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Abstract In this article, we study the existence and uniqueness of positive solu-
tion to a class of nonlinear fractional order differential equations with boundary
conditions. By using fixed point theorems on contraction mapping together with
topological degree theory, we investigate some sufficient conditions in order to
obtain the existence and uniqueness of positive solution for the considered problem.
Further we also investigate different kinds of Ulam stability for the considered
problem. Moreover, we also provide an example to justify the whole results.
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1 Introduction

The study of fractional differential equations is an important area for research in
recent time, because of its wide range of applications in describing the real-word
problems. These applications can be found in various scientific and engineering
disciplines such as physics, chemistry, optimization theory, biology, viscoelasticity,
control theory, signal processing, etc. For details, we refer [1-8]. Due to large
number of applications of fractional differential equations, researchers are giving
much attention to study fractional order differential equations, we refer the readers
to [9-13] and the references therein for the recent development in the theory of
fractional differential equations. It is worthwhile to mention that Caputo’s fractional
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order derivative plays important roles in applied problems as it provides known
physical interpretation for initial and boundary value problems of differential
equations of arbitrary order. On the other hand, the Riemann-Liouville derivative
of fractional order does not provide physical interpretations in most of the cases for
initial and boundary problems. Existence theory of differential equations of classical
as well as arbitrary order with multi-point boundary conditions has attracted the
attention of many researchers and is a rapidly growing area of research, because
such problems occurred in applications, we refer the readers to [14—19]. The area
devoted to study boundary value problems of classical order differential equations
has been studied and plenty of work is available on it by means of degree theory,
however, for differential equations of fractional order, the area is quite recent and
very few papers are available on it. As in [20], the authors studied the following
problems by using topological degree theory

‘Diu() = f(t, u(t)), 0 <qg <1,t€[0,T],
u(0) + g(u) = uo,
and

‘Diu() = f(t, u(t)), 0 <qg <1,t€[0,T],
au(0) +bu(T) =c, a+ b #0,
‘Diu() = f(t, u(t)), 0 <qg <1,t€[0,T],
u(0) = ug, Au(ty) = I(u(ty)),k=1,2,---n.
where g € C([0,T],R), f € C([0,T] x R,R), I}z : R — R is continuous

function called impulse. Similarly in [21], the authors studied the following multi-
point boundary value problems by topological degree theory given by

‘Diut) = f(t, u@), 1 <qg<2,tel0,1],
m—2

w(0) = g(u), Y Axu(ng) +h(w) = u(l).

k=0

where g, h € C([0, 1], R), f € C([0, 1] x R, R). In very recent times, Shah et
al. [22] developed sufficient conditions for the existence and uniqueness of positive
solution to a coupled system with four-point boundary conditions via topological
degree.

Motivated by the above work, in this article, we study the following class of
nonlinear fractional order differential equations with given boundary conditions as

‘Diu(t)y = f(t, u@®)), 1 <qg<2,teJ=[0,1],

Au(0) + pqu(l) = g1(u),
Ao’ (0) + ppu' (1) = g1 ().
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where gx : C(J,R) — R for k =1, 2, are continuous functions and f : / x R —
R is nonlinear continuous function and Ax, u,(k = 1, 2) are real constants with
A+ #0,k=1,2.

Here we remark that existence theory together with stability analysis is very
important from numerical as well as optimization point of view. Beside from exis-
tence theory of solutions to the nonlinear fractional differential equations, the aspect
devoted to stability analysis has been attracted the attention, see [23-26]. Different
kinds of stability including exponential, Mittag—Leffler, and Lyapunov stability have
been studied for the said differential equations, for details see [27-29]. Another
kind of stability which greatly attracted the researchers’ attention has been recently
considered for nonlinear and linear fractional differential equations, we refer [30—
33]. This important form of stability was first pointed out by Ulam in 1940 and
was brilliantly explained by Hyers in 1940. After that valuable contributions have
been done in this regard. In 1997, Rassias extended the aforementioned stability to
some other forms known as Ulam—Hyers—Rassias and generalized Ulam—Hyers—
Rassias stability. The concerned stability results have been investigated recently
for fractional differential equations, ordinary and functional equations, see [34].
The aforementioned stability has been investigated for functional, integral, and
differential equations very well, see [35-37]. In the last few years significant
contribution has been done in the aforementioned aspects. Problems devoted to
integral, functional, and differential equations have been evaluated for the aforesaid
stability, see [38-50, 55, 56].

Therefore in this work, the considered class of differential equations of fractional
order is investigated for positive solutions by means of contraction mapping prin-
ciple coupled with topological degree theory. Sufficient conditions are developed
under which the considered class of boundary value problem has at least one and
unique solution. Then using nonlinear analysis we develop sufficient conditions for
different kinds of Ulam stability.

We present the rest of the paper in four sections, in Sect. 2, we present some of
the basic results and theorems, which are helpful in this paper. Also, we give some
assumptions which are needed for this study. Section 3 is devoted to the main results.
In Sect. 4, we provide a detailed analysis for stability theory. In Sect. 5, we give an
example for verification of the established results. In the last section, we give a brief
conclusion.

2 Preliminaries Results

In this section, we recall some definitions and basic results which are helpful
throughout in this article, for details see [51-54].

The notation C(J,R) is used for Banach space for all continuous function
defined for J into R with norm

lulle = sup{lu(®)| : 0 <z < 1}.
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We denote X = C|O0, 1], we recall the following results from degree theory.

Definition 1 Let C C X and T : C — X be a continuous bounded map, then T is
a-condensing if «(T (V)) < a(V) for all V bounded subset of C with «(V) > 0.

The following theorem given by Isaia is important for our main results

Theorem 1 Let T : V — X be a-condensing and
V={ueX: thereexists A€ [0,1] suchthat u = ATuj.

If V is a bounded subset of X and there exists r > 0 such that V. C %, (0), then the
degree

D(I — AT, %(0),0) =1, forall X e]0,1].
Consequently, T has at least one fixed point and the set of the fixed points of T lies
in % (0).
The following propositions are needed.

Proposition 1 [f T, T, : V — X are a-Lipschitz maps with constants k1 and k2
respectively, then Ty + T» : V — X are a-Lipschitz with constants k1 + k2.

Proposition2 If 77 : V — X is compact, then T is a-Lipschitz with constant
k =0.

Proposition 3 [fT| : V — X is Lipschitz with constant k, then T is a-Lipschitz
with the same constant k.

Definition 2 The fractional(arbitrary) order integral of a function u € L' ([0, b], R)
of order ¢ € R™ is defined by

1 t
1u(t) = TQ)/O (t — )9 u(s)ds, n—1<gq <n.

Definition 3 The Caputo’s fractional order derivative of a function u on the interval
[0, b] is defined by

t
“Dlu() = Un;—q)/o (t — )" U™ (5) ds, n = [q] + 1,

where [¢] represents integer part of g.

For the existence of solutions to the considered problem, we need the following
results:

Theorem 2 The fractional order differential eqnarray of order g > 0 of the form

‘Diu(t)=0,n—1<gqg <n,
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has a solution of the form

u(t) =co+cit + et + ... +eu "l
where c;i € R, fori =0,1,...,n—1.
Theorem 3 The following result holds for a fractional order differential equation q
190°DTu)(t) = u(t) + co + cit + cat> + ...+ cp1 "L,

for arbitrary c; € R, fori =0,1,2,...,n— 1.
The consequence of Theorems 2 and 3 leads us to the following useful result.

Theorem 4 Letu € CJ andy € C(J xR, R), then the solution of linear fractional
differential equation

‘Dlu(r) = f(t,u(t), 1 <q <2, 1€[0,1],
Au(0) + pyu(l) = g1(u), ey
Mt (0) + pou' (1) = g1 (w).

where gr(k = 1,2) : C(J,R) — R are nonlocal continuous functions and the real
constant hi, iy satisfy the relations Ay + p # 0, for k = 1,2, is given by

1
u(t) =g(u)+/ G(t,s)f(s,u(s))ds,
0

where

1 1
gu) = ———g1(u) + ———— [t — 1| g2(w)
A+ 0y A2+ o [ 1]

and 9 (t, s) is the Green’s function provided by

t=)7"' | (=517 o ( B >(1—s)‘1’2
Gt sy=] T@ T GEmr@ T ot T g V=s=t=1
T m-s)! 4o ( Ml —t) (1-5)172 0<i<s<]
Gt l@ Tt Gt Tq-1° =t=s=1l

@

Proof Consider the following linear problem of FDES subject to the given boundary
condition for y € C(J, R)
‘Dlu(r) =y®), 1 <qg=2,1€]0,1],
Au(0) + pqu(l) = gi(u), 3)
Aou' (0) + pou' (1) = g1(u).
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In view of Lemma 2, (3) can be written as
u(t) =co+cit — I7y(t), co, c; €R, @
using Aqu(0) + pwqu(l) — g1 () =0 in (4), we get
Aico + pu Iy () + pyco + pyer = g1 ()

which yields

co = 1 23 19y() +

— c| — .
M+ A+ A+

Now using Aou’(0) + wou’(1) — g2(u) = 0 in (4), we get

Aot + a9y (1) + pger = ga(u)

implies that

1
el = [ 2() — pp 117! (1)].
A2+ o ¢ ? g

By simple calculation, we get

M1 23! “2 -1
co= 1(u) — 2(14)}4- [ 177 y(1) — 11 (1)]
Aty [g A2 +M2g Aty LAz + us Y Y
Hence (4) becomes
u(t) = 21(u) + (t — ) g2(u) + —1—19y(1)
A+ Ao+ o A+
“2 1 -1
+ —t) 19 (1) + I7y().
A+ o (?»1 + 1y ) Y Y
1
hencewehave u(t) = g(u) +/ G(t,s)f(s,u(s))ds, (®)]
0
where
u) = u) + t — u 6
g =5 a1 A2+M[ 1] g2(u) (6)

Thus in view of (5), our considered problem (1) is written as in the form of Fredholm
integral eqnarray given by
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1
u(t) =g +/ G(t,s)f(s,u(s))ds, t €0, 1], 7
0

where ¥ (¢, s) is Green’s function defined as in (2) and g(u«) is defined in (6).

In other words, we need the following assumptions to be hold, which are needed for
our main results:

(By) For u, v € C[0, 1], there exist kg € [0, 1), such that
lg(u) — g(W)| < kgllu — vllc;
(By) For arbitrary u € C(J, R), there exist Cg, My > O and rq € [0, 1),
| f) 1= Collully! + Mg;
(B3) For arbitrary u € C(J, R), there exist Cy, My > Oand r; € [0, 1),
| f(t,u) 1< Crllull? + My;
(By) There exists a constant L y > 0, such that
| f(t,u) = f@t,u) |< Lysllu—ill,, foranyu,i € R.

Let an operator T : C(J,R) — C(J,R)bedefined. Then 7 in the form of
operator equation as

Tu(t) = Fu(t) + Gu(t), 3
where
1
FM(I)ZA1 T g1(w) + " Jlr e [t — pqlg2(u), GM(I)Z/0 G(t,s)f(s,u(s))ds.

The solution of operator equation (8) is the corresponding solution of the considered
problem (1).

3 Main Results

Theorem 5 The operator F : C(J,R) — C(J,R) is Lipschitz with constant
kg € [0, 1). Consequently F is a-Lipschitz with constant kg. Moreover F obeys
the growth condition given by

|Ful. < Cq llull! + Mg, foreveryu e C(J,R). )
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Proof By (B1)

M
Aatpp A+

| Fu=Fvlle = sup |

1
(81(u) — g1(v)) + ( ) (82(u) — g1 (v))'
+ug

| 181 () — g1(v)[ + ‘ ‘ lg2(u) — g2(v)],

< —
A1+ 1y Ay + g A2+/L

usingt <1

| Fu— Fol| <L||u V|| +L||u—u|| using kg, ke, €10, 1)
c = C £l )
|)“1+ | |)\2+I/«2| 4 81 82

ke, kg,
< + —vll,
|:|)»1+M1| |A2+l$2|] e =l

using

kg, + kg, = ky.
’)\] +M1| ‘)Lz-i-uz’

Thus
|Fu— Foll <kgllu—vl.

Hence in view of Proposition 1, F is a-Lipschitz with constant k,. For growth
condition, consider

1
| Fullc = sup g1(u) + (t — pp)g2(u)
A+ g

A2+ o

sup

g1(u)| + sup

— MK
Ay A2+ My

lulleh + Mg, + Co lullst + Mg,

122 + 1ol

Cgl ng r
= + ' My, + M
[|A1 +ur] A +u2|] Il “ “

I)»+|

which implies that

Cgl Cg 2

I Ful, < Cellully! + Mg, Co = +
c 8 c 8 8 |)\1+M1|

which is the growth condition (9).



Topological Degree Theory and Ulam’s Stability Analysis of a Boundary Value. . . 81

Theorem 6 The operator G : C(J,R) — C(J,R) is continuous, moreover G
satisfies the following growth condition:

Cy + M
I1Gu,ll. < M% foreveryu € C(J,R),
_ w I3
where M = 1 + ))»1+1M1 ) + lz-Hiz ()»1-0-1#1)) :

Proof Consider that {u,} be the sequence of bounded set %y = {|jull <k :u €
C(J,R)}.

Where %, € C(J,R) and u,, — u as n — oo in H. We have to show that
IGu,, — Gul|, — 0asn — oo.

Consider

1
|Gun(t) — Gu(@®)| = /0 G (&, )Lf (s, un(s) = f(s, u(s))lds

tp_ oya—1
% | f (s, un(s)) — f(s,u(s))ds
1 -1
251 (1 —s5)1
‘)‘1+M1 Q) [ f (s, un(s)) — f(s,u(s))|ds
Ko

[ 1y ] L1 —s)12

Mt+ualLMi+uilo T'ig=1
X | f (s, un(s)) — f(s,u(s))lds.

In view of continuity of f, we have

ft, u,(s)) — f(t,u(s))asn — oo, foreacht € J.

Applying (B3), and using Lebesgue dominated convergent theorem, we have

fr—s)" "
@ [Crllull2+ Ms]lds — Oasn — oo.

1 (1=s)7~!
M+u1 I'(q)

Consequently,

Cf ||u||£2+Mf]ds—> Oasn — o0
and

Ha
A2+ o

1 1 — q—2
|: H1 ] ) [Cf ||u||£2+Mf]ds—>0asn—>oo.
Mtuillo I'(g=1D

From which it is followed that ||Gu, — Gu|| — 0 as n — oo0. Thus G is
continuous.
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For growth condition, consider

1
|Gu, ()| = V G(t,s)f(s,un(s))ds
0

1
< / D1, 5) | £ (s n(s))] ds

g—1
< [ Ff)) [C k2 + My ds

1 —s)?7!
/(F(s)) [Cr Il + M ] ds

<)MTM1 - 1‘)

1
x[ (1= )72 [Cy ull? + M /] ds.
0

M-HM
1
I'g—1

M2

+
Ay + py

From which, we have

M2

Gu,| <
|Gunll < 2t iy

Cf”u”?‘i‘Mfl: ‘ M
I'(q) M+

(

M
1Guall = 7 (Cyllull2 + My).

+1)].

Hence

(10)

Y

Theorem 7 The operator G : C (J,R) — C (J, R) is completely continuous and

o-Lipschitz with constant zero.

Proof For the compactness of G, we consider 2 C %, < C (J,R) is bounded
set. We have to show that G (2) is relatively compact in C (J, R) with the help of

Arzela Ascali theorem.

Let {u,} be sequence in 2 C % for every u,, € &. Then from Growth condition

(11), it is obvious that G (2) is bounded in C(J, R).

Let0 <11 <1 < 1, then for equi-continuity, we discuss two cases from Green’s

function (2) as:

Casel O0<s=<t<1.
Gunti) = G 1)1 = = [ [ =977 = @ =90 175, o)
n n = F( ) s Un

o )/ (12 = )9V 1 £ (s — un(s)] ds
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)
Ay + 1o

1 1 | 42 .,
‘F(q—l)[) (I'—=s) [f (s, un(s))lds

+( — 1)

n
= I'q) Jo I:(tl ) (2 —5) ](Cf llunllc +Mf) ds

1 2

+ﬁq) [ (ty — )71 (Cp Nunl? + My)ds
1

|l

+(t2 _t1)|)\.2+[¢£2| F(

1 1 _
q_l)/o (1=)172 (C f llunll?+M ) ds.

Therefore

—_— _ _
||Gun(t1)—Gun(t2)||=|:(tl CUNC k. ”qu

g+l T+ |ra+mu| g

x (Crllull? + My). (12)
Clearly t; — 1, then the right-hand side of (12) tends to zero. So
IGu,(t;) — Guy ()| — 0 as t; — 1.

Thus in this case G is equi-continuous.

Casell if0 <t <s <0, then

o (11 — 1)
b2+ 1o I(g = 1)
Mo (T — 12)
T |+ C @)

1
|Guun(t1) — Guun (1) /0 (1= )72 £(s. un(s))| ds

(Cf lull? + Mf) — 0, ast] — h.

So G in this case is also equi-continuous. Hence G is equi-continuous and G(Z) C
C(J,R), which satisfies the hypothesis of Arzela Ascali theorem. So G(2) is
relatively compact in C(J, R). G is completely continuous. It is easy to show that
G is a—Lipschitz with constant zero by using Proposition 2.

Theorem 8 Assume that (B1)—(B3) hold, then boundary value problem (1) has at
least one positive solution u € C(J, R) and the set of the solutions is bounded in

C(J,R).

Proof As F,G, T : C(J,R) — C(J,R) have been defined previously are
continuous in view of continuity of f, g. Moreover F and G are «-Lipschitz. Thus
T is strict a-contraction. Consider

Wo={u e C(J,R): thereexist A € [0, 1], \u = AT u}.
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To prove that Wy is bounded subset of C(J, R). Let u € Wy such that u = ATu,
one can see
lulle = IATulle =2 (|1 Fu + Gull.)
<A([Full; + IGull)

In view of Growth conditions of F, G, we get

Cyllulle + My

<\ C T4+ M, +M
fluell _< g lulleh + My + @

) , r,rel0,1). (13)

Thus Wy is bounded. If not, let Z = ||u||,. , taking Z = ||u||,. such that Z — oo.
Then from (13), we have

1 < lim

RB— 00

A [Cg lulle' + M, Crllulle + Mf} —0
K 2T (q)

which is contraction.

This implies that Wy is bounded and T has at least one fixed point by means of
Theorem 1, which is the corresponding positive solution of boundary value problem
therefore (1).

Theorem 9 Under the assumption (B1) to (Ba), boundary value problem (1) has a
unique solution if G* < 1, where

kgl kgz

G"= +
|)»1 + M1| |X2 + Mz\

1
+ Lf/ “(t,s)ds.
0
Proof From (B1)—(B3), we have

| 1
Tu —Tv|| £ —— llg1(w) — g1(W)ll; + 77— llg2(u) — g2(W)|l,
| A2 + wo]

|+

1
+ /0 G(t.5) 11 f s, u) — £(s, )]l ds

kgl

< ——u—vl.+
I)»1+/L1|”u v,

m llu — U||c

1
+ Lf/ G(t,s) lu—vl,.ds
0

ke, + k :
- g1 T Kgy —|—Lf/ G1,s)ds | |lu—vl,
1+ |+ [r2 4 1o 0

I1Tu —Tvll. < G* llu—vl.
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where

— kgl + kgz
|M + M1| |)»2 + M2|

*

1
+Lf/ “(1,s)ds < 1.
0

Hence T has a unique fixed point, which is the corresponding positive solution to
the considered problem (1).

4 Ulam’s Stability Analysis of Boundary Value Problem (1)

In this section, we prove necessary and sufficient conditions for various types
of Ulam’s stability like Ulam—Hyers, generalized Ulam-Hyers stability, Ulam—
Hyers—Rassias, and generalized Ulam—Hyers—Rassias stability of the solutions to
the considered problem (1) of nonlinear fractional differential equations. In this
regard we review the following definitions and results for further analysis.

Definition 4 The solution u € C([0, 1]) of the fractional differential equation given
by

“Diu(t)y = f(t,u(@)), t € J, (14)

is Ulam—Hyers stable if we can find a real number c Ly.kg.9+ > 0 with the property

that for every € > 0 and for every solution u € C[0, 1] of the inequality
Dlu(t) — f(t,u@)| <e, t €]0,1], (15)

there exists unique solution v € C[0, 1] of the given fractional differential equation
(1) with a constant CLf’kg’g* > 0 with

lu = vlle < Cp s, v€-

Definition 5 The solution u € C[O0, 1] of the fractional differential equation (1) is
called to be generalized Ulam—Hyers stable , if we can find

04 :(0,00) > RY, 67,(0) =0,

such that for each solution u € C[0, 1] of the inequality (15), we can find a unique
solution v € C[0, 1] of the fractional differential equation (1) with

lu —vlle < CpLj k90 1.q-

Next we recall the definitions of Ulam—Hyers—Rassias and generalized Ulam—
Hyers—Rassias stability [34] for our considered problem (1) as below:
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Definition 6 Fractional differential equation (1) is said to be Ulam—Hyers—Rassias
stable with respect to ¢ € C([0, 1], R) if there exists a nonzero positive real constant
C‘L ke G* such that for each ¢ > 0 and for every solution u € CJO0, 1] of the
inequality

Diu(t) — f(r,u@®)| = pe, t €[0,1], (16)

there exists a solution v € C[0, 1] of the Eq. (1), such that

u(®) = v)] < Cpp i, g-€0(), 1 €10, 11,

Definition 7 Equation (1) is said to be generalized Ulam-Hyers—Rassias stable
with respect to ¢ € CIO0, 1], if there exists a real number Cj, rhegx > 0 such
that for each solution u € C[0, 1] of the inequality

Diu(t) — ft,u@®)| =), t €[0,1], A7)

there exists a solution v € CJ[0, 1] of the Eq.(1) such that |u(r) — v(r)| <
CL; kg0 (€)e(n), 1 € [0, 1].

Remark 1 A function u € CJ0, 1] is said to be the solution of inequality given in
(15) if and only if there exists a function & € C[0, 1] that depends on u only such
that

) |lm(@)| <e, forall t € [0, 1];
(i) “Dlu(t) = f(t,u(t)) + @), forallt €[0,1].

Lemma 1 Under the assumption given in Remark 1, the solution u € C[0, 1] of the
boundary value problem given by

‘Diut)=f@t, u@®)+ao@), l <g=<2,tel0,1],
Au(0) + pqu(l) = g1 (u), (18)
dou' (0) 4 pou' (1) = g1(u)

satisfies the following relation:

1
< €9*, where max/ |4 (t,s)|ds=9".
te[0,1] Jo

1
u(r)—(g(u) + / G(t,5)1 (s, u(s))ds)
0

19)

Proof In view of Theorem 4, the solution of the problem (18) is given by

1 1
u(t) = g(u) +/ G(t,s)f(s,u(s))ds —i—/ Y(t,s)w (s)ds,
0 0
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where ¢ is the Green’s function as defined in Theorem 4. Using Remark 1 we can
easily get the result given in (19).

Theorem 10 Under the assumption (B1), (Bs) and Lemma 1, the solution of the
considered problem (1) is Ulam’s stable and consequently generalized Ulam—Hyers
stable if the condition [k, + L y9*] < 1 holds.

Proof Let u € C[0, 1] be any solution of boundary value problem (1) and v €
C10, 1] be the unique solution of the considered problem (1), then take

1
lu(®) —v(@®)] = |u@) - (g(v) +fo G(t,9)f s, v(S))dS)‘

IA

1
u(t) — (g(u) +/ %(t,S)f(s,u(S))dSN
0

1
+ [g(u) —g(v)+/0 g(t,S)[f(S,M(S))—f(s,v(S))]‘

IA

€9 + kgllu = vlle + L% lu — vl
From which we have

lu—vl. <ed* + (ke + Lfg*]”u = Ve,
where k, is defined in Theorem 5 which yields

G A

||l/l — U”C < CLJ.)kg)g*G, where W = CL/',kg,g*' (20)

Hence the solution of the considered problem (1) is Ulam—Hyers stable. Further if
we set 0 (€) = € such that 8(0) = 0, then we get

lu = vle < Cp,pp00(€) @21

which implies that the solution of the proposed problem is generalized Ulam—Hyers
stable.

(Bs) Let for 6, > O there exists a nondecreasing function ¢ € ([0, 1], RT)
such that

Tt —s)!

@ (s)ds < 8,0(t), fort e[0,1].

Theorem 11 Under the assumptions (B1), (Bs), (Bs), the solution of the consid-
ered problem (1) is Ulam—Hyers—Rassias stable if kg + L ;9* < 1.
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Proof Let u € CJ0, 1] be any solution of the inequality (16) and v € C[O0, 1]) be
the unique solution of the problem (1), then the solution of
‘Diu(t) = f(t, u®) + @), 1 <qg<2,te[0,1],
Au(0) + pyu(l) = gi1(u),
Mau'(0) + ppu' (1) = g1(u)

is given by
1 1 14 P —s)r!
u(t) = 7 Mlg1(u)+)\2+ﬂ2 (I_Ml)gZ(u)—’_kl—l—ul '@ S s, u(s))
1 -2
o o (1—s)1~ / (t —
kz+uz<m+m t) o Tq—n O F() — fte o)
11 _ o\q-1
My (1—s9) o (s) + 2 ( M —t)
M+upg o I'(g) A2+ po \ A1+ 1y
b1 —5)12 Lt —s)i!
b Ta-n " T 7Y
1
u(t):g(u)—i—/ G(t,s)f(s,u(s))ds 22)

/(1 DL +M2<M1 _t>
M—Hh I'(q) A+ pp \ A1+ py

X 7(1 _ s)q_zw(s) +/ 70 97 w (s)
o I'g—1 o I ’

Then from (22) we have

1
u(t) — g(u) — /O D1, 5) f (s, u(s))ds

B 1
= il (1 -9 o (s) + 12 ( il —t)
AMApr o I'(g) A2+ o \ A1+ 1y
1 -2 t -1
(I —9)1 (t —9)1
“Jo Tan T T 7Y

< €8yp(0).

Then using the same fashion as in Theorem 10, we have

lu(t) —v(] =

1
u(t) — <g(u) +f G(t,9)f (s, M(S))dS)
0
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1
+lgw) — g + ‘ /0 D1, 5) f (5. u(s))ds

1
—/ G (t,s)f(s,v(s))ds
0

< €8,0(t) + kgllu — vllc + LG lu — vl
which further gives|lu — vl < €8,0(t) + [kg + L 9 |lu — vlc. 23)

Hence we have
1
1 — [k, +Lf€4*]'
(24)

lu —vlle=CL, k, 9+€840(t), t €10, 1], where Cp, k, g+ =

Hence from (24) we concluded that the solution of the considered problem (1)
is Ulam—Hyers—Rassias stable. Further it is easy to prove that the solution of the
considered problem (1) is generalized Ulam—Hyers Rassias stable.

S Example

Example 1 Consider the boundary value problem

end o |u(0)]
PO = e a oy (<10
5 5
1
u(0) +u(l) = g1(u) = ];8ku(tk>, f € (0, 1), ;ak <55 @
1. 1. S, 301
SO + (1) = g () = kgaku(m, f € (0, 1), kgak < 55

Then Ay =y = 1, A0 = po = %, 1) = Y0, Skue(tr), g2(u) = Ya_y Sku (),

_ [u(t)]
and f(t, u) = G atoumy -
We have

lul A+9 D) — [ A +9ub| _ 1
—|u—v

A+eHA+9upd+91v) | — 200

[ft,u) = f(t,v)] =<
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Clearly
1 1 1 .
My=0,Cr= 3 kg, = 20" kg, = o’ from which, we have
r 3 1 I 1 3
= —, 'l =rn=—, = —, = —.
T 0 M TRT Y T 50077 2
By simple computation, one can show that
%,m, ! [ (NN S e
G'==+—"+— | Y(,5)ds=—+—+—[ 9,s)d 1.
> 71 Tang f, Y 40+10+200/0 (1, s)ds <

Thus in view of Theorem 9, (25) has unique solution. Further, it is easy to show
that the set of solution is bounded by using Theorem 8. Further the condition k, +
L y4* < 1 obviously holds so by Theorem 10, the solution of the given problem is
Ulam—Hyers stable and consequently generalized Ulam—Hyers stable. Let p(¢) = ¢,
then the conditions of Ulam—Hyers Rassias and generalized Ulam—Hyers Rassias
stability can be easily received by using Theorem 11.

6 Conclusion

Considering the Caputo fractional derivative we have successfully established
existence theory of at least one solution to a boundary value problem of fractional
differential equations by using topological degree theory. Further by using nonlinear
functional analysis we have developed appropriate conditions for different kinds
of Ulam stability theory including Ulam-Hyers, generalized Ulam—Hyers, Ulam—
Hyers Rassias, and generalized Ulam—Hyers—Rassias stability. The whole results
have been demonstrated by a proper example.
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