define F : S x R x [0, 00) — R by

F(X, p,v,1)

3.23
= o F@ 00X + 0", 0(p 8 p), ' (.1.)p, P, 1)), )
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where, to simplify the presentation, “/” denotes the partial derivatives of @ with
respect to v.

The following definitions are motivated by the strategy described in Sect. 3.4
which amounts to inverting the characteristics. For (3.14), the latter are the solutions
of (3.19), which, in view of the semilinear form, can be inverted globally.

The definition of weak solution of (3.14) is introduced next.

Definition 5.1 Fix T > 0. Then u € BUC(Q7) is a pathwise subsolution (resp.
supersolution) of (3.14), if, for all ¢ € C 2(Q7) and all local maximum (resp.
minimum) points (xg, fp) € Q1 of (x,1) = u(x,t) — P(P(x,1),1),

1 (x0, 10) < F(D*¢(x0, 10), D (x0, 10), u(x0, 10), 10), (3.24)
(resp.
1 (x0, 10) = F(D* (x0, 10), D (x0, 10), u(x0, f0), 10)) - (3.25)

A function u € BUC(Q7) is a pathwise (viscosity) solution of (3.14), if it is both
subsolution and supersolution of (3.14).

Since the characteristics are globally invertible, it is possible to introduce a global
change of the unknown without going through test functions. This leads to the next
possible definition.

Definition 5.2 Fix T > 0. Then u € BUC(Q7) is a pathwise subsolution (resp.
supersolution) of (3.14), if the function v : R? x [0, T] — R defined by

ulx,t) = d@w(x,n),1) (3.26)
is a viscosity subsolution (resp. supersolution) of
v = F(D*v, Dv,v,t) in Q7 v(-,0) = uy. (3.27)

A functionu € BUC(Q7) is a pathwise solution of (3.14) if it is both a subsolution
and supersolution.

The two definitions are equivalent, and, moreover, for smooth B’s, the solutions
introduced in Definitions 5.1 and 5.2 coincide with the classical viscosity solution.

In view of the above, the well-posedness of solutions to (3.14) reduces to the
study of the analogous questions for (3.27).

After the work described above was announced, Buckdahn and Ma [9, 10] used
the map (3.26), which is known as the Doss-Sussman transformation, to study
equations similar to (3.14). The work in [9, 10] covers a more restrictive class of
F’s and well-posedness is proved under the assumption that the transformed initial
value problem admits a comparison principle. In [77] there is no such assumption
and the comparison is proved directly.
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If H is linear in u, the problem is simpler and the details are left to the reader.

For the rest of the section, H is taken to be nonlinear, and, to simplify the
presentation, it is also assumed that F is independent of u.

To deal with F , it is necessary to assume that

F e Cc%(8? x RY), (3.28)
and

there exists a constant C > 0 such that,

for almost every (X, p), (3.29)

either DxF(X,p): X+ (D,F(X,p),p)—F=C
or DXF(X,p):X-l—(DpF(X,p),p)—Fz—C.

It is easy to see that any linear F satisfies (3.29). Moreover, (3.28) implies that F
can be written as the minmax of linear functions, that is,

F(X,p) = supﬁing(aa,,g : X + (ba,g, p) + ha,p),

acAPE

for A ¢ 8¢ and B  R? bounded and ag,p € S? and ba.p € R? such that

sup inf [[lag,gll + |be,gl] < 00.
acAPEB

Since Dx F(X, p) : X+{(D,F(X, P), P)—F is formally the derivative,at A = 1, of
the map L — F(AX, Ap) — AF (X, P), it follows that (3.29) is related to, a uniform
in «, B, one sided bound of )Flha,ﬁ — hy g in aneighborhood of A = 1.

I present next two explanations for the need for an assumption like (3.29). The
first is based on considerations from the method of characteristics. The second relies
on viscosity solution arguments.

Consider the following first-order versions of (3.14) and (3.27), namely

du = F(Du)dt + H(u) - dB, (3.30)
and
v, = F(Dv, v, 1), (3.31)
with
. 1 ,
F(p,v,t) = &' (v. 1) F(®'(v,1t)p), (3.32)

where d® = H(®) - d B, and assume that F', H, B and, hence, F are smooth.
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The characteristics of the equations in (3.30) and (3.31) are respectively

X = —DF(P),
P =H'(U)PB, (3.33)
U =[F(P)— (DF(P), P)] + HU)B,

and
Y =—DoF(Q,V)=—-DpF(@'(V), Q),
0=FQ=0a"(V)(@V)?
QIDpF(@'(V)Q), ' (V)Q)) — F(P'(V)Q)], (3.34)
V=F—(DgF(Q,V),Q)=(®'(V))"'[F(®'(V)Q)
—(DpF(®'(V)Q), ?'(V) Q).

Of course, (3.33) and (3.34) are equivalent after a change of variables. It is,
however, clear that some additional hypotheses are needed in order for (3.33),
and, hence, (3.34) to have unique solutions. For example, without any additional
assumptions, the right hand side of the P-equation in (3.33) may not be Lipschitz
continuous in U. On the other hand, the right hand side of the equations for Q and
V in (3.34) contain the quantity (D, F, P) — F appearing in (3.29) and an, at least
one-sided, Lipschitz condition is necessary to yield existence and uniqueness.

The second explanation is based on the fact that the comparison principle for
the pathwise viscosity solutions of (3.14) will follow from the comparison in
BUC(Qr) of viscosity solutions of (3.27). The latter does not follow directly from
the existing theory unless something more is assumed; see, for example, Barles [4]
and Crandall et al. [17].

This “additional” assumption is that for each R > 0, there exists Cg > 0 such
that, forall X € S?, p e R, v € [-R, R]and ¢ € [0, T},

oF
5 (X, p,v,t) = Cg. (3.35)
v

A straightforward calculation, using (3.29), yields that, for all X, p, v and ¢,

oF o’

5o = (@) [DxF : (@'X 4+ @"pQ p) + (D,F, ®'p) — F]

(3.36)

4

+o'? YDyF:pep
o) X 1p®p;

note that to keep the formula simple, the explicit dependence of F and its derivatives
on ®’'X + @”p ® p is omitted.
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It is immediate that cannot satisfy (3.35) without an extra assumption on F

and control on the size ofljn. If a bound on p is not available, it is necessary to know
that @' (@ (®)~1) > 0.

The last point that needs explanation is that (3.36) is nonlocal, in the sense that
it depends on v through @, while (3.29) is a local one, that is @ plays no role
whatsoever. This can be taken care of in the proof by working in uniformly small
time intervals, using the local time behavior of @ and then iterating in time.

The comparison result is stated next.

Theorem 5.1 Assume (3.15), (3.17), (3.20), (3.28) and (3.29). For each T > 0 and
any geometric rough path B in C* with « € (1/3,1/2], there exists a constant
C =C(F,H,B,T) > 0 such that, if v € BUC(Qr) andv € BUC(Q7) are
respectively a subsolution and a supersolution of (3.14), then, forallt € [0, T],

sup (v(x, 1) —v(-,1))4 < C sup (v(-,0) — v(-, 0))+.

xeRd xeRd

Proof To simplify the presentation, it is assumed that F is smooth. The actual
proof follows by writing finite differences instead of taking derivatives and using
regularizations.

Since @ (v, 0) = v, (3.20) yields that, for fixed § > 0, it is possible to choose
h > 0 so small that

sup [, 1) —v|+ 19" (v, 1) — 1|+ 12" (v, ) + 12" (v,1)] <8.  (3.37)

0<t<h
Next consider the new change of variables
vV=¢(z) =z+8¥(z) with ¢’ >0.

If v is a subsolution (resp. supersolution) of (3.27), then z is a subsolution (resp.
supersolution) of

2 = F(D*z, Dz, 7). (3.38)
with

. I
F(X,p,2) = F(®' (), D¢ @)X +¢"
(X, p., 2) S, 6@ (@"(¢(2), D[P (DX + 8" (2)(p ® p)] 339)

+2"($(2), D@ () (p & p), @' ($(), NP () p).
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The comparison result follows from the classical theory of viscosity solutions, if
there exists C = Cg > 0 where R = max(||v||, ||v]), such that, for all X, p and z,

0 =
3 F(X,p,z) <C. (3.40)
Z

A straightforward calculation yields

(@'¢") 1 N
F DxF,|(® X
@iyt @ [P @)
+1(@'8") + (@)D )(p @ p))] + (D, F. (99 p))]
_ (@)
(@'9")?
+(DpF, ®'¢'p)]
(q)/¢// + @//(¢/)2)/ B (¢/¢// + @//(¢/)2)(¢/¢/)//]
@/d)/ (q)/¢/)2

0 =
F(X,p,z) =—
0z

[— F +(DxF,(®'¢'X + (@'¢" + 0" (@) (p ® p)))

+(DxF, [
x(p®p)),
where, to simplify the notation, the arguments of F, D, F, Dg( F,®' ®" ¢ and ¢”
are omitted.

In view of (3.15) and (3.28), to obtain (3.35) it suffices to choose ¢ so that

(®/¢// + ®//(¢/)2)/ B (q)/d)// + ®//(¢/)2)((D/¢/)// -

¢/¢/ (¢/¢/)2 - 0 (3'41)

and, if the second inequality in (3.29) holds,

(@'¢")

(@) < (3.42)
or, if the first inequality in (3.29) holds,

(@/ /)/

(¢/$/)2 >0 (3.43)

Assumption (3.37) and the special choice of ¢ yield that (3.41) is satisfied if

" < —1, and that (3.42) (resp. (3.43)) holds, if ¥" < —1 (resp. " > 1). Itis a

simple exercise to find ¥ so that (3.41) and either (3.42) or (3.43) hold in its domain
of definition.
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The classical comparison result for viscosity solutions then yields that, if
v(-,0) <v(-,0)on RY, thenv < v on RY x [0, i]. The same argument then yields
the comparison in [/, 24], etc.

The existence of the pathwise solutions of (3.14) is based on the stability
properties of the “approximating” initial value problem

m
uf = F(D*u®, Du)+ Y H'(u)Bf in Qr u®(-.0) = uf, (3.44)

i=1

where u € BUC(R?), and

B® = (B¢, ..., B5) € C'([0, 00); R™),
(3.45)
and, forall T > 0, as ¢ — 0, B® — B in the rough path metric.

Note that, if m = 1, the assumption in (3.45) can be reduced to B* — B
uniformly on [0, T].
The existence result is stated next.

Theorem 5.2 Assume (3.15), (3.17), (3.20), (3.28) and (3.29) and fix T > 0. Let
(%)e>0 and (§") 0 satisfy (3.45) and consider the solutions u®,v'" € BUC(Qr)
of (3.44) with initial datum ug and vg respectively. If, as &, — 0, ug — vg —- 0
uniformly on R%, then, as e,7 — 0, u® — v — 0 uniformly on Q. In
particular, each family (u®)¢~q is Cauchy in Qr. Hence, it converges uniformly
tou € BUC(Qr), which is a pathwise viscosity solution to (3.14). Moreover, all
approximate families converge to the same limit.

The proof of Theorem 5.2 follows from the comparison between subsolutions and
supersolutions of (3.27) for different approximations (£*)¢~0 and (§"),~0. Since a
similar theorem will be proved later when dealing with nonlinear gradient dependent
H, the proof is omitted.

Finally the next result is about the Lipschitz continuity of the solutions. Its proof
is based on the comparison estimate obtained in Theorem 5.1 and, hence, it is
omitted.

Proposition 5.1 Fix T and assume (3.15), (3.17), (3.20), (3.28) and (3.29) and let
u € BUC(Qr) be the unique pathwise solution to (3.14) for ug € C%'(R?). Then
u(-,t) € Co’l(Rd)forallt € [0, T, and there exists C = C(F, H, B, T) > 0 such
that, forallt € [0, T], |Du(-, t)|| < C.

Of course Proposition 5.1 is immediate if F and H do not depend on x. The point
is that the claim holds in full generality.
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3.6 The Extension Operator for Spatially Homogeneous
First-Order Problems

The object here is the study the space homogeneous Hamilton-Jacobi equation

du="H'(Du) dB;in Qs u(-,0) = uo. (3.46)
i=1

with B = (By1, ..., Bm) € Co([0, 00); R™) = {B € C([0, 00); R™) : B(0) = 0}.
The aim is to show that, if H = (Hj, ..., Hy) € Chl(R?; R™), the solution
operator of (3.46) with smooth paths has a unique extension to the set of continuous
paths.
The result is stated next.

Theorem 6.1 Fix H € C,;!(R?; R™), ug € BUC(R?) and B € Cy([0, 00); R™).

There exists a unique u € BUC(Qy,) such that, for any families (B®)¢~0 in
Co([0, 00); R™) N C1([0, 00); R™) and (uf)e=o in BUC(R?) which approximate
respectively B in C ([0, 00); R™) and ug in BUC(RY), if u® € BUC(Q ) is the
unique viscosity solution of du® =y ., Hi(Du®) ~dB} in Qoo and u® (-, 0) = ug,
then, as ¢ — 0, u® — u uniformly in Q..

This unique limit will be also characterized later as the unique pathwise solution
of (3.46).

The claim follows from the next theorem which asserts that, if the family of
smooth paths (Bf).~0 and initial data (u8)£>0 are Cauchy in Cy([0, c0); R) and
BUC(RY) respectively, then the solutions u® € BUC(Q,) of

m
duf = Z H(Du®) -dBfin Qo (-, 0) = uf, (3.47)

i=1

form a Cauchy family in BUC(Q ).

Theorem 6.2 Fix H € C,;! (R, R™), assume that ¢, €" € Co([0, 00); R™) N
C([0, 00); R™) and ug, vg € BUC(RY) are such that, as e, — 0, £ — &7 — 0
in C([0, 00); R™) and uy — vg — 0in BUCRY). If u®, v € BUC(Qy,) are the
viscosity solutions of (3.47) with respective paths and initial condition (£°, ug),

(&7, v)), then, as e, — 0, u® — v" — 0 in BUC(Q).

Proof A simple density argument implies that it is enough to consider u, vg €
CO(RY). Since H is independent of x, it follows that u®, v € C%1(Q4) and, for
all # > 0, max(|[Du® (-, )|, 1DV (-, 1)) < max(||Dugll, ||Dvg||). Hence, without
any loss of generality, it may be assumed that H € C'1(R?).

Notice that, for each ¢ and 5, u® and v" are actually also Lipschitz continuous
in time. The Lipschitz constants in time, however, depend on |¢¢| and |€"|, and,
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hence, are not bounded uniformly in ¢, n. This is one of the main reasons behind the
difficulties here.

To keep the arguments simple, it is also assumed that uf) and vf), and, hence,
u® and v" are periodic in the unit cube T¢. This simplification allows not be
concerned about infinity, and, more precisely, the possibility that the suprema below
are not achieved. The periodicity can be eliminated as an assumption by introducing
appropriate penalizations at infinity that force the sup’s to be actually maxima.

Finally, from now on I assume that m = 1. This is only done to keep the notation
simpler. Since the equation does not depend on the space variable, the extension to
m > 1 is immediate

The general strategy in the theory of viscosity solutions to show that, as ¢, n — 0,
u® —v" — 0in Q, is to double the variables and consider the function

Z()C, Y, t) = ug(-xv t) - Un()’» t)v
which satisfies the so-called “doubled” initial value problem
2 = H(Dy2)E® — H(=Dy2)E" in R? x R? x (0, 00),
(3.48)
z(x, y,0) = uf(x) — v (y).

The assumptions on u; and vg imply that, for A > 0, there exists (1) > 0 such
that (L) — 0 as L — oo and

20(x, ¥) < AMx — y* + (1) + sup(uf — vg). (3.49)

To conclude, it suffices to show that there exists US"* : R? x RY x [0, T]— R
such that, as ¢, 7 — 0 and A — o0,

US™*(x, x,t) — 0 uniformly in Q4 and z < U*™* in R? x R? x [0, 00).
It would then follow that

lim sup z(x,x,t)=0,
E170 (1 e

which is one part of the claim. The other direction is proved similarly.

Again, as in the general “non rough” theory, it is natural to try to show that there
exists, for some C > 0 and a(A) > Osuchthata(i) — Oas A — oo, a supersolution
of (3.48) of the form

UM (x,y,1) = CAlx — y|> + a(}).
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This is, however, the main difficulty, since both the C and a(A) will depend on |§€ |
and |£"|, which are not bounded uniformly in € and 7.

The first new idea to circumvent this difficulty is to find sharper upper bounds by
considering the solution qﬁ*’“’(x, y,t) of

01 = H(Dyg* M) —H (= Dy¢™MEMn RY x RYx (0, 00), 5.50)
¢A’S’7]('x7 ya 0) = )"|-x - }’|2,

which, in view of the spatial homogeneity of H and the fact that (]5}"8’”(', -, 0)
depends on x — y, is given by

@M N(x, y, 1) = ®FF(x — y, 1),
with @*#7 solving the initial value problem
@&, = HD®)((* —£")in Qo @(-,0) = Alz|%, (3.51)

which is well-posed for each ¢, 7.
The classical comparison principle for viscosity solutions yields, that for all
x,yeRY t>0,1>0ande,n,

20,y 1) S @M1,y 1)+ max (2(x,y,0) = Ax — v,
R

X,y€
and, hence, for all x € R? and ¢t > 0,
uf(x, 1) —u"(x, 1) £ ™ (x, x, 1) + O (1) + sup(uf — vy).

To conclude, it is necessary to show that there exists ®(X) > 0 such that
limy 00 ®(A) = 0 and

lim sup ¢™&"(x,x,1) < O(L),

e,naoxeRd

a fact that a priori may present a problem since the “usual” viscosity theory yields
the existence of ¢+ but not the desired uniform estimate.

Here comes the second new idea, namely, to use the characteristics to construct a
smooth solution ¢)"5 1, at least for a small time, which, of course, depends on ¢ and
n. The aim then will be to show that, as ¢, n — 0, the interval of existence becomes
of order one.
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The characteristics of (3.50) are

X =-DH(P);* Y =-DH(Q)E",
P=0 0=0,
U= (H(P)—(DyH(P), P)) {* — (H(Q) (3.52)

—(DH(Q), Q)E",
X(0) = xY(0) = yP(0) = Q(0) = 2A(x —y) U(0) = Alx — y|*.

Note that to keep the equations simpler the system is written for Q(x,t) =
—Dv"T(Y(t), t) instead of Dv"(Y (¢), t). Similarly I ignore the dependence on A, ¢
and 7.

The method of characteristics provides a classical solution of (3.50) for some
short time T;n, , as long the map (x, y) — (X(¢), Y (¢)) is invertible.

The special structure of (3.52) yields that, for all # > 0,

P(t) = Q1) =21(x — y),

and

X =) = (x—y)— DHQAMx — y)(E* (1) — £"(1).

To simplify the notation, let z = x — y and Z(t) = X (¢) — Y (¢), in which case the
last equation can be rewritten as

Z(x,t) =z — DH2)2)(£5(t) — £"(1)).

Note that z — Z(z, t) is the position characteristic associated with the simplified
initial value problem (3.51), and, in the problem at hand, is the only map that needs
to be inverted. Since

D.Z(z,1) = I +2AD*H(2A2) (" (1) — E"(1)),
it follows that the map z — Z is invertible as long as

sup [(£5(t) — E"(O)| ID*H lloo < 21) 7. (3.53)
t€l0,T]

This is, of course, possible for any 7" and A provided ¢ and n are small, since, as
e,n— 0, —&" — 0in C([0, 00)).

The above estimates depend on having H € C?. Since the interval of existence
depends only on the C!-! bounds of H, it can be assumed that H has this regularity
and then conclude introducing yet another level of approximations.
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It now follows that

PP ENX (@), Y (1), 1) = Ax — y — DHQAx — y)(E° () — E" (1)
+ [HQ2A(x — y)) = (DH(2A(x — y)), 2A(x — y))]
x (£5(1) —&7(1) .

Moreover, it follows from (3.50), that there exists C > 0 depending only on
|H || 1.1 such that

™ TX (@), Y (@), 0) = Ax = yP| <AC sup [¢°(1) = §"(1)] .
0<tST

Returning to the x, y variables, the above estimate gives that, for each fixed A > 0
and7 > Oandase,n — 0,

sup (¢ME7(x, y, 1) — Ax — y|*) = 0.
x,yeRd
t€[0,T]

3.6.1 A Summary of the General Strategy

Since the approach and the arguments of the proof above are used several times in
the theory and the notes, it is helpful to present a brief summary of the main points.

The conclusion of the theorem is that it is possible to construct, using the classical
theory of viscosity solutions, a (unique) # € BU C(Q ), which is the candidate for
the solution of (3.46) for any B continuous as long as H € Cllo’c1 .

The key technical step in the proof was the fact that, if, as e, n — 0, —&7 — 0
in C([0, 00)), then, foreachA > 0and T > 0,as ¢, n — 0

sup (v}, (z.0) = Alz|) > 0,

where v = vé" is the solution of the initial value problem

n
v = HDv)(* —£")in Qs v(z,0) = Alz]. (3.54)

The proof presented earlier used A|z |2 as initial condition in (3.54). It is not hard
to see, however, that the same argument will work for initial datum A|z|. Indeed it is
enough to consider regularizations like (§ + |z 1%)1/2 and to observe that the estimate
on u®(-,t) — v"(-, t) is uniform on § in view of the assumption that H € Cch!. The
conclusion for A|z| then follows from the stability properties of viscosity solutions.

The result about the extension can be summarized as follows.
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Given sufficiently regular paths B, = (Bi s, ..., Bnn) : [0,00) - R", H =
(H',...,H™) € CR*;R™) and A > 0, let v};, € BUC(Q,) be the solution of

m
vp, =Y H'(DU)By; in Qoo v}(z.0) = 2lzl. (3.55)

i=1

The following theorem gives a sufficient condition for the existence of the
extension.

Theorem 6.3 If for every B, € Co([0, 00); R™) N C'([0, 00); R™) such that, as
n— oo, B, —> 0in C([0,00); R™), and T > 0, the solution vfl", of (3.55) has the
property

lim sup  (v)(z, 1) —Alz]) =0 (3.56)

n—>00,A=00 (- 1) eRAX[0,T]

then there is an extension.

3.7 Pathwise Solutions for Equations with Non-smooth
Hamiltonians

It is important to extend the class of Hamiltonians for which the solution operator
of (3.50) with smooth paths has an extension. The assumption that H € Cll(;cl is
rather restrictive. For example, the typical Hamiltonian H (p) = | p| arising in front
propagation does not have this regularity.

The aim of this section is to provide a necessary and sufficient condition on H
to have an extension as well as to investigate if it is possible to assume less in H by
“increasing” the regularity of the paths, while still covering many cases of interest.

An important question and tool in this direction is to understand/control the
cancellations arising from the oscillations of the paths. And for this, it is useful
to investigate if there are some formulae for the solutions in the presence of sign
changing driving signals.

3.7.1 Formulae for Solutions

The simplest possible formulae for the solutions of

uy = H(Du)in Qr u(-,0) = uo, (3.57)
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are the well known Lax-Oleinik and Hopf formula which require convexity for H
and ug respectively. In Appendix the reader can find an extensive discussion about
these formulae, their relationship and possible extensions.

When H is convex, the Lax-Oleinik formula is

u(x,1) = sup [uo(y) — 1 _x)] (3.58)
yeR4 t

where, given a convex function w : RY — R, w*(g) = sup[(g, p) — w(p)] is its
Legendre transform.

The Hopf formula, which is the “dual” of the Lax-Oleinik one, says that, if uq is
convex, then

u(x,1) = sup [{p,x) +1H(p) — ug(p)]. (3.59)
peRd

In general, neither formula extends to the solutions of
ur = H(Dw)é in Q7 u(-,0) = uo, (3.60)

except in time intervals where the path is either increasing or decreasing in which
case it is possible to change time.

Indeed, if H € C(R?), & € C' and ug convex, the natural extension of (3.59)
should be

sup [(p,x) +E@H(p) — uy(p)].
peRd

The formula above is a subsolution, as the “sup” of solutions (p, x) + B(t)H (p) —
u(’§( p), but, in general, is not a solution of (3.60). The heuristic reason is that shocks
are not reversible.

For example, if H(p) = |p| and up(x) = |x|, then

sup(px +&(®|pl — |- ["(p) = (x| + £(@®)+.
peR

On the other hand, the following is true.

Proposition 7.1 The unique viscosity solution of (3.60) with & € C', £(0) = 0,
H(p) = |p| and up(x) = |x| is

u(x, 1) = max |:(|x| +&())+, ( max §(S))+] : (3.61)
0<s<t
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Although the regularity of £ is used in the proof of (3.61), the actual formula extends
by density to arbitrary continuous &’s.

It is possible to give two different proofs for (3.61). One is based on dividing
[0, T'] into intervals where £ is positive or negative and iterating the Hopf formula.
The second is a direct justification that (3.61) is the viscosity solution to the problem.
The details can be found in [71].

From the analysis point of view, the difficulty is related to the fact that when the
signal changes sign, the convexity properties of Hamiltonian also change. This leads
to the possibility of using the formulae provided by the interpretation of the solution
as the value function of a two-player, zero-sum differential games, which I briefly
recall next.

Assume that

H(p) = sup ﬂirelg((f(a, B). p) + h(a, B)),

a€eA

where, for simplicity, the sets A and B are assumed to be compact subsets of R”
andR?and f : A x B — RYand h : A x B — R are bounded; note that any
Lipschitz continuous Hamiltonian H can be written as a max/min of linear maps.

It was shown in Evans and Souganidis [26] that the unique viscosity solution of
the initial value problem

u; = H(Du)in Qr u(-,0) = uo,

admits the representation

T
u(x,t) = sup inf {/ h(alz](s), z(s)ds + u(x(T))},
T—t

ael(T—n2EN(T—1)
where N(T — t) is the set of controls z : [T —¢,T] — B, I'(T — t) is the set

of nonanticipating strategies which map B-valued controls to A-valued ones, and
(x(s))se[T—:,1] is the solution of the ode

x = flalz](s),2(s)) x(T —1) =x.

An attempt to extend this formula to (3.59) meets immediately difficulties.
Assume, for example, that § € C ! Then

H(p)é(t) = H(p)E()+ — H(p)E(D)—,

and it easy to check that, in general, it is not possible to find compact sets C and D,
vectors fr : C x D — R4 and scalars 4 : C x D — R such that

H(p)&(r) = sup inf ((f4(c. DEW+ + f-(e. DED)-). p)

+ (hyc, EW)+ + h—(c, DE(1)-)).
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Of course, if the above holds, then the solution of (3.59) is given by the formula

T
u(x,t) = sup inf / hy (@lz](s), 2()E(T = 5)4))

ael(T—1)2eN(T—1) JT—¢

+ h_(alz](s), 2(s)E (T — s)-)ds + u(x(T)),

where for the control z € N(T —t) and strategy a € I' (T —t), x(8)se[T—z,T] SOlves

(5) = fr(@lz](9), 26NET = 8)4 + f-(alz](s), 2(DET —5)— x(T —1) = x.

3.7.2  Pathwise Solutions for Nonsmooth Hamiltonians

When H is less regular than in Theorem 6.2, it is also possible to prove the unique
extension property for the solution operator for smooth paths, but the argument is
different and does not rely on inverting the characteristics. It is, however, possible
to use the general strategy summarized in Theorem 6.3 to identify the conditions on
H that will allow for the extension to exist for the initial value problem

du=Y " H'(Du)-dB;in Qr u(-,0)=uo. (3.62)
i=1

The main result is stated next.

Theorem 7.1 The solution operator of (3.62) with smooth paths has a unique
extension to continuous paths if and only if H' is the difference of two convex
functions fori =1,...,m.

Identifying the class of Hamiltonians H which can be as written as the difference
of two convex functions is a difficult question.

When d = 1, a necessary and sufficient condition for H to be the difference
of two convex functions is that H’ € BV. Indeed in this case, in the sense of
distributions, H” = H{'—H} with H{" and H} nonnegative distributions and, hence,
locally bounded measures. Conversely, if H' € BV, then H” = (H")+ — (H")_.

When d = 2,if H = Hy — H, with Hy, H, convex, then, as above, DH €
BV. The converse is, however, false. Functions with gradients in BV may not have
directional derivatives at every point, while differences of convex functions do.

Finally,if H € C L1 then H is clearly the difference of convex functions. Indeed
since, for some ¢ > 0, D*H > —2cI, then H = H; — H, with H;(p) = H(p) +
c|pl* and Ha(p) = c|p|*.



3 Pathwise Solutions Nonlinear Equations Rough Time Dependence 107

The proof of Theorem 7.1 is divided in several parts and requires a number of
ingredients which are developed next.

Proposition 7.2 Assume that the extension operator exists for all continuous paths.
Then H must be the difference of two convex functions.

Proof In what follows, I assume for simplicity that m = 1 and the problem is set in
01.

The necessity follows from the criterion summarized in Theorem 6.3. Since the
extension must hold for any continuous path, it is possible to construct a sequence
of paths satisfying the assumptions of Theorem 6.3 such that (3.56) implies that H
must be the difference of two convex functions.

Consider a partition of [0, 1] of 2n intervals of length 1/2n and define the
piecewise linear paths B, : [0, 1] — R with slope Bn = #u and, for definiteness,
assume that B, = p in the first interval. It follows that

sup |Bn(1)| < H and, if u/2n — 0, B, — 0in C([0, 00)).
1€[0,1] 2n

Fix A > O and let v} : Q; — R be the solution of
vh, = H(Dv))B, in Q1 v}(z,0) = Alz|. (3.63)

Assume that, for some § > 0, u = 2né. The claim follows if it is shown that the
v,)l‘ ’s blow up, as n — o0, if H is not the difference of two convex functions in a ball
of radius A.

Recall that, in each time interval of length 1/2n, the equation in (3.63) are

either v, ; =2n8H(Dv,) or wv,; = —2néH(Dvy,),
or, after rescaling,
either U,,=8H(DU,) in Q; or V,,=-8H(DV") in Qy;

here, for notational simplicity, I omit the explicit dependence on A.

The V,’s are constructed by a repeated iteration of Hopf’s formula. This

procedure yields sequences (V5 )p—, and (Vy)p2, which, as k — oo, either

blow up or converge, uniformly in B}, to VT and V; respectively.
In the latter case, it follows that
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and, therefore,
* *
5H = Vl - V2,

which yields that H is the difference of two convex functions.

If the sequences (V5 )2, and (V3;);_, blow up, then a diagonal argument, in
the limit § — 0, shows that (3.56) cannot hold.

Indeed, since, for each § > 0 and as k — o0, VZ*kJrl — —oo and Vj, —
—o0 in B, choosing § = 1/m along a sequence k,, — oo yields Vz*k,,, < -1

Going back to the original scaled problem, it follows that vy, < —1, while
By,, — 0in C([0, 00)) and vy, (0,0) = 0.

The next step is to show that, if H is the difference of two convex functions, then
there exists a unique extension of the solution operator with B smooth to the class
of merely continuous B.

The main difficulties are the lack of differentiability of B and how to control the
oscillation of the solutions with respect to time. This was actually already exploited
in the proof of Proposition 7.2. For the sufficiency, it is important to obtain a more
explicit estimate.

Controlling the cancellations due to the oscillations of the paths is very much
related to the irreversibility of the equations due to the formation of shocks. “Some
memory”’, however, remains resulting in cancellations taking place as it can be seen
in the next result.

Consider the initial value problems

m
w =y H'(Du)B' in Qr u(-,0) = uo, (3.64)
i=1
and
vl = H (DV)B' in Q1 ' (-,0) = v}, (3.65)
where, foreachi =1, ..., m,
H e CR?), B eC'([0,00) and ug, v e BUCRY). (3.66)

It is known that both initial value problems in (3.64) and (3.65) have unique
viscosity solutions. In the statement below, Sgi (f)v is the solution of (3.65) with
B =1attimer > 0.

Theorem 7.2 Assume, in addition to (3.66), that, for each i = 1,...,m, Hiis
convex and DH'(p;) exists for some p; € RY, and let u € BUC(Q7) be the
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viscosity solution of (3.64). Then, for all (x,t) € Or,

HSH«— min B'(s))uo <x+ZDH (P min (B'(5)= B (r))))

i=1 i=1

+ZH (pi)( min (B (s) — B' (1)) < u(x, 1)
= (3.67)

3

< [T Sui ( max B (s))uo <x+ZDH (p)( min (B'(5)~B' (t))))

1 0<s<t i1

3

= 2 H(p)(max (B'((5) = B'(0)).

i=1 0=s=
The proof of the estimated above, which is complicated, is based on repeated use
of the Lax-Oleinik and Hopf formulae. The details can be found in [71].
The following remark is useful for what follows.
If, in addition,

minH =0 for i=1,...,m,

then the claim can be simplified considerably to read

]_[SH,( max By uo(x) = ux, 1) = HSHI(maX BiMug(x).  (3.68)
i=1 i=1

The bounds in (3.67) are sharp. Indeed, recall that in the particular case
H(p)=Ipl. wuo(x)=Ix| and m=1,

it was already claimed that the solution of (3.64) is given by

u(x,t) = max |:(|x| + B(t))+, max B(s))+] .
0Ss<t

Evaluating the formula at x = 0 yields that the upper bound in Proposition 7.2 is
sharp, since, in this case,

SH( max B(s))uo(O) Igax B(s) and max(B(1), ILlaX B(s)) = Olgayé B(s).

Using Theorem 7.2 it is now possible to prove the sufficient part of Theorem 7.2.
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Proposition 7.3 Assume that, for each otheri = 1,...,m, H leC (Rd) is the
difference of two convex functions. Then the solution operator of (3.63) on the class
of smooth paths has a unique extension to the space of continuous paths.

Proof The proofis based again on Theorem 6.3. Fix A > 0,let B, = (BY,...B}}) €
Co([0, 00), R™) N C1((0, 00); R™) be sequence of signals such that, as n — oo,
B" — 01in C([0, c0), R™), and consider the solution ¢" € BUC(Q,) of

ol =D H'(DP")B! in 0 ¢"(2.0) = g0(2) = Alzl. (3.69)

i=1
It shown here that the assumption on H yields, foreachA > 0and T > 0,

lim max (¢"(z,t) —Alz]) =0.
T (z,)€Qr

Foreachi = 1,...,m, H = Hf — Hé with Hf, Hé convex. To simplify the
presentation, it is assumed that each H{ and Hé has minimum O which is attained at

p = 0. Then, it is possible to use (3.67).
Rewriting (3.69) as

¢l =Y H"'(D¢")B! + > H"*(D¢")(—B'),
i=1 i=1

and using (3.68) yields, for all x € RY,

IV Jmin. B} (s)) ]1 Syia( max, B} (5))¢ho(x)

i=1
M m
< PN (x, 1) < Syii(max B'(s Syi2(— min B''(s x),
< gt )_5 H‘(ogsg, ,())5 i ( Jmin, " (5)) o (x)

and the claim now follows since, lim; ;. o(max;=1,:; Maxse[o,T) |Bl." ) =0.

Another consequence of the “cancellation” estimates of Theorem 7.2 is an
explicit error estimate between two solutions with different signals.

In what follows, for k = 1,2, u¥ € BUC(Q.), BX € Co([0, o0); R™) and
ulé e ol (Rd ) is the solution of the initial value problem

m
uf =" H'(DuM)Bf in Qo u*(-,0) = uf. (3.70)

i=1
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In (3.70), the solution is either a classical viscosity solution if the signal is smooth,
or the function obtained by the extension operator if B¥ is continuous.

Theorem 7.3 Assume that, foreach 1, ..., m, Hi e C(Rd) is the difference of two
nonnegative convex functions H' HY? Fork = 1,2, BX e Co([0, o0); R™) and
uf) e COV(RY). Let u* € BUC(Q4,) be the solution of (3.70). There exists C > 0
depending on ||ul(‘)|| and ||Du’6|| and the growth of H'’s such that, for all t > 0,

sup |u (x, t)—v (x,0)] < C max max |B (s)— Bz(s)H— sup |u0(x)—u0(x)|
xeRd =l..moss< xeRd

Proof Only the estimate for sup(u1 — u?) is shown here. The one for sup(up — u1)
follows similarly. Moreover, the claim is proven under the additional assumption
that the signals are smooth. The general case follows by density.

Let L = maxg=12 ||Du](§||. Since the Hamiltonians are x-independent, it is
immediate from the contraction property that, for all ¢ = 0, w .0, u(,1) €
C%(R9) and maxg=1,2 ||Duk(~, 1) £ L. The standard comparison estimate for
viscosity solutions implies that, for all (x, t) € Qr,

w00 = w2 = @0 = sup [ub() = uf ) - Lix = yI] <0,

x,yeRd
where ¢’ is the solution of the usual doubled equation with ¢~ (x, y, 0) = L|x — y|.

Basic estimates from the theory of viscosity solutions yields that, for any v > 0
and w € CO1(RY) with |Dw|| < L,

max || Syi (1)w — w| < | max max |H'(p)| |
i i |pISL
It follows that

qﬁ (x,x,t) £ Llx — x| + m max [max |H (p)l max |B (s) — Biz(s)]
15i<m |p|SL

=m 12§m[|§a<x |H' (p)l [max IS’ f(s) = ¢ @)1

Combining the upper bounds for ul(x,1) — u?(x,t) and ¢L (x, x,t) gives the
claim.
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3.7.3 Control of Cancellations for Spatially Dependent
Hamiltonians

It is both interesting and important for the study of qualitative properties of the
pathwise solutions, see, for example, Sect. 3.8 of the notes, to extend the results
about the cancellations to spatially dependent Hamiltonians H = H (p, x) and the
initial value problem

du = H(Du, x) - d& in QOoe. (3.71)

The basic cancellation estimate reduces to whether if, for any u € BUC(R?) and
any a > 0,

Su(@)S-p(@u <u < S_p(a)Su(au, (3.72)

where S+ g is the solution operator of (3.71) with Hamiltonians +H.

A consequence of a counterexample of Gassiat [33] presented in the next section
is that such a result cannot be expected for nonconvex Hamiltonians, since it would
imply a domain of dependence property which is shown in [33] not to hold for a
very simple nonconvex problem.

A first step towards an affirmative result was shown some time ago by Lions
and the author. This was extended lately by Gassiat et al. [35] who established the
following.

Theorem 7.4 Fix & € Cy([0, 00); R) and assume that

H=H(p,x) ‘RY x RY — R is convex and
(3.73)

Lipschitz continuous in p uniformly in x.

Then (3.72) holds.

Proof The result is shown for § € C 1([0, 00)). The general conclusion follows by
density. Moreover, since the arguments are identical, I only work with the inequality
on the left.

For notational simplicity, I assume that |D,H| = 1. If L is the Legendre
transform of H, it follows that

H(p,x) = sup {(p,v) = L(v, x)}.
B1(0)
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Let A = L*°(R4; B1(0)). The control representation of the solution u of (3.71)
(see, for example, Lions [58]) with & =t and ug € BUC(]Rd ) gives

Su®uox) = sup fuo(X (@)
qgeA

t
—/ L(g(s), X(s))ds : X(0) = x, X(s) =q(s) fors € [0, t]],
0
and

S_n(uo(y) = inf {uor @y

t
~|—/ L(r(s),Y(s)ds : Y(0) =y, Y(s) = —r(s) fors € [0, t]}.
0
It follows that

t
Su(t) o Sg(—t)uo(x) = sup inf {uo(Y(t)) —l—/ L(r(s), Y(s))ds
geAreA 0

t
_/0 L(g(s), X(s))ds :
Y(0) = X (1), Y(s) = —r(s), X(0) =x, X(s) = q(s) fors € [0, t]].

Given g € A choose r(s) = ¢(t — s) in the infimum above. Since Y (s) = X (¢ — s),
it follows that

t
Su(0) o Su (=) = sup {uoXO) + [ Lig(t =), Xt = s)ds
geA 0

'
—/ L(g(s), X(s))ds : X(0) = x, X(s) =q(s) fors € [0, t]}
0
= up(x).

As a matter of fact, Lions and Souganidis came up recently with a more refined
form of (3.72), which is stated below without proof.
Theorem 7.5 Fix & € Cy([0, 00); R) and assume (3.73). For every a, b, ¢ > 0 such
that b < min(a, c),

Sa()Su(b)Su(a) = Su(a+c—b).
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3.7.4 The Interplay Between the Regularity of the
Hamiltonians and the Paths

The classical theory of viscosity solutions applies when H € C and B € C';
actually it is possible to consider B € C* L1 or even discontinuous B as long as
B e L'. Tt was also shown here that, when H € C'-! or, more generally, if H is the
difference of two convex (or half-convex) functions, there exists a unique extension
for any B € C([0, 00)).

Arguments similar to the ones presented next yield a unique extension for B €
C%9([0, 00)) with @ € (0,1) and H € C?>1=0+¢(R4) for ¢ > 0; recall that, for
any B € [0, 00), CP(R?) is the space CIAIA~IAI(R?) Tt is not clear, however, if the
additional e-regularity is necessary.

The conclusion resembles nonlinear interpolation. Indeed, consider the solution
mapping T (B, H) = u, which is a bounded map from C! x C? into C and C° x C?
into C. Typically, if T is bilinear, abstract interpolation results would imply that T
must be a bounded map from C%¢ x C2(-1=01.20—0)~R0-Oljpto C. But T is far
from being bilinear.

Next it is stated without proof (see [71] for the details) that, in the particular case
a = 1/2, it is possible to have a unique extension if H € CL% for 8 > 0. Of course,
the goal is to show that is enough to have H € C! oreven H € C%!. Questions
related to the issues described above are studied in an ongoing work by Lions et al.
[68].

A sequence (Bp)peN in C1([0, 00)) is said to approximate B € C([0, c0)) in
CO V2 if asn — oo,

B, — B inC([0,00)) and sup||Byllco |By — Blloo < 00.
n

Given B € C%1/2([0, 00)), it is possible to find at least two classes of such
approximations. The first uses convolution with a suitable smooth kernel, while the
second relies on finite differences.

Let p,(t) = np(nt) with p a smooth nonnegative kernel with compact support
n [—1, 1] such that [ zp(z)dz = 0 and [ p(z)dz = 1, and consider the smooth
function B, = B * p,. If C = (||p’Il + llpll + D[Blo, 1,2, then

B, £C/n and ||B, — B| £ C/v/n.

For the second approximation, subdivide [0, 7] into intervals of length A = T'/n
and construct B, by a linear interpolation of (Bxa)k=1,...n- Then

,,,,,

. |Ba+1ya — Bral _ [Blo, 1,2
|Bal =~ EHD < 2=
A VA

c
v

|B — Byl < [B 01/2\/A—
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1 L 1 . .
The next result says that C%2-approximations of C%2 paths yield a unique
extension for H € C l"S(}R”l) with § > 0. As a matter of fact the result not only
gives an extension but also an estimate. For the proof I refer to [71].

Theorem 7.6 Assume that B € C%'/2([0, 00)) and H € C"3(R?) for some § > 0,
and fix T > 0 and up € BUC(Rd). For any (&))neN, (C™)men € Co([0, 00)) and
uo.n, Vo.m € BUC(RY), which are respectively C%/2-approximations of B and
ug in BUC(Rd), let uy, v, € BUC(Qr) be the solutions of the corresponding
initial value problems. Then there exists u € BUC(Qr) such that, as n,m — 00,
Un, Vm — u in BUC(Q7). Moreover; if |lug., — uol| < Cn=P for some a, g > 0,
then there exist y > 0 and C > such that lu, —u| < Cn~ in Qr.

A discussion follows about the need to have conditions on H. The key step in the
proof of Theorem 7.6 can be reformulated as follows. Let (B,),eN be a sequence
of C'-functions such that, as n — oo, B, — 0 and sup,, | B lloo ||1§,,||Oo < 00,
and consider the solution v, of v, ; = H(Dv,,)B,, in Q7 and v, (x,0) = A|x|. As
before, it suffices to show that, for each fixed 7 > 0 and for all (x,¢) € Qr,

lim sup [v,(x,2) —Alx|]]— 0.
n—o0
(x,1)€Q0r

Next let B be piecewise constant such that, for 7; = ii,
B = Ay in [tk, k1] and B = —Ap in [top41, t],

and, for simplicity, take A = 1. Arguments similar to the ones earlier in this section
and the fact that vy is convex, since v (-, 0) is, yield a sequence wy = v,’g such that

wo = 01y <1y + 00lypi>1)
and

w41 = (wak + A H)™ and wor = (wok—1 — Aog—1 H)™

where A; = k[B((’ +OT B(lT)].

k k
The convexity of the vx’s and Hopf’s formula implies that the sequence wy is
decreasing. Then convergence will follow if there is a lower bound for the wy’s.

Consider next the particular case H(p) = | p|? and assume that, for all i, A! =
Vk.

If wy is constructed similarly to wy but with A; = 1, it is immediate that w; =
k=124, and, since Wiy = (W £ |p|?)*™* F |p|?)**, it follows that Wi < Wy
and wy = +oo if [p| > 1.

Let my = —infjp <1 wi(p). Since H is not the difference of two convex
functions if 8 € (0, 1/2), it must be that my — oo as k — o0.
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It turns out, and this is tedious computation, that there exists ¢ > 0 such that
W < —ck'=? .
It follows that, if 6 < 1/2,

wrp =k VP < —ck?? 5 —0 as k= o00.

The above calculations show that, if H € C%*(R%) with « € (0, %) and
sup,, || By ”CO’ ! < 00, then there is blow up, and, hence, not a good solution. On

the other hand, if H € C* : (Rd), there is no blow up.

3.8 Qualitative Properties

Recently there has been great interest in the study and understanding of various
qualitative properties of the solutions. In this section, I focus mainly on the initial
problem

du = H(Du,x)-dBin Qs u(-,0) = uo, (3.74)

and I discuss the following three qualitative behaviors: domain of dependence and
finite speed of propagation , intermittent regularizing effect and regularity, and long
time behavior of the pathwise solutions.

3.8.1 Domain of Dependence and Finite Speed of Propagation

Given that the pathwise solutions are obtained as uniform limits of solutions of
hyperbolic equations with domain of dependence and finite speed of propagation
property, it is natural to ask if this property remains true in the limit.

In the context of the “non-rough” viscosity solutions, it is known that, if H is
Lipschitz continuous with constant L, and u!,u?> € BUC(Q7r) solve the initial
value problems

uy = HDu")inQr u'(,0)=u) and wu?=H(Du?)in Qr u*(-,0)=uj,
then
ifu) =u} in B, R), thenu'(-,r) =u?(,1)in BO, R — Lr).

The first positive but partial result in this direction for pathwise solutions was
proved [71]. The claim is the following.
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Proposition 8.1 Assume that H = Hy — H> with Hy and H> convex and bounded
from below, and ug € CO'(R?). Let L be the Lipschitz constant of Hy and H, in
B(0, || Dul|) and consider the solutionu € BUC(Q7) of (3.74). If, for some A € R
and R > 0,

u(-,0) = A in B(0, R),
then

u(-,t) = Ain B0, R — L( max B(s) — Igin B(s)).

0<s<t 0<s<t

Proof Without loss of generality, the problem may be reduced to Hamiltonians with
the additional property

Hi, Hy nonnegative and H;(0) = H>(0) = 0. (3.75)

Aslong as R > L(maxy<,., B(s) —ming<,, B(s)), and, since H,(0) = H2(0) =
0, the finite speed of propagation of the initial value problem with B(t) = ¢ yields

Sy, (max BE(s))ug = Sy, ( max BE(s))up = A,
0Ss<t 0<s<t

and the claim then follows using the estimate in Theorem 7.2.

The following example in [33] shows that, when the Hamiltonian is neither
convex nor concave, the initial value problem does not have the finite speed of
propagation property.

Fix T > 0 and § € Cy([0, 0o); R). The total variation Vp 7(§) of £ in [0, T'] is

n—1
Vo) = sup Y [EGi1) —E@),
(10, tn)€EP ;)
where P={0=1 <t <---,t, = T}is apartition of [0, T].

The result is stated next.

Proposition 8.2 Given & € Co([0, T1; R), letu € BUC(R? %[0, T) be the solution
of

du = (|ug| = |uy)) -d& inR*x [0, T] u(x,y,0) =[x —y|+O(x,y), (3.76)
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with ©@ € BUC(R?) nonnegative and such that, for some R > 0, @ (x, y) > R if
min(x, y) > R. Then

(3.77)
(105 s tn) EP n

n—1 . _ N
M(O’O’T)Z( p  2ic0 G — €G) R) N
Jr

In particular, u(0,0, T) > 0 as soon as Vo, r(§) > R.

If £ is a Brownian motion, then Vp 7(§) = +4oc for all T > 0. Then (3.76)
implies there is no finite speed of propagation property for any R > 0.

Proof (The Proof of Proposition 8.2) The argument is based on the differential
games representation formula discussed earlier in the notes, which is possible to
have for the very special Hamiltonian considered here.

Arguing by density, I assume that £ € C!. A simple calculation shows that, for
all p,g e R,

(Ipl =1gDé (0) = maxmin {(@§ (1) +bE(W-)p + (BE M)+ +aE1)-)q}.

It follows that, for any T > 0,

u(0,0,7) = sup inf J(x[z],2),
ael(T) zeN(T)

where, for each pair (w, z) of controls in [0, T,
T(w, 2) = |x"3(T) =y ()| + O " 4(T), y*(T)),
and
i(s) = w)E(T — )4 + 2()E(T —s5)—  x"*(0) =0,
¥Hs) = 2(OET — ) +wSET —s5)- y"i(0) =0.

I refer to [33] for the rest of the argument, which is based on the choice, for each
partition of [0, T'], of a suitable pair of strategy and control, and the assumption on
O.

Motivated by the general question and the partial result and counterexample
discussed above, Gassiat et al. [35] considered the case of convex, spatially
dependent Hamiltonians. Using the cancellation property discussed in the previous
section, it is proven in [35] that, in this setting, there is a finite speed of propagation.
This required the use of what is known as “skeleton” of the path. The details are
presented next.

Given ¢ € C([0, T]), if argmin(, ] (resp. arg max(, p]) denotes the set of minima
(resp. maxima) points of & on the interval [a, b] C [0, T], the sequence (7;);cz of
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successive extrema of £ is defined by
70 = sup {t € [0, T]: &) = max &(s) oré(t) = min é(s)} , (3.78)
0<s<T 0<s<T

where, for alli > 0,

suparg maxp; 71§ if &(7;) <O,
I b ]g. (i (3.79)
supargmini;, 71§ if &(7) > 0,
and, foralli <0,
inf arg maxjg, ; if &(t;) <O,
Tiog = gmaxpo.q) & if &(n (3.80)
infargminp, ;1§ if &(z;) > 0.

The skeleton (resp. full skeleton) or reduced (resp. fully reduced) path Ro,7(§)
(resp. Ro,7(£§)) of & € Co([0, T]) are defined as follows.

Definition 8.1 Let& € C([0, T)).

(i) The reduced path Ry r(£) is a piecewise linear function which agrees with &
on (7))jez. 3
(i1) The fully reduced path Ry r(§) is a piecewise linear function agreeing with &
on (7—j)ien U{T}.
(iii) A path & € Co([0, T']) is reduced (resp. fully reduced) if § = Ro,7(§) (resp.
& = Ro,7(§)).

Note that the reduced and the fully reduced paths coincide prior to the global
extremum tp. While the reduced path captures the max-min fluctuations also after
70, the fully reduced path is affine linear on [tp, 7] and, in this sense, is more
“reduced”.

Throughout the discussion, it is assumed that

H:RY xRY - R is convex and
(3.81)

Lipschitz continuous with constant L in the first argument.

The speed of propagation of (3.74) at time T is defined by

pu (€, T) =sup ’R > 0 : there exist solutions u', u” of (3.74)and x € RY,
(3.82)

such that u' (-, 0) = u(-, 0) in Bg(x) and u' (x, T) # u’(x, T)}.
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To keep track of the dependence of the solution on the path, in what follows I use
the notation ¢ for the solution of (3.74) with path £. The main observation is that

ub (-, T) = ufor® 1), (3.83)

which immediately implies the following result about the speed of propagation.

Theorem 8.1 Assume (3.81). Then, forall £ € C([0, T]),

paE, T) < L ||Ro,TrE)ITV(0,T])- (3.84)

The second main result of [35] concerns the total variation of the reduced path of
a Brownian motion. To state it, it is necessary to introduce the random variable
6 : [0, c0) — [0, o0) given by

f(a) =inf{t > 0: maxB —min B = a}, (3.85)
[0,2] [0,¢]

which is the first time that the range, that is max — min of a Brownian motion equals
a.

It is proved in [35], where I refer for the details, that the length of the reduced
path is a random variable with almost Gaussian tails. It is also shown that if the
range, that is, the maximum minus the minimum of B, is fixed instead of the time
horizon T, then the length has Poissonian tails.

Theorem 8.2 Let B be a Brownian motion and fix T > 0. Then, for each y €
(0, 2), there exists C = C(y, T) > 0 such that, for any x > 2,

P ([Ro.r By oz = %) = Coxp(=Cx?), (3.86)

and

P ([Rosy By o0y = *)
lim

lim < In() = 1. (3.87)

A related result, proving that the expectation of the total variation of the so-called
piecewise linear oscillating running max/min function of Brownian motion is finite,
has been obtained independently by Hoel et al. in [42].

The following remark shows that upper bound in Theorem 8.1 is actually sharp.

Proposition 8.3 Let H(p) = |p| on R¢ with d > 1. Then, for all T > 0 and
§ € Co([0, T]; R),

pr(E, T) > |Ro.7E)ITv 0.1 (3.88)
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When d = 1, then

pu(E, T) = IR0 7E)Tv(0.7)-

Here I only sketch the proof of the first result.

Proof (A Sketch of the Proof of Theorem 8.1) The first step is (3.72). The second is
a monotonicity property for piecewise linear paths. Let & = 1,¢[0,¢,1(aot) +
Lie(yy,m1(a1(t — t1) +aoty) and, for s < ¢, set &, = & — &;.

Ifap > 0and a; <0 (resp. ap < 0 and a; > 0), then

Si(O, T) = Su6o,1) (resp. 52(0, T) < Su(o.1)) (3-89)
Since the claim is immediate if ag = O or a; = 0, next it is assumed that ag > 0

and a; < 0.
If %'O,T < 0, then

S (T — 1)) =S_g(—a(T —11)) = S_g(—a(T —t1) — apty) o S_g(apty)

= S_H(—0,1) 0 S—H (aot1) = S (§0,7) o SH(—aot1),
and, hence, in view of (3.73),
80, T) = Sp(Eo,7) o Su(—aot1) o Su(aoh) = Sk (&,1).
If &, 7 > 0 then, again, (3.73) yields
52(0, T) = Sp(ai(T —11)) o Sgy(—ai(T —t1) + aoty + ai(T — 1))

= Sy (a(T —11)) o Sg(—a (T —11)) o Sy (aot; +ai (T —11))
< Suo,71).

For the second inequality, note that S:f_[ 0, 7)) = Sf_, 0, 7), S—g(—t) = Syg@). It
then follows from the first part that

$5.(0,T) =S50, T) = S_u(—&o.1) = Su(&o.1).

The next observation provides the first indication of the possible reduction
encountered when using the max or min of a given path. For the statement, given a
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piecewise linear path &, set

Tmax = SUup {t €l0,T]: &= ma)}]és}

and

Tmin = il’lf{l €l0,T]: & = vn[l(}%" SJ-A} .

Lemma 8.1 Fix a piecewise linear path &. Then

S (Tmaxs T) © St (50, tae) < S50, T) < St (Egyn.7) 0 S70, T

Proof Since the proofs of both inequalities are similar, I only show the details for
the first.

Without loss of generality, it is assumed that sign(§;,_,.,) = —sign(&, s, ,) for
all [t;—1, tit1] € [0, Tax]. It follows that, if &[0, +,,,,] is linear, then Si O, thax) =
SH (‘i:(),l’max)'

If not, since &y ,,,, > 0, there is an index j such that 5:,-,1,:,“ > (0 and Sr‘,-,l,zj
0. It then follows from (3.89) that

850, Tmaz) < S5(0, Tmax),

Where§ is piecewise linear and coincides with & forallr € {#; : i # j}.
A simple iteration yields S O, tax) < Su(0,7,..), and, since S O0,7) =
SH (Tmax, T) o SH (0, Tmax), this concludes the proof.

The previous conclusions and lemmata are combined to establish the following
monotonicity result.

Corollary 8.1 Let &, ¢ be piecewise linear, £E(0) = ¢(0), E&(T) = ¢(T) and & < ¢
on [0, T]. Then

$5(0,T) < 85,0, 7). (3.90)
Proof Assume that £ and ¢ are piecewise linear on each interval [f;, 1] on a
common partition0 =19 < ... <ty =T of [0, T].
If N =2, then, forall y > Oand all a, b € R,
Su(a+y)oSub—y) < Su(a)o Su(b). (3.91)

If a > 0, this follows from the fact that, in view of (3.89),

Su(y) o Su(b —y) < Su(b).
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Ifa + y <0, then again (8.1) yields
Su(a)o Su(b) = Su(a+y)oSu(—y)oSu() = Su(a+y)oSu(b—y).
Finally, if a < 0 < a + y we have
SH(a) o Sp(b) = Su(a+b) = Su(a+y)oSub—y).

The proof for N > 2 follows by induction on N. Let p be piecewise linear on the
same partition and coincide with ¢ on fg, 1, and with £ on f2, . . ., . The induction
hypothesis then yields

$5(0.12) < S5 (0.1) and Sy (1. T) < S5 (11, T)
from which we deduce
$5(0.T) < S5 (0. T) < S50, 7).

To complete the study of the cancellations, it is necessary to use a density
argument, which, itself, requires a result about the uniform continuity of the
solutions with respect to the paths. Such a result was shown earlier in the notes
for spatially-independent Hamiltonians which are the difference of two convex
functions and for spatially dependent under some additional conditions on the joint
dependence but not convexity. The most general result available without additional
assumptions other than convexity was obtained in [73]. Here it is stated without a
proof.

Theorem 8.3 Assume (3.73). Then, for each ug € BUCRY) and T > 0, the family
{Si 0, TYug : & piecewise linear]

has a uniform modulus of continuity.

An immediate consequence is the following extension result which is stated as a
corollary without proof; see [35] for the details.

Corollary 8.2 The map & +— Sy(&) is uniformly continuous in the sup-norm in
the sense that, if (§"),eN is a sequence of piecewise-linear functions on [0, T] with
limy o0 IE" — ™ lloo,j0,71 = 0, then, for allu € BUC(R?) x (0, 00),

lim 1S5 (0, T)u — S5 (0, Thullos = 0. (3.92)
n,m—00

Combining all the results above completes the proof.
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3.8.2 Stochastic Intermittent Regularization

A very interesting question is whether there is some kind of stochastic
regularization-type property for the pathwise solutions of

du = H(Du) -d¢ in Q. (3.93)
It is assumed that
HeC 2(Rd ) is uniformly convex, (3.94)

which implies that there exist ® > 6 > 0 such that, forall p € R4 and in the sense
of symmetric matrices,

01 < D*H(p) < OI. (3.95)

The upper bound in (3.95) can be relaxed when dealing with Lipschitz solutions
of (3.93).

Motivated by a recent observation of Gassiat and Gess [34] for the very special
case that H(p) = (1/2)| p|2, recently Lions and the author [80] investigated this
question. A summary of these results is presented next without proofs. The details
can be found in [80].

The possible intermittent regularizing results follow from iterating regularizing
and propagation of regularity-type results for the “non rough” problem

u; = +H(Du) in Q. (3.96)

It turns out that the quantity to measure the regularizing effects is the symmetric
matrix

F(p) =/ D2H (p),
the reason being that, if, for example, u is a smooth solution of (3.96), then a simple

calculation yields that the matrix W (x, t) = F(Du(x, t)) satisfies the matrix valued
problem

W; = DH(Du)DW =+ |DW|>.

The first claim is about the regularizing effect of (3.96). In what follows all the
inequalities and solutions below should be understood in the viscosity sense.
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Theorem 8.4 Assume (3.94). If u € BUC(R? x (0, 00)) is a solution of u; =
H (Du)

(resp.
uy = —H(Du)) in R? x (0, co)and, forsomeC € (0, o],
— F(Du(-, 0))D*u(-,0)F(Du(-,0)) < CI inR?, (3.97)
(resp.
— F(Du(-,0)) D*u(-, 0)F (Du(-,0)) > —CI in R?), (3.98)

then, for allt > 0,
— F(Du(-, ))D*u(-, t)F(Du(-, 1)) < ¢ IinR? (3.99)
9 9 9 f— 1—"_ Ct 9 .
(resp.

— F(Du(-,1))D*u(-, 1) F(Du(-, 1)) > IinRY). (3.100)

14 Ct

Estimates (3.99) and (3.100) are sharper versions of the classical regularizing
effect-type results for viscosity solutions (see Lions [58], Lasry and Lions [52]),
which say that, if u; = H(Du) (resp. u; = —H (Du)) in O, and, for some C €
(0, 00], —D%u(-,0) < CI (resp. —D?u(-,0) > —CI) in R?, then, for all 1 > 0,

— D%u(-,1) < € lmrd (3.101)
T 1406Ct ’
(resp.
— D%u(-, 1) > — € i R?) (3.102)
= 140ct : :

Note that, when C = oo, that is, no assumption is made on u(-, 0), then (3.97)
and (3.98) reduce to

— F(Du(-, 1)) D*u(-, ) F(Du(-, 1))

1 5 1 (3.103)
< , <resp. — F(Du(-,))D°u(-,t) F(Du(-,t)) > — t) ,
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which are sharper versions of (3.101) and (3.102), in the sense that they do not
depend on 6, of the classical estimates

—D%u(-, 1) < ! (resp. D*u(-,t) > — 1)
T 6t ' o
To continue with the propagation of regularity result, I first recall that it was
shown in [52] that, if u solves u; = H(Du) (resp. u; = —H (Du)) in R? x [0, 00),
with H satisfying (3.95), then,

c
if — D*u(-,0) > —CI, then — D*u(-,1) > — , (3.104)
(1-6OCH4
(resp.
: 2 2 ¢
if — D%u(-,0) < CI, then — D*u(-,1) < ) (3.105)
(1-OCH4

The new propagation of regularity result depends on the dimension. In what
follows, it is said that H : R? — R is quadratic, if there exists a symmetric matrix
A which satisfies (3.95) such that

H(p) = (Ap, p).
Theorem 8.5 Assume (3.94) and let u € BUC(Q,) solve u; = H(Du) (resp.
u; = —H(Du)) in Q. Suppose that either d = 1 or H is quadratic. If, for some
C >0,
— F(Du(-,0))D*u(-,0)F(Du(-,0)) > —CI in R?, (3.106)
(resp.

— F(Du(-, 0)) D*u(-, 0) F(Du(-,0)) < CI inR%), (3.107)

then, forallt > 0,

2 C : d
— F(Du(-,t))D“u(-, t) F(Du(-, t)) > —(1 _ Ct)+1 in RY, (3.108)
(resp.
— F(Du(-, ) D*u(-, 1) F(Du(-, 1)) < ¢ IinRY) (3.109)
’ ’ T (1 =-Chy ' '

The result for d > 2 and general H required more regularity for the initial
condition.
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Theorem 8.6 Assume that d > 1 and that H satisfies (3.94) but is not quadratic.
Let u € BUCR? x [0,00)) solve u; = H(Du) (resp. u; = —H(Du))
in R? x (0, 00) and assume that u(-,0) € CLV(RY). If. for some C > 0,

— F(Du(-,0))D*u(-, 0)F(Du(-,0)) > —CI in R, (3.110)
(resp.
— F(Du(-, 0)) D*u(-, 0) F(Du(-,0)) < CI inR%), 3.111)

then, for allt > 0,

— F(Du(-, 1)) D*u(-, 1) F(Du(-, 1)) > IinRY, (3.112)

S (1-Cny

(resp.

_ MDDy . ¢ . d
FDu, ) D uC0F(DuC.0) = (| inRY) (3.113)

It turns out that the assumption that u(-,0) € C L1 (Rd) if d > 1 and H is not
quadratic is necessary to have estimates like (3.112) and (3.113). This is the claim
of the next result.

Theorem 8.7 Assume (3.94) and d > 1. If (3.112) holds for all solutions u €
BUC(Q) of u; = H(Du) (resp. u; = —H(Du)) in Qoo with u € C%!(RY)
satisfying (3.110) (resp. (3.111)), then the map > — (D*H (p + A&)EL, L) must
be concave (resp. convex). In particular, both estimates hold without any restrictions
on the data if and only if H is quadratic.

The motivation behind Theorems 8.4-8.6 is twofold. The first is to obtain as
sharp as possible regularity results for solutions of (3.96). The second is to obtain
intermittent regularity results for (3.93), like the ones obtained in [34] in the specific
case that H(p) = %|p|2, where, of course, # = ® = 1, F(Du)D?*uF(Du) = D*u
and the “new” estimates are the same as the old ones, that is, (3.104) and (3.105),
which hold without any regularity conditions.

The regularity results of [34] follow from an iteration of (3.99), (3.100), (3.104)
and (3.105). As shown next, the iteration scheme cannot work when H is not
quadratic unless d = 1.

To explain the problem, I consider the first two steps of the possible iteration for
u € BUC(Qqo) solving

u; = HDu) inR? x (0,a], wu;, =—H(Du)inRY x (a,a+ b]

and wu; = H(Du)inRY x (a+b,a+b+c).
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If the only estimates available were (3.99), (3.100), (3.104) and (3.105), we find,
after some simple algebra, that

1
— 1
(fa — ODb) 1
1
— I
(Ba — Ob); +6c

1
D2u(-,a)z—9 I, D*u(,a+b)> and
a

Dzu(~,a+b+c) >

It is immediate that the above estimates cannot be iterated unless there is a special
relationship between the time intervals and the convexity constants, something
which will not be possible for arbitrary continuous paths .

If it were possible, as is the case when d = 1, to use the estimates of Theorem 8.6
without any regularity restrictions, then Theorems 8.4—8.6 would imply

1 1 1
— I7 b - I d b - Iv
W(a) > 4 W(a +b) > (@—b), and W(a+b+c) > (@—b)s +c

which can be further iterated, since the estimates are expressed only in terms of
increments ¢ .

Before turning to the intermittent regularity results, it is necessary to make some
additional remarks. For the sake of definiteness, I continue the discussion in the
context of the example above. Although u(-, @) may not be in C'!, it follows
from (3.104) and (3.111) that, for some & € (0, b]and ¢ € (a,a+h), u(-,t) € CH1.
There is no way, however, to guarantee that # = b. Moreover, as was shown in
[80], in general, it is possible to have u and & > 0 such that u; = —H(Du) in
R? x (—=h, 0], u; = H(Du) in R? x (0, h], u(-,t) € C fort € (—h,0) U (0, h)
andu(-,0) ¢ cl! The implication is that when d > 1 and H is not quadratic, there
is no hope to obtain after iteration smooth solutions.

To state the results about intermittent regularity, it is convenient to introduce the
running maximum and minimum functions M : [0, c0) — Rand m : [0, c0) — R
of a path ¢ € Co([0, 00); R) defined respectively by

M(t) = On<1§1§t§(t) and m(t) = oTsiEt;(t)' (3.114)

Theorem 8.8 Assume (3.94) and either d = 1 or H is quadratic when d > 1, fix
¢ € Co([0,T); R)andletu € BUC(Q , be a solution of (3.93). Then, forallt > 0,

1 5 |
M@ — ) —FDu(-,0)D7u(-, ) F(Du(-, 1)) < () - m@)” (3.115)
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Note that when (3.115) holds, then, at times ¢ such that m(¢) < ¢(t) < M(2),

u(-, 1) € CH1(R?) and (3.115) implies that, for all 7 > 0,

¢y —m()” M(1) = ¢(0)
(3.116)

|F(Du(-, 1)) D*u(-, 1)) F(Du(-, 1))| < max|: ! ! i| .

When, however, (3.115) is not available, the best regularity estimate available,
which is also new, is a decay on the Lipschitz constant || Du||.

Theorem 8.9 Assume (3.94), fix ¢ € Co([0,T); R), and let u € BUC(Q, be a
solution of (3.93). Then, for all t > 0,

20juc, D)
|Du, 0 < \/Q(M(t) ) (3.117)

It follows from (3.117) that, for any ¢ > 0 such that m(t) < M (¢), any solution
of (3.93) is actually Lipschitz continuous.

An immediate consequence of the estimates in Theorems 8.9 and 8.8, which
is based on well known properties of the Brownian motion (see, for, example,
Peres [88]) is the following observation.

Theorem 8.10 Assume that ¢ is a Brownian motion and H satisfies (3.94). There
exists a random uncountable subset of (0, 00) with no isolated points and of
Hausdorff measure 1/2, which depends on ¢, off of which, any stochastic viscosity
solution of (3.93) is in C%Y(R?) with a bound satisfying (3.117). Ifd = 1 or H is
quadratic, for the same set of times, the solution is in C"1(R?) and satisfies (3.115).

3.8.3 Long Time Behavior of the “Rough” Viscosity Solutions

I begin with a short introduction about the long time behavior of solutions of
Hamilton-Jacobi equations. In order to avoid technicalities due to the behavior of
the solutions at infinity, throughout this subsection, it is assumed that solutions are
periodic functions in T¢.

To explain the difficulties, I first look at two very simple cases. In the first case,
fix some p € R? and consider the linear initial value problem

du = (p,Du) -d¢ in Qo u(-,0) = ugp.

Its solution is u(x, t) = ug(x + p&(t)), and clearly it is not true that u(-, #) has,
as t — 00, a uniform limit.
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The second example is about (3.93) with H satisfying (3.94), and § > 0 and
tlim &(t) = oo. Since
—00

u(x.t) = su [u()—tH*(x_y)}
LERARE el

it is immediate that, as ¢t — oo and uniformly in x, u(x, t) — supu.
The intermittent regularizing results yield information about the long time
behavior of the solutions of (3.93) under the rather weak assumption that

H e C(Rd) isconvex and H(p) > H(0) =0 forall p e RY \{0}. (3.118)

Theorem 8.11 Assume (3.118), fix ¢ € Co([0, T); R), and let u € BUC(Qy, be
a space periodic solution of (3.93). If there exists t, — oo such that M(t,) —
m(t,) — 00, then there exists ux, € R such that, ast — oo and uniformly in
space, u(-,t) = Uso.

In the particular case that € is a standard Brownian motion the long time result is
stated next.

Theorem 8.12 Assume (3.118). For almost every Brownian path B, if u €
BUC(Q ) is a periodic solution of du = H(Du)-dB in Q o, there exists a constant
Uoo = Uoo(B, u(-,0)) such that, as t — oo and uniformly in R%, u(-,t) — uco.
Moreover, the random variable is, in general, not constant.

Proof The contraction property and the fact that H(0) = 0 yield that the family
(u(-, 1))s>0 is uniformly bounded.

It is assumed next that the Hamiltonian satisfies (3.94). It follows from the
intermittent regularizing property, the a.s. properties of the running max and min
of the Brownian motion, and the fact that the Lipschitz constant of the solutions
decreases in time that, as t — oo, ||[Du(-, t)|| — 0.

In view of the periodicity, it follows that, along subsequences s, — o0, the
u(-, sp)’s converge uniformly to constants.

It remains to show that the whole family converges to the same constant. This
is again a consequence of the intermittent regularizing result and the fact that the
periodicity, the contraction property of the solutions of (3.93) and H(0) = 0 yield
that

t — max u(x,t) isnonincreasing,
xeRd

and (3.119)

t — min u(x,t) is nondecreasing.
xeRd

It remains to remove the assumption that the Hamiltonians satisfy (3.94). Indeed,
if (3.118) holds, H can be approximated uniformly by a sequence (H)meN
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of Hamiltonians satisfying (3.94). Let u,, be the solution of the (3.49) with
Hamiltonian H,, and same initial datum. Since, as m — 00, u,;, — u uniformly
in Q7 forall T > 0, it follows that, for all t > 0,

/ H(Du(x,t))dx < liminf/ H(Duy, (x,t))dx.
T m—oQ0 T

Choose the sequence f,, and s, as before to conclude.

I conclude with an example that shows that, in the stochastic setting, the limit
constant 1, must be random.
Consider the initial value problem

du = |ux| -dBin Qs u(-,0) = uo, (3.120)

with ug a 2-periodic extension on R of ug(x) = 1 — |x — 1] on [0, 2]. Let c be the
limit as t — oo of u. Since 1 — ug(x) = uo(x + 1) and —B is also a Brownian
motion with the same law as B, if £(f) denotes the law of the random variable f,
it follows that

L(c) =LA —c). 3.121)

If the limit ¢ of the solution of (3.120) is deterministic, then (3.121) implies that
¢ = 1/2. It is shown next that this is not the case.

Recall that the pathwise solutions are Lipschitz with respect to paths. Indeed, if
u, v are two pathwise solutions of (3.120) with paths respectively B, £ and u(-, 0) =
v(-, 0), then there exists L > 0, which depends on ||u,(-, 0)|| such that, for any
T >0,

max  |u(x,t) — v(x, )| < L max |[£(t) — £(7)]. (3.122)
xeR,t€[0,T] t€[0,T]

Next fix T = 2 and use (3.122) to compare the solutions of (3.120) with { = B
and&(r) =trand{ = Band (1) = —1.
When &£(7) = ¢t (resp. £ = —1) the solution v of (3.120) is given by

v(x,t) =max up(x +y) (resp. v(x,t) = min up(x +y)).
lyl=t lyl<t

It is then simple to check that, if £(¢) = ¢, then v(-, 2) = 1, while, when £(7) =

—t,v(x,2)=0.
Fix ¢ = 1/4L and consider the events

Ay = { max |B(t) —t| < 8} and A_ = { max |B(t) +t| > 8} .
1€[0,2] 1€[0,2]
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Of course,
P(Ay) >0 and P(A-)> 0.
Then (3.122) implies
u(x,2)>1—Le=3/4on Ay and u(x,2)<Le=1/4 on A_.
It follows that the random variable ¢ cannot be constant since in Ay it must be
bigger than 3/4 and in A_ smaller than 1/4.

In an upcoming publication [36] we are visiting this problem and obtain in a
special case more information about .

3.9 Pathwise Solutions for Fully Nonlinear, Second-Order
PDE with Rough Signals and Smooth, Spatially
Homogeneous Hamiltonians

Consider the initial value problem

du = F(D*u, Du,u,x,t)dt + Y7, H'(Du) -dB; in Qoo

4. 0) = up, (3.123)
with
H=(H' ... H™ eC*R:RM), (3.124)
B = (By, ..., By) € Co([0, 00); R™) (3.125)
and
F is degenerate elliptic. (3.126)

The case of “irregular” Hamiltonians requires different arguments. Spatially
dependent regular Hamiltonians are discussed later.

An important question is if the Hamiltonian’s can depend on u# and Du at the
same time. The theory for Hamiltonians depending only on # was developed in
Sect. 3.4. The case where H depends both on u and Du is an open problem with the
exception of a few special cases, like, for example, linear dependence on u and p,
which are basically an exercise.
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The theory of viscosity solutions for equations like (3.123) with H = 0 is based
on using smooth test functions to test the equation at appropriate points. As already
discussed earlier this cannot be applied directly to (3.123).

Recall that, when H is sufficiently regular, it is possible to construct, using the
characteristics, local in time smooth solutions to (3.46). These solutions, for special
initial data, play the role of the smooth test functions for (3.123).

Definition 9.1 Fix B € C([0,00); R™) and T > 0. A functionu € BUC(Q7) is
a pathwise subsolution (resp. supersolution) of (3.123) if, for any maximum (resp.
minimum) (xo, 70) € Qoo of u — ® — 1, where ¢ € C1((0, 00)) and @ is a smooth
solution of d® = Y- | H/(D®) o dB' in R? x (ty — h, 1o + h) for some h > 0,
then

¥/ (t0) £ F(D>® (x0, to), DD (x0, 1), u(x0, 10), X0, f0) (3.127)
(resp. ¥/ (t0) = F(D*® (xo, 1), DP (x0, 1), u(x0, 1) X0, f0).) (3.128)

Finally, u € BUC(Qr) is a solution of (3.123) if it is both a subsolution and
supersolution.

As in the. classical “non rough” theory, it is possible to have upper-
semicontinuous subsolutions, lower-semicontinuous supersolutions and discon-
tinuous solutions. For simplicity, this is avoided here. Such weaker “solutions” are
used to carry out the Perron construction in Sect. 3.11.

Although somewhat natural, the definition introduces several difficulties at the
technical level. One of the advantages of the theory of viscosity solutions is the
flexibility associated with the choice of the test functions. This is not, however,
the case here. As a result, it is necessary to work very hard to obtain facts which
were almost trivial in the deterministic setting. For example, in the definition, it is
often useful to assume that the max/min is strict. Even this fact, which is trivial for
classical viscosity solutions, in the current setting requires a more work.

It is also useful to point out the relationship between the approach used for
equations with linear dependence on Du and the above definition. Heuristically,
in Definition 9.1, one inverts locally the characteristics in an attempt to “eliminate”
the bad term involving d B. Since the problem is nonlinear and u is not regular, it is,
of course, not possible to do this globally. In a way consistent with the spirit of the
theory of viscosity solutions, this difficulty is overcome by working at the level of
the test functions, where, of course, it is possible to invert locally the characteristics.
The price to pay for this is that the test functions used here are very robust and not
as flexible as the ones used in the classical deterministic theory. This leads to several
technical difficulties, since all the theory has to be revisited.

The fact that Definition 9.1 is good in the sense that it agrees with the classical
(deterministic) one if B € C ! is left as an exercise. There are also several other
preliminary facts about short time behavior, etc., which are omitted.

The emphasis here is on establishing a comparison principle and some stability
properties. The existence follows either by a density argument or by Perron’s
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method. The latter was established lately in a very general setting by Seeger [100]
form > 1.

The next result is about the stability properties of the pathwise viscosity
solutions. Although it can be stated in a much more general form using “half relaxed
limits” and lower- and upper-semicontinuous envelopes, here it is presented in a
simplified form.

Proposition 9.1 Let F,,, F be degenerate elliptic, H,, H € C 2(Rd ;R™), B,,B €
C([0, 00); R™) be such that sup; , ||D2H,',n|| < oo and, as n — oo and locally
uniformly, F, — F, H, — H in C2(RY; R™), and B, — B in C([0, 00); R™). If
uy is a pathwise solution of (3.123) with nonlinearity F,, Hamiltonian H, and path
B, and u, — u in C(Qr), then u is a pathwise solution of (3.123).

The assumptions that H, — H in Cz(Rd; R™) instead of just in C (Rd) and
sup,, |D?H,|| < oo are not needed for the “deterministic” theory. Here they are
dictated by the nature of the test functions.

Proof (Proof of Proposition 9.1) Let (xo, tg) € R? x (0, T'] be a strict maximum of
u — @ — i where ¥ € Cl((O, 00)) and, for some & > 0, @ is a smooth solution
of (3.46)in (tg — h, to + h).

Let &,, be the smooth solution of

@y = Hy(D®y) B, in RY X (19 — n, 10 + 1) P(-, 1) = P (-, 1o).

The assumptions on the H, and B, imply that, as n — oo, ®, — &, D®, —
D® and D*®,, — D?® in C(RY x (19 — I, to + }')), for some, uniformin n, ' €
(0, h); note that this is the place where H, — H in C%(R%) and sup,, |D%H,| < oo
are used.

Let (x,, #;) be a maximum point of u, — @, — 1 in RY x [tg — K, to + K’']. Since
(x0, fo) is a strict maximum of u — @ — i, there exists a subsequence such that
(Xn, ty) — (x0, to). The definition of viscosity solution then gives

‘/f/(tn) § F(D2¢n(xn, tw), D®y (X, tn), un(Xn, th), Xn, tn) -

Letting n — oo yields the claim.

The next result is the comparison principle for pathwise viscosity solutions of the
first-order initial value problem, that is,

du=Y"H'(Du) dB; in Qn u(-,0)=uo. (3.129)

i=1

Theorem 9.1 Assume that (3.124), (3.125) and ug € BUCR?). Then (3.129)
has a unique pathwise solution u € BUC(Q ) which agrees with the “solution”
obtained from the extension operator.



3 Pathwise Solutions Nonlinear Equations Rough Time Dependence 135

The proof follows from the arguments used to prove the next result about the
extension operator for (3.123) which is stated next, hence it is omitted.

The next result is about the extension operator for (3.123). As before, it is
shown that the solutions to initial value problems (3.123) with smooth time signal
approximating the given rough one form a Cauchy family in BUC(Q ) and, hence,
all converge to the same function which is a pathwise viscosity solution to (3.123).

The next result provides an extension from smooth to arbitrary continuous paths
B. For simplicity the dependence of F on u, x and ¢ is omitted.

Theorem 9.2 Assume (3.124)-(3.126) and fix ug € BUCRY) and B €
Co([0, 00); R™). Consider two families (L¢)e>0, (§7)p>0 in Co([0, c0); R™) N
C'([0, 00); R™) and (uo.¢)e=0, (V0,9)n=0 € BUC(R?) such that, as e,n — 0,
Le and &, converge to B in C([0,00); R™) and ug . and vo; converge to ug
uniformly in R, Let (ug)e=0, (vpp>0 € BUC(Q) be the unique viscosity
solutions of (3.123) with signal and initial datum ., ug ¢ and &,, vy, respectively.
Then, forall T > 0, as e,n — 0, ug — v — 0 uniformly in Qr. In particular,
the family (ug)e=o is Cauchy in BUC(Q 1) and all approximations converge to the
same limit.

Proof Fix T > 0 and consider the doubled initial value problem
dzZen =Y H(DZMOME e — Y0 H(=DyZ**M; , in RY x RY x (0,T)

Z80(x, y,0) = Alx — y|%.
(3.130)

It is immediate that Z* &7 (x, y, t) = ®»*7(x — y, t), where
m
1.8, : : .
@ =Y H(DM e — &) in Qr MM 0) =2’ (B.131)
i=1

As discussed earlier, there exists T%®7 > 0 such that ®**" is given by the
method of characteristics in R? x [0, T*#1) and

lim T%*" = coand lim  sup (@A’S"’(z) - )\|z|2) —0.  (3.132)
&e,n—0 &e,n—0 (z,t)e]RdXIO,T]

The conclusion will follow as soon as it established that

lim lim sup W, 1) —v"(y,t) —Alx —y|>) =0. (3.133)
A=>00en=>0 (1 \)eR2N 1e[0,T]

Consider next the function

YhEN (e Yy ) = uf(x, 1) —v(y, 1) — @MET(x — y, 1) .
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The classical theory of viscosity solutions (see [17]) yields that the map

> M*O0(@) = sup [uf(x, 1) = 0(y, 1) = DHN(x — y,1)]
x,yeRd

is nonincreasing in [0, T/\’&n).
Hence, for x, y € R4 and s € [0, Tk,e,n),

ut(x, 1) — 0" (y, 1) — PFEN(x — y, 1) £ sup (uf(x) — vl (y) — Alx — y|?) .
x,yeRd

The claim now follows from the assumptions on u{, and vg .

The uniqueness of the pathwise viscosity solutions of (3.123) is considerably
more complicated than the one for (3.129). This is consistent with the deterministic
theory, where the uniqueness theory of viscosity solutions for second-order degen-
erate, elliptic equations is by far more complex than the one for Hamilton-Jacobi
equations. For the same reasons as for the existence, I will present the argument
omitting the dependence on u, x and ¢.

The proof follows the general strategy outlined in the “User’s Guide”. The actual
arguments are, however, different and more complicated.

Recall that in the background of the “deterministic” proof are the so called sup-
and inf-convolutions. These are particular regularizations that yield approximations
which have parabolic expansions almost everywhere and are also subsolutions and
supersolutions of the nonlinear pde.

This is exactly where the pathwise case becomes different. The “classical”
sup-convolutions and inf-convolutions of pathwise viscosity solutions do not have
parabolic expansions. To deal with this serious difficulty, it is necessary to change
the sup-convolutions and inf-convolutions by replacing the quadratic weights by
short time smooth solutions of the first-order part of (3.123). The new regulariza-
tions have now parabolic expansions—the reader should think that the new weights
remove the “singularities” due to the roughness of B.

Theorem 9.3 Assume (3.124)—(3.126). Let u,v € BUC(Q) be respectively a
viscosity subsolution and supersolution of (3.123). Then, for all t > 0,

sup (u — v)(x, 1) < sup (u — v)(x,0). (3.134)

xeR4 xeR4

Proof To simplify the presentation below it is assumed that m = 1. Recall that, for
any ¢ € C3(RY x R N CO1(RY x RY), there exists some a > 0 such that the
doubled initial value problem

dU = [H(D,U)—H(—DyU)lod B in RYx(tg—a, to+a) U(x,y,10) = p(x,y),

has a smooth solution which, for future use, is denoted by S}li (t — to, t0) .
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If ¢ is of separated form, that is, ¢ (x, y) = ¢1(x) + ¢2(y), making if necessary,
the interval of existence smaller, it is immediate that

St — 10, 10)p (x, y) = Sf;(t — 10, 1)1 (xX) + Sy (t — 1o, 10)2(¥) ,

where, as before, Slj;i denote the smooth short time solution operators to du =
+H(Du) - dB.
Moreover, for any A > 0 and ¢, 7y € R, it is obvious that

SN —t0.10) Al - = - ), y) = Ax =y
Finally, again for smooth solutions,

Syt — 1o, 10)2(y) = —SF (t — 10, 10) (—h2) (V).

Fix p > 0. The claim is that, for large enough A,
D(x,y,t) =u(x,t) —u(y,t) —Alx — y|2 — ut

cannot have a maximum in R? x R? x (0, T']. This leads to the desired conclusion
as in the classical proof of the maximum principle.

Arguing by contradiction, it is assumed that there exists (x, yx, ) € RY x RY x
(0, T] such that, for all (x, y, 1) € R? x R? x [0, T],

D(x,y, 1) =ulx,t) —v(y, 1) — 84t —t, L) - — - D) (x, y) — put

(3.135)
S (o, v 1) -

To handle the behavior at infinity and assert the existence of a maximum, it is
necessary to consider St —15, )M - —- >+ Bv(-)1(x, y) instead of S¢(t —1;)[A|-
— - |*1in (3.135), for t — 1, small, 8 — 0, and a smooth approximation v(x) of |x]|.
Since this adds some tedious details which may obscure the main ideas of the proof,
below it is assumed that a maximum exists.

Elementary computations and a straightforward application of the Cauchy-
Schwarz inequality yield, foralle > Oand &, € RY,

lx = yI? = x — yal?
S2(xn — ya, x —xp — &)
=200 =y, y=wm—n+20— . & —n) (3.136)
+Q+e Hx—xx =P+ 1y —ym—nd
+ (14 2¢)|E — %
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Let
p=Ar—y) . Ae=iQ24+e" and B =11 +2¢).

The comparison of local in time smooth solutions of stochastic Hamilton-Jacobi
equations, which are easily obtained by the method of characteristics, and the facts
explained before the beginning of the proof yield that the function

V(x,y,&n 1) =ulx, 1) —v(y,1)
— SHt—6,06)2(ps, - —x1 — §)
+ el - —x — £ ()
=Syt =6, ) (=2(pr, - —yr — 1)
+hel - =y = nH»)

= 2pa§ =) = Bel& — > —
achieves, for h < hg = ho(, £ 1), its maximum in RY x R? x R? x RY x (1, —
h,t, + h) at (xp, y2, 0,0, 1).
Note that here it is necessary to take r — f, sufficiently small to have local in time
smooth solutions for the doubled as well as the H and —H (—) equations given by

the characteristics.
For t € (t), — h, t, + h) define the modified sup- and inf-convolutions

(&, 1) = sup [u(x, 1) = SH(t — 12, L) 2Py, - — Xp — &) 4 hel - =12 — E) ()]

xeRd

and

v(n, 1) = ienﬂgd[v(y, 1)+ Syt — 10, ) (=2(pa, - — ya — 1) + Ael - —ya —n[H O]
y

It follows that, for § > 0,
GE . t)=i(E, 1) —v(n, 1) — (Be + )& — 0> —2(pr. & — ) — put
attains its maximum in R? x R? x (t, — h, t;, + h) at (0, 0, 1;.).
Observe next that there exists a constant K ; > 0 such that, in RY x (t—h,t+
h),
Dt > =K, Djv<Kej, i <Kej, and v; = =K. . (3.137)

with the inequalities understood both in the viscosity and distributional sense.
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The one sided bounds of DZii and D,ziv are an immediate consequence of the
definition of & and v and the regularity of the kernels, which imply that, for some
K¢ >0andinRY x (t; — h, t, + h),

IDESH( — 10, 6)Q2Apa - — X5 — &) + del - —x5 — £[7)]
+ 1D S5 (=1, 6)(=2(pa, - — i = 0) + del - —ya =) £ K.

The bound for u; is shown next; the argument for v, is similar. Note that, in view
of the behavior of B, such a bound cannot be expected to hold for u,;. Indeed take
F =0and H = 1, in which case u(x, t) = B;.

Assume that, for some smooth function g and for £ fixed, the map (§,¢) —
(£, 1) — g(¢) has a max at 7. It follows that

(600 > e, 1) = S50 = 1, 1) (2pas - = %0 =€) + el - —612) (1) — g0

has a max at (%, f), where % is a point where that supremum in the definition of
u(&,t) is achieved, that is,

(6. D) = u(e, ) = S5 G = 1.1 (2pas- =10 = )+ el - —EF) @)

In view of the definition of the pathwise viscosity sub-solution, it follows that
there exists some IZM depending on K ; and H, such that g(f) < 135,;‘, and, hence,
the claim follows.

The one-sided bounds (3.137) yield the existence of p,, gn, &x, Mn € R4 and
t, > 0 such that, asn — oo,

1~ (Sna 77n, tn) - (07 Oa t)n)? pna Qn - 07
2. the map (£,n,1) — w(&,1) —v(n, 1) — Belé — 1> — (pn, &) — (qn, )

= 2(px,§ —n) — ut has a maximum at (§,, N, In),
3. u and v have parabolic second-order expansions from above and below at (&, t,,)

and (n,, t,) respectively, that is, there exist a,, b, € R such that

u, 1) <uGn, tn) +an(t —tn) + (Dgu(€n, 1n), & — 1)

1 _
t+  (DEi(En, 1) (& = £0), & — &) +0(IE =& +1r —tal)

and

v(n, 1) = v, tn) + bt — ) + (Dnv(nnv ), 0 — Nn)

1
+ o (DRuGin, )01 = 1), 1 = 1) + 011 = Ml + 1t = )

and, finally,
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4 ay = by + w1, DeguGn,tn) = pn + 2pa + 2Be(5n — tn)s Dpv(€n,tn) =
—Gn +2p32Be (60 — mn) and  Dit(5n, 1n) < Do (i, 1)

It follows that, for some 8 > 0 fixed, t < 1, (€, t) near (§,, t,) and (), t) near
(nnv tn)’ the maps

(L E.1) = ux, )= Sh (=1, ) Q(pas =32 — &) Fhe |- —x2 —EH(X) — D (€. 1),

and

(o0, 0) = v, 1)+ Syt — 13, ) (=2(pa, - — ya = 1)+ he| - =01 (¥) = ¥ (0, 1),

attain respectively a maximum at (x,, &,, #,) and a minimum at (y,, 7, ,), where
BE 1) = ii(En. tn) + (0 Eno tn) — OVt — 1) + (Dt En. 1), € — &)

(DR ) +ODE ~ 6. &~ )
and
W0, 1) = 000, ) + (0, Gl 1) + )¢ — 1) + (D0, ), 11— 1)
L (DFum, 1)+ 01— ma), =)

Next, for sufficiently small r > 0, let B(&,, t,,, rn) = B(&,,r) x (t, — r, t,] and
define

D (x, 1) = inf[PE, 1) + SH(t — 1, ) 2P, - — x5 — £)
+ hel - =25 — ED(X) : (¢, 1) € Bén, tw, )],

and

W(y, 1) =sup[¥(n.1) = Syt — tr, 6H)(=2(pa, - — ya — 1)
+ el =y = D) € 1) € BEn, tn.ra)]-

It follows that u — @ and v — ¥ attain a local max at (xn, ty) and a local min
at (yu, tn). Moreover, @ and ¥ are smooth solutions of du = H(Du) - dB for
(x, 1) near (x,,1,) and dv = —H(—Dyv) - dB for (y, t) near (yn,t,). This last
assertion for @ and ¥ follows, using the inverse function theorem, from the fact
that, at (x,, t,) and (y,, t,), there exists a unique minimum in the definition of @
and ¥. This in turn comes from the observation that for A > A, at (&, x,, t;) and

(nna yn, tn)a

D*® (&g, ty) + (e +0)] >0 and D*W (g, 1y) — (Ae +60)I <O0.
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Finally, elementary calculations also yield that
Di®(Ep.ty) 2 Di®(xp.ty) and  DIW(ny.tn) < DIW (yu. 1) -

Applying now the definitions of the pathwise subsolution and supersolution to u
and v respectively, yields

it; (Ens tn) — 0 < F(DF® (X 1), D@ (X, 1))

< F(D;® . 1), D@ (En, 1n))

= F(D}ii(En, ta) + 01, Dgit (&, 1))
and

V(M tn) + 60 = F(—=DFv(En, tn) — 01, Dyv(nn, 1n)).
Hence
w—20 <a, —b, —26
<sup[F(A+61,p+ pn)
— F(A=0L p+qn) : pal.lgal <n” ' |A| < Ke il

The conclusion now follows choosing ¢ = (24)~! and letting . — oo and § — 0.

It is worth remarking that, in the course of the previous proof, it was shown that,
forO < h < ho, with ho = ho(k &) < hg, u (resp. v) is a viscosity subsolution
(resp. supersolution) of

it; < F(DZit, Dgit) (resp. v, = F(Dyv, Dyv)) in RY x () — .ty + h).

3.10 Pathwise Solutions to Fully Nonlinear First and Second
Order pde with Spatially Dependent Smooth
Hamiltonians

3.10.1 The General Problem, Strategy and Difficulties

The next step in the development of the theory is to consider spatially dependent
Hamiltonians and, possibly, multiple paths.
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Most of this section is about pathwise solutions of initial value problems of the
form

du = F(Dzu, Du,u,x)+ H(Du,x)-dB in Qs u(-,0) = uo, (3.138)

with only one path and, as always, F degenerate elliptic.

Extending the theory to equations with multiple rough time dependence had been
an open problem until very recently, when Lions and Souganidis [72] came up with
a way to resolve the difficulty. A brief discussion about this appears at the end of
this section.

Finally, to study equations for nonsmooth Hamiltonians, it is necessary to modify
the definition of the solution using now as test functions solutions of the doubled
equations constructed for non smooth Hamiltonians. The details appear in [71].

The strategy of the proof of the comparison is similar to the one followed for
spatially homogeneous Hamiltonians. The pathwise solutions are defined using as
test functions smooth solutions of

du = H(Du,x)-dB in RY x (19— h,to + h), u(-10) = ¢, (3.139)

which under the appropriate assumptions on H exist for each 7y > 0 and smooth ¢
in (to — h, ty + h) for some small A.

The aim in this section is to prove that pathwise solutions are well posed. To avoid
many technicalities, the discussion here is restricted to Hamilton-Jacobi initial value
problems

du=H(Du,x)-dB in Q7 u(-,0) =ug. (3.140)

The general problem (3.138) is studied using he arguments of this and the previous
sections; some details can be found in [100].

Similarly to the spatially homogeneous case, the main technical issue is to control
the length of the interval of existence of smooth solutions of the doubled equation
with quadratic initial datum and smooth approximations to ¢¢ and & of the path B,
that is,

dz = H(Dyz,x) -d;® — H(—Dyz,y) - d§"
in R? x RY x (to — h, to + h), (3.141)

2(x,y,0) = Alx — |2

As already discussed earlier, the most basic estimate is that &4 = O()Fl), which,
as is explained below, is too small to carry out the comparison proof. The challenge,
therefore, is to take advantage of the cancellations, due to the special form of the
initial datum as well as of the doubled Hamiltonian, to obtain smooth solutions in a
longer time interval.
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Since the smooth solutions to (3.141) are constructed by the method of charac-
teristics, the technical issue is to control the length of the interval of invertibility of
the characteristics. This can be done by estimating the interval of time in which
the Jacobian does not vanish. It is here that using a single path helps, because,
after a change of time, the problem reduces to studying the analogous question for
homogeneous in time odes.

To further simplify the presentation, the “rough” problem discussed in the sequel
is not (3.141) but rather the doubled equation with the rough path, that is

dw=H(Dyw,x)-dB— H(—Dyw,y)-dB
in R x R? x (tg — h, to + h) (3.142)
w(x,y,0) = A|x — y]
In what follows, to avoid cumbersome expressions, A = 2A
The short time smooth solutions of (3.142) are given by w(x,y,t) =

U(x,y, B(t) — B(tp)), where U is the short time smooth solutions to the “non-
rough” doubled initial value problem

U = H(D.U,x)— H(—D,U, y) in R x R? x (=T*, T*)
' ! vy (3.143)
Ux,y,0) =Ax =y,

and T* > 0 and h are such that sup, ¢, _p +n) 1B(s) — B(to)| < T*.
The smooth solutions of (3.143) are constructed by inverting the map (x, y) —
(X (x,y,1),Y(x,y, 1)) of the corresponding system of characteristics, that is

X=-D,H(P,X) Y=-DysH(Q,Y),
P=DH(P.X) Q=DyH(Q.Y),
U= H(P,X)—(D,H(P, X), P)
—H(Q.Y)+ (DyH(Q.Y), Q) (3.144)
X(x,y,00=x Y(x,y,0) =y,
Px,y,0)=0(x,y,0) =1(x —y)
Ux,y,0)=]x —y|%

A crude estimate, which does not take into account the special form of the system

and the initial data, gives that the map (x, y) — (X (x, y,1), Y (x, y, 1)) is invertible

at least in a time interval of length O(x~ 1) with the constant depending on || H || 2.
This implies that the characteristics of (3.142) are invertible as long as

sup  |B(s) — B(tp)] £ 0.
s€(to—h,to+h)
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It turns out, as it is shown below, that this interval is not long enough to yield a
comparison for the pathwise solutions. Taking, however, advantage of the special
structure of (3.143) and (3.144) and under suitable assumptions on H and its
derivatives, it is possible to improve the estimate of the time interval.

The discussion next aims to explain the need of intervals of invertibility that are
longer than O(A~!), and serves as a blueprint for the strategy of the actual proof.

Assume that u and v are respectively a subsolution and a supersolution of (3.139).
As in the x-independent case, it is assumed that, for some ¢ > 0 and A > 0,
(x0, ¥0, tp) with 7o > 0 is a maximum point of

u(x, 1) —v(y, 1) — Alx — y|> — at.
Then, for 4 > O and all x, y,
u(x, to—h) —v(y, to—h) < Xx — y[> —ah +u(xo, t0) — v(yo, to) — A'x0 — yo|* .

Since w(x, y,t) = u(x,t) — v(y, t) solves the doubled equation (3.139), to obtain
the comparison it is enough to compare w with the small time smooth solution z
to (3.142) starting at fo — h.

It follows that

u(xo, to) —v(yo, o) < w(xo, Yo, t0) +u(xo, t0) — v(Yo, to) — w(xo, Yo, to —h) —ah,
and, hence,

_ w(xo, yo, 0) — w(xo, yo. fo — h)
—_— h .
Recall that & depends on A and, to conclude, this dependence must be such that

w(xo, Yo, fo) — w(xo, yo, to — h) -

lim sup <0.

A—00 h

On the other hand, it will be shown that, if z is a smooth solution to (3.142), then

_ 1
w(xo, Yo, f0) — w(xo, Yo, to —h) < sup  |B(s) — B(to)|h~'A72.
s€(to—h,to+h)

Combining the last two statements implies that, to get a contradiction, 7 = h())
must be such that

lim sup sup |B(s) — B(t0)|h_1)\_5 =0. (3.145)

A—00 se(to—h,to+h)

The next argument indicates that there is indeed a problem if the smooth solutions
of the “deterministic” doubled problem exist only for times of order O (A~ !).
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Indeed in this case, the proof of the comparison argument outlined above, yields
ah < o(1)|B(to) — B(to — h)|2~"/2,

and, if B € C%A ([0, 00)), it follows that ## ~ A=, and the above inequality yields

a < o(l)h 32/3 ~1in which case it is not possible to obtain a contradiction, if 8 < 2/3,
which, of course, is the case for Brownian paths.

It appears, at least for the moment formally, that for this case the Brownian case
“optimal” interval of existence is O (1~1/2). Indeed if this is the case then we must

have |B(tg) — B(tg — h)| =~ )\_5, and, hence, h ~ A~!. This leads to « < o(1) and,
hence, a contradiction.

3.10.2 Improvement of the Interval of Existence of Smooth
Solutions

The problem is to find longer than O(1~") intervals of existence of smooth solution
of the doubled deterministic Hamilton-Jacobi equation (3.143).

Two general sets of conditions will be modeled by two particular classes of
Hamiltonians, namely separated and linear H'’s.

To give the reader a flavor of the type of arguments that will be involved, it is
convenient to begin with “separated” Hamiltonians of the form

H(p,x)=H(p) + F(x), (3.146)

in which case the doubled equation and its characteristics are

U, = H(DyU) — H(—=DyU) + F(x) — F(y)
in R xRY x (=T, 7T) (3.147)
Ux,y,0) = N|x — y|%,

and

X =—-DH(P) Y =-DH(Q),

P=DF(X) Q=DF(Y),

U= H(P)— (DH(P), P) — H(Q) + (DH(Q), Q)
+F(X) = F(Y),

X0 =x YO)=yP0)=0Q(0) =xix—y)

U©) =2|x -y

(3.148)
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Let J(¢) denote the Jacobian of the map (x, y) — (X (x, y, 1), Y(x, y, t)) at time
t. In what follows, to avoid the rather cumbersome notation involving determinants,
all the calculations below are presented for d = 1, thatis x, y € R.

It follows that

X Y 090X oY

= — and J(0)=1.
dx dy dy dx

The most direct way to find an estimate for the time of existence of smooth solutions
is, for example, to obtain a bound for the first time #, such that J(#,) = 2, and, for

this, it is convenient to calculate and estimate the derivatives of J with respect to

time at t = 0.
0X 90X dY Y
an

Hence, it is necessary to derive the odes satisfied by , , .
dx Jy 0x ay

X aY oP BQ
Writing 9" a3 an et with ¢ = x or y, differentiating (3.148) and
a’ da’ da’
omitting the subscripts for the derivatives of H and F yields the systems
~ 83(( 0) =1
X P x,y,0) =1,
=-DHP), . %
du do e
(x,y,0)=0,
dy
. 7
aP 5 aX a (-xayao):)‘-a
=DF(X), .
do do 8
9 0 b
9y (x,y,0) =
and
aY 9 (x,y,0) =0,
= DH(QC.
do do 8/}
b b 0 = 11
5y &9 0)
- 90
9 9y (x,y,0) =2,
C_prrnt o
du do
90
a (-xa ya 0) = -
y

Proposition 10.1 Assume that DH, DF, D*F, D*H, |D*H|(1 + |p|) and D*H
are bounded. If t;_ is the first time that J(t,) = 1/2, then, for some uniform constant
¢ > 0 which depends on the bounds on H, F and their derivatives, and for all
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x,y € RY
#, > cmin(1, A71/3) .

Proof Straightforward calculations that take advantage of the separated form of the
Hamiltonian yield

j=—DH(P) <8P Y dP aY)_DZH(Q)<8X 0 00X 8Q>

ax By_ayax ax By_ay ox
and
Fhas = — (DZH(P)DZF(X) + DZH(Q)DZF(Y)> J

IPIO AP ag)

2 2 _
+2D*H(P)D H(Q)(ax by " dy ox

3 <8P Y 9P BY)
— D*H(P)DF(X)

dx dy B dy dx
X 9 X 0

— D3H(Q)DF(Y) Q_ Q)
dx dy ay 0x

0X d0Y 0P
da’ da’ da

in terms of the solutions (11, ¥1, 72, ¥2) of the linearized system
o

To simplify the expressions for J and J, it is convenient to write nd

£ =—-D*H(P)¢1, &(0) =1, i =-D*H(Q)¥1, m©) =1,
¢1 = D?*F(X)E1, ¢1(0) =0, - Y1 = D*F(Y)m, ¥1(0) =0,
& =—D>H(P)¢s, £(0) =0, 2 = —D*H(Q)¥n, m(0) =0,
¢ = D*F(X)&, ¢2(0) =1, Yo = D*F(V)m, ¥2(0) =1,

which are bounded in [0, 1] and satisfy
§1()=1+0), &) =0,
$1(1) = 0(t, @) =1+ 0,
and
m@ =14+ 0)t, ny= O0(),

vi() =0, Yo=1+0(),
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where O(1) denotes different quantities for each functions which are uniformly
bounded in [0, 1]; note that the assumption that D?H and D?F are bounded is used
here.

A direct substitution yields

%f =& + A& %f = —A&, ?,ﬁ = A ?,)Y =n| — An2,
and
d 9
W=gi+r I =—ign, 2= =y -

Using the observations above gives

aPoP 0dPIQ
dx dy dy 0x

= P11 + 2A(P2¥1 — d1¥2) = O(1)(1 + 2A41),

= (¢1 + AP2) (V1 — AY2) — (—Ad2) Ay

since
$1y1=0(1) and 1 — 12 = (1 + OO ()t — O (1 + O(1)1)
=0()t.
Similarly, since
$om — g2 =1+ 0MnA+ O0)r) —O0MrOMr =1+ 0M)r  and
Sy —&EiYp =00 — 1+ 0L+ 0 =0t -1,

it follows that

oPdY 9dPIY

dx 9y gy ox D1 TAG)0n = Am) = (ZAdo)hnz

= ¢1&1 + A(dan1 — d1m2) = O(1)(1 + Ar) + A,

and

IX90 9X9Q

ox 8y 9y ax &1+ 282) (Y1 — ¥2) — (=&)Y

=&y + Ay —&1Y2) = O+ A1) — A
Inserting all the above in the expression for J yields

J=0WMJ+ 001+ 1)+ AMDH(Q)DF(Y) — D’H(P)DF (X)).
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Set
A:=(D*H(Q)— D°H(P))DF(Y) and D := D>H(P)(DF(Y)— DF(X)).
It is immediate that

MA| = AO0(IIDF o] Q — PI) = 20(Dt,

with the last estimate following from the observation that

t t
(P—-0)@) =Ax—Yy) —i—/ DF(X(s))ds — (A(x — y)t/ DF (Y (s))ds
0 0

t
=/ (DF(X(s)) — DF(Y(s))ds = O()t.
0

As far as D is concerned, observe that

|X —Y|

D| S |IDPH|eo|X = Y| < ,
Dl = | llool INH_|P|

and recall that

X —Y|S |x—yl+ 0t and |P| = |A(x —y)+ O(1)z].

Hence,
)~|D|§[ Alx — ] AO(l)t}
I+ A(x —y)+ 0|  14+|P|
< [ |P(0)] AO(I)t]
~1L1+P0)+ O()t] 1+ 1P|’

the second term in the bound above comes from AO(1)¢, while an additional
argument is needed for the first.

Choose ¢ < 11 so that the O(1)f term in P is such that |0 (1)z] < é If |P(0)] <
1, then

|P(O)]
1+[P©0)+ O0()|

1

A

while, if [P(0)] > 1,

L+ [PO)+ 0] = 1+ [P©O)—0M)t| 2 |PO)] + ;



150 P. E. Souganidis

and

|P(0)] |P(0)]
L+|PO] = ) + PO

A
A

1.

Combining the estimates on AA and A D gives
J=00)J+ 00r+ 0(1).
It is also immediate that
JO)=1 and J(0)=0;

this is another place where the separated form of the Hamiltonian and the symmetric
form of the test function play a role.
It follows there exists s, € (0, t;) such that

1 1,
2 =1+ 21‘)\-](&“)

and, hence,
5T ()] = 1,
which implies
1 <21+ An).
It follows that
1S a8 +12,

and the claim is proved.

Having established a longer than O(A~") interval of existence for the solution U,
of (3.147), it is now possible to obtain the following comparison result for pathwise
solutions to Hamilton-Jacobi equations with separated Hamiltonians.

Theorem 10.1 Let u € BUC(Qr7) and v € BUC(Q7) be respectively a
subsolution and a supersolution of (3.139) in Q1 with H as in (3.146), that is, of
separated form, satisfying the assumptions of Proposition 10.1. Moreover, assume
that B € C%P([0, oo]) with B > 2/5. Then, for all t € [0, T,

sup (u(x, t) —v(x, 1)) < sup (u(-,0) —v(-,0)) .

xeR4 xeR4
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The following lemma, which is stated without a proof since it is rather classical, will
be used in the proof of Theorem 10.1.

Lemma 10.1 Assume that H € C(R?) and F € C%'(RY) and let U, be the

viscosity solution of the doubled equation w, = H(Dyw)+ F(x) — H(—Dyw, y) —

F(y) in Q7 with initial datum |x — y|*. Then, forall x,y € R? and t € [0, T},
Us.(x, y, 1) = Alx =y S ¢ DF|l 1x =yl .

Proof (The Proof of Theorem 10.1) Assume that (xo, yo, fo) with o > 0 is a

maximum point of u(x, ) — v(y, ) — Alx — y|> — at. Repeating the arguments
at the end of the previous subsection and using Lemma 10.1 yields

ah < | DF|lso|xo — yol | B(to) — B(to — h)| . (3.149)
Recall that, in view of Proposition 10.1, the above inequality holds as long as
|B(io) — Blio — )| S 271/
Since B € C%#([0, oc]), h = h(\)can be chosen so that
VRSN Rl
Moreover, (xg, yo) € RY x R4 being a maximum of u(x, o) — v(y, to) — Alx — y|2

yields A|xo — yol?> < max(||ull, |[v]) and, if  is the modulus of continuity of u,
Alxo = yol* £ w2 max(flull, [v)'/?) = O(1), and, hence, |xo — yol < 2~"/%.

Inserting all the observations above in (3.149), gives ah < o(l)hszﬂ , and, thus,

58 . ..
a So(l)h 2 ~1, which leads to a contradiction as A — o0.

Note that it is possible to assume less on B in Theorem 10.1, if more information
is available about the modulus of continuity of either u or v.

For Hamiltonians that are not of separated form, the situation is more compli-
cated. Indeed the “canonical” assumption on H for the deterministic theory is that,
for some modulus wy and all x, y, p € R4,

|H(p,x) — H(p, »)I = op(lx — yI(1+[p]). (3.150)
On the other hand, the proof of the comparison yields
Mxo = yol? < 2max(llufl, [[v]),
and

AMxo — yol? < max(wy (1x0 — yol), @y (IX0 — yol)) ,
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and, hence,
Ixo — yol? £ A" max(wy, wy) 2 max(flull, [[v]))'/?) .

If either u or v is Lipschitz continuous, then the above estimate can be improved
to

Ixo — Yol < min(||Dul, | Dv[DA~" .

The next technical result replaces Lemma 10.1. Its proof is again classical and it is
omitted.

Lemma 10.2 Assume that H satisfies (3.150) with wy(r) = Lr. Let U, be the
viscosity solution of the doubled initial value problem (3.143). Then there exists
C > O depending on L such that, forall x, y € R andt € [0, T],

U5 (x, p, 1) — XS |x — y 2| < (e = Dlx — yl . (3.151)
If. in addition |x — y| < 271, then
|Us(x, y, 1) = VeC x — y? < a7t

A discussion follows about how to “increase” the length of the interval of existence
of solutions given by the method of characteristics for H’s which are not separated.
To keep the notation simple, it is again convenient to argue ford = 1.
The characteristic odes for the deterministic doubled pde (3.147) are
X=-D,H(P,X) Y=-DyH(Q,Y),
P=D:H(P.X) Q=DyH(Q.Y)
U=H(P,X)— (D,H(P,X,P)) —H(Q,Y)+ (DgH(Q,Y)Q)),
X(0)=x Y(0)=y P(0) =Q(0) =ix —y) U©O)=]x—y

Recall that the Jacobian is given by

J_aXaY X dY
T 9x 9y dy ax’

and, foro = x ory,

X P X X 1 ifa=
= D}HP.X) DL HE. X o= DT
o do o do 0 ifa#x
P, P, X 9P A ifa=x
=D, H(P,X), +D;H(P,X) 0) = . ;
do do do do —A ifa=y
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and
Y 5 30 Yy 9y 0 ifo=x
=—-D>H(Q,Y -D; H(Q.,Y) 0) = ,
g = DaHQ ) —DRHQ.Y) o ©) !1 ifa =y
3 3 Yy 9 A ifa=
D T S M0 T R G N VR L
oo do oo oo -\ fa=y

It is also convenient to consider, fori = 1,2 and z = x — y, the linearized auxiliary
systems

§&=—D;,H(P, X)(1 + Alzh¢i — D7, H(P, X)&,
£50) =1, £0) =0

b — D2 H(P. X)gy + DexH (P Xk (3.152)
r xp 3 1 1+)\‘|Z|
$1(0) =0, ¢1(0) = Lt

and
n'=—DgH(Q,Y)(1 + AlzD¥i — D3, H(Q, V)n',
m0) =1, n2(0) =0,

,71' (3.153)
i —quH(Q’I)‘/fl 1yy ( ’Y)l+)»|Z|’

Y1(0) =0, ¥2(0) =

1+ Alz]”
It is immediate that

BX_é oy X 56 vy N vy N
ax - 1 25 ay - 27 8x - 772, ax - 772,
oP 00

= (¢1 + Ag2)(1 + Alz]) = =AY (1 + AzD),
0x 0x
oP 00

= —A¢a(l + Alz]) = (Y1 +Ay2) (A + Alz]).
dy dy
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Assume next that, for all p, x € RY,

IDLH(p. OIS 1 IDRH(p I S 1, (14 [pDIDFH (p, x| S 1
1D} ,H(p. x| ST (1+pDID3,,H(p.x)| <1

(+|pD*DyH(p,x)| S 1.

(3.154)
It follows that there exists C = C(T') > 0 such that, forall t € [T, T],
EOI=C, Im®I=C, &M= cr
1 =C, Im =C, 2 = 1 bkl
(3.155)

Ct
and | < .
()] = 1+ 2]

Consider the matrices

—D3,H(P, X) =D, H(P, X)(1 + Alz])

X
A"=1 D2H(P,X)

D? H(P, X
14 Alz| wpH )

and

—-D},H(Q,Y) —Dg,H(Q,Y)(1+ Alz))
A= DLHQ,Y)

D? H(Q,Y).
1+ Az v (2. T)

The next lemma, which is stated without proof, is important for the development of
the rest of the theory here as well as for the theory of pathwise conservation laws.

Lemma 10.3 Assume that, in addition to (3.154), for all p, x € R, |DyH(p, x)|
and (1 + |p|) "Dy H (p, x)| are bounded. Then there exist eg > 0 and C > 0 such
that, for all t € (0, &),

AT — AY|| = Clz] .
Lemma 10.3 implies that, for all ¢ € (0, &9),

Clz|t

— < C|z|t and — < ,
151 —ml = Clz| &2 n2|_1+)»|z|

(3.156)

and, since

Aam — &) = A& — n2)m + An2(m — &),
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it follows from (3.155) and (3.156) that

IA(&2m — &1m2)| < Crt. (3.157)

Similar arguments allow to obtain an interval of invertibility of the characteristics
that is uniform in A, and, hence, a O (1)-interval of existence of smooth solutions
of the doubled equation if either one of the following three groups of possible
assumptions hold for all (x, p) € RY x R?:
|DiH| S 1, D3 H|S1, |DI,HISI,

XXX

DY, HIA+1pD) S 1,IDFH| S 1, (3.158)

Xxp

|D3,,HI(L+|pl) S 1. [D3H|(1+|ph S 1.

IDIH| S 1, IDIHIS (A +1pD. IDFHISL
D3, HI S 1, IDZH|(+p)) S 1, (3.159)

xXxp

D3, HI(1+|ph) S 1. |IDJH|(1+[pl») S 1.

IDJH| S 1, D HI S, [DIH|(+p) S 1,

|D} HIA+IpP S 1, DY, HIS T, (3.160)

IDIH|(1+]p) S 1.

Note that (3.158) contains the split variable case, and linear-type Hamiltonians are
a special case of (3.159).
Calculations similar to the ones used in the split variable case yield

&1 — mél| < 12,

and, as was already seen, 7, = A~1/3 Note that, if [DH|, |D*H| and | D3 H | are all
bounded, then t;, = 212

3.10.3 The Necessity of the Assumptions

An important question is whether conditions like the ones stated above are actually
necessary to have well posed problems for Hamiltonians that depend on p, x. That
some conditions are needed is natural since the argument is based on inverting
characteristics and, hence, staying away from shocks. In view of this, assumptions
that control the behavior of H and its derivatives for large |p| are to be expected.



156 P. E. Souganidis

On the other hand, some of the restrictions imposed are due to the specific choice
of the initial datum of the doubled equation, which, in principle, does not “interact
well” with the cancellation properties of the given H.

Consider, for example, the Hamiltonian

H(p,x) = F(a(x)p), (3.161)
with
a,Fe C’R)NC*(R) and a > 0. (3.162)

The characteristics are

X =—F'(aX)P)a(X) and P = F'(a(X)P)d (X)P.

1 4 R
Let¢p € C2(R) besuchthat ¢’ = , X = ¢(X) and P = a(X)P. Then
a

);( =¢' (X)X = —a ' (X)F'(a(X)P)a(X) = —F'(P)
and
p= d(X)XP+a(X)P = —a' (X)F'(P)a(X)P +a(X)F'(a(X)P)a (X)P =0.
The observations above yield that it is better to use Mo (x)—o! (y)l2 instead of

Alx — y|? in the comparison proof.
At the level of the pde

du = F(a(x)uy) -dB,
the above transformation yields that, if u(x, t) = U(¢(x), t), then
dU = F(U,) -dB,

a problem which is, of course, homogeneous in space, and, hence, as already seen,
there is a O (1)-interval of existence for the doubled pde.

This leads to the question if it is possible to find, instead of A|x — y|?, an initial
datum for the doubled pde, which is still coercive, and, in the mean time, better
adjusted to the structure of the doubled equation. This is the topic of the next
subsection.
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3.10.4 Convex Hamiltonians and a Single Path

The example discussed was the motivation behind several works which eventually
led to a new class of well-posedness results in the case of a single path and convex
Hamiltonians.

The first result in this direction which applied to quadratic Hamiltonians
corresponding to Riemannian metrics is due to Friz et al. [30]. A more general
version of the problem (positively homogeneous and convex in p Hamiltonians)
was studied in [98]. The final and definitive results, which apply to general convex
in p Hamiltonians with minimal regularity conditions, were obtained by Lions and
Souganidis [73]. These results are sketched next.

To keep the ideas simple, here I only discuss the first-order problem

du=H(Du,x)-dB in Ot u(-,0) = uop. (3.163)

To motivate the question, I recall that the basic step of any comparison proof for
viscosity solutions is to maximize functions like u(x, t) — v(y, t) — Alx — y|2. The
properties of A|x — y|* used in the proofs are that

DL, = —DyL)\, Ly, >0, Ly(x,x)=0 and
(3.164)
Ly(x,y) »> ooif |x —y| > 0.

The difficulty is that in the spatially dependent problems this choice of L; leads
to expressions like H (A(x — y), x) — H(A(x — y), y) and, hence, error terms that
are difficult to estimate when dealing with rough signals.

To circumvent this problem it seems to be natural to ask if it is possible to replace
Alx — y|* by some L; (x, y) that has similar continuity and coercivity properties and
is better suited to measure the “distance” between H (-, x) and H (-, y).

In particular, it is necessary to find L;, : R? x R — R such that

H(DXL)UX) = H(_DyL)w }’),
Ly 2 2L Lix,y) = ooifx #y,
A—00

L) (x,x) A—) 0, and L, € Ci y in a neighborhood of {x = y}. (3.165)
—00 ’

It turns out (see [73]) that this is possible if H is convex or, more generally, if
there exists Hy convex such that the pair H, Hy is an involution, that is, {H, Hy} =
0. Here I concentrate on the convex case.



158 P. E. Souganidis

Given H convex with Legendre transform L, define

-1
Li(x,y) = inf{/ L(—i(s), x(s))ds :
0
x0) =x, x( ") =y, x() € (0,27 ]

It follows, see, for example, Crandall et al. [16] and Lions [58], that L, (x, y) =
L(x,y, A‘l), where L is the unique solution of

L+ H(DxL,x) =0 in R? x (0,00) L(x,y,0) = 8()(x)
Li+ H(=DyL,y) =0 in R? x (0,00) L(x,y,0) =8(»),

where §4(x) = 0if x € A and §4(x) = oo otherwise.
Note that, at least formally, the above imply that

H(DxLy,x) = H(—=DyL,, y).

From the remaining properties in (3.165) the most challenging one is the regularity.
I summarize next without proofs the main result of [73]. In what follows v and
u denote respectively constants for lower and upper bounds.
The assumption on L : R? x R¢ — R is that there exist positive constants ¢, v, i
and C > 0 such that, for all £ € R?,

v|iplf—C <L <ulpl?+C,
(3.166)
IDyL| < p|pl? 4+ C, |DpL| < plpli~' +C,
and
v|pl172E> < (D?LpE, &) < (ulpli™% + O)|EI?,

|ID?Ly| < ulpld + C;

(3.167)

notice that it is important that DI%L is positive definite.
The result is stated next.

Theorem 10.2 Assume (3.166) and (3.167). Then:

(i) If g <2, then there exists Ao such that, if . > Ao, L € C;’y({|x—y| <17 .
(ii) If ¢ > 2 and C > O, then, in general, (i) above is false, and, in fact,
L(x, x, A~Y) may not be differentiable for any X.
(iii) If g > 2 and C = 0, then there exists Ao such that, if A > Lo, L) € C;’y({lx —
yl<2a7h.
(iv) In all cases, L is semiconcave in both x and y.
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It follows that, when ¢ < 2 or ¢ > 2 and C = 0, the pathwise solutions of the
stochastic Hamilton-Jacobi initial value problem are well posed. The result extends
to the full second order problem, because the semiconcavity is enough to carry out
the details.

3.10.5 Multiple Paths

I sketch here briefly the strategy that Lions and the author developed in [72] to
establish the well-posedness of the pathwise solutions in the multi-path spatially
dependent setting with Brownian signals. The argument is rather technical and to
keep the ideas as simple as possible I only discuss the first-order problem

m
du = ZHi(Du,x)-dBi in Or u(-,0) = up, (3.168)
i=1

and provide some hints about the difficulties and the methodology.
As in the single-path case, the main step is to obtain a sufficiently long interval
of existence of smooth solutions of the doubled initial value problem

dU = YiL, [H'(DxU, x) — H' (=D,U, y)] - dB;
in RY x R x (0, T, (3.169)
Ux,y,0) = ilx — y|.

The semiformal argument presented earlier suggests that it is necessary to have
an interval of existence of order A~* for an appropriately chosen small @ > 0 which
depends on the properties of the path. This was accomplished by reverting to the
“non rough” time homogeneous doubled equation, something that is not possible
for (3.169).

The new methodology developed in [72] consists of several steps. The first is
to provide a large deviations-type estimate about the error, in terms of powers of
21, between the stochastic characteristics and their linearizations and the Jacobian,
and their second-order expansion in terms of B and its Levy areas. This would be
straightforward, if it were not for the fact that the error must be uniform in (x, y)
such that |x — y| = O(A~1/2).

Next I describe this problem for the solution S of a stochastic differential
equation dS = o(S)dB with S(0) = s. The aim is to obtain an exponentially
small estimate for the probability of the event that sup, . |S(t) — (s + o (s) B(s) +
(1/2)00”(s)B?(1))| > A~P, where is A is a subset of R which may depend on A. In
other words we need an estimate for the probability of the sup instead of the sup of
the probability. Obtaining such a result requires a new approach based on estimating
LP-norms of events for large p.
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Having such estimates allows for a local in time comparison result off a set of
exponentially small probability in terms of A~!. An “algebraic” iteration of this
local comparison provides the required result at the limit A — oo.

3.11 Perron’s Method

Perron’s method is a general way to obtain solutions of equations which satisfy
a comparison principle. The general argument is that the maximal subsolution is
actually a solution. The idea is that, at places where it fails to be a solution, a
subsolution can be strictly increased and maintain the subsolution property. This is a
local argument which has been carried out successfully for “deterministic” viscosity
solutions. This locality creates, however, serious technical difficulties in the rough
path setting due to the rigidity of the test functions.

In this section I discuss this method in the context of the simplified initial value
problem

m
du = F(D*u, Du) dt+ZH"(Du,x) -dB; in Q7 u(-,0) =ug, (3.170)

i=1

where uy € BUC(Rd), T > 0,and B = (Bl, ..., B™) is a Brownian path. The
method can be a extended to problems with F' depending also on (x,?) and B a
geometric rough path that is «-Holder continuous for some o € (1/3, 1/2]. For
details I refer to [100].

Throughout the discussion it is assumed that

F : 8% x RY — R is continuous, bounded for bounded

(3.171)
(X, p) € 8% x R4 and degenerate elliptic,
and the Hamiltonians are sufficiently regular, for example,
H e C}(RY x RY; R™), (3.172)

to allow for the construction of local-in-time, C? in space solutions of dw =
S  H(Du,x)-dB;.

As mentioned in Sect.3.4, if the Poisson brackets of the {H'} vanish, for
example, if m = 1 or there is no spatial dependence, then it suffices to have
H € C3(Bg x RY; R™) forall R > 0.

The result is stated next.
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Theorem 11.1 Assume (3.171) and (3.172). Then (3.170) has a unique solution
u € BUC(QT), which is given by

u(x,t) =supfv(x,t):v(-,0) <ug

(3.173)
and v is a subsolution of (3.170)} .

As has been discussed earlier, more assumptions are generally required for F, H,
and B in order for the comparison principle to hold. This is especially the case when
H has nontrivial spatial dependence even when m = 1. Apart from the assumptions
that yield the comparison, the only hypotheses used for the Perron construction
are (3.172).

As before, S(z, tp) : C,f (RY) — C,% (R?) be the solution operator for local in
time, spatially smooth solutions of

m
do =ZH"(Dq>,x)-dB,~ in RY'x (g —h,to+h) @(.10)=6¢. (3.174)
i=1

It is clear from the definition of stochastic viscosity subsolutions that the maxi-
mum of a finite number of subsolutions is also a subsolution, with a corresponding
statement holding true for the minimum of a finite number of supersolutions. This
observation to can be generalized to infinite families.

Lemma 11.1 Given a family F of subsolutions (resp. supersolutions) of (3.170), let
U(x,t) =sup,crv(x,t) (resp. inf,erv(x,t)). IfU* < oo (resp. Uy > —00),
then U* (resp. Uy) is a subsolution (resp. supersolution) of (3.170).

Proof 1 only a sketch of the proof of the subsolution property.

Let ¢ € C}R?), ¥ € C'([0,T1), 7 > 0,and h > 0 be such that S(-, 70)¢ €
C((to — h, to + h), Cg(Rd)), assume that U*(x, t) — S(¢, 19)¢ (x) — ¥ (¢) attains a
strict local maximum at (xg, f0) € R? x (fo — h, to + h), and set p = D¢ (x),
X = D*¢(xo), and a = /' (to). The goal is to show that

a < F(X, p).

The definition of upper-semicontinuous envelopes and arguments from the
classical viscosity solution theory imply that there exist sequences (x,,f;) €
R x (to — h,ty + h) and v, € F such that lim, .~ (x,, %) = (x0,%),
1imy, 00 v (X, 1) = U™ (x0, 1), and

vn(x, 1) — S(t, 10) (x) — Y (1)

attains a local maximum at (x,, fp). Applying the definition of stochastic viscosity
subsolutions and letting n — oo completes the proof.

The second main step of the Perron construction is discussed next.
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Lemma 11.2 Suppose that w is a subsolution of (3.170), and that w, fails to be
a supersolution. Then there exists (xq, tg) € R4 x (0, T] such that, for all k >
0, (3.170) has a subsolution w, such that

we > w, sup(we —w) >0, and

we =w in O7\ (Be(x0) x (to — k, 1o +K)).

Proof By assumption, there exist ¢ € CZ(RY), v € C'([0, T]), (xo, t0) € R? x
(0, T1,and i € (0, «) such that S(-, 0)¢ € C((to — h, 1o + h), C3(R?)),

wy(x, 1) = S(t, 10)¢ (x) — ¥ (1)
attains a local minimum at (xg, 7o), and
V' (t0) — F(D*¢(x0), D (x0)) < 0. (3.175)
Assume, without loss of generality, that xo = 0, ¢ (0) = 0, and ¥ (#p) = 0, set X =

D2¢(O), p = D¢(0),anda = /'(1p), fixy € (0,1),r € (0,«),and s € (0, k), and
choose 7] € Cﬁ(Rd) and 4 > 0 so that

1
00 = p-x+ , (Xx,x) = ylx[in By (x0), 7 < ¢ in R,
and
SC.10)f € C((to — h. to + h); CH(RY)).
For (x,1) € RY x (to — h,to + h) and § > 0, define
W(x, 1) = wa (0, f0) + 8 + S(t, 10)A(x) + at — 10) — y (It — 10 + 81/,

In view of the strict inequality in (3.175), the continuity of the solution map S(¢, #9)
on C,% (Rd), and the continuity of F, if y, r, s, and § are sufficiently small, then w
satisfies the subsolution property in B, (0) x (top — s,y + 5).

The most important step in the proof is to show that, with all parameters
sufficiently small, there exist 0 < r’ < r and 0 < s’ < s such that

w>w in (B(0) x (fo — 5, to + ) \ By (0) x (tg — s', to + 5'). (3.176)

Achieving the inequality in (3.176) for points of the form (x, #p) can be done
using classical arguments. However, this is much more difficult for arbitrary ¢ # ¢,
because, in view of the definition of w, it is necessary to study the local in time,
spatially smooth solution operator S(¢, fp).
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This difficulty is overcome by establishing a finite speed of propagation for such
local in time, spatially smooth solutions. As has been discussed earlier in the notes,
such a result cannot be true in general. Here it relies on access to the system of rough
characteristics. Indeed, the domain of dependence result is proved by estimating the
deviation of characteristics from their starting points, using tools from the theory of
rough or stochastic differential equations.

Once (3.176) is established, define

max(W(x, 1), w(x,t)) for(x,t) € B,(0) x (tg — s, to + 5),

wl( ()C, t) =

w(x,t) for (x,1) ¢ B-(0) x (tg — s, 10 + 5).
Then w, > w, and w, = w outside of B, (0) x (ty — «, tog + k). If (x,, t,,) is such
that lim,, oo (x5, 1) = (0, 79) and lim,,_ oo W(X,, 1) = w4 (0, 1y), then

lim (w(xna tn) — W(xp, tn)) =—-(1-y)§ <0,
n—00
so that

sup (we —w) > 0.
B (0) x (to—«,10+k)

Finally, w, is a subsolution. This is evident outside of B, (0) x (to —s, fo+s5), as well
as in the interior of B, (0) x (fo—s, fo+s), because there, w, is equal to the pointwise
maximum of two subsolutions. It remains to verify the subsolution property on the
boundary of B,(0) x (tp — s, tp + ), and this follows because, in view of (3.176),
w, = w in a neighborhood of the boundary of B, (0) x (o — s, ty + 5).

Proof (Proof of Theorem 11.1) The first step is to verify that u is well defined and
bounded. This follows from the comparison principle, and the fact that, in view of
the assumptions, it is possible to construct a subsolution and a supersolution with
respectively initial datum — |lug||» and ||u#g|l -

Fix ¢ > 0 and let ¢ € C,% (R?) be such that

¢ —e<up<¢°+e onRY.

It is possible to construct a subsolution and a supersolution u* and u® which are
continuous in a neighborhood of R? x {0} and achieve respectively the initial datum
¢° — ¢ and ¢° + ¢. This can be done by using the solution operator S(fx1, )
on successive, small intervals [#, #x1] and the boundedness properties of F. Once
again, see [99] for the details.

The comparison principle yields
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and, in view of the continuity of 4 and u® near RY x {0},
¢6 —¢& S u*('s 0) S u*('s 0) S ¢6 + E.

Since ¢ is arbitrary, it follows that u(-, 0) = uo and limy 1)— (x,,0) ¥ (x, ) = uo(xo)
for all xo € RY.

Lemma 11.1 now implies that u* is a subsolution of (3.170) with u*(x,0) <
uo(x). The formula (3.173) for u then yields u* < u, and, therefore, u* = u. That
is, u is itself upper-semicontinuous and a subsolution.

On the other hand, u, is a supersolution. If this were not the case, then
Lemma 11.2 would imply the existence of a subsolution # > u and a neighborhood
N c R% x (0, T] such that i = u in (R? x [0, T])\N and supy (@ — u) > 0,
contradicting the maximality of u.

The comparison principle gives u™ < u,, and, as a consequence of the definition
of semicontinuous envelopes, u, < wu®*. Therefore, u = u, = u™* is a solution
of (3.170) with u = ug on R? x {0}. The uniqueness of u follows from yet another
application of the comparison principle.

3.12 Approximation Schemes, Convergence and Error
Estimates

Here I discuss a general program for constructing convergent (numerical) approx-
imation schemes for the pathwise viscosity solutions and obtain, for first-order
equations, explicit error estimates.

The presentation focuses on the initial value problem

m
du::Faﬂu,Du)dr+§:If(Du)mﬂhin Or u(-,0) = uo, (3.177)
i=1

where T > 0 is a fixed finite horizon, F € C%1(S¢ x RY) is degenerate elliptic,
H e C3(RY), B = (Bi, ..., By) € C(0, T]; R™), and ug € BUC(R?).

3.12.1 The Scheme Operator

Following the general methodology for constructing convergent schemes for “non-
rough” viscosity solutions put forward by Barles and Souganidis [5], the approxima-
tions are constructed using a “scheme” operator, which, forh > 0,0 <s <t < T,
and ¢ € C([0, T]; R™), is amap Sy (¢, s; ¢) : BUC(RY) — BUC(R?).

Given a partition P = {0 =19 <t < --- < ty = T} of [0, T'] with mesh size
|P| and a path ¢ € Co([0, T']; R™), usually a piecewise linear approximation of B,
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the (approximating) function u,(-; ¢, P) is defined by
inp(-,0;¢,P):=uo and
up(, 158, P) i= Spt, tn; Oun(-, 13 £, P) (3.178)
forn=0,1,...,N —1, t € (ty, ty+1].

The strategy is to choose families of approximating paths {Bj},~0 and partitions
{Pn}n>o0 satisfying

lim [|Bp — Blloo =0= lim |Pyl, (3.179)
h—0F h—0F
in such a way that the function

up(x,t) :=up(x,t; By, Pn) (3.180)

is an efficient approximation of the solution of (3.177).
The main restriction on the scheme operator is that it has to be monotone, that is,
ifty <t <tyt1, ty,thy1 € Py, andu,v € BUC(]Rd) such that u < v in Rd,
then

Su(t, tn; B)u < Sy(t, ty; By) in RY.
(3.181)

It will also be necessary for the scheme operator to commute with constants, that is,
forallu € BUC(R?),h > 0,0 <s <t <00, € Co([0, T], R™), and k € R,

Sp(t,s58) (u+k)=Sp(t,s;Ou +k. (3.182)

Finally, the scheme operator must be “consistent” with the equation in some sense.
This point, as well as the motivation for the above assumptions, are explained below.

3.12.2 The Method of Proof

I give here a brief sketch of the proof. All the details and concrete examples can be
found in Seeger [96].

Assume for the moment that lim,_.o u, = u locally uniformly for some u €
BUC(Qr). In fact, a rigorous proof involves studying the so-called half-relaxed
limits of uy, but I omit these cumbersome details.
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The goal is to show that u is the unique pathwise solution of (3.177). To that end,
suppose that

u(x,t) —dx,t) —y¥()

attains a strict maximum at (y, s) € R? x I, where v e C'([0, T']) and, for some
small open interval I C [0,T], ® € C(l; Cz(Rd)) is a local in time, smooth in
space solution of

m
d® =Y H'(D®)-dB; in R x 1. (3.183)
i=1

I will show that
¥'(s) < F(D*®(y,s), DO(y, 5)),

which implies that u is a subsolution. The argument to show it is a supersolution is
similar.
For h > 0, let @}, be the local in time, smooth in space solution of

m
D, = ZH"(D@h)B,-,h in RExT &, s) =D, 10). (3.184)
i=1

Recall that such a solution can be shown to exist using the method of character-
istics. The interval / may need to be shrunk, if necessary, but its length is uniform
in h. Since lim,—0 By, = B uniformly on [0, T], it follows that, as h — 0, @),
converges to @ in C(/; CZ(RY)).

As aresult, there exists {(ys, 51)}n=0 C R? x I such thatlim,_o(yz, sn) = (y, 5)
and

up(x, 1) = Pp(x, 1) =¥ (2)

attains a local maximum at (yg, sp).
That /}in}) |Prl = O yields that, for i sufficiently small, there exist n € N

depending on % such that
th <sp <th+1 and t,,t,41 € 1.
It then follows that

up (- ty) — Pp (- ty) — Y (tn) < un(yn, sn) — Lo n, sn) — Y (sn),
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or, after rearranging terms,

up(c, tn) < upn, sp) + Pp(-, ty) — P (Y, sn) + ¥ (tn) — Ysp). (3.185)

This is the place where the monotonicity (3.181) and the commutation with
constants (3.182) of the scheme come into play. Applying Sy (sp, tn; Wi) to both
sides of (3.185), and evaluating the resulting expression at x = yj, give

wpn, Sn) < upn, Sn)+Sn(Sh, ta; BR)Pn (1) (Yn) — Pr(n, sn) + 1 () — ¥ (sn),
whence

Ysn) — Y (ta) _ Sh(Shs tas Bp)Pp (-, ta) Yn) — Pu(Yh, Sn)

Sp —In Sh — In

As b — 0, the left-hand side converges to v’(s). The construction of a
convergent scheme then reduces to creating a scheme operator, partitions Py, and
paths W), satisfying (3.181) and (3.182), as well as the consistency requirement

Sp(t, 53 By)®p (- 5) — Dp -,
fim  on S BOPRC ) =P _popag pg) (3.186)

s,tel, t—s—0 t—s

whenever @ and @), are as in respectively (3.183) and (3.184).

3.12.3 The Main Examples

Presenting a full list of the types of schemes that may be constructed is beyond the
scope of these notes. Here, I give a few specific examples that are representative of
the general theory. More schemes and details can be found in [96].

Here I focus mainly on finite difference schemes. To simplify the presentation,
assume d = m = 1, F and H are both smooth, and F depends only on u,y, so
that (3.177) becomes

du = F(uxx) dt + H(uyx) -dBin Qr u(-,0) = uy, (3.187)

and, in the first-order case when F' = 0,
du = H(uy)-dBin Qr u(-,0) = ugp. (3.188)
I present next a number of different partitions P, and approximating paths By,
for which the program in the preceding subsection may be carried out. While

technical, these are all made with the same idea in mind, namely, to ensure that
the approximation By, is “mild” enough with respect to the partition. In particular,
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for any consecutive points #, and f, of the partition P, and for sufficiently small
h, the ratio

| By (th+1) — Bi(tn)|
h

should be less than some fixed constant. This is a special case of the well-
known Courant-Lewy-Friedrichs (CFL) conditions required for the monotonicity
of schemes in the “non-rough” setting.

For some ¢, > 0 to be determined, define

u(x+h) —ulx—h)

Sh(t,S;C)u(X)=u(X)+H( o

> (€(1) = ¢(s)

+[F(u(x+h)+u(x—h)—2u(x)) (3.189)

h2

e (u(x + h) + u(;z— h) — 2u(x)> ](t 9.

The first result, which is qualitative in nature, applies to the simple setting above
as follows.

Theorem 12.1 Assume that, in addition to (3.179), By, and Py, satisfy

2

h . h—>0
|Pnl < Y and e, = h||Bp| — 0.
o

Then, as h — O, the function uj defined by (3.180) using the scheme opera-
tor (3.189) converges locally uniformly to the solution u of (3.187).

The condition in Theorem 12.1 on the approximating path B, can be satisfied in
several different ways. For example, Bj, could be a piecewise linear approximation
of B of step-size n;, > 0, with limj,_,¢ 7, = 0 in such a way that limj,_,¢ & ||Bh || =0.

By quantifying the method of proof in the previous subsection, it is possible to
obtain explicit error estimates for finite difference approximations of the pathwise
Hamilton-Jacobi equation (3.188). The results below are stated for the following
scheme, which is defined, for some 6 € (0, 1], by

u(x+h) —ulx—

Sp(t,s; OHu(x) :u(x)—i—H( oh

h)
) (€(1) = ¢(s)
(3.190)

+ z (ux+h)+ulx—nhnh) —2ulx));

h2
note that this corresponds to choosing ¢, = in (3.189).

20t — 5)
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Assume that w : [0, 00) — [0, 00) is the modulus of continuity of the fixed
continuous path B on [0, T'], define, for & > 0, p, implicitly by

_ (ow)' Pl _ 0

* J (3.191)
h 17" [l oo
and choose the partition P;, and path By, so that
Ph = {non A Thneng: My = L™,
and, for k € Ng and t € [kM},pp, (kK + 1)Mppp),
B((k + 1)Mypn) — B(kM,
N ( ((k + )My pn) — B m)) M.
M pn

Theorem 12.2 There exists C > 0 depending only on L such that, if up is
constructed using (3.180) and (3.190) with Py, and By, as in (3.191) and (3.192),
and u is the pathwise viscosity solution of (3.188), then

sup  Jup(x, 1) —u(x, )| < C(1+ T ((on)'/?).
(x,t)e]Rdx[O,T]

If, for example, B € C%%([0, T]), then (3.191) means that p, = O(h?/1+®),
and the rate of convergence in Theorem 12.2 is O(h%/(179)),

I describe next some examples in the case that B is a Brownian motion.

As a special case of Theorem 12.2, the approximating paths and partitions may
be taken to satisfy (3.192) with p;, given by

3/4 1/2
5= (on)*'* |log pn] "/ - 0 7 (3.193)
h 1H || 0

in which case the scheme operator will be monotone almost surely for all # smaller
than some (random) threshold /g > 0.

It is also possible to define the partitions and approximating paths using certain
stopping times that ensure that the scheme is monotone almost surely for all 7 > 0.
More details can be found in [96].

Theorem 12.3 Suppose that B is a Brownian motion, and assume that Py, and Bj,
are as in (3.192) with py defined by (3.193). If uy, is constructed using (3.180)
and (3.190), and u is the solution of (3.188), then there exists a deterministic
constant C > 0 depending only on L and A such that, with probability one,

li |uh(-xvt)_u(x1t)|
1m sup sup

<C+T).
h—0 (enerdxor]  h'3 [logh|'?
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The final result presented here is about a scheme that converges in distribution
in the space BUC(R? x [0, T]) equipped with the topology of local uniform
convergence.

Recall that, given random variables (X;)s~o and X taking values in some
topological space &, it is said that X5 converges, as § — 0 in distribution (or in
law) to X, if the law vs of X5 on X converges weakly to the law v of X. That is, for
any bounded continuous function ¢ : X — R,

lim/ ¢dV5=/ ¢ dv.
=0 Jx X

Below, the paths By, are taken to be appropriately scaled simple random walks,
and, as a consequence, B, converges in distribution to a Brownian motion B (see
for instance Billingsley [8]). This corresponds above to X = C([0, T]; R") and v
the Wiener measure on .

Let A, pn, Bp, and P}, be given, for some probability space (A, G, P), by

3/4
_ (on) <
h 1 H' || oo

A . My = (o) "V,

Pp = {tn},11v=o = {npp A T}nENO ,
{£.}02, : A — {—1, 1} are independent,

1 (3.194)
P& =)=P¢, =—-1)= 5

B(0) =0, and fork e Ny, t € [kMypp, (k+ 1)Mppp),
&k

VM

Theorem 12.4 If uy, is constructed using (3.180) and (3.190) with By, and Py, as
in (3.194), and u is the solution of (3.188), then, as h — 0, uy converges to u in
distribution.

By (t) = Bp(kMypp) +

(t —kMppp).
Ph

3.12.4 The Need to Regularize the Paths

A short discussion follows about the necessity to consider regularizations By, of the
continuous path B in all of the results above. To keep the presentation simple, I
concentrate on the one-dimensional, pathwise Hamilton-Jacobi equation (3.188).
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Consider the following naive attempt at constructing a scheme operator by setting
u(x +h) —u(x —nh)
2h

N T

Sn(t, s)u(x) =u(x) + H ( ) (B(t) — B(s))

(3.195)

A simple calculation reveals that S, (¢, s) is monotone for 0 <t — s < pp, if pj,
and ¢, are such that, for some 6 < 1,

2
6h 4= osc(B, s, 1) - 6

= an max <X = . (3.196)
2(t —s) lt—s|<pn h 1H'll 0o

En

On the other hand, for any s, ¢ € [0, T'] with |s — #| sufficiently small, spatially
smooth solutions @ of (3.188) have the expansion

P(x,1) =P(x,s) + H(Px(x,s5))(B() — B(s))

+ H' (®x(x, $))* P (x, )(B(1) — B(5))* + O(IB(t) — B(s)I%).
(3.197)

It follows that, if 0 < r — 5 < py, there exists C > 0 depending only on H such
that

Supg [Su (1, )@ (-, 5) — @ (-, 1)
< Csup,esn | D?PC. )| o (IBM) — B(s)* + h?) (3.198)
< Csup,epe [ D*@ 1) | (L + AR
Therefore, in order for the scheme to have a chance of converging, pj, should satisfy
h2
lim =0. (3.199)
h—0 pp

Both (3.196) and (3.199) can be achieved when B is continuously differentiable or
merely Lipschitz continuous by setting

s —1
on=n| 7"
More generally, if B € C%%([0, T]) with o > ; and

o = (3.200)
P Wlar '
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then both (3.196) and (3.199) are satisfied, since

W2 (Blarh® "\ 1o 0
on A '

However, this approach fails as soon as the quadratic variation path

N—-1
(B)y = lim 3 B(tn1) = Bt
n=0

is non-zero, as (3.196) and (3.199) together imply that (B)7 = 0. This rules out,
for instance, the case where B is the sample path of a Brownian motion, or, more
generally, any nontrivial semimartingale.

Motivated by the theory of rough differential equations, it is natural to explore
whether the scheme operator (3.195) can be somehow altered to refine the estimate
in (3.198), potentially allowing (3.199) to be relaxed and pj to converge more
quickly to zero as i — 0T,

More precisely, the next term in the expansion (3.197) suggests taking B €
CO’“([O, T]; R™) with o > ;, or, more generally, B with p-variation with p < 3,
and defining

ulx+h)—ulx—
2h

u(x+h)—ulx—nhn)
+ H< i )

1
2
(u(x +h)+ulx—h)—
9

St )u(x) = u(x) + H ( ") ) (B(t) — B(s))

(3.201)

X

2 2”(’“)) (B(t) — B(s))?
(u(x +h)+ulx—h)—2ulx)).

As can easily be checked, (3.201) is monotone as long as (3.196) holds, and

0

i < ! 2 <

Lipt = L. 0 [H] A7= 1 and s G ban
The error in (3.198) would then be of order h2+|B(¢) — B(s)|>, which again leads to
arequirement like (3.199). This seems to indicate that it is necessary to incorporate
higher order corrections in (3.201) to deal with the second-order spatial derivatives
of u. However, this will disrupt, in general, the monotonicity of the scheme, since it
will no longer be possible to use discrete maximum principle techniques.

For this reason, it is more convenient to concentrate on the more effective strategy
of regularizing the path B. If {Bj};~0 is a family of smooth paths converging
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uniformly, as h — 0, to B, then (Bj, )7 = 0 for each fixed & > 0, and therefore, B,
and p;, can be chosen so that (3.196) and (3.199) hold for By, rather than W.

3.13 Homogenization

I present a variety of results regarding the asymptotic properties, for small ¢ > 0, of
equations of the form

m
uf + Y H'(Duf, x/e)éf =0in Qoo u°(-,0) = uo. (3.202)
i=1

Many proofs and details are omitted here, and can be found in Seeger [98].

Each Hamiltonian H' in (3.202) is assumed to have some averaging properties
in the variable y = x/e. The paths ¢® = (¢f, .-, ¢,,), which converge locally
uniformly to some limiting path ¢ € Cy([0, c0); R™), will be assumed to be
piecewise C', although I present some results where they are only continuous.

One motivation for considering such problems is to study general equations of
the form

1 ‘
u+ H (Dl/ls, Y ) —0in Qs u°(-0) = uo. (3.203)
gv e’ g2y

In addition to the averaging dependence on space, the Hamiltonian H is assumed
to have zero expectation, so that, on average, u® is close to its initial value ug. The
dependence on time, meanwhile, is assumed to be “mixing” with a certain rate, so
that, with the scaling of the central limit theorem, ¢~ H (-, -, ts’z”) will resemble,
as ¢ — 0, to white noise in time.

When y = 1, (3.203) arises naturally as a scaled version of

ur + HDu,x,t) =0in Qs u(-,0) =& ug(e), (3.204)

with u and u® related by u® (x, 1) = eu(x /e, t/&%).

Studying the ¢ — 0 limit of #® then amounts to understanding the averaged large
space, long time behavior of solutions of (3.204) with large, slowly-varying initial
data.

Although it is of interest to examine (3.203) for different values of y, it turns
out that the nature of the limiting behavior does not change for different values of
y. Hence, from a practical point of view, ¢ and § = ¢¥ can be viewed as small,
independent parameters. It should be, however, noted that for technical reasons,
some results can only be proved under a mildness assumption on the approximate
white noise dependence, which translates to a smallness condition on y.



174 P. E. Souganidis

The Hamiltonians considered in (3.203) have the form

H(p,y,0) =) H'(p,»&, (3.205)

i=1

where the random fields & : [0,00) — R are defined on a probability space
(£2, F, P) and are assumed to be mixing with rate p as explained below.

For 0 < s <t < oo, consider the sigma algebras }'jt C F generated by
{& (r)}re[s.17- The mixing rate is then defined by

p(t) = max sup sup sup |[P(A | B) —P(A)|. (3.206)
220 peF, B,

The quantitative mixing assumptions for the &' are that

o0
t > &;(t) is stationary, p(t) 2%, [ o2 dt < oo,
0 (3.207)

E[£(0)] =0, and E[£(0)*] = 1.
Above stationarity means that

(§(s1),6(s2), ..., 6(sm)) and  (5(s1+1),5(2+1), ..., 8(sm +1))

have the same joint distribution for any choice of s1, 52, ..., sy € [0,00) and ¢t >
— minj Sj.

It follows from the ergodic theorem, the stationarity and the centering assump-
tions that

t
)
812%8/0 &(s)ds =0.

The properties of the long time fluctuations of ¢ = fé &(s)ds around O can be
studied using the central limit theorem scaling. Indeed setting ;i‘s (1) = 8¢;(1/8%), it
is well-known that, as § — 0, ;“l.‘s converges in distribution and locally uniformly to

a standard Brownian motion. Indeed, with § = &7, (3.203) is then a specific form
of (3.202).
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3.13.1 The Difficulties and General Strategy

Here I discuss some of the difficulties in the study of the ¢ — 0 behavior of (3.202)
and the strategies that can be used to overcome them. To keep things simple, I only
consider Hamiltonians that are periodic in space.

The starting (formal) assumption is that the noise is “mild” enough to allow for
averaging behavior in space, and therefore, u® is closely approximated by a solution
u® of an equation of the form u{ + H®(Du, 1) = 0.

More precisely, following the standard strategy of the homogenization theory, it
is assumed that there exists some auxiliary function v : T x [0, 00) — R, so that
u® has the formal expansion

u®(x, 1) ~u®(x,t) +ev(x/e,1).

An asymptotic analysis yields that, for fixed p € R? (here, p = Du®(x,t) and
y = %), v solves the so called “cell problem”

> H'(Dyv+ p.y)& = H(p, &) in . R, (3.208)

i=1

where the fixed parameter & € R™ stands in place of the mild white noise
eTVE(t/e?).

It is standard the theory of periodic homogenization of Hamilton-Jacobi equa-
tions that, under the right conditions, there is a unique constant H(p, &) for
which (3.208) has periodic solutions, which are called “correctors.”

Taking this fact for granted for now and always arguing formally yields that u®
will be closely approximated by u® which solves

1 t
urt g (D”S"’E <gzy>) =0in Qs u°(-,0) = uo. (3.209)

Note that, in deriving (3.209), it was used that & +— H(-, &) is positively
homogenous, which follows from multiplying (3.208) by a positive constant and
using the uniqueness of the right-hand side.
If
E [H(p, é(t))] =0 forall peRY, (3.210)

then the solution of (3.209) with up(x) = (po, x), which is given by

WD = (po.x) = fo H (po.&( 5, )) ds.
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converges, as ¢ — 0 and in distribution, to pg-x +o (po) B(t), where B is a standard
Brownian motion and

o (o) = (E[H(po.£07]) "

Due, however, to the nonlinearity of the map & +— H(-, §) and the difficulties
associated with the “rough” pathwise solutions, it is not clear how to study
the (3.209) for an arbitrary ug € UC (Rd). It turns out that the answers are subtle,
and, in the multiple path case considered below, depend strongly on the nature of
the mixing field &.

When m = 1, the characterization of H(p, &) reduces to the study of the two
Hamiltonians

H(p) =H(p,1) and (—H)(p)= H(p,-1).

Then (3.209) takes the form

1 2
ut + L H' (Dbt (agy) + L H (Du®)

£(,)| =0in 0r

(3.211)
us('70):u0’
where
H(p) —(—H H —H
)
Note that H~ = 0 if and only if
(—H)=—H, (3.212)

and, moreover, that (3.210) is equivalent to (3.212) when m = 1.

Since (3.208) is interpreted in the viscosity solution sense, it is not possible to
multiply the equation by —1, and so (3.212) is not only not obvious, but actually
false in general.

Indeed, assume that, for some py € R?, (—H)(po) # —H(po). Then u® with
uog(x) = (po, x) is given by

WD) = (o) — v HPO = (HD(PO) ( ' )

2 g2

o B0+ D) /O/ e(3)] as
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and, hence,

e—>0  H(po) + (—H)(po)

e’uf(x,t) —— ) E|£(0)|¢ in distribution.

On the other hand, if (3.212) holds, then (3.209) becomes
1 t
ui + _ H(Du®)& < ) =0 in Q7 u®(-,0) = uo, (3.213)
gv g2

and the determination of whether or not u° has a limit depends on the properties of
the effective Hamiltonian H, and, in particular, whether or not it is the difference of
two convex functions.

3.13.2 The Single-Noise Case

I state next some results about

U + IH(DMS x)g "Yo0in 0r uC.0)=u (3.214)
t gV ’8 82)/ - T ’ - 0- M

As suggested in the previous subsection, the fact that there is only one source of
noise simplifies the structure of the problem. Consequently, the results are more
comprehensive than in the multiple-path setting.

It is assumed that

HeC (Rd X ]Rd) is convex and coercive in the gradient variable. (3.215)

The convexity assumption is important for two reasons. It guarantees that
the consistency condition (3.212) holds, and it also implies strong path-stability
estimates for the solutions. The latter were already alluded to earlier in the notes,
in the section on the comparison principle for equations with convex, spatially-
dependent Hamiltonians.

Regarding the spatial environment, the results are general enough to allow for a
variety of different assumptions. Here, I list two well-studied examples.

The first possible self-averaging assumption is that

y— H(p,y)is Zd-periodic. (3.216)

The periodic homogenization of (time-homogenous) Hamilton-Jacobi equations has
a vast literature going back to Lions et al. [63] and Evans [24, 25].

Another type of averaging dependence, which in general is more physically
relevant, is stationary-ergodicity. In this setting, the Hamiltonians H = H (p, x, w)
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are defined on a probability space (§2, F) that is independent of the random field
& and is equipped with a group of translation operators 7, : £2 — £2 such that
H(-, T;y) = H(-, y + z). Itis assumed that {73}, ga is stationary and ergodic, that
is,

P=PoT, forallz eRd,and
3.217)
if EeFand T,E = E forall z € Rd, then P[E] =1 or P[E] = 0.

In the time-inhomogenous setting, this homogenization problem was studied by
Souganidis [103] and Rezakhanlou and Tarver [93].
The first result is stated next.

Theorem 13.1 There exists a Brownian motion B : [0, o0) — R such that, as € —
0, (u®, £°) converges in distribution to (u, B) in BUC(R? x [0, 00)) x C([0, 00)),
where u is the pathwise viscosity solution of

du+ H(Du)-dB =0in Qs u(-,0) =uop. (3.218)

Since §B(t/5%) equals B(?) in distribution, it is also an interesting question to
study the limiting behavior of

du® + H(Du®,x/g)-dB =01in Qs u°(-,0) = ug. (3.219)

Theorem 13.2 In addition to the hypotheses of Theorem 13.1, assume that the
comparison principle holds for (3.219). Then, with probability one, as ¢ — 0, the
solution u® of (3.219) converges locally uniformly to the solution of (3.218).

The final remark is that the theorems above can be applied to a variety of other
settings like, for instance, the homogenization of
& & XN ce N & _
Mt+H Duaxag ;(t)_()ln QOO M(',O)—MO
with (£)¢~0 any collection of paths converging locally uniformly and almost surely
(or in distribution) to a Brownian motion or other stochastic process, and with the

dependence of H on the fast variable being, for instance, periodic, quasi-periodic,
or stationary-ergodic.

3.13.3 The Multiple-Noise Case

Since in this setting the results so far are less general and quite technical, I only
present an overview here. Details and more results can be found in a forthcoming
work of Seeger [97].
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The problem is the behavior of equations like
us + ! iHi(Dug x/e)&( ! )=0in Q u®(,0)=u (3.220)
t eV — ’ ] €2y - o] ) = uo, .
1=

where, for each i = 0,...,m, éi is a mixing field satisfying (3.207). More
assumptions on the Hamiltonians and the paths will need to be made later.

To simplify the presentation, here I only consider the periodic setting (3.216).
It turns out that, under appropriate conditions on the H'’s which are made more
specific below, for every p € R? and & € R™, there exists a unique constant H (p, &)
such that the cell problem

Y H'(p+Dyv.y)E' = H(p. £) (3.221)

i=1

admits periodic solutions v : T¢ — R. Moreover, £ — H(p, &) is positively
homogenous, and

E[H (p, £(0)] = 0 forall p € R?. (3.222)

Using error estimates for the theory of periodic homogenization of Hamilton-
Jacobi equations, it is possible to show that u® is closely approximated by the
solution u® of

1 t
ot o H (D”S’E (m)) =0in Qo u°(-,0) = up. (3.223)

The limiting behavior of (3.223) is well understood if up(x) = (po, x) for some
fixed po € R?. Indeed, in view of the mixing properties of £ and the centering
property (3.222), there exists a Brownian motion B such that, as ¢ — 0, u®
converges locally uniformly in distribution to

2 1/2
(po.x) + E [ H(po. §0)°] " B.

I comment next about the limit of u® for arbitrary initial data ug. The goal is to
show that, under assumptions on the Hamiltonians and mixing fields, there exists
M > 1and, foreach j =1, ..., M, an effective Hamiltonian H 7 R4 — R which
is the difference of two convex functions, and a Brownian motion B/ such that, as
¢ — 0 and in distribution, u® and, therefore, u® converges in BUC(Qr) to the
pathwise viscosity solution u of

M
du+Y H'(Du)-dBj =0in Qu u=uo. (3.224)
j=1
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Although at first glance, the nature of the problem is similar to the single path
case, there are some fundamental differences. Most importantly, the deterministic
effective Hamiltonians { H ! }?’I: 1» and even the number M, depend on the particular
law of the mixing field &.

Next I introduce some further assumptions that give rise to a rich class of
examples and results.

As far as the Hamiltonians (H;, ..., Hy,) are concerned, it is assumed that

H e %R x TY),

m
p H'(p,)+ Z Hi(p, )& is convex
i=2

forall &,...,&, € {—1,1}, and

(3.225)

lim inf (Hl(p,y) - ‘Hi(p,y)‘) = too.

——+00 d
[pl—+00 yeT:! i

As a consequence, the cell problem (3.221) is solvable for all p € R and
& € {—1,1}", and furthermore, p — H(p, 1,£) is convex and & — H(p, &)
is homogenous, that is, forall A € Rand £ € {—1, 1}",

H(-,28) = H (., §). (3.226)

The mixing fields are assumed to be, fori =1, ..., m, of the form

00
& = focl(k,lﬂ“l) where
k=0

xi (3.227)
( k)i:l,z,...,m, k=0.1,...
are independent Rademacher random variables.
In particular, if
1 1
£ 1) = Syéi(t/Sz’”) and Zf(t)=/ §°(s)i ds, (3.228)
0

then each /¢ is a scaled, linearly-interpolated, simple random walk on Z, and there
exists an m-dimensional Brownian motion (By, ..., By,), such that, in distribution,

e—0

(@b, %8, ..., ™% =5 (B, ..., By) in C([0, 00); R™).
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Consider the sets of indices
A" ={j=01,....JjDjiel{l,....m}, j1<---<ji}
withl = [j| = |(j1, j2, - - -, J)]
o =1{j e A" 1 [jl| is odd},

noting that #4™ = 2™ — 1 and #Ag’ —om—1
For any j = (ji1, j2, ..., j1) € A™, define

Ei=&j & for E= (... &) € (-1 1",
Hpy= Y 2"H(p.5E

fef=1,1j

. o ) 3.229
Xy =X'xP-x{, ( )

GO) =0, &= Xgir. and @) =e"g(t/e?),
k=0

and observe that, for each j € A7, H is a difference of convex functions. Note also

that, if |j| is even, then the homogeneity property (3.226) implies that Hj =0.
The following is true.

Theorem 13.3 Assume that y € (0,1/6), ug € C%(RY), (3.225), and (3.227),
and let u® l?e the solution of (3.220). Then there exist 2"~ independent Brownian
motions {BJ }je Am, such that, in distribution,

(0 &+ Yjeny ) =5 (w (Bljeay ) in BUC(Q7) x € (10, TR ),
where u is the stochastic viscosity solution of

du+ Y H'(Du)-dBj=0in Qs u(-0)=uo. (3.230)
je Ay

The result relies on the fact that, in view of the assumptions on the mixing
fields &;, which take their values only in {—1, 1}, the general effective Hamiltonian
H(p, &) can be decomposed using a combinatorial argument.

As already mentioned, the above theorem covers only some of the possible
homogenization problems that can be studied in the multiple-noise case. In particu-
lar, it is shown in [97] that the limiting equation depends on the law of the mixing
field €. This is in stark contrast to the single-noise case, where the limiting equation
is independent of the mild-noise approximation.
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3.14 Stochastically Perturbed Reaction-Diffusion Equations
and Front Propagation

I discuss here a result of Lions and Souganidis [69] about the onset of fronts in
the long time and large space asymptotics of bistable reaction-diffusion equations
which are additively perturbed by small relatively smooth (mild) stochastic in time
forcing. The prototype problem is the so called stochastic Allen-Cahn equation.
The interfaces evolve with curvature dependent normal velocity which is additively
perturbed by time white noise. No regularity assumptions are made on the fronts.
The results can be extended to more complicated equations with anisotropic
diffusion, drift and reaction which may be periodically oscillatory in space. To keep
the ideas simple, in this section I concentrate on the classical Allen-Cahn equation.

The goal is to study the behavior, as ¢ — 0, of the parabolically rescaled Allen-
Cahn equation

1 .
ub — Au® + o2 (fWw®) —eB®(t,w)) =0in Qoo u°(-, 0) = ug, (3.231)
where, f € C 2(}R”l; R) is such that

fE&ED = f(0)=0, f'(£1) >0, f'(0) <0

+1 (3.232)
f>0in(=1,0), f <0in (0, 1), and fw)du =0,

-1

that is, f is the derivative of a double well potential with wells of equal depth at, for
definiteness, =1 and in between maximum at 0,

B°(,w) € Cz([O, o0); R) is an a.s. mild approximation of B(-, w), (3.233)
that is, a.s. in w and locally uniformly [0, co),

lim B%(t, ») = B, B*(0,») = 0, and 1ir%e|1§€(t, w)| =0, (3.234)
E—>

e—0

and there exists an open Oy C R? such that

Op = {x e R? 1 uf(x) > 0}, RY\ Op = {x € R : uf(x) < 0},
and (3.235)
=30 = d(RY\ Op) = {x € R : uf(x) = 0}.

Although it is not stated explicitly, it assumed that there exists an underlying

probability space, but, for ease of the notation, we omit the dependence on w unless
necessary.
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Here are two classical examples of mild approximations. The first is the
convolution B?(t) = B x p®(t), where p°(t) = ¢ Y p(e¢7Yt) with p € C*, even
and compactly supported in (—1, 1), f,o(t)dt = land y € (0, 1/2). The second
is BE(1) = e 7&(e 1), where £(7) is a stationary, strongly mixing, mean zero
stochastic process such that max(|&], IE]) < M and y € (0, 1/3). I refer to [51] for
a discussion.

Next I use the notion of stochastic viscosity solutions and the level set approach
to describe the generalized evolution (past singularities) of a set with normal
velocity

V = —tr[Dn] dt + d¢, (3.236)

for some a continuous path ¢ € Cy([0, 00); R). Here n is the external normal to the
front and, hence, tr[ Dn] is the mean curvature.

Given a triplet (O, 10, R4 \ Op) with Oy c R? open, we say that the sets
(I?1)s=0 move with normal velocity (3.236), if, for each ¢ > 0, there exists a triplet
(O, I;, R4 \ Or), with O; C R4 open, such that

O, ={xeR: wk,1) >0}, R\ O, = {x e R? : w(x, 1) <0},
and
I={xeR: w1 =0},
(3.237)

where w € BUC(R? x [0, 00)) is the unique stochastic (pathwise) solution of the
level-set initial value pde

dw = (I — Dw ® Dw) : D*w — |Dw| -d¢ in Qo w(-,0) =wp,  (3.238)
with p := p/|p| and wo € BUC(R?) such that

Op={x e R : wo(x) > 0}, R4\ Op = {x € R? : wy(x) < 0},
and (3.239)
Iy ={x e R : wo(x) = 0}.

The properties of (3.238) are used here to adapt the approach introduced in Evans
et al. [27], Barles et al. [7], and Barles and Souganidis [6] to study the onset of
moving fronts in the asymptotic limit of reaction-diffusion equations and interacting
particle systems with long range interactions. This methodology allows to prove
global in time asymptotic results and is not restricted to smoothly evolving fronts.

The main result of the paper is stated next.

Theorem 14.1 Assume (3.232)—(3.235), and let u® be the solution of (3.231). There
exists ag € R such that, if w is the solution of (3.238) with wq satisfying (3.239)
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and ¢ = oo B, where B is a standard Brownian path, then, as ¢ — 0, a.s. in w and
locally uniformly in (x,1), u® — 1in {(x,1) € R? x (0, 00) : w(x,1) > 0} and
ut — —lin{(x,1) € R x(0,00) : w(x,t) < 0}, that is, u® — 1 (resp. u®* — —1)
inside (resp. outside) a front moving with normal velocity V. = —tr[Dn] dt +apd B.

Theorem 14.1 provides a complete characterization of the asymptotic behavior
of the Allen-Cahn equation perturbed by mild approximations of the time white
noise. The result holds in all dimensions, it is global in time and does not require
any regularity assumptions on the moving interface.

In [32] Funaki studied the asymptotics of (3.231) when d = 2 assuming that
the initial set is a smooth curve bounding a convex set. Under these assumptions
the evolving curve remains smooth and (3.295) reduces to a stochastic differential
equation in the arc length variable. Under the assumption that the evolving set is
smooth, which is true if the initial set is smooth and for small time, a similar result
was announced recently by Alfaro et al. [1]. Assuming convexity at# = 0, Yip [106]
showed a similar result for all times using a variational approach. There have also
been several other attempts to study the asymptotics of (3.231) in the graph-like
setting and always for small time.

Reaction-diffusion equations perturbed additively by white noise arise naturally
in the study of hydrodynamic limits of interacting particles. The relationship
between the long time, large space behavior of the Allen-Cahn perturbed additively
by space-time white noise and fronts moving by additively perturbed mean curvature
was conjectured by Ohta et al. [84]. Funaki [31] obtained results in this direction
when d = 1 where there is no curvature effect. A recent observation of Lions and
Souganidis [70] shows that the general conjecture cannot be correct. Indeed, it is
shown in [70] that the formally conjectured interfaces, which should move by mean
curvature additively perturbed with space-time white noise, are not well defined.

From the phenomelogical point of view, problems like (3.231) arise naturally in
the phase-field theory when modeling double-well potentials with depths (stochasti-
cally) oscillating in space-time around a common one. This leads to stable equilibria
that are only formally close to £1. As a matter of fact, the locations of the equilibria
may diverge due to the strong effect of the white noise.

The history and literature about the asymptotics of (3.231) with or without
additive continuous perturbations is rather long. I refer to [6] for an extensive review
as well as references.

An important tool in the study of evolving fronts is the signed distance function
to the front which is defined as

, RY : , oD,
(1) = p(x, {x € w(x, 1) <0}) (3.240)
—p(x, {x e RY :w(x,1) > 0}),

where p(x, A) is the usual distance between a point x and a set A.
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‘When there is no interior, that is,
d{x € RY : w(x, 1) <0} =0d{x € RY w(x, 1) > 0},
then

p(x, I7) if w(x, t) >0,
p(x, 1) =
—px, Iy ifw(x,t) <O0.

The next claim is a direct consequence of the stability properties of the pathwise
solutions and the fact that a nondecreasing function of the solution is also a solution.
When ¢ is a smooth path, the claim below is established in [7]. The result for the
general path follows by the stability of the pathwise viscosity solutions with respect
to the local uniform convergence of the paths.

Theorem 14.2 Let w € BUC(RY x [0, 00)) be the solution of (3.295) and p
the signed distance function defined by (3.240). Then p = min(p,0) and p =
max(p, 0) satisfy respectively

Dp ® Dp ) ]
dp=|(1=" 1 0 | D% |di+1Dplods < in 0. (3.241)
0
and
Dp®D
dp > [(1 - |pD®|2p> :sz} dt +|Dplod > 0in Q. (3.242)
0

In addition,

— (Dz,oD,o, p) <0 and dp < Ap —d¢ in{p < 0}, (3.243)
and

—(D*pDp,p) >0 and dp > Ap —d¢ in{p > 0}. (3.244)

Following the arguments of [7], it is possible to construct global in time subsolutions
and supersolutions of (3.231) which do not rely on the regularity of the evolving
fronts. In view of the stabilities of the solutions, it is then possible to conclude.

An important ingredient of the argument is the existence and properties of
traveling wave solutions of (3.231) and small additive perturbations of it, which
we describe next.
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It is well known (see, for example, [7] for a long list of references) that, if f
satisfies (3.232), then for every sufficiently small b, there exists a unique strictly
increasing traveling wave solution ¢ = ¢ (x, b) and a unique speed ¢ = c(b) of

cqs + gz = f(@) —binR  g(£00,a) =hx(b) q(0,a) =ho(b),  (3.245)

where h_(b) < ho(b) < hy (b)) are the three solutions of the algebraic equation
f () = b. Moreover, as b — 0,

h4+(b) — £1 and ho(b) — O. (3.246)

The results needed here are summarized in the next lemma. For a sketch of its
proof I refer to [7] and the references therein. In what follows, gz and gg¢ denote
first and second derivatives of g in £ and g, the derivative with respect to b.

Lemma 14.1 Assume (3.232). There exist by > 0, C > 0, A > O such that, for all
|b] < by, there exist a unique c(b) € R, a unique strictly increasing g(-,b) : R — R
satisfying (7.3), (3.246) and ag € R such that

0 < hy(b) —q(&;b) < Ce*elife >0

(3.247)
and 0 < q(&;b) — h_(b) < Ce Bl jf& <0,
0 < qe(&;b) < Ce Bl |gee (:b)| < Ce ™ and g, < C, (3.248)
c(b) = — o}(lf(h)_h’(b)
qe (€ b)?dE
—00
—w=-4O =, °Z (3.249)
f 1 g2 (€. 0)dE
c(b) -
", +eol = Clbl.

In the proof of Theorem 14.1 we work with b = sBs(t) —¢a fora € (—1,1);
note that, in view of (3.234), for ¢ sufficiently small, |b| < by. To ease the notation,
I write

g (¢, t,a) = q(&, &(B*(1) — a)) and ¢* (a) = c(e(B*(t) — a)),

and I summarize in the next lemma, without a proof, the key properties of ¢¢ and ¢*
that we need later.
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Lemma 14.2 Assume the hypotheses of Lemma 14.1 and (3.234). Then, there exists
C > 0 such that

lim,_, ¢lg; (&, t, a)| = O uniformly on & (3.250)
and a and locally uniformly in t € [0, 00), .

1 3 1 £ —Cn/e
LG LT gkt 1) < Ce forall 1§ z nand alln > 0, (3.251)

q¢ > 0and q; > 0 forallt > 0 and ¢, |a| sufficiently small, (3.252)

and

£

|C + ape(BE (1) — a)| = o(1) uniformly for bounded t and a. (3.253)
&

Theorem 14.1 is proved assuming that ug in (3.231) is well prepared, that is, has
the form

p(x)’o
&

ug(x) = q°( ), (3.254)
where p is the signed distance function to Iy and ¢(-,0) is the standing wave
solution of (7.3).

Going from (3.254) to a general ug as in the statement of the theorem is standard
in the theory of front propagation. It amounts to showing that, in a conveniently
small time interval, u® can be “sandwiched” between functions like the ones
in (3.254). Since this is only technical, I omit the details and I refer to [6] for the
details.

The proof of the result is a refinement of the analogous results of [27] and [7]. It
is based on using two approximate flows, which evolve with normal velocity V =
—tr[Dn] 4+ ao(BE(r) — €a), to construct a subsolution and supersolution (3.231).
Since the arguments are similar, here we show the details only for the supersolution
construction.

For fixed 6, a > 0 to be chosen below and any 7 > 0, consider the solution
wa,8,£ of

w;z,é,e _ (I _ D;a,\a,s ® Dm{‘:) . D2wa,5,s
+ao(Bf — a)|Dw"%¢| = 0in Qr, (3.255)
whSE(-,0) = p +6.
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Let p%%-¢ be the signed distance from {w?%-¢ = 0}. Tt follows from Theorem 14.2
(see also Theorem 3.1 in [7]) that

p“>E — Ap®>F—ap(B® —a) = 0in {p*>* 0}. (3.256)
Following the proof of Lemma 3.1 of [27], define
W = 5 (p%), (3.257)

where 15 : R — R is smooth and such that, for some C > 0 independent of §,

ns = —8in (—00,8/4], ns < —8/2in (—o0,§/2],
/ / / (3.258)
ns(z) =z —8in[8/2,00), 0 <y < Cand |nj| < C5~ ' onR.

Let T* be the extinction time of {w%?%* = 0}. A straightforward modification of

Lemma 3.1 of [27] leads to the following claim.

Lemma 14.3 There exists a constant C > 0, which is independent of €, § and a,
such that

. c
WS _ AW®OE — a0 (B — a)| DWSO?| > — 5 i RY x [0, T*],  (3.259)

W — AW®SE — a0 (BE — a) > 0in {p@>* > §/2}, (3.260)
and
IDWSE| = 1 in {p®2€ > §/2}. (3.261)
Finally, set

Wa,S,E(‘x, 1) )

Ut (x, 1) = ¢° (
&

,a) on R x [0, 0). (3.262)

Proposition 14.1 Assume (3.232), (3.234) and (3.235). Then, for every a € (0, 1),
U¢ is a supersolution of (3.231)ife < g9 = €9(8, a) and § < o = do(a).

Proof Since the arguments are similar to the ones used to prove the analogous result
(Proposition 10.2) in [7], here I only sketch the argument. Note that since everything
takes place at the ¢ > 0 level, there is no reason to be concerned about anything
“rough”. Below, for simplicity, I argue as if w®®¢ had actual derivatives, and is left
up to the reader to argue in the viscosity sense. Note that, throughout the proof, o(1)
stands for a function such that lim;_,9 o(1) = 0. Finally, throughout the proof ¢°
and its derivatives are evaluated at (W“"S’g /e t,a).
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Using the equation satisfied by ¢° gives

1 .
Uta,ﬁ,s — AU 4 2 [F(U*%#) —eB(1))

1
== L (DWEP — 1) (3.263)
&

1 c a
+ gE(DWSSE — Awede 47 4 7
& & &

and

W€ (x, 1)
3

JE(x, 1) = qp ,eBE(1) — sa) eBE(1). (3.264)

In view of its definition, it is immediate that |[DW®%¢| < C with C as in (14.3),
while it follows from Lemma 14.1 that, as ¢ — 0 and uniformly in (x, ¢, §, @)

_o(D)
="

J? (3.265)

Three different cases, which depend on the relationship between p%%-¢ and §,
need to be considered.

Ifé/2 < p“*‘s’s < 26, then (3.260), (3.261), (3.253) and the form of ns allow to
rewrite (3.263) as

1 .
Uta,é,e . AUa,(S,e + 2 [f(Ua,(S,e) _ sB(t))

1

z T [CI§ (C: +ap(e B — Sa)> +a+ 0(1)} (3.266)

1 &
= [4z0() +a+0(D)].
It easily now follows that the right side of (3.266) is positive, if € and § are small.
If d*%¢ < 8/2, the choice of ns implies that wade < —38/2. Hence, (3.251)

yields that, for some C > 0,

1 & 1 & —Cé/e
<C .
(96t oldegl = Ce
Then |[DW%%-¢| < C and (3.259) and (3.260) in (3.266) give

1 . 1 a
UPYE = AU 4 LU —eB0O] < =C (o + Dem @ +o(h +

note that, for ¢ small enough the right hand side of the inequality above is positive.
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Finally, if p%%¢ > §, it is possible to conclude as in the previous case
using (3.260) and (3.251).

The proof of the main result is sketched next.

Proof (The Proof of Theorem 14.1) Fix (xo, to) € R? x [0, T*) such that w(xo, fy) =
—pB < 0. The stability of the pathwise solutions yields that, in the limit ¢ — O,
6 — 0and a — 0 and uniformly in (x, 7), w?%¢ — . Thus, for sufficiently small
e,6anda,

w8 (xo, 19) < —g <0. (3.267)

Then U%%¢, which is defined in (3.261), is a supersolution of (3.231) for
sufficiently small ¢ and also satisfies, in view of (3.252),

p(x)
&

U8 (x,0) > ¢°( ,0) on RY,

since
w6, 0) = 15(p(x) +8) = p(x).
The comparison of viscosity solutions of (3.231) then gives
ut < U inRY x [0, T*).

Recall that, in view of (3.267), p“"s’e(xo, to) < 0, and, hence,

lim sup u® (xo, f9) < limsup U*%¢(xq, 19) = —1.
e—>0 e—>0
For the reverse inequality, observe that U (x,1) = —1 —y is asubsolution of (3.231)

if ¢ and y > 0 are chosen sufficiently small as can be seen easily from
0~ A0+ L (F0) +68) = C+ LIy =D +o]
The maximum principle then gives, for all (x, #) and sufficiently small y > 0,
ligl_j(r)lfug(xo, fo) > —1—y.

The conclusion now follows after letting y — 0.
Finally note that a simple modification of the argument above yields the local
uniform convergence of u® to —1 in compact subsets of {w < 0}.
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3.15 Pathwise Entropy/Kinetic Solutions for Scalar
Conservation Laws with Multiplicative Rough Time
Signals

3.15.1 Introduction

Ideas similar to the ones described up to the previous sections were used by Lions
et al. [65, 66], Gess and Souganidis [38—40] and Gess et al. [41] to study pathwise
entropy/kinetic solutions for scalar conservation laws with multiplicative rough time
signals as well as their long time behavior, the existence of invariant measures and
the convergence of general relaxation schemes with error estimates.

To keep the ideas simple the presentation here is about the simplest possible case,
that is the spatially homogeneous initial value problem

d
du+Y Al -dB; =0 in Qr uo(-,0) = up, (3.268)

i=1
with
A= (Al ..., Ag) € C?(R; RY) (3.269)
and merely continuous paths
B = (Bi,..., By) € C([0, 0); RY). (3.270)

If, instead of (3.270), B € C'([0, 00); R?), (3.268) is a “classical” problem with a
well known theory; see, for example, the books by Dafermos [19] and Serre [101].
The solution can develop singularities in the form of shocks (discontinuities). Hence
it is necessary to consider entropy solutions which, although not regular, satisfy the
L' -contraction property established by Kruzkov [47].

Solutions of deterministic non-degenerate conservation laws have remarkable
regularizing effects in Sobolev spaces of low order. It is an interesting question to
see if they are still true in the present case. This is certainly possible with different
exponents as shown in [66] and [39].

Contrary to the Hamilton-Jacobi equation, the approach put forward for (3.268)
does not work for conservation laws with semilinear rough path dependence like

d
du+ Y (A'u)ydt = ®u)-dB in Q7 u(-,0) = uo, (3.271)
i=1

fqr L0
(B1, ..

= (@1,...,P,) € CZ(]R; R™) and an m-dimensional path B =
- Bm).
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Semilinear stochastic conservation laws in Itd’s form like
d . ~
du + Z(A’ (#))x;dt = ®(u)dB in Qr (3.272)
i=1

have been studied by Debussche and Vovelle [20-22], Feng and Nualart [28], Chen
et al. [11], and Hofmanova [43, 44].

It turns out that pathwise solutions are natural in problems with nonlinear
dependence. Indeed, let u, v be solutions of the simple one dimensional problems

du+ A(u)y -dB=0 and dv+ A(w),-dB =0.
Then
dlu —v)+ (A(u) — A(v))x -dB =0.

Multiplying by the sign(z — v) and integrating over R formally leads to

d/ |lu —vldx + / (sign(u —v)(A(u) — A(v)))y -dB =0
R R

and, hence,

d/lu—vldx:O.
R

On the other hand, if du = ®(u) - dB and dv = ®(v) - dB, then the previous
argument cannot be used since the term fR sign(u —v)(® (u) — @ (v)) -d B is neither
0 nor has a sign. More about this is presented in the last subsection.

3.15.2 The Kinetic Theory When B Is Smooth

To make the connection with the “non rough” theory, assume that B €
C((0, 00); RY), in which case du stands for the usual derivative and - is the
usual multiplication and, hence, should be ignored.

The entropy inequality (see [19, 101]), which guarantees the uniqueness of the
weak solutions, is that

d
dS(u) + Z(Ai’s(u))xi -dB; <0 in Or S(u(-,0)) = S(uo), (3.273)
i=1
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for all C? -convex functions S and fluxes AS defined by
/
(As(u)) —aw)S () with a=A".

It is by now well established that the simplest way to handle conservation laws
is through their kinetic formulation developed through a series of papers—see
Perthame and Tadmor [92], Lions et al. [62], Perthame [89, 90], and Lions et al.
[64]. The basic idea is to write a linear equation on the nonlinear function

+1 if 0=<§&=<ux,1),

x(x, &, 1) = xux, 1), =1-1 if wukx,1<E&<0, (3.274)

0 otherwise.

The kinetic formulation states that using the entropy inequalities (3.273) for all
convex entropies S is equivalent to x solving, in the sense of distributions,

d
i o . d
dx—i—Z;A(é)axix dB; =0dmdt in R x R x (0,00) x(x,&,0) (3.275)
1=

= X (uo(x), &),

where
m is a nonnegative bounded measure in RY x R x (0, 00). (3.276)

At least formally, one direction of this equivalence can be seen easily. Indeed since,
forall (x,1) € RY x (0, 00),

S(u(x,n) = S0) = /S’(E)X(u(x, 1), §)ds,

multiplying (3.275) by S§’(&) and integrating in & leads to (3.273).

The next proposition, which is stated without proof, summarizes the basic
estimates of the kinetic theory, which hold for smooth paths and are independent
of the regularity of the paths. They are the L”(Q7) and BV (Q7) bounds (for all
T > 0) for the solutions, as well as the bounds on the kinetic defect measures m,
which imply that the latter are weakly continuous in & as measures on Q7.
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Proposition 15.1 Assume (3.269). The entropy solutions to (3.268) satisfy, for all
t >0,

N, Ol way < lluollprwaey forall  pe[l,o0], (3.277)
[1Du(, Ol 1 ey < [1Duollp1ray, (3.278)

(EeR:|x(x,&1t) >0} C[—|ulx,t)|,|ulx,t)|]] forall (x,t) € R x (0, 00),

(3.279)
| [ [ mer e nxazdr < ol g, (3.280)
o0
/ / m(x,§, 0)dx dt < |luollpiray forall §€eR, (3.281)
0 R4
and, for all smooth test functions ¥,
d o0
J / / Yx,)mx, &, t)dx dt
§Jo Jrd (3.282)

= (1Dl oy + 19 Oll ooy |10l 13 -

The next observation is the backbone of the theory of pathwise entropy/kinetic
solutions. The reader will recognize ideas described already in the earlier parts of
these notes.

Since the flux in (3.268) is independent of x, it is possible to use the char-
acteristics associated with (3.275) to derive an identity which is equivalent to
solving (3.275) in the sense of distributions. Indeed, choose

po € Coo(Rd) such that pg >0 and / po(x)dx =1, (3.283)
R4

and observe that

p(y,x, & 1) = po(y — x +a@B(), (3.284)

where

a(§)B(1) := (a1(§) B1(1), a2(§) B2 (1), ..., an (§) BN (1)), (3.285)
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solves the linear transport equation (recall that in this subsection it is assumed that
B is smooth)

d
dp+ Y Al(E)dyp-dBi =0 in RY x R x (0, 00),
i=1

and, hence,

d
dp(y,x,§,0)x(x,§,1) + ZAi(E)axi (p(y,x,8,0)x(x,§,1)) -dB;
i=1 (3.286)

=p(y,x,&,1)0em(x, &, t)dt.

Integrating (3.286) with respect to x (recall that pp has compact support) yields that,
in the sense of distributions in R x (0, 00),

d
d / x(x,&,t)p(y,x,é,t)dxzf p(y,x,§,1)0m(x, &, 1)dx. (3.287)
t Jrd R4

Observe that, although the regularity of the path was used to derive (3.287),
the actual conclusion does not need it. In particular, (3.287) holds for paths
which are only continuous. Moreover, (3.287) is basically equivalent to the kinetic
formulation, if the measure m satisfies (3.276).

Finally, note that (3.287) makes sense only after integrating with respect to &
against a test function. This requires that a’ € C!(R; R?) as long as we only use
that m is a measure. Indeed, integrating against a test function ¥ yields

/ W (E)p(y. x. £, Ddem(x, £, 1) dxdE
RdH

= —/ » Y Ep(y,x, & 1) m(x, & 1) dxds

R4

d
+/ WE 9oy, x, € 0(@) €)Bi(1) m(x, £ 1) dxdg
Rd+1

i=1

and all the terms make sense as continuous functions tested against a measure.

Some (new) estimates and identities, needed for the proof of the main results of
this section and derived from (3.287), are stated next. Here § denotes the Dirac mass
at the origin.

Proposition 15.2 Assume (3.269) and ug € (L' N L>® N BV)(R?). Then, for all
t >0,

d
/ [x(x, &, 1)|dx d§ = —2/ m(x,0,dx, (3.288)
dt Jra+i Rd
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and
/ / 8 —u(z, 1) p(y, 2,6, 0)p(y,x, & 1) m(t, x,§)dxdydzd§
Rd+1 JR2d

2
=;;{,f [(/ x(x,é,t)p(y,x,é,t)dX> X, & D[1dydE.
Rd+l Rd
(3.289)

Proof The first identity is classical and is obtained from multiplying (3.268)
by sign(§) and using that the fact that sign(§)x(x,&,t) = |x(x,&,t)|. Notice
that taking the value & = O in m is allowed by the Lipschitz regularity in
Proposition 15.1.

The proof of (3.289) uses the regularization kernel along the characteris-
tics (3.284). Indeed, (3.287) and the facts that x¢(z,&,1) = 8§(§) — 8(§ — u(z, 1))
and, for all £ € R,

// Xz, & D[Dyp(y,z, 6, D)p(y, x,§,1)
]Rd ]RZd
+p(y, 2,6, 0)Dyp(y, x,§, )1 m(t, x, §)dzdxdy = 0,

which follows from the observation that the integrand is an exact derivative with
respect to y.

1d )
2dt ‘/RdJrl <‘/RdX(x’§’t)p(y7 x,é,t)d_x) dydg

:f [/ x(z,é,t)p(y,z,é,t)dZ/ ,O(y,x,S,t)agM(x,EJ)dx}dydé
]RzHl Rd Rd

_ _/ [8(€) — 8¢ — u(z,1))]
Rd+1 JR2d

xp(y,z, 6000, x,& 1) m(x, &, t)dzdxdydé

=—/ m(x, 0, t)dx
R4

+/ / S(E — u(z, 0)p(y. 2. £, Dp(y, x, £, 1) m(x, £, D)dzdxdydE.
Rd+l RZ:{

Using next (3.288) gives (3.289).
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3.15.3 Dissipative Solutions

The notion of dissipative solutions, which was studied by Perthame and Souganidis
[91], is equivalent to that of entropy solutions. The interest in them is twofold.
Firstly, the definition resembles and enjoys the same flexibility as the one for
viscosity solutions in, of course, the appropriate function space. Secondly, in
defining them, it is not necessary to talk at all about entropies, shocks, etc.

It is said that u € L>((0, T), (L' ﬂLo")(Rd)) is a dissipative solution of (3.268),
if, for all ¥ € C([0, c0); Cfo(Rd)) and all ¥ € C(R; [0, 00)), where the
subscript ¢ means compactly supported, in the sense of distributions,

d/ /w(k)(u—k—gv)+dxdk5/ /I/f(k)signJr(u—k—lI/)
dt R4 JR R4 JR

d
x (=¥, — Z 3y, (AL (W) - d B;)dxdk.
i=1

To provide an equivalent definition which will allow to go around the difficulties
with inequalities mentioned earlier, it is necessary to take a small detour to recall
the classical fact that, under our regularity assumptions on the flux and paths, for
any ¢ € C° (R) and any #9 > 0, there exists 42 > 0, which depends on ¢, such that
the problem

d
dlf/—i—z 3, (A'(¥))-dB; =0 in RYx(tg—h, t19+h) (1) =¢, (3.290)
i=1

has a smooth solution given by the method of characteristics.

It is left up to the reader to check that the definition of the dissipative solution is
equivalent to saying that, for ¢ € C>° R, ¢ € CX(R; [0, 00)) and any f9 > O,
there exists 42 > 0, which depends on ¢, such that, if ¥ and h > 0 are as in (3.290),
then in the sense of distributions

d _
/ /w(k)(u — k=P, dxdk <0 in (t— h, 1o + h).
dt RrRd JR

3.15.4 Pathwise Kinetic/Entropy Solutions

The following definition is motivated by the theory of pathwise viscosity solutions.

Definition 15.1 Assume (3.269) and (3.270). Then u € (L' N L®)(Q7) is a
pathwise kinetic/entropy solution to (3.268), if there exists a nonnegative bounded
measure m on R? x R x (0, o0) such that, for all test functions p given by (3.284)
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with pp satisfying (3.283), in the sense of distributions in R x (0, 00),

d
d / x(x,é,t)p(y,x,é,t)dx=/ oy, x, 8 1)m(x,§ n)dx.  (3.291)
t JRrd R4

The main result is:

Theorem 15.1 Assume (3.269), (3.270) and ug € (L' N L°°)(Rd). ForallT > 0
there exists a unique pathwise entropy/kinetic solution u € C([O, 00); Ll(Rd)) N
L*®(Qr) to (3.268) and (3.277), (3.75), (3.280), (3.281) and (3.282) hold. In
addition, any pathwise entropy solutions ui, up € C([O, 00); Ll(Rd)) to (3.268)
satisfy, for all t > 0O, the contraction property

lua (o 1) = w1 -, Dl gay < N2, 0) =y, 0)l 1 gy - (3.292)

Moreover, there exists a uniform constant C > 0 such that, if, fori = 1,2, u; is the
pathwise entropy/kinetic solution to (3.268) with path B; and u; o € B V(RY), then
u1 and uy satisfy, for all t > 0, the contraction property

lua(, 1) —ur(, Ol prray < lluz,0 — w0l L1 (rdy
+ Clllall(Ju1,0l gy ray + 12,0l gy rey) |(B1 — B2) (2] (3.293)

+ (Yesn(lopt) |B1 — B2 lu1,0l7 2 g,y + 2,017 2wy D21

Looking carefully into the proof of (3.293) for smooth paths, it is possible to
establish, after some approximations, an estimate similar to (3.293), for non BV -
data, with a rate that depends on the modulus of continuity in L! of the initial data.
It is also possible to obtain an error estimate for different fluxes. The details for both
are left to the interested reader.

3.15.5 Estimates for Regular Paths

Following ideas from the earlier parts of the notes, the solution operator of (3.268)
may be thought of as the unique extension of the solution operators with regular
paths. It is therefore necessary to study first (3.268) with smooth paths and to obtain
estimates that allow to prove that the solutions corresponding to any regularization
of the same path converge to the same limit, which is a pathwise entropy/kinetic
solution. The intrinsic uniqueness for the latter is proved later.

The key step is a new estimate, which depends only on the sup-norm of B and
yields compactness with respect to time.
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Theorem 15.2 Assume (3.269) and, for i = 1,2, ujg € (L' N L>® N BV)RY).
Consider two smooth paths By and By and the corresponding solutions uy and us
to (3.268). There exists a uniform constant C > 0 such that, for all t > 0, (3.293)
holds.

The proof of Theorem 15.2, which is long and technical, can be found in [65]. It
combines the uniqueness proof for scalar conservation laws based on the kinetic
formulation of [89, 90] and the regularization method along the characteristics
introduced for Hamilton-Jacobi equations in [71, 74-77].

3.15.6 The Proof of Theorem 15.1

The existence of a pathwise kinetic/entropy solution follows easily. Indeed, the
estimate of Theorem 15.2 implies that, for every ug € (L'NL*®N BV)(Rd) and
for every T > 0, the mapping B € C([0, T]; RY) > u € C([0, T]; L' (R?)) is well
defined and uniformly continuous with the respect to the norm of C([0, T]; Rd).
Therefore, by density, it has a unique extension to C([0, T']). Passing to the limit
gives the contraction properties (3.292) and (3.293) as well as (15.1). Once (3.292)
is available for initial data in BV (R?), the extension to general data is immediate
by density.

The next step is to show that pathwise kinetic/entropy satisfying (15.1) are intrin-
sically unique in an intrinsic sense. The contraction property only proves uniqueness
of the solution built by the above regularization process. It is, however, possible to
prove that (3.291) implies uniqueness. Indeed, for BV -data, the estimates in the
proof of Theorem 15.2 only use the equality of Definition 15.1. From there the only
nonlinear manipulation needed is to check that

1d . J 2

- /R (/Rdx(x,s, (Y, X, €, 1) x)

=/ ([ x(x,é,t)p(y,x,é,t)dX>
Rd+l ]Rd

d
Xd/ </ x(x,s,t)p(y,x,é,t)dx>-
t JRrd+1 R4

This is justified after time regularization by convolution because it has been assumed
that solutions belong to C([0, T); L'(R?)) for all T > 0. This fact also allows to
justify that the right hand side

/ (/ x(x,E,t)p(y,x,é,t)dX)/ /x(z,é,t)p(y,z,é,t)dz
Ré+1 \JR4 Rd+1 JRd

/p(y,x,é,t)axix(x,é,t)dx
]Rd



200 P. E. Souganidis

can be analyzed by a usual integration by parts, because it is possible to incorporate
a convolution in & before forming the square. All these technicalities are standard
and I omit them. The uniqueness for general data requires one more layer of
approximation.

3.15.7 The Semilinear Problem

Based on the results of Sect. 3.5, it is natural to expect that the approach developed
earlier will also be applicable to the semilinear problem (3.271) to yield a pathwise
theory of stochastic entropy solutions. It turns out, however, that this not the case.
To keep things simple, here it is assumed that d = 1, B = ¢ and B ¢
C([0, 00); R) is a single continuous path. Consider, for @ € C 2(]R; R), the problem

du + divA(u)dt = @) -dB in Q7 u = uyp. (3.294)

Following the earlier considerations as well as the analogous problem for Hamilton-
Jacobi equations, it is assumed that, for each v € R and T > 0, the initial value
problem

d¥ = ® (W) -dB in (0,00) ¥(0)=v, (3.295)
has a unique solution ¥ (v; -) € C([0, T]; R) such that, forall r € [0, T,
(1) e C'(R; R). (3.296)

According to [77], to study (3.294) it is natural to consider a change of unknown
given by the Doss-Sussman-type transformation

u(x,t) =¥wx,t),1). (3.297)

Assuming for a moment that B and, hence, ¥ are smooth with respect to ¢
and (3.294) and (3.295) have classical solutions, it follows, after a straightforward
calculation, that

v, +divA(v, 1) =0 in Or v = uo, (3.298)

where A € CO1(R x [0, T]) is given by A’ (v, 1) = A'(¥ (v, 1)).

Under the above assumptions on the flux and the forcing term, the theory of
entropy solutions of scalar conservation laws applies to (3.298) and yields the
existence of a unique entropy solution.
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Hence, exactly as in Sect. 3.5, it is tempting to define u € (L1 NL*®)(Qr), forall
T > 0, to be a pathwise entropy/kinetic solution of (3.294) if v € (L1 N L*®)(Q0r)
defined, for all T > 0, by (3.297) is an entropy solution of (3.298).

This does not, however, lead to a well-posed theory. The difficulty is best seen
when adding a small viscosity v to (3.294), and, hence, considering the approximate
equation

u; +divA(u) = ® () -dB + vAu,

and, after the transformation (3.297), the problem

v+ (a(llf(v(x, 1), t)), Dv) = w (v()‘c) 0.1) AV (v(x,1),1)

Py 2
=vAv + v( v Y(w(x,t),t)|Dv|”.
v

If the approach based on (3.297) were correct, one would expect to get, after
letting v — 0, (3.298). This, however, does not seem to be the case due to the lack
of the necessary a priori bounds to pass to the limit.

The problem is, however, not just a technicality but something deeper. Indeed the
transformation (3.297) does not, in general, preserve the shocks unless, as an easy
calculation shows, the forcing is linear.

Assume that d = 1 and B(t) = t, let H be the Heaviside step function and
consider the semilinear Burgers equation

up + ;(uz)x =®(u) in Or uo=H, (3.299)
with @ such that
®0)=0, @®1)=0, and @(u) > 0 for u € (0, 1). (3.300)
It is easily seen that the entropy solution of (3.299) is

1for x <¢/2,

ulx,t) = {
0for x > t/2.
Next consider the transformation u = ¥ (v, ) with ¥ (v; 1) = ®(¥(v; 1)), and
¥ (v;0) =v.
Since, in view of (3.300), ¥ (0;¢) = ¥(1;¢t) = 1, and ¥ (v;t) > v for v €
(0, 1), it follows that the flux for the equation for v is

X(v, 1) = /v ¥ (w; )dw,
0
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and the entropy solution with initial data ug is v(x,7) = H(x — x(¢)) with the
Rankine-Hugoniot condition

1 1
. 1
x (1) =/ v (w; t)ydw > / wdw = _,
0 0 2

which shows that the shock waves are not preserved.

The final point is that, when B is a Brownian path, it is more natural to consider
contractions in L' (R? x £2) instead of L1 (R?) a.s. in  for (3.271). To fix the
ideas take A = 0 and B a Brownian motion and consider the stochastic initial value
problem

du =®(u)odB in (0,00) u(-,0) = ugp. (3.301)

If uy,up are solutions to (3.301) with initial data u; g, uz0 respectively, then,
subtracting the two equations, multiplying by sign(u#; — u3), taking expectations
and using Itd’s calculus, gives, for some C > 0 depending on bounds on @ and its
derivatives,

E/ lui(x, 1) —us(x, t)|dx < exp(Ct)E/ ud (x) — ud(x)|dx,

while it is not possible, in general, to get an almost sure inequality on
Slui(x, 13 0) —ua(x, t, w)|dx.
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Appendix: A Brief Review of the Theory of Viscosity Solutions
in the Deterministic Setting

This is a summary of several facts about the theory of viscosity solutions of
Hamilton-Jacobi equations that are used in these notes. At several places, an attempt
is made to motivate the definitions and the arguments. This review is very limited
in scope. Good references are the books by Bardi and Capuzzo-Dolceta [2], Barles
[4], Fleming and Soner [29], the CIME notes [3] and the “User’s Guide” by Crandall
etal. [17].
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The Method of Characteristics

Consider the initial value problem
uy = H(Du,x) in Qr u(-,0) = uop. (3.302)
The classical method of characteristics yields, for smooth H and uq, short time

smooth solutions of (3.302). Indeed, assume that H, ug € C 2. The characteristics
associated with (3.302) are the solutions of the system of odes

X =-D,H(P, X),
P =D.H(P,X), (3.303)
U= (H(P,X) - (DyH(P, X), P))
with initial conditions
X(x,00=x, Px,0 =Dup(x) and U(x,0)=ugx). (3.304)
The connection between (3.302) and (3.303) is made through the relationship
Ult)=u(X(x,1),t) and P(t) = Du(X(x,1),1).
The issue is then the invertibility, with respect to x, of the map x — X(x,1?).
A simple calculation involving the Jacobian of X shows that x — X(¢,x) is a

diffeomorphismin (—7*, T*) with

T* = (ID*H|| | D*uol) ™" .

Viscosity Solutions and Comparison Principle

Passing next to the issues of the definition and well-posedness of weak solutions, to
keep the ideas simple, it is convenient to consider the two simple problems

u; = HDu)Bin Q7  u(-,0) = uo, (3.305)
and
u+ H(Du) = finR?, (3.306)

and to assume that H € C(R?), B € C'(R) and f € BUC(R?).
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Nonlinear first-order equations do not have in general smooth solutions. This can
be easily seen with explicit examples. On the other hand, it is natural to expect,
in view of the many applications, like control theory, front propagation, etc., that
global, not necessarily smooth solutions, must exist for all time and must satisfy
a comparison principle. For (3.305) this will mean that if ug < vo, then u(-, 1) <
v(-, 1) for all t > 0 and, for (3.306), if f < g, thenu < v.

To motivate the definition of the viscosity solutions it is useful to proceed, in a
formal way, to prove this comparison principle.

Beginning with (3.306), it is assumed that, for i = 1, 2, u; solves (3.306) with
right hand side f;. To avoid further technicalities it is further assumed that the u;’s
and f;’s are periodic in the unit cube. The goal is to show that if f; < f», then
u1 < uo.

The “classical” proof consists of looking at max(«; — u3) which, in view of the
assumed periodicity, is attained at some xg € R4, that is,

(w1 — uz)(xp) = max(u; — uy) .

If both u; and u, are differentiable at xg, then Dui(xg) = Dus(xo) , and then it
follows from the equations that

(ur —u2)(x0) = (f1 — f2)(x0) .
Observe that to prove that u; < uj, it is enough to have that
ur+HDuy) < fi and ux+ H(Duz) 2 fa,

that is, it suffices for 1 and u» to be respectively a subsolution and a supersolution.
Turning now to (3.305), it is again assumed the data is periodic in space. If, for
i = 1,2, u; solves (3.305) and u;(-, 0) < us(-, 0), the aim is to show that, for all
t>0,u1(-, 1) Sup(-, ).
Fix § > 0 and let (xo, fo) be such that

(w1 — uz)(xo, to) — 8ty = max  (ui(x,t) —ua(x,t) —8t).
(x,HeRIx[0,T]

If 7o € (0, T] and u1, uy are differentiable at (xg, fg), then
Dui(xo, t0) = Duz(xo,t0) and uy (xo,t0) > uz(xo, to) + 9.

Since evaluating the equations at (xo, 7o) yields a contradiction, it must be that #p =
0, and, hence,

max  ((u1 —u2)(x, ) — 8t) < max(ui (-, 0) —u2(-,0) = 0.
(x,)eRIX[0,T] Rd

Letting 6 — 0 leads to the desired conclusion.
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The previous arguments use, of course, strongly the fact that #; and u, are both
differentiable at the maximum of u; — uy, which is not the case in general. This
is a major difficulty that is overcome using the notion of viscosity solution, which
relaxes the need to have differentiable solutions.

The definition of the viscosity solutions for the general problems

u; = F(D*u, Du,u,x,t) in U x (0, T], (3.307)
and
F(D*u,Du,u,x)=0 in U, (3.308)

where U is an open subset of R?, is introduced next.
Definition 1

(i) u e CU x (0,T]) (resp. u € C(U)) is a viscosity subsolution of (3.307)
(resp. (3.308)), if, for all smooth test functions of u — ¢ and all maximum
points (xq, fo) € U x (0, T] (resp. resp. xo € U) of u — ¢

¢ + F(D*¢, Db, u, x0,10) 0 (resp. F(D*¢, D, u, x0) < 0) .

(i) u € C(U x (0, T]) (resp. u € C(U)) is a viscosity supersolution of (3.307)
(resp. (3.308)) if, for all smooth test functions ¢ and all minimum points
(x0,10) € U x (0, T] (resp. xo € U) of u — ¢,

¢1 + F(D*¢, Db, u, x0,10) =0 (resp. F(D*¢, D, u, x0) = 0) .

(i) u € CU x (0,T)) (resp. u € C(U)) is a viscosity solution of (3.307)
(resp. (3.308)) if it is both a sub- and super-solution. of (3.307) (resp. (3.308)).

In the definition above, maxima (resp. minima) can be either global or local.
Moreover, ¢ may have any regularity, C' being the least required for first-order
and C?! for second-order equations.

Using the definition of viscosity solution, it is possible to make the previous
heuristic proof rigorous and to show the well-posedness of the solutions.

A general comparison result for (3.305) and (3.306) is stated and proved next.

Theorem 1

(i) Assume H € CR?), f,g € BUCRY) and let u,v € BUCR?) be
respectively viscosity subsolution and supersolution of (3.306) with right hand
side f and g respectively. Then — supga(u — v)1+ < sup(f — g)+-

(ii) Assume H € RY, B € C'(R), ug, vo € BUC(R?) and letu,v € BUC(Q7)
be respectively viscosity sub- and super-solutions of (3.305) with initial data
ug and vy respectively. Then, for allt € [0, T],  supga(u(-, 1) — v(-, 1))+ =
sup(uop — vo)+-
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Proof To simplify the argument it is assumed throughout the proof that f, g, ug, vo,
u and v are periodic in the unit cube. This assumption guarantees that all suprema
in the statement are actually achieved and are therefore maxima. The general result
is proved by introducing appropriate penalization at infinity, i.e., considering, in the
case of (3.306) for example, sup(u(x) — v(x) — a|x|?) and then letting « — 0; see
[4] and [17] for all the arguments and variations.

Consider first (3.306). The key technical step is to double the variables by
introducing the new function z(x,y) = u(x) — v(y) which solves the doubled
equation

2+ H(Dyz) — H(—=Dyz) < f(x) — g(y) in RY x RY. (3.309)
Indeed if, for a test function ¢, z — ¢ attains a maximum at (xg, yo), then u(x) —
¢ (x, yo) and v(y) + ¢ (xp, y) attain respectively a maximum at xo, and a minimum

at yo. Therefore

u(x) + H(Dx¢(xo0, y0)) = f(xo) and v(yo) + H(=Dy¢(x0,y0)) = f (o),

and the claim follows by subtracting these two inequalities.

To prove the comparison result, z is compared with a smooth function, which is
“almost” a solution, that is, in the case at hand, a function of x — y.

It turns out that the most convenient choice is, for an appropriate a,,

1 2
Pe(x,y) = ) |x — yI” + a..

&

Indeed
1
Qe+ H (Dxpe))—H(—=Dyde)—(f(x)—g(y)) = 2e lx—y[*+as—(f (x)—g(y) = 0,
if
as =max(f —g)+v, and v, =max (g(X) —g(y) — 218 lx — y|2> ;

note that, since g is uniformly continuous, limg_.g v = 0.
Let (x., ys) be such that

2(Xe, Ye) — P(xe, ye) = max (z — @) .
R4 xR4
Then

2(Xe, ye) + H(Dx @ (xe, ye) — H(—Dyd(xe, ye)) < flxe) —g(ye) -
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On the other hand, it is known that

¢ (xe, ye) + H(Dx¢(xe, ye)) — H(—=Dyd(xe, ye)) = f(xe) — g(¥e) -
It follows that
2(Xe, ye) = P (xe, Ye)
and, hence,
z<¢ in R xR?.
Letting x = y in the above inequality yields
u(x) —v(x) = ¢(x,x) = a, = max(f — g) + ve
and, after sending ¢ — O,
max(u —v) £ max(f — g) .

The comparison for (3.305) is proved similarly. In the course of the proof, however,
it is not necessary to double the #-variable, since the equation is linear in the time
derivative. This fact plays an important role in the analysis of the pathwise pde when
B is merely continuous.

To this end, define the function

2(x, y,t,8) = ulx, 1) —v(y,s),

and observe, as before, that

2 — 25 £ H(Dx2) B(t) — H(—=Dyz2)B(s) in RY x R? x (0, 00) x (0, 00) .
On the other hand, it is possible to show that

2(x,y,t) =ux,t) —v(y, t)
actually satisfies
2 < (H(Dyz) — H(=Dy2))B in RY x R? x (0, 00) . (3.310)

Indeed, fix a smooth ¢ and let (xo, yo, fo) be a (strict) local maximum of (x, y, t) —

z(x,y,t) — ¢(x,y,t). Since all functions are assumed to be periodic with respect
to the spatial variable, the penalized function

1
uGr, ) = v(y,9) =, 3,0 = (1 = 5)?
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achieves a local maximum at (xg, yg, ty, sheta). It follows that, as § — 0,

(x0, Yo, 19, S9) —> (X0, Y0, 0 0)-
Applying the definition to the function u(x, t) — v(y, s) gives at (xg, Yo, t9, Sg)

1 1 . .
b+ o —50) — (I — So) < H(Dx¢)B(t9) — H(—Dy¢)B(sp)
and, after letting & — 0 and using the assumption that B € C', at (xo, o, 7).
¢ = (H(Dx¢) — H(=Dy¢))B.
Since
1 2
¢e(x.y) =, 1x =yl
e

is a smooth supersolution of (3.310), it follows immediately, after repeating an
earlier argument, that

1
max (u(x,0) —v(y,0) — _ |x — y|2)
d 2¢e

1
ux,t) —v(y,n < _ x—yP*+
2¢e x,yeR
and, after letting ¢ — 0,

max(u(x,t) — v(x, 1)) < max(u(x, 0) — v(x, 0))) .
R4 R4

Formulae for Solutions

The next item in this review is the control interpretation of Hamilton-Jacobi
equation. For simplicity here B = 1.
Consider the controlled system of ode

X)) =b(x(),a(t)) x(©0)=xecR,
where b : RY x A — R? is bounded and Lipschitz continuous with respect to
x uniformly in «, A is a compact subset of RM for some M, the measurable map

t — a; € Ais the control, and (x;),> is the state variable.
The associated cost function is given by

t
J(x, 1, 0.) =/ J(x(9), ae(s))dt + uo(x (1)),
0
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where ug € BUC(R?) is the terminal cost and f : RY x A — R is the running
cost, which is also assumed to be bounded and Lipschitz continuous with respect to
x uniformly in «.

The goal is to minimize—one can, of course, consider maximization—the cost
function J over all possible controls. The value function is

ulx,t) =inf J(x,t,a.) . (3.311)

The key tool to study u is the dynamic programming principle, which is nothing
more than the semigroup property. It states that, for any T € (0, 1),

u(x,t) = infl:/r f(x(s),a(s)ds +ulx(r),t — t)i| . (3.312)
o. 0

Its proof, which is straightforward, is based on the elementary observation that when
pieced together, optimal controls and paths in [, b] and [b, c] form an optimal path
for [a, c].

The following formal argument, which can be made rigorous using viscosity
solutions and test functions shows the connection between the dynamic program-
ming and the Hamilton-Jacobi equation.

Using the dynamic programming identity, with T = & small, yields

ulx,t) ~ ior}f(hf(x, o)+ Dyu(x,t)-b(x,o)h) +ulx,t) —u;(x,t)h ,
and, hence,
u; +sup[—Dyu - b(x,a) — f(x,x)] =0,
«
that is
u+ HDu,x)=0 in RY x (0, 00),
where the (convex) Hamiltonian H is given by the formula

H(p,x) = sup[—(p,b(x,@)) — f(x,2)].

Recall that, if H : RY — R is convex, then

H(p) = sup ((p,q) — H*(p)),
qeR4
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where H* is the Legendre transform of H defined by

H*(q) = sup ((q, p) — H(p)) .
peRd

The Legendre transform H* of any continuous, not necessarily convex, H : R? —
R is convex.
When H : RY x R? — R is convex, the previous discussion provides a formula
for the viscosity solution of the Hamilton-Jacobi equation
u;+H(Du,x) =0 in Qr, u(-,0)=up on R (3.313)

Indeed recall that

H(p,x) =sup[(p,q) — H* (g, x)]
q

and consider the controlled system
X)) =q@) x(0)=x,
and the pay-off

t
J(x,t,q) = uo(x(1)) +/O H*(q(s), x(s))ds.

The theory of viscosity solutions (see [4, 58]) yields that

13
u(x,t) = i(r{lf |:u0(x(t)) + / H*(q(s), x(s)) dsi| . (3.314)
: 0

When H does not depend on x, then (3.314) can be simplified considerably. Indeed,
applying Jensen’s inequality to the representation formula (3.314) of the viscosity
solution u of

ur+HDu) =0 in Or u(-,0) =uy on R?, (3.315)

yields the Lax-Oleinik formula

u(x,t) = inf [uo(y)—i-tH*(x_y)] (3.316)
yeRd 14

A similar argument, when H is concave, yields

u(x,1) = sup [uo(y) —HC T y)} : (3.317)
yeRd !
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The existence of viscosity solution follows either directly using Perron’s method
(see [17]), which yields the solution as the maximal (resp. minimal) subsolution
(resp. supersolution) or indirectly by considering regularizations of the equation, the
most commonly used consisting of “adding” —e Au? to the equation and passing to
the limit ¢ — 0.

A summary follows of some of the key facts about viscosity solutions of the
initial value problem (3.315), which are used in the notes, for H € C (R?) and
ug € BUC(RY).

The results discussed earlier yield that there exists a unique solution u €
BUC(Qr). In particular, u = Sy(t)up , with the solution operator Sy (¢)
BUC(R“') — BUC(R“') a strongly continuous semigroup, that is, for s, # > 0,

St +5) = Su(®)SH($).
The time homogeneity of the equation also yields, for ¢ > 0, the identity
Su() = Sia(1).

Moreover, Sy commutes with translations, additions of constants and is order-
preserving, and, hence, a contraction in the sup-norm, that is,

1(SH@u — Su V) £lloo = N — V)t lloo-

If up € C%'(R?), the space homogeneity of H and the contraction property
yield, that, for all > 0, Sy (*)u € Co’l(Rd) and, moreover,

IDSH@)uoll < || Duoll.

It also follows from the order preserving property that, for all u, v € BUC(R?)
andr > 0,

Sy (1) max(u, v) = max(Sy(@)u, Sy ()v)
and
Sy () min(u, v) < min(Sy(H)u, Sy (H)v) .

Finally, it can be easily seen from the definition of viscosity solutions that, if, for
i €I, u; is a sub-(resp. super-solution), then sup; u; is a subsolution (resp. inf; u; a
supersolution).

A natural question is whether there are any other explicit formulae for the
solutions of (3.315); recall that for H convex/concave, the solutions satisfy the Lax-
Oleinik formula.
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It turns out there exists another formula, known as the Hopf formula, which does
not require H to have any concavity/convexity property as long as the initial datum
is convex/concave.

For definiteness, here it is assumed that u( is convex, and denote by uz") its
Legendre transform.

It is immediate that, for any p € R4, the function up(x,t) =(p,x) +tH(p)is
a viscosity solution of (3.315) and, hence, in view of the previous discussion,

v(x, 1) = supl[(p, x)+tH(p) —ui(p)l, (3.318)
peR?

is a subsolution of (3.315).
The claim is that, if u¢ is convex, then v is actually a solution. Since this fact
plays an important role in the analysis, it is stated as a separate proposition.

Proposition 1 Let H € C(RY) and assume that ug € BUC(R?) is convex. The
unique viscosity solutionu € BUC(Qr) of (3.315) is given by (3.318).

Proof If H is either convex or concave, the claim follows using the Lax-Oleinik
formula. Assume, for example, that H is convex. Then

sup [(p, x) +tH(p) — ug(p)] = sup [{p,x) +1 sup ((p.q) — H*(q)) — ug(p)]
peR? peRd geR?

= sup sup [(p,x) +1(p.q) —tH*(q) — ug(p)]
peRd geRd

= sup sup [(p,x +1tq) —uj(p) — tH*(q)]
geRd peRd

= sup [uo(x +tq) —tH*(q)]
geRd

wx, Y X
= sup [uo(y) —tH™( , )]

yeRd

If H is concave, the argument is similar, provided the min-max theorem is used to
interchange the sup and inf that appear in the formula.

For the general case the first step is that the map F(r) : BUC(RY) — BUC (RY)
defined by

F(uo(x) = sup [{p, x) +tH(p) — ug(p)]
peRd

has the semi-group property, that is,

F(t+s) = F()F(s).
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If up is convex, then F(t)ug is also convex, since it is the sup of linear functions,
and, moreover,

F(tuo = (uf — tH)*.

In view of this observation and the fact that, if w is convex then w = w™**, the
semigroup identity follows if it shown that

(uy— (t+s)H)™ = ((ug — sH)™ —tH)** .

On the other hand, the definition of the Legendre transform, the min-max theorems
and the fact that

sup (z, x) =
xeRd

4+oo if z#0,
0 if z=0,

yield, for T > 0, the following sequence of equalities:

(g — TH)™(y) = sup [(y, x) — (ug — TH)*(x)]

xeR4

sup [(y, x) — sup [(x, p) + TH(p) — uj(p)]]
xeR4 peRd

= sup inf [(y — p,x) — tH(p) + ugy(p)]
xeRd pE]Rd

inf sup [(y — p,x) —tH(p) +us(p)] = uj(y) — tH(p) .
pERdxeRd

It follows that
(uy— (t+s)H)™* =uj— (1t +s)H
=uy—sH—tH = (uj —sH)"" —tH
= ((uy— sH)™ —tH)*" .

Next it is shown that actually (3.318) is a viscosity solution. In view of the previous
discussion, it is only needed to check the super-solution property.

Assume that, for some smooth ¢, v — ¢ attains a minimum at (xg, 7o) with 79 > 0.
Let p = D¢ (xo, tp) and A = ¢, (xo, tp). The convexity of v yields that, for all (x, )
and i € (0, 1p),

v(x, 10 —h) 2 v(xo,10) + (p,x —x0) — A+ o(h) .
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Since
v(xo, fo) = F(R)v(-, to — h)(x0),
it follows that
v(xo, fo) = F(h)(v(x0, f0) + (P, - — x0))(x0) — Ah + o(h) ,
and, finally,
A Z hH(p) +o(h) .

Dividing by & and letting & — 0 gives A = H (p).

The above proof is a typical argument in the theory of viscosity solutions
which has been used by Lions [59] to give a characterization of viscosity solutions
and Souganidis [102] and Barles and Souganidis [5] to prove convergence of
approximations to viscosity solutions. Similar arguments were also used by Lions
[60] in image processing and Barles and Souganidis [6] to study front propagation.

It is a natural question to investigate whether the Hopf formula can be used for
more general Hamilton-Jacobi equations with possible dependence on (u, x).

A first requirement for such formula to hold is that the equation must preserve
convexity, that is, if u¢ is convex, then u(-, ) must be convex for all # > 0.

It turns out that the general form of Hamiltonian’s satisfying this latter property
is

d
H(p,u,x) = ijHj(Du) + uHy(Du) + G(Du) .
j=1

To establish a Hopf-type formula, it is necessary to look at solutions starting with
linear initial data, that is, for some p € R anda € R,,

up(x) = <p’x> +a.

If there is a Hopf-type formula, the solution u starting with uo as above must be of
the form

u(x,t) = P()x + A(t) with A©0)=a and P(0) = p.

A straightforward computation yields that P and A must satisfy, for H =
(Hy, ..., Hy), the ode

P =H(P)+ Hy(P)P and A = Hy(P)A + G(P).
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Whether the function

sup [(P(1), x) + A(1)]
peRd

with A(0) = —u{(p) is a solution of the Hamilton-Jacobi equation is an open ques-
tion in general. Some special cases can be analyzed under additional assumptions
on the H'’s, Hy, etc.
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Chapter 4 )
Random Data Wave Equations Sheiie

Nikolay Tzvetkov

Abstract Nowadays we have many methods allowing to exploit the regularising
properties of the linear part of a nonlinear dispersive equation (such as the KdV
equation, the nonlinear wave or the nonlinear Schrodinger equations) in order to
prove well-posedness in low regularity Sobolev spaces. By well-posedness in low
regularity Sobolev spaces we mean that less regularity than the one imposed by
the energy methods is required (the energy methods do not exploit the dispersive
properties of the linear part of the equation). In many cases these methods to
prove well-posedness in low regularity Sobolev spaces lead to optimal results
in terms of the regularity of the initial data. By optimal we mean that if one
requires slightly less regularity then the corresponding Cauchy problem becomes
ill-posed in the Hadamard sense. We call the Sobolev spaces in which these ill-
posedness results hold spaces of supercritical regularity. More recently, methods
to prove probabilistic well-posedness in Sobolev spaces of supercritical regularity
were developed. More precisely, by probabilistic well-posedness we mean that one
endows the corresponding Sobolev space of supercritical regularity with a non
degenerate probability measure and then one shows that almost surely with respect
to this measure one can define a (unique) global flow. However, in most of the
cases when the methods to prove probabilistic well-posedness apply, there is no
information about the measure transported by the flow. Very recently, a method
to prove that the transported measure is absolutely continuous with respect to the
initial measure was developed. In such a situation, we have a measure which is
quasi-invariant under the corresponding flow.

The aim of these lectures is to present all of the above described developments
in the context of the nonlinear wave equation.
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4.1 Deterministic Cauchy Theory for the 3d Cubic Wave
Equation

4.1.1 Introduction

In this section, we consider the cubic defocusing wave equation
(82 — Au+u’ =0, 4.1.1)

where u = u(t, x) is real valued, t € R, x € T°> = (R/(27Z))? (the 3d torus).
In (4.1.1), A denotes the Laplace operator, namely

A=07 4037 + 05, .

Since (4.1.1) is of second order in time, it is natural to complement it with two initial
conditions

u(0,x) =uog(x), ou(0,x)=ui(x). 4.1.2)
In this section, we will be studying the local and global well-posedness of the initial
value problem (4.1.1)—-(4.1.2) in Sobolev spaces via deterministic methods.

The Sobolev spaces H*(T?) are defined as follows. For a function f on T? given
by its Fourier series

[ =Y fme™,

neZ?

we define the Sobolev norm H*(T?) of f as

LA = D )™ [ F P,

nez3
where (n) = (1 + |n|?)!/2. On has that
I fllas =D fll 2, D=(1—A)"2.

For integer values of s one can also give an equivalent norm in the physical space as
follows

L W pzs sy & Y 102192209 £l 23 -

loe| <s

where the summation is taken over all multi-indexes o = (a1, a2, @3) € N3,
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As we shall see, it will be of importance to understand the interplay between
the linear and the nonlinear part of (4.1.1). Indeed, let us first consider the Cauchy
problem

8,2u +ud =0, u(0,x) =uo(x), u(0,x)=u;(x)
which is obtained from (4.1.1) by neglecting the Laplacian. If we set
U = Uy, U) = (u, du)
then the last problem can be written as
U =FU), FU)= U, —Uf)’.

On may wish to solve, at least locally, the last problem via the Cauchy-Lipschitz
argument in the spaces H*!(T?) x H*2(T?). For such a purpose one should check
that the vector field F (U) is locally Lipschitz on these spaces. Thanks to the Sobolev
embedding HS(T3) ¢ L°(T?), s > 3/2 we can see that the map U; — Uf’ is
locally Lipschitz on H*(T3), s > 3/2.1tis also easy to check that the map U U13
is not continuous on H*(T?), s < 3/2. A more delicate argument shows that it is
not continuous on H3/2(T3) either. Therefore, if we impose that F(u) is locally
Lipschitz on H*'(T?) x H*2(T?) than we necessarily need to impose a regularity
assumption s; > 3/2. As we shall see below the term containing the Laplacian
in (4.1.1) will allow as to significantly relax this regularity assumption.

On the other hand if we neglect the nonlinear term u3 in (4.1.1), we get the linear
wave equation which is well-posed in H* (T3) x H*~1(T3) for any s € R, as it can
be easily seen by the Fourier series description of the solutions of the linear wave
equation (see the next section). In other words the absence of a nonlinearity allows
us to solve the problem in arbitrary singular Sobolev spaces.

In summary, we expect that the Laplacian term in (4.1.1) will help us to prove
the well-posedness of the problem (4.1.1) in singular Sobolev spaces while the
nonlinear term u3 will be responsible for the lack of well-posedness in singular
spaces.

4.1.2 Local and Global Well-Posedness in H1 x L?*
4.1.2.1 The Free Evolution

We first define the free evolution, i.e. the map defining the solutions of the linear
wave equation

(af —MNu=0, u(,x)=uo(x), ou(,x)=u(x). 4.1.3)
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Using the Fourier transform and solving the corresponding second order linear
ODE’s, we obtain that the solutions of (4.1.3) are generated by the map S(¢), defined
as follows

in(ty/—A
S(1) (o, u1) = cos(tv/—A) (uo) + S‘“EZA Y,
where
cos(tv/—A) () = Y _ cos(t|n|)iip(n) e™*
neZ3
and
sinf;\_/;A) (uy) = ti1(0) + Z Sinr:lllnbffl(n) emr 73 =172\{0}.

neZ%

We have that S(¢)(ug, u1) solves (4.1.3) and if (ug,u1) € H* x H* !, s ¢ R
then S(¢)(up, u1) is the unique solution of (4.1.3) in C(R; H* (T3)) such that its
time derivative is in C(R; H*~1(T?)). It follows directly from the definition that the
operator (1) = (S(1), 3;S(r)) is bounded on H* x H*~!, §(0) = Idand S(t+1) =
S (t) o S (1), for every real numbers ¢ and t. In the proof of the boundedness on
H* x H*~!, we only use the boundedness of cos(¢|n|) and sin(¢|n|). As we shall see
below one may use the oscillations of cos(z|n|) and sin(z|n|) for |n| >> 1 in order to
get more involved L?, p > 2 properties of the map S().
Let us next consider the non homogeneous problem

(af —MNu=F(,x), u,x)=0, 0u(,x)=0. 4.1.4)

Using the variation of the constants method, we obtain that the solutions of (4.1.4)
are given by

Usin((r — T)v/—A)
u(t) =
0 V-A
As a consequence, we obtain that the solution of the non homogeneous prob-

lem (4.1.4) is one derivative smoother than the source term F. More precisely, for
every s € R, the solution of (4.1.4) satisfies the bound

((F(r))dr.

||M||L00([0’1];Hs+1(']1‘3)) S C”F”LI(IO,I];HS(T})) . (415)
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4.1.2.2 The Local Well-Posedness

We state the local well-posedness result.

Proposition 4.1.1 (Local Well-Posedness) Consider the cubic defocusing wave
equation

32— MNu+u’=0, (4.1.6)

posed on T3, There exist constants ¢ and C such that for every a € R, every A > 1,
every

(uo, u1) € H'(T?) x L*(T3)
satisfying
luoll g1 + Nuill 2 < A 4.1.7)

there exists a unique solution of (4.1.6) on the time interval [a, a +cA7?] of (4.1.6)
with initial data

u(a,x) =uo(x), du(a,x)=ui(x).
Moreover the solution satisfies

Il (e, 3z”)||L00([a,a+cAf2],H1(T3)><L2(11‘3)) < CA,

(u, d;u) is unique in the class L*™°([a,a + cA72], HY(T?) x L*(T3)) and the
dependence with respect to the initial data and with respect to the time is continuous.
Finally, if

(uo, u1) € H'(T°) x H /(T
for some s > 1 then there exists cg > 0 such that
(u, ) € Cla, a + e, A1 HY(T) x HN(T?).

Proof If u(t, x) is a solution of (4.1.6) then so is u(¢t + a, x). Therefore, it suffices
to consider the case a = 0.

Thanks to the analysis of the previous section, we obtain that we should solve
the integral equation

Lsin((t — t)/—A)

oA (w(7))dr . (4.1.8)

u(t) = St (o, ur) —/0
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Set

Usin((t — t)a/—A)

3
J-A (W (r))dr.

Dy, () = S(1) (w0, u1) — /O

Then for T € (0, 1], we define X7 as
X7 =C(0,T]; H(T%)),
endowed with the natural norm

lullx,; = sup fu(@)llg1cps) -
0<t<T

Using the boundedness properties of S on H* x H*~! explained in the previous
section and using the Sobolev embedding H N(T3) ¢ LO(T3), we get

1Pug.u; @)llxr < Cluoll g + lurli 2+ T sup [lu(o)l}5)

7€[0,7]
< C(lluoll g + llurll 2 + CT llully, )-
It is now clear that for T = cA~2, ¢ < 1 the map @, ,, sends the ball
B = (u: |ulx,; <2CA)

into itself. Moreover, by a similar arguments involving the Sobolev embedding
HYT?) c L6(T3) and the Holder inequality, we obtain the estimate

1w (1) = Puguy @l xy < CT llu — iillx, (lulk, + lil%,)- (4.1.9)

Therefore, with our choice of 7', we get that

- 1 - -
”q)u(),u](u) - cDuo,ul(u)”XT < 2”” - u”XT s u,u c B.

Consequently the map &,,,, is a contraction on B. The fixed point of this
contraction defines the solution u on [0, 7] we are looking for. The estimate of
0;u]| ;2 follows by differentiating in ¢ the Duhamel formula (4.1.8). Let us now
turn to the uniqueness. Let u, & be two solutions of (4.1.6) with the same initial data
in the space X7 for some T > 0. Then for t < T, we can write similarly to (4.1.9)

1Pug.uy ) — Pugury @l x, < Crllu —dllx, (lullk, + lil%,)- (4.1.10)
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Let us take t such that

deﬁr+wﬁ»<;-
This fixes the value of 7. Thanks to (4.1.10), we obtain that u and & are the same on
[0, ]. Next, we cover the interval [0, T'] by intervals of size T and we inductively
obtain that # and & are the same on each interval of size r. This yields the uniqueness
statement.

The continuous dependence with respect to time follows from the Duhamel
formula representation of the solution of (4.1.8). The continuity with respect to the
initial data follows from the estimates on the difference of two solutions we have just
performed. Notice that we also obtain uniform continuity of the map data-solution
on bounded subspaces of H' x L2.

Let us finally turn to the propagation of higher regularity. Let (1o, u1) € H' x L?
such that (4.1.7) holds satisfy the additional regularity property (uo, u1) € H® x
H*~! for some s > 1. We will show that the corresponding solution remains in
H* x HS Vinthe (essentially) whole time of existence. For s > 1, we define X ST as

X§ = C([0, T1; H*(T%),
endowed with the norm

lullxs. = sup ||M(t)||HS(T3)-
T
0=<t<T

We have that the solution with data (ug, u1) € H* x H 5=1 remains in this space for
time intervals of order (14 |luol| gs + |1 || gs-1 )~2 by a fixed point argument, similar
to the one we performed for data in H! x L?. We now show that the regularity is
preserved for (the longer) time intervals of order (1+ ||uo|| g1 + |11 || Lz)_2 . Coming
back to (4.1.8), we can write

1Pugu @)llxs < C(lluolls + lutll s + T sup [ (@)l go1).
€[0,T]

Now using the Kato-Ponce product inequality, we can obtain that for o > 0, one
has the bound

10 o 73y < CIDwll s p) 0117675, - (4.1.11)

Using (4.1.11) and applying the Sobolev embedding H'(T?) ¢ L°(T?), we infer
that

11 Ol o1 S D ull s lu(76 S ND Ul 2 w13, -
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Therefore, we arrive at the bound

1 Pugu; @ lxs, < C(luollas + llurllgs—1 + CsT sup D u(@)| 2 llu(m)|3) -
T H
7€[0,T]

By construction of the solution we infer that if 7 < cs A2 with ¢ small enough,
we have that

1
lullxg, = I @uan @y < C(luollas + lur st + )l

which implies the propagation of the regularity statement for u. Strictly speaking,
one should apply a bootstrap argument starting from the propagation of the
regularity on times of order (1 + |uollas + |lu1ll gs-1 )~2 and then extend the
regularity propagation to the longer interval [0, c; A~2]. One estimates similarly 9 u
in H*~! by differentiating the Duhamel formula with respect to ¢. The continuous
dependence with respect to time in H* x H*~! follows once again from the Duhamel
formula (4.1.8). This completes the proof of Proposition 4.1.1. O

Theorem 4.1.2 (Global Well-Posedness) For every (ug, u1) € H'(T?) x L?(T3)
the local solution of the cubic defocusing wave equation

B2 —ANu+u?=0, u©0,x)=up(x), du,x)=uix)

can be extended globally in time. It is unique in the class C(R; H'(T?) x L*(T?))
and there exists a constant C depending only on ||ug|| g1 and ||u1|| ;2 such that for
everyt € R,

lullg1g) = C.
If in addition (ug, u1) € H*(T?) x H*~Y(T?) for some s > 1 then
(u, dru) € C(R; H*(T?) x HS~1(T?)).

Remark 4.1.3 One may obtain global weak solutions of the cubic defocusing wave
equation for data in H' x L? via compactness arguments. The uniqueness and the
propagation of regularity statements of Theorem 4.1.2 are the major differences with
respect to the weak solutions.

Proof of Theorem 4.1.2 The key point is the conservation of the energy displayed
in the following lemma.

Lemma 4.1.4 There exist ¢ > 0 and C > 0 such that for every (ug,u1) €
H'(T3) x L*(T3) the local solution of the cubic defocusing wave equation, with
data (ug, u1), constructed in Proposition 4.1.1 is defined on [0, T with

T = c(l+ lluoll g ps) + Nl 2rs) ™
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and
/ (@u(t, x)) + [Veu(t, x)|* + ;u“(r,x))dx
T3
= / 3(<u1(x>)2+|vxuo(x>|2+;u3(x>)dx, t€[0,T]. (4.1.12)
T

As a consequence, fort € [0, T],

2
Nu (@l g1 ey + 10:u (@)l L2073y < C(l + ”u0|lH1(T3) + ||u1||L2('11‘3))-
Remark 4.1.5 Using the invariance with respect to translations in time, we can state
Lemma 4.1.4 with initial data at an arbitrary initial time.

Proof of Lemma 4.1.4 We apply Proposition 4.1.1 with A = |ugl| g1 + |lu1]|2 and
we take T = cjoA 2, where cg is the small constant involved in the propagation
of the H'9 x H® regularity. Let (uo,,, u1,,) be a sequence in H'0 x H® which
converges to (uq, u1) in H' x L? and such that

luwonll g + lurnlizz < lluollgr 4 llurllg2 .

Let u, () be the solution of the cubic defocusing wave equation, with data
(10,1, u1,n).- By Proposition 4.1.1 these solutions are defined on [0, 7] and they
keep their H'0 x H® regularity on the same time interval. We multiply the equation

(02 — Ny +ul =0

by 0;u,. Using the regularity properties of u,(¢), after integrations by parts, we
arrive at

d

1
dt [/m ((Brun(t, X))+ [Veun(t, x)|> + 2ui(t, x))dx] -0

which implies the identity
1
/;T (@000 + [V (6, O + (2, 0)dx

Ly
ug,(0)dx, 1[0, T].  (4.1.13)

- / (U1 (D)) + |Vetton (1) +
gl 2

We now pass to the limit n — oo in (4.1.13). The right hand-side converges to

1
f (w1 (x)? + [Veuo(x)[* + 2ué(x))dx

T3
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by the definition of (1o, u1,,) (we invoke the Sobolev embedding for the conver-
gence of the L* norms) . The right hand-side of (4.1.13) converges to

f (@rult, x)* + |Veu(t, x)|* + 1u4(t, x))dx
T3 2

by the continuity of the flow map established in Proposition 4.1.1. Using the
compactness of T and the Holder inequality, we have that

lull 23y < Cllullipaersy < €A+ ||”||i4(1~3))

and therefore

) 131 s, + 1001723,

is bounded by
2 2 1y
C . (1 + (Qpu(t, x)) 4+ |Vyu(t, x)|” + 2u (t,x))dx.
T

Now, using (4.1.12) and the Sobolev inequality

lullzacrsy < Cllull g sy »

we obtain that for ¢t € [0, T],

) 371 sy + 19D 17 2p3) < C (1 + luwoll s sy + It 72 g))-

This completes the proof of Lemma 4.1.4. O

Let us now complete the proof of Theorem 4.1.2. Let (ug, u1) € HY(T3) x L2(T3).
Set

T = c(C(1+ ol s+t lpzers))

where the constants ¢ and C are defined in Lemma 4.1.4. We now observe that
we can use Proposition 4.1.1 and Lemma 4.1.4 on the intervals [0, T'], [T, 2T],
[2T,3T], and so on and therefore we extend the solution with data (uq, u;) on
[0, 00). By the time reversibility of the wave equation we similarly can construct
the solution for negative times. More precisely, the free evolution S(#) (g, u1) well-
defined for all # € R and one can prove in the same way the natural counterparts of
Proposition 4.1.1 and Lemma 4.1.4 for negative times. The propagation of higher
Sobolev regularity globally in time follows from Proposition 4.1.1 while the H' a
priori bound on the solutions follows from Lemma 4.1.4. This completes the proof
of Theorem 4.1.2. O
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Remark 4.1.6 One may proceed slightly differently in the proof of Theorem 4.1.2
by observing that as a consequence of Proposition 4.1.1, if a local solution with
H' x L? data blows-up at time T* < oo then

tE)HTl* ||(1/l(t), 8tu(t))||H1(T3)XL2(T3) = Q. (4114)

The statement (4.1.14) is in contradiction with the energy conservation law.

Remark 4.1.7 Observe that the nonlinear problem
B2 —ANu+u?=0 (4.1.15)
behaves better than the linear problem
(32— A)u=0 (4.1.16)

with respect to the H! global in time bounds. Indeed, Theorem 4.1.2 establishes that
the solutions of (4.1.15) are bounded in H! as far as the initial data is in H' x L2.
On the other hand one can consider u (¢, x) = t which is a solution of the linear wave
equation (4.1.16) on T? with datain H'! x L? and its H'! norm is clearly growing in
time.

Remark 4.1.8 The sign in front of the nonlinearity is not of importance for
Proposition 4.1.1. One can therefore obtain the local well-posedness of the cubic
focusing wave equation

(82 — Mu—u’ =0, (4.1.17)

posed on T3, with data in H'(T3) x L2(T3). However, the sign in front of the
nonlinearity is of crucial importance in the proof of Theorem 4.1.2. Indeed, one has
that

2
u(t,x) = 1{t

is a solution of (4.1.17), posed on T3 with data (v/2, —+/2) which is not defined
globally in time (it blows-up in H' x L% att = 1).

4.1.3 The Strichartz Estimates

In the previous section, we solved globally in time the cubic defocusing wave
equation in H' x L?. One may naturally ask whether it is possible to extend these
results to the more singular Sobolev spaces H* x H*~! for some s < 1. It turns out
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that this is possible by invoking more refined properties of the map S(#) defining
the free evolution. The proof of these properties uses in an essential way the time
oscillations in S(¢) and can be quantified as the L?, p > 2 mapping properties of
S(1) (cf. [19, 30]).

Theorem 4.1.9 (Strichartz Inequality for the Wave Equation) Ler (p, gq) € R?
be such that2 < p < oo and 11) + ; = é Then we have the estimate

).

We shall use that the solutions of the wave equation satisfy a finite propagation
speed property which will allow us to deduce the result of Theorem 4.1.9 from the
corresponding Strichartz estimate for the wave equation on the Euclidean space.
Consider therefore the wave equation

I1S(@) o, u)ll e (o, 17;La¢T3)) = C(”MO”H]Z, ; + [lu |l

2_)
(T3 HP™ (T3

(Bt2 —MNu=0, u,x)=uplx), ou,x)=ui(x), (4.1.18)

where now the spatial variable x belongs to R? and the initial data (u, u1) belong
to H'(R3) x H~1(RY). Using the Fourier transform on R3, we can solve (4.1.18)
and obtain that the solutions are generated by the map S, (¢), defined as

sin(t/— Ags)

\/—ARS

Se(t) (o, ur) = cos(t/—Ags) (o) + (u1),

where for 1 and u in the Schwartz class,

COS(Z\/—ARs)(uo) = /R3 cos(t|E )ity (§) €6 *d&
and

sin(r,/—Aps) / sin(718]) . e
= d b
\/_AR3 (u1) €| uié)e §

where i1 and it] are the Fourier transforms of u¢ and u; respectively. By density, one
then extends S, (r) (o, u1) to a bounded map from H*(R3) x H*~1(R?) to H*(R3)
for any s € R. The next lemma displays the finite propagation speed property of
Se ().

Proposition 4.1.10 (Finite Propagation Speed) Ler (ug,u;) € H'(R?) x
HY(R3) for some s > 0 be such that

supp(uo) U supp(u1) C {x € R? : [x — xo| < R},
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for some R > 0 and xo € R3. Then fort > 0,
Supp(Se (1) (uo, u1)) C {x € R? : |x —xo| <+ R}.

Proof The statement of Proposition 4.1.10 (and even more precise localisation
property) follows from the Kirchoff formula representation of the solutions of the
three dimensional wave equation. Here we will present another proof which has the
advantage to extend to an arbitrary dimension and to variable coefficient settings.
By the invariance of the wave equation with respect to spatial translations, we can
assume that xp = 0. We need to prove Proposition 4.1.10 only for (say) s > 100
which ensures by the Sobolev embedding that the solutions we study are of class
CZ%(R*). We than can treat the case of an arbitrary (uo, u1) € H*® (R3) x HS~I(RY),
s > 0 by observing that

pe * Se (1) (1o, u1) = Se(t)(pe * U0, pe * U1), (4.1.19)

where pg(x) = 5_3,0(x/£), p e Cgo(]R3), 0<p<l, f,o = 1. It suffices then to
pass to the limit ¢ — 0 in (4.1.19). Indeed, for ¢ € C8°(|x| >t + R), Se(t)(pe %
up, pe * u1)(@) is zero for ¢ small enough while pg * S, (¢) (1o, u1)(p) converges to
Se(t) (wo, u1)(p).

Therefore, in the remaining of the proof of Proposition 4.1.10, we shall assume
that S, (r)(uo, u1) is a C? solution of the 3d wave equation. The main point in the
proof is the following lemma.

Lemma 4.1.11 Ler xo € R3, r > 0 and let S,(t)(uo, u1) be a C* solution of the
3d linear wave equation. Suppose that uo(x) = uj(x) = 0 for |x — xo| < r. Then
Se(t)(uo, u1) = 0 in the cone C defined by

C={(t,x)eR*:0<r<r, |x—xo| <r—t}.

Proof Letu(t, x) = Se(t)(uo, u1). Fort € [0, r], we set
1
E(t) = / (@) (1, x) + |Vyu(t, x))dx,
2 B(xg,r—t)

where B(xo, r —1) = {x € R3 : |x| <r —1t}. Then using the Gauss-Green theorem
and the equation solved by u, we obtain that

. 1
Ew)=-, /6 ) (@) (t, y) + IVxu(t, y)I* = 28,u(t, y)Veult, y) - v(y))dS(y),

where 9B = {x € R3 : |x| = r — t}, dS(y) is the volume element associated with
dB and v(y) is the outer unit normal to d B. We clearly have

20,u(t, y)Vyu(t, y) - v(y) < @u)*(t, y) + [Vaeu(t, y)I%,
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which implies that E (t) < 0. Since E(0) = 0 we obtain that E(¢) = 0 for every
t € [0, r]. This in turn implies that u(¢, x) is a constant in C. We also know that
u(0, x) = 0 for |x — xo| < r. Therefore u(¢, x) = 01in C. This completes the proof
of Lemma4.1.11. m|

Let us now complete the proof of Proposition 4.1.10. Let g € R and y € R3 such
that |y| > R + f9. We need to show that u(#y, y) = 0. Consider the cone C defined
by

C={t,x)eR* :0<t<19, |x—y| <1o—1}.
Set B = C N{(t,x) € R*: t = 0}. We have that
B={(tx)eR*:1=0, |x—y| <10}
and therefore by the definition of 79 and y we have that
BN{(t,x)eR* : 1 =0, |x| <R} =0. (4.1.20)

Therefore u(0, x) = d;u(0, x) for |[x — y| < #o. Using Lemma 4.1.11, we obtain
that u(¢z,x) = 0 in C. In particular u(#p, y) = 0. This completes the proof of
Proposition 4.1.10. O

Using Proposition 4.1.10 and a decomposition of the initial data associated with
a partition of unity corresponding to a covering of T by sufficiently small balls, we
obtain that the result of Theorem 4.1.9 is a consequence of the following statement.

Proposition 4.1.12 (Local in Time Strichartz Inequality for the Wave Equation
onR%) Let (p,q) € R? be such that 2 < p < oo and 11) + ; = % Then we have
the estimate

)-

Proof Let x € C§°(R3) be such that x(x) = 1 for |[x| < 1. We then define the
Fourier multiplier x (Dy) by

<
[|:Se () (ueo, ul)”u([o,u;m(RS)) = C(”MO”H%(R}) + ”ul”lefl(]l@)

X(D)(f) = fR K© ) e d. (4.121)

Using a suitable Sobolev embedding in R, we obtain that for every o € R,

sin(t/—Ap3)
H \/\—/AR;R (X (DX)MI)||L1’([0,1];Lq(R3)) = C””l ”HU(R3) .
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Therefore, by splitting u as

ur = x(Dx)(ur) + (1 = x(Dx))(u1)

and by expressing the sin and cos functions as combinations of exponentials, we
observe that Proposition 4.1.12 follows from the following statement.

1

Proposition 4.1.13 Let (p, q) € R? be such that 2 < p < oo and [1) + ; = ,.

Then we have the estimate

+it /—A
Y725 (D oo agran = CIFI3 g -

Remark 4.1.14 Let us make an important remark. As a consequence of Proposi-
tion 4.1.13 and a suitable Sobolev embedding, we obtain the estimate

v/ ) 2o, ooy < CMF Nasesy . s > 1. @122

Therefore, we obtain that for f € H*(R?), s > 1, the function e”“/ ~Ap (f) which
is a priori defined as an element of C ([0, 1]; H*(R?)) has the remarkable property
that

VB (f) € LR

for almostevery ¢ € [0, 1]. Recall that the Sobolev embedding requires the condition
s > 3/2 in order to ensure that an H* (R3) function is in L (R3). Therefore, one
may wish to see (4.1.22) as an almost sure in ¢ improvement (with 1/2 derivative)
of the Sobolev embedding H g+(R3 ) € L*®(RR?), under the evolution of the linear
wave equation.

Proof of Proposition 4.1.13 Consider a Littlewood-Paley decomposition of the
unity

Id= Py + Z Py, (4.1.23)
N

where the summation is taken over the dyadic values of N, i.e. N = 27, j =
0,1,2,... and Py, Py are Littlewood-Paley projectors. More precisely they are
defined as Fourier multipliers by Ag = ¥o(Dy) and for N > 1, Py = ¥ (Dx/N),
where ¥y € C{° (R3) and ¢ € Cye (R3\{0}) are suitable functions such that (4.1.23)
holds. The maps (D, /N) are defined similarly to (4.1.21) by

¥ (Dx/NY(f) = /R VE/NIFE e,
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Set
u(t,x) = LIV~ Ag .

Our goal is to evaluate |[ull1po,11L4(r3))- Thanks to the Littlewood-Paley square
function theorem, we have that

(4.1.24)

1
Il sy ~ [ (1Poul® + 3 1Pwul?)?

e
N L1(R°)

The proof of (4.1.24) can be obtained as a combination of the Mikhlin-Hormander
multiplier theorem and the Khinchin inequality for Bernouli variables.' Using the
Minkowski inequality, since p > 2 and g > 2, we can write

< <
”u”Lf’LZ ~ ”PO””L{’LZ+||PN””L§’LZIIZ\, = ”PO””L{’LZ+”PN””112\,Lf’LZ (4.1.25)

Therefore, it suffices to prove that for every ¥ € C3° (R3\{0}) there exists C > 0
such that for every N and every f € L*(R?),

Hit \/—Aps 2

||¢(DX/N)e R (f)||Lp([o,1|;Lq(R3)) =< CNv» ||f||L2(]R3) . (4~1-26)
Indeed,~suppose that (4.1.26) holds true. Then, we define 15N as f’N = &(D} /N),
where ¢ € C3° (R3\{0}) is such that ¥ = 1 on the support of y. Then Py = Py Py.

Now, coming back to (4.1.25), using the Sobolev inequality to evaluate || Pou|| LPL
and (4.1.26) to evaluate || Pyu|| 2 Lrrds We arrive at the bound “

2
lullpppe S Ufllg2 +INP 1PN fllz2llz, SIA =
1 bx x HP
Therefore, it remains to prove (4.1.26). Set
T = y(D,/N)e'V =2

Our goal is to study the mapping properties of 7 from L?C to LY LY. We can write

ITfllppe = sup | f TfG
IGIl o<1 Jitx
Ly Ly

: 4.1.27)

Hnterestingly, variants of the Khinchin inequality will be essentially used in our probabilistic
approach to the cubic defocusing wave equation with data of super-critical regularity.
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where ! + 1 = 1 4+ 1 = 1. Note that in order to write (4.1.27) the values 1 and

oo of p and ¢ are allowed. Next, we can write
/ TfG =/fT*G, (4.1.28)
t,x X

where T* is defined by
1 .
T*G z/ W (Dy/N)eF TN A8 G (r)dr .
0

Indeed, we have
1
f TfG = / / ¥ (Dy /N 2% £ G(t)dxdt
t,x 0 JR3
1 .
=/ / fW(Dx/N)ﬁ”“/_AWG(t)dxdt
0 JR3

1 .
=/3f/ W(Dx/N)ejF”\/_A“@G(t)dtdx.
R 0

Therefore (4.1.28) follows. But thanks to the Cauchy-Schwarz inequality we can
write

([ 1761 < 1713176
X
Therefore, in order to prove (4.1.26), it suffices to prove the bound
. 2
I7*Gllz S NPIGH Ly -
Next, we can write
IT°GIE, = [ 1°6 TG
X X

- f T(T*(G))G
tx

S IT @G rralGll, o -
t X

Therefore, estimate (4.1.26) would follow from the estimate

4
IT(T* (Gl e S N7IGH (4.1.29)

/ ! .
Ly LY
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An advantage of (4.1.29) with respect to (4.1.26) is that we have the same number
of variables in both sides of the estimates. Coming back to the definition of 7 and
T*, we can write

1 ,
T(T*(G)) = / Y2 (D /N)e IV A G (ryd
0
Now by using the triangle inequality, for a fixed ¢ € [0, 1], we can write

IT(T* (Gl < fo 1 |92 (D /M) OV AR G (1) | gd. (4.1.30)
On the other hand, using the Fourier transform, we can write
YD NV A8 (f) = fR VPE/N)eH e fg)de
Therefore,
YD NV (f) = /R K x =) f(xdx,
where
Kt ,x—x) = /R} Y2(E/N)eFHEl =D E ge
A simple change of variable leads to
K(t,x—x')= N3/ Y2 (E)eH BN g
R3

In order to estimate K (¢, x — x’), we invoke the following proposition.

Proposition 4.1.15 (Soft Stationary Phase Estimate) Lerd > 1. For every A > 0,
N > 1 there exists C > 0 such that for every A > 1, every a € C3° (RY), satisfying

sup sup [8%a(x)| < A,
la|<2N xeRd

every ¢ € C®(supp(a)) satisfying

sup sup  [3%(x)| < A (4.1.31)
2<|a|<2N+2 xesupp(a)
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one has the bound

; d
‘/ ellw(x)a(x)dx‘ < C/ o NE (4.1.32)
Rd supp(a) (1 +A[V@(x)[%)

Remark 4.1.16 Observe that in (4.1.31), we do not require upper bounds for the
first derivatives of ¢.

We will give the proof of Proposition 4.1.15 later. Let us first show how to use it in
order to complete the proof of (4.1.26). We claim that

IK(t,x —x")] S N3@N)~' = N2, (4.1.33)

Estimate (4.1.33) trivially follows from the expression defining K (¢, x — x’) for
[tN] < 1 (one simply ignores the oscillation term). For |[Nt| > 1, using
Proposition 4.1.15 (with a = 1,02, N =2 andd = 3), we get the bound

d
Kx xS N [ S
oty (1 NIV () 2)

where

N(x —x') -
oE) = 4g|+ NI TS

Observe that ¢ is C* on the support of ¥ and moreover it satisfies the assumptions
of Proposition 4.1.15. We next observe that

a* < -1
N 4.1.34
/supp(w (14 [tN||Vp(&)|2)2 ~ (tN) ( )

Indeed, since Vg (§) = £+ él +17IN (x —x’) we obtain that one can split the support
of integration in regions such that there are two different j;, jo» € {1, 2, 3} such that
one can perform the change of variable

Njy = B, 06, njy = e, 9(&),

with a non-degenerate Hessian. More precisely, we have

ZeE) 9 e®) &
det| 5 5 = .
0Z 1,0 (&) 2 0(E) &1

which is not degenerate for §3 # 0. Therefore for £&3 # 0, we can choose j; = 1
and j, = 2. Similarly, &; # 0, we can choose j; = 2 and j, = 3 and for & # 0, we
can choose j; = I and j» = 3. Therefore, using that the support of ¥ does not meet
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zero, after splitting the support of the integration in three regions, by choosing the
two “good” variables and by neglecting the integration with respect to the remaining
variable, we obtain that

d dn;dn;
/ e = . e SNy,
supp(y) (1 +1IN[[V@(§)]7) r2 (1 +tNT(nj |7+ 1nj,19)

Thus, we have (4.1.34) which in turn implies (4.1.33).
Thanks to (4.1.33), we arrive at the estimate

SN =TG-

~

[02(Dy /W) IV ARG (1) |
On the other hand, we also have the trivial bound
|92 (D /M TNV ARG (@) S UG -

Therefore using the basic Riesz-Torin interpolation theorem, we arrive at the bound

4

co - Nr
sz(Dx/N)eil(t ‘[)\/ A]R3 G(T)”LZ S ) ”G(‘C)”Lq/ .
I A '

Therefore coming back to (4.1.30), we get
4
* ! N»
IT(T* ) S / 6], pdr .
0 |r—<|r !

Therefore, the estimate (4.1.29) would follow from the one dimensional estimate

” 1 2 dT”Lp(]R) S ”f”LP’(R)- (4.1.35)
Rt —1|r

Thanks to our assumption, one has [27 < 1 and also

Therefore estimate (4.1.35) is precisely the Hardy-Littlewood-Sobolev inequality
(cf. [29]). This completes the proof of (4.1.26), once we provide the proof of
Proposition 4.1.15.
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Proof of Proposition 4.1.15 We follow [17]. Consider the first order differential
operator defined by

d
1 1

L= dipd; + .

z(1+x|w>|2)jz::1 10T LAl

which satisfies L(e!*?) = ¢/** . We have that
/ e*Wa(x)dx = / LN a(x)dx = / e[ (a(x))dx,
R4 R4 R4

where L is defined by

d
- djp
L) = - ! 9,
“ ;i(lJr)»IVsolz) "
d 2 d
R 2009 (Vo - Vo, 1
HCD PRI S A TR )
SR i+ AP 1+ AVl

As a consequence, we get the bound
‘ f eil‘%’(x)a(x)dx‘ < / 1iNal, (4.1.36)
R4 R4

where N € N. To conclude, we need to estimate the coefficients of L. We shall use
1
the notation () = (1 + |u|?)2 and we set A = pu>. At first, we consider

1
F(x) = Q2 IVe)1», Q) = L Z0

We clearly have
F < (uVe)™? (4.1.37)
and we shall estimate the derivatives of F. Set

Af(x) = sup [8%@(x)].

2<|a|<k
We have the following statement.
Lemma 4.1.17 For |a| = k > 1, we have the bound
k

1
99 F ()] S C(Ak“(x))(wv(p(x))z + <W<plzx)>"+2)’ (4.1.38)
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where C : RT™ — R is a suitable continuous increasing function (which can
change from line to line and can always be taken of the form C(t) = (1 + )™ fora
sufficiently large M ).

Proof Using an induction on k, we get that 9 F for |¢| = k > 1 is a linear
combination of terms under the form

q1 qk
T, = 0" (2P (7 G2IVe ) ) - (7 (12 e)
where
G+ +aqg=m and Y lylg=k g >0. (4.1.39)

Since |Q" (u)| < (u)™™"!, we get
1Ty S ( . )2m [(a7ave)” - (a7 aveP)"|.
T (uve)r \(uVe)

Moreover, by the Leibnitz formula

C(AH)|Vyl, if |yl =1,

3 (IVol?) <
(IVel9) < {C(Alyf+1)(|v(p| + 1), if lyi| > 1.

We therefore have the following bound for 7,

1 2m .
Tl 5 €™ (uVp)? ((/Léfp)) (|v<p|m + WWZWZM)

1 m m+2|yi\>lqi
e o () uwa) |
>l )Ww[ wve)) T\ uve)

Next, by using (4.1.39), we note that
m+ > qi= > 2+ Y q<) lylg=k

lvil>1 lvil>1 lvil=1

Therefore, we get
1 uk
1T, S Cakh( + )
! (1uVe)?  (uVe)kt?

This completes the proof of Lemma 4.1.17. O

We are now in position to prove the following statement.
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Lemma 4.1.18 For N € N, we can write LY under the form

LNu=>"aMou (4.1.40)
| <N

with the estimates

(N) N+2
lag " (x)| S C(AY T (x)) (V)N (4.1.41)
and more generally for |B| = k,
1 ,uk
B4 (N) N+k+42
8%aY (1)) S C(A (x))<(/N¢(x)>N + <chp(x)>N+k)' (4.1.42)

Proof We reason by induction on N. First, we notice that L is under the form
d
L= Zajaj + b,
j=1
where
d d
aj =1i0jpF, b=F+iZaj(8jch)=F+Zajaj.
j=1 j=1

Consequently, by using (4.1.37), we get that

1 1
laj| S 1 (Vo) (4.1.43)

and by the Leibnitz formula, since 0%a; for || > 1 is a linear combination of terms
under the form

@P8;0)87 F, 1B+ 1y = lal,

we get by using (4.1.38) that for |a| =k > 1,

1 Mk—l
woe) * e (140

Consequently, we also find thanks to (4.1.44), (4.1.38) that for |«| = k > 0,

9] S CARH(

1 uk )

#815 €D (g * uvger

(4.1.45)
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Using (4.1.44) (4.1.45), we obtain that the assertion of the lemma holds true for
N = 1. Next, let us assume that it is true at the order N. We have

d
(LN = Z Z (ajaéN)aja"‘u—i—ajajaéN)a“u) + Z baM 3% u.
j=lla|<N la|<N

Consequently, we get that the coefficients are under the form

alNtD =aja/(3N), el =N +1, |B|=N,
al™*V = a;9;a" +ajal™ +baf™. g1 =151 = lal. ly| = el - 1.

Therefore, by using (4.1.43) and (4.1.42), we get that (4.1.41) is true for N + 1.
In order to prove (4.1.42) for N + 1, we need to evaluate ByaéNH). The
estimate of the contribution of all terms except 97 (a;0 ja/(SN)) follows directly

from the induction hypothesis. In order to estimate 9% (a;d ja/(gN)), we need to
invoke (4.1.43) and (4.1.44) and the induction hypothesis. This completes the proof
of Lemma 4.1.18. |

Finally, thanks to (4.1.36) and Lemma 4.1.18, we get

. d
‘/ Mg (x) dx‘ < K/ * v dx,
B! supp@) (14 4|V )

where
K=( sup AMT2(x)(sup sup [8%a(x)]).
xesupp(a) xeRd |a|<N
This completes the proof of Proposition 4.1.15. O
This completes the proof of Proposition 4.1.13. O
This completes the proof of Proposition 4.1.12. O

Remark 4.1.19 1If in the proof of the Strichartz estimates, we use the triangle
inequality instead of the square function theorem and the Young inequality instead
of the Hardy-Littlewood-Sobolev inequality, we would obtain slightly less precise
estimates. These estimates are sufficient to get all sub-critical well-posedness
results. However in the case of initial data with critical Sobolev regularity the finer
arguments using the square function and the Hardy-Littlewood-Sobolev inequality
are essentially needed.
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4.1.4 Local Well-Posedness in H* x H*~1, s > 1/2

In this section, we shall use the Strichartz estimates in order to improve the well-
posedness result of Proposition 4.1.1. We shall be able to consider initial data in the
more singular Sobolev spaces H* x H*~!, s > 1/2. We start by a definition.

Definition 4.1.20 For 0 < s < 1, a couple of real numbers (p, q), % < p <400
is s-admissible if

For T > 0,0 < s < 1, we define the spaces

Xy =Cq0, T HY(TY) () LP(©, T); LY(T) (4.1.46)
(p,q) s-admissible

and its “dual space”

Yr = U LP'((0, T): L7 (T%)) (4.1.47)
(p,q) s-admissible

(p’, q') being the conjugate couple of (p, ¢g), equipped with their natural norms
(notice that to define these spaces, we can keep only the extremal couples corre-
sponding to p = 2/s and p = 4-o0 respectively).

We can now state the non homogeneous Strichartz estimates for the three dimen-

sional wave equation on the torus T>.

Theorem 4.1.21 For every 0 < s < 1, every s-admissible couple (p, q), there
exists C > 0 such that for every T €]0, 1], every F € Y%_S, every (up, u1) €
H5 (T3 x H*~Y(T3) one has

IS@ o, un)lixs < Cllluol s sy + lutll -1 ) (4.1.48)

and
| [ D e

Proof Thanks to the Holder inequality, in order to prove (4.1.48), it suffices
the consider the two end point cases for p, i.e. p = 2/s and p = oo (the
estimate in C ([0, T]; H*(T?)) is straightforward). The case p = 2/s follows from
Theorem 4.1.9. The case p = oo results from the Sobolev embedding. This ends
the proof of (4.1.48).

< C|IFll (4.1.49)
X3 T



246 N. Tzvetkov

Let us next turn to (4.1.49). We first observe that

H/ sm((t—r)«/ A) ||F||Y1 o (4.1.50)

(F(x)dr|

c(0,17; HA(T3))

follows by duality from (4.1.48). Thanks to (4.1.50), we obtain that it suffices to
show

(F(1))dt

Lsin((t — t)v/—A)
H / N (4.1.51)

= CIIFI
L;qul L;qué’

where (p1,q1) is s-admissible and (p}, ¢5) are such that (p2,q2) are (1 — s)-
admissible and where for shortness we set

LYLY = LP((0,T); L9(T?)).
Denote by Iy the projector on the zero Fourier mode on T3, i.e
Mo(f) = 2n) ™ /T fdx.
We have the bound
H /’ sin((t \—/_T)A\/—A) (Mo F (1))dt HLW < CIFllLiqo. 111 (1) -
By the Holder inequality

IF N Lo,y 13y = CIF L%

and therefore, it suffices to show the bound

(T F(t))dt

Usin((t — t)/—A)
H / A (4.1.52)

<CIFEN »,
P —= p >
Litra LAL%
where
My =1-T.

By writing the sin function as a sum of exponentials, we obtain that (4.1.52) follows
from

t
H /0 eF=DV=8((_A)= H(J)'F(t))dt‘ (4.1.53)

=CIFI » .-
Lhpa L2 Lo
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Observe that (—A)_é H(J)- is well defined as a bounded operator from H* (T3) to
HSH(T?). Set

K =Yooy
Thanks to (4.1.48), by writing
eEIVTAITE = cos(tv/— A)TTE £ sin(ty/—A)(—A) 2 TTE(—A)2

we see that the map K is bounded from H*(T?) to X - Consequently, the dual map
K*, defined by

T
K*(F):/ TV A (F (1))
0

is bounded from Y* to H*(T3). Using the last property with s replaced by
1 — s (which remains in ]0, 1[ if s €]0, 1[), we obtain the following sequence of
continuous mappings

1
A) 2

Pyrgh K smtmay GO g oo Ky
Lrrs X gty UL gty K Lo (4.1.54)

On the other hand, we have

T
(K o (—A)"2T1§) o K*)(F) =/0 VA (LAY IR F(2))de

Therefore, we obtain the bound

T
PO _ _1
| / O () g P | L, S CIFIL L, o @155)
0 1 LPAL™

I
Ly

The passage from (4.1.55) to (4.1.53) can be done by using the Christ-Kiselev [11]
argument, as we explain below. By a density argument it suffices to prove (4.1.53)
for F € C*®([0, T x T?). We can of course also assume that

IEN =1.

7 gl
LA L%
Forn > 1 anintegerandm =0, 1, -- - , 2", we define #,, ,,, as

tn,m /
/ IFOI?,  dv=m27".
0 L%(T3)
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Of course 0 = t,0 < ty1 < --- < tpon = T. Next, we observe that for 0 <
a < B < 1 there is a unique n such that « € [2m27™", 2m + 1)27") and B €
[2m + 1)27", 2m + 2)27") for some m € {0,1,---,2""1 — 1}. Indeed, this
can be checked by writing the representations of « and B in base 2 (the number
n corresponds to the first different digit of @ and B). Therefore, if we denote by
Xz <t (T, 1) the characteristic function of the set {(7,7) : 0 < t < t < T} then we
can write

oo 211
Xeat (T =Y D X 2m(T)dn2m1 (1), (4.1.56)
n=1 m=0
where x,.n, (m = 0,1, ---,2") denotes the characteristic function of the interval

[Zn,m tn,(n+1))- Indeed, in order to achieve (4.1.56), it suffices to apply the previous
observation forevery : 0 < v < ¢ < T with o and g defined as

T
— P2 _ Pz
o —/0 I F (s )||Lq2( 5 ds, B —/0 1 F(s )||Lq2( 5 ds.

Therefore, thanks to (4.1.56), we can write

t
/O eii(tfr)«/fA((_A)*i HéF(r))dr

as

n—1

o T .
YD Xnamri® /O HOOVB(— A) 72 TI 2 (D) F (1))d T
n=1 m=0

The goal is to evaluate the L’T71 L9 norm of the last expression. Using that for a
fixed n, xu.2m+1(t) have disjoint supports, we obtain that the L;l L4 norm of the
last expression can be estimated by

2n11 1

Z( ”/ e OV=D((_p)~ 21‘[0 Xn. 2m(‘1,')F(‘C))d‘C||L,,1qu)P1.

=1 =

3

Now, using (4.1.55), we obtain that the last expression is bounded by

o on-1_1 1
P1 r1
c§( g} HXn,zm(t)F(t)HL;rqué) : (4.1.57)
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By definition
|xn2m@F @],  =27"
LP2L%

and therefore (4.1.57) equals to

e’} =l _npj 1 o0 n( 1 1)
o\ Pl r1 .
CE(EZ‘Z) SCEZ P2
n=1

n=1 m=0

The last series is convergent since by the definition of admissible pairs it follows
that p), < 2 < p1. Therefore we proved that (4.1.55) indeed implies (4.1.53). This
completes the proof of Theorem 4.1.21. O

We can now use Theorem 4.1.21 in order to get the following improvement of
Proposition 4.1.1.

Theorem 4.1.22 (Low Regularity Local Well-Posedness) Lets > 1/2. Consider
the cubic defocusing wave equation

(02— Au+u>=0, (4.1.58)

posed on T3. There exist positive constants y, ¢ and C such that for every A > 1,
every

(uo, u1) € H (T x H~1(T?)
satisfying
luollas + llutllgs—1 < A (4.1.59)

there exists a unique solution of (4.1.58) on the time interval [0, T], T = cA™7
with initial data

u(0,x) = uo(x), 9u(0,x)=u;(x).
Moreover the solution satisfies
[l Cu, 3t”)||L°0([0,T],HS(T3)XHH(11'3)) < CA,

u is unique in the class X described in Definition 4.1.20 and the dependence with
respect to the initial data and with respect to the time is continuous. More precisely,
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if u and u are two solutions of (4.1.58) with initial data satisfying (4.1.59) then

I — i, 9 — B1t) || oo 0,7, Hs (T3) x H5=1 (T3))
< C(Iu(0) = @)l s g3y + 13:0) = By Ol gs-173,). (4.1.60)
Finally, if
(o, up) € H(T%) x H7~H(T?)
for some o > s then there exists c, > 0 such that
(u, du) € C([0, co A7 ]; HO(T?) x H(T%)).

Proof We shall suppose that s € (1/2, 1), the case s > 1 being already treated in
Proposition 4.1.1. As in the proof of Proposition4.1.1, we solve the integral equation

_ _[Usin(( =DV =4) g
u(t) = S(t)(uo, ur) fo JoA ((u”())dt

by a fixed point argument. Recall that

Usin((r — 7)v/—
v—A

We shall estimate @, ,,(«) in the spaces X3 introduced in Definition 4.1.20.
Thanks to Theorem 4.1.21

A
DPug,uy (u) = S() (o, u1) —/O )((u3(f))df~

I1S(®) (o, un)llxs. < Clluoll gs(r3y + Nt ll gs-1¢73)) -

Another use of Theorem 4.1.21 gives

H/ Sm((t_rw A)((u3(r))drH SOy, M
X5 LS L2s Ly L 22

Observe that the couple (1 Yer s Y) is the dual of (1 e Y) which is the end point
(1 — s)-admissible couple. We also observe that if (p, ¢) is an s-admissible couple

then ; ranges in the interval [ 3 » — 3]. The assumption s € (1/2, 1) implies
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Therefore g* = 2Es is such that there exists p* such that (p*, ¢*) is an s-admissible
couple. By definition p* is such that

The last relation implies that

which in turn implies

H /Ot sin((t\—/z’)\/—A) ((u3(‘c))d‘c)

2s—1. 113
<CT u .
< el

—A X5

Consequently
1 Pug,u Wl xs. < Cluoll s (rsy + Nutll gs-1(73)) + CT2‘_1IIM||§@T :
A similar argument yields
1@ug.a () = Pug.uy W lxy, < CTH 7 (llelley + N0lZy Ml = vllxy . (41.61)

Now, one obtains the existence and the uniqueness statements as in the proof of
Proposition 4.1.1. Estimate (4.1.60) follows from (4.1.61) and a similar estimate
obtained after differentiation of the Duhamel formula with respect to ¢. The propa-
gation of regularity statement can be obtained as in the proof of Proposition 4.1.1.
This completes the proof of Theorem 4.1.22. O

Concerning the uniqueness statement, we also have the following corollary which
results from the proof of Theorem 4.1.22.

Corollary 4.1.23 Let s > 1/2. Let (p*, q*) be the s-admissible couple defined by

Then the solutions constructed in Theorem 4.1.22 is unique in the class

LP"([0, T; LY (T3)) .
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Remark 4.1.24 As a consequence of Theorem 4.1.22, we have that for each
(uo, u1) € H5(T?) x H*~1(T3) there is a solution with a maximum time existence
T* and if T* < oo than necessarily

,E)nrl* ” (l/l(t), 8[M(t)) ”Hx(']I‘S)XHx—l (T3) = Q. (4162)
One can also prove a suitable local well-posedness in the case s = 1/2 but in this

case the dependence of the existence time on the initial data is more involved. Here
is a precise statement.

Theorem 4.1.25 Consider the cubic defocusing wave equation
(02— Au+u>=0, (4.1.63)
posed on T3. For every
Y 3 —)em3
(uo,u1) € H2(T") x H™2(T")
there exists a time T > 0 and a unique solution of (4.1.63) in
4 3 Y 3
L*([0, T] x T%) x C([0, T']; H2(T")),
with initial data
u(0,x) =uo(x), u(0,x)=ur(x).
Proof For T > 0, using the Strichartz estimates of Theorem 4.1.21, we get
1 Pug,uy (”)||L4([0,T]x’11‘3) = [IS(®)(uo, ”1)||L4([0,T]x’11‘3) + C||M3||L4/3([0,T]x'11*3)
= IS o, un)ll Lo, 71xrs) + Clull}a o 71575, -
Similarly, we get
”q)uo,ul (u) — cDuo,u] (U)||L4([0,T]><T3)

2 2
=< C(||u||L4([O,T]><T3) + ||U||L4([0,T]XT3))||M - v”L4([0,T]><T3) .

Therefore if T is small enough then we can construct the solution by a fixed point
argument in L*([0, T]1x T3). In addition, the Strichartz estimates of Theorem 4.1.21

yield that the obtained solution belongs to C([0, T]; H > (T3)). This completes the
proof of Theorem 4.1.25. O

Remark 4.1.26 Observe that for data in H 2 (T x H™ : (T3) we no longer have the
small factor 7%, ¥ > 0 in the estimates for ®,,, ,,. This makes that the dependence
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of the existence time 7 on the data (ug, #1) is much less explicit. In particular,
we can no longer conclude that the existence time is the same for a fixed ball in

H 2 (T® x H - (T3) and therefore we do not have the blow-up criterium (4.1.62)
(with s = 1/2).

4.1.5 A Constructive Way of Seeing the Solutions

In the proof of Theorem 4.1.22, we used the contraction mapping principle in order
to construct the solutions. Therefore, one can define the solutions in a constructive
way via the Picard iteration scheme. More precisely, for (ug,u1) € H S(T3) x
H*~1(T3), we define the sequence (u),,=¢ as u® = 0 and for a given u™, n > 0,
we define u "1 as the solutions of the linear wave equation

02 — AMu™ £ @™y} =0, w(©) =uo, Bu0)=u.

Thanks to (the proof of) Theorem 4.1.22 the sequence (™), is converging in
X7, and in particular in C ([0, T1; H*(T?3)) for

T ~ (lu(0)l s (p3) + 13:uO) | gs—1(p3)) ™", ¥ > 0.
One has that
u = S(t)(uo, ur)
and forn > 1,
M ORI SO ENORNON

where the trilinear map 7 is defined as

o3 _ _
T, v, w):—/ sin((t — 1)/ B (w@@w)dr.

0 NETN

One then may compute

u® = 4O L 7O D0,
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The expression for u® is then

u® =, M + T(u(l), u(l), u(l)) + 37‘(”(1)’ u(l), 7‘(”(1)’ u(l), u(l)))
+ 37‘(,/[(1)’ T(u(l), u(l), u(l)), T(u(l), u(l), u(l)))

F TG, 4D, 4Dy, T O Oy 7D, W Wy,

We now observe that for n > 2, the nth Picard iteration ™ is a sum from j=1
to j = 3"~ of j-linear expressions of u!. Moreover the first 3"~ terms of this
sum contain the (n — 1)th iteration. Therefore the solution can be seen as an infinite
sum of multi-linear expressions of u!. The Strichartz inequalities we proved can
be used to show that for s > 1/2,

7 (u, v, w)||HX(']1‘3) S ||u||HS(']1‘3)||U||HS(']1‘3) ||w||Hx(11‘3) .

The last estimate can be used to analyse the multi-linear expressions in the
expansion and to show its convergence. Observe that, we do not exploit any
regularising effect in the terms of the expansion. The ill-posedness result of the
next section, will basically show that such an effect is in fact not possible. In our
probabilistic approach in the next section, we will exploit that the trilinear term
in the expression defining the solution is more regular in the scale of the Sobolev
spaces than the linear one, almost surely with respect to a probability measure on
Hé s <1/2.

4.1.6 Global Well-Posedness in H* x H~\, for Some s < 1

One may naturally ask whether the solutions obtained in Theorem 4.1.22 can
be extended globally in time. Observe that one cannot use the argument of
Theorem 4.1.2 because there is no a priori bound available at the H®, s # 1
regularity. One however has the following partial answer.

Theorem 4.1.27 (Low Regularity Global Well-Posedness) Lers > 13/18. Then
the local solution obtained in Theorem 4.1.22 can be extended globally in time.

For the proof of Theorem 4.1.27, we refer to [18, 27, 40]. Here, we only present
the main idea (introduced in [14]). Let (1o, u1) € H*(T?) x H*~1(T?) for some
s e (1/2,1).LetT >» 1.For N > 1, we define a smooth Fourier multiplier acting as
1 for frequencies n € Z3 such that [n| < N and acting as N'~%|n|*~! for frequencies
[n] = 2N. A concrete choice of Iy is Iy (D) = I((—A)l/z/N), where I (x) is a
smooth function which equals 1 for x < 1 and which equals x*~! for x > 2. In
other words 7(x) is one for x close to zero and decays like xS forx > 1. We
choose N = N (T') such that for the times of the local existence the modified energy
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(which is well-defined in H* x H*~1)

1
A @y + iy + ()

does not vary much. This allows to extend the local solutions up to time 7" > 1.
The analysis contains two steps, a local existence argument for /yu under the
assumption that the modified energy remains below a fixed size and an energy
increase estimate which is the substitute of the energy conservation used in the proof
of Theorem 4.1.2. More precisely, we choose N as N = T? forsomey = y(s) > 1.
With this choice of N the initial size of the modified energy is 77 (1=, The local
well-posedness argument assures that /yu (and thus u as well) exists on time of
size T~F for some B > 0 as far as the modified energy remains < 7%= The
main part of the analysis is to get an energy increase estimate showing that on the
local existence time the modified energy does not increase more then 7~ for some
a > 0. In order to arrive at time 7 we need to iterate ~ T!*# times the local
existence argument. In order to ensure that at each step of the iteration the modified
energy remains < 775 we need to impose the condition

T <prd=9 T %1, (4.1.64)

As far as (4.1.64) is satisfied, we can extend the local solutions globally in time. The
condition (4.1.64) imposes the lower bound on s involved in the statement of The-
orem 4.1.27. One may conjecture that the global well-posedness in Theorem 4.1.27
holds for any s > 1/2.

4.1.7 Local Ill-Posedness in H* x H*~1, s € (0,1/2)

It turns out that the restriction s > 1/2 in Theorem 4.1.22 is optimal. Recall that the
classical notion of well-posedness in the Hadamard sense requires the existence, the
uniqueness and the continuous dependence with respect to the initial data. A very
classical example of contradicting the continuous dependence with respect to the
initial data for a PDE is the initial value problem for the Laplace equation with data
in Sobolev spaces. Indeed, consider

02 4+0Hv=0, v:R xT, — R (4.1.65)
Equation (4.1.65) has the explicit solution

un(t, x) = e Vsh(nt) cos(nx).
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Then for every (s1, 52) € Rz, v, satisfies
1 (0), v (O) [ (a2 my S €V CE2FD s g,
as n tends to +oo but for r # 0,
@ (0), Beva () s (myea(my 2 €M eV ™OE2HD — foo,

as n tends to +o00. Consequently (4.1.65) in not well-posed in H*! (T) x H*2(T) for
every (s1,s2) € R? because of the lack of continuous dependence with respect to
the initial data (0, 0).

It turns out that a similar phenomenon happens in the context of the cubic
defocusing wave equation with low regularity initial data. As we shall see below

the mechanism giving the lack of continuous dependence is however quite different
compared to (4.1.65). Here is the precise statement.

Theorem 4.1.28 Let us fix s € (0, 1/2) and (uo, u1) € C®(T3) x C®(T3). Then

there exist § > 0, a sequence (t,),2 | of positive numbers tending to zero and a

sequence (u,(t,x))72 of C(R; C®(T?)) functions such that
(32 — Ny +ul =0
with
1G24 (0) = 0, 14 (0) — 1) s (73w =1 73y < CllOGM)] ™ = s 00 0
but
1t ), Byttt | s 23 e o1 (19 = CLOGMI > s 00 00
In particular, for every T > 0,
I (1), By () e g0, 975y 11 78y = 0.
Proof of Theorem 4.1.28 We follow [6, 12, 48]. Consider
2= ANu+u?=0 (4.1.66)
subject to initial conditions
(uo(x) + ka2 @ (nx), 1 (x)), n>1, (4.1.67)
where ¢ is a nontrivial bump function on R* and

Kn = [log(m)]7%1,
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with §; > 0 to be fixed later. Observe that for n > 1, we can see ¢(nx) as a C*®
function on T°.

Thanks to Theorem 4.1.2, we obtain that (4.1.66) with data given by (4.1.67)
has a unique global smooth solution which we denote by u,. Moreover u, €
C(R; C%°(T?)) thanks the propagation of the higher Sobolev regularity and the
Sobolev embeddings.

Next, we consider the ODE

V'4+V3=0, V() =1, V') =0. (4.1.68)
Lemma 4.1.29 The Cauchy problem (4.1.68) has a global smooth (non constant)
solution V (t) which is periodic.

Proof One defines locally in time the solution of (4.1.68) by an application of the
Cauchy-Lipschitz theorem. In order to extend the solutions globally in time, we
multiply (4.1.68) by V'. This gives that the solutions of (4.1.68) satisfy

d 1
V)Y + (V) =0
dt(( )"+ ,( ()%
and therefore taking into account the initial conditions, we get
’ 2 1 4 1
Vo) +,vey' =, . (4.1.69)

The relation (4.1.69) implies that (V (¢), V'(¢)) cannot go to infinity in finite time.
Therefore the local solution of (4.1.68) is defined globally in time. Let us finally
show that V (¢) is periodic in time. We first observe that thanks to (4.1.69), |V (¢)| <
1 for all times ¢. Therefore + = 0 is a local maximum of V (¢). We claim that there
is fo > 0 such that V’'(#) = 0. Indeed, otherwise V (¢) is decreasing on [0, +00)
which implies that V' (¢) < 0 and from (4.1.69), we deduce

_ 4
V= - \/(1 et

Integrating the last relation between zero and a positive #y gives

1
d
t()=\/2/ v
|4

() V1 —v4’

Therefore

1
d
l‘()f«/Z/ v
1A=
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and we get a contradiction for 7o >> 1. Hence, we indeed have that there is #p > 0
such that V’(fp) = 0. Coming back to (4.1.69) and using that V (fp) < 1, we deduce
that V(o) = —1. Therefore t = 1y is a local minimum of V (). We now can show
exactly as before that there exists r; > 7o such that V/(r;) = 0 and V(1;) > —1.
Once again using (4.1.69), we infer that V(7;) = 1,1i.e. V(0) = V(¢;) and V'(0) =
V’(11). By the uniqueness part of the Cauchy-Lipschitz theorem, we obtain that V
is periodic with period #1. This completes the proof of Lemma 4.1.29. O

We next denote by v, the solution of
07vn + 3 =0, (Wa(0), 30, (0)) = (un? *(nx), 0). (4.1.70)
It is now clear that
3 o 3 .
vp(t, x) = kyn2 pnx)V (t/cnn 278 (p(nx)).

In the next lemma, we collect the needed bounds on v,,.

Lemma 4.1.30 Let
ty = [log(n) P20~

for some 83 > 81. Then, we have the following bounds for t € [0, t,],

1A @A), )l g1 73y < Cllog(m)]?2n?~, (4.1.71)
1AW, ) 123y < Cllog(m)*2n*~ (4.1.72)
IV 0 (2, )l oo (3 < Cllog(m) %225+ k=0, 1,--- . (4.1.73)

Finally, there exists no > 1 such that for n > ny,

10 (s M ggs 13y = Cotn(ttcan> —*)* = Cllog(m)]~6FD3+5% (4.1.74)
Proof Estimates (4.1.71) and (4.1.72) follow from the general bound

10 (2, I g 3y < Cokn (s> )0 4.1.75)

where t € [0, #,] and o > 0. For integer values of ¢, the bound (4.1.75) is a direct

consequence of the definition of v,,. For fractional values of o one needs to invoke an

elementary interpolation inequality in the Sobolev spaces. Estimate (4.1.73) follows

directly from the definition of v,. The proof of (4.1.74) is slightly more delicate. We
first observe that for n >> 1, we have the lower bound

3
o (s M g1 3y = Chn(takcqn2™Hn' = (4.1.76)
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Now, we can obtain (4.1.74) by invoking (4.1.75) (with o = 2), the lower
bound (4.1.76) and the interpolation inequality

0 1-6
lon s It sy < 1on @y Il s opay 1vn s Dl gy s

for some 6 > 0. It remains therefore to show (4.1.76). After differentiating once the
expression defining v,, we see that (4.1.76) follows from the following statement.

Lemma 4.1.31 Consider a smooth not identically zero periodic function V and a
non trivial bump function ¢ € Cg° (RY). Then there exist ¢ > 0 and Ay > 1 such
that for every . > Ao

16OV (bl 2y = -

Proof We can suppose that the period of V is 2 L for some L > 0. Consider the
Fourier expansion of V,

V()= et | < Cy(1+ )N,

nez

We can assume that there is an open ball B of RY such that for some co > 0,
[0x,¢(x)] = coon B.Let0 < ¢y < 1 be anon trivial C§°(B) function. We can write

16OV (Ap NI gay = 1 ()@ P CIT a5y = 11 + D2

where

L= |l / (Y (X)¢ () dx,
nez B
and
L= v / 1100 (g (1) (x))? dx.
ni1#ny B
Clearly I; > 0 is independent of A. On the other hand

ei)‘lllzllz(p(x) _ L . (ei)\,nlz’lng(x)).
iM(n —n2)dy, p(x)

Therefore, after an integration by parts, we obtain that |I;| < A~!. This completes
the proof of Lemma 4.1.31. O
This completes the proof of Lemma 4.1.30. O
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We next consider the semi-classical energy

1
Ep) = n~ (100l o gy + VUl Fa )2
1
+ 1= (10l s,y + VRl ps))?
We are going to show that for very small times u, and v, + S(t)(uo, u;) are
close with respect to E, but these small times are long enough to get the needed

amplification of the H* norm. We emphasise that this amplification is a phenomenon
only related to the solution of (4.1.70). Here is the precise statement.

Lemma 4.1.32 There exist ¢ > 0, 82 > 0 and C > 0 such that for 81 < &2, if we
set

in = [log(m)]2n~ G~
then for everyn > 1, everyt € [0, t,],
En (1t (£) — v (1) — S(t) (o, ur)) < Cn™*.
Moreover,
llun (1) — va () — SO (o, u) | s g3y < Cn™" . (4.1.77)

Proof Setuy = S(t)(uo, 1) and w, = u, — ur — v,. Then w, solves the equation

(02 — Awy = Avy — 302 (ur + wn) — 30, (ur + wy)? — (up +wy)?,  (4.1.78)
with initial data

(wa (0, ), dwn(0, ) =(0,0).
Set
F = Avy =30 (ur + wy) — 30, (up 4+ wp)? — (ur + wy)* .

Multiplying Eq. (4.1.78) with 8, w,, and integrating over T> gives

L 0n® 2arms: + [V ()2 < 18, wa (2 F(t

1 B O 2 ) + 1V (2 53)) | 18 (O 27s) | F Ol 2 s,
which in turn implies

< ||F(t)||L2(T3) . 4.1.79)

d 2 2 >
‘d[ (Hatwn(t)”LZ(']r}) + ||an(t)”L2(T3))
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Similarly, by first differentiating (4.1.78) with respect to the spatial variables, we
get the bound

d 1
\ i (196w D371 (s, + IV R D51 75)) | S NTF Ol 73 - (4.1.80)

Now, using (4.1.79) and (4.1.80), we obtain the estimate

d —(2—s) —(1-s)
dt Ey(wy (1)) )| <Cn I F Ol 113y + Cn | E@ N p2ersy -

Therefore using (4.1.71), (4.1.72), we get

d 38
|5, (Enwa@0)| = €(Dogm*n
+ 0" @G, g sy + 0~ VG, -)||L2(Ts)) ,
(4.1.81)

where G = G| + G, with

G = —3v2ur — 3vut —uj
and
— 2 2 3
Gy = —3ur +vy) wy, — 3 +v)w; —w;,.

Since u;, € C®(R x T?) is independent of n, using (4.1.73) and (4.1.75) we can
estimate G as follows

n= NG D gy S [logn)2n2~* < [log(m)1**n, 1=1,2.

Writing for ¢ € [0, t,,],

t
wn(tax) 2/ atwn(f,x)d‘[,
0
we obtain

3_¢
lwn (2, ) grsy < Cllogm12n =7 sup 1dwa(e, Mgeersy . (4.1.82)

0<t<t

Set

en(wp (1)) = sup Ep(wn(7)).

0<t<t
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Observe that e, (w,(?)) is increasing. Using (4.1.82) (with k = 0, 1), (4.1.73) and
the Leibniz rule, we get that for r € [0, t,] and for/ =1, 2,

g (1) + va (1)) wa (O]l o1 ) < Clog)*203 ™ e (wy (1)) -

Thanks to the Gagliardo-Nirenberg inequality, and (4.1.82) with k = 0, we get for
re [Oa tn],

3

1
< Cn2 e, (wy (1))

Hence, we can use (4.1.83) to treat the quadratic and cubic terms in w, and to get
the bound

w1 G, ) o1 sy < Cllogm)]2n3 ™ (€4 (wy () + [en(wa )T

Therefore, coming back to (4.1.81), we get for ¢ € [0, #,],

d
|5y (Exwn@)| = Cliogm™n
+ Cllog(m) 12212~ (e (wy (1)) + [en (wn (D)) .

‘We now observe that

entwa@n) = | (Enuno)|

is resulting directly from the definition. Therefore, we have the bound

d
o (entwn (@) = Cliog(mPn
+ Cllog(m)1%2n2 ™ (eq (wn (1)) + [ea(wn D). (4.1.84)

We first suppose that e,(w,(t)) < 1. This property holds for small values of ¢

since E,(w,(0)) = e, (w,(0)) = 0. In addition, the estimate for e, (w, (t)) we are

looking for is much stronger than e, (w,(¢#)) < 1. Therefore, once we prove the

desired estimate for e, (w, (¢)) under the assumption e, (w,(#)) < 1, we can use a

bootstrap argument to get the estimate without the assumption e, (w,(¢)) < 1.
Estimate (4.1.84) yields that for ¢ € [0, #,],

jt (en(wn (1)) < Cllog(m) 1 + Cllog(m) 1212 e, (w (1))
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and consequently

d

3 3,
dr (fcz[l‘)g(")'zaznzﬂ en(wy (t))) < Cllog(m)** n ¢~ Ctllogm?2n2™"

An integration of the last estimate gives that for ¢ € [0, #,],

3

en(wn (1)) < C([log(n)]2n*~2)Clogm2n>
< C([log(n)12n* 2 )Cllosm™
(one should see §> as 36 — 25> and s — 1/2 as 1 — (3/2 — s)). Since s < 1/2,
by taking 8> > 0 small enough, we obtain that there exists ¢ > 0 such that for
t S [Os t}’l],
Ep(wp(t)) <Cn™*

and in particular one has for ¢t € [0, #,],

[0 wy (2, ')||L2(11‘3) + [[Vw, (2, ‘)||L2(’11‘3) = Cnl_s_s . (4.1.85)

We next estimate ||wy, (¢, -)||;2. We may write for ¢ € [0, #,],

1
lwn @, Il 2er3y = ||/ Orwn(t, )Tl L2(p3) < ctp sup |0 wn (T, )l L2(73) -
0

O<t<t
Thanks to (4.1.85) and the definition of #,,, we get
lwn (#, ) r2(13y) < C[log(n)]aznf(gﬂ)nlﬂrfg.
Therefore, since s < 1/2,
lwn (#, I p2er3y) < Cn°7F. (4.1.86)

An interpolation between (4.1.85) and (4.1.86) yields (4.1.77). This completes the
proof of Lemma 4.1.32. O

Using Lemma 4.1.32, we may write
len s N gserzy = NonCns M gsrsy — C — Cn™*.
Recall that (4.1.74) yields

[0ty )l s 2y = Cllog(m)]~ ¢ Do
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provided n > 1. Therefore, by choosing é; small enough (depending on §, fixed in
Lemma 4.1.32), we obtain that the exists § > 0 such that

1Vn (s s sy = Cllogm)P’, > 1
which in turn implies that
4 (tns ) s 3y = CllogmI’,  n> 1.
This completes the proof of Theorem 4.1.28. O
Theorem 4.1.28 implies that the Cauchy problem associated with the cubic
focusing wave equation,
B2 —MNu+u?=0
is ill-posed in H S(T3) x H~1(T?) for s < 1/2 because of the lack of continuous
dependence for any C*(T3) x C*°(T?) initial data.

For future references, we also state the following consequence of Theo-
rem 4.1.28.

Theorem 4.1.33 Letusfixs € (0,1/2), T > 0 and
(o, ur) € H*(T?) x H*~N(T?).
Then there exists a sequence (un(t, x));'li1 of C(R; C*® ('I['3))functi0ns such that
(02 — My +ul =0

with

HBTOO (1, (0) — ug, 0,1, (0) — M1)||HS(11'3)XHH(T3) =0
but

nlll—}-loo ||(un (t), Btun (t))||LOO([0’T];HS(’]I‘3)XHS*1(T3)) = +00.
Proof Let (uo,m, u1,m);,_, be a sequence of C(T?) x C*(T?) functions such that

mgl}rloo o — uo,m, ur — wr,m)ll gs 3y x s—1 (13 = 0.

For a fixed m, we apply Theorem 4.1.28 in order to find a sequence (i, (2, X))o
of C(R; C*°(T?)) functions such that

OF — Numpn +uy, , =0
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with
nlll-il—loo I m.n(0) — u0,m, Ot n(0) — w1, m) || s (r3yx s—1 (13) = 0
and for every m > 1,
HETOO I @mn (1), Oettm,n () || oo (10,71 s (T3) 51 (T3)) = F00. (4.1.87)

Now, using the triangle inequality, we obtain that for every [ > 1 there is Mo () such
that for every m > My (l) there is No(m) such that for every n > No(m),

1
| @m,n(0) — uo, dttm,n(0) — u1)||HS(11'3)XHS71(T3) < I

Thanks to (4.1.87), we obtain that for every m > 1 there exists Nj(m) > No(m)
such that for every n > Nj(m),

I @m,n (2), Orttm,n (O oo (10,70 Hs (T3) s 51 (T3y) > L -

‘We now observe that

u(t, x) = upyay,yyMo)),x), 1=1,2,3,---

is a sequence of solutions of the cubic defocusing wave equation satisfying the
conclusions of Theorem 4.1.33. m|

Remark 4.1.34 1t is worth mentioning that we arrive without too much complicated
technicalities to a sharp local well-posedness result in the context of the cubic wave
equation because we do not need a smoothing effect to recover derivative losses
neither in the nonlinearity nor in the non homogeneous Strichartz estimates. The
X*P spaces of Bourgain are an efficient tool to deal with these two difficulties.
These developments go beyond the scope of these lectures.

4.1.8 Extensions to More General Nonlinearities

One may consider the wave equation with a more general nonlinearity than the cubic
one. Namely, let us consider the nonlinear wave equation

(82 — A+ u|%u = 0, (4.1.88)
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posed on T3 where @ > 0 measures the “degree” of the nonlinearity. If u(z, x) is a
solution of (4.1.88) posed on R3, than so is u; (7, x) = Aczx u(At, Ax). Moreover

2 3
s (t, I Es ~ A XA 2 lu(rt, )| gs

which implies that H® with s = ; - 5 is the critical Sobolev regularity for (4.1.88).

Based on this scaling argument one may wish to expect that for s > ; - 2 the
Cauchy problem associated with (4.1.88) is well-posed in H® x H*~! and that for
s < ; - 2 it is ill-posed in H* x H*~!. In this section, we verified that this is
indeed the case for ¢« = 2. For 2 < a < 4, a small modification of the proof
of Theorem 4.1.22 shows that (4.1.88) is locally well-posed in H* x H*~! for

s € (; — 2, «). Then, as in the proof of Theorem 4.1.2, we can show that (4.1.88)
is globally well-posed in H' x L?. Moreover a small modification of the proof of
Theorem 4.1.28 shows that for s € (0, g — i) the Cauchy problem for (4.1.88) is
locally ill-posed in H* x H*~!. For & = 4, we can prove a local well-posedness
statement for (4.1.88) as in Theorem 4.1.25. The global well-posedness in H' x L?
for @« = 4 is much more delicate than the globalisation argument of Theorem 4.1.2.
It is however possible to show that (4.1.88) is globally well-posed in H! x L?
(see [20, 21, 41, 42]). The new global information for ¢ = 4, in addition to the
conservation of the energy, is the Morawetz estimate which is a quantitative way to
contradict the blow-up criterium in the case « = 4. For « > 4 the Cauchy problem
associated with (4.1.88) s still locally well-posed in H* x H*~! for some s > ; — 2 .
The global well-posedness (i.e. global existence, uniqueness and propagation of
regularity) of (4.1.88) for o > 4 is an outstanding open problem. For o > 4, the
argument used in Theorem 4.1.28 may allow to construct weak solutions in H' x L?
with initial datain H? for 1 < o < ; - 2 which are losing their H? regularity. See

[28] for such a result for (4.1.88), posed on R3.

4.2 Probabilistic Global Well-Posedness for the 3d Cubic
Wave Equation in HS, s € [0, 1]

4.2.1 Introduction

Consider again the Cauchy problem for the cubic defocusing wave equation

@2 —MNu+u?=0, u:RxT> - R,
\ 4.2.1)
Ul=0 = uo, duli=0 =ur, (uo, ur) € H'(T),
where

H(T?) = H (T?) x H*~1(T%).
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In the previous section, we have shown that (4.2.1) is (at least locally in time) well-
posed in H* (T3), s > 1/2. The main ingredient in the proof for s € [1/2, 1) was
the Strichartz estimates for the linear wave equation. We have also shown that for
s € (0, 1/2) the Cauchy problem (4.2.1) is ill-posed in H*(T3).

One may however ask whether some sort of well-posedness for (4.2.1) survives
for s < 1/2. We will show below that this is indeed possible, if we accept
to “randomise” the initial data. This means that we will endow H*(T%), s €
(0, 1/2) with suitable probability measures and we will show that the Cauchy
problem (4.2.1) is well-posed in a suitable sense for initial data (u¢, #1) on a set
of full measure.

Let us now describe these measures. Starting from (1, u1) € H* given by their
Fourier series

uj(x)=aj+ Z (bn,j cos(n - x) + cp,j sin(n ~x)), j=0,1,

nez3

we define u;‘? by

u;‘-’(x) =aj(w)a; + Z (,Bn,j(a))b,,,j cos(n - x) + yu, j (@)cp, j sin(n -x)),
neZE

4.2.2)

where (o (), Bp, j (), Vn,j(w)), n € Zf, j = 0,1 is a sequence of real random
variables on a probability space (€2, p, F). We assume that the random variables
(s Bn.j» Vn.j)pezd, j=0,1 are independent identically distributed real random vari-
ables with a distribution 6 satisfying
o 2
d¢>0, VyeR, / e’*dh(x) < eV (4.2.3)

—00

(notice that under the assumption (4.2.3) the random variables are necessarily of
mean zero). Typical examples (see Remark 4.2.13 below) of random variables
satisfying (4.2.3) are the standard Gaussians, i.e.

<2
do(x) = Qr)"2e" > dx
(with an identity in (4.2.3)) or the Bernoulli variables
1
do(x) = 2(5—1 +81) .

An advantage of the Bernoulli randomisation is that it keeps the H* norm of the
original function. The Gaussian randomisation has the advantage to “generate” a
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dense set in H* via the map
weQr— (uf,uf) e H' 4.2.4)

for most of (ug, u1) € H’ (see Proposition 4.2.2 below).

Definition 4.2.1 For fixed (ug,u1) € H*, the map (4.2.4) is a measurable map
from (€2, F) to H* endowed with the Borel sigma algebra since the partial sums
form a Cauchy sequence in L2($2; H*). Thus (4.2.4) endows the space 7° (T?) with
a probability measure which is the direct image of p. Let us denote this measure by
M (ug,uy)- Then

YACH, Wupu)(A) = plweQ: (ug,uf) € A).

Denote by M? the set of measures obtained following this construction:

M? = U {M(uo,ul)} .
(uo,u1)eH*

Here are two basic properties of these measures.

Proposition 4.2.2 Foranys' > s, if (uo, u1) ¢ H*, then

Mgy (HE) = 0.

In other words, the randomisation (4.2.4) does not regularise in the scale of the L*-
based Sobolev spaces (this fact is obvious for the Bernoulli randomisation). Next,
if (ug, u1) have all their Fourier coefficients different from zero and if supp(6) =
R then supp(iiguy)) = H®. In other words, under these assumptions, for any
(wo, wy) € H® and any € > 0,

M(ug,uy) ({(vo, v1) € H & [[(wo, wi) — (vo, v1)ll3s < €}) > 0, (4.2.5)

or in yet other words, any set of full (L, u,)-measure is dense in H’ .

We have the following global existence and uniqueness result for typical data with
respect to an element of M?.

Theorem 4.2.3 (Existence and Uniqueness) Let us fix s € (0, 1) and n € M?*.
Then, there exists a full u measure set X CH* (T3) such that for every (vg, v1) € X,
there exists a unique global solution v of the nonlinear wave equation

@ = Av+v> =0, (©(0),%v(0) = (vo, v1) (4.2.6)

satisfying

(@), Jv(®)) € (SE)(vo, v1), ¥ SE)(vo, v1)) + CR; H'(T?) x L*(T?)).
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Furthermore, if we denote by
(1) (vo, v1) = (v(1), dv(1))

the flow thus defined, the set X is invariant by the map ®(t), namely
d(H)(X) =X, vVt eR.

The next statement gives quantitative bounds on the solutions.

Theorem 4.2.4 (Quantitative Bounds) Let us fixs € (0, 1) and u € M5. Let ¥
be the set constructed in Theorem 4.2.3. Then for every ¢ > 0 there exist C,5 > 0
such that for every (vo, v1) € X, there exists M > 0 such that the global solution
to (4.2.6) constructed in Theorem 4.2.3 satisfies

v(t) = SOy (vo, v1) + w(),
with
1w (@), BrwE)llzgrpsy < CM + i) 'sF
and
w((wo,v1) = M >2) < Ce ™.

Remark 4.2.5 Recall that Iy is the orthogonal projector on the zero Fourier mode
and Ty = Id — T.

We now further discuss the uniqueness of the obtained solutions. For s > 1/2, we
have the following statement.

Theorem 4.2.6 (Unique Limit of Smooth Solutions for s > 1/2) Lets e (1/2,1).
With the notations of the statement of Theorem 4.2.3, let us fix an initial datum
(vo, v1) € X with a corresponding global solution v(t). Let (vo,n, V1,n),o, be a
sequence of H'(T?) such that

Jim [ (wo,n — vo, vi,n = v llggs(rs) = 0-

Denote by v, (t) the solution of the cubic defocusing wave equation with data
(vo.n, V1,) defined in Theorem 4.1.2. Then for every T > 0,

nll)nolo [ (va () — v(t), O v, (2) — 3tv(f))||L00([0,T];7-[S(11‘3)) =0.

Thanks to Theorem 4.1.33, we know that for s € (0, 1/2) the result of Theo-
rem 4.2.6 cannot hold true ! We only have a partial statement.



270 N. Tzvetkov

Theorem 4.2.7 (Unique Limit of Particular Smooth Solutions for s < 1/2) Let
s € (0, 1/2). With the notations of the statement of Theorem 4.2.3, let us fix an initial
datum (vo, v1) € X with a corresponding global solution v(t). Let (vo,n, V1,n)5o
be the sequence of C*®°(T?) x C®(T3) defined as the usual regularisation by
convolution, i.e.

Vo,n = V0 * Pn, Vl,n = V1 *Pn,
where (p,),2 | is an approximate identity. Denote by v, (t) the solution of the cubic
defocusing wave equation with data (vo n, v1,,) defined in Theorem 4.1.2. Then for
everyT > 0,

ngn;o (v (2) — v(@), 3 vn (2) — BVl Loo g0, 77,245 (T3y) = O

Remark 4.2.8 We emphasise that the result of Theorem 4.1.33 applies for the
elements of X. More precisely, thanks to Theorem 4.1.33, we have that for every
(vo, v1) € X there is a sequence (vo,,, V1,n);c; of elements of C®(T3) x C°°(T?)
such that

Jim [ (wo,.n — vo, vin = v llggsr3) = 0

but such that if we denote by v,(¢) the solution of the cubic defocusing wave
equation with data (v, v1,,) defined in Theorem 4.1.2 then for every T > 0,

nlglolo (v (2), B vn (Dl oo ([0, T7: 15 (T3y) = OO -

Therefore the choice of the particular regularisation of the initial data in Theo-
rem 4.2.7 is of key importance. It would be interesting to classify the “admissible
type of regularisations” allowing to get a statement such as Theorem 4.2.7 .

Remark 4.2.9 We can also see the solutions constructed in Theorem 4.2.3 as the
(unique) limit as N tends to infinity of the solutions of the following truncated
versions of the cubic defocusing wave equation.

(37 — A)Syu + Sy ((Syu)®) =0,

where Sy is a Fourier multiplier localising on modes of size < N. The convergence
of a subsequence can be obtained by a compactness argument (cf. [9]). The
convergence of the whole sequence however requires strong solutions techniques.

The next question is whether some sort of continuous dependence with respect to
the initial data survives in the context of Theorem 4.2.3. In order to state our result
concerning the continuous dependence with respect to the initial data, we recall that
for any event B (of non vanishing probability) the conditioned probability p(-|B) is



4 Random Data Wave Equations 271

the natural probability measure supported by B, defined by

p(AN B)

AB =
p(A|B) »(B)

We have the following statement.

Theorem 4.2.10 (Conditioned Continuous Dependence) Let us fix s € (0, 1), let
A >0, let By = (V€ H :|Vl]ys < A) be the closed ball of radius A centered
at the origin of H® and let T > 0. Let u € M?® and suppose that 0 (the law of our
random variables) is symmetric. Let ®(t) be the flow of the cubic wave equations
defined . almost everywhere in Theorem 4.2.3. Then for ¢, > 0, we have the
bound

M®M((V, Ve H xH | o)(V) - PO)(V)llx, > ¢ ‘

IV = Villss < and (V. V') € By x Ba) < gle. ), (427)

where X7 = (C([0, T1; H*) N L*([0, T]1 x T3)) x C([0, T1; H*~Y) and g(e, n) is
such that

lim g(e, n) =0, Ve > 0.
n—0

Moreover, if for s € (0, 1/2) we assume in addition that the support of | is the
whole H® (which is true if in the definition of the measure p, we have a;, by j, ¢y, j #
0,Vn € Z¢ and the support of the distribution function of the random variables is
R), then there exists € > 0 such that for every n > 0 the left hand-side in (4.2.7) is
positive.

A probability measure 6 on R is called symmetric if

/f(x)d@(x) =/ f(=x)do(x), V fe L' (do).
R R

A real random variable is called symmetric if its distribution is a symmetric measure
on R.

The result of Theorem 4.2.10 is saying that as soon as n < ¢, among the initial
data which are n-close to each other, the probability of finding two for which the
corresponding solutions to (4.2.1) do not remain ¢ close to each other, is very small.
The last part of the statement is saying that the deterministic version of the uniform
continuity property (4.2.7) does not hold and somehow that one cannot get rid of
a probabilistic approach in the question concerning the continuous dependence (in
H®, s < 1/2) with respect to the data. The ill-posedness result of Theorem 4.1.28
will be of importance in the proof of the last part of Theorem 4.2.10.
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4.2.2 Probabilistic Strichartz Estimates

Lemma 4.2.11 Let (I,(w));2, be a sequence of real, independent random vari-
ables with associated sequence of distributions (0,)7° . Assume that 6, satisfy the

property

oo
Je>0:VyeR, Vn > 1, ‘/ e’ d6,(x)| < e . (4.2.8)
—00
Then there exists a > 0 such that for every A > 0, every sequence (cy),2 | € 1% of
real numbers,
a}»z

( |chz (@)| > )\) <2 T (4.2.9)

n=1

As a consequence there exists C > 0 such that for every p > 2, every (cp)ne | € 2,

)2 (4.2.10)

Mg

I chl (@) ”LP(Q) < CVp(

n=1 n

1

Remark 4.2.12 The property (4.2.8) is equivalent to assuming that 6, are of zero
mean and assuming that

o0
3¢>0,C>0:VyeR,Vn>1, ‘/ e’*dh,(x)| < Ce’’ (4.2.11)
—o0

Remark 4.2.13 Let us notice that (4.2.8) is readily satisfied if (I, (a)))flo:1 are
standard real Gaussian or standard Bernoulli variables. Indeed in the case of

Gaussian
/OO e’ db,(x) = /OO eV efx2/2 dx - eV2/2 )
—00 —00 \/27'[

In the case of Bernoulli variables one can obtain that (4.2.8) is satisfied by invoking
the inequality

14 -y
e’ +e - eyz/z

, VyeR.
2 = 14

More generally, we can observe that (4.2.11) holds if 6, is compactly supported.

Remark 4.2.14 In the case of Gaussian we can see Lemma 4.2.11 as a very
particular case of a L? smoothing properties of the Hartree-Foch heat flow (see
e.g. [44, Section 3] for more details on this issue).
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Proof of Lemma 4.2.11 For t > 0 to be determined later, using the independence
and (4.2.8), we obtain

/;zet anlcnln(a’)dp(a)) — l_[‘/QetCnln(a’)dp(w)

n>1
o)
=1 / €' 6, (x)
n>1Y "
< l_[ ec(tc,,)z — e(ctz) > cﬁ )
n>1

Therefore

e(Ctz) > C% > e”‘ p (w - chln(w) > 1)

n>1
or equivalently,
p(w: chln(a)) > A) < eI Luch o=tk
n>1
We choose ¢ as

= A
T 2c L, Co '
Hence
_ #
p(w: chln(a)) >A) <e *Tue
n>1
In the same way (replacing ¢, by —c,), we can show that
_ 2
P@: Y calp(@) <—1) <e *Tud

n>1

which completes the proof of (4.2.9). To deduce (4.2.10), we write

o +00 o
1Y cala @)1} gy = p/o P 2 1Y calu(@)] > MAP~dA

n=1 n=1

—+00 _ z?)»zz
< Cp/ APle Tuadn
0
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» +0o0 32
<Cp(C) cp)2 / APle™ da
0
n
<CECpY.cht
n

which completes the proof of Lemma 4.2.11. O

As a consequence of Lemma 4.2.11, we get the following “probabilistic”
Strichartz estimates.

Theorem 4.2.15 Let us fix s € (0,1) and let w € M* be induced via the
map (4.2.4) from the couple (ug,u1) € H*. Let us also fix o € (0,s5], 2 < p1 <
4+00,2 < pp <+4oocand§ > 1+ 1111' Then there exists a positive constant C such
that for every p > 2,

<C uo, U o . 4.2.12
i = VPl wo, u)llpo 13 ( )

[16) 250 w0, D1 1200
As a consequence for every T > 0 and p1 € [1, 00), p2 € [2, 00],
I1S(#) (o, vl L1 o, 73: Lr2(T3)) < O0, W -almost surely. (4.2.13)

Moreover; there exist two positive constants C and c¢ such that for every A > 0,

/L((vo, vi) € 1 I[{8) 0 S() (vo. vl Lri ®,:Lr2(T3y) > )\)
22
< Cexp(— - (4.2.14)
o, w120 s,
Remark 4.2.16 Observe that (4.2.13) applied for p» = oo displays an improvement
of 3/2 derivatives with respect to the Sobolev embedding which is stronger
than the improvement obtained by the (deterministic) Strichartz estimates (see
Remark 4.1.14). The proof of Theorem 4.2.15 exploits the random oscillations of
the initial data while the proof of the deterministic Strichartz estimates exploits

in a crucial (and subtle) manner the time oscillations of S(¢). In the proof of
Theorem 4.2.15, we simply neglect these times oscillations.

Remark 4.2.17 1In the proof of Theorem 4.2.15, we shall make use of the Sobolev
spaces W”*q(’]l‘3), o >0,q € (1, 00), defined via the norm

il o ersy = 11— D)2l g3y -

Proof of Theorem 4.2.15 We have that

-5
) °TIoS () (vg, v . ;
H II<z) 0S (1) (vo 1)||Lp1(R,,LP2(T?)) LP ()
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equals

167 @o(@)a0 + rer1 @)an il g ey | (4.2.15)

L
A trivial application of Lemma 4.2.11 implies that
leej(@)llpr < Cy/p, j=0,1

Therefore, using that § > 1 4 1/p; the expression (4.2.15) can be bounded by

@) 72 146 (o (@)ao + torr @)an) o1 g

S C/p(aol + la1]) .

Therefore, it remains to estimate

=7l
t 5 S() (v , U p TP .
107 05 SO @0, vllin g na| .,

By a use of the Holder inequality on T3, we observe that it suffices to estimate

=57l
) °TIg S(t)(vo, v . 7 00 (T .
107 15 SO @0, vl @ memsn

Let ¢ < oo be such that o > 3/4. Then by the Sobolev embedding W4 (T?) c
C%(T3), we have

1Ty S(&) (o, vD) | o3y < CII(L — AT S@) (vo, vl a3, -

Therefore, we need to estimate

[167 1 = 07218 50 w0, D ey

LP ()

which equals

16721 = 82T SO @ w0

. (4.2.16)

By using the Holder inequality in w, we observe that it suffices to evaluate the last
quantity only for p > max(pi, q). For such values of p, using the Minkowski
inequality, we can estimate (4.2.16) by

[0 = a7 ngso g, u

. 4.2.17)
LP1(Ry; L9 (T3)
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Now, we can write (1 — A)"/zl"l(J)-S(t) (ug,uf) as

3 )7 (Buo@)bnocostinl) + B @by ™" ") costn - x)
ner |n|
+(¥n.0(@)Cn,0 cO8(1]n]) + Yu,1(@)Cn 1 Sinl(:l“nl) ) sin(n 'X)),

with

> 0% (1bwol +lenol® + 1172 (b2 + lena) = Cllo, unl3y o)

neZ%

Now using (4.2.10) of Lemma 4.2.11 and the boundedness of sin and cos functions,
we obtain that (4.2.17) can be bounded by

CH (t>_5C\/P||(MO,M1)||7.[a(qy3)‘ (4.2.18)

LP1(R,; L4(T3)) ’
Since § > 1+ 1/pj, we can estimate (4.2.18) by
C\/pll(uo, ul)”’}-[n(TS) .

This completes the proof of (4.2.12). Let us finally show how (4.2.12)
implies (4.2.14). Using the Tchebichev inequality and (4.2.12), we have that

(o ) € 1 IO SO @O, v m sy > »)

is bounded by

p
LP ()

IA

AP |10 @0, v o sy (€37 Pl Guo, un)llpge o))

We now choose p as

2 -2
- 1 20, uD) 152 oo
C)\' 1\/[)”(”!07”1)”’}{0(1‘3) == 2 {:}p: ( )’

4C?
which yields (4.2.14). This completes the proof of Theorem 4.2.15. O
The proof of Theorem 4.2.15 also implies the following statement.

Theorem 4.2.18 Let us fix s € (0,1) and let w € M* be induced via the
map (4.2.4) from the couple (ug,u1) € H*. Let us also fix p > 2, 0 € (0,s]
and q < oo such that o > 3/q. Then for every T > 0,

I1S(#) (o, vl Lo (0,73 woa (T3)) < 00, W -almost surely. (4.2.19)
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4.2.3 Regularisation Effect in the Picard Iteration Expansion

Consider the Cauchy problem
0f = Mu+1u> =0, uli=o = uo, duli=o=u, (4.2.20)

where (uq, u1) is a typical element on the support of © € M?*, s € (0, 1). According
to the discussion in Sect. 4.1.5 of the previous section, for small times depending on
(uo, u1), we can hope to represent the solution of (4.2.20) as

w="y " Qjuo,u),

Jj=1
where Q ; is homogeneous of order j in (ug, u1). We have that

O1(uo, ur) = S)(uo, u1),

O2(ug, u1) =0,

Usin((r — T)v/—A)
V=A

etc. We have that u a.s. Q1 ¢ H? for o > 5. However, using the probabilistic
Strichartz estimates of the previous section, we have that for 7 > 0,

Q3 (1o, u)) = — fo (S(x)(uo, u))’dr,

103 (uo, u1)||L%oH1(~ﬂ~3) < IS() (uo, ul)”i%ﬁ(’ﬂ*) < 00, p-almost surely.

Therefore the second non trivial term in the formal expansion defining the solution
is more regular than the initial data ! The strategy will therefore be to write the
solution of (4.2.20) as

u= Qi(ug,ur) +v,

where v € H'! and solve the equation for v by the methods described in the previous
section. In the case of the cubic nonlinearity the deterministic analysis used to solve
the equation for v is particularly simple, it is in fact very close to the analysis in
the proof of Proposition 4.1.1. For more complicated problems the analysis of the
equation for v could involve more advanced deterministic arguments. We refer to
[4], where a similar strategy is used in the context of the nonlinear Schrodinger
equation and to [16] where it is used in the context of stochastic PDE’s.

This argument is not particularly restricted to Q3. One can imagine situations
when for some m > 3, Qy, is the first element in the expansion whose regularity
fits well in a deterministic analysis. Then we can equally well look for the solutions
under the form
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m—1

U= Z Q;(uo, ur) + v, 4.2.21)

j=1

and treat v by a deterministic analysis. It is worth noticing that such a situation
occurs in the work on parabolic PDE’s with a singular random source term [22-24].
In these works in expansions of type (4.2.21) the random initial data (u¢, ©1) should
be replaced by the random source term (the white noise). Let us also mention that
in the case of parabolic equations the deterministic smoothing comes from elliptic
regularity estimates while in the context of the wave equation we basically rely on
the smoothing estimate (4.1.5).

4.2.4 The Local Existence Result

Proposition 4.2.19 Consider the problem
02— A+ (f+v)d=0. (4.2.22)

There exists a constant C such that for every time interval I = [a, b] of size 1, every
A > 1, every (vg, v1, f) € H! x L? x L3(I, L6) satisfying

3
”vO“Hl + ||U1||L2 + ||f||L3(1,L6) S A

there exists a unique solution on the time interval [a, a + C ' A~2] of (4.2.22) with
initial data

v(a,x) =vo(x), OJrv(a,x)=rv1(x).

Moreover the solution satisfies || (v, atv)||Loo([a’a+c—lA—2]’HlXL2) < CA, (v, 0;v)
is unique in the class L*°([a, a + C’1A72], H! x L2) and the dependence in time
is continuous.

Proof The proof is very similar to the proof of Proposition 4.1.1. By translation
invariance in time, we can suppose that I = [0, 1]. We can rewrite the problem as

Usin((r — T)v/—A)

3
JoA ((f () +v(r))dr. (4.2.23)

o(t) = () (v, v1) — /0

Set

tsin((t — 7)v/—A)
J=A

Then for T € (0, 1], using the Sobolev embedding HY(T3) c L%(T?), we get

Py, vy, £ (V) = S(1)(vo, v1) — /0 (f(x) + v(0)) dr.
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I vao,v] ,f(U) ||L°0([0,T],H1)

T
sC(||vo||Hn+||v1||Lz+/ If@I3sdT) + T sup [v(D)}s
0 7€[0,7T]

< C(lvollg + Ivtll2 + £33 1) + TI0I eo. 71,11y
It is now clear that for T ~ A~2 the map ®y, ,,, s send the ball

{vilvllpeqo,ry, m1y < CA}

into itself. Moreover by a similar argument, we obtain that this map is a contraction
on the same ball. Thus we obtain the existence part and the bound on v in H'. The
estimate of ||0;v||;2 follows by differentiating in ¢ the Duhamel formula (4.2.23).
This completes the proof of Proposition 4.2.19. O

4.2.5 Global Existence

In this section, we complete the proof of Theorem 4.2.3. We search v under the form
v(t) = S()(vo, v1) + w(r). Then w solves

B = Dw+ SOy, v) +w) =0, wl=o=0, Fwl==0. (4.2.24)
Thanks to Theorems 4.2.15 and 4.2.18, we have that p-almost surely,
80 = 1S @o, v 13673, € LigeRo),
(4.2.25)
F@©) = 1S @0, vD) |l o (1) € Lige Ry,

o > 3/q. The local existence for (4.2.24) follows from Proposition 4.2.19 and the
first estimate in (4.2.25). We also deduce from Proposition 4.2.19, that as long as
the H' x L? norm of (w, 8, w) remains bounded, the solution w of (4.2.24) exists.
Set

E(w(t) = ; /T (@ + | VewP + ;w4)dx.
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Using the equation solved by w, we now compute
d
dté’(w(t)) = / (dwdfw + Vidw - Vew + 8w w’)dx
T3
= /W 8,w<8,2w — Aw + w3)dx
- / a,w(w3 — (S() (w0, v1) + w)3)dx.
T3

Now, using the Cauchy-Schwarz inequality, the Holder inequalities and the Sobolev
embedding W4 (T3) ¢ C%(T?), we can write

jﬁ(w(r)) < C(E®) " 1w® — (SO (o, v1) + w)3ll2(m3)
< C(Ew)'"?
x (I1S@ @0, v gs, + ISO @0, vl oors 0Pl 201
< C(Ew)'?
x (IS0 @0, v sy + SO @0, 00 107 27
= C(E@) (e + FO (E@@)"?)

and consequently, according to Gronwall inequality and (4.2.25), w exists globally
in time.

This completes the proof of the existence and uniqueness part of Theorem 4.2.3.
Let us now turn to the construction of an invariant set. Define the sets

© = {(vo, v1) € H* : IS o, v1) 17673, € Lie(R0),

1S(#) (vo, vi)llwoa T3y € Llloc(Rt)}

and ¥ = © + H'. Then X is of full u measure for every . € H*, since so is ©.
We have the following proposition.

Proposition 4.2.20 Assume that s > 0 and let us fix u € M?. Then, for every
(vo, v1) € X, there exists a unique global solution

(), (1)) € (S(t)(vo, v1), 3 S(1)(vo, v1)) + C(R; H'(T?) x L*(T?))
of the nonlinear wave equation

(32— Ao+ =0, (0, x),3v(0, x)) = (vo(x), v1(x)). (4.2.26)
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Moreover for every t € R, (v(t), 0;v(t)) € X and thus by the time reversibility X
is invariant under the flow of (4.2.26).

Proof By assumption, we can write (vg, v1) = (g, U1) + (wo, wy) with (0g, v1) €
© and (wo, w;) € H'. We search v under the form

u(t) = S(1)(do, B1) + w(r).
Then w solves
(07 — Ap)w + (S() (Do, 1) + w)*> =0,  w [i=0= wo, W |r=o= w1 .

Now, exactly as before, we obtain that

d
4y £ O) = CE@M) (0 + F(E@) 7).
where
(1) = 8@ @0, 1) 6psy  F©) = 1S@)(@o, 1) llyog r3)-

Therefore thanks to the Gronwall lemma, using that £(w(0)) is well defined, we
obtain the global existence for w. Thus the solution of (4.2.26) can be written as

v(t) = S@) (B, 1) +w(@), (W, dw) € CR; HY).
Coming back to the definition of ®, we observe that
S)(®) =06.

Thus (v(2), v(t)) € Z.

This completes the proof of Theorem 4.2.3. O

4.2.6 Unique Limits of Smooth Solutions

In this section, we present the proofs of Theorems 4.2.6 and 4.2.7.

Proof of Theorem 4.2.6 Thanks to Theorem 4.2.3, the Sobolev embeddings and
Theorem 4.2.15 we obtain that

(v, 3v) € C(R; H*(T?))
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and

vel?

loc

(®; L7 (T%),
where (p*, g*) are as in Corollary 4.1.23 (observe that g* < 6). Once, we have this
information the proof of Theorem 4.2.6 follows from Theorem 4.1.22 (here we use

the assumption s > 1/2) and Corollary 4.1.23. Indeed, let us fix 7 > 0 and let A be
such that

sup ||(U([), atv(t))”HS(TB) <A-—1.

0<t<T
Let t > 0 be the time of existence associated with A in Theorem 4.1.22. We now
cover the interval [0, 7'] with intervals of size T and using iteratively the continuous

dependence statement of Theorem 4.1.22 and the uniqueness statement given by
Corollary 4.1.23, we obtain that

nll)ngo | (un () — v(@), 3 v (1) — B V() || Loo (0,77 74 (13)) = O

This completes the proof of Theorem 4.2.6. O
We now turn to the proof of Theorem 4.2.7 which is slightly more delicate.

Proof of Theorem 4.2.7 For (vg, v1) € X we decompose the solution as
v(t) = S()(vo, v1) + w(r), w(0) =0, dw(0) =0.

Similarly, we decompose the solutions issued from (vo ,, v1,,) as

vn (1) = S@)(Wo,ns Vi,n) +wa(®),  wa(0) =0, dw,(0) =0.
Using the energy estimates of the previous section, we obtain that

d 12 12

2 @) = C(E@ )" (8u) + O (EW)'"?).
where

gn (1) = [1S(t)(vo,n, Ul,n)”z@(r]r})a @) = IS (Wo,n, vi,0) lwoa (T3)-

Therefore

! t
Ewat))'? < C( / on (D))o 0T
0
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Using that

SO Wo,ns v1,0) = pu > (ST) (o, v1)), (4.2.27)

and the fact that (vg, v1) € X, we obtain that

t

t 13 t
lim gn(t)dr=/ g(r)ydr, lim / fn(t)drzf f(r)dr,
0 0 =% Jo 0

n—oo

where g(#) and f(¢) are defined in (4.2.25). Therefore, we obtain that for every
T > 0 there is C > 0 such that for every n,

sup [[(wy (1), wn () llg1 13y < C. (4.2.28)
0<t<T

Next, we observe that w and w, solve the equations
@ — Myw + (S@)(vo, v1) +w)* =0
and
0 = A)wy + (SO W00, V1) + wp) =0.
Therefore
0F — A)(w — wn) = —((SO) (0, v1) + w)> — SE)(Vo.n, V1) + wn)?).

We multiply the last equation by d; (w — wj,), and by using the Sobolev embedding
H'(T3) ¢ L%(T3) and the Holder inequality, we arrive at the bound

d
|(w — wy, 3w — drwn) 91 (3
dt
= C(||S(f)(UO = V0,5 V1 — V1)l oersy + llw — wn||H1('J1'3))
x (1@ @0, v o) + 15O @00 010 2oy,
Il ) + 10l ) )

Using (4.2.28) and the properties of the solutions obtained in Theorem 4.2.3, we
obtain

d
dt l(w — wy, dyw — atwn)||7-[1(rﬂ~3)

= C(||S(t)(v0 — V0,n, V1 — Ul,n)||L6(']1‘3) + [lw— wn||H1('IF3))

x(I1S@) @0, )6 g + 18O @00 010363 + € )-
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The last inequality implies the following bound for ¢ € [0, T,
[(w(#) = wy (1), dw(r) — drwn (1)) l3
=< C/OI I1S(T)(vo — vo,n, v1 — vi)llgs
< (IS() (o, v 176 + [1S(D) @o.n, v1.0)176 + C)dT
X exp ( fo (1S w0, w76 + IS @on. vi)l76 + C>dr) . (42.29)
More precisely, we used that if x () > O satisfies the differential inequality
x(1) = Cz@)(y(@) +x(1)), x(0)=0,

for some z(¢) > 0 and y(¢) > O then
t t
x(t) < C/ y(t)z(r)dt exp(/ z(t)dr).
0 0

Coming back to (4.2.29) and using the Holder inequality, we get for ¢ € [0, T],

[(w(®) = wy (1), dw(r) — drwn (1)) l3

< C[S#)(vo — vo,n, V1 — Ul,n)”L%LG

XIS w0, v 6 + IS @0, V10174 16 + C)
t
X exp ( fo (IS@) (o, v 176 + 1S W00, 1.0 I76 + c>dr) . (4.2.30)

Recalling (4.2.27), we obtain that for 1 < p < oo,

T
nlingo/O 1S(T)(wo — Vo, v1 = V1)1 (qs,dT = 0.
Therefore (4.2.30) implies that
nll)nolo [ (w(®) — wa(?), dw(t) — dwn ()l Looqo, 7311 (13)) =0
Recall that

v(t) = S@)(vo, v) +w(@),  va(t) = S(O)(V0,n, V1.0) + Wa (7).
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Using once again (4.2.27) and

3 St)(Wo,n. Vin) = pn * (3:S()(vo, v1))

we get

lim [|(S(*)(vo, v1) — S()(Vo,n, V1,n),
n—>oo
9:S (1) (vo, v1) — 3 S(#)(vo.n, Vi) | Loo o, 77: 75 (T3)) =

and consequently
nll)nolo (v() — v, (1), O v(t) — atvn(f))||L00([0,T];7-[S(11‘3)) =0.

This completes the proof of Theorem 4.2.7. O

Remark 4.2.21 In the proof of Theorem 4.2.7, we essentially used that the regu-
larisation by convolution works equally well in H® and L? (p < o0) and that
it commutes with the Fourier multipliers such as the free evolution S(z). Any
other regularisation respecting these two properties would produce smooth solutions
converging to the singular dynamics constructed in Theorem 4.2.3.

4.2.7 Conditioned Large Deviation Bounds
In this section, we prove conditioned large deviation bounds which are the main tool

in the proof of Theorem 4.2.10.

Proposition 4.2.22 Let u € M®, s € (0, 1) and suppose that the real random
variable with distribution 0, involved in the definition of | is symmetric. Then for
§>1+ 11’ 2 < p1 <ooand?2 < py < oo there exist positive constants c, C such
that for every positive €, ., A and A,

1 ® (o, v0), (W), v)) € H x H
1) ~° S (@) (o — vp, v1 — v e R, L2 (13)) >
or () S(1) (W0 + vy, vi + VDl n (Ry; 72 (19))
> Ao — v, v = ¥Dlggsmy < &

A2

et _
and || (vo + v, v1 + V]) llags 3y < A) < C(e ‘2 4o cAz).
(4.231)

We shall make use of the following elementary lemmas.
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Lemma 4.2.23 For j = 1,2, let E be two Banach spaces endowed with measures
wj. Let f: Ey x Ey — Cand g1, 8 : Ex — C be three measurable functions.
Then

1@ (1, x2) € By x Ba ¢ [f ()l > Al g1l < e [g2000)] < 4)

< sup ni(xr € Ey | f(x1, x2)] > A),
X€E,|g1(x2)|<¢,[g2(x2)|<A

where by sup we mean the essential supremum.

Lemma 4.2.24 Let g1 and g» be two independent identically distributed real
random variables with symmetric distribution. Then g1 £ g>» have symmetric
distributions. Moreover if h is a Bernoulli random variable independent of g1 then
hg1 has the same distribution as g1.

Proof of Proposition 4.2.22 Define
£ =R xR x R,

equipped with the natural Banach space structure coming from the /*° norm. We
endow £ with a probability measure po defined via the map

o> (Ko@), (@), g5 (1n(@),52).

where (ko, I, h,) is a system of independent Bernoulli variables.
Forh = (x, (yn)nezg, (Z")nezé) e £ and

uy =a+ Y (bn cos(71 - X) + cn sin(n -x)),

ner

we define the operation © by

hOu=ax + Z (bnyn cos(n - x) + cpzy, sin(n ~x)).

neZz?

Let us first evaluate the quantity

1 ® (o, v1), (0, v])) € S X H

10172000 = v 01 = VDl samceny =
(o — vg. v1 — V) llggs(73) < €

and | (vo + v, v1 + V})llags (75, < A). (4.2.32)
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Observe that, thanks to Lemma 4.2.24, (4.2.32) equals
m®u® o ® uo(((vo, v1), (vy, V), (ho, h1) € HP X H' x Ex & =

||(t>_5S(t)(h0 O (v — U(/)), h1 © (v — vi))”LPl(R,;Lm(W)) > )\‘
”(h() O] (UO - U(/))a hl © (Ul - Ui))”}[s('ﬂﬂ) <e

and [[(o © (vo + v), b1 © (V1 + V] lggs sy < A). (4.2.33)

Since the H*(T?) norm of a function f depends only on the absolute value of its
Fourier coefficients, we deduce that (4.2.33) equals

n®u® o ® uo(((vo, v1), (vg, V), (ho, h1)) € HP X H' x Ex & =
||(t)755(t)(h0 O (vo — U(/))y h1 © (v1 — v/l))”LPl(]R,;LPZ(T3)) > )\‘

ll(vo — v, vi — v/l)||7_[x(1~3) < eand | (vo + v, vi + v’1)||HS(T3) < A).
(4.2.34)

We now apply Lemma 4.2.23 with ;11 = po®uo and o = n®u to get that (4.2.34)
is bounded by

sup Mo ®/L0((h0, hy) €& xE:

l(wo—v, vi =V}l g5 (3, <€
”(l‘)f‘SS(l‘)(l’lO ® (UO — U6), hl ® (Ul — v/l))”Ll’l (R;;LP2(T3)) > )\.) (4235)

We now apply Theorem 4.2.15 (with Bernoulli variables) to obtain that (4.2.32) is
bounded by C exp(—ci‘j). A very similar argument gives that

1 ® (o, v1), (0, v1)) € HE X H'

||(f>_5S(t)(v0 + U6, v + Ui)”Ll’l(Rt;LPZ(W)) > A‘
Il (vo — U(/)a v — vi)”’HS('IP) <e¢

and | (vo + v, v1 + V})ll3gs (75, < A)

is bounded by C exp(—c i}; ). This completes the proof of Proposition 4.2.22. O
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4.2.8 End of the Proof of the Conditioned Continuous
Dependence

In this section, we complete the proof of Theorem 4.2.10. According to (a variant
of) Proposition 4.2.22, we have that for any

1
2<pr<+4+00,2<py<+400,8>14+ ,ne(0,1),
P1

one has
1@ u((Vo, Vi) € M X M 2 0T SOVo = VDllw @iy > 12
or (1) 2 S (Vo) ll o1 (g, L7213y > logloglog(n™")
or 1) SO VDIl o s gy > logloglog(™)|
1Yo = Villgzsqrsy <0 and 1V lggsery < A, j=0,1) — 0,

as n — 0. Therefore, we can also suppose that

1

16) 2 S (Vo — VDl o g, o2 13y) < 12 (4.2.36)
and
) 2SOV | Lot gy L2 13y < logloglog(n™), j =0, 1, (4.2.37)
when we estimate the needed conditional probability.
We therefore need to estimate the difference of two solutions under the assump-
tions (4.2.36) and (4.2.37), in the regime n < 1. Let
vi() =SO(Vj)+wi@), j=0,1
be two solutions of the cubic wave equation with data V;. We thus have

(w;(0), 9w ;(0)) = (0, 0).

Applying the energy estimate, performed several times in this section, for j =0, 1,
we get the bound

d
dts”z(wj (1) < C(uS(t)(Vj)niﬁ(Tg) F SOV oo rs € (w); (r))),
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and therefore, under the assumptions (4.2.36) and (4.2.37), for ¢ € [0, T'] one has
EV2(wj(1)) < Cr eCroglogloetr ™ 155 10g Tog(n ™)) (4.2.38)
< Crllog(n™ "1,
where here and in the sequel we denote by Cr different constants depending only
on T (but independent of 7).

We next estimate the difference wy — wi. Using the equations solved by wy, wi,
we infer that

d 2
o) = wi ),

= 2‘ /11'3 o (wo(t, x) — wl(t,x))(atz — A)(wolt, x) — wi(t, x)dx

< Cllwo(t, ) — wi(t, ')||H1(’11‘3)

llwo + S (Vo) = (wi + SOV Nl 2015 » (4.2.39)

where for shortness we denote |[(u, 0;u) |31 simply by ||z 4.
Thanks to (4.2.39) and the Sobolev embedding H L(T3) ¢ LO(T3), we get that

jt lwo(t, ) — wi(t, g1 3
is bounded by
C(Ilwot, ) = wi (2, Hliggi s, + ISOVo = Vil ocrs))
(w00t 1) + w1
HISOVO 1767, + ||S<t><vl>||iw3)).

Therefore, using (4.2.38) and the Gronwall lemma, under the assumptions (4.2.36)
and (4.2.37), fort € [0, T,

1
1 1 _
lwo(t, ) — wi(t, g3y < Crn2[log(n™") 10 eCrioe HI
1
<Crn+.

In particular by the Sobolev embedding

1
lwo — willz40, 71xT3) < CTN*,
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and therefore under the assumption (4.2.36),

1
llvo — villz4qo,71x13) < Crn* -

In summary, we obtained that for a fixed ¢ > 0, the u ® p measure of Vj, Vi such
that

@) (Vo) — @) (VD) llx, > &

under the conditions (4.2.36), (4.2.37) and || Vo — Vi|lys < niszero,as farasn > 0
is sufficiently small. Therefore, we obtain that the left hand side of (4.2.7) tends to
zero as 1 — 0. This ends the proof of the first part of Theorem 4.2.10.

For the second part of the proof of Theorem 4.2.10, we argue by contradiction.
Suppose thus that for every ¢ > 0 there exist n > 0 and X' of full © ® u measure
such that

Y(V,V)eZN(BaxBa), |V—V]y <n
= [|2@O(V) —2O(V)lx, <e.

Let us apply the previous affirmation with e = 1/n,n = 1,2, 3 ... which produces
full measure sets X'(n). Set

> = ﬂ >(n).
n=1

Then X is of full 4 ® u measure and we have that

Ve>0,3n>0, V(V,V)e ZiN(Ba x Ba),
V=V <n = [®O(V)— PO (V)lx, <& (42.40)

Next for V € H* we define A(V) C H* by
AV)Y={(V eH : (V,V) e X}

According to Fubini Theorem, there exists £ C H* a set of full u measure such that
forevery V € & the set A(V) is a full 1 measure.

We are going to extend ®(¢) to a uniformly continuous map on B4. For that
purpose, we first extend ®(¢) to a uniformly continuous map on dense set of By.
Let {(V;) jen} be a dense set of B, for the H* topology. For j € N, we can construct
by induction a sequence (V; ,) such that

Vin € BANEN [YAV.m)N () AV IVjim = Vil < 1/n.

m<n I<j,qeN
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Indeed, the induction assumption guarantees that the set

EN (VAW (] AVig

m<n I<j,qeN

has measure 1 (as an intersection of sets of measure 1) and consequently is dense.
Notice that by construction, we have

(Vs Vim) € Z1,¥k <1,¥n,m €N, andVk =1,n < m. (4.2.41)

Using (4.2.41) for k = I, we obtain according to (4.2.40) that for any fixed k, the
sequence @ (¢) (Vi n)nen is a Cauchy sequence in X7 and we can define ®(#)(V;) as
its limit. Using again (4.2.41), for k # [, we see according to (4.2.40) that the map
®(¢) is uniformly continuous on the set {(V;) jen}. Therefore ®(¢) can be extended
by density to a uniformly continuous map, on the whole By4. Let us denote by & (¢)
the extension of ®(¢) to B4. We therefore have

Ve>0,3n>0, YV,V' e By,

V=V <n = [20O)(V)—d0)(V)lx, <e. (4.2.42)

We have the following lemma.

Lemma 4.2.25 For V € (C®(T?) x C®(T?)) N By, we have that ®(1)(V) =
(u, uy), where u is the unique classical solution on [0, T] of

2 = Nu+u®=0, @), du)="V.
Proof Let us first show that first component of
Q) (V) = (P1()(V), P2(1)(V))
is a solution of the cubic wave equation. Observe that by construction, necessarily

@2(1)(V) = 3, P (¢)(V) in the distributional sense (in D’ ((0, T) x T3)).
Again by construction, we have that

V=I1mYV,,
n—oo
in H* where V,, are such that
(37 — A)(@1(D) (V) + (D1 (1)(Va))® = 0, (4.2.43)

with the notation ®(¢) = (P1(¢), ®(¢)). In addition,

SWV) = lim &()(Vy),
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in X7. We therefore have that
@ = A)(@1()(V)) = Tim (37 — A)(@1(D)(Vi)),

in the distributional sense. Moreover, coming back to the definition of X7, we also
obtain that

(@1(O)(V))* = Tim (@1(1) (V).

in LY3([0, T1 x T3). Therefore, passing into the limit n — oo in ((4.2.43)), we
obtain that & (#) (V) solves the cubic wave equation (with data V'). Moreover, since
(®1(1)(V))? e LY3([0, T] x T3), it also satisfies the Duhamel formulation of the
equation.

Let us denote by u(¢), t € [0, T] the classical solution of

32— ANu+u®=0, @0),8u0) ="V,

defined by Theorem 4.1.2. Set v = & (¢)(V). Since our previous analysis has shown
that v is a solution of the cubic wave equation, we have that

B2 =N —v)+u®—v> =0, @), du(0)) = (0,0). (4.2.44)
We now invoke the L* — L*/3 non homogenous estimates for the three dimensional
wave equation. Namely, thanks to Theorem 4.1.21, we have that there exists a
constant (depending on T') such that for every interval I C [0, T], the solution
of the wave equation
@7 —Mw=F, (u(0),3u(0)) = (0,0)
satisfies

lwllzar 3y < CNF 451513y - (4.2.45)

Applying (4.2.45) in the context of (4.2.44) together with the Holder inequality
yields the bound

e = vl wrsy < CNl7a g qsy + 10170 g eps) )1 = Vll oy - (4.2.46)
Since u,v € L4(I X T3), we can find a partition of intervals Iy, ..., I; of [0, T]
such that

1
2 2 R
C(||u||L4(IjXT3) + ||v”L4(1ij3)) < 27 J = 17 . 11
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We now apply (4.2.46) with I = I;, j = 1,...,1 to conclude that u = v on I1, then
on I and so on up to /; which gives thatu = v on [0, T]. Thus u = ®(¢)(V) and
therefore also d;u = ®,(#)(V). This completes the proof of Lemma 4.2.25. |

It remains now to apply Lemma 4.2.25 to the sequence of smooth data in the
statement of Theorem 4.1.28 to get a contradiction with (4.2.42). More precisely,
if (Uy) is the sequence involved in the statement of Theorem 4.1.28, the result
of Theorem 4.1.28 affirms that ®(¢)(U,) tends to infinity in L°°([0, T']; H*)
while (4.2.42) affirms that the same sequence tends to zero in the same space
L°°([0, T]; H*). This completes the proof of Theorem 4.2.10.

4.2.9 Extensions to More General Nonlinearities

In the remarkable work by Oh-Pocovnicu [35, 36] (based on the previous contribu-
tions [2, 38]) it is shown that the result of Theorem 4.2.3 can be extended to the
energy critical equation

(32 — Av+1°=0.

This equation is H ! critical and the data is a typical element with respectto i € M?,
s > 1/2. We refer also to [31, 43] for extensions of Theorem 4.2.3 to nonlinearities
between cubic and quintic.

4.2.10 Notes

For the case s = 0 and the proof of the quantitative bounds displayed by
Theorem 4.2.4, we refer to [8]. For the proof of Proposition 4.2.2, we refer to
[6, Appendix B] and [8, Appenidix B2]. The probabilistic part of our analysis
only relies on linear bounds such as Lemma 4.2.11. In other situations multi-linear
versions of these bounds are of importance (see [4, 13, 33]). The above mentioned
work by Oh-Pocovnicu relies on a much more complicated deterministic analysis
(such as the concentration compactness) and also on a significant extension of the
probabilistic energy bound used in the proof of Theorem 4.2.3.

Our starting point and main motivation toward the probabilistic well-posedness
results presented in this section was the ill-posedness result of Theorem 4.1.28 of the
previous section. As already mentioned the method of proof has some similarities
with the earlier work [16] or with the even earlier work of Bourgain [4] on the
invariance of the Gibbs measure associated with the nonlinear Schrodinger equation

(9 + Au = |u|’u, (4.2.47)
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posed on the two dimensional torus. The main purpose of [4] is to show the
invariance of the Gibbs measure and as a byproduct one gets the global existence
and uniqueness of solutions of (4.2.47) with a suitable random data belonging a.s.
to H(T2) for every ¢ > 0 but missing a.s. L?(T?). In the time of writing of
[4] statement such as Theorem 4.1.28 or Theorem 4.1.33 were not known in the
context of (4.2.47). In the recent work [34], the analogue of Theorems 4.1.28 and
4.1.33 in the context of (4.2.47) is obtained. Most likely, the analysis of [4] can be
adapted in order to get the analogue of Theorem 4.2.7 in the context of (4.2.47).
As a consequence, it looks that we can see from the same view point (4.2.47) with
data on the support of the Gibbs measure and the cubic defocusing wave equation
with random data of super-critical regularity presented in these lectures. We plan to
address this issue in a future work.

4.3 Random Data Global Well-Posedness with Data
of Supercritical Regularity via Invariant Measures

In the previous section, we presented a method to construct global in time solutions
for the cubic defocusing wave equation posed on the three dimensional torus with
random data of supercritical regularity (H* (T3 x HS~1(T3), s € (0, 1 /2)). These
solutions are unique in a suitable sense and depend continuously (in a conditional
sense) on the initial data. The method we used is based on a local in time result
showing that even if the data is of supercritical regularity, we can find a local
solution written as “free evolution” (keeping the Sobolev regularity of the initial
data) plus “a remainder of higher regularity”. The term of higher regularity is then
regular enough to allow us to deal it with the deterministic methods to treat the
equation. The globalisation was then done by establishing an energy bound for the
remainder in a probabilistic manner, here of course the energy conservation law is
the key structure allowing to perform the analysis. Moreover, we have shown that
the problem is ill-posed with data of this supercritical regularity and this in turn
implied the impossibility to see the constructed flow as the unique extension of the
regular solutions flow.

In this section, we will show another method for global in time solutions for
a defocusing wave equation with data of supercritical regularity. The construction
of local solutions will be based on the same principle as in the previous section,
i.e. we shall again see the solution as a “free evolution” plus “a remainder of
higher regularity”. However the globalisation will be done by a different argument
(due to Bourgain [3, 4]) based on exploiting the invariance of the Gibbs measure
associated with the equation. The Gibbs measure is constructed starting from the
energy conservation law and therefore this energy conservation law is again the
key structure allowing to perform the global in time analysis. This method of
globalisation by invariant measures is working only for very particular choice
of the initial data and in this sense it is much less general than the method
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presented in the previous section. On the other hand the method based on exploiting
invariant measures gives a strong macroscopic information about the constructed
flow, namely one has a precise information on the measure evolution along the time.
The method presented in the previous section gives essentially no information about
the evolution in time under the constructed flow of the measures in M?*. We shall
come back to this issue in the next section.

Our model to present the method of globalisation via invariant measures will
be the radial nonlinear wave equation posed on the unit ball of R3, with Dirichlet
boundary conditions. Let ® be the unit ball of R?. Consider the nonlinear wave
equation with Dirichlet boundary condition posed on ®,

@ — Mw+wl*w=0, W, dwl=o=(f1.f), «>0, (431
subject to Dirichlet boundary conditions
u g, xp0=0,

with radial real valued initial data ( f, f2).
We now make some algebraic manipulations on (4.3.1) allowing to write it as

a first order equation in . Set u = w + i\/—A_latw. Observe that A~! is well-
defined because O is not in the spectrum of the Dirichlet Laplacian. Then we have
that u solves the equation

(0 — /= Ayt — /A" (IRe()|*Re(u)) =0, uli=o = uo, 4.3.2)

with u|rxge = 0, where ug = f1 + i\/—Ailfz. We consider (4.3.2) for data in the
(complex) Sobolev spaces H’ ,(®) of radial functions.

Equation (4.3.2) is (formally) an Hamiltonian equation on L?(©®) with Hamilto-
nian,

1 1
SIV=AWILe + |, Ly R[5 6 (4.3.3)

which is (formally) conserved by the flow of (4.3.2).

Let us next discuss the measure describing the initial data set. For s < 1/2,
we define the measure u on H; ,(®) as the image measure under the map from
a probability space (2, A, p) to H; ,(®) equipped with the Borel sigma algebra,
defined by

e (@) +ily(@) (4.3.4)
n

T
n=1

where ((h,, l,,));’l":1 is a sequence of independent standard real Gaussian random

variables. In (4.3.4), the functions (e,,);'l‘;1 are the radial eigenfunctions of the
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Dirichlet Laplacian on ©, associated with eigenvalues (777)2. The eigenfunctions
e, have the following explicit form

en(r) = sm(imr)’ 0<r<l.

They are the analogues of cos(n-x) and sin(n-x),n € 73 used in the analysis on e
in the previous section. One has that /L(Hrla/j(@)) = 0. By the method described in
the previous section one may show that (4.3.2) is ill-posed in H; ,(®) fors < g — 2 .
Therefore for « > 2 the map (4.3.4) describes functions of supercritical Sobolev
regularity (i.e. H; ,(®) with s smaller than g — 2). The situation is therefore similar
to the analysis of the cubic defocusing wave equation on T with datain HS x H*~!,
s < 1/2 considered in the previous section. As in the previous section, we can still
get global existence and uniqueness for (4.3.2), almost surely with respect to p.

Theorem 4.3.1 Lets < 1/2. Suppose that o < 3. Let us fix a real number p such
that max(4, 2a) < p < 6. Then there exists a full u measure set ¥ C Hrsad(@)
such that for every ug € X there exists a unique global solution of (4.3.2)

ueCR, H (©)NL" (R LP(©)).

loc

The solution can be written as
u(t) = S()(uo) + v(@),

where S(t) = emiV=A g the free evolution and v(t) € H®

> 4(©) for some o > 1/2.
Moreover

1)l @) < C(s)(log@ + 111))? .

The proof of Theorem 4.3.1 is based on the following local existence result.

Proposition 4.3.2 For a given positive number o < 3 we choose a real number p
such that max(4, 2a) < p < 6. Then we fix a real number o by 0 = ; - 2. There

exist C > 0, ¢ € (0, 1], y > O such that for every R > 1 if we set T = cR™Y then
for every radially symmetric ug satisfying

IS@uollLro,2x0) = R
there exists a unique solution u of (4.3.2) such that
u(t) = S)ug + v@)
with v € X% (the Strichartz spaces defined in the previous section). Moreover

lvlixg < CR.
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In particular, since S(t) is 2 periodic and thanks to the Strichartz estimates,

sup  IS(u®llLr(ze©,2);Lr©) < CR.
te[~T.T]

In addition, if up € H*(®) (and thus s < o) then
lu@ s @) = I1SOuollas@©) + v llas@©) < lluollas@) + CR.
Using probabilistic Strichartz estimates for S(¢) as we did in the previous section,

we can deduce the following corollary of Proposition 4.3.2.

Proposition 4.3.3 Under the assumptions of Proposition 4.3.2 there is a set X of
Sfull  measure such that for every ug € X there is T > 0 and a unique solution
of (43.2)on[0,T]in

C([0,T], H!

a

dONN LY (Ry; LP(©)).

loc

Moreover for every T < 1 there is a set X1 C X such that
wEr) =1-Ce " c>0,5>0

and such that for every ug € Xt the time of existence is at least T .

Let us next define the Gibbs measures associated with (4.3.2). Using [1, Theorem 4],
we have that for @ < 4 the quantity

oo .
hy(w) + il (w)
1y o " enll a2 (o) (4.3.5)

n=1

is finite almost surely. Moreover the restriction @ < 4 is optimal because for o = 4
the quantity (4.3.5) is infinite almost surely. Therefore, for « < 4, we can define a
nontrivial measure p as the image measure on H} ,(®) by the map (4.3.4) of the
measure

o
exp(— L "2, e (43.6)
o+2 = nm N Let2(@) ’ -

The measure p is the Gibbs measures associated with (4.3.2) and it can be formally
seen as

1 1
xp (= IV BWIE )~ b IR g )
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where a renormalisation of

1
exp (= IV=8W)1E2 ) )du.

corresponds to the measure  and

1 a+2
exp (=, IR ).

corresponds to the density in (4.3.6). Thanks to the conservation of the Hamilto-
nian (4.3.3), the measure p is expected to be invariant under the flow of (4.3.2).
This expectation is also supported by the fact that the vector field defining (4.3.2) is
(formally) divergence free. This fact follows again from the Hamiltonian structure
of (4.3.2).

Observe that if a Borel set A C H*(®) is of full p measure then A is also of full
n measure. Therefore, it suffices to solve (4.3.2) globally in time for u( in a set of
full p measure.

We now explain how the local existence result of Proposition 4.3.2 can be
combined with invariant measure considerations in order to get global existence of
the solution. The details can be found in [7]. Consider a truncated version of (4.3.2)

(0 — V= A)u — Sy (V=A™ (|SyRe(w)|*SyRe(w))) = 0, (4.3.7)

where Sy is a suitable “projector” tending to the identity as N goes to infinity. Let us
denote by @y (¢) the flow of (4.3.7). This flow is well-defined for a fixed N because
for frequencies 3> N it is simply the linear flow and for the remaining frequencies
one can use that (4.3.7) has the preserved energy

1 1
S IV=AWI L)+ ISNReGITR g - (43.8)

The energy (4.3.8) allows us to define an approximated Gibbs measure py. One
has that py is invariant under @y (#) by the Liouville theorem and the invariance
of complex Gaussians under rotations (for the frequencies > N). In addition, py
converges in a strong sense to p as N — 00.
Let us fix 7 > 1 and a small € > 0. Our goal is to find a set of p residual
measure < € such that for initial data in this set we can solve (4.3.2) up to time 7.
The local existence theory implies that as far as

ISOullLrze©.2):Lr@) <R, R>1 (4.3.9)

we can define the solution of the true equation with datum u for times of order R,
y > 0, the bound (4.3.9) is propagated and moreover on the interval of existence
this solution is the limit as N — 00 of the solutions of the truncated equation (4.3.7)
with the same datum.
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Our goal is to show that with a suitably chosen R = R(T, ¢) we can propagate
the bound (4.3.9) for the solutions of the approximated equation (4.3.7) (for N > 1)
up to time 7T for initial data in a set of residual p measure < e.

For R > 1, we define the set Bg as

Br ={u : [|S®ullLrze©,2):Lr©)) < R}.

As mentioned the (large) number R will be determined depending on 7 and ¢.
Thanks to the probabilistic Strichartz estimates for S(¢), we have the bound

p(BS) < e <R (4.3.10)

for some « > 0. Let t & R be the local existence time associated to R given by
Proposition 4.3.2. Define the set B by

[T/7]

B = ﬂ ®n (—k7)(BR). (4.3.11)
k=0

Thanks to the local theory, we can propagate (4.3.9) for data in B up to time 7. On
the other hand, using the invariance of py under ®(¢) and (4.3.10), we obtain that

pn(BY) < TRYe R,
We now choose R so that
TRY e R ~ ¢

In other words

1

R~ (log(Z))2

This fixes the value of R. With this choice of R, p(B€) < ¢, provided N > 1. With
this value of R the set B defined by (4.3.11) is such that for data in B we have the
bound (4.3.9) up to time 7" on a set of residual p measure < ¢. Now, we can pass to
the limit N — oo thanks to the above mentioned consequence of the local theory
and hence defining the solution of the true equation (4.3.2) up to time 7 for data in
a set of p residual measure < ¢.

We now apply the last conclusion with 7 = 2/ and &/2/. This produces a set
Z’j,s such that p((X}¢)€) < 5/2/ an for ug € X; . we can solve (4.3.2) up to time
2/. We next set

o
Te=()Z)e-

Jj=1



300 N. Tzvetkov

Clearly, we have p((X:)“) < ¢ and for ug € X, we can define a global solution
of (4.3.2). Finally

o
=]z
j=1

is a set of full p measure on which we can define globally the solutions of (4.3.2).
The previous construction also keeps enough information allowing to get the
claimed uniqueness property.

Remark 4.3.4 In [5], a part of the result of Theorem 4.3.1 was extended to o < 4
which is the full range of the definition of the measure p.

Remark 4.3.5 The previous discussion has shown that we have two methods to
globalise the solutions in the context of random data well-posedness for the non-
linear wave equation. The one of the previous section is based on energy estimates
while the method of this section is based on invariant measures considerations.
It is worth mentioning that these two methods are also employed in the context
of singular stochastic PDE’s. More precisely in [32] the globalisation is done via
the (more flexible) method of energy estimates while in [25] one globalises by
exploiting invariant measures considerations.

4.4 Quasi-Invariant Measures

4.4.1 Introduction
4.4.1.1 Motivation

In Sect. 4.2, for each s € (0, 1) we introduced a family of measures M?* on the
Sobolev space H*(T3) = HS(T3) x H’~1(T?). Then for each u € M?*, we
succeeded to define a unique global flow ®(¢) of the cubic defocusing wave equation
a.s. with respect to w. This result is of interest for the solvability of the Cauchy
problem associated with the cubic defocusing wave equation for data in H*(T3),
especially for s < 1/2 because for these regularities this Cauchy problem is ill-
posed in the Hadamard sense in H* (T3). On the other hand the methods of Sect. 4.2
give no information about the transport by ®(¢) of the measures in M?*, even for
large s. Of course, M* can be defined for any s € R and for s > 1 the global
existence a.s. with respect to an element of M* follows from Theorem 4.1.2. The
question of the transport of the measures of M?* under ®(¢) is of interest in the
context of the macroscopic description of the flow of the cubic defocusing wave
equation. It is no longer only a low regularity issue and the answer of this question
is a priori not clear at all for regular solutions either.
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On the other hand, in Sect.4.3, we constructed a very particular (Gaussian)
measure i on the Sobolev spaces of radial functions on the unit disc of R? such
that a.s. with respect to this measure the nonlinear defocusing wave equation with
nonlinear term |u|*u, o € (2, 3) has a well defined dynamics. The typical Sobolev
regularity on the support of this measure is supercritical and thus again this result
is of interest concerning the individual behaviour of the trajectories. This result is
also of interest concerning the macroscopic description of the flow because, we can
also prove by the methods of Sect. 4.3 that the transported measure by the flow is
absolutely continuous with respect to w. Unfortunately, the method of Sect. 4.3 is
only restricted to a very particular initial distribution with data of low regularity.

Motivated by the previous discussion, a natural question to ask is what can be
said for the transport of the measures of M* under the flow of the cubic defocusing
wave equation. In this section we discuss some recent progress on this question.

4.4.1.2 Statement of the Result
Consider the cubic defocusing wave equation

(82 — Mu+u’ =0, (4.4.1)
where u : R x T? — R. We rewrite (4.4.1) as the first order system

du=v, 0hv=A~Au—u. 4.4.2)

As we already know, if (i, v) is a smooth solution of (4.4.2) then

th(u(t), v(r) =0,

where

1 1
H@u,v) = Z/Td (v2+|w|2)+4/1;d ut. (4.4.3)

Thanks to Theorem 4.1.2, for d < 3 the Cauchy problem associated with (4.4.2) is
globally well-posed in #*(T?) = H*(T9) x H*~'(T¢), s > 1. Denote by ®(r) :
HS(T?) — H*(T?) the resulting flow. As we already mentioned, we are interested
in the statistical description of ®(z). Let jt5 4 be the measure formally defined by

1 2
d,LLS,d — Z;(lle ZH(M,U)H,HH,ldudU

or

_ 264D 2 L2 2
dﬂs,d — Zs,cll l—[ e 5 (n) [Un | e 2 (1)~ [Un] dundvn’

neZ?
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where u,, and v,, denote the Fourier transforms of u and v respectively. Recall that
1
(n) = (1 +Inl>)2.
Rigorously one can define the Gaussian measure (i 4 as the induced probability
measure under the map

> W (x), v”(x))

with

a)( )= Z 8 (fi)l in- x’ Uw(x) — Z (a‘))emx X 4.4.4)

n)s
neZ‘l neZd < )

In (4.4.4), (8n)pezas (hn),cza are two sequences of “standard” complex Gaussian
random variables, such that g, = g_,, h, = h_, and such that {g,, h,} are
independent, modulo the central symmetry. The measures (s 4 can be seen as
special cases of the measures in M?* considered in Sect.4.2. The partial sums of the
series in (4.4.4) are a Cauchy sequence in L2(2; 1O (T?)) for everyo <s+1— ”21
and therefore one can see ug 4 as a probability measure on H? for a fixed o <
s+1— ”21. Therefore, thanks to the results of Sect. 4.2, for d < 3, the flow ®(¢) can

be extended 15, 4 almost surely, provided s > ‘21 — 1. We have the following result.

Theorem 4.4.1 Let s > 0 be an integer. Then the measure [is,1 is quasi-invariant
under the flow of (4.4.2).

We recall that given a measure space (X, ), we say that u is quasi-invariant under
a transformation 7 : X — X if the transported measure Ty = o T~ ! and p are
equivalent, i.e. mutually absolutely continuous with respect to each other. The proof
of Theorem 4.4.1 is essentially contained in the analysis of [45].

For d = 2 the situation is much more complicated. Recently in [37], we were
able to prove the following statement.

Theorem 4.4.2 Let s > 2 be an even integer. Then the measure (s 2 is quasi-
invariant under the flow of (4.4.2).

We expect that by using the methods of Sect.4.2, one can extend the result of
Theorem 4.4.2 to all s > 0, not necessarily an integer.

It would be interesting to decide whether one can extend the result of Theo-
rem 4.4.2 to the three dimensional case. It could be that the type of renormalisations
employed in the context of singular stochastic PDE’s or the QFT become useful in
this context.

From now on we consider d = 2 and we denote js 2 simply by (.
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4.4.1.3 Relation to Cameron-Martin Type Results

In probability theory, there is an extensive literature on the transport property of
Gaussian measures under linear and nonlinear transformations. The statements of
Theorems 4.4.1 and 4.4.2 can be seen as such kind of results for the nonlinear
transformation defined by the flow map of the cubic defocusing wave equation. The
most classical result concerning the transport property of Gaussian measures is the
result of Cameron-Martin [10] giving an optimal answer concerning the shifts. The
Cameron-Martin theorem in the context of the measures pi5 is saying that for a fixed
(h1, hy) € H?, 0 < s, the transport of p under the shift

(u, v) —> (u,v) + (hy, hy),

is absolutely continuous with respect to u if and only if (h1, k) € H* +1

If we denote by S(¢) the free evolution associated with (4.4.2) then for (u, v) €
‘H?, we classically have that the flow of the nonlinear wave equation can be
decomposed as

O (1) (u, v) = S@)((u, v) + (h1, ha)), (4.4.5)

where (h1, ha) = (h1(u, v), ha(u, v)) € H° !, In other word there is one derivative
smoothing and no more. Of course, if o < s then o0 + 1 < s + 1 and therefore
the result of Theorem 4.4.2 represents a statement displaying fine properties of the
vector field generating ®(¢). More precisely if in (4.4.5) (h1, h2) € Ho+! were
fixed (independent of (u, v)) then the transported measures would not be absolutely
continuous with respect to pi; !

Let us next compare the result of Theorem 4.4.2 with a result of Ramer [39]. For
o < s, let us consider an invertible map ¥ on H° (T?) of the form

Y(u,v) = (u,v) + F(u,v),

where F : H°(T?) — H*t1(T?). Under some more assumptions, the most
important being that

DF (u,v) : HTU(T?) - #H(T?)

is a Hilbert-Schmidt map, the analysis of [39] implies that u, is quasi-invariant
under V. A typical example for the F is

Fu,v) =e(1—A) 10w, §>0, e <1,

i.e. 2-smoothing is needed in order to ensure the Hilbert-Schmidt assumption.
Therefore the approach of Ramer is far from being applicable in the context of the
flow map of the nonlinear wave equation because for the nonlinear wave equation
there is only 1-smoothing.
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Let us finally discuss the Cruzeiro generalisation of the Cameron-Martin theo-
rem. In [15], Ana Bela Cruzeiro considered a general equation of the form

oru = X (u), (4.4.6)
where X is an infinite dimensional vector field. She proved that g would be quasi-

invariant under the flow of (4.4.6) if we suppose a number of assumptions, the most
important being of type:

f eIVXW) g () < 0o 4.4.7)
Ho (T2)

The problem is how to check the abstract assumption (4.4.7) for concrete examples.
Very roughly speaking the result of Theorem 4.4.2 aims to verify assumptions of
type (4.4.7) “in practice”.

4.4.2 Elements of the Proof

In this section, we present some of the key steps in the proof of Theorem 4.4.2.

4.4.2.1 An Equivalent Gaussian Measure

Since the quadratic part of (4.4.3) does not control the L? norm of u, we will
prove the quasi-invariance for the equivalent measure ji; defined as the induced
probability measure under the map

w € Qr— W), v’(x))

with

uw(x) — Z gn(a)) em‘x7 v‘”(x) _ Z hn(a)) ein~x ‘

; ! 1
neze (L+ )% + [n|2512)2 neze (L+1n|%)2
Formally [is can be seen as
Zileié‘/‘v27é (DSU)Z*%f”2*%f|v”‘2*£f(DS+l“)2dudv’
where

D=+-A.
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As we shall see below, the expression

1 2, 1 5 \2 1/ 2 1/ 2 1/ 4112
D? v Dt 448
2/’];‘21) +2~[]I‘2( U) +2 Tzu +2 Tzl ul +2 ']I‘Z( u) ( )

is the main part of the quadratic part of the renormalised energy in the context of
the nonlinear wave equation (4.4.2). Using the result of Kakutani [26], we can show
that for s > 1/2 the Gaussian measures u and jis are equivalent.

4.4.2.2 The Renormalised Energies

Consider the truncated wave equation

du=v, 0v=Au—nan((TNu)), (4.4.9)

where 7y is the Dirichlet projector on frequencies n € Z? such that |n| < N.If
(u, v) is a solution of (4.4.9) then

1 s 2 1 s+1 2 2s .3
at[z/;ﬁ(D o) +2/11~2(D un) ]—/;TZ(D oW (-1}

where (uy, vy) = (myu, myv). Clearly o;uy = vy. Observe that for s = 0, we
recover the conservation of the truncated energy Hy (u, v), defined by

Hy(u,v) = H(ryu, tyv).

For s > 2, an even integer, using the Leibniz rule, we get
/ (D> vn)(—uy) = —3[ Dvy Duy uy
T2 T2

+ D cupy /Tz D*uy 0% undlund’uy,

la|+]Bl+y |=s
lal1Blly]<s

for some unessential constants cy. g,y .
It will be convenient in the sequel to suppose that the integration on T2 is done
with respect to a probability measure. Therefore the integrations will be done with
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respect to the Lebesgue measure multiplied by (277) 2. We can write

3
—3/ Dvy DSuyuy = — a,[/ (DsuN)zuszi| +3/ (D*un)? vy uy
v 2 ™ v

3 ) )
=—zat[ / H&[(Dmmﬁné[u?ﬂ]ﬁ / My [(D*un)*1 g [vy un]
T2 T2

3
- 8{[ (DSuN)Z/ u%v:|+3f (DSuN)zf UN UN, (4.4.10)
2 11*2 11*2 11-2 11*2

where I"I(J)- is again the projector on the nonzero frequencies, i.e.

MG = £ = [ oy,

The last two terms on the right-hand side of (4.4.10) are problematic because

lim IE,;S[/ (DSnNu)Z} = +00.
N—o0 T

Therefore, we need to use a renormalisation in the definitions of the energies. Define
oy by

) |n|2s
— E~ D 2| = ~logN .
o ““Uw( ”N”)} Zz L+ nf + o2~ 08
nez
In|<N

Then, we have

3
- 8t|:/ (DXMN)Z/‘ “%\I] + 3/ (DSMN)2 / UN UN
2 T2 T2 T2
3
=— 0 f (DSMN)Z—O’N / M?v +3 f (DSMN)Z—O’N f UNUN.
2 T2 T2 T2 T2
Now, the term
/ (D'un)® —on
T2
is a good term because thanks to Wiener chaos estimates, we have the bound

< Cp,
LP(dfis(u,v)) — b

H /;TZ(DSmVu)2 —oN
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where the constant C is independent of p and N. We define I—ﬂls, ~N(u, v) by

~ 1 1 3 3
Hy n(u,v) = / (D*v)* + / (D*uy? + / (D*u)*u® — oy / u?.
2 T2 2 T2 2 T2 2 Tz

We can summarise the previous analysis as follows: if (u, v) is a solution of (4.4.9)
then

& Hy Ny, vy) =3 fT i My (D un)*] Mg [vy un]

+ E ca,ﬁ,y/ Dvy 0%undPund’uy
T2
lee]+|Bl+1y1=s
lee], 1B,y | <s

+3(/ (DsuN)2—6N>/ UN UN. (4.4.11)
TZ TZ

All terms in the right hand-side of (4.4.11) are suitable for a perturbative analysis.
We finally define the full modified energy Hs n (u, v) as

~ 1
HS‘,N(Ma U) = HS‘,N(Mav) +H(H,U)+ / uza
2 T2

where H is defined by (4.4.3). The quadratic part of H, y (except the renor-
malisation term which is morally quartic) is now given by (4.4.8). Therefore in
order to prove the quasi-invariance it will be of crucial importance to study the
variation in time of H; y. Here is the main quantitative bound used in the proof of
Theorem 4.4.2.

Theorem 4.4.3 Lets > 2 be an even integer and let us denote by ® y(t) the flow of
oru=v, &hv=Au— nN((nNu)3).

Then for every r > 0 there is a constant C such that for every p > 2 and every

N >1,
</HN(u,v)<r

4.4.2.3 On the Proof of Theorem 4.4.3

1
P
00 Hs v Gy @y (1) e, v) 0| dfis (0, )" = Cp.

Using Eq. (4.4.9), we have that

& Hy n(un, vn) = 8 Hy n(un, vy) + /2 UNUN.
T
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Therefore, coming back to (4.4.11), we obtain
B Hy oy B () 0, 0))] o = /T sy + Q1 v) + Qo v) + O3, v),
where

Q1(u,v) =3 /T Mg [(D* ) Mg [y v,

0or(u,v) = Z Ca,ﬂ,y/ DSmnv aaﬂNuaﬂiTNuayn’Nu,
TZ

la|+1B]+y =5
lal. 1Bl Iyl<s

Qs3(u,v) :3(/ (DSuN)z—oN)/ TNVTTNU.
T2 T2

Let us first consider
/ TNUTTNUV . 4.4.12)
T2
We need to estimate (4.4.12) under the restriction
2 2 1 4
2(|V71Nu| + (Tyv)” + 2(mvu) ) <2r. 4.4.13)
T
Using the compactness of T2, one can see that under the restriction (4.4.13),
3
|A‘2 7TNM7TNU| < llwvullp2eryllmnvlip2erey < Cllevullpaerzy lmnvllp2epzy < Cré .

Let us next consider Q3(u, v). For r > 0, we define u; , v as
dvs,r N(U, V) = XHyw,v)<r dLs (U, V),
where X py (u,v)<r stays for the characteristic function of the set
{(u,v) : Hy(u,v) <r}.
The goal is to show that

1 Q3(u, VI Lr@p, @) < CP,
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with a constant C independent of N and p. Since we already checked that

under (4.4.13),
‘/ annNu‘ <G,
T2
we obtain that

103 (u, V)ILr(@dpy,nw.v)) < Cr

/Tz(Dsmvu)2 - O'N)

Lp(dﬂx,r,N (u,v))

<C

/Tz(Dsmvu)2 - O'N)

LP(dfis(u,v))
On the other hand

H [Ez(Dsmvuﬂ _ UN) (lgn(@) 2 = V|2

LPfLs(u,v)) H Zz 1+ |n)2 + |n|25+2
ner

LP()
In|<N
and by using Wiener chaos estimates, we have
2 2s 2 2s
w)|*— Dn w)|*—1)|n
H 3 (Ign(@)|” = Dln| SCPH ) (Ign(@)|” = Dln| <Cp
1~|—|n|2~|—|n|23+2 LP(Q) 1~|—|n|2~|—|n|25+2 L2(Q)
nez? nez?

[n|<N |n|<N

which provides the needed bound for Q3(u, v).
The analysis of

Q1(u,v) =3 f My [(D* yu)*] Ty [y v wyvul
TZ

is the most delicate part of the analysis and relies on subtle multi-linear arguments.

The analysis of Q2 (u, v) follows similar lines.
Basically, we are allowed to have outputs as

||DUM||L00(']I‘2), o <Ss

with a loss ,/p and Hy (u, v) with no loss in p. The outputs Hy (u, v) follow from
deterministic analysis and thus have no loss in p but they are regularity consuming.

We observe that a naive Holder inequality approach clearly fails. A purely
probabilistic argument based on Wiener chaos estimates fails because the output
power of p is too large. The basic strategy is therefore to perform a multi-scale
analysis redistributing properly the derivative losses by never having more then

quadratic weight of the contribution of the Wiener chaos estimate.
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When analysing the 4-linear expression defining Q1 (u, v), we suppose that
D¥anu, D’nyu, myv, mnu

are localised at dyadic frequencies N, N2, N3, N4 respectively.
We first consider the case when N4 = (max(Np, Np)) 1(1)0. In this case we

~

exchange some regularity of D*zyu with this of myu and we perform the naive
linear analysis.
Therefore, in the analysis of Q;(u, v) we can suppose that

Na < (max(Ny, N2)) it
In this case, we have that
max(Ny, N2) ~max(N;, j =1,2,3,4).
By symmetry, we can suppose that Ny = max(Np, N2). We next consider the case
N3 < N4 a=a(s) < 1.

In this case, we perform a bi-linear Wiener chaos estimate and we have some gain
of regularity in the localisation of I"I(J)- [(D?* TL’NM)z]. Finally, we consider the case

Ni ~max(Nj, j =1,2,3,4), Ny < (max(Ny, Np)) 1o, N3 > N}~

In this case, we perform a tri-linear Wiener chaos estimate and we have enough gain
of regularity in the localisation of

My [(JSeyu) Iy .

This essentially explains the argument leading to the key estimate of Theorem 4.4.3.
We refer to [37] for the details.

4.4.2.4 On the Soft Analysis
We can observe that

3 s N2 2 3 2 4
Hs v(u,v) = (4.4.8)+ (D*u)“u” — _on u” + u.
’ 2 T2 2 T2 T2

By classical arguments from QFT, we can define

lim (; /(Danu)z(nNu)z— ;O'N/(JTNM)Z)

N—o0
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in LP(djts(u, v)), p < oo. Denote this limit by R(u). Essentially speaking, once
we have the key estimate, we study the quasi-invariance of

—_RON— 14 ~
Xiwwy<r e RO a u, v) (4.4.14)

by soft analysis techniques.

Let us finally explain the importance of the loss p in the key estimate of
Theorem 4.4.3. Denote by x () the measure evolution of a set having zero measure
with respect to (4.4.14). Essentially speaking, using the key estimate and the
arguments introduced in [46, 47], we obtain that x (¢) satisfy the estimate

(0 < Cpx@)' TP, x(0)=0. (4.4.15)

Integrating the last estimate leads to x(¢#) < (Ct)P. Taking the limit p — oo, we
infer that x(#) = 0 for 0 < ¢t < 1/C. Since C is an absolute constant, we can
iterate the argument and show that x(#) is vanishing. Observe that this argument
would not work if in (4.4.15), we have p%, o > 1 instead of p. In order to
make the previous reasoning rigorous, we need to use some more or less standard
approximation arguments. We refer to [45] and [37] for the details of such type of
reasoning.
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