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Preface

This book consists of contributions presented at the International Conference on
Nonlinear Analysis and Boundary Value Problems, held in Santiago de
Compostela, Spain, from September 4 to 7, 2018, and is dedicated to
Prof. Juan J. Nieto, on the occasion of his 60th birthday. The conference was
organized by the Nonlinear Differential Equations Group at the University of
Santiago de Compostela.

The book comprises 17 contributions that cover a wide variety of topics linked to
Prof. Nieto’s scientific work, ranging from differential, difference, and fractional
equations to epidemiological models and dynamical systems and their applications.
It is primarily intended for researchers involved in nonlinear analysis and boundary
value problems in a broad sense.

Radu Precup presents a variational analogue of Krasnoselskii’s cone compres-
sion—expansion fixed-point theorem, based on Ekeland’s principle. He also includes
a general scheme of applications to semilinear equations, making use of Mikhlin’s
variational theory on positive linear operators.

Aurelian Cernea studies a certain second-order evolution inclusion defined by a
family of linear closed operators that is the generator for an evolution system of
operators and by a set-valued map with nonconvex values in a separable Banach
space. In his work, results are provided concerning the differentiability of mild
solutions with respect to the initial conditions of the problem considered. The
results may be interpreted as extensions to a special class of second-order differ-
ential inclusions of the classical Bendixson-Picard—Lindeldf theorem concerning
the differentiability of the maximal flow of a differential equation.

Antonio Pumarifio, José A. Rodriguez, and Enrique Vigil describe the attractors
for a two-parameter family of two-dimensional piecewise affine maps using mea-
sure theory. These piecewise affine maps arise when studying the unfolding of
homoclinic tangencies for a certain class of three-dimensional diffeomorphisms.
They also prove the existence, for each natural number n, of an open set of
parameters in which the respective transformation exhibits at least
2n two-dimensional strange attractors.
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Vladimir E. Fedorov, Anna S. Avilovich and Lidiya V. Borel study initial
problems for semilinear differential equations in Banach spaces with fractional
Caputo derivative. They apply abstract results to the research into initial boundary
value problems for a class of time-fractional order partial differential equations.

Feliz Minhos and Infeliz Coxe consider a system of nth-order differential
equations with full nonlinearities coupled with two-point boundary conditions.
They provide the solvability of such systems by using a Nagumo condition, lower
and upper solutions, and Leray—Schauder degree theory. Moreover, they present
two applications: to a Lorentz-Lagrangian system, for n=2, and to a stationary
system of Korteweg-de Vries equations, for n=3.

Marina V. Plekhanova and Guzel D. Baybulatova deal with the Cauchy problem
for two types of semilinear fractional differential equation in Banach spaces
depending on the lower order fractional Caputo derivatives. They provide sufficient
conditions for the existence of a unique solution in both cases and illustrate their
abstracts results with two examples: a modified Oskolkov-Benjamin—Bona—
Mahony—Burgers nonlinear equation with time-fractional derivatives and a non-
linear system of partial differential equations not solvable with respect to the highest
time-fractional derivative.

Bouchra Ben Amma, Said Melliani, and Lalla Saadia Chadli consider an intu-
itionistic fuzzy partial hyperbolic differential equation with integral boundary
conditions. They obtain an existence and uniqueness result by means of Banach
fixed-point theorem and present a procedure to solve some kinds of intuitionistic
fuzzy partial hyperbolic differential equation. Several illustrative examples are also
presented.

Olga Rozanova and Marko Turzynsky consider a model used for the description
of the dynamics of the atmosphere of a rotating planet. Their main result proves that
taking into account a small correction due to centrifugal force, which is usually
neglected in the literature, drastically changes the stability properties of a specific
class of vortices.

Jose S. Canovas deals with the chaotic properties of the two-periodic Ricker
model. In particular, he computes the topological entropy and shows the parameter
region where the dynamics is chaotic for this model.

Alberto Cabada and Kadda Maazouz prove the existence, uniqueness, and
location of solutions for implicit fractional differential equations involving the
Hadamard fractional derivative in Banach spaces. The linear equation has been
solved by means of the invertibility of the differential operator. Such an inverse
operator is characterized by the kernel of a suitable integral operator. Its qualitative
properties concerning the sign and boundedness properties allow the application
of the Banach contraction principle and the deduction of the existence and
uniqueness of the solution of the considered problem.

Francisco J. Fernandez, Aurea Martinez, and Lino J. Alvarez-Vazquez formulate
a suitable system of nonlinear partial differential equations to model a technique of
artificial circulation for oxygenating eutrophic water bodies subject to quality
problems. Then, they use fixed-point theory to prove the existence of at least one
solution for the considered problem in an appropriate functional space.
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Jifi Kadlec and Petr Necesal deal with a boundary value problem for a
second-order differential equation with a non-local boundary condition in integral
form. Their main results describe the structure of the Fulik spectrum for this
problem as a pair of regular curves.

Peter Tomiczek considers a second-order differential equation of Duffing type
and uses a variational approach to prove the existence of at least one periodic
solution. For it, he introduces a suitable function that satisfies the so-called Palais—
Smale condition.

Sebastian Buedo-Fernandez, Daniel Cao Labora, and Rosana Rodriguez-Lopez
present improvements in some comparison results for the periodic boundary value
problem related to a first-order differential equation perturbed by a functional term.
The comparison results presented cover many cases such as differential equations
with delay, differential equations with maxima, and integrodifferential equations.
The authors also analyze the interesting case of functional perturbation with
piecewise constant arguments.

Gaber M. Bahaa and Delfim F. M. Torres investigate optimal control problems
(OCP) for fractional systems involving fractional-time derivatives on time scales. In
their analysis, the fractional-time derivatives and integrals are those of Riemann—
Liouville. They consider a fractional OCP with a performance index given as a
delta-integral function of both state and control variables, with time evolving on an
arbitrarily given time scale. Interpreting the Euler—Lagrange first-order optimality
condition with an adjoint problem, defined by means of right Riemann—Liouville
fractional delta derivatives, they obtain an optimality system for the considered
fractional OCP. For that, the authors prove new fractional integration by parts
formulas on time scales.

Alberto Cabada and Lucia Lopez-Somoza show several properties of the Green’s
functions related to various boundary value problems of arbitrary even order. As a
consequence, they write the expression of the Green’s functions related to the
general differential operator of order 2n coupled to Neumann, Dirichlet, and mixed
boundary conditions as a linear combination of the Green’s functions corresponding
to periodic conditions on a different interval. This allows to ensure the constant sign
of various related Green’s functions and to describe the spectrum of the considered
differential operator with a given boundary condition as the union of several
spectrums of the same operator with different boundary conditions.

Abdelkader Moulay and Abdelghani Ouahab consider an abstract evolution
equation with random parameter. They introduce the notion of stabilization with
respect to the random parameter and fractional integral-feedback. More precisely,
they study the well-posedness and polynomial stabilization result for a random
evolution equation with fractional integral-feedback. Finally, they show some
applications to random heat and wave equations with fractional integral-feedback
and bounded damping.

This volume would not have been possible without the help of various people
who contributed in different ways. First of all, we would like to thank the authors
themselves for submitting their work to this issue. Special thanks go to the referees
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who agreed to take part in this process: their comments and suggestions have led to
improvements in most of the contributions.

We would also like to express our gratitude to Francesca Ferrari from Springer
for her attention and constant support at every step in the editorial process.
Moreover, we want to express our thanks for the financial support provided by
Xunta de Galicia and Deputacion de A Corufia (Spain). We are also grateful to the
Faculty of Mathematics of the University of Santiago de Compostela for their
support with respect to the conference location and the facilities available during the
conference.

Ourense, Spain Ivan Area
Santiago de Compostela, Spain Alberto Cabada
Ourense, Spain José Angel Cid
Madrid, Spain Daniel Franco
Vigo, Spain Eduardo Liz
Santiago de Compostela, Spain Rodrigo Lopez Pouso
Santiago de Compostela, Spain Rosana Rodriguez-Lépez
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A Variational Analogue of )
Krasnoselskii’s Cone Fixed Point Theory | @i

Radu Precup

Abstract Based on Ekeland’s principle, a variational analogue of Krasnoselskii’s
cone compression-expansion fixed point theorem is presented. A general scheme of
applications to semilinear equations making use of Mikhlin’s variational theory on
positive linear operators is included.

Keywords Critical point * Fixed point - Cone - Variational principle *+ Semilinear
operator equation - Positive solution

Mathematics Subject Classification 47J30

1 Introduction

One of the most useful methods for the localization of positive solutions to nonlinear
boundary value problems and to prove the existence of multiple positive solutions is
Krasnoselskii’s cone fixed point theorem [4—6]. There are known several versions of
this result that we present shortly.
Let X be a Banach space, K C X a cone and r, R two numbers with 0 < r < R.
Denote
K,={uekK: |ul<r}, 0K, ={uecK: |lull=r},

and consider the conical shell
Kig={ueK:r<|ull <R}.

Let N : K, — K be a continuous and compact mapping and consider the fixed
point equation

R. Precup (X))

Department of Mathematics, Babes—Bolyai University,
400084 Cluj-Napoca, Romania
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2 R. Precup
u=Nu), uceck:g.

The original Krasnoselskii’s cone fixed point theorem makes use of the strict order
relation < in X, withu <vifv—u € K \ {0} :

Theorem 1 (Order version) The mapping N has a fixed point in K,y if it satisfies
one of the following conditions:

@ Nwm)<£ u for ue 0K, and N (u) ) u for u e 0Kg (compression
condition);

(b)N (u) # u for u € 0K, and N (u) £ u for u € OKg (expansion condition).
Some other versions are the following ones:

Theorem 2 (Norm version) The mapping N has a fixed point in K,y if it satisfies
one of the following conditions:

@ IN )| > lull for u € 9K, and |N (u)|| < ||lull for u € OKg (compres-
sion condition);

®) IN )|l < llull foru € 0K, and |N (u)|| > ||ull for u € OKg (expansion
condition).

Theorem 3 (Homotopy version) The mapping N has a fixed point in K, if it sat-
isfies one of the following conditions:

(@) N (u) #pu for u e 0K,, p <1, Nu) # pu for u € OKg, p > 1 and
inf,eok, IN ()|l > O (compression condition);

) N (u) # pu for u € 0K,, u>1, N (u) # pu for u € 0Kg, p <1 and
inf,ek, IN ()| > 0 (expansion condition).

In many cases, the fixed point equation has a variational structure in the sense
that it is equivalent to the problem of finding critical points of a certain functional
F : X —R, that is to the equation

F'(u) =0, uc K. (1)
This clearly happens if X is a Hilbert space identified to its dual and
Nw)=u—-F (u,
when the critical points of F' coincide with the fixed points of N.
A simple example is given by the following two-points boundary value problem

for Newton’s second law of motion,

mu” + f(t,u) =0, t €[0,T] 2)
u)=u(T)=0.
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This can be expressed as a fixed point problem for the integral operator
N:C[0,T]— CI0,T],

T
N (u) (1) 2/ G(t,s) f(s,u(s)ds,
0

where G is the Green’s function of the differential operator —mu” under the condi-
tions u (0) = u (T) = 0, and also as a critical point problem related to the functional
F:H! (0, T)— R,

T m , 5 u
F<u>=f (E” (0 =g (tu(0)) di where g(t,u)zf £t y)dy,
0 0

for which (1) holds. Physically, F () is the total energy (kinetic + potential), and
the kinetic energy (energy of motion) (m/2) fOT u' (1)*dt introduces the so called
“energetic” norm in the function space HO1 0,7,

T
llul = ( / u (t)zdt>
0

Thus, a localization of a solution/state u in terms of the energetic norm automatically
gives bounds of the kinetic energy.

Compared to the fixed point approach, the variational methods have as benefice,
the use of the energy functional allowing to obtain characterizations of solutions as
extrema or saddle points. In addition, some specific techniques such as Ekeland’s
variational principle and deformation lemmas [17] are available. In this paper we only
deal with the direct variational method which exclusively uses Ekeland’s variational
principle [18].

1/2

Lemma 1 (Ekeland’s principle—strong form) Let D be a complete metric space
withmetricd, andlet F : D — R be lower semicontinuous and bounded from below.
Then for any €, > 0, and any w € D with

F(w) < i%fF—i—E,
there is an element u € D such that
Fuw <Fw), dwu<5§

and .
Fu) <F @)+ gd (u,v) forallveD.

As a consequence, one has the following weak form of Ekeland’s variational
principle:
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Lemma 2 (Ekeland’s principle—weak form) Let D be a complete metric space with
metricd, andlet F : D — R be lower semicontinuous and bounded from below. Then

for each € > 0, there is u € D such that

F(u)girll)fF—i-E

and
FWw) <FW)+ed@,v) forallve D.

2 Variational Analogue of the Compression Krasnoselskii’s
Cone Fixed Point Theorem

In what follows, for simplicity, we only consider the case where X is a Hilbert space,
with inner product (-, -) and norm ||-|| , and we identify X to its dual.

Theorem 4 Let F € C' (X) be bounded from bellow on K., I — F’ be continuous
and compact on K, g, and let the positivity condition

(I — F/) (Kyr) CK 3)
be satisfied. If

F' (u)+Mu #0 forall u e OKg, X >0, ())
F'(u)+Mu #0 forall u € dK,, ) <0,

and
i [(1- F)w] >0, ®

then there exists u € K, g such that
F ) = ilglfF and F' (u) =0.
rR

Proof Step 1: Applying Ekeland’s variational principle—weak form to F, on K, g,
with e = 1/n, gives u,, € K, such that

1
F(u,) <inf F + —, 6)
Kir n

1
Fu,) <F @)+ —|lu, —v|| forallv e K,g. @)
n
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Obviously, from (6), (u,) is a minimizing sequence for F on K,g, i.e., F (u,) —
infg , F as n — oo. Next using (7) we shall estimate F’ (u,). To this aim we
approach u,, making suitable choices of v in K, g. The choices of v in (7) depend on
the location in the conical shell of each element u,,. The following cases are possible:

(@) r < |luall < R; or [luyll=R and (F'(uy),u,)>0; or |lu,ll=r and
(F" (un) , un) < 0;

(b) lusll = R and (F' (u,) . u,) < O;
©) llu,ll =7 and <F/ (un) , un) > 0.

Case (a): If u,, is in case (a) then we may choose v of the form
v=u, —tF (u,),
with ¢ > 0 sufficiently small. Indeed, for t € (0, 1), one has
v=~—=0u,+1 (uy — F (un)),
which, due to the positivity condition (3), belongs to K. In case that r < ||u,|| < R,

we also have v € K, for small enough ¢. If ||u,| = R and (F’ (un), un) > 0, then
from

1I% = Nual? + 22 | F ) |* = 2t (F () , u)
=1 ||F (I/tn)H2 — 2t (F' (un) , un) + R?,
we derive that [|[v]| < Rfor0 <t < 2(F' (u,), u,)/ || F’ (un)Hz.Hencev € K, for

every sufficiently small 7 > 0. The same happens if ||u, | = r and (F' (u,) , u,) < 0.
Replacing v in (7) gives

! t /
F (un = tF ) = F () = =~ [ F" )| .
From the definition of the Fréchet derivative one has

F(up — tF (uy)) = F (up) = (F' (un), —tF' (uy))+0(1).

Then ;
(F/ )y —1F ) +0 () = = | F" (un)

B

and dividing by ¢ and letting r — 0 gives

3

1
|F @ < | F )
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or 1
|7 @ = - ®)

Case (b): Let € > 0 and let
v=uy — 1 (F () + Mty + €uty)

where ¢ > 0 and
An = —(F'" (), un) /R> > 0.

From v= (1 —t—1t\, —te)u, + 1t (uy — F'(u,)) we see that v € K for small
t > 0, while from

(F' () + Matty + €tty, u,) = eR* >0

and
lI* = £ || F' (uy) + At + uy ||2 —2teR* + R?,

we have |v|| < R, and finally that v € K, g for small enough ¢t > 0. Replacing v in
(7) and proceeding as above we find

1
(F, (), F' (un) + Nyun + 5un> = ; ” F' (uy) + Mun + €ty ” .
Letting € — 0 yields
1
(F" ) s F ) + Antan) = ~ |F’ (un) + At |

and since (F’ (Un) + My, un> =0,

1
|7 ) + M| < = ©)

Case (c) is analogous and leads to the same inequality (9), where now A, < 0.

Step 2: Passing if necessary to a subsequence, we may assume without lost of
generality that all the terms of the minimizing sequence (u,) are either in case (a),
or in case (b), or in case (c). Then in view of (8) and (9), the minimizing sequence is
in one of the following situations:

(@) F' (un) — 0;

(b) F' (un) + Aty — 0, where |lu, || = Rand \, = — (F' (u,) , u,) /R* = 0 for
all n;

(©) F' (uy) 4+ Aty — 0, where |lu, || = r and N\, = — (F' (u,) , up) /r? < 0 for
all .
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Step 3: Since u, and F’ (u,) = u, — N (u,) are bounded sequences, we may
assume (passing if necessary again to a subsequence) that (\,) converges to some
A, where A > 0 in case (b), and A < 0 in case (c). Also, using the compactness of
N, the above convergences lead to a convergent subsequence u, — u. We show
this for the cases (b) and (c). To this aim we denote v, = F’ (u,) + A\,u,. Then

A+ N)u, =v, + N (u,) and since v, — 0 and N is compact, the sequence
vy + N (uy,) is compact. If 14+ X\ 7~ 0, this clearly implies the compactness of the
sequence u,. The situation 1+ A = 0 is only possible in case (c), but is excluded
by hypothesis (5).

Finally, passing to limit we obtain one of the following situations:

(@) F' (u) = 0;
(b) F' (u) + Au = 0, where ||u]| = R and A > 0;
(¢) F' (u) + Au = 0, where |ju|| =r and A < 0.

The cases A > 0 in (b) and A < 0 in (c) being excluded by the compression
boundary conditions (4), it remains that in all cases F’ (1) = 0, which finishes the
proof. (]

3 Variational Analogue of the Expansion Krasnoselskii’s
Cone Fixed Point Theorem

In this section, we give a variational analogue of Krasnoselskii’s fixed point theorem
of expansion. Recall that for proving Krasnoselskii’s fixed point theorem of expansion
it suffices to pass from the operator N satisfying the expansion conditions, to the
operator N: K.r —> K,

~ 1
N u) = WN(Q(M)M),

where

Itis easy to check that 6 (u) u € K, g forevery u € K, g, ||0 (u) u|| = rif|jul| = R,
|16 (u) ul| = R if ||u|]| = r, and that for N the compression conditions hold. We
shall use the same idea in order to prove the variational analogue of the expansion
fixed point result. More exactly, we shall pass from the functional F, assumed to be
bounded from above on K, g, to the functional

Hwy=-FOwmu), ueX\{0},

bounded from below on K, z. We shall need the following result about the Fréchet
derivative of the new functional.
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Lemma 3 One has H € C' (X \ {0}) and
H (u)=F 0 @wu)+ A,

where

A~ R [(F O ) u), u)

e u—F’(@(u)u):|.

fluell

Proof We first compute the derivative of the mapping u/ ||| in direction v. By
definition,

(i) )= G =)
—),v)=Ilm - | ———— — —
el =0+ 1 ||u+tv|I [Juell

(Ilull (u+1v) — [lu+rv|lu)

u ||2r 0
! (II | —llu+tvl)u+
= — = (|l — [|u vlDu+ —
||u||2t o1 || I
Furthermore
1 2 tv))? )
11m—(||u||—||u+tv||)u—l leell” = Nl - 10ll” )
=0+ 1 ull + llu+rv]| [lze|
Hence
/
()=t
— ), v)=— u—+—.
[lze| flull® fluel|
Next,

/ (u, v) v
0 L v) = — | =
(Gwuw), v)= R+ )[ T +”u”]

=0w)v— (u, v)u

R+r
fJul?

Finally, using the formula for computing the derivative of the composition of two
mappings, we obtain

(H' ), v)=—(F @ @u), (0 ww', v)

:—<F/(0(u)u), 0(u)v—%(u,v)u>.
e
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Therefore
R+r
flull®

R+r |:<F’(9(u)u), u)

l[uell llul®

H' (u) =—0 ) F' (6 (u)u) + (FF(Owu), uu

=F O@wu) +

u—F’(Q(u)u):|,

as claimed. |

Theorem 5 Let F € C' (X) be bounded from above on K., I — F’' be compact on
K, r, the positivity condition

(I —F')(K.,g) CK
be satisfied, and assume in addition that for every two sequences u,, and v, in K, g,
u, — v, — 0 implies (via subsequences) N (u,) — N (v,) — 0. (10)
If

F'(u)+Mu #0 forall u € OKgr, X <0, (11
F'(u)+Mu #0 forall u e dK,, X>0,

and

it (=) w] >0

then there exists u € K,y such that

Fw)=supF and F' (u)=0.
KrR

Proof Notice a useful property of A, namely
(A(u),u) =0 forevery u € X \ {0}.
Let us fix a minimizing sequence (v,) of H in K, g, with
H (v,) <inf H + iz
Kir n
For each n > 1, consider the functional

Gp(w)=H u)—(A(),u), uecX\{0}.
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One has
G,w)=H u) =A@, =F @ @Wu)+A@)—A,), ueX\{0}.

Now apply Ekeland’s variational principle—strong form to G, on K,, with the
given point v, and for e = n~2, § = n~!. Hence, there exists u, € K, such that

”un - vn” = 0= e
n

1
G (up) <Gy (vy) = H (vy) <inf H + —,
Kir n

€
G, (u,) <G, (v) + 3 llu, — vl (12)
1
=G, () + — |lu, —v|| forallve K,g.
n

First we show that, passing if necessary to a subsequence, we may assume that
A(u,) — AW, —> 0 asn — oo. (13)

Indeed, since u, and v, are bounded and N is compact on K, , passing to a subse-
quence we have that

lu,l = L, Nvall = L2y N (O () up) = wi, N (0 (v,) vy) = wo.

From [||u, || — v, ll] < lluy, — vl < 1/n, wefindthatly = [, =: [.Then 60 (u,) u, —
0 (v,) v, — 0, and from (10), we deduce that w; = w, =: w. It remains to prove
that o, — 0, where

= (F (0 () ’/;n) , I/ln>un _F O (up) uy)
it
e (””")”’;") LI NI
Un

One has

(N (0 (un) un) , un) (N (0 (vn) vn) » vn)

n:Nenn_Ngnn— n
o = N0 n )t = N0 (o)) ol E

n

and since N (0 (u,) u,) — N (0 (v,) v,) — 0, it remains to show that
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(N (0 (un) un) , un) (N (0 (vn) va) , vn)

B = u, — v, — 0.
llun |12 v 11>

This, via

(N (0 (up) up), u,)

Bn = I ”2 (uy — vy)
n [(N (0 (up) up) ,un) (N (0 (vn)vn),vn)]
I l[o, 112 !

reduces to

(N (0 (un) up) , up) _ (N (0 (vn) vn) , vp) -0
II? l[vall? .

llu,

But this immediately follows if again we pass to a subsequence in order to assume
the weak convergence u,, — u, v, — u. Thus (13) is proved.

Next, as in the proof of Theorem 4, we discuss several cases depending on the
location of each element of the minimizing sequence u,,.

(a) In each one of the cases: r < |lu,|l < R; |luyll = R and (F' (6 (uy) uy) , uy)
> 0; llunll =r and (F" (6 (un) up) , un) < 0, we may apply (12) to the element

v=u, —tF (0 (u,) u,)

which belongs to K, g for all sufficiently small # > 0. Replacing into (12), dividing
by ¢ and then letting ¢ go to zero it yields

9

1
(G ) s F (6 ) ) = ~ [ F (B (1) )
or equivalently
1
” F' (0, (un) un) ||2 + (A (un) — A (vn), F' (0 (uy) Mn)) = ; ” F' (0, (un) un) ” .

This implies
, 1
|F" (B (up) un)|| < ~+ 1A @) =A@ (14)

(b) Assume that ||u, || = R and (F' (6 (un) u,) , u,) < 0. Then we choose
vV=u, —1I (F, O (n) uy) + Mty +5un) s

wheree > Oand )\, = — <F’ 0 (uy) uy,), u,,) /R? > 0. We deduce

1
|F (6 () ) + At | < P A (un) — A (). 5)
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(c) Similarly, if |lu, || = r and (F’ O (u,) uy,), un> > 0, we derive inequality (15),
where this time \, < 0.

If there is a subsequence of u,, whose elements are all in case (a), then from (14)
and (13) we have
F' (0 (u,) u,) — 0.

If there is a subsequence whose elements are all in case (b), or all in case (c), then
F (0 (u,) uy) + Mu, — 0.

Asinthe proof of Theorem 4 we may assume thatu,, — u forsomeu € K,z. Then
v, — u, and passing to the limit we obtain: F’ (8 (u) u) = 0; or F’ (0 (u) u) + Au =
0 with |ju|| =R and A\ > 0; or F' (0 (u) u) + Au = 0 with ||u|| =r and X <O.
Denote u = 6 (u) u. Then
F' (w) =0; or

F')+puu=0 with ||[u]l=r and p=AR/r >0; or
F'(@)+ =0 with @] =R and = A\r/R <O0.

The case p # 0 being excluded by the expansion conditions (11), it remains that in
any case, F' (u) = 0.
Finally, from

1
H (un) =G, (Mn) + (A (Un) ’ un) = glf H + n_2 + (A (Un) s un) s

and (Av,),u,) — (A (u),u) =0, we have H (u) =infg,, H, that is F (u) =
supg , F. ]

Remark 1 Most of the assumptions of Theorems 4 and 5 may be expressed in terms
of operator N, as in Theorem 3. There is however an additional hypothesis of
Theorems 4 and 5, namely the representation of the operator N under the form
N =1 — F’, with some functional F bounded from below or from above on K, .

As aresult, we have a stronger conclusion: the existence of a fixed point of N which
is an extremum point of the functional F.

4 A General Scheme of Application to Semilinear
Equations

Krasnoselskii’s cone fixed point theorem have been applied to numerous classes of
boundary value problems. Also, in the last years, there have been given applications
of critical point results in conical shells [1-3, 7, 11-13]. Thus, a natural question
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is which are the essential proprieties that allow applicability of this technique. We

now present a general scheme of applicability of the variational analogue of Kras-

noselskii’s theorem, by which we give an answer to that question. To this aim, we

use Mikhlin’s variational theory for positive symmetric linear operators [8].
Consider a semilinear equation of the form

Lu=1J (u), (16)

where L : D (L) C H — H is a positive symmetric densely defined linear operator
in the Hilbert space H with inner product (-, -) and norm |-|, while the nonlinear term
is the Fréchet derivative of a C! functional J : H — R.

Recall that the operator L is said to be symmetric if (Lu,v) = (u, Lv) for every
u,v € D(L), and positive if there exists a constant ¢ > 0 such that

(Lu,u) > c*|ul*> for every u € D(L).

For such a linear operator, we endow the dense linear subspace D (L) of H with the
bilinear functional
(u, v) == (Lu,v) (u,ve D(L)).

The completion of (D (L), (-,-)) is denoted by X and is called the energetic space
of L. By the construction, D(L) C X C H with dense inclusions. We use the same
symbol (-, -) to denote the extended inner product on X. The corresponding norm
lull = /(u, u) is called the energetic norm associated to L. If u € D(L), then in
view of the positivity of L, one has the Poincaré inequality

lu| < c ' |lull forevery u € D(L).

By density the above inequality extends to the whole X. Let X’ be the dual space of
X. If we identify the dual H' with H, via Riesz’s representation theorem, then from
X C H, wehave H C X’'. We attach to the operator L the following problem

Lu=f ueX, (17)
where f € X'. By a weak solution of the problem we mean an element u € X with
(u,v) = (f,v) forevery v e X,

where the notation (f, v) stands for the value of the functional f on the element
v. Incasethat f € H, then (f, v) is the inner productin H of f and v. Notice that,
if the weak solution u belongs to D(L), then it is a classical solution of the problem.
Using Riesz’s representation theorem and the Poincaré inequality one has that for
every f € X’ there exists a unique weak solution u € X of the problem (17). Thus
we may speak about the inverse of L, as the operator L~ : X’ — X attaching to
each f € X', the unique weak solution u € X of the corresponding Eq. (17). Thus,



(L7' fiv) = (fiv) forallv e X.

Note that the operator L~ is an isometry between X’ and X.
We look for weak solutions of (16), namely, for # € X such that

(w,v) = (J (w),v) forallve X,

that is for solutions of the fixed point equation
u=L""J ), ueX.
We associate to the Eq. (16) the energy functional
F:X — R, F(u):%||u||2—1(u).
One can check that F € C! (X),
FFu=Lu—J W weX)),

and, if we identify X’ to X via L~!, one has

F'=1—N, where N=L"'J.

Our first hypothesis is a compactness condition:

(H1) The embedding X C H is compact.

R. Precup

Next we consider a cone K in H, the partial order relation < in H induced

by Koy, and we assume that

(u,v) >0 foreveryu,v € Ky,

or equivalently, that the norm of H is monotone. In addition assume that

(H2) J is bounded on every bounded subset of H; J’ is positive and increasing

on H with respect to the order, i.e.,
0<u<v implies 0<J (u) <J (v).
Also consider acone K; in H with
L' (Ko) C K1 C Ko

and assume that the following conditions are satisfied:

(18)

(H3)J' (K1 N X) C Ky, andthereexists p € K \ {0} suchthatforeveryu € K,
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|L7'u| ¢ < L7'u (Harnack type inequality);
(H4) There is an element ¥ € Kj \ {0} such that forevery u € K; N X,
u =< lull .
Now, define a subcone of K| N X,
K=ueK NX: |ullp<u}.

Note that the cone K does notreduce to the origin. To show this, let o be any element
of K, \ {0} . For example, such an elementis L~'(¢). Then L~'o # 0, and using
(18)and (H3), L™'o € Ky N X, and |L~'o| ¢ < L7'o, thatis L~'o € K \ {0}.

Theorem 6 Assume that (H1)—(H4) hold. If for two positive numbers « and (3
with o # (3, the following conditions are satisfied

(J' (1), %) < a, (19)
B = (I B, e),

then Eq.(16) has a weak solution u € K,g, an extremum point of F in K, g, where
r = min{a, B} and R = max {«, 3}.

Proof We shall apply Theorem 4 in case that § < «, and Theorem 5 if a < .

First note that N maps K into K. Indeed, if u € K, then u € K; N X and
by (H3), J'(u) € Ky and |L~"J' ()| ¢ < L~'J’ (u), which means that N (u) =
L' (u) e K.

Clearly the operator N is continuous. Furthermore, K, g being bounded in X, it is
relatively compact in H by (H1), and the continuity of J’ from H to H guarantees
that J' (K, ) is relatively compact in H. Then N (K,g) = L™'J’ (K, ) is relatively
compact in X. Hence N is continuous and compact from K, to K. Also, the addi-
tional compactness condition (10) is satisfied as a consequence of (H1). Indeed,
if

u,,v, € K,g and u, —v, - 0 in X,
then in view of (H1), passing if necessary to subsequences, we may assume that u,

and v, converge in H to some element u. Then J' (u,), J' (v,) converge in H to
J’ (u), and next N (u,), N (v,) converge in X to N (u) . Consequently,

N (u,) — N (v,) — 0 in X,
which proves (10).

The functional J being bounded on the bounded set K g, one has that F' is bounded
from above and from below on K, z.
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Next we check the boundary conditions. Let u € 0K,, A > 0, and assume that
F' (u) + Au =0.Then N (u) = (1 + \) u. From (H4), 0 < u < «a1), and the mono-
tonicity of J’ yieldsto 0 < J' (u) < J' (a)). Then

o <1+ =0+ ul®= (N @), u)
=(L7' ), u)= (J' ), u) < (J' (@), ar)
= a(]’(a¢),1/}).

Hence a < (J'(ap),p), which is in contradiction with (19). Next, assume that
uecdKs, A<0,and F’ (u) + Au = 0, thatis N (u) = (1 + \) u. Since both u and
N (u) are in K|, this equality is possible onlyif 1+ X > 0. Hence 0 <14+ X < 1.
Consequently,

B>A+N =T W, u),

and since u > ||lu|| ¢ = By gives J' (u) > J' (By) > 0, and the norm in H is mono-
tone,

(T @y, u) = (J' (Bp), Bp) .

Hence we derive (3 > (J "(By), ga) , contrary to our hypothesis.

It remains to show that inf,cox, [N ()|l > 0. Assume the contrary. Then there
is a sequence u, € 0Kz with N (u,) - 0 in X and alsoin H. From u, >
By > 0, we obtain that N (u,) > N (B¢) > 0. Passing to limit as n — oo yields
N (Byp) =0, whence J' (Bp) =0 which makes impossible the second inequality
in (19). ]

Remark 2 The inequality L7' (Ky) C Ky can be seen as a weak maximum princi-
ple, while by the use of a second cone K, the Harnack inequality is not required
on the whole cone K, but only on its subcone K;. This is useful in applications
as shown by the following Example 2.

Example 1 In the simple case of problem (2), for m = 1, we have H = L?(0, 1),
X = HO1 (0, 1) with inner product (u, v) = fol u'v', Ky = K isthe cone of positive
functions in L2 (0, 1),

Y=1 and ¢ =nXa,p,

where n =min{a, 1 — b}, 0 <a < b <1 and x4 1s the characteristic function
of the interval [a, b]. Here J' (u) (t) = f (t,u (¢)), where f >0 on[0, 1] x R,
and f isincreasing in the second variable on R . Then, condition (19) reduces to

1
/ f dt <o,
0

b
ﬁfn/‘f@nmda
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For more general examples we may consider semilinear boundary value problems
with a linear part of the form
- d* d*u
_ k
Lu = E -1 Ik |:pk (1) dtk]—i—q(t)u.

k=0
Such an example is considered in the paper [3]:

Example 2 Consider the boundary value problem

u® (@) = f@t, u@)), 0<t<l
w0 =u'0)=u"(1)=u"(1) =0.

Here H = L*(0,1), Lu=d*/dr*, X ={u e H*(0,1) : u(0) =u'(0) =0},
1 1 pu()
(u,v) =/ uv'dt, J(u) :/ f@, s)dsdt, J )= f(-,u),
0 0 0

Ko = {u e LZ(O, D:u> 0}, K, ={u € Ky : u - nondecreasing} ,

2 2

V=212, p= V2 (1—0r (see [3]).
3 6

Assuming that f is nonnegative and nondecreasing in each of its variables on

[0, 1] x R4, inequalities (19) reduce to

1
/Ow(t)f(t,z/)(t)a)dtSa,
1
65/0 e @) f(t, o)) dt.

The application of the general scheme to concrete classes of boundary value
problems mainly depends on the possibility to obtain a Harnack type inequality
in terms of the energetic norm, as required by the abstract condition (H3). In many
cases, including elliptic boundary value problems, Harnack type inequalities are only
known with respect to a norm different from the energetic one. This was the reason
in [9] to consider conical shells defined by two norms. Even more general, for the
definition of conical shells, one may consider functionals which are not norms any
more, like in [14]. Of course, in such situations, the conditions required on the shell
boundary have to be adapted accordingly.

Finally, we mention that analogous results in conical shells, of mountain pass
type, can be found in [9, 10]. For some extensions to Banach spaces and related
topics we refer the reader to the papers [7, 15, 16].
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Differentiability Properties of Solutions m
of a Second-Order Evolution Inclusion oo

Aurelian Cernea

Abstract We study a certain second-order evolution inclusion defined by a family of
linear closed operators which is the generator for an evolution system of operators and
by a set-valued map with nonconvex values in a separable Banach space. We provide
results concerning the differentiability of mild solutions with respect to the initial
conditions of the problem considered. Certain variational inclusions are obtained
in terms of set-valued derivatives defined by the contingent cone, the quasitangent
cone and Clarke’s tangent cone. Our results may be interpreted as extensions to
a special class of second-order differential inclusions of the classical Bendixson—
Picard-Lindel6f theorem concerning the differentiability of the maximal flow of a
differential equation.

Keywords Differential inclusion + Mild solution + Tangent cone

1 Introduction

Anoutstanding result in the theory of differential equations is the classical Bendixson—
Picard-Lindel6f theorem. This result states that the maximal flow of a differential
equation is differentiable with respect to initial conditions and its derivatives ver-
ify the variational equation. Such kind of results are very useful in Control Theory,
especially if we want to obtain necessary optimality conditions.
Bendixson—Picard-Lindel6f theorem has been generalized in various ways to
differential inclusions by considering several variational inclusions and proving cor-
responding theorems that extend Bendixson—Picard-Lindeldf theorem [1, 6, 7] etc.
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The present paper is concerned with second-order evolution inclusions of the form
x" e A(x + F(t,x), x(0) =x, x'(0)=xy, (1)

where F : [0, T] x X — Z(X) is aset-valued map, X is a separable Banach space,
X0, X1 € X and {A(#)},>0 is a family of linear closed operators from X into X which
is the generator for an evolution system of operators {% (¢, s)}; se0.7]-

The general framework of evolution operators {A(t)},>o that define problem (1)
has been developed by Kozak [15] and improved by Henriquez [13]. In several recent
papers [2-5, 8-10, 13, 14] existence results and qualitative properties of solutions
for problem (1) have been obtained by using, mainly, fixed point techniques.

The aim of this paper is to extend the results concerning the differentiability of
solutions of differential inclusions with respect to initial conditions to the mild solu-
tions of problem (1). The results we extend known as the contingent, the intermediate
(quasitangent) and the circatangent variational inclusion are obtained in the “classi-
cal case” of first-order differential inclusions. For these results and for a complete
discussion on this topic we refer to [1].

The proofs of our results follow by a similar approach to the classical case of
differential inclusions [1] and use a recent result [9] concerning the existence of mild
solutions of problem (1).

The results in this paper may be interpreted as an extension of the results in
[6] obtained for second-order differential inclusions defined by cosine family of
operators to the more general problem (1).

The paper is organized as follows: in Sect.2 we present preliminary results to be
used in the next section and in Sect.3 we prove our main results.

2 Preliminaries

In this short section we recall some basic notations and concepts concerning differ-
ential inclusions and nonsmooth analysis.

Let Y be a normed space, X C Y and x € X (the closure of X).

From the multitude of the tangent cones in the literature (e.g., [1]) we recall only
the contingent, the quasitangent and Clarke’s tangent cones, defined, respectively by

K. X={veY; 3s, — 0+, v, > v: x 45,V € X},
0. X={veY; Vs, >0+, v, >v: x+s,v, € X},
Ym —

m

X
CXXZ{VGY;V(xm,SW,)—) (x,04), x, € X, Elym e X: m —>V}.

This cones are related as follows: C, X C 0, X C K, X.
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Corresponding to each type of tangent cone, say 7, X, one may introduce a set-
valued directional derivative of a multifunction G(-) : X C Y — Z(Y) (in partic-
ular of a single-valued mapping) at a point (x, y) € Graph(G) as follows

,Gx;v) ={weY; (v,w) € 14, Graph(G)}, v e 1. X.

Let denote by I the interval [0, 7] and let X be a real separable Banach space with
the norm |.| and with the corresponding metric d(., .). Denote by .Z(I) the o -algebra
of all Lebesgue measurable subsets of 1, by &Z(X) the family of all nonempty subsets
of X and by #(X) the family of all Borel subsets of X. Recall that the Pompeiu-
Hausdorff distance of the closed subsets A, B C X is defined by

du(A, B) = max{d*(A, B),d*(B, A)}, d*(A, B) =sup{d(a, B);a € A},

where d(x, B) = inf,cp d(x, y).

As usual, we denote by C (I, X) the Banach space of all continuous functions
x(.) : I > Xendowed withthenorm |x(.)|¢c = supl€,|x(t)|,byL1(I, X) the Banach
space of all (Bochner) integrable functions x(.) : I — X endowed with the norm
x()]1 = f ; 1x(©)|dt and by B(X) the Banach space of linear bounded operators on
X.

In what follows {A(f)};>0 is a family of linear closed operators from X into
X which is the generator for an evolution system of operators {7% (¢, s)}; sc1. By
hypothesis the domain of A(¢), D(A(¢)) is dense in X and is independent of 7.

Definition 1 ([13, 15]) A family of bounded linear operators % (¢,s) : X — X,
(t,s) € A:={(t,s) € I x I;s <t}iscalled an evolution operator of the equation

X" = A@®)x (@) )

if
(i) For any x € X, the map (¢, s) — 7% (¢, s)x is continuously differentiable and
(@ %, t)=0,tel.
(b)If7 € I,x € X then 2% (¢, )x|,=s = x and =% (t, )X =, = —x.
(i) If (¢, s) € A, then %%(t, s)x € D(A(t)), the map (¢, s) — Z (¢, s)x is of class
C? and .
(a) ;’IZ%(z )x = AU (t, 5)x.
(b) 62/(1‘ S)x =U(t,s)A(t)x.
(C) 3S8t%(t’ s)-x|t=s - 0
(iii) If (7, 5) € A, then there exist 3, 23 U1, $)x, 5 23t@/(t s)x and
(@) 55U (1,5)x = A()2% (1, 5)x and the map (1,5) — A() L% (1, 5)x is
continuogs.
(b) 555 % (t,)x = LU (1, ) A(s)x.
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As an example for Eq. (2) one may consider the problem (e.g., [13])

92 92 0
a_;(t’ ) = a—j(r, ) +a<r>a—f(r, 1), tel0,T]tel0,27],

o) a
20.0) = 2(t.7) =0, —(1,0) = —(,27), t € [0, T],
0T T

where a(.) : I — R is a continuous function. This problem is modeled in the space

X =L*R,C) of 2m-periodic 2-integrable functions from R to C, Az = dflzr(f)

with domain H?(R, C) the Sobolev space of 2 -periodic functions whose deriva-
tives belong to L2(R, C). It is well known that A is the infinitesimal generator of
strongly continuous cosine functions C(z) on X. Moreover, A; has discrete spec-
trum; namely the spectrum of A; consists of eigenvalues —n?, n € Z with associated

eigenvectors z,(7) = \/#z—ne"’”, n € N. The set z,,, n € N is an orthonormal basis of

X. In particular, A1z =),z —n*> < z,2, > 2y, 2 € D(A;). The cosine function
is given by C(t)z = ZneZ cos(nt) < z,z, > z, with the associated sine function
SMHz=1t<2,20>20+ Y ez Squ—m) <2Z,Zp > Zn.

For t € I define the operator A,(t)z = a(t)% with domain D(A,(¢)) = H'
(R, C). Set A(t) = A| + A;(¢). It has been proved in [13] that this family generates
an evolution operator as in Definition 1.

Definition 2 A continuous mapping x(.) € C(/, X) is called a mild solution of
problem (1) if there exists a (Bochner) integrable function f(.) € L'(I, X) such that

f@t) e F(t,x@®)) a.e.(I), 3)
x(t) = —aa—s@/(t, 0)xo + % (¢, 0)yo +/0 U (t,s)f(s)ds, t€l. 4

We shall call (x(.), f(.)) a trajectory-selection pair of (1) if f(.) verifies (3) and
x(.) is defined by (4).
We shall use the following notations for the solution sets of (1).

L (x0, x1) = {(x(), f)); (x(), f(.)) is a trajectory-selection pair of (1)}. (5)

In what follows zg, z; € X, g(.) € L'(I, X) and z(.) € C(I, X) is a mild solution
of the Cauchy problem

7"=AM)z+g@) z(0)=1z9, 7 (0)=z. (6)

Hypothesis. (i) There exists an evolution operator {% (¢, 5)}; se; associated to the
family {A(1)};=0-

(ii) There exist M, My > O such that | (¢, s)|px) < M, I%%(t, s)| < My, for
all (¢, s) € A.
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(iii) F(.,.) : I x X — Z(X) has nonempty closed values and for every x € X,
F (., x) is measurable.

(iv) There exists L(.) € L'(I, (0, 00)) such that for almost all z € I, F(t,.) is
L (t)-Lipschitz on in the sense that

du(F(t,x1), F(t,x2)) < L@®)|x1 —x2| VY x1,x € X,

(v) The function t — y(t) := d(g(¢), F (¢, z(¢)) is integrable on 1.

Set m(t) = eMJo L@du ¢ ¢ [ The next result [9] is an extension of Filippov’s
theorem concerning the existence of solutions to a Lipschitzian differential inclusion
[12] to second-order differential inclusions of the form (1).

Theorem 1 ([9]) Consider é > 0, assume that Hypothesis is satisfied and let n(t) =
m(t) (S + M [y y(s)ds).

Then for any zy, z1 € X with My|xo — 2ol + M|x; — z1| < § and any ¢ > O there
exists (x(.), () € S (xo, x1) such that

[x(@) —z(@®)| < n(t) +eMtm(t) Vtel,

|f(@) — g = L)1) + eMtm(1)) +y () +¢ a.e. (I).

3 The Main Results

Let (z(.), g(.)) be a trajectory-selection pair of problem (6). Our intention is to
“linearize” (1) along (z(.), g(.)) by replacing it by several second-order variational
inclusions.

First, we consider the quasitangent variational inclusion

w'(t) € Aw(t) + Qo (F(t, )(z(t); w(t)) a.e. (I) %
w(0) =wo, W(0) =wy,

where wg, w; € X. In the next theorem we consider the solution map .(., .) as a set
valued map from X x X into C (I, X) X L'(I, X).

Theorem 2 Assume that Hypothesis is satisfied.
Then, for any wy, w1 € X and any trajectory-selection pair (w, p) of the linearized
inclusion (7) one has

W, p) € Q.0 ((2(0), 2/(0); (wo, wy)).

Proof Take wg,w; € X and let (w, p) € C(I, X) x L'(I, X) be a trajectory-
selection pair of (7). Taking into account the definition of the quasitangent derivative
and the fact that F(z, .) is Lipschitz, for almost all # € I, we have
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F(t,z(t) + hw(t)) — g(t)) —0 ®)

s o EEs 2

At the same time, since g(t) € F(¢, z(¢)) a.e. (1), from Hypothesis, for all enough
small 2 > 0 and for almost all r € I, we have

d(g(t) + hp(), F(t,z(t) + hw(1))) < h(Ip@)| + L@)Iw@)D.

The function t — d(g(t) + hp(t), F(t, z(t) + hw(t))) is measurable; thus, with
Lebesgue’s dominated convergence theorem we deduce

T
/ d(g(t) +hp(), F(t,z(t) + hw())) = o(h), €))
0

where limj, o4 "Th) =0.

We apply Theorem 1 with & = 12 and by (9) we obtain the existence of M > 0 and
of trajectory-selection pairs (z;(.), g»(.)) of the second-order differential inclusion
in (1) such that

lzh — 2 — hwlc + Ign — & — hmt|y < M(o(h) + h?),
21(0) = 2(0) 4+ hwp, 2, (0) = 2'(0) + hwy,

which implies

Zh — 2

hir(r)lJr Y =w in C(,X),
878 _poin LU X).
h—0+ h,

Therefore

Z((z(0) + hwo, Z(0) + hwy)) — (z, g)) _0
h

1. d X E) E)
Jim desr ((w P)

and the proof is complete. (]

The next variational inclusion is defined by the Clarke directional derivative of
the set-valued map F'(¢, .), i.e., the so called circatangent variational inclusion

{W”(t) € AW (1) + Cory(F (1, ))(2(1); w(1)) a.e. (I) (10)

w(0) =wo, Ww(0) =wy,

Once again, in what follows we consider the solution map .#(., .) as a set valued
map from X x X into C(I, X) x L'(I, X).



Differentiability Properties of Solutions of a Second-Order Evolution Inclusion 25

Theorem 3 Assume that Hypothesis is satisfied.
Then, foranywy, wy € X and any trajectory-selection pair (w, p) of the linearized
inclusion (10) one has

W, p) € C19)-” ((2(0), 2'(0); (wo, w)).

Proof Take wy, w; € X, let (w, p) € C(1, X) x L'(I,X) be a trajectory-selection
pair of (10), let (z,, g,) be a sequence of trajectory-selection pairs of (1) that con-
verges to (z, g) € C(I, X) x L'(I, X) and let h,, — 0+. Then there exists a subse-
quence g;(.) := gy, (.) such that

Jim g;(1) = g(1) a.e. (1) (1)

Set Aj := hy,. From the definition of the Clarke directional derivative and from
(10), for almost all r € I we have

(12)

Jim d (p(t)’ F(t,2;(0) +2jw®) — g,-(z)) _o.
]

Aj

Since g;(t) € F(t,z;(t)) a.e. (1), for almost all t € I, we get

d(gj(®) +Ajp@), F(t,z;(t) + 1;w(1))) = 2;(Ip@)| + L(O)Iw(®)].

Lebesgue’s dominated convergence theorem together with the last inequality
implies

T
/(; d(gj(t) +r;p(), F(t,z;(t) + A;w(1))) = o(%)), 13)

with lim ;oo 222 = 0.
J

We apply Theorem 1 with e = A? and by (13) we find the existence of M > 0 and
of trajectory-selection pairs (z;(.), g;(.)) of the second-order differential inclusion
in (1) satisfying

lzZj —zj —Ajwlc +1g; — g — 2jmh < M(o(rj) +X§),
zj(o) =z(0) + AjW07 Z;(O) = Z/(O) +)\-J'W1.

Therefore,

lim <2 "% —y in Cd,X),

im 2278 — 7 in L1 X),

which completes the proof. O
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Our last approach concerns the contingent variational inclusion

{ w'(t) € A()w(t) +coKy) (F(t, ))(z(t); wt)) a.e. (I) (14)

w(0) =wo, w'(0)=w,

This time, we consider the solution map .#(., .) as a set valued map from X x X
into C(1, X) x L*°(I, X), with L*(I, X) supplied with the weak-* topology.

Theorem 4 Assume that Hypothesis is satisfied.
Then for any wy, w; € X one has

K97 ((z(0), 2'(0); (wo, w1)) C
{(w, p); (w, p) is a trajectory-selection pair of (14)}.

Proof Take wy, w; € X and let (w, p) € K(; - ((z(0), 2'(0); (wo, wy)). Accord-
ing to the definition of the contingent derivative there exist h,, — 04, u,, — wy,
vy = wi, wy () = w(.) in C(I, X), p,(.) — p(.) in weak-* topology of L*°(I, X)
and ¢ > 0 such that

Ipn(®)] <c a.e. (I),
8(t) + hypn(t) € F(2,2(t) + hywn (1)) a.e. (1), (15)
wn(0) = uy,, W;(O) =V,.

Therefore,
w,(.) converges pointwise to w(.)

pn(.) converges weak in L'(I,X)to p() (16)

We apply Mazur’s theorem (e.g., [11]) and we find that there exists

() = Y b pg(t)

g=m

() = p() (strong) in L'(I, X), where b}, > 0, I b}, =1 and for any m,
by}, # 0 for a finite number of ¢.

Hence, a subsequence (again denoted) 1, (.) converges la p(.) a.e.. From (15) for
any g and for almost all r € [

1
pq(t) € h—(F(t, 2(t) + hywy(2)) — g(®)) NcB.
q

Lett € I be such thatv,,(t) — p(¢) and g(¢) € F(¢,z(t)). Fixn > 1l and ¢ > 0.
From (15) there exists m such that h; < 1/n and |w,(t) —w(t)| < 1/n for any
q =z m.



Differentiability Properties of Solutions of a Second-Order Evolution Inclusion 27

If, we denote

1
a(y,h) = E(F(t, z(t) + hy) — g®)) NcB

then

nm(t) € CO(Uhe(O.%],yeB(w(t),%)a(y: h))

and if m — oo, we get

p() € co(Upe(, 11 yeBowin, Ha(y, h)).

Since, a(y, h) C ¢B, we deduce that

p() € €0 Nezonz1 (Upne(,11.yeBowin. Ha (Y, h) 4 €B).

On the other hand,

ns>0,nzl(Uhe(o,nl],yeg(w(t),%)a(y, h) +€B) C Ky F (2, )(2(1); w(t))

which completes the proof. (]
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of Strange Attractors Using Measure L
Theory

Antonio Pumariiio, José A. Rodriguez and Enrique Vigil

Abstract We describe the attractors for a two-parameter family of two-dimensional
piecewise affine maps using measure theory. These piecewise affine maps arise when
studying the unfolding of homoclinic tangencies for certain class of three dimensional
diffeomorphisms. We also prove the existence, for each natural number n, of an
open set of parameters in which the respective transformation exhibits at least 2"
two-dimensional strange attractors.

Keywords Piecewise affine maps + Strange attractors -+ Invariant measures
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1 Introduction

For dissipative dynamics, chaos is usually defined as the existence of strange attrac-
tors, see Definition 1.1 below. Chaotic transformations displaying this kind of
attractors were often numerically observed. However, the first analytic proof on
the persistence (existence with positive probability) of a strange attractor was given
by Benedicks and Carleson in the Hénon family scenario, see [1].

The term strange attractor was first used by Ruelle and Takens, see [15], to sug-
gest that turbulent behaviour in fluids might be caused by the presence of attractors
displaying high sensibility with respect to the initial conditions. One of the most rel-
evant dynamics of this type was earlier observed by Lorenz, see [4], when studying
his famous quadratic three dimensional vector field. The first proof on the existence
of strange attractors in the Lorenz family was given by Tucker thirty six years later,
see [19].
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In view of the above mentioned results it seems difficult to give analytic proofs
on the existence of strange attractors.

In this paper we shall consider Expanding Baker Maps (EBMs for short). These
maps were early considered in [10] where a family F = {W,;, : (a, b) € P} defined
on certain triangle 7 was introduced. Roughly speaking an EBM is a two-dimensional
piecewise linear map which firstly folds (perhaps several times) its domain of defini-
tion and after that expands the folded domain. Throughout this article, we shall briefly
give the details leading to the description of the attractors exhibited by the family of
maps F. These attractors, see Theorem 1.2, will be strange attractors. Moreover, we
shall also deduce that such an attractor exists inside any compact invariant domain
with non empty interior. Therefore the proof on the existence of strange attractors
turns easy just by looking for compact invariant domain with non empty interior
for the respective EBM. Before going on, let us introduce the definition of strange
attractor as well as the main result of this paper.

Definition 1.1 By an attractor for a transformation f defined in a compact manifold
M , we mean an f -invariant and transitive set A whose stable set

W' @A) ={zeM:d(f"(z),A) > Oasn — oo}

has non-empty interior. An attractor is said to be strange if there exists a dense orbit
{f" (z1) : n = 0} displaying exponential growth of the derivative: There exists some
constant ¢ > 0 and a unit vector v such that, for every n > 0,

IDf" () vl = e,

where || - || stands for the norm of a vector.

From the above definition, it follows that there always exists a dense orbit on A with
at least one positive Lyapounov exponent: There exists a dense orbit {f” (z;) : n > 0}
and a unit vector v for which

1
lim sup —log |Df" (z1) V|| = ¢ > 0.

n—oo N

We shall say that a strange attractor is two-dimensional (from now on, 2-D strange
attractor) if it contains a dense orbit with two positive Lyapounov exponents. We also
observe that our definition of 2-D strange attractor is stronger than the usual one which
only requires (see, for instance, [14]) that the sum of the Lyapounov exponents is
positive. As we shall observe, see Theorem 1.2, any attractor of every map ¥, , is a
two-dimensional strange attractor.

Before going into the results, let us describe where the family F comes from. It is
known that homoclinic scenarios have been a noteworthy threshold to the appearance
of chaotic dynamics. In the two-dimensional case a lot of chaotic behaviour has been
observed when a family of two-dimensional diffeomorphisms unfolds a homoclinic
tangency. In this setting the existence of infinitely many sinks, see [6], the existence of
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persistent strange attractors, see [5], or even the existence of infinitely many strange
attractors, see [3], has been proved. All the above results depend on a common tool:
The existence of families of limit return maps describing the behavior of a sufficiently
large power of the diffeomorphism in a neighborhood of the homoclinic orbit, see
for instance [7] for details.

In [17] the author studies certain unfoldings of homoclinic tangencies for three-
dimensional diffeomorphisms. Dynamical properties of the associated limit return
maps are described in [13, 14]. Later, in [8] the notion of EBMs arises as piecewise
linear models for these limit return maps. The study of these EBM:s is carried on in
[9-11]. The family F will be introduced in Sect.2. The main objective of this paper
is to characterize the attractors exhibited by W, ; for every (a, b) € P.

Theorem 1.2 For every (a, b) € P, there exists a finite family A, » of 2-D strange
attractors for WV, satisfying:

(i) If A is an attractor for Y, p, then A € A, .

(ii) If A € A,p, then there exists an ergodic absolutely continuous invariant mea-
sure ju for V, ;, supported on A.

(iii) For every A € A, there exists a natural number p for which A can be decom-
posed A =XoUX  U---UX,_yinsuchaway that Y, »(X;) = Xit1 mod p- The
measure (L supported on A is mixing (up to the eventual period p) from which
the map \IJZ » IS topologically mixing on every X;.

(iv) IfA € A, p, then A traps almost every point in W*(A); i.e., for almost every point
x € W5(A), thereexistsj € Nwith \D{J’b(x) € A. Moreover, the set UAeAa_b WS (A)
covers a full Lebesgue measure set of T .

(v) If U is a compact V, ,-invariant set with non-empty interior then there exists
A€ Ay p suchthat A C U.

As a consequence of Theorem 1.2 we also are able to prove the following result.

Corollary 1.3 For every n € N there exists a set of parameters P" with non-empty
interior such that if (a, b) € P", then VY, }, has at least 2" 2-D strange attractors.

The complete details of the proof of Theorem 1.2 can be found in [12]. Here we
present not only a more direct proof of this result but also a more detailed description
of the proof of Corollary 1.3.

2 The Family [ of Expanding Baker Maps

In [10] a two-parameter family F = {W,; : (a, b) € P} of EBMs was introduced.
Each map ¥, , is defined on the triangle 7 C R? with vertices (0, 0), (2,0) and
(1, 1); i.e.

T={(x,y)eR*: 0<x<1,0<y<x}U{(x,y)eR%: 1<x<2, 0<y<2—ux}



32 A. Pumarino et al.

Fig. 1 The smoothness
domains for a map in F

The set of parameters P is given by
P={(@a,b) e (1,2] x[1,2]: ab <2}. (1)
Splitting 7 = 75 U 7; with
To={x,neT:0=x=1},Ti={x,y) €T : 1 =x=2},

the maps W, ;, are defined by

(ax, ay) Jif (e y) € 7y
) ab—=y),ab—x) Lif (x,y) € T
YarCo D) =1 (a2 =), ay) ey e T

(a(b—y),alb —2+x) ,if (x,y) € T}

where (Fig. 1)

={(x,y)€To: x+y=<b},
={x,yeTy: x+y=b},
T={e,yeTi: x—y=>2-b},
={x, e : x—y=<2-b}.

NN
+ +<1

It is not hard to see that any map ¥, ; is the composition of three maps: The first
one, which does not depend on the parameters, folds the triangle 7; onto the triangle
To. The second one is only defined on 7, and folds 7," onto 7, . Finally, the third
one expands the folded region 7,  under the action of the linear map given by the

matrix
al
n= ()

We also point out that the critical set (the set in which W, , in not smooth) is given
by the union of three straight segments
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C={(x,y)eT: x=1},
LbB)={(x,y) €T : x<landx+y=b}

and the symmetric £'(b) of L(b) with respect to C.
It is easy to see that the domain 7 is invariant by ¥, 5, for every (a, b) € P, where
P is the set of parameters given in (1).

3 Preliminary Results

The proof of Theorem 1.2 is based on the results given in [2, 16, 18]. Of course,
the first step for proving Theorem 1.2 is to check that our maps W, ; satisfy the
assumptions of these three papers. After that, the following results can be stated.

Proposition 3.1 For every (a, b) € P, there exist absolutely continuous invariant
measures for V, ,. Moreover:

(i) Each one of these a.c.i.m.’s is a convex combination of a fixed, finite collection
of ergodic ones.

(ii) For every ergodic measure |u of V., there exists a natural number p and
a decomposition of the support of w, supp(u) =XoUX U---UX,_| with
W, 5(Xi) = Xit1 moa p such that the map ‘-I-’s’ p 18 topologically mixing on any
X;.

Proposition 3.2 For every (a, b) € P, there exist finitely many absolutely contin-
uous ergodic probability measures (L1, (L2, ... 4], for W, ;. Moreover; the basin of
each measure |; is a non-empty open set modulo sets with null Lebesgue measure,
and the union ngl int(Basin(w;)) has full Lebesgue measure in T, where int(A)
stands for the interior of a set A.

Proposition 3.3 For every (a, b) € P and for every a.c.i.m. . of Y, the interior
of the support of u has full w-measure. Moreover, each a.c.i.m. ju of W, is finite.

Proposition 3.1 follows from the results of Buzzi given in [2] and it is essential
for proving the third statement in Theorem 1.2. In view of Proposition 3.2, it seems
convenient to choose the set of attractors announced in Theorem 1.2 as being

Aap = {supp(u;) :i=1,...1}

where supp () stands for the support of a measure . Statements (i), (ii) and (iv) in
Theorem 1.2 strongly depend on Proposition 3.2. This result is a direct consequence
of the ones given in [18]. In this sense, we recall that the basin of an a.c.i.m. u for
W, p is given by
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0.94 0.96 0.93 1 1.02 1.04 1.06 1.08 141 112 1.14

Fig. 2 Two numerically obtained attractors for ¥, , whena = 1.12 and b = 1.35

n—1

1
Basin(u;)) = {x €7 : - Z‘S‘P{;,h(x) — W weakly ¢ . 2)
j=0

The fact that each one of the elements of A, is a 2-D strange attractor uses
Proposition 3.3. This result comes from the ones given in [16]. We point out here
that each attractor A = supp(p;) in A, traps every point of Basin(u;), the basin
of the measure ;. The key to obtain this is the fact that the interior of supp(u;) is
a set with, according to [16] (see also Proposition 3.3), full u;-measure. All these
arguments are crucial to prove statements (iv) and (v) in Theorem 1.2.

In order to illustrate the second statement of Proposition 3.1, we show in Fig.2
two numerically obtained attractors (recall that each one of these attractors coincides
with the support of an ergodic absolutely continuous invariant measure) for the map
W, » when a = 1.12 and b = 1.35. The respective map displays two different non-
connected attractors, each one of them formed by 4 connected pieces which are
dynamically defined by W,, ;.

4 A Sketch of the Proof of Theorem 1.2

Fix (a, b) € P. From Proposition 3.2 there exists a finite number of absolutely con-

tinuous invariant ergodic probabilities i1, io, . .., u; for W, ;. Let us denote by Z;
the support of w;, i =1, ..., . From now on, let us consider the family of subsets
of 7 given by

Aup=1{Zii=1,...1. 3)
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Lemma 4.1 Foreveryi=1,...,1itholds that:

(i) The sets int(Z;) trap every point in Basin(j;); i.e., for every x € Basin(j.;), there
exists some j € N such that \I"i’h(x) € int(Z;).
(ii) The sets Z; are 2-D strange attractors for W, p.

Proof Let x be any point in Basin(i;). Then, see (2), we have that

o Z‘S w7

weakly. Since u; is an a.c.i.m. for W, ;, Proposition 3.3 implies that u;(int(Z;)) = 1
and hence int(Z;) are sets of continuity of u;. Therefore, applying Portmanteau’s
Theorem,

1 n—1
; Z Xinr(z)(lljj h(x)) = Z(Sqﬂ (x)(lnf(Z )) — 1.
=0

j()

This fact clearly implies the existence of j € N such that ‘I'i;, ,(X) € int(Z;).

To demonstrate the second statement we begin by observing that, by the definition
of support, it is clear that Z; are compact sets. Since u; is invariant by W,, ; it follows
that each Z; is (forward) invariant for W, ;.

Now it is enough to demonstrate the existence of a dense orbit in Z; not visiting
the critical set C, ; of W, . Let us denote by

E’a,b ={xeT: \I'ib(x) € C, for some j € N}

and by Leb the Lebesgue measure in R2. Since Leb(a,,b) = 0 and pu; is absolutely
continuous with respect to Leb it follows that ui(E‘a,h) =0.

On the other hand, in the same way as Lemma 4 in [13] was proved, we may
demonstrate that there exists a set S with u;(S) = 1, in such a way that, if xy belongs
to S, then its W, ,-orbit is dense in Z;. Then, the result is proved. |

Now, let us start by proving the fifth statement of Theorem 1.2. Let U be any
W, p-invariant compact set with non-empty interior.

According to Proposition 3.2, there exists i € {1, ..., [} with int(U) N int(Basin
(mi)) # 0. Therefore, the set int(U) N Basin(u;) must contain an open subset V. Let
xbeapointin V. Since V C Basin(u;), from Lemma 4.1 we know that there exists a
natural number j such that ¥’/ w.p(X) € int(Z;). Let W be a neighbourhood of \Ilﬁl »(X)

contained in Z;. Since \IJJ » 1s continuous, there exists an open neighbourhood Vy
(which may be assumed to be contained in V') such that \I'u’ »(Vx) C Z;. On the other

hand, since U is invariant we deduce that \I/fl »(V») is also contained in U. From this
fact, using that W, 5, is transitive on Z;, we easily deduce that Z; C U.
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To prove the first statement we observe that if A is an attractor for W, ;, then from
Proposition 3.2, there exists i € {1, ..., [} such that the set W*(A) U Basin(u;) has
non-empty interior. From Lemma 4.1 it is clear that A = Z;.

From the definition of A, , given at (3) the second statement of Theorem 1.2 is
obvious.

The third statement of Theorem 1.2 is a direct consequence of the definition of
A,.», the second statement of Propositions 3.1 and 3.2.

To prove the fourth statement let us choose some attractor A € A, . From Lemma
4.1 we know that Basin(u;) C W*(Z;) where A = Z; = supp(u;). Moreover, also
from Lemma 4.1, we also know that if x € Basin(i;), then there exists some natural
number j for which \Ilé »(*) € A. Therefore, the result is proved using Proposition
3.2 to deduce that the set W*(Z;) \ Basin(u;) has null Lebesgue measure. Hence,
Uﬁ:l W*(Z;) covers a full Lebesgue measure set of 7.

S Proof of Corollary 1.3

Let us start by recovering from [10] the definition of renormalizable EBM.

Definition 5.1 Let I" be a map defined in certain domain K. We said that D C K is
a restrictive domain if D # K and there exists k = k(D) € N such that

() VD)ND =@ foreveryj=1,...,k—1,
(i) T*D) c D.

Definition 5.2 An EBM I" defined on certain domain /C is said to be renormalizable
if there exists a restrictive domain D (with an associated natural number k = k(D))
such that Ff‘D is, up to an affine change in coordinates, an EBM defined on K.

Definition 5.3 Let I" be a renormalizable EBM with restrictive domain D (with an
associated natural number k = k(D)). Let us denote I'} = F\kp- If Iy is a renormal-
izable EBM, we call T" twice renormalizable EBM. In this way n renormalizable
EBMs, for every n € N, or even infinitely renormalizable EBMs may also be
defined.

In [11] a subset Pz C P of parameters was constructed in such a way that, if
(a, b) € Ps, then ¥, ;, is renormalizable in F. In this particular case, this means that,
for every (a, b) € Ps, the restriction of \IJ;‘, ,, to each one of two different restrictive
domains (denoted by A = A, ;, and IT = I, ;) is conjugate by means of an affine
change in coordinates to an EBM which belongs to the family F.

More precisely, see Theorem 3.5 in [11], there exist two (renormalization) oper-
ators

—2+b+ab
HA:(a,b)eP3»—>HA(a,b)=(a4 tota ) P

" a*(1 +a —ab)
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(1,2)
" w3, (1)
S C
b .
! AN
‘ \\\ab:2
\\ \I’é,b(n)
P, I
\ Hn_(l’s) -=
) . @

Fig. 4 The action of Hx on P3 and the first four iterates by W, ;, of the restrictive domain A

and

)
Hn:(a,b)eP3|—>Hn(a,b):<a4 +b+ab> P

“a(l +a — ab)

such that \IJ;" , Testricted to A (respectively to IT) is conjugate by means of an affine
change in coordinates to Wy, (4,5 (respectively to Wy (4,5)). In Fig.3 we show the
domain IT in which \Ili » 18 conjugate to Wy (4,5). Observe that, in particular, this
implies that IT is invariant by \IJ;" » Or, in other words, the union of IT and its first
three iterates by W, ;, form a compact set with non empty interior invariant for W,, .
According to the fifth statement of Theorem 1.2, there exists a strange attractor
contained in this invariant set. In Fig.4 we also show the same situation for the case
of A.
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The main properties of the renormalization operators Hx and Hp have been
described in Proposition 6 and Proposition 7 in [11], respectively. In particular, as
was done in Sect. 3.4 in [11], if we define the set of parameters

P ={(ab)e[1,2]x[1,2): ab <2}

then both H, and Hpy are expanding diffeomorphisms on any small enough neigh-
bourhood of P and they have a unique fixed point P* = (1, /2). This fixed point is
a global repeller for Hx and Hyy and furthermore, see Remarks 3.6 and 3.7 in [11], it
also follows that P; C Ha(P3;) C P and P; C Hp(P3) C P, see also the left hand
side representations in Figs. 3 and 4.

Hence, there exist chains

A)R2A I DA DDA D

and

AY A 24D DA D
of subsets of P such that

1. Ap = HA(P3), Ay = Hu(P3), A1 = A} = Ps.
2. Ha(Ay)) =A,—1and Hn(A) = A, foreveryn € N.
3. Nyen closure(A,) = (e closure(A}) = {P*}.

This means that, according to Definition 5.3, the map W, ; is n-times renormalizable
(using n-times the operator H,) whenever the parameter (a, b) belongs to A, and
W, 5 is n-times renormalizable (using n-times the operator Hyy) if (a, b) belongs to
Al

For every n € N, we denote by

PP =A,NA.. 4)

Then W, ;, is n-times renormalizable in 2" restrictive domains with pairwise disjoint
interiors whenever (a, b) € P". Let us denote these restrictive domains by {U4, )7,
and observe that, forevery j = 1, ..., 2", itholds that W}, Uy ;) C U, InFig.5 we
represent these sets U, ; for the case n = 2.

Thus, if we define, for every j = 1, ..., 2", the sets

41

Vaj = Wi, U
i=0

it follows that {Vn,j}jz;1 is a family of 2" compact W-invariant sets with pairwise
disjoint interiors. Therefore Corollary 1.3 easily follows from the fifth statement of
Theorem 1.2.
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Hu(P?)

P2 Z/{Q 3

~. Us 4

Fig. 5 The renormalization process at second stage: The restrictive domains 5 j,j =1, ..., 4
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Initial Problems for Semilinear )
Degenerate Evolution Equations of L
Fractional Order in the Sectorial Case

Vladimir E. Fedorov, Anna S. Avilovich and Lidiya V. Borel

Abstract Initial problems for semilinear differential equations in Banach spaces
with fractional Caputo derivative are studied. Firstly the unique solvability of the
Cauchy problem for the semilinear equation solved with respect to the fractional
derivative is researched, when the linear operator in the equation generates a resolving
family of operators which is analytic in a sector. Then equation with degenerate
operator at the Caputo derivative is considered in the case of the generation of an
analytic in a sector degenerate resolving family of operators by the linear part of
the equation. The unique solvability sufficient conditions for the Cauchy problem
and for the Showalter—Sidorov problem are found. Abstract results are applied to
the research of initial boundary value problems for a class of time-fractional order
partial differential equations.

Keywords Fractional differential equation + Caputo derivative - Initial problem -

Degenerate evolution equation + Sectorial pair of operators - Analytic resolving
family of operators

1 Introduction

Let 27, % be Banach spaces, L, M € €I1(Z"; %) (i. e. they are linear and closed,
have dense domains D, Dy, C £ and act into ¢). Consider the evolution equation
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DYLx(t) = Mx(t) + N(t,x(t), xV (), ..., x" V@), telt, T), (1)

where o > 0, D¢ is the fractional Caputo derivative, N : U — % is nonlinear
operator, U C R x 2™, T > ty. The equation is supposed to be degenerate, i.e.
ker L # {0}. In this work the unique solvability of the Cauchy problem

x®0)=x, k=0,1,...,m—1, )
and of the Showalter—Sidorov problem
La®0) —x) =0, k=0,1,....m—1, 3)

for Eq. (1) is studied. The conditions on L, M ensuring the existence of analytic in
a sector resolving operators family of equation

D¢ Lu(r) = Mu(r) 4)

are obtained in [4]. Here these conditions is used for the proof of the unique solution
existence to problems (1), (2) and (1), (3).

The conditions of the existence of degenerate operators family for (4), which is
analytic in the complex plane, cut along the negative semiaxis, were obtained in [2].
That conditions were applied to investigation of the inhomogeneous equation in [3],
to research of the Sobolev equations system of time fractional order, to study of the
equations system of the fractional Kelvin—Voigt viscoelastic bodies dynamics in [5],
to research of various nonlinear degenerate evolution equations of time fractional
and highest order and optimal control problems for them in the papers of Plekhanova
[9-11]. Resolving operators families for various classes of degenerate fractional
equations in sequentially complete locally convex spaces are studied in numerous
works of Kosti¢ (see [7, 8] and their bibliographies).

In Sect. 2 the unique solvability is researched for the Cauchy problem to the semi-
linear equation (1) with " =%, L = I, A € o/*(ay, 6p) [1]. In the third section the
existence of a unique solution to problems (1), (2) and (1), (3) is proved. In Sect.4
obtained abstract results are applied to the study of initial boundary value problems
unique solvability for a class of time-fractional order partial differential equations.

2 Nondegenerate Equation

In this section we study the existence and the uniqueness of the Cauchy problem
classical solutions to equations, solved with respect to the fractional derivative.
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2.1 Linear Equation

Denote with B > 0 gg(t) = tP~1 /" (B) for t > 0,

t

IPh(t) == (gg % h) (1) := /gﬂ(t — $)h(s)ds =
0

t
b /(t — )P h(s)ds
reg)
0
Let o > 0, m is the smallest integer, greater than or equal to «, D" is the usual
derivative of the order m € N, DY is the fractional Caputo derivative, i.e. DY f(7) :=

m—1
D (f(f) - > f(k)(O)ng(t))-

Let R, = R, U {0}, 2 is a Banach space, /(%) is the set of linear, closed and
densely defined in 2 operators, which are acting into 2. For A € €I(Z), « > 0
consider the equation

DPz(t) = Az(t), teR,. 5)

A function z € C(Ry; Dy) N C"'(Ry; %), for which

m—1
Bm—a ¥ (z - Zz(k)(o)ng) € C"(Ry; 2),

k=0

is called a solution of Eq. (5), if for all # € R, equality (5) holds. Here D is the
Banach space with the graph norm of the closed operator A.

Denote by .2 (%) the Banach space of linear continuous on the space Z operators.
A set of operators {Z(t) € L(Z) :t € R} is called a resolving operators family
for Eq. (5), if

(i) Z(-) is strongly continuous on R, Z(0) = I;

(i) forall ¢t € E+ Z(t)[Da] C Dy, Z(t)Azg = AZ(t)zo for any zg € Dy;

(iii) for every zo € D4 the function Z(#)zo is a solution of the Cauchy problem
72(0) = 20,29 0) =0,k =1,2,...,m — 1, for Eq. (5).

In the terminology of [1] an operator A € €'1(Z) belongs to .«7* (6, ap) for some
6y € ()2, 1), ap > 0, if there exists a resolving operators family {Z(t) € 2 (%) :
t € R, } for Eq. (5), which admits an analytic extension to the sector o =1{teC:
|argt| < 6y —m/2,t # O}andforevery 6 € (7/2, 6y),a > apthere exists aconstant
C(0, a)suchthatforallt € Xy [|Z(t) || #(z) < C(0, a)e’®e . According to Theorem
2.14 [1] (see also more general Theorem 1.2.1 [12]) for @ € (0,2) A € 27*(0y, ap)
if and only if the following conditions are valid:

(i) for every A € Sg,.q, := {1t € C: |arg(n — ao)| < o, 1 # ap} the inclusion
Aep(A) ={ueC:(ul — A~ e L)) is true;

(ii) for any 0 € (/2, 6y), a > ay there exists a constant K = K (0, a) > 0, such
that for every A € Sp 4
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K@, a)

A% — A)~! 7y < —— .
Il( ) z@) = a0 — )|

We will write A € 27, (6y, ag) for some a > 0, if A € €1(Z) and conditions (i),
(ii) are satisfied. So .27, (6y, ag) = " (0y, ap) for a € (0, 2).

Lemmal Let « >0, A€ ,(6y,a0), T =T Ul Ul I't={ueC:u=
a+ret? re(5,00), In={ueC:pu=a+8e? ¢c(—6,0)) for6 c (1/2,
0o), a > ag, § > 0. Then the families of operators

1
Zyp(t) = o f WPl — A leMdu e (%) teRy V., BeR,
r

admit analytic extensions to the sector Xg,. Forany 0 € (7 /2, 6y), a > ag there exists
such Cg = Cg(0, a), that for each t € Xy

1 Zap )l 22y < CpO, )e™ (t] " +a)'F, p <1, (6)
1 Zos ()22 < Cs0, a)e™|t|P~1, B> 1. (7)
Besides,
dk
Wza,ﬂ =Zyp-ts k€N, (3
lim Z,4(t) =0, B>1. )]
t—0+

Proof Fore € (0,0 —m/2),t € Xy_, u € I'x we have
Re(ut) = aRet + r|t| cos(argt + 8) < aRet — r|t|sine,

and in the case u € Iy Re(ut) = aRet + 6|¢| cos(argt & ¢), therefore, for g < 1

o0
K e“Ret r+a 1-p ) K dlt1+aRet S+a 1-8g
1Zas Dl z) < /( ) e rsine gy 4 ( ) .
T r
§

T

At 8 > 1 the analogous estimate has the form

[e¢]

KeaRetCl—/S .
1Zep @y < =—— / pPorisine gy 4
P

Keﬁ\tH—aRetcl—ﬂgl—ﬂg

T

Here the inequality || > c|u — a|is used, which is valid with some ¢ = c(6,a) > 0
forall u € I'. Thus, for every B € R the corresponding integral converges uniformly
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with respect to ¢t on every compact subset of the sector Xy. Consequently, the integral
defines an analytic function with respect to ¢ in the sector.

Take 8 = |¢|~', then for B < 1

K€l+uREf(|t|71 +a)17ﬂ9 -

5 - K e@Ret oc(rltl,l_i_a)lfﬂ riney
” m,ﬂ([) Z(z) = = ; e r+ -
1
o0
K™ (1]~ +a)' [rrersiar Ke (a4 a)Tro
- b T

1

Hence, inequalities (6) are true with

K (a, 2t0) 7 A K (a. ) g
Cﬁ(e’a):%/r_ﬂe_”’”dr-k (Cl 5 ) e’
1

T

if to take ¢ = min{e_T”/z, @}

At$ = |t|7!, B > 1, arguing as in the proof of the analyticity Z, 4, we obtain that
[e.¢]
KeaRetclfﬂ“'ﬁfl KelJraRetleﬁ'tlﬂfle

”Zoz,ﬂ(l)”j(:?) =< f/r*ﬂefrsingdr 4 i ’
1

which implies (7) with

(a. “4%) e a. )"

Cg(0,a) =

00
[rfﬂefrsinedr_k
g
1

1-p
+K(a,e+eo)c(a,%) be 8:min{e—n/2 00—9}.

2
T 2 72

Inequalities (7) imply (9). Equalities (8) is obvious due to the analyticity of

Zyp. O

Corollary 1 Leta > 0, A € <,(6y, ag). Then s- li%l Zy (1) =1
t—0+

Proof We have
1 et
I=— | —du
2mi w
r

with the same contour I, as before. Then at 7o € Dy
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ut

e
Zg1(t)z0 — 20 = (1 — A" —1) 7z0d,u =

S—

1
2mi
1
= 2 / WD — A Azget dp = Zoori Az — 0

as t — 04 due to (7). The inequality (6) at B = 1 implies that Z, ; (t)z¢ tends to zg
ast — 0+ for any zo € Z, since D, is dense in the space Z. O

Iiemark 1 Ttis known that the resolving operators family for Eq. (5)is {Z,,1(¢) : t €
R.}, where Z, 1(0) = I [1].

Consider the Cauchy problem
PO =2, k=01,....m—1, (10)

for the inhomogeneous equation
Diz(t) = Az(t) + f(t), t€]0,T), (11)

where A € 7, (6, ap) in a Banach space &, f : [0,T) - Z foragivenT > 0. A

solution of problem (10), (11) is a function z € C([0, T); D4) N C"~ ([0, T); &),
m—1

such that g, * (2 — Y z(k)(O)ng) € C"™([0,T); Z) and equalities (10) and

k=0
(11) for all # € [0, T) are satisfied.

Theorem 1 Leta > 0, A € </,(0y, ap), f € C([0, T); D4). Then for any zy € Dy,
k=0,1,...,m — 1, there exists a unique solution of problem (10), (11). It has the

form

m—1 !

2) =Y Zager1 (D2 + / Zoalt = 5) f(5)ds.
k=0

0

m—1

Proof In [4, Remark 2] it is proved, that Z Zoss1(t)zr at zx € Da, k=0, .

m — 1, is a solution of Cauchy problem (10) to the homogeneous equation Dfz(t) =
Az(1).
t
Denote Z (1) := [ Zao(t — s) f(s)ds. Due to (9) Z&)(0) = Zg o1 (0) = 0 for

0
ala > 1,k=0,1,...,m —2,sincee — k > 1. Hence, fora > 0,k =0,1,...,m
-1

t

zP @) = / ZE,(t = 5) f (s)ds,

0
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and Z}k)(O) =0atk=0,1,...,m — 2. Note also, that due to (6) at some 6 €
(/2,00),a > ap

ZU D) < ¢ max |27 V(s %) max e <
1z, Ol < Jmax 1Zg ' ( )””wj)se[o,r/z] If)llz <

< Comms1O, @)e” t* " (L +at)" ™ || fllcqorjorzy = 0 as t— 0+.

Therefore Z; € C"~1([0, T); 2).
We have imZ, ,(t) C Dy att > 0, since

1
Aea®) =55 / (A= s+ p DT — A) e dp = Zoo(1).
I

Moreover,

t t

AZ () = / AZqo(t — 5) f(s)ds = /zw(t — $)Af(s)ds = Zs(1).

0 0

Thus, Z; € C([0, T); Da).

By f denote the Laplace transform of a function f. We define Z, g and f by zero
outside [0, T') with finite T > 0, then Zy = Z, , * f is a convolution, hence, Z\f =
Z;,f: Rje (A)fon {p € C: Re) > ap}, because it is easy to show, that for ReA >
ap, B >0 @(A) = A*"P R« (A). Using the formula of the Laplace transformation
for the Caputo derivative [1], we obtain the equality

m—1
DeZy=2"Z;— Yy 21 Z2D0) = AR (A f+ f=AZ; + f=AZ; + T
=0

Acting on the both sides of this equality by the inverse Laplace transform, obtain
that Z s is a solution of problem (10) withzy = 0,k =0, 1,...,m — 1, for Eq. (11),
m—1
and )" Zg41(1)zx + Z (1) is a solution of problem (10), (11) with arbitrary z,
k=0
k=0,1,...,m—1.
If there exist two solutions z; and z, of problem (10), (11), then their difference
z = Z1 — Z» is a solution of problem (10) with zy =0,k =0, 1, ..., m — 1, for the
equation Dfz(t) = Az(t). Acting by the Laplace transform on this equation, obtain
D%z = 17 = AZ, hence,Z7 = 0on{A € C: ReA > ag},since A € 2, (6y, ap). Thus,
z(t) = 0 due to the uniqueness of the inverse Laplace transform. (]
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2.2 Semilinear Equation

Let U beanopensetinR x Dy x 2"~ anoperator B : U — 2, generally speak-
ing,isnonlinear,z; € £,k =0,1,...,m — 1.Herem — 1 < o < m € N. Consider
the Cauchy problem

Pu)y=z, k=0,1,....,m—1, (12)
for the semilinear equation
Dz(t) = Az(t) + B(t, z(1), 2V (@), ..., 2"V (). (13)

Denote gg(t) = gp(t —1p) at B > 0, t > 15. A solution of problem (12), (13)
on a segment [fo, #;]is a function z € C([to, t11; Da) N C"~'([to, t:11; Z), such that

m—1

conditions (12) are satisfied, g,,_q * (z - z(k)(to)§k+1) e C"([ty, 11]; &), at
k=0

telty, ] (t,z(t),zV (@), ...,z V(@) € U and equality (13) is valid.

Lemma 2 Leta > 0, A € o7,(0y, a9), zx € Da, k =0,1,...,m — 1, U be an open
setinR x Dy x "~V B e C(U; D), (to, 20, 215 - - - » Zm—1) € U. Then a function
z € C([ty, hi]; Da) N C" ' ([ty, 111; Z) is a solution of problem (12), (13) on a seg-
ment [ty, t1], if and only if for every t € [ty, 1]

m—1 !

20 =) Zapsi(t —10)zx + f Zoa(t = $)B(s, 2(8), 2V (), ..., 2"V (9))ds.
k=0 o

(14)

Proof If 7 is a solution of problem (12), (13), then the mapping
t— B(t.z(),z7®.....2" V()

acts from [#y, #;] into D4 continuously. From Theorem 1 it follows, that the equality
(14) is valid.

Let z € C([tg, t1]; D4) N C™" Y([to, 1;]; %) satisfies (14), then it can be shown
directly as in the proof of Theorem 1, that z is a solution of problem (12), (13). O

Further the line over a symbol will mean an ordered set of m elements with indices
from zero till m — 1, for example, X = (xg, X1, ..., Xu—1). Denote Ss(x) = {y €
Do x Z™ i lyo — xollp, <8, vk —xkllz <68, k=1,2,...,m—1}. A
mapping B : U — Dy, is called locally Lipschitzian in X, if for every (¢,x) € U
there exist such § > 0,1 > 0, that [t — 3, ¢ 4+ 8] x Ss(x¥) C U, and for all elements

(s,5),(s,v) € [t — 8,1+ 6] x Ss(x) the inequality
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m—1

1B(s.3) = B(s. 9)llp, < lyo—vollp, +1Y_ llye —villz
k=1

is fulfilled.

Theorem 2 Let o > 0, A € <,(0y,ag), 2x € Dy, k=0,1,...,m—1, U be an
opensetinR x Dy x 2" 1 (9,20, 21s - - - » Zm—1) € U, amapping B € C(U; D)
is locally Lipschitzian with respect to X. Then there exists such t| > ty, that problem
(12), (13) has a unique solution on the segment [ty, t;].

Proof Due to Lemma 2 it is sufficient to show, that Eq. (14) has a unique solution
z€ C([ty, h]; Do) N C" ([t, 1]; &) for some t; > to.

Choose such 7 > 0 and § > 0, that V = [tg, o + ] x Ss5(z) C U, where 7 con-
sists of the initial vectors zg, z1, ..., Zm—1 € D from conditions (12). Denote by
& the set of functions y € C([to, to + t1; D4) N C" ' ([ty, to + 7]; Z), such that
ly@®) —zo0llp, <8, Iy @) —zlle <datn<t<to+t,k=12,...,m—1.
Then .7 is a complete metric space with the metrics

m—1
d(y.v):i= sup |ly®) =v®llp, +Y_ sup [y*@) —vP@)llz.
telty, o+l k=1 telty,to+7]

Define the operator

m—1 !

GO0 =3 Zagsr (t — 1) + / Zaalt = $)B(s, ¥(s), .., vV (s)) ds
k=0 b
for t € [y, to + 7] and prove that the operator G is the contraction on the metric
space . for sufficiently small t > 0.
Indeed, denote K := max ||B(¢,2)|p,,

telty,to+1]
m—1
. k
d(v.2):= sup Iy —zlp,+)  sup [yP0) -zl
telty,to+t] k=1 telty,to+t]

Atn=0,1,...,m—1 due to (8) and the proof of Theorem 1

m—1 !

G =) Zaks1-nlt — o)z + / Zaan(t = $)B(s, y(s), ..., y" P (5))ds.

k=0 o

Then for some 6 € (7/2, 6y), a > ay, at sufficiently small T > Oand ¢ € [z, o + 7]
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m—1

Z Zo g1 ( — 10) 2k

k=1

IG)(@) — z0llp, < || Za1(t — 10)20 —Zo||DA + +

Dy

t t

+ / Zaalt — $)(B(s, 3(s)) — B(s.2)ds|  + / Zualt —9)B(s,D)ds| <

fo

Dy fo Dy
m—1
< | Za1 (t — 10)z0 — 20 ||DA + Z Zojr1(t —to)ze|| +
k=1 Dy
t 8
+({d(y,z) + K) / Zyo(t —s)ds < 3 + (Umé + K)Ce" 1% < 6,
[ L(Z)
m—1
IGPWN@ —zullz < || D Zaksr—nlt — )| +
k=0,ksn P
t
+ | Zot 0 — 10)20 — 20| » + (Ud(y.7) + K) f Zoa-n(t — $)ds <
fo L&)
5 _
§§+(lm8+K)C€aTTan§8, n=1527-'~7m_15

due to (6), (7) and Corollary 1. Here the equality AZ, g(¢) = Z, (t)A on Dy is
used. Consequently, G : .%¥ — .7

Besides, for small T and foreveryt € [fp,tp +1],n =1,2,...,m—1,y,ve.¥

t

IG™ () (1) — GV WD) 2 = / Zoan(t — $)(B(s, ¥(s)) — B(s, v))ds

=
0 %
m—1
<Ce | sup Iy —vOlp,+ Y. sup [YP®) POl <
telty,to+7] k=1 telty,lo+t]
<d(y,V)’
- 2m

IGDM@) =GV, = Ce* %l ( sup

telto,to+7]

ly(@) =vOlp,+
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m—1

A,
+3 sup ||y“‘><r)—v<"><t)||g’> < 00,

k=1 telty,to+7]

Therefore, d(G(y), G(v)) < d(y,v)/2 and the operator G has a unique fixed point
in .. It is a solution of problem (12), (13) on the segment [fy, t;] with #; =
fh+T. O

3 Degenerate Equations

The unique solvability issues for initial problems to differential equations in Banach
spaces with degenerate linear operator at the Caputo derivative are studied in this
section. Such equations are often called degenerate evolution equations or Sobolev
type equations.

3.1 Resolving Operators Families

Here some results of [4] are given for using in further considerations.

Let Z°, % be Banach spaces, operators L, M € €I1(Z"; %), ker L # {0}. The
set of points € C, such that the operator uL — M : Dy N Dy — & is injective,
and (WL — M) 'L € L(Z), L(LL — M)~ € L(#), is called as L-resolvent set
p" (M) of operator M. Denote R, (M) = (uL — M)™'L,L,(M) = L(uL — M)~".
By .Z(Z"; ) the Banach space of linear and continuous operators from 2 into %
will be denoted.

Definition 1 Let « > 0. We say that a pair of operators (L, M) belongs to the class
Hy(0o, ao), if

(1) there exist 6y € (r/2, ) and ap > 0, such that for all A € Sy, 4, inclusion
A% e pL(M) is valid;

(i) for any 6 € (7/2, 6y), a > ay there exist a constant K = K (6, a) > 0, such
that forall A € Sp 4

K, a)

max { ||RL (M) oy, ILE (M) ||y )} < ———— .
{IRL (M) 22y, 1L (M)l 2 )} < T — )|

Remark 2 If there exists the inverse operator L' e (¥ Z), then (L, M) e
F, (60, ap), if and only if L~'M € 7,(6y, ap) and ML™" € 27, (6y, ap).

It is not difficult to show that ker R; (M) = ker L, imR}; (M), ker L%;(M), imL;
(M) do not depend on u € p"(M), if (L, M) € (6, ap). Denote ker R (M) =
2, ker LL(M) = %°. By 27" (%) we denote the closure of the linear subspace



52 V. E. Fedorov et al.

imR} (M) (imL%(M)). By L; the restriction of operator L on Dy, := Dy N 2k is
denoted, and M is a restriction of M on Dy, := Dy N Z* k=0,1.
The next assertion can be proved similar to Lemma 1.

Lemma3 Leta > 0, (L, M) € 5,0y, ap), I’ = I'y U I'_ U Iy. Then the families

of operators

1
[Xa‘ﬂ(t) = %/,U,a_ﬁ(ﬂal, — M)_lLe'utd/.L (S g(%‘) S R+}, ﬂ (S R,
r

1
{Ya,ﬁ(t) = %/,ﬂ*f‘L(,ﬂL —M) leMdue LX) te R+}, B €R,
r

admit analytic extensions to the sector Xg,. Forany 0 € (7 /2, 6y), a > ay there exists
such Cg = Cg(0, a), that for each t € Xy

1Xe 22y < Cp0, )™ (1] +)' P, =<1,
1 Xas D22y < Cp0, @)™t~ B>1,

1YapOllz@) < Cp0, @)™ (1] +a)'F, <1,
1YapDllz@) < Cp@O, @)™t~ B> 1.

Besides,
d* d*
ﬁxa,ﬁ = Xo,p—k> WYa,ﬁ =Yyp-k, k€N,

Iim X,3() =0, lim Y,4() =0, 1.
1—151-5— ﬁ() 0 z—1>r(€l+ ﬁ() 0. B>

Theorem 3 ([4]) Let a Banach space & (%) be reflexive, (L, M) € (6, ap).
Then Z = 2°0 2" (W =20 #").

Denote by P (Q) the projection on 2! (#'!) along the subspace .20 (#°).

Corollary 2 ([4]) Let Banach spaces Z and & be reflexive, (L, M) € 56y, ag).
Then
(i) P = s- lim nRL(M), Q = s- lim nLE(M);
n— 00 n—00
(ii) Lo =0, My € CI(Z°; #0);
(iii) L1, My e €1(Z"; Yy,
(iv) there exist operators Lfl eClH", 2, M(;l e LW, 0.

Introduce the notations S := LflMl Dy — 2, Dy:={x¢€ Dy, : Mix €
imL}; T := MlLl’1 Dy — %', Dy :={y eimL, : Lfly € Dy, }.
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Lemma 4 ([4]) Let Banach spaces 2 and % be reflexive, (L, M) € 5,6y, ag).
Then

DS eCHEY),ifLie LE T Yor M, e L(E, @Yy

()T eCU@"), if L' e L@ ZYor M € L@ 271).

Denote X,, 4(t) = Xo p(t) 271, Yy 4(1) = Yup(t)|1 forz > 0.

Lemma 5 ([4]) Let Banach space 2 (%) be reflexive, (L, M) € 5,0y, ay), then
foreveryt >0

Xap(t) = Xo 40P, 27° CkerXop(1), imXqp() C 2!
(Yop(t) =Yy 4,(0Q. #° CkerYop(r), imYyp(r) C¥').

Corollary 3 ([4]) Let Banach spaces % and % be reflexive, a > 0, (L, M) €
Ha (00, ao).

WD IfL e LX) or My € L(X'; XY, then there exists an operator
s- lirgl+ Xa1(t) := X41(0) = P.

t—

(ii)Ifo1 e L XY or Mfl e LW XYY, then there exists an operator
s- lir& Yo 1(t) :=Y4,1(0) = Q.
—

In the proof of this assertion we used Corollary 1.

Theorem 4 ([4]) Let Banach spaces X~ and % be reflexive, « € (0, 2), (L, M) €
(0o, a).

DL e L(ZE, 2 YorMy € L(ZE; @), then S € /%0y, ag) and{X;,l(t)
€ L(ZY) it € Ry} is the resolving operators family for the equation Dfx(t) =
Sx(1).

G) IfF L' e L@ 2 or M € (@Y 27Y), then T € /*(8y, ap) and
{Yo},l(t) € L")t e Ry} is the resolving operators family for the equation
Diy(t) = Ty(t).

Corollary 4 Let Banach spaces % and % be reflexive, (L, M) € 56y, ayp),
aby>m, L€ LX), Lfl e LW, XYY, Then operator M is (L, 0)-
bounded [2, 3].

Proof Corollary 2 and the condition w6y > 7 imply that for all || > ay operator
(WL —M)"" = (uLi = M)™'Q - M;' (I - Q) =
=Ly'Ly (M)Q —My'(I = Q) = L{'Lid(M)Q — My ' (1 = Q)

is continuous as difference of the two continuous operators. Here A% = u,
S Sﬁo,ao- U
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3.2 Degenerate Inhomogeneous Linear Equation

Consider the degenerate inhomogeneous equation
DiLx(t) = Mx(t) + f(t), t€[0,T), 15)

withagiven f : [0, T) — % . Its solution is a function x € C([0, T); Dyy), such that
Lx e C" 1[0, T); %), gm—u * <Lx - Z (Lx)(k)(O)ng) e C™([0,T); %), and
forallz € [0, T') equality (15) is fulﬁlled A solution of the Cauchy problem

x®P0)=x¢, k=0,1,...,m—1, (16)

for Eq. (15) is a solution of the equation, such that x € C"~!([0, T); Z") and con-
ditions (16) are satisfied.

Theorem 5 Let a > 0, Banach spaces %', % be reflexive, (L, M) € 5;,(6y, ap),
LieL(ELY or My e LX), Suppose that f:[0,T) - ZOFL,
[Dra ] L7'Qf € C(10,T); Dyyy), (1 — Q) f € C"7((0,T); %), xx € Dy,
Px, € DLI—IMI, k=0,1,...,m — 1, equalities

D¥icoMy ' (I — Q) f(t) = —(I — P)xy, k=0,1,....,m—1, (17)

are valid. Then there exists a unique solution of problem (15), (16), and it has form

t

m—1
X(0) =Y Xasy1(Oxc + / Xoolt =)L Of (9)ds — My (I — Q) f(1). (18)
k=0

0

Proof Put w(t) :== (I — P)x(t), v(t) := Px(t). By virtue of Corollary 2 Eq. (15)
can be reduced to the system of the two equations 0 = w(¢t) + M(;I(I - O)f@®),
and

D¥v(t) = Sv(t) + g(t), S:=L7'My, g(t):=L7'Qf (). (19)

Therefore w(t) = —M; Y'(I — Q) f (1), and for the satisfying of Cauchy conditions
(16) it is necessary the fulfillment of (17). The operator S € %, (6, ap), therefore
Theorem 1 implies the existence of a unique solution of the Cauchy problem v® (0) =
Pxi,k=0,1,...,m— 1, for Eq. (19). It has form
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since L(I — P) = 0, the operator (ALo — My)~! = —MO_l exists for every A € C.
It remains to note, that

m—1 !

Lx() = Y Yass (L + / Yoult —$)Qf (5)ds

k=0 o
satisfies the definition of the problem solution. (]

Theorem 6 Let a > 0, Banach spaces X, % be reflexive, (L, M) € 5,6y, ap),
Lfl e L@ XY or Mfl e L@ Y. Suppose that f [0, T) — #°+L,
[Du,], Of € C([0,T); DMIL;I), I—-Q)feC™([0,T); %), xx € Dy, Pxy €
Dy, k=0,1,...,m — 1, equalities (17) are valid. Then there exists a unique solu-
tion of problem (15), (16), and it has form (18).

Proof TL' € L@, 2 or My € L(¥"; 271), instead of Eq. (19) we obtain
Dz(t) = Tz(t) + h(t), T :=MLy', h@t):= Qf(), (20)
where z(t) := L1v(t) = L, Px(t). We have T € 27,(6y, ag), and due to Theorem 1

there exists a unique solution of the Cauchy problem z*(0) = L, Px; € Dy, k =
0,1,...,m — 1, for Eq. (20). The solution has the form
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therefore,

m—1
v(t) = L'z(t) = 55 3 [ (oL — M)~ Le dpx+
k=0T

t
ol [ (L — M) Le"VduL;t Of (s)ds.
or

The function w(¢) is the same as in the previous proof. O

Consider the so-called Showalter—Sidorov problem
L)®PO0) =y, k=0,1,....m—1, (21)

which is natural for weakly degenerate evolution equations, when the degeneracy
subspace coincide with ker L.

Theorem 7 Let Banach spaces 2, % be reflexive, o > 0, (L, M) € (6o, ap),
Lie (X9 or My € (X" %Y. Suppose that f :[0,T) — #°4+L,
[Dpy, ) L' Qf € C(I0,T); Dyyy,), (I — Q) f € C"7H((0,T); &), yy € iml,
Lflyk € DL('Ml atk =0,1,...,m — 1. Then there exists a unique solution of prob-
lem (15), (21), and it has form (18).

Theorem 8 Let Banach spaces 2, % be reflexive, o > 0, (L, M) € (6, ap),
Li'ez@, 27" or M{' € L@, 2Y). Suppose that f :[0,T) — #°+L,
[Du,], Qf € C(10,T); Dy 1), (I = Q) f € C" (0, T); ¥), yi € Dyyyp1, k =
0,...,m — 1. Then there exists a unique solution of problem (15), (21), and it has
form (18).

The proofs is similar to the previous one. The feature of conditions (21) is such
that in initial moment it doesn’t imply restrictions on the projection v of Eq. (15)
solution ant its derivatives, since Ly = 0. Therefore, concordance conditions (17)
fulfillment are not needed.

Remark 3 1t can be shown, that in the case of the reflexivity of Banach spaces 2
and & for (L, M) € 9,(6y, ap) conditions (21) are equivalent to the conditions
(Px)®(0) = Ll_])’k, k=0,1,...,m — 1. Recall thatimL C 2.

3.3 Degenerate Semilinear Equations

LetO<r<m—1l<a<meN,UCRXDy x Z" beanopenset, N:U —
% be a nonlinear mapping. Consider the degenerate semilinear equation

DYLx(t) = Mx(t) + N(t, x(t), xV (), ..., x7@1)). (22)
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A function x € C([ty, t1]; Dy) N C"([to, t1]; Z) is called a solution of Eq. (22) on

mn—

m—1
asegment [19, 1], if Lx € C" " ([to, 1]; %), gm—a * (Lx - (Lx)(")(O)gk+1> €
k=0

C"([ty, 1]; %), for all t € [to, 1] (¢, x(2), xV (), ..., x"(¢)) C U, and equality
(22) is valid. A solution of the problem

Lx)PO0) =y, k=0,1,...,m—1, (23)

for Eq. (22) is a solution of the equation, such that conditions (23) are satisfied.

Theorem 9 Let o > 0, Banach spaces 2, % be reflexive, (L, M) € 5,6y, ao),
LieL(EZYorM e L(E %Y, 0<2r <m — 1, U be open in the space
Rx Dy x 2", yoeimL, k=0,1,...,m—1, (to, L7'yo, LT'y1, ..., LT'y) €
Uun (R X (DLT'MI)FH)’ Lflyk € DL;]M1 atk=r+1,r+2,...,m—1, the set
Vi=UN(RX D1y, X (271)") be open in the space R x Dy, X (21 N :
U— %,imQN C imL,. Suppose that for every (t, 29, 21, - .., 2r) € U, such that
(t, Pzo, Pz1,...,Pz,) € V,we have N(t, 29, ...,2,) = N1(t, Pzo, ..., Pz,) with
some N, € C(U N (R X (%1)r+1); @), and LleNl € C(V; DL(‘MI) is locally
Lipschitzian in 7. Then there exists such t; > ty, that problem (22), (23) has a unique
solution on the segment [ty, t;].

Proof Put w(t) := (I — P)x(¢), v(t) :== Px(z), as before. If L, € ZL(Z"; #") or
M, € L(Z"; &), then due to Corollary 2 Eq. (22) can be reduced locally to the
system of two equations

0=wt)+M;"(I — QN (t,v(t), vV (@),....vO 1)), (24)
Dv(t) = Sv(t) + LT ON (2, v(1), vV (1), ... . v (1)). (25)

Remark 3 means that the Cauchy conditions are set for the function v only.
Since the operator S = Ll_lMl € 4, (0y, ap), Theorem 2 with & = 2!, A= S,
B = L1_1 ON,, U =V x (Zhyn-1-r implies the existence on some segment [f, #;]
of a unique solution of the Cauchy problem v¥(0) = L'y, k =0, 1,...,m — 1,
to Eq. (25). Moreover,

m—1 !

VO = 3 XaktC = LT+ [ Xaa =917 QN5 0) o v s,

k=0 b

therefore,

m—1 !

Lx(t) =Y Yaus1(t = to)ye + f You(t = 5)ONi(s,v(s), vV (5), ..., v (s))ds

k=0 b

satisfies the conditions of the problem solution.
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Equation (24) implies that w(¢) = —Mo_l(I — Q)N (£, v(t), vID(@), ..., v ().
This function satisfies the smoothness conditions of the solution definition because
2r <m — 1. O

Remark 4 From the proof of Theorem 9 it follows that for the existence of a solution
of the Cauchy problem for Eq. (22) the condition

w(t) = =My ' (I — Q)N (1, v(t), vV (1), ..., v (1)) € C"(lto, 11]; Z)

is necessary. Therefore, we need a solutionv € C 2 ([ty, 11]; &) of the Cauchy prob-
lem to Eq. (25). In other words, it is necessary to have a solution v of additional
smoothness, if 2r > m — 1.

As in the linear case, consider another type conditions on L; and M, correspond-
ing to assertion (ii) of Theorem 4. For this aim denote

W .= {([,LUC(),L]X], ..., Lix,) e Rx (@1)erl :
(t, x0, X1, ..., %) € U, )C()EDL1 ﬂDMI, Xk EDLI, k= 1,2,...,11’[—1},

ONj o Ll_l is the mapping with the correspondence law
(t.20,21, -+ 2) = ONi(t, Ly 20, L 21, o, LT '20).

Theorem 10 Let « > 0, Banach spaces X', % be reflexive, (L, M) € 5,6y, ao),
e Y oer_1 e LW X", 0<2r <m—1, U be open in the

space R x Dy x Z'", W be open in R x Dy -1 x (@l)r, (0, Yo, Y15 ---5s¥r) €
Wﬂ(Rx (DMlLfl)r+l),yk €Dy nk=r+Lr+2,....m—1,N:U— 78
Suppose that for every element (t, 2o, ..., z,) € U, suchthat (t, L Pzg, ..., L1 Pz,)

e W, we have N(t,zo,...,2,) =N1(t Pz, ..., Pz,) with some N, € C(Uﬂ

(R X (ﬁ”l)rﬂ), Z?/) and QNyo L| le C(W Dy, Ly ) is locally Lipschitzian in
Z. Then there exists such t| > ty, that problem (22), (23) has a unique solution on
the segment [1y, t;].

Proof Putn(t) := Lyv(t) = L, Px(t), then from Eq. (22) it follows that

D¥n(t) = Tn(t) + ONi(t, L 'n@), (L7 m V@), ..., (LT'm @),  (26)

n®(ty) = yi, k =0,1,...,m — 1.Operator T = M,L;" € </,(6y, ap), hence The-
orem2with =% A=T,U =W x (@l)m_l_r, B=0N,o Lfl implies the
existence on some segment [f, ;] of a unique solution of the Cauchy problem for

Eq. (26). Besides,
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m—1
n) = Yors1(t —to) LPxx+
k=0

t
+ [ Yoot —)ONi (s, LT (), LT 'nD(s), ..., LT ™D (s))ds.

fp
Thus, we have the same form of v and w as in the previous proof. (]

Consider the semilinear equation with » = 0:
DYLx(t) = Mx(t) + N(t, x(t)), 27

where N : U — %/, U is an open subset of R x Dy,. A function x is called a solution
of the Cauchy problem

x®P0)=x., k=0,1,...,m—1, (28)

for Eq. (27), if it is a solution of the equation, such that x € C"™ ([ty, 1h1; Z) and
conditions (28) are fulfilled.

Theorem 11 Let « > 0, Banach spaces X', % be reflexive, (L, M) € 5,6y, ao),
LieL(ELY or Mi e (X %Y, U be open in R x Dy, N:U — %,
imQN CimL,, V:=UN (R x DL;‘M,) be open in R x Dy, . Suppose also
that for every (t, z0) € U, such that (t, Pzo) € V, we have N(t, z9) = Ni(t, Pzo)
with some N| € C(U NRx 2, @) and LleNl € C(V; DLI—IMI) is locally
Lipschitzian in Z, (ty, xo) € U N (R X DLI—IMI), X; € DLI—IMI, k=1,2,....,m—1,
for the solution of the Cauchy problem (28) to the equation D{v(t) = Sv(t) +
LT QN (z, v(t)) the conditions

D=y My (I — Q)N (1, v(1)) = —(I — P)xy, k=0,1,....m—1, (29)

is satisfied. Then there exists such t; > ty, that problem (27), (28) has a unique
solution on the segment [ty, t1].

Proof Theorem 2 implies the existence on some segment [f, #1] of a unique solution
of the Cauchy problem for the equation Dfv(t) = Sv(¢) + Ll_l ON;(t,v(t)). Unlike
the previous proof w(t) = —M(fl(l — Q)N (t,v(1)) € C" [y, t1]; Z). For the
satisfying of Cauchy conditions (28) it is necessary the fulfillment of (29). ([l

Now let W :={(t,L1x) e Rx Z': (t,x) € U, x € Dy, N Dy}, ONjoL;!
is the mapping with the correspondence law (¢, z) — QN (¢, Lflz).

Theorem 12 Let o > 0, Banach spaces %', % be reflexive, (L, M) € 5,6y, ap),
Lfl e LW, oerl e LW X", UbeopeninR x Dy, N:U — ¥,
W be an open set in R x DMILII' Suppose also that for every element (t, zg) € U,
suchthat (t, L1 Pzo) € W, we have N(t, 7o) = N (t, Pzo) with some operator N €
C(U N (R X 3&”1); @), and QN; o Ll—l c C(W; DMILI—I) is locally Lipschitzian
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inz, (to, X()) elUnN (R X (DM1 n DLI))’ Xi € DMI N DLI: k= 1, 2, oo, — l,fOV
the solution of the Cauchy problem to the equation D} z(t) = Tz(t) + N, (¢, Ll_lz(t))
the conditions

DXl My (I — Q)N1(t, L'2(1)) = —(I — P)xg, k=0,1,...,m—1,

is satisfied. Then there exists such t; > ty, that problem (27), (28) has a unique
solution on the segment [ty, t1].

Proof Due to Theorem 2 there exists a unique solution of the Cauchy problem for
equation D{z(t) = Tz(t) + N (¢, Lflz(t)) on a segment [fy, f;]. The rest of the
arguments is similar to the previous proof. (]

4 Application to a Class of Initial-Boundary Value
Problems

n ]
Let P,(A) = > ;A Qi(A) = Y d;jA/ such that ¢;,d; e R, i =0,1,...,n, j =
i=0 j=0
0,1,....0,ca #0,d; #0, n < 1, 2 C R? be a bounded domain with a smooth
d .
boundary 32, A = > ;—22 is the Laplace operator. Ato € (1, 2) consider the initial-
=1 "%

boundary value probl_em

o ( P, (A)u )
D Py(Mu(s, t) = Qi(Au(x, 1) + g | s, P(Au(s, 1), (s,1) ), (s,1) € 2 xR,
(30)
Aju(s,t)zo, j=0,1,...,1 -1, (s,t) €082 xR, 3D
IP,(A)u
Py (A)u(s, 0) = up(s), T(S’ 0) =ui(s), se€42, (32)

within the framework of problem (22), (23). For this aim define operator A €
€1(L>(£2)), acting on its domain Dy = HZ(2) = {u € H*(2) 1 u(s) =0, s €
982} as Au = Au. Choose integer number jy > d/4, ¥ = H> (),

2 = H" (@) = fue HOH(@) s Afun) =0, k=0,1,....n~ 1, x €92,
L=P,(A) e L(2;%), M=Qi(A) € 6(Z;%), Dy = Hy""(2).
By {¢x : k € N} denote the orthonormal in the inner product (-, -) of L,(£2) eigen-

functions of the operator A, that corresponding to the eigenvalues {A; : k € N}, num-
bered in the non-increasing order with taking into account their multiplicities.
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In contrast to results of [3] (Theorems 5 and 6) we will consider the case [ > n
here.

Theorem 13 Let! > n, (—1)!" (di/cn) < 0, spectrum o (A) does not contain com-
mon roots of polynomials P,(A) and Q;(A). Then the operator L : U — ¥V is
a homeomorphism, and for a € [1, 2) there exist 6y € (7w /2, ), ap > 0, such that
(L, M) € (00, ao). If, moreover, A Re(Qi(Ax)/ Pu(M)) < 1, then (L, M) €

n\Ak
I, (6, ag) in the case a € (0, 1).

Proof In the case jy = 0 such statement is proved in [4]. In the case jy € N that
proof can be transferred here word for word. (]

Remark 5 1t can be prove easy that under the conditions of Theorem 13 projection

Phasthe form P = Y (-, 9)L,(2)%%-
Py (h) #0

Theorem 14 Let « € (1,2), [ > n, (=1)'7"(d;/c,) < 0, spectrum o(A) do not
contain common roots of polynomials P,(1) and Q;(A), g € C®(£2 x R?; R),
uy = P,(A)xy for some x; € Hoz(H'm)(.Q), k =0, 1. Then for some t; > 1ty there
exists a unique solution of problem (30)—(32) on [t, t1].

Proof The nonlinear operator N (zo, z1) := g(-, P,(A)zo, P,(A)z) acts from 272
into % due to [6], since P,(A)z; € H>(£2),k = 0, 1, the function g acts smoothly
from (sz"(.Q))2 into H*(£2) and 2jy > d/2. Remark 5 implies the equality
N(zo0,z1) = N(Pzo, Pz1). 0

Let o € (1,2), (M) =14+ A, Oo(M) =A+2)2, 2=0,7),d=1, jo=1.
Then Ay = —k?, o (x) = sinkx, k € N, problem (30)—(32) has the form

Dy (4 thyy) = Uy + 2Upxx + 8 + by, ty + 1), (x,1) € (0,7) xR,
u(,1) = u(m, 1) = (0, 1) = uy (7, 1) =0, teR,
u(x,0) =uglx), u,(x,0) =u(x), xe€0,m).
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Abstract In this article, we consider nth order coupled systems with full nonlineari-
ties, and two-point boundary conditions. The arguments used are based on lower and
upper solutions method, together with Leray-Schauder’s degree theory. They pro-
vide general methods and techniques to ensure the solvability of such systems, and,
moreover, to localize the solutions and some of its derivatives. In this way, the paper
generalizes the results existent in the literature. Two applications are presented: to
some Lorentz-Lagrangian systems, for n = 2, and, for n = 3, to stationary coupled
system of Korteweg-de Vries equations, with damping and forced terms.
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lower and upper solutions * Lorentz-Lagrangian systems * Korteweg-de Vries

coupled equations

2010 Mathematics Subject Classification 34B15 - 34130 - 47H11 - 34A34

1 Introduction
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with f, g : [0, 1] x R¥ — R continuous functions, and the boundary conditions
u®©0)=A4;,u" 1) =8B,i=0,1,...,n—2,
0) (n—2) 2)
v (0) = C;,v" 7 (1) =D,

for Ai, B, Civ D e R.

Coupled systems of nonlinear boundary value problems of second and higher
order with ordinary differential equations have received, in these last years, a great
deal of attention in the literature, by means of different methods and several types
of arguments. For recent trends in this field, we recommend interested readers to [1,
11, 15, 21, 23, 28-30, 32, 33], and the references therein.

Our arguments are focused on general methods and techniques to ensure the
solvability of such systems, and, moreover, to localize the solutions and some of the
derivatives. In this way, the paper generalizes the results existent in the literature.
For example, in [22], the authors consider the system

—u"(t) = f(t, v(®), V' (1))
—v"(t) = h(t, u(t), u'(t))
u(0) =u’(0) =0, u' (1) = au'(n)
v(0) = v/(0) = 0,v'(1) = a'(n),

with non-negative continuous functions f, h € C ([0, 1] x [0, +00)?, [0, +00))
verifying adequate superlinear and sublinear conditions near 0 and +00, 0 <n < 1
and the parameter « such that 1 < a < rl] Applying the Guo—Krasnosel’skii theo-
rem on expansion-compression cones, and defining an adequate cone, to overcome
the dependence on the first derivatives, it is proved the existence of a positive and
increasing solution of the system.

In [24], it is studied the existence of solutions for a system of bending elastic
beam equations

u () = f(t, u@), v@e), u'(t), v'{t)),t € (0,1),
v"(t) = g(t, u), v(t), u'(t), v'(t)),t €(0,1),
u(0) =u(l) =u"(0) =u"(1) =0,

v(0) = v(1) =v"(0) =v"(1) =0,

via the fixed point index theory, assuming sufficient conditions, some of them of the
lipschitzian type.
In [19, 20], the authors present the system

u® @) = f(,u@), u'(0), u" @), u” (1), v(t), V' (1), v" (1), 0" (1))
v @) =R (r,u@), u' @), u" @), u” @), v(@), V'), V" (1), v" (1))

with f,h : [0,1] x R® - R some Ll-Carathéodory functions, together with the
boundary conditions
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u Q) =u'O0)=u"0)=u"(1)=0
v(O0)=v(0)=v"0)=v"(1)=0,

and prove its solvability applying Green’s functions, with integral operators theory
and Schauder’s fixed point.
In [31], it is considered the nth-order nonlinear boundary value problem

u® @)+ @, u@®),v)=0,0<t <1,
v () + gt ut),v(@) =0,0<t <1,
U Q) =u(1)=0,i=0,1,....,n—2,
v (0)=v(1)=0,i =0,1,...,n—2,

where n > 2 and f,g € C([0, 1] x R* x RT, RT), (R := [0, 0c0)). Based on a
priori estimates, achieved by Jensen’s integral inequality, fixed point index theory and
assumptions on the nonlinearities, formulated in terms of spectral radii of associated
linear integral operators, it is proved the existence of, at least, one positive solution.

This type of coupled systems cover some classical systems of differential equa-
tions, as, for instance, Lorenz-Lagrangian systems [3, 26], and Korteweg-de Vries
(KdV) coupled equations [6, 8-10, 12, 17, 18, 27], and have a huge variety of appli-
cations, such as, in solitary waves theory [5, 7, 14], the study of the bending of elastic
beams [2, 13, 16, 25], among others.

Motivated by the above works, we present a technique for coupled higher order
systems that, to the best of our knowledge, is new in the literature, and opens the
possibility of new types of models. Our method applies a new Nagumo-type condi-
tion for coupled equations, with adequate growth conditions on the nonlinearities, to
obtain not only the existence of a solution but also some data about the location of the
unknown functions and their derivatives, given by lower and upper solutions method.
The existence tool will be given by a homotopic problem and Leray-Schauder topo-
logical degree theory. Moreover, this paper contains two applications for higher
order coupled systems. The first one, for n even, n = 2, to a family of Lorentz-
Lagrangian systems, and the second one, for n = 3, to some stationary coupled
system of Korteweg-de Vries equations with damping and forced terms.

The paper is organized in this way: Sect.2 contains the functional framework,
definitions, and some a priori estimations given by Nagumo-type conditions. The
main result in Sect. 3 is based on some growth assumptions on the nonlinearities. Last
two sections contain the applications: Sect. 4, deals with some Lorentz-Lagrangian
systems, and Sect.5 with a coupled system of KdV equations.

2 Definitions and Preliminaries

Let E := C"'[0, 1] be a Banach space equipped with the norm || - || c»-1, defined
by
lwllemr := max {wl. ... [lw" "]},
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where

= t
Iyl max ly(®)]

and the product space E? := (C"~'[0, 1])2 with the norm
[, V)1l g2 = max {[luflcr-1, [vllen-1} -
Throughout the paper we apply the following relation:

(XO,-~-,Xn—lay07~-~a}’n—l) S (Z()’""Zn—hw()a"-awn—l)
— Xi Szl/\yl Ewi?vxivyivzivwi ER,i:Oslv"'9n_1'

For some functions fy;, (5;'- e C[0, 1],forj =1,2,andi =0,1,...,n — 2, such
that 4 .
;@) < 85(@0), vt € [0, 1],

define the set

(t,u0, .. un—1, 0, ..., vp—1) € [0, 1] x R yi (1) <u; <850, . B)
7®) v <60),i=0,1,..., n-2

To control the growth of the (n — 1) derivatives we need Nagumo-type conditions:

Definition 1 The continuous functions f, g : [0, 1] x R — R satisfy Nagumo-
type conditions relative to the set S, if there are positive continuous functions ¢; :
[0, +00[—]0, +o00[,i = 1, 2, such that

|f(t7u01 "'71"}171»‘”01 '-'7vn71)| S (bl (|M}’l*1|) (4)
and
lg (t, uo, ..., up—1,v0, ..., Vo—1)| < @2 (lUp=1l), (5
for (¢, ug, ..., up_1, 00, ...,0,_1) € S, with
+00
/ > ds = +4oo,i=1,2 (6)
s =400,i =1, 2.
A @i ()

Lemma2 Letf, g : [0, 1] x R — Rbe continuous functions satisfying a Nagumo
type condition relative to the set S.

Then there are N1, Ny > 0 such that, for every solution (u, v) of (1)—(2) with
(tu(®), ..., u" D@0, v@),...,v" V) €S,

|u®=P] < N, (7
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and
o™ < N ®)

Proof Let (u, v) be a solution of (1) such that
(tu@), ..., u" @), v@), ..., 0" @) €S.

Forr > B — A, _», consider N;, N> > r such that

Ny
* _ds > max 0" (r) — min "2 (1) 9)
o1 (5) ref0.1] ! ref0,1] ! ’
and
N>
*_ds > max 82 (1) — min A2 (1) (10)
> (5) rel0.1] ref0,1] 2 :

If [u™=V| < r,Vt € [0, 1], then this part of the proof is finished, as [|u"~ | <
r < Nj.

On the other hand if [u™~V (#)| > r, Vt € [0, 1], we obtain the following contra-
diction for the case where u®~V (¢) > r,

1 1

r> B—An,2=/u‘”‘” (1) dt z/rdr:r.

0 0

If u=Y () < —r the contradiction is analogous.

By (2) and the Mean Value Theorem, there is #y €]0, 1] such that u”~V (ty) > r,
t €10, 1[, t, < to, with u®™=D () = r and u”=V (r) > r, Vt €lts, 1]

Then, by (1), (5) and (10),

u®=V (1) fo (-1)
s u = (s
b= [ O
¢1(s) ¢1 (w0 (s))
u=V(t) 5]

[ ou ) 6 (s), 1D (s) ‘
= / o1 (D (9)) ‘f< v(s), ..., 0D () > ds

2

u NV (s)ds = u"? (tg) —u""? (12)

A
—
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Ny
< max "2 (t) — min "2 (1) < / s
= 1e[0.1] ! ref0,17 ! o1 (5)

.

By the arbitrariness of 1, related to the values where u"~" (ty) > r, we have
u™ V() < Ni,Vt €0, 1].

Fort, > fo withu®=V () = rand u®=Y (t) > r, Vt € [y, ta[, the arguments are
similar.

In the case where u~" (t) < —r the technique is analogous and, therefore,
Ju="] = M.

Applying the same method as above, it can be proved, by (5) and (10), that
[v@e=D| < No. [ |

Lower and upper functions will be defined as a pair, as follows:

Definition 3 For A;, B,C;,D e R, i =0,1,...,n— 2, the functions (o, ap) €
E? are coupled lower solutions of (1)—(2) if

") > f (z, A (®),....a" V@0, a2 @),....al P @), vn,l) ,
fort € [0,1] and v,_; € R, (11
o0z g (a1, ol Ottt 200V ),

forr € [0,1] and u,_; € R,

with .
oy’ (0) < A" (1) < B, 12)
oy’ (0) < Ci, 0y ™ (1) < D.
The functions (3, 5;) € E? are coupled upper solutions of (1)-(2) if they verify
the reversed inequalities.

3 Main Result

The main theorem is an existence and localization result, meaning that, it provides
not only the existence, but also some data about the localization of the unknown
functions and their derivatives:

Theorem 4 Let f, g : [0, 1] x R — R be continuous functions. Suppose that there
are coupled lower and upper solutions of (1)—(2), (a1, ay) and (81, (32) , respec-
tively, such that
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(a0, 0l ) = (870, 87 0) Ve € [0, 1.

Assume that f and g verify the Nagumo conditions relative to the set S,o g,
i=0,1,...,n —2, and the growth conditions

Fror @, al™ Ottty 02 ), ad (1), v
2f(t,uo,...,un,l,vo,...,vn,l) (13)
= f(t’ ﬁl (t)v"'9ﬁ§n73) (I),Mn_z,bln_l, 52 (t) ﬂ(n 2 (t)’vn—l>v

for o\’ (1) <u; < BV (1), i=0,1,....,n =3, & 1) <v; <8 (1), j=0,
15 cee, = 27 and (ta Up—2,Up—1, vn—l) € [07 1] X R3

) -3
g<t9041 (t),u.,OéYl )(t),un_l,az(t),...,ozén )(I),Un_g, Un—l)
2g(t5u07‘-'5un—]7v07‘-'avl‘l—l) (14)

=g (1B B Ot B0 BT 0 v v )

for of () <u; < B (1), j=0.1,...n-2, o ) <v; <), i =
11 cee, L — 37 and (t, Up—1, Un—-2, vnfl) € [0, 1] X RS-
Then problem (1), (2) has, at least, a solution (u, v) € E2, such that,

o (1) =u® @) <8 (@),
(1) < v @) <p @), fori =0,1,...,n—2,Vt €0, 1].
Remark 5 1f o\" "2 (t) < 8" "2 (1) for t € [0, 1], then by integration in [0, ], (2)

and (12), ' .
V(1) < 87 @), fori =0,1,...,n—3, andt € [0, 1].

Analogously from a(zn_z) ) < ﬂ;"_z) (), ¥t € [0, 1], by integration in [0, ¢], then
) <), fori =0,1,...,n—3, and 1 € [0, 1].
Proof Define the continuous functions, fori =0,1,...,n =2, j =1,2,
ﬂj@ if w; > ﬁ;i)

8ii(tow) =Y w; ifal <w < gY,

(’) ifw, < 04(’)
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For A € [0, 1], consider the homotopic problem composed by the equations

NN 1,000 (L u(®) .., Sy (1, u™2 @), u® D (1),
u® (@) _Af< 820 (1, 0(1)) -, Sana (1, 072 (1), 0D (1)

" (1) = Aoy (£, u"72 (1)),

(15)
VR0 = A (;(;521: ((tt W ((tt)))) L (?21:22 ((tt,’ iy o ((tt))))f :((: ) ((tt)) ’ )
+vD (1) — A2 (1, 072 (1)),
for ¢ € [0, 1], together with boundary conditions
u® (0) = AA;, u"? (1) =AB,i =0,1,...,n—2,
{ v (0) = AC;, v (1) = AD. (16)
Take 71, r» > 0 such that, for u=V (), v® D (@), € R,

—rj <P @) < BP0 <y, j =1.2, fort €0, 1], (17)
[An—2| < r1, Bl <11, |Chal <12, |D]| <12, (13)

Frar®, o™ @.0.020,.. 08 00 V0) = - a0 <0,
(19)

F(EB@, B2 0,050, 8 0,0 0) =5 0 >0,
(20)

g (z, a1 (@), ..., " 2 @), u" V@), 000),..., a8 P @), 0) " (1) <0,
(21)

(1A @, BT OO B O, 8 0,0) 4= 80P @) > 0.
(22)

For clearness the proof will follow several steps:
Step 1: Every solution (u, v)of (15), (16) verifies,
|u(”_2) (t)| <7, ‘v(“_z) (l)| < ry,

n=3

|u(i) (t)| <r + Z Akl := r{,
k=i

n—3

WO O] <r+ Y |G =1,
k=i
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fori=0,1,...,n—3, independently of \ € [0, 1].

Suppose, by contradiction, that the first inequality is not verified for i =n — 2.
Then there is a solution u (¢) of (15), (2) and ¢ € [0, 1] such that |u"~2 (1)| = r,
that is,

u 2 @)= roru™? () < —ry.

In the first case define

max u"? (1) := u"? (t)) > ry.
t€[0,1]

As, by (18),#) # Oand ty # 1, thenty € 10, 1], u"~" (o) = 0 and u™ (15) < 0.
Therefore, for A € 0, 1], it is obtained, by (15), (17) and (20), the following
contradiction,

0> u™ (1)

— A ( tOv 51,0 (t()a u (t())) LA ] 51.'!—2 (t()v u(n72) (t())) ’ 07 )
62,0 (f0, v (10)) , - . ., G202 (0, V"2 (10)) , v~V (10)

+u"™ (1) = ABY" 7 (t0)

=\ |:f(t0, Bito),. ., B (10),0, 2 (t0) ..., BV (19) , v D (fo)):|
- +r1 = 6" (1)
>0

For A = 0 the contradiction is given by
0= u" (1) =u""? (1) = r1 > 0.
Following similar arguments, it can be proved that
u 2 () > —r, vt € [0, 1],

and, therefore,
"2 )] <r,Velo,1].

t
/u("_2) (s)ds = u" > (1) — NA,_3
0

and
t

< / " (s)ds <,
0
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therefore
|u(n73) (t)| <r + |An—3| ,V[ S [O, 1] .

By iteration of this type of arguments we have

n—3

|u(l) (t)| <r +Z|Ak|,\7’t S [07 1]:
k=i

fori=0,1,...,n—3, independently of A € [0, 1].
By the technique above it can be obtained that ]v(”‘z) (t)‘ < ry, and

n—3
v ()] < r2+Z|Ck| Ve €0, 1],
k=i

fori =0,1,...,n — 3, independently of A € [0, 1].

Step 2: Every solution (u, v) of (15), (16) satisfies ||u("_1) || < Ny, and ||v(”_1) ||
< N, independently of \ € [0, 1].

For A € [0, 1] define the functions

F/\(tvuo,~~-7un—1,U0,~~-7vn—1) =

+tp—2 — A1 -2 (t, up—2)
and
Gy(t,ugy ..oy Uy_1,00, ..., VUp_1) i=
g <t’ 01,0 (2, uo) 6621,,'1722((;&:2))1;3’:1 02,0 (¢, vo) > (24)

+ Up—2 — )\52,n—2 (tv Un—Z) .

The functions F) and G, verify the Nagumo conditions (4)—(6), as

[P\ <

02,0 (£, 00) 5 - ., 6202 (£, Vy—2) , Un—1
+ |Mn—2| + |51,n—2 (l, un—2)|
< &1 (Jup—1]) + 2ry,

¥ <I,51,0 (t,uo), ..., 0102 (f,un—z),un—l,>'
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IGAl < |g

<t, O10(t, 1), ..oy 01 u— (t, Un—2), Mn1,>‘

02,0 (t,00) 5 ..., 02 0—2 (t, Vy—2) , U1
+ [vn—al + [02n—2 (£, va—2) |
< @2 (lvp-1l) + 22,

and

_— —d .
/ 1 <s>+2r1 / Grs) F 2 T

By Step 1, and applying Lemma 2, with, for j = 1, 2,

Vi) = = 0 =7y,

’yj(t) = r], (5;(t) = rﬂ’]i,
fori =0,1,...,n— 3, there are N;, N, > 0 such that
|40 < Ny and [0 < N,

Step 3: Problem (15), (16) has, at least, a solution for A = 1.

Define the operators
L£:(C"(10.1))° € E> — (C ([0, 1])* x R
given by

(™ @) v (6w (0), ... u 0, uD (1),
L, v) = ( v (0), ..., 0" ), v (1) )

and V) : (C”’1 ([0, 1]))2 — (C ([0, 1]))* x R?, given by
Fy(tu@), ..., u™ V@), v@), ..., 0" V@),
Ny, v)y=| Gy (t,u(®), ..., u" D), v@),...,v" V@), |,
A1, ..., A, 2, AB,\Cy, ..., \C,,_2, \D

where F) and G, are defined in (23) and (24), respectively.
As £~ is compact then it can be defined the completely continuous operator

T (€110, 1D)° R) — ((C"' 10, 1D)*  R) given by

T\ (u,v) = LN, (u, v) .
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Consider
p:max{Nl,Nz,rj», forj=1,2,i =0, 1,...,n—3,},
where r;, Ni, N,, are given in Steps 1 and 2, respectively, and define the set

Q={wv) e E* |, v)lz2 < p+1}.

Therefore the degree d (I — 7, €2, (0, 0)) is well defined for every A € [0, 1],
and by the invariance under homotopy,

The equation 7 (u, v) = (u, v) is equivalent to the homogeneous problem
u™ () —u"? ) =0
v® (1) — v (1) =0
u® (0) =u"? (1) =0,
v (0) =v" 2 (1) =0,i=0,1,...,n—2,

which admits only the trivial solution.
Then, by degree theory, d (I — 7y, 22 (0, 0)) = £1, and so the equation

(u,v) =T (u,v)

has at least one solution. That is, by Step 1, the problem composed by Eq. (15), and
the boundary conditions (16) has at least a solution (u; (¢) , v; (¢)) in Q.

Step 4: This solution(u; (t), vy (t)) is a solution of (1), (2).

To prove this assertion it will be enough, by Steps 1 and 2, to show that
o ) =u” 0 <8 @,

and
o)y <o 1)< @), Vi el0,1],i=0,1,....,n—2.

Suppose, by contradiction, that there exists ¢ € [0, 1] such that
O OF
and define

(n=2) ;o\ _ an=2) (=2 o\ =2
max w2 @ = B 0] =P @) - 5P @ >0 @9)
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As, by (2) and Definition 3, #; # 0 and ; # 1, then 1, € 10, 1[, «\""" (1)) =
By (1) and
ul” (1) < B (1) . (26)

So, by (13), (25), Definition 3, Steps 1 and 2, we obtained the following contra-
diction

0> u{" ) —pB" (1) =
t, 010 (b, uy (7)) 5 oo v 012 (tl, MYHZ) (11)) , Minfl) (),

020 (t1,v1 (1)) 5+, 62 p (fl, vin_z) (h)) , Ufn_l) (t)
+ul"™ (1) = S1a2 (tl» u"™? (h)) I O))
> f(t, b)), ..., ﬁf"il) ), B (1), ..., 5"72) (t1), v V(@)

+ul"? (1) = AP (1) — B (1)
>ul" (1)) - 8" 1) > 0.

Therefore,
w7 (1) < " (1), Ve € [0, 1].

Applying the same argument, it can be justified that o\~ (r) < u\""® (1), for
t €[0, 1].
Integrating in [0, ¢] the inequalities

O O OF

we have, for the first one,

N t
@“%n—m4s%“%ﬂ—ﬁ”“®=/4ﬂw”“§/ﬁﬁw”“
0 0

=u" @) —ul" ) =u"V (1) — Ay_s. V1 € [0, 1],

and therefore
") <ul" V@), v €0, 1].

By similar technique, we get

o (1) <ui’ (1), V1 €[0,1],i =0,1,...,n—2.
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In an analogous way, we can prove that
ul? (1) < 8P (1) fori =0,1,....,n -2,
and

ag’ 0 <o’ (1) <4 (). V1 €[0,11,i =0, 1,....n 2. .

4 Lorentz-Lagrangian System Model

This model was presented by Voigt in 1887, and adopted later by Lorentz in 1904,
and by Poincaré in 1906. Lorentz-Lagrangian systems have many analogies with
classical Lagrangian systems ¢” + V (g) = 0, for which the results of existence of
periodic and homoclinic solutions were established through a variety of methods.

In [3], the author presents, as example, a system of the Lorentz-Lagrangian type,
modelling the motion of a particle in a rotating potential in a frame, that moves with
the potential.

Based on the ideas of [3], we consider the Lorentz-Lagrangian system:

" _ _ _1)2 u(t) _
u'(t) + k@) —u@)—-2k-1) —(l+u2(1))2 =0, 27
V() —v(t) —k (v’(t) — u(t)) =0,

with k > 1 a parameter, together with the boundary conditions

u@=0,u(l)=1
v(0)=0,v(l)=1. (28)
The system above is a particular case of problem (1), (2), withn = 2,

Uo

[t ug, uy, vo, v1) = —k (vo — ug) + 2 (k — 1)> ————
(l—i-u(z))

and
g (t,ug, ug, vo, v1) = vo + k (vy — up) .

Moreover the functions

ap(t) =—t, pi@)=t
) =—t fh(t)=t
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are lower and upper solutions of problem (27), (28), respectively, for k > 1, and the
nonlinearities f and g satisfy the growth conditions (13) and (14).
These functions verify the Nagumo conditions (4) and (6) with

4 2
¢1(u1)52k+§(k—1)

and
¢ (v) =142k (Juil+ 1),

with
—t<uyg<t,—t<vy<t, fortr €[0,1].

Therefore, by Theorem 4, there is a solution (u, v) of problem (27), (28) fork > 1
such that

—t<u(t)<t
—t<v(@)<t,Vtel01].

5 Coupled System of Two Korteweg-De Vries (KdV)
Equations

The Korteweg-de Vries equation
Up + Uty + ey =0,

models the unidirectional propagation of water waves with small amplitude lying
in a channel [18]. It was first introduced by Boussinesq and then reformulated by
Diederik Korteweg and Gustav de Vries.

In [27], it is studied the coupled KdV equations

u,—%(7—3a)uxxx—uxu—uvx—%(l—a)vux+%(1+a)vuxz0

Vp 4 Uy + UV + uv, + vuy +%(1 + o) uvy —%(1 —a)uu, =0,

(29)
with o> = 5, which are a new model for describing two-layer fluids with different
dispersion relations.

It can be observed in [17] that, for the case of constant boundary and initial
conditions, various types of steady and transient solutions were derived.
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Based on the above model (29), we consider a particular case of a stationary
coupled system of the KdV equations with damping and forced terms:

w”(t) =m (t) — 0.01 (u (1) + v () |u’ ()| —u (1) (30)
V() =n () —0.01 @@ +v®)|[v©)|-v@),

with m, n : R — R continuous functions, together with the boundary conditions

u@ =u'0)=0,u1)=7
v(0)=2"(0)=0,v(1)=7. (3D
The functions

ar (1) = an (1) =2 — 5¢2,
Bi(t) =P (t) = —1> +5t* +1

are lower and upper solutions of problem (30), (31), if the forcing terms m(¢) and
n(t) are bounded from above by

6+ 0.02 (* — 5¢%) |3t* — 10¢| + (£ — 5¢*) , for ¢ € [0, 1], (32)
and below by
—6+0.02 (= + 52+ 1) |3t + 10t | + (=7 + 5 + 1) , Vi €[0,1]. (33)

It can be easily seen that (30), (31) is a particular case of problem (1), (2), with
n=73,

Sf (@, uo, ur, uz, vo, v1, v2) = m(t) — 0.01 (uo + vo) lu1| — uo

and
g (t,ug, uy, uz, vo, vy, v2) =n(t) — 0.01 (g + vo) |vi| — vo.

These functions verify trivially the Nagumo conditions (4)—(6), as they have no
dependence on the second derivatives. Moreover they satisfy the growth conditions
(13) and (14), therefore, by Theorem 4, for functions m and » in the strip bounded
by (32) and (33), there is a solution (u, v) of problem (30), (31) such that

=52 <u@t) < —1>+5> +1,
P =52 <v@)<—>+5>+1,Vr €0, 1].
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Semilinear Equations in Banach Spaces m
with Lower Fractional Derivatives Check for

Marina V. Plekhanova and Guzel D. Baybulatova

Abstract In the first part of the work we find conditions of the unique classical
solution existence for the Cauchy problem to solved with respect to the highest frac-
tional Caputo derivative semilinear fractional order equation with nonlinear operator,
depending on the lower Caputo derivatives. Abstract result is applied to study of an
initial-boundary value problem to a modified Oskolkov—Benjamin—-Bona—Mahony—
Burgers nonlinear equation with time-fractional derivatives. In the second part of
the work the unique solvability of the generalized Showalter—Sidorov problem for
semilinear fractional order equation with degenerate linear operator at the highest-
order Caputo derivative is researched. The nonlinear operator, generally speaking,
depends on the lower fractional Caputo derivatives. Here the result on the unique
solvability of the Cauchy problem to equation, solved with respect to the highest
Caputo derivative, is used also. The abstract result from the second part of the work
is demonstrated on an example of an initial-boundary value problem to a nonlin-
ear system of partial differential equations, not solvable with respect to the highest
time-fractional derivative.
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1 Introduction

Let 27, % be Banach spaces, L € .Z(Z"; %) (linear and continuous operator from
Z in%), M e €l(Z; %) (linear closed operator with dense domain Dy, in the
space £ and with image in '), n e N, X CR x 27", N : X — % is nonlinear
operator. Consider the equation of fractional order

D¥Lx(t) = Mx(t) + N(t, DY x(t), D*x(t), ..., D" x(1)), (1)

where DY, D', D{*, ..., D{" are the fractional Caputo derivatives, m — 1 < & <
meN,0<a <ay <--- <a, <m — 1. The equation is supposed to be degener-
ate, i.e. ker L # {0}.

Similar equations of integer order are often found among non-classical equations
of mathematical physics [5, 6, 8, 9, 15]. Interest in problems for fractional order
equations is associated with a lot of results of the successful application of fractional
calculus in different areas, in particular, in the systems of equations that describe the
motion of viscoelastic fluids, the theory of semiconductors, the motion along fractal
structures, etc. (see [16, 22] and many others).

The unique solvability of initial problems for linear degenerate fractional order
equations was considered by many authors [1, 2, 4, 10-14, 20]. In contrast to the
papers [17-19] on semilinear degenerate fractional order equations with nonlinear
operator, depending on lower derivatives of integer orders, in the present work lower
derivatives have fractional order, generally speaking.

Firstly we find conditions of the unique classical solution existence for the Cauchy
problem to Eq. (1), solved with respect to the highest fractional Caputo derivative
(Z =%, L is the identical operator). Corresponding abstract result is applied to
study of an initial-boundary value problem to a modified Oskolkov—Benjamin—-Bona—
Mahony—Burgers nonlinear equation with time-fractional derivatives.

In the second part of the work the unique solvability of the generalized Showalter—
Sidorov problem

P)P ) =x,, k=0,....,m—1 2

for degenerate semilinear fractional order Eq. (1) is researched. (The projection P
on the complement .2°! of the degeneracy subspace will be defined further.) Here
the result on the unique solvability of the Cauchy problem to Eq. (1), solved with
respect to the highest Caputo derivative, is used also. The conditions of the theorem
on the existence of a unique classical solution of problem (1), (2) is demonstrated
on the example of an initial-boundary value problem to a nonlinear system of par-
tial differential equations, not solvable with respect to the highest time-fractional
derivative.
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2 Equations Solved with Respect to the Highest Derivative

2.1 Linear Equation

Let 2 be a Banach space. Denote gs(t) = re)-'s-1, Jt‘sh(t) =(gsxh)(t) =
t
fgs(t —$)h(s)ds for § >0,t>0, gs(t) =@ — 1) /T'). Let m —1 <a <
0
m € N, D" is the usual derivative of the order m € N, J? is the identical opera-

tor. The Caputo derivative of a function £ is (see [1, p. 11])
m—1
D{h(t) = D" J;" (h(r) =Y O () (t)) . =1
k=0
Consider the Cauchy problem
Pt) =z, k=0,1,....,m—1, 3)
for the inhomogeneous differential equation
Diz(t) = Az() + f(t), 1€t T, “)
where A € £(2) = L(Z; Z), the function f : [ty, T] - Z isgivenfor T > t,.
A solution of problem (3), (4) is a function z € C"~!([to, T]; Z), such that
m—1
gm—a * (z — Zz(k)(to)g’kH) € C" ([, T); Z)
k=0
and equalities (3), (4) are true.

o0
For o, B > 0 denote the Mittag-Leffler function E, 4(z) = > m
n=0

Theorem 1 ([17]) Let A € L(%), f € C([ty, T]); Z). Then for any zy € Z, k =

0,1,...,m — 1, there exists a unique solution of problem (3), (4). Moreover, it has
the form
m—1 !
2(t) = Y (¢ — 1) Eqs1 (Al = 10))zc + f (t =) Equ (At —5)*) f (5)ds.
k=0

4]

(&)
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2.2 Semilinear Equation

Letm—1 <o <meN,neN,ZbeanopensetinR x Z&", anoperator B : Z —
% benonlinear, z; € 2,k =0, 1,...,m — 1. Consider the Cauchy problem (3) for
the nonlinear differential equation

D{z(t) = Az(t) + B(t, DM z(t), D{*z(1), ..., D;"z(1)) (6)

where0 <oy <y <---<a, <m—1.

A solution of problem (3), (6) on a segment t € [fo, #;] is a such function
m—1
7€ C" (1, 11]; Z), that gy, * (Z -2 Z(k)(fo)§k+l> € C"(l1, n]; Z), forall
k=1
t €lto,t1] (¢, DY'z(t), DP?z(t), ..., D{"z(t)) € Z, equalities (3) and (6) for all
t € [ty, t1] are valid.

Lemmal Let!l—1< B <l eN.Then

3AC >0 Vh e Cllty, 1]; Z) ||th||C([t0,t]];,@”) < Clhllci.n1:2) -

-1

Proof For the function f () = h(t) — > h'®(t9)g+1(t) we have f® (1) =0,k =
k=0

0,1,...,1—1.So

t—ty
lfﬂflf(t _ S)
plji—F = | D! / S—d =
1D;J: " fllcaw.ns:2) t J rd-p §

C([to,1h];Z)

(t —10)'F 1 £

) . g < C h Il AR
ri—p+1) lcwwo.nz) < Clhllciqun.n12)

1— 1
=197 FOllcqnyz) <

O

Lemma2 Let A € L(Z), B € C(Z; Z). Then function z € C" '([ty, t11; Z) is
a solution of problem (3), (6), if and only if for all t € [ty, 1]

m—1

2(t) = ) (1 — 1) Eq st (A — 1)) 21+
k=0

+ /(t — )V EL o (A(t — $)¥)B(s, D¥'z(s), Dz(s), ..., D{"z(s))ds.  (7)

0

Proof Letz € C"'([ty, t1]; &) be a solution of problem (3), (6), then
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t — B(t, D"z(1), D*z(1), ..., D" z(1))

is the continuous mapping from [z, #;] into 2 by Lemma 1, since ¢, < m — 1. Due
to Theorem 1 the solution satisfies Eq. (7).

Let z € C" '([ty, 11]; Z) satisfies Eq. (7), then arguing as in the proof of
Theorem 1 (see [17]) we obtain directly that the function z is a solution of prob-
lem (3), (6). O

The bar over a symbol will mean an ordered set of n elements with indexes from
1 to n, for example, ¥ = (x1, x2,...,x,). Let Ss(X) ={y € Z" : |lyx — xllz <
8,k=1,2,...,n}. A mapping B : Z — % is called locally Lipshitz continuous
in z, if for every (¢, X) € Z, there exist § > 0 and / > 0, for which [t — &, r + 8] X
Ss(x¥) C Z and for all (s, ¥), (s,v) € [t — 8, ¢ + 6] x Ss(x)

n
1B(s, ) — B(s, Mllz <1 llye —vill 2.
k=1

Using the initial data zg, zi, . .., Zm—1 from (3), define the Taylor polynomial

Zm—1

m(f — )"

)y =z0+zt—t0)+---+

Theorem 2 Suppose that A € L (%), aset Z is open in R x Z", and the mapping
B € C(Z; &) is locally Lipschitz continuous in z, z € %, k=0,1,...,m — 1,
such that (ty, D' |;=,2(), Di? li=,2(0), - .., D{"|,=1,2(t)) € Z. Then there exists
t| > to, such that problem (3), (6) has a unique solution on [ty, t1].

Proof By Lemma 2, it suffices to prove that Eq. (7) has a unique solution z €
C" ([ty, 11]; &) for some #; > to.

We can choose 7 > 0 and § > 0 so that V = [fg, fo + 7] x Ss5(z) C Z. Denote
by S the set of all functions y € C"~!([ty, to + T]; Z°) such that for all t € [ty, to +
7] we have ||y®(t) — zlle <8, k=0,1,...,m — 1. Endow S with the metric

m—1

d(y,v) =Y sup |[ly® () —v®(t)| ».Itis obvious, that S is complete metric
k=0 relto.fo+]

space and Z € S for sufficiently small 7 > 0.

Consider for all ¢ € [ty, to + 7]

m—1

G((6) =Y (t — 1) Eaay1 (At — 1)) 2+
k=0

+ /(t — s)“_lEa,a(A(t —$))B(s, DM y(s), D2y (s), ..., D{"y(s))ds

fo
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and let show that operator G maps S into itself, if T > 0 is sufficiently small, and it
is a contraction of S. Indeed, forr =0,1,...,m — 1

r—1
GO (y) =) (t = 10" ™ T AEqqikr1 (Al — 10)) 2+
k=0
m—1
+ ) (0= 10" Eapprr (Al — 1))+
k=r

+ /(t — s)"‘_’_lEa,a,,(A(t —$)*)B(s, DM y(s), Dy (s), ..., D{"y(s))ds.

Denote K = max | B(t, D{'z(t), D?Z(t), ..., D{"Z(t))||#. In according to
1€ty t9+1]

Lemma l,fory € §
I B(t, D" y(t), Dy (1), ..., D" y()llz <
< |IB(t, D™ y(t), DXy(1), ..., D y(t)) — B(t, DX Z(t), D™2(1), ..., DX (1) || » + K <
m—1

n
<1y IDFy0) - D il g + K <Cln Yy sup [y® @) - Py + K <
k=1 k=0 [€l0.00+7]

m—1 m—1
<Cln(Y. sup Iy¥@—zlz+), sup [Z0-uls |+K <
k=0 t€(ty,to+1] k=0 1€ty t9+71]
<2Clmné + K.

Then for all ¢ € [t, ty + 7]

r—1

IGOM®) =zl <Y N All2(2) Eamiisr—r (1Al 22yt 2l 2+

k=0
m—1
| Eat (A = 1002 — 20|y + D T Easpr—r (1Al 22y ™)l 2ill 2 +
k=r+1
.L.Ol—r
+—— Eqa-r (IAll2(2)T%) 2Clmns + K) <8

for sufficiently small t. Therefore, G : § — S.
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Besides, for small 7 and for all ¢ € [ty, 50 + 7],y =0,1,...,m—1,y,ve S

IGO (@) = GOW B2 <

T - ; d(y,v)
< Eqar(IAlz2)t)Cin Y sup  [yO@) —vP@)lly = ——.
a—r k=0 telty,to+7] 2m

Therefore d(G(y), G(v)) < d(y,v)/2 and operator G has a unique fixed point in S,
which is a solution of problem (3), (6) on [ty, ty + T]. U

2.3 Application

Nonlinear surface waves that propagate along the direction of the axis, taking into
account the viscosity and some other processes are modeled by the pseudoparabolic
Oskolkov-Benjamin—-Bona—Mahony—-Burgers equation [3], we will consider some
its modification.

Consider the initial-boundary value problem

dkw
W(xvto)zvk(x)v k:Oalv‘°'5m_17 xe(a’b)’ (8)

ow ow
W(aa t) == W(b7 t)a _(a7 t) == _(b’ t)’ 1 Z t()v (9)
0x 0x
for the equation
D¥w — D¥Wyy = PWyy + YWy — (D;’”w)s(Df‘zwx)e, x e(a,b), t>1, (10)
where a, b, B,y,8, e e Roa<b,m—1<a<meN,0<o; <ar <m—1.

Define Banach spaces 2 = {v: H?(a, b) : v(a) = v(b), V(a) =V (b)}, ¥ =
L>(a, b),and operatorson 2 L = 1 — a%,M = ,3% + Va%’ N1, v) = —vivs |

o (t — o)™
vio = Di* = [ vo(x) + (t —t)vi(X) + -+ - + ———— Vv, () |, k=1,2.
(m — 1)!
Theorem 3 Letd, e > 1,vy € Z,k=0,1,...,m — 1,vig, vao > 0. Thenforsome

t| > ty there exists a unique solution of problem (8)—(10) on the segment [ty, t;].

Proof Tt is clear that 1 + A% # 0 for A from the set {2wk(b —a)~' : k € Z} C R,
so L has a continuous inverse operator L~! : % — 2. Then Eq. (10) has the form
D*v(t) = Av(t) + B(D;{"v(t), D{*v(t)) where the operator A = L™'M : & — &
is continuous as composition of continuous operators, B(vy, v;) = L "Ny, v).
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Due to the Sobolev embedding theorem 2~ C C![a, b], therefore, for any func-
tions vyy, V12, V21, V22 from a small neighbourhood of a point (vyg, vy9) € 2~ 2 where
we have

S e S & 2 S e § e 2 S & s e 2
IViivare — v12v22x”L2(a.b) = 2Ivi1vaie — Yi2Vaix ”Lz(mb) +2[vigvaiy — v12v22x”Lz(u,h) =
<2810V + (1= 0)vi2) V5 Vi — Vi) Iyt
= 11 12 21x V11 12)11 L, (a,b)

+267 v}, Ovarx + (1 = O)v22)* ™ Va1x — V2217, 0y <

2 2
<l (||V11 —vi2llzp + 1Ivar — V22||Hz(a,b)> ,

where 6 € [0, 1]. Thus, operator B : 22 — 2 is locally Lipschitz continuous in
(v1, v2). By Theorem 2 we obtain the required. ([

3 Degenerate Equations

LetL e Z(Z;%),M € €1(Z"; %), Dy is a domain of an operator M, endowed
by the graph norm || - |p,, = || - |2~ + |M - || . Define L-resolvent set pX (M) =
{(weC:(uL —M)"' e L(¥; 2)}of anoperator M and its L-spectrumo ™ (M) =
C\p" (M), and denote R; (M) = (uL — M)™'L, L, = L(uL — M)~".

An operator M is called (L, o)-bounded, if

Ja >0 YueC (lul>a) = (ueptM).

Lemma 3 ([21, p. 89, 90]) Let an operator M be (L, o)-bounded, y = {u € C:
|| = r > a}. Then operators

P=s [ Ranawe 2. 0= [Lhondue z@)
27i 27i ‘
Y Y

are projections.

Put 20 =ker P, %" =ker Q; 2! =imP,# "' = imQ. Denote by L; (M;) the
restriction of the operator L (M) on 2% (Dy, = Dy N 27%), k=0, 1.

Theorem 4 ([21, p. 90, 91]) Let an operator M be (L, 0)-bounded. Then
(i) M, € X(%l; @1), M, € %l(%o; @/O), Ly € X(%k; Z’/k), k=0,1;
(ii) there exist operators MO_1 e .,Sf(@o; 5&”0), Ll_1 € .f(@l; 3&”1).

Denote Ng = {0} UN, G = Mo_lLo. For p € Nyg = N U {0} operator M is called
(L, p)-bounded, if it is (L, o)-bounded, G? # 0, Gl = 0.
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Lemma 4 ([17]) Let H € £ (%) be a nilpotent operator of a power p € Ny, there
exist (Dt“H)kg € C([ty, T]; ) fork =0, 1, ..., p. Then there exists a unique so-
lution of equation

DYHx(t) = x(t) + g(t), t € [ty, T]. (11)
It has a form
P
x(t) ==Y (DfH) (). (12)
k=0

Letn e N, X CRx Z™", N: X — % is nonlinear operator. As before o; <
a < -~ <o, <m—1.Let] — 1 < a, <I.Consider the equation

DYLx(t) = Mx(t) + N(t, D¥x(t), D{*x(1), ..., D{"x(t)) + f(1). (13)
Its solution on a segment [fy, #;] is a function x € C([ty, t;]; Dy) N Cl([ty, h1; 2,

m—1
such that g, * (Lx(r) - > L® (to)§k+1(t)) € C"([ty, 1; ), for all t €
k=0

[to, 11] (t. D{"x(t), Di*x(1), ..., Di"x(1)) € X, and equality (13) holds.
A solution of the generalized Showalter—Sidorov problem

PPt =x¢, k=0,1,...,m—1, (14)

to Eq. (13) is a solution of the equation, such that conditions (14) are true.
Denote V. =X N (R x (Z'H"),

F=x0+ 1)+ 22— 1) 4 L gy
BRGETR O TR m-n

for xp, k=0,1,...,m — 1, from conditions (14). Now the condition imN C %'
will be substantially used.

Theorem 5 Let p € Ny, an operator M be (L, p)-bounded, X be open set in the
space R x X", V be open in the space R x (2", the mapping N € C(X; %) be
locally Lipshitz continuous in x, imN C #'', f € C(lty, T1; %) for some T > t,,
(D,“G)kMO_I(I - feClt, T, X)), xxe 2 k=0,1,...,m—1,

(to, D;Yl |t=zo)zv D;x2|t=f(]-i7 ey thn |t=to-;é) € X,

(to, DM =iy (X 4+ W), Dl (K + W), ..., D" 1= (X +w)) € X,

P
where w(t) = — Z(Df‘G)kM(;I(I — Q) f(t). Then there exists t; € (ty, T, such

k=0
that problem (13), (14) has a unique solution on the segment [ty, t].
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Proof By condition imN C %! we have (I — Q)N =0, QN = N. Equation (13)
after action of the operator MO_l (I — Q) has aform DFfGw(t) = w(t) + MO_l -
Q) f(t), where w(t) = (I — P)x(t). So by Lemma 4 the unique solution of this
equation has the form

p
w(t) ==Y (DIGY' My (I - Q) f ().
k=0

Note that there exists derivatives Df‘L(Df‘G)"M(;l(I — Q) feC(t,Tl; %) for
k=0,1,..., p, because

DYL(D{G)'M;' (I — Q) f = MoD{G(D{G)*My' (I — Q) f =
= My(D;G)*"' My (I — Q) f.
and if k = p, then (D*G)"™! = (D¥)P*1GPT! = 0. Therefore, all the conditions
from the definition of the solution for the obtained function w are satisfied.

It remains to prove the uniqueness of the solution for the problem

D¥v(1) = S1v(1) + LT NG, DY (v(t) + w(D), ..., D" (1) + w(n)) + LT Qf (),
v =x¢, k=0,1,....m—1,

where v(¢) = Px(t), S| € Z(Z") due to Theorem 4. We have it from (13), (14)
after the action of the operator L,_1 Q. Here the operator

B(t,v0, Vi, ..., Vp) = LT N(t,vo + D'w(t), ..., v, + D" w(t)) + LT  Qf (1)

is continuous in V and locally Lipschitz continuous in v = (vg, vy, ..., V), the ele-
ment (to, D} |,=, X, D{*|;=,X, ..., D{" |,:t0i) € V. By Theorem 2 we have get the
proof. (]

3.1 Example

Let 2 C R be a bounded region with a smooth boundary 9$2. Consider the initial-
boundary value problem

kal
S0 = xu), k=0,1,...m—1,s€Q, (15)

X,’(S,t) = Os (S,t) €082 x [t07l1]9 i = 19 27 39 (16)
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D;XA)Cl =x1+ M (S, Df”xl, D;XIXZ, D31X3, ey D?"X], D?"Xz, D?"X},) + f] (s, 1),
DY Axs =x + fol(s, 1), (s,t) € 2 X [t, 1],
0=Ax3+ f35(s,1), (s,1) € 2 X [ty, 111,
(17)

wherem — 1 <a<meN,O<oj<am<---<a, <m-—1.

Denote by A the Laplace operator with domain Hoz(.Q) ={ze H* () :z(s) =
0, s € 9082} C Ly(£2), {gx} is orthonormal in L,(£2) system of its eigenfunctions,
which correspond to the eigenvalues {A;} of A, numbered in the ascending order
taking into account their multiplicities.

Reduce problem (15)-(17) to (13), (14) by choosing of the spaces

2 = Hy™ () x HY(Q) x Hy™ (@), @ =HY(2)°,  (18)

J> 4 LH(Q) = (z € Q) :2(s) = 0, 5 € 082},

A0O 100
L=|ooa|lezz;#), Mm=|o10]|cz2:%). 19
000 00A

Lemma 5 Let spaces are defined by (18) and operators have the form (19). Then
the operator M is (L, 1)-bounded and the projections have the form

100 100
p=[oo00|, o=[000]. (20)
000 000

Proof We have for u # )»k_l, k eN,

0 (=D 0 0
(uL —M)™" = (. o) 0 -1 —pu |,
k=1 0 0 —A,:l

where (-, -) is the inner product in L,(£2). Therefore, at || > |1 |~! the operator
(WL — M)™": % — Z is bounded,

00 M (uAy — 1)_1 00
REM) =) (-, g 0 0= |
pa 0 00
00 M (UAg — 1)71 00
LEM) =) (. o0 0 0-1

k=1 0 00
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These equahtles 1mp1y the form of the projections (20), and, consequently, the equali-
ties 21 =H; T (2) x {0} x {0}, 27°={0} x H¥(2) x H"/(2), #'=

H?(£2) x {0} x {0}, #° = {0} x H?(§2) x HY (2), G = (8 é) . Thus, G* =
0 and the operator M is (L, 1)-bounded.

Theorem 6 Leth, € C®(2 x R¥; R), forsomeT >ty fi € C([ty, T1; HY (),
i=1,2,3, DffseC(t,Tl; H2/(.Q)) x1k€H+j(.(2) k=0,1,...,m—1.
Then for some t| € (ty, T] there exists a unique solution of problem (15) (17) on
the segment [ty, t1].

Proof From the form of the projection P it follows, that conditions (15) define
the generalized Showalter—Sidorov problem for the system of Egs. (16), (17). The
nonlinear operator N (21, 22, - - . , 23,) = hi(-, 21, 22, - - ., 23,) due to Proposition B.1
[7] acts from 2~ to H>*%/ (2), therefore, it acts into H2/ (§2). From the form of the
projection P it follows, thatimN C #!, x;, € 21,k =0,1,...,m — 1. Note that

of = fi. <1—Q>f=(§j), GM;'\(I - Q)f = <f3). 21

By Theorem 5 obtain the required result. O
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Differential Equations
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Abstract The concept of intuitionistic fuzzy is introduced by Atanassov [5, 8].It’sa
generalization of fuzzy theory introduced by Zadeh [55]. Few works on intuitionistic
fuzzy differential equations till date after developing intuitionistic fuzzy set theory
[17, 18, 37]. Intuitionistic partial differential equations are very rare, the concept of
intuitionistic fuzzy partial differential equations was introduced by S. Melliani and
L. S. Chadli in [38]. In this paper, we consider the boundary valued problems for
intuitionistic fuzzy partial hyperbolic differential equations with integral boundary
conditions. A new complete intuitionistic fuzzy metric space [39] is proposed to
investigate the existence and uniqueness of intuitionistic fuzzy solutions for these
problems using the theorem of fixed point. Also we have presented an useful pro-
cedure to solve intuitionistic fuzzy partial hyperbolic differential equations. Some
illustrated examples for our results are given with some numerical simulations for
a-cuts of the intuitionistic fuzzy solutions.

Keywords Integral boundary condition - Hyperbolic partial differential
equations * Intuitionistic fuzzy solutions

1 Introduction

Generalizations of fuzzy sets theory [55] is considered to be one of intuitionistic
fuzzy set (IFS). Later on Atanassov generalized the concept of fuzzy set and intro-
duced the idea of intuitionistic fuzzy set [5, 8]. Atanassov [6] explored the concept of
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fuzzy set theory by intuitionistic fuzzy set (IFS) theory. Now-a-days, IFSs are being
studied extensively and being used in different disciplines of Science and Technolo-
gy. Amongst the all research works mainly on IFS we can include Atanassov [4, 7,
9-11], Atanassov and Gargov [12], Szmidt and Kacprzyk [52], Buhaescu [22, 23],
Ban [13], Deschrijver and Kerre [27], Cornelis et al. [25], Gerstenkorn and Manko
[29], Mahapatra and Roy [36], Adak et al. [1], Oscar Castillo and Patricia Melin
[24] Melliani et al. [39], Sotir Sotirov et al. [51]. Further improvement of IFS theory,
together with intuitionistic fuzzy geometry, intuitionistic fuzzy logic, intuitionistic
fuzzy topology, an intuitionistic fuzzy approach to artificial intelligence, and intu-
itionistic fuzzy generalized nets can be found in [43], then they are very necessary
and powerful tool in modeling imprecision, valuable applications of IFSs have been
flourished in many different fields, medical diagnosis [26], drug selection [31], along
pattern recognition [33], microelectronic fault analysis [50], weight assessment [53],
and decision-making problems [32, 54].

The concept of intuitionistic fuzzy differential was first introduced by Melliani
and Chadli [37]. The first step which included applicable definitions of intuitionistic
fuzzy derivative and the intuitionistic fuzzy integral was followed by introducing
intuitionistic fuzzy differential equations and establishing sufficient conditions for
the existence of unique solutions to these equations [17, 18, 40, 41, 48, 49]. It is
difficult to obtain exact solution for intuitionistic fuzzy differential equations and
hence some applications of numerical methods such as the intuitionistic fuzzy Euler
and Taylor methods, Runge—Kutta of order four, Runge—Kutta Gill, Variational itera-
tion method, Adams—Bashforth, Adams—Moulton and Predictor-Corrector methods
in intuitionistic fuzzy differential equations presented in [14—16, 19, 42, 44, 47].

On the other hand, the theory of partial differential equations has been emerging
as an important area of investigation in recent years and has been developed very
rapidly due to the fact that such equations find a wide range of applications modeling
adequately many real processes observed in physics, chemistry, biology and engi-
neering. Correspondingly, applications of the theory of partial differential equations
to different areas were considered by many authors (see [6, 10, 21]). Introduction
to fuzzy partial differential equations is presented by J. Buckley and T. Feuring in
[21]. There are not too many papers on fuzzy partial differential equations [2, 28,
30, 45], but some basic results on fuzzy partial hyperbolic differential equations can
be found in [3, 20, 34, 35]. Intuitionistic partial differential equations is very rare,
the concept of intuitionistic fuzzy partial differential equations was introduced by
S. Melliani and L. S. Chadli in [38].

Motivated and inspired by the above works, in this paper a new complete intuition-
istic fuzzy metric space [39] is used to investigate the existence and uniqueness of
intuitionistic fuzzy solutions by using the Banach fixed point theorem for the follow-
ing boundary valued problems for intuitionistic fuzzy partial hyperbolic differential
equations with integral boundary conditions:
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PUnen — £y, 0,000y, (63) €Ja X Jp
1, V) (6, 0) + [y k(o) (u, v) (x, Wy = (1), x € Jg 1)

(, v)(0,y) + g ko) {u, v)(x, y)dx = 12 (y), ¥ € Jp

and

SLID — (hx, y){u, v)(x, ), +F Gy, v} 9), (0 9) € Ja Xy

(1, V) (x, 0) + [ k1 () (1, v) (x, )y = i (x), x € J, @
(1, )0, ) + [ ka(9) (u, v) (x, y)dx = ma(y), ¥ €

where f :J, x J, x IF, — IF, is continuous, h € C(J, x J, R), k; € C(J4, R),
ky € C(Jp,R), n1 € C(Jy, IF,) and 1, € C(Jp, IF,) are given functions.

Combining the two aspects introduced, intuitionistic fuzzy mathematics and par-
tial differential equations, we get intuitionistic fuzzy partial differential equations,
which will be attract the interest of many researchers. Also we propose a method
of steps, it can be useful to solve intuitionistic fuzzy partial hyperbolic differential
equations. However, to the best of our knowledge, no result on intuitionistic fuzzy
partial hyperbolic differential equations has been published before. Therefore, it is
worthwhile mentioning that the intuitionistic fuzzy hyperbolic partial differential
equations are studied for the first time in this paper.

The main contributions of this paper include: Introducing intuitionistic fuzzy par-
tial hyperbolic differential equations with integral boundary conditions and defining
their solution; further develop theoretical results on the existence, uniqueness of the
solution; and using the level-set representation of intuitionistic fuzzy functions and
defining the solution to an intuitionistic fuzzy partial hyperbolic differential equations
problem through a corresponding parametric problem; and developing a numerical
examples for computing intuitionistic fuzzy quantities, taking into account the full
interaction between intuitionistic fuzzy variables. The development of some efficient
examples for solving intuitionistic fuzzy partial hyperbolic differential equations is
the subjects of our current work and will be presented elsewhere.

The remainder of the paper is arranged as follows: In Sect.2, some basic def-
initions and results are brought. In Sect.3 we gain the existence and uniqueness
of intuitionistic fuzzy solution for the partial hyperbolic differential equations with
integral boundary conditions. In Sect. 4 we propose an useful procedure to solve intu-
itionistic fuzzy partial hyperbolic differential equations. We present some examples
to illustrate the applicability of the main results with some numerical simulations for
a-cuts of the intuitionistic fuzzy solutions in Sect. 5 and finally conclusion is drawn
in Sect. 6.
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2 Preliminaries

Throughout this paper, (R", B(R"), i) denotes a complete finite measure space.
Let us P; (R") the set of all nonempty compact convex subsets of R”.
We denote by

IF, =TF(R") = {(u,v) : R - [0, 1%, |¥x € R"0 < u(x) +v(x) < 1}
An element (u, v) of IF, is said an intuitionistic fuzzy number if it satisfies the

following conditions

(i) (u, v) is normal i.e there exists xgy, x; € R” such that u(xy) = 1 and v(x;) = 1.
(i1) u is fuzzy convex and v is fuzzy concave.
(iii) u is upper semi-continuous and v is lower semi-continuous
(iv) supp{u,v) = cl{x € R" : | v(x) < 1} is bounded.

So we denote the collection of all intuitionistic fuzzy number by IF,,.
For « € [0, 1] and (u, v) € IF,, the upper and lower «-cuts of (u, v) are defined
by

[, M]* ={xeR":v(x) <1 —a}
and
[, )]y = {x € R" 1 u(x) > o}

Remark 1 1f (u,v) € IF,, so we can see [{u, v)], as [#]* and [{(u, v)]* as [1 — v]* in
the fuzzy case.
We define O ) € IF, as

(1,0) t=0

0a,0(@) = :(0 D 1£0

Let (u,v), (u',Vv') € IF, and A € R, we define the following operations by:

((u, vy + (i, \/))(z) = ( sup min (u(x), u'(y)) ;r;_fh max (v(x), v/(y)))

Z=x+y

At v) (Au, Av) ifA#£0
u,v)= .
0(1,0) ifra=0

For (u, v), (z, w) € IF, and A € R, the addition and scalar-multiplication are defined
as follows
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[(u, v) + (z, w)]a = [(u, v)]a + [(z, w)]a, [A(z, w)]a = A[(z, w)]a
s =fuon], +[iem], o] —fem]

[e2

Definition 1 Let (u, v) an element of /F, and « € [0, 1], we define the following
sets:

+ +
[(u, v)]l (@) = inf{x € R" | u(x) > a}, [(u, v)]r (@) = sup{x € R" | u(x) > a)
[(u, v)];(oz) — inflx e R" | v(x) < 1 — @), [(u, v)];(a) — suplx € R" [ v(x) < 1 — )

Remark 2

(], =[[en] @[] @]
[n] = [[w n] @ [ v>]:(a>}

Proposition 1 ([39]) Forall a, B € [0, 1] and (u,v) € IF,
i) [wn] clwn]

(i) [(u, v)L and [(u, v)]“ are nonempty compact convex sefs in R"
(iii) ifa < B then [(u, v)]ﬁ - [(u, v}]a and [(u, v)]ﬂ - [(u, v>]a
(iv) Ifa, /' o then [(u, V)L N, [(u, V>L,, and [(u, v)]a =N, [(u, v)]a"
Let M any set and @ € [0, 1] we denote by
My={xeR" : ux) >a} and M*={xeR" : v(x) <1—a}

Lemma1 ([39]) Let HMO,, « € [0, 1]} and [M“, a € [0, 1]} two families of
subsets of R" satisfies (i)—(iv) in Proposition 1, if u and v define by

ifx ¢ My
ulx) = .
supf{a € [0,1] : x e My} ifx € My
ifx ¢ MO
v(x) =

1 —sup{a €[0,1] : xe M*} ifxeM°

Then (u,v) € IF,.
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Lemma 2 Let I a dense subset of [0, 1], if[(u, v)L = [(u/, v’)L and
[(u, v)]a = [(u/, v/)]a,for alla € I then (u,v) = (u',V').

On the space IF, we will consider the following metric,

1 + +
i (@ tew) = 3 sup [ ] @ [@w] @]
1 - 1+ - 1+
T L] @ [em] @
+ 1 sup -(u, V)-_(Ol) - -(Z, W>-_(05)
4 O<a<1 "t -r - -r
1 - - — - - —
+ 4 0321 _(u, V)_z (@) = _(Z’ W>-l (@

where ||.|| denotes the usual Euclidean norm in R”.

Theorem 1 ([39]) d, define a metric on IF,.

Theorem 2 ([39]) The metric space (IF,, d,) is complete.

Proof There exists iy < n such that
dr (< w,v>,<u,v >) < /nds (< u, v >, <u, v >,-O)

Since d, defined a complete topology in IF, then d’, also is complete.

We denote by C(J, x Jp, IF,) the space of all continuous mappings defined over
Ju x Jp into IF,,.

A standard proof applies to show that the metric space (C g X Jp, IFy), D) is

complete. Where, the supermum metric D on C(J, x Jp, IF,) is defined by

D((u,v), (/,v)) = sup d;’o((u, v)(t, s), (', V), s))

(t,5)eJaxJp

Definition 2 A mapping f : J, x J, — IF, is called continuous at point (¢, s9) €
J, x Jp provided for any arbitrary ¢ > 0, there exists an §(¢) such that

d;;(f(t, s), f (to, So)) <e

whenever max{|t — ty|, |s — so|} < 8(¢) for all (z,s) € J, X Jp.
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Definition 3 A mapping f :J, x J, x IF, — IF, is called continuous at point
(to, S0, (U, v)o) € J, x Jp x IF, provided for any arbitrary ¢ > 0, there exists an 6 (¢)
such that

42 (f (e, 5. 9. f (0,50, (0, v)0) ) < e
whenever max{|t — fol, |s — sol} < 6(¢) and d ((u,v), (u,v)o) < é(¢) for all
(t,s) € Jy x Jp, {u,v) € IF,.

Definition 4 we say that a mapping f : J, x J, — IF, is strongly measurable if for
all o € [0, 1] the set-valued mappings f, : J, X Jp, = Py (R") defined by £, (¢, s) =
[f(t, s)]g and f* : J, x Jp — Px(R") defined by f*(z, s) = [f (¢, s)]* are (Lebesgue)
measurable, when P (R") is endowed with the topology generated by the Hausdorff
metric dy.

Where dy is the Hausdorff metric defined in Py (R") by dy ([a, b][c, d]) = max{||a —
cll; 116 = d|l}.

Definition 5 f : J, x J, — IF, is called integrably bounded if there exists an inte-
grable function h:J, x J, - R" such that |y|| <h(f) holds for any y €

supp(f (¢, 5)), (t,s) € Jo x Jp.

Theorem 3 If f : J, x J, — IF, is strongly measurable and integrably bounded,
then f is integrable.

Definition 6 Suppose f : J, x J, — IF, is integrably bounded and strongly mea-
surable for each o € (0, 1] write

a b a b
|:/ /f(t,s)dsdt] =/ / [f(t,s)]adsdt
o Jo o o Jo
a b
= {/ / F(t, s)dsdt
o Jo

|F :J, x J, — R" is a measurable selection for fa} .

a pb a a pb
[ / / f(t,s)dsdt] = / / [f @ 9] dsdt
0 Jo 0 Jo
a b
={/ / F(t, s)dsdt
0 Jo

|F :J, x J, = R" is a measurable selection for f "‘} .

If there exists (u,v) € IF, such that [(u,v)] [[0 fof(t s)dsdt] and
[, v)] [ I ra, s)dsdt] Va € (0, 1]. Then f is called integrable on T, write
(u,v) = fo fof(t s)dsdt.

Let (u, v) and (&', V') € IF,the Hukuhara difference is the intuitionistic fuzzy number
(z, w) € IF}, if it exists, such that
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(,v) = (', V) = (z, w) &= (u,v) = (W', V') + (z, w)

Definition 7 Let f : J, x J, — IF,. The intuitionistic fuzzy partial derivative of f
with respect to x at the point (¢, o) € J, x J; is the intuitionistic fuzzy quantity
% € IF, if there exists, such that for all # > 0 sufficiently small, the H-difference
f(to + h, so) — f (2o, So) exist in IF,, and the limit

of (1, 5) _ lim f o+ h, so) — f (t0, s0)

0x h—0+ h

Here the limit is taken in the metric space (IF,, d’,). The intuitionistic fuzzy partial

derivative of f with respect to y at the point (fy, so) € J, X Jj is defined similarly.

3 Existence and Uniqueness

In this part of this section, we provide an existence and uniqueness result for the the
following intuitionistic fuzzy hyperbolic partial differential equation with integral
boundary conditions:

BUAD — [y, (1, v)06 YD), (6)) €Ja Xy
(1, ) (%, 0) + [ ki (0) (1, v) (x, Y)dy = 1 (), x € J, 3)
(,v)(0,y) + [o ko) {u, v)(x, )dx = m2(y), y € Jp

Assume that f : J, x J, x IF, — IF, is continuous, k; € C(J,, R), k, € C(J,, R),

m € C(Ja, IF,) and n, € C(J,, IF,) are given functions, where J, = [0, a] and J,, =
[0, b]. In the second part of this section we consider the equation of the form

FUDD = (B, y)t, V)06 ), £ 0y, (10,9008 1), (6 9) € T X Ty
(1, v) (x, 0) + [ k1 (0) (1, v) (x, )y = 11 (x), x € J, )

(, v)(0,9) + [§ ko), V) (x, )dx = 12 (y), ¥ € Jp

where f, ki, k», 1 and 1, are as in problem (3) and 2 : J, x J, — R.

Definition 8 A function (u, v) € C(J, x Jp, IF},) is called a solution of the problem
(3) if (u, v) satisfies the following integral equation
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b
) (x.y) = O(x, y) — /0 1 (6) (i, v) Cx y)dy
a b a
- /0 ka(9) . v) (x. ) — k1 (0) fo /0 ko (9) V) (x, y)dlcy

+ / /yf(t, s, (u, v)(t, 5))dsdt
0 Jo

where

b
O, y) =nx) +nmn@) —nO) + 771(0)f0 n2(s)ds

for all (x,y) € J, X Jp.

Set k; = sup |k (#)| and k, = sup |k2(s)|. By applying the fixed point theorem, we
prove the tfe(ﬁlowing result. =

Theorem 4 Assume that

1. A mapping f : J, x Jp x IF,, — IF, is continuous,
2. for any pair (t, s, {u, v)), (t, s, {u, v’)) € J, x Jp x IF,, we have

d, (f (1,5, (V). £ (.5, Gl v’>)) < Kdgo(w, W, ) v’>) 5)

where K > 0 is a given constant.
Moreover, if ki 4+ ky, + kiky + K < 1, then the problem (3) has an unique intu-
itionistic fuzzy solution in C(J, X Jp, IF,).

Proof Transform the problem (3) into a fixed point problem. It is clear that the
solutions of the problem (3) are fixed points of the operator N : C(J, x Jp, [F,) —>
C(J, X Jp, IF,) defined by:

a

b
N((u,v)(x,y)) = Q(x,y) —/O ki () (u, v)(x, S)ds—'/o ko (s)(u, v) (2, y)dt
b a
—kl(O)/ / ko (s)(u, v)(t, s)dtds
o Jo

X py
+/ f f(t’ S, <Ma v>([,‘y))dsdt
0 Jo

We shall show that N is a contraction operator. Indeed, consider (u, v), (1',V') €
C(WJ, x Jp,IF,) and o € (0, 1], then
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b a
N, v) (x5, ) = O(x, y) — /O k1 () v) (x, )ds — /0 ko s) (u, v) (2, y)dt
b a
— ki (0) / / ko s) (e, v) (1, $)dids
0 0

+ /x /yf(r, s, (u, v)(t, 8))dsdt
0 0

and

a

b
N, v)(x,y) := Q(x,y) —fo ki () (', v') (x, S)ds—/o ka(s) (', V') (¢, y)dt
b pra
— ki (0)/ / ko () (', V') (¢, s)dtds
0 Jo

+ /x /yf(t, s, (', V), s))dsdt,
o Jo

From the properties of supremum metric, we have the following inequality
S (N, v))(s, 1), N (', v")) (5, 1))

b b
<dl (/ ki (£){u, v)(x, s)ds,/ ky (1) (', v') (x, S)ds>
0 0
T, < [ o [“eou e y>df)
0 0

b ra b ra
+ dZ (k] (V) / / ko (s)(u, v)(t, s)dtds, kq (0)/ f ka(s)(u', V) (t, s)dtds)
0 Jo 0 Jo

+ dl, < /x /»"_f (.5, (e, v)(t, ) dsdt, / x /yf (15, V)1, 9) ds dr)
0 JO o Jo

b
gklf d&((u, v)(x, 8), (', V') (x, S))ds
0
e [ d (). )6 e
0

b ra
+ 10 sop o] [ [ a (w90, 605 s
0 Jo

selp

+ /OX /Oy dl (f(t, s, (u, v (t,9)), f (2,0, (V) (@, s)))dsdt
< (kib +koa + ki kzab)dgo((u, vx, s), (W, V) (x, s))ds

xory
' K/o /0 i ()@ 9)), ()0, ) )dsdr
= (klb + kpa + k1kpab + Kab)D((u, V), (u/’ V/>)
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Hence for each (¢,5) € J, x J}

D(N((u, v)), N((u',v'))) < (ki + ko + kiky + K)D((u, v), (', V"))
N is a contraction and thus, by Banach fixed point theorem, N has an unique fixed

point, which is solution to (3).

Definition 9 A function (u, v) € C(J, x J;, IF,) is called a solution of the problem
(4) if (u, v) satisfies the following integral equation

b
(u, v)(x,y) = Q(x,y) _/o ky (x) (u, v)(x, y)dy

X

—/0 kz(y)(M,V)(x,y)dx—F/O h(t, y){u, v)(t, y)dt
b ra
— k1 0) /0 /0 ko (), v) (x, y)dxdy
x rb X
+/ / h(t, 0)ky () (u, v)(2, y)dydt—i—/ /yf(t, s, (u, v)(t, s))dsdt
0 JO 0 Jo

where

b x
05, ¥) = M) + 1) — 0 (0) + ki (0) /0 na(s)ds — /0 ht, Oymy (1)dt

for all (x,y) € J, x J,.
Let ki = sup |k (?)|, k» = sup |ka(s)| and ¢ = sup |h(z,s)|. By applying the

tel, N (t,8)edsxJp
fixed point theorem, we prove the following result.

Theorem 5 Assume that

1. Amapping f : J, x Jp x IF, — IF, is continuous,
2. for any pair (t, s, (u, v)), (t, s, {(u, v/)) e J, x J, x IF,, we have

d, (f (t. 5, (. )). £ (£, 5. (0, v’>)) < Kdgo<<u, V), v’)) 6)

where K > 0 is a given constant.
Moreover, if (ky + 1)(ky + g+ 1) + K < 2, then the problem (4) has an unique
intuitionistic fuzzy solution in C(J, x Jp, IF,).

Proof Transform the problem (4) into a fixed point problem. It is clear that the
solutions of the problem (4) are fixed points of the operator N : C(J, X Jp, IF,)) —>
C(Jy x Jp, IF,) defined by:
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b a
N((u’ V)(x’ y)) = Q(x’ )’) - '/(; kl (x)<u’ V)(x’ y)dy - /() kz()’)(’/l’ V)()C, }’)dx
X b a
+ /0 (e, Y, v) (1, )t — y 0) /0 fo ko () {1, v) (v, y)dxdy
X b x
+/ / h(t, 0)ky (1) {u, v)(t, y)dydt + / /yf(t, s, (u, v)(t, s))dsdt
o Jo o Jo

We shall show that N is a contraction operator. Indeed, consider (u, v), (1',V') €
C(J, xJp,IF,) and @ € (0, 1], then

N({u,v)(x,y)) == Q(x,y) — /Obkl () (u, v) (x, y)dy — /0 ko (y)(u, v) (x, y)dx
+ e, V) )0, ) — K (O) / b / "o 5) (e, ) x, vy
+ /OX /Oh h(t, 0)ky (t) (u, v)(t, y)dydt + /Ox /Oyf(t, s, (u, v)(1, 5))dsdt
and
b a
N @) = 06 = [Tl )y = [Tl s
+/0x h(t, y) (', v') (2, y)dt — k1 (0) /Ob /Oa ko () (', V') (x, y)dxdy
+/0x fob h(t, 0)k; (t)(u/,v/)(t,y)dydt—l—/(;x foyf(r, s, (W', V') (8, 5))dsdt
From the properties of supremum metric, we have the following inequality
dl (N () s NGl V) s.1) )
<df (/Ob ky (D) {(u, v)(x, s)ds, /Ob ky (o) (', V') (x, S)dS>
+dg </0a ka(s)(u, v)(1, y)dr, /Oa ka (s) (', V') (@, y)dt)

h(t, y){u, v)(t, y)dt, /x h(t, y) ', V), y)dt)

+d5, (
+dl, <k1(0)[ / ko (s)(u, v)(t, s)dtds, kl(O)/ / ko (), V)2, s)dtds)
Lar, (

/ / h(t, 0)k1 () (u, v)(t, y)dydt/ / h(t, 0k (1) (V) (z, y)dydt)

/f(z s, (u, v) (1, v))dsdt/ / (t,s, (' V)@, s))dvdt)
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b
<t [ a (e, 0 0 )
0
o [ a (1. W) ar
0

X
+sup s [ (). W) Ja
(t,8)€Jy xJp 0

b ra
1O sup o) [ [ (a0, 60 s
0 JO

setp

X rb
+ sup [ky(x)| sup A, s)|/ / dgo((u, (L, y), (u/,v’)(z,y))dydt
xeJy (t,s)elyxJp 0 JO

X ory
+ doo(f (2.5, (w,v) (2, 9)).f (.5, (' V)2, 5)) )dsd
/0/0 (f(ts(u v)(t s)) f(ts(u V(e s)))st

< (kib+ kaa + qa + kykyab + ki q)dgo((u, V), s), (W, V) (x, s))ds

X ory
+K/o /o dle ()0 9)), ()0, ) )dsdr
< (k1b + kya + ga + kykyab + k1q + Kab)D((u, W, (V')

Hence for each (¢,5) € J, x J}
D(N((u,v)), N(u', V) < (ki + k2 + g + kiky + kig + K)D((u, v), (', V"))
Since (k1 + 1Dtk +g+1)+K <2 then ((ki+ Dk +g+1)+K—-1) <1,

then N is a contraction and thus, by Banach fixed point theorem, N has an unique
fixed point, which is solution to (4).

4 Solving Intuitionistic Fuzzy PHDEs with Integral
Boundary Conditions

We give an useful procedure to solve the following integral boundary value problem
for an intuitionistic fuzzy partial hyperbolic differential equation:

PUnOD = [y, )0 )), () € Ja X Ty
(u, V) (6, 0) + [ ket () (1, v) (v, )y = i (x), x € J, (@)

<I/l, V>(O, )’) +f()a k2(y)<u’ V>(X, y)dx - 772()’), y € Jb
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wheref : J, x J, x IF, — IF, is obtained by extension principle from a continuous
function F : J, x J, x R — R". Since

F(t. s, )], =1 (5. L))

[F (2.5, w,v)]* = F(t 5, [, v))1%)
for all @ € [0, 1] and (u, v) € IF,, we denote
B%WUJJQ=[BwWUJJTWLBWWUJﬂjwq,

Bmwm@r=[kmwmwfmxﬂmwmn]wﬂ

r

[Bz(u, v)(t, s)]

atas

82 (u, v)(t, $) 7+ 32 (u, v)(t, s) 7+
[[ d1ds ]1 (a)’[ d1ds ]r(a)]

atas atas dtas

[n0], = [[no], @ [n0] @] [n0]"=[[no], @ [n0] @]

[20)], = | [0, @. [20] @] [26]"=[[26], @ [26] ]

and

[w]a _ [[W]I_(d)’ [Bz(u,v)(t,s)]r—(a)]

[f(z, 5, (u, v))]a
= [fﬁ(r, 5, L ) (& 91 @), [, v) (8 91 @), £ (55, L v (@ )1 (@), [, v, s)l,*(oo)]

[t s ]
= [ s 1 9 @, v} 0 91 @)1, s, L M 9 @), L) 0 9] @)

Then, with this notations, problem (7) is transformed into the following parametrized
partial differential system:
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[92%,;8);;,.;)];(“) =fi+(f,s [ u, V), S)] (), [(u, v)(t, 5) . (ts)edyx Ty

)
[%] @ =£(t.s [ @ ), (t,s) €Jg X Jp
®)
)
@)

, (t,s)edy xJp

(s [t o] @ [
[W];(“) =ff(t 5, [u V), s)] (@), [M v)(t, S)
(s [ n] @

I:dZu\)(ts):I @ =f(ts

, (t,8) €edyx Jp

with initial conditions

L, Y OF @) + [ Ol @ )] @ds = [m®] @, 1el,
[, V)@ 0L @) + ) kO (e 91 @ds = [m)] @, 1ed,

L, V), O @) + [ ki Ol e )] @ds = [m®] @, 1€,

L, V)& O, @) + fy kOl v )l @ds = [m@] @, 1€,
©)
L1, )0 )T @)+ f§ ko)L, V)1 9)Tf ()t =

(a), sedp

[, v) (0, )T () + [ ka () [(u, v)(

~

O (@)dr = (), selJp

[, v)(0, 9]} (@) + [§ ka()[(u, ) (2, )] (@)dr = (@), sedp

[(u. v)(0, 9)]; (@) + [y ko (&)[(u, v) (2, 9)], (@)dt =

(a), sedp

1. We solve the system (8)—(9).

2. 1f [(u W, s)] (@), [(u W, s)] (@), [(u W, s)]l_(a), [(u, W, s)]r (@) is
the solution of system (8)—(9), then denote

[[w v, s)} @, [, s)}j(a)] =My, [[(u 0.9 @. [ s)]]a)} =

and
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3% (u, v)(t, 5) 7+ 32 (u, v)(t, s)7+ o
[[ a19s ](“)’[ d1ds ]r(“)}_M‘*’

0% (u, v)(t,s)71~ 0% (u, v)(t, s)1~ o
[[ ords ]1(“)’[ drds ]r(“)]ZM

ensure that (M, M“) and (Mo;, M'Y) verifying (i)—-(iv) of Proposition 1.

3. After, by using the Lemma 1 we can construct the intuitionistic fuzzy solution
(u, v)(t, s) € IF, for (7) such that

wn.9] =[] @ [wnes] @],
o 1 r

[ ] = [[w, 9] e [, s)]r_«x)}

forall ¢ € [0, 1].

Remark 3 The same procedure can be used to the this equation % =
(ACe, V), v) (e, ), +f Gy, vy, () € Jo = [0,a] x Jp = [0, 5]

with integral boundary conditions.

5 Application

Example 1 Consider the following intuitionistic fuzzy hyperbolic equation

3% (u, v)(x, y) |
<T;yy =50 =fxy. O) (10)

where C € [F| is a triangular intuitionistic fuzzy number, (x, y) € [0, 1] x [0, 1].
And the integral boundary conditions are

1! .
(u, v)(x,0) + §/ (u, V) (x, y)dy = Ci5e* (T +e), (11)
0
1 1
(u, v)(0,y) + §/ (u, v)(x, y)dx = C e’ (7 + e). (12)
0
Then the function f : [0, 1] x [0, 1] x IF| — IF; define by

1
— Xty
ey, (u,v) = 15C€
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It implies
doo(f(xa ys (Mv V))vf(-x7 yv (M’, V/))) = 0

and conditions in Theorem4 hold for any positive number K, like K = 1 =, and k; =
ko = <, a = b = 1. That follows all the conditions in the Theorem 4 hold. Therefore
there ex1sts an unique intuitionistic fuzzy solution of this problem.

We will find an intuitionistic fuzzy solution of this problem:

We apply the fuzzification in ¢, and supposed that the parametric form of corre-
sponding intuitionistic fuzzy number C is

[CL = I:C;’(a), cj(a)]

[c] = [C,—(a), c: (a)]
where is verify the conditions of Lemma 1.
Then the function f :[0, 1] x [0, 1] x [F} —> IF; define by f(x,y,C) =

%Ce"’L«V is obtained by extension principle from the function F(x, y, ¢) = %ce’”‘-",
(x,y,¢) €[0,1] x [0, 1] x R

[f lo = [115 ew]a

=[]

1 1
[E€x+yc+(05) 5 ,H—ycj—(a):l

[le"ﬂC (), Lse”yC (a)]

15
it
(], =[[wnen)] @ [wien] @]
[ 6] = [[(u e @ [wre, y>],_<a)]
Then

[82(u, V) (x, y)]a _ Hazw, V>(x,y)]l+(a)’ [8 (u, v) (x, y)] @ )}

axdy dxdy dxdy
0% (u, v) (e, )@ 797w, v)(x, y) 7~ 9% (u, v)(x,y) 1~
[ 9xdy ] o |:[ 9xdy ]1 (@), [ 9xdy ]r (a):|

Therefore, we have to solve the following partial hyperbolic differential equations:
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‘) +
[d Js;dixy)]l (Ol) — 158x+yc+(a)
2, +
[3 %xd;x \)] (@) = x+»C+(a)
2 u,vyx, X
I:d 8x3§ y)][ (@) = l_e +yC (),
(L0 ] @) = Lebrcr (@),
with initial conditions
[, v) @, O (@) + & fo L vy )] @)y

V)01 (@) + § f L
V) 07 (@) + & fo L
V)07 (@) + 3 ol
VO @+ 3 oL
VO @+ 3 oL

WO @ + & fol

VO] @+ § ol

(), ”:,

[ n]

[

(w7 y)::

() =
1

VI (@)dy
) 1 (@)dy
{u, v) (x, )17 (@)dy
(. v (. I} (@)dx
{1, v) (e, I (o) lx
{, v) (e, W] (@)l

(, v) (x, )] (e)dx

+(a) — 15 x+}C+(a)

.
@ =5 CH),

(@) = {zeCo(a),

—e”yC (o),

B. Ben Amma et al.

(x,y) €10, 1] x [0, 1]

(x,y) €[0,1] x [0, 1]

(x,y) €0, 1] x [0, 1]

(x,y) € [0, 1] x [0, 1]

¢ 7+ C} (@),
¢ T+ G (@),
5¢ (7 +C) (@),
¢ (7 +Cr (@),
¢ T+ ¢ (@),
¢ T+ CH (@),
1€ (1 +oC] (@),

36¢" (7 +Cr (@),

x € [0,

x € [0,

x € [0,

x € [0,

ye[0,

y €0,

y €0,

y €0,

(x,y) €10, 1] x [0, 1]

(x,y) € [0, 1] x [0, 1]

(x,y) €0, 1] x [0, 1]

(x,y) €0, 1] x [0, 1]

13)

1]

1]

1]

1]

1]

1]

1]

1]
(14)

5)
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Therefore

[wven]

1 1
[Ee"+”Cl+(a), Bex+ny(a)i|

o 1 1
[ y] = [Ee”ycl (@), Eemcr‘(a)}

Now we denote

1y 1y / | N | N »
|:Ee ), 13 +>c,+(a)] =My =M,, [Ge (), 3¢ e (0{)] =M*=M
It easy to see that (M,,, M *) verify (i)—(iv) of Proposition 1 and by using the Lemma 1
we can construct the intuitionistic fuzzy solution (u, v)(x, y) € IF, for (16)—(18) by
the following form:

1 i 1
[(u, vy (x, y)L = [Ee"+)'Cl+(a), Be*+yC;L(a)i|

o 1 1
[ y] = [Ee”ycl (@), Ee)‘*ycr‘(a)}

for every o € [0, 1].
Therefore, (u, v)(x, y) is an intuitionistic fuzzy solution which also satisfies the
initial conditions (17)—(18). This solution may be written

_ i X+y
(u, v)(x,y) = ISCe

Numerical simulations are used to obtain a graphical representation of the intuition-
istic fuzzy solution. The membership and nonmembership functions of triangular
intuitionistic fuzzy number C = (—1, 0, 1; —2, 0, 2) in Fig. 1.

By using numerical simulations by Matlab, we present the surface of intuitionistic
fuzzy solution in Fig.2 with triangular intuitionistic fuzzy number C = (-1, 0, 1;
-2,0,2).

Example 2 Consider the following intuitionistic fuzzy hyperbolic equation

3% (u, , 1 1
%;xy):_Z()’(”vv)(xs)’))y‘l'E(M,v)(x,y)+c (16)

where C € [F is a triangular intuitionistic fuzzy number, (x, y) € [0, 1] x [0, 1].
And the integral boundary conditions are
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25
Fig. 2 The surface of intuitionistic fuzzy solution
1 1
(u, v)(x, 0) + E/ (u, v)(x, y)dy = 55xC, (17)
0
1 1
(V0.3 + 15 / {1, v) (x, y)dx = yC. (18)
0

From (16), we have the function f : [0, 1] x [0, 1] x IF|, — [IF| define by

1
f(xvy’ (u’ V)(X,Y)) = §<u7 V)(x’y) +C

satisfies assumptions 1. and 2. of the Theorem5. Indeed, is easy to see that f is
continuous.
Thus:
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do ({1 ) (5, 3), (V) . 9))

l\)l'—‘

doo (f (6, , (u, V) (6, ), f (0, p, V) (x, 1)) <

and so f satisfy 2.

It is clear that the hypotheses are satisfied with an positive number K = %, ky =
a=b=1and g(x,y) = —1y, we have sup lg(x, y)| = . That

(x,y)€[0,1]x[0,1]

follows all the conditions in the Theorem 5 hold. Therefore there exists an unique
intuitionistic fuzzy solution of this problem.

We will find an intuitionistic fuzzy solution of this problem:

We apply the fuzzification in ¢, and supposed that the parametric form of corre-
sponding intuitionistic fuzzy number C is

ky = 10,

[c] = [Cr(oo, Cﬁ(a)]

[C] - [q(a), c: (a)]
where is verify the conditions of Lemma 1.

Then the function f : [0, 1] x [0, 1] x IF} —> IF; define by f(x,y, (u, v)
(x, y)) = (4, v)(x,y) + C is obtained by extension principle from the function
Fx,y,uy)=u+c, (x,y,¢) €[0,1] x [0,1] xR

[F1e = [y +c] = [[w e | @+ ¢ @, [ e ] @+ C+<a>]

[ = [ +c] = [[(u ne ] @+ 6@, [wne ] @+ (a)]

If
(], =[] @ [w o] @]
[ )] = [[(u e | @, [, ”]r(“)]

Then

[82(14, V)(x,y)L _ [[82@{ V) (x, y)] . [82(14 V) (x, y)] @ )}

axady dxdy axdy
O u, v) (e, )1 8%, v)(x,y) 2{u, v)(x, y)
[ dxdy ] N |:[ dxdy ] (@), [ dxdy ] (@ ):|

Therefore, we have to solve the following partial hyperbolic differential equations:
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axdy

axdy

daxdy

[ 92 (u,v) (r.y)
axdy

[ 32 (u,v) (x,y)
9 (1) (x,y)
2]

[azw,v)(x‘y)

|, @ ==i[0wney),] @+ unwn], @+ @,

| @ ==4[0wnen),] @+ unwn] @+ @,

with initial conditions

we get

Therefore

[, v) @, O (@) + 35 fy [, v) e )T (@)dy
[, v) @, 0]} (@) + 15 fy [, v) (e )} (@)dy
(1, v) (e, )] (@) + 5 fy L, v) (. )] (@)dy
[, v)O. T (@) + 5 fy [, v) e 0] (@)dx
(i, v) 0, I (@) + 5 [ L, v) (x, ] (@)dx
[, v)(0. )T} (@) + 15 fy [, v) (e )]} (@)dx

[, v) (0, )17 (@) + 5 fi [, v) (e, W1 ()dx

- 1+
(@ @ =@,

(] @ =00 @,

+ +
@ ==4[0uney), ] @+ 3wnen] @+ @.

=~ How o), ] @+ Hwnen] @+,

[, v)(x, O (@) + 15 fo [, ) (x, W] (@)dy = HxCf (@),

= Z—‘Oij(ot),
= 3xC (@),
= 5xC; (),
= 5C; (@),
= 539G (@),
= 557C; (@),

= 559C, (),

B. Ben Amma et al.

(x,y) €10, 11 x [0, 1]

(x,y) €10, 1] x [0, 1]

(x.y) €10,1] x [0, 1]

(x,y) €10, 11 x [0, 1]

x €[0,1]

x € [0, 1]

x €[0,1]

x €[0,1]

y€[0,1]

y €10, 1]

y€[0,1]

y €1[0,1]

(x,y) €[0,1] x [0, 1]
- 1+

(s v) (x, y)_r (@) =xyCH(a), (x,y)€[0,1]x[0,1]
(x,y) €10, 1] x [0, 1]

[, y)::(a) = xyCr (@), (x.y) €[0,1]x [0, 1]

19)

(20)

2y
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[y = [xycr(axxny(a)]
[ n] = [xyC,‘ (@), 2C; (a)]
Now we denote
|:xyCl+(oz), xij'(oz):| =M,, |:xyCl_ (@), xyC,~ (oz)j| =M«
and
[c,*(a), Cj'(oz):| =M, [c,—(a), c;(a)] =M"

It easy to see that (M,,, M *) verify (i)—(iv) of Proposition 1 and by using the Lemma 1
we can construct the intuitionistic fuzzy solution (u, v)(x, y) € IF, for (16)—-(18) by
the following form:

e} [xycr (@). 3} (a)]

[ n] = [xyC,‘ (@), 5C; (a)]

for every o € [0, 1].
Therefore, (u, v)(x, y) is an intuitionistic fuzzy solution which also satisfies the
initial conditions (17)—(18). This solution may be written

(u, v)(x,y) = xyC

Numerical simulations are used to obtain a graphical representation of the intuition-
istic fuzzy solution. The membership and nonmembership functions of triangular
intuitionistic fuzzy number C = (—1, 0, 1; —0.75, 0, 0.75) in Fig. 3.

By using numerical simulations by Matlab, we present the surface of intuitionistic
fuzzy solution in Fig.4 with triangular intuitionistic fuzzy number C = (—1, 0, 1;
—0.75, 0, 0.75).

6 Conclusion

In this paper, we have obtained the existence and uniqueness result for a solution to
intuitionistic fuzzy partial hyperbolic differential equations using Banach fixed point
theorem. Also we have given an useful procedure to solve intuitionistic fuzzy partial
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1 T T T T T T T T
09 =
08 -
0.7+ -
06~ -1
05 -1
04 =
03 -1
0.2+ -

01 -1

0 1 | 1 1 1 | 1 |
=1 -08 06 -04 -0.2 0 0.2 04 086 08 1

Fig.3 C=(-1,0, 1; -0.75, 0, 0.75)

<u,v> (X,ya)

Fig. 4 The surface of intuitionistic fuzzy solution

hyperbolic differential equations. For future research we can apply these results on
intuitionistic fuzzy partial functional differential equations.

References

1. Adak, A K., Bhowmik, M., Pal, M.: Intuitionistic fuzzy block matrix and its some properties.
Ann. Pure Appl. Math. 1(1), 13-31 (2012)

2. Allahviranloo, T.: Difference method for fuzzy partial differential equation. Comput. Methods
Appl. Math. 2(3), 233-242 (2002)

3. Arara, A., Benchohra, M., Ntouyas, S.K., Ouahab, A.: Fuzzy solutions for hyperbolic partial
differential equations. Int. J. Appl. Math. Sci. 2(2), 181-195 (2005)

4. Atanassov, K.T.: Intuitionistic Fuzzy Sets. Physica-Verlag, Heidelberg (1999)

5. Atanassov, K.T.: Intuitionistic fuzzy sets. VII ITKRs session. Sofia (deposited in Central Sci-
ence and Technical Library of the Bulgarian Academy of Sciences 1697/84) (1983)



Integral Boundary Value Problem for Intuitionistic Fuzzy Partial ... 119

~N

10.
11.

12.

13.

14.

15.

16.

17.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

. Atanassov, K.T.: Intuitionistic fuzzy sets. Fuzzy Sets Syst. 20, 87-96 (1986)
. Atanassov, K.T.: More on intuitionistic fuzzy sets. Fuzzy Sets Syst. 33(1), 37-45 (1989)
. Atanassov, K.T.: Operators over interval valued intuitionistic fuzzy sets. Fuzzy Sets Syst. 64(2),

159-174 (1994)

. Atanassov, K.T.: Two theorems for Intuitionistic fuzzy sets. Fuzzy Sets Syst. 110, 267-269

(2000)

Atanassov, K.T.: Type-1 fuzzy sets and intuitionistic fuzzy sets. Algorithms 10(3), 106 (2017)
Atanassov, K.T., Gargov, G.: Interval-valued intuitionistic fuzzy sets. Fuzzy Sets Syst. 31(3),
43-49 (1989)

Atanassov, K.T., Gargov, G.: Elements of intuitionistic fuzzy logic, Part I. Fuzzy Sets Syst.
95(1), 39-52 (1998)

Ban, A.L: Nearest interval approximation of an intuitionistic fuzzy number. Computational
Intelligence, Theory and Applications, pp. 229-240. Springer, Berlin (2006)

Ben Amma, B., Chadli, L.S.: Numerical solution of intuitionistic fuzzy differential equations
by Runge-Kutta Method of order four. Notes Intuitionistic Fuzzy Sets 22(4), 42-52 (2016)
Ben Amma, B., Melliani, S., Chadli, L.S.: Numerical solution of intuitionistic fuzzy differential
equations by Adams three order predictor-corrector method. Notes Intuitionistic Fuzzy Sets
22(3), 47-69 (2016)

Ben Amma, B., Melliani, S., Chadli, L.S.: Numerical solution of intuitionistic fuzzy differential
equations by Euler and Taylor methods. Notes Intuitionistic Fuzzy Sets 22(2), 71-86 (2016)
Ben Amma, B., Melliani, S., Chadli, L.S.: The Cauchy problem of intuitionistic fuzzy differ-
ential equations. Notes Intuitionistic Fuzzy Sets 24(1), 37-47 (2018)

. Ben Amma, B., Melliani, S., Chadli, L.S.: Intuitionistic fuzzy functional differential equations.

Fuzzy Logic in Intelligent System Design: Theory and Applications, pp. 335-357. Springer
International Publishing, Cham (2018)

Ben Amma, B., Melliani, S., Chadli, L.S.: A fourth order Runge-Kutta gill method for the nu-
merical solution of intuitionistic fuzzy differential equations. Recent Advances in Intuitionistic
Fuzzy Logic Systems. Studies in Fuzziness and Soft Computing, vol. 372, pp. 55-68. Springer,
Cham (2019)

Breuss1, M., Dietrich, D.: Fuzzy Numerical Schemes for Hyperbolic Differential Equations,
pp. 419-426. Springer, Berlin (2009)

Buckley, J.J., Feuring, T.: Introduction to fuzzy partial differential equations. Fuzzy Sets Syst.
105, 241-248 (1999)

Buhaesku, T.: On the convexity of intuitionistic fuzzy sets. Itinerant Seminar on Functional
Equations, Approximation and Convexity, pp. 137-144. Cluj-Napoca (1988)

Buhaesku, T.: Some observations on intuitionistic fuzzy relations. Itinerant Seminar of Func-
tional Equations, Approximation and Convexity, pp. 111-118 (1989)

Castillo, O., Melin, P.: Short remark on fuzzy sets, interval type-2 fuzzy sets, general type-
2 fuzzy sets and intuitionistic fuzzy sets. In: IEEE International Conference on Intelligent
Systems 2014, vol. 1, pp. 183-190 (2014)

Cornelis, C., Deschrijver, G., Kerre, E.E.: Implication in intuitionistic fuzzy and interval-valued
fuzzy set theory: construction, application. Int. J. Approx. Reason. 35, 55-95 (2004)

De, S.K., Biswas, R., Roy, A.R.: An application of intuitionistic fuzzy sets in medical diagnosis.
Fuzzy Sets Syst. 117, 209-213 (2001)

Deschrijver, G., Kerre, E.E.: On the relationship between intuitionistic fuzzy sets and some
other extensions of fuzzy set theory. J. Fuzzy Math. 10(3), 711-724 (2002)

Farajzadeh, A.: An explicit method for solving fuzzy partial differential equation. Int. Math.
Forum 5(21), 1025-1036 (2010)

Gerstenkorn, T., Manko, J.: Correlation of intuitionistic fuzzy sets. Fuzzy Sets Syst. 44, 39-43
(1991)

Hussian, E.A., Suhhiem, M.H.: Numerical solution of fuzzy partial differential equations by
using modified fuzzy neural networks. Br. J. Math. Comput. Sci. 12(2), 1-20 (2016)

Kharal, A.: Homeopathic drug selection using intuitionistic fuzzy sets. Homeopathy 98, 35-39
(2009)



120 B. Ben Amma et al.

32. Li, D.E.: Multiattribute decision making models and methods using intuitionistic fuzzy sets. J.
Comput. Syst. Sci. 70, 73-85 (2005)

33. Li, D.F, Cheng, C.T.: New similarity measures of intuitionistic fuzzy sets and application to
pattern recognitions. Pattern Recognit. Lett. 23, 221-225 (2002)

34. Long,H.V.,,Kim Son, N.T., Ha, N.-T.M., Tam, H.T.T.: Integral boundary value problem for fuzzy
partial hyperbolic differential equations. Ann. Fuzzy Math. Inform. 8(3), 491-504 (2014)

35. Long,H.V.,Kim Son, N.T., Ha, N.T.M., Tam, H.T.T.: The existence and uniqueness of fuzzy so-
lutions for hyperbolic partial differential equations. Fuzzy Optim. Decis. Mak. (2014). Springer
Science+Business Media, New York

36. Mabhapatra, G.S., Roy, T.K.: Reliability evaluation using triangular intuitionistic fuzzy numbers
arithmetic operations. Proc. World Acad. Sci. Eng. Technol. 38, 587-595 (2009)

37. Melliani, S., Chadli, L.S.: Intuitionistic fuzzy differential equation. Notes Intuitionistic Fuzzy
Sets 6, 37-41 (2000)

38. Melliani, S., Chadli, L.S.: Introduction to intuitionistic fuzzy partial differential equations.
Notes Intuitionistic Fuzzy Sets 7, 3942 (2001)

39. Melliani, S., Elomari, M., Chadli, L.S., Ettoussi, R.: Intuitionistic fuzzy metric space. Notes
Intuitionistic Fuzzy Sets 21(1), 43-53 (2015)

40. Melliani, S., Elomari, M., Chadli, L.S., Ettoussi, R.: Intuitionistic fuzzy fractional equation.
Notes Intuitionistic Fuzzy Sets 21(4), 76-89 (2015)

41. Melliani, S., Elomari, M., Atraoui, M., Chadli, L.S.: Intuitionistic fuzzy differential equation
with nonlocal condition. Notes Intuitionistic Fuzzy Sets 21(4), 58-68 (2015)

42. Melliani, S., Atti, H., Ben Amma, B., Chadli, L.S.: Solution of n-th order intuitionistic fuzzy
differential equation by variational iteration method. Notes Intuitionistic Fuzzy Sets 24(3),
92-105 (2018)

43. Nikolova, M., Nikolov, N., Cornelis, C., Deschrijver, G.: Survey of the research on intuitionistic
fuzzy sets. Adv. Stud. Contemp. Math. 4(2), 127-157 (2002)

44. Nirmala, V.: Numerical approach for solving intuitionistic fuzzy differential equation under
generalised differentiability concept. Appl. Math. Sci. 9(67), 3337-3346 (2015)

45. Norazrizal Aswad, A.R., Muhammad Zaini, A.: Solution of fuzzy partial differential equations
using fuzzy Sumudu transform. In: AIP Conference Proceedings, vol. 1775 (2016)

46. Orouji, B., Parandin, N., Abasabadi, L., Hosseinpour, A.: An implicit method for solving fuzzy
partial differential equation with nonlocal boundary conditions. Am. J. Eng. Res. 03(06), 15-19
(2014)

47. Parimala, V., Rajarajeswari, P., Nirmala, V.: Numerical solution of intuitionistic fuzzy differ-
ential equation by Milne’s predictor-corrector method under generalised differentiability. Int.
J. Math. Appl. 5, 45-54 (2017)

48. Sankar, PM., Roy, T.K.: First order homogeneous ordinary differential equation with initial
value as triangular intuitionistic fuzzy number. J. Uncertain. Math. Sci. 2014, 1-17 (2014)

49. Sankar, PM., Roy, T.K.: System of differential equation with initial value as triangular intu-
itionistic fuzzy number and its application. Int. J. Appl. Comput. Math. 1(3), 449-474 (2015)

50. Shu, M.H., Cheng, C.H., Chang, J.R.: Using intuitionistic fuzzy sets for fault-tree analysis on
printed circuit board assembly. Microelectron. Reliab. 46(12), 2139-2148 (2006)

51. Sotirov, S., Sotirova, E., Atanassova, V., Atanassov, K., Castillo, O., Melin, P., Petkov, T.,
Surcheyv, S.: A hybrid approach for modular neural network design using intercriteria analysis
and intuitionistic fuzzy logic. Complexity 2018 (2018)

52. Szmidt, E., Kacprzyk, J.: Distances between intuitionistic fuzzy sets. Fuzzy Sets Syst. 114(3),
505-518 (2000)

53. Wang, Z., Li, K.W., Wang, W.: An approach to multiattribute decision making with interval-
valued intuitionistic fuzzy assessments and incomplete weights. Inf. Sci. 179(17), 3026-3040
(2009)

54. Ye, J.: Multicriteria fuzzy decision-making method based on a novel accuracy function under
interval valued intuitionistic fuzzy environment. Expert Syst. Appl. 36, 6899—6902 (2009)

55. Zadeh, L.A.: Fuzzy sets. Inf. Control 8(3), 338-353 (1965)



On the Periodic Ricker Equation )

Check for
updates

Jose S. Canovas

Abstract Switching systems have recently used to model phenomena from Biology,
Economy, Physics...They consist on the iteration of a finite number of maps. In this
paper we consider periodic systems and analyze the dynamics of the periodic Ricker
equation of period two.

Keywords Ricker equation - Topological entropy + Lyapunov exponents

1 Introduction

In this paper we consider nonautonomous difference equations

Xna1 = fu(Xn),

where f, : X — X are maps defined on a metric space (X, d). The difference e-
quation generates a nonautonomous discrete system (X, f] ), Where fi - = (fu)
denotes the sequence of maps. Among them, periodic nonautonomous systems have
been investigated by several authors recently (see e.g. [3, 9] or [4]) The interest for
this kind of systems comes mainly from the existence of population models given by
periodic difference equations. These models are motivated by changes in the environ-
ment (see [13]) and human activities like harvesting, fishing, plague control...(see
[18]).

In a periodic difference equation there is a minimal £ € N such that f, . = f,
for all n > 1. If k = 1, then we have an autonomous difference equation. Here we
are interested in the case k > 2 and we will denote by [fj, ..., fi] the sequence
f1.00- Given an initial condition x € X, it is easy to see that its orbit, denoted by
Orb(x, fi.0), can be organized as
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orb(x,[f1,..., Ji) = Orb(x, fro---o f)U---UOrb((fg—10---0 f1)(x), fx—10---0 f10 fi)

and then its w-limit set, which consists of the accumulation points of the orbit,
satisfies

o, [f1,.o00 i) =0, fro---o f)U---Uwo((fy—1 00 f)x), fk—10---0 f10 fi).

Therefore the dynamics of [ fi, ..., fi] can be related to that of the maps fro---o
fis-ovy fi—10---0 f1 0 fi,thatis,itcanbe analyzed as the dynamics of k associated
dynamical systems. Additionally, it is also easy to see that

(fi—1 0+ 0 f)Orb(x, fyo---0 f1)) = Orb((fi—1 0+ 0 f1)(X), fi—1o-++0 froflo-- 0 f;)

fori =1,...,k — 1, and therefore it is reasonable to expect that the dynamics of
fro---o fiissimilarto thatof f;_jo---0 frofio---of;,i=1,....,k—1.In
general, the last assertion is not true; for instance the topological sequence entropy
of two non-commuting maps can be different [5], but for many dynamical notions,
say e.g. periodicity, topological entropy, attractors, this is the case. So, in many cases
the dynamics of periodic systems can be derived from that of the map f; o--- o f}
and hence, in principle, it does not differ from the one-dimensional case. However, in
practical examples, the composition operation used to form the k-iterated equations
introduces some difficulties when one is interested in analyzing real models, which
in general depend on one or several parameters.

So, in this paper, we will analyze the periodic Ricker model. The Ricker model
with changes in the parameter has been introduced in [17]. Then several authors
studied the global stability of the periodic Ricker model (see [22, 23] or [19]).
Here, we are interested in the chaotic properties of the two-periodic Ricker model.
Specifically, we compute the topological entropy and show the parameter region
when the dynamics is chaotic.

The paper is organized as follows. We will present some basic tools which will
be helpful to analyze the model and after that we will use them to obtain practical
information on the model.

2 Some Useful Tools in One-Dimensional Dynamics

The aim of this section is to give some guidelines for the practical analysis of periodi-
cally switched sequences of interval maps. In our case, we are interested in piecewise
monotone maps. Let / = [a, b] C R and consider f : I — [ a continuous interval
map for which there are a = ¢y < ¢; < --- < ¢; = b such that f|, c,,,) is strictly
monotone for j =0,1,...,i — 1. The points ¢;, j =1, ...,i — 1, are called turn-
ing points of f. In addition (see [27]), we will assume that the map f is smooth
enough, in our case C* and the turning points are non flat, that is, for x close to ¢ s
j=12,...,i—1,
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f@) ==£lpW@IP + f(cp),

where ¢ is C3, ¢(cj) =0and g; > 0.

Following [20], a metric attractor is a subset A C [0, 1] such that f(A) C A,
O(A) = {x : w(x, f) C A} has positive Lebesgue measure, and there is no proper
subset A" & A with the same properties. The set O(A) is called the basin of the
attractor.

By [27], the regularity properties of f imply that there are three possibilities for
its metric attractors, which can be of one of the following types:

(A1) A periodic orbit.

(A2) A minimal Cantor set containing at least one recurrent turning point. Recall
that a set is minimal if it is the w-limit set of all the orbits, and a point is
recurrent if belongs to its w—limit set.

(A3) Aunion of periodicintervals Ji, . .., Ji,suchthat f¥(J;) = J;and f/=/(J;) =
Jj, 1 <i < j <k, and such that £k is topologically mixing. Topologically
mixing implies the existence of dense orbits on each periodic interval (under
the iteration of f¥).

Moreover, if f has an attractor of type (A2) or (A3), then they must contain the
orbit of a turning point, and therefore its number is bounded by the turning points.
In addition, if the map has negative Schwarzian derivative (see [24, 26]), given by

" " 2
3
s = LD (&) ,

f@ 2\ o

then the total number of attractors is bounded by that of turning points of f.!

Notice thatif a finite orbit P = {xy, ..., x,_1}is anattractor, then |( /")’ (xo)| < 1.
So, if the orbit of a turning point is attracted by this periodic orbit, then the Lyapunov
exponent (see [21]) at the turning point c;, given by

1 1< .
lyex(c;) = nli)rgo p log [(f™)'(f(c;)] = nlingo p Zlog FACACH)IE
j=1

must be smaller or equal than zero. Hence, the existence of positive Lyapunov ex-
ponents can be seen as an evidence of the existence of chaos.

Below, we introduce the notion of topological entropy which will be useful to
define topological chaos. It was introduced in the setting of continuous maps on
compact topological spaces by Adler, Konheim and McAndrew [1] and Bowen [8].2
For continuous interval maps the definition reads as follows. Given ¢ > 0, we say

IPlus perhaps a fixed point at the boundary of the interval or a two-periodic orbit consisting of both
endpoints of the interval.

2Dinaburg [15] gave simultaneously a Bowen like definition for continuous maps on a compact
metric space.
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that aset E C I is (n, ¢, f)—separated if for any x, y € E, x # y, there exists k €
{0,1,...,n — 1} such that | f¥(x) — f*(y)| > &. Denote by s (n, &, f) the biggest
cardinality of any maximal (n, &, f)—separated setin /. Then the topological entropy
of fis
1
h(f)= ling)limsup —logs (n, e, f).

&0 pooo N

There is an equivalent definition using spanning sets (see [8]). For one-dimensional
dynamics the topological entropy is an useful tool to check the dynamical complexity
of a map because it is strongly connected with the notion of horseshoe (see [2,
page 205]). We say that the map f : I — [ has a k-horseshoe,® k € N, k > 2, if
there are k disjoint subintervals J;, i = 1, ..., k, such that J; U---U J; € f(J;),
i =1,...,k. Then, a continuous interval maps have positive entropy if and only if
there is a positive integer [ such that £’ has a horseshoe.

The problem is that Bowen’s definitions of topological entropy are not suitable for
working with families of interval maps depending on parameters. Then, in practice,
some algorithms are needed to make the computations.

For unimodal maps (see [7]) it is possible to make the computations by using
the turning point. Let f be a unimodal map with maximum (turning point) at c. Let
k(f) = (ki, kp, k3, ...) be its kneading sequence given by the rule

R if fi(c) > c,
ki= 1 C if fi(c) =c,
L if fi(c) <ec.

We fix that L < C < R. For two different unimodal maps f; and f,, we fix their
kneading sequences k( f1) = (k,ll) and k(fr) = (k,%). We say that k( f1) < k(f) pro-
vided thereism € Nsuchthatk! = k7 fori < m and either an even number of ks are
equal to R and k), < k2 or an odd number of k;'s are equal to R and k2, < k.. Then
it is proved in [7] that if k(f1) < k(f>), then h(f1) < h(f>). In addition, if k,,(f)
denotes the first m symbols of k(f), and k,,(f1) < k., (f2), then h(f1) < h(f>).

The algorithm for computing the topological entropy is based in the fact that the
tent family

kx if x €[0,1/2],

9 (x) = { —kx+kif x e[1/2,1],

with k € [1, 2], holds that 4 (g;) = logk. The idea of the algorithm is to bound the
topological entropy of a unimodal maps between the topological entropies of two
tent maps. The algorithm is divided in four steps:

Step 1. Fix ¢ > 0 (fixed accuracy) and an integer n such that§ = 1/n < ¢.
Step 2. Find the least positive integer m such that k,,, (g1+5), 0 < i < n, are distinct
kneading sequences.

3Since Smale’s work (see [25]), horseshoes have been in the core of chaotic dynamics, describing
what we could call random deterministic systems.
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Step 3. Compute k,,(f) for a fixed unimodal map f.
Step 4. Findr the largestinteger such thatk,, (g;+,5) < k»,(f).Hencelog(l 4 r8) <
h(f) <log(l + (r + 2)3).

The algorithm is easily programmed. We usually use Mathematica, which has
the advantage of computing the kneading invariants of tent maps without round off
errors, improving in practice the accuracy of the method.

In the next section, we will show how to apply the above results and some exten-
sions of them to the periodic Ricker family.

3 Periodic Ricker Family

Before studying the periodic Ricker family, we will show some facts on the au-
tonomous case. The Ricker population model is given by the map f(x) = xe"~*.
This map is unimodal and its turning point x,; = 1, which is a maximum, can be ob-
tained easily. The dynamics of f is contained in the invariant interval [ f2(1), f(1)]
and hence f can be considered as an interval map, whose dynamics can be given by
the orbit of the turning point. In fact, its Schwarzian derivative is given by

6 —4x + x?

S(f)(x) = _w <0

forall x # 1. The bifurcation diagram, estimations of Lyapunov exponents and com-
putation of topological entropy with accuracy 10~® can be found in Fig. 1.

It is remarkable that we can have positive topological entropy, and hence topo-
logical chaos, while the attractor is a periodic orbit since the Lyapunov exponent is
negative, and chaos is not physically observable since it is hidden in a set of zero
Lebesgue measure.

Here we go back to the periodic models and for instance we consider a periodic
sequence [ f1, ..., fr] where each map f;(x) = xe’"~*, are given by the Ricker mod-
el. We consider the case k = 2, that is, the sequence of maps has periodicity two.

Lexp

1 Tl 1T 0.5t
H ZEV 1T EY] B T t
| | 04k

' 3% 3 a¥ '

15 20 25 30 35 40 24 30 38 10

Fig. 1 The bifurcation diagram of Ricker map (left) is obtained by computing 50,000 points of the
orbits of the turning points and plotting the last 500. The estimations of the Lyapunov exponent
(center) is obtained with the last 25,000 points of the iteration. The topological entropy (right) is
computed with accuracy 10~°
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In this case, the dynamics are given by the composition maps f, o f; and f; o f>.
From [14, 16] we know that topological entropy, which can be introduced as well
for periodic switching systems, can be computed as

1 1
h(Lf1, f2D) = Eh(fl o fr) = Eh(fz o fu),

and hence we can take any of the two possible compositions. The turning points of
f1 o f> are computed by solving the equation

[i(f20)) f2(x) =0,

obtaining the solution 1 and the equation f>(x) = 1, which has a solution if f,(1) =
e”~! > 1, which give us the condition

rp > 1.
We have to solve the equation
Hx)=xe""" =1

numerically, for instance using the Newton method. Now, the turning point 1 is a
minimum while the new turning points are maximum which have eventually the
same orbit. The Schwarzian derivative

S(fio f2)(x) = (S (f2(0)) f5(x)* + S(f2)(x) < O

and hence the multimodal map f; o f; has at most two metric attractors, characterized
by the two essentially different turning points. Figure 2 shows several examples of
bifurcation diagrams.

Additionally, in Fig.3, we show the estimations of Lyapunov exponents of the
orbits plotted in Fig. 2. We check that the existence of more than one attractor is given
by different values of Lyapunov exponents at the turning points, as a consequence
of the ergodic theorem (see e.g. [28]).

Finally, to conclude, we compute numerically the topological entropy. If r, < 1
we can use the previous algorithm because the map is unimodal, but if r, > 1 the
map is trimodal and we proceed as in [11], by adapting an algorithm by Block and
Keesling [6] for bimodal maps. We refer the reader to the references because the
explanation of the algorithms is large. In Fig.4, we show the values of topological
entropy fixing r| to be the values 2.5 and 2, respectively. In Fig.5 we show that
the entropy can be zero for r; and r;, the smallest value for which the topological
entropy is positive is 7 = 2.6923688545 with accuracy 10~!!, while the entropy of
the composition of the maps can be positive, showing the existence of the so—called
Parrondo’s paradox [12], obtaining a similar result of that of logistic family [10].
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3.0¢ 3.0¢
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Fig.2 We fix rj = 2.5 (top) and 2 (center) and show the bifurcation diagram for the turning point
1 on the left while on the right we take the other turning point, which is a maximum. For r; =2
we make a zoom for values of r; in a neighborhood of 3.5. They are obtained computing 50,000
points and plotting the last 500

From our computations it seems that paradox “complex plus complex simple” is not
possible for topological entropy.

As a summary, we have seen that increasing the turning points also increases
the difficulties of analyzing the system. On the one hand, we have to make some
computations of turning points numerically. On the other hand, now the map depends
on two parameters, which increases the computation time and the way the results
are presented. The difficulties increase when we consider longer periodic sequences
of maps because both the computations and their graphical representations are more
complicated.
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Fig. 3 Estimations of Lyapunov exponents related to Fig. 2, that is r| = 2.5 at the top and r; =2
in the middle making a zoom down. We take the last 25,000 points of the orbits of turning points
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Fig.4 Computations of topological entropy related to Fig.2 with accuracy 10~ for r| = 2.5 (left)
and 2 (right)

Finally, it is showed that the paradox “simple plus simple complex” is possible
for Ricker family when two maps are considered. However, it follows from our
computations that we cannot observe if the paradox “complex plus complex simple”
may happen. The same happened in [10] for the logistic family. So, it is an interesting
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.0 2.2 24 20

Fig. 5 Topological entropy (right) and level curves (right) when ry, ry € [2, 4] (top) with accuracy
10~°. Down, it is shown for values 1, r, € [2, 2.7] with the same accuracy. For ry, rp € [2,2.7],
the level curves shows the existence of positive entropy for values smaller than 7

question to check whether simplicity can be generated by combining two interval
maps with positive topological entropy.
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The Stability of Vortices in Gas on the m
[-Plane: The Influence of Centrifugal L
Force

Olga Rozanova and Marko Turzynsky

Abstract We show that a small correction due to centrifugal force usually neglected
in the /-plane model of atmosphere drastically influences on the stability of vortices.
Namely, in the presence of the Coriolis force only there exists a wide range of
parameter ensuring nonlinear stability of a vortex with uniform deformation. Taking
into account the centrifugal force results in a disappearance of stable vortices in
the above mentioned class of motions. We also prove that for the heat ratio v = 2,
corresponding to the one-atomic gas, the system of equations, describing the gas on
the /-plane with the correction due to centrifugal force can be integrated in a special
case.

Keywords Compressible 2D medium - Vortex motion - Stability + Rotation *
Centrifugal force

1 Reduction of 3D Primitive Equations of the Atmosphere
Dynamics to the /-Plane Model

We consider the system of gas dynamics, widely used for a description of the dynam-
ics of atmosphere of a rotating planet, such as the Earth. We do not dwell on the
processes of heat and moisture transfer and study the behavior of atmosphere in
the frame of the model of ideal polytropic inviscid gas. The model consists of the
following equations [15]

pOU + U, VYU +20 x U+ & x (& x7)+ge3) = —Vp, (1)
dp + div(pU) =0, )
9,8+ (U,VS)=0. 3)
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forp>0,p >0, U= (U, Uy, Us), S (density, pressure, velocity and entropy). The
functions depend on time ¢ and on point x € R?, &3 = (0, 0, 1) is the “upward” unit
vector, g is the acceleration due to gravity (points in —e3 direction to the center of
planet), w is the velocity of angular rotation, 7 is the radius-vector of point in the
coordinate system, associated with the center of planet. The state equation is

p=pe’, y>1 )

System (1)—(3) describes a layer of air over a spherical planet, therefore for the
processes of planetary scale one should use spherical coordinates. Nevertheless, for
the process of so called middle scale it is possible to fix a point on the Earth surface
and consider a coordinate system with the origin in these point. Thus, axes x; and x;
are directed in the tangent plane along parallel and meridian, respectively, and the
axis x3 is directed out of the center of planet.

Let us compute the term w x (w x r) for the point lying on the plane x; = 0.
Thus, the coordinates of the radius-vector r are (x1, x, R), where R is the radius of
planet. If we denote 6 the latitude of the origin of the rotating coordinate system and
take into account that w = (0, w cos #, wsin #), w = |w|, then

O X (& x F) = Rw*(0, sin 6 cos h, — cos> 0) — w?(xy, x2 sin® 0, x, sin § cos 0).

The first vector in this sum is constant, the second one depends on the position of
point on the plane x3 = 0.

Since w x (W X 1) = —%Vw2|;7 12, traditionally they include this term in the
geopotential @ = gxz — %wz|r|2 and turn the axis (x;, x3) such that the constant
vector

sz(O, sin @ cos @, — cos? 0) — (0,0, g)

in the new coordinate system (x;, X2, X3) is directed strictly vertically. In fact, we
should turn the coordinate system by the angle £ such that

cos &(—Rw? sin 6 cos 0) — sin £(—g + Rw? cos? 6) = 0,

therefore

ané Rw?sin @ cos @
anf=—— "
g — Rw?cos? 0

We can see that £ < 1, since Rw? < 1.

Thus, we change the spherical surface of planet to the geopotential surface and
regard the surfaces of constant @ as being true spheres. The horizontal component
of apparent gravity is then identically zero (see the details in [15], Sect.2.2.1).
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If we are exactly at the origin, the term w?(xy, x sin% @, x, sin 0 cos 0) is zero.
However, in the general case

k =cos¢&sin® 0 +sinésinfcosh # 0, k= sin® 6,

and this means that the centrifugal force still has a projection on the new horizontal
coordinates (x;, ¥,) as (—w?x;, —kw?%,). Of course, one can include these terms in
the gradient of some new pressure, however this would change the state equation.

Let us repeat the standard procedure of deriving the /-plane model for relatively
thin atmosphere, ignoring vertical processes (e.g. [15], Sect.2.3.1). They define a
plane tangent to the surface of the earth at a fixed latitude 6, and then use a Cartesian
coordinate system (x1, x») to describe motion on that plane (we will write x, instead
of our previous X, ). For small excursions on the plane, they fix the projection of @w in
the direction of the local vertical, ignore the components of w in the horizontal direc-
tion, set the component of velocity Us = 0, and make the hydrostatic approximation,
which means that the gravitational term is assumed to be balanced by the pressure
gradient term. Thus the 3D vectorial Eq. (1) results in the following 2D vectorial
equation:

p(Ou+ (u-Vyu+ Lu — 6w?Dx) + Vp =0, (5)

where u(t, x) = (U;, Us), x € R?, x is a radius-vector of point, L=IL, L =

(1) _(1) , I =2wsinf > 0 is the Coriolis parameter, D = (1)2 , k =sin?#.

Equations (2)—(4) are not changed formally, however, the density, pressure and
entropy depend now only on x € R? and . In the isentropic case the Eq. (3) is valid
identically. The value of § is zero if we do not consider the centrifugal term or one,
otherwise.

The reduction to the 2D system for a thin layer of atmosphere can be obtained
more strictly by averaging over the height, see [7]. The case v = 2 corresponds to
the 2D one-atomic gas (y =2 =1+ %, where n is the dimension of space). Also it
arises in the shallow water equations.

2 Motion with Uniform Deformation: Steady States
and Their Stability

As is well known, the gas dynamics system has a special class of solutions, charac-
terized be a linear profile of velocity, that is

(6)

u(r,x) =0x, Q0= (38 58> '

In [11] the system (5), (2), (3) was considered for § = 0 and it was shown that the
components of matrix Q can be found as a part of solution of a certain quadratically-
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nonlinear matrix system of equations. For the case of arbitrary ¢ this system has the
form

R+RO+ Q"R+ (y— DtrQR =0, )
O+ Q*+ILQ +2cyR — 6w*D =0, (8)

where the symmetric matrix R describes distribution of density and pressure, ¢y =
const.

21 6=0

System (7), (9) has an one-parametric family of nontrivial equilibria, depending on
the parameter b,:

bu(by —1
a:d:O,b:—c:b*,A=C=L,B=O, 9)
ZCO

and a two-parametric family with parameters a, and c,

2 2
le, la, la;
a=a*7C:c*7b:_a_*ad=_a>kaA= CvBZ_i7C: a 7(10)
Cy 2¢ co 2C0Cs
for ¢, = 0 the latter equilibrium should be completed by
1
a=c=d=0,b=b,, A=B=0,C=——1Ib,, an
26‘0

with a parameter b,.

Equilibrium (9) corresponds to the case of axisymmetric vortex. For b, € (0, [)
the motion is anticyclonic with a higher pressure in the center of vortex (anticyclonic
high), for b, < 0 the motion is cyclonic with a lower pressure in the center of vortex
(cyclonic low), and at last, for b, > I the motion is anticyclonic with a higher pressure
in the center (anticyclonic low).

Equilibria (10), (11) correspond to a shear flow along a straight line, the ratio 2’—*
gives the inclination of this line with respect to the coordinate axis.

Let us give a review of the results about stability of the equilibria.

Theorem 1 Equilibrium (9) is unstable for any v > 1 if

14+42

by
T e R\XY, where ¥ =[K_,K,], Ky = 2

(12)
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Moreover, for v > 4 the domain X can be replaced by o = [k_,ki], ki =
02D Thus, 0 = [k—, k4] — [0, 1] as v — 00 and the domain of instability
enlarges.

Proof Eigenvalues of matrix of linearization in the point (9) for the system (7), (8),
written as 7 equations are the following:

I AL
Aosa=+v2 | =l (b* + Z) + \/<b + 5) (Z + bl — (b*)z),

Aso = £V —Q2Q2 = Pbu(by — 1) +12), A =0.

Forb, < 521 andb, > 521 > [ weget \sq56=+ta+iff, a #0, 5 #0,
therefore there exists an eigenvalue with a positive real part. Thus, the Lyapunov
theorem implies instability of the equilibrium.

For v € (1, 2] (this case was considered in [11]) the value —(2(2 — v)b. (b, —
) +1%) < 0, then R(A; ) = 0. Fory > 2 we have —(2(2 — by (by — 1) +1?) > 0
(the eigenvalues A , are real, and one of them is positive) for

b, b,

— <k_ or — >k,. (13)

l l

It is easy to check that for v € (2,4) condition (12) is more restrictive than

(13), whereas for v > 4 condition (13) is more restrictive. Therefore the proof is

over. (I
One can readily check that if b, € [%5 l, '+Tﬁ l], then all eigenvalues have

zero real part. Thus, for this range of parameters the linear analysis does not give an

answer about stability of the equilibrium. Nevertheless, the following theorem holds.

Theorem 2 ([11]) Equilibrium (9) is stable in the Lyapunov sense for any v > 1 if

b
T € (O, 1)

The proof is based on the explicit construction of the Lyapunov function (see the

details in [11]).
Very recently the following theorem was proved.

Theorem 3 ([14]) For v = 2 equilibrium (9) is stable in the Lyapunov sense for all
boe (S20L521), b0, bl

and unstable otherwise.
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The proof is quite technical and based on the use of the Lagrangian coordinates.

We do not dwell here on the study of stability of equilibria (10), (11), it is not
trivial. The linear analysis implies that the matrix of linearization has a couple of
eigenvalues for +1./c,/((a2 + c2)y — ¢,l) for (10) and £/=b,I(y + 1) for (11),
whereas the other éigenvalues have the zero real part. Thus, one can easily find the
range of parameters guaranteeing instability. The proof of instability in the rest of
cases is much more delicate.

22 6=1Ls=1

To reduce computations and obtain analytical result, we dwell on a particular case
s = 1. We have the following real equilibria:

(w—b,)*
a=d=0,b=—-—c=b,, A=C=——7——,B=0, (14)
2C0
2_ 2 ) 2_ .2
aza*,c=c*,b=w a*,d:—a*,Azﬁ,Bz—a*w,Czw(a* w)’
Cx co co CxCQ
(15)
for ¢, = 0 the later equilibrium should be completed by
2w? wb,
a==dw,b=b,,d=Fw,A=0,B=F—,C =— (16)
Co (&)

Thus, (14) and (15), (16) correspond to (9) and (10), (11) for § = 0.

One can easily see that the “anticyclonic high” domain of parameters disappears
from (14). Thus, the situation is similar to the case § = 0 with / = 0 (the plane does
not rotate).

Equilibria (15), (16) correspond to the saddle point of pressure.

Theorem 4 Equilibrium (14) is unstable for all values of parameter b,.

Proof The eigenvalues of matrix of linearization for the system (7), (8) at the point
(14) are the following:

A =0, A3 =EV2(y = 2)(w —by), My567 = :l:\/—4b*w +2(b2 — w?)i

Therefore for b, # w there is an eigenvalue with a positive real part. The only possi-
bility to have the zero real part is b, = w. Let us prove that this case is also unstable.
First of all we notice that if b, = w,than A, =C, =0.If wefix A=B=C =0,
we will get a subset of solutions of the full system (7), (8), corresponding to R = 0,
that is

O+ 0> +2wL0 —w?E =0,
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where £ is the identity matrix. We are going to find a small perturbation of equilibrium
of this matrix Riccati equation which results in a finite time blow up. For this raison we
first make achange Q = Q — wL, since Q = —wL is the steady state, corresponding
to the equilibrium point. For Q we get the matrix Bernoulli equation

0=-0"+wlL —wL0, (7

where the equilibrium is shifted to the zero point. Equation (17) can be reduced to
the following linear equation for U = Q™! (see, e.g [5]):

U=wUL-LU)+E. (18)

The initial condition U(0) can be derived from Q(0) provided det Q(0) # 0.
Equation (18) can be explicitly solved. Let us choose initial perturbations of the
equilibrium Q =0 as Qll = Q22 =0, ng = le = €. The components of U (¢)
are polynomials with respect to ¢ up to the second order (we skip the standard
computations), nevertheless, the components Q(t) = U~'(¢) contain det U (¢) in the
denominator. For our specific choice of perturbationdet U (t) = (2?‘“ + 1)21‘ - SLZ and
the components of Q(t) tend to infinity as t — (2w + &) 2. Thus, the theorem is
proved. ]

For equilibria (15) and (16) the spectra of matrices of linearization contain three
zeros and the quadriple

1
:t—\/c*w(vz* + \/zivz +32(y = 2)c,w?),  ze=al+cl—w?
Cx

(for (15)) and

:I:\/—b*w’y + w\/bﬁ’yz + 32(y — 2)w?),

(for (16)). Thus, one can find conditions on the parameters ensuring instability of
the equilibria. Let us notice that these conditions strongly depend on the heat ratio .
For example, (16) is always unstable for v > 2. The stability for the linearly neutral
cases is not studied, nevertheless, it is no reason to expect stability for the saddle
points of the pressure.

23 =15 =sin0

In the general case the equilibria of system (7), (8) can be found as roots of algebraic
equations of a higher order. We do not list them all, nevertheless let us mention the
following nontrivial family of equilibria depending only on one parameter c,:
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a=0,b=z,c=cy,d=0,

1 1
A=—Qc,ws — zcy + wz), B=0,C= —(u)zs2 — 2WSZ — 7Cy),
2c¢o 2c

where z = z(c4, w) is a root of the quadratic equation
cez2t + (ci — wz)z —csw? =0.

This equation always has two real roots, therefore the properties of the equilibrium
depend on the choice of the root. One equilibrium is a non-axisymmetric vortex
(z = —c4), another one is a saddle point (z = f—j). If we set s = 1, we get (14) and
(15) for a, = 0.

For this case analytical computations are very cumbersome, nevertheless one can
still find the eigenvalues of the matrix of linearization and see that the spectrum
always contains a quadriple £« + (i with a nonzero «, therefore, the equilibrium
is unstable.

3 Study of System (7), (8) in the Lagrangian Coordinates

In the present section we use the Lagrangian coordinates to show that for v = 2 and
s = 1 the solution can be found in terms of elliptic integrals.

Let F = (Fik)ik=1.2 be the matrix of transfer from the Lagrangian coordinates
w to the Eulerian ones X, i.e. x(#, w) = F(¢)w. This property is called the uniform
deformation. Since w = F~'x, thenu = x = Fw=FF!x = Ox. Thus, the con-
dition of uniform deformation is equivalent to condition (6).

System (7), (8) can be written in the Lagrangian coordinates as

oU : s
m+a—m+;£i,F,k—5w DFy =0. (19)

Here U is the internal energy of gas, U = Uy(] det F|)""det F, Uy = const > 0, F
is nondegenerate, the derivatives are taken with respect to time.

Forl = § = 0 system (19) was considered extensively in the literature both in 3D
and 2D cases. It models an expansion of a gas ellipsoid (or elliptic cylinder in 2D
case) into vacuum. The problem originates from the paper of L. V. Ovsyannikov [8],
the state of art and respective references can be found in [3]. In [1, 4] the first integrals
of the system (19) were found for / = ¢ = 0. The integrals are the following:

1 .
52 (F)?’+U=E,
ik

Fi1Fy + FipFyy — Fy Fyy — FFip=J,
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Fi Fio+ Fo1 b — FioFyy — Fn by = K.

Moreover, for the case of one-atomic gas (for x € R? it corresponds to v = 2) in [1]
it was shown the existence of a supplemental first integral

G=ZF}2](=2Et2~|—k|l‘+k0, (20)
i,k

where ko and k; are constants. It gives a possibility to find exact solution to system
(19) in the 2D case. In [2] an oscillating regime of (19) were established.

3.1 First Integrals
Theorem 5 System (19) has the integral of energy
E=E— %wz(Fﬁ, + FL +k(F + F3)). 1)
For s = 1 the system (19) has three first integrals:
E:E—%sz, A=J4+wG, B=K —2wdetF. (22)

For ~v = 2, there exists a supplemental first integral

G =) Fi=2E+wA’ +kt+k, (23)
ik

where ko and k| are constants.

Proof To prove (21) we multiply every equation of system (19) by Fj; and add the
results. We get o ) ) 3
(FuF + 3% + LF + w*'DF)F = E' =0.

To prove the existence of integrals A and B from (22) with k = 1 we check that

g UL OU L OU L 0U
11 12 ) 21 8F11 228F12 =

0.
8F21 8F2

Indeed, we denote = det F and get

F@UF8U+F8U+F8U_
“3F21 128F22 21 oF, 228F12 =
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(Fi1Fia — FioFiy + Fa1 F — FnFo))Uy, = 0.

Then we differentiate J and take into account (19) to obtain

J = Fi Ey + FiyFy — Fi Fy — FiaFp =

.U, .U,
iy —an—aT-HU o)+ Fr2 —lFlz—aT-HU Fpn |-
21 2

. ou . ou R l .
P (lel ~9F, +w2F11) — Fp (lez ~ 9Fn +w2F12> = —IZFi_/‘Fij = —§G~
ij

It implies J + éG = const and (22), if we take into account that [ = 2w.
The proof of existence of the integral B is analogous, since

oU oU oU oU
— Fp — Py + Fip + Fn

=0. 24
0F, 0Fn OF 0Fy; (24)

To prove (23) we notice that for v = 2 by the Euler theorem ) F;; (?TU =2U,
ij Y
since U = Uy(det F)~' is a homogeneous function of order —2.
Thus, .
G < .
5 = D2 Fj + FyFy) =
i,J

= E F2 4 Fyy (1Fy — + WPy ) + Fi (LF + W Fp )+
= = _E — _E[ W
- ij 11 21 F, 11 12 2 Fr 12

T ou ) IE ou g
For | —1F) — —— + J2F Fo [ — = -
21 LT + 21 | + F2 Yo +wiy

ou

— 4+ WG =
OF;;

QE —2U) + (Fi1 Fo1 + FioFoy — Fo Fiy — FyoFip) — Z Fij
i,j

2E +1J — w?G =2E +1J + 2w°G = 2(E + wA) = const.

It implies (23). O

Remark 1 We can see that (23) and (20) are similar, they are polynomials of order 2
with respect to . For § = 0 the situation is absolutely different. Namely, as is shown
in [14],

4E +21A

G = M sin(lt + ¢o) + B ,
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with constant M and ¢y, it is periodic. One can see that the in thecase d = 1,k = 1
the influence of rotation is neutralized.

3.2 Representation of Solution

Theorem 6 For § = 0 and k = 1 the system (19) can be reduced to one ODE

v W) (25)

L1
(1) _isz(t)

. 24 g2 i 8(E+wA)ko—k}
and integrated. Here f(u)= D — 2 _AtBH34Bsinu ) % =
const, s2(7) = G(¢).

Proof The change of variables
Fiy Fio\ _ (cosv —sinv) (scosu 0 cosw — sinw
F F,] ~ \sinv cosv 0 ssinu/ \sinw cosw
reduces the system of first integrals (22) to

(W) + w? + V) + 2sinQu)v'w’ + (w')?) + % + 2 —E  (26)

52 sin2u
(v + L) +sinuyw’ = 4, sinu) (v + 3) +w' = -5, @7

Further, G = ), ; F3 = s%(t), therefore we can use the expression (23).
From (27) we obtain

1 A+ Bsin2u [

, 1 B+ Asin2u
w=-—"—
52 cos? 2u
Together with (26) it implies (25). O

Remark 2 The solution u (t) of (25) contains elliptic integrals. Indeed, if we denote

o . 3 2 1 _ 2
r = sin2u, then u = EW = and cos“2u = 1 — r~. Thus, (25) can be reduced to
f)

% = jzslz =, where f(r) is a polynomial of the third order. Thus,

1

1 dr —
/sZ(T) T

0
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=F r Fl /=) [rti=r) ) _ 7 r3 \/m [ r3(ri—=ra)
/=Dry(r3—ry) r3(r—=r1)’ '\ ra(ri—r3) ri=r3’ N r3(r=r1)’ 'V ra(ri—r3) ’

where ry, 1, r3 are the roots of equation f(r) =0, F' and [T are normal elliptic
Legendre integrals of the first and third order in the Jacobi form. The roots are
simple, otherwise among them there is one that corresponds to equilibrium and the
solution does not exist in its neighborhood.

Remark 3 Itis easy to check that if we set s> = G = 2Et*> + kit + kpandl = w =

0, then D = w. Thus, we get the result of [1], where the left-hand side of the

: dt _ 2 4Et+k, : 2
formula is [ SEr = 5 arctan =57, with 3% = 4D > 0.

Remark 4 If we know the solution to (25), we can go back to the Eulerian coordi-
nates and find u. Indeed, the functions v and w can be found from (27). Thus, the
coefficients of the matrix F are known, Q = FF~! andu = Ox.

Remark 5 If u tends to zero, then det F tends to zero and the components of Q
tends to infinity. Since these components have sense of derivatives of the solution,
then it implies a blow-up. Thus, for the model of vortex with uniform deformation
the instability of an equilibrium in fact implies blow-up of derivatives. One can
hypothesize that the same phenomenon holds for a localized vortex in a gas, i.e. the
instability leads to formation of singularities (see [10]).

4 Discussion

We prove that if we take into account a small correction due to centrifugal force
usually neglected in the /-plane model of atmosphere, we drastically change prop-
erties of a specific class of vortices. However, this does not mean that the generally
accepted model is erroneous. It is well known that it is approximate and adequately
describes only processes of relatively small scale. The model we are considering is
also approximate, and an accurate description of the processes of the vortex dynam-
ics of the scale of tropical cyclones can be carried out only within the framework of
equations on a sphere.

In addition, vortex solutions with a uniform deformation, on which the difference
in stability is manifested, have infinite energy. That is, they are nonphysical on the
whole plane. To notice the effect described in this paper, it is necessary that the
members Lu and w?x (see (5)) have the same order. For this, the linear velocity
profile must be maintained inside the vortex within a radius of the order of wizu
~ 100 km (the typical value of velocity u is about 10 m/s). This is not observed
in nature, in fact, this radius is about 30km. Near the equator, where the Coriolis
parameter is small, stable atmospheric vortices are not observed. Perhaps the effect
described in this paper may be one of the factors of their destabilization.

Solutions with a linear velocity profile may seem only an interesting mathematical
object. However, it is not quite like that. In fact, solutions of this class have enormous
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applications in astrophysics (e.g. [2]), in the point blast theory [6], etc. For us, their
application to geophysics is important. The motivation is the fact that, near the center
of a large atmospheric vortex in its conservative stage, the structure of wind velocity
is linear. There are attempts to use this fact to predict the motion of the atmospheric
vortex [12, 13]. Note that the full structure of stationary vortices is very diverse [9].

Acknowledgements The first author thanks Nikolai Leontiev for a stimulating discussion.
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Abstract This paper deals with the existence, uniqueness and location of solutions of
implicit fractional differential equations involving the Hadamard fractional derivative
on Banach spaces. The results follow from the Banach contraction principle.
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1 Introduction

Recently a large amount of interest in differential equations of fractional order has
been stimulated due to its various applications, especially in different fields of applied
science like mechanics, biology, physics, control, porous media and engineering.
Indeed, we can find numerous applications in, among others, [6, 10, 11, 16, 18,
22]. There has been significant development in the study of fractional differential
equations in recent years; see the monographs of Abbas et al. [1], Baleanu et al.
[5], Kilbas et al. [13], Lakshmikantham et al. [14], Miller and Ross [17], Podlubny
[19], Samko et al. [20] and Zhou [23]. For some recent contributions on fractional
differential equations, see [2, 3, 6, 7, 15] and references therein.
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Recently, considerable attention has been given to the existence of solutions of
boundary value problems for fractional differential equations and integral equations
with Hadamard fractional derivative (see [2, 8, 12, 15]).

The Green’s function for boundary value problems of ordinary differential equa-
tions have been investigated in detail in several studies and monographs [9, 21].

Motivated by the above cited works, the purpose of this paper, is to establish
existence, uniqueness and location results for the following class of implicit fractional
differential equations:

Apoy@y = £ (t, Jog(t)' = y(),” Dy (1)), forallt e J, :=[1,b], 0 <a <1,
)

b
y(a) + /\/ y@®)dt =yb), 1 <a < b, 2)

where 7D is the Hadamard fractional derivative, f : J x Rx R — R is a given
continuous function and A € (0, +00).

In this paper, after a preliminary section, where the main definitions and properties
are introduced, we present, in Sect. 3, an existence, uniqueness and location result of
problem (1)—(2). Finally, in Sect. 4, an illustrative example is showed.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which are
used throughout this paper. First, we introduce the following space:

Co(Jp)={y:1,b] > R, yeC(l,b>b]), thereexists 1ir{1+(log(t))1_”y(t) € R}.
t—

It is not difficult to verify that C,(J;) is Banach space coupled with the norm

I¥lla = max{llog() '~ y(1)1}.

Moreover it is immediate to verify that C,(J;) C L'(J)).

Now, we introduce the concept of Hadamard integral and derivative for a € (0, 1].
We fix the value of the starting point of the integral at 1. In [13, Sect.2.7] the general
definition for arbitrary positive starting point and any positive « is introduced together
their main properties.
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Definition 2.1 The Hadamard fractional integral of order a € (0, 1] for a function
@ :[1,00) — Ris defined as

N B 1 t ¢ a—1 QO(S)
ul (p(t)— m/l‘ (lOg E) Tds,

where log(-) = log,(:), and I'(:) is the (Euler’s) Gamma function defined by

+00
r(g)zf le7ldr, £€>0.
0

On [13, Lemma 2.32] it is proved that if ¢ € L7 (J;) for some p € [1, oo], then
wl%p € L (Jy).

Definition 2.2 The Hadamard derivative of fractional order o € (0, 1] for a function
@ :[1,00) —> Ris defined as

S I A A0
Dgp(t)_r‘(l—a)dt</1 (IOgs> sds)'

Lemma 2.1 ([13, Corollary 2.4]) Let o € (0, 1]. The equality"Dy(t) = 0, t € J;,
holds if and only if

y(t) = c;(logH)*™", forallt € J, and ¢, € R.

For the existence results of problem (1)—(2) we need to prove some auxiliary
lemmas. To this end, we introduce the following function:

X
Fa(x):/ (logs)*~'ds, x=>1.
1

It is immediate to verify that F, is continuous on [1, co) for all a € (0, 1].

Lemma22 LetO<a< 1,1 <a<bandhe C(Jy) be a given function. Then the
boundary value problem
D% (1) = h(t), tel, €)]

coupled to the functional condition (2) has a unique solution u € C,(J) and it is
given by the following expression

b
y(t):f G(t, s)@ds,
1

where G(t, s) is the Green’s function defined as follows:
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Ifl<s<aand1 <s<t <b:

G(t.s) = ﬁ ((log E)H n % (log 1)~ [(log %)"7' - (log g)ﬂil + )\s[Fa<§) - F1<%)]:|> .

Ifl<t<s<a:

st [ (1os2) " ﬁ)”‘l oxfr () -r(O)]]

Fora<s<t<b

a—1 a—1
G(t,s) = % ((log é) + % (log )" [_ <10g i_’) + )\SFa(é)jI) .

and, ifa <t <s < b:

G(t,s) =

G(t,s) =

1 ot b\ b
ST (@) (log?t) |: — (log E) + )\SFQ<;>:|.

Here
7= (@) (ogh)™" = (loga)™ = A (Fa(b) = Fa(a)) ) <0.

Proof First, let’s see that this problem has, at most, one solution in LC, (J;). On the
contrary, if we have y; and y, two different solutions of problem (3), (2), we have
thatz := y; — y, is asolution of ID%z(t) = 0, t € J;. So, from Lemma 2.1, we have
that there is a ¢ € R such that

2(t) = c(logH)®™', forall t € J.

In such a case, we have that the functional boundary condition (3) say us that if
¢ # 0, then

0<AWF®D) —F(a) = (log(b)“_1 — (10g(a))a—l <0,

which is a contradiction.
As a consequence, for every ¢; € R we have, from [13, Property 2.38], that

al“(h(®)) + ¢ (log )™

1 ! £\ ! ds
i log - h(s)— log)®~!,
r(a)/l <0gs> (s)s + ¢y (log?)

y(®)

satisfies Eq. (3).
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As consequence, we must look for the unique ¢; € R, if it exists, for which the

functional condition (2) is fulfilled.
Moreover, by using Fubini’s Theorem, we deduce the following equalities

b a b
/ y(S)ds = L/ ( s 1 @d7>ds+61/ (logs)a—l ds
a (o)

a L h(T)
- F(a)_/ (/ P —dT)dS+cl (Fo(b) — Fo(a))

= F(a)/ (/ log ds)lﬂd

f f log a 1 )@dwrc1 (Fo(b) — Fo(a))
F(a) a a

_ ol h(t )
- o / / (log 1) dl)

/ Gog )~ rat) "y 1y () ~ Fot@)

F( )
— m/l |:Fa ; —FQ(;>]h(7)dT
b 'r <é>h( VAT + ¢ (Fo(b) — Fo(a))
F(a) a - T T C1 a ala)).

So, the boundary condition (2) is fullfilled if and only if

a a— b a—1
/ (log ) 1@a's—/ <log é) h(s)
N 1 N
+)\/ a _ a( h(S)d +>\/ h(S)

= c1l(@)( (log b)“‘1 — (log@)"™" = A (Fa(b) = Fala)) )

that is
cl = lI:/ Kl(s)ﬁd +)\f K> (s )st]
YLJ1 1

with K, and K, defined as follows:

b a—1
—<log—) a<s<b
K

r a—1 b a=1
(@) (log %) — (log —> 1<s<a.
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Therefore, the unique solution of (3), (2) is given by
b h(s)
y(t) = G(t,s)—=ds, tel,
1 N
with G : J; x ([1,a) U (a, b))\{(z, 1), t € J1} — R defined in the enunciate of this

lemma.

Remark 2.1 Now, we define G: J1 — [0, o0) as follows:

Ifl<s<a:
G(s) = % %[ (1og%)"" - (log l;’)l +x[r(2) ‘FG)H’

and, ifa < s < b:

G(s) =

1 p\! b
YT [ B (l"g E) " ASF"(E)H '

It is immediate to verify that

b t a—1 b
t ~
/ |(log(1))' = G (1, 5)|ds < / <log —) (log(1)'~“ds + / G(s)ds.
1 1 S 1
So, by means of the change of variables r = ¢/s it is easy to verify that
b b _ 5 5
/ |(10g(t))17” G(t,s)|ds < tF,(t) +/ G(s)ds <bF,() + |Gll1 =: Kp, forallzeJ;.
1 1

As a consequence of the previous results, we arrive at the following Lemma.

Lemma 2.3 A function y € C,(J1) is a solution of Problem (1)—(2) if and only if y
is a solution of the integral equation

b
Y(t)=/ G(t,s)@ds, tel, (4)
1

where G(t, s) is the Green’s function defined in Lemma 2.2, and ¢ € C(Jy) satisfies
the implicit functional equation

©(s) = £ (s, (log(s)' ™ y(s), @(s)), s €Ji.
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3 An Existence, Uniqueness and Location Result

Theorem 3.1 Assume that

(HI1) f :J; x R x R — R is continuous.
(H2) There exist constants 0 < [ < 1 and 0 < k such that

I (et u,v) = f(t,u,0)| < klu—ul + v —7]

forany u,v,u,v e R andt € J;.

k
Ifo=1

lf(;, < 1, then Problem (1)—(2) has a unique solution'y € C,(J}).

Proof To transform Problem (1)-(2) into fixed point problem, we consider an
operator A : C,(J;) —> C,(J;) defined by

b
AG) (@) = fl G, s)@ds, )

where G (¢, s) is the Green’s function defined in Lemma 2.2, and ¢ € C(J;) satisfies
the implicit functional equation

@(s) = f (s, 10g(s))' ¥ (s), ©(s)). (6)

It is important to note that (6) has, for every y € C,(J1), a unique solution ¢. This
is deduced directly from the fact that f is a continuous function an 0 </ < 1 on
condition (H?2).

As a direct consequence of the Dominated Convergence Theorem, it is immediate
to verify that A(y) € C,(J;) forevery y € C,(J1).

Clearly, from Lemmas 2.2 and 2.3, the fixed points of A are the solutions of
Problem (1)—(2). We shall show that A is a contraction on C,(J;).

Let u, v € C,(Jy). Then, for each ¢t € J;, we have

b d
(log())' = (Au) (1) — Qog(1) !~ (Av) (1) = (log(n)' @ f G(1, 9)((s) —zz)(s))f,

a

where
©(s) = £ (s, (log() ™ u(s), p(s)),
P(s) = £ (s, (log(s)' v (s), ¥ (s)),
and
l(s) — ()| < k(log(s)' ™ [u(s) — v(s)| + 1lp(s) — p(s)].
Thus,

l(s) —¥@s)] < (log(s)'~[u(s) — v(s)I.

1-1
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Then,

b d
(og)'~* i@ — o)) < o)~ [ |60, v |

k 1—a b 1—a ds
< ] _l(log(l)) /1 |G(t, s)|(log(s)) ~“[u(s) — U(S)IT
< Lf(
X 1_1 h”u - 'U“a.
Hence
|[Au — Av|lo < ollu — va- (7N

Since o < 1, operator A is a contraction and, by the Banach’s fixed point theorem,
problem (1)—(2) has a unique solution in C,(J1) and the result is proved.
Now we obtain a location of the unique solution of Problem (1)—(2).

Theorem 3.2 Assume that the hypotheses of Theorem 3.1 are fulfilled. Then the
unique solution y of Problem (1)—(2) satisfies that

Ky

-~ 8
1-1—-kK, ®)

Iylla <

with f* = sup |f (¢, 0, 0)|.

te,

Proof First, notice that, since o < 1, we have that

O<(5§f—Kb~
1—-1—kK,

if and only if
ko + f* %

0<d< .
o=t

Let y € C,(J;) be the unique solution of Problem (1)—(2), which existence is
ensured in Theorem 3.1.

From Lemma 2.3 and (5), we have that y(#) = Ay(¢) for all ¢ € J;. As conse-
quence, for each t € J;, we have

b b d
(o) ~“1y0)] = | [“tog)! Gt 22| < [ 1oe0) =Gt 9o T

By (H2) we have
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lp()l = I (s, (log(s)' =¥ (s), ¢(5))]
< |f (s, (10g()' ¥ (), 9()) = £ (5,0, 0)| + | (5, 0, 0)]
< k(log()' Iy + ()] + f (s, 0,0)].

Thus, for all s € J; it is fulfilled that

k(og(s)'~ly(s)| + If (5, 0,0)] < Kyl +f*

< < ,
[9(s)] o -
and so
a kllylla +f* a
(log(®)'~“ly(0)| € ————— / | log(1))' "G, s>|—
k (o3 ot

< w K,, forallt e J;.
As a consequence, we deduce that

bl < —L %

1—-1—-kK,

and the proof is concluded.

Remark 3.1 Notice that if f(¢,0,0) = 0 for all r € J; we deduce from previous
results that the unique solution of problem (1)—(2) is the identically zero one.

4 Example

In this section we give an example to illustrate the usefulness of our main results.

Example 4.1 Consider the boundary value problem

] 172 Hpl
Hphyy = WD) TYOIF DOl L o ey 22 o

7(1+ [y(0)| + HD2y(1)])

1 2
y(3/2) + 5/ y(®)dt = y(2). (10)
3/2

Problem (9)—(10) is a particular case of Problem (1)—(2), with a = 3/2, b = 2,
A=1/2and
lul + |v]

[t u,v)= m+5int.
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It is clear that f is continuous on J; X R x Rand f* = 1.

Since
1

7(1+ Jul + [v)?’

of _ 8_f
‘a(t,u, V)| = ‘av(t, u, v)

we have that condition (H2) holds for

1
k=1=_-.
7
By numerical approach, one can verify that Kj, ~ 5.55986. As a consequence

o= I~(b/6 ~ 0.926643, and Theorems 3.1 and 3.2 hold.
Thus, problem (9)—(10) has a unique solution y such that

* kb

Iyl < ————= ~ 88.4243.

1—1—kK,

Acknowledgements First author partially supported by AIE, Spain, and FEDER, grant MTM2016-
75140-P.
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A Nonlinear Problem Related to )
Artificial Circulation in a Lake oosk ko

Francisco J. Fernandez, Aurea Martinez and Lino J. Alvarez-Vazquez

Abstract This work deals with artificial circulation as a shallow water aeration
technique. Large waterbodies (for instance, lakes or reservoirs) get much of their
oxygen from the atmosphere through diffusion processes. Artificial circulation in-
creases water’s oxygen by forcefully circulating the water to expose more of it to
the atmosphere. Two techniques are the most common: air injection and mechani-
cal mixing. The former has been analyzed from an ecological viewpoint in several
works (see, for instance Haynes in Hydrobiologia 43:463-504, 1973 [1] and the ref-
erences therein). However, in this work we will focus our attention on the latter that,
as far as we know, has remained unaddressed in the mathematical literature. In this
work we introduce the mathematical formulation of the environmental problem as a
system of nonlinear partial differential equations more general than that studied by
Martinez et al. (Math. Control Relat. Fields 8:277-313, 2018 [2]), and we prove the
existence of solution using a fixed point technique. This work was supported by fund-
ing from project MTM2015-65570-P of Ministerio de Economia y Competitividad
(Spain)/FEDER.

Keywords Nonlinear partial differential equation - Eutrophication

1 The Environmental Problem

Eutrophication is one of the most important problems of large masses of water and
it is caused by high levels of pollutants that reach the waters. These pollutants come
mainly from human activities and can cause an excessive phytoplankton growth
that lead to undesirable effects like algal blooms. This abnormal growth of algae
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Fig. 1 Algal blooms caused
by eutrophication and its Algal blooms
consequences

Epilimnion:
Warmth, Light, Oxygen,
Most Photosynthesis

Hypolimnion:
Cold and dark with possible
Oxygen scarcity

directly affects the concentration of dissolved oxygen in the deeper layers, since the
process of remineralization of organic detritus (which accumulate in the bottom due
to the effects of sedimentation) consumes oxygen. In Fig. 1 we can see a schematic
representation of the problem.

Artificial circulation is a management technique for oxygenating eutrophic water
bodies subject to quality problems, such as loss of oxygen, sediment accumulation
and algal blooms. It disrupts stratification and minimizes the development of stagnant
zones that may be subject to water quality problems (low levels of oxygen). In our
case we are interested in increase the dissolved oxygen concentration in the bottom
layers. A flow pump takes water from the well aerated upper layers by means of
a collector and injecting it into the poorly oxygenated bottom layers, setting up a
circulation pattern that prevents stratification. Oxygen-poor water from the bottom is
circulated to the surface, where oxygenation from the atmosphere and photosynthesis
can occur. In Fig. 2 we can see the main idea of this technique.

2 Mathematical Formulation of the Problem

We consider a domain 2 C R3 corresponding, for instance, to a lake. In order to
promote the artificial circulation of water inside the domain, we suppose the existence
of a set of N¢7 pairs collector-injector {(C¥, Tk)},ivﬂ C 0%£2 in such a way that each
water collector is connected to its corresponding injector by a pipe with a pumping
group. We assume a smooth enough boundary 042, such that it can be split into three
disjoint subsets 982 = I's U I'c U I'r U I'y, where I'¢ corresponds to the part of the

boundary where the water collectors are located, It = U,ivﬂ ck . ry corresponds to
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Fig. 2 Aurtificial circulation

Water Collectors

Water Injectors

Fig. 3 Geometrical T's

configuration of an example

domain £2 with Nep = 4 ct c3
collector/injector pairs, — 2 A

showing the different

boundary sections: I,
Ic= U;{l:lc k, Q
Ir =Ug_ T*, Ty, T's
k=1 F]\ I N

Qo T2 1 3 4
L] [ Ix |

Group 2 Group 4

Group 1 Group 3

the part of the boundary where the water injectors are located, I’y = U,’?’:C{ Tk, Ty
is the part of the boundary in contact with the air, and I'y = "'\ (¢ U I'7 U I'y)
corresponds to the rest of the boundary. We suppose the boundary 942 regular enough
to assure the existence of elements ¥, ¥ € H¥?(02),k =1, ..., Ncr, satisfying
the following assumptions (corresponding to suitable regularizations of the indicator
functions of TX and C*, respectively):

- o*(x), FF(x) > 0,a.e.x € 0L2,
- ¢f(x) =0,ae.x € 92\ T, and [, " (x)dy = (T"),
- §F(x) =0,ae.x € 92\ CX, and [, B*(x) dy = pu(C"),

where 11(S) represents the measure of a generic set S (Fig. 3).
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We denote by g“(¢) € H'(0, T) the volumetric flow rate by pump k at each time

t(m3s™"),k=1,..., Ncr, where T (s) is the length of the time interval. For tech-
nical reasons, we suppose that g € U,y = {g € [H'(0, T)]Ner : ||gk(t)||H1(ho) <
c, k=1,..., Ncr}, with¢, >0,k =1, ..., Ncr, are constants related with the

technical limitations of the pumps. We also suppose that the flow rate acts over the
system through a Dirichlet boundary condition on the water velocity:

v=¢,on(0,T) x 9%, (1)

where v (m s~!) is the water velocity and:

G [sok(x) F )

By(1,%) = ;gk(t) T~ M(ck)} n, (t,x)eO,T)x92 (2

is the Dirichlet condition for the hydrodynamic system. Thanks to the regularity of

the functions g and {(©*, 3*)},°7, we have that

b, € W20, T; H?(092), H?(082)) 3)
and also

/ ¢y -ndy=0. 4)
02

Thus, the water velocity v(x, t) (ms~!) is the solution of the following modified
Navier-Stokes system with a Smagorinsky model of turbulence:

DL VYV =V EW) +Vp=a0 -0, in2x©,7T),
V.v=0 in2 x(0,7),

v=2¢, ond2 x (0,7), )
v(0) = v’ in £,
where a,; (m s~1) is the gravity acceleration, al = —%g—g (K~ is the thermic ex-

pansion coefficient, v¥ is the initial velocity, and @, is given by (2). The diffusion
term = (v) is:

__9D(e)
T e

(Vv +Vv'), ©6)

N =

F(v) , with e(v) =

e=e(V)

where D is a potential function. For instance, in the particular case of the classical
Navier-Stokes equations, D(e) = v [e : e], withv (m? s~!) the kinematic viscosity of
the water, and, consequently, = (v) = 2v e(v). However, in our case, the Smagorinsky
model, the potential function is defined as [3]:
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D _ . z . 51372 7
(e)—V[e.e]+3er[6-e] ; (7N

where v, (m?) is the turbulent viscosity.

The water temperature, 0(x, t) (K), is the solution of the following convection-
diffusion partial differential equation with nonhomogeneous, nonlinear, mixed
boundary conditions:

P +v-VO—V-(KVO) =0 in£2 x (0,7),
0=¢y only x(0,T),
K% =0 onl¢x(0,7),

K% =bY(Oy—0) onlyx(0,T), ©
K% = b (Os — 0) +b5(T* — 101°0) on I's x (0,T),
6(0) =6° in L2,
where Dirichlet boundary condition ¢y is given by expression:
Ner T
wmm=§yﬂm/;uwf—wﬁ@Ms Q)
k=1 -T
with, foreachk =1, ..., Ncr,
L [,0%dy if s <0,
Vo) = fa 0(s)d if s >0 (19)
/t(Ck) Ck ’7 § > 3

representing the mean temperature of water in the collector Cy, and with the weight
function p. defined by:

if |t] > ¢,

€ ex L) if |t] <€,
pﬁ)={f (=) if 1 (an
0
for ¢ € R the positive constant satisfying the unitary condition:

/pwﬁh:L (12)
R

In other words, we are assuming that the mean temperature of water at each injector Ty
is a weighted average in time of the mean temperatures of water at its corresponding
collector Cy. In order to obtain the mean temperature at each injector, we convolute the
mean temperature at the collector with a smooth function with support in (¢ — 2e, ?).
In this way, we have that the temperature in the injector only depends on the mean
temperature in the collector in the time interval (r — 2¢, t). Parameter 0 < e < T
represents, in a certain sense, the technical characteristics of the pipeline that define
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the stay time of water in the pipe. We also suppose that there is not heat transfer
thought the walls of the pipelines (that is, they are isolated). Moreover,

— n is the unit outward normal vector to the boundary 052.

- K >0 (m?s7") is the thermal diffusivity of the fluid: K = p%}, where
a (Wm™'K™!) is the thermal conductivity, p (gm™>) is the density, and
¢, (Wsg™' K1) is the specific heat capacity of water.

- b{( >0 (m s’l), for K = N, S, are the coefficients related to convective heat
transfer through the boundaries Iy and I, obtained from the relation pc, bX =
KX, where h¥ > 0 (Wm~2K™!) are the convective heat transfer coefficients on
each surface.

- bg > 0 (msK™?) is the coefficient related to radiative heat transfer through the
boundary Iy, givenby b3 = ‘;’i ° ,where o3 (W m~2 K~*) is the Stefan-Boltzmann
constant and ¢ is the emissivity].

— 0% > 0 (K) is the initial temperature.

— O, Oy = 0 (K) are the temperatures related to convection heat transfer on the
surfaces I's and I'y.

— T, = 0 (K) is the radiation temperature on the surface I's, derived from expression
opeE Tr4 = (1 — a)Rsy.net + Riw.down, Where a is the albedo, Ry e (W m~2) de-
notes the net incident shortwave radiation on the surface I'g, and Ry gown (W m~2)
denotes the downwelling longwave radiation.

We consider the following system for the eutrophication processes, based in a
Michaelis Menten kinetics (see [4, 5] and the references therein)

W4V Vul — V- (i Vu') = Al(x, 1,0,u), in 2 x (0,T),
u' = ¢, on I'r x (0, 7T),

iou __ (13)
w5y =0, on(IsUlyUIlc)x(0,T),
W) =u, in2,i=1,...,5,
where, fori =1,...,5,
Ncr T
bu =y X / pe(t — e —s)vf(s) ds, (14)
k=1 -T
and, forallk=1,..., Ncr,andi =1,...,5,
L Jaudy, ifs <0,
Ay = | o ett = (1)
) Jeru'(s)dy, if s > 0.

Finally, the reaction term A = (A7) : 2 x (0, T) x [R,]® — R? is defined by the
following expression:
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i %ﬁf’ 2 4 CoeKpu? + CreKpa DOt ]
I?:]X+t|u9)‘ — Ko — Kppu? — o Ii‘uz‘uzuz
Ax,t,0,u) = Kif+ﬁ2| u3 — Kppott®
Kmfu + Kot — KogD(O)ut
| CL&tD 12 — Coo Kot — CocK g D(O)u*
where:

is the nutrient (nitrogen) (mg1~"),
is the phytoplankton (mgC/1),

is the zooplankton (mgC/1),

— u” is the organic detritus (mgC/1),

— u is the dissolved oxygen (mg1~!),

1
2
3
4

— C, 1s the oxygen-carbon stoichiometric relation (mg/mgC),
— C, is the nitrogen-carbon stoichiometric relation (mg/mgC),
— Cy; is the zooplankton grazing efficiency factor,

— K, is the detritus regeneration rate (s~

1)’

— K, is the phytoplankton endogenous respiration rate (s~),

— Ky is the phytoplankton death rate (s™'),

— K. is the zooplankton death rate (including predation) (s~'),
— K. is the zooplankton predation (grazing) (s~!),

— K is the phytoplankton half-saturation constant (mgC/1),

— Ky is the nitrogen half-saturation constant (mg1~'),

—ui,izl,...,

— D is the thermic regeneration function for the organic detritus:

D(®) =

0—6°
(] )

k]

5, are the diffusion coefficients of each species (m?s™!),

163

(16)

a7

being log(®) (K~!) the thermic regeneration constant for the reference tempera-
ture 0° (K). In order to simplify the mathematical analysis of the state equations
we will consider the following linear approximation:

D(9) = 1+1og(®)(0 — 6°),

if® > 0and D) = 1,if @ = 0.

— L is the luminosity function, given by:

L(x,t,0) =

ILLCf)_ﬁO IO(I) e_¢]x3’

I

(18)

19)

with 19 the incident light intensity (Wm™2), I, (W m~2) the light saturation,
log(C,) (K~!) the phytoplankton growth thermic constant for the reference tem-
perature §°, ¢, (m~!) the light attenuation due to depth, and z (s~') the maximum
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phytoplankton growth rate. We will consider the following linear approximation:

0
O

N

L(x,1,60) = pu (1 +10g(C)) (0 — 6")) (20)

if C, > 0and L(x, 1,0) = pn8e=915 if C, = 0.

All above coefficients are supposed to be nonnegative, except for the half-saturation
constants, that are strictly positive.

3 Mathematical Analysis of the Problem

We will assume the following hypotheses for coefficients and data of the problem:

(a) 90 (S X2

(b) 0s € L>(0, T; L*(I))

(¢) Oy € L*(0,T; L*(I'y))

(d) T, € L30, T; L>(Is))

() V' e [HA2)] = (v e [HX (@) : V-v=0, v, =0} c X,
) ¢ € H'(0, T) with ¢*(0) =0,Vk =1, ..., Ner

(h) u € X;

() Iy € L™, T)

In order to establish the appropriate framework for mathematical analyzing the state
system (8), (5) and (13), we consider, for a Banach space V| and a locally convex
space V5 such that V| C V,, the following Sobolev-Bochner space (cf. Chap. 7 of
[6]), for 1 < p,q < oc:

du

WhPa0, T; Vi, V) = {u €LPO.T: V) : —

e L0, T; Vz)} , 21

where % denotes the derivative of u in the sense of distributions. It is well known

that, if both V, and V, are Banach spaces, then W!-7-9(0, T; Vi, V) is also a Banach
: d

space endowed with the norm ||u||w1.r4e0,7;v,,v5) = lullLr©,7;v,) + H d—”t‘ ||Lq(07T;V2).

For the Modified Navier-Stokes system (8) we consider the following spaces

X ={ve W @)F: V-v=0and v ., =0},

~ (22)
X;={ve W27 : V-v=0and v, =0}.
Associated to the previous spaces, we define:
Wi = W20, T: Xy, [L2(2)F) N C([0, TT: X), o3

W, = whe20, 7;: X,, [L2(2)]}) N C([0, T; X)).
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For the water temperature (5), we consider the following spaces:

Xo={0cH' (2): 0, € L’Iy)},

24
X2={9€X219‘FT=O}, ( )

and we define the following norm associated to above space X»:
101lx, = 10152y + 101l Lscry)- (25)

We have that X is a reflexive separable Banach space (cf. Lemma 3.1 of [7]) and
X, CL¥(2) C X/, is an evolution triple.
Finally, for the Eutrophication system (13), we define:

X; =[H'(2)P

~ (26)
X3={H€X3I l.l‘rT =0},
and we consider the following spaces associated to X3:
Wi = W20, T; X3, X5),

3 ( 3 3) (27)

Wi = w220, T: X5, X)).

Now, let’s state two lemmas whose demonstration can be found in, respectively,
[8, 9], which will allow us to reformulate the state system (8), (5) and (13), as
homogeneous Dirichlet problems.

Lemma 1 There exists a linear continuous extension:

Ry : [H'(0, T)]Ner — W122(0, T; [H2(2)]°, [H2(2)])

g — Ry(®) = C,. 28)

such that Cglw = @y, Where ¢ is defined by (2), and Hﬁ(.Q) ={ue[H*P:
V.u=0}L

Remark 1 1t is worthwhile emphasizing here that, thanks to the construction done
in the proof of Lemma 1, we have

uf ey te(mdx =0, VneX, (29)
2

so, the previous term will disappear in the variational formulation.
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Lemma 2 We have that the following operator is compact

Ry : [L*(0, T)Ner — W122(0, T; H*(£2), H*(R2))

h — Ry(h) = Ga, 30)
where:
Ncr T
@@J»=Z}Mw@»/ pe(t — € = )1(s) ds, 31)
k=1 -T
with & (s) € L*(=T, T), fork = 1,2, ..., Ncr, defined by:
1 0 .
koo chked’)’lfsfo,
Mm(s) = {Zk(s) if 5>0, (32)

and By 1 u € H¥*(02) — Po(u) € H*(2) the right inverse of the classical trace
operator ~yy, that is, (7 o Bo)(u) = u (cf. Theorem 8.3 of [10]). We also have that
there exists a constant C, that depends continuously on the space-time configuration
of our computational domain and 6°, such that:

I¢nllwr220.7: 1202, 202y < CO°)(1 + [hll120.7)ver )- (33)

Using the previous lemmas, if we denote by v = z + ¢, with
Cg € WHH2(0, T [HZ ()P, [HZ()]) (34)

the extension given by Lemma 1. 6 = ¢, + &, with ¢, € W20, T; H*(R2),
H?(£2)) the extension obtained in Lemma 2, where:

hg(s) = ﬁ/ O(s)dy, k=1,2,...,Ncr. (3%)
Ck

Finally, for the eutrophication system, u’ = w’ 4 (y; , with
Cn, € W20, T5 HX(2), HX(2)) (36)

the extension obtained in Lemma 2, where:

. 1 .
hik(s) = k)/ku’(s)d’y, k=1,2,...,Ner, i=1,...,5. (37)
C

u(C

Using the previous notations, we can reformulate the state system (8), (5) and (13)
in the following way:
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% + V(g +2)2+ Vz(,

V. <2Ve(z) 4 2 [ [eCa+2) 1 €Ce+ )] ey + z))

+Vp = ag(0 — 00, — %2 — V(,Co+ 20V (), in 2 x (0,T), (38
z=0,onI x(0,7),

2(0) = v* — (,(0), in 2.

% 4 v.VE— V- (KVE)

——%—v Vo, + V- (KVG,), in 2 x (0, T),
£€=0, onTrkx (0,T), fork=1,..., Ner,

K% = k% onCkx (0,T), fork=1,..., Ner,

5 39
K%zb{\’(gl\,_ghg b%%—f), only x (0,T), (39)
i 8
K5 =b5 (05 — Cny — fs 5:‘,” —¢)
103 (T — 1€ + G (€ + ). on T x (0,7),
£(0) = 6° — Gy, (0), in £2.
Wl 4y V' — V- (@ Vw) = Al(x, 1,0, Cy + W)
_ ;r;' -y Vi + V- (1 Vi), in 2 x (0, 7),
f’g; =—u ;;‘u, on (I'sUI'yUT¢) x (0, 7T), (40)

w' =0, onTFx (0, T), fork=1,..., Ncr,
w(0) = u — Gy (0), in 2, i=1,....5

It is remarkable that the previous systems have homogeneous Dirichlet boundary
conditions and then, we can define the concept of solution of the original state system
(8), (5) and (13), in terms of the modified state system (38)—(40).

Definition 1 (The concept of solution for the state system) An element (v, 6, u) €
W, x W, x W3 is a solution for the state system (8), (5) and (13), if there exists an
element (z, £, w) € W1 X Wz X W3 such that:

- v =12+, with{, € Wh22(0, T; [H($2)), [HZ(52)]%) the extension given by
Lemma 1, z(0) = v°, a.e. X € £2, and, for each 7 € (0, T), z € W, is the solution
of the following variational formulation:

JoZ . ndx+ [,V + Dz ndx+ [, Vi, - ndx + 20 Jge@) s ctm)dx
F20r [ [€Ca+2) e+ )] e(Cy +2) e(n) dx
= [oHg-mdx, aete(0,T), VneX.
(41)
where:

% _ VCeCy € L2(0, T; [LX(DT).  (42)

= 040(9 — Ho)ag — B
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— 0 =&+ Gy, with G € WE22(0, T; H?(£2), H?(£2)) the extension obtained in
Lemma 2, where hy € [L?(0, T)]"¢7 is defined by (35), £(0) = 6° — (4(0), a.e.
x € §2,and, foreacht € (0, T),§ € VT’Z is the solution of the following variational
formulation:

[ %?derfgv.vgnderng V§~Vndx+b{\’frlv fnd7+NbffH§§nd7
+b3 [ 16+ Wl €+ Gndy = [ Byndx + [ gyndy + by [ gyndy
+b} [ gandy +b3 [ Tindy, ae.t€(0,T), VneXs,

(43)
where:
Hy=% —v.VG+V-(KVG) e L*0, T; LX(2)),
g5 = —K% e L*(0, T; L*(I'c)),
N gy —G— K o200 T: L2 9
Gn = On — G0 — x5y € L2(0, T5 LA(T)),

G = 05— Gu— 5 G € L20. T2 LA(TY)).

—u' = w + (G, with Gy € W20, T; H*(2), H*(£2)) the extension obtained
in Lemma 2, where, foreachi = 1,..., 5, hi, € [L*(0, T)]"7 is defined by (37),
w(0) =uy — ¢ (0),a.e.x € £2,and, foreacht € (0,T),w € V~V3 is the solution
of the followinguvariational formulation:

Jo da—‘;v ‘ndx+ [o VWV -ndx+ Ay, [o VW : Vndx = [ A9, Cp, +w) - mdx
+fQHu'"dx"'frsurNurcg“'”d% ae.t€(0,T), VneXs.

45)
where A, = diag(p', ..., 1*) € Msys(R) is a diagonal matrix with the diffusion
coefficients and:

Oy i o
H, =— B =V VG + V- (V) € L0, T; L7(£2)), i =1,...,5,

i i O, 2 2 .
Go=—n 2 €O T; LIV UI0), i =1,...,5.

(46)

Remark 2 'We have the following dependence scheme between the elements of state
system:
g—>vV < 0

N v (47)

u

Thus, we can mathematical analyze the system g — v <> 6, (8)—(5), first and then,
we can study the system u, (13). The coupled system (8)—(5) have been previously
treated by authors in~ [8, 9].~So, in this work, we suppose that, for each g, there exists
a solution (v, #) € Wy x W, of system (8)—(5) and we will focus our attention in the
second row of the previous scheme.
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We consider the following operator

M, : (u*, hy) € [L*(0, T; L*(2))]° x [L*(0, T)P*Ner — 48)
M, (u*, hi) = (u, hy) € [L*(0, T; L*(£2))P° x [L*(0, T)]>Ner,
where u* = (u'",...,u%"), with u' € L300, T;L3(2)), i=1,...,5 hi=
Gl R, with h’* [L20, T)]Yer, i=1,...,5 u=(u',...,u’) € W3,
h,=(h.,....h)) ¢ [LZ(O, T)]P*Ner | such that:

— Foreachi =1,...,5,(y: € Wh22(0, T; H*(2), H*(£2)) is defined by Lemma
2.

—ue V~Vg is the solution, in the sense of Definition 1 with obvious modifications, of
the following decoupled problem with resolution order3 - 2 -4 — 1 — 5:

0;+V Vul — V. (uVu)—A’(xtGu u), in 2 x (0, 7),
u_Ch,*, on Iy x(0,7),

,N” =0, on (I'sUT'yUTIg) x (0,7),

u(O)—uO, in2,i=1,...,5,

(49)

where the function A = (A7) : £2 x (0, T) x [R.]% x [R;]¢ — RS is defined by
the following expression:

— CackX0) ) 1%2 4 O K U2 4 Coe Krg D(O)u*

Ky+[u'™|
L(x,t,0) 1% u2 _ K. 2% 3
Ky 4 U — K,u? Kmfu rerea L
N * — szkz 2% 3 3
A(Xs tv 91 u, u) - mu u — szu . (50)

I<m_fu2 + szu3 - rdD(a)u4

Co,.L(x,1,0 *
| Gl 12 oo Ky — CocKra DO

— Foreachi =1,...,5,hi € [L?(0, T)]"er is such that:

. 1 .
k,i _ i _
hu (S)—m/Cku (S)d’}/, k_1,2,...,NCT. (51)

Remark 3 All the equations of the decoupled system (45) can be expressed as fol-
lows:
Pty .Vw—V-(uVw) =kw+k, in 2 x 0,7),
% = ks, on I x (0, 7),
w=0, onI, x (0,7),

w(0) = wy, in £2,

(52)

where, I = KUy UTe, Db =17, wy € H'(2), k; € L*(0, T; L3(2)), ky €
L2(0, T: L¥2(2)) and ks € L2(0, T; L2(I)).Itis clearthat, k3 € L2(0, T; L2(I))
thanks to Lemma 2 and Theorem 3.1 of [11] for the trace operator y; = 9'/0n', as
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Well ||’}/] (Ch{l*)||L2(0,T;L2(F)) S C3 ||l'lil>k ||[L2(O,T)]NCT 5 Vl = 1, ceey 5 In the Othel‘ hand,
it is straightforward to check that for each specie the coefficients k; and &, satisfy
the above regularity.

We have the following existence result for the system (52). The proof of this result
can be done using similar techniques as described in [4].

Theorem 1 Given elements wy € H'(2), k1 € L*(0, T; L*(2)), k» € L*(0, T;
L3%2(2)) and k3 € L*(0, T; L>(I")). There exists and unique element

w e W20, T: Hy 1, (2), Hy 1,(82)) N L0, T; L*(R2)), (53)
with w(0) = wg a.e. x € §2, that satisfies the following variational formulation:

Jo SEndx+ [o uVw - Vidx = [ kiwndx + [ kndx

54
+ [ kandry, a.e.t €10, TI, Vi € Hy ,(£2), >4
which also verifies the following estimate:
”w”W]’Z'Z(O'T;Hol_ro(Q)vHol.I‘O(Q)/) =<
Clkillz+0,7:23 2y lwollar 2y, IVIw) | 1+ k2l 220, 7; 03202 (55)

+llk3 ||L2(0,T;L2(1"1))i|'

where C is a positive constant that depends on |ki|lzso.1:13(2)), lwollm (o) and
viiw,.

Remark 4 Thanks to Remark 3 and Theorem 1, we have the following estimates:

e lwi220.7 51 (@), 11 (@)) < cg(nvnwl)[l + ||h?,*||[u<o.m~cr], (56)
Il 20, 1ypver < C8(||V||W1)|:1 + ||hl3,*||[L2<o,T)1Ncr} (57)

*
lu?lwiezo.7:m1 @)1 2y) < CalllvIiwgs 101w | 1+ 1h2" 220,27y v
(58)
3*
+lhy 20, myp¥er |»

121220,y ver < Cr(IvIw, s 101w | 1+ 1027 20,7y pver
(59)

*
+10 2207y |
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*
lu* w2271 @)1 @) < CalllVIw,, ||‘9||W2)|:1 + 102 22 0.7 ver

* *
+IIh ltz20,7ypver + Iy ||[L2(0,T)]N(?Ti|v

*
I Nl iz20.myper < Co(lvIiw,s ||9||W2)[1 + 10 20, 7yyver

* *
+/h} ltz20,7yver + IIhg, ||[L2(0,T)]NCT:|’

1 1%
lu w221 m0 @), 5 @2y < Crlllvliw,, 101w, | 1+ lhy lz20.7ypver
2% *
+lhg 20, mypver + ] ltz20,7yp¥cr

*
g 220,y ver |

*
Il e < Colllviiw,. ||0||w2>[1 I 7y
% *
FIh 20, myper + G iz, ryper

*
+Ihg 20,y er |

*
e’ llwiz20.7: 1 @)1 @) < Cs(IVliw,» ||‘9||Wz)[1 + g7l z20.7yper
* *
+||h|31 ||[L2(()’T)]NCT + ”hi ”[LZ(O,T)]NCT

*
105 2 0.7yver |

k
I3 Nl z20.7yp%r < Cro(lIVllw, , ||9||W2)|:1 + 103" 2207y ver
* *
HI0 2 0.myer + IS llpzz0,myver

5*
+lhy 20 myper |-

We must to remark that the previous estimates do not depend on the term u*.

Now, we will prove the main result of this paper.

171

(60)

(61)

(62)

(63)

(64)

(65)

Theorem 2 (Existence result for the system (13)) If there exists coefficient and data

such that:
Co(lIVilw,> 101lw,) < 1,
Cr(Ivliw,s 101lw,) < 1,
Cs(lvliw,) <1,
Co(lIvliw,, 101lw,) < 1,
Cio(Ivliwys 10]lw,) < 1,

(66)
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forall g € Uy,q, then, there will exist positive constants a, i=1,...,10, such that
the operator My, : By — By defined in (48) has a fixed point solution of the state
system (8), (5) and (13) in the sense of Definition 1, where:

B, = {(ll»hu) € [L(0, T; L*(2)))° x [L*(0, T)]>*Ner
lu' 20,0200 < Ciu Vi=1,....5, (67)
Il 20, 7ypver < Csyin Vi=1, 5}

Proof We will apply the Schauder fixed point theorem (cf. Theorem 9.5 of [12]),
so will prove that the operator M, is compact and there exists positive constants
(Cy} 19| such that the operator M, applies elements from the set B, (which is closed
and convex) into itself.

— The operator M, is compact in the sense that itis continuous and that My (A) is com-
pact whenever A is a bounded subset of [L2(0, T; L>()] x [L*(0, T)]>*Ner,
Thus, given a convergent sequence {u, h’},cn C [L2(0, T; L*(£2)]) x [L?
(0, T)]P*Ner such that u; — u* in [L?(0, T; L*(£2))]° and h* — h{ in [L?
(0, T))Ner, we have that My (u}, h¥) = (u,, h,) € W3 x [H'(0, T)]PNer is
such thatu, = w, + (- € W3, with w, € Wj the solution of the following vari-
ational formulation:

o B ndx+ [, VW,V ndx+ A, [ VW, : Vndx
_fQA(0 unv Ch* +Wn) 'r]dX+f9H ndx+ngUFNU[‘C g - ’f]d’}/, (68)
ae.te€(0,7), VneX3,

where:

. BC*, .
Hi= =28 —v Vi + V- (VG € LXO, T5 LX), i =1,...,5,

i i Qi 2 2 .
gy =W - €L, T; L°“(IsUIyUI¢)), i=1,...,5,
hik = ;ﬁ cubdye H'(O,T), i=1,...,5 k=1,..., Ner.
(69)

Thanks to Lemma 2, we have that (p. — Cpe in w220, T; [H*(2)P°,
[H2(2)P), H, — H, in [L*(0, T; [L*>(£2))]° and g, — g, in [L?(0, T)]>*Ner,
Taking subsequences if necessary, we have thatu} — u*a.e. (x,1) € £2 x (0, T)
dw,/dt — dw/dt weakly in L0, T; X 3), W, = w weakly in L0, T; X3)
and w, — w in [L'93=¢0, T, L'93~<(2))], for all € > 0. It is straightfor-
ward to prove, using the previous convergences, that we can pass to the limit
in the variational formulation (68) and proving that M, (u;, h}) — My (u*, h*)
in[L2(0, T; L>(2))] x [L*(0, T)1P*Mer with (u, hy) = My (u*, h*) is such that
u=w+ ¢y € Wyand w e V~V3 is the solution of the following variational for-
mulation:
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o ™ .pdx+ [, Vwv-ndx+ A, [, Vw: Vndx

= fg K(Ga u’, Ch; +w)- 77dX+ fg H- ndX + erUFNUFC g 77{% (70)
ae.t€(0,T), ¥n € Xj.

where:

. O, i .
H' = — f‘)h; -V Vghﬁ' +v : (MlVChI’;') € L2(07 T; Lz(‘Q))’ i = 17 "'557

i =i S 20T LA U Ty UTE)). i =1.....5
I =~ —p €L7O,T; L°(I'sUI'yUIY)), i =1,....5.

(71
Finally, the compactness of M, is a direct consequence of the compact em-
bedding of the space W3 x [H'(0, T)]>*"er in the space [L?(0, T; L*>(2))]° x
[L*(0, T)P.
— There exists positive constants (Cu) 19| such that the operator M,, applies elements
from the set By, into itself. If we define the following constants:

Sl = TaeTay €6 = T o TG

G2 = ey &= S,

Ot Cs = 7 (72)
Ci = oG & = o

Cs = =eraaii—ai—ey Clo = Cuo

(1=C)(A=Cs)(1=Co)(1=C10)’

we have that (u, uy) = My(u*, h}) € By, for all (u*, h}) € B,. Indeed, given an
element (u*, h}) € B,, we have, thanks to the estimates (62)—(63), (58)—(59), (56)—
(57), (60)—(61) and (64)—(65), that (u, uy) = M,(u*, hj) satisfies the following
estimates:

1 Cs
w2207 ),y = Cl[l T T=cha=—c)(—co(=cy)

Cy Cy Co —C
+(1*C7)(1*C8) + (1-Cg) + (1C7)(1C8)(1C9)1| =Ci,

(73)
1 C
||hu”[L5(0,T)]NCT < C6|:1 + (1—C6)(1—C7)(61—C3)(1—C9)
Cy Cs Cy _
Tiei— T e T (1—C7)(1—Cs)(1—c9)] = Ce.
2 C C _~
lullwr220,7; 11 (@), 01 @y) = Cz[l + t=eyizey T (18cg>] =(y,

(74)

~

2 (& & —
||hu||[L2(O,T)]NCT E C7[1 + (1*C7)(71*C8) + (186‘3)} - C77
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~

e lwie2,7: 11 (2) 11 (2)) < C3[1 + 0= C@} =G,

(75)
B3 22 ryper < CS[I T - cg)} =Cs,
C: C,
lutllwi220,7:112). 11 @)) < C4[1 + aoeyi—ey T =y
RIN{Een T ran Ty pren) Cs)(l cg)} Ca,
(76)
Cy
”h ||[L2(O T)]Ncr < C9[1 + (1=C7)(1I—Cy) + = CS)
+Hoie = cw}
Cy
3wz 7: 11 @)1 (2)) < C5|:(1 i T cg)
Cg ClO — ol
tiomamaao T (1—c7)(1—cs)<1—c9><1—clo>] =Gs, o

5 Gy Cs
”hu”[Lz(O,T)]NCT S Clo[(l_c7)(1_cs) + (1=Cy)

Co Cpo o~
Frer-ara (107)<1cg>(1c9><1cm>] =

Thus (u, hy) € B,.
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The Fucik Spectrum as Two Regular )
Curves i

Jiri Kadlec and Petr Necesal

Abstract In this paper, we investigate the structure of the Fucik spectrum for the
second order boundary value problem with one non-local boundary condition. We
provide a new compact form of the implicit description of the Fucik spectrum in
the first quadrant. Presented compact form of the implicit description can be easily
implemented in numerical computing packages or computer algebra systems and
also leads to a suitable parametrization of the Fucik spectrum. We prove that the
Fudik spectrum consists of two regular curves of C'! class and parametrizations for
both regular curves are provided. Presented approach can be adopted for problems
with other non-local boundary conditions.

Keywords Asymmetric nonlinearities + Fucik spectrum + Non-local boundary
condition - Continuous curve + Reparametrization *+ Regular curve

1 Introduction

The Fucik spectrum was introduced by Dancer [4] and Fucik [9], who studied the
solvability of the Dirichlet problem

u”(x) + gux) = f(x), x€(0,m, u0) =u(r) =0, (D

where the nonlinearity g is jumping, i.e.,
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u=0 u <0 u >0

k1 ko ko

Fig. 1 A spring-mass system with two springs (linear one with stiffness k; and one-sided one with
stiffness k7)

They recognized that the solvability of (1) depends crucially on the fact whether or
not the problem (u™ and u™ are the positive and negative parts of u, respectively)

W) +out(x) —Bu"(x) =0, xe(0,7), u©)=u(r)=0, 3)

possesses a non-trivial solution. The set of all pairs («, (3) for which the problem
(3) has a non-trivial solution is called the Fu¢ik spectrum and consists of countably
many unbounded curves given by (n € N)

noyontl —

_ 1) = n_ n ntl 4 n n_
(a—D(@E-1)=0, + 1, + = =1, 7= T

VaT VBT VaTB
In[12, 16], Lazer and McKenna called the jumping nonlinearity g satisfying (2) as
asymmetric nonlinearity because it can be considered as a restoring term in asymmet-
ric oscillators. One of the simplest mechanical systems which exhibits asymmetric
oscillations is a spring-mass system with one linear spring (with stiffness k) and one
one-sided spring (with stiffness k,), which affects the system only if the displacement
u is positive with respect to the equilibrium position (see Fig. 1). The corresponding
equation of motion takes the form

mu" + (ky + ko)ut —kju™ = f, 4)

where f represents external forces, which are usually periodic. Despite its simplicity,
this model can serve as a good example of the behaviour of much more complex
asymmetric systems like suspension bridges (see [5] for details). The questions of
solvability of the problem (4) (i.e., the existence, uniqueness and bifurcation of
solutions) depend substantially on the position of the point («, 3) = (k; + k2, k1)
with respect to the corresponding Fucik spectrum (see [6, 18]).

There are currently many papers studying the structure of the Fucik spectrum for
various particular differential operators, let us mention here only some of them [1-3,
8, 10, 11, 17, 20-24]. Unfortunately, the Fucik problems that can be solved directly
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and provide new non-trivial structures of the Fucik spectrum are quite rare. On the
other hand, due to recent results in [23, 24], it seems that the differential operators
with integral type boundary conditions can provide full analytical description of the
Fucik spectrum with such non-trivial structures. Let us note that boundary value
problems with integral type boundary conditions naturally occur in hydrodynamic
problems, as well as in semiconductor, thermostat, and thermal conduction problems
(see [27] and references therein).

In the case of discrete variants of particular differential operators, there are several
results regarding the Fucik spectrum that are available in [7, 13-15, 19, 25]. Finally,
according to our best knowledge, R. Svarc was the first one who investigated the
Fucik spectrum for matrices. In [26], he shows that the Fuc¢ik spectrum can exhibit
strange behaviour even for small 4-by-4 matrices.

In this paper, we deal with the following boundary value problem with one non-
local boundary condition in the integral form

u'(x) +out(x) —Bu"(x) =0, x e ,n),

7r )
u(0) =0, [;u(x)dx =0,

where o, 8 € R and u®(x) := max{z£u(x), 0}. The aim of this paper is to study
the set of all pairs («, 3) € R? such that the problem (5) has a non-trivial solution
u € C?[0, 7]. The set of such pairs («, ) is known as the Fucik spectrum for the
problem (5) and let us denote it as

¥ := {(a, #) € R*: the problem (5) has a non-trivial solution u} .
The structure of the Fucik spectrum X has already been investigated by Sergejeva

in [21] and thus, let us briefly recall the well-known description of this set ¥. For
this purpose, let us consider the following initial value problem

(6)

W (x)+aut(x) —Bu=(x) =0, xekR,
w0 =0, w0 =1,

where o, 8 € R, u € C?(R). The Fuéik spectrum ¥ is symmetric with respect to the
diagonal o = (3 (see Fig.2) and thus, we have the following decomposition

T =2 U{f): (B ) €L}, ()
where
3= {(a, 0) € R? : the solution u of the initial value (8)

problem (6) satisfies / u(x)dx = O}.
0
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Fig. 2 The Fugik spectrum ¥ (black and gray curves) and its part 3 (black curves for 8 < «) in
af3-plane (left) and in ab-plane (right), where a = sign(a)a2 and 3 = sign(b)b2

At first, a pair (o, ) € £ with 8 < 0 if and only if o« = a2, 3 = —b® and
COSh(b’lT— gw) =1 +2Z—Z fora>1, b <O.

Atsecond, a pair (o, 0) € X if and only if o« = (l + %)2 And finally, a pair (o, 3) €
¥ with § > 0if and only if & = a2, 8 = b* and

cos(bﬂ—n(§+l)7r):1+2n<2—2—1) ©)
for

nlem—-1D1<1<nlinl nen, (10)
and 2

cos(mr—n(%—i—l)w):1+2n(1—2—> (1n
for

n$+né<1§(n+l)$+n%, neN. (12)

Thus, the Fucik spectrum ¥ is described implicitly by parts using levels of tran-
scendental functions of two variables a and b. Let us note that the points (A, A) € &
on the diagonal o = (3 are determined by the eigenvalues \ of the following linear
problem corresponding to (5) fora = 5= A

u’(x) +Xu(x) =0, xe(0,mn),

. (13)
u(0) =0, [f;u(x)dx=0.
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Moreover, all eigenvalues of (13) are of the form A\, = 4n?, n € N, and coincide
with all positive solutions of the following equation

cos (w«/X) —1. (14)

In this paper, we prove the following main results.

1. For «, B > 0, we prove that («, §) € > if and only if

g(@,%>=1+2(ﬁ—\/&), (s)

where the function G = G(k, t) is 2m-periodic in the second variable ¢ and
it is defined by parts on the Cartesian product (0, +00) x [0, 27] (see Fig.3,
Definition 3 and Theorem 1 for a = /a and b = /). Let us point out that
G(1,1) = cost and thus, for « = 8 = A > 0, the Eq. (15) simplifies to (14).

2. In Theorem 2, we provide the parametrization of the set ¥ by the continuous
curve . Moreover, in the proof of Theorem 3, we show that this curve v can be
reparametrized to obtain a regular curve. Thus, we prove that the Fu¢ik spectrum
¥ consists of two regular curves of C! class.

Remark 1 Let us note that the condition (15) in a compact form can be expanded
into the form of known Egs. (9) and (11) with inequality conditions in (10) and in
(12) (see Remark 4 for details). The advantage of the implicit condition (15) is that

Y y:g(k07t)

-2 Y/ 0 X/ 27 3t 4
—1 I

Fig. 3 Graphs of 27-periodic functions G (kg, -) and G (%, ) for kg = z

5
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it can be directly used to visualize the set 3 in the first quadrant of the a5-plane by
a standard numerical procedure that generates a contour plot for a function of two
variables « and (3. Indeed, in the condition (15), the function G = G(k, t) can be
easily implemented by the modulo operation 7 (mod 27) since G is 2m-periodic in
the second variable ¢ according to Definition 3.

2 Preliminaries

In this part, let us recall some basic facts concerning both problems (5) and (6). If u is
the solution of (5)fora = ag € Rand 3 = 3y € Rthenv(x) = —u(x) isthe solution
of (5) fora = [y and 3 = «y. Thus, the Fu¢ik spectrum X is symmetric with respect
to the diagonal o = 3 (see the decomposition of ¥ in (7) and Fig. 2). Moreover, if
u is a solution of the boundary value problem (5) then v(x) = c - u(x) with ¢ > 0
is also a solution of (5). Thus, to describe all pairs («, 3) of the Fucik spectrum X,
it is enough to restrict to pairs (v, 3) € R? for which the boundary value problem
(5) has a non-trivial solution u with u’(0) = 1 or to pairs (o, 3) € R? for which the
solution u of the initial value problem (6) satisfies

/Wu(x)dx =0, (16)
0

which justifies the definition of S in (8).
If u is the solution of the initial value problem (6) then it is straightforward to
verify that (see Fig.4)

ﬁ sinh( —ax) forO < x and o < 0,
ulx)y=4x for0 < x and o = 0,

\/Lasin(«/ax) for0 <x <x; and o > 0,

y«W» «ﬁ» «W»
) y = u(z)
Va
0 T1 T 2T «x
-1
T \/B s T

Fig. 4 The graph of T-periodic solution u of the initial value problem (6) for 0 < 3 < «



The Fucik Spectrum as Two Regular Curves 183

where x; 1= \/la is the first positive zero of u for a > 0, and that

—J%—B sinh (vV=PB(x — x1)) forx; <x anda >0, 3 <0,
ux) =41 —(x—xp) forx; <x anda >0, 3=0,

—ﬁsin(\/ﬁ(x—xl)) forxy <x<Tanda >0, 3> 0,

where T := JLE + % for a, B > 0. Moreover, u is T-periodic for «, > 0. Thus,
the necessary condition for the solution « of (6) to satisfy the integral condition (16)
is a > 1. Indeed, for o < 1, the solution u is only positive on (0, 7).

3 Implicit Description of the Fuéik Spectrum for o, 3 > 0

In this section, we investigate the Fucik spectrum ¥ in the first quadrant of the
af-plane. Thus, for a, b > 0, let us consider the following initial value problem

a7

W (x)+a’ut(x) —b*u"(x) =0, xeR,
u(0) =0, wO©)=a-b>0,

where u € C?(R). Let us recall that the solution  of this problem (17) is T -periodic
with T = 7 + 7 and

{ bsin(ax) forx € [0, 2),
u(x) = (13)

—asin (b(x — I)) forx € [Z,T].
Now, let us define the set
M= {(a, b) € Rt x R" : the solution u of the initial value

problem (17) satisfies / u(x)dx :O}.
0

Remark 2 1f (a, b) € Mthen (a?, b*) € ¥, where £ determines the Fucik spectrum
¥ (see the decomposition of X in (7)). And vice versa, if (o, 3) € X with, > 0

then (/a, /B) € M.

In the following part, we rewrite the integral condition (16) into another form
such that 7 as the right end point of the integration interval will be the solution of an
equation containing a periodic function.

Definition 1 For a, b > 0, let us define

F(x) = /xu(t)dt, x €R,
0

where u is the solution of the initial value problem (17).
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Using the function F, the integral condition (16) reads F(mw) = 0. Unfortunately,
according to the following lemma, the function F is periodic if and only if a = b.

Lemma 1 For the function F, we have
VxeR: Fx+T)=F(x)+ F(T), (19)

where T = 7 + 7. Moreover, the function F is periodic if and only if a = b.
Proof Since u is the T-periodic function, we get
T

X x+T
F(x—i—T):/ u(t)dt—l—f u(t)dt:F(x)—i—/ u(t)ydt = F(x) + F(T)
0 X 0

for all x € R. Moreover, using (18), we obtain

a ath 2b 2a 2T
F(T) = f u(t)dr +/ ut)ydt= — — — = — (b —a), (20)
0 T a b T

which finishes the proof.

Definition 2 For a, b > 0, let us define

X T
G(x) :=1—/ (u(t) —u) dt, x eR, ﬁ:=l/ u(t)de,
0 T Jo

where T = 7 + 7 and u is the solution of the initial value problem (17).

Let us note that in Definition 2,  is the mean value of u over the interval [0, T'] and
it depends only on a and b. Moreover, for all x € R, we have

G(x)=1-F(x)+ 28, Q21
and thus, the integral condition (16) can be written in the following way
G(m) =1+ El7. (22)

According to the following lemma, the left hand side of the equality (22) is given by
the value of the periodic function G at 7.
Lemma 2 The function G is T-periodic with T = 7 + 7.

Proof For all x € R, we obtain using (21) and (19) that
Gax+T)=1-Fax+T)+52x+1)

=1—F(x)— F(T)+ 22x + F(T)
= G(x).
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In the following definition, we introduce the function G = G(k, t) which is 27-
periodic in the second variable (see Figs. 3 and 5) and we use it to evaluate the values
of the T -periodic function G (see (25) in the proof of Theorem 1). Let us note that
G(,1) =cost.

Definition 3 Let us define the function P : Rt x R — R as

1\ ¢
P(k,t):=<k—E>—+1, k>0,1elR, (23)
T

and the function G : R* x R — R which is 27-periodic in the second variable
Vk>0VteR: Gk,t+2m1) =G(k,1)

and is given for k > 0 and ¢ € [0, 27] by

kcos (LEt) + P(k,1) — k for0 <1 < ti2m,
Gk, 1) =
peos (2@ — 1) + Pkt —m) —k for fiz2m <1 < 2m.

The following theorem provides the necessary and sufficient condition for a pair
(a, b) to be in the set M. This condition contains the function G and has straightfor-
ward implementation in numerical computing packages or computer algebra systems
since the 27-periodicity of the function G in its second variable ¢ can be easily imple-
mented by the modulo operation ¢ (mod 27).

Theorem 1 We have that (a, b) € M ifand only ifa, b > 0 and

3

b 2abrw
a a+b

): 1+2(b—a). (24)

Proof Let u be the solution of the initial value problem (17) for a, b > 0. Then
the integral condition (16) can be equivalently written as (22), where the function
G = G(x) is given in Definition 2. We claim that

b 2ab
VxeR: G(x):Q(Z,be), 25)

which implies that the equality (22) is exactly the equality (24) since we have @w =

2 (b — a) due to (20).
It remains to prove (25). If we denote k := Z then the equality in (25) can be

a+b

equivalently writtenas G (x) = G (k, 2%x),where Tr=<=

(295), it is enough to show that

m. Thus, in order to justify

Vx el[0,T]: Gx) =G (k, ¥x) (26)
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since G is T-periodic function and G is 27-periodic function in the second variable.
At first, using (21) and (20), we get

G(x)=1-F(x)+ 2(b—a)x 27)

and thus, we obtain using (18) that

Glx) = beostax) =2+ 2(b—a)x +1 for0 <x < I,
Y= —%cos(b( ))+———+ b—-a)x+1 for? <x<T.
Atdsecond,inthecaseofxE[O, %),Wehave0§t:= %x:%x<%:f%

an
G(x) =G (551)
R A R A
=keos(3 (1+3)1) —k+(k—¢) s +1
= kcos (811) —k+ P(k, 1)
=G(k,1).
At third, in the case of x € [%, T], we have 121‘?7]1 <t:= 277x < 27 and

Gx) =G (551)
=jeos (3 (14g) @ =2m) =g+ (3 —5) 7 +1
=1cos(F(1+k)@t —2m) —k+ (k— 1) =F + 1
= 1cos (Bt —2m) —k+ Pk, t — )
=Gk, 1).

Thus, (26) is justified, which finishes the proof.

The next statement follows directly from the previous Theorem 1 and says that
finding all pairs (a, b) € M is equivalent to finding all pairs (k, t) with k, # > 0 such
that G(k, t) = P(k, t). Moreover, for fixed k = ky > 0, each positive solution #; of
the equation G(kg, t) = P (ko, t) (see Fig.5) is in one to one correspondence with a
point (a;, b;) € M located on the line b = koa (see Fig.6).

Corollary 1 We have that (a, b) € M if and only if
a=(1+31)%=, b=0+k L, kt>0, (28)
and

Gk,t)y = P(k,1). 29)
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Yy
1 yZP(ko,t) y:g(koat)
L 1 t4\
0 T 47 i t
|
|
_1k

Fig. 5 The graph of 27-periodic function G(ko, -) (the black curve) and the graph of the linear

function P (ko, -) (the gray line) for kg = \/g and all positive solutions #1, t2, 3 and #4 of the
equation G(ko, t) = P (ko, t)

ba

=

i = (1+ ko)éf;
bs 3}
b2

b1

ai:(l—l—%);—;

o 1

0 1 2 3 4 5 6
ai az as a4 a
Fig. 6 The intersection points (a;, b;), i =1, ..., 4, of the set M (the black curve) and the line
b = koa (the gray line) for kg = \/g , which are uniquely determined by positive solutions 71, 12, #3
and 4 of the equation G(ko, t) = P (ko, t)
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Fig.7 The Fucik spectrum X, (black curves) for p = % c= —% (left) and for p = 27” c=—
(right) in ab-plane, where a = \/a > Oand b = /3 > 0

W=

Proof The condition (24) in Theorem 1 can be also written as G(k, t) = P(k, 1),
where

k=2, t:%ﬂ', a,b>0. (30)

Indeed, P(k,1) = (k— ;) L+ 1= (2—¢) 2% 4+ 1 =1+2(b—a). The inverse

transformation in change of variables (30) has the form of (28). Indeed, we have

t _ ab __ ak _: _
3 = a5 = 1pf since b = ka.

Example 1 Let us consider the following boundary value problem

:u”(x) +out(x)—Bu"(x) =0, x e (0,n),
(31)

w(©0) =0, c-[)ux)dx+ f;: u(x)dx =0,
where 0 < p < 7, ¢ € R, and let us denote its corresponding Fucik spectrum as
2, = {(a, ) € R* : the problem (31) has a non-trivial solution u} .
Let us note that for ¢ = 1, the Fucik spectrum X, coincides with the Fucik spectrum
% for the problem (5). A pair (a, 3) with o, 3 > 0 belongs to X, if and only if
(o, B) = (a®, b?) or (o, B) = (b*,a*) and a, b > 0 satisfy
G 2my+(c—1)-G(L, 2 p)=c+2b—a)(1+L(c—D). (32

Indeed, using (27), we have

F(x) = / u@®)dt =1-G@) + 2(b —a)x
0
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and thus, the integral condition in (31) reads (¢ — 1) - F(p) + F(7) = 0 and can be
written as

c—1D-(1-G(p)+2(b—a)p)+1—G(m) +2(b—a) =0,
which justifies (32) if we take into account (25). See Fig.7 for the Fucik spectrum
¥, fore = —% and two different settings of p. Let us note that both pictures in Fig. 7

were obtained using the implicit condition (32) and a standard numerical procedure
that generates a contour plot for a function of two variables a and b.

4 The Fudik Spectrum as Parametrized Curves

In this section, we show how to parametrize the set 3. as a continuous curve (see
Theorem 2) and as aregular curve (see Theorem 3). Let us begin with the parametriza-
tion in the fourth quadrant of the a/3-plane. Thus, let us consider the initial value
problem (6) fora =a? > 0and 8 = —b> <0, i.e.

(33)
u(©0) =0, @0 =1,

{ W (x)+alut(x) +b*u"(x) =0, xeR,
where a > 0,5 < 0, u € C*(R), and define the set (see Fig.8)
N = {(a, b) € R* x Ry :the solution u of the initial value

problem (33) satisfies / u(x)dx = 0}.
0

0.5 1.0

-20%

Fig. 8 The set AV as the continuous curve 7 (the black curve) in ab-plane
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Remark 3 If (a, b) € N then (a2, —b?) € ¥, where ¥ determines the Futik spec-
trum X (see the decomposition of ¥ in (7)). And vice versa, if («, §) € ¥ with

a > 0and 3 < 0 then (\/a, —/—f) € N.

Lemma 3 The set N is a continuous curven : (—oo, 0] — R with the parametriza-
tion n(s) := M1 (s), Mm(s)), where functions 1y, m, : (—oo, 0] — R are defined as

s 2
]__‘/—h 1 fors <0,
72r coshs — (34)

ni(s) =

14+ — fors =0,
T
and

s coshs — 1
——,/——— fors <O,

m(s) =41 7 2 35)
0 fors = 0.

Proof Let u be the solution of the initial value problem (33) fora > 0 and b < 0.
Then we have

) 1 sin(ax) for0 < x < xy,
u(x) =
—sinh(b(x — x1)) forx; < x,

where x; = g > 0 is the first positive zero of u. For 0 < a < 1, we have x; > 7, the

solution u is only positive on the interval (0, 7) and thus, the integral condition (16)
cannot be satisfied. On the other hand, for a > 1, we have x; < 7 and the integral
condition (16) reads

24 (1 —cosh (b~ 2) 7)) =0,
cosh ((b—2)m)=1+2%, a>1,b<0. (36)

Now, using the following change of variables
s=b-2)m, k=% a>1b<0, (37)
conditions in (36) can be equivalently written as

coshs=l+2k2, s <0, k<O,

hs — 1
k=_/—°"s; . s <0. (38)

or as
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The inverse transformation in change of variables (37) has the form
a=1+¢, b=k+3, s<0, k<0,

and thus, using (38), we get

_1 K 2 — () b_s coshs—l_ )
a= choshs—l_mS’ N 2 = R

If u is the solution of the initial value problem (33) for @ > 1 and b = 0 then
the integral condition (16) reads % — I (1 — 1)* = 0, which implies a = 1 + 2.
Finally, it is straightforward to verify the continuity of functions 7; and 7,, which
finishes the proof.

Lemmad4 The set M is a continuous curve L : (0, 4+00) — R? with the
parametrization p(s) 1= (u1(s), pu2(s)), where functions i1, py : (0, +00) — Rare
defined as

n (s—n7r+7r)\/%

fors € 2nm — 27, 2nm — 7],

m/2n — 1 —coss
i (s) o= nel,
s —nm+ T n
e 5«/2n + 1+coss fors € 2nm — m, 2nm],
T V
neN,
(39
and

w + \/gx/Zn — 1 —coss fors € 2nm — 27, 2nm — 7],
T
s) == neN,
Hals) = N (s — nmw + m)A/2n
n
w/2n + 1+ coss

fors € 2nm — w, 2nw],

n e N.
(40)

Proof Let u be the solution of the initial value problem (17) for a, b > 0. Using

Corollary 1, the integral condition (16) can be written as (29), where k and ¢ are

given by (30) as k = Z and t = %ﬂ'. Now, let us split the proof according to the

value of 7.

1. ForO <t < ﬁZ’R’, the condition (29) is not satisfied. Indeed, the condition (29)
can be written as

kcos (BEt) + P(k,1) —k = P(k,1)
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or as cos (4f£) = 1, which cannot be satisfied since 0 < 7 < 7.
. In this case, let us consider

2(n — D7+ 2w <t < 2nw, neN. 41)

Using 27-periodicity of G in the second variable, the condition (29) reads

Gk, t —2(n — )w) = P(k, 1),

cos (HE@r —t+2(0n — Dm)) + P(k.t — 2n — D) —k = P(k, 1),

cos (2t —2nm)) + Pk, 1) — (k — D@n — 1) —k = P(k, 1),
cos (L2 (t —2nm)) —2n (K — 1) = 1 =0. (42)

1
k

Now, if we denote
s:%(t—Zmr)—i—Zmr—ﬁ 43)

then according to (41), we have 2nm — 27 < s < 2nm — 7 and the condition (42)
reads cos s + 2n(k?> — 1) + 1 = 0 or (recall that k > 0)

V2n —1—coss
k= —m ——. 44)

V2n

Using (43), we get t = 2nm + ﬁ(s — 2n7 4+ 7), and thus, using (44) and the
inverse transformation (28) in change of variables (30), we obtain

s—2nm+ 7

b=0+kn+
1+«/2n—1—coss +s—2n7r+7r
= _— n _—
2n m
:w—i—\/zsﬂn—l—coss 45)
s 2
= pa(s).
Finally, since a = 1b, we obtain using (44) and (45) that
s — nm + m)A/2n
a= ( ) +n = pu(s).
wa/2n — 1 —coss
3. Now, let us consider
2nmw <t <2nm+ £ 27, neN. (46)

1+k ’
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If we take into account 27-periodicity of G in the second variable, the condition
(29) reads

Gk, t —2nm) = P(k, 1),
kcos (S (t — 2nm)) + P(k,t — 2nm) —k = P(k, 1),
cos (2t —2nm) —2n (1= %) —1=0. (47)

If we denote
s=Yk@ —2nm)+2nm — 7 (48)

then according to (46), we have 2nm — m < s < 2n7 and the condition (47) reads
coss + 14 2n (1 — %) = 0or (recall that k > 0)

V2
k=Y (49)
V1+2n+coss

Using (48), we gett = 2nm + %(s — 2n7 + 7) and thus, using the inverse trans-
formation (28) and (49), we obtain

( 1> s—2nm+ T
a=(1+)n+——

s

1_|_«/1—f—2n—i—coss +s—2n7r+7r
y A T e
v 2n

- w+\/§«/2n+l+coss (50)

™

™

= p1(s).

Since b = ka, we conclude using (49) and (50) that

b (s —nmw+ mw)A/2n
w20+ 1 +coss

Finally, it is straightforward to verify the continuity of functions y; and p,, which
finishes the proof.

+n = pa(s).

Remark 4 Letus note that using the transformation (30), the Eq. (42) with conditions
in (41) can be identified as (9) and (10), as well as the Eq.(47) with conditions in
(46) coincide with (11) and (12).
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Fig. 9 The set M as the continuous curve 1 (the black curve) in ab-plane

Remark 5 Let us note that for n € N, the following points belong to the set M (see
Fig.9):

u@2nm —m) = (2n,2n), (&29)]
,u(2n77)=(n—i—l—i—\/n(n—{—l),n—i—\/n(n—i—l)), (52)
p(2nm—32) =1 (2n V=12 2n—14J/n — 1)2n) L (53)
p(2nm— 1) =1 (2n F 1420020 + 1), 2n + /2020 + 1)) 54

Moreover, let us point out that points in (51) and in (52) lie on lines b = a and
b = a — 1, in particular. The points in (53) and in (54) lie on the line b = a — %

Theorem 2 The set S is a continuous curve y : R — R? with the parametrization
Y(s) 1= (71(5), 72(8)), where continuous functions vy, v : R — Rare defined using
(34), (35), (39) and (40) as

ni(s) fors <0, —n3(s) fors <0,
7)==y, Y2(s) = ) (55)
ni(s) fors >0, pi(s) fors > 0.
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The Fucik spectrum X has the following parametrization

T ={ms),n2(s) : s € RFU{(2(5), () : s € R}.

Proof The first statement follows directly from Lemmas 3 and 4 if we take into
account Remarks 2 and 3. It is straightforward to verify the continuity of the curve
v at s = 0. The second statement follows from the decomposition of X in (7).

Theorem 3 The Fucik spectrum % consists of two regular curves of C' class, which
are symmetric with respect to the diagonal o = (3 and connect all the points (A, \,),
n € N, on that diagonal given by the eigenvalues )\, = 4n® of the problem (13).

Proof According to Theorem 2, the Fucik spectrum X consists of two continuous
curves, which are symmetric with respect to the diagonal v = (3 and one of them
is the curve v : R — R2. The curve 7 is located below the diagonal o = 3 and
has the parametrization y(s) = (y1(s), y2(s)) given by (55). Moreover, this curve
connects all the points (\,, \,) = (4n?, 4n?), n € N, on the diagonal a = 3 since
v @nm — ) = (4n?, 4n*) due to (51). Unfortunately, the curve  is not a regular
curve since the derivative 7/ does not exists for s = 2nm, n € N. Indeed, the one-
sided derivatives of v at s = 2n7, n € N, have the following form

7. (@2nm) = (2p012nm)pi_(2n), 202 (2nm) py_ (2nm))
v, @2nm) = (Z/M nm)p), (2nm), 2u2(2n7r),u’2+(2n7r)) ,

where

fi_@nm) =1, py_(2nm) = L [/-A
) = 1L, 4 o) = L

On the other hand, it is possible to reparametrize the curve + in the following way
to obtain a differentiable curve 4 of class C ! Thus, let us define

Ya(t) ==(p(), teR,
where ¢ : R — R is the continuous surjective function defined as

t fort < 2m,

= t —2wH,
p() : 2mn + LT fort € 2nH,, 27an+1], neN,

vn+1

and H, is the generalized harmonic number of order —% of n given by H, =
Y i Vk. Let us note ¢ is the piecewise linear and strictly increasing function
and we have ¢'(¢) =1 for t <27 and ¢'(t) = ﬁ for t € @nH,,27wH,1),
n € N. The original curve ~ is defined by parts with the connection points y(s)
for s = (n — 1)m, n € N. The reparametrized curve 75 has the connection points
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Ya() = v(p@)) fort =0,t =7, t =2nH,andt = 7H, + 7H,+1,n € N. Indeed,
we have ¢ 2mH,) = 2mn and ¢ (7H,, + 7H,+1) = 2mn + 7w for n € N. Thus, for
n € N, we get

Ya(m =+'(m) = (2, %),
v5 (mHy + 7Hyi1) = ' Qan + )’ (wHy + mHyg1)
= (Va1 20 T1),
Y4 QmH,) =~ (27n) ¢__ (2T H,)
= 2mn) ¢ 27 H,)

= (2(Vat vt T+) 2 (Ve vaTi-

7))

where we used (51), (52) and the following one-sided derivatives of v4(f) =
(M (p(®), 12(p@))) forz >0

Ya_ (1) = (Vi ()" (1), v5_ (1)) (1))

= (21 (M) 1y ()" (1), 212 (D))t (D))" (1)) ,
Yar () = (Vi (@), (1), Y3y (P (1), (1))

= (2p1 (), (PP (1), 22 (p (D)) iy, (P (D)), (1)) -

Moreover, we have that 4(0) = 7/(0) = (0, 0) since

M-(0) = lim 2, (Wi (h) =0, ~{,(0) = Jim, 2y (hyp'y (h) =0,
%-(0) = im ~2m(yy(h) = 0. ,.(0) = lim 2pa(h)pis (h) =0,

where we used that

h_lfg_ 1, (h) h_1>r(r)1+l$1 (h) =0, 1m 15 (h) = 1m Nz(h) 7+ =
To conclude, the first derivative ~ exists for all # € R and it is straightforward to
verify its continuity.
The norm of the first derivative ||fy(’i” is zero for t = 0 and never vanishes for
t # 0, which can be justified by the following estimates from below

sinh s
Zﬁ«/coshs
sin s
+ 2/2n—1— cossf =
_ sins
2«/2n+1+coss =

+

m(s) = % for s <0,
po(s) =

wi(s) =

for s € Qnm — 2w, 2nm — ), n € N,

=n~=n~=n—
3 =3 ol

for s € Qnm — 7, 2nmw),n € N.

Finally, to remove the singularity of the curve 4 at r = 0, let us define

Ve (1) = va(o(®)) = v(p(o(®)), te€R, (56)
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where ¢ : R — R is the continuous surjective function defined as

o(t) := sign(1)y/J1].

Let us note g is the strictly increasing function and ¢’(0) = 4o00. Moreover, we have
that 7,.(0) = (32 + &=, & + 1 + 1) since

(71 00)'(0) = lim 5, (o) (h) = 5= + 5.

(1200)'(0) = lim 7 (o(M)'(h) = 7 + % + 5.

L () || > 0. To con-
never vanishes, i.e.

For ¢ # 0, we have (1) = v75(o(t))¢'(¢) and thus, we get that
clude, ~, is the differentiable curve of class C! such that ||'y’r
7y 1s a regular curve.

Remark 6 Let us note that the regular curve v, defined in (56) is not an analytic
curve. Indeed, it is straightforward to verify that v/ does not exist at t = 72
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Duffing Equation with Nonlinearities )
Between Eigenvalues L

Petr Tomiczek

Abstract In this article, we investigate the periodic nonlinear second order ordinary
differential equation with damping

() +rx)u'(x)+glx,ux)) = f(x), xel0,2nr],
u0) =un), u'(0) =u'2n),

where ¢ is a Ll-CaIatheodory function, r € C([0,27]), ', f € L'(0,27). We
obtain a solution to this problem if a quotient g(ijS) lies between 0, i + 7(x) and

}1 + F(x), 1 + F(x) orininterval (n? + 7(x), (n + D2 + 7(x)),n € N, where 7 (x) =

# + % We use variational method and suppose that for functions u = u(x, a)

satisfying lirin u(x, a) = toothefunction F (s) = 0277 fos [—r’(x)u(x, a)+ g(x,
a— o0

u(x,a)) — f(x)] dadx has a critical point.
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1 Introduction

In this article, we study the nonlinear periodic boundary value problem

W@ +rx)u'(x) +gx,ux) = fx), xel0,2n], 0
u0) =u2m), u'0)=u'2rw),

where L'-Caratheodory’s function g: [0, 27] x R — R, € C([0, 2r]) and 7/, f €
L'(0, 27) are 2-periodic.
In papers [1] authors investigated Lineard equation and supposed that v(x) <

lim inf @ < lim sup @ < TI'(x),(x) < 1with the strict inequality on a subset

|s|—o00 |s|]—o00

of [0, 27] of positive measure (i.e. I'(x) < 1) and y(x) satisfies /0277 y(x)dx >0,
Ozﬂ ~T(x)dt > 0 wherey+(x) = n[loaéc ]{y(x), 0}. Inpaper [2]r(x) = c,c € R (see
x€l0,2m

also [3]) and authors assume that 3(x) < @ < % + 1 forall s e R, where 3(x) €

C ([0, 27]), B(0) = B(27) and ﬁ 0277 B(x) dt > 0. For positive solutions of periodic
problem see [4—6]. Others have studied problem (1) with jumping nonlinearities [7,
8] using topological method.

In this article, we choose another strategy of proof which rely essentially on
a variational method (see also [9]). We denote

r(x)? !
()+rX)’
4 2

R(x) = el 27©dE | F(y) = w(x) = R()u(x).

We multiply equation in (1) by R and we obtain for w an equivalent equation

W' (@) = F(x) wx) + R()g(x, 22) = R@) f(x).

We take a € R and modify the previous equation to

w'(x) = F(x) w(x) + R()g(x, % +a) = R(x) £ (x) @

Then we will investigate the corresponding functional

2m 2m
Jo(w) = %f [(w)? +Fw?]dx — / [R*G(x, % +a) — Rfw]dx, (3
0 0

where G(x, s) = f(; g(x, &) d€. We use that a critical point w, € H of J,, which
satisfies

27 02 27 . w .
(J)(wa), 2) :/ |:w’z/+—wzi| dx—/ |:efxg (x, - +a)z—efxfz] dx =0
0 4 0 e”
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for all z e H = WOI’Z(O, 27), is also a weak solution to the Dirichlet problem
(wg(0) = w,(2m) = 0) and vice versa. The usual regularity argument for ODE
proves immediately (see Fucik [10]) that any weak solution to (2) is also a clas-
sical solution to (2).

We assume that the nonlinearity g satisfies

@ 200 <l
S 4
or
(b) 3—‘+£§g(i’s)—f(x)§1—5 @)
or
© n2+55@—7(x)5(n+1)2—5 neN

for a.e. x € (0, m), for all s € R, with some £ > 0.
There exist functions a4 (x), a—_(x) € L'(0, T) and a constant s; € RT such that
fora.e. x € (0,2m)

g(x,s) <a_(x) for s < —sq, g(x,s) >asr(x) for s>s;. (®)]

Furthermore there exists a critical point of the following function F,

27 K
F(s) = / / [—r’(x)u(x, a)+glx,u(x,a)) — f(x)] dadx .
o Jo

Precisely, let u = u(x,a), u:R x [0,27] = R, u(-,a) € C(R) for each a € R,
u(x,-) € C[0, 2] for each x € [0, 27] such that liI:'llzl u(x,a) = oo on [0, 27].
a— o0

We suppose that for such u = u(a, x) there exists sop € R such that
F'(s9) =0. (6)

We note this assumption is fulfilled if the right hand side f satisfies the orthogonal
condition fOZﬂ f(x)dx =0, r =0 and g satisfies the sign condition g(x, s)s > 0
(Fredholm alternative for a nonlinear equation).

Similarly to [11] we firstly investigate the Dirichlet problem. Then, we apply this
result for finding periodic solutions. For the seek of simplicity we suppose in (4)
€ > 0, but we can investigate also resonant case ¢ = 0 and suppose Landesman—
Lazer type conditions (see [8, 12]).
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2 Preliminaries

Notation: We shall use the classical space C*(0, 27) (with a norm || - llcx0.27)) of
functions whose k-th derivative is continuous and the space L” (0, 27) (with a norm
| - Il ,) of measurable real-valued functions whose p-th power of the absolute value
is Lebesgue integrable.

We denote H = W,'*(0, 2) with the norm [Ju| = (f02ﬂ[(u/)2]dt)%.

By a solution to (1) we mean a function u € C'(0, 27) such that ' is absolutely
continuous, u satisfies the boundary conditions and the Eq. (1) is satisfied a.e. on
0, 27).

We study (1) by using variational methods. We investigate the functional J,, see (3).
We say that w € H is a critical point of J,, if

27 27
(L (w),v) = f [w'v’ +va] dx — / [R(g(x, L +a)-— f)v] dx=0 (7)
0 0

forallv € H.

Let E be a Banach space. We say that J, : E — R satisfies the Palais—Smale con-
dition (PS) if every sequence (u,,) C E for which J, (u,) is bounded and J/ (u,) — 0
(as n — 00) possesses a convergent subsequence.

To find a point w such that J,(w) = 0 we prove that the functional J, has a
minimum (see [13]) or saddle point (see [14]) using the following theorems.

Theorem 1 Let E be a Banach space and J, : E — R be Gateaux differentiable,
lower semicontinuous and bounded from below. Let J, satisfies the Palais—Smale
condition then J, reaches its minimum.

Theorem 2 (Saddle Point Theorem) Let H = H ® H, dim H < oo and dim
H =o0. Let J : H — R be a functional such that J € C'(H, R) and

(a) there exists a bounded neighbourhood D of 0 in H and a constant o such that
J/OD < q,

(b) there is a constant 3 > « such that J/I:i > 0,

(c) J satisfies the Palais—Smale condition (PS).

Then the functional J has a critical point in H.

In this section we introduce Lemma which will be used in the proof of the main
result.

Lemma 1 (continuity) Let (a,) C R be a sequence such that lim,_, o, a, = ay. We
put a = a, in the definition of the functional J, (7) and to each a, find critical point
wy, € H of the functional J,,. Then the sequence (w,,) C H contains subsequence
(wa”k) C H such that Wq,, —> Wo, Wo € H and wy is a critical point of Jg,.
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Proof The critical point w,, of J, satisfies

2w 2w
/ [w), 2/ +Fw,,z]dx — / [Rg(x, " +a,)z— Rfz]dx =0, (8
0 0

forallz € H.

We suppose that the sequence (w,,) is unbounded and we put v, = Hz—“m” Then
there exists vy € H such that v, — vy in H and due to compact embedding H into
C([0, 27]) v, — voin C([0, 27]) (taking a subsequence if it is necessary). We divide

(8) by ||wg, || and put z = v, then

W,

/Ozﬂ[(v;)z s vi] ” _/Ozfr[R g(x, T a,)v, Rfv, ]dx —0. ©

llwa, | llwa, |

We note that

Rg(X, % +an)vn _ g(xv “an +an)vn Wgq, + Ran

- w,
llwa, | = tan llwa, |

and wee pass to the limit in (9). We use fozﬂ(v(’))2 dx < liminf fOZW(v;l)2 dx =1 (the
n—0oQ

weak sequential lower semi-continuity of the Hilbert norm) and according to (4) case
(a) we obtain

2

2w 1 2w 1
/0 (0> dx — <Z — s)/o () dx < 1 — <Z — g)/o (v)2dx <0 (10)

a contradiction, since for w € H it holds
2w 1 27
/ (w)?dx > —/ w?dx . (11)
0 4 Jo

For g satisfying (4) case (b) we split H = H & H , where H = span{sin 5h H=
span{sin x, sin 2x, ...}. We denote w = w + w, where w € H, W € H. We divide
(8) by [lw,, || and we put z = v, — U, then

2m,
f (@2 = @+ 7 (@) = @] dx—
’ (12)

w,

/Z[WR—“)( U)? — (0% + ﬂ)—%] =
0

w,
= tan lwa, I/ llwa, I

Passing to the limit in (12) we get
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2m 1 2m
T (7 +e) @ dy— | @) - (1 -9@ dxz0  (13)
0 4 0

a contradiction, since forw € H, @ € H it holds

27

27 1 27 27
W) dx = 3 / w2 dx, (') dx > f w2 dx . (14)
0 0

0 0

For g satisfying (4) case (c) we split H = H® ﬁ, where H = span{sin %, sinx, ...,
sinnx}, H= span{sin(n + 1)x, sin(n 4+ 2)x, ...} and repeat previous steps (12)—
(14) to obtain a contradiction.
Therefore the sequence (w,, ) is bounded and there exists wy € H such that w,, —
woin H, w,, — wyin L?(0, 27), C ([0, 27]) (taking a subsequence if it is necessary).
We put n = m in (8) and subtract this equality from (8) (with n) we obtain

n—00

2m
lim {/ I:(wan - wum)/z/ + r (wa,, - wam) Z:I dx
0

m—00

Y (15)
—/0 [R (g(x,%Jran)—g(x,

%+an,)>z]dx} =0.

The convergence w,, — wo in C([0, 27]), (15) and a,, — ayp yield

2T w
lim [R(g(x,%Jran)—g(x,

n—00
m—oc ¥ 0

Wq,,
R

—l—am)) (1w, — wg,) ] dx=0. (16)

We set z = w,, — w,, in (8), then using (16) we get

2
lim [(w;n —w) )+ F (wg, — wam)z] dx = 0. (17)
0

n—o00
m—>00

Hence the strong convergence w,, — wy in L?(0, 27) and (17) imply the strong
convergence w,, — wo in H and we can pass to the limit in (8). We obtain

2w 2w
/ [w62/+Fwoz] dx—/ [Rg(x,%+ao)z—sz] dx =0, (18)
0 0
for all z € H. Hence wy is a critical point of J,, with a = ao.

Remark 1 We have proved that to each a € R there exist function u, = % + a such
thatthe A : R — H, A(a) = u, is a continuous operator.
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3 Existence Theorem

Theorem 3 We assume that the nonlinearity g satisfies the assumption (4) case (a)
or (4) case (b) or (4) case (c) and the assumption (5). Furthermore let u = u(x, a),
u:R x[0,21] > R, u(-,a) € C(R) for each a € R, u(x,-) € C[0, 2] for each
x € [0, 27] such that agrinoou(x, a) = o0 on [0, 27]. We suppose that for such

u = u(a, x) the function F, where

27 K
F(s):/ / [—r'ux,a) + g(x,ux,a)) — f(x)] dadx,
0 0

satisfies the assumption (6). Then Problem (1) has at least one solution.
Proof Firstly we suppose (4) case (a), hence

2G(x,s)

5 ) < % —¢ (19)

for a.e. x € (0, ), for all s € R, with some £ > 0. We use theorem 1 with a space
E = H. We prove that J, is a continuous (consequently lower semicontinuous). Let
w, — wp in H then due to the compact imbedding w, — wy in C([0, 27]) we get

1 2
lim J,(w,) = lim -/ [(w))? +7w;] dx
n—00 n—oo 2 0

2w w
_/ [RzG(x,—"+a)—wan] dx
- R (20)
= 5/0 [ (we)* + 7wy dx

2w wo
—/ [RZG(x,——i—a)—wao]dx:]a(wo).
A R

The second equality in (20) follows from equicontinuity w, =2 wy and continuity
G (x, s) in the variable s. Hence J, is continuous.

Now we prove that J, is bounded from below. Due to the compact imbedding of
H into C([0, 2]), L*(0, 2), (| wllcqo.2npy < kllwl), (Jwl5 < 4[lw]*) and (19) we
get
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2r 27

J.(w) = %/ [(w’)z—i—F wz] dx —/ [RZG(x, %+a)—wa] dx
0 0
2w
> %/0 [(W)*+7 w?] dx
27
—fo [R* (3 —e+P(%+a)?)—Rfw] dx

1 1 -
> —Jwl|* - 5(5 —o)llwl} = IR — e+ #a + Rf l1ikllw]

134 — e+ PRl (21)
1—(1 —4¢) -
> fnwn2 —IR(( —e+Pa+ Hlliklwl — &k

= 2¢ellwl® — ki lwll — k2, ki, ks €R.
Hence the functional J, is bounded from below.

Now we show that J, satisfies the Palais—Smale condition. We suppose for the
sequence (w,) C H, there exists a constant c¢; such that

[Ja(wp)| < 1 (22)
and
lim ||/, (w,)|| =0. (23)
n—oo
Using (19), (21), (22) we obtain
2¢ wall*> — ki lwall —k2 < ¢y (24)

This implies the sequence (w,) is bounded. Then there exists wy € H such that
w, — wo in H, w, — wg in L*(0, 27), C([0, 27]) (taking a subsequence if it is
necessary).

Let (z;) be an arbitrary sequence bounded in H. It follows from (23) and the
Schwarz inequality that

2w 2

. ~ Wp

lim / [w)z} + Fuwazy] dx — / [R (92 + @z - £2)] ax |
0 0

k—o0

— [ lim J} (w2 < lim 5w - 1zl = 0. (25)

k—o0 k—o00

We compare (25) with (8) and repeat steps (15)—(17) to obtain the strong conver-
gence w, — wy in H. Therefore J, satisfies the Palais—Smale condition.

For g satisfying (4) case (b) we again split H = H ® H and we shall prove that
the functional J, satisfies the assumptions in Theorem 2 (Saddle Point Theorem).

(a) Forw € H itholds 4||w||> dx = ||wl|? and we use inequality % —F(x) >
% + e. Hence (see also (21))
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2r 2
Jo(w) = %f [(W"? 4+ Fw?]dx — / [R°G(x, % +a) — Rfw]dx
0 0

1 1 -
< Euwnz - 5(& +o)llwl3 + IR(E +e+Fa+ Rfiklwl

(26)
+13(; + e+ Fa’R?||;
< 2elwl® + ki lwll + k2, ki k2 € R,
We have proved that lim,, | o J,(w) = —00 and assumption (a) of Theorem 2 is

satisfied. R
(b) Similarly for w € H it holds |w]?dx > [wl|3 and 2952 —F(x) <1 —e.
Hence

2m 2m
Jo(w) = % / [(w)? +Fw?]dx — / [R*G(x, % +a) — Rfw]dx
0 0

1,1 5 N
> —=(1— —IR(1 — R
_2|Iw|| 2( e)lwl; — |R(1 — e+ Fa + Rf || 1k||w|| @7

—||%(1 — e+ Fa’R*||y
€ 2
> Ellwll —ks|wll —ks, k3, ks €R,

We have proved assumption (b) of Theorem 2.

(c) To prove the Palais—Smale condition we again compare (25) with (8) and
repeat steps (12)—(17) to obtain the strong convergence w, — wq in H.

We have proved that to each a there exists critical point w, € H of the functional
Ja, see (2). The usual regularity argument for ODE proves immediately (see Fucik
[10]) that any weak solution to (2) is also a solution in the sense mentioned above.

Let (a,) be sequence such that lim a,=o00 and (w,) be a corresponding

n— o0
sequence of the critical points of the functional J, with a = a,,.
We will prove that lim (% (x) + a,) =00 a.e.on [0, 27]. We suppose for contra-

diction there are ¢ > 0, k € R, (o, 8,) C [0, 27], meas («v,,, 3,) > £ > 0 such that
%(x) +a, < kon (o, B,).

We choose in (7) test function v, € H, |[v,|l2 < k1, k1 € R. We use assumption
) if nlinolo (% + a,) =—0oc and obtain there exists k, € R for all n € N such that

27
| TR %+ @) = ) dx < (28)
0

We set test function v, (x) = 0 on [0, 27] \ (o, B,), v, (an) = v, (5,) = 0, then

27 27
/ [w),v), + Fw,v, | dx = / [wa(—v) +Fv,)]dx
0 0
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and we put —v, + 7v, = h(x) < 0 on (o, B,). We note that %(x) <k—a, —>
—oo and R > 0. Hence
27
lim [w,’lvfl + fwnvn] dx = 400 (29)
n—oo ()

a contradiction with (7) and (28). We prove lim (% + a,) = —oo similarly. Since
ay,——0o0
(a,) was an arbitrary sequence, we get lirin (% +a)==%00.
a— o0

We denote u(x, a) = 5 (x) + a, note that u(x, a) is a solution to (1) with bound-
ary condition u(0, @) = u(27, a) = a and investigate function

2w K
F(s) = / / [—r'(x)u(x,a)+g(x,u(x,a)) — f(x)] dadx .
0 0

Using Lemma 1 we conclude F’(s)= f027r [—r'(Du(x, )+g(x, ulx,s)) — f(x)]dx.
We get by (6) that there exists a constant sy € R such that

27
F'(s0) = /0 [ —r' ()u(x, s0) + g(x, u(x, s0)) — f(x) [dx =0.  (30)

Integrating (1) over [0, 27] with ug = u(x, s9) we obtain

27

2w
/ [ug + rug +r'ug) dx + / [—r'uo + g(x, up) — f]dx = 0.
0 0

Since fOZW [rugy + r'ug) dx = [r upl}™ = 0 and (30), we obtain u(,(0) = uy(27) and
the function ug is a solution to the periodic problem (1).
The proof of Theorem 3 is completed.
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Equations Subject to a Functional

Perturbation
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Abstract We improve some comparison results for the periodic boundary value
problem related to a first-order differential equation perturbed by a functional term.
The comparison results presented cover many cases as differential equations with
delay, differential equations with maxima and integro-differential equations. The
interesting case of functional perturbation with piecewise constant arguments is also
analyzed.

Keywords Boundary value problems - Comparison results - Uniqueness of
solution

1 Introduction

The comparison principles are important tools for the study of the properties of
the solution to differential and integral equations. In this sense, we can find many
monographs devoted to the development of estimates for functions satisfying a certain
differential inequality. For instance, see [1-6]. With the help of these estimates,
different techniques are applied to deduce the positivity of the solutions to differential,
difference or integral equations [7] or iterative techniques in order to approximate
the solutions to nonlinear differential equations [8]. Some other papers on this topic
are, for instance, [9-11, 21-26]
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The study of comparison results for functional differential equations with piece-
wise constant arguments has received special attention. See [12] for first-order prob-
lems and [ 13—-16] for the second-order case. Some results on boundary value problems
with causal operators can be found in [17].

Section?2 is devoted to present a general formulation of the problem and a key
result for this work, which gives conditions to assure the existence of a nonpositive
solution. In Sect. 3, we analyse some particular cases of the general equation, such
as retarded functional differential equations, equations with minima and integro-
differential equations. In Sect.4, we provide an extension of the above-mentioned
result of Sect.2, where the main conditions are imposed in subintervals induced by
a partition of the interval where the problem is formulated. In Sect. 5, by bearing in
mind few remarks based on the previous results, we obtain analogous results to obtain
nonnegative solutions. Finally, in Sect. 6 we join all the conditions for nonnegativity
and nonpositivity to deduce several uniqueness results.

2 General Comparison Result

Let/ =[0,T], p: L'(I) - L'(I) and consider the problem

V(@) + Mv(t)+ [pW)]E) =o(t), ae.t €l, 0
v(0) =v(T) + \.

We introduce the following conditions
pw)>0ae.onl, if we C(I), w=>0on I, 2)
and

foralla < b € I andw € C(I) with I[Iolibl’]lw <0,

we have fah[p(w)](s)eM“ ds > H[l(i)I})](W(S)eMS), ©)

Theorem 1 Ifv € W' (1) is a solution of problem (1), M > 0, A <0, o < 0 a.e.
on I and p satisfies (2) and (3), thenv < 0 a.e. on I.

Proof If v > 0 on I, then, using (2), we get
Vi(t) = o(t) — Mv(t) — [p(W](®) <0

for a.e. t € I and v is monotonic nonincreasing. Then v is a constant function since
v(0) < v(T). Letv(t) = k with k > 0. Then, by (2),

0<Mk=0@)—[pW)]t) <0,ae.tel,

andv(t) =k =0forallt € I.
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This shows that either v = 0 or there exists at least one point ¢, € I withv(z,) < 0.
If v < 0 on [ is not true, then there will exist #y € I such that v(¢y) > 0. Consider
the function
2() =v()eM', t e I.

The signs of v and z are the same.
Then
V(e + Mv()eM < —[pW)](t) eM, ae. t €1,

that is,
() < —[pMI®) ™', ace. t € 1. 4)

For this function z, it is true that z(0) = v(0), z(#,) < 0 and z(ty)) > 0. We will
distinguish two cases:
Case 1: v(0) < 0.
Let #; € [0, ) such that
z(t;) = minz < 0.
[0,70]

Integrating (4) from t#; to #y and taking into account the inequality (3), we obtain

—z(n) < z(tp) —z(t) = —/ [p(W)](s) e ds

< — min (v(s) e™*) = — min z(s) = —z(1),
s5€[0,20] s€[0,1]

that is a contradiction.
Case 2: v(0) > 0.
Here, z(0) > 0 and v(T') > v(0) > 0, so that z(T') > 0. Lett, € (0, T') with

z(t) = min z(s) < 0.
s€[0,T]

Integrating (4) on [#,, T] and using (3) again, we get

T
() < 2(T) — 2() < — f [P(W1(s) €™ ds
. Msy __
5_5,2[10‘%](”(”6 )=

— min z(s) = —z(f),
i (s) (2)
which again is a contradiction.
This proves that v < Qon I. |
Note that condition (3) can be expressed in the following equivalent terms.
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Let w(t) = w(t)e M!

L2 Ip)1(s) eMs ds > min v,

foralla < b € Iandw € C(I)with I[I(}i[}]lw <0.

3 Particular Cases

3.1 Retarded Functional Differential Equations

It
[pW]() = Nw(0()),

with N > 0,60 : I — I suchthat p : L'(I) — L'(J) and
0(t) <t, ae.tel,
then p satisfies the hypothesis (2). Indeed, if w > 0 on I, then
[pW)](t) = Nw(O(t)) = Ofort € I.

If the following condition holds
T
N/ MO0 gg <
A =<
then (3) is satisfied. Indeed,
b b
[ o et ds = [ o e as
b b
— / Nw(0(s)) eMe(s) eM(s—G(s)) ds > rr[l(i)r})](w(s)eMS) Nf eM(x—é‘(x)) ds
a selb, a
T
> min (w(s)eM*) N/ M=) go > min (w(s)eM?),
s€[0,b] 0 s€[0,b]
foralla <b € I andw € C(I) with %ﬂbr} w < 0. Here we have used that
w(b(z)) M0 > H[l(i)l}’](w(s)eMs), ae. t €la,bl,
s€lo,

that is true since 0(t) < t,a.e.t € I.
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Corollary1 IfM >0, N >0,0:1 — I,0() <t,ae onlandv e WH'(I) are
such that p : L'(I) — L'(I) and

V() + Mv(@)+ Nv(@(@)) <0, ae.tel,
v(0) < v(T),
NfOT eMG=06) gg < 1,

thenv < 0Qa.e. on 1.

This result improves Corollary 2 in [18].

An important case is 6(t) = [¢], where [-] is the floor function. In this case, p(v) €
L'(I), for any v € L'(I), and we obtain the estimate

T
N/ M gs < 1. 5)
0
If T <1, then [¢t] = 0, at least for ¢t € [0, T') and (5) becomes
T
N
N/ eMds = =@M - 1) <1.
0 M

Note that this is not a trivial case, since we can find a function v with
V() + Mv(t)+Nv(0) <0, tel,
v(0) < vw(T)

and v(T) > 0. Set, for instance, M =1, N =5, T = % and v(t) =t — i, fort €
[0, %]. In this case,

%(eMT —D=5We—1) >1.

IfT > 1,letk € N,suchthatk < T <k + 1. Then

T k i T
N/ eMEID g = N 2/ eM6—i+D g +/ M0 gg
0 = Ji-1 k
ol 1
=N [Z T v G 1)}

i=1

= %[k(eM — D)+ (MT0 _ .
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This leads to the condition

N

M[k(eM — D4+ MTH 1)< 1.

If k = 0, it coincides with the case T < 1. However, this estimate can be improved,
as we will show below.

3.2 Minimum Case

If p satisfies the three following conditions considered in Theorem 5 of [18],
p(w) € L™(I), foreveryw € C(I), (6)

ess i[I(l)f][p(W)](t) > NI[BIiI‘]l w, forT € Iandw € C(1), (7
tel0,7 T

N
M(eMT -1 <1,

for a certain N > 0, then p satisfies (2) and (3).
Indeed, letw € C(I), w > 0 on I, then

[p(W)](t) = ess inf [pw)](s) > Nminw >0, ae.t €1,
s€[0,1] 0,11

and (2) holds.
Now, leta < b € I andw € C(I) with I[BlibI]lW < 0, then

[p(W)](¢) = ess inf [p(w)](s) > N minw, fora.e.t € [a, b].
s€[0,1] [0,1]
We have

b b
/ [p(w)1(s) eM* ds z/ N(I[’l(}il]lW) eMs ds

b
N (min w(t)eM’e_Mt> eMs ds
tel0,s]

/(;
b
/N min | min w(r)eM ) e M) M5 ds
a tel0,s] \ 1€[0,b]
/;

b
= N (min w(t) eMt> (max eM’) eMs ds

t€[0,b] t€[0,s]

v
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b
— N : t Mt MSd
tg[l(;g](w( )e"") /a e s
1
_ . Mt Mb _ Ma
= th[l(g’l})](w(t)e ) — (e e ).

Also, eMb — M < ¢MT _ 1 and taking into account that I[’{)libI]lW < 0, then
b N
Ms MT : Mt : Mt
w)l(s)e™ ds > — (e’ — 1) min w(t)e”' > min w(t)e
/a [PONIG) e ds = (T = 1) min wie) ™ = min w(n)

and (3) is valid, even when %(eMT - =1
Thus, we have proved the following

Corollary 2 IfM > 0, N > 0 and v € W' (1) are such that
V(@) + Mv(t) + N[p(W)](#) <0, ae.t el,
v(0) = v(T),
N
M(eMT - 1) S 15
where p 1 L'(I) — L'(I) satisfies (6) and (7), then v < 0 a.e. on I.
This result improves Theorem 5 of [18].
Note that the new result applies to functions p : L'(I) — L'(I), such that
[p(W)]() = NI[I(}iI]lW, ae.tel,
b
forw e C(I) and

N
M(eMT - <l.

3.3 Integral Case

Corollary 3 Let M > 0, N > 0and suppose that p : L' (I) — L'(I) satisfies that
t

[p(w)](t) > N/ w(s)ds, a.e.t €1, forwe C(I). ®)
0

Ifv e Wh(I) is such that

V(@) + Mv(t) + N[p(W)](#) <0, a.e.tel,
v(0) = w(T),
(M —MT —1) <1,

thenv <0Qa.e.onl.
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Proof If w e C(I), w > 0, then [p(w)] > 0 a.e. on I, so that (2) is valid. We will
prove that (3) holds under the estimate

N
W(eMT —-MT -1 <.

Indeed, fora < b € I and w € C(I) with I[BlibI]lW < 0, it can be proved that

/ w(r)dr > f (min w(r)eM’> e M dr
0 0 rel0,b]
: Mr * —Mr : Mr - e_MS
= | min w(r)e e dr = min w(r)e _
rel0,b] 0 rel0,b] M
for s € [a, b] and, therefore,
b b s
[ ez [ [Cweyar e as
a a 0

b 1— est
> / N ( min w(r)eM’> — My
p rel0.b] M

N : Mr b M
=M(r161[13g]w(r)e )[a e —1ds

N T
> — (min w(r)eM’>/ M — 1)ds
M \rel0,b] 0
N( , M,)eMT—MT—l
= — | min w(r)e _
M \rel0,b] M
= ( min w(r)eM" i(eMT — MT — 1) > min (w(s)eM*)
rel0,b] M? ~ sel0.,b] ’
This means that (3) is valid. |

The estimate N
MT
is better than the following (that can be obtained analogously to Proposition 2 [19])

NT

m " -1 <1,

since

N NT
W(eMT —MT —1) < 7(eMT - 1.

Indeed, this is equivalent to
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Ml —MT — 1 < MT (M — 1),

or
M1 — MTeMT <0,

but the function
px)=¢€e" —1—xe

satisfies that o(0) = 0 and ¢'(x) = —xe* < 0, for x > 0, so that ¢ is nonincreasing
and negative for x > 0. Therefore, the assertion is true.

4 Generalization of Theorem 1

Occasionally, the equation
V() + My(t) + [pWIt) = o (1) ae.t €,
can be split into several equations

V() + Mv(t) + [pW]@) = o(t), a.e.t €[a;, aiq],

wherei =0,1,...,kand {0 = ap < o) < -++ < oy < ag41 = T} is a partition of
[0, T]. This is possible, for instance, when [p(v)](¢) only takes into account the
values of v in [ay, t], for t € [ay, ;1] and i =0, 1, ..., k. Precisely, this was the

case for the delayed equation
V(@) + Mv(t)+ Nv([t]) <0, t €1,

studied in last section. Here, if 7 > 1 and k < T <k + 1, we can take o; = i,
fori =0,1,...,k, a1 =T and [p(v)](¢) = Nv([t]) = Nv(i), fort € [i,i + 1),
i=0,1,....k=1,[pW]IE) = Nv(k), fort € [k, T].

In this formulation we include also the case of delayed equations with delay
function 6 satisfying

0(@) € [aj, t], forae. t €la;,ir1], i=0,1,... k.

Now, we will prove a result in the spirit of Theorem 1 but adapted to the property
of p cited above.

Theorem 2 Letv € W'(I) be a solution of (1), M > 0, A < 0,0 < Oa.e. on I and
p L'(I) = LY(I) such that (2) holds. Suppose that there exists {0 = o < o <

- < ag < gy = T} apartition of [0, T such that [ p(v)](t) only depends on the
values of v in [a;, t], fora.e. t € [a;, a;1], i =0, 1, ...,k and that
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fab[p(w)](s) eMs ds > yer%lcyinb](w(s) My, Vi=0,1,...,k,

9
a <a<b<aqandw € C([ay, oy )with [mi?]w <0. ©)
Thenv <0Qa.e onl.
Proof We have that
V(1) + Mv(t) + [pW]() <0, ae.t € oy, i), i =0,1,... k.
If v > 0on [, then, by (2),
V() < —Mv(t) — [p()](t) <0
forae.t € [oy, ai4+1),1 =0, 1, ..., k and v is nonincreasing on [«;, a;41), for i =
0,1, ..., k. Butv is continuous, so that v is nonincreasing on / and v is a constant
function since v(0) < v(T'). Then v(t) = k with k > 0 and
0< Mk <—-[pWI(t) <0,a.e.tel,
therefore, v(t) =k =0, forall t € I.
Now, suppose that v(t,) < 0 for t, € [or,, apy1) and some p € {0, 1, ..., k}, or
w(T) < 0.
Consider the function
2(t) =v(t)e"', t el
Then
@) < —[pMI)e™, ace. t € [a;, ait1), i =0,1,... k. (10)
If v(t,) <0, with t, € [ap, apq1) and p € {0, 1, ..., k}, then we will prove

that v(T) < 0. If z(a,41) > O then there exists 1) € [«, ap41) such that z(1) =

[ min ]z < 0 and integrating (10) between #; and «,; we obtain that
Qp,Qpt1

—2z(to) < z(apy1) — z(to)

== /ahﬂ[p(\))](S)eMs ds <— min  (v(s)e™) = —z(1),

f selap,api1]

that is absurd. Therefore, z(a,11) < 0.
Now, if p =k, then v(T) < 0. If p <k, we will prove that z(ap4r) < 0. If

Z(apy2) > 0, then t; € [arpy1, apya] is such that z(7)) = : min ]z < 0 and inte-
QApt1,Qpt2

grating (10) between #; and «,,, we get another contradiction. If p + 1 =k,
we achieve v(T) <0 and if p + 1 < k we repeat this process until we have that
p+j=k+1,z(ap;) =2z(T) < 0andalso v(T) < 0.
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In both cases, we have that v(T) < 0. Then z(0) = v(0) < v(T) < 0. If there
exists t, € (0, ap) such that z(¢;) > 0, then %(I)lil%z = z(t3) < 0. Integrating (10) for
\1

i = 0in [t3, 1], we get that

—z2(t3) < z(ty) — z(t3) < —/z[p(V)](S)eM“ ds < — Yg[lgrtl](v(s)eM‘Y) = —z(t3),

that is a contradiction. This implies that z < 0 on [0, ;) and z(«;) < 0, since z is
continuous. Following an analogous procedure in the interval [, a;], we get that
z < 0 on that interval, and so on, until the interval [oy, T'], we will prove that z < 0
on [ and, therefore,v < 0Oon [. |

Thus, Theorem 1 is a particular case of Theorem 2, where the partition of [0, T']
is trivial
0= ap < (] = T.

Let us see how Theorem 2 improves the result obtained for the delayed differential
inequality with delay function 6(¢) = [¢], ¢ € I, that is

V() + Mv(t) + Nv([t]) <0, a.e.t€l,
v(0) < v(T).

As we have pointed out, if k € N, k < T < k + 1, we consider the partition given

bya; =i,i =0,...,k,o441 =T.Leti €{0,...,k},, =i <a <b <aq;4 and
w e C([a;, a;41]) with [min]w < 0. Then
b
/ Nw([s]) e¥* ds =

b b
= N/ w([s])eMl e~ MBI Ms o > N Ir%irbll(w(s)eM“)/ e MIsl Ms g
a seli, a
b ‘ i+1 '
= N min (w(s)e™*) / M= ds > N min (w(s)e™*) / M= gy
seli.b] ; seli,b] ;
= N min (w(s)eMS)i(eM -1 = ﬁ(.eM — 1) min (w(s)e™*)
selib] M M selib] )
If the following condition holds

it1
N/ eME=06D gg <1
i

or, equivalently,

N .,
—EM-1<1,
me D
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then .
f Nw([s]) e ds > min (w(s)e™),
p seli,b]
fora; <a <b<ajpq,i €{0,1,...,k}and (9) is valid.
We have proved the following result:

Corollary4 IfM >0, N >0, T > 1andv € Wh'(I) are such that

V() + Mv(t) + Nv([t]) <0, ae.t el,
v(0) < w(T),
MEM—1) <1,

thenv < 0a.e.on 1.

Compare this result with Theorem 1 [20].
In the case T < 1, the estimate %(eM T —1) < 1 was obtained in Sect. 2.

Corollary 5 Let{acy =0 < a; < ap < -+ < g < agy1 = T}apartitionof [0, T
" 0: (@) : [oi, i) = [ou, i), 0;(1) <1, forae.t €[y, iy1).
Ifp: L'(I) — L'(I) is such that
[pPWM]@) = Nv(0: (1)), fort € [a;, aiy1), i =0,1,....k—1,
[PW]() = Nv(bk (1)), fort € [ou, o]
and

Q]
N/ M=) go < 1
Q;

for a certain N > 0, then (9) is valid. As a consequence, if v € W"1(I) is a solution
of problem (1) with M > 0, A\ <0and o <0a.e.on I, thenv <0a.e. on I.

Proof Leti € {0,...,k} a; <a <b <a;y; andw € C([e;, ajy1]) with [mig]w <
Qj,

0. Then, using the properties of ;, we get
b b
/ Nw(b;(s)) eMs ds = N/ w(0; (5))eM0i() g=MOis) oMs g

b
> N min (w(s)eMS)/ M0 gg
s€la;,b] a

Q]
> N min (w(s)eM) / MO0 gg > min (w(s)eM?).
s€la;,b] o s€la;,b]
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Ifa;, =i,i =0,...,k,ap; =T and 6;(t) = [t] =i, fort € [ey, a;j11), then we
obtain the result given in Corollary 4.
If the delay is a piecewise constant function, 6;(t) = «, for a.e. t € [, ajy1),
where
O=ay<a;<- <o <oy =T},

then

Qjt1 N N
Nf eMi—ai) gy _(eM(O-i-H*Qi) - < —(eMT -1
o M M

and we obtain the following estimate on the constants in order to guarantee the
validity of (9):

N u
— " -1 <1,
M(e ) <
where 7 = max{a;;1 —«; : i =0,...,k}.
Corollary 6 If p: L'(I) = L'(I) and 0 =g <1 < - <o < oyq1 =T}

are such that
[pW)](®) = N[mirﬁ w, a.e.t € [a;, aiy),
.t

fori =0,1,...,k, we C(lo;, a;11]) and the estimate
N u
—E"T -1 =<1
M(e ) <
where T = max{a;j;; —«a; : i =0, ..., Kk} holds, then any solutionv € W' (I) of

(1)withM > 0, A <0, 0 <0a.e. onl, satisfies thatv < 0 a.e. on I.
Proof 1t is easy to check that (9) is true if %(eMT — 1) < 1 holds. |
Corollary 7 Suppose that p : L'(1) —> L'(I) and
O=ay<a1<--- <o <oyy1 =T}
are such that .
PN = N [ ws)ds, ae.r € laaz,
;i

fori =0,1,...,k,we C(la;, aj+1]) and

N Mt
W(E —MT—l)Sl,

whereT = max{oip1 — oy ¢ i =0,..., kL Ifv € WD) isasolution of (1), where
M>0A<0,0<0aeonl,thenv <0a.e onl.
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Proof 1t can be proved that (9) holds if

N
M M ) 1< 1,

foralli =0,1,...,k.
However, the function ¢(y) = ¢ — y — 1 is nondecreasing for y > 0, so that

d(M (ajy1 — o)) < ¢(MT),

fori =0,1,...,kand

N o N .
2l T = Main = a) =11 = 5T = M7 = 1),
foralli =0, 1, ..., k where the equality is valid for at least one index i. |

5 Nonnegativity of Solutions

Let/ =[0,T], p: L'(I) — L'(I) and consider the problem (1) again, that is,

V() + Mv() + [p(W)]E) = o), a.e.t €,
v(0) =v(T) + A

Consider the following conditions
pw) <0ae.onl, if we C(I), w<Oon [ (11D

and
foralla < b € Iandw € C(I)with I[I(;a];)](w >0,

we have fab[p(w)](s) eMsds < m[g);](w(s) ) (12)

Remark 1 The former conditions can be included in the framework of Sect. 2 by con-
sidering g (v) = —p(—v). Then, the results of this section are a direct consequence
of the ones in the past sections.

Theorem 3 Ifv € WUI(I) is a solution of problem (1), M >0, A >0, 0 >0 a.e.
on I and p satisfies (11) and (12), then v > 0 a.e. on I.

Note that condition (12) can be expressed in the following way, as well.
Let w(t) = w(t)e M!
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b ~ Ms
w)](s) e™* ds < maxw
S TP@(s) e ds < maxw.

foralla < b € Iandw € C(I) with I[I(}%)](w > 0.

Next, we see some particular cases of the general framework.

5.1 Retarded Functional Differential Equations

Corollary8 Let M >0, N >0,60:1 — 1,0(t) <t ,a.e onl,

[PW)](@) = Nw(0(1)),

such that p : L'(I) — L'(I). If v e WY (1) is a solution of (1), where \ > 0,
oc>0aeonl, thenv>0ae onl.

What we have proved is thatif M > 0, N > 0,0 : 1 — 1,0(t) <tae.on and
ve WhI(I) are such that p : L' — L' and

V() + Mv(t) + Nv(B(@)) >0, ae.t€l,
v(0) = v(T),
N [y eM6=00) gg <1,
thenv > 0 a.e.on /.

In the case where 6(¢) = [t], ¢ € [0, T], where [-] is the greatest integer function,
we obtain the estimate

N
—E@M—1<1,ifT <1
M

and

N
M[k(eM —D+eMTP _ 1] <1, ifT > 1andk € Nsuch thatk < T <k + 1.

In the last case, this is not the best estimate we can obtain.

5.2 Maximum Case

Corollary 9 LetM > 0, A > 0,0 > 0a.e.onlandp: L'(I) — L'(I) such that
pw) € L), foreveryw € C(I), (13)

There exists N > Osuch that

ess sup, o [PW1(F) < N maxjpw, fort € landw € C(I) a4
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and N
—eM —1 <1

Then, ifv € WLI(1) is a solution of(1),v=>0a.e onl.

5.3 Integral Case
Corollary 10 Let M > 0, N > 0 and suppose that p : L'(I) — L'(I) satisfies
that .

[p(W)]() < N/ w(s)ds, a.e.t €1, forwe C(I). (15)

0

Ifv e WHI(I) is a solution of (1), where X > 0, o > 0 a.e. on I and the estimate
N
W(ef‘” —-MT -1 <1

holds, thenv > Q0 a.e.on I.

6 Uniqueness of Solution

The above results provide several uniqueness results for periodic boundary problems.

Corollary 11 Let M > 0 and v € WV'(I) a solution to the problem

V@) + Mv(t)+ [pW)]E) =0, ae. tel, (16)
v(0) = v(T),
where p 1 L'(I) — L'(I) is such that
pw)>0aeonl, if weC), w=>0on I, (17)
pw) <0aeonl, if weCl),w=<O0on I, (18)
foralla < b € Iandw € C(I)with minw < 0,
(051 (19)

we have j;b[p(w)](s) eMsds > ‘n%(i)r}]](w(s) My,

and
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foralla < b e Iandw € C(I)with I[I(}EL)I(W >0,

we have fab[p(w)](s) eMs ds < ‘n%(a)uz](w(s) My, 20

(that is, the conditions (2), (11), (3) and (12) are valid).
Then, v=0a.e. on I.

Now, consider some particular cases.

Corollary 12 IfM >0, N >0,0:1 — I,0(t) <t,a.e.onlandv € W"'(I) are
such that
V() + Mv(t) + Nv(0(t)) =0, a.e.tel,
v(0) = v(T),
NfOT eMG=06) gy < 1,

where the operator [p(w)1(t) = Nw(0(¢)) satisfies that p : L'(I) —> L'(I), then
v=0a.e onl.

Corollary 13 Let M > 0 and v € WV'(I) a solution to the problem

V() + Mv()+ [pW)]iE) =0, ae. t €l @1
v(0) = v(T),
where p : L'(I) — L'(I) satisfies the three following conditions:
(a) p(w) € L>(1), forw e C(),
(b) there exists N > 0, such that, for T € I andw € C(I)
inf - .
esstel[r(l)qﬂ[p(W)](t) >N minw,
ess sup [p(w)](¢r) < N maxw,
1€[0,7] (0,71
(c) 4™ =1 <1.
Then, v=0a.e. on I.
Corollary 14 Let M > 0, N > 0 and v € W''(I) such that
/ t J—
V() + Mv(t) + N [yw(s)ds =0, ae.tel, 22)
v(0) = v(T),

and

N
W(eMT —MT -1 <1,

thenv=0a.e onl.
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Abstract We investigate Optimal Control Problems (OCP) for fractional systems
involving fractional-time derivatives on time scales. The fractional-time derivatives
and integrals are considered, on time scales, in the Riemann—Liouville sense. By
using the Banach fixed point theorem, sufficient conditions for existence and unique-
ness of solution to initial value problems described by fractional order differential
equations on time scales are known. Here we consider a fractional OCP with a per-
formance index given as a delta-integral function of both state and control variables,
with time evolving on an arbitrarily given time scale. Interpreting the Euler-Lagrange
first order optimality condition with an adjoint problem, defined by means of right
Riemann-Liouville fractional delta derivatives, we obtain an optimality system for
the considered fractional OCP. For that, we first prove new fractional integration by
parts formulas on time scales.
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1 Introduction

Let T be a time scale, that is, a nonempty closed subset of R. We consider the
following initial value problem:

EDYy() = f(t,y(), teloto+al=JCT, 0<a<l,
1—«
oI " y(t) =0,

fo” ¢

(D

where ED? is the (left) Riemann-Liouville fractional derivative operator or order «

defined on T and ;{I [170[ is the (left) Riemann—Liouville fractional integral operator
or order 1 — « defined on T, as introduced in [24] (see also [45, 46]), and func-
tion f : 9 x R — R is aright-dense continuous function. Necessary and sufficient
conditions for the existence and uniqueness of solution to problem (1) are already
discussed in [24]. Here, our goal is to prove optimality conditions for such systems.

Fractional Calculus (FC) is a generalization of classical calculus. It has been
reported in the literature that systems described using fractional derivatives give
a more realistic behavior. There exists many definitions of a fractional deriva-
tive. Commonly used fractional derivatives are the classical Riemann—Liouville and
Caputo derivatives on continuous time scales. Fractional derivatives and integrals
of Riemann-Liouville and Caputo types have a vast number of applications, across
many fields of science and engineering. For example, they can be used to model con-
trollability, viscoelastic flows, chaotic systems, Stokes problems, thermo-elasticity,
several vibration and diffusion processes, bioengineering problems, and many other
complex phenomena: see, e.g., [6, 11] and references therein.

Fractional optimal control problems on a continuous time scale have attracted
several authors in the last two decades, and many techniques have been developed
for solving such problems, involving classical fractional derivatives. Agrawal [6, 7]
presented a general formulation and proposed a numerical method to solve such prob-
lems. In those papers, the fractional derivative was defined in the Riemann-Liouville
sense and the formulation was obtained by means of a fractional variational principle
and the Lagrange multiplier technique. Using new techniques, Frederico and Torres
[32, 33] obtained Noether-like theorems for fractional optimal control problems in
both Riemann-Liouville and Caputo senses. In [39, 40], Mophou and N’Guérékata
studied the fractional optimal control of diffusion equations involving the classical
Riemann-Liouville derivatives. In [43], Ozdemir investigated the fractional optimal
control problem of a distributed system in cylindrical coordinates whose dynamics
are defined in the classical Riemann-Liouville sense. For the state of the art and
many generalizations, see the recent books [9, 37].

The theory of fractional differential equations, specifically the question of exis-
tence and uniqueness of solutions, is a research topic of great importance [1, 12, 34].
Another important area of study is dynamic equations on time scales, which goes
back to 1988 and the work of Aulbach and Hilger, and has been used with success to
unify differential and difference equations [5, 10, 26]. Starting with a linear dynamic
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equation, Bastos et al. have introduced the notion of fractional-order derivative on
time scales, involving time-scale analogues of Riemann—Liouville operators [15-17].
Another approach originate from the inverse Laplace transform on time scales [18].
After such pioneer work, the study of fractional calculus on time scales developed in
a popular research subject: see [19, 22, 23, 25, 42] and the more recent references
[2, 20, 21, 38, 41].

To the best of our knowledge, the study of fractional optimal control problems for
dynamical systems on time scales is under-developed, at least when compared to the
continuous and discrete cases [31, 36]. Motivated by this fact, in this paper an Optimal
Control Problem (OCP) for fractional initial value systems involving fractional-time
derivatives on time scales is considered. The fractional-time derivative and integral
are considered in the Riemann-Liouville sense on time scales, as introduced in [24].
We prove necessary optimality conditions for such OCPs. The performance index of
the Fractional Optimal Control Problem (FOCP) is considered as a non-autonomous
delta integral of a function depending on state and control variables, and where the
dynamic control system is expressed by a delta-differential system. Interpreting the
Euler-Lagrange first order optimality condition with an adjoint problem, defined by
means of the time-scale right fractional derivative in the sense of Riemann—Liouville,
we obtain an optimality system for the FOCP on time scales.

2 Preliminaries

In this section, we collect notations, definitions, and results, which are needed in the
sequel. We use C(J, R) for the Banach space of continuous functions y with the
norm || ylleo = sup{|y(#)| : t € g}, where J is a time-scale interval.

2.1 Time-Scale Essentials

A time scale T is an arbitrary nonempty closed subset of R. The reader interested on
the calculus on time scales is referred to the books [26, 27]. For a survey, see [S]. Any
time scale T is a complete metric space with the distance d (¢, s) = |t — s]|, ¢, s € T.
Consequently, according to the well-known theory of general metric spaces, we have
for T the fundamental concepts such as open balls (intervals), neighborhoods of
points, open sets, closed sets, compact sets, etc. In particular, for a given number
8 > 0, the 6-neighborhood Us(¢) of a given point ¢ € T is the set of all points s € T
such that d(z, s) < 8. We also have, for functions f : T — R, the concepts of limit,
continuity, and the properties of continuous functions on a general complete metric
space. Roughly speaking, the calculus on time scales begins by introducing and
investigating the concept of derivative for functions f : T — R. In the definition of
derivative, an important role is played by the so-called jump operators.
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Definition 1 (See [27]) Let T be a time scale. For r € T, we define the forward jump
operatoro : T — Tbyo(¢) :=inf{s € T : s > t}, and the backward jump operator
p:T — Tbyp(t) :=sup{s € T:s < t}.

Remark 1 In Definition 1, we putinf § = sup T (i.e., 0 (M) = M if T has a maxi-
mum M) and sup@ = inf T (i.e., p(m) = m if T has a minimum m).

If o(¢) > ¢, then we say that ¢ is right-scattered; if p(#) < , then ¢ is said to be
left-scattered. Points that are simultaneously right-scattered and left-scattered are
called isolated. If # < sup T and o (¢) = ¢, then ¢ is called right-dense; if > inf T
and p(t) = t, then ¢ is called left-dense. The graininess function p : T — [0, c0)
is defined by wu(?) := o (¢) — t. The derivative makes use of the set T*, which is
obtained from the time scale T as follows: if T has a left-scattered maximum M,
then T := T \ {M}; otherwise, T :=T.

Definition 2 (Delta derivative [4]) Assume f : T — R and let r € T*. We define

— t
fA(t) = hmm’ t;éo'(s)’
s—1 o(s)—t
provided the limit exists. We call £ (¢) the delta derivative (or Hilger derivative) of
f at t. Moreover, we say that f is delta differentiable on T* provided f () exists
for all ¢ € T*. The function f* : T — R is then called the (delta) derivative of f
on T*.

Definition 3 (See [27]) A function f : T — R is called rd-continuous provided it
is continuous at right-dense points in T and its left-sided limits exist (finite) at left-
dense points in T. The set of rd-continuous functions f : T — R is denoted by C,,.
Similarly, a function f : T — R is called ld-continuous provided it is continuous at
left-dense points in T and its right-sided limits exist (finite) at right-dense points in
T. The set of 1d-continuous functions f : T — R is denoted by Cy,.

Definition 4 (See [27]) Let [a, b] denote a closed bounded interval in T. A function
F :[a, b] — Ris called a delta antiderivative of function f : [a, b) — R provided
F is continuous on [a, b], delta differentiable on [a, b), and F2(¢) = f(¢) for all
t € [a, b). Then, we define the A-integral of f from a to b by

b
/ f@)At := F(b) — F(a).

Proposition 1 (See [8]) Suppose T is a time scale and f is an increasing continuous
function on the time-scale interval [a, b). If F is the extension of f to the real interval
[a, b] given by
ifs € T,
) { f) ifs

f@) ifse(t,o®)¢T,
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b b
/f(t)Atf/ F(t)d:t.

2.2 Fractional Derivative and Integral on Time Scales

then

We adopt a recent notion of fractional derivative on time scales introduced in [24],
which is based on the notion of fractional integral on time scales T. This is in contrast
with [22, 23, 25], where first a notion of fractional differentiation on time scales is
introduced and only after that, with the help of such concept, the fraction integral is
defined. The classical gamma and beta functions are used.

Definition 5 (Gamma function) For complex numbers with a positive real part, the
gamma function I'(¢) is defined by the following convergent improper integral:

() ::/ x' e *dx.
0

Definition 6 (Beta function) The beta function, also called the Euler integral of first
kind, is the special function B(x, y) defined by

1
B(x, y) :=/ 1A —n¥"ldr, x>0, y>O0.
0

Remark 2 The gamma function satisfies the following property: I'(t + 1) = tI'(¢).
The beta function can be expressed through the gamma function by

_ T@r(Q)

BN = oy

Definition 7 (Fractional integral on time scales [24]) Suppose T is a time scale,
[a, b] is an interval of T, and £ is an integrable function on [a, b]. Let 0 < o < 1.
Then the left fractional integral of order « of # is defined by

o t t — a—1
TI%h(t) = / ﬁh(s)m.
« T
The right fractional integral of order « of 4 is defined by

b _ a-—1
NIGES %h(s)As,

where I is the gamma function.
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Definition 8 (Riemann—Liouville fractional derivative on time scales [24]) Let T
be atime scale, t € T, 0 <a <1, and i : T — R. The left Riemann—Liouville
fractional derivative of order « of & is defined by

o 1 ' 8
2D h(t) = (u ¢ h(’)) =~ Ti—-w </ (I—S)_ah(S)AS> . (2)

The right Riemann—Liouville fractional derivative of order « of 4 is defined by

o l—«a A —1 b A
TDYh(t) = — (?1,, h(t)) = ric® (/ (s — t)“h(s)As) .

Definition 9 (Caputo fractional derivative on time scales [8]) Let T be a time scale,
teT,0<a<1l,and h : T — R. The left Caputo fractional derivative of order o
of h is defined by

YD h(ry :=T1,7 (h (1)) = / (t — ) "h™(s)As.

The right Caputo fractional derivative of order « of /4 is defined by

e pyh() == -T (hA(t))— /(s 7R (5) As.

The relation between the left/right RLFD and the left/right CFD is as follows:

n—1 k)
TC o T o x"(a) (k—a)

D%x(t) =  D%x(t —E _(t— ,
o Dix(®) = Dix) kZOI‘(k—a+1)( “

n—1

(k)(b)
TCDO( tzTDO( t_ X
o Dpx(t) = Dypx(®) gr‘(k—a+1)

b -1k,
Ifxandx®,i =1,...,n — 1, vanish at = a, then TD/x(t) = T¢ D/ x (1), and if
they vanish at = b, then "D/ x (1) = T€ D x(¢). Furthermore, T D* ¢ = 0, where
¢ is a constant, and

TC 0, for n € Ny and n < [«],
D" = Cn+l) n— a
ml for n € Ny andn > [f],
where Ny = {0, 1, 2, ...}.

Remark 3 If T = R, then Definition 8 gives the classical left and right Riemann—
Liouville fractional derivatives [44]. Similar comment for Definition 9. For different
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extensions of the fractional derivative to time scales using the Caputo approach,
see [18]. For local approaches to fractional calculus on time scales, we refer the
reader to [22, 23, 25]. Here we restrict ourselves to the delta approach to time scales.
Analogous definitions are, however, trivially obtained for the nabla approach to time
scales by using the duality theory of [3, 30].

2.3 Properties of the Time-Scale Fractional Operators

We recall some fundamental properties of the fractional operators on time scales.

Proposition 2 (See Proposition 15 of [24]) Let T be a time scale with derivative A,
and0 <« < 1. Then, 'DY = Ao T1}~.

Proposition 3 (See Proposition 16 of [24]) For any function h integrable on [a, b],
the Riemann—Liouville A-fractional integral satisfies El ? ) El,ﬁ = EI,“ +h fora >0
and B > 0.

Proposition 4 (See Proposition 17 of [24]) For any function h integrable on [a, b]
one has ED‘: o E[t“h =h.

Corollary 1 (See Corollary 18 of [24]) For0 < o < 1, we have ED;X o ED;“ =1d

and ZTI[_O’ o EI,‘" = Id, where 1d denotes the identity operator.

Definition 10 (See [24]) For ¢ > 0, we denote by EI f ([a, b]) the space of functions
that can be represented by the Riemann-Liouville A integral of order o of some
C([a, b])-function.

Theorem 1 (See Theorem 20 of [24]) Let f € C([a, b]) and o > 0. Function f €
T12([a, b)) if and only if}flrl_af e C'([a, b)) and (Eflrl“"f(t))L:a =0.

Theorem 2 (See Theorem 21 of [24]) Let « > 0 and f € C(la, b)) satisfy the con-
ditions in Theorem 1. Then, ("I} o TD7) (f) = f.

2.4 Existence of Solutions to Fractional IVPs on Time Scales

Let T be a time scale and J = [fy, tp + a] C T. Consider the fractional order initial
value problem (1) defined on T. Then the function y € C(J, R) is a solution of
problem (1) if § D7 y(t) = f(z,y) on J and [ 1 y(19) = 0.

Theorem 3 (See Theorem24 of [24])If f : J x R — Risard-continuous bounded
function for which there exists M > 0 such that |f(t, y)| < M for all t € J and
vy € R, then problem (1) has a solution on 9.
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3 Main Results

We begin by proving formulas of integration by parts in Sect.3.1, which are then
used in Sect. 3.2 to prove necessary optimality conditions for nonlinear Riemann—
Liouville fractional optimal control problems (FOCPs) on time scales.

3.1 Fractional Integration by Parts on Time Scales

Our first result gives integration by parts formulas for fractional integrals and deriva-
tives on time scales. For the relation between integration on time scales and Lebesgue
integration we refer the reader to [29].

Theorem 4 Leta >0, p,g > 1, and%—i—é <l+4a«a where p # 1 and g # 1 in

the case when % + é =1+ «a. Moreover, let

TI(L,) = {f f="1%. ge L, b)}

and
TI(L,) = {f f="1%. geL,a. b)} .

The following integration by parts formulas hold.
(a) Ifp € L,(a,b)andy € Ly(a,b), then

/ “o (F1) e = / “wo (1ie) war. 3)

a a

(b) Ifgell,(L,) and f € T1](L,), then
b o b o
[ s (Goir)oai= [ s (Foje) oar. )
(c) For Caputo fractional derivatives, if g € ETIZ (Lp)and f € El';(Lq), then
b N o b b o
[ e (i) wse =71 s @] + [ s (FDje) war
and

/ab s (FCD5 ) war= - [I1 5w f0)] + /ab Fe) (i) war.
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Proof (a)If ¢ € L,(a,b) and Y € L,(a, b), then, from Definition 7, we get

b o b t (t _ S)otfl
T — - -
/a o) (T179) ar = / so(t)< v w(sms) At

Interchanging the order of integrals (see [24]), we reach at

/a o0 (Frw) war = / "y (7150) 0.

b)Ifg e ?I: (Lp)and f € 317 (L), then, from Definition 8, we get

b T o b 1 t B A
/ag(l‘)<asz)(f)Af=/a g() (m <fa (t—s) f(S)AS> )Af~

Interchanging the order of integrals, we obtain that

/bg(t) (Efo) At = /b §0) (?ijg) (t)At.

(©)If g € T, (L) and f € I1](L,), then, from Definition 9, we get

b TC % b 1 ! —a A
/a 2(1) ( D’ f) (z)At:/a 2(1) <mf (t—s)°f (s)As) At

Interchanging the order of the integrals, and by using integration by parts on time
scales, we conclude that

b
.

/a "o (0 ) (e = / " fon (F0lg) ar+ 1)) 10|

The second relation is obtained in a similar way. (]

3.2 Nonlinear Riemann—Liouville FOCPs on Time Scales

Let T be a given time scale with 7y, ¢, € T and let us consider a control system given
by the fractional differential equation

WDix(t) = f(x(®),u), ), teT, &)

subject to
W1 x (1) = xo, (6)



238 G. M. Bahaa and D. F. M. Torres

where x () € R" and u(t) € R™ are the state and control vectors, respectively, func-
tion f :R"™"x! _ R" is a nonlinear vector function, and xo € R" is the speci-
fied initial state vector. A similar problem is studied in [14] for problems involving
AB derivatives in Caputo sense on continuous time scales. Here we study it within
Riemann-Liouville derivatives on arbitrary time scales. In order to achieve a desired
behavior in terms of performance requirements, we select a cost index for the dynami-
cal system (5)—(6). In selecting the performance index, the designer attempts to define
a mathematical expression that, when minimized, indicates that the system is per-
forming in the most desirable manner. Thus, choosing a performance cost index is a
translation of system’s physical requirements into mathematical terms [13]. For the
fractional dynamic system (5)—(6), we choose the following performance index:

Jx,u]l = / ' L(x(t), u(t),t)At —> min, @)

fo

where L : R""*1 _5 R is a scalar function. In the following, we derive a neces-
sary optimality condition corresponding to the considered fractional optimal control
problem (5)—(7). Under given considerations, the following theorem holds true.

Theorem 5 (Necessary optimality conditions) Let (x(-), u(-)) be a minimizer of
problem (5)—(7). Then, there exists a function AL(-) for which the triplet (x (-), L(-), u(-))
satisfies:

(i) the Hamiltonian system

TDx (1) = aai; (x (@), A(), u(),t), teT,

It

DI = % @ (). MO u(), 1), 1T, ©
(ii) the stationary condition
%{ x@),A@),u(),t)=0, teT, )
where H is a scalar function, called the Hamiltonian, defined by
H(x, A u, 1) =Lx,u, )+ AT fx,u,1). (10)

Proof To deduce the necessary optimality conditions that the optimal pair (x (-), u(-))
must satisfy, we use the Lagrange multiplier technique to adjoin the dynamic con-
straint (5) to the performance index (7). Thus, we form the augmented functional

Jalx, h ul = f ' [H (), M), u@), 1) — AT (1)) DEx ()] At, (11)

fo
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where A(z) € R" is the Lagrange multiplier, also known as the costate or adjoint
variable. Taking the first variation of the augmented performance index J,[x, A, u]
given by (11), we obtain that

t T T
3Ja[x,x,u]=/f{[aalﬂ 3x(z)+[%{—10;"x(r)] 8(1)

I (12)
+ [a—u} Su(r) — AT(t)E)D;’Sx(t)}At.

Using the fractional integration by parts formula (4), the last integral in (12) can be
written as

tr tr T
/f)\T(t)E)Df‘Sx(t)At =/’<?D;jx(r)) Sx(t)At. (13)

fo fo

Using (13) in (12), we deduce that

Iy
8Julx, A, u] =/

fo

aH . T OH N !
{[g — ?D,/,A(t)] Sx(t) + [H — Dy x(t)} SA(1)

T
+ [_S‘H} SM(I)}At. (14)
ou

The necessary condition for an extremal asserts that the first variation of J,[x, A, u]
must vanish along the extremal for all independent variations x(¢), A(¢), and Su(z).
Because of this, all factors multiplying a variation in Eq. (14) must vanish. We obtain
conditions (8)—(9). O

Equations (8)—(9) represent the Euler—Lagrange equations of the FOCP (5)—(7).
Note that Theorem 5 covers fractional optimal control problems defined on isolated
time scales with a non-constant graininess, as well as variational problems on time
scales that are partially continuous and partially discrete, i.e., on hybrid time scales.

3.3 An Illustrative Example

Let T be a time scale with 0, 7 € T. Consider the control system
oDix(t) =u(), tel0,Tlr, (15)
subject to the initial condition
o1 x(0) = xo, (16)

where the control u belongs to L. Consider the problem of minimizing



240

G. M. Bahaa and D. F. M. Torres

1
Jlx, ul =3 (Ilx = zl172 + Nllull72)

subject to (15)-(16), where z € L? and N > 0 are fixed/given. In agreement with
Theorem 5, the optimal control u is characterized by (15)—(16) with the adjoint
system

(DG = x(t) —z(1), 1€ [0, Tlr,

and with the optimality condition

4

We

u(t) = —%.

Conclusion

studied optimal control problems for fractional initial values systems involving

fractional-time derivatives on time scales. As a main result, a necessary optimality
condition is proved. In the formulation of the optimal control problem, the control
u takes values in R™. As future work, it would be interesting to consider the case
where the control takes values on a closed subset of R™. This question is far from
being trivial [28, 35] and needs further developments.
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nologia (FCT) through CIDMA, project UID/MAT/04106/2019. The authors are grateful to two
anonymous referees for several pertinent questions and comments.

References

. Abbas, S., Benchohra, M., N’Guérékata, G.M.: Topics in Fractional Differential Equations.

Developments in Mathematics, vol. 27. Springer, New York (2012)

Abdeljawad, T., Mert, R., Torres, D.F.M.: Variable order Mittag—Leffler fractional operators
on isolated time scales and application to the calculus of variations. In Gémez, J.F. et al. (eds.)
Fractional Derivatives with Mittag—Leffler Kernel, Studies in Systems, Decision and Control,
vol. 194, pp. 35—47. Springer Nature AG, Switzerland (2019)

Abdeljawad, T., Torres, D.FE.M.: Symmetric duality for left and right Riemann-Liouville and
Caputo fractional differences. Arab J. Math. Sci. 23(2), 157-172 (2017)

Agarwal, R.P., Bohner, M.: Basic calculus on time scales and some of its applications. Results
Math. 35(1-2), 3-22 (1999)

. Agarwal, R.P., Bohner, M., O’Regan, D., Peterson, A.: Dynamic equations on time scales: a

survey. J. Comput. Appl. Math. 141(1-2), 1-26 (2002)

Agrawal, O.P.: Formulation of Euler-Lagrange equations for fractional variational problems.
J. Math. Anal. Appl. 272(1), 368-379 (2002)

Agrawal, O.P.: A general formulation and solution scheme for fractional optimal control prob-
lems. Nonlinear Dyn. 38(1-4), 323-337 (2004)



Time-Fractional Optimal Control of Initial Value Problems on Time Scales 241

8.

10.

11.

12.

14.

15.

16.

17.

18.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Ahmadkhanlu, A., Jahanshahi, M.: On the existence and uniqueness of solution of initial value
problem for fractional order differential equations on time scales. Bull. Iranian Math. Soc.
38(1), 241-252 (2012)

. Almeida, R., Tavares, D., Torres, D.F.M.: The Variable-order Fractional Calculus of Variations.

SpringerBriefs in Applied Sciences and Technology. Springer, Cham (2019)

Aulbach, B., Hilger, S.: A unified approach to continuous and discrete dynamics. Qualitative
Theory of Differential Equations (Szeged, 1988). Colloquia Mathematica Societatis Janos
Bolyai, vol. 53, pp. 37-56, North-Holland, Amsterdam (1990)

Bahaa, G.M., Tang, Q.: Optimality conditions of fractional diffusion equations with weak
Caputo derivatives and variational formulation. J. Fract. Calc. Appl. 9(1), 100-119 (2018)
Bajlekova, E.G.: Fractional Evolution Equations in Banach Spaces. Eindhoven University of
Technology, Eindhoven (2001)

. Baleanu, D., Jajarmi, A., Hajipour, M.: A new formulation of the fractional optimal control

problems involving Mittag-Leffler nonsingular kernel. J. Optim. Theory Appl. 175(3), 718-737
(2017)

Baleanu, D., Muslih, S.I.: Lagrangian formulation of classical fields within Riemann-Liouville
fractional derivatives. Phys. Scr. 72(2-3), 119-121 (2005)

Bastos, N.R.O.: Fractional calculus on time scales. Ph.D. thesis (under supervision of D. F. M.
Torres), University of Aveiro (2012)

Bastos, N.R.O., Ferreira, R.A.C., Torres, D.F.M.: Necessary optimality conditions for fractional
difference problems of the calculus of variations. Discret. Contin. Dyn. Syst. 29(2), 417-437
(2011)

Bastos, N.R.O., Ferreira, R.A.C., Torres, D.F.M.: Discrete-time fractional variational problems.
Signal Process 91(3), 513-524 (2011)

Bastos, N.R.O., Mozyrska, D., Torres, D.E.M.: Fractional derivatives and integrals on time
scales via the inverse generalized Laplace transform. Int. J. Math. Comput. 11(J11), 1-9 (2011)

. Bayour, B., Torres, D.F.M.: Complex-valued fractional derivatives on time scales. Differen-

tial and Difference Equations with Applications. Springer Proceedings in Mathematics and
Statistics, vol. 164, pp. 79-87. Springer, Berlin (2016)

Bayour, B., Torres, D.EM.: A truly conformable calculus on time scales. Glob. Stoch. Anal.
5(1), 1-14 (2018)

Bayour, B., Torres, D.F.M.: Structural derivatives on time scales. Commun. Fac. Sci. Univ.
Ank. Ser. A1 Math. Stat. 68(1), 1186-1196 (2019)

Benkhettou, N., Brito da Cruz, A.M.C., Torres, D.E.M.: A fractional calculus on arbitrary time
scales: fractional differentiation and fractional integration. Signal Process 107, 230-237 (2015)
Benkhettou, N., Brito da Cruz, A.M.C., Torres, D.F.M.: Nonsymmetric and symmetric frac-
tional calculi on arbitrary nonempty closed sets. Math. Methods Appl. Sci. 39(2), 261-279
(2016)

Benkhettou, N., Hammoudi, A., Torres, D.FE.M.: Existence and uniqueness of solution for a
fractional Riemann-Liouville initial value problem on time scales. J. King Saud Univ. Sci.
28(1), 87-92 (2016)

Benkhettou, N., Hassani, S., Torres, D.F.M.: A conformable fractional calculus on arbitrary
time scales. J. King Saud Univ. Sci. 28(1), 93-98 (2016)

Bohner, M., Peterson, A.: Dynamic Equations on Time Scales. Birkhduser Boston Inc, Boston
(2001)

Bohner, M., Peterson, A.: Advances in Dynamic Equations on Time Scales. Birkhduser Boston,
Boston (2003)

Bourdin, L., Stanzhytskyi, O., Trélat, E.: Addendum to Pontryagin’s maximum principle for
dynamic systems on time scales. J. Differ. Equ. Appl. 23(10), 1760-1763 (2017)

Cabada, A., Vivero, D.R.: Expression of the Lebesgue A-integral on time scales as a usual
Lebesgue integral: application to the calculus of A-antiderivatives. Math. Comput. Model.
43(1-2), 194-207 (2006)

Caputo, M.C., Torres, D.F.M.: Duality for the left and right fractional derivatives. Signal Process
107, 265-271 (2015)



242 G. M. Bahaa and D. F. M. Torres

31. Dryl, M., Torres, D.F.M.: Direct and inverse variational problems on time scales: a survey. Mod-
eling, Dynamics, Optimization and Bioeconomics II. Springer Proceedings in Mathematics and
Statistics, vol. 195, pp. 223-265. Springer, Cham (2017)

32. Frederico, G.S.F., Torres, D.F.M.: A formulation of Noether’s theorem for fractional problems
of the calculus of variations. J. Math. Anal. Appl. 334(2), 834-846 (2007)

33. Frederico, G.S.F.,, Torres, D.F.M.: Fractional optimal control in the sense of Caputo and the
fractional Noether’s theorem. Int. Math. Forum 3(9-12), 479-493 (2008)

34. Hernandez, E.,O’Regan, D., Balachandran, K.: On recent developments in the theory of abstract
differential equations with fractional derivatives. Nonlinear Anal. 73(10), 3462-3471 (2010)

35. Idczak, D., Kamocki, R.: Existence of optimal solutions to Lagrange problem for a fractional
nonlinear control system with Riemann-Liouville derivative. Math. Control Relat. Fields 7(3),
449-464 (2017)

36. Lavrova, O., Mogylova, V., Stanzhytskyi, O., Misiats, O.: Approximation of the optimal control
problem on an interval with a family of optimization problems on time scales. Nonlinear Dyn.
Syst. Theory 17(3), 303-314 (2017)

37. Malinowska, A.B., Odzijewicz, T., Torres, D.F.M.: Advanced Methods in the Fractional Calcu-
lus of Variations. SpringerBriefs in Applied Sciences and Technology. Springer, Cham (2015)

38. Mekhalfi, K., Torres, D.F.M.: Generalized fractional operators on time scales with application
to dynamic equations. Eur. Phys. J. Spec. Top. 226(16-18), 3489-3499 (2017)

39. Mophou, G.M.: Optimal control of fractional diffusion equation. Comput. Math. Appl. 61(1),
68-78 (2011)

40. Mophou, G., N’Guérékata, G.M.: Optimal control of a fractional diffusion equation with state
constraints. Comput. Math. Appl. 62(3), 1413-1426 (2011)

41. Mozyrska, D., Torres, D.EM., Wyrwas, M.: Solutions of systems with the Caputo-Fabrizio
fractional delta derivative on time scales. Nonlinear Anal. Hybrid Syst. 32, 168-176 (2019)

42. Nwaeze, E.R., Torres, D.F.M.: Chain rules and inequalities for the BHT fractional calculus on
arbitrary timescales. Arab. J. Math. (Springer) 6(1), 13-20 (2017)

43. Ozdemir, N., Karadeniz, D., Iskender, B.B.: Fractional optimal control problem of a distributed
system in cylindrical coordinates. Phys. Lett. A 373(2), 221-226 (2009)

44. Podlubny, I.: Fractional Differential Equations. Mathematics in Science and Engineering, vol.
198. Academic Press, San Diego (1999)

45. Sidi Ammi, M.R., Torres, D.F.M.: Existence and uniqueness results for a fractional Riemann-
Liouville nonlocal thermistor problem on arbitrary time scales. J. King Saud Univ. Sci. 30(3),
381-385 (2018)

46. Sidi Ammi, M.R., Torres, D.F.M.: Analysis of fractional integro-differential equations of ther-
mistor type. In Kochubei, A., Luchko, Y (Eds.) Handbook of Fractional Calculus with Appli-
cations, Vol 1: Basic Theory, pp. 327-346. De Gruyter, Berlin, Boston (2019)



Relationship Between Green’s Functions m
for Even Order Linear Boundary Value i
Problems

Alberto Cabada and Lucia Lépez-Somoza

Abstract In this paper we will show several properties of the Green’s functions
related to various boundary value problems of arbitrary even order. In particular, we
will write the expression of the Green’s functions related to the general differential
operator of order 2n coupled to Neumann, Dirichlet and mixed boundary conditions,
as a linear combination of the Green’s functions corresponding to periodic conditions
on adifferentinterval. This will allow us to ensure the constant sign of various Green’s
functions and to deduce spectral results.

Keywords Green’s functions - Comparison principles - Boundary value problems

1 Introduction

Boundary value problems have been widely studied. This is due to the fact that these
problems arise in many areas to model from most of physical problems to biological
or economical ones.

Itis very well-known that the solutions of a given boundary value problem coincide
with fixed points of related integral operators which have as kernel the associated
Green'’s function in each case. So, the Green’s functions play a very important role
in the study of boundary value problems.

In particular, some of the main techniques applied to prove the existence of solu-
tions of nonlinear boundary value problems are, among others, monotone iterative
techniques (see [6, 8, 10]), lower and upper solutions method (see [1, 5]) or fixed
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points theorems (see [6, 9]). In all these cases, the constant sign of the associated
Green’s functions is usually fundamental to prove such results.

Traditionally, the most studied boundary value problems have been the periodic
and the two-point ones. In this paper we will take advantage of such studies by
finding some connections between Green’s functions of various separated two point
boundary conditions and Green’s functions of periodic problem. The key idea is that
the expression of the Green’s function related to each two-points case can be obtained
as a linear combination of the Green’s function of periodic problems.

From these expressions relating the different Green’s functions, we will be able to
compare their constant sign. These results will allow us to obtain some comparison
principles which assure that, under certain hypotheses, the solution of a boundary
value problem under some suitable conditions is bigger in every point than the solu-
tion of the same equation under another type of boundary conditions.

We will also obtain a decomposition of the spectrum of some problems as a com-
bination of the other ones and some relations of order between the first eigenvalues
of the considered problems.

The paper is organized as follows: Sect.2 includes some preliminary results and
proves a symmetry property which will be satisfied by some Green’s functions. In
Sect. 3, the aforementioned decomposition of Green’s functions is fully detailed.
Section 4 proves some results relating the constant sign of Green’s function and
includes also some counterexamples, showing that some properties which hold for
second order boundary value problems are not true for higher order ones. In Sect. 5,
both the spectra and the first eigenvalues of the considered problems are related.
Section 6 proves some point-by-point relations between different Green’s functions
and also between solutions of some linear problem under several boundary condi-
tions.

It must be pointed out that the study developed in Sects.3—6 has been done in
[3] for the particular case of Hill’s equation. This is generalized here for any 2n-th
order boundary value problem. However, some arguments which worked for Hill’s
equation (mainly the ones related with oscillation theory) do not hold for n > 1.
This implies that some of the results proved in this paper will be weaker than the
corresponding ones for Hill’s equation (in particular, as we have mentioned, some
counterexamples will be shown in Sect. 4).

2 Preliminary Results

Consider the 2n-order general linear operator

Lu(t) =u® () + a1 () u® V@) + -+ a1 () u' @) + ap) u(r), 1€l
(D
withl =[0,T],ar: I > R, ap € L*(I), a > 1,k=0,...,2n — 1.
We will work with the space
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W) ={ueC™ (1) : u® P e ACD)},

where AC(I) denotes the set of absolutely continuous functions on /. In particular,
we will consider X € W?2"!(I) a Banach space such that the following definition is
satisfied.

Definition 1 Given a Banach space X, operator L is said to be nonresonant in X if
and only if the homogeneous equation

Lu(t)=0 a.e. tel, ueX,

has only the trivial solution.

It is very well known that if o € L'(I) and operator L is nonresonant in X, then
the nonhomogeneous problem

Lu(t)=0() aetel, uclkX,

has a unique solution given by

T
u(t) =/ G[T](,s)o(s) ds, Vtel,
0

where G[T] denotes the Green’s function related to operator L on X and itis uniquely
determined. See [2] for details.

We will introduce now an auxiliary linear operator, whose coefficients will be
defined from the ones of operator L as follows:

Lu(t) = u® (1) 4 o1 () u® V(1) 4 G2p 2 () u® 2 (1) + - --
+a1()u'(t) +aot)u(), tel=[02T],

where do; and ayy1, k =0, ..., n — 1, are the even and odd extensions of ay; and
A+ to J.

We obtain the following symmetric property for Green’s functions related to
operator L.

Lemma 1 Let X C W?*!(J)be a Banach space such that operator L is nonresonant
in X and let G[2T] denote the corresponding Green’s function. Moreover, suppose
thatifv € X andw(t) :=v(2T —t),t € J, thenw € X. Then the following equality
holds:

GR2TI(t,s) =G2TI2T —t,2T —s) VYV (t,s) e J x J. 2)

Proof Let & € L'(J) be arbitrarily chosen and consider the problem

Lv(t) =5(), ae.teJ, veX.
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Since operator L is nonresonant in X, this problem has a unique solution v which
is given by

2T
v(t) =/ G[2TI(t,s)o(s) ds.
0

On the other hand, due to the fact that ax () = ax (2T —t) and dgy 1 (2) =
—dor11(2T — 1), itis easy to verify that w(¢) = v(2 T — 1) is the unique solution of
the problem

Lwit)=5QT —1), ae.te€J, we X.

Therefore,
2T 2T
w(t) =/ G[2T](t,s)c (2T —s) ds =/ G[2T](t,2T —s)o(s) ds.
0 0
Now, since
2T
wit)=vQT —1t) =/ G2TIR2T —t,s)o(s) ds,
0

and 6 € L'(J) is arbitrary, we arrive at the following equality
G2TI2T —t,5) =G[2T)(t,2T —s) V(t,s)eJ xJ
or, which is the same,
G[2TI(t,s) =G2TI_T —t,2T —s) V(t,5) e J xJ.

In addition, we will consider another auxiliary operator L which will be con-
structed from L in the same way than L has been constructed from L, that is:

Lu) = u® (1) + by 16 (1) + a2 () u®=2(0) + -+ by (1) 1 (1) + Go () u (o),

t €10,4T], where 52k and 52k+1, k=0,...,n— 1, are the even and odd extensions
to the interval [0, 4T] of Gy and aoyy 1, respectively.

To finish with this preliminary section, we will show two particular cases of some
more general spectral results given in [2, Lemmas 1.8.25 and 1.8.33]. For these
results we need to introduce a new differential operator.

For any A € R, consider operator L[A] defined from operator L given by

LIMu@®) = u® @) + azy_1 O u® V@) + -+ ay ()t @) + (ag(t) + W ult), tel.

In particular, note that L = L[0]. When working with this operator, to stress the
dependence of the Green’s function on the parameter A, we will denote by G[A, T']



Relationship Between Green’s Functions for Even ... 247

the Green’s function related to L[)L].NAgain, note that G[T] = G0, T]. Analogous

notation can we used for Z[k] and L [A], whose related Green’s functions will be
denoted by G[X, 2 T] and G[A, 4 T], respectively.

Lemma 2 Suppose that operator L is nonresonant in a Banach space X, its related
Green’s function G[T] is nonpositive on I x I, and satisfies condition

(Ng) There is a continuous function ¢(t) > 0 for all t € (0,T) and ki, k; €
LY(I), such that ki (s) < ka(s) < Ofora.e. s € I, satisfying

o) ki(s) < G[T](t,s) < ¢p(t) ka(s), fora.e (t,s) el x I.

Then G[X, T1] is nonpositive on I x I if and only if A € (—00, A1(T)) or A €
[—(T), A (T)), with A (T) > O the first eigenvalue of operator L in X and
A(T) = 0 such that L[—u(T)] is nonresonant in X and the related nonpositive
Green’s function G[—u(T), T] vanishes at some point of the square I x I.

Lemma 3 Suppose that operator L is nonresonant in a Banach space X, its related
Green’s function G[T] is nonnegative on I x I, and satisfies condition

(Pg)  Thereis acontinuous function ¢ (t) > Oforallt € (0, T)andk,, ky € LY(D),
such that 0 < ki (s) < ky(s) fora.e. s € I, satisfying

¢ () ki(s) < G[T](t,s) < P(t) ka(s), fora.e (t,s) el x I.

Then G[A, T] is nonnegative on I x I if and only if A € (A (T),00) or A €
A (T), u(T)]), with 1 (T) < O the first eigenvalue of operator L in X and i(T) > 0
such that L[i(T)] is nonresonant in X and the related nonnegative Green’s function
G[u(T), T] vanishes at some point of the square I x I.

3 Decomposing Green’s Functions

In this section we will obtain the expression of the Green’s function of different
two-point boundary value problems (Neumann, Dirichlet and Mixed problems) as a
sum of Green’s functions of other related problems.

A similar decomposition has been made in [3] for the particular case of n = 1
and a; = 0, which will be generalised here. There, the authors worked with Hill’s
operator, namely

Lu@)=u" () +a@)u@),

witha € LY(I),a > 1. ~
In this case, we will deal with some problems related to operators L and L and
the periodic problem related to L, which we describe in the sequel:
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e Neumann problem on the interval [0, T']:

{Lu(t) =o(t), ae tel,

u D) = y&*+(1TYy =0, k=0,...,n—1. (N, T)

e Dirichlet problem on the interval [0, T']:

{Lu(t) =o(t), ae tel,

U (0) = 4Ty =0, k=0,....n—1. (D.T)

e Mixed problem 1 on the interval [0, T']:

{Lu(t) =o((t), ae tel,

w0 0) = u®(T) =0, k=0,....,n—1. (M, T)

e Mixed problem 2 on the interval [0, T']:

Lu(t)=o0(), ae. tel,
{ (M, T)

u®(0) = u@*+H(1y =0, k=0,...,n— 1.

e Periodic problem on the interval [0, 2 T']:

{Zu(r):&(r), a.e telJ,
(P,2T)

u® ) =u®@2T), k=0,...,2n— 1.

e Antiperiodic problem on the interval [0, 2 T]:

{Zu(t) =56(t), ae tel, (A,2T)

u®©0) = —u®Q2T), k=0,...,2n — 1.

e Neumann problem on the interval [0, 2 T']:

{ZM(Z) =0o(), a.e teld, (N,2T)

U0y = uCHH 2Ty =0, k=0,...,n— 1.

e Dirichlet problem on the interval [0, 2 T]:

{Zu(t) =6@), ae. tel,
(D, 2T)

u?®00) =u®Q2T1T)=0, k=0,...,n—1.
e Periodic problem on the interval [0, 4 T']:

{fu(r):é(r), ae 1 €[0,4T], (P.4T)

u®©) =u®@T), k=0,...,2n— 1.
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Now, we will show how to relate the expressions of different Green’s functions.
The following argument is analogous to the one made in [3] for the case n = 1.

3.1 Neumann Problem

To begin with, we will decompose the Green’s function related to problem (N, T')

as sum of the Green’s function related to (P, 2 T') evaluated in the same point and of

the same function evaluated in another point which satisfies a symmetric relation.
First, suppose that operator L is nonresonant in the space

Xyr={ueWw™ (I): u®0)=u®**"(T)=0, k=0,...,n—1}.
Moreover, assume that T is nonresonant in
Xpor ={ue W' : u®©0)=u®@T), k=0,...,2n—1}.

Then, if we denote by G x[T'] and G p[2 T'] the Green’s functions related to prob-
lems (N, T) and (P, 2 T), respectively, reasoning as in [3], we can deduce that

Gy[TI(t,s) =Gp[2T1(t,s) +Gp[2TIR2T —t,5) VYV (@t,s)elxI. (3)
Previous expression lets us obtain the exact value at every point of the Green’s
function for the Neumann problem by means of the values of the periodic one, as
long as both Green’s functions exist.
Analogously, assuming that L is nonresonant in
Xyor = {ue W) : u®D0) =u®*P@2T)=0, k=0,...,n—1},
and denoting by G y[2 T'] the Green’s function related to (N, 2 T'), we deduce that
GnITI, 8) = GNI2TI(, 5) + GNI2TI2T —1t,5) V@, s)elxI, 4

or, using (3),

GNITI(t, s) = GplAT1(t,s) + Gp[ATIAT —t,5) + Gp[4TI2T — 1, 5)
+Gpl[4TI2T +1,5). (5)
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3.2 Dirichlet Problem

Now, we will do an analogous decomposition for the Green’s function related to
problem (D, T).
To this end, we will assume that operator L is nonresonant in

Xpr={uew'(D): u™®©0)=u®(T)=0, k=0,....n—1}.

Again, we will also assume that L is nonresonant in X POT-
Now, denoting by G p[T] the Green’s function related to (D, T'), we obtain:

GplTI(t,s) =Gpl2T1(t,s) — Gpl2T12T —1t,s) VYV (t,s) el xI. (6)
On the other hand, assuming that L is nonresonant in
Xpor ={ue W' () : u®©0) =u®@2T)=0, k=0,...,n—1},
and denoting by G p[2 T'] the Green’s function related to (D, 2 T'), we obtain that
GplTI(t,s) =Gpl2TI(t,s) —Gpl2T]I2T —t,s) V(t,s)elxI (7)
or, using (6),

GplTI(t,s) = GpldTI(t,s) — GpldTI4T —t,5) — Gp[4TI2T — 1, 5)
+Gpl[A4TIQT +1,5). (8)

3.3 Mixed Problems

The same arguments of two previous sections are applicable to problems (M, T)
and (M,, T), by assuming the nonresonant character of operator L in

Xur = {ue WD) : u®*0) =u®(T)=0, k=0,...,n—1}

or
Xupr ={ue WD) : u®©0) =u®*"(T)=0,k=0,....,n—1},

respectively. However, these problems will not be related to periodic ones but to
(A, 2T). Therefore, we will assume for both cases that operator L is nonresonant in

Xaor =f{ue W' () : u®©0) =-u®@T), k=0,....2n—1}.

Then we arrive at the following decompositions:
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G, [T, s) =Gal2T1(t,s) — Gal2TI2T —t,s) VY (¢, s)elx1, ()
Gu,[T1(t,s) =Gal2T1(t,s) +Gal2T12T —t,s) V(t,s) el x 1. (10)

Again, Gy, [T]and Gy, [T ] can alsoberelated to G y[27 ] and G p[2T ], respectively:
Gu [T, s) =GNI2T1(t,s) — GNI2TIR2T —t,s) VY (t,s)elx1, (11)
G, T, s) = Gpl2T1(t,s) + Gpl2TI2T —t,s5) VY (t,s)elxI, (12)

or, using (3) and (6),

Gy TI(t,s) = GpldTI(t,s)+Gpl[ATIA4T —t,5) —Gpl4T]12T —1t,5)

—Gp[ATIQ2T +1t,s), 13)

GuIT1(t,s) = Gp[4T1(t,s) — Gp[ATIAT —t,s) + Gp[4T12T — 1, 5)
— Gpl4TIQT +1,5). (14)

On the other hand, it is also possible to obtain a direct relation between the Green’s
functions of the two mixed problems.
Consider the following operator defined from L by taking the reflection of the

coefficients
2n—1

Lu@)=u® @)+ Y (=D an(T —Hu® @),
k=0
forallr € I, and let G m,[T] be the Green’s function related to the Mixed problem 2

associated with L namely,

{Lu(z)za(t), tel, (15)

u(2k)(0) _ u(2k+1>(T) =0, k=0,...,n—1.

Now, let u be the unique solution of problem (M, T). If we define v(¢) =
u(T —1t), it is easy to check that v is a solution of problem (15) for the particu-
lar case of taking & (r) = o (T — t). Therefore,

T T
v(t):/ G, [T1(t,8) o (T —s) ds:/ Gu,[T1(t, T —s)o(s) ds.
0 0
On the other hand,

T
v(it)=u(T —1t) = / Gu,[TIT —t,s)o(s) ds.
0
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Since previous equalities are valid for all o € L'(I), we deduce that
G, [TIT —1,5) = G [T1(t, T —5)
or, which is the same,
G [TIT —1,T —s) = G, [T, 5). (16)

Analogously, if we denote by G wm, [T] the Green’s function related to the Mixed
problem 1 associated with L, namely,

Lu(t)=6@), tel,

a7
Uy = u® (1) =0, k=0,....,n—1,

repeating the previous reasoning, we reach to the following connecting expression

G, IT(T —t, T —s) = éMl[T](t, s). (18)

3.4 Connecting Relations Between Different Problems

On the other hand, assuming again the nonresonant character of all the considered
operators in the corresponding spaces, if we sum different combinations of the pre-
vious equalities, we obtain more connecting expressions between the considered
Green'’s functions. The results are the following:

e From (3) to (6), we deduce:

Gpl2T](t,s) =1/2(GN[TI(t,s) +GplT(t,s)) V(¢ s)elxl,

Gp2TIR2T —1t,5) =1/2(GN[TI(t,s) — Gp[T](t,s)) V(t,s) el xI.
(19)
e From (9) to (10):

Gal2TI(t,5) = 1/2 (G, [T1(t, ) + G, [T1(t,5)) VY (t,5) €l x 1,
GAl2T12T —t,5) = 1/2 (G, [T1(t,5) — Gp [T1(2,5)) VY (t,8) €l x I
e From (4) to (11): 20)

GNI2T1(t,s) = 172 (GNITI(1, 5) + Gu (T2, 5)) YV (t,5) € 1 x I,

GNI2TIQT —1,5) = 1/2(GNITI(t, 5) — Gy, [T1(t,8)) ¥ (1,8) € I x 1.
21
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e From (7) to (12):

Gpl2T](t,s) =1/2 (GMZ[T](t, s)+ GplT](z, s)) Vt,s)el x1,

Gpl2TI2T —1,5) = 1/2(Ga[T1(t,5) — GplT(1,8)) YV (t,5) €l x 1.
(22)

e From (5), (8), (13) to (14):

GplaTI(t,s)=1/4 (GN[T](I, s)+ GplTI(, s) + Gy [T, 5) + G, [T1(2, s)).

4 Decomposition of the Spectra

In this section we will show first how the spectra of the considered problems can be
connected. The results here generalise those proved in [3].

Wewilldenoteby AN[T1, Ap[T], Ap, [T, A, [T, Ap[2T], Aal2T], AN[2T],
Ap[2T] and A p[4 T] the set of eigenvalues of problems (N, T), (D, T), (M, T),
(M,, T), (P,2T), (A,2T), (N,2T), (D,2T) and (P,4T), respectively. Then,
arguing as in [3], we obtain the following equalities:

ANITIUAp[T] = Ap[2T],

AN[TTU Ay, [T] = An[2T],

Ap[TIU A, [T] = Apl2T],

Am[TTU Ap, [T] = Aal2T],
ANITIUAD[TIU Ap [T1U Ap, [T]1 = Apl4T].

Finally, if we denote by A wm,[T] and A m, [T] the set of eigenvalues of problems
(15) and (17), respectively, from (16) to (18) we deduce that

A [T1= Ay [T] and Ay [T]1= Ay, [T

As an immediate consequence we have the following result.

Corollary 1 Ifa;(t) = (=D¥ap(T — t)forallk =0,...,2n — 1, then the spectra
of the two mixed problems coincides, that is,

A [T]= Ay, [T].

Moreover, if we denote by AY[T1, AR[T1, A" [T1, A>[T1, AL[2T1, AL[2T],
A[2T1, AP[2T] and AJ[4T] the first eigenvalue of problems (N, T), (D, T),
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M, T), (M, T),(P,2T),(A,2T),(N,2T),(D,2T) and (P, 4T), respectively,
from the connecting expressions proved in Sect. 3, we deduce the relations below.

Theorem 1 Assume that all the previously considered spectra are not empty, the
first eigenvalue of each problem is simple and its related eigenfunction has constant
sign. Then, the following equalities are fulfilled for any ay, . . ., azy—, € L'(I):

AT = 281271 < 21T
AT =2 12T1 < AT
MWIT1=Ab[4T]

APITI = AP[2T) < AP[T].
ANITT < AP(T.

A2 T] = min [,\gﬁm, ,\342[T]].

S kW~

Proof Assertion 1 is proved in the following way: as we have seen above, the spec-
trum of (P, 2 T) is decomposed as Ap[2 T] = Ay[T]U Ap[T], which implies that

AS[2T] = min {A{[T], AJ[T1}.

Consider now the even extension to J of the eigenfunction associated to )»3’ [T].
This extension has constant sign on J and, moreover, it satisfies periodic boundary
conditions, so it is a constant sign eigenfunction of (P, 2 T). On the contrary, the
odd extension to J of the eigenfunction associated to AY[T] is a sign changing
eigenfunction of (P, 2 T). Thus, since the eigenfunction related to the first eigenvalue
of each problem has constant sign, we deduce that A) [T]1 = AJ[2T] < A[T].

An analogous argument is valid to prove Assertion 2, by taking into account that
An[2T] = AN[TIU Ap [T].

Assertion 3 is deduced from the two previous one. Indeed, Assertion 1 implies
that A)) [2 T] = A} [4 T] and, from Assertion 2, we deduce the equality.

Assertion 4 is proved analogously to Assertions 1 and 2, taking into account the
decomposition Ap[2T] = Ap[T]1U Ap,[T].

Now Assertion 5 can be deduced from 1, 2 to 4. Indeed, Assertion 1 implies that
M2T] < AP[2 T] and, using Assertions 2 and 4, A [T]1 =AY [2T]1 < AP[2T] =
AT

Finally, Assertion 6 is immediate from Aa[2T] = Ay, [T1U Ap, [T]. O

Remark 1 Withrespect to the hypothesis that all the considered spectra are not empty
note that, as a consequence of the relations proved at the beginning of this section,
if one of those spectra is not empty, we could ensure that some others are not empty
too.

On the other hand, there are several results which ensure that, under some suitable
conditions, the first eigenvalue of a boundary value problem is simple and its related
eigenfunction has constant sign, for instance, Krein—Rutman Theorem.

Sufficient conditions to ensure that all the hypotheses required in previous theorem
are fulfilled can be found in [7]. First, we can deduce from Theorem 1 in such
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reference that if there exists some A for which the Green’s function G[A, T'| has
constant sign and the spectrum of such problem is not empty, then the eigenfunction
related to the first eigenvalue has constant sign.

Moreover, from Theorem 2 in [7] it is deduced that if there exists some A for
which the Green’s function G[A, T'] has strict constant sign on [0, T'] x (0, T') then
the spectrum of such problem is not empty, the first eigenvalue is simple and its
related eigenfunction has strict constant sign.

Finally, from Theorem 2’ in [7] we can ensure that if there exists some A for which
G[A, T] has strict constant sign on (0, T) x (0, T) and there exists a continuous
function ¢, positive on (0, T'), such that

G[x, T, 5)
¢ (1)

is continuous on [0, T'] x [0, T'] and positive on [0, T'] x (0, T'), then the spectrum of
such problem is not empty, the first eigenvalue is simple and its related eigenfunction
has strict constant sign.

Analogously, if conditions given in Lemmas 2 or 3 hold for some A, then we
are also able to deduce that the spectrum of such problem is not empty, the first
eigenvalue is simple and its related eigenfunction has constant sign. Details of this
can be seen in [2], where it is proved that Lemmas 2 or 3 imply that Krein—Rutman’s
Theorem holds.

Finally, we must note that, since the eigenfunctions of the considered problems
are related, the constant sign of the eigenfunction associated with the first eigenvalue
of a problem implies (in some cases) the constant sign of the eigenfunction of other
problems.

5 Constant Sign of Green’s Functions

In [3] and [4, Sect.3.4], for n = 1, some results relating the constant sign of various
Green'’s functions have been proved. The result is the following:

Theorem 2 ([3, Corollary 4.8]) For n =1 and a; = 0O, the following properties
hold:

1. Gp[2T] <0o0nJ x J ifand only if GN[T] < 0 on I x I. This is equivalent to
Gy[2T] <O0onJ x J.

Gp[2T]>00n(0,2T) x (0,2T) ifandonlyif GN[T] > 00on (0, T) x (0, T).
IfGN[2T] >00n(0,2T) x (0,2T) then Gy[T] > 00n (0, T) x (0, T).
IfGp[2T] <0o0onJ x Jthen Gp[2T] <00n (0,27) x (0,27).
IfGp[2T]>00n(0,2T) x (0,2T) then Gp[2T] <00n (0,27T) x (0,27T).
If GnI[T](or Gp[2T]) has constant signon I x I, then Gp[T] < 0on (0,T) X
0,7), Gu,[T1 <00n[0,T) x [0,T) and Gp,[T]1 <0o0n (0, T] x (0, T].

SARRN IS
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7. Gp[2T] <00n(0,2T) x (0,2T) ifandonly if Gp,[T] < 00n (0, T] x (0, T].
8 If Gu,[T1 <0 on (0,T]x (0, T] or Gp[T1 <0 on [0,T) x[0,T) then
Gp[T1<00n (0, T) x (0, 7).

Some of the previous results can be extended to the more general case considered
in this paper, although some of them are no longer true. We will show now these
results and some counterexamples for the cases which do not hold anymore.

From (3), (4) to (12) we deduce that

Corollary 2 The following properties are fulfilled for any ay, . . ., az,—1 € L'(I):

IfGp[2T]1 <0o0nJ x J, then Gy[T] <0on I x I.
IfGp[2T]1>0o0n J x J, then GNy[T]>0o0n I x I.
IfGNI2T]1 <0o0n J x J,then GN[T] <0onl x I.
IfGN[2T]1=>0o0n J x J, then GN[T] > 0on I x I.
IfGpl2T]1 <0o0n J x J, then Gy, [T] <0o0n 1 x I.
If Gp[2T]1 = 00n J x J, then Gy, [T]1 >0o0n I x I.

AR~

The reciprocal of Assertions 1 and 2 in Corollary 2 holds for constant coefficients.
This occurs as a consequence of the following property:

Lemmad4 ([2, Sect.1.4]) Let L,u(t) =u™ @) + ap_i1(®) tty_1(t) + - + a1 (t)
u'(t) +ap(®) u(t), t € I be a n-th order linear operator and let G p[T] denote the
Green’s function related to the periodic problem

L,u() =0, tel,
u®0) =u®(T), k=0,...,n—1.

If the coefficients ar, k =0, ..., n — 1, involved in the definition of operator L,
are constant, then the Green’s function is constant over the straight lines of slope
one, that is, it satisfies the following property

_ JGpITI( —5,0), 0<s<t=<T,
CrlT1e, ) = { Gp[TI(T +t —s,0), otherwise.

As a consequence, we arrive at the following result.

Theorem 3 If all the coefficients ay, ..., ax,—1 of operator L defined in (1) are
constant, then the following properties hold:

1. Gp[2T)<0o0nJ x Jifandonly if GN[T] <0on I x I.
2. Gp[2T1=>0o0n J x Jifandonly if Gy[T]>0on I x I.

Proof From Corollary 2, the Assertion is equivalent to prove thatif G p[2 T'] changes
sign, then G y[T] will also change sign. Indeed, assume that there exist two pairs
of values (¢, s1) and (t, s2) such that G p[2 T](t1, 51) < Oand Gp[2 T](t;, s2) > 0.
As Gp[2T](t,s) = Gp[2T](s,t) for all (¢t,s) € J x J, we may assume, without
loss of generality, that s; < #; and 5, < ;.
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If all the coefficients ay, . .., ay,—; are constant then, from Lemma 4, it holds that

[ GrI2TIG —5,0), 0<s<t<2T,
Grl2T10.5) = {Gp[z TI2T +1 —s,0), otherwise.

Therefore, it is fulfilled that
Gpl2TI(1,51) = Gpl2TI(71 —51,0) and Gp[2T](t2,52) = Gp[2T](12 — 52, 0).
On the other hand, from equality (2) and the fact that the Green’s function satisfies
the periodic boundary conditions (see [2, Definition 1.4.1]), it holds that
Gpl2TI(t —51,0) = Gp2TI2T —t1 +51,2T) = Gp[2TI2T — 11 + 51, 0),
Gpl2TI(t2 —52,0) = Gp2TI2T — 1t +52,2T) = Gp2T]12T — t2 + 52, 0).

Now, we will distinguish two possibilities:

o Ifr; — sy <T,then

Gy[T](t —51,0) =Gp2T](t) —51,0) + Gp[2TI2T — t; + 51, 0)
=2Gp[2T1(t — s1,0) < O.

e Whent; —s; > T, we have

GuITIRT —t1 +51,0) =Gp2T]I2T — t1 +51,0) + Gp[2T(t; — 51, 0)
=2Gp[2T](t; — 51,0) <O.

Analogously, if t;, — s, < T, then
GNITI(12 = 52,0) =2Gp[2T(12 — 52, 0) > 0,
and, if t, — 5o > T, then
GNITI2T —tp +50,0) =2Gp[2T](t, — 52,0) > 0.

It is clear that, in any of the cases, G y[7T'] changes its sign and the result holds. [J

The following counterexample shows that the converse of Assertion 2 in Corollary
2 is not true in general for nonconstant coefficients.

Example
Consider the Neumann problem on [0, T'] = [0, 2] related to operator

Lu@®)=u®@®) + (@ —=2*+Mu@), tel[0,2], (23)



258 A. Cabada and L. Lépez-Somoza
and the periodic problem on [0, 2 T] = [0, 4] related to
Lu@)y=u® @)+ (t =2* + D u), te[0,4]. (24)

By numerical approach, it can be seen that G 5 [T'] is nonpositive for A € (M , )»{)V [T]),
where A ~ —2.26 and A)/[T] = A[2T] ~ —1.746. Moreover it is nonnegative
for A € (A)[T], A2), with A, ~ 4.11. However, Gp[2T] is nonpositive for A €
(A1, A{[2T1) and nonnegative for A € (AJ[2T1, A3), with A3 ~ 5.95.

Despite this, we remark that the interval of values of A for which G y[T] and
G p[2 T] are nonpositive is exactly the same.

Remark 2 It must be pointed out that the converse of Assertion 2 in Corollary 2
also holds for several examples with non constant coefficients. However we have not
been able to prove the existence of any general condition under which this Assertion
holds.

Furthermore, up to this moment, we have not been able to find a counterexample
for the converse of Assertion 1. So, it remains as an open problem to know if Assertion
1 is or not an equivalence for n > 2.

The following counterexample shows that the converse of Assertions 3 and 4 in
Corollary 2 does not hold in general, not even in the constant case:

Example
Consider the following Neumann problem with constant coefficients on [0, T] =
[0, %] related to the following operator

Lu(@®)=u®@)+ru(@), te [o, -},

and the Neumann problem on [0, 2 T'] = [0, 3] related to
Lu(t)=u®@)+ru@), tel0,3],

By numerical approach, it can be seen that G y[T'] is nonpositive for A € (k4, k{)\’ [T]),
with A4 ~ —6.1798 and kéV[T] = A(’)V [2 T] = 0,and nonnegative for 1 € (A(I)V[T], AS),
with As & 24.7192. However, G y[2 T'] is nonpositive for A € (A6, )»8’[2 T]), with

Lo ~ —0.3862, and nonnegative for 1 € (A{[2T], A7), with A7 ~ 1.5449.
So, the converse of Assertions 3 and 4 does not hold for these operators.

The following counterexample shows that the converse of Assertions 5 and 6 in
Corollary 2 is not true in general, not even in the constant case:

Example
Consider the Mixed problem 2 with constant coefficients on [0, T] = [0, 1] related
to operator

Lu@®)=u®@)+ru@), tel0,1],
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and the Dirichlet problem on [0, 2 T'] = [0, 2] related to

Lu®)=u®@)+ru@), tel0,2].

It can be seen that G,[T] is nonpositive for A € ()\.g, A342[T]>, with Ag &~
~31.2852 and AMR[T] = AP[2T] = — ., and nonnegative for % € (Aghm, xg),
with A9 ~ 389.6365. However, G p[2 T]is nonpositive for & € (A9, AJ'[2 T1), where
Ao &~ —14.8576, and nonnegative for 1 € (AJ[2T1, A11), with A1 & 59.4303.

We will see now some more counterexamples which show that Assertions 4, 5, 6
and 8 in Theorem 2 do not hold, in general, forn > 1.
Next example shows that Assertions 4 and 5 in Theorem 2 are not true in general.

Example
Consider the periodic and Dirichlet problems on the same interval [0, 2 T'] = [0, 3]
related to operator

Lu@t)=u®@)+ @ —3)+1u®), telo,3] (25)

By numerical approach, we have obtained that for A = —1.5, G p[2 T'] is negative
while Gp[2 T] changes its signon J x J.
Moreover, for A = 15, Gp[2 T] is positive while G p[2 T'] changes sign again.

We will see in the two following examples that none of the implications given in
Assertion 6 in Theorem 2 holds for n > 1.

Example _
Consider now [0, T] = [0, 2] and operators L and L given in (23) and (24).
For A = —2, one can check that both Gp[2 T'] and G y[T'] are nonpositive, mean-

while Gp[T] and Gy, [T] are nonnegative.
For A = 2, it occurs that both Gp[2 T] and G y[T] are nonnegative, meanwhile
GplT], Gm, [T] and G, [T] are nonnegative.

Example
Take now [0, T] = [O, %], operator L given by

3
Lut)=u®@®)+ @@t —=3)+r), te [0, 5]

and operator L given in (25).
In this case, for A = 1.5, it occurs that Gp[2T] and Gy[T] are nonpositive,
meanwhile G, [T] is nonnegative.

Finally, we will show that Assertion 8 in Theorem 2 does not hold either when
n> 1.
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Example

Consider again [0, 7] = [0, 2] and operators L and L given in (23) and (24). In this
case, for A = —6, G, [T] is nonpositive but G p[T] is nonnegative. Similarly, for
A = —2, G, [T] is nonpositive but Gp[7] is nonnegative.

Finally, from the relations given in Theorem 1, together with the general charac-
terization given in Lemmas 2 and 3, it can be deduced the following corollary.

Corollary 3 Assume that we are in conditions to apply Lemmas 2 and 3, that is, all
the considered Green’s functions G[A, T] (or G[A, 2 T], G[A, 4 T, with the suitable
subscript for each case) are:

e nonpositive on I x I if and only if A € (—oo, A1) or X €[—, A1), with
A1 > O the first eigenvalue of operator L, coupled with the corresponding bound-
ary conditions and 1 > 0 such that L,[— 1] is nonresonant on X and the related
nonpositive Green’s function G[— L] vanishes at some point of the square I x I.

e nonnegativeon I x I ifandonlyifi € (A, 00)orA € (A1, L], with Ay < Othe first
eigenvalue of operator L, coupled with the corresponding boundary conditions
and i > 0 such that L,[1] is nonresonant on X and the related nonnegative
Green’s function G[[1] vanishes at some point of the square I x I.

Then the following relations between the constant sign of Green’s functions are
valid for any ag, .. ., ay— € L'(I):

o IfGn[T]isnonpositiveon I x I, then GplT], Gy, [T]and G p,[T] either change
sign or are nonpositive on I x 1.

o If GN[2T] is nonpositive on J x J, then GN[T], GplT], Gy, [T] and G p,[T]
either change sign or are nonpositive on I x I.

o If Gp[2T] is nonpositive on J x J, then Gy[T], GplT], Gy, [T] and G p,[T]
either change sign or are nonpositive on I x I.

o [fGpl[4T]isnonpositiveon[0,4T] x [0,4T], then GN[T], Gp[T], Gm,[T]and
G, T] either change sign or are nonpositive on I x I.

o [f Gy, [T] is nonpositive on I x I, then G p|[T] either changes sign or is nonpos-
itiveon I x I.

e If Gp[2T] is nonpositive on J x J, then G p[T] and G u,[T] either change sign
or are nonpositive on I x I.

6 Comparison Principles

In this section we will use the connecting expressions for Green’s functions obtained
in Sect. 3 to compare the values that several Green’s functions take point by point. It
must be pointed out that, since the relations between the constant sign of the Green’s
functions are not as strong as for the case n = 1, the results in this section will also
be weaker (in some cases) than the ones obtained in [3].
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However, some results which could not be deduced for n = 1 hold forn > 1. This
will be the case of Item 4 in Corollary 5 or Item 1 in Theorem 6, which do not make
sense for the case n = 1 because, in such a case, G p[2 T'] can never be nonnegative
onJ x J.

First, from (19), we obtain the following result.

Corollary4 1. If Gp[2T]>0o0n J x J, then Gy[T](t,s) > |Gpl[T](t, s)| for
all (¢,s) eI x I.

2. If Gp[2T]1 <0o0n J x J, then GN[T](¢,s) < —|GplT](t, s)| for all (t,s) €
I x1I.

The difference between this case and the particular one withn = 1 and a; = 0 is
that when n = 1, the constant sign of G p[2 T'] ensures not only the constant sign of
G y[T]but also that of G p[T']. Thus, in such case, we would substitute |G p[T](, 5)|
by —Gp[T](¢, s) in the inequalities given in previous corollary.

As a consequence of previous corollary, we can compare the solutions of (N, T')
and (D, T):

Theorem 4 Let uy be the unique solution of problem (N, T ) for c = o1 and up the
unique solution of problem (D, T ) for o = 0,. Then

1. IfGp[2T]1=>0o0n J x J and |05(t)| < o01(t) a.e. t € I, then |up(t)| < un(t)
forallt € 1.

2. If Gp[2T]<0o0nJ x Jand 0 < or(t) < oi(t) a.e.t € I, thenun(t) < 0 and
un(@) <up(t)forallt €.

3. IfGp[2T]<0o0nJ x Jand oi(t) <or(t) <0a.e.t €1, thenuy(t) > 0and
up(t) <un(t)forallt € I.

Proof 1. Since Gp[2T] > 0on J x J then, from Corollary 4, it holds that

T T
|uD(r>|=f GolT1(t, $) oa(s) d s s/ G Tt 9)] loa(5)] ds
0 0

T
< / GITI(t, 5) 01(s) ds = ux (0.
0
2. Since Gp[2T] < 0on J x J then, from Corollary 4, since o(s) > Oa.e. s € I,
GnIT1(, s)o1(s) < —|GplT](, s)|o1(s), V(t,s) el x 1.
Moreover, from 0,(s) < o1(s) and 0,(s) > 0 a.e. s € I, we deduce that

—|GplT1(t, s)|o1(s) < =|GplT1(t, s)|o2(s) < GplTI(t,s)oz(s), V(t,s) el x 1.
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Therefore, for all t € I, we have

T T
un(t) :/ GyIT(t, 5)o1(s) ds < / —|GplT1(t, s)|o1(s) ds
0 0

T

T
< / —|GplT1(t, s)|o2(s) ds < / GplT](t,s)02(s) ds = up(?).
0 0

Finally, the fact that uy < 0 on [ is deduced from Gy[T] < 0 and oy > 0.
3. Since Gp[2T] < 0on J x J then, from Corollary 4, it can be deduced that

GyI[TI(t,s) < Gp[T]1(t,s) and Gy[T](t,s) <0, V(t,s) el xI
and so, since 02(s) < 0and oy(s) < op(s) a.e.s € I,
GplT1(t, s) 02(s) < GN[T1(t, 5) 02(s) < Gu[T1(,5) 01(5), V(,5) el xI

Therefore,

T T
uD<r)=f GD[T](r,sm(s)dssf GNITI( $)o1(s) ds = un(0).
0 0

Finally, the fact that u), > 0 on [ is deduced from Gy[7T] <0 and oy < 0.
O

So, the main difference with respect to the case n = 1 is that when n = 1 we are
able to ensure the constant sign of function u p, which does not happen in this case.

Analogously, from (21) and (22), the constant sign of Gy[2 T] and Gp[2 T] lets
us deduce some point-by-point relation between various Green’s functions.

Corollary5 1. IfGny[2T]1>0o0nJ x J, then Gy[T1(t,s) > |Gy, [T1(2, 5)| for
all (t,s)e I x I.

2. IfGN[2T]1 <00n J x J, then Gy[T1(t, s) < —|Gum, [T1(t, s)| for all (¢, s) €
I x1I.

3. IfGpl2T]1 <0o0n J x J, then Gy, [T1(t,s) < —|GplT1(t, s)| forall (¢,s) €
I x1I.

4. If Gpl2T]1>0o0n J x J, then Gp,[T1(t,s) > |GplT1(, s)| for all (¢,s) €
I xI.

As a consequence of the previous corollary, we deduce the following comparison
principles among the solutions of the corresponding problems. The arguments are
similar to the ones used in the proof of Theorem 4.

Theorem 5 Let uy be the unique solution of problem (N, T) for 0 = o and uy,
the unique solution of problem (M1, T ) for o = 0. Then

1. IfGN[2T]1>00n J x J and |oy(t)| < 01(t) a.e. t € I, then |up, ()] < un(t)
forallt € I.
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2.

3.

IfGN[2T]1 <0o0nJ x Jand0 < oy(t) <oi(t)a.e.t € I, thenuy(t) <0 and
un() <up,(t) forallt € 1.
IfGN[2T]1 <0o0nJ x Jand o1(t) < 0y5(t) <0a.e. t € I, then uy(t) > 0 and
up, () <un()forallt el.

Theorem 6 Let uyy, be the unique solution of problem (M, T ) for o0 = o1 and up
the unique solution of problem (D, T ) for o = o0,. Then, it holds that:

1.

2.

3.

If Gp[2T]=0o0n J x J and |02(t)| < o1(t) a.e. t € I, then lup(t)| < up,(t)
forallt € I.

IfGpl2T]1<0o0nJ x Jand0 < oy(t) < oi(t)a.e.t € I, thenuy,(t) < 0and
up,(t) <up(t)forallt el.

IfGpl2T]1<0o0nJ x Jando,(t) <02(t) <0a.e.t € I, then uy,(t) > 0 and
up(t) <up,(t) forallt € 1.
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Random Evolution Equations with m
Bounded Fractional Integral-Feedback L

Abdelkader Moulay and Abdelghani Ouahab

Abstract We consider abstract evolution with random parameter. We introduce the
notion of stabilization with respect to the random parameter and fractional integral-
feedback. More precisely study the well-posedness and polynomial stabilization
result for random evolution equation with fractional integral-feedback. Finally we
give some applications to random heat and wave equations with fractional integral-
feedback and bounded damping.

Keywords Cauchy problem - Cyp—semigroup + Stabilization -+ Random evolution *
Fractional integral - Caputo’s derivative - Heat equation - Wave equation

2010 Mathematics Subject Classification 35R60 - 93D15 - 47D06

1 Introduction

In the last decades mathematical deterministic stabilization and observability theory
has been extensively developed to handle various models of ordinary and partial
differential equations. Stability of the wave equation have been extensively studied
in the literature, we can refer to [16—18, 28] and references therein. For the stability
results of Petrovsky, elastodynamic, Mawxell’s and Schrodinger system we see [2,
8, 9, 13, 15, 21]. Recently, various authors have obtained stabilization results for
Schrodinger, wave equations with delay [1, 3, 4, 6, 14, 20, 22-24].

Probabilistic functional analysis is an important mathematical discipline because
of its applications to probabilistic models in applied problems. Many problems in
physics, engineering, biology and social sciences lead to mathematical equations. In
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these equations, the coefficients and the other parameters have their origin in exper-
imental data and represent some kind of average value. Therefore in many instances
due to wide variations of the data or even due to our own ignorance, it is appropriate
to abandon the deterministic model in favor of a stochastic one. Important contri-
butions to the study of the mathematical aspects of such random equations have
been undertaken in [10, 25, 29] among others. In this paper, we analyze the random
stabilization property of solutions of abstract first order differential equation. Very
recently, the issue of random countability and observability (or averaged controlla-
bility) in [31] both in finite or infinite dimensional space. Averaged controllability
and observability for semilinear partial differential equations as Schrodinger, heat
and wave equations with different boundary conditions has bee initial by and it has
attracted considerable attention, as for example [32-34].

This paper is organized as follows. In Sect.2, we will recall briefly some basic
definitions and preliminary facts which will be used throughout the following sec-
tions. In Sect. 3, we prove that that random abstract dissipative evolution equation
with fractional integral feedback is well-posedness, where the damping is bounded.
In Sect.4 we obtain the same polynomial stabilization of random evolutions with
fractional integral damped. Finally, in Sect.5, we illustrate our abstract results by
some applications to heat and wave equations.

2 Abstract Setting and Augmented Model

Let (2, F, IP) be a probability space, H be a separable Hilbert space with norm and
inner product denoted respectively by || - ||z and (-, -) y and U be a separable Hilbert
space (which will be identified to its dual space) with norm and inner product respec-
tively denoted by || - ||y and (-, -)y. Let {A(w)},cq be a family of linear operators
has the following conditions

(Cl) A():D(A() C H— H is aunbounded self-adjoint and strictly positive
operator.
(C2) B()) € L(U, H), and there exists M > 0 such that
IB)zy.m <M, Yo eQ.
We consider the the abstract Cauchy problem

{u’(t,w) = —AW)u(t, w) — Bw)B* (W)™, w), t>0, 1)

10, w) = up(w),

where 1% is the the integral fractional order by the following

1 t
I“Mw(t) = m/ (t =) y(s)ds, 0<a<l1,n=0 2)
0
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and 9;"" is the generalized Caputo’s fractional order derivative defined by

1 ! !
0w (t) = m/ (t—s5)" %"y (s)ds, 0<a<1,1n=>0. (3
- 0

From (2) and (3) we have
o Mw(t) = 1w (1). 4)

By the same technique as in the proof of ([19], Theorem 1) we have the following
theorem concerned the reformulation of the model (1) into an augmented system.

Theorem 2.1 Forall = (&, ...,&;) € ROwith|E)? = & + -+ - + £3 we define the
function

2a—d

p©) =11

Then the relation between the ‘input’ V and the ‘output’ O of the following system
O 1, w) = —(EP + Mo 1, w) + pOV(,w), R 1 >0,
(¢, 0,w) =0, EeRY, weQ (5
O(t,w) =7 Jpa PP, 1, w)E,
where V(-,w) € C([0, +00), H), Yw e QandV € LY(Q, P, H) is given by
O(t,w) = I'""*"V(t,w)

and

2sin(am)'(4 + 1)
B dret! .
We finish this preliminary section by giving the following technical result.
Lemma 2.1 If )\ > 0, then
2
/ PO e o
re A+ €2+ 7

Proof We define the spherical coordinates by

& =rsin(f)sin(fy) .. .sin(0;_3) sin(fy_») sin(f,_1)
& = rsin(f)sin(dy) ... sin(6;_3) sin(@y_2) cos(@y_1)
& =rsin(f)sin(fy) . .. sin(6;_3) cos(6,4_2) ©

€aor = rsin(6)) cos(6:)
& =rsin(6)),
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wherer = €], 0; € [0,7], 1< j<d—2andf;_; € [0,2r]. TheJacobian deter-
minant of (6), given by '

J=r Y sin? T (6)).

Then

P ¥oo -l gem o
— = df=2 —TI° sin® '/ (0:)do; / sin(@y_1)d6.,_dr.
/th)\+|£|2+n ¢ /0 A+r24q =1 </0 () 1) A (04-1)d0q-1

By induction, we can easily prove that

. 2w H
Hd.:f (/ Sindlj(aj)def) / sin(0y-1)d0s-1 = ddL'
= \ re+1)

This implies that

2 2d 4 +00 201
p(% de = d7rz r . dr

Then

2 d +00 a—l
/ P - . / N

dw% T (y— A — 77)0"1

d
“rd+n y
d()\+77)a 171—2 a—1 704
d )\ a—1,4
— WB(O" 1—a),
INCIE )
where B is a beta function. O

Lemma 2.2 Let \ € R*, then for any n > 0, we have

p()?
/I; el an R +nd§ < 4o00.

By using Theorem 2.1 and (4), system (1) may be recast into the following random
augmented system
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u'(t,w) + Au(t, w) + YBW) fpa pOSE 1, w)d§ =0, 1>0,
AP t,w) + (€ +meE, 1, w) — pO)B*(Wu(t,w) =0, (R (7)
u(0,w) = up(w) ¢, 0,w) =0,

where the constant + and the function p (&) are defined in Theorem 2.1.

3 Well-Posedness

In this section, we will prove the existence and uniqueness of solution of (7) using
semigroup theory. We begin with the functional spaces.

V=L*RH), (uv)y= /,<u(y>, v udy, ul; = / lu()117,dy,
Ra R
and the following Hilbert space
H=HXxV

with inner product

<(;i> ’ (Zi»ﬂ = bz W/Rt,wl(@, 2()) nde.

LetY(-,w) = <¢(.u(€-, Z;) , Yo(w) = (80(w)> , w € Q and rewrite (7) as

Y(t,w) = Aw)Y (@, w), t>0, 8)
Y(0,0) = Yo(w), (

where A : D(A(w)) C ‘H — H defined by

M(I, LU) ) _ ( —A(W)M(I, (.U) - rYB(W) fRd P(§)¢(l, f, w)d§ ) (9)

Aw) <¢<r, £ w)

— (&P +mo(t, & w) + p() B*(Wu(t, w)
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with domain

(;) e H:—AWu(t,w) — YBWw) [pa pE)S(t, &, w)dé € H, .

D(AW)) = {
€lp € L2(RY, H) — (1€ + ¢ + p(©) B* (w)u € LA (RY, H)

(10)

Theorem 3.1 Foreveryw € 2, the operator A(w) defined in (8) and (10), generates
Co—semigroup of contraction e'*“) on 'H.

Proof Let w € 2. By Lumer Phillips theorem (see [26, Theorem 4.3]) we show
that A(w) is m—dissipative. We first prove that A(w) is dissipative. Let (u, ¢) €
D(A(w)). Thus

u u

9 [ 06 + 10 + pOB" @ 0
— (—A@u = [ | OB &) d
=206+ [ (6. omdg [ pOE @ o
R4 R4
Since A(w) is positive,

u u _ 2 2 <
9‘i<<A(w) <¢> ; <¢>>H> ==&+ fRd e, & w)llyds < 0.

Consequently A(w), is dissipative.

Next, we would like to show that (Al — A(w)) is surjective for some A > 0. For
this purpose, let (f, g) € H, there is an other Y = (u, ¢) € D(A(w)) solution of the
following system of equations:

i+ AW +yBW) [pa p(§)O(t, &, w)dE = f,
: A+ (€17 +m¢ — p&) B*(wu = g. "
By the second equation of (11) we can find ¢ as
o= POB@utg (12)

A+ €7+
By (11) and (12), we get

p&)B*(wyu + g(§)
A+HIE12+1

Au+ A(w)u + yB(w) ./]Rd ) ¢ = f.
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Therefore
2
p-(&) % _ p©)g(©) )
Au+ A(w)u +7/Rd mde(w)B (Wu = yB(w) A‘Qd FURTIE e+ nd{ + f.
Then
p©)g(&)
C =B ——" , 13
(Wu ’y(w)/w/\qu'“r?7 §+ 1. (13)
where
Cw) =\ + AW) + / &ng(w)B*(w)
T S XF1EP +n '

Using that A(w) is strict positive operator and self-adjoint operator and B(w) is linear
bounded operator. Thus from proposition 3.3.5 in [30], —A(w) is dissipative and

IO+ A@) ean = 5 (14)

and C*(w) is strict positive operators. Hence N (C*(w)) = {0}. It follows that
R(CW)) = (N(C* )" = H.

Now, we show that C(w) is closed operator. Let (u,,, C(w)u,) € R(C(w)) such that

u, > u, Cwyuu, —> v, asn — oQ.

Then (14) and the continuity of B(w) implies

2
A+ A) ™ CWy — w4+~ + Aw)) ™! /]Rd PRI +p‘£(|§)+ ndﬁB(w)B*(w)u, n— 0o.
Therefore,
2
p=(&)
v=Au+ Alw)u + / ————d¢B(w)B*(w)u.
@u+y | e BB @)

As consequence of Theorem 3.1 and Proposition 4.1 of [27], the system (7) is well-
posed in the energy space H. (]

Theorem 3.2 For every Yy = (ug(+), 0) : @ — H random variable, the system (8)
has unique random mild solution

Y(,w) e CRy, H), YweQ.

If Yo(w) = (up(w), 0) € D(A(w)), w € Q, then the system (7) has unique solution
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Y(,w) e C'Ry, DIAW) NCRL, H), weQ.

Proof From Theorem 3.1, A(w) generate a Cyp-semigroup of contractions. We denote
this semigroup by eA“”, t > 0; w € Q. By the Grandall-Liggett formula we have

t —n
&AWy = lim (1 — —A(w)) Y.
n

n—oo

From Proposition 4.1 of [27], we know that

ey
w > <I——A(w)) ]Y
n

is measurable, which implies that w > e«

properties of semigroup t — e« we get

is measurable. Using the continuity

w > WY (W),

is measurable. Then (w, 1) > e*@'Yy(w)isa unique random solution of the problem
. O
4 Random Stabilization

In this section we introduce the following notation of random stabilizations.

Definition 4.1 Let {A(w)}.cq be a family generator of a strong continuous semi-
group of contractions (S(¢, w)),>o on H. We say that the Co—semiroup (S(¢, w)):>0
is

(i) Strong stable if
lim / I1S(t, w)x |13 dP(w) = 0, Vx € H.
t—>+00 Q
(i) Uniformly stable if

: 2
Jim [ 1S, 0P ) = 0.

(iii) Random exponentially stable if there exist M, § > 0 such that
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/ IS, w)x |13, dP(w) < Me*‘”/ lx)13dP(w), Vt>0, Vx € H.
Q Q
(iv) Random polynomially stable if there exist M, [ > 0, such that
2 M 2
1S, w)x|gydP(w) < T lx|l7dP(w), Vt>0, Vx € H.
Q Q

Theorem 4.1 ([S]) Assume that A is the generator of a strongly continuous semi-
group of contractions (S(t)),;>o on a reflexive Banach space X. If

e A has no pure imaginary eigenvalues.
e 0(A) NiR is countable.

Then (S(t));>0 is strongly stable.

Theorem 4.2 (Borichev-Tomilov [11]) Let S(t) = e be a Cy-semigroup on a
Hilbert space. If

iR C p(A) and lim  sup [9(A) TGN — A) 7l 2y < 400,
AeR, A\—>+o0
then there exists ¢ > 0 such that
At ¢
le™ Uoll ey < t—l||U0||D(A), Uy € D(A).

By simple calculation we show that (u, ¢) the regular solution of (7) satisfies the
random energy identity

1
E(t,w) = zllu(f,w)llfq + %/] g, & wlI3dé, VYweQ, 1 >0, 5)
Ra

is the random energy of x at time 7.

Lemma 4.1 Let (u, ¢) be a regular solution of the system (7). Then, the energy
functional defined by (15) satisfies

E'(t,w) = —y /Rduaz + o, & w)lydé, Ywe, t >0, (16)
and
E(t,w) — EQ,w) = —/ / UEP + M. € w3 dedr, Yo e Q. 120,
0 R4
(17)

Proof Multiplying the first equation of system (7) by u and the second equation by
¢, we get
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(W, u)yg = (—AW)u(t, w) — vB(w) /Rd p&o(t, &, wydé, u)y (18)

and

(¢, 07 = Jpa (= + S + pOB* @, ¢),, dE (19)

Adding (18) and (19), one has

1d 1
3wl + 5 [ 1o & oag == [ a6 + milow. & e,
RY RY

Therefore
E'(t,w) = —vfd(lﬁlz + o, & w)l|3dé <0, weQ, t>0.
R

By integration we get

E(tw) — EO,0) = — / / P + (. &, ) ydédr, Ve € Q. 12 0.
0 R4

]

Proposition 4.3 For every ug € L>(2, H, P) the solution of (8) satisfy.
T
[ [ [ 1s¢.comapensa = et [ B0.ware. vr-o
o JaoJre Q
(20)

Proof Let uy € L>(2, H, P), then Yy(w) = (up(w), 0) € D(A(w)). From (17), we
get

E(t,w)-EQOw) = —7/0 /Rd(|£|2+n)ll¢(t,éiw)llfqd&dt-

Thus ,
E(t,w) — EQ,w) < -1 /0 /R 0, & ) .

Therefore

E(t,w) + 7 f / 165, €. ) [%dsdé < E©.w), 1> 0.
0 R4

So, for every T > 0 we have
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T
/0 /R N9, & wlpdrds < @y /Q o (@) 13 dP(w).

Since D(A(w)) isdensein H, there existasequence Y (w) = (uj(w), 0) € D(A(w))
such that (Yy (w)),en converge to Yy in H. O

Proposition 4.4 For everyug € L*(Q2, D(A(w)), P) the solution of (8) satisfies the
inequality:

T
/ f 1= B*()u(t, w) |}, dP(w)dt < A, / luo(W)l1}dP(w), VYT > 0.
0 Q Q
1)
Proof From Theorem 2.1, we have
v f p©o(t, &, wydé = I'"*"B*(w)u(t, w)
R4

Hence
1= B (@yu(t, W)l < W[RJ PO, & W)l ndE.

By Cauchy-Schwarz inequality, we get

-

s @ut oty = ( [ 06t -0t pe2a)” (3 [ aek +mioe. o)

and

1

7

1B " B* @t )l < M ( f (16 + n)"n(€)2d5>z <w f P + Ml €, w)M%,df) .
R Rd
On the other hand, from (16) we have
11"~ B*()u(t, w)lly; < —CE'(t,w)
and

| B(w)I'"™™"B*(w)u(t, w)||}, < —MCE'(t,w),

p(&?
= de.
¢ A«d €12 + 1 ¢

By integrating with respect to time and a random parameter in above inequalities,
we get

where

T
/ / (117" B* (wu(t, w) |5 dtdé < c/ E(0, w)dP(w)
0 Q Q

and
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T
/ /||B(w)1‘—“»"B*(w)u(t,w)||§,dzdg5 MC/ E(0, w)dP(w).
0 Q Q
O

Proposition 4.5 For everyuy € L>(Q2, D(A(w)), P) the solution of (8) satisfies the
inequality:

T 2
f / <7 f p(s)as(r,é,w)df) dP(w)d1 < B / lup@) 4 dBw), VT > 0.
QJO R4 Q

(22)
For polynomial stability we consider the following problem
u'(t,w) = —AW)u(t,w) — B(w)B*(w)u(t,w), t >0, 23)
u(0, w) = up(w)

Theorem 4.6 For every randomvariable uy : Q — H, there exists a unique random
solution x : Q2 — C([0, +00), H). Moreover if for every w € Q we have uy(w) €
D(A4(")) then u(-) € C([0, +00), D(A4(-))) N C'([0, +00), H).

Proof Letw € Q2.By Lumer Phillips Theorem we show that A;(w) is m —dissipative.
We first prove that Ay (w) = —A(w) — B(w)B*(w) is dissipative. Letu € D(A;(w)).
Thus

(Aa@u, u)y = —(AW)u + B(w) B*(w)u, u)y
—(AW)u, u)y — (B*(w)u, B*(W)u)p

= —(A)u, u)y — |B*@ull?.

Since A(w) is positive,
R(Ag@)u, u)) = = B*)uly < 0.
Consequently A, (w), is dissipative.

Next, we would like to show that (AI — A, (w)) is surjective for some A > 0. Let
v e H,weneed u € D(A;(w)) such that

Au— Az(w)u = v.

Hence
A+ A(w)u + B(w)B* (w)u = v.

Let A(u, &) = (Mu + A(w)u + B(w)B*(w)u, ). Foru € D(A%(w)) we can writ-
ing /\ in the following form
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AN\ & = Ou+ Awu + Bw)B*W)u, &)
= O, &) + VAW, &) + (B@)B* (@), )y
= M, ) + MAZ @), A @)E) i + (B*(@)u, B*@)E)y, Y € D(A W),

Now we show that /\ is continuous and coercive on V = D(A%(w)) and |lu|y :=
| A2 (w)ully. Let (u, &) € V x V then we have

1 1
‘/\(u, 5)‘ < M, Ol + INKAZ (W, A2 (W)€ | + (B* (w)u, B*(w)é)y |
1 1
< INull g 1€1 g + IMIAZ @ull g AZE g + 1 B* (@ully |B* @)Xy -
By continuously embedded of V C H, there exists C > 0 such that

A © = (Clullvigly.
It is clear that
‘/\(u, u)‘ = ‘)\(u, 1) + MA? @, Adu) + (B* (@), B* (W)
> |\ Mlully, VYueV.
By the Lax—Milgram lemma, we conclude that there exists unique u# € V such that

Au— Ag(w)u = v.

Then (w, 1) > e4“y4(w) is a unique random solution of the problem (23). [J

Let v be an increasing function in R,. We assume that A;(w) satisfies the fol-
lowing conditions

iR C p(Ag(w)) and lim sup [P (AD T GAM — Ag@) 7| < Cw) < 400, we R
AeR, \—>+o00

(24)

and

lim / sup [V(AD LG — Ag(w) " HdP(w) < 4o0. (25)
AeR, A=+ Jo

Proposition 4.7 We assume that the conditions (24), (25) hold with {)(|\]) = |)\|*ﬁ.
If C(w) is independence to w. Then there exists C > 0 such that

C
/ e x || ydP(w) < el / x| D(Aq(w))dP(w)
Q Q

and

C2
/Q et} dPw) = T /Q 61, 4P @)
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Proof Form Theorem 2.4 in [11] we have

C
Ag(w
1Dyl < — %I p(agw))-

Vi

lle

Consequently

[ et rsifdper < S [ el dP).
Q l Q

O

Theorem 4.8 Assume that iR C p(A(w)), Yw € Q and the condition (24) holds.
Letn > 0, there exists C > 0 such that

IGAL — A@) llcan < CIAIT (AN, Yw e Q. (26)
Proof We only need to prove that

sup AR ADIGA — AW) ey < 00, Ywe Q.
AeR, [A|—o0

For this, we using an argument of contradiction. For this purpose, assume that (26)
is false, then there exist a sequence (\,),eny C R with lim,,, 1o A, = +00 and a
sequence (#,, ¢,) € D(A(w)) such that

I (ns @)l = 1. 27)
and

Il P AAD GAT — A) Uy ) = (frs ga) — 0, inH. (28)
Since

lim m(<<f) , <“>> )z lim V\Anﬂ—“wwn/ UEP + Mlont, & ) Pyde
n—o0 gn (Z)n H n—00 R4

Hence
1imm<<<f"),<”")> ):0. (29)
n—00 9n (bn H

Detailing Eq. (28), we obtain

Fa = Dal70PAAD (Ann (1, ) + A@)un (1, w) + YBW) [a PE)Pn(t, &, w)dE)
(30)
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and

Pl ' =D (1A ¢ € @) + (EP + mén . € @) = PO B @in(t,w)) = gu-

(31
Combining Eqs. (30) and (31), we obtain that
p&)B*(W)u, 9n . 1—
= - + - , with C, = |\ "W (| A\ 32
Pn A€l 0 Colm + R w = Al T YN (B2)
and
Jo = Co (i Mgty + AWty + 7 [pa %B(W)B*(W)un
P(©gadE ’ 33)
+HYBW) fpo 3116
We multiply (32) by |¢] 2"
s, = [ POB @, €17 g0
" iXy + €17+ Colidy +1E2 +1)
(I

Then

1
|§‘a+lfdd§ . ‘§|27d 2 ) ) )
[ e omin = ([ Sag) ([ e+ mnon s oniae

1 >~ 2
+Cr 4 .
" </]Rd Pl? + (&2 + 1) f) llgn I

1

I

hence

1
2

€F df); ( 1P + mllnl2 d&)
a JE12 +1 R i

=1
+C Ml + 07 Ngally.

Dl + 1) 1B* @)l < C (/R

This imply that
Nl Y UA DB @)uy |3 — 0, asn — oo.

It is clear that A;(w) generate Cyo—semigroup of contraction and A, (w) is stable in
the sense of condition, then there exists unique v, € D(A;(w)) such that

=My +iAv, +iB(w)B*(w)v, = u,, (34)
and we have the following estimate

lvallz = C)VUMDunll e (35)
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Taking the inner product in H of (34) with v,, we get

~Aallva 3y + A @)valli + E1B* @) vall3y = {1, va) o (36)
The imaginary part of (36), using Cauchy Schwarz inequality, we obtain

IB*@)vally < Nutallarllvaller < C)DUAD llttnllar- (37

Taking the inner product of with i A, v,, one has

Aalln 3y = iX (B, B¥*va) it — iM Gy (frus vn) 1 4 i Ay Cy ! (B(w) Jpa 2Ede ,vn)H

s iA+E24n
FiMAC ! fra e (B (@)un, B*(@)va) -

Then

lunllyy = i(B*un, B*vp) i — iC (o, va) i +i7C;! <B(W) f]Rd %» vﬂ>H
+ivCr! fou K (1 BH @)y, BX @)V
(38)

Using the estimates (35), (37) and Lemma 2.1, we get

li{B*un, B*va) | < | B*unllr | B*vall 1

< VTl C@UMDIB* @)l — 0. asn — oo,
(39)

iC, (s va) i) < CM N fullmllvn i

< C(w) ”fl‘/‘\*’“l‘”:”” — 0, asn — oo,

(40)

‘ivC,,_l <B(w) Jra PQgude ,Un)H‘

p©gnds  p
A +E2 4 <IR‘[ B*(w)vn ‘

iM+E+n°
I B*(w)vnlla

Gy
- ”f P(&)gndé
G | e iM+E+n || g
1
_ 2 (€)d. 2
< WG (fa %) lgn 17 11B* @)va l
- 2(©)d
G (fa %) gl Tt T/ C@IRTRD

1
NV Tun (f PA(O)de )7 lgalls
Pl =00 IR NP +n)? nlly

IA

IA
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so, there exists C, > 0 such that

: C—l <B lp(f)gndf , ) ‘ < CilyIVC (W) - ~ 07 ,
‘W w B fo 5585 vy | = TR =3 1917 = 0, asm = 00
(41)
and there exists C, > 0 such that
. — 2 W C)Y (A DIIB* () |
inCl [, 229 By, B¥(w)v ‘< e
16 Jae Bt (BT @htn, BT @iy | < a0 (AP 2) 2 )
then
N 2(©)d
i9C fs A (B @, B* @)y | = 0, asn — oo, “2)

From (39)-(42), we get
[|u,]| — 0, asn — oo.

Hence by (39), we have
||¢11||V_)0’ asn — oQ.

Therefore
(Un, ¢u) — 0, asn — oo,

which contradiction with (28).

5 Applications

5.1 Heat Equation with Fractional Integral Damping

In this part we study the well posedness of random heat equation with an internal
fractional integral damping in a bounded domain G of R¢ with smooth boundary
I' = OG. Let us consider the following random heat equation with fractional integral
feedback

u, — Au+ax, ) I My(x,t,w) =0, (x,1) € G x (0,00), we
ux,t,w)=0, I'x (0,00), we
u(x,0,w) =uy(w), we R,
(43)
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where a : G x Q — R, be a positive random variable and uy : Q2 — L*(G) be a
random variable. System (43) may be recast into the augmented model

ur — Au~+yv/a(x,w) fpa p(§)o(t, &, w)dé =0, xeG,t>0,
Frp(t, &, w) + (1€ +M(E, 1, w) = pE)aly, wulx, 1,w), €eRY,
u(x,t,) =0, xel, t>0,

u(x,0,w) =upw) ¢¢&,0,w)=0, x € G, we Q.

(44)

The operator Ay = —A is strict positive and auto-adjoint operator in H = L*(G),
D(Ay) = HO1 (G). We shall use the semigroup method to demonstrate the global
existence and uniqueness of solution, for this purpose we rewrite the system (44) as
evolution equation for

{ Y(t,w) = Aw)Y(t,w), >0,

Y(0,w) = Yo(w), (45)

where Y (-, w) = (Q?((f Z;) , Yw) = (160(" w)) ,we, A: D(AWw)) C

‘H — "H defined by

we t,w) —Aqu(-,t,w) — 7/a(, w) [pa PEOGE, 1, w)dE
(02

d)(fﬂ tv (.U) - 2 N (46)

with domain in the Hilbert space H = HO1 (G) x L*(R?, H),

(;) € H s —Aqui,1,w) = 7/a(,@) fga POGE 1) € H, |

€l € LE2®RY, H) — (1617 +m)¢ + p©)Va(,wu € L2RY, H)
(47)

D(Aw)) = H

Theorem 5.1 The operator A(w) defined in (45) and (47), generates Coy—
semigroup of contraction e'*“) on H.
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5.2 Integral Fractional Damped Random Wave Equation

For the second application let us consider the wave equation with internal damp-
ing. More precisely, let G C R? with smooth boundary ' = OG. We consider the
following random wave equation with fractional integral damping

02u; — Au+ax, w) Iy (x, t,w) = 0, weQ, (x,1) e x(0,00),
u(x,t,w) =0, I x [0, +00), w e Q

u(-,0,) =ug(-,w), Oulx,0,w)=ujx,w), we, xed.
(48)

where a(x, .) is arandom nonnegative function satisfying that there exist a nonempty
subset O, of G and strict positive constat ay such that

a(w,x) > ag, ae.x €0, YweQ 49)

and (uo(-, w); u1(-,w)) € Hy (G) x L*(G). The system (48) can be written as
0%uy — Au +v/a(x, w) Jra P©)o(t, &, w)dE =0, xeG,t>0,

Frp(t, & w) + (1€ +Mo(t, & w) = pO)Valy, wu(t,x,w), €eR?

u(x,t,w) =0, I' x [0, +00)

u(-,0,) =ug(,w), Orulx,0,w)=ujlx,w) we, xed.
(50)

The operator A, (w): D(A4(w)) C L*(G) — L*(G) corresponding to the
Cauchy problem of the system (50) given by

u(-,t,w) v
Al v = | —Aau(, 1, w) —ya(,w) [ pEOGE, 1, w)d§
(;5(51 z, (U) _(|§|2 + n)(b(gv Z, (U) + p(f)\/ a(" W)I/l(, z, (,d)

with domain in the Hilbert space H, = Hj (G) x H x L*(RY, H),

u

v | € Hi i v € Hy(G), —Aqu(t, -, w) —7/aC,w) [ga pOGE, 1, w)dE € H,
[0}

€16 € L2R, H) — (€12 + )+ p(&)/alwu € LR, H)

D(Ax(w)) =

Consequently, by using Theorem 3.2, we obtain the following result.
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Theorem 5.2 (1) IfUy € D(A,(w)), then system (50) has a unique strong random
solution

Uw) € C'R4, Hy) N C(Ry, D(A,(w))), we Q.
(2) If Uy € H,, then system (50) has a unique weak random solution
Uw) e CR;, Hy), we .

Now we have the following lemma.

Lemma 5.1 Letn > Oand A € Rthenforeveryw € Q, the operator (iAl — A, (w))
is bijective.

Proof Let (u, v, ) € D(A,(w)) such that

u
(M — A (W) (v) =0,
o

then
iu—v=0
{ i —Agu(-,t,w) —ya(,w) fRd P&, t,w)d§ =0
iAp+ (IE1F + (€. t,w) — p(OVal, wu(, t,w) = 0.
Hence ¢
. _ 2 _p( )Va(-7w)u(.?t7w)
iv=-Xu, o¢Etw) = AT IR 1
and
32 ) . ) P2 _
ANu+ Au(-, t, w) ,ya(’w)u/;@d—i)\+|§|2+nd£_o (G29)]

Multiplying (51) by u and integrating over G, by Green’s formula we obtain
P’
—)\2/ u’dx —/ |Vul|>dx —'y/ a(-, wyu’dx #df =0
G G G re IA+ €17+ 7

Then

(€17 +mp2(©) J—0
Rt /X2 + (P + )2

/\2/ |Vu|2dx+7/ a(-, wyu*dx
G G

and )
)\/ u’dx —i—A/ a(-, wyu’dx p© dé =
G G R A2+ (€7 +n)?
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This imply that Ker (i Al — A,(w)) = {0}. So i\[ — A,(w) is injective. Now we
show that i\l — A, (w) is subjective. Let (f, g, h) € H, we solve the system of
equations

iu—v=f
i+ Au(-, t,w) —va(-, w) /‘Rd PP, t,w)dé =g (52)
iAG+ (IE1F + o€, t,w) — p(OVa(, wul, t,w) = h.
. P’ B — P©h
i+ Au=ratwu [ =P —de =gt fravati) [ e
Hence
: — g fendato [ —POr
iu —Au=—g—f—» a(’w)[RdiA+|§|2+nd€ (53)
where ) 6
pe( 1
Au = —A . _ H .
u u—l—va(,w)u/Rdi/\_'_'g'z_i_ndf,ue H (G)

By using Lax—Milgram’s lemma we can easy to show that A is isomorphism from
H{ (G) onto H™'(G). Other hand form the compact embedding Hj(G) < L*(G)
and L*(G) < H~'(G). Then A~! is a compact operator in H; (G). For A € R* we
thanks to Fredholm’s alternative, the operator (I — i A s bijective in HO1 (G),
thus the Eq. (53) has unique solution in HO1 (G). This implies that the operator (i A\ —
A, (w)) is surjective. In the case A = 0 we us Lax—Milgram’s lemma the unique
solution of the Eq. (53). O

For polynomial stability, we consider the initial boundary value problem
ur — Au+ a(x,wyu =0, (x,1) € G x (0,00), w e Q,
u(x,t,w) =0, I' x [0, +00), w € Q, 54
u(-,0,) =ug(-,w), Oulx,0,w)=uj(x,w), we, xed.

This problem enters into our previous framework, if we take H = L?(G) and the
operator Ay(w) : D(A(w)) C H — H defined dy

u v
Ao(v) - < —Au—a(-,wu )’

where H = H, (G) x H with domain

D(Ayw)) ={(u,v) e H: Au—a(-,w)u e H, v e HOI(G)}.
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From lemma 5.1 we conclude that
iR C p(Ai(w)), iR C p(Ay(w)) Yw € Q. (55)

For polynomial stabilization of the system (54) we assume a geometric constriction
condition (GC) on O, is satisfies (see [12]) or geometric control condition (GG C)
is satisfied (see [7]).

Definition 5.1 The couple (O,, T) satisfies (GCC) if every geodesic of G, travel-
ling with speed 1 and issued at ¢ = O enters the open set O, before the time 7'

(GC) There exist open sets G; C G with piecewise smooth boundary 9G ;, and
points x_? eR", j=1,2,...,m,such that

GNGj=Pforalll <i < j=<m,

and
G N s (UF,/)UG\UGj C O, for some § > 0,
j=1 j=1
where
O,=xeG:akx) >0}
and

ps(B) =|_J{y €R": |x — y| <}, for BCR"

XeB
I'={xedG;:(x —x?)uj > 0},
where v is the unit normal vector pointing into the exterior of G;.

Under the deterministic case of initial data we have the following result.

Theorem 5.3 Under the assumptions that (49), (GC) or (GCC) and for n > 0 the
random operator A, (-) generates a contraction of semigroup satisfying

c
/ e U |4y, dP(w) < ﬁ/ 1UlpA, @wydPw), YU e L' (Q, D(A.(w)), P) for somel € Ry.
Q I3 Q

Moreover the system (50) is polynomial stable.
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