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Pointwise Properties of Martingales Shethie
with Values in Banach Function Spaces
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Abstract In this paper we consider local martingales with values in a UMD Banach
function space. We prove that such martingales have a version which is a martingale
field. Moreover, a new Burkholder—Davis—Gundy type inequality is obtained.
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16.1 Introduction

The discrete Burkholder—Davis—Gundy inequality (see [3, Theorem 3.2]) states that
for any p € (1, co) and martingales difference sequence (d j);'.zl in L?(2) one has

(16.1)

n B n 5 12
H _X;dj‘ @ P H(X; )1 ) ‘ Lr(Q)
j= j=

Moreover, there is the extension to continuous-time local martingales M (see [13,
Theorem 26.12]) which states that for every p € [1, 00),

[ sop 1Ml pey = | M1 - (16.2)

Here ¢t +— [M]; denotes the quadratic variation process of M.
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In the case X is a UMD Banach function space the following variant of (16.1)
holds (see [24, Theorem 3]): for any p € (l,00) and martingales difference
sequence (dj);’.:l in LP(£2; X) one has

. 16.3
LP(:X) (16.3)
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Moreover, the validity of the estimate also characterizes the UMD property.
It is a natural question whether (16.2) has a vector-valued analogue as well. The
main result of this paper states that this is indeed the case:

Theorem 16.1.1 Let X be a UMD Banach function space over a o -finite measure
space (S, X, ). Assume that N : Ry x Q x § — R is such that N|[jo nxaxs is
B([0, t]) ® F; @ X-measurable for all t > 0 and such that for almost all s € S,
N(., -, s) is a martingale with respect to (F;);>0 and N(0, -, s) = 0. Then for all
p € (1, 00),

|| sup IN(t, -, .)|HLP(Q;X) ~p,X Sup ||N(tv Y )” LP(Q:X) ~p,X ”[N](lx/)Z”LP(Q;X)'
t>0 t>0

(16.4)

where [N] denotes the quadratic variation process of N.

By standard methods we can extend Theorem 16.1.1 to spaces X which are
isomorphic to a closed subspace of a Banach function space (e.g. Sobolev and Besov
spaces, etc.)

The two-sided estimate (16.4) can for instance be used to obtain two-sided
estimates for stochastic integrals for processes with values in infinite dimensions
(see [25] and [26]). In particular, applying it with N (¢, -, 5) = f(; O (-, s) dW implies
the following maximal estimate for the stochastic integral

t
/ <I>(-,s)dW‘

0

v

>0 LP(:X)

t
~p,X sup Hs +—>/ O(-, 5) dW‘ (16.5)
0

t>0

S = ooCI>2tsdz‘1/2
(f (ts)dr) |
0

where W is a Brownian motion and ® : Ry x 2 x § — R is a progressively
measurable process such that the right-hand side of (16.5) is finite. The second norm
equivalence was obtained in [25]. The norm equivalence with the left-hand side is
new in this generality. The case where X is an L9-space was recently obtained in
[1] using different methods.

LP(Q2:;X)

~p.X ,
LP(2:X)
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It is worth noticing that the second equivalence of (16.4) in the case of X = L4
was obtained by Marinelli in [18] for some range of 1 < p,gq < oo by using an
interpolation method.

The UMD property is necessary in Theorem 16.1.1 by necessity of the UMD
property in (16.3) and the fact that any discrete martingale can be transformed to a
continuous-time one. Also in the case of continuous martingales, the UMD property
is necessary in Theorem 16.1.1. Indeed, applying (16.5) with W replaced by an
independent Brownian motion W we obtain

(o) o ~
H/ ®dw =p.x H/ P di|
0 LP(2;X) 0

for all predictable step processes ®. The latter holds implies that X is a UMD
Banach space (see [10, Theorem 1]).

In the special case that X = R the above reduces to (16.2). In the proof of
Theorem 16.1.1 the UMD property is applied several times:

LP(2:X)

¢ The boundedness of the lattice maximal function (see [2, 9, 24]).
e The X-valued Meyer—Yoeurp decomposition of a martingale (see Lemma 16.2.1).
* The square-function estimate (16.3) (see [24]).

It remains open whether there exists a predictable expression for the right-hand
side of (16.4). One would expect that one needs simply to replace [N] by its
predictable compensator, the predictable quadratic variation (N). Unfortunately,
this does not hold true already in the scalar-valued case: if M is a real-valued
martingale, then

P

E|M|? SpEM)?, >0, p<2,

14
EM|! >, EM)?, t>0, p>2,

where both inequalities are known not to be sharp (see [3, p. 40], [19, p. 297],
and [21]). The question of finding such a predictable right-hand side in (16.4)
was answered only in the case X = L7 for | < g < oo by Dirsken and the
second author (see [7]). The key tool exploited there was the so-called Burkholder-
Rosenthal inequalities, which are of the following form:

EIMNI” =p.x [[[(Midozazn |7

where (M, )o<n<n 18 an X-valued martingale, |||-|| X is a certain norm defined on
the space of X-valued L?-martingales which depends only on predictable moments
of the corresponding martingale. Therefore using approach of [7] one can reduce
the problem of continuous-time martingales to discrete-time martingales. However,
the Burkholder-Rosenthal inequalities are explored only in the case X = L9.
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Thanks to (16.2) the following natural question arises: can one generalize (16.4)
to the case p = 1, i.e. whether

1/2
[up ING. Ml 10y = IINTEE L e (16.6)
t>

holds true? Unfortunately the outlined earlier techniques cannot be applied in the
case p = 1. Moreover, the obtained estimates cannot be simply extrapolated to the
case p = 1 since those contain the UMD, constant, which is known to have infinite
limit as p — 1. Therefore (16.6) remains an open problem. Note that in the case of
a continuous martingale M inequalities (16.4) can be extended to the case p € (0, 1]
due to the classical Lenglart approach (see Corollary 16.4.4).

16.2 Preliminaries

Throughout the paper any filtration satisfies the usual conditions (see [12, Defi-
nition 1.1.2 and 1.1.3]), unless the underlying martingale is continuous (then the
corresponding filtration can be assumed general).

A Banach space X is called a UMD space if for some (or equivalently, for all)
p € (1,00) there exists a constant 8 > O such that for every n > 1, every
martingale difference sequence (d j);'.zl in LP(2; X), and every {—1, 1}-valued
sequence (& j);'.zl we have

(&3 esa]) < s(Ea])"
j=1 =

The above class of spaces was extensively studied by Burkholder (see [4]). UMD

spaces are always reflexive. Examples of UMD space include the reflexive range

of L9-spaces, Besov spaces, Sobolev, and Musielak-Orlicz spaces. Example of

spaces without the UMD property include all nonreflexive spaces, e.g. L' (0, 1) and

C([0, 1]). For details on UMD Banach spaces we refer the reader to [5, 11, 22, 24].
The following lemma follows from [27, Theorem 3.1].

Lemma 16.2.1 (Meyer-Yoeurp Decomposition) Let X be a UMD space and p €
(1,00). Let M : Ry x Q2 — X be an L?-martingale that takes values in some closed
subspace X of X. Then there exists a unique decomposition M = M% + M€, where
M€ is continuous, M? is purely discontinuous and starts at zero, and M? and M°¢
are LP -martingales with values in Xo € X. Moreover, the following norm estimates
hold for every t € [0, 00),

M) Lr:x) < Bp xIIM @)l Lr:x),

(16.7)
1M OllLr:x) < Bp.xIM®lLr:x)-
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Furthermore, ifA?d and Af(’c are the corresponding linear operators that map M
to M9 and M€ respectively, then

pd _ 4pd
ARY = AR @ 1dy,
A = A% ® 1dy.

Recall that for a given measure space (S, 2, ), the linear space of all real-valued
measurable functions is denoted by LO(S).

Definition 16.2.2 Let (S, X, 1) be a measure space. Let n : L9(S) — [0, oo] be a
function which satisfies the following properties:

(i) n(x) = 0if and only if x = 0,

(i) forallx,y € LO(S)and A € R, n(Ax) = [AMa(x) and n(x +y) < n(x)+n(y),

(iii) if x € L9(S), y € LY(S), and |x| < |y], then n(x) < n(y),

(iv) if 0 < x, 1 x with (x,)°2, a sequence in L°(S) and x € LO(S), then n(x) =
Sup,,ey 1 (xn).

Let X denote the space of all x € L°(S) for which ||x|| := n(x) < oco. Then X
is called the normed function space associated to n. 1t is called a Banach function
space when (X, || - || x) is complete.

We refer the reader to [31, Chapter 15] for details on Banach function spaces.

Remark 16.2.3 Let X be a Banach function space over a measure space (S, X, i).
Then X is continuously embedded into L°(S) endowed with the topology of
convergence in measure on sets of finite measure. Indeed, assume x, — x in X and
let A € X be of finite measure. We claim that 14x, — 14x in measure. For this it
suffices to show that every subsequence of (x,),>1 has a further subsequence which
convergences a.e. to x. Let (x,,)r>1 be a subsequence. Choose a subsubsequence
(le"k[)ZZI =: (¥¢)¢>1 such that 2211 lye —x|| < oo. Then by [31, Exercise 64.1]
Y72 lye — x| converges in X. In particular, Y ;- |y¢ — x| < 0o a.e. Therefore,
y¢ — x a.e. as desired.

Given a Banach function space X over a measure space S and Banach space E,
let X (E) denote the space of all strongly measurable functions f : § — E with
IflxE == |s = If®llEe|, € X. The space X (E) becomes a Banach space
when equipped with the norm || f || x (k).

A Banach function space has the UMD property if and only if (16.3) holds for
some (or equivalently, for all) p € (1, 00) (see [24]). A broad class of Banach
function spaces with UMD is given by the reflexive Lorentz—Zygmund spaces (see
[6]) and the reflexive Musielak—Orlicz spaces (see [17]).

Definition 16.2.4 N : Ry x 2 x S — Ris called a (continuous) (local) martingale
field if N|jo./jxaxs is B([0, ]) ® F; ® X-measurable for all # > 0 and N (-, -, s) is
a (continuous) (local) martingale with respect to (F;);>o for almostall s € S.



326 M. Veraar and 1. Yaroslavtsev

Let X be a Banach space, I C R be a closed interval (perhaps, infinite). A
function f : I — X is called cadlag (an acronym for the French phrase “continue
a droite, limite a gauche”) if f is right continuous and has limits from the left-hand
side. We define a Skorohod space D(I; X) as a linear space consisting of all cadlag
functions f : I — X. We denote the linear space of all bounded cadlag functions
f:1— XbyDy(l; X).

Lemma 16.2.5 Dy, (I; X) equipped with the norm || - || is a Banach space.

Proof The proof is analogous to the proof of the same statement for continuous
functions. |

Let X be a Banach space, t be a stopping time, V : Ry x 2 — X be a cadlag

process. Then we define AV, : Q — X as follows

AVy = Vi — lim V(¢ _g)vo.
e—>0

16.3 Lattice Doob’s Maximal Inequality
Doob’s maximal L?”-inequality immediately implies that for martingale fields
p
sup [N (£, )l x =< sup [N llLre;x), 1< p<oo.
” =0 HLP(Q) p—1,2 (£2:X)

In the next lemma we prove a stronger version of Doob’s maximal L”-inequality. As
a consequence in Theorem 16.3.2 we will obtain the same result in a more general
setting.

Lemma 16.3.1 Let X be a UMD Banach function space and let p € (1, 00). Let
N be a cadlag martingale field with values in a finite dimensional subspace of X.
Then forall T > 0,

sup |N([, )| ||L1’(Q'X) :‘p,X sup ”N(t)”Lp(Q;X)
t€l0,T] ’ t€[0,T]
whenever one of the expression is finite.
Proof Clearly, the left-hand side dominates the right-hand side. Therefore, we can
assume the right-hand side is finite and in this case we have

IN(T)llLr;x) = sup IN@llLr;x) < 0.
1€[0,T]

Since N takes values in a finite dimensional subspace it follows from Doob’s L?-
inequality (applied coordinatewise) that the left-hand side is finite.
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Since N is a cadlag martingale field and by Definition 16.2.2(iv) we have that

lim | sup [NGT/n, )|, pqx) =1 sup [N, )l X
o0 ” 0<jxn ||L1 (2 X) ” (el0.T] ”LP(Q,X)
Set M; = Njr/n for j € {0, ...,n} and M; = M,, for j > n. It remains to prove

l Osqp |Mj(-)|||L,,(Q;X) = CpxlIMullLr(e;x)-

=j=n

It (M j)?:o is a Paley—Walsh martingale (see [11, Definition 3.1.8 and Proposition
3.1.10]), this estimate follows from the boundedness of the dyadic lattice maximal
operator [24, pp. 199-200 and Theorem 3]. In the general case one can replace 2
by a divisible probability space and approximate (M ;) by Paley-Walsh martingales
in a similar way as in [11, Corollary 3.6.7]. O

Theorem 16.3.2 (Doob’s Maximal L”-Inequality) Let X be a UMD Banach
function space over a o -finite measure space and let p € (1, 00). Let M : R4 xQ —
X be a martingale such that

1. forallt >0, M(t) € LP(Q2; X);
2. fora.aw € Q, M(-, w) is in D([0, 00); X).

Then there exists a martingale field N € LP(2; X (Dp([0, 00)))) such that for
aa we Qallt>0andaa.s € S, Nt,w,s) = M(t,w)(s) and

| sup ING, I 1o ggix) =px SUP 1M, ) Lo x)- (16.8)
t>0 ’ t>0

Moreover, if M is continuous, then N can be chosen to be continuous as well.

Proof We first consider the case where M becomes constant after some time 7" > 0.
Then

sup |M (&, e x) = IM(T)llLr(9;x)-
t>0

Let (£;),>1 be simple random variables such that &, — M(T) in LP(2; X). Let
M, (t) = E(,|F;) fort > 0. Then by Lemma 16.3.1

[ Sup [N (t. ) = Nin(z. )| | Lo iixy =px [IMa(T, ) = M (T )| Lo ) = O

as n,m — oo. Therefore, (N,),>1 is a Cauchy sequence and hence converges to
some N from the space L? (2; X (D ([0, 00)))). Clearly, N (¢, -) = M(¢t) and (16.8)
holds in the special case that M becomes constant after 7 > 0.

In the case M is general, for each 7 > 0 we can set MT(t) = M(t AT). Then
for each T > 0 we obtain a martingale field N7 as required. Since N7 = N2 on
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[0, T1 A T3], we can define a martingale field N by setting N(¢, -) = NT(t, -) on
[0, T']. Finally, we note that

lim sup [MT()llLr:x) = sup 1M @)l Lr (@: x)-
T—00 ;>0 t>0

Moreover, by Definition 16.2.2(iv) we have

. T _
Pim [ sup INTC I gy = [ SupING oy

Therefore the general case of (16.8) follows by taking limits.

Now let M be continuous, and let (M,,),>1 be as before. By the same argument
as in the first part of the proof we can assume that there exists 7 > 0 such that
M; = M;x7 for all t > 0. By Lemma 16.2.1 there exists a unique decomposition
M, = MS+ M such that M¢ is purely discontinuous and starts at zero and M¢ has
continuous paths a.s. Then by (16.7)

IM(T) — My (T) |l Lr:x) < Bp.xIM(T) — Mu(T)|lLr(:x) — O.

Since M}, takes values in a finite dimensional subspace of X we can define a
martingale field N, by N, (¢, w, s) = M (t, w)(s). Now by Lemma 16.3.1

I Oi‘:ET [Nn(t,-) = Nin(t,-)] ”LP(Q;X) ~p.x [|[IMy(T, ) = My, (T, )| ”LP(Q;X) — 0.

Therefore, (N, ),>1 is a Cauchy sequence and hence converges to some N from the

space L?(€2; X (Cp([0, 00)))). Analogously to the first part of the proof, N (¢, :) =
M(t) forall r > 0. |

Remark 16.3.3 Note that due to the construction of N we have that AM;(s) =
AN(-, s); for any stopping time t and almost any s € S. Indeed, let (M,),>1 and
(Np)n>1 be as in the proof of Theorem 16.3.2. Then on the one hand
IAM; — AMMy)<llrsx) < || sup IM (@) — Mn(t)||x||Lp(Q)
0<t<T
~p IM(T) = My (T)llLr;x) — 0, n — oo.
On the other hand

IAN: = ANDellLr@ix) < || sup IN@ = NaOI Ly g
0<t<T ’

~p.x [IN(T) = No(D| ) = 0. 1= 00.
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Since ||[M,(t) — Nu(t, )lrr@:xy = 0 for all n > 0, we have that by the
limiting argument [|[AM; — AN:(")|lr@;x) = 0, so the desired follows from
Definition 16.2.2(i).

One could hope there is a more elementary approach to derive continuity of N
in the case M is continuous: if the filtration F := (F;);>0 is generated by M, then
M (s) is F-adapted for a.e. s € S, and one might expect that M has a continuous
version. Unfortunately, this is not true in general as follows from the next example.

Example 16.3.4 There exists a continuous martingale M : Ry x 2 — R, a filtration
F = (F1)1>0 generated by M and all P-null sets, and a purely discontinuous nonzero
F-martingale N : Ry x @ — R.Let W : Ry x @ — R be a Brownian motion,
L : Ry x Q — R be a Poisson process such that W and L are independent. Let
F = (Ft):>0 be the filtration generated by W and L. Let o be an F-stopping time
defined as follows

o =influ >0: AL, # 0}.
Let us define

M = / 1j0,67dW = we.

Then M is a martingale. Let F:= (}~',),Zo be generated by M. Note that .f’-"t c F
for any ¢t > 0. Define a random variable

T = inf{t > 0 : 3Ju € [0, #) such that M is a constant on [u, ¢]}.
Then t = o a.s. Moreover, 7 is a F-stopping time since for each u > 0
P{t =u} =Plo =u} =P{AL] # 1} <P{AL, #1} =0,
and hence
(t<u)={t <ulUlt=u)C F,.
Therefore N : Ry x € — R defined by
Nt =1 00t) —t AT 120,

is an [F-martingale since it is F-measurable and since N; = (L; — t)? a.s. for each
t > 0, hence for each u € [0, t]

E(N/|F) = BENF)lFu) = BE(L; — 0% |F)IF0) = (Ly —u)® = Ny
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due to the fact that t — L; — ¢ is an F-measurable F-martingale (see [15, Problem
1.3.4]). But (N;);>0 is not continuous since (L;);>0 is not continuous.

16.4 Main Result

Theorem 16.1.1 will be a consequence of the following more general result.

Theorem 16.4.1 Let X be a UMD Banach function space over a o -finite measure
space (S, X, nw)andletp € (1,00). Let M : Ry xQ — X be alocal L?-martingale
with respect to (F;)s>0 and assume M (0, -) = 0. Then there exists a mapping N :
Ry x Q x § — R such that

1. forallt > 0anda.a. w € 2, N(t,w, ) = M(t, w),
2. N is a local martingale field,
3. the following estimate holds

[sup ING, - M oy =px | Sup IM @ x| oy =px NN ILrceix).
>0 >0

(16.9)

To prove Theorem 16.4.1 we first prove a completeness result.

Proposition 16.4.2 Let X be a Banach function space over a o-finite measure
space S, 1 < p < oo. Let

MQ?(X) :={N : R4 x 2 x § — R : N is a martingale field,
N@©,-,5)=0Vs eSS, and ”N”MQP(X) < OO},

1/2 .
where |N||mqr(x) = IIN1E Lo o x)- Then (MQP (X)), || - Imqr (x)) is a Banach
space. Moreover, if N, — N in MQP, then there exists a subsequence (Ny, )i>1
such that pointwise a.e. in S, we have Ny, — N in L'(2: D([0, 00))).

Proof Let us first check that MQ? (X) is a normed vector space. For this only the
triangle inequality requires some comments. By the well-known estimate for local
martingales M, N (see [13, Theorem 26.6(iii)]) we have that a.s.

[M + NI, = [M]; +2[M, N]; + [N];
(16.10)

< (M, + 201N+ [N = (0] + V)

Therefore, [M + N1/? < [M1}/* + [N]"/* a.s. for all € [0, oo].
Let (Nik)k>1 be such that Zkzl | Nellmor(xy < oo. It suffices to show that
> k=1 Nk converges in MQ” (X). Observe that by monotone convergence in 2 and

1/2
t
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Jensen’s inequality applied to || - ||x foranyn > m > 1 we have

| 3 ],

k=m+1

_ ZIE[N 12 ZE [N ]WH

_ | Z [N, ]WH <IEH Z [N, ]WH (16.11)

n n
_ 1/2‘ H 1/2‘
= N, < N,

> [Nkl P > [Nk

k=m+1 k=m+1

=y

k=m+1

LP(2:X)

— 0, m,n —> o0,
LP(2;X)

where the latter holds due to the fact that } < 00. Thus

V|

LP(2;X)

it IE[Nk]OO convergesin X asn — 00, where the corresponding limit coincides
with its pointwise limit Zkzl ]E[Nk]}x/)2 by Remark 16.2.3. Therefore, since any
element of X is finite a.s. by Definition 16.2.2, we can find Sp € X such that
/L(SC) = 0 and pointwise in Sp, we have Zk>1 Nk]l/2 < o00. Fix s € Sp. In
particular, we find that Zk>1[Nk]oo converges in L1(2). Moreover, since by the

scalar Burkholder-Davis-Gundy inequalities E sup, [Nk (%, -, s)| = E[N (s)]l/ 2

we also obtain that

N(,s) := Z Ni(-, s) convergesin L' (2; Dy ([0, 00)). (16.12)
k>1

Let N(-,s) = O fors ¢ So. Then N defines a martingale field. Moreover, by the
scalar Burkholder-Davis-Gundy inequalities

s [Eowea] - [E o]
k=n Pt

in L'(2). Therefore, by considering an a.s. convergent subsequence and by (16.10)
we obtain

[iNk(-, s):llf < Z[N (-, )12 (16.13)
k=n

k=n

It remains to prove that N € MQ?(X) and N = Zkzl N with convergence in
MQ?(X). Let e > 0. Choose n € N such that ZanH | Nk limgr(xy < €. It follows
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from (16.11) that E” Zk>1 Nk]l/2 Hx < 00, SO Zk31[Nk]éé2 a.s. converges in X.

Now by (16.13), the triangle inequality and Fatou’s lemma, we obtain

[ 9] = | 2

LP(Q2;X)
k>n+1 k=n+1
= 3 |
LP(2;X)
k=n+1

< liminf Z H[N 12

LP(2;X)

Therefore, N € MQ”(X) and ||[N — ) }_; Nillmor(x) < €.

For the proof of the final assertion assume that N, — N in MQ? (X). Choose a
subsequence (Np;)k>1 such that || Ny, — Nllmorx) =< 27*. Then D ko1 1Ny, —
Nllmgr(xy < oo and hence by (16.12) we see that pointwise a.e. in S, the
series ) ;- (N, — N) converges in L'(€2; Dy([0, 00))). Therefore, Ny — N
in L1(2; Dy ([0, 00); X)) as required. |

For the proof of Theorem 16.4.1 we will need the following lemma presented in
[8, Théoreme 2].

Lemma 16.4.3 Let 1 < p < 00, M : Ry x 2 — R be an LP-martingales. Let
T > 0. For each n > 1 define

R, = Z|MTk MT(k 1

Then R, converges to [M]r in LP/2,

Proof of Theorem 16.4.1 The existence of the local martingale field N together with
the first estimate in (16.9) follows from Theorem 16.3.2. It remains to prove

1/2
I sup | M (1, Ml gy =px NINISE N r(:x)- (16.14)
1=

Due to Definition 16.2.2(iv) it suffices to prove the above norm equivalence in the
case M and N becomes constant after some fixed time 7.

Step 1: The Finite Dimensional Case Assume that M takes values in a finite
dimensional subspace Y of X and that the right hand side of (16.14) is finite. Then
we can write N(t,s) = M(t)(s) = 27:1 M (t)x;(s), where each M; is a scalar-
valued martingale with M;(T) € L?(2) and xi,...,x, € X form a basis of Y.
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Note that for any cy, ..., ¢, € L?(£2) we have that

n
) P ZI lejlle@ (16.15)
j:

Fix m > 1. Then by (16.3) and Doob’s maximal inequality

I sup | M (1. ) lx | Loy =p IM (T, )llLr(0:x)
1=
m
= Mri — Mri-
HXI: " T Lr ) (16.16)
1=

m 1
~p.X H <Z|MTi — Mri-n |2> :
i=1 "

and by (16.15) and Lemma 16.4.3 the right hand side of (16.16) converges to

LP(2:X)

1/2 1/2
M1 e @) = IIN1S L ix)-

Step 2: Reduction to the Case Where M Takes Values in a Finite Dimensional
Subspace of X Let M(T) € LP(2; X). Then we can find simple functions (£,),>1
in L?(2; X) such that &, — M(T). Let M, (t) = E(&,|F;) forallt > Oandn > 1,
(Np)n>1 be the corresponding martingale fields. Then each M, takes values in a
finite dimensional subspace X, € X, and hence by Step 1

1/2
| sup M0 (2, ) = M2, x| Loy =pox NG = Nonlol o)
t>0

for any m,n > 1. Therefore since (£,),>1 is Cauchy in LP(2; X), (Np)n>1
converges to some N in MQ? (X) by the first part of Proposition 16.4.2.

Let us show that N is the desired local martingale field. Fix + > 0. We need
to show that N(-,¢,-) = M; a.s. on Q. First notice that by the second part of
Proposition 16.4.2 there exists a subsequence of (N, ),>1 which we will denote by
(Np)n>1 as well such that N, (-,t,0) — N(-,t,0) in L'(Q) fora.e.o € S. On the
other hand by Jensen’s inequality

[EING (. 2,) = Mel ||y = |BIMa(t) = M0)]||y < ElIMn(t) = M@®)|x -0, n— oo.

Hence N, (-, t,-) — M, in X (L'(£2)), and thus by Remark 16.2.3 in LO(S; L' (Q)).
Therefore we can find a subsequence of (N,),>1 (which we will again denote by
(Nyp)n>1) such that N, (-, t,0) — M;(0) in LY (Q) for ae. 0 € S (here we use
the fact that u is o-finite), so N(-, ¢, ) = M; a.s. on Q x S, and consequently by
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Definition 16.2.2(iii), N (w, t, -) = M;(w) for a.a. ® € Q2. Thus (16.14) follows by
letting n — oo.

Step 3: Reduction to the Case Where the Left-Hand Side of (16.14) is Finite
Assume that the left-hand side of (16.14) is infinite, but the right-hand side is finite.
Since M is a local LP-martingale we can find a sequence of stopping times (7,)n>1
such that 7, 1 oo and ||M;” lLr(@:xy < oo for each n > 1. By the monotone
convergence theorem and Definition 16.2.2(iv)

172
”[N]zx/) lLr2;x)

. 1/2 _ . T,
lim [[IN"1% 1 Lo x) = p.x lim sup | M3 1| Lo :x)
n—00 n—00

lim M7 lrx = lim | sup 1M x|
n—o0 n—oo

0<t<T LP(Q)
= su M, =
| soe i,
and hence the right-hand side of (16.14) is infinite as well. |

We use an extrapolation argument to extend part of Theorem 16.4.1to p € (0, 1]
in the continuous-path case.

Corollary 16.4.4 Let X be a UMD Banach function space over a o -finite measure
space and let p € (0,00). Let M be a continuous local martingale M : R, X
Q — X with M(0,-) = 0. Then there exists a continuous local martingale field
N : Ry x Q2 xS — R such that for aa. o € 2, allt > 0, and a.a. s € S,
N(t,w, ) = M(t, w)(s) and

[sup 119l Loy =px IVIE oy (16.17)

Proof By a stopping time argument we can reduce to the case where | M (¢, w)||x
is uniformly bounded in ¥ € Ry and v € Q and M becomes constant after a
fixed time 7. Now the existence of N follows from Theorem 16.4.1 and it remains
to prove (16.17) for p € (0, 1]. For this we can use a classical argument due to
Lenglart. Indeed, for both estimates we can apply [16] or [23, Proposition IV.4.7] to
the continuous increasing processes Y, Z : R4 x Q — R, given by

Yy =E sup |[M(,)x,

te[0,u]

1/2
Zu=lls = NG, )1 l1x,
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where g € (1, 00) is a fixed number. Then by (16.9) for any bounded stopping time
7, we have

1/2
EY? = sup [M(t AT, )% =q.x Ells = INC AT, - )1

t>0

©Els > [NC. - 1Y% = EZ9,

where we used [13, Theorem 17.5] in (x). Now (16.17) for p € (0, g) follows from
[16] or [23, Proposition IV.4.7]. O

As we saw in Theorem 16.3.2, continuity of M implies pointwise continuity of
the corresponding martingale field N. The following corollaries of Theorem 16.4.1
are devoted to proving the same type of assertions concerning pure discontinuity,
quasi-left continuity, and having accessible jumps.

Let 7 be a stopping time. Then 7 is called predictable if there exists a sequence
of stopping times (7,),>1 such that 7, < 7 a.s. on {r > 0} for eachn > 1 and
T, / T as. A cadlag process V : Ry x Q@ — X is called to have accessible
Jjumps if there exists a sequence of predictable stopping times (7,),>1 such that
{reRy : AV #0}C{r1,..., Ty, ...} as.

Corollary 16.4.5 Let X be a UMD function space over a measure space (S, X, (L),
1l <p<oo, M:RyxQ — X bea purely discontinuous LP-martingale with
accessible jumps. Let N be the corresponding martingale field. Then N(-,s) is a
purely discontinuous martingale with accessible jumps for a.e. s € S.

For the proof we will need the following lemma taken from [7, Subsection 5.3].

Lemma 16.4.6 Let X be a Banach space, 1 < p < oo, M : Ry x Q — X be
an LP-martingale, T be a predictable stopping time. Then (AM1(0,41(T))s>0 is an
LP-martingale as well.

Proof of Corollary 16.4.5 Without loss of generality we can assume that there exists
T > O such that M; = My forall t > T, and that My = 0. Since M has accessible
jumps, there exists a sequence of predictable stopping times (t,),>1 such that a.s.

{teRy:AM #0} C{t1,...,Tn,...}.

For each m > 1 define a process M : Ry x © — X in the following way:

m
M™(t) ==Y AMy1.n(z,). t>0.

n=1

Note that M™ is a purely discontinuous L”-martingale with accessible jumps by
Lemma 16.4.6. Let N be the corresponding martingale field. Then N™ (-, s) is a
purely discontinuous martingale with accessible jumps for almost any s € § due
to Remark 16.3.3. Moreover, for any m > £ > 1 and any ¢ > 0 we have that a.s.
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[N"(-,$)]; = [N®(-, s)];. Define F : R x  x § — R, U{+00} in the following
way:

F(t,-,s) = lim [N"(.9)l. s€S8.120.

Note that F(-, -, s) is a.s. finite for almost any s € S. Indeed, by Theorem 16.4.1
and [27, Theorem 4.2] we have that for any m > 1

1/2

[N ||L,,(Q x) ~p.x M (T, )llLr@:x) < Bp.xIM(T, )llLe@:x),

so by Definition 16.2.2(iv), F (-, -, §) is a.s. finite for almost any s € S and

1/2 1/2

| - |7} = tim_ vy

”LP(Q X) = HLP(Q;X) s ”LI’(Q X)

Spox limsup [[M™ (T, e x) Sp.x IM(T, e x)-
m—0o0

Moreover, for almost any s € S we have that F (-, -, s) is pure jump and
{teRy :AF #0} C{t1,..., 0, ...}

Therefore to this end it suffices to show that F(s) = [N(s)] a.s.on Q fora.e.s € S.
Note that by Definition 16.2.2(iv),

[(F = IN"D'2(00) | gy = 0, m — 00 (16.18)

so by Theorem 16.4.1 (M"(T))m>1 is a Cauchy sequence in L”(£2; X). Let £ be
its limit, M° : Ry x @ — X be a martingale such that M°(r) = E(£|F;) for all
t > 0. Then by [27, Proposition 2.14] M? is purely discontinuous. Moreover, for
any stopping time t a.s.

AM? = lim AM™ = lim AM 1p,.. 5, () = AM,,
m—00 m—0Q
where the latter holds since the set {ty, ..., 7,, ...} exhausts the jump times of M.
Therefore M = M since both M and M are purely discontinuous with the same
jumps, and hence [N] = F (where F(s) = [MO(s)] by (16.18)). Consequently
N(., -, s) is purely discontinuous with accessible jumps for almost all s € S. O

Remark 16.4.7 Note that the proof of Corollary 16.4.5 also implies that M]" — M;
in LP(2; X) foreach t > 0.

A cadlag process V : Ry x Q — X is called quasi-left continuous ift AV, =0
a.s. for any predictable stopping time 7.

Corollary 16.4.8 Let X be a UMD function space over a measure space (S, X, ),
1 <p<oo, M:Ry x Q — X be a purely discontinuous quasi-left continuous
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LP-martingale. Let N be the corresponding martingale field. Then N(-,s) is a
purely discontinuous quasi-left continuous martingale for a.e. s € S.

The proof will exploit the random measure theory. Let (J, J) be a measurable
space. Then a family u = {u(w; dt, dx), ® € Q} of nonnegative measures on
Ry x J; BR4+) ® J) is called a random measure. A random measure u is called
integer-valued if it takes values in N U {oo}, i.e. foreach A € B(Ry) ® F ® J one
has that £ (A) € NU {oo} a.s., and if u({r} x J) € {0, 1} a.s. forall ¢ > 0.

Let X be a Banach space, i be a random measure, F' : Ry x 2 x J — X be
such that fR+><J |F|ldu < oo a.s. Then the integral process ((F x );)s>0 of the
form

(F )y = / FGs, - 0ot ds, dv), 120,
R+XJ

is a.s. well-defined.

Any integer-valued optional P ® J-o-finite random measure p has a compen-
sator: a unique predictable P ® J-o-finite random measure v such that E(W *
Woo = E(W % v)s for each P ® J-measurable real-valued nonnegative W (see
[12, Theorem II.1.8]). For any optional P ® J-o-finite measure u we define the
associated compensated random measure by it =y — v.

Recall that P denotes the predictable o -algebra on Ry x 2 (see [13] for details).
For each P ® J-strongly-measurable F : Ry x Q x J — X such that E(||F|| =
Weo < 00 (or, equivalently, E(|| F||xVv)oo < 00, see the definition of a compensator
above) we can define a process F * i by F x u — F » v. Then this process is a
purely discontinuous local martingale. We will omit here some technicalities for the
convenience of the reader and refer the reader to [12, Chapter 1I.1], [7, Subsection
5.4-5.5], and [14, 19, 20] for more details on random measures.

Proof of Corollary 16.4.8 Without loss of generality we can assume that there exists
T > 0 such that M; = My for allt > T, and that My = 0. Let i« be a random
measure defined on R4 x X in the following way

(A x B) =Y 14010 (AM)),

>0

where A C Ry is a Borel set, and B C X is a ball. For each k, £ > 1 we define a
stopping time 7% ¢ as follows

Tee =infl{t € Ry : #{u € [0,1]: |AM,|lx € [1/k, k]} = €}.

Since M has cadlag trajectories, tx ¢ is a.s. well-defined and takes its values in
[0, oo]. Moreover, 74y — oo for each k > 1 a.s. as £ — 00, so we can find a
subsequence (Tx,,¢,)n>1 such that k, > n for each n > 1 and infy;,>, ¢, —
a.s. as n — oo. Define 7, = infy,>, 1,,,¢, and define M" = (1j0,¢,11B,) * iL,
where ft = p — v is such that v is a compensator of i and B, = {x € X : ||x|| €
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[1/n,n]}. Then M" is a purely discontinuous quasi-left continuous martingale by
[7]. Moreover, a.s.

AMtn = A1ut1[0,r,1](t)lll/n,n](”Ajut”)v t>0.

so by [27] M" is an LP-martingale (due to the weak differential subordination of
purely discontinuous martingales).

The rest of the proof is analogous to the proof of Corollary 16.4.5 and uses the
fact that t, — oo monotonically a.s. O

Let X be a Banach space. A local martingale M : Ry x Q@ — X is called to
have the canonical decomposition if there exist local martingales M¢, M9, M :
R4 x € — X such that M€ is continuous, M9 and M*“ are purely discontinuous,
M1 is quasi-left continuous, M has accessible jumps, M = Mg =0,and M =
M° + M7 + M“. Existence of such a decomposition was first shown in the real-
valued case by Yoeurp in [30], and recently such an existence was obtained in the
UMD space case (see [27, 28]).

Remark 16.4.9 Note that if a local martingale M has some canonical decomposi-
tion, then this decomposition is unique (see [13, 27, 28, 30]).

Corollary 16.4.10 Let X be a UMD Banach function space, 1 < p < oo, M :
R4 x Q — X be an LP-martingale. Let N be the corresponding martingale field.
Let M = M€ + M9 + M*® be the canonical decomposition, N¢, N9, and N be
the corresponding martingale fields. Then N(s) = N€(s) + N9(s) + N%(s) is the
canonical decomposition of N (s) for a.e. s € S. In particular, if My = 0 a.s., then M
is continuous, purely discontinuous quasi-left continuous, or purely discontinuous
with accessible jumps if and only if N(s) is so for a.e. s € S.

Proof The first part follows from Theorem 16.3.2, Corollaries 16.4.5 and 16.4.8
and the fact that N(s) = N€(s) + N9(s) + N“(s) is then a canonical decomposition
of a local martingale N (s) which is unique due to Remark 16.4.9. Let us show the
second part. One direction follows from Theorem 16.3.2, Corollaries 16.4.5 and
16.4.8. For the other direction assume that N (s) is continuous for a.e. s € S. Let
M = M° 4+ M7 + M? be the canonical decomposition, N¢, N7, and N be the
corresponding martingale fields of M€, M9, and M?. Then by the first part of the
theorem and the uniqueness of the canonical decomposition (see Remark 16.4.9)
we have that fora.e. s € S, N9(s) = N%(s) = 0,s0 M9 = M* = 0, and hence
M is continuous. The proof for the case of pointwise purely discontinuous quasi-
left continuous N or pointwise purely discontinuous N with accessible jumps is
similar. O

Remark 16.4.11 1t remains open whether the first two-sided estimate in (16.9) can
be extended to p = 1. Recently, in [29] the second author has extended the second
two-sided estimate in (16.9) to arbitrary UMD Banach spaces and to p € [1, 00).
Here the quadratic variation has to be replaced by a generalized square function.
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