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Abstract. Dirac structures are geometric objects that generalize Pois-
son structures and presymplectic structures on manifolds. They naturally
appear in the formulation of constrained mechanical systems and play
an essential role in the understanding of the interrelations between sys-
tem elements in implicit dynamical systems. In this paper, we show how
nonequilibrium thermodynamic systems can be naturally understood in
the context of Dirac structures, by mainly focusing on the case of open
systems, i.e., thermodynamic systems exchanging heat and matter with
the exterior.
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1 Introduction

Nonequilibrium thermodynamics is a phenomenological theory which aims to
identify and describe the relations among the observed macroscopic properties
of a physical system and to determine the macroscopic dynamics of this system
with the help of fundamental laws, see [15]. A novel Lagrangian variational app-
roach for nonequilibrium thermodynamic has been proposed by the authors [4, 5]
for both finite dimensional (discrete) and infinite dimensional (continuum) sys-
tems. This variational formulation was extended to the case of open systems as in
[6]. The authors have also shown that, in the case of adiabatically closed systems,
the variational formulation leads to an associated geometric formulation in terms
of Dirac structures [7]. Recall that Dirac structures are geometric objects that
extend both Poisson structures and presymplectic structures on manifolds [2].
Such structures play an essential role in formulating constrained systems such
as electric circuits and nonholonomic mechanical systems (e.g., [16,17]). On the
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other hand, for equilibrium thermodynamics, the geometric formulations have
been mainly given by using contact geometry, see [1,8,9,11-13]. In this geomet-
ric setting, the thermodynamic properties are encoded by Legendre submanifolds
of the thermodynamic phase space. It was shown by [3] that a geometric formu-
lation of irreversible processes can be made by lifting port-Hamiltonian systems
to the thermodynamic phase space. The underlying geometric structure is again
given in the context of contact geometry.

In this paper, we show that the equations of evolutions for an open sys-
tem exchanging matter with the exterior can be geometrically formulated by
using Dirac structures. This geometric formulation is associated to the varia-
tional formulation given in [6]. To achieve this goal, we first recall below the
first and second laws as they apply to an open system. Then, we develop a
general Dirac formulation for a class of systems with time-dependent nonlinear
nonholonomic constraints. In particular, we introduce a time-dependent Dirac
structure on the covariant Pontryagin bundle over a thermodynamic configura-
tion manifold. Finally, we apply our Dirac formulation of systems with nonlinear
time-dependent constraints to the case of open thermodynamic systems and we
show that the system of evolution equations of the open system can be directly
formulated as a Dirac dynamical system.

2 A Fundamental Setting for Open Systems

2.1 The First Law for Open Thermodynamic Systems

The first law of thermodynamics, following [15], asserts that for every system
there exists an extensive state function, the energy, which satisfies

d ex’ eX’ eX
%E:PWtJFPHt+PMtv

where ¢t denotes time, Pg* is the power associated to the work done on the

system, PgF' is the power associated to the transfer of heat into the system,
and P§F' is the power associated to the transfer of matter into the system. In
particular, a system in which P§F* # 0 is called open. For such an open system,
matter can flow into or out of the system through several ports, a = 1, ..., A. We
suppose, for simplicity, that the system involves only one chemical species and
denote by N the number of moles of this species. In this case, the mole balance

equation is
d A
N = a
dt az::l &

where J* is the molar flow rate into the system through the a-th port, so that
d® > 0 for flow into the system and J* < 0 for flow out of the system.

As matter enters or leaves the system, it carries its internal, potential, and
kinetic energy. This energy flow rate at the a-th port is the product E*J* of the
energy per mole (or molar energy) E* and the molar flow rate J® at the a-th
port. In addition, as matter enters or leaves the system it also exerts work on
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the system that is associated with pushing the species into or out of the system.
The associated energy flow rate is given at the a-th port by p*V*J¢, where p®
and V@ are the pressure and the molar volume of the substance flowing through
the a-th port. In this case, the power exchange due to the mass transfer is

A
P](\:/)Ict _ Zga(Ea _|_pava)'
a=1
A system is called adiabatically closed if Pi = P&t = 0.

2.2 The Second Law for Open Thermodynamic Systems

Following [15], the evolution part of the second law of thermodynamics asserts
that for every adiabatically closed system, there exists an extensive state func-
tion, the entropy, which satisfies

d
dtS >0,

where [ is the entropy production of the system. Let us deduce the expression
of the entropy production in an open system of one chemical component, with
constant volume and an internal energy given by U = U(S, N). The balance of
mole and the balance energy, i.e., the first law, are respectively given by

A

A A
d d
—N = a el — a(r|a a\/a) — ayae
GN=> 3 U ;3 (U +pV?) ;3 :

where H* = U® 4 p®V® is the molar enthalpy at the a-th port and where U%, p?,
and V® are respectively the molar internal energy, the pressure and the molar
volume at the a-th port, see [10,14]. From these equations and the second law,
one obtains the equations for the rate of change of the entropy of the system as

d A
%S:IJr;S g°,

where S® is the molar entropy at the a-th port and I is the rate of internal
entropy production of the system given by

A
— 1 a a a a
I'= T; [3%(T* = T) + 3°(u* — )],
where T = ‘g—g denotes the temperature and p = g—% the chemical potential.
The entropy flow rate is given by J¢ := S®J® and we also have the relation

He = U% 4+ p®V% = pu% + T*S*. The thermodynamic quantities known at the
ports are usually the pressure and the temperature p®, T%, from which the other
thermodynamic quantities, such as p® = p*(p*,T%) or S* = S*(p*,T*) are
deduced from the state equations of the gas.
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3 Dirac Formulation of Time-Dependent Nonlinear
Nonholonomic Systems

3.1 Variational and Kinematic Time Dependent Constraints

In order to formulate an open thermodynamic system in the context of Dirac
structures, we first introduce two different constraints Cy, and Cx which depend
explicitly on time ¢. For a thermodynamic configuration manifold Q which is the
space of the thermodynamic variables as well as the mechanical variables, we
define the extended configuration manifold as' Y := R x Q 5 (¢, ), which can be
seen as a trivial vector bundle Y = R x Q — R, (t,z) — ¢, over the space of
time R. Consider the vector bundle (R x TQ) xy TY — Y over Y, whose vector
fiber at y = (¢, x) is given by 7,9 x T(; ;)Y = T2 x (R x T;Q). An element
in the fiber at (¢,z) is denoted (v, 0t,0x). In general, by definition a variational
constraint is a subset Cyy C (R x T'Q) xy TY, such that Cy (¢, z,v), defined by
Cy(t,z,v) :==Cyn ({(7,‘7 x,v)} X T(t’w)Y) , is a vector subspace of T(; .Y, for all
(t,z,v) € RxTQ. In general, a kinematic constraint is a submanifold Cx C TY.
More concretely, given functions A" : R x TQ — T*Q and B" : R x TQ — R,
r =1,...,m, the variational constraint Cy is given by

Cv ={(t,z,v,6t,6x) € (R xTQ) xy TY | W
Al (t,z,v)02" + B"(t,z,v)0t =0, r = 1, ...,m}

and the associated kinematic constraint C'i of thermodynamic type is
Cx ={(t,z,t,i) € TY | A (t,x,d)i' + B"(t,z,#)t =0, r=1,..,m}. (2

We will see later how Cy and Ck are concretely given in thermodynamics.

3.2 Covariant Pontryagin Bundles and the Generalized Energy

Associated to the extended configuration manifold ¥ = R x Q for the time-
dependent system, we define the covariant Pontryagin bundle by

Topy): P=RxTQ xy T"Y = (R xTQ) xgxo T"(Rx Q) =Y =R x Q.

An element in the fiber at (¢, ) is denoted (v, p,p). Given the Lagrangian L :
R x TQ — R, the covariant generalized energy is defined on P as

E:P—-R, E&(t,z,v,p,p)=p+ (p,v) — L(t,x,v). (3)

3.3 Dirac Structures on the Covariant Pontryagin Bundle

Given a variational constraint Cy C (R x TQ) xy TY, we consider the distribu-
tion Ap on the covariant Pontryagin bundle defined by

1
AT (ta Z,v, pap) = (T(t,:r,'u,p,p)ﬂ(fP,Y)) (CV (ta z, U)) C T(t,:c,v,p,p):])-
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From the expression of Cy in (1), we get

Ap(t, z,0,p,p) = {(6t, 62,80, 5p,6p) € TP | @
AT (t,z,v)02" + B"(t,z,v)0t =0, r =1, ...,m}.

Consider the canonical symplectic form on T*Y given by 27+y = —dOp+y,
where Op«y is the canonical one-form on 7*Y. In local coordinates, we have
Or«y = pydx*+pdt and 2p-y = dx'Adp;+dtAdp. Using the projection TP, TY)
P — T*Y, (t,z,v,p,p) — (t,z,p,p) onto T*Y, we get the presymplectic form
on the covariant Pontryagin bqndle given by 29 = FZ(:P,T*Y).QT*y. The local
expression is given by 29 = dx' A dp; + dt A dp.

Given the distribution A in (4) and the presymplectic form 24, the Dirac
structure D, on P is given by

Da,(x) = {(ux,05) € TxP x TP | u, € Ap(x), )
<axvux> = QT(X)(’JX; UX)) v by € AT(X)}a

for all x € P.

3.4 Dirac Dynamical Systems

Using the Dirac structure Da, on P in (5), we can define a Dirac dynamical
system for a curve z(t) in P as follows:

(%,dE(x)) € Da, (x). (6)

Equivalently, condition (6) gives the equations of motion
ix2p —d&(x) € Ap(x)°, x € Ap(x). (7)
Using coordinates, we can now explicitly express these equations as follows. The

differential of € is given by

dg(t7x7v7p)p): ( BL 8L 8L71’/U>

ot ot

and the tangent vector X to Ty )P is given by (t,x,t,&). We deduce that the
Dirac dynamical system (7) gives the following conditions on the curve x(¢) € P,

. . oL
T =, t= 1, p=—=
Ov (8)
(t,z,i,4) € Cy(t,x,v) 595 5 a—LeC(t )°
71‘7 7x V ’x7/U7 p at’p ax V 7$7,U *
In local expressions, these evolution Eq. (8) read
, , . oL ;
=, t=1, pi — — =0, Al (t,z,v)¢" + B" (t,z,v) =0,
oL 7 ae
pi_%:)\TA;‘(t7I7U)7 p_a:AT‘BT(t7I7v)'

9)
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3.5 Energy Balance Equations

v,p,P)

) ()

One immediately notices that the covariant generalized energy E(t,z,
defined in (3) is preserved along the solution curve x(t) = (¢, z(t), v(¢), p(t
of the Dirac dynamical system (9),

d

%8(15,1',’0, pvp) =0. (10)
Note that € does not represent the total energy of the system. The total energy
is represented by the generalized energy F : R x TQ x T*Q — R defined as

E(t,z,v,p) = (p,v) — L(t,x,v)
and Eq. (10) yields

%E(t,x,v,p) = f%p = %—Lt’(t,x,v) — A\ B"(t,z,v).

This is the balance of energy for the Dirac system. Note that %p is interpreted
as the power flowing out of the system. The first term on the right hand side is
essentially due to the explicit dependence of the Lagrangian on time. The second
term is due to the affine character of the constraint and will be interpreted later
as the energy flowing in or out of the systems through its ports.

4 Dirac Formulation of Open Thermodynamics

4.1 Geometric Setting

Consider a simple open finite dimensional system with a single entropy S and a
single chemical species with number of moles N in a single compartment. The
system has a constant volume V = Vj, it has A external ports, through which
matter can flow into or out of the system as well as B ports, through which
heat can flow in or out of the system. Let U(S, N) be the internal energy of
the system. Let J°(t), S%(t), T°(¢t), u*(t) be given functions of time associated
to the external flow of matter into the system through the a-port and define
J%(t) = 3J%(¢)S*(t). We assume that there exist external heat sources at the
b-port with entropy flow rate J°(t), molar entropy S°(¢) and temperature T°(t).

The thermodynamic configuration space is Q = R® 3 z = (S, N, W, X)),
with I, W, X the thermodynamic displacements, see [6]. As in Sect.3.1, let
Y = R x Q be the trivial bundle over R and consider the thermodynamic
phase space R x TQ over Y with coordinates (¢,xz,v) € R x TQ, where
v = (vs,vn,vr,vw,vs) € T,9. Let us employ the local coordinates for
(t,x,6t,0x) € TY and (t,z,p,p) € T*Y, where dx = (05,0N,0I,0W,0%) € T,Q
and p = (ps, pn,pr,pw,ps) € T;Q.
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4.2 Nonholonomic Constraints in Thermodynamics
For open thermodynamic systems, the constraint (1) reads

Cy = {(t,w,v,ét, §z) € (R x TQ) xy TY(

A B
08 =" [3°0W + 3500 — (u°3* + T°3%) 6t] + > 3%(6I — Tbét)}.
a=1

b=1

i
oS

Hence the nonlinear kinematic constraint (2) becomes

Cx = {(t,x,i,j:) € TY‘

A B

O o= S (W 4 g — (ua + T3] + Y 80 - )}
a=1

- as

where we have denoted & = (S, N, ", W, %)).

4.3 Dirac Structures on P for Open Thermodynamic Systems

As in Sect. 3.2, let P = (R x TQ) xy T*Y be the covariant Pontryagin bundle
over Y, whose coordinates are given by x = (¢, z,v, p,p) € P. The canonical one
form @p«y and the canonical symplectic form {27y = —dOp«y are expressed
as
Or-y = p;dz’ + pdt

= psdS + pndN + prdl” + pwdW + pxdX + pxdX + pdt,

Qpey = dz' A dp; + dt A dp
=dS Ndps + dW ANdpw + dN Ndpy +dI Ndpr + dX A dps + dt A dp.

Recall that the presymplectic form on P is defined by {29 = FEKT,T*Y)QT*Y'

Associated with P, we have the natural projection m(py) : P — Y, given by
(t,z,v,p,p) — (t,x), and we can lift the constraint subspace Cy (t,z,v) C TY
to get the constraint distribution A on P defined as

Ap = (T?T(ga7y))71(0\/(t,$,v)) c TP.

As shown in (5), from the distribution Ap and the presymplectic form 25, we
can define the induced Dirac structure Da,, C TP & T*P on P.

4.4 Dirac Thermodynamic Systems on P = (R X TQ) Xy T*Y

For each x = (t,z, v, p,p) € P, we write the vector and the covector in (5) as

u, = (£, 2,9,p,p) € TP and ay = (7,0, B,u,w) € TP,
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where 0 = (057’01\77{)1—”{}”/;1}2)7? = (p&pNprpr,pE)aa = (a5'7aNaaFa
aw,ax), 8= (8s,Bn,0r,Bw,Bx), and w = (ws, wn,wr, wyw,ws). From (6)
the Dirac system reads

((t7 j;7 1.)7 p7p)a (777 «, ﬂa u, ’LU)) S DA(‘P (t7 x,v, p7p)
Using the definition of the Dirac structure in terms of Cy, we get
t=w, t=u, =0, (t,x,t,%) € Cy(t,z,v), (p+mp+a)cCy(t,x,v)°.

Following [6], the Lagrangian is given by L(t,x,v) = =U(S, N)+vw N +vp(S —
Y)). The covariant generalized energy is here given by

8(t7 x,v, p7p) =p + <p7 ’U> - L(tv x, U)
=p+psvs +pnon + (pr + X = S)vr + (pw — N)vw + pzvs + U(S,N).
The differential of d& is obtained as
oL 9L oL

dé&(t = (= = »p_=1 —
(7x7v7p7p) < at, ax’p 8,0’ )/U> (7T7a7ﬂ777w))
where m = f%—% =0,a = f% = (fvarg—g,vaJrg—%,O,O,vp), 8 =p-—

9L = (ps,pn,pr+ X — S,pw — N,ps), w=v= (vs,0N,vr, vw,v5).

By using this, the Dirac dynamical system
((ta q.a 1.}7 pap)7 d(g)(ta q,v, pap)> S DA? (t, q,v, p7p)
is equivalent to the following evolution equations:
A B
. oU . oU
N aqa Teqay _ bTb == W= 2=
P== D (a1 - D BT, 55" o
. A . . A B
i=1, N=) 7" S=X+) 35+ &,
a=1 a=1 b=1
oU A B
wi a(Yx a a/7T a b1 b
Aﬁgz_gyg@VfuﬂﬂgF—Tﬂ+§:%U¥T)

b=1

Making arrangements, this system yields the equations of evolution as
A
N=>.4,
a=1

A B (11)

. d;S  d.S

S=I+Y 05+ ="+
a=1 b=1

d dt’

where I = £ 2;4:1 [3%(p® — p) +3L(T* = T)] + + Zle J%(T® —T) and d{f =
I > 0 denotes the internal entropy production due to the mixing of matter
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gives the definition of the thermodynamic displacement as I=T,W= w, and
Y} = I. The momentum p represents the part of the energy associated to the
interaction of the system with exterior through its ports. In fact, it follows

A
d d a,a a a b xt Xt
Y TRT TR S IR

a=1

where E is the total energy of the system, defined by

E(t,z,v) = gjivz —L(t,x,v).

Example: A Piston Device with Ports and Heat Sources. As illustrated
in Fig. 1, we consider an open chamber containing a species with internal energy
U(S, N), where we assume that the cylinder has two external heat sources with
entropy flow rates g%, i = 1,2, the volume of the chamber is constant V, and
two ports through which the species is injected into or flows out of the cylinder
with molar flow rates J%, ¢ = 1,2. The entropy flow rates at the ports are given
by d§ = J*S%.

A S A
"
po o Jal;J ! !
U(S'N)
pe T2 J" == Vj : constant

Fig. 1. An open chamber with ports and heat sources.

Recall that the Lagrangian is given by
L(t,z,v) = =U(S,N) +vwN +ovp(S—2).

The equations of evolution of the Dirac open thermodynamic system (11) read

A
N=>"7 S—I+ZH +ZHS,
a=1

where I = X is the internal entropy production given by

L T s
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The first term represents the entropy production associated to the mixing of gas
flowing into the cylinder at the two ports a1, as, and the third term denotes the
entropy production due to the external heating. The second law requires that
each of these terms is positive. The first law, i.e., the energy balance holds as

2 2
d bj b a; , a; a;a;
%E:;l:gsT' +i§71:(3 O JET )
N———r
=Pt :Pﬁ;‘t
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