Multiple Hardy-Littlewood Integral )
Operator Norm Inequalities Qs

J. C. Kuang

Abstract How to obtain the sharp constant of the Hardy-Littlewood inequality
remains unsolved. In this paper, the new analytical technique is to convert the
exact constant factor to the norm of the corresponding operator, the multiple
Hardy-Littlewood integral operator norm inequalities are proved. As its general-
izations, some new integral operator norm inequalities with the radial kernel on
n-dimensional vector spaces are established. The discrete versions of the main
results are also given.
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1 Introduction

Throughout this paper, we write

n
En(e) ={x = (x1,x2, -, %) 15 2 0,1 <k <, xfla = Q_ Iwl) ', > 0O},
k=1

E, (@) is an n-dimensional vector space, when 1 < o < oo, E,(«) is a normed
vector space. In particular, E,(2) is an n-dimensional Euclidean space R, .

1fll o = € / )P0 x)dn VP,
En(a)

LP(w) ={f : f is measurable, and| f|p - < 00},
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where,  is a non-negative measurable function on E,(«). If w(x) = 1, we will
denote L?(w) by L¥(E, (), and || fllp,1 by || fll p. T' () is the Gamma function:

I (a) = /Ooxo‘_le_xdx (a > 0).
0

B(a, B) is the Beta function:

1
B(a, B) =/ 11 =) ldx (o, B > 0).
0

The celebrated Hardy-Littlewood inequality (see [1], Theorem 401 and [2-4])
asserts that if f and g are non-negative, and 1 < p < 00,1 < g < 00, % + é > 1,
—n_1_1 _1 _1 gl 1
i\h—z s d<l—5.B<l—/0+B=0,andd+p>0,if 5+ =1,

en

© [ fg) o0 Up [ y
/0 [) x5y5|x—y|k—8—ﬂdXdySC('/0 frdx) p(/O gddx)'1. D

Here, ¢ denotes a positive number depending only on the parameters of the theorem
(here p, g, 8, B). But Hardy was unable to fix the constant ¢ in (1). We note that (1)
is equivalent to

ITofllp < cllfllps (@)
where,
o0 1
To(f.x) = fo P e = FAOOUY 3)
Hence, ¢ = ||Tp|| in (2) is the sharp constant for (1) and (2). Under the above

conditions, Hardy-Littlewood [2] proved that there exists a positive constant ¢ such
that

/oo /00 f@80) /°° JEACIL LSO DN
o Jo 0

x8yPlx — y|—0-p 0o lx—yP

The following Hardy-Littlewood—Polya inequality was proved in [5] and [6]:

Theorem 1 Let f € LP(0,00),g € L9(0,00), 1 < p,qg < 00,3 + 7 > 1,
—_n_1_1
O<Ai<l,A=2 » q,then
o0 o0
fx)g(y)
/ ———dxdy = o2l flpligllg. )
o Jo Ix—yl
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where,
1 p _1 q _1
c=ap.gr) = ——((——)"""0 4 (L)1), ©6)
1—-x p—1 qg—1
Let
R 1
Ti(f, X)=/ —— f(»dy. @)
0o |x—yl
Then (5) is equivalent to
1T fllpy < c2ll fllps 3
where, 1 < p < oo,l—% < A <1, % = %—}—A— 1, c» is given by (6). For a

function f € LP(R"), 1 < p < o0, define its potential of order A as

1
T = [ fOMy. 0 < <, ©)
2 v — vl

Theorem 2 ([6, pp. 412-413]) There exists a constant c3 depending only upon
n, p, and A, such that

IT2fllp, = el fllp, (10)

L _ 14 r_
pz_p+n L.

Theorem 3 ([7-10]) Let f € LP(R"), g € LI1R"), 1 < p,qg < 00,0 < A < n,
L1y % = 2, then there exists a constant c4 = c4(p, A, n) (depending only upon
n, p, and A), such that

where,

Fely)
/ 28 dxdy < el £l gy, (an
R Jrn flx = yll;
where,

n S r/n A/n
C4§—(_n))h/n{(;)k/n_i_(;)k/n}’
pa(n—1) n t=(/p) -
and S, is the surface areas of the unit sphere in R". In particular, for p = q = 52,

| = S ES N
cy = 7_[)\/2—2{_2}}1 1

F(n—3%) T'(n)
is the best possible constant.

But when p # ¢, the best possible value of ¢4 is also unknown.
In 2017, the author Kuang [14] established the norm inequality of operator 7>.



512 J. C. Kuang

Theorem 4 ([11]) Let f € LP(R"), g €
nd+p=01-1-2-2 31

n
constant cs = c5(p, 8, B, A, n), such that

f)g»)
dxdy < cs| fl,lgly- (12)
/" /R 3y 18 1 = yiid re

IR"), 1 < p,g <00, 0 < A <

L
+ 14 W = 2, then there exists a

SIES

Remark 1 Inequality (12) can be given an equivalent form

S(x)g(y)
/1,/ Y 5 dxdy < sl fllpliglly, (13)
wJre 1315 Ix = I

then the conditions 1 — % - % < % <1- %, % + ql + Hffﬁ = 2 are replaced by
3 I A 1 1
—<1——<——E,—+—+—=2.
n p n np q n
The multiple Hardy—Littlewood integral operator 73 defined by
f )
YMﬁx)=/i — 55 d- (14)
R [ l5Hylly llx — vl
Then (13) is equivalent to
IT3f1p < esllfllp- 15)

But, the problem of determining the best possible constants in (13) and (15) remains
unsolved. In this paper, the new analytical technique is to convert the exact constant
factor to the norm c¢5 = || T3] of the corresponding operator 73. Hence, we consider
operator norm inequality (15). Without loss of generality, we may consider that the
multiple Hardy-Littlewood integral operator 73 defined by

T4(f,)€) :/ f(y) —5—P y

R xSy IS 1x — yii3

(16)

and f be a nonnegative measurable function on R} , thus, by the triangle inequality,
we have

Mxllz2 = Iyll2l < llx = yll2 < llxll2 + [Iy]l2.
Let

A—8—B\—
Ka(x.y) = (1305105 1x = ylI57° )7,
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Ks(x,y) = (I3 I8 Aicllz + Iyl 27",

Ke(x,y) = (I3 dlixllz = Iyl =%~

10 = [ Ky f 0. a7
+
T.
ITj|l = sup W77l j=4,5.6,
20 ISy

where, w is a nonnegative measurable weight function on R’} . If § > 0, 8 > 0, A —
6 — B > 0, then

Ts(f, x) = Ty(f, x) = Ts(f, x),
and therefore,
1751l < T4l < 1T |l- (18)
Thus, we may use the norms || 75|, || 7s|| of the operator 75, T with the radial kernels

to find the norm inequality of the multiple Hardy—Littlewood integral operator 7.
As their generalizations, we introduce the new integral operator 7' defined by

T(f.x) = /E KOl 0 f )y, € @), (19)

where, the radial kernel K (||x||q, ||Vll¢) 1S a nonnegative measurable function
defined on E, (o) x E,(«), which satisfies the following condition:

K(lxlla, I1vlle) = 11" K (1, Iy lallxliyh), x, y € Ex(e), & > 0. (20)

Equation (19) includes many famous operators as special cases. In particular, for
n = 1, we have

T(fx) = fo K(x.9) f(0dy, x >0, @1

and

K(x,y):x_)‘K(l,yx_l), x,y>0,A>0. 22)



514 J. C. Kuang

The kernel in (3)

1

K(x,y)=
xSyPlx — yp=o-p

satisfies (22). In 2016, the author Kuang [12] proved that if f € L”(wp),g €
Li(wp), 1 < p < 00, % + % =1, wo(x) = x'*, and

1 1 1
max{—, 8 +B+ -} <A<l4+5+B8<1+—,
p q p

then

Y R A COT{6))
/0 /(; x(;yﬂ|x — y|)h_8_ﬂ dXdy = CO”f”p,wo”g”q,wo’

which is equivalent to
ITofllp = coll fll p.wo>

where, Ty is defined by (3) and
1 1
c0=B(k—;,l—k+5+ﬂ)+B(;—5—ﬂ,l—A+8+ﬁ)
1 1
+B(5,1—A+5+,3)+B(A—8—,3—5,1—)»—1—5—#,3). (23)

We define ; = x*~!, then the above norm inequality is also equivalent to

170 f 1l poy = coll fll p- (24)

The celebrated Hardy—Littlewood inequality (1) and (2) are important in analysis
mathematics and its applications. In this paper, we give some new improvements
and extensions of (24). As some further generalizations of the above results, the
norm inequalities of the multiple integral operators with the radial kernels on n-
dimensional vector spaces E, («) are established. In particular, using new analytical
techniques, we convert the exact constant factor we are looking for into the norm
of the corresponding operator, under a somewhat different hypothesis, we get lower
and upper bounds of the sharp constant of the multiple Hardy-Littlewood inequality.
Finally, the discrete versions of the main results are also given in Sect. 6.
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2 Main Results

Our main results read as follows.

Theorem 5 Lez1<p,q<oo,xzn>1,%+$+%=2,053<1—$,05
,3<1—%,and
1 1 8 8
max{,B—f—l——,(S—I—n(l——)}<)»<min{1 +1'3 , —H? }.

IFfeLlPRY), f(0) = 0.x € RY, w(x) = [x|2%™, then the multiple Hardy
Littlewood integral operator Ty is defined by (16): Ty : LP(R"}) — LP(w) exists as
a bounded operator and

1-(1/p) 1
ey < I Tull < ;PP

where,

JT"/Z
C1

- B L 1-2a=s
—m{ (X(g— —B) +n, _X( —-5—-5)

n 1 n
+BCO—5——+ D) —n1-"(a—5—B)},
A q A

_ "/? pn 1 1 pn 1
= W{B(T(l - 5)(1 e ;), 1 - 7(1 - 6—1)()~ —8—=p)
a0 bocsoir Lo 2a-bo s gy
A q p A q
=" -l o §—n(l— L
3 = m (n(1— ;) - B, A—8—n(1-— ;))-

For n = 1, we have

Theorem 6 Let1 < p,q <oo,)»=2—%—
and

505ﬂ<1—
1 1 B

max{f+1——,6+1——-} <A< +'(13 .
4 p I = so=ma»

If f € LP(0,00), f(x) > 0,x € (0,00), w(x) = xP*V then the Hardy-
Littlewood integral operator Ty is defined by (3): Ty : LP (0, 00) — LP(w) exists as
a bounded operator and

1—(1 1
e < IToll < ¢, VPe)/?
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where,
11 )

(=BG 1=+, Lﬂ)+3( (1—8——) L’3>
1

cz—B<f<1——>(1—ﬂ——) 1—<1——’3> (1——»
q
1 +8

+ B -0 -2e+1-Ly1-a- —) (1 —)>,

q A p

1 1
C3:B(1—ﬂ—;,x—5—1+;)

Corollary 1 Let1 < p < oo,%+[ll =10<8< %,05;3 < $,8+ﬂ >0,r=1
Iff € LP(0,00), f(x) = 0,x € (0,00), then the integral operator Ty is defined
by (3): To : L?(0, 00) — LP(0, 00) exists as a bounded operator and

1 1 1 1
B(——38,—=p) =|Toll =B(—-—=38,8+p)+B(—-—-B.5+p).
p q p q

As some further generalizations of the above results, we have

Theorem 7 Le;l<p<oo,1<q<oo,5,ﬂzo,xzn,%+[ll+§=2,

w@) = |X12%™, the radial kernel K (| x|la, |y lla) satisfies (20).
(i) If

rd/a)t [ w1y
a= "1 (n/a) /0 (K (1wt ta = du < oo, (25
(/)" Py Me-b-h
= o T(n/a )/ (K(1,u)) u du < oo, (26)

then the integral operator T is defined by (19):T : LP(E,(«)) — LP(w) exists
as a bounded operator and

ITfNlpw <cllfllp. 27
This implies that
T
170 = sup Ll lpe (28)
20 Iflp
where,

— Cglf(l/P))C;/P. (29)
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(it) If

(F(I/O{))” 0 %)n—l

=~ 7 K1, wu''™ d , 30
5= o, KO0 U < oo (30)

then
1T = c3. (€1))
In particular, for n = 1, by Theorem 7, we get

TheoremSLetl<p<oo,1<q<oo,8,ﬂ20,1§k=2—%

o (x) = xP*=D the radial kernel K (x, y) satisfies (22).
(i) If
> 1/n (31
¢ =/ (K1, u)" ur'a™Vdu < oo, (32)
0
°° p(—1) (=b=D_,
02=f (K(L,w)** a'u % du < oo, (33)
0

then the integral operator T is defined by (21):T : LP(0, 00) — LP(w) exists
as a bounded operator and

ITfllpow <cllfllp- (34)
This implies that
T
7] = sup 1 e (35)
20 Iflp
where,
c = CEI*(I/P))C;/P. (36)
(ii) 1If
o0 1
c3 = / K(1,uw)u rdu < oo, (37)
0
then
1T = cs. (38)

For A = n, we have % + é = 1, and by Theorem 7, we get
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Theorem 9 Let1 < p < oo, 1 <q < OO’% +$ = 1,68, B = 0, the radial kernel
K(l|lxlla: 1 ylla) satisfies:

K(Ixlla, 1ylle) = Ixlg" K (1 Iyllallxliyh), x,y € En(@).
() 1If

_@rajant [
c1

=17 KQ, wu~YP+n=lg, oo, (39)
a" I (n/a) Jy

Trdje)t [

=—>= | K,uu VPq , 40
/e J, (1, wu u < oo (40)

then the integral operator T is defined by (19): T : LP(E,(«)) — LP(E,()) exists
as a bounded operator and

ITflp <cllfllp- (41)
This implies that
17 = sup L2 42)
r#0 Ifllp
where,
c = Cgl/q)cgl/p). (43)
(ii) If
= % OOO K, wu™P 4y < oo, (44)
then,
IT] > cs. (45)

In particular, for n = 1, by Theorem 9, we get
o
c=cl=0c=c¢3 = / K, uwyu"YPqy, (46)
0
then by (42), (45), and (46), we get

oo
1T = c =/ K, wu"YPqy. 47
0
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Thus, we get the following

Corollary 2 Let 1 < p < 00, % + 517 = 1, the kernel K (x, y) satisfies (22). Then
the integral operator T is defined by (21): T : LP(0, 0c0) — L (0, 00) exists as a
bounded operator and

ITfp < cllfllp, (48)

where |T|| = ¢ = fooo K1, w)u=YP dy is the sharp constant.

3 Proofs of Theorems

We require the following lemmas to prove our results:

Lemma 1 ([4, 13]) If ax, bk, px > 0,1 < k < n, f is a measurable function on
(0, 00), then

n
Xk —1 -1
t/ PGP el dxy - dxy
R k
k=1

+

= i o X Il F(E_:) /OO f(t)t(ZZ=l %’l)dt
- nop T n pk .
[Tk=1bx k=15 Jo

We get the following Lemma 2 by taking ay = 1, by =a >0, pr = 1,1 <k <n,
in Lemma 1.

Lemma 2 Let f be a measurable function on (0, 00), then

meﬂwmwx=g%%%%ﬁmfmﬂw*wn (49)
Proof of Theorem 7
(i) Let
Pr=—"7— q1 = L,
1 -1
thus, we have
1 1 A p

—t+—+-5)=1,

A
P1 q1 n q1 n
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By Holder’s inequality, we get

T(fix) = / K(x e Iyl £ G)dy
Ey(a)
(5
=/ Uy lle™ K" (1x s 19 lle) fP ()}
En(a)

—-(-5) Y
x {K"“(nxna, Iyl Iylle ™ WP ()P I ay

<{ lyla! K”“(Hxna,nyn ) f()|Pdyyt/a
En(a)

—() p(1—
x { Iylle ™ K" (1x e 1y Ne)dy Y PHL I
Ey(a)

1 1 p(1—2)
=1/ P s b, (50)

where,

()
Iy =/ ™ K"l 1y le)|f 1Py,
Ey(@)

,(L)
) =/ Iylle ™ K™ (1%l 1y lla)dy-
Ey(a)

In 1>, by using Lemma 2, and letting u = ||x||071t1/°‘, and use (20), (49),
and (25), we get

_ ~() _
L= ||xlla”/ Ivlle ™ KM (1, 1yl - X117 Hdy
E,(x

N V%) S ol
- ||x||anm ¢ g x0T s re
F 1 n 7( ’lA) n (I _
= et Ko
a™I'(n/o) 0
- )
= cillxlle " (51)

Hence, by (50) and (51), we conclude that

pr P 2 A
(I=2)
ITf Nl pw = ( IT(f,x)I"w(x)dx)””f(/ I fI T w(odaP
Ey(a)

E, (o)

p(1—

= 1,1 A 1p {/ ( ||y|| TKE (e I lla) £ 0)Pdy) i
En(@) JEn(@)

pn

X [1xfle " w(x)dx )P (52)
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Using the Minkowski’s inequality for integrals (see [3]):
{f (/ |f (e WIdy)Po(x)dx} /P s/{/ |f G, P )dx} Pdy, 1< p < oo,
X JY Yy JX

and letting v = yllat =/, we obtain

A

1
ITfllpe < ¢ ||f|| o {/ IIyII'IIA Lfn1?

X

pn — 5 a
(/ K07 ([xllas 19 le) 1Nl " @ (x)dx) 7 dy} /4
nld

T "{/ I 17 1 )1

pn pn

S _ o tp(A—n a1 1
X (/ K7 (1, Iylle - IIxllg D lxle 7 x) rdy}a
Ey(a)

= eI { IIyIIP‘AIf(y)II’

ra n _pn__pn_ o pG-n) 2 qi
o (LI [ s (1 oyl -y amar ™ i ar) B ayyar
a"T'(n/a) Jo

TR {/ I 1 )1

an (LA ja))" [0 o

< (Il ™ s [ KA L ) Py
PP TR I = PGP gy,
Thus,
ITf .o < €l flp- (53)

(i1) For proving (31), we take

fex) = llxlly /P~ ppe(x),

n—1 n
= (pey /P (OB 1y P
8e00) = (pe) M= SN P el

where, ¢ > 0,B = B(0,1) = {x € Ey(a) : |xlla < 1}, @pc is the
characteristic function of the set B¢ = {x € E, (&) : ||x]|l¢ > 1}, that is

@pe(x),

1,x € B¢

Ppe(x) = {O,x € B.
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Thus, we get

( (rd/a)" )l/p
pea" M(n/a)’

/e - / —n—(p—
Pt _ 1 n—(p=Dpiey
I8eli = (P Gmriay) ), Wl x

1 [® e
- (pe)—/ e ldr = 1.
a Ji

Using the sharpness in Holder’s inequality (see [13]):

||f€||p=

1Tl poeo =sup{|/E ( )T(f,x)g<x><w<x>>‘/f’dx| eglp, <1},

where, 1 < p < 00, % + % = 1, thus, if |g]l ,, < 1, then
I/ T(f, )g(){wx)}/Pdx| < ITflp.o-
Eq(@)
By (54) and (19), we get
1T fillpo > / T(fo 1) ge ()} /Pdx
n(a)

_ / / K (xla 1ylla) £ () ge O x4 dydx
Ey(a) J Ey(a)

—1
— (pg)l/Pl{w}l/m
(T (1/a))"
——(p De+Ai—n
f {/ K(Ixlla, 1yl Iy N7 /P~ Edy}l|xla dx.
Letting u = /e ||x||;], and using (20), we have

/ K (xlas Iyl Iyl /P~ dy
BL'

ra n _(ny_en_
( (/a)) “ ” },/ K(l,tl/a”.X”;l)t (]m[) ot+zx ld[

- a"T'(n/a)
=—(1:(11/°‘))n Il %_Sfoo KA, wur " du.
o (n/e) Il

(54)

(35)

(56)
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We insert (56) into (55) and use Fubini’s theorem to obtain

rd/a)”

}1/P
a" 0 (n/a)

T fellp.w = (pe)t/P1{

00 no_a__
x / Il K wur ™ duydx
B¢ |

[xlle

yi/m LU/
a" I (n/a)

00 w_q [
< [ R [ g and
0 B(u)

= (pe

= (pg)l/Pl{ rd/e)" }(I/P)+1 x 1
a" 0 (n/a) o
00 e o)
xf K, wurt * (/ =PI/ gy du
0 Bu)

T/ e))" }(1/p)+1

P
= ) T T )

x fooo K, wur S B )~ PO gy,

where, B(u) = max{l, u~'}. Thus, we get

IZflpew 1T ellpo

IT] = sup

f#0 ”f”p - ||f8||p
Ta/an” Pl —e—1 —(pe)/a
- ah— ll"(n/a)/ K, u)u (B(u)) P du.

By letting ¢ — 07 in (57) and using Fatou lemma, we get

17y LU/ /w K wut ™ du = o5,

a" T (n/a) Jo

The proof is complete.

4 Some Applications

523

(57)

As applications, a large number of known and new results have been obtained by
proper choice of kernel K . In this section we present some model applications which

display the importance of our results.
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Example 1 Leth : E,(a) x E (o) — R4 be a measurable function. K7 is defined
by

PR ET
K7(¥ s 1 lla) = ————F—e e, (58)
I g Iyl X lle = 1y lle* =27
and let
Ayl - N1l ")
nifon = [Pl L pyay,
En@ X3yl xlle = Ilylle*—0=#
If p, g, A, and w satisfy the conditions of Theorem 7, and
' n © h n oncl_ _
T/ W padveely o )
a™ T (nj/a) Jo ub|l —u|r—8-F
= —(F(l/a))" > —h(u) %(l_é)u%(”_l)“_é)_ldu < 00,
a" 1T (m/a) Jo  uP|l —u 0=
(60)
ra " o h _1y_
5= (TC'd/a)) () D g < oo, ©1)
" M (n/a) Jo  ub|l —u»—3-8
then by Theorem 7, we get
e3 < Tyl = VP, (62)
Setting 4 (u) = 1, we distinguish four cases:
a)ﬂmmmn>LLa05a<1—}05ﬁ<1—%ﬂm
1 1 3 8
max{B+1——,8+n(1——)} < A < min{1+35+p, 7 +1'3 , +'? 1,
1 P — W/ = ey
then by (59), (60), and (61), we get
T/a))” n 1 n
= — = {B(—(——1-— Jd—=—=6—
A= it G B +n 1= A))
n 1 n
+B(-(A—=8——+1D)—n1--(A—=35-pB)}, (63)
A q A
(I'(1/a))"

1 1 1
o= BEG-Ha-p-1-2a-Ha-s-p)
A q p A q

a" 1T (n/a)

rea-Loos—i+ Ha-Pa-bos—py 6
A q p A q
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rd/a)”

S = T (/)

{B(n(l—%)—ﬂ,l—)»+8+ﬁ)
+B(k—5—n(1—é),1—k+8+,3)}. (65)

(ii) Thecasen = 1.Let0 < < 1—%,055< 1—%,6+,B>O,and

max{B—i—l—l,,B—i—l—l}<A<min{1+5+ﬂ,%},
P a4 ~ pa=(1/q)
then by (59), (60), and (61), we get
- B (——1—/3)+1 ANy (1—5——) RSN
1 + B
62—3( (1——)(1—ﬁ——) 1—(1——) (1——))
q
1
+ B(p(1 — )1 — —(3 +1- —)), I-1- Lﬂ)p(l — )), (67)
q A P

= B(l—ﬂ—%, 1—x+5+ﬁ)+3(x—5—1+%, 1—A+8+8). (68)

(iii) The case A = n, this implies that 1 +$ =1.Let0 <6 < min{ n— -}
0<B< min{ n— —} n—1< 8 + B, then by (59), (60), and (61) we get

O CY)) R

_an—lr(n/a){B(n > B, 1—n+8+p)

+B(l—5,1—n+5+ﬁ)}, (69)

. (F(l/a))”

= (/e 1r(n/a){ (q B, 1—n+8+p8)

+B(n—8—611,1—n+8+/3)}, (70)
(C(1/a))"

n

+B(%—5,1—n+8+,3)}. a1



526 J. C. Kuang

(iv) Thecaser =n = 1.Let0 <8 < %,o <B< 37,5+ﬁ > 0, then by (69), (70),
and (71), we get

1 1
IIT7|I=B(;—8,8+/3)+B(C—I—ﬁ,5+ﬁ)- (72)

Example 2 Leth : E,(a) x E,(a) — R4 be a measurable function. Kg is defined
by

Ay le - lxlig")
Ks(Ixlla Iylle) = ————= e, (73)
I3 Iy le (lxlle 4+ Iy lla)*—8—#
and let
Ay lle - Xl
nfon = [ Sy,
Ex@ [Ix 1§11yl (lxlle + ylla)* =27
If p, g, A, and w satisfy the conditions of Theorem 7, and
n o n
. T/ B ey o o
a" T (n/a) Jo uP(l+u)r—3-8 ’
rd/an® [ h(u) }';—”u—pu%(p—l)(l—;)—ldu -0
a" T (n/a) Jo uP(l+u)r—5-8 ’
(75)
n o
Td/a)) h(u) }un(lfi)fldu < . (76)
a" T (n/a) Jo uP(l+u)r—3-8

then by Theorem 7, we get

1—(1 1
3 < || Ty < PP,

Setting h(u) = 1, we distinguish four cases:

(i) The casen > 1.Let0§8<1—$,0§,3<1—%,and

1 1
A>max{f+1——,§+n(1l——)},
q p

then by (74), (75), and (76), we get

rd/ept  n

1 n 1
=mB(A(ZI—l—ﬂ)+n,X(K—5+1—5)—”)» 77
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(/)" pn

= B ?a-La-! P Lo—s—14 2
Cz—m ()\( —5)( —;—,3),7( —5)( -3 - +;)),
(78)
(/)" N U
= —an_lr(n/ot) B(n(1 p) B, A—686—n( p)) 79)

(i) Thecasen = 1. Let0 < 8 < 1—%,053 < l—é,andk > max{s + 1 —
%, B+1— %},then by (74), (75), and (76), we get

—Bl ! 1 1 11 ) ! 80
] = (X(c;_ -B)+ ’X( - —6—])), (80)
P 1 1 P 1 1
62=B(X(1—6—1)(1—;—ﬂ)ix(l—c—l)()w—lS—l‘f‘;)), (81)
1 1
=B —f——A—5—1+—). (82)
P )4

(iii) The case A = n, this implies that % + qi =1.Let0 < B < é, 0 <6 <
min{%, n— é}, then by (74), (75), and (76), we get

T d/a)"

AT T (/a)

B(l—ﬂ,n—é—l), (83)
q q

_ /eyt n
G = Ol"ilr(n/a) B(q B p 8), (84)

and
a3 2| T8|| < cr. (85)

(iv) Thecase L. = n = 1. Let0 < § < %,O</3 < é,oe—l—,B > 0, and

max{f + %, 6+ é} < 1, then by (83), (84), and (85), we get

1 1
ITs]l = B(— =4, — — B). (86)
p q
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5 Multiple Hardy-Littlewood Integral Operator
Norm Inequalities

In Examples 1 and 2, setting h(u) = 1, o = 2, thus, E, () reduces to E,(2) = R},
Ty, Tg reduces to T, Ts, respectively. Assume f € LP(R ), f(x) > 0,x € R%,
l<p,g<oo,b>n688>0, 117 + 1 7 + = 2. The multiple Hardy—Littlewood

integral operator Ty is defined by (16):7Ty : LP(R") — L?(w), where o (x) =
(A— n)
llx115

||T4||pa)

1T4] =
f;éO 11y

We distinguish four cases:

(i) Thecasen > 1.Let0 <§ < 1—%,0§,B< 1—%,and

max{,B—i—l—l,(S—i-n(l—l)}<A<min{ o+ 8 , 8+€ 1,
q P =/m 1 = =gy
then by (18), (63), (64) and (79), we get
3 < 1Tl < e, VPe?, (87)
where
__ ™" erd oy - 2o—s—
Cl—m{ (X(g— —B)+n, X( B))
+B(E(x—5—1+1)—n,1—f(x—5—ﬂ))}, (88)
A q A
S S YV AR VYO B S DA B AR PP S
R T R L

1 1 1
+ B(m(l ——)A=8—-14+-),1— m(1 - =5-8)}), (B9
A q p A q

n/2

S 21T (m)2)

B(n(l — p —B,A—=86—n(1—- —)) (90)

(ii) Thecasen:l.LetOf,B<1—%,0§8<l—ql,and

1 1 8
max{5+1——,ﬁ+1——}<x<;’?,
p q

= p=(/q)
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then by (18), (66), (67) and (82), we get

1-(1/p) 1
3 < | Tall < c) VPP,

where,
11 )
q=3§§—1—m+1—iﬂ+3<u—8—ﬂ +ﬁx 1)
Q—B(U——W—ﬁ——)%%%"iﬁ)ﬂ——n

+B@u—ﬂu——w+1——»1—0——i£ma——»@m

1 1
=B —f——A—5—1+—). (93)

p p

(iii) The case A = n, this implies that % + ql =1.Let0 <6 < % 0<pB< é and

1 1
max{f+ —, 6+ -} <n<14+8+p,
P q

then by (18), (69), (70), and (84), we get

1—(1/p) 1
e < Tl < e VPe)?,

where
/2 1
1
+B(;—8,1—n+8+,6)}, 94)
7n/2 1
) = —2"—1F(n/2){B(5 —-B,1—n+56+p8)
+B(n—8—611,1—n+8+ﬂ)}, 95)
TP g s 96
C3—m (;—,3,;—)- (96)
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(iv) ThecaseA=n=1.Let0 <8 < %,0 <pB< ql,5+,6 > 0, then by (18), (72),

and (86), we get

1 1 1 1
B(— =46, —=p) =l =B(—-—=4856+p+B(—-—-835+p). ©O7)
p q p q

We have thus also proved that Theorems 5 and 6 are correct.

6 The Discrete Versions of the Main Results

Let a = {a,,} be a sequence of real numbers, we define

lallp.o = lanl?om)?, 17 (@) = {a = {an} : lalp.o < o0}.

m=1

If w(m) = 1, we will denote [”(w) by [?, and ||al|,,1 by ||la|l,. Defining f, K by
f(x)=am, K(x,y)=K@m,n)im—1<x <m,n—1 <y < n), respectively,
we obtain the corresponding series form of (21):

T(a,m) = ZK(m,n)an. 98)
n=1

Then by Theorem 8, we get

Theorem 10 Letl < p < o0, 1 <q<oo,5,,320,8+,3>0,1§k:2—%—

1

(i) If

q7
w(m) = mP*= the kernel K (m, n) satisfies
K(m,n) =m*K(,nm™"). (99)
o 1 1=
c1 =/ (K,u))*u * du < o0, (100)
0
o0 P11y ®=h=b_,
02=/ (KL u))* au % du < oo, (101)
0

then the integral operator T is defined by (98): T : 1P — [P (w) exists as a
bounded operator and

ITallpw < cllallp. (102)
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This implies that

T
170 = sup Ll (103)
az0 lallp
where
c = Cgl—(l/P))cé/[" (104)
(ii) If
o0 1
c3 =/ K, u)u rdu < oo, (105)
0
then
1T = c3. (106)

For A = 1, we have % + 5 = 1 and by Theorem 10, we get
ITall, <cllalp, (107)
where c = ||T|| = fooo K (1, u)u"/P) dy is the sharp constant. In particular, let

1

K =
(m, m) ménBlm — n|r—8-8"

if0§ﬂ<1—%,0§8<1—37,8+ﬂ>0,and

1 1 s
max{8+l——,ﬁ+l——}<k<min{l+8+ﬁ,;'?},
p q

- p(I=(/q)

then by Example 1, we get
e <|ITI < MPe)?, (108)

where c1, ¢z, and c¢3 are defined by (66), (67), and (68), respectively.
If L =1,thatis,0 < § < %,O <B< %,8+,3 > (, then by (72), we have

1 1
||T||=B(;—8,3+,3)+B(5—ﬂ,8+,3). (109)
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Remark 2 In 2016, the author Kuang [12] proved that if a = {a,,} € I”(wp), b =
{bu} € 19(wp), 1 < p < 00, % + 5 =1, wo(m) = m'~*, and

1 1 1
max{—, 8+ B+ -} <A <l4+B+8§<1+4+—
p q p

then

[ e)

> Ol < collallp.wp 151 (110)
manﬁ|m _n|)»757ﬁ =<0 P, q,w0

m=1n=1

where cg is defined by (23). Inequality (110) is equivalent to

1To(a)llp < collallp,wgs (111)
where,
> a
To(a, m) = ,,X—% P —nn|1*5*ﬂ

is the Hardy—Littlewood operator. We define w(m) = m*~!, then the above norm
inequality is also equivalent to

179 (@)l p,o; < collallp. (112)
Hence, (108) and (109) are new improvements and extensions of (112).
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