Chapter 9 ®
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Functional Equations on Semigroups
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Abstract In this paper we investigate the solutions and the Hyers-Ulam stability of
the p-Jensen functional equation
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9.1 Introduction

In 1940, Ulam [31] delivered a wide ranging talk before the Mathematics Club of
the University of Wisconsin in which he posed a number of important unsolved
problems. Among those was the question concerning the stability of group homo-
morphisms: Given a group G, a metric group (G2, d), a number ¢ > 0 and
a mapping f : G; —> Gj which satisfies d(f(xy), f(x)f(y)) < € for all
x,y € Gy, does there exist a homomorphism g : G; —> G; and a constant
k > 0, depending only on G| and G» such that d(f (x), g(x)) < ke forall x € G1?

In the case of a positive answer to this problem, we say that the Cauchy functional
equation f(xy) = f(x)f(y) is stable for the pair (G1, G»).

The first affirmative partial answer was given in 1941 by Hyers [16] where G,
G are Banach spaces.

In 1950 Aoki [2] provided a generalization of Hyers’ theorem for additive
mappings and in 1978 Rassias [22] generalized Hyers’ theorem for linear mappings
by allowing the Cauchy difference to be unbounded.

Beginning around the year 1980, several results for Hyers-Ulam-Rassias stability
of many functional equations have been proved by several mathematicians. For more
details, we can refer for example to [3, 8-10, 12-14, 17, 19, 23-26].

Let S be a semigroup with identity element e. Let o be an involutive morphism
of S. That is o is an involutive homomorphism:

o(xy)=0(x)o(y) and o(o(x)) =x forallx,y € S,
or ¢ is an involutive anti-homomorphism:
o(xy)=0()o(x) and o(o(x)) =x forall x,y € S.
We say that f : § — C satisfies the Jensen functional equation if
fxy)+ fxo(y) =2f(x), O.1)
forall x,y € S.

A complex valued function f defined on a semigroup S is a solution of a variant
of the Jensen functional equation if

fey) + flo(y)x) =2 (), 9.2)

for all x, y € S. Equations (9.1) and (9.2) coincide if f is central, and the central
solutions are the maps of the form f = a + ¢, where a : S — C is an additive
map such that a(o (x)) = —a(x) and where ¢ € C is a constant.

The Jensen functional equation (9.1) takes the form

FOay) + fy™) =2f) (9.3)
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forall x, y € S when o (x) = x~! and S is a group. The new equation (9.2) is much
simpler than (9.1). For a more general study we refer the reader to Ng’s paper [21]
and Stetkaer’s book [26].

The stability in the sense of Hyers-Ulam of the Jensen equations (9.1) and (9.3)
has been studied by various authors for the case when S is an abelian group or a
vector space. The interested reader is referred to the papers of Jung [18] and Kim
[20].

In 2010, Faiziev and Sahoo [11] proved the Hyers-Ulam stability of Eq. (9.3) on
some non-commutative groups such as metabelian groups and 7'(2, K), where K
is an arbitrary commutative field with characteristic different from two. They have
shown as well that every semigroup can be embedded into a semigroup in which the
Jensen equation is stable.

The quadratic functional equation

Ja+N+fx=y)=2fx)+2f¥), x,yeS 9.4)

has been extensively studied (see for example [1, 17, 26]). It was generalized by
Stetker [25] to the more general equation

e+ +fx+o()=2fx)+2f(), x,y€S. 9.5)

A stability result for the quadratic functional equation (9.4) was derived by Cholewa
[5] and by Czerwik [6]. Bouikhalene et al. [3] stated the stability theorem of
Eq. (9.5). In [7] the stability of the quadratic functional equation

Fan+ fay™H=2f0)+2f(), x,yeS (9.6)

was obtained on amenable groups.
Bouikhalene et al. [4] obtained the stability of the quadratic functional equation

Jy)+ fxo(y) =2f(x)+2f(y), x,y €S 9.7

on amenable semigroups.
In this paper we consider the following functional equations:
The p-Jensen functional equation

fy)+u) fxo(y) =2f(x), x,y €S, 9.8)

a variant of the u-Jensen functional equation

fy)+u@) flomx) =2f(x), x,y €S, 9.9)

and the p-quadratic functional equation

Jey) +pu) fxo(y) =2f(x)+2f(y), x,y €S, (9.10)

where p: § — Cis a multiplicative function such that u(xo (x)) = 1forall x € S.
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Our results are organized as follows. In Sects.9.2 and 9.3 we give a proof of
the Hyers-Ulam stability of the Jensen functional equation (9.1) and a variant of
the Jensen functional equation (9.2) on an amenable semigroup. As an application
(Sect. 9.4), we prove the Hyers-Ulam stability of the symmetric functional equation

JOy)+ fyx) =2f(x)+2f(y), x,y €G, .11

where G is an amenable group.

In Sects.9.5 and 9.6 we prove that the u-Jensen equation (9.8), respectively,
the w-quadratic functional equation (9.10) possesses the same solutions as Jensen’s
functional equation (9.1), respectively, the quadratic functional equation (9.7).
Furthermore, we prove the equivalence of their stability theorems on semigroups.

Throughout this paper m denotes a linear functional on the space B(S, C),
namely the space of all bounded functions on S.

The linear functional m is called a left, respectively, right invariant mean if and
only if

iﬂg fx) =m(f) <sup f(x); m(qf) =m(f); respectively, m(fq) = m(f)
xe xes

for all f € B(S,R) and a € S, where , f and f, are the left and right translates of
f defined by , f (x) = f(ax); fa(x) = f(xa),x € S.

A semigroup S which admits a left, respectively, right invariant mean on B(S, C)
will be called left, respectively, right amenable. If on the space B(S, C) there exists
a real linear functional which is simultaneously a left and right invariant mean, then
we say that S is two-sided amenable or just amenable. We refer to [15] for the
definition and properties of invariant means.

9.2 Stability of a Variant of the Jensen Functional Equation

In this section we investigate the Hyers-Ulam stability of the functional equa-
tion (9.2) on amenable semigroups.

Theorem 9.1 Let S be an amenable semigroup with identity element e. Let o be
an involutive anti-homomorphism, and let f : G —> C be a function. Assume that
there exists § > 0 such that

Lf(xy) + flo(y)x) =2f ()] <6 9.12)

forall x,y € S. Then, there exists a unique solution J : S —> C of the functional
equation (9.2) such that J (o (x)) = —J (x) and

[f(x) =J(x) = fle)] <6 9.13)
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forall x € S. Furthermore if S is a group and o (x) = x ! then there exists a unique
additive map a : S —> C such that

|f(x) —a(x) — f(e)] <6 9.14)

forall x € S.
Proof Let x, y bein S. Replacing x by o (x) in (9.12) we get

|fe)y) + fla(y)o@) =2f(o(x))] <8 (9.15)

Adding (9.12) to (9.15), and using the triangle inequality we obtain that

ILf (xy) + flo(o )]+ [f(@()x) + flo(x)y)] =2[f () + flo ()] < 28.

(9.16)
Hence
LfCGey) + fElo()x) =2 (0)] <3, 9.17)
where
[ = w forall x € S.

Subtracting (9.15) from (9.12), and using the triangle inequality we derive that

LfOey) + folo(x) —2f%(x)]| <6 (9.18)
for all x, y € S, where

J(&x) = flo(x)

fox) = 5 forall x € S.
Setting x = e in (9.17) we obtain
8
1f6(y) — féle)| < Eforallx,yeS. 9.19)

By replacing x by y in (9.18) and by the fact that f° is odd we get
|f7x) = fOlo(y)x) —=2f°(y)] < 8. (9.20)
This implies that for each y fixed in S, the function x — f%(yx) — f%(o(y)x) is

bounded. Since § is amenable, then there exists an invariant mean m on the space
of complex bounded functions on S and we can define the new mapping on S by

V() = mly [ —o(y) f°), forallyeS. 9.21)
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Using (9.21) and the fact that m is an invariant mean we get

V(yz2) + ¥ (0 @)y) = miy f* —o@ow) [} +mle@yf —omz £}
=miy [ =z 7Y+ Moy f* —o@ow) [}
=miy [ —on) B +mily 7 o) flo)
=m{yf* —on [} +mly f* —o0n [}
=y +¥() =2¢0)

for all x, y € S. The function

v
J = —
» >
satisfies the variant of the Jensen functional equation (9.2), J(o(y)) = —J(y) for

all y € S, and we have the following inequality

1
) = DIl = Iim{yf” —ow f7 =2/ WM 9.22)

N >

1
< zsuplf”(yX) — flo(y)x) =21 <
xes
Finally, we obtain
lfO) =T = f@I=1f0)+ ) —J») = fe)l
SO = f@OI+1f70) =IO <8

for all y € S. This proves the first part of Theorem 9.1.

If S is a group and o(x) = x~!, then from [26, Proposition 12.29] we have
J = a, where a : S — C is an additive map.

Now suppose that there exist two odd functions J; and J; satisfying the variant
of the Jensen functional equation (9.2), and the following inequality

lf() = Ji(y) = f(e)] <6, withi =1,2. (9.23)
The function J := J; — J is also a solution of the functional equation (9.2), that is
J(xy)+J(o(y)x) =2J(x) forallx,y € S. (9.24)

By using the triangle inequality we get |J(x)| < 25 forall x € S.
Replacing y by x in (9.24) and using that J (o (x)) = —J (x) we get

J(x?) =2J(x) (9.25)
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and consequently, we get J (xzn) = 2"J(x) for all n € N. Since J is a bounded map
then J(x) = O for all x € S. This completes the proof of Theorem 2.1. O

The stability of Eq.(9.2) has been obtained in [4, Lemma 3.2], on amenable
semigroups with identity element and under the condition that ¢ is an involutive
homomorphism. In the following theorem we investigate the Hyers-Ulam stability
of the functional equation (9.2) on amenable semigroups without identity element,
and where o is a homomorphism.

Theorem 9.2 Let S be an amenable semigroup. Let o be an involutive homomor-
phism of S and let f : S —> C be a function. Assume that there exists § > 0 such
that

lf(xy) + flo(x) =2f ()] <4 (9:26)

for all x,y € S. Then there exists a unique additive function a : S — C and
xo € S such that

£ () — a@x) + f(xo) — f(o(x0)) — f ()| < 48 9.27)

forallx € S.

Proof In the proof we use some ideas from Stetkar [28].
Let x, y, z be in S. If we replace x by xy and y by z in (9.26) we get

|f(xy2) + fo()xy) =2f(xy)| < 6. (9:28)
By replacing x by o (z)x in (9.26) we get
|f (o (2)xy) + f(a(y)o(2)x) =2f(o(2)x)| <. (9:29)
Replacing y by z in (9.26) and multiplying the result by 2 we get
2f(xz) +2f(0c(@)x) —4f(x)| <26. (9.30)
If we replace y by yz in (9.26) we get
[f(xy2) + flo(y)o(z)x) —=2f(x)] < 4. 9.31)
Subtracting (9.31) from (9.29) and using the triangle inequality we get
|f(o(2)xy) = 2f(o(x)x) — flxyz) +2f(x)| = 26. (9-32)
Adding (9.30) and (9.32) and using the triangle inequality we obtain

12f(xz) =2f(x) + f(o()xy) — f(xyz)| < 43. (9.33)
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Subtracting (9.33) from (9.28) and applying the triangle inequality we get

[2f(xyz) —2f(xy) —2f(xz) +2f(x)| <56, (9.34)
which can be written as follows

2/ (xyz) =2 (O] = [2f(xy) =2f (0] = [2f(x2) =2f ()]l =58.  (9.35)

Now, for each fixed xg in S we define on S the function Ay, (t) = 2 f (xot) —2 f (x0).
Therefore, the inequality (9.35) can be written as follows

[Axy(¥2) — Axy(¥) — Axy(2)| <S8 forally,z € S. (9.36)

Since S is an amenable semigroup then by Szekelyhidi [30] there exists a unique
additive mapping b : S — C such that

|Ax,(x) —b(x)| <58 forallx € S. (9.37)
Replacing y in (9.26) by yz we get
|f(xyz) + fo(yz)x) = 2f(x)] < 6. (9.38)

If we replace x by o (y) and y by o (2)x in (9.26) we derive
|f(o(y)o(2)x) + f(zo(xy)) —2f(o(y)] < 3. (9.39)
Replacing x by z and y by o (xy) in (9.26) we get
| f(zo(xy)) + fxyz) =2f(2)| < 4. (9.40)

Subtracting (9.39) from the sum of (9.38) and (9.40) and applying the triangle
inequality we get

12/ (xy2) =2 (x) = 2f(2) + 2f (0 (y))] < 38. (9.41)
By replacing x and y by x¢, and z by x in (9.41) we get
|2 (x5x) — 2f (x0) — 2 (x) + 2f (o (x0))| < 35, (9.42)
which can be expressed as follows
12 (x5x) — 2 (x5) — 2f (x) = 2f (x0) + 2f (0 (x0)) + 2f (x()| <38.  (9.43)

Since A,2(x) =2 f(x3x) —2f(x3), then we have

142 () = 2f(x) =2f(x0) +2f (0 (x0) + 21 (xp)] < 38. (9.44)
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Subtracting (9.37) from (9.44) and using the triangle inequality we get
£ (x) = a(x) + f(x0) — f(o(x0) — f(xg)| <46, (9.45)

where a = 1b. This completes the proof of Theorem 2.2. O

9.3 Hyers-Ulam Stability of Eq. (9.1) on Amenable
Semigroups

In this section, we investigate the Hyers-Ulam stability of Eq. (9.1) on an amenable

semigroup, where o is an involutive anti-homomorphism.

Theorem 9.3 Let S be an amenable semigroup with identity element e. Let o be an
involutive anti-homomorphism of S. Let f : S —> C be a function which satisfies
the following inequality

If(xy) + fxo(y) =2f ()] <4 (9.46)

forall x,y € S and for some nonnegative 5. Then there exists a unique solution j
of the Jensen equation (9.1) such that j (o (x)) = —j(x) and

If(x) = Jj(x) = fle)] <38 9.47)

forall x € S.
First, we prove the following useful lemma.

Lemma 9.1 Let S be a semigroup. Let o be an involutive anti-homomorphism of
S. Let f : S —> C be a function such that f(o(x)) = — f(x) forall x € S and for
which there exists a solution g of the Drygas functional equation

g(yx) +glo(y)x) =2g(x) +g(y) +glo(y), x,y €S (9.48)

such that | f (x) — g(x)| < M, for all x € S and for some non negative M. Then

g)= lim 27" f(x%") forall x € S. (9.49)
n——+00
Furthermore g(o(x)) = —g(x) for all x € S and g satisfies the Jensen functional

equation

gxy)+ gxo(y)) =2gx) forallx,y € S.
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Proof Replacing y by xo (x) in (9.48) we obtain
g((xa () + g((xo (x)?) = 2g(x0 () + g(xo (x)) + g(xa(x)),  (9.50)

which implies that g((xo (x))?) = 2g(xo(x)) forall x € S.
By applying the induction assumption we get

2"g(xa (x)) = g((xo (x))*) (9.51)
forall n € N and for all x € S.

Now, by the hypothesis, f = g + b where b is a bounded function. Since f is
odd we have f = g? + b° and g¢ + b® = 0. Using (9.51) and the fact that

g((xa(x)*) = g*((xa (x))*)
we get
8(xo (x))] = 27"|g((xa (x))*)] < 27"[b° (xo (x))*'|. (9.52)
Letting n — o0 in the formula (9.52), we obtain that g(xo (x)) = 0 and hence
g(o(x)x) =O0forall x € S.
Setting y = x in (9.48) we get
g(x?) =2g(x) + g(x) + g0 (x)). (9.53)
If we replace x by o (x) in (9.53) we have
g(a(0)?) = 2g(0 (1)) + g(x) + g(o (x)). (9.54)

By adding (9.53) and (9.54) we get that g°(x?) = 4g°(x), and by induction it
follows that

gf(x?) =27 g°() (9.55)

for all x € S and for all n € N.
Using (9.55) and the fact that g + b° = 0 we have

g(x) =27 g(x*¥)y = 27 ¥ b (x?). (9.56)
Therefore, we get

lg¢0)] = 1277 g (P < 272 b (e ).
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So by letting n — +00 we obtain that g¢(x) = 0 for all x € §, which proves that
g(o(x)) = —g(x) forallx € S.

Using (9.53) and that g is odd we get that g(xz) = 2g(x), and by induction we
deduce that

g(x?) =2"g(x) (9.57)

forall x € S, and for all n € N.
Using (9.57) we get

27 ) = 27" () + B ()] = g () + 2700 (),
Thus
800 = 27" ()] = 27" B0 (). (9.58)
By letting n — 400 we obtain
g) = lim 27" f(x*).
We will prove that g satisfies the Jensen functional equation (9.1).

Since g(o(x)) = —g(x) for all x € S, the Drygas functional equation (9.48) can
be written as follows

gyx)+g(a(y)x) =2g(x), x,y €S. (9.59)
Replacing x by o (x) in (9.59) we get

g(yo (x)) + g(o(y)o(x)) = 2g(o (x)).
Using that g(o(x)) = —g(x) for all x € S we obtain

g(xa () + glxy) = 2¢(x), x,y €,
which means that g satisfies the Jensen functional equation (9.1). This completes

the proof of Lemma 9.1. Now, we are ready to prove Theorem 9.3. Setting x = ¢
in (9.46) we get

1f¢) = fle)] < (9.60)

[NSHIRSc]

forall y € S.
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The inequalities (9.46), (9.60) and the triangle inequality yield

Lfey) + fOx) =2f () =2f(y) +2f(e)| = [f(xy) + fxo(¥) = 2f(x)]

+ 1 x) + fyo) =2f I+ 12f(e) = fxa(y)) — fyo ()| < 38.
9.61)

Hence, from (9.46), (9.60) and (9.61) we get
fx) + flo)x) =2f)] < |f(yx)+ fxy) =2F() =2 (x) +2f(e)l

+1fle(x) + flxo () =2f(0(y) =2f(x) +2f(e)l

+1 = fOy) = fxo() +2f)+12f () +2f(0(y) —4f(e)] < 96.
(9.62)

From (9.46) and (9.62) we obtain
21f70x) + fOyo(x)) —2£°(y)] (9.63)
=1fOx)=flo(x)o(y) + f(yo(x) — fxa(y) —2f () +2f (@ ()]

<1fOx)+ f(yo(x) =2f W]+ [ f(xo(y)+f(o(x)o(y)=2f(o(y))
< 104.

Consequently we have
|f(yx) + fO(yo(x) —2f°(y)| <58 9.64)
for all x, y € S. Thus for fixed y € S, the functions x —> f?(yx) — f°(xa(y))

and x — f°(xy) + f°(xo(y)) —2f°(x) are bounded on S.
Furthermore,

m{f(?(y)d(z) + fé}(y)z - 2f;(y)} = m{(fé}(z) + fzo - zfo)o(y)} (9.65)

= m{foe + 0 —2f°),

where m is an invariant mean on S.
By using (9.62) we get that, for every fixed y € S, the function

x —> fOyx) + fOo(y)x) —2f°
is bounded and
m{zyfo +o @)y fo - nyo} = m{y(zfo +o(2) fo - Zfo)} (9.66)

= m{zfo +o(2) fo - 2f0}~
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Now we define the new mapping

$() = miyf* — £} v €S. (9.67)

By using the definition of ¢ and m, the equalities (9.65) and (9.66), we obtain that

() + @@ =Ml f* = Flro) +Mmlonf* = fod  9.68)
=mizy [* Fo@y [7 =20 ) = mifS 000 + Tome = 250
+2mfy [ = [}
=m{f" o) O =21 =m{f oy + 17 =21 +2m{y O — f3)}
=m{: " = fio)} T mlo [O = 2V +2m{y [0 = [y}
=2¢(y) + ¢ () + ¢ (0(2)),

which implies that ¢ is a solution of the Drygas functional equation (9.48).
Furthermore, we have

1 1
I%(y) - f'l= SleM) - 2f°)l = §|m{yf0 = ooy =27 (9.69)

1
<5 sup |fOx) = fOxo () =27

xes

1
=3 su];S) [f(yx) + fOyo(x) —2f°()l

<

8.

|

By Lemma 9.1, it follows that the function % is a solution of the Drygas functional

equation (9.48) and % — f? is a bounded mapping, thus we have

¢ _ . —n o, 2"
5= nETwZ fox), (9.70)
which implies that %(a x)) = —%(x) for all x € S, consequently % is a solution of

the Jensen functional equation (9.1). On the other hand, we have

@ == FOI=17 @+ £ -2~ fe) ©.71)
<@ = f@I+ 10 - 2|
) 58
<24+ 243

22
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We can use the same method as in Theorem 9.1 to prove the uniqueness of the
derived solution. This completes the proof of Theorem 9.3. O

9.4 Application: Stability of the Symmetric Functional
Equation (9.11)

In this section we use the result obtained in Sect. 9.3 to prove the stability of the
symmetric functional equation (9.11).

Theorem 9.4 Let G be an amenable group, and f : G —> C a function. Assume
that there exists a non-negative M such that

Lfey) + fyx) =2f(x) =2fI =M 9.72)

forall x,y € G. Then, there exists a unique solution J : G —> C of the symmetric
functional equation (9.11) such that

|f(x)—=J(x)— f(e)| < 12M forallx € G. (9.73)

Proof In the proof we use some ideas from Stetkar [26, Proposition 2.17].
Setting x = y = ¢ in (9.72) we get

M
lfe)l = = (9.74)
If we replace y by x~! in (9.72) we get
-1 M
Ifle) = fx)— fx D)l = ER 9.75)
Subtracting (9.75) from (9.74) and using the triangle inequality we obtain
@)+ fGahHl = M. 9.76)

Replacing x by xy and y by x~! in (9.72) we derive
|fOyx™) + fO) —2f (xy) = 2f(x™H < M. .77
Using (9.76), (9.77) and the triangle inequality we deduce that
|f ey ™) + f () = 2f (xy) +2f ()] < 3M. (9.78)
By replacing y by y~! in (9.78) we get that

ey ™+ foTh =2y 2 (0] < 3M. (9.79)
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Adding (9.78) to (9.79) and using the triangle inequality we have that
ILf Geyx ™) + f ey ™I+ ) + FOT DT = 2F () (9.80)
—2f(xy™ ) +4f ()] < 6M.

Using (9.76), (9.80) and the triangle inequality we obtain

IfGy) + fFey™) —2f ()] < 4M. (9.81)

By applying Theorem 9.3 there exists J: G —> C, unique solution of the Jensen
functional equation (9.3), that is

Jxy) + oy~ =27 (), (9.82)
such that J(x 1) = —J(x) and
lf(x) = Jx) = fe)| = 12M (9.83)
for all x € G. Interchanging x and y in (9.82) we obtain
J(yx)+ J(yx~H =2J(). (9.84)
Adding (9.82) to (9.84) we get
J(xy) + J(yx) + T (xy™) + T(yx™h) =20 (x) +2J (). (9.85)
Since J(x~!) = —J(x) for all x € G, then we deduce that
Jxy)+ J(yx) =2J(x) +2J(y) (9.86)
for all x,y € G, which means that J satisfies the symmetric functional equa-
tion (9.11).
For the uniqueness of the solution J we use that if J is a solution of (9.86) then

J(x?") = 2" J (x) for every integer n and for all x € G, and by similar computations
to those used above we deduce the rest of the proof. O

9.5 p-Jensen Functional Equation

The trigonometric functional equations having a multiplicative function © in front
of terms like f(xo(y)) or f(o(y)x) have been studied in many papers. The u-
d’ Alembert’s functional equation

FON +u@fay™ ) =2f)f(), x,y€S 9.87)
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which is an extension of d’Alembert’s functional equation

Fe) + fay™ ) =2f0)f(), x,y€S

has been treated systematically by Stetkar [27] on groups. The non-zero solutions
of (9.87) on groups with involution are the normalized traces of certain representa-
tion of S on C2. On abelian groups the solutions of (9.87) are

_ @+ u@yah
2

, wherey : § — C

J(x)

is a multiplicative function (see [27]).
On abelian groups the solutions of p-Wilson’s functional equation

f@y) +n)fxa(y) =2f(x)gl), x.y €S

are studied in [9] and [29]. We refer also the interested reader to [8] and [10].

In the present section we prove that the p-Jensen functional equations (9.8), (9.9)
have a non-zero solution only if u = 1. We note that in this case o is an arbitrary
surjective homomorphism which is not necessary involutive.

Theorem 9.5 Let S be a semigroup, o : S —> S be a homomorphism, and | be
a multiplicative function such that u(xo (x)) = 1 for all x € S. If the functional
equation

Fey) +uyfxo(y) =2f(x), x,yeS (9.88)

has a non-zero solution then p = 1. That is, the p-Jensen functional equation (9.88)
possesses the same solutions to those of the Jensen functional equation (1.2).

Proof Making the substitutions (xy, z), (xo (), z) in (9.88) we get respectively

fxyz) + @) flxyo(2)) =2 f(xy), (9-89)

fxo()2) + u@) f(xo(y)o(z)) =2 f(xo(y)). (9.90)
Multiplying (9.90) by £ (y) we obtain
u(y) f(xo()z) +n(yz) f(xo(y)o(2)) =2un(y) f(xo(y)). (9.91)

Adding (9.89) and (9.91) and applying (9.88) we obtain

fxyz) + u@) fxyo(2)) + uy) fxo(y)z) + u(yz) f(xo (y)o(2)) = 4f(x).
9.92)
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By using (9.88), Eq. (9.92) can be written as follows

2f) + n@Lf(xyo(2)) + u(yo () f(xo(y)z) = 4f(x). (9.93)

Multiplying (9.93) by u(o(z)) and using the fact that u(zo (z)) = 1 we get after
some simplification that

fxyo(2)) + n(yo(2) f(xo(y)z) = 2u(0(2) f(x). (9.94)
By replacing y in (9.88) by yo (z) we get
fxyo(2) + u(yo (2)) f (xo ()0 (2)) = 2 (x). (9.95)
Subtracting (9.95) from (9.94) we deduce that
1(yo )L f (xo (1)) — f(xo (y)o*(@))] = 2[u(o(2) — 111 (x). (9.96)

Multiplying the last identity by @ (o (y)z) and using the fact that u(zo (z)) = 1 we
obtain that

fxo(12) = f(xo(0)o?(2) = 2u(e (M1 — u(2)1f (). 9.97)

On the other hand, if we make the substitutions (xo(y),z) and (xo(y), 0 (2))
in (9.88) we deduce respectively

fxo()2) +u@) f(xo(y)o(z)) =2f(xa(y)). (9.98)
f(xo(0)0@) + 1o (2) f(xo (10> (2)) = 2f (xo (). (9.99)

Multiplying (9.99) by 1(z) and using the fact that (zo (z)) = 1 we derive that
1) f(xo (y)o(2)) + f(xo (y)0*(2)) = 2(2) f (xo (). (9.100)
Subtracting (9.100) from (9.98) we obtain
fxo()2) = f(xo ()0 () =2[1 — u(@)]f (xo (y)). (9.101)
By comparing (9.101) and (9.97) we deduce that
2u(oc (NI = n(@1f (x) =2[1 = w1 f(xo (y)), (9.102)
from which we get

[1 = n@]1ulo () fx) = fxo(y)]=0. (9.103)
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If we suppose that p # 1, then from (9.103) we deduce that

fxo(y) = p(o(y)fx) (9.104)

for all x, y € S. If we combine Egs. (9.104) and (9.88) we get

F&y) +up(e () f(x) =2f(x). (9.105)

Since w(yo(y)) = 1 we deduce that f(xy) = f(x) for all y € S. Therefore (9.88)
becomes

(n(y)=Dfx)=0

which means that either f = 0 or u = 1. Since p # 1, then we get f = 0, which
contradicts the assumption that f £ 0. O

Theorem 9.6 Let S be a semigroup, let ¢ : S —> S be a homomorphism, and |1
be a multiplicative function such that u(xo (x)) = 1 for all x € S. If the variant of
the p-Jensen functional equation

Fa)+uflex)=2f(x), x,yeS (9.106)

has a non-zero solution, then p = 1.

Proof The computations used in [10] for g = 1 show that for all fixed a in S, the
mapping x —> f(ax) — f(a) is additive.
On the other hand, by replacing y by yz in (9.106) we get

J(xyz) + u(y2) f(o(yz)x) = 2f (x). (9.107)

If we replace x by o (y) and y by o (z)x in (9.106) and multiply the result obtained
by u(yz) we deduce that

w(yz) fo(yz)x) + pu(xy) f(zo(xy)) = 2u(yz) f (o (y)). (9.108)

By replacing x by z and y by o (xy) in (9.106) and multiplying the result obtained
by w(xy) we get

wuxy) f(zo(xy)) + f(xyz) =2un(xy) f(2). (9.109)
By subtracting the sum of (9.107) and (9.109) from (9.108) we obtain

fxyz) = f(x) + pxy) f(z) — u(yz) f(o(y)). (9.110)
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Since for each fixed @ in S the function x —> f(a%x) — f(a?) is additive then the
new function

x — (@) f(x) — p@p) f(o@) +2f(@) —2f (@)
= p(@)[p(a) f (x) — p(x) f(o@)]+2f(a) —2f (@

is additive. Since p # 0, then we deduce that f is central. Thatis f(xy) = f(yx)
for all x, y € S. For the rest of the proof we use Theorem 9.5. O

Theorem 9.7 Let S be a semigroup, o : S —> S be an anti-homomorphism which
is surjective and u : S —> C be a multiplicative function such that u(xo (x)) = 1
forall x € S. If the u-Jensen functional equation

Jey) +ufxo(y) =2f(x), x,yeS (0.111)

has a non-zero solution, then p = 1.

Proof Making the substitutions (xy, z), (xo(¥), z) in (9.111) and multiplying the
second result by wn(y) we get respectively

JF(xyz) + (@) f(xyo (2)) = 2f (xy), 9.112)

ny) fxo(y)z) + u(yz) f(xo(y)o(2)) =2u(y) f(xa (y)). (9.113)

Adding (9.112) to (9.113) and using (9.111) we obtain

Sxyz) + u@) f(xyo(2)) + u(y) f(xo(»)z) + u(yz) f(xo (y)o(z)) = 4f(x).
9.114)

If we replace y in (9.111) by yz we get
fxyz) + u(yz) f(xo (2o (y) =2f(x). (9.115)
Subtracting (9.115) from (9.114) we obtain

nOyDLf (xo(y)o(2))— f(xo(2)o (Y)]+u(z) f(xyo () +u(y) f(xo (¥)2)=2f (x).
9.116)

Taking y = z in the last identity we find

nLf (xyo (y) + fxa(ny)] =21 x). (9.117)



186 K. Belfakih et al.

On the other hand, if we subtract (9.112) from (9.115) and multiply the result by
u(o(z)) and use the fact that (zo (z)) = 1 we get

ny) fxo (o (y) — fxyo(z)) =2u(o(2)) f(x) —2u(o(2) f(xy).
(9.118)

Replacing x in (9.111) by xo (z) implies
fxo(@)y) +uy) f(xo(@)o(y) =2f(xo(2)). (9.119)
The subtraction of (9.118) from (9.119) yields

fxo@)y) + f(xyo(z)) =2f(x0(2)) —2u(0o(2)) f(x) + 2u(0 (2)) f (xy).
(9.120)

Since o is surjective, then by taking t = o (z) in (9.120) we obtain
fxty) + flxyt) =2 f(xt) +2u() f (xy) — 2u(t) f(x) (9.121)

for all x, ¢,y € S. Replacing ¢ in (9.121) by y, and y by o (y) and multiplying the
resulting formulas obtained by w(y) and using the fact that u(yo (y)) = 1 we get

HLf (xyo () + f(xo(y)y)] (9.122)
=20(y) f(xy) + 202 (y) f (xa (1)) — 26> () f ().

If we subtract (9.122) from (9.117) we deduce
2u(Lf (xy) + pO) f (xo ()] = 2u* () f(x) = 2f (x). (9.123)

Using (9.111) we get
() — 1P f(x) =0 (9.124)

for all x and y in S. This means that if f is a non-zero solution of (9.121) then
w=1. m|

9.6 Solutions of p-Quadratic Functional Equation

In this section we consider the p-quadratic functional equation (1.10), and we
prove a similar result as in the precedent section for the p-quadratic functional
equation (9.10).
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Theorem 9.8 Let S be a semigroup, o : S —> S be a homomorphism, and | be
a multiplicative function such that u(xo (x)) = 1 for all x € S. If the u-quadratic
functional equation

Fey) +ufxo(y) =2fx)+2f(y), x,y €S (9.125)

has a non-zero solution, then u = 1. That is, the p-quadratic functional equa-
tion (9.125) possesses the same solutions to those of the quadratic functional
equation (1.4)

Proof Making the substitutions (xy, z), (xo (y), z) in (9.125) we get respectively

fxyz) +u(@) flxyo(2)) =2f(xy) +2f(2). (9.126)

Jxo()2) + n@) fxo(y)o(z)) =2f(xa(y) +2f(2). (9.127)

Multiplying (9.127) by u(y) we get

nw() fxo()z) + n(yz) f(xo(y)o () =2u(y) f(xo(y) +2u(y) f(2).
(9.128)

Adding (9.126) to (9.128) we obtain

[f(xyz) + u(yz) f(xo(y)o ()] + [u(z) f(xyo(2)) + u(y) f(xo(y)z)]
=2[f(xy) + () fxo (D] +2[1 + (M1 f(2).

(9.129)
Replacing y by yz in (9.125) we get
fxyz) +nyz) f(xo(y)o(2)) =2f(x) +2f(y2). (9.130)
Multiplying (9.125) by 2 we derive
2L xy) + n) fxo NI =4f(x) +4f (). (9.131)
If we subtract (9.130) from the sum of (9.129) and (9.131) we obtain
w(@) fxyo(2)) + u(y) f(xo(y)z) +2f(yz) (9.132)

=2f(x) +4f () + 21+ pu(N]f(2).

On the other hand, if we replace y by yo (z) in (9.125) we get

F(xyo (2)) + u(yo () f(xo (0)o?(2)) = 2£(x) + 2f (yo (). (9.133)



188 K. Belfakih et al.

Multiplying the last equality by w(z) and using the fact that ;£ (zo (z)) = 1 we get

1(2) f(xyo (2)) + () f(xo (0)0%(2) = 21(2) f (x) + 2u(2) f (Yo (2)).
(9.134)

Subtracting (9.134) from (9.132) we deduce that

pLf (X0 (1)2) — fxo (N> @]+ 2Lf (v2) + 1(2) f (yo (2)] (9.135)
=21 = n@1f () +4F () +2(1 + n()) f(2)-

If we make the substitution (y, z) in (9.125) and multiply the result obtained by 2
we derive

2Lf (y2) + u(@) f(yo )] = 4Lf (y) + f(2)]. (9.136)

The subtraction of (9.136) from (9.135) implies after some simplification

wOIf(xa ()z2) — fxo (o (@)] =201 — u@]1f(x) +2(u@»y) — D f ().
9.137)

On the other hand, if we make the substitutions (xo(y),z) and (xo(y), 0 (2))
in (9.125) we get respectively

fxo(y)z) + @) fxo(y)o(2) =2f(xo(y)) +2f(2). (9.138)

o (o (2) + 1o (@) f(xo ()0’ () =2f(xo(y) +2f(0 ().  (9.139)

Multiplying (9.139) by n(z) and using the fact that u(zo (z)) = 1 we get

1) f(xo ()0 () + fxo()o(2) = 2u(z) f(xo () + 214(2) f (0 (2)).
(9.140)

Subtracting (9.140) from (9.138) we obtain

fxoM2)— fxo()o?(2) (9.141)
=2f(xo (M1 — n@)] +2f(2) — 2u) f (0 (2)).

Multiplying the last equation by 1(y) we obtain

LOLf (xo(Mz2) — fFxo(Mo?(@)] =2uMI1 — w@)1f (xo () (9.142)
+2u(y) f(2) —2u(yz) f(o(2)).
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Now, if we subtract (9.142) from (9.137) we deduce that

2[1 — @1 f(x) = 2f (@) =2u([1 — @] f(xo(y) —2u(yz) f(o(2)),

(9.143)
from which we get
(1= w@ILfx) = ny) fxoy)] = f(2) — pnlyz) f(o(). (9.144)
Taking y = z in (9.144) we obtain
[ = uWILF ) = ) fFExoON] = FO) — w(G?) f () (9.145)

forall x,y € S.
Setting S(y) = 1 — p(y) and multiplying (9.125) by B(y) and adding the result
obtained to (9.145) we derive that

B (xy) = f) =2f W] = f() =m0 (D) (9.146)
The last equation can be written as follows
BN f(xy) = BO)L(x) + [2B() + 11£ () — () f (@ (). (9.147)

Replacing y in (9.147) by o (y), and multiplying the result obtained by u(y?) and
using the fact that u(zo (z)) = 1 we find

n(?)Be ) f(xa () =pn(H B ) f(x) (9.148)
+1nOHRBE ) + 1) — fE2H).

Since u(yo (y)) = 1 we get that
uMB () =pnMI —ulcONl=pn@) —1=-1),

and thus Eq. (9.148) can be written in the form

LB fxo () =1L f(x) (9.149)
+ R2uMBB) — n(Hf @ () + f(@().

Adding (9.149) and (9.147) and using (9.125) we get

BO2Fx) +2f ] =[B0) +nMBMIF(X) + [28() + 11f(y)  (9.150)
+2uMBG) = 20(H1f (0 () + F@* ().
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Thus

BONS(x) = f() +2uMIBG) — w1 f (@ () + £ (07 () (9.151)

for all x, y in S.
If w # 1 then there exists yop € S such that S(yp) # 0 and from (9.151) we
deduce that f(x) = c, for all x € §, where

1
¢ = 5o 00 + 20001800 — 1G0)Lf (@ (o)) + (@G0,

which means that f is a constant. From (9.125) we deduce that f = 0, which
contradicts the assumption that f # 0. This completes the proof of Theorem 9.8.
O

9.7 Stability of the p-Jensen Functional Equation

In this section we study the stability of j-Jensen functional equation (9.8), where o
is a surjective homomorphism, and w is a bounded multiplicative function such that
uxo(x)) =1forallx € S.

Theorem 9.9 Let S be a semigroup, o : S —> S be a homomorphism, and (. be
a bounded multiplicative function such that u(xo (x)) = 1 for all x € S. If there
exists a non-negative scalar § such that

|fey) + ) fxo(y) =2fx)| <6 (9.152)
forall x,y € S, then either f is unbounded or u = 1.

Furthermore, the p-Jensen functional equation (9.8) is stable if and only if the
Jensen functional equation (1.1) is stable.

Proof Making the substitutions (xy, z), (xo (y), z) in (9.152) we get respectively

If (xy2) + 1(2) f(xyo (2)) = 2f (xy) < 6, (9.153)

|f(xo(N2) + 1) f(xo (y)o(2)) = 2f(xo(y)] < 6. (9.154)

The multiplicative mapping p is bounded, thus there exists a nonnegative real M
such that |u(x)| < M for all x € S. Multiplying (9.154) by u(y) we get

() f(xo(¥)z) + u(yz) f(xo(¥)o(z)) —2u(y) f(xo(y)| < M. (9.155)

Adding (9.153) and (9.155) and using the triangle inequality we obtain
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I[f(xyz) + n(yz) f(xo(y)o @)+ @) f(xyo(z)) + ny) f(xo(y)z)]
=2[f(xy) +puy) f(xaON] < (1 4+ M)é.

(9.156)
Replacing y by yz in (9.152) we obtain
|f(xyz) + n(yz2) f(xo(y)o(2) —=2f(x)| <. (9.157)
Multiplying (9.152) by 2 we get
[2[f (xy) + u(y) f(xo (y)] —4f(x)| < 23. (9.158)

If we subtract (9.157) from the sum of (9.156) and (9.158) and use the triangle
inequality we obtain

I @Lf (xyo (2)) + u(yo (2)) f(xo (y)z) = 2f (0)] = (4 + M)3. (9.159)

Multiplying the last inequality by (o (z)) and using the fact that u(zo (z)) = 1 we
get after some simplification

| £ (xy0(2) + n(yo (2) f(xo (1)2) = 2u(0 () f (¥)| < (4M + M?)8.
(9.160)

On the other hand, if we replace y in (9.152) by yo (z) we get
|f(xy0(2) + n(yo (2) f (xo (1)o>(2) — 2 (x)| < 8. (9.161)

Subtracting (9.161) from (9.160) we deduce that

(o @)Lf (xo (y)2) — fxo (o> (2) = 2u(o(2)) — 11f ()| (9.162)
< (144M + M?)s.

Multiplying the last identity by p(o (y)z) and using the fact that u(zo (z)) = 1 we
obtain

|f(xo(1)2) — f(xo (1)0%(2)) — 2o (YD1 — u(@)]1f (%) (9.163)
< (M +4M? + M>)s.

On the other hand, if we make the substitutions (xo(y),z) and (xo(y),0(z2))
in (9.152) we get respectively

[ f(xo(¥)2) + n(@) f(xo(y)o(z)) =2 f(xa(y)| <4, (9.164)
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| f (xo (1)0 () + (o () f(xo ()0 ?(2)) — 2f (xa ()| < 6. (9.165)
Multiplying (9.165) by 1(z) and using u(zo (z)) = 1 we derive that
1n(2) f(x0 ()0 () + f(xo ()0 () — 2u(2) f (xa ()| < M. (9.166)
Subtracting (9.166) from (9.164) and using the triangle inequality we obtain
|f(xo(1)2) — f(xo ()0 (@) = 2f (xa (YD1 — n(@)]] < (1 + M)s.  (9.167)

If we subtract (9.167) from (9.163) we deduce that

2[pu(o (NI — w@]1f (x) = 2f (xa ()1 — ()] (9.168)
< (142M +4M?* + M>)s,

from which we get

8
11— w@1ue () fx) = foGNI < (1 +2M +4M* + M3)§. (9.169)

If we suppose that o # 1, then there exists zg € S such that i (zp) # 1. From (9.169)
we deduce that

|f(xa(y) — (o () f(xX)] < ¢é (9.170)

forall x, y € S, where

é (1+42M + 4M? + M?).

T 21— uzo)

If we multiply (9.170) by u(y) and use the fact that u(xo (x)) = 1, we obtain
luy) f(xa(y) — f(x)| = M¢s. 9.171)

Subtracting (9.152) from (9.171) and using the triangle inequality we get

|f(xy) = f(0)| < M(p + 1)8 (9.172)

forall y € S. Replacing y by o (y) in (9.172) and multiplying the result by o (y) we
obtain

() f(xo (1) — p() f X)) < M (¢ + 1)8. 9.173)
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Subtracting (9.152) from the sum of (9.172) and (9.173) and using the triangle
inequality we deduce

11— uMIf )] < (M? + M)($ + 1) + 6. (9.174)

Since u # 1 we deduce that f is a bounded function. This completes the proof of
Theorem 9.9. o

9.8 Stability of the y-Quadratic Functional Equation
In this section we investigate the stability of the u-quadratic functional equa-
tion (1.10).

Theorem 9.10 Letr S be a semigroup, let o : S —> S be a homomorphism, and
W be a bounded multiplicative function such that (xo (x)) = 1. If there exists a
non-negative scalar § such that

IfGey) +n() fxa(y) =2f(x) =2f(M| =4, x,y €S, 9.175)

then either f is unbounded or u = 1.
Furthermore, the -quadratic functional equation (1.10) is stable if and only if
the quadratic functional equation (9.7) is stable.

Proof Making the substitutions (xy, z), (xo (y), z) in (9.175) we get respectively

|f(xy2) + 1(2) f(xyo (2)) = 2f (xy) = 2f(2)| < 6. (9.176)

| f(xo(¥)z) + @) fxo(y)o(2)) —2f(xo(y)) —2f(2)] < 4. (9.177)

Multiplying (9.177) by u(y) we get

() f(xo(y)z) + u(yz) f(xo (¥)o(2)) —2u(y) f(xo (y)) —2u(y) f(2)]

< Ms.
(9.178)

Adding (9.176) and (9.178) and using the triangle inequality we obtain

ILf (xyz) + pu(yz) f(xo (y)o(@)] + [n(@) f(xyo (2)) + n(y) f(xo (y)2)]

=2[f(xy) + u(y) f(xo ()] =2[1 + uM1f (@] < (1 + M)s.
(9.179)
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Replacing y by yz in (9.175) we get
If(xyz2) + n(yz) f(xo(y)o (@) —2f(x) —=2f(y2)| <. (9.180)
Multiplying (9.175) by 2 we get
12Lf (xy) + n(y) f(xo (YN —4f(x) —4f(y)] < 26. (9.181)

If we subtract (9.180) from the sum of (9.179) and (9.181) and use the triangle
inequality we obtain

ln(z) f(xyo (2)) + () f(xo (y)2) +2f (yz) =2 (x) —4f(y) (9.182)
—2[1+puW1f @] = (44 M)3s.

On the other hand, if we replace y in (9.175) by yo (z) we deduce that

|f (xyo (2)) + 1(yo () f (x0 ()0 (2)) = 2 (x) = 2f (yo ()| 8. (9.183)

Multiplying the last inequality by 1£(z) and using the fact that (zo (z)) = 1 we get

[1(2) f (xyo (2)) + () f (X0 ()0 (2) = 20(2) f (x) = 2(2) f (yo ()]

< Ms.
(9.184)

Subtracting (9.184) from (9.182) and using the triangle inequality we obtain that

ILWLf (xo(0)2) — fxo (o @) +2[f (y2) + () f(yo (2)] (9.185)
—2[1 = u@1f () =4f(y) =20+ u() f(2)| = (4 +2M)3.

If we make the substitution (y, z) in (9.175) and multiply the result by 2 we obtain

12[f (y2) + @) f(yo ()] = 4Lf(y) + f(2)] = 26. (9.186)

The subtraction of (9.186) from (9.185) and the triangle inequality provide after
some simplification that

LS (ko (3)2) = f(xo ()0 @)] + 2[u(z) — 11 £ (x) (9.187)
+2(1 — u(y) f(2)] = (6 +2M)s.

On the other hand, if we make the substitutions (xo(y),z) and (xo(y),0(2))
in (9.175) we get respectively

[f(xo(y)2) + n(@) fxo(y)o(2) —2f(xa(y)) —2f(2)] < 4. (9.188)
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|f(xa ()0 (2)) + (0 (2) f (x0 (y)0°(2)) — 2f (x0 () — 2f (0 (2))| < 6.
(9.189)

Multiplying (9.189) by u(z) and using the fact that (zo (z)) = 1 we get that

I1(2) f(xa (V)0 (2) + fxo(0)0?(2)) — 2(2) f(xa () — 2u(2) £ (0 (2))]

< MS.
(9.190)

Subtracting (9.190) from (9.188) and using the triangle inequality we obtain

|f(xo(0)2) — fxo(3)0*(2) = 2f (xa (1 — ()] — 2 (2) 9.191)
+2u(z) f(o(2)] = (1 + M)S4.

Multiplying the last identity by w(y) we obtain

ILDLf (xo (0)2) = fFxo(Ma2@)] = 2uIl — n@1fxo(y))  (9.192)
—2u() f(2) +21(y2) f (@ ()] < (M + M?)8.

If we subtract (9.192) from (9.187) and use the triangle inequality we obtain that

12[(2) — 11F(x) +2(1 — n(3) f(2) + 21 — w(@1f(xa(y))  (9.193)
+2u(y) f(2) = 2u(y2) f (0 (2))] < (6 +3M + M?)3,

from which we get

Il (z) = 1L ) = ) f(xo (YN + f(2) = n(yz) f(o(2))] (9.194)

8
< (6+3M + MZ)E.
Setting y = z in (9.194) we obtain

IBOIFx) — ) fxoONI+ f(3) — O fFle())] < o (9.195)
where B(y) = u(y) — 1 forall y € S, and
2.8
a=(06+3M+M )z

Adding (9.195) to (9.175) multiplied by B(y) and using the triangle inequality we
obtain

IBOS (xy) = fx) = 2f D1+ F() = G O] < o+ (M + 1.
(9.196)
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The last inequality can be written in the form

1BO)f(xy) — BO) f(x) = 2B() — 11£(») — nOD f o) (9.197)
<o+ (M+1)s.

Replacing y in (9.197) by o (y), and multiplying the result by 1(y?) and using the
fact that u(zo (z)) = 1 we derive

() Blo () f(xa () — n(y?)Bo () f(x) (9.198)
— nOAHR2BE () = 11f (@) — fFE*ON] < M?a + (M + M?)s.

Since u(yo (y)) = 1 we get that

u()Bo(y) =pnWMluo(y) =11 =1—-nuly) =-41),
and thus inequality (9.197) can be expressed as follows

LB f(xa () — nMBO) f(x) — 2uMBG) + 1D (0 ()

+ F(02())] < M?a + (M? + M?)s.
(9.199)

Subtracting (9.175) multiplied by B(y) from the sum of (9.199) and (9.197) and
using the triangle inequality we get

IBOI2f(x) +2f(W] = [BO) +u(MBWMIfx) —12B8(y) —11f(y)
—R2uMBG) + 2D @) + f(@* ()]
<(1+ M»a + (M? + M* + M + 2)s. (9.200)

Simplifying the last inequality we obtain

B2 f(x) — £ = 2u() flo() — fF@* ) (9.201)
<+ M)Ha+ (M> + M?> + M +2)s.

Using the triangle inequality we deduce that

B2 F O <1FO) + 21 f () + fo ()] (9.202)
+(M> 4+ Da+ (M>+ M>+ M +2)8

forall x, y in S.
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If ;© # 1 then there exists yg € S such that S(yp) # 0. From (9.202) we deduce

that f is bounded. This completes the proof of Theorem 9.10. O
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